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ABSTRACT

In this thesis we analyze the properties of asymptotically flat three dimensional space-
times with extended supersymmetry. We then give the construction of the asymptotic
algebra for the extended supersymmetric cases by two different methods: first by Inonii-
Wigner contraction of two copies of superconformal algebra, and then by an asymptotic
symmetry analysis. We thereafter go on to explore important physical properties like
energy bounds and generic gravity solutions. Finally, we construct the free field real-
izations of the (super) BMSs systems, which may be an interesting step towards under-

standing flat holography.
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CHAPTER 1

Introduction

1.1 Introduction to Three-Dimensional Gravity:

(Super)gravity in three dimensions has many interestesting aspects. These arise from
the unique fact that there are no propagating degrees of freedom for gravity in 2 + 1-d.

This can be understood from the following consideration:

The curvature tensor, better known as the Riemann tensor, is one of the most impor-
tant objects in general relativity. In case of a pseudo-Riemannian manifold, it measures
the extent to which the metric tensor deviates from the Minkowski metric of flat space-
time. Using the standard Weyl decomposition, it can be shown that the Riemann tensor
can be split into parts consisting of the Ricci scalar, the traceless part of the Ricci tensor
and the Weyl tensor, which is tracefree, that is, contraction of any pair of indices gives
zero. By virtue of the Einstein equations, the Ricci tensor (including its trace) is de-
termined fully by the stress energy tensor, ie controlled by the matter distribution. The

gravitational degrees of freedom reside entirely in the Weyl tensor.

Now in three dimensions, it so happens that the Weyl tensor vanishes identically.
Hence the Riemann tensor is fully determined by the Ricci tensor. Therefore in 3-d,
a space where the Ricci tensor R, is zero makes the Riemann tensor zero as well.
As a result, solutions with zero cosmological constant are always locally Minkowski
spacetime: the asymptotic flat solutions of Einstein equations do not possess any local
degrees of freedom. This implies that there is no gravitational radiation (in classical

theory) and no propagating gravitons (in quantum theory).

However, although the solutions are locally Minkowski, globally these may differ
from one another. In fact, a large class of gravitational solutions exist, depending on
the holonomy of the manifold. If the holonomy is trivial, then a single coordinate
patch, which parameterizes the neighbourhood of a point with the Minkowski metric

Nuw» can be globally extended throughout the spacetime. However, if the holonomy is



non-trivial, that is, non-contractible cycles are present in the manifold, then a single
coordinate patch is not sufficient to cover the entire spacetime. Thus in this case, the
global solution differs from 7,,,,. This is why solutions of three dimensional gravity can

be classified by their holonomy structure. [[1]

1.2 Asymptotic Symmetry:

Asymptotically flat spacetimes were analyzed by Bondi, van der Burg, Metzner and
Sachs in the early 60’s [2, 3]. They studied it for four spacetime dimensions in the
context of gravitational radiation. It was found that the symmetry group for such space-
times at null infinity was not merely the Poincare group (which is the symmetry group
of flat spacetime, consisting of translations and Lorentz transformations), but an infi-
nite dimensional extension of it, which later came to be known as the BMS, group.
It consists of the usual Lorentz transformations, however, the familiar translations of
the Poincare group now get extended to arbitrary angle-dependent translations, called
supertranslations. Later it was shown by Barnich and Troessaert that one can consider
further extension of the BMS group if one considers the Killing vectors at asymptotic
infinity to be meromorphic functions [4-6]]. Under this generalization of allowing local
singularities in the asymptotic Killing vectors, the Lorentz part of the algebra gets en-
hanced to two copies of the Virasoro algebra, and these enhanced generators are now
called superrotations. A natural question that arises is whether this algebra encodes
information about the bulk gravity with flat space asymptotics. Relevant references in

this context include [4., [7-12]].

In this thesis, we are interested in a simpler case, which is the asymptotically flat
space in three spacetime dimensions. The corresponding algebra is known as the BMS3
algebra. To derive this, one starts with a set of Bondi coordinates u, r, » where r and
¢ are the usual radial and angular coordinates respectively, while ©u = ¢ — r, where
t is the familiar time coordinate. In this specific choice of coordinate system, the flat

Minkowski metric is given by

ds® = —du® — 2dudr + r’d¢?



It is then obvious that here w acts as the timelike coordinate and r as the null coor-

dinate.

We are however interested in asymptotically flat spacetimes (and not particularly
in Minkowski spaetime), hence we start with a more generic choice of metric with
arbitrary coeffiients, having specific fall-off conditions in r. A systematic analysis of the
transformations that leave the form of the metric invariant finally leads to the symmetry
algebra of the system with most generic central extension as [4]:

~ o~ ~ C
[Jnadm] — (n - m)tjn—l-m + _1n(n2 - 1)5n+m,0

12
[3717 Mm] - (n - m)Mn+m + f—;n(rﬂ - 1)5n+m,0
(M, M) ] =0

Thus we see that the algebra is infinite dimensional, made out of generators M,, and J,,,

which we can identify as the supertranslation and superrotation generators respectively.

In the next chapter, we will show that alternatively, the BMS;3 algebra can also be

derived as a Inonii-Wigner contraction of two copies of conformal algebras.

1.3 Thesis at a glance

Here we present a brief outline of the thesis. In the present chapter, we start with a
brief introduction of three dimensional gravity, especially the features which make it
interesting. Then we give a brief discussion of asymptotic symmetries, particularly

emphasizing the same for three dimensional flat space.

In chapter two, we will first review how BMS3 algebra has been derived in the
literature from contraction of conformal algebras. Then we will systematically extend
the procedure to derive super-BMS3; and extended super BMS; algebras by contracting
two copies of corresponding super-conformal algebras. The important results in this
chapter are the correct methods of contraction of different generators to reproduce the

expected flat algebra, based on various physical requirements.

In chapter three, we will derive the N' = 4 super BMS; algebra by direct asymptotic



symmetry analysis. For this, we will utilise the important fact that three-dimensional
gravity has a Chern-Simons formulation. A crucial fact that we will show here is that
the algebra obtained by this method will match exactly with that obtained by contrac-
tion in the previous chapter. We shall then also perform a similar asymptotic symmetry
analysis for the corresponding super-AdS; case, and obtain the correct superconformal
algebra. Then we will show that the flat case, including the gauge field, can be repro-
duced as suitable combination from the AdS case. Finally, we shall also perform some

related analysis, for example, that of energy bound and Killing spinor solutions.

One subtlety that we will encounter in chapter three is the appearance of various
non-linear terms at intermediate stages of deriving the final algebra by asymptotic sym-
metry analysis. However, we have shown that upon suitable modification, the justifi-
cation for which we have explained in details, all the non-linear terms are cancelled
or absorbed, and the final algebra is linear. However, it turns out that this nice van-
ishing of non-linear terms is due to the choice of a very specific transformation of the
fermions under R-symmetry. In chapter four, we will allow more generic transforma-
tions, and as a consequence, it will turn out that there are explicit non-linear terms in
the final algebra! This will have non-trivial physical effects, like the shift of the energy
bound, which we will compute in details. Finally, we shall also discuss a class of purely

bosonic topological solutions, and analyze their thermodynamics.

In chapter five, we shall discuss the free field realisations of BMS3 as well as (ex-
tended) super-BMS; algebras. We shall then also give the free field realisations of a

few other related cases.



CHAPTER 2

Extended Supersymmetric BMS; Algebras:

In this chapter we shall derive N' = 2,4, 8 super-BMS3 algebras by contracting two

copies of extended super conformal algebras.

2.1 Introduction:

One simple way to derive the BMS algebra is by direct contraction of Virasoro algebra,
which is the asymptotic symmetry algebra of asymptotically AdS spacetimes [13]. The

Virasoro algebra is given by:

c
Ly, L) = (n—m) Ly + En(n2 — 1)0n1m,0

_ c
Ly, Lin) = (n—m) Ly + En(n2 — 1)0n4m,0

where in general, the central charges c and ¢ are independent. However, for Einstein

3l

gravity, c = ¢ = 5, where [ is the AdS3 radius. Now one can obtain flat space by taking

the AdS; radius [ to infinity, however, the generators of the Virasoro algebra have to be

scaled correctly while taking this limit. We take the linear combinations:

Jn = Ln — I/—nu M, =¢ (Ln + L—n)

in the limit ¢ — 0, where ¢ = % In addition, we also scale the central charges as

¢ =c—cand ¢y = €(c+¢).



This results in the following algebra, which is called the BMS5 algebra:

~

~ ~ C
[Jn;dm] - (n - m)\jn-i-m + 1—;%(712 - 1)5n+m,0
~ C
[0, M) = (0 — m)Myy g + én(nQ — 1)6pnsmo

M, M,,] =0

2.1.1 N = 1 Super-BMS; Algebra:

Three-dimensional N' = 1 super-BMS algebra is also known in literature [14}[15]. Here
we start with 2 copies of Virasoro algebra, one of which is augemented by supersym-

metry. The algebras is:

c
Ly, Lin] = (n —m) Lyt + En(n2 — 1)0n+m.0

_ _ ¢
Ly Lin] = (n—m) Lyt + En(n2 — 1)0n+m.0

n C
<_ - 7’) QnJrra {Qra Qs} = Lr+s + 67ﬂ25r+s,0

L0 Q] = (5

Here @, are the fermionic generators corresponding to the "unbarred’ sector of the
Virasoro algebra. Note that there are no (), generators, hence this corresponds to the
case of (1,0) supersymmetry.

Now suitable contraction of this will give us the minimal supersymmetrization of the
BMS3 algebra, which we can identify as the asymptotic symmetry algebra of NV = 1
supergravity of asymptotically flat spacetime. As far as the bosonic generators and
central charges are concerned, the contraction is exactly the same as in the pure BMS
case. The new input here is the contraction of fermionic generators, which was shown
to be ¥, = /eQ,, where ¥, is defined as the fermionic generator of the super-BMS

algebra.



Taking the limit € — 0, one obtains the following algebra:

~ A~

C
[dna\jm] - (n - m)ﬁn—‘rm + T;n(n2 - 1)5n+m,0
[~n7 Mm] - (TL - m)Mn—l—m + %n(nQ - 1>6n+m,0
{\I[’r‘a \Ils} = MT+S + %7257"—}—5,0 [Mna Mm} =

3 ] = (5 =7) Wi Mo 0,] = 0

We have considered the generic case ¢ # ¢. This algebra is the N' = 1 BMS;3
algebra.

2.2 Extended Super-BMS; Algebras:

We shall now write down the extended super-BMS; algebras that we have derived in

our paper [16].

2.2.1 N = 2 Super-BMS;:

Here the starting point will be the (1, 1) superconformal algebra:

(Lo, Ln] = (0 — M) Loy + —n

12 (n2 - 1>5n+m,0

[Lm L ] ( — M) Lnim + ( 2 — 1>5n+m,0 (221)

)
Ly @) = (5 =7) Quir. L. @)= (5—7) Qi

{Qrv Q } LTJrs 6 < - 411) 5r+sO {Qm Qs} = Er+s + g (T2 - i) 67’+s,0

We will scale the Virasoro generators as before, that is asymmetrically and with
mixing of modes. However, now the scaling of the supercharges has more than one
choice: Either one can combine both of these symmetrically, or one can construct linear
combinations out of these and scale them asymmetrically, as we have done for the

bosonic generators. Let us consider both these cases separately:



For the first option, let us define the scaled generators as:

\Iji - \/EQT7 \Ij?« - \/EQ—'I‘

This scaling is called symmetric scaling because both the holomorphic and the anti-
holomorphic generators of the original suoerconformal algebra are scaled with the same
power of e. However this contraction is not completely symmetric as the mode number
is preserved on the holomorphic side but is flipped on the anti-holomorphic side.

Now taking the limit ¢ — 0, the algebra we get is:

~ o~ ~ C
[dny\jm] - (n - m)\jner + _ln(n2 - 1>(5n+m,0

12
[371? Mm] = (n - m)Mner + %77’(77’2 - 1)5n+m,0 (222)
1 c 1
{\IJT7 qjs} - 5 |:Mr+s + g (72 - Z) 5r+s,0:| [Mnme] =0
~ a n a a
[‘5717 \Ijr] = (5 - 7’) \Ijn—i-r [Mna \Ijr] =0

where the bosonic modes n, m are integral whereas the fermionic modes r, s are half-
integral, while a = 4. We can recognize this as the most generically extended three
dimensional N/ = 2 BMS; algebra. As expected in supergravity, the translation sub-
group appears on the right hand side of the fermion anticommutators. In fact, we can

identify the whole super-Poincare algebra with the following set of generators:

3:i:7307 M:tu MO? \Ijg

The other choice is the asymmetric scaling that we have mentioned before. In that
case we do not get a consistent algebra, because the anticommutator of the supercharges

turns out to be divergent. This is shown in the appendix.

Here let us recall that for the pure bosonic case, the BMS algebra was found to be
isomorphic to the Galilean Conformal Algebra (GCA), although the two are obtained
by different contractions of the conformal generators. For the GCA one has to perform
asymmetric scaling of the combinations L, & L,, (hence no mixing of modes), whereas
for the BMS, one needs to contract the linear combinations with mixing of modes. The

two ways of contraction give rise to the same final algebra, which has been called the

9



BMS-GCA correspondence. It is now natural to ask the question whether this corre-
spondence holds in the supersymmetric case as well. The supersymmetric GCA has
been constructed in [17]. However as we have shown above, the asymmetric scaling of
the combinations @, + (),- does not lead to a consistent algebra in the BMS case. Hence
it follows that the BMS GCA correspondence of [8] does not hold at the supersymmet-
ric level. The correspondence seems to be accidental and only limited to the bosonic

case.

2.2.2 N = 4 Super-BMS;:

Here we start from a theory of gauged supergravity admitting (2,2) supersymmetry.
This means that there are two supercharges in both the holomorphic and the anti-
holomorphic sector. As there is more than one charge in each sector, this is the first
time that the R-symmetry generator appears in our analysis. Let us denote the super-
charges in the holomorphic sector as Q™ and (Q~. Then under the R-symmetry, these
two have charges 41 respectively. The anti-holomorphic part is exactly analogous to
this.

The holomorphic part reads:

(Lo, L] = (1 — 1) Ly + l—gn(rﬂ — 1)dimo, (R, Ri] = §n5n+m70
L0sQF) = (5= 7) Qi Loy Ron] = =B, (o, Q] = Q4.
(QF.Q7) = Loa b 2 (r = )R+ & ( - i) b, Q.05 =0
(2.2.3)

The anti-holomorphic sector is exactly same, albeit with barred generators and cen-
tral charge. Note that (Q;)" = QZ,, and similarly for Q.
By now we already know the scalings for the Virasoro and the fermionic generators.
So we only need to find out the correct contraction for the R-symmetry part. Let us

analyse both the symmetric and the antisymmetric cases.

10



N = 4 Super-BMS; with Asymmetric Scaling for the R-currents:

We use the contractions for Virasoro and fermionic generators as before, and scale the

R-currents asymmetrically:

Jn=lim (L — L_,,), M, = lime (L — L)
e—0 e—0
UHE = lim eQF, U2E = lim /eQ,
e—0 e—0
¢ = 11_{%(0 —0), cy = 11_{% e(c+¢) (2.2.4)
R = lim(R,, — R_,,), Sy =lime(R,, + R_,,)
e—0 e—0

The scaled supercharges satisfy: (0%+)" = U*F witha = 1, 2.

This gives the algebra:
[3n73m] - (TL - m)sn—‘rm + 12 (n - 1) 6n+m,0
[~n7 Mm] = (TL - m)Mn—l—m + E TL(TL - 1) 6n+m,0

[MnaM’m] = O, [Mnasm] = 07 [MnaRm] =—-m Sn+m

[~n7 Rm] - _mRn+m7 [~n7 Sm] - _mSn—l—m
[Rna Rm] = %néner,Oa {Snasm] =0, [Rmsm] = C_;n5n+m,0
(M, T94] = 0 [3,,, W] = (g . r) et 2.2.5)
(R, UL = 0L [R,, U2F] = U250 [S,, U] =0
1 c
{\Iji’i> \I;;FF} = 5 {Mr+s + §<T - S)SrJrs + €2 ( ) r+s 0}
1 1 c
{\Il?"’i7 \Ijz’$} = 5 |:Mr+s - §(T - S>Sr+s + EQ ( ) r+s 0:|

{05,027} =0

where the index a,b = 1,2. The anticommutator of each supercharge with its Hermi-
tian conjugate closes into a linear combination of P and S plus a central term, with
the coefficient of S taking opposite signs for a = 1,2. The anticommutator of each

supercharge with itself vanishes — as expected, given that the result has R-charge 2. The

11



super-Poincaré algebra sits inside this algebra and the corresponding generators are :

~ ~ a,x+
J1, 30, M1, Mo, Ro, U1
12

N = 4 Super-BMS; with Symmetric Scaling for the R-currents:

Let us now consider the alternative scenario, that is, if the R-charges are scaled sym-
metrically, and see if that leads to an algebra that we can identify as a valid super BMS3

algebra. After contraction, the algebra that we get is as follows:

~ ~ C
[\Jnadm] = (TL - m)\jn+m + < n(n2 - 1) 5n+m,0

12

[Mm Mm] = 07 [MTH Sm] = 07 [Mna Rm] =0

n(n® —1) dpimo

[3ns Rn] = —mRym, [Fns Sl = —mSnim
(R, Ron] = %Qna%m,o, I —%nénm,g, RSl =0 (2.2.6)
My W =0 B = (G )
(R, U] =0, [S,, UpF] =0, {UpH 005} =0, a#b
) = 5 (Mot 2 (= ) b
{2+ 02T} = % [Mws + % (7”2 — 411) 6r+s,0:|

We see that that this algebra contains no R-symmetry. Indeed, all bosonic operators
commute with the ¥+ except J,,,, which just measures its spin. In particular, the R and
S operators commute with the fermions, so that the latter are not charged under R and
S. This algebra is therefore trivial and not the correct one to describe the asymptotic
symmetry of flat-space extended supergravity. Thus we conclude that the correct scaling
is the asymmetric one discussed in the last section and the corresponding algebra is the
correct algebra. For the case of N = 8 super-BMS;3 that we consider in the next section,

we shall only study the asymmetric scaling for R-currents.

