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Abstract

The coherence of laser light is a fundamental property that plays a crucial role in preci-
sion measurements, interferometry, and quantum technologies. Understanding the physical
mechanisms that determine laser linewidth and phase stability is therefore an important
problem in quantum optics. In this thesis, we study how laser systems can be modeled and
how their coherence properties can be analyzed within a quantum mechanical framework.
We first review the basic principles of quantum optics and laser theory, focusing on the de-
scription of phase diffusion that leads to the finite linewidth of a laser. We then introduce
the tools of estimation theory and use them to analyze the phase diffusion process in terms
of Fisher Information and estimation precision. This perspective allows us to connect the
coherence properties of lasers with fundamental limits on parameter estimation. In particu-
lar, we discuss the emergence of Heisenberg-limited scaling in models of laser coherence and
examine the conditions required to achieve such limits. Finally, we analyze these limits from
a resource-accounting perspective, highlighting how the structure of the Hamiltonian and

the available physical resources constrain the realization of Heisenberg-limited lasers.
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Chapter 1

Introduction

The coherence properties of laser light play a central role in many areas of modern physics,
including precision spectroscopy, interferometry, and quantum information processing. A
key quantity characterizing a laser is its linewidth, which determines how stable the phase
of the emitted optical field remains over time. Understanding the fundamental limits that
govern laser coherence is therefore an important problem in quantum optics. While con-
ventional laser theory explains many aspects of linewidth and phase diffusion, more recent
developments have shown that these limits can also be analyzed using tools from quantum

parameter estimation and quantum metrology.

Quantum metrology provides a general framework for studying how precisely physical
parameters can be estimated from measurements performed on quantum systems. In this
context, the concept of FI plays a central role in quantifying the sensitivity of measurement
outcomes to small changes in a parameter. When the parameter is encoded through unitary
evolution generated by a Hamiltonian, the achievable precision is closely related to the
variance of the generator. These ideas lead naturally to the notion of the Heisenberg limit,
which describes the ultimate scaling of estimation precision with respect to the resources

used in the measurement process.

In the context of laser physics, these concepts can be used to analyze the limits on phase
stability and coherence. In particular, the work of Wiseman and collaborators has explored
the structure of the laser model that restrict the achievable linewidth using arguments from

estimation theory and data processing. Understanding these limits provides insight into



what would be required to realize lasers that approach Heisenberg-limited coherence.

Motivated by these developments, the present thesis examines the fundamental limits of
laser coherence from the perspective of quantum estimation theory and resource accounting.
We first review the relevant concepts from quantum optics and laser theory in order to
establish the physical description of optical coherence and phase diffusion. We then introduce
the framework of quantum parameter estimation, focusing on the role of Fisher Information
and the scaling behaviour associated with different resource assumptions. Building on this
background, we discuss the analysis presented in Wiseman’s work on the limits of laser
coherence. Finally, we explore a simplified resource-counting perspective and examine how
the structure of the Hamiltonian governing the system influences the possibility of achieving

Heisenberg-limited behaviour.

The remainder of this thesis is organized as follows. Chapter 2 reviews the basic con-
cepts of quantum optics relevant to the description of laser fields and coherence. Chapter 3
introduces the formalism of quantum parameter estimation and discusses the role of FI in
determining precision limits. Chapter 4 presents a discussion of the limits on laser coherence
derived in the work of Wiseman and collaborators. Finally, Chapter 5 describes our analysis
of resource accounting and discusses its implications for the realization of Heisenberg-limited

lasers.



Chapter 2

Quantum Optics and Laser Theory

This chapter introduces the basic concepts of quantum optics that are required for the

analysis in the later chapters.

2.1 Quantization of Field

The quantization of the electromagnetic field (EM) and the associated quantum fluctuations
are discussed in many quantum optics textbooks such as [1], [3], and [2]. Here we follow the
procedure and methods detailed in [1].

We have read through the Maxwell Equations and understood light from a continuous wave
perspective. Following quantum mechanics we were introduced to discreet energy levels
which were formerly thought of as continuous. Quantization of light deals with exactly this
discreet energy levels corresponding to light, which are commonly called photons. We study
the limitations of the classical field in the later chapters and why quantization is essential.
We first address on how exactly can one make the connection from classical electromagnetic
field to quantized light.

We begin with the case of studying the quantization of single-mode field. The setup is
modeled as a single mode field in a conducting cavity of length L along z-axis with the walls
at z = 0 and z = L. From the Maxwell equations we know that the boundary condition
is that the electric field vanishes at the boundaries implying that the electric field will be a

standing wave. The field is assumed to be polarized along one direction, we assume it be

3



along the x-axis, and given as follows:

2002\ 1/2
E(r,t):(viq)) g(t)sin(kz) e, (2.1)
Eu(2,0)

where e, represents a unit polarization vector. The cavity is assumed to have no other
sources. The above result is derived following a solution of the Maxwell’s equation along
with the appropriate boundary conditions. Here V' denotes the volume of the cavity, and &
is the wave number defined in terms of frequency w as k = w/c. The boundary condition
at z = L leads to a discrete set of allowed frequencies given by w,, = c¢(mn/L), where
m = 1,2,.... In the following discussion we consider only one of these allowed modes with

frequency w and neglect the remaining modes.

Further, the magnetic field is defined as

- Ho€o 2w2 1/2 .
B(r,t) = ( . )(Ve()) q(t)cos(kzzey (2.2)
Byz;vt)

where ¢(t) is a time-dependent field variable with the dimensions of length. It plays the
role of a canonical position variable in the oscillator description of the field. Thereby, ¢(t) is
canonical momentum for a particle of unit mass (p(¢) = ¢(¢)). This allows the electromag-

netic field within the cavity be written in terms of its spatial mode structure.

Finally, the Hamiltonian for this system is given by

1 1
H= 5/ [EOE(r,t) -E(r,t)+ —B(r,t)- B(r,t)| dV (2.3)
Ho
From solutions of EM field we can see that
1
H= §(p2 + wg?). (2.4)

The above expression is analogous to a harmonic oscillator of unit mass. In this expression

the EM field amplitudes play the role of position and momentum variables.



In the current context of quantum mechanics, the classical variables p and ¢ are promoted
to be operators p and ¢ that correspond to observable quantities. Thereby, the following

canonical commutation condition is satisfied:
4,9] = inl. (2.5)

Employing this transformation, the electrical and magnetic fields in Egs. (2.1) and (2.2)
and the Hamiltonian in Eq. (2.3) can be trivially modified to give E, and By in terms of
the quantum operators. More clearly, the Hamiltonian in Eq. (2.3) takes the form of a 1D

quantum harmonic oscillator.

From elementary quantum mechanics we know the solution of QHO in terms of annihi-

lation and creation operators. The annihilation operator is defined as
a = (2hw) V2 (wg + ip) (2.6)

and the creation operator is the complex conjugate of the above expression. Further, these

operators satisfy the standard commutation relation.

The EM field can be redefined in terms of the annihilation and creation operators pre-

senting with the Hamiltonian operator as follows

H = hw(a'a + =). (2.7)

[H,O]. (2.8)
Using the Eqgs. ((2.8)) and ((2.7)) the annihilation operator can be given as:
a(t) = a(0)e ™" (2.9)

From the QHO we know that the energy eigenvalues of the Hamiltonian are the eigenvalues

of the operator a'a, called the number operator 7 with eigenket |n) with energy F,, such



that

A~

1
H n) = hw(@'a+ 5)[n) = En |n) . (2.10)
The state |n) corresponds to a Fock state containing n photons.

To study the creation operator af acting on |n), we apply af to Eq. ((2.10)). Using
the commutation relations, it follows that the resulting state is again an eigenstate of the

Hamiltonian, but with a modified eigenvalue.
lfl(dT In)) = (E, 4+ hw)(a' |n)). (2.11)

The state obtained by applying the operator a' to |n) has an energy that exceeds E, by
an amount Aw. Thus a'|n) corresponds to the next higher energy eigenstate, indicating
that the operator increases the excitation number by one quantum. In the context of the
electromagnetic field, this operation can be interpreted as the creation of a photon with

energy hw. For this reason, a' is referred to as the creation operator.

A similar analysis can be carried out for the operator a. Acting with a on |n) produces
a state whose energy eigenvalue is F,, — hw. This operation reduces the excitation number
by one and corresponds to the removal of a photon of energy hAw. Consequently, a is known

as the annihilation operator.

Since the Hamiltonian of the quantum harmonic oscillator is composed of positive op-
erators, its energy spectrum must be bounded from below. Therefore there exists a lowest
energy eigenstate, denoted by |0), with eigenvalue Fy > 0. This ground state satisfies the
condition

a0y = 0.

The eigenvalue equation for the ground state then leads to
H(0) = 1/2hw |0) (2.12)
From the Eq(2.11) we can deduce that E, 1 = E, + hw, hence the following relation

1
E, = hw(n+ 5), n=0,1,2...



Thus we can say that
nln) =nin)

Since these kets are energy eigenstates they are normalized to one (n|n) =1

We look into the exact scaling of state |n) upon the action of a. We have
aln) =cpln—1) (2.13)
The constant ¢, can be calculated by taking the inner product

(n|a'aln) = |c,|? (2.14)
n = leal? (2.15)

and thus we can take ¢, = \/n. This gives
aln) =+/nin). (2.16)
Similarly we can deduce that
a'|n) =vn+1|n). (2.17)

Since H and 7 are hermitian operators, the different eigenstates are orthogonal and form a

complete set,

> fn) (n| = 1. (2.18)

2.2 Fluctuations in Quantized Field

In this section we examine the connection between photon number states and the electric field
of the quantized electromagnetic mode. The discussion presented here follows the treatment
in [1].

To understand how a photon number state influences the electric field, we evaluate the

7



expectation value of the electric field operator in the Fock state |n),
(n|E,(z,t)|n) = & sin(kz) [(n|(a + ah)|n)] = 0. (2.19)

Thus the average electric field associated with a number state vanishes. However, the energy
density calculated by the mean squared value of the field is non-zero. Carrying out the

algebra gives

. 1
(n|E2(z,t)|n) = 28 sin?(kz) <n + 5) . (2.20)
The fluctuations are determined by the variance,
. 1
(AE2(2,t)) = 2&) sin®(k2) (n + 5) . (2.21)

These fluctuations remain finite in no field (vacuum state |0)). Therefore, the electro-
magnetic field exhibits intrinsic fluctuations even in the absence of photons. These residual

fluctuations are referred to as vacuum fluctuations.

2.2.1 Quadrature operators

To detail the measurable components of the EM field, we introduce the quadrature operators.
These operators correspond to real field observables. The discussion presented here follows

the treatment given in [1].

Including the explicit time dependence, the electric field operator becomes

~

E, = &(ae ™" + ae™")sin(kz). (2.22)

Quadrature operators are define as

X, = 5(éL +ah) (2.23)
N 1 R
X, = Z(a —ah). (2.24)



The electric field in terms of the quadrature operators is
E,(z,t) = 2&sin(kz)[Xicos(wt) + Xysin(wt)]. (2.25)

From the expression above it is evident that the operators X; and X, represent two field

amplitudes that oscillate with a relative phase shift of 7/2. These operators play a role

analogous to the canonical position and momentum variables of the harmonic oscillator.

