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Abstract

Introduction to Affine and Projective Varieties

by Ayesha Fatima

In this thesis we give detailed solutions of the exercises in the first chapter of the
textbook ’Algebraic Geometry’ by Robin Hartshorne. We have followed this with
an essay in which we have proved two theorems which bring out some relationships

between the algebro-geometric notions and those coming from complex manifolds.
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Chapter 1

Affine Varieties

Exercise 1.0.1. (a) Let Y be the plane curve y = x* i.e., Y is the zero set of the
polynomial f = y — x%. Show that A(Y) is isomorphic to a polynomial ring in

one variable over k.

(b) Let Z be the plane curve xy = 1. Show that A(Z) is not isomorphic to a poly-

nomaial Ting in one variable over k.

(c) Let f be any irreducible quadratic polynomial in k[z, y|, and let W be the conic
defined by f. Show that A(W) is isomorphic to either A(Y) or A(Z). Which one

s it when?
Solution:

(a) We have Y = Z(y — 2*). We prove that y — 22 is an irreducible polynomial.
Consider y — 22 as a polynomial in x with coefficients in k[y]. Suppose y — x?
is reducible. Then it has two factors each of degree 1. Let ax + b and cx + d
be the two linear factors where a, b, ¢, and d are elements of k[y]. Therefore we
have ac = —1. Therefore a and ¢ are elements of k such that a = —1/c. We
also have ad + bc = 0. Putting ¢ = —1/a in this, we get a’d — b = 0 i.e.,
b — a?’d = 0. But bd = y i.e., (ad)® = y. This means that y is a square of a

2 is irreducible. Since k[z, y]

polynomial in y which is not true. Therefore y — x
is a Unique Factorization Domain, (y — x?) is a prime ideal of k[z, y] and

(y — 22) = (y — 2?). Therefore I[(Y) = /(y — 22) = (y — 2?).

1



CHAPTER 1. AFFINE VARIETIES

AY) = klz, y]/I(Y) = K[z, y]/(y — 2*). We claim that k[z, y]/(y — x?) is
isomorphic to a polynomial ring in one variable k[t]. Define a map

¢ : klx, y] — k[t] by f(z, y) — f(t,t?). This map is clearly a ring
homomorphism. Also, any polynomial f(t) € k[t] is the image of the

polynomial f(x) € k[x, y]. Therefore this is a surjective ring homomorphism.

Let f(z, y) be an element in the ideal generated by y — 2. Therefore

flz,y) = (y — 2%)g(x, y) for some polynomial g(z, y) and thus f(¢, t*) = 0.
Therefore (y — %) C kerg.

Let f(z, y) be an element of ker¢. Consider f(z, y) as a polynomial in y with
coefficients in k[z|. If we divide f(z, y) by the polynomial y — 2%, which is a
linear polynomial in y, then we have f(z, y) = (2% — y)g(z, y) + h(z, y). Since
degh(z, y) < deg(y — z*) = 1, h(z, y) is polynomial in y of degree 0 i.e., a
polynomial in z. Since f(t, t*) = 0, we have h(t) = 0. Therefore h(x) is the
zero polynomial and hence f(z, y) € (y — x?). Therefore ker ¢ = (y — 2?).
Therefore we have A(Y) = klx, y]/(y — 2?) = k[t].

Z = Z(xy — 1). We claim that zy — 1 is irreducible. Consider zy — 1 as a
polynomial in x with coefficients in k[y]. Suppose it is reducible. Then it has
two linear factors. Suppose ax + b and cx + d are the two linear factors of

xy — 1. Then ac = 0 and bd = 1. Therefore both b and d are elements of k.
also either a or ¢ is equal to 0. Suppose a = 0. Then ax + b € k. This
contradicts the fact that az + b is a polynomial of degree 1 in . Therefore

xy — 1 is an irreducible polynomial and (zy — 1) is a prime ideal of k[z, y| and
thus \/(zy — 1) = (vy — 1). Therefore I(Z) = (vy — 1) and A(Z)

= klz, yl/1(2) = klz, y]/(zy —1).

We claim that k[z, y]/(zy — 1) is isomorphic to the Laurent polynomial ring in
x, klzx, %] Define a map ¢ : klz, y| — klz, %] by sending the polynomial
f(x, y) to the Laurent polynomial f(z, i) This map is clearly a ring
homomorphism. Also, ¢ is surjective because any Laurent polynomial f(z, 1) is

the image of the polynomial f(z, y).

Suppose f(z, y) is a polynomial in (zy — 1). Then f(z, y) = (xy — 1)g(z, y)
for some polynomial g(z, y) in k[z, y]. Therefore f(z, %) = 0 and
f(z, y) € kerg. Therefore (xy — 1) C kerg.