12



2.2.3 Generic N = 4 super-BMS; algebra

The algebra in eq.(2.2.5) that we have derived via contraction of the N = 4 superconfor-
mal algebra has specific relations among the central charges appearing in the different
commutators. It turns out that more generic central extension of this algebra is possible

consistent with all the Jacobi identities among the generators.

It is natural to ponder why there is more freedom in choosing the central charges
in this algebra than what we got by naive contraction! This is because the original
superconformal algebra had to satisfy the Jacobi identities as well, which related some
of its central charges. However, after contraction, several terms drop out when we take
the limit ¢ — 0, and the terms via which the central charges were related by Jacobi
identities sometimes vanish. So there is greater freedom in the central charges in this

algebra.

In particular, in the superconformal algebra, the central charge appearing in the
(L, L) is related to the central charge appearing in the [R,,, R,,] commutator. How-
ever, after contraction, we find that the central term appearing the [R,,, R,,| commutator
need not be related to that in the [J,,, J,] commutator. This is because these two were
originally related to each other through the central charge of the supersymmetry algebra.
But after contraction, the supersymmetry algebra produces the S generator on the right-
hand-side instead of the R-symmetry generator R. Thus the Virasoro and R-symmetry
central charges are no longer related, and the general N = 4 super-BMS algebra has

independent central terms in the [R,,, R,] and [J,,, J,»] commutators.

From now on we will consider this maximally centrally extended version of the
N = 4 super-BMS algebra. In a later section we shall see that the free field realization
naturally produces different central charges for these two commutators. One may vary
the central extension in the [R,,, R,] commutator can by adding more free fields to the

base system.

2.3 N = 8 Super-BMS;:

Now we look at systems containing 8 supercharges. We shall obtain this by contracting

two copies of the small N' = 4 superconformal algebra which is generated by the
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bosonic currents 7', R* with (i = 1,2, 3) and fermionic currents Q*“ with (a, a = 1, 2).
The central charge is related to the level of the SU(2) currents. In terms of modes, the

holomorphic part of the algebra is: [18]

(L, Ln] = (n — m) Lypsr + 1—c2n(n2 — 1)dnsmo (Lo, Ri]=—mRi,
Ly @] = (5 —7) Q5 R Rl = i€ R, 4+ =000
(75, Qo] = —5 05k, (75, Q0] = —5 05k,

{Qr, Q) = {&Lerﬂ —(r = s)(0")a Ry s + % (r2 - i) 5“b6r+s,o} (2.3.1)

The anti-holomorphic part is similar, with an independent central charge ¢. Here 5, =

o}, and o' are the three Pauli matrices.

As discussed before, we now contract this algebra using the asymmetric scaling for

the R-currents.

Jn=lim (L, — L_,,), M, =lime (Lo, + L_p,),
e—0 e—0
ULe = lim /eQ™?, W24 = Jim /eQ",
e—0 e—0
c1 = li_r)%(c —0), Cy = 11—13(% e(c+¢) (2.3.2)
R =lim(R. + R",), Sy =lime(R, — R" )
e—0 e—0

where @ = 1,2 and o« = +. This gives the algebra:
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& . .
[371;3771] - (TL - m)3n+m + é n(n2 - 1) 6n+m,07 [S:N an] =0
C:
[3717 Mm] - (n - m)MTH—m + é n(n2 - 1) 6n+m,0 [Mn7 Mm] =0
MRy = =18, Mo Sl =00 B R = Rt B0 Sal = —Shim

. . .. cC .. . . .. cC ..
i s ijkpk 1 7 7 - ijk ok 2 1
[RiRI) = ie"RE, 4 Lngiis, o, [RL, S = ie*SE 4+ Zngiis, g

12 12
Mo, B200) =0, G tee) = (T o) i, (S whee] =0
) 1 . ) 1 .
(R, W] = = ()0 Ry, W% = S (@) wat?,

1 . . c 1
(0 0] = 0 (D8] |3 Me = (7= )0 DS+ (2 ) 0]

(2.3.3)

where A, B = 1, 2. This is the N = 8 super-BMS3 algebra. As in the N = 4 case, here
also the central charge is too restrictive. Using the Jacobi identity, we can find a more
generic version with an independent central term c3 in the R — R commutator. In this
case, we identify the super-Poincare algebra as consisiting of the following generators:

~ ~ 3 A,a,+
J=+1,J0, M:I:17 MOJ RBJ \Il:tl
2
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CHAPTER 3

N = 4 Supersymmetric BMS; Algebra from Asymptotic

Symmetry Analysis:

3.1 Introduction:

In the last chapter, we have shown how to obtain super BMS3 algebras by a method
of contraction from the corresponding super-conformal algebras. In this chapter, we
shall emphasize on a particular case, namely the N' = 4 super-BMS3 algebra, and
derive it by a different method. We find the NV = 4 super BMS; algebra, which is the
algebra of three dimensional N' = 4 supergravity theory at null infinity, by a direct
asymptotic analysis following [14] ie by finding appropriate boundary conditions to
impose on the fields. If the algebra that we get by this method agrees with our previously
obtained algebra via method of contraction, then this will also validate our prescription
of scaling the various generators. In fact, as we will see, the algebra obtained naively
by asymptotic analysis contains pathological terms, and does not match with what we
derived in the previous chapter! However, upon careful analysis, it is realised that
the presence of internal R-symmetry calls for certain modifications of some generators
in the form of Sugawara shifts, and this finally leads to exactly the algebra found by

contraction.

3.1.1 Chern-Simons Formulation for 3 dimensional gravity

The Chern-Simons (CS) action on a three dimensional manifold M, invariant under the

action of a compact Lie group G, is given by:

I[A] b /(A,dA+§A2>. (3.1.1)

A Jur

Here the gauge field A is regarded as a Lie-algebra-valued one form, and (, ) represents

a non-degenerate invariant bilinear form taking values on the Lie algebra space and



acting as a metric and k is level for the theory. Thus in a particular basis {7, } of the

Lie-algebra, we can express A = A, T, dz*. The equation of motion is simply
F=dA+ANA=0.

The general solution of the equation of motion is topological, i.e. pure gauge. Consider
for instance the Poincaré group G = ISO(2, 1) and a manifold M with a boundary. The

non-zero commutation relations of the Lie-algebra are:

[ja, \7()] - Eabcjca [jaa Pb] - Eabcpca (312)

where a = 1,2, 3 and €4, 1s the antisymmetric 3-form. The explicit form of the gauge
field is given in this basis by A, = €, P, + wy J,, where e/, acts as the vierbein and wy
is the corresponding spin connection. The above action (3.1.T)) then corresponds to the

3D Einstein-Hilbert action

1
= 6-C /QeaRa , R*=dw*+ %gabcwbwc ,
up to identifying the level k£ = %. Thus 3-dimensional gravity invariant under the

local ISO(2, 1) Poincaré group, with zero (or non-zero) cosmological constant can be
cast as a 3-dimensional CS gauge theory with the same gauge group. Indeed one can
show that a generic ISO(2, 1) gauge transformation parametrized by the element U =

E*P, 4+ w®J,, acts on the gauge field as
A, =—-D,U=—(0,U+[A,U]). (3.1.3)
In terms of the gravity fields (ef;, wy) the gauge transformation reads:

def = =0, B — e eywe — € wy e (3.1.4)

Swlh = —0uw® — e wppwe (3.1.5)

which are the expected local Lorentz transformations generated by w® and local dif-

feomorphism transformations generated by £“. Recall that under a generic diffeomor-
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phism transformation z# — z* + V#, the fields (ef, wi) transforms as
et =V (0,eh — uet) + 0, (VVel), 8% = V¥ (9wl — Ouw?) + 9,(V'"). (3.1.6)

Thus for £ = e},V* and ignoring the local Lorentz transformation, we can show that

the difference between (3.1.4) and (3.1.6)) is:
gez — dejy = V"(D,,ez —D,ey) — eabCV”w,,beuc . (3.1.7)

The 1st term of the RHS of the above equation, the torsion, vanishes on-shell, while
the 2nd term can be identified with a local Lorentz transformation with parameter w® =
w, V*# [19]. Thus we see that, on-shell, a gauge transformation of Chern Simons theory

is identical to a local Lorentz and diffeomorphism transformation of 3D Gravity.

We end this subsection by recalling how to find a nontrivial classical solution in this
theory. Since is a gauge theory, we first need to fix a gauge. In (u, 7, ¢) coor-
dinates, for an arbitrary single valued group element U, the general solution takes the
form A, = U'9,U. Imposing the gauge-fixing condition d,A, = 0, the connection
will have following form [20], [21]:

A (r) = b(r)r0,b(r),  Ay(r, ¢, u) = b(r)""A(g, w)b(r), (3.1.8)

where b(r) and A(¢,u) are arbitrary functions. To find A,, we recall that the gauge
fixing condition J,A, = 0 must remain invariant under a new gauge transformation,
for instance a time (u) evolution, i.e. 0,054, = 0. Using the equation of motion, this

implies 0,04 A, = 0 which is solved generically by:
Au(r, ¢,u) = b(r) ' B(¢, u)b(r), (3.1.9)

with B(¢, u) is an arbitrary function of ¢ and time representing the residual gauge free-
dom of the system. Similarly A(¢, u) represents the residual part of the gauge field that
can not be fixed. Instead, as we shall see in the next subsection, they will give the global

conserved charges and centrally extended symmetry algebra at the boundary.

Thus we see that, in a partial gauge fixed CS theory the solution will have the form
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A = b(r)"Y(a + d)b(r), with a = a,du + asd¢ is a function of ¢ and time. In the
following, we choose b(r) = ¢®”, « a Lie-algebra valued constant, as a proper boundary
condition on the field. In section 3.3, we have shown the choice of o which reproduces

the correct asymptotic gauge field.

3.1.2 Construction of Asymptotic symmetry algebra

Once a solution of CS theory is obtained, one can follow the canonical Hamiltonian ap-
proach of [22] to construct the conserved charges that correspond to the residual global
part of the gauge symmetry. Here, we shall only outline the procedure detailed in the
original paper and [20]. Note that in the reference provided, the analysis is done for
AdS space, where asymptotic symmetry is considered at spacelike infinity. For this rea-
son they have constructed spatial slices at ¢ = constant, where ¢ is the usual Minkowski
time. In this thesis, however, we are interested in flat space asymptotics, where the
asymptotic symmetry algebra is constructed at null infinity. Thus we work in ’Bondi

coordinates’, as discussed in Section 1.2, and in this case the timelike coordinate is .

Consider a Chern-Simons theory on a manifold > x R, where . is a compact two
manifold and time is along R. In this gauge theory, one defines global charges by
demanding the differentials of the generators of gauge transformations to be regular for
a certain choice of boundary conditions. Thus for some arbitrary gauge transformation

parameters )\, ( matrix valued function) the charge needs to satisfy:

5@&:-}- NS AL, (3.1.10)

™ Jox

Further assuming the parameter function A to be independent of the gauge field that is

varied at the boundary, we readily get the charge Q(\) as,

k
QN =~ [ AaAgdat, (3.1.11)
o

where the integration constant is set to zero. It is clear from the above expression that
Q() is defined via the boundary value of the gauge field. Considering the example of

ordinary 3 dimensional gravity that we studied in the last section in (u, r, ¢) coordinates,
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the boundary consists of the ¢ direction. Thus for this case, we get

QN = 2 [ A(@)A@)do (3.1.12)

2 )

As we have seen in the last section, A%(¢) is the residual part of the gauge field that
remains unfixed after gauge fixing. Similarly \,(¢) corresponds to the residual part of
the gauge transformation parameters. Thus, we have constructed global charges that
corresponds to the residual gauge symmetry . Expanding the boundary fields and the
parameters in modes, one can find find the centrally extended algebra realized by this

symmetry.

3.2 Construction of the Action:

In this chapter we want to construct the asymptotic symmetry algebra of 3d ' = 4
supergravity theory. The global symmetry algebra consists of the bosonic generators
TJar Pay (@ = 0,1,2), R, S and Majorana fermionic generators Q1F, Q2% (o = +1).

They satisty the super-Poincare algebra:

1
[jaa \71)] = eabcjca [jaa Pb] - Eabcpca [\7(17 Q}I’Zi] = E(Fa)gg}gﬂi

1 1 1
{QF Q5 = =5 (CTasPa F 5CasS, (R, Q) =50, (3.2.1)

1 1 1
{05, 95T} = —5(CTapPa £ 5CapS,  [R*, Q] = F5 Q0

Here S acts as a possible central extension of the algebra while R is the proper R-
symmetry, as the fermions transform under it. Using the invariant bilinear form for this

algebra (shown in Appendix), we get the supertrace elements as

< T Py >=mw, <OV, Q57T >=Cos, <R, S>=-1  (322)

Now we expand the action of the theory in terms of the basis generators:

A=e"Pi+w" T+ Y OO+ Q2 + vR + 08, (3.23)
a==+ a=+
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Here e“ is the vielbein field, w” the corresponding dual spin connection, 1%, 13

are the Majorana gravitini and v, o are the internal gauge fields. Now we can write

down the action for N = 4 asymptotically flat Supergravity theory:

k
s=4 [

where the covariant derivatives are given by:

2¢" Ry — odv — vdo + 3Dy, + > 42Dy, (3.2.4)
a==+ a==+

Dyl = d¢l + 2w Toypl £ vyl
Dyi = d¢i + 3w T F ] | (3.2.5)

R* = dw" + 2 e’ w°

Now we can check the invariance of the action S under the supersymmetry by using the

transformations,
(5./4 = d)\susy + [A, )\susyL A\SUSY — elia Qii + eia Qii'
which explicitly read:

e = (BTt + 01Tyt + 0202 + 02 T°92),  dw" =0
SYL* = dOL + Fw T 01" + JubL* = DO
SR = A% + 1w T, 030 F Lo = DO

do = F5(0L0% —9i0%), ov=0.

The supersymmetry algebra closes on-shell into a general coordinate transforma-
tion, a Lorentz transformation (with dual parameter \* = ¢%¢A;,) and a supersymmetry

transformation with parameters ey = —&£% ¢! | and ¥, = —&" 2

[0(el, e, 0l 01),6(2, 2,92, 9%)] = Oror(A* = —E"w, ) + Osusy (4,6, V4, V)

+ g (&7 = =L@ Vel + 2Tl + 92T, +93I709h)). (3.2.6)
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The dynamical equations are:
Tt = =3 (LTl + 93 T%?%),  Dyy” = Dgi* =0,
dv=F, =0, 2F, + (YLo) —9iy?) =0

where T is the torsion tensor 7% = de® + €% w’w®.