The corresponding commutation relation between the quadrature operators is given by
S i

Using the commutation relation between a and a' we derive the commutation relationship

between Xl and Xg to be

P ?
The Heisenberg uncertainty relationship for the quadratures then follows to be

(AX)) (AX)?) > —

> o (2.28)

The minimum uncertainty is attained for special states called coherent states which are

defined in the next section.

2.3 Phase Operator and Number Operator

In addition to the quadrature operators, which correspond to measurable field observables,
it is also useful to examine the phase operator and its conjugate variable. The motivation
and discussion presented in this section are largely based on the treatment given in [4]. For
a simple harmonic oscillator described by Eq. (2.4), the classical solution is well known and

is given by

X(t) = A + A*e™, ¢ = wt (2.29)
P(t) = iw[Ae™ — A*e™]. (2.30)



Comparing this equation with the Quadrature definitions Eq (2.23) which are scaled to
be dimensionless position and momentum operators. We can think analogously and assume
the form of a' and @ to be Re® and e ™R respectively, where R is Hermitian and e is

unitary implying that ngS is Hermitian. Since 7 = a'a it can be seen that
h = R? (2.31)

R is hermitian and hence diagonal in some basis with eigenvalues as real. Now in the same
basis the &% would be diagonal with positive eigenvalues. From equation Eq (2.31) we can

see that R is diagonal in the number basis and therefore

R=+Vn (2.32)
' = Ve (2.33)
i = V. (2.34)

[, '] = ¢ (2.35)
along with the property that et is unitary gives
(7, ¢] = —i. (2.36)
However taking matrix elements for the above relationship gives
(n —m) (n|p|m) = —idpm (2.37)

This is obviously impossible cause for n = m the right hand side is zero while the left hand
side is —¢. An important assumption that we made which was wrong is that et is unitary.
It is not a unitary matrix and qZ; is not hermitian. Over several years many different phase
operators have been defined but we shall define here one of the most commonly used phase
operator called the Susskind-Glogower operators which are denoted as ¢, They are defined

as

e =al(n+1)71/2 (2.38)
Y — (h+1)71/2a (2.39)

él

10



From these definitions we can see that
eveT =1
but é e £ 1.
This definition gives the same operator as @ and a' just without the scaling factors.

e |m) = |m —1) (2.40)
e m) = |m +1). (2.41)

We can use these operators to define trigonometric phase functions which are hermitian op-
erators and hence become observables. In the large amplitude limit these functions resemble

the classical functions of phase,

A 1. . .
cosp = i[éw + &7 (2.42)

~ 1 . .
sing = g[é“ﬁ — &7, (2.43)
7

The eigenvectors for the phase operator can be readout from

[o¢] o0
&' Z em? |m) = et Z em? |m) . (2.44)
m=0 m=0

Here |0) = Y >°_, €™’ |m) is not normalizable but sum to identity.

1 27
— dg 6y (8| = 1. 2.45
5 [ @010 (2.45)
Derived from
27 ) ,
/ dOe" ™m0 = 97 (2.46)
0

So for any state

) =Y Culn), (2.47)

11



We may associate a phase distribution P(#) defined as

P(6) = 5| (0lu) P

1
= — 2.48
0 29
P(0) is clearly always positive and integrating over § we can see that its normalized
27
/ P(0)do = (Y|y) = 1. (2.49)
0

2.4 Coherent States

We now examine additional properties of coherent states. As discussed earlier, these states
saturate the minimum uncertainty relation between the field quadratures. Beyond this defin-

ing feature, coherent states possess several important characteristics.

A detailed discussion of coherent states and their applications can be located in multiple
references, including [1] and [3]. In the present section, the presentation and pedagogical

approach largely follow the treatment given in [2]. A coherent state is defined as

— plal?/2 | (2.50)
=e n :
Z /ol
When apply @ on a coherent state |a) we get
ala) =ala). (2.51)

Hence coherent states are eigenvalues of a. Coherent states are also normalized states.

m *k\Nn
_ _—la? (o) a ) s
ala) = e E
< | m,n=0 m'n‘ -

_ lal? i U%ﬁ _1 (2.52)

m=0

With some algebra, we can see that coherent states satisfy the minimum uncertainty rela-

12



tionship.

(0] i) = %(a—i—oz*) (2.53)
(o] Kala) = 212,<a o) (2.54)

Now lets calculate X2 and X2 expectation value

(0l X?la) = 7 (0l(@ + (@) + 20+ Dla) = (0 +a"P +1)  (259)
(lXZla) = 1 (al(@ + @) ~ 20— Dja) = (@ —aP—1)  (256)

Combining these sets of equations

2

(AXT) = (X) — (X1)” = 1/4 = (AX3) (2.57)

Hence it satisfies the minimum uncertainty principle that vacuum states also show. When

we calculate the average photon number with a coherent state we get

(alp)a) = el Z n%&m

= |af?. (2.58)
We can also calculate the fluctuations in the photon count which gives
(AR)* = |af® = (7) (2.59)

This shows that the photon statistics for a coherent state are Poissonian in nature. Also the
fractional uncertainity in the photon number decreases with increasing (n). Now lets look

at its phase distribution by taking o = |a|e®®

1
P(O) = —| (8|a) |?
(6) = 5 (0o} |
I o2l s= (oo ]
_ o E (in(0—¢) 171 2
2m n:Oe V! (2.60)

The distribution tends to gaussian distribution for large |a|?, hence the above sum can be

13



approximated to

2|af”

P(0) = (220) "eapl-2laP (0 - 07 (2.61)

From this we can see that the Gaussian curve has peak at § = ¢. Further the peak thickness
turns narrower with increasing (n) = |a|?>. This means the phase gets more localized with
increasing (7). From the quadrature calculation we can see that the EM field expectation
values are periodic in time and space for a coherent state.

From the discussion above, it follows that coherent states are quantum states that most
closely resemble classical monochromatic electromagnetic fields, particularly in the limit of
large mean photon number (n). A property of coherent states is the absorption of photons
from the field does not alter the form of the state. In other words, repeated photon absorption

leaves the state unchanged up to a proportionality factor.

Although coherent states are not eigenstates of any physical observable, they are closely
related to practical measurement processes. In many optical experiments the detection
mechanism is based on photoelectric measurements, which involve the annihilation opera-
tor. Because coherent states are eigenstates of the a operator, they naturally arise in the
description of such measurements. This provides an intuitive connection between the quan-

tum description of the EM fields and its classical counterpart.

Coherent states may also be expressed as vacuum states that have been displaced in
phase space. The operator responsible for generating this transformation is known as the

displacement operator. Thus a coherent state |a) can be written as

a2 > an(dT)n
la) = e~ I/QZOT@ (2.62)
= ¢ lol*/2¢00T |0y (2.63)

We can symmetrize the equation by inserting the operator e~ @ just before the |0) in Eq

(2.62). Thus the equation changes to
la) = el /2gaat g=a%a |0) . (2.64)

Now using the Campbell-Baker-Hausdorff operator identity as given in [1] We can re-write

14



the equation for displacement as

adt—a*a

0) . (2.65)

la) = e

This e*®' '@ is the displacement operator ﬁ(a).Coherent states under time evolution by
the Hamiltonian of the form H = hw(fn + 1/2) evolves into an other coherent state with a

phase factor.

|¢(t)> _ e—iwt/Qe—iwtﬁ |O./>

= e W2 et (2.66)
Coherent states thus undergo continuous, periodic evolution into other coherent states over
time, with period 27/w.

Coherent states are normalized but not orthogonal. We can see this

(aslon) = e~ (el HaaPy2 3 (ajo)”

n!
n

_ o-loa—az?/2 (a5 —asza)/2. (2.67)

There exist no values of a; and as such that the above term vanishes. Hence the states are
not orthogonal.
Despite their non-orthogonality coherent states span the entire Hilbert space and form a

convenient basis. In order to see that they span the space we can check that

%/|a> (o] Ba =1 (2.68)

over the entire complex plane. We can start by writing o = re’® so that d?a = rdrd®.

n—+m-41

1 ]' > o 77“271 1(n—m
;/\a) <@yd2a:;/0 dr/o 493030 e e ) (. (2.69)

Now on interchanging the order of integration and summations, the angular part leads to a

15



factor 2w, this leads to the double summation to become a single sum

1 / ) (a] Pa = Z%W (| /0 ety gy (2.70)
Y b @
~1. (2.72)

Since the Fock states span the entire Hilbert space the completeness relationship for the
coherent states also follows. Hence any state can be written as sum of coherent states. Thus

any state [1) can be written as

) =1 [ lo) (alu) . 273

Coherent states are linearly dependent too. Hence any state doesn’t have a unique repre-
sentation in terms of coherent states. Because of this coherent states form an over-complete

basis.

2.5 Different Representations

In quantum optics states can be represented in different basis like the Fock space or in
therms of coherent states etc. These different kinds of representation of states and operators
in different basis help to make calculations simpler as well as some representations show
natural resemblance in structure to classical forms, which have been well developed. The

description we provide here is motivated from [1] and [2]

2.5.1 P representation

P-representation also known as the Glauber-Sudarshan P function is defined as

h— /P(a) ) (o] a (2.74)

16



The P-function provides a representation that is analogous to a phase-space distribution in
the space of coherent states. In this representation the complex variable « serves as the
phase-space coordinate. Since the density operator p is Hermitian, the function P(a)) must
be real. However, for certain quantum states of the field the P-function can take negative

values, distinguishing it from a classical probability distribution.

Expectation values of observables that are written in normal order-where the annihilation
operators a appear to the right of the creation operators af-can be conveniently expressed

using the P-representation:
G™(a,a’) =33 Crlal) (@)™ (2.75)

the expectation of this function is:

~

(GM)(a,al)) = /P(a)G(N)(a,a*)d2a (2.76)

This is the optical equivalence theorem. So the P representation naturally becomes the easier

choice when the operators are normally ordered.

2.6 Lindblad Master Equation

Lindblad master equation models the dynamics of a quantum system interacting with a
reservoir, under a set of standard assumptions. The treatment and methodology followed in
this section are based on the discussion presented in [3]. The fundamental assumptions are
as follows

i) The reservoir possesses a much larger number of degrees of freedom than the system and
hence remains effectively unchanged by the interaction (Born approximation).

ii) The bath correlation time is significantly shorter than the system’s evolution timescale,
allowing the dynamics to be treated as memoryless (Markov approximation).The bath state
is assumed to be time-independent.

iii) The fast oscillating terms are neglected through the rotating-wave approximation(RWA),
ensuring physical consistency and positivity of the reduced dynamics. Under these assump-

tions, the evolution of the system’s state is described by the Lindblad form of the master

17



equation.

pis(t) = 2 Ten [V(2).ps(t) @ )]

Ty / at' (V). V(). ps(t) @ pr(t,)]. (2.77)

Here the ps and pg are system and reservoir density matrices. V() gives the system-reservoir
interaction energy. Here ¢; is the initial time the interaction starts.