Let f(z, y) be an element of ker¢. Consider f(z, y) as a polynomial in y with
coefficients in k[z]. If we divide f(x, y) by the polynomial xy — 1, which is a
linear polynomial in y, then we have f(z, y) = (zy — 1)g(x, y) + h(x, y).
Since deg h(z, y) < deg(zy — 1) = 1, h(z, y) is polynomial in y of degree 0
i.e., a polynomial in z. Since f(z, 2) = 0, we have h(z) = 0. Therefore
f(z,y) € (xzy — 1) and thus ker¢ = (xy — 1). Thus

A(Y) = Ko, o)/ (sy — 1) = b, 1]

[a¥)

Suppose k[z, %] = k[t], polynomial ring in the variable t. Suppose ¢ is an
isomorphism from k[z, 1] to k[t]. Since ¢ maps an invertible element to an
invertible element, p(k*) C k*. Also since z is an invertible element of k[z, 1],
©(x) has to be an invertible element of k[t] and therefore an element of k*.
Therefore ¢(k[z, 2]) C k. This is a contradiction. Therefore k[z, 1] is not

isomorphic to a polynomial ring in one variable.

(c) Suppose f = az® + bxy +cy® + dv + ey + f be any irreducible quadratic
polynomial. We let z = ucosf — vsinf and y = usin€f + vcosf for a some
angle 6 (This amounts to a rotation of axes by an angle #). Substituting these
equations in f and letting the coefficient of uv be 0, we get tanf = b/a — c.
The equation is now of the form Au?> + Cv?> + Du + Ev + F = 0.
Completing the squares and by a change of coordinates, we can convert the
irreducible equation to one of the following standard forms:

Y = X? (parabola) — (eq. 1) (when AC' = 0)

X? Y? .

A_% + B_% =1 (elhpse) — (eq. 2) (When AC > O)
X? Yy?

A_% _ B_12 =1 (hyperbola) — (eq. 3) (When AC < 0)

Equation (1) is the case considered in part (a). Putting X; = X/A; and

Y, = iY/Bj in the equation (2) converts it to the equation X? — Y? = 1.
Putting X; = X/A; and Y] = Y/Bj in the equation (2) converts it to the
equation X? — Y2 = 1. Putting X; = (U — V)/v2and Y, = U + V/V/2, the
equation X7 — Y7 = 1 gets converted to UV = 1 which is the same as the

case considered in part (b).

Exercise 1.0.2 (The twisted cubic curve). Let Y C A3 be the setY = {(t, t?, t3) |t €
k}. Show that'Y is an affine variety of dimension 1. Find the generators of the ideal
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I(Y). Show that A(Y') is isomorphic to the polynomial ring in one variable over k.

We say that Y is given by the parametric representation v = t,y = t?, z = t3.

Solution:

Y = Z(y — 2% 2z — 23). We claim that I = (y — 2%, z — 2%) is a radical ideal.
Consider the map ¢ : k[z, y, z|/I — k[z] which sends the element f(z, y, z) to
the element f(z, 2%, 2%) and the map ¢ : k[z] «— K[z, y, 2]/I sending the
element f(x) to itself. Then ¢ and v are ring homomorphisms. Also ¢(¢(f)) = f
for any polynomial f € k[z]. If f is an element of k[z, y, 2]/I, then ¥ (¢(f))

= P(f(z, 2%, 2%)) = f(z, 22, 2*). Since 2* = y and 2° = z in k[z, y, 2]/,

flx, 2% 23) = f(z,y, 2) in k[z, y, z]/I. Therefore the ring homomorphisms ¢ and
1 are inverses of each other and thus k[x, y, 2]/(y — 2%, 2 — 2%) = k[z]. Since k|z]
is an integral domain, (y — 2%, z — x3) is a prime ideal and thus a radical ideal.
Therefore I[(Y) = /(y — 22, 2 — 23) = (y — 2%, 2z — 27).

Therefore A(Y) = klz, y, z|/1(Y) = k[z] and

dimY = dim A(Y) = dimk[z] = 1. Therefore A(Y) is an affine variety of

dimension 1.

Exercise 1.0.3. Let Y be the algebraic set in A3 defined by two polynomials > — yz
and xz — x. Show that'Y is the union of three irreducible components. Describe them

and find their prime ideals.

Solution:

Y = Z(2? — yz, vz — x). Therefore for any point (z, y, z) € Y we have

22 —yz = 0and z(z — 1) = 0. If x = 0, we have yz = 0 and therefore either

y = 0 or z = 0. Therefore any point of the form (0, ¢, 0) or (0, 0, ¢) in A belongs
to Y wheret € k.