Now we make a change of frame to the set of generators {M,,, L, ¢:*% R, S}

which are related to the old ones by the following relations as was done in [23]] ﬂ
Mn = PaUs ) ‘cn = jaUg ) qéi = \/igii ) Qii = \/igii )

with (R,S) remaining unchanged. In terms of these generators, the super Poincare

algebra is:
[ACm £m] - (TL - m)£n+m7 [Lm Mm] - (n - m)Mn+ma [Mm Mm] - 07
n
{ﬁny q&zi] = (5 - Oé) qiﬁ(ii? {an Qii] = 07 [Mnu ngi] = 07
R.ax 1 =%3ar",  [R.ET=Fs¢" [S.aa1=0, [S.¢]=0,
{05057} = Mayp £ (0= B)S, {35,457} = Mayp £ (a = f)S. (3.2.7)

3.3 N =4 BMS; asymptotic algebra

To derive the asymptotic symmetry algebra for the above theory, we first need to pro-
vide a suitable set of fall-off conditions for the gauge fields at null infinity. The condi-
tions are: (i) it must extend the one of the purely gravitational sector so as to include
the bosonic solutions of interest and (ii) is relaxed enough so as to enlarge the set of
asymptotic symmetries from BMS; to its N = 4 supersymmetric extension. In order to
satisfy these requirements, the behaviour of the gauge fields at the boundary is taken to
be of the form,

A=b"a+d)b, b= exp (gM_1> (3.3.1)

!'Our conventions are summarized in appendix

22



where, the radial dependence is encoded in b. For our purpose, we start with a gauge
field
1 ip dr
A=(My = s MMy = DS )du+ Sn

2 2
+ <£1+rM0 —iMcl—iNMl—%bS—%R

1 1
— (Vg -0l gl (Vg -2 @) )y

(3.3.2)

Various fields appearing in the above expression asymptotically will only have u and
¢ dependence. The above gauge field is so chosen that it correctly reproduces the

asymptotically flat metric:
ds* = nge’e’ = Mdu® — 2dudr + N dudp + r*dp?

The asymptotic symmetries are the set of gauge transformations that preserves this be-
haviour. The equation of motion and the gauge transformation due to a Lie-algebra-

valued parameter A must be of the form :
1
dA + §[A, Al =0, JA =dA + [AA], (3.3.3)

where, the parameter A depends on various fields that are functions of u and ¢ and is

given as,
AN=T"L,+E" M+ + %+ C 2T+ G+ M R+XAsS. (3.34)

Before proceeding to compute the variations at infinity, we note down some identities

satisfied by various component fields in[3.3.2] due to equations of motion:
0,M =N, 9 M=0 (3.3.5)
Analogously, we can show :

0,91 =0, 0,92 =0, Oup=0, O,p = 0y (3.3.6)
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Similar identities exist for the parameters as well:

0,87 = 0,X", 9,Y" =0, 9, =0, 9.0 =0,
Buhs = O,dr . Oy Ag = 0. (3.3.7)

Thus the fields and parameters are not independent of each other. We shall come back
to this point later.

Next we analyse the gauge variation condition. The conditions that we get on various
fields and their variations are given below. First we present the dependent bosonic fields

followed by fermionic fields. For bosonic fields we get,

=0, +r T, Y0 =-0,0T, 0T +20T + MY =0
— T H2E 40T 4 G (METFNTT) (W - vl
— (VI - T) =0

where we made multiple use of the above identities (3.3.7). The constraints on the

dependent fermionic parameters go as follow:

_ 1 )
0,CL + (£ LT L pctt =

4
_ 1 7
0P TG F Z‘I’iT+ F Zpﬁj =0

Finally we write down the variation of the fields. For bosonic fields, we get,

M = =230 + 2MI, YT O,MT*
SN = —2026" +2MOE" + 2N O TT + 9 MET + O NTT
+ 20,01 ¢ + 3 WL 9,¢M — 9,0 (4 — 309, + %wi o+ %@1@%)
— 10,93 *F +3029,% — 9,023 — 3029, + %migi*;) + %xpz_cﬁp),
op = 20, \p, 0¢ = 2i0\s — %(\1@ Cr+ ol ¢gh) + %(\1& CHF w2 (2
(3.3.8)
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For the fermionic fields we get:

oW = +402¢4F + (awqfiw + gxlfliaﬂ+> ¥ i(f)@pfﬁ + 200, jj) F M
i 1 1
+ Z‘I’iPT+ ¥ gn‘l’li T ZPQCE;
oW = FACE + (0,057 + 300,7%) F1(0,0G3F +200,G37) + M

i 1 1
£ VAT £ ARl & (3.3.9)

We then obtain the variation of the canonical generators corresponding to the asymp-

totic symmetries of this theory.

5C = —% (A, 5A)dg (3.3.10)

For the asymptotic behaviour described here, it is straightforward to verify that this
expression becomes linear in the deviation of the fields with respect to the reference

background and is given as,

. / [THON + €M + (WLCHH — owl (1) (3.3.11)

— (OW3CET = 602 CF) 4 i(Ardd + Asdp) ] dy

where we have used the supertraces suitable for the current basis:

< Lo, My, >= Y, <@ q5"T >=2C, <R,S>=-1 (33.12)

«

We have already noticed that the fields A/ and M are not independent. Similarly, the
gauge transformation parameters £+ and Y are also not independent. The independent

components can be written as,
N =3(p) + ud, M, & =T(p)+ud,YT". (3.3.13)
so the above equation [3.3.11] turns into:

5C = —ﬁ [THOF+TM+ (60} ¢ —0W! (1) — (002 (2T =602 () +idgdg+idsdp] deo.
(3.3.14)
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We can readily read off the charge from the above variation formula as,

C= —ﬁ / [THI+T M4 (VL =W ) — (UL =02 ) +idrd+idsp] de.

(3.3.15)
Then we obtain the Poisson brackets among various modes of the fields as:
{CL].Cll}rp = 4,Cl, (3.3.16)
and the non-zero Poisson brackets are,
{3, 3n} = (0= m)3nems {0 M} = (0= )Mo+ S5 10 0m0

{30, W} = (5 = 1) UEE F 401248,
R, U} = £101E (R, U2} = £LO2 (R, S} = CM 5 MOt
{0 =My + (r = 8)Srin + 1[SS)n + %M 7280150

(U250} = Moy — (1 — 8)Sim + 1SS, + %M 125,450, (3.3.17)

where ¢y = 12k.

Here the modes are defined as follows:

ae= 2 [ageney, M, = E / dpc™e M,

At
k in n
Rn= 7~ dpe™ ¢, Sn=—— [ dpe™*p,

wi,2:t — ﬁ /ds&eirapwlﬂi’ [¢1 2:|:8] /dgpezmpwl 2:t¢
4 At
k . 1 .

[S8la == /dsoe’“%qﬁ, Ono = 5 /d@e”w. (3.3.18)
47 ’ 2

To get the Poisson brackets, we need the inverse relations among the fields and the

modes as well. For example, for fields J(¢) and M), the inverse relations are given

by:
2 —inp~ 2 —in
=z En e "y, M(p) = % En e " M,,. (3.3.19)

Here we see that in the Poisson bracket {J,,, 1**}, the last term should not have

been present, for 1)}** to transform as a primary field under J,. Also, the Poisson
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bracket i{J,,, R, } is zero. Furthermore, there is a non linear term of the S generator
in the Poisson bracket {WU12T W12~} Hence, at this point the algebra is not quite
as expected [16]. The resolution of this problem is based on a simple argument: as
we are dealing with a theory with one internal U(1) symmetry, the physical energy-
momentum tensor should have a contribution from the corresponding U(1) current.

Thus it is necessary to add a Sugawara-like term to Jj,, as follows:
30 =30+ RS, (3.3.20)

With this modification, all the spurious terms get cancelled or absorbed and the new

Poisson brackets read

A n (A
Z{Jna IPTI’H} - <§ - T) ¢iff7 Z{\fm ,Rfm} - _mRm—i-n

{30, Sm} = —MSmin (3.3.21)

Finally, we also perform a shift on M,, as, M, =M, + %[SS]N. The justification
for this shift will be clearlater. It is easy to check that, under this shift, the non-linear

term of the { T2+ W12~} Poisson bracket disappears and we also get ,

Z{Mn, Rm} = —m Sn+m-

In the next subsection, we shall present the final BMS algebra and as it turns out, we

get exact agreement with the one presented in [16].

Finally, we quantize the algebra as follows:

i{7}PB — [7] and {7 }PB - {7}
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The final quantum algebra is:

s3] = (0 = )3+ 7570w, (R Ron] = 75 1Bt
Gy Mon] = (0 — m) My + % 038 im0s Ry Sl = Cl—ﬂg 1 a0
30, R = =M Roniem >[G0Sl = =M Spym » [M, Rin] = =m0 Spsm
B U] = (5 =) WHE (R 0] = R0, (R W) =,
{ot, w'm}) = M5+ (1 — 5)Spin + %w 726, 45,0
(02,02} = Moy — (1 — )Srin + 2L 126, (3.3.22)

6

This is the most generic quantum extension of the algebra by allowing possible cen-
tral extension to the [J,, J,.] and [R,,, R,,| commutator, fixed by Bianchi identity. We
also notice that after the Sugawara shifts, we get exactly the same algebra as presented

in [16].

3.4 Energy bound and Killing spinors

We now look for the energy bounds for 3-d N/ = 4 asymptotically flat supergravity

theories.

3.4.1 Susy Energy bound

It is well-known that supersymmetry imposes constraints on the energy of the supersym-
metric states. It can be found from the super algebra. In particular, for our case, consid-
ering anti-periodic boundary conditions on the fermionﬂ we find that the global part
of the algebra consists of (J,,, Mo, VL2t R), where m = —1,0,1 and r = j:%. Fol-

lowing [24H26]], we consider all possible positive-definite combinations of the fermions
1,24,
V)00
A . . . . k
=1 Uy 0 U > = 3.4.1
M°4Zzl:2°‘—a+—aa2—2 8G (4.1)
a::ti/2

2we have not studied the periodic boundary conditions on the fermions
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Here it is crucial to note that the above bound is satisfied by the shifted generator M,
and not by M. This implies that for extended supersymmetric cases, the right physical

charge at null infinity corresponds to M [}| For the Minkowski vacuum, Mo =M, =

1

—3¢ as all the other fields, including the R-and S-symmetry gauge fields are vanishing,

and the bound is saturated. Hence, Minkowski space is obviously a ground state for this

theory.

3.4.2 Asymptotic Killing Spinors

We now want to study the asymptotic supersymmetries that preserve the asymptotically
flat backgrounds. For this, we impose that both the gravitinos and their generic varia-
tions are zero at infinity. This gives the "asymptotic Killing spinor equation". We thus

need to solve a simplified version of the equations (3.3.9), i.e.:
2 -1 1 % 1 1 2\
0,64 F 5;08@@[ — M +45p7)¢"=0 (3.4.2)

where @ = 1,2 and we assumed J,p = 0 and M constant. The general solutions are:

e VM . IM

(L=e1%(che 2 P+che 2 %)
, Lo VM . _YM
" =éif(die 2 “Hdye 2 ?) (3.4.3)
The solutions are well-defined, given the periodicity of ¢ only when M = —n? and

n > 0, a strictly positive integer without loss of generality.
For n = 1, p = 0 we find the Killing spinors for the Minkowski vacuum, M = —1. For

n > 1, the energy bound is violated and we get angular defect solutions [27]].

3.4.3 Global Killing vectors

Global killing vectors are the globally defined supersymmetry transformations that
leave the pure bosonic solution in the asymptotic region invariant. Depending on the
range of the mass parameter, the pure bosonic zero mode solutions include cosmological

solutions [28} 29], stationary conical defects solutions [27], the Minkowski spacetime

3y and M belongs to the same super multiplet, hence, if one is shifted, so must be the other.
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and angular excess solutions of [[30,31]. The global Killing spinor equation is given as,
D¢ = (d++iv)¢t =0 (3.4.4)
From the gauge field (3.3.2), we can obtain the values of the spin connection and the

R-gauge field:

n 1 /= ~
= % Fn = A_ldA s A= exp (5 <F+1 - %F—l) ()0) s

The general solution of this equation is obtained from the solution of the homogeneous

equation (v = 0):

VM VM M
onigo [ on0Ee) ()Y
- —\/Lﬂ sinh (@gp) cosh (@g@)

with ¢} constant spinor ( here the indices + are suppressed). Then we can solve the

inhomogeneous equation with non-zero v :
Cgen = A (G2 + ¢1(0) (3.4.6)
By explicitly plugging in the above (3.4.4) we get:
ACk2(r) = T4 6 (7 + C1(2) (347)
where v = —i% which immediately solves to:

¢ = 0,007 =0

1
(¥(p) = ce™2%? — (i (3.4.8)
Thus the final solution for the global Killing spinors takes the form :
1
(ipen = A1 M eT209 (3.4.9)

with ¢? being constant spinor. Like the asymptotic case, the Killing spinors are glob-
ally well-defined when M = —n?, with n being positive integer. More detailed discus-

sions can be found in [[14} [23]].
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3.5 Super BMS; as a flat Limit of asymptotically super-
AdS; Supergravity

It has been already noticed in the literature that one can obtain the flat asymptotic alge-
bra by an appropriate contraction of two copies of the asymptotic AdS algebras. In [16],
we used this method to include all possible supersymmetric extensions of the BMS; al-
gebras by considering the limit of the two possible combinations for the R— charge
generators. One was excluded because the R-generators did not act on the supercharges
as they should, so that left us with one well-defined combination of the R-symmetry
generators of the two super-Virasoro sectors, which led to a proper N = 4 super-BMS;
algebra.Here we have re-derived this algebra as given in [3.3.22] by a direct asymptotic
symmetry analysis. This result is in complete agreement with the results of [16] after

considering the suitable Sugawara shifts in two generators, as shown in the last section.

3.5.1 Asymptotic symmetry algebra for (2,0) and (0,2) AdS super-
gravity

There are two inequivalent minimal locally supersymmetric extensions of gravity with
negative cosmological constant in three dimensions, which are known as the (2,0) and
(0,2) theories. The symmetry algebra for both the theories is shown in in appendix[A.5]
Here, we shall formulate them as a Chern-Simons theory with appropriate gauge group.

The action can be written as a functional of two independent connections A, and A_:
I=1I[A ]+ I[A_], (3.5.1)

where, I[A] is defined earlier in Here 2+ = % + ¢, where, [ is the identical AdS
radius in both sectors. Thus the (2,0) sector asymptotically only depends on 2" and the
(0,2) sector depends on x~. We take athe asymptotic gauge fields as:

r r , dr
A= <L1+—Lo+—2L—1—%£+L—1—%¢+Qf+%¢— Q:—Z¢‘éR>dx++—lL_1

_ dr
by Ot + 1y Q+—Z¢AR)d:c +2lL1

(3.5.2)

_ Ly

D=
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As in the flat case, from the EOM we get the trivial constraints:

0L, =090 =0_¢p=0, 0,8 =0,0s=0.03=0. (3.5.3)

The asymptotic symmetries for these systems are generated by the gauge transfor-
mations A, = dA+ + [A4, AL] for both gauge fields, with the transformation parame-

ters:

A =X"Lo+€1 05+ Q) + 4R

A =X"L,+& Q0 +& 9, +%R (3.5.4)

The variation at infinity constraints dependent fields in terms of the independent ones, as
well as the variation of various fields appearing in the asymptotic gauge fields. Below,
we first present the results in the (2,0) section, where the fields and parameters are only

function of x :

N =Y Y

X =3V =0 y+(4[2 3L0)Y - (e —voey)
e;:—e;+2—le v Y+ lighe

€ =—¢€_ +2—le +1y Yy —lighe

where we have called Y™ = ), el = ¢, and e© = e_. The variations are:

5£+=—y’”+2£+y’+£’+y+%(w;e_+3¢+e’_)—%(w’_e++3¢_e’+)
+4i(vy e op + e o)

bvy =2¢) + UL Y+ 30 Y —i(0f e + 200, ) - oo — Liv ohY - EXAY,
~ 5 OROREs

6. = =2 LY+ 30V —i(of e +20phe ) + S+ Ly onY + I Apu
+ 5 0ROR e

Spp =1Ay — Siv e. —Li e,

Now we follow the same procedure as before, The non-zero suoertrace elements
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are:

1 1
< Ly L >= 5%nm < QF QF >= Cup, <RR>=-5 (355

With this we can find out the generic charge and then find out the algebra as before

The non-zero Poisson brackets are:

Z{Q:, £:;L}PB = (n - )£Tt+m 12n35n+m,0
. k
Z{Rn; Rm}PB - 2l n(anrm 0= 12n5n+m,0

HEE 0 b = (g — ) Y F 3 Rlna

Z{anw }PB - :|: woﬁ»n (356)
{wa ’ ¢§}PB = £a+ﬂ + (a - 5)Ra+ﬁ +3 [RR]oH—,B + Oé 501.1_,30
where the modes are defined as follows.:
kl m kl m

L, = y /dgpe L., R,= e /d(pe ‘%R,
vi = [dpwterr. iRl =3t [ dpeeeiton

@ 47T o A7 R>

(3.5.7)

k )
R, = - / dpe* ol

Thus here we also see the same problems as in the flat case: some of the Poisson

brackets are pathological. Hence we now need to perform a Sugawara shift:

(RR), (35.8)

l\DI»—

L, =L, =L+

This gives the right algebra, which, after quantization, looks as:

.. . 1

18, 8] = 1—02n35n+m,0 (=)L, [Ray W3] = £505,
~ C

(02,05} = Layp+ (0= B)Rays + 60‘25"‘”’0 (3.5.9)

C

R - n
(€0, Rin] = —mRoims  [Ln, ‘ij] = <§ ) \Il;t+on (R, Rim] = ﬁn5n+m,0

As in the previous case, here the Sugawara shift not only gives the correct algebra
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for the primary fields with the angular momentum generator, but also absorbs the non-

linear term in the fermion anti-commutator.