To illustrate the lindblad equation lets study the evolution of the density matrix of a oscillator
in a reservoir as in [3]. The operators for the field of interest are a and a' while the reservoir

operators are b, and b;. The Hamiltonian for the system, reservoir and the interaction is

respectively
H = Hy + H, (2.78)
Hy = hvala+ ) hublb (2.79)
k
Hy =hY _ gu(bla+ alby) (2.80)
k

The Hj is the bare Hamiltonian of the individual system and reservoir while H; is the
interaction Hamiltonian with g, being the interaction strength of each mode of the reservoir

with the mode of the system. The interaction hamiltonian is then

V(t)=h>_ gelbhae™ ™) 4 alpye' =), (2.81)
k

When the b, modes are initially in thermal equilibrium, implying the reservoir state is

hl/k hl/kb};bk
pr = 1;[(1 — eap(——p))eap(—— 1), (2.82)

kgT
where kg is the Boltzmann constant and 7' is the temperature.

Average thermal boson number at frequency vy, is

= ———————— (2.83)
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Using the above the equation of motion of the density matrix is defined as:

. —C
P :7ﬁth(aan — 2a'pa + paa’)

T(ﬁth +1)(a'ap — 2apa’ + pa'a). (2.84)

Here the decay constant is given by C. The mean number of quanta at frequency v in the
thermal reservoir is given by ny, = 7y at v( given by Eq. (2.83)).This is a thermal master
equation and a basic example to study the Lindblad master equation. The above equation

can be rewritten as
p = nmD(a’) + (Ag, + 1)D(a) (2.85)

Where D(A)p = ApAT — 1{ATA, p}. The above equation can be interpreted as the operator
D(a) causing dissipation of bosons of the system while the D(a') causes the addition of
bosons(jump operator) into the system. Hence the lindblad master equation comprises of
dissipation and jump operators with corresponding rates to give the total evolution of the
density matrix. This is the general structure of Lindblad master equation with rates being

controlled by the state of the reservoir.

2.7 Langevin Equation

Having examined the time evolution of the density operator, we now turn to an alternative
description in which the operators evolve while the state of the system is taken to be time in-
dependent. This corresponds to the Heisenberg-picture treatment of open quantum systems.
The formal procedure used here follows the approach presented in [3]. The langevin equation
and lindblad equations are same as the Heisenberg picture vs Schrodinger picture for open
quantum systems. Instead of evolving the density operator p, we study the evolution of an

observable O. The time derivative of its expectation value is

%<O) — Tr (O%) . (2.86)

Substituting the Lindblad master equation of the general form where L, are the dissipa-
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tors or jump operators,

% = —i[H, p] + ; <LkPL£ - %{LLLk, P}) 7 (2.87)
we obtain
10 = 0.y + 3 (o — gzl o). (2.58)

This corresponds to the following Heisenberg equation of motion for the operator O:

do 1
—r =ilH, 0]+ zk: (LLOLk - §{L2Lk, 0}) . (2.89)

The above equation describes the deterministic evolution of system operators in the
presence of dissipation and jump operators.

To illustrate the emergence of the Langevin equation and the relation to the fluctuation-
dissipation theorem we take the model of the harmonic oscillator with mode of interest a
interacting with a reservoir as in [3]. Lets consider the same example we studied before

(2.78) The Heisenberg equation of motion for the operators are
a= ﬁ[H’ al = —iva(t) —i ;gkbk(t) (2.90)

We are interested in studying the evolution of the system mode so we integrate over the

reservoir mode which gives

t
bi(t) = bp(0)e ™" — igk/ dt'a(t)e =), (2.92)
0

The first and second terms are the free evolution of the reservoir modes and their interaction

with the system, respectively. The above equation substituted in evolution equation of
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system mode gives

a=—iva — Z g /t dt'a(t')e” ™ =) 4 £, (1) (2.93)
k 0
falt) = =i > gibi(0)e ™", (2.94)
K

The term f,(t) is the noise term coming purely from the reservoir modes at ¢ = 0. It varies
rapidly due to multiple modes being present. The above equation can be solved in the regime
where noise modes vary rapidly. The approximation called Weisskopf-Wigner can be applied
which leads to

t
) / 1 :
Zgz/ dt'a(t")e et §Ca(t)e“’t. (2.95)
k O

Here C is the same as the decay constant in Eq. (2.84),which comes from the integration of
the interaction mode strengths with the system mode under the Weisskopf-Wigner approxi-

mation. Hence the final equation comes to
. . C
@ = —iva—Sa + fa(t). (2.96)

Till now we have not assumed any properties for the reservoir modes. Considering the
reservoir modes in thermal equilibrium following the bath correlation functions (or white

noise operator expectations) gives
(f1() fa(t) = Crand(t — ). (2.97)
Where ny, = 1y, at v given by Eq. (2.83).

The terms in the evolution equation correspond to:

e Hamiltonian evolution: —iva

_Cnth
2 a

e Dissipation:

e Noise arising from the environment: f,(t)

The quantum Langevin equation provides a stochastic differential equation describing the
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dynamics of system operators including environmental coupling. The deterministic terms
account for coherent evolution and damping, while the noise term captures fluctuations
introduced by the bath.

The noise term ensures that the dynamics satisfy the fluctuation-dissipation relation and

preserves the canonical commutation relations of the system operators.

2.8 Laser Theory

Lasers produce coherent electromagnetic radiation through stimulated emission occurring in
an active medium that is placed within an optical cavity. The cavity acts as a feedback
mechanism, causing the optical field to circulate and interact multiple times with the gain
medium, thereby enhancing the amplification of the radiation. When the gain supplied by
the medium balances the intrinsic losses of the cavity, the system reaches the lasing thresh-
old and a steady output of coherent light is produced. In the following discussion we first
consider the laser model with linear gain and damping. The analysis and formal procedure
for this description follow [7]. The subsequent treatment of gain saturation, which intro-
duces a nonlinear dependence of the gain on the field intensity, is based on the arguments
and methods presented in [7] and [6].Finally, we examine the role of quantum phase noise in
determining the spectral properties of laser radiation, including the fundamental linewidth
limit [5].

A key feature of laser operation is the presence of population inversion in the gain medium,
which enables stimulated emission to dominate over absorption. A two level atom cannot
have population inversion in steady state since the rate of stimulated emission(W) and ab-
sorption are equal. Assume the population in the higher level to be Ny and the lower level to
be Ny. We can write the detailed balance equation, dNy/dt = W N;— (W +7)Ns. Here 7 is the
spontaneous emission rate. Now for N = N;+ N in steady state (dNy/dt = 0) the population
of Ny =WN/(2W +7) and N1 = (W +7)N/(2W + 7). This gives No/N; = W/(W +71) < 1
implying that Ny > N; can never occur hence a three-level system is needed for population

inversion to attained and sustained.
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2.8.1 Linear Gain and Damp

The standard laser master equation arises for a wide range of gain media when certain
conditions are satisfied, particularly when the effects of thermal photon noise and photon
reabsorption can be neglected. The procedure followed here are based on [7]. In such a
model, the amplification mechanism originates from the interaction between the field mode
corresponding to the laser and a single atomic transition. This interaction is commonly

described using the Jaynes-Cummings Hamiltonian
H = iQ(oa’ — o'a), (2.98)

Here o = |I) (u| represents the atomic lowering operator, and € is the single-photon Rabi

frequency.

Lets start by defining ¢ = 27. Consider an interaction time 7 such that the condition

ev/n < 1, where 7 denotes the average number of photons. Under this assumption, the

—iHT

unitary evolution operator e acting on the initially state factorized such that the atom

is excited state R = p® |u) (u|, may be expanded up to € in the small parameter e(ignoring

higher powers). This expansion yields the resulting atom-field entangled state.
1
R=p®lu) (ul +e(a'p @) (ul + Hee) + E(alpa @ |I) (I — Sad, p @ [u) (u]). (2.99)

Assume that the atomic state is measured immediately following its interaction with the
field. When the measurement result corresponds to the atom being found in the upper
state, the field is projected into a conditional state whose norm determines the probability

of obtaining this outcome. To first order in €2, the resulting field state is given by,

pu=(ul Rlu) = (1 - € Ala"])p (2.100)
= exp(—€*aal /2) p exp(—c2aa’ /2),

here the superoperator A is defined as
1
A[A|B = 5(ATAB + BATA). (2.101)
A and B being arbitrary operators. Likewise the atom when detected in the lower state, the
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field state is given by
fi= (U RII) = ETla']p, (2.102)
here the superoperator 7T is defined as
T[A|B = ABA'. (2.103)

We now assume that emission events within the cavity are statistically independent and
that the injection of excited atoms occurs according to a Poisson process with rate I', where

I' < 771. Under these conditions, the evolution equation becomes
p(t+dt) =Tdt(p + p,) + (1 —Tdt)p (2.104)

Here the linear loss by the cavity occurs with the rate .

p =Te*Da’|p + xDlalp. (2.105)

The notation
D[A] = T[A] — A[A]. (2.106)
% = Tr[np] = Te*Trla’aDla’]p] + kTr[a’aDla]p] (2.107)

Steady state of photon flux implies d (n) /dt = 0.

_ [e?
n= <n>ss = E_FEQ‘

(2.108)

For steady state to exist we need x > I'e?. From the standpoint of quantum statistics, a
laser field can be considered coherent only when the mean photon number satisfies n > 1,
since the phase uncertainty scales as ¢ ~ 1/v/n. However, for Eq. (2.105), the photon
number variance satisfies (n?) — (n)?> ~ n%  Such a large variance produces significant
low-frequency fluctuations in the output intensity (of order ~ k/n), which degrades the
second-order coherence of the laser. As a result, the photon statistics deviate from a Poisson

distribution, indicating that the field is not in a coherent state.
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The origin of this difficulty in Eq. (2.105) lies in the nature of stimulated emission. When
stimulated emission occurs from an effectively undepleted source, for example a reservoir
of excited atoms, it introduces additional intensity noise, as reflected in Eq. (2.105). Since
stimulated emission requires n > 1, this leads to the gain becoming proportional to the field
intensity. Consequently, any fluctuation that raises the intensity above its average value
enhances the gain and further amplifies the deviation. Conversely, if the intensity falls below
its mean value, the gain correspondingly decreases, reinforcing the downward fluctuation.
To suppress this feedback mechanism and recover second-order coherence in the output field,

it is necessary for the photon gain to depend nonlinearly on the intensity.

2.8.2 Gain Saturation

In most lasers, the gain nonlinearity as a function of intensity naturally provides a physically
realistic model that preserves second-order coherence by incorporating essential components.

This nonlinearity becomes pronounced due to gain saturation in the medium.
Key model elements are:
(i) An optical cavity that supports the laser mode of the bosonic field and enables output
beam formation.

(ii) A reservoir or source of bosons (photons) coupled to the cavity mode, supplying bosons

for amplification.

(iii) An irreversible mechanism that preferentially transfers bosons from the source into the

laser mode, thereby providing gain.
(iv) A dissipative channel or sink that removes bosons from the system.
(v) A pumping process that replenishes the source, maintaining a steady supply of parti-

cles.