If z = 1, we have 2> = y. Therefore any point of the form (¢, 3, 1) belongs to YV’
forall t € k.
Therefore Z(2? — yz, xz — x) = Z(x, 2) U Z(z,y) U Z(z* — y, 2 — 1).

Let I} = (x,2), I, = (z,y) and I3 = (2? — y, 2z — 1). We claim that we have
klxz,y, z|/I; = k[t] fori = 1,2, 3.

To prove for 1 = 1:

Let ¢ : klx, yz] — kly] be the map defined by sending the element f(z, y, z) to
the element f(0, y, 0). This map is clearly a ring homomorphism. Also, any



f(y) € kly] is the image of the element f(y) € k[x, y z]. Therefore ¢ is a surjective
ring homomorphism. Let f(z, y, z) € (2, z). Then

flz,y, 2) = zg(x, y, z) + zh(z, y, z) for some polynomials g(zx, y, z),

h(z,y, z) € klz,y, z]. Since ¢(f(z, y, 2)) = 0, f(x, y, z) € ker ¢. Therefore

(x, z) C ker¢. Conversely, let f(z, y,2) be an element of ker ¢. Therefore
f(0,y,0) = 0. Write f(x, y, 2) as zg(x, y, z) + h(y, z) where g and h are
polynomials. Therefore h(y, 0) = 0. Write h(y, z) as zp(y) + q(y) where p and ¢
are polynomials. Therefore ¢(y) = 0. Thus f(z, y, 2) = zg(x, y, 2) + zp(y) i.e.,
f(z,y, z) € (x, z). Therefore k[x, y, z|/(z, z) = kly] = k[t].

To prove for ¢+ = 2:

Let ¢ : klx, yz] — k[z] be the map defined by sending the element f(x, y, z) to
the element f(0, 0, z). This map is clearly a ring homomorphism. Also, any

f(2) € k[z] is the image of the element f(z) € k[z, y z]. Therefore ¢ is a surjective
ring homomorphism. Let f(x, y, z) € (z, y). Then

f(z,y, z2) = xzg(x, y, z) + yh(z, y, z) for some polynomials g(z, y, 2),

h(z,y, z) € klz,y, z|. Since ¥(f(z, y, 2)) = 0, f(x, y, z) € kert. Therefore
(x, y) C ker. Conversely, let f(z, y,z) be an element of ker . Therefore
f(0,0, z) = 0. Write f(z, y, 2) as zg(z, y, 2) + h(y, z) where g and h are
polynomials. Therefore h(0, z) = 0. Write h(y, z) as yp(z) + ¢(z) where p and ¢
are polynomials. Therefore ¢(z) = 0. Thus f(z, y, 2) = zg(z, y, 2) + yp(z) i.e.,
f(z,y, z) € (x,y). Therefore klz, y, z]/(x, y) = k[z] = E[t].

To prove for ¢ = 3: Let ¢ : k[, y, z]/Is — k[z] be the map defined by sending
the element f(z, y, 2) to the element f(x, 2%, 1). This map is clearly a ring
homomorphism. Also, any f(z) € k[z] is the image of the element

f(z) € kl[z, y, z]. Therefore ¢ is a surjective ring homomorphism. Let

¢ : klx] — k[z, y, z]/I3 be the map defined by sending the element f(z) to itself.
¢ is clearly a ring homomorphism. Also ¢(¢(f(z))) = f(x) for any element

f(z) € k[z]. For any element f(x,y, z) € klx, y, 2]/Is, ¢(p(f(z, y, 2))) =

f(x, 2%, 1). Since 2> = y and z = 1 in klx, y, 2|/I3, we have

f(x, 2% 1) = f(x, y, ) in k[z, y, 2]/I3. Therefore the ring homomorphisms ¢ and

@ are inverses of each other and thus k[z, y, 2]/I3 = k[z] = k[t].

Since k[t] is an integral domain, I; is a prime ideal and thus I(Z(I;)) = /I, = I
for each i = 1, 2, 3. Therefore we have Z(I;), Z(I3) and Z(I3) as the irreducible



6 CHAPTER 1. AFFINE VARIETIES

components of Y with I;, I and I3 as their respective prime ideals.

Exercise 1.0.4. If we identify A?> with A' x Al in the natural way, show that the
Zariski topology on A? is not the product topology of the Zariski topologies on the two
copies of Al.