Similar computation for the (0, 2) sector give the results:

ony/_gy
S Ay r? 1 o1 _ T
X" =3V —ﬂy+(m—52—)y+z(¢+€——¢—€+)

where we called Y~ = ), €. = €;. The variations read:

]

68 ==Y +28 V42 Y-Y(de +30. 8 ) + 10 e +30 ¢, )
(e df e of)

oy =28, +¢, Y +3 @/)+37+< 6++2¢R€+>+2 6 — 51 grY — 3 AR Uy

The supertrace elements are equal and opposite to the corresponding ones in the

unbarred sector. By following a similar procedure, we arrive at the Poisson brackets:

c

e, Catrs = (n = m)Lp + 51 0nimo

i{R,, R} pp = l;l Nntm,o = 162n5n+m70

i{L,, v pp = <g - 04> Doin F %Wjié]n—&—a

i{ R, 03 Y pe = i%zﬁiﬁn (3.5.10)

(V3 V5 r = £ 5+ (@ = B)Rasys + 5 [RR]aw 45 Oé 20atp0
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where the modes are defined as follows.:

Q k —in D k —inp 1
8=yt [dpemon,, Ro= it [dpemed,
1/_}:|: _ k:l d w:l: —za<p [QZ:I:Q] — ﬁ d 6—ia<p775:tg5A

o« T qr | ¥ “ A 7 i

_ k o
[RR]a = ﬁ / dpe " pnda (3.5.11)

It is noteworthy that the definition of Fourier Transform in barred and unbarred sectors
come with opposite signs. This is due to the fact that the two sectors depend on z* =

7+ pand 2~ = 7 — @ respectively.

A

Here also, we need to perform a Sugawara shift as £, — £, = £, +

(RR), to get

N |—=

rid of similar problems as before.

Finally, the asymptotic symmetry algebras for the generators of the barred sector,
i.e. of (0,2) three dimensional AdS theory takes an identical form as the one for (2, 0)
three dimensional AdS theories presented in[3.5.9].

3.5.2 N = 4 super-BMS; from N = (2, 2) super-AdS;

Now we shall explicitly show how the correct contraction of the two copies of the AdS
gauge field, parameter and algebra reproduce the corresponding quantities of BMS. Be-
fore that, let us recall that a Inonii-Wigner contraction of two copies of Super-conformal
algebra gives us the Super-Poincare algebra. The contraction is defined in the large AdS
radius limit [ — oo. The level of the corresponding Chern-Simons actions are related

as k; = kl. The generators of the flat algebra are obtained from the AdS ones as,

L~ L., Mn:@, R—R-R s=1tH

2+ “O=*
\/7Q qa - \/;Qa

It is easy to check that the asymptotic gauge field and the gauge transformation param-

eter of the flat theory is obtained from the AdS ones in | — oo,

A=A, + A, A=A +A_. (3.5.12)
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upon the following maps of various fields as,

M=£L, +£ N=1(L,—£), ¢=1on—dp)
1

p=odp+on Yiv= —ZZ\I&“ S —Ql\Iff. (3.5.13)

and for the parameters as,

« 2 e ——a 2 « n Xn — X_n

€4 = \/;Ci y €L = \/;Ci ) T" = 92 )
n ——n A VA A Z\A

gn:l%, )\R:%’ )\S:lm

The constraint relations and the variation of various fields in both theories also follow

directly by noticing that,

6A¢ - 5(A+ - ./4_)
O + [Ay, A = 04 AL + [Ap, Ay] — (0-A- +[A AL (3.5.14)

where we have used the change of variables as

0, +0_

0p=0r—0-,  0,=——

. (3.5.15)

Therefore we see that given the knowledge of the asymptotic gauge fields and gauge
transformation parameters of the two sectors of the AdS theory, one can construct the
corresponding ones for the asymptotic flat theory. In a related work [? ], we have used

this relation to find the NV = 8 Super BMS; algebra.

Finally, as proposed in [16], the three dimensional " = 4 BMS algebra [3.3.22] can
be obtained by two identical copies of asymptotic (2, 0) and (0, 2) AdS; algebras [3.5.9)
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with following identification of modes:

I =lim (L, — L_,) , P, =1lim e(L,, + L_,,) ,
e—0 e—0
Ol = lim Ve QF , Q¥ = lim Ve Q% ,
e—0 €e—0
clzli_r%(c—é), cgzli_r}ée(c#—é),
Ry = lim (R, — R_,,) , Sy =lim € (R, + R_,,) , (3.5.16)
e—0 e—0

where, € = % The above identification follows directly from relation |3.5.13|and defini-
tions of various modes as given in[3.3.18][3.5.7|and [3.5.11]

We would like to end this section with a comment on the shifts, that we had to
perform on the two flat algebra generators J and M to obtain the algebra[3.3.22] While
the first one is motivated by the Sugawara shift of the Stress-energy tensor, in presence
of a R— symmetry current, the later was proposed to get proper energy bound. But,
if we think of the BMS; algebra as a limit of two copies of AdS3 algebras, then it is
obvious. Recall that both sector of AdS3 requires Sugawara shifts and writing these

shifts in terms of fields, we have,
Lo=L,+10%, L. =2 +1¢% (3.5.17)

It is easy to check that the BMS; fields J and M, which are the combinations of the £

fields, will also take up certain shifts.

. Ty e 6
M= (L4 +2) = (L4 + L) = 5(03 +04) = M = 300" + (7)°)
where we used the definitions of the R- and S-symmetry gauge fields. Taking the limit

[ — oo, we finally get the shifts (in terms of the modes) as :
30 =3+ RS,  M,=M,+1S8S], (3.5.18)

This are indeed the correct Sugawara shift for the BMS3 generators that simplify the
algebra notably. The most important simplification happens at the level of the anticom-

mutator of the supercharges, as the non-linear term [SS] gets immediately absorbed

inside M.
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CHAPTER 4

Maximally N\ -extended super-BMS; algebras

and Generalized 3D Gravity Solutions

4.1 Introduction

In the last chapter, we had derived the N' = 4 super-BMS; algebra by asymptotic
symmetry analysis. One subtlety of the derivation was the appearance of non-linear
terms at intermediate steps, which finally vanished after the necessary Sugawara shifts,
thus finally producing a nice linear algebra. However, one important characteristic of
the global algebra that we started with was the property that the fermions transformed
as U(1) fields under the R-symmetry. In other words, under the R-symmetry, there was
no mixing among the different fermions; rather, each transformed into itself, albeit with
some scaling factor. In this chapter, we are going to relax this criterion to analyse the
more general case, where there can be non-trivial mixing among the different fermions
under R-symmetry. In fact, to consider the most general possibility, we will take the
fermions to transform under an arbitrary representation, without specifying the structure
constants of the algebra. In fact, such a generalization was considered in case of AdS;
by [32] and it had led to a generic superconformal "algebra’ containing non-linear terms.

Here we are going to follow the same method for the flat case.

As we will see, this produces the result that the non-linear terms do not generically
vanish (except for some very specific case), thus giving rise to an ’algebra’ containing
non-linear terms in the fermion anti-commutators. This will then obviously affect the
different physical results that are derived from the final asymptotic algebra, for example

the energy bound. We shall now show these results in details in the present chapter.



4.2 Maximal N —Extended Super-BMS; algebra with

nonlinear extension

Here we present the maximal N — extended super-BMS3 algebra. The maximally su-
persymmetric gravity theory that we are considering contains one graviton e,“, eight
(independent) gravitinos among )12 (see below for the range of «), a set of R-symmetry
gauge fields p® and a set of internal gauge field ¢". The theory is invariant under the

super-Poincaré algebra:

s =0 = ) L M) = (0= ) M
[R%, RY] =i fabeRe | [RY, S = i fabese
] = (5 —p) i (808 = (8" =0
(b Y =M™ = (= ) O) Sy [RE 7] = (X
720} =My = (p = NS, [RY 2 = i3,
(4.2.1)

In these equations, .J,,, M,, denote the Poincaré generators, m, n run over (0, 1, —1). The

2,

fermionic generators 7";’0‘, Y,

p,q = i% transform under a spinor representation 2
of the internal algebra GG, generated by R* (which are also R-symmetry generators) and
S°. Generically, we can write the former generators in a representation R as (\%)*7,
satisfying the same commutation rules, i.e. [A?, \’] = f2%%)\¢, where (A?)*® = —(\®)%,
fab¢ are the fully antisymmetric structure constants of the G and the indices a, b, .. =
l,...,Dwhile o, ,.. = 1,...,d with D = dim(G) and d = dim(Rg).

The metric *? of R can be used to raise and lower spinor indices while the trace of the
basis elements can be expressed in terms of the eigenvalue of the second Casimir C), in

the representation R. Here & = is a constant. This is the maximal A/ —extended

Cp
3(d—1)
super-Poincaré algebra in 3 dimensions.

In the next section we start from a generic asymptotic gauge field and find the fall-off
conditions which are consistent with the maximal N —extended asymptotic symmetry

algebra. The required non-zero supertrace elements will have the following form ,

4OP ab
T 0.
4.2.2)

<‘]van> = Ymn <Tg,rf_> = —<7“i,7”’§> = 277&,3 ) <Ra?8b> =
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4.2.1 Super-BMS Algebra:

We shall work in the BMS gauge using Eddington-Finkelstein coordinates (u,r, ).
Then the Chern-Simons gauge field can be written in the basis of the global algebra

generators as follows:

1
24a

d
P,

A:(Ml—lMM_ S)du—i—

24d 24«
(4.2.3)

1 1 -
(J1 +rMy — —MJ_1 — —/\/M_1 + Aplr Y — Ap2rE— P R+ ¢“Sa) dyo
The various fields M, N, p*, 1} 12, ¢* depend only on u and ¢ at null infinity and:

.G 52 o2
a—3<d_1>, A =A=—-1/4.

It can be shown easily that the above gauge field encodes the asymptotic flat metric :
ds? = Yume"e™ = Mdu? — 2dudr + Ndudep + r?de?, (4.2.4)

where 7y, 1s the induced metric||on this space : oo = 1, 71,1 = —2. It is obvious
that the above solution is globally different from Minkowski solution ﬂ
Finally choosing the gauge: A = b~'(a + d)b where b = e2™-1, the components of

the gauge field a read:

=M, — —./\/lM_1 +

S(l
24¢ ’

- 3 -, 1 apa 1 Ta Qa
@¢=J1—ZMJ71—ZNM71+QW(£7’1’ —Ql@ﬁi?”f + —p"R +m¢8 .

24&
4.2.5)

Next, we need to compute the gauge variation of this asymptotic field, generated by the

"We can calculate the vierbeins as the coefficients of the translation generators :

1 1 1
el = —ZMdu—Zngo—f— §d7“7 e =rdp, e'=du.

>The Minkowski metric in null coordinates is: ~ ds? = —du? — 2dudr + r2dp? .
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most generic gauge parameter:
A= ("M, + YT, 4+ A8 + ANGRY + Gy + o™, (4.2.6)

where (", 1", Xg, 5\‘}% are scalar fixed functions of (u, ) at null inﬁnity
Now to find the algebra, we first need to compute the conserved charges defined in

(3.1.12). These can be obtained from the gauge variation equation:
Say = duA + [a,, A . 4.2.7)

Using the supertraces (4.2.2), we can compute the asymptotic charges Q()\) of a 3D

maximally supersymmetric asymptotically flat solution as,
O\ = — —/ C'M A+ TN 4+ 225°8¢L Wk + 2802 2 + Nhpa + el -
Finally we derive the asymptotic algebra by using the relation
{Q\]; Qo] pr = 01, Q[A2]

where the variation of the charge follows from (3.1.10). The non-zero Poisson Brackets

between the Fourier modes of the charges are:

{Snysm} = 1(7’L - m)3n+ma {Jny mm} = 1(” - m)mn-l—m + 1 12 TL 5n+m,0
(RS, RLY = =[RS, 0, {Re, S5} = indca6™Smo — F°SC
X (1,2),0& — 1 E _ (1,2),04 ﬂ a\Ba (172),ﬁ a
{dnawm } 1 <2 m> wner + Qk'B (/\ ) <77ZJ S )n-‘rm
{Rm p } - ( a)gr’rlzfp ) {Rm p } - (Aa)grifp

L (n — m)(e)se

60[ n+m

{77/]71170‘7 %Urlﬁﬂ} = FMTF{Sn—i—m Onaﬁ + mtn-i-mna -

{)‘a )‘b}aﬁ (SaSb)ner

144 2
{vie i’y = 7" Supmon™” + M S (= m)(X)S,,,
1446 2{)\& )\b}aﬂ (Sasb)n+m’ (4.2.8)

3 Alternatively, one could derive the correct fall-off conditions for the gauge field and transformation
parameter by combining the computation on the two chiral copies of AdS3 , similarly to what was done

in [33]. See appendix[A.8]
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Here ¢y = 12k = 4/Gx ,k; = k1 where [ is the AdS radius that needs to be sent to

lep
d—

infinity [ — oo. Finally kp = and the modes are given by:

k k
_ /dgpeznwj m /d(pezngpM wl N /dgpeznwwla
4 4

2,0 k k'

_ d n, 2,0 a _ v d ne a a d ne ia
4Wt/» pe™PYmE Sy 4W&/m pept, By= [ dpe™o"

Here J,, are the modes of the boundary stress tensor and act as spin two generators.
Therefore the modes of all the fields should transform with proper weight under J,,.
However, we see the {J,,, 1% } Poisson bracket contains an extra non-linear term while
the {J,, 5%}, {J., R% } Poisson brackets are zero. Thus we infer that J,, is not the
proper mode of the boundary stress tensor. The resolution to this issue is well known.
The proper stress tensor modes are obtained by adding quadratic Sugawara-like terms
to the modes J,,. Accordingly, the modes ,, also need to be shifted (see [34]). The

Sugawara-like shifts read:

Jn = Jn=3Jn+ == (RS, , (S°S%), . (4.2.9)

24a 48

The new modes satisfy the following algebraﬂ

A~ CM

B Fn] = (0= 1) T+ 5000k s [ D] = (1= )M+ 5 G
Bn 0] = (S =m) ol @ Bi) = —mRi,,, [ Si)=-mSi,,
Ry, Ryl = nGerd®dnimo +if "Ry [B2,Sp) = ndeard®dnymo +ifS)
Ry 1] = i(A) gl Ry, 3% = —i(A)5r7,
(o} = FnSnmon™ +zmn+mn 1 ORI
e (5 — Q{A“ N} (S i
(02020 = D+ D™ + = — ) V)PS5,
- 4;d(sasa)n+mnaﬁ — e (NP5 (42.10)

with other commutators being zero. This is the most generic quantum maximal N -

4 We obtain the quantum algebra from the classic Poisson Brackets by using the standard conventions:

{Ana Bm}PB - Z[Ana Bm.] 5 {Ana Bm}PB - {An; Bm} .
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extended BMS3. Here we have introduced two new central terms c;, ci in the algebra,
that are allowed by Jacobi identity [35]]. We also notice that with respect to the modified
J,., all the generators transform appropriately, and the spurious non-linear term in the
[Jn, % ] commutator also vanishes. However extra non-linear terms quadratic in the S°
generators still remain in the anti-commutators (see [32] for the corresponding super-
conformal algebras). Note that the non-linear terms are a manifestation of the generic
choice of representation for the internal symmetries. This is in contrast to the particular
case explained below, where for a specific choice of the internal gauge algebra, all the
non-linear terms vanish after the Sugawara shifts, and the final asymptotic algebra is

linear.

Earlier non-linear extension of the BMS; algebra were observed in [36], but in that
case they originated by allowing fluctuation in the conformal factor of the boundary

metric. In our construction, the boundary metric is always fixed to Minkowski.

Let us end this section with a comment on a special case of N' = 8 super-BMS;
algebra that was studied in [35]. In this case the internal gauge algebra was taken to
be G = SU(2) and we chose the fundamental representation Fg;, then (A*) ~ o® with
0% Pauli matrices satisfying {0, 0%} = 2i§%°I P| It can be seen that for this case,
the non-linear terms in the anticommutators cancel (see [A.7). This result is consistent
with the corresponding superconformal algebra [[18]], that closes without any non-linear

corrections.

4.2.2 BMS Energy Bound

It is well-know that supersymmetry imposes constraints on the energy of supersymmet-
ric states. The bounds are directly obtained from the super algebra. Let us focus only
on the NS sector of anti-periodic boundary conditions for the fermions. The global part

of the algebra consists of the following generators :

(Foms M, 15020 RO SY), m=1,01, o,f=1,...d, a=1,...D.
(4.2.11)

Following [? ], we consider all possible positive-definite combinations of the super-

30’s are different from \’s, as they are not antisymmetric.
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charges
{0 00 + {0l ) + {0+ {0, e} 2 0,

which explicitly gives:

1

- CM 1 b
> M (geghys
M, = (5" obay + 1

-6 48«

1
(A N1 0,5(88%)g > 35 4212

As explained in [33]], the correct bound is obtained by considering the Sugawara-shifted
generators. Note that, due to the non-linear quadratic corrections the energy bound is

raised, hence supersymmetric ground states must have a higher energy. The Minkowski

1

vacuum My = My = — 5,

with all other fields vanishing, still saturates the bound.