The modeling framework and analysis used here follow the treatment presented in [6].
Firstly, we define the annihilation operators corresponding to laser cavity, intermediate

(source to laser cavity; irreversible transfer) and source as a, b and ¢, respectively. With
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these definitions, the evolution of the complete system is described by:
' 5
W=> LW, (2.109)

where L; are the Louville superoperators defined below.

LW = kDla]W, (2.110)
LW = —i[g(c'ab + ca'dl), W], (2.111)
L3W = AD[b]WV, (2.112)
LW =~(N + 1)Dlc|W, (2.113)
LsW = yNDIc'|W. (2.114)

The superoperator £; represents the damping of the cavity (laser) mode due to photon

leakage through the cavity mirrors, occurring at a rate k.

The second contribution, L5, corresponds to a coherent Hamiltonian interaction. This

couples the source, intermediate and laser modes.

The term L3 describes the decay of the intermediate mode at a rate A. This decay is
assumed to be very strong, such that A is much larger than the other dynamical rates. In this
limit, the coupling induced by L, effectively becomes unidirectional, transferring excitations

from the source towards the laser mode.

Finally, the superoperators £3 and L4 account for interactions with a broad reservoir
containing N bosons per mode. The term L5 acts as the pumping mechanism providing

amplification N bosons per mode, while £, represents dissipative loss from the source.

To characterize this three-mode master equation into a single-mode master equation by
eliminating the first mode b followed by mode ¢. We employ the adiabatic elimination for
mode b under the assumption A > ¢g. Among the five superoperators the damping term L3
and reversible coupling Hamiltonian term L, participate in the langevin equation of mode b.

Since the Eq. (2.113) only gives the expectation value we need to add the white noise term
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b= A(D'[]b) + i[g(ctab + cabl), b] + vV Abi (t)

A
b=-3b- igeat + Vb (1) (2.115)

Now since A > g we can adiabatically eliminate mode b by the argument that mode b decays
very fast relative to the reversible coupling and hence reaches steady state in time scales that

do not significantly affect the source and laser mode. Hence taking b = 0 we get

bin(t). (2.116)

Now by putting Eq (2.116) into the langevin equations corresponding to operator a and ¢
and averaging over the noise terms using ito calculus we eliminate mode b entirely. Now

from langevin equations of operator a and ¢ we go back to the lindblad equation, then Eq

(2.109) modifies into
=L+ L+ L+ L5)R (2.117)
Where
L. = nD[ca'|R. (2.118)

Here R denotes the reduced density operator describing the combined state of the source
mode and the laser mode. The parameter = g°/\ characterizes the effective irreversible

coupling between these two modes that results after eliminating the intermediate mode.

To further simplify the description, we now eliminate the source mode c. For this purpose
we assume that the reservoir occupation satisfies N < 1. Under this condition the density

operator R can be expressed as

R=>" p;®li){j (2.119)

1=0 7=0

Where |i) is the state of source mode and p;; are the conditioned laser mode unnormalised
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density matrices. Since R is a density matrix pIO = po1 and Tr(poo + p11) = 1. Now putting
the Eq (2.119) into Eq (2.117) we get the following equations

poo = L1poo + 17T [al]p1r + ¥ (N + 1)p1s — vNpoo ( )
pi1 = Lipn — nAla'lprn — v(N + 1)p11 +vNpoo (2.121)
p1o = Lipro — g(aaTPw + H.c) —y(N +1)/2p10 — YN p1o ( )

( )

po1 = pio’

From these equations we can see that Eq (2.120) and (2.121) are decoupled from (2.122)
and (2.123) since the pump and sink of source mode is a thermal bath which is incoherent.
Now equation (2.122) has no source terms only decay terms and hence will not contribute
significantly to the final master equation of the laser mode.

Now turning our attention towards Eq (2.120) and (2.121). Since N < 1 the source term in
(2.121) is very weak and the damp term is strong so p1; relaxes faster than pgy. Assuming

v > k we can neglect £; and the the steady state pj; = 0 from Eq (2.121) gives
p11 ~ YN (7 + nAla]) ™ pog (2.124)

We can clearly see that p;; ~ N hence the final density matrix p ~ pg. We show in the
next equation that it varies in time scales of . Substituting Eq (2.124) into Eq (2.120) we
get the master equation of the laser mode which has nonlinearity in the intensity embedded

in it.
p = &D[a]p + Gn Dla'](ns + Ala'])'p (2.125)
Where ng = v/n and G = nN. This is the main result of gain saturation model in the paper

[6].

The gain term in the above equation is the second term. The gain rate from the master

equation varies as

aal
GnTrlaa'D[a'](ns + Ala']) p] = Gn, <—> (2.126)

ne + aal
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Now writing this in terms of photon number equation [28] becomes

1
GnS<L>.
ns+n+1

The number operator change is

% :Gns<nsj——_;i—1> — K (n). (2.127)

The ng +n + 1 in the denominator causes the gain to saturate as the photons increase and
shows the nonlinearity that helps to reduce the scaling of intensity fluctuations relative to
the linear gain model and preserves the second-order correlation function.

The gain rate can also be derived from the steady state occupation number of source mode(c).
Let p. be the source mode density matrix. Then rate of change of occupation number of

source mode and the steady state occupation number is given below respectively

Tre[c'cp.] = v(N + 1)Tr.[c'eDlc]pe] + nTrc[c'c Try[D]cal]p]] (2.128)
YN
(ne)ys = <m> (2.129)

Here p is the state of source mode (c) and laser mode (a). Now the steady state occupation
number transfers its bosons to laser mode with the interaction strength 7 hence the gain

rate is

Gn, <;> — n(ng). (2.130)

ns+n+1

We note that:

<1, m<mn, gain is linear
G/k{§ >1, = is comparable n,, gain is nonlinear (2.131)

>1, n>n, gain is constant

In the far above threshold regime the Eq (2.125) can approximately be written as

p = xDla]p + Gn,Dla'|(Ala']) *p (2.132)
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Now let us assign u = Gn, then the Eq (2.132) becomes
p = wDlalp + pDla')(Ala'])"p (2.133)

In this limit we can see from Eq. (2.127) at steady state
(n),, = 1 (2131)

Under the same limiting conditions, the photon statistics of the laser mode become Poisso-
nian, which is characteristic of a coherent field. In the FAT regime, the master equation can
be formulated in the Fock basis, and the steady state can be calculated in Fock space from
p = 0. The form of the equations and the corresponding analysis presented here follow the
treatment given in [7]. Following the algebra gives the steady state as

por = 3 el ) (2.135)

n!
n

The above equation implies that the stationary state is diagonal and all off diagonal terms
are zero. This can be represented in a more useful form where |ae®) is a coherent state with

amplitude e’

— o do i¢ i¢
pss—/o 5, loe ) (e, (2.136)
Here || = \/,u_//i The above equation implies that the steady state solution is a sum of
coherent states which have a mean photon number of T'rla'apss] = (n),, = pu/k.

The FAT laser equation need not only be interpreted as the limiting behavior of a laser
operating far above threshold. It can also arise from an alternative physical picture based on
a conditional atomic feedback process. In this scenario, atoms are sent through the cavity
one at a time. If an atom exits the cavity in the excited state, it is reintroduced into the
cavity for another interaction with the field. Only those atoms that leave the cavity in the

lower state are allowed to exit the system.

Let us suppose that k& atoms pass through the cavity before the (k+ 1)-th atom is finally
detected in the lower state. Using Egs. (2.100) and (2.102), the resulting state transformation
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gives
pr = €T [a']exp[—ke®aa' /2] pexp|—ke*aa’ /2). (2.137)

Thus the average density operator for the atom to be detected in the ground state is given
by

p=> (2.138)
k=0

Now since €? is small the sum can be changed to integral and 3 = €k

p = Tla] /OO exp[—pBaa’ /2] pexp[—Paa’ /2)dS (2.139)
0
This gives
p = Tla'|Ala']p. (2.140)

Now if the atoms are pumped at the rate p and the loss rate in the cavity is & then the

lindblad equation becomes

p = u(Tla'lAla"]"! = 1)p + xDlalp (2.141)
= uD[a'](Ala']) " p + xD[a]p. (2.142)

This equation is the same as FAT laser equation, hence this model shows us that by the
gain of one photon by one atom independent of the photon number we can achieve the FAT
laser. This interpretation provides an intuitive way of understanding the origin of the FAT

laser master equation and closely follows the central idea discussed in [7].
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2.8.3 P representation of the FAT Laser

First, we convert Eq. (2.132) by using the simple relations taken from [3]:

at o) (o] = (% + a*) la) (al (2.143)
ala) {a] = ala) (of (2.144)
o) (a] a’ = a* |a) (af (2.145)
o) (o] a = (ai* + a) @) {af (2.146)

where |a) is a coherent state, now writing o = re’”. We can convert the P representation

into polar representation. The final equation would then be

(2.147)

The derivation of the P-representation from the Lindblad master equation follows the stan-
dard procedure outlined in [3]. Now at the time ¢ when the mean photon number has stabi-
lized or there is no sufficient change in the variable r the above equation can be simplified

by assuming r to be a constant such that r? = (n)_, which yields

- ) 1

This equation is the exactly similar to a continuous random walker (Fokker-Planck equation
for P) in one direction. Since its a pure diffusion process we can see that the diffusion

constant D can be written as

Gnyg 1
- S 2.149
4r? (1 + 7"2) ( )
The above equation can also be represented as
Gng 1
D = 2.150
)., T+ (o)., (2450
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Also from the Eq. (2.127) in the FAT laser regime((n) >> ng) we can see at steady state

Gng

=" (2.151)

Hence, substituting the the above in Eq. (2.150) we get

(2.152)

We shall see in the next section how this is is proportional to the line width of the FAT

Laser.

2.8.4 Schalow Townes Limit

The laser linewidth primarily stems from random phase fluctuations in the emitted field.
These fluctuations arise primarily from spontaneous emission, which is measured using a
Michelson interferometer where interference fringe visibility reveals the decay of phase cor-
relations. This visibility reduction corresponds to the first-order correlation function, which
governs the laser’s coherence time and directly influences its linewidth. The standard quan-

tum limit on laser linewidth-the Schawlow-Townes (ST) limit [5]-sets this boundary.

The derivation follows the procedure in [3], analyzing interference visibility gradients

from Michelson interferometer output.

The laser linewidth arises from random phase fluctuations of the emitted field, primarily
due to spontaneous emission. Interferometrically, this can be understood by sending the out-
put of the laser through a Michelson interferometer: the visibility of the interference fringes
decays with increasing delay between the arms, reflecting the gradual loss of phase correla-
tion. This decay in visibility can be understood as the decay of the second-order correlation
function for the field due to phase diffusion. The characteristic timescale of the decay defines
the coherence time of the laser, which is inversely proportional to the linewidth. Hence the
lower bound on the laser linewidth - known as the Schawlow-Townes(ST) limit [5], defines
the standard quantum limit of laser linewidth. The procedure we follow to derive the result
is based on [3].
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Mathematically the first correlation function ¢(!)(7) is given as:

gD (r) = (al(t + Ti““» (2.153)

(at(t)a(t))

The first correlation function defined above is phase shift invariant. Therefore, using the

Quantum Regression Theorem it can be written as follows in terms of a unitary function,

say U(t), from [7].
g V(1) x (al(t)a(t)),, = Tr(UN(t + 7)a' Ut + 7)UT(t)al(t)pss)
where p,ss = |a) (af.