Solution:

Proper closed subsets of A! are finite subsets of A, Closed sets of A! x Al in
product topology are finite union of basic open sets which are of the form X x Y
where X and Y are closed in A'. If X (or Y) is equal to A!, then X x Y looks like
a finite union of horizontal (or vertical) lines in A’ x A'. If both X and Y are
proper subsets of A, then X x Y is finite set of points in A' x A'. If both X and
Y are equal to A! (or 0), then X x Y is equal to A x Al (or ().

Consider the closed set Z(y — z) in A% Tt is an infinite subset of A? because it is
equal to the set {(¢, t)|t € k}. We claim that it is also not equal to union of finite
number of vertical and horizontal lines. Suppose that it is equal to a union of finite
number of vertical and horizontal lines H; and V; where¢ = 1, ..., n and

7 =1, ..., m for some non-negative integers m and n. Each H; is of the form

{(t, h;) |t € k} for a fixed element h; € k and each V; is of the form

{(v;, t) |t € k} for a fixed element v; € k. Each H; has only one point of the form
(t, t) i.e., the point (h;, h;) and each V; has only one point of the form (¢, ) i.e.,
(vj,v;). Therefore there are only finitely many points of the form (¢, ) in

(Uizy Hi) U (Uj, Vj). This is a contradiction since Z(y — z) = {(t, t)|t € k} has
infinitely many points (because k is an algebraically closed field). Therefore

Z(y — x) is not a closed set of A x Al. Therefore the product topology and the

Zariski topology on A? is not the same.

Exercise 1.0.5. Show that a k-algebra B is isomorphic to the affine coordinate ring of
some algebraic set in A", for some n, if and only if B is a finitely generated k-algebra

with no nilpotent elements.

Solution:

Suppose B is a k-algebra such that B = k[xy, z,..., x,]/I(Y) where Y is an
algebraic set in A". Clearly B is a finitely generated k-algebra. Let T be nilpotent
element of B. Then ™ = 0 for some m. Therefore 2™ € I(Y) i.e.,

x € /IY) = I(Y) (because I(Y) is a radical ideal).



Conversely, suppose B is a finitely generated k-algebra with no nilpotent elements.
Then B is of the form k[xy, xa, ..., x,]/I for some n. We claim that [ is a radical
ideal. If z € /I, then 2™ € I for some m and T is a nilpotent element of B. But
B has no nilpotent elements; therefore, * = 0 i.e., x € I. Therefore I is a radical
ideal and I(Z(I)) = I. Thus B is the affine coordinate ring of Z(1).

Exercise 1.0.6. Any non empty open subset of an irreducible topological space is
dense and irreducible. IfY s a subset of a topological space X, which is irreducible

in its induced topology, then the closure Y is also irreducible.

Solution:

Let U be a non-empty open subset of the irreducible topological space X. Suppose
closure of U, U, is a proper subset of X. Then X can be written as union of two
non empty proper closed subsets U¢ and U which is a contradiction. Therefore

U = X ie., U is dense.

Suppose U is reducible. Let U = A; U Ay where A; and A, are proper closed
subsets of U.

Then A; = B; N U and Ay = By N U for some proper closed subsets B; and B, of
X.

Then X = (B; U U¢) U By. Since By U U¢ and B, are proper closed subsets of X,

this is a contradiction. Therefore U is irreducible.

Suppose Y is reducible. Let Y = A; U A, where A; and A, are proper closed

subsets of Y. Since Y is the smallest closed subset containing Y, Y is not properly
contained in either A; or Ay and A; N'Y and Ay, N Y are proper closed subsets of
Y. But then Y = (A; N'Y) U (A, N Y) which is a contradiction. Therefore Y is

irreducible.

Exercise 1.0.7. (a) Show that the following conditions are equivalent for a topologi-
cal space X:
(i) X is noetherian; (ii) every non-empty family of closed subsets has a minimal
element;
(111) X satisfies the ascending chain condition for open sets (iv) every non-empty

family of open subsets has a mazximal element.
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(b) A noetherian topological space is quasi compact, i.e., every open cover has a finite

sub-cover.

(c) Any subset of a noetherian topological space is noetherian in its induced topology.

(d) A noetherian space which is also Hausdorff must be a finite set with the discrete

topology.

Solution:

(a)

1) = 2): Suppose there exists a non empty family ¥ of closed subsets of X
which has no minimal element. Let C'; be any closed set in X. Since (] is not a
minimal element of 3, there exists a closed subset C'y such that Cy C (. Since
(5 is not minimal, there exists a closed subset C5 in ¥ such that C5 C Cs.
Proceeding in this way, we can produce by the axiom of choice an infinite
strictly decreasing chain of closed sets of >. Therefore X is not noetherian.