We will use the above bound to constrain the general solutions of 3D supergravity.

4.2.3 Asymptotic Killing Spinors

In order to find fully supersymmetric backgrounds we impose the vanishing of all the
fermions and their supersymmetry variations. Among those, the first constraint simply
sets the variations of all bosonic fields to zero at null infinity whereas the vanishing of
the gravitino variation constitutes the Killing spinor equations, the solutions of which
parametrize the fermionic isometries of the background. Since we are interested in
(4.2.10) symmetry at null infinity, the only point to appreciate is that, as we have seen
in the previous section, we need to perform Sugawara shifts to certain generators to
get the correct algebra. With this in hindsight, we begin with a modified gauge field
component a,, incorporating the Sugawara shifts in the gauge field itself, such that it

produce the correct BMS3 algebra (4.2.10)). It takes the following form,

1 1 1 1 -~
— - — _ a0 [T o a  a M_
_ 1 1 -
1, . —a 2, —,« apa aQa
+ Ay = AYery T A = p R S (4.2.13)
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Thus we now analyze the fermion variations to calculate the asymptotic Killing spinors.
For 1}, the variation takes the form:
1 1\ + / 3 +\/ 1 +,8\/
Ql(swa = - (C-‘r,a) + Q’lT (¢a) + §Ql(T ) 7%4 + @(A )ap ( )
1 1 1 Ql
(A (pY P L 2 _ 2 (B et

PPN /\”}‘5C+5 (4.2.14)

1
+ A5 (AN — ST

Similar expression holds for 6¢)2. Setting all fermions to zero, the final variation equa-

tions for both gravitinos read:

1 _ L a\B ja(r1 /_1 1 a a 1
1 1
1
(& (A“) () — 1 (M — 48&,0”;)@) 2, (4.2.15)
1
8

Asy2 =
NG s =0

) 12¢

Taaaz”"?

The solutions of the above differential equations are :

(M*481&f’“Pa) (M Isar P )
<i,0¢ :(eﬁ)\a/)a(p)i |:C].ﬁ ef(b + 625 €_2¢:| ,
J(M-adzemer) (M-rdare)
(3 o = (emiateret)” {515 e T Pabge ‘f’]. (42.16)

Here c¢;3,¢;3, (i = 1,2) are constant spinors. The solutions are consistent with the
periodicity of ¢ only when M — ﬁ p®p® = —n? and n a strictly positive integer and
AaPq 18 imaginary or zero. These conditions are satisfied for the Minkowski vacuum
(p* = 0, M = —1) which is a fully supersymmetric solution. For n = 0, the solutions

become degenerate and only half the supersymmetries are allowed.
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4.3 Generic Bosonic Solutions

Now we shall explore a class of purely bosonic topological 3D gravity solutions, with
non-trivial holonomy [31]. As we shall see, these solutions will be cosmological in
nature [37, 38]. We shall look for the corresponding bosonic solutions in this the-
ory endowed with maximal A -extended supersymmetry at the null infinity . We shall
henceforth restrict our analysis to zero mode solutions, for which all dynamical fields
are constants.

Since the asymptotic symmetries are governed by a,, (4.2.13), we do not modify this
field. Also, as we are looking for a pure bosonic solution, we set all fermionic compo-

nents of the gauge field (4.2.13) to zero. Thus:

1 1. 1
“¢_J1_Z<M_48@pp>Jl_Z<N_

1 1 -
aRa aSa .
PR 5150

1 -~
a a Mi
24@¢p) " oA

4.3.1)

We also need to find the gauge transformation parameter A that reproduces the right
conserved charge corresponding to (4.2.10) via the gauge variation equation (#.2.7).
Starting with the most generic gauge parameter (4.2.6) and with a bit of algebra (see
appendix for algebraic details), it can be shown that the required gauge parameter

has the following form

1 1 1
A ="M+ Y+ (Ag‘ - &TlR“ — —Aglsa) T

1 pa a a

YRR ) ot (ARJF 24 244

1 1 1 a Qa 1 1 1 a Qa 1 1 a Qa

- =T\ M- SeS ) I — = |TH N — R*S* | +¢ M_48dSS M_4
4.3.2)

4 48¢ 4 24¢

while, as stated below (3.1.10), boundary (with respect to the coordinate ¢) variations

of the various fields in the parameter have already been set to zero.

Now to present a complete stationary circular symmetric bosonic solution of this
system endowed with a maximal N -extended asymptotic supersymmetry, we look at

the time component a,, of the CS gauge field. First we recall a few relevant points:

e to obtain the generic solution compatible with the asymptotic symmetry, we need
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to incorporate the chemical potentials into the system [39, 40], which give vac-
uum expectation value to the time component of the gauge field a,,. These poten-
tials can also be thought of as Lagrange multipliers associated to the dynamical
fields of the system defined as the coefficients of the lowest weight components
of the symmetry algebra.

e as we have shown in section the diffeomorphism transformation of gravity
is equivalent to the gauge transformation of the CS gauge theory. Thus, the time
evolution of the various dynamical components of a, is generated by a gauge
transformation whose components are now given by the chemical potentials (or
Lagrange multipliers). This readily implies E] that the a,, will have a similar form

as (4.3.2),

24a

1 1 1 1 - 1
4MJ(M 48App)J1 4{;@](/\/' 24Agz5,0)—|—m4(,/\/l 48App)}M 1,

1 1 ~ 1
Qy =p My + pyJi + (Mas + —MJPCL> S+ (:U’aR + 24d,uJ¢a + muMpa) R*

where 1u7, piar, 1S, 1% are the chemical potentials and their boundary variations are
taken to zero. We have only turned on the chemical potentials corresponding to bosonic
lowest weight generators as we are interested in a pure bosonic solution. This can

certainly be generalised to a more generic scenario.

e finally the above solutions have to satisfy appropriate regularity constraints re-
lated to the holonomy. In particular, the regularity of the solution requires trivial
holomony in presence of a contractible cycle C, i.e.

Hp = Pelewwds” — 41 (4.3.4)

For the theory under consideration defined on a 3D manifold > x R we only re-
quire the holonomy along time direction to be trivial, i.e. the above condition
(4.3.4) must be satisfied for the time component of the gauge field a,.

Once the holonomy condition (4.3.4) and the energy bound as given in section4.2.2]

are respected, we get a regular solution with required asymptotic falloff properties for

®The gauge transformation of a, by gauge parameter A(y) is :
5uago = dtpA(M) + [aqﬁaA(/‘)}a
whereas its time evolution from the equation of motion takes the form:
duag = dgay + [ay, ay].

These two are identical if a,, ~ A(p).
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our system. One last important caveat to notice is that to solve the above holonomy con-
straint one needs an explicit matrix representation of the symmetry generators, which
in general is not known. However, as pointed out in [40, 41]], one can exploit the pure-
gauge (topological) nature of the solutions to gauge away the components proportional
to the supertranslation generators M and internal generators R and S¢, which do not
have an explicit matrix representation. ﬂ The new component of the gauge field will
now depend only on the superrotation generators J (see appendix for their explicit ma-
trix representation) and can be used to impose explicitly the above holonomy condition.
To do so, we choose the general gauge group element g = ¢*°, which transforms the

gauge field component as:

af = g~ aug = e M0, et
1
= ay + Aoptg My + ~Xo |pg [ M — —pp® || M1, (4.3.5)
4 48¢

where a, is given as in (¢.3.3)). Fixing )\, and the chemical potential to the values:

1 Ja,a

Y 2 (N_ 71500 )
)\0:——, UM = ——— 1 o oa) (436)

2 2 (M = za0p")
S R SR S 43.7)

the time component of the gauge field, now depends only on superrotation generators

and hence is representable as a matrix: [}

1
CLZ :,LLle — Z,LLJ (M —

) J 4.3.
48&00)«]1, (4.3.3)

Finally we can impose the regularity of the solution. Specifically, the gauge field a, =

tad can be diagonalised with eigenvalues

1 1
=+ - — apa ) . 4.3.9
w wJ\/4 (M =alr ) (4.3.9)

Now, in order for this to have a trivial holonomy w = Fimm where m € Z.

"Note that here we are gauging away the generators from the u-component of the gauge field only.
The ¢-cycle is contractible, hence the holonomy condition is trivially satisfied in that direction. Hence
the metric will have information about the supertranslations from the a,, component

8 Since our initial BMS solution of does not contain J generators, the holonomy condition is
trivially satisfied after above gauge fixing.
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This condition fixes the chemical potential 1 ; in terms of the fields and an arbitrary

integer m to be:

2mm
1
(M — z=zp%p")?

| = , (4.3.10)

and by the above set of relations (4.3.6)) and (@.3.10)), all chemical potentials are now

fixed in terms of the zero modes of the fields. Thus we obtain the generic 3D bosonic

zero mode solution given by (4.3.1)) and (4.3.3)) in a gravity theory with maximal bulk

supersymmetry (4.2.1)) and maximal N -extended non-linear asymptotic supersymmetry
(@2.10). Since in our construction we have implicitly assumed (M — zz=p"p") > 0, the
solution satisfies the energy bound (4.2.12) but there exist no well defined asymptotic
Killing spinors (#.2.16). Hence this class of partially gauge fixed solutions are non-
supersymmetric and nontrivial only at the boundary. The space time geometry in Bondi

coordinates reads:

ds* =(M + r*p2)du® — 2uprdudr + (J + 2r?py)dude + r*de? | (4.3.11)
where,
M = N 1 an a + M 1 a a J = N 1 q;a a
= Ur | By 244 P 12274 48dp P ) = UM 244 p .

(4.3.12)

The chemical potentials appearing in (4.3.11]) are fixed as in (4.3.6) and (4.3.10) with

m = 1 to avoid singularities in space-time. In particular, for m = 1, —u,, is the inverse
Hawking temperature of the space time and 1 is related to the chemical potential of the
angular momentum .J of the system. As is clear from (#.3.12), for static configurations
with N' = 0, the system can have non-zero angular moment due to the presence of the

internal gauge fields, a feature that was also observed in [42].

4.3.1 Thermodynamics of the Solution

So far we have presented the space time metric (4.3.11) in the usual Bondi coordinates.
In these coordinates, the space time does not have any singularity. To understand the

geometry better, following [43], let us rewrite the metric in Schwarzchild-like (ADM)
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coordinates as,
ds? = —N2dt* 4 p3,N72dr? + r?(dv + N’dt)? (4.3.13)

where we define new coordinates as t = u — f(r) and J = ¢ — g(r) and

A2

=135

N? N =2
2r2
Here, with (#@3.12)) we use compact notations A as the coefficient of dudy and B as the

coefficient of du? in the above metric (#.3.11)):

A=J+2r%uy, B=M+r*2. (4.3.14)

Let us consider (M — z=p“p®) > 0, hence a solution satisfying the energy bound
(4.2.12). Under this condition (.3.13)) represents a cosmological spacetime . In (¢, 7, )
coordinate, the function N? vanishes at the hypersurface r = r., (N?),—,. = 0. This

hypersurface is in fact a cosmological horizon and requiring 7. > 0 gives:

1N 5%

246

e T
2 (M = ggppt)?

(4.3.15)

To understand the nature of the horizon r., we write the above metric in a different
coordinate system. For the region of the space time where » > 7., let us define new

coordinates (7, X, 9) as,

T2 = m s X =1 + ILLJt . (4316)
484

Similarly for the other region r < r., we define (T, X, 9):

T2 = M—C—W s X =1 + ILLJt . (4317)
4864

In these coordinates, the space time metric is given by:

1
50 papa)TQdX2 + T?dﬁQ ., T>T,
&

1 o
5 plp")TPAX? + r2dd® |, r <r.. (4.3.18)
(6%
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Thus in the outer region r > 7., we have a cosmological space time of topology I? x
St x S, asolid torus. Both S* factors have periodicity 27, the radius of the ¥ circle is
fixed to r., while the radius of the X circle is 7" dependent. It is also clear that, in the
outer region we have closed space-like geodesics whereas in the inner region we can
have closed time-like geodesics, as X is a time-like coordinate in the interior. Thus, we
readily conclude that » = r. is a Cauchy horizon [31]]. To avoid closed time-like curves,
we cut the space-time at » = r.. It can also be checked that r = 7. is also a Killing
horizon. Finally, we can compute the Bekenstein-Hawking entropy associated with this

class of Cauchy horizons:

244 244

4G 4G2(M_48Ldpapa)§ 4G(M_48Ldpapa>§

9 o1l IN 1 Ja,a N_1~aa
_ 2 _ 2wl | ¢ p?| T cbpll' 43.19)

As expected, the entropy of the system is completely determined by the zero mode

solution. Alternatively, the entropy can be found using the Chern-Simons gauge field:

k
S = %/dcpmu,%)

1-~ 1
=k [:UJN M+ 5% g + 5 (4.3.20)
and plugging in the expressions (4.3.6), (4.3.10) for the chemical potentials, the entropy
reduces to:

N = L g,
S = b N~ ma®"pal 4.321)

(M = 5z0°0")*

which matches with (.3.19) for m = 1. The choice of m = 1 sector is obvious, as only

this sector is connected to the standard cosmological space time (.3.TT).

4.4 Discussion and Outlook

With this chapter we completed the detailed analysis of fall-off conditions necessary
to obtain all the supersymmetric extensions of the BMS algebras, presented in [335].
In the maximal N -extended super-BMS; case analyzed here we find non-linearity in
the asymptotic algebra and modifications to the energy bounds for asymptotic states.

Unlike N/ = 4, 8 super-BMS3 studied respectively in [33] and appendix of this pa-

51



per, the non-linearity does not disappear after Sugawara-shifting the energy-momentum

generatorsﬂ. Furthermore, we have shown that circular symmetric solutions that are flat

1

= papa) > (), are not supersymmetric. Similar results

cosmologies, satisfying (./\/l —
hold for abelian R-symmetry algebra as discussed in [42]. There are three other distinct
kinds of solutions [31] that would appear for different conditions on the fields as pre-
sented below :

a) (./\/l — ﬁp“p“) = 0 : this class corresponds to null orbifold solutions [44]. Here
the asymptotic Killing spinors are degenerate and only half of them are inde-
pendent. Hence this class of solution is only asymptotically half supersymmetric.

b)— g < (M — £2=p"p®) < 0 : conical defect solutions [30,43]], satisfying the energy
bound and asymptotically full supersymmetric.

c) (/\/l — ﬁ p“p“) < —i : conical surplus solutions that do not satisfy the energy
bound.

These solutions may not be interesting from a cosmology perspective but are never-
theless non-trivial configurations of 3D gravity. Detailed discussions on the thermody-
namics of their R-symmetry-abelian counterparts can be found in [42] and references
therein. For the non-abelian R-symmetry cases studied in this chapter, most of the
physics will be similar and hence we do not present the details here.

Let us end this chapter with some comments on the outlook. It is known that 3D grav-
ity solutions with non-trivial topology correspond to the stress-energy tensors of a two
dimensional theory. It comes from the relation between a Chern-Simons theory with a
boundary and an associated chiral Wess-Zumino-Witten model [46-48]. As we have al-
ready seen, the non-trivial boundary for the Chern-Simons theory (in our case the torus)
comes from generic asymptotic fall off conditions on the gauge fields. It has been shown
in [49]] for ordinary BMS3 and in [15] for N' = 1 super-BMSj3 that one needs to add a
suitable boundary term to the action for the variation principle to go through. The fall
off conditions also provide extra constraints to the Wess-Zumino-Witten model. Find-
ing a similar two dimensional description for the N -extended super-BMS3 obtained in

this chapter would provide a complete set of such 2—dimensional theories that will be

dual to 3D asymptotically flat supergravity theories.

The second point is more generic and is related to the issue of understanding the

°For anti-periodic boundary conditions of fermionic generators, the non-linearity in energy bound as
reported in [42]] also disappears after proper modification of generators, as shown in [33].
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implications of these infinite dimensional 3-dimensional asymptotic symmetries on the
dynamics of the corresponding two dimensional theory. As in 4-dimensional grav-
ity, we know [50-52] that the Ward identities of BMS, symmetries are related to bulk
gravitational soft theorems. Interestingly, it has been very recently noticed by Bar-
nich [53]] that in 4-dimensions there are also boundary degrees of freedom and they are
highly constrained by BMS,. In fact it has been proposed that the classical contribu-
tion to the Bekenstein-Hawking entropy comes from these degrees of freedom. In the
3-dimensional case, there is no bulk graviton and hence we do not have a notion of soft
theorem but the boundary theory and boundary degrees of freedom do exist. It would be
interesting to study the of BMS3 symmetry on their counting. Although the above issue
is not directly related to study of this chapter, but having (maximal)supersymmetry in

the theory is technically helpful in counting the corresponding degrees of freedom.
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CHAPTER 5

Free-field Realizations of the BMS; Algebras and its

Extensions:

5.1 Introduction:

Gauge-gravity duality or holography is a well-known concept in physics. Its first con-
crete realisation is the AdS-CFT correspondence, which taught us to build a dictionary
relating a theory of gravity with its dual non-gravitational theory. In particular, it was
realised that the asymptotic symmetry algebra in a gravity theory on a manifold with
boundary gives the symmetry of the dual non-gravitational theory on that boundary. It
is then natural to ask if this correspondence also holds beyond the AdS case, that is, for

the dS or flat case.