Assuming, £ is the lindblad for FAT Laser such that p = Lp, then the above expression

gives
g () * (a' (Da(t)),, = Tr(a'e™ (aps,)). (2.154)

The second step simplifies to the third step since p,, is a steady state of the lindblad equation
give in Eq. (2.133). Let us define x = ap,s. Before we simplify the following equation lets
convert the y into polar representation using Eq. (2.136) where « is replaced with r which

is
X = QpPss

2m
X = / —¢rez¢ re'®) (re'?| (2.155)
o 2

Now comparing this with the P represenation of any state we know see that the above state

it
7"2971_ :
the fixed mean is obtained we can use the Eq. (2.148) to solve the Lindblad evolution in

has a constant r and P,(¢) = Since we are solving the equation in the regime where
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correlation function. This gives

5 =G G e

_ Gng, 1 0% re'
42 (1 +r2)8¢2 2m
_ Gny 1 —re?
42 (1 + 7,2) 2T

—Gng 1
= W(m)lgx(@-

Now the above equation can be integrated and using the Eq. (2.151) we get

O —
€ 4(">55
2

() = / " Py(6.7) [re®) (re®?| do

Px(ﬁba 7_) =

27 Tei(j) Crr ” ”
= 4(n) g ¢ ¢ d .
X(7) /o 5 e re'?) (re'?| do

Now by doing the last operation

g (r) x (a'(t)a(t)),, = Tr(a’x(r))

2m 7"61¢ — KT . .
= Tr(aT/ 5 e |re'®) (re'®| de)
o 2

—KT

= T2e4<”>ss
We know (a'(t)a(t)),, = r* = (n),,. Hence,
Now from the Eq. (2.152) we can write

g V(1) =e P,

(2.156)

(2.157)

(2.158)

(2.159)

(2.160)

The Power Spectral density defined as the Fourier transform of the first correlation function
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given above is,

S(w) x Re / oD (F)erdr)
0
Substituting the result in Eq. (2.159):

S(w) Re(/ e PTeTdr)
0

D

From this we can see that the Power Spectral Density function is a lorenztian with FWHM
linewidth as 2D = k/(2 (n),,). This completes the Schalow Townes Limit for laser which is
also called as the Standard Quantum Limit. The same result has been derived using different

approaches in [2] and [6].
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Chapter 3

Measurement Theory

Estimation theory is concerned with the problem of inferring unknown parameters from
observed data. Given a set of measurements whose statistics depend on an unknown pa-
rameter, the goal is to construct an estimator that provides the best possible estimate of
that parameter according to some optimality criterion, such as minimizing the mean squared
error. In classical estimation theory, the measurement outcomes are described by probability
distributions (p(z|@)) that depend on the parameter (#), and estimators are functions of the
observed data used to infer its value. In quantum estimation theory, the problem is gen-
eralized to quantum systems where the parameter is encoded in a quantum state (py), and
measurements must first be performed to obtain classical data. The theory therefore studies
both the optimal measurement strategy and the optimal estimator, leading to fundamental
limits on estimation precision such as those given by the quantum Cramér-Rao bound. The

material presented in this chapter is largely based on the treatments in [8] and [11].

3.1 Classical Estimation Theory

This section provides a brief review of several fundamental concepts in classical estimation
theory. The discussions in this section are based on [8]. In particular, a number of lower

bounds exist that restrict the achievable variance of an estimator for a given parameter.
Parameter estimation concerns the determination of a vector of unknown parameters
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0 = (01,0,,...)7 from a collection of observed data & = (x,5,...)7. The relationship
between the parameters and the observed data is described through a conditional probabil-
ity distribution p(x |6), which serves as the statistical model of the physical system under

consideration. The parameters to be estimated can generally be classified into two categories:

(1) The parameter vector € is deterministic but unknown.

(2) The parameter vector ¢ is a random variable with a prior probability distribution.

In the first scenario, estimation methods based on the FI framework are typically em-
ployed. In the second scenario, the parameter is regarded as a random quantity and Bayesian
estimation techniques are used.

We look at Fisher estimation first which deals with estimation of non random parameters.
In situations where the parameter 6 is non-random but unknown, one of the most widely

used estimation procedures is the maximum likelihood estimator (MLE), which is given as
0 = arg maz Pr(0]x). (3.1)

In this context, the quantity Pr(f|x) represents the probability that the parameter takes the
value 6 conditioned on the observed data . Determining this probability requires specifying
a model that describes the underlying process relating the parameter to the measurement
outcomes.

Although the parameter 6 itself is not random, the observed data « is treated as a random
variable because of statistical fluctuations in the measurement process. Consequently, when
a sufficiently large set of measurement outcomes is available, an estimator that reproduces

the true value of the parameter is referred to as a perfect estimator.

3.1.1 Covariance Matrix and FI(FI)

A standard way to measure the performance of an estimator is through the variance of
its estimate relative to the true value of the parameter. Accordingly, the estimation error
can be defined as the deviation between the estimated quantity and the actual parameter

(A0 = 06— 0). This quantity depends explicitly on the actual parameter, which is not known
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in practice. It is therefore more instructive to characterize the spread of the estimates of
0 through a statistical measure such as the variance of the estimator. The mathematical

formulation and analysis presented here follow the procedure described in [8].
30 = 0 — Eyo0(x)], (3.2)
where

Exlf(x)] = / dxPr(0]x)0(x). (3.3)

The quantity Eyp[f()] denotes the expectation of the estimator @ taken relative to the
likelihood distribution Pr(x|f). In the limit of a sufficiently large dataset, if the estimator
is unbiased, its expectation value converges to the true parameter value. Under these con-
ditions, the estimation error Y approaches Af.

Covariance matrix is goven by

Cov(f) = Epx[0060] (3.4)
(3.5)

The diagonal components of the covariance matrix correspond to the variances of the pa-
rameters 0;, with j € {1,..., D}. It is important to emphasize that the covariance matrix

is not identical to the mean-square error (MSE) matrix, which is given by

Egx[(A0)(AG)T] = Covld] + b(6)? (3.6)
The quantity b(f)? = Emw[é(ac)] — 0 is the bias times bias associated with the estimator.
It follows that for an estimator which is unbiased, where b(f); = 0, the covariance matrix
reduces to the (MSE) matrix. If that happens then the expectation of the estimator converges
to the actual parameter.
In many practical situations it is difficult to determine the exact values of the covariance
matrix associated with an estimator. For this reason, it is useful to derive lower bounds on
quantities such as the covariance matrix, the mean-square error (MSE), and related measures
of estimation uncertainty. These bounds on parameter estimation provide limits on what

can be achievable.

To simplify the notation in the following discussion, we write E[-] instead of Eg[-] for
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the expectation value. Furthermore, if X is any random vector and Y is its transpose, the
matrix XY is positive semidefinite. As a consequence, its expectation value satisfies the
inequality

E[XY] >0.

This property will be used to construct inequalities that lead to lower bounds on the covari-

ance matrix. Accordingly, we make the choice
X=f—-AgandY = XT (3.7)

with f as a real D-dim vector of the same size as 6, g as the real R-dim vector and A as a
matrix R x D that only depends on 6. Upon applying the inequality above and reducing it,
since the matrix A is independent of the measurement outcomes , it may be moved outside

the expectation operator. we obtain
E[ff'] > Elfg"]A" + AE[gf"] — AE[gg"]A". (3.8)
if we redefine T' = E[fg”] and G = E[gg”] then we get
E[fff] > TA" + ATT — AGA”. (3.9)

The above expression establishes a bound on the expectation value of ff7. Because T" and
G are defined as expectation values, they are independent of the measurement outcomes
x. Consequently, one can set A = T'G™!, assuming that G~! exists, which introduces a

restriction on the choice of the function ¢g. This substitution then leads to
E[fff]| >1G'T" (3.10)

Choosing f = 60 gives E[ffT] = Cov(f). The information matrix is defined as G matrix.

The T" matrix correspondingly gives

~

T = Elfg"] — E[0g"]. (3.11)

We impose the additional condition that the function g is chosen such that Eg[g’] =0 .

Hence the first term in in the equation for expression of 1" becomes

~

Exolfg"] = Ex[0Eqxlg") = 0. (3.12)
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So different choices of the estimator 6 and g give different bounds. A common choice of g

gives the FI and the ”Cramer-Rao Bound”.

Cramer-Rao Bound

We make the choice for g to be

_ OInPr(x|0)

bbbl i L} 1
g 50 (3.13)

For this choice of g(z,0), the first and second derivatives of Pr(x|f) should exist and be
integrable. The above function is a convenient choice since the logarithmic form ensures ad-
ditivity for independent samples, reflecting the fact that probabilities for independent events
combine multiplicatively. In addition, the 0g/00 characterizes how strongly the probability
distribution responds to changes in the parameter value. From an intuitive perspective, if the
distribution changes significantly for small variations in #, even slight changes in the param-
eter will produce observable differences in the measurement outcomes «, thereby allowing

more accurate estimation.

Consider a single parameter 6 for example. In this situation, g becomes a scalar function,

and the quantity 7" takes the form

T = Ex‘g[ealnP—T(XW] =-1 (3.14)
00
G matrix follows to be
OlnPr(x|0)\2,
Exw[(T) | = 1(6) FI (3.15)
The variance in 6 is constrained by
(60)* > I (3.16)
This is the Cramer-Rao Bound.
OlnPr(x|0)
A= ———=. 1
50 (3.17)

The bound is saturated when the above condition satisfies. For a multi-parameter, the
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Cramer-Rao Bound is a matrix given by

Cov[fl;; > [1(6)7"];;- (3.18)

3.1.2 Geometry of Estimation Theory

The FI introduced earlier arises naturally from a geometric structure on the space of prob-
ability distributions. This section contains an insightful geometric derivation from [8], that
connects parameter estimation to the distinguishability of probability distributions. This

geometric perspective will later help motivate the definition of the Quantum FI(QFT).

The Probability Simplex

Consider an experiment whose measurement outcomes are denoted by x = (x1,z2,...,Zp).
For a given value of the parameter 6, the outcomes are described by a probability distribution
P(x]6). The estimation problem can therefore be interpreted as distinguishing between two
probability distributions P(x|04) and P(x|0p).

All probability distributions form a geometric space known as the probability simplex.
For a single parameter 6, the distributions P(x|f) trace out a curve within this simplex.
Determining the number of measurements needed to distinguish between two values of 6

therefore reduces to defining an appropriate distance measure on this space.

For discrete probability distributions with probabilities {p;}, an infinitesimal distance on

the simplex can be written as

ds® = hji dp; dpy (3.19)
ik

where dp; are infinitesimal probability changes and h; is the metric tensor on the simplex.
The metric tensor satisfies
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hjihi = 0j1,

where d;; is the Kronecker delta.