It has been known in the literature that the asymptotic symmetry algebra on Z for
gravity theories with flat spacetime asymptotics is given by the Bondi-van der Burg-
Metzner Sachs (BMS) algebra. It seems sensible to ask if this algebra encodes informa-
tion about bulk gravity with flat space asymptotics. There are many interesting works
on this [4,[7-9, 11, 12, 54]. One interesting outcome of this in 2 + 1-dimensions is that
the relevant algebra, known as BMS; algebra, is known to be an extension of a single
Virasoro algebra by an additional chiral spin-2 generator, along with two independent

central charges.

Another related question is whether there are concrete realisations of the BMS al-
gebra in terms of quantum fields. Besides the motivation of flat holography, this could
also be interesting from the point of view of conformal field theory. This is particularly
exciting in the case of 2 + 1-dimensions, since the BMS; algebra has a Virasoro algebra
as its subalgebra, thus one may expect to utilise the language of CFT to find classes of
realisations. Moreover, three dimensional gravity is relatively simple in the bulk and
two dimensional field theories (conformal or otherwise) have been studied extensively.

So it seems a nice starting point to try to understand flat holography.



In this chapter, we give an explicit realization of the BMS;3 algebra with non vanishing
central charges using holomorphic free fields. By adding chiral matter, we can extend
this to a realisation having arbitrary values for the two independent central charges. By
introducing additional free fields, we then extend our construction to the supersymmet-
ric BMS; algebras as well as the non-linear higher-spin BMS3-W3 algebra. We also
describe an extended system that realises both the SU(2) current algebra and the BMS;
via the Wakimoto representation. However, in this case, in order to introduce a central

extension, new non-central operators get introduced.

5.2 Free-Field Realization of Pure BMS;:

Let us start with the pure BMS; algebra. We want to find an infinite dimensional Fock
space representation of the aboce algebra. We introduce a holomorphic coordinate z
(not to be literally taken as the coordinate of an underlying space or spacetime). Let us

construct the canonical fields:

T(Z) _ Zﬁnz_n_2

ne”z

M(z) = Zan_"_Q (5.2.1)

ne”L

We are now going to use holomorphic free fields to construct the two fields 7'(z), M(z).
This is only a techinical device. In principle, we could keep working with the modes
Jn, M, and construct them in terms of the infinitely many pairs of modes satisfying
the canonical commutation relations. However, it is easier to use the holomorphic ap-
proach and find the realisation in terms of the fields constructed out of these infinite set
of modes [55]]. The algebra in terms of modes can be written as an operator product

expansion in terms of the fields:

1 ¢ 2T (w) 0T (w)
2(z—w)*  (z—w)? z—w
1 o N 2M(w) N OM(w)

2(z—w)t  (z—w)? z—w

M(2)M(w) ~ 0 (5.2.2)
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where, as per convention, we write only the singular terms on the right hand side.
The field 7' gives rise to a Virasoro sub-algebra. The OPE of M with 7 tells us that M
is a field of dimension 2 under the Virasoro algebra. However, it is not a primary field

as the OPE contains a central term.

In order to give a free field representation of this algebra, we start with a bosonic

[ — v system satisfying the operator product expansion:

1(2)B(w) ~

(5.2.3)

zZ—Ww

Such a system has played important roles in many areas of string theory and conformal
field theory [56]. The conformal dimensions of /3, are taken as (p,1 — p) for any
integer p. For this, one starts with a basic pair of dimensions (1, 0) and then twists the
energy-momentum tensor suitably by adding derivatives of the ghost-number current
: B~y :. For our purposes, we will work with (/3,~) having dimensions (2, —1). The

energy-momentum tensor twisted to achieve this turns out to be

Thy=—2:80y:—:700: (5.2.4)

As expected, the OPE of this twisted energy-momentum tensor with the 5 and ~

fields are given by:
T (2)80) ~ o + 2
Ty (2)y(w) ~ (1(3;2 + 27_(“72 (5.2.5)

From the OPE of T . with itself, its central charge is calculated to be 26.

Now we note that the pair of spin-2 fields (75 ,(2), 3(z)) generate an algebra close
to the BMS; algebra if we identify these with the BMS3 generators (7'(z), M(z)).
This is because the OPE of T, with itself and with 5 forms a BMS; algebra with
c1 = 26,co = 0. However a generic BMS; requires non-vanishing c,. This does not

arise here because 3 is primary with respect to our chosen 7 .
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To get rid of this problem and introduce a non-vanishing central charge c,, we now twist

the energy-momentum tensor:
T(z) =Ts, — ad’y (5.2.6)

where a is an arbitrary constant. As we discussed in the introduction, this twist is not of
the form T'(z) — T'(z) 4+ £9.J(z) for a primary current J(z). In this case, .J(z) would
be proportional to 9%y, which, being the descendant of a primary field +, is definitely
not primary. As a consequence, it is apriori not evident that the above twist preserves
the Virasoro algebra. What is obvious, though, is that it will induce a fourth-order pole,

which is the central term, in the 7'(z)3(w) OPE.

It is important to note here that the OPE of 7'(z) with itself gives rise to poles upto
the fifth order at intermediate stages via the cross-terms between 7} , and 9*~.However,
if the twisted energy-momentum tensor 7'(z) still has to satisfy the Virasoro algebra, the
third and fifth order poles must vanish completely, while the second and first order poles
should depend only on T'(z) as a whole, and not separately on 93~. However, none of
these requirements can be manipulated by a choice of the coefficient a, as all the cross-
terms are proportional to a. All these imply that the system is quite overdetermined.
Surprisingly, when one performs the actual calculation, it is found that all the unwanted
terms indeed cancel and the structure of the OPE is preserved!

1 26 2T (w) T (w)
2(z—w)? i (z — w)? * z—w

(5.2.7)

The twist 937 that we have added has changed neither the OPE structure, nor the
value of the central charge! It has just modified the right hand side so that the final
expression is now expressed in terms of 7.

Now choosing M (z) = [(z), we find that the OPE of 5 with 7" is modified due to the

introduction of the twist, giving the result:

(5.2.8)
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Also, due to the first-order nature of the ghost system, we have:

M(2)M(w) ~ 0 (5.2.9)

Combining the above results, one can realise that together 7'(z) and M (z) define
a BMS; algebra with central charges ¢; = 26 and ¢, = 12a. Note the freedom in the
choice of ¢, to any non-zero value by tuning the value of the coefficient a. This freedom
is a manifestation of the fact that within the BMS3 algebra, the central charge ¢, can be

changed by scaling M.

This construction gives us a fixed value of the central charge ¢; namely 26. How-
ever, we may couple to this sysytem any chiral conformal field theory, having energy-
momentum tensor 7i,.qer With central charge c¢y. Then the total energy-momentum ten-

sor will be
T(2) = Tawer + T — a0’y (5.2.10)

which will result in the total central charge ¢; = ¢y + 26 and no change in the structure
of any OPE. So to summarise, starting with a (3, ) system of spin (2, 1), and adding
necessary twists, we have constructed an explicit realisation of the BMS5 algebra having

completely arbitrary central charges.

5.3 Free-Field Realization of super- BMS3:

Here we consider the minimal supersymmetric generalisation of the BMS; algebra.
We have given the algebra before. In addition to the 7'(z) and M(z) fields, this now
contains the additional chiral field ¥(z) = . W,27""2. The algebra can be written in

terms of operator product expansion as:
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1« 2T (w) 0T (w)

2 (z—w)* - (z —w)? *

1 o 2M(w)  OM(w)

2(z—w)? * (z —w)? * Z—w
N(w)  vw)

(z —w)? * zZ—w

Co i M(U))

(z—w)? z—w

Z—Ww

T(2)V(w) ~

(5.3.1)

()W (w) ~ %

where the remaining OPE s are non-singular.
We now want to write a free-field realization of this algebra. To do this, we supplement
the (-7 system of the previous section by a Grassmann-odd b — ¢ ghost system of spins

(3,—3). These have the OPEs:

b(z)c(w) ~ , b(z)b(w) ~ 0, c(z)e(w) ~ 0

Z—Ww

This system can be shown to have central charge —15. Now we choose 7'(z) to be
the canonical energy-momentum tensor for the fields (3,~) and (b, ¢) of dimensions
(2,—1) and (2, —1) respectively. As before, we twist the energy-momentum tensor by
—ad?y and choose M(z) = ((z). We thus obtain the bosonic part of the super-BMS3

algebra with the central charges c; = 26 — 15 = 11 and ¢ = 12a.

Now our aim is to represent the supersymmetry generator W(z). As this has
3
2

OPE V¥ (z)W¥(w) ~ 0, which is not what we want here. So we try to add terms of the

dimension %, a natural guess is to realise it as b. However, it would then produce the

3

same dimension namely 3

to b so as to produce both M(z) and a central term on the
RHS of ¥(z)¥(w). Now since we have chosen M(z) = [3(z), the first requirement is
achieved by adding a term of the form S¢ in W. For the central term, we have to add
a term proportional to 9*c. These give rise to the required terms in the OPE, however,
we again have the problem of getting many additional terms from the square of the
individual terms in ¥ as well as from the cross terms. What is non-trivial here is that
again all these extra terms vanish! There is no contribution to the OPE from the square

of the individual terms, as each term contains only one of a pair of canonically conjugate

variables, hence OPE of each such term with itself is zero. Similarly the additional cross
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term vanishes as well. Now we can easily adjust the coefficients of the terms in W to

give the correct W(z)¥(w) OPE:

U(z) =b(2) + % : Be: (2) + ad®e(z) (5.3.2)

This, along with the generators 7'(z) and M (z) of the three-dimensional BMS algebra

constitute the generators of the super-BMS; algebra:

T(z) = —g bk : (2) + % b (2) = 2: By : (2)— 108 : () — adPr ()

(5.3.3)

However, now we have a potential problem: the OPE’s of W(z) with 7'(z) and M(2)
have not yet been checked, and there is no longer any freedom to adjust any of the
generators.

The OPE of T'(z) with W(w) must produce the correct poles so that ¥ is a primary
field. The new terms added can potentially disrupt the structure of the OPE, however,
it so happens that the non-primary contributions exactly cancel, resulting in the desired

OPEs:

L n 2T(2) +8T(w)

(z—w)t (z—w)? z—-w
T(2) M) ~ f“w)4 n (i/‘fg L)
T(2)W(w) ~ (i(gz + iqj_(tfj (5.3.4)
V()W) ~ f“w)g + fﬁ"g

Finally the OPE of M (z) with ¥(w) is zero as VU is independent of y. Thus we
have given a free-field realisation of the super-BMS; algebra with the central charges
¢ = 15 and ¢; = 12a.

We can couple this system to a bosonic CFT of chiral matter with central charge ¢, to
change 7'(z), while M(z) and ¥(z) remain fixed. Then the first central charge of the
super-BMS3 algebra has an arbitrary value ¢; = ¢y + 15, while the second one ¢, is

proportional to a free parameter a and is therefore arbitrary.
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5.4 Free-Field Realization of N = 2 super- BMS;:

Here again we start with a bosonic § — v system of dimensions (2, —1) and introduce
two independent pairs of Grassmann-odd b — ¢ ghost systems of dimensions (%, —%)

The fermionic ghost fields satisfy the OPE:

5ab
“(2)e"(w) ~ 54.1
b (=) ) ~ (4.1
The fields 7'(z) and M (z) are defined as before. The fermion fields are:
To(z) =Y WerT (5.4.2)
W satisfies the OPEs:
o) 9v(w)
T K ~ 2
(2) ¥ (w) R e
I M(w)
U (2) W0 (w) ~ = 5 4 === 543
(@) ~ gt 4 21 (5:43)

Now we choose the ' = 2 super-BMS; generators in terms of the ghost fields as:

T(2) = — g B0 : (2) + % L lob! : (2) — g  B20¢2 : (2) + % L 2007 - (2)
—2: 807 : (2)— 708 : (2) — AO*y(2)
M(2) =B(z) (5.44)

: B (2) + ad®c (2)

B (2) + ad*?(2)

This choice gives us the desired OPEs with the central charges ¢y = —4 and ¢, =
12)\. As before, c; can be made arbitrary by adding independent canonical free fields to

the system.
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5.5 Free-Field Realization of N = 4 super- BMS;:

Now we present the free-field realisation of the most generic centrally-extended version
of the NV = 4 super-BMS; algebra that we have presented earlier. Let us first express

the algebra in terms of the OPEs of the various fields:

TET () ~ b o+ T RGRw)~ G
TEMw) ~ 2 A P R~ 2

T(2)S(w) (25_(“2)2 + 28_(7“3, T(2)R(w) ~ (ZR_(Z))Q + (?z_(i;)
M(2)R(w) ~ (ZS_(UZ)Q + 23_(1:0), R(2) U (w) ~ i;’_lz (5.5.1)

) ~ 3 |2 2L

)
2|z—w 2 z—w)2+z
-

U2 (2) U5 (w) ~ % [% - % { (2

28 (w
28

(w

oS e 1
—w 3 (z—w)?
—w

) S

We now want to give a free-field representation of this algebra. For this we use the

—Ww

fields (/2,7-1), (B1,70) and four pairs of fermionic fields (b**, ¢**) where a = 1,2
and o = £. With these fields, we define

T(z,—1) = —28207_1 — 710, T(l,o) = —[10%
a,o 3

1
THY | = —=b"*0c™® 4+ —¢»*9b™ 552
(3.-3) 2 2 ( :

Then we construct the various N/ = 4 fields as follows:

2 2
T=To-ny+Tao+ > ) T(“ffl) — APy, M = By
i=1 a=1 ‘2 7
2
R = 0y + kOB1y-1 + KB1OY-1 + Z b“’a(ag)aﬁca'g, S=—-rB (553
a=1
1 - a a N o a o a
e =g (6% + Ba(01)§¢™” + pdPi (o)™ + 2pP1 (i02) 3™ + n(o1)§0% ¢

Now with the identifications A = 32,k = ¢, p = Z,n = Z, one can show that the

above fields correctly reproduce the N' = 4 super-BMS3 algebra. The central charges
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c1 and c3 get fixed to the values —32 and 12 respectively. However, we can make these

two arbitrary by adding independent free fields to our system.

5.6 Free-Field Realization of N/ = 8 super- BMS;:

Let us now start with the N = 8 algebra and express it in terms of OPEs.

TETW) ~ s+ o+ SRR~ T et
SRVRE S 7 0 V7 R SR

( fi_(‘ij LW i) ~ (f_f‘;)) + W)
( Sz(w>) 88Z<w) Rz‘(z)qu,a,—i-(w) ~ _1 (Oi)gq}A’b’—i_
z—w)?  z—w’ 2 z-w
Aat w Aa,+ w ) Gy Ab—
T(Z)\I/A’a’i(w) ~ g\fz - ;)Q) a\I’Z — uE )’ RZ(Z)\I/A’G’_(U}> ~ %( zb:ij
ab > ) 7 W 7 Co b
\IIA’a’i(Z)\IfB’b’:F(w) ~ %5AB 0 M( ) o (O'Z)ab { (28 ( ) + ) } 4+ = 0, :|

Z—w z—w)?  z—w 3 (z—w)?
(5.6.1)

M(2)Ri(w) ~

Now for a free-field realizaion of this, we introduce one pair of conjugate bosonic
ghost-fields (f2,7_1), three pairs of comjugate bosonic ghost fields (5},~{) for i =

where both A and a run

1,2, 3 and eight pairs of fermionic ghost fields (bA’“’a, cA"W)

over 1 and 2 while @ = +. Then the A/ = 8 fields can be constructed as follows:

T =1Teo, 1 Z (1,0) +ZZZTA:1_01 _Aa’}/la M = f

A=1 a=1 a=%

R = 07} + & (BL0v-1 + OBjv-1) + ie"*~ B}

1 . .
+ QCAaa( 7" )an(03)asb™"”, S' = -k (5.6.2)
1
vt = 2 [0t 4 By(on) et 4 p(07) e {05 (ion) T

+2Bi(i02)+3CA’e’_ pHn(on) %]
phe = [bA“— + Ba(0) T + p(67)ae {05] (i) T

+201(i02) T F 4 (01) TP
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1 — 2 — 2 — Cc2 __ Cc2 :
where the parameters are fixed in terms of cp as A = 2, = 2, p = — 3%,k = {3. This

gives ¢; = —88 and c3 = 24.

5.7 Free-Field Realization of Spin 3 BMS; Algebra:

Let us now find a free-field realisation of the W35 BMS3 algebra. This is the ordinary
BMS; algebra, supplemented by W,, and V,,. The algebra is [S7, 58]:

[Gna \Jm] = (7’L - m)3n+m + — (n3 - n)5n+m70

12

[3n7 Mm] == (7’L - m)Mn—i—m + E(ng - n)6n+m,0
[~n7 Wm] = (2n - m)Wn—‘rma [371’ Vm] - (2n - m)Vn—i-m
(M, W] = (2n —m)Vim (5.7.1)

1
(W, W] = 30 [(n —m)(2n® 4+ 2m® — nm — 8)Jnim

192 96 (c; + 4

+—(n —m)Apim — —< 12 - ) (n—m)Onim
c
+5n(n? = 1)1 = 4)0,mo]

1

(W, Vin] = 0 [(n—m)(2n® + 2m* — nm — 8) M4,

96

+_(n - m)@n—i-m + (n - 1)(” - 4)5n+m,0
Cy 12

where ©, = > MM, and A, = 3 JuMyom 0 —55(n+ 2)(n + 3)M,,.
As A contains a bilinear of two non-commuting operators L and M, it is necessary to
specify normal ordering in the definition. It is also important to note that A contains a
term linear in M.

Converting the modes into fields, the generators of this algebra are our familiar spin-2
fields 7'(z) and M (z), complemented by a pair of spin-3 fields W (z) and V (z).

The free-field realisation involves the pairs of conjugate bosonic fields: (f2,v_1) of
dimensions (2, —1) and (f3,v_2) of dimensions (3, —2). Taking into account the var-

ious pole structures, we can show that the following representation of the operators
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reproduces the correct algebra:

T(z) = —=2:Bo0y_1:—: 0Bay-1: =3 : B30v_2: —2: OBsy_g : —ad’y_;

1 9
W(z) = \/—1—5 [3 :B307-1 1+ OBsy-1 45 B0’y ot + 1 0P Paya +§ £ 022072 :
15 8
5  0B20y_y —i—a (: Po (: PoOy_o:) : +: Po(: OPay—2:) ) (5.7.2)

a 68
Z0P o4+ ——
T50 2t 5@53}
M(z) =Pz, V(2) = ——=Ps
It is noteworthy that there are nested normal-ordered products in W (z) which will

generate non-trivial contributions to the linear terms in M that are crucial to obtain the

correct algebra. Also the composite fields are defined as:

Aw) = TM : (w) — 1%82/\/1(10)

O(w) = MM : (w)
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These fields give rise to the OPEs:

N 50 2T (w) T (w)
TETW ~ i el T o w)
N 6a 2M(w) | OM(w)
T(z)M(w) z—w)t - (z—w)? (2 —w)
T(2)W (w) ~ (iwj(;U)L + fZW_(Z)
T(2)V(w) ~ (j‘i(zl;;? + (8;/_(1;))
A 3V (w) IV (w)
M(z2)W (w) (z—w)?  (z—w)
100 2T (w) | T (w)
W(2)W (w) 3z—w)b ' (z—w)t ' (z—w)
1088

1 2 (16
MPETE [@ (ZA

1 1 16
Teow [@ (TM

W)V (w) ~ 4a N 2M(w)

 15q2

B 1088
15a2

@) + l%a%r] (w)

a@) + 1—1563T] (w)

OM(w)

G=wf ' Gow)
“mar o (

60a

(z —w)

(z —w)?

10

@> + 38%] (w)

1 16 1,
{—a@ + 150 T] (w)

(5.7.3)

When converted to modes, this reproduces the W3-BMS5 algebra that we have writ-

ten earlier.

value of ¢;.

Representation:
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We have obtained the central charges ¢c; = 100 and ¢, = 12a. Unlike the previous cases,

it would be quite non-trivial to extend the above construction to allow for an arbitrary

5.8 AnSU(2) Generalisation of BMS; and its Wakimoto

Here we shall use the affine current algebra symmetry to obtain a generalization of the
BMS; algebra, which can be called ”SU(2)-BMS3” algebra. It contains as subalgebras
both the BMS; algebra and the SU(2) affine Lie algebra. Then we will use the Waki-

moto free-field representation [59] as well as our previous method to give a free-field



representation of the full SU(2)-BMS; algebra.

In a CFT affine symmetry arises from the mode expansion of conserved currents.

[e.e] o)

JUz)= Y Jiam Tz =Y Jez!

n=—oo n=—oo

where the index @ = 1, ..., D, and D is the dimension of the Lie algebra. The energy-

momentum tensor is constructed out of these currents using the Sugawara method [60]:

1

Tiz) = 2(k+g)

L J(2)T(2) (5.8.1)

Here £ is the level of the affine algebra and ¢ is the dual Coxeter number. The cur-
rents transform as dimension 1 primary fields under the Virasoro symmetry. Hence the

operator product expansions are:

Ty ()T (w) ~ — 2 211 aTJ()

(z—w)t (2 w)2
T(2) T (w) ~ (zk_éw)z + fz if}w) (5.8.2)

JH(w) 0T (w)

TJ(Z)Ja(w) ~ (Z . w)g ~—w

where ¢ = i ,ff ) is the Virasoro central charge and f%° are the structure constants of
the Lie algebra.

Let us consider the case of SU(2). This algebra has structure constants f¢ = /2¢,

In this basis J* = (J1 4 i.J?%), J° = \/2J3. The current algebra is:

THET ) ~ 1 _kw)Q + j_(”;j
JO(2)JE (w) ~ Zﬂ_Ji (5.8.3)
J0(2) 0 (w) ~ %

All other OPEs are regular, particularly J*(z)J" (w) has no singularity. This fact
will be useful later on.
The Sugawara construction in this basis is:

! L. JOJO () TTT () T (2) (5.8.4)

Ty(z2) = 2 +2) |2
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Now to combine this with BMS, we need a slight variation of this construction. It is
known that there exists a twisted version of the SU(2) algebra [61] in two-dimensional
gravity, in which (J*, J°, J~) have conformal dimensions (2, 1, 0) respectively. This is

achieved by modifying the above Sugawara energy-momentum tensor as:
Lo
T(z) =Ty(z) — 58] (2) (5.8.5)

It can be shown easily that after this twist, the conformal dimensions of the currents
are modified as above. So now we have a potential method of defining a combined
SU(2)-BMS3 algebra. This is because 7'(z) and J*(z) together form a pair of spin-2
holomorphic fields of which 7'(z) satisfies a Virasoro algebra, J*(z) has a non-singular
operator product expansion with itself, and also J7 is a spin-2 primary under 7. Thus
we have all the ingredients to define a BMS3 algebra with ¢, = 0. This makes it possible
to define the SU(2)-BMSj3 algebra with non-zero central extensions by introducing a ¢,

term in the 7' — J* OPE:

T()T(w) ~ (2 —? w)? (iT—(Z))z (aZT—(lZ)))
2 2J (w)  9Jt (w)

T W~ i Y Gmwp T e w)

()T (w) ~ i"; JH(2)T* (w) ~ 0
TH(2) T (w) ~ 7 _kw)Q + ‘2]0_(“2 (5.8.6)
PO~ T )~ 2

2k N JO(w) +8J0(w)

(z—w)? (z—w)? z—-w

T(2)J°(w) ~

Let us now introduce the Wakimoto representation of the SU(2) affine Lie algebra.
[59], [60] This allows us to construct the affine SU(2) Lie algebra at arbitrary level k.
Here the three holomorphic SU(2) currents J*(z), J%(z) are constructed using (3,7)

fields of spins (1,0) and a free scalar field ¢ with a background charge depending on
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the real number k:

JH(z) = B(2)
J(2) = %&p(z) +2:98: (2) (5.8.7)
T(:) = = gy () — k()= By 2)

As we mentioned before, £ is the level of the affine algebra and oy = \/W is pro-
portional to the background charge of the scalar field ¢. Using the canonical OPEs, it
is easy to show that the above spin-1 currents satisfy the affine SU(2) Lie algebra at
arbitrary level k.

The energy-momentum tensor is given by:

Ti(z) = m % CJOTY () TN () T T (2)
—_:537:(@—%:0@90:( ) — Zjia? o(2) (5.8.8)

Thus in the Wakimoto form, the energy-momentum tensor splits into two pieces, cor-
responding to that of a S-vy system and of a scalar field ¢ with a background charge.
Comparison with the canonical form of the energy-momentum tensor for ¢ shows that
the background charge is —5*. As /3 is one of the currents in the Wakimoto represen-
tation, its conformal dimension is 1. Hence the conformal dimension of its conjugate

field v is zero.

Now in the Wakimoto representation, we will perform a twist to change the spins
of (J*,J% J7) to (2,1,0). This can be implemented by changing the spins of (3,~) to
(2,—1) [62]. So we must implement this twist in the Wakimoto representation, as well
as the 93 twist as in the previous section.

Performing both the twists, the final energy-momentum tensor takes the form:

T=-2:80y:—:70B: —ad®>y — = : 0pdy : —% (04+ + a_> 9*p  (5.8.9)
+
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This gives the required OPEs:

1« N 2T (w) 0T (w)
2(z—w)*  (z—w)? z—w
1 12 2J (w)  9Jt (w)

2(z—w)4+(z—w)2+ zZ—w

T(2)T(w)

T(2)J " (w)

TH(2) (W) ~ 0 (5.8.10)
12a7(w) 2k Jo(w)  0J%(w)

- (z—w)t (z—w) (z—w)? z—-w

S

Thus in this chapter we have given the free-field representations of BMS3, super-

BMS3 and certain related algebras explicitly.
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CHAPTER 6

Conclusions:

We have deduced the correct scalings of the superconformal generators to repro-
duce the super-BMS3 algebras by Innonu-Wigner contraction.

We started with a set of global generators and used the Chern-Simons formula-
tion to perform the asymptotic symmetry analysis (assuming the transformation
of fermions as U(1) under R-symmetry) and derived the N' = 4 super-BMS; al-
gebra. We have shown that after necessary modifications, the final algebra exactly
matches with the one derived by contraction.

We then generalised the transformation of the fermions under R-symmetry from
U(1) to any generic representation, and show that this results in significant change
in the final asymptotic algebra, in particular, the presence of non-linear terms
therein.

We also derived various interesting physical results such as energy bounds, Killing
spinors, gravity solutions etc for the above cases.

Finally, we presented the free field realisations of the (super) BMS; algebras and
a few other related systems.



APPENDIX A

A.1l N =2 GCA, and BMS; algebras

The GCA, algebra has been studied in detail in the literature, see for instance [63]].
We will briefly review the relevant results and comment on the isomorphism with the
BMS; algebra, which at the supersymmetric level gets lifted. One starts from linear
combinations of holomorphic/anti-holomorphic Virasoro generators which maintain the

mode number([8]], and scales asymmetrically as follows:

M,, =lime (L, F L), Jm = lim(L,, & L,,) . (A.1.1)

e—0 e—0

The commutators turn out to be:

My, M, =0
(M, Jn] = (m —n) lim € (Lyin — Lingn) + - ..

e—0

Fms 3] = (m =) i (Lynin + Lina) + - (A.1.2)

Thus the algebra closes, and if we fix the signs in (A.1.1)) to be minus in the definition

of P, and plus sign in the definition of .J,,, then we recover the BMS; algebra.

An N=2 generalisation of the GCA algebra was presented in Ref.[17]. It involves

an asymmetric scaling of the form:
Ul =lime(Q. FQ,), 2 =1im(Q, £ Q,) (A.1.3)
e—0 e—0

The choice of upper/lower signs is immaterial as it simply corresponds to a sign change



for . The resulting algebra is:

M, W1 =0, M, W2 = (5 = 7)), m
m m
[3771’ \I[r,l«] = <_ - T) \Ijr}n-t,-r ) [37717 \1172] = <_ =T \Ijgn—i-r
2 2
(vl vl =0, (UL U2 =oM, o +..., {¥2 02} =23, ,+... (A.14)

We can now examine whether this algebra is isomorphic to the N = 2 super-BMS alge-
bra in Eq.(??). Clearly it is not: the supercharge anti-commutators can be diagonalised
to find that one of them has a negative right-hand-side. This shows that the N' = 2
super-GCA of Ref.[17] is not equivalent to the N' = 2 super-BMS3 algebra. Thus the
BMS/GCA correspondence does not hold in the supersymmetric case.

In [23], this asymptotic superalgebra is studied in detail and proven to arise from a

"twisted” novel supersymmetric theory in 3 dimensions.

One may try to scale the super-generators symmetrically:
Ut = lim /eQ,, U = lim /eQ, (A.1.5)
e—0 e—0

This is similar (except for the fact that mode number is preserved) to the symmetric
scaling used in super-BMS, but the bosonic generators are scaled according to GCA

and the resulting algebra therefore contains:

(Mo, UF] =0, (S, U] = (@ —T)qji

(U U5 = (M, +...), {¥,07}=0 (A.1.6)

We see that the RHS has a negative sign in front of M for one of the generators. There-

fore this also cannot be identified with the super-BMS3 algebra.

One might be tempted to redress this by inserting a factor of ::
Ut =lim e Q, , Vo =limiveQ, (A.1.7)
e—0 e—0

but unfortunately this implies that the hermiticity condition on W™ is violated. Thus we

really get nothing new.
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Finally, let us comment on a proposal in Ref.[64]. These authors propose to recover

an “inhomogeneous SGCA” by defining:
Ul =lime(Qf £iQZ,), ¥ =Ilm(Q} FiQ_,) . (A.1.8)
e—0 e—0

Unfortunately this suffers from an analogous defect to Eq.(A.1.7) above, namely the
supercharges do not satisfy Wi’ = Wi . Instead one finds that W' ~ 1y? so the

T

hermiticity properties are incompatible with the scaling.

A.2 Inequivalent NV = 2 super-BMS; from (1,1) and

(2,0) Virasoro algebras

There is another way of constructing /' = 2 super BMS3 algebra than the one presented
in the main draft. To obtain this algebra we need to consider only one sector of super-
conformal algebra, which for definiteness can be taken to be the holomorphic sector,
for the supercharges and the R-symmetry generators. The R-generators can be scaled
in either way as R,, = lim._,¢ € R,,, or S,,, = R,,, while the remaining generators are

scaled as usual.

Let’s consider the first scaling. The commutation relations (2.2.5)) will still be valid
except that there is no generator corresponding to S, so we find the algebra obtained by

setting S = 0 there:

[Mman] =0 5 [3maRn] = _an—l—n s [RmaRn] =0
M0 =0, )= () wi,
[Rﬂ% \I]:—’Z] =0 ) {\II:J? \11:2} = %MN—S + % (T - S) RH—S + 6_2 T2 67"4—8,0

12
(A.2.1)

This is a consistent algebra, which differs from the N/ = 2 BMS3 algebra we found
before because of the presence of the R generator. However this is not an R-symmetry

since it does not rotate the supercharges but instead commutes with them.

Next consider the second scaling, i.e. the generator S,,, = R,,. The algebra will
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now look like:

C1

Mins S =0, B Sal = =nSin s [SneSal = G Mo
M Q1] =0, B 0 = (5 =) Wi,
(S 071 = WEL (S W% = W13,
(U052 =AM+ 577 0,0 (A22)

This time the generator S can be considered an R-symmetry generator since it rotates
the supercharges, but it does not appear on the RHS of the anticommutator of two Q’s.
Hence, although this seems to be a valid alternate super BMS3 algebra, it is not as rich
as the one presented in the main draft. Similar behavior will hold for higher extended

algebras.

A.3 Conventions

Here we list all the necessary notations. The antisymmetric Levi-Civita symbol has

component €12 = +1 and the tangent space metric is the 3D Minkowski metric

~1 0 0
M= 0 1 0 (A3.1)
0 0 1

The I"-matrices satisfying the three dimensional Clifford algebra {I",, ', } = 21, are:
FOI’iO'Q, Fl =01, FQ = 03, (A32)

with o; the Pauli matrices:

o1 — N 09 — y o1 = . (A33)
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Finally, the charge conjugation matrix C' = 204, or explicitly

of 0 1
Ca/j =EaB = C = . (A34)
-1 0
The fermion indices «, 5 run over —, + (contrarily to [23] where they run over +, —).

The supercharges are also taken to be Grassmann quantities, as the fermion parameters

and the gravitini. All spinors taken here are Majorana and the Majorana conjugate of a

spinor 1 is ¢, = C,st”. Our conventions imply that we can use the identities
oL’y = €apel™ + napht, [l 75 = 26?52 - (525(5(? ) (A.3.5)
ct=-C, Cr,=—(T,)'c (A.3.6)

In verifying the closure of the supersymmetry algebra on the fields and the off-shell

invariance of the action, the three dimensional Fierz relation is useful.