The Fisher—Rao Metric and Statistical Distance

(3.20)

To construct a natural metric on the probability simplex, we define an inner product between

random variables in terms of expectation values. For a random variable A and B, the

expectation value is

(=3 A,

The classical correlation follows to be

<AB> = Z AjBk:hjk = ZAijpj.
Jk J
Using the relation in Eq. ((3.20)), the metric tensor takes the form

5.
hjk — Lk
Dj

Substituting this into Eq. ((3.19)) gives the Fisher—Rao metric

dp;)?
dspp = dej dpy, hji, = Z m

I ;P

(3.21)

(3.22)

(3.23)

(3.24)

The above quantity is a measure the statistical distance between the two different prob-

ability distributions on the simplex.

For continuous probability density functions p(z), the metric can be given as
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hab::!_jgétvékﬂﬁflfkﬁﬁfl, (3.25)

p(z)

where Q denotes the domain of the distribution and 9, = 9/06,,.

To connect this geometry with parameter estimation, consider the change in statistical

distance along a path parametrized by 6. Using p; = p;(6), we obtain

ds? 1 (dp;\° dlnp;\?
N2 () A , 2
d6? zj:pj (d9) zj:pj< 90 ) (3:26)

Comparing this expression with the definition of the FI, we find

1(0) = (%)2- (3.27)

For continuous probability distributions, the FI becomes

Oln P(x|0)”

1(0) = / dz P(x|g) (20N (3.28)
00

Thus, the FI quantifies how rapidly the probability distribution changes along a path

in the probability simplex parametrized by 6. A larger FI implies that small variations in

0 lead to more distinguishable probability distributions, and therefore allow more precise

parameter estimation.
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3.1.3 Quantum model of precision measurements

A general quantum estimation protocol consists of three stages: probe preparation, param-
eter encoding, and measurement and the following description is based on [8]. Initially, a
probe system is prepared in a quantum state p(0). The parameter 6 is then encoded in the
probe through a physical process described by a quantum channel A(#), which transforms

the initial state into a parameter-dependent state

p(0) = Alp(0)(6). (3.29)

After the encoding stage, a measurement is performed on the probe. This measurement is
described by a positive operator valued measure (POVM) II(x), where x represents the mea-
surement outcomes. The probability distribution of measurement outcomes is determined

by Born’s rule,

Pr(z|6) dx = Tr [I1(x)p(0)] dx. (3.30)

The operators II(x) satisfy the completeness relation

/ doTi(z) = I. (3.31)

The probability distribution Pr(x|6) describes the statistical behaviour of the measure-
ment outcomes for a given value of the parameter. The estimation problem therefore reduces

to distinguishing between nearby probability distributions corresponding to different values

of 6.

In practice, the measurement outcomes are processed through an estimator 9(:1:) that
produces an estimate of the unknown parameter. Due to the probabilistic nature of quantum

measurements, repeated experiments generally produce different measurement outcomes,

45



leading to statistical fluctuations in the estimator.

The bounds derived in classical estimation theory apply directly to the probability dis-
tributions obtained from quantum measurements. However, quantum mechanics introduces
additional freedom in the choice of probe states and measurement strategies, which can

influence the attainable estimation precision.

3.1.4 Quantum Fisher Information(QFI)

The classical FI corresponding with the measurement outcomes is given by (6. This quan-
tity determines the maximum precision achievable for estimating the parameter 6 from the
probability distribution of the measurement outcomes. The following derivation and ideas
are based on [11].

Since the probability distribution arises from a quantum measurement through Born’s rule,

the FI can be explicitly written as

1 0 ?
1(0) = /dxw <%Tr[ﬂ(x)p(9)]) . (3.32)

The classical FI depends on the specific measurement II(z) performed on the quantum
system. However, by optimising over all possible measurements, one obtains the maximum
achievable information about the parameter encoded in the quantum state. This maximal

quantity is known as Quantum Fisher Information (QFI),

Ig(0) = {Irrll(z;:))(} 1(6). (3.33)

The QFT therefore represents the final sensitivity of the quantum state p() to changes
in the parameter 0. It depends only on the parameter-dependent state and is independent

of any specific measurement choice.
Consequently, the QFT can be interpreted as a geometric property of the family of quan-
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tum states p(6) in the space of density operators. In particular, it determines the statistical

distinguishability between neighbouring quantum states p(6) and p(6 + df).

This relationship between distinguishability and parameter sensitivity leads to a geomet-
ric interpretation of quantum estimation, where the quantum FI defines a natural metric on

the space of quantum states.

For a family of quantum states parametrised by 6, the statistical distance between neigh-

bouring states is related to the quantum FI through

1
ds® = ZIIQ(G)de?. (3.34)
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Chapter 4

Hisenberg Limited Laser

4.1 Laser without stimulated emission

The previous section discussed that conventional laser operation relies on amplification aris-
ing from stimulated emission. However, examining Eq (2.132) in the far-above-threshold
(FAT) regime shows that the gain term becomes independent of the photon number and
is effectively a constant. In this regime, the resulting dynamics can be interpreted as aris-
ing from a constant gain process, suggesting that stimulated emission need not be a strict

requirement for laser operation.

Motivated by this observation, Wiseman proposed an alternative laser model [7] in which
the mechanism of stimulated emission is eliminated. In this model, a two-fold reduction
in the phase diffusion of the laser field is achieved relative to the standard quantum limit,

resulting in a narrower linewidth and therefore a higher quality laser source.

The key idea behind this proposal is that stimulated emission itself contributes signif-
icantly to phase diffusion. This contrasts with the conventional view that attributes the
fundamental phase noise primarily to spontaneous emission. In Wiseman’s model [7], stim-
ulated emission introduces an additional amplification component to the phase diffusion
process. By removing stimulated emission from the gain mechanism, this amplification con-
tribution to the phase noise is eliminated, thereby reducing the overall phase diffusion and

producing a laser with a narrower linewidth.
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When we look into the fundamental atom field interaction Hamiltonian Eq. (2.98), it

involves a which is the annihilation operator. This operator a has the ¢ number \/ne, n
and ¢ being number of photons and their phase. For a linear light-matter coupling, the
fundamental gain rate scales proportionally to the number of photons n, which map to the
process of stimulated emission. In a complete quantum mechanical description, spontaneous
emission contributes an additional term, resulting in a gain rate that scales as n + 1. Con-
sequently, even in the FAT regime the underlying mechanism of stimulated emission is still
present.
Now if we replace the annihilation operator a in Eq. (2.132) with an operator that doesn’t
show +/n scaling we might be able to obtained a model that shows less amplification of the
phase diffusion. The operator with this property is the Susskind-Glogower phase operator
eé™ as in [4]. That is we replace the operator a in Eq. (2.98) by the phase operator

e=Y |n—1)(n|. (4.1)

The modified Hamiltonian follows the construction presented in [7].
H =iQ(ce! — ole), (4.2)
Now from the properties of Susskind-Glogower operators e’ = > "> '|n + 1) (n| and
eet =1, ele=1—10)(0| (4.3)

With this Hamiltonian, we apply the FAT laser model described earlier, following the treat-
ment in [7], then under the analysis Eq. (2.137) becomes

o = Tlel]p (4.4)
So the further analysis follows the final lindblad equation that becomes
p = 1Dle']p + wDla]p. (4.5)

Now for this Lindblad equation we have to check if the steady state photon distribution is
indeed Poissonian and also if the linewidth shows any reduction. The above equation in

the Fock space is available in [7] This gives the same steady state as the FAT laser master
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equation. Hence the photon distribution is Poissonian.

Now lets look at the ¢g*)(7) function to steady the spectral properties. Unlike in the FAT
laser we cannot convert this lindblad equation into P representation easily and solve it.
The fundamental reason for this is that the phase operator has eigenstates which are not
normalizable, hence it cannot be easily converted interms of coherent state representation.
So we device a different method to study the g(" (1) function element wise in the Fock space
and add it up.

Since the steady state is a phase average of coherent states (2.136) and the g(¥(7) function
is independent of phase reference since it is a relative measure of the phase drift. Hence we
can take pss = |a) (a|(a = /(n),,) as the steady state for the calculation of ¢¥)() function
or two time correlation function. So if p(0) = |a) (a| the two point correlation function

becomes

= Tr(a'a(p(7))) (4.6)

Here L is the lindblad equation which could be the FAT laser or the Susskind-Glogower laser.
But the next steps we follow are only for the Susskind-Glogower laser lindblad equation. This

procedure is followed as in the Wiseman paper [7]. So we define a function

fn(t) = \/ﬁpn—l,n(t)/a* (4'7)

The two point correlation function g™ (7) is simply the summation of above for all possible
values of n, such that g®(0) = 3" £,(0) = 1. Hence if we can compute f,,(¢) correctly then

we can add then to get the correlation function. From the lindblad equation we can get:

fom (b = £) (= T ) (4.9

Recall the Poissonian distribution for steady-state photon number. Therefore, their statis-

tics remain largely unchanged over time, even after the phase-kicking measurement. Con-
sequently, the two point correlation measurement primarily affects the phase of the field

without significantly altering the photon number distribution. Now we can see that this
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parameter

) b0 it
" nfn+1(t) /infn-l—l(t)

(4.9)

captures the Poissonian nature of the state. We can see that this parameter equals 1 for
p(0) = |a) (a; derivation skipped here for the sake of brevity. This implies that the 7, (¢) ~ 1
for any later time after the steady state has been attained. Re write Eq. (4.8) interms of r,,
and employ r, = 1 to give:

1

fn = &( (n2—n)—n+§ (4.10)

since for the g™ function we have to add all the f, from n = 0 to co. Now for n value small
the value of f, is small since the denominator is large( a* = /(n) e ) and for large n
limit of the above function (using Taylor series expansion; skipped here on account of being

trivial)
: K

Now since the distribution of n is Poissonian when (n),, >> 1. The above equation can be

approximated to

h”smm” (4.12)
$a() = FaO)ern(g ) (4.13)

Hence the ¢V (1) ~ exp(k1/(8(n),,)) Y fn(0) = exp(kr/(8 (n),,)). Hence the Power spec-
tral Density function which is a Fourier transform of the g(V)(7) as seen before will be a
lorenztian distribution with FWHM = 2D ~ /(4 (n),,).

This result agrees with the findings of [7]. The analysis above shows that eliminating the
stimulated emission contribution results in a linewidth equal to one half of the standard quan-
tum limit. Nevertheless, such a model is difficult to realize in practice because it involves

the operator e, which is not associated with a physically realizable field operator.
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4.2 Heisenberg limit of laser

The standard Quantum limit as studied before the linewidth scales as 1/(n). Coherence time
as defined before is the inverse of the linewidth. Now we define a dimensionless number €
called coherence, rate of photons emission times the coherence time. For standard quantum

limit, it is
QSQL X <TL>2 s (414)

As the coherence time scales as (n) and the number of photons released per unit time scales
as (n). Wiseman and co-workers in [9] showed in their work on the Heisenberg limit of laser
coherence that the maximum achievable coherence of a laser scales as €py o (n)4. This
bound, referred to as the Heisenberg limit, represents the constraint on laser coherence. In
the following sections, we briefly outline the main ideas and the key theoretical tools used
in establishing this limit. The first subsection introduces to basic conditions applies on the
laser model for which the analysis works, the second subsection elaborates on how to achieve
the standard quantum limit using estimation theory and the final section concludes on how

to achieve the Heisenberg limit.

4.2.1 Conditions on the model

The ultimate bound on the coherence measure is obtained by considering a model that satis-
fies the set of assumptions outlined in [9] as well as in [10]. I elaborate on those assumptions

in this section.

Description of the 1-D field

We study the operators that describe the photon field b(t) as in [6]. Adopting a field-
based description, we examine a beam moving with fixed speed, characterized by statistical
properties that are unchanged under translations in time the standard commutation rule is

given by
[b(t), b1 (s)] = 6(t — s). (4.15)
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Coherence of the field can be quantified using the field operators by considering the average
number of photons in a single spatial mode. This quantity maximized over all possible modes

u in a frequency interval defines the measure of coherence as in [9] as

¢ :=max (blb,) , (4.16)

ucu

where b, being the annihilation operator for the spatial mode u:
by = — / " dtu(t)b(t) (4.17)
w = —— u : .
VT, J o

where I, = [0 dt|u(t)|>. The set u represents all spatial mode functions that satisfy the

normalization condition
/|u(r)|2d3r =1 (4.18)

For a beam whose statistical properties are translationally invariant, the maximum of the
coherence measure is obtained for a mode function with a flat temporal profile |u(¢)|?. Such
a waveform, however, is not strictly normalizable. To address this, one may introduce a

regularized mode function that decays slowly in time, for example
u(t) oc eI/ (4.19)
and limit [ — oc.
The occupation number associated with a given mode u is defined as
N, = (blb,). (4.20)

The coherence measure is then given by the maximum occupation number over all allowed

modes,
¢ = max N,. (4.21)

Substituting the definition of b, into the expression for N,, we obtain

Nu:[i /t:_oodt [ /t T atu ()elt — )| u() (4.22)

u '——00
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where c(t') := (b(t + t')b(t)) is a one dimensional time invariant field (¢). The above can be
simplified to give

1o
N, = ol /_Oo dw|i(w)|“é(w) (4.23)

% and ¢ being Fourier transforms of the respective functions. The occupation number is
maximized for a mode function whose frequency-domain profile is concentrated at the fre-
quency where the spectral correlation function attains its maximum value. This corresponds

to choosing a waveform satisfying
(W) * = 8(w — Wmax), (4.24)
where W,y := argmax, ¢(w).

Employing standard relation between spectral correlation function and PSD (P(w)), the

maximum coherence is
¢ =27 max P(w). (4.25)

By transforming to an appropriate rotating frame, the operator b(t) can always be defined
such that its spectrum is centered at w = 0. In this case, the optimal waveform corresponds

to a constant temporal profile, (u(t) = const.). Using this result,

¢ = / Tt (bT(t+1)b(1)) . (4.26)

(0.9}
Further,

N = /dw P(w), (4.27)

where N is the "beam photon flux”. For a standard laser, the spectral distribution is known
to take a Lorentzian form, as discussed previously. The peak value of the spectrum is

therefore given by
, (4.28)

where [ is the FWHM of the power spectral distribution.
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For a conventional laser, the linewidth satisfies the scaling [ o< 1/(n), while the photon
flux scales proportionally with the mean photon number, N o« (n). Substituting these

relations into the expression for the coherence measure yields
¢ =" o (n)? (4.29)

Thus, the coherence measure scales quadratically with the mean photon number for a stan-

dard laser.

Endogenous Phase

The second condition mandates that phase generation occurs intrinsically within the laser
cavity. Specifically, all phase characteristics of the output beam must originate exclusively

from internal cavity dynamics, independent of any external phase standards or input fields.

The endogenous phase condition can then be expressed through the action of a phase-shift

unitary acting on the cavity alone. Defining
Ul (pe) = U2 pULY, (4.30)
with rotation of cavity by 6 defined by
Ul = eire, (4.31)

where n.being cavity photon number operator. The endogenous-phase requirement is that

the dynamics of the system respect this symmetry, leading to the equivalence condition

Tro UL (U @ L) pee(T))] = Tro (UG @ THUL (pee(T)))], YV T'>T, 6€0,2r)
(4.32)

where UY, = e?netn) o e=®metm) and ny being photon operator for beam.

A measurement is said to be phase-covariant if its positive operator-valued measure

(POVM) elements E?, labeled by the measurement outcome ¢, transform under a phase
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shift according to
U’ (E?) = 79, (4.33)

This prepares the cavity in a state where measurement outcome is embedded in the optical

phase.

Let pid denote the fiducial cavity state, defined as the state obtained when the mea-
surement outcome is ¢ = 0. For a general outcome ¢p, the corresponding cavity state
is obtained by applying a phase shift generated by the cavity photon number operator n.,

giving
pelor (T') = UL (p'). (4.34)
The proof of this is

Pelon(T") o< Troer UL (UL ® o) (pee(T))) (L. @ EYF @ L))
= Trper [uceb(ug;_ﬁ/ (Pee(T))(Z. @ ul?F (El?) ® Ier)]
— TTbe/[(UCB (24 L{,f_‘” X Ie/)<ug;—>T’ (pce(T))(Ic ® El()] ® ]e/>]

(4.35)
The above expression being true for any value of 8, we choose 6 = ¢r. Thereby
_ Tre|U 8 Ty ® Lo ) (peber (T')(Ze © By @ 1))
o Tripy )
= U (pl") (4.36)

The introduced fiducial state is then p/® := Try [(pape (T")(Ze @ EY @ 1.0)]/Tr|pp ED].

Stationarity

The beam being statistically time invariant in the long time limit, for the cavity in unique

steady state p°
U (i) = i ¥ . (4.37)
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This statement directly implies that the steady state is diagonal in the fock basis since
eincqﬁpsse—incqﬁ — pss

& c -’
Now lets prove the important result that phase encoding or embedding by the phase covariant
measurement gives the same statistics as the steady state. Since we know that any state with
output measurement ¢ is a unitary optical phase rotation of fiducial state if the fiducial

state has same statistics then so do any other phase rotated state of the fiducial state.

P(nlor) = (nlpeor )

= "reT M (0 pgaln)

= (n|psaln)- (4.38)

Hence we set out to prove the result for the fiducial state that (n|p/*|n) = (n|p**|n). Using
the POVM sum up to identity: [ qu(QW)*IEg’ = [, and stationarity assumptions:

0% = Trpe [UCTE r (U ® I, pt5(T)) ([c®/g—¢E{f®Iel)}
m
— [t [t 0 Lot (L0 VD 2 1.)]
d¢

— / 5 T [U9®U9 ? pan(T") (L@E,?)] . (4.39)

Choosing 0 = ¢ gives

i = [ LUt (4.40)

The fiducial state being independent of ¢ gives:

(nleztln) = [ 52 (ulU? (527) )
= (nlof o). (4.41)
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Glauber Ideality

The first (g™ (s,t)) and second order (g®) (s, s',¢,#')) Glauber functions are defined as

gV (s, t) = N1 {1 (s)b(t)) (4.42)
gV (s, s, t,t') = N2 (b1 ()T (s")b(t)b(t')) (4.43)

These functions of the field should approximate those of the stochastic coherent state.
g(l)(s,t) relates to the relative phase properties of the beam. The second order Glauber
function provides information of the beam’s intensity phase correlations. Since we are study-
ing the properties of a laser we study models that keep the correlation functions as close
(which will be quantified based on the system) to the ideal laser system which shows perfect
coherent field. From the standard laser physics we know that g™ (s,t) = exp~ "1~ where
D = 1/2 is the diffusion constant; [ being FWHM. The g = 1 for a coherent state as it has

Poissonian photon distribution.

4.2.2 Ideal laser model and standard quantum limit

The standard laser model is known to satisfy the conditions discussed earlier. Within this
framework, the scaling behaviour of the coherence measure € is understood following phase-
number uncertainty relation [1, 3]. The procedure outlined below is based on the derivation

given in the Supplementary Material of [9].

The phase-number uncertainty relation implies that
1
VOV 2 5. (4.44)

where V(-) denotes the variance of the corresponding observable. For a coherent state,

V(n) = (n). Consequently, the phase variance is bounded by

Vig) 2 __— (4.45)

4(n)’

Assume that the coupling between the laser cavity and the output beam is linear. In this
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case the cavity decay is described by a linear Lindblad term.

Over an infinitesimal time interval dt, the damping process reduces the mean photon

number according to
(n) — (n)(1 — kdt). (4.46)
k being cavity damping rate.

Linear damping ensures that coherent states remain coherent under this evolution. Con-
sequently, the phase fluctuations of the field evolve in a simple manner. In particular, the

change in the phase variance during the interval dt is given by

dt
dv(¢) = "% i1 the final steady state. (4.47)

4 (n)

Since the pump delivering energy to the cavity lacks coherence, it fails to suppress field phase
fluctuations. Thus, simultaneous cavity pumping and damping inevitably increases phase

variance by at least the damping-induced amount, dV (¢).

The field inside the cavity may therefore be approximated by [|a|e?®®), where the am-
plitude is approximately fixed while the phase 0(¢) undergoes stochastic fluctuations. The

phase evolution can be modeled as a random walk whose variance grows according to
dV(p) = —. (4.48)

This result reproduces the diffusion constant derived in the previous section and is in agree-

ment with the analysis presented by Wiseman [7].

Using this relation, the coherence of the emitted beam can be expressed as

Coor = / s (B (s)b(1)) = # (n) / " dsemViot o2 (4.49)

—00 —00

Because the phase evolves via a random walk, it can be treated as a Gaussian stochastic

variable. The expectation value of the exponential for a Gaussian random variable X with
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variance V(X) is
(eX) = e V(X)/2, (4.50)

Using this the above equation becomes
Csor =K (n}/ dse " 1s=t/8 M — 16 (n)? = O((n)?). (4.51)

Hence we proved the standard quantum limit.

4.2.3 Protocol for achieving Heisenberg limit

In this section, we outline the proof establishing coherence € = ©((n)*) for any laser model
satisfying the four aforementioned conditions[9]. The proof uses two observers and three

methods to estimate the laser’s optical phase at time T'. These methods are:

1. Filtering wherein a heterodyne measurement is done over ¢t = [I" — 7, 7). This causes

an embedding of a phase into the cavity say ¢p.

2. Retrofiltering where in another heterodyne measurement over ¢t = (T, T + 7]. This is

used to estimate the phase embedded ¢g by the filtering process.

3. Direct measurement on the cavity at ¢ = T" to estimate the phase embedded ¢p by the

filtering process.

Since we have two estimates of the embedded phase we use the data processing inequality

to relate them and find the bound of coherence.

Phase Covariant Measurement - Heterodyne Measurement

Heterodyne detection is a continuous measurement technique used to simultaneously obtain
information about both quadratures of an electromagnetic field. In heterodyne detection,
the signal field combines with an intense local oscillator offset from the signal frequency.

This is unlike homodyne detection which measures a single field quadrature. This produces
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a beat signal at the difference frequency, allowing both quadratures of the field to be inferred

from the measured photocurrent.

A heterodyne measurement produces a complex measurement outcome corresponding to
the phase-space amplitude of the field, providing simultaneous noisy estimates of both field
quadratures. Alternatively the heterodyne photocurrent can also be obtained by instead
applying two homodyne measurement on the beam, with a relative phase shift between the

two local oscillators.