1 1
¢n= —57704‘ - 5(77F“<)Fa : (A3.7)

Other useful identities are:

&Fan:ﬁlﬂaw
Yloe=—€el 0

where v, ) are Grassmannian one-forms, while € is a Grassmann paramter. It is some-
times convenient to change basis of the tangent space to one more suited for the isl(2)
algebra in the bosonic sector of flat space supergravity. We do this by choosing a map
to bring the generators of SO(2,1) ([Ja, o] = €apeJ€) to those of SL(2,R) satisfy-
ing [L,, L,] = (n — m)L,,,,. This defines a matrix U“, as a map from the tan-
gent space metric 7., with a,b = {0, 1,2} to the metric 7,,, defined in with
n,m = {—1,0,+1}, satisfying

L,=J,U%,. (A.3.8)
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An explicit representation of U%,, that does the job is for instance

-1 0 -1
v, = -1 0 1 ) (A.3.9)
0 1 0

In this basis the gamma matrices satisfy a Clifford algebra with

0 0 —2
T Thl=2vm =2 0 1 0 with: n,m = —1,0,+1. (A.3.10)
—2.0 0

A real representation for the gamma matrices with n, m indices can be obtained by

taking I',, = U®,T',, or explicitly:

- 0 -2
[ =—(0y+i0y) = , (A3.11)
0 0
. 1 0
FO —= 03 = y (A312)
0 -1
N _ 00
F+1 =01 — 109 = . (A313)
2 0

In addition to the Clifford algebra, the gamma matrices now satisfy the commutation

relations

[T, D] = 2(n — m)Thpm (A.3.14)

which is just the s/(2, R) algebra.

A.4 Calculation of Poisson Brackets for BMS; Algebra:

Here let us show the detailed calculation of one of the Poisson brackets, namely the

{Jn, M, }. The rest will follow similarly. Using the convention of the Fourier trans-
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form between the modes and the fields as given earlier, the expression for the charge

C = —ﬁ/ [(YFI+TM+ (VL =0l ) — (VR — W2 () +idgg+idsp] de.

(A4.1)
can also be expressed in terms of modes as
2
C= =2 2 [TE3nt T Mo (V= L) = (95, =02, ) +iAE, G iAo
: (A4.2)

We use the above two equivalent definitions of charge on the RHS and LHS of the

following equation respectively:

{CLil; Claly P = 0,CLal, (A4.3)

LHS = % DO YT {30, M}

k
RHS = —— /d(pT(S)\M|’r+
47
Now using the variation of M that we found earlier, the RHS equals
k
- /dgoT[—Q(T*)’” +2M(TH) + MY
T

Now we convert the generators as well as the generic parameters from fields to modes

by Fourier transformations, and use integration by parts. This gives the RHS as

4 4
—ﬁmg‘kénﬁn,o — pz(n —m)Mim

Equating this to the LHS gives the required result.
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A.5 The (0,2) and (2,0) AdS sectors

We present the N = (2,0) and (0, 2) superconformal algebras. These are the global
bulk algebras for N = (2,0) and (0, 2) asymptotically AdS super gravity theories.

1 1
o o] = €ane, [T, Q3] = 5(Ta)aQs,  [RQ]=+5Q5  (AS.D)

1 1
{QF, QY = —5(M)apda — 5CasR, {QF,Q5} =0 (A.5.2)

The algebra in the other sector is exactly the same, albeit with barred gnerators.
Here, a,b=0,1,2and o, 3 = +1.

The action is invariant off-shell under the supersymmetry transformation laws § A =
d)\ + [A,\] with A = e2 QL% + 99 Q%%. In terms of the fields these transformations

read:

de,* = —% D (3T s + I 1) (A.5.3)
B=+

oPL% = Dyt = deg + s w (To)%, el £ el (A.5.4)

0Y3% = D% = d¥g + Fw” (Ta)*, 91 £ 9% (A.5.5)

op=—3(WLe. —dle + 470 — 2 0y) (A.5.6)

A.6 Construction of the supertrace elements

In this appendix, we shall describe the construction of the supertrace element for a given
algebra. Below, we present the computation for (2,0) AdS algebra, that is presented in
the last appendix. Super trace element is computed from non-degenerate bilinear form
of a given algebra. For this, we construct a quadratic scalar combination of all the
generators and impose that it commutes with all the generators, so that it is a Casimir
operator. The construction of this quadratic scalar invariant is quite easy. Let us focus

on the (2,0) algebra first, and find its non-zero supertrace elements. Now let us start
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with the most generic possible bilinear form IV :

W = an™J,Jy + bC*’QL Q5 + bC*Q, Q5 + cC*PQLQf +eC*?Q,Q; + dRR
(A.6.1)
By demanding that W commutes with all the generators of the (2,0) super algebra,
we can fix the factors (a, b, b, c,é, d). In this process, we need to make sure that the
final Casimir is non-degenerate. Using various relations among the commutators/anti-

commutators, one can show that the parameters get fixed as

a=b=0b=—d, c=¢=0 (A.6.2)
So overall, the invariant becomes:
W =a(n™J.Jy + C°QL Q5 + C*"Q,Q} — RR) (A.6.3)

From W, we extract all the supertrace elements by taking the inverse of the matrices

n*?, C*% and I:

1 1 1
< Jaa Jb >= —Tab, < an@g >=< Q(;)Q;Bi_ >= _Caﬁa < R7R >= —=
a a a

(A.6.4)

Similarly for the (0, 2) sector, the supertrace elements are given as:

1 - = - = 1 S 1
< Jay Jy >= =D, <Qr,Q5 >=<Q,Qf >= —Cap, <R R>=—=
a a a

(A.6.5)

The overall factors a, a correspondond to the overall normalization in the action. For
the bosonic action to contain the Einstein-Hilbert term, these factors get fixed as a =
—a = —2.

Note that as the super-Poincare generators can be expressed as linear combinations of
these superconformal generators, the supertrace of the super-Poincare generators also

get fixed by this analysis.
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A.7 N = 8 Super-BMS;

In this appendix, we demonstrate how the N = 8 super-BMS; algebra does not get
non-linear extension in the supercharges anticommutators. To do so, we prove this is
the case for the asymptotic symmetry algebra for 3D AdS gravity with N = (4,4) su-
persymmetry. The gravitinos transform under the defining representation of the SU(2)

R-symmetry. The global super conformal algebra reads:

[Loy Lin] = (0 —m)Lysrm (R, RY] = i€* R*
n a i
[Lna Qgi] = (5 - O‘) ana s [Lna R] =0 s
[Ria QZ+] = _% (Ji)angjF ) [Ria ng] = +% <5i)angj )

b

{Qeh, Q) =0"Lars = (a = B) (o) R, {Q4*, Q)" =

The asymptotic gauge field we start from has the form:

1 1 L
A= (L1 + ZLO + 4—12L 1 — £+L_1 — §wa,+Q‘i’+ + 5%,-@‘1’ + ngZRZ) dat

Let us take the supertrace elements as
(Lns Lin) = Yo » (@27 Q57) =(Qa7,Q5") =Cap,  (Ri, Ry) = —0i;..
and the generic gauge parameter
A= X"Lp+ e Q" +er Qi + VR

From the gauge variations, we first compute the constraint equations:

==Y Y
1 r r? 1 1
_:_Y”__Y/ — — =L Y — — a a,— — Wa,—Ca 5

X 2 21 + (412 9 +) 4 a21:2 (¥ +€a, Y, € 7+)
_ r

€ot = o T 51 € 1/1a LY + 5 ¢R€b+ (o )

T 1
€r_ = —e;’_ + —€u— + Py Y — Reb_ ( ) .

20 2
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where €, = €, 4+ and x© =Y.

The other variation equations read:

0Ly =—Y" +2L. Y + LY + % (V4 €a— 4 Bthas€,_) — % (Yo, €as + 30a-c0)
+ 5 [Buend (0, + vuersdt ()]
Sty =2+ (V7 4 §wa,+y’) 6 (o)) + 260, ()]~ Lcan
T 0 ()] 4 SN (07)) — 2 e (00); (o))
S = — 20+ (wg,_Y - ;wa,_Y’> ~ [0 (o) + 206 (7)) + Soca-
4 %df’ (@) v Y + %ﬁwec, ("), (%), — %Wa (o). -

o ‘ . 1 . 1 - ba
i0¢" = )\Zl - 6ijk¢]>\k + §¢a,+€b,— (UZ) ’ R; + §¢a,—€b,+ (Uz)b R; .
The charges are obtained from :

k

Hence we get
k 1 1
C= __/d¢ ‘C-i-Y + S€a +¢a— — F€a —¢a+ - Z>\z¢z
47T 2 I I 2 ’ El

- [ZLY +Z2 a:y- a,+ Z eia 3__22)\ an

We then derive the asymptotic algebra by using the relation

{CIM], ClAsl}p = 65, C[A2]
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The Poisson brackets are

. nik
Z{Lny Lm} - T(Sn—‘rm,O + (n - m)Ln—f—mO

i{Ln, Uit} = (2 —a) ¥ =5 (M) ("),

n+a
i{ Ry 08} = —¢"+a( Do R U8} = "*a( D
i{R', R} = Sntm,0 + zeZ]kRner
i{Ln, R},} =0

1 .
{w 4 % } — a2k6a+55ab + La+,35ab + - (R R )a+ﬁ5ab - ( - ﬁ) ;-1-5(62) )

Where the modes are defined as follows:

L, = / dge="C., | R = / dge= "t |

1/}(1—{- /dee—wz@wa— 7 Q&Z,— _ /dee—ia0¢a,+ .

By adding the Sugawara term
L,— L =L,+ = (RlRl)

the i{L,,, RZ,} gets modified as
i{Ly, R} = —mR’

n+m

and the supercharge anti-commutator takes the form:

{dfa +, } = a2k5a+56ab + L;Jrgéab - (O( - ﬁ)Ré+5(6Z) .

Note that the second and third term in the previous anti-commutator combined give the

modified Sugawara generator L, , ; so that the non-linear terms are absent in the final

Poisson bracket. Thus, we see that the asymptotic AdS algebra will not have any non-

linearity in the R-symmetry charges. As a consequence, the corresponding asymptotic

flat NV = 8 Super-BMS3 algebra will also present no non-linearity.
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A.8 AdS analysis and flat-space identifications

n
Ly L] =(0 =) L s (L B = (5 = 1) B2,
i
[Ln, T =0, {Rg7 Rg} = Lp+q77aﬁ - @(p - q)()‘a)aBTa(sp—irq,O )
[T, R3] =i(X")§R) [T, T =if*T*,

and similarly for the anti-chiral sector. The structure constants of the above algebra
are the same as defined in section .2l We begin with two such identical copies of
Superconformal algebras. To get the asymptotic quantum algebra, let us begin with the

gauge fields and generic variation parameters for the two copies of AdS:

r r? 1 1k dr
A=|L -L — = = L i +AQ R+ ——¢*T*| dat + —L_
{14-[ 0+(412 2£+) 1+ AQR +2k3¢ } T +21 1,

1 K
2kp

- - - r? 1- - S~ =g
A= |L_ | —~=Ly+ ——52_ L1 +AQ R +

Jarma — dr -
z P ngT]dx +—1L,

21

where k; = ¢, where c is the central charge of the quantum superconformal algebra.
Asymptotic gauge transformations 0A = 0\ + [A, \] generate the asymptotic symme-

tries of the theory. The generic variation parameters are:

A=x"L, + e+7aR+’O‘ +e_ R+ W',

A=X"L, + & R+ R+ 0"T".
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AdS unbarred Sector Variation:

Here we present the constraints on the parameters and the variations of the independent

fields:
r
X =7x =X
ro, 1 1 D/
X-1=— 2_ZX1 + 2X1 + <412 - §£+) X1+ §Qa6+ )

k r
€ = — €/+,a + AQax1 + ﬁ(ﬂ%ﬁﬁ()‘a)g + Z@r,a )

k
0Ly = — X1+ &ix1 +2Lx) — 3AQue , — AQ et o0 + Qlk_lQagbaEwHﬁ()‘a)g )
B

" a a / a\/ ]'
A0Qq = — € o, +AQ, X1 + 521an1 + %(A )8 [2¢ €, 5+ (¢%) e+’5+] + §£+e+,a

k
- A5 ()6 Qu 4k2 E g (00 + At Qu(N)E

kg
5¢a :2?(wa)/ + (bbwt:fabc + 2mQa€+,B<)\G)aﬁ
l

AdS Barred Sector Variation:

Similar computations for the barred sector will give:

Xo = ZX 1+ X

o, 1, r? 1 _ A
X1 == 5iX ToXa T (412 231) X175 Qo€ ,

- ~ r

- _ Y _ = - a

€ra =€ o, +AX_1Q, 576~ + 12a()\ )
- - ~ = Ky

Vo L+ 28X + 3AQa(E) + AQLE + A (N Qud s

0L_ =— X-1
32 _ k _ _ _
A0Qa = o +AX1Q, + 5 (X _1)’Qa + g (WA + (8] - 52_@,&
* 9‘% FAax1Qs + 4l<:2 EE GOm0 e + 9" (W30

5q§a :2%(wa)/ + ng@c]('abc o 2mQa€_76()\a)o¢B
1
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Identification with flat fields and generators:

Using these above relations, one can find the corresponding constraints and variations
for the gauge field A (4.2.3) and gauge transformation parameter A (4.3.2) that gives

the asymptotic symmetry for the 3D flat space time. Specifically:

Jn = Ln - Z—n 5 Mn = rj:,a = _R:t,oz s

2 ) Iy
2, = \ERLQ . RI=Te—T0, .

Using this identification the map for the charges is the following:

M = £+ + Z, y N - l(£+ - Z*) 9 wia \/>Qia )
|l _ —
wia = \/;Q¥a I /)a = (b(l + ¢a 9 ¢ ¢CL)

and the parameters are scaled as:

n l n o—n n 1 n o—n a l a —a
=50, T =g X Mg = Gt ),
1 l l
=5 =&, (L= 1/56a o= \/;ei,_a .
The modes of the charges are defined as follows:
Im = lim (L — L), M, = lim (c++c »
l—>oo I—o0 |

Se —hm ((]5 +¢".), R“:lim(w—q—ﬁi),

wia—llmei, —hm\/>Q

J_hm c—7C) cM_hm (c+c)
=00 o [

Using these identifications, the final Asymptotic symmetry algebra for flat 3D space
time has been obtained in (4.2.8).
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A.9 Asymptotic gauge Field and gauge parameter for

maximal extended super-BMS;

The above form of asymptotic gauge fields needs to be modified for the right asymptotic
algebra (4.2.10), as mentioned in section (4.4). The modified most generic gauge field
was introduced in (4.3.1)). Here, we find the right gauge transformation parameter that

finally gives us (4.2.10). The most generic transformation parameter has the form ,

A= C"M, + YT, + XS + AGRY + CLory™ + Crd™ | (A.9.1)

The constraints and variations are given by:

T = (1), &=~y

1 1
Tilz— Tl //__Tl - a a
2 {( ) =3 (M 1zal )} ’

1 1
§M:<—pa5pa>—4(T1)/—(M— apapa>T0’

24a
—1__1_ 1\m 11 - 1 aja 11 - 1 a a
§ = 2[(§)+2T (N 245/0¢>+25 (M 48@pp>},
— 1 Ta ay =1\ _L?za 0 __ _ 1 a a 0
ON = 5,=0(0"") = 4(€7) (N 24d¢>p>T (M 48@/)/))5,
56" = 24G(NE) +id NG [

0p" = 24a(Ng) +1 (SN = Nppt S ) |
Let us choose (A, B, C, D) generic constants :

A% = \% 4+ A" + Bp®

AL = A% + Co® + Dp®
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The variation of the charge reads

k
0C = — e /dng(A,é%)
__F /d¢ 1515/\4 + iy 1(5&%@ + 0p*N\%)
T 2 2 9 00 e O AR
_i_ﬁ/dgbi |:pa5pa§1 _I_q;a(;pafrl _i_pa(;q;a'rl}
47 48«
k 1 ~ o~ ~ ~
— _/d¢_ |:C¢a6¢a+Dpa6¢a+A¢a5pa+Bpa5pa:|
47 2
The above variation simplifies to our required form
5C = X /d¢ 1515/\4 + lyisn 4 1(5qBaAa + 0pN%)
- 2 2 2 0¥ s TOP AR,

for the following choice

It can be checked that the above charge rightly reproduces the algebra (4.2.10)). Finally,

inserting back the constraints, we get the expression for the transformation parameter:

1
24a

- 1
Tla 1 a a
P g€ R

1
24«

A=¢M +7T" + (Ag + T%“) S+ (Ag +

_ (61)/M0 — (Tl)’JO + i |:2(T1>” -7t (M _ 481&papa):| J

1 " 1 Ta a 1 a a
~1 {—2(51) + 7! (N—%qﬁp)%l (M—48&pp)1M1-
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