The analysis presented here follows the treatment given in [10]. To conduct simultaneous
dual homodyne measurements, field b(t) first passes through a 50:50 beam splitter, with the
second input port maintained in vacuum. The interaction at the beam splitter produces two

output fields given by

bilt) = <= (b(0) £ v(D) (4.52)

Where v(t) represents the vacuum field entering the second port. We then mix the local

0+7/2)

oscillators with amplitudes |a|e? and |ae’ with transmittance tending to 1. Hence

the two beams after interaction changes to

) =

where ¢ = 6 for ¥/, (t) and ¢ = 6 + 7/2 for b’_(t) have a phase difference of 7/2. Respective

homodyne photocurrent operators are

(b(t) £ (1)) + |afe® (4.53)

V2 () - o)
Jo(t) == lim , O=4=4 (4.54)

|oe] =00 |Oé|

Hence the complex heterodyne photocurrent to be defined is

D)= CIDLLED ) 4 iy, (4.55)

The phase measurements which are phase covariant are Unitaries defined as /¥ where

H
|H|

PH —

(4.56)
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where |H|:= vV H'H and

H e / ® dhtaag (8) T (1) = / ® bt (0b(0) + o, (4.57)

t1

Here ay = fff dt and the operator u%; (t)e=2?v(t) serves as the ancillary operator associated

with the mode entering the heterodyne detection. It obeys the commutation relation
[aTHv an ] =1,

and ug(t) is a normalized filter function defined over the time interval [t1, f3]. One can verify

that the operator H is Hermitian in this framework.

Filtering, Reterofiltering, Direct Measurement and Final bound

The filtering and reterofiltering as mentioned before are heterodyne measurements that are
performed on the beam. Let the phase embedded by the filtering process be ¢ and the
estimated phase estimate of the embedded phase by the retrofiltering process be ¢g. From
the theory of the heterodyne detection the operators are

O

eifn = oy where O =F, R (4.58)
where |[A| = VATA and
T+t
R :—/ dtug(t)b(t) + al, (4.59)
T
T
P / dtup(B)b(t) + dl, (4.60)
T—1

Here the ap(R) are the ancillary vacuum modes that enter in the heterodyne measurement
protocol. Both the functions ug(t) and ug(t) are filtering functions which are normalised in
thier respective intervals. From the mathematical analysis, it follows that the filtering and
retrofiltering functions are phase covariant and therefore do not alter the endogenous phase

condition imposed by the model. This is discussed in detail in the Supplementary Material

of [9].
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A convenient measure of the phase spread for a system like this is
1 — |exp(if)|?, (4.61)

which varies between zero and unity sharpness and complete uncertainity in 6. If 6 represents
the phase error, then the above expression is the mean square error (MSE) associated with
an unbiased measurement of # and approximately equal to (%) — (0)2.

In [12], a variational approach was used to address phase estimation for a fixed mean photon
number (n). For a phase measurement with mean phase ¢, the corresponding phase estimate
¢ has a MSE (valid for small deviations) that satisfies

L= (@) 2 2 412 () (4.62)

Where z4 is the airy function. Employing stochastic methods and suitable approximations,
one can demonstrate that ( These derivations are presented in greater detail in the Supple-

mentary Material of [9].)

i 21
1 — | (er=9ry |2 ~ 2 SV (4.63)

[ is the FWHM and N = [ dwP(w). An error of the direct measurement £r which is defined

as
Er=1—|(@r=0r)y 2 (4.64)
This error is bound as follows:
Er > 4|%A (n)~2. (4.65)

Here we can relate the two results using the data processing inequality since the direct

measurement is better that the continous measurement we get

L= [{er=0r)y 2> £r (4.66)
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This immediately gives the inequality

/ 21 ZA —9

Now since the coherence € = 4N/, we have

3

ZA

¢< ; i (n)* (4.68)

and hence we proved the bound.

Data Processing Inequality

Lets take a look into the data processing inequality which is the key tool here. In infor-
mation theory, the data processing inequality (DPI) formalizes the intuitive notion that any
processing applied to measurement outcomes cannot increase the information one has about
the original variable; it can only preserve or reduce it. In the classical setting, if X — Y — 7

is a Markov chain of random variables, then
I(X;Y) > I(X;2),

indicating that post-processing cannot increase information about X carried by the observed
outcomes [13]. Analogously, in quantum information theory, the distinguishability between
quantum states - typically quantified by the quantum relative entropy - is non-increasing un-
der any completely positive trace-preserving (CPTP) map[14]. This monotonicity property
is essentially the quantum DPI and is a cornerstone result in the analysis of quantum esti-
mation, quantum channel coding, and continuous measurement protocols because it bounds

the amount of extractable information from quantum measurement records [15].

4.3 Nonlinear Operator and Resource Requirements

Achieving the ultimate scaling of laser coherence requires dynamical processes that go be-

yond the linear amplification mechanisms typically assumed in standard laser models. In
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particular, the creation of highly coherent radiation from incoherent inputs demands care-
fully engineered photon-number dependent gain and loss processes inside the cavity. Such
dynamics cannot be captured by simple linear operators proportional to the annihilation

operator a, and instead require a nonlinear dependence.

The cavity dynamics is given by[9]
p = D[Glp + D[L]p, (4.69)

G and L being the photon gain and loss operators, respectively. These operators are carefully
engineered for use in the above equation. These induce transitions between neighboring Fock
states,

Gn = (n|Gln — 1), L, = (n—1|L|n), (4.70)

which describe the addition or removal of a single excitation from the cavity. In contrast
to conventional models, the transition amplitudes are allowed to depend on the photon
number n. This photon-number dependence introduces an effective nonlinearity in the cavity

dynamics.

The important point is that the operators G and L cannot generally be realized using
simple linear bosonic couplings. Instead, their matrix elements must vary across the photon-
number ladder. Implementing such photon-number dependent transitions requires additional

controllable quantum systems coupled to the cavity.

One possible physical platform for realizing these interactions is circuit quantum electro-
dynamics as explored in the paper [9]. In this setting the cavity field interacts with auxiliary

qubits whose frequencies can be tuned in time.

Thus, although the Heisenberg limit constitutes the quantum scaling limit under these
conditions, attaining it necessitates experimental realizations that surpass the linear gain
processes inherent to standard laser systems. A careful analysis of the nonlinear Hamiltonian
structure and the associated physical resources is therefore essential for understanding the

feasibility of realizing such enhanced coherence in practical systems.
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Chapter 5

Resource keeping in Heisenberg

limited laser model

Until the previous chapters we built the idea of an ideal laser and the Heisenberg limited
laser. Now we delve into the resource keeping arguments that played an important role in
achieving the Heisenberg limit for coherence. Since in the laser the phase is random walker

we start our model from there.

5.1 The Phase Random Walk

The phase in a laser does random walk hence its a random variable. Its variance is dependent

on the diffusion constant D. Hence for phase ¢(t) we have the relation

(Ap*(1)) = ((6(t) — (6(1)))*) = Dt. (5.1)

Let r be the rate of photons emission. Then this implies

D

(Ad™(t)) = % = Degp =1 (A¢(1)). (5:2)

Now we make the following assumption that each emission is an independent event, this

assumption is justified since for a laser we need Poisson statistics for the photon number.

67



Each independent event introduces a phase kick which is a random variable but since each
event is independent and identical random variables(iid) the phase kicks generated are also
iid’s. So lets assume the variation of the phase kicks to be o2.

Here the environment is trying to learn the phase of the laser. From this model the accu-

mulated phase variance at the end of time ¢ is
(AQ*(t)) = ro’t. (5.3)

From here we can see that D = ro?.

5.2 Coherence Time

The coherence time of a field is commonly defined as the inverse of the linewidth of its power
spectral density. In the present model, a more convenient expression is obtained by relating
the linewidth to the phase diffusion constant (D). Since the linewidth is linearly proportional

to the diffusion constant, the coherence time can be written as
Te=—==—. (5.4)

This refined definition captures the correct scaling behaviour of the relevant parameters

within the phase diffusion model.

5.3 Measure of Coherence

We have seen multiple definitions of the measure of coherence € in the previous chapter.
For the current model the most relevant definition would be the total number of coherent

photons(N,p,) which is

¢ = Ncoh = TTe (55)
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Now we make another assumption that the photon emission rate is given by
n=yn. (5.6)

This implies that r = yn.

5.4 Phase estimation

The environment attempts to infer the phase of the system. The precision with which the
phase can be estimated depends on the amount of information accessible to the environ-
ment. In practice, this information is determined by the physical resources available to the
environment, including the number of measurements performed and the strength of the in-
teraction between the system and its surroundings. To analyze the problem systematically,
we consider two distinct situations that illustrate how different levels of access and resources

affect the environment’s ability to estimate the phase. These two cases are:

e The environment uses a linear Hamiltonian to learn the phase.

e The environment uses a quadratic Hamiltonian to learn the phase.

5.4.1 Linear Hamiltonian

Let us assume the environment uses a Linear Hamiltonian
H = wn. (5.7)
Here w is a constant with units of energy and 7 is the number of photons. Hence the energy

is £ = wn for n photons. The power can be calculated to be

dE

p=_—
dt

= wn = wyn. (5.8)

This implies that n = P/(qw). Now we calculate the FI due to the estimation process.
The formula for quantum FI Eq. (3.33) can be simplified for pure states and optimizing the
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measurement using the symmetric logarithmic derivative (SLD) formalism as in [11] we get

the QFI to be
QFI = 4((H?) — (H)?) = 4(A%H). (5.9)

Now computing this for the above model we get QFI o n*w?. Using the Cramer-Rao bound

we get

1
0% o

(5.10)

n2w?’
Now putting this back into the formula for diffusion constant along the formula for r» we get

Do L (5.11)

nw?’

This shows the same scaling as the standard laser theory. The coherence time becomes

7. ~ 1/D = nw? /v and measure of coherence € ~ n?w?.

5.4.2 Quadratic Hamiltonian

In this case we do the same analysis as before but the environment uses a quadratic Hamil-

tonian as its resource
H = xn?. (5.12)

Here y is a constant with unit of energy. So for n photons the energy is £ = yn?. The power

becomes
P = 2xnn = 2xyn®. (5.13)
Now we calculate the QFT using the same formula as in Linear Hamiltonian case which gives
QFI oc x*n*. (5.14)

70



Hence using the Cramer-Rao bound we get the variance to be

9 1

ag

i (5.15)
Following this the diffusion constant D = ~/(x?*n?) and the coherence time 7. = y*n?/v.
Finally the measure of coherence € o< y?n?.

This result reveals the scaling associated with a Heisenberg-limited laser. The analysis
indicates that achieving such a limit requires the availability of a non-linear Hamiltonian
resource. In practice, the implementation of a laser that attains Heisenberg-limited coherence
would involve operators that are non-linear in the field operators (a) and (a'), making the
physical realization considerably more complex. Although the model considered here is
simplified, this resource-based perspective provides useful insight into both the origin of the
Heisenberg scaling and the practical challenges associated with implementing a Heisenberg-

limited laser.
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