2) = 3): Consider an ascending chain of open subsets

Uy C U, C...CU,C....Let C; = Uf. ThenCy} D Cy D ...C, D ...
terminates because the collection of closed subsets {C;} has a minimal element.
Therefore the chain U; Uy € ... € U, € ... terminates.

3) = 4): Suppose there exists a non empty family ¥ of open subsets which has
no maximal element. Let U; be any open set of X. Since U; is not maximal,
there exists an open set Us in X such that U; € U,. Since Uj is not maximal,
there exists an open set Us in X such that Uy C Us. proceeding in this way, we
can construct by axiom of choice an infinite strictly increasing chain of open
sets in .

4) = 1): Consider any descending chain ¢, D Cy D ... C, D ... of X. Let
U; = C;. Then {U;} is a family of open subsets of X. Let U,, be the maximal
element of this family. Then U,, = U, for all m > n. Therefore C,, = C,,11

for all m > n and the descending chain of closed subsets terminates.

Let {U;}ier be an open cover of the noetherian topological space X. Consider
the family > consisting of all open sets which are finite unions of open sets in

the open cover. Then ¥ has a maximal element. Suppose the maximal element



isU; U Uy U ... U,. For any open set U; in the open cover,

UyUul,U...U, UU;, =U,UUU...Upie, U, CcU UUy U ...U,.
Therefore Uy U Uy U ... U, forms a finite sub-cover of the open cover {U;}ic;.
Therefore there exists a finite sub-cover of every open cover of X and X is quasi

compact.

Let Y be a subset of the noetherian topological space X. Let

Ao € Ay € A, ... be an ascending chain of open subsets of Y. Then

A; = B;N'Y for some open subset B; of X. We have an ascending chain of
open subsets By C ByUB; C ByUB; U By € .... Therefore for some n we
have ByUB;U...UB, = ByUB;U...UB,UBp, ie.,

B,i1 € BpUB1U...B,. Thus B,.1NY C (ByUBU...B,)NY =
(BoNY)U (BiNY)U...U(B,NY) = AgU A U...U A, = A, Therefore
A,+1 = A, and any ascending chain of open subsets of Y terminates and Y is

noetherian.

Let Y be any subset of a Hausdorff, noetherian topological space X. From part
(c) we have that Y is noetherian. Therefore Y is quasi compact. We claim that
any quasi-compact subset of a Hausdorff space is closed. To prove this let

x € X\ Y be a point. Since X is Hausdorff, for any y # x in X we can find
two disjoint open subsets U, and V,, of X such that y € U, and z € V.
Therefore {U,},cy is an open cover of Y. Since Y is quasi-compact, there
exists a finite sub-cover of {U,},cy. Let Uy, Uy,, ... U,, be the finite
sub-cover. A = ('_, Vj, is an open subset of X containing = such that
ANU, =0fori=1,2,...n Therefore A N'Y = (). Therefore for every

z € X \ 'Y we can find an open subset A of X such that z € A and

A C X \ Yie, X \ Y isopen. Therefore Y is closed. Therefore any subset of
a Hausdorff, noetherian topological space X is closed and thus X has discrete
topology. So, X \ {z} is closed for any point x € X and thus {z} is open.
Consider the open cover |J, . y{z} of X. This has a finite sub-cover and thus X

has a finite number of points.

Exercise 1.0.8. Let Y be an affine variety of dimension r in A™. Let H be a hyper-

surface in A", and assume that Y ¢ H. Then every irreducible component of Y N H

has dimension r — 1.
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Solution:

Let H = Z(f) for some irreducible polynomial f € k[z1, 2o, ... ,]. Let X be any
closed irreducible component of H N'Y. Since X ¢ HNY inY,

I(HNY) C I(X)in A(Y). Since X is an irreducible component i.e., a maximal
irreducible subset, /(X)) is a minimal prime ideal containing I(Y N H). Therefore
I(X) is a minimal prime ideal of A(Y") containing f. Since Y ¢ H, f does not
belong to I(Y') and therefore is not zero or nilpotent in A(Y'). From Krull’s
Haupidealsatz we have ht(I(X)) = 1in A(Y). We have dim A(Y) = dimY = r.
Therefore dim A(Y)/I1(X) = dim A(Y) — ht(I(X)) = r — 1. dimA(X) =
dim k[xy, xa, ... z,)/I1(X) = dim A(Y)/I(X) because I(Y) € I(X). Therefore
dimX = dimA(X) =r — L.

o~~~

Exercise 1.0.9. Leta C A = klzy, za,... x,] be an ideal which can be generated

by r elements. Then every irreducible component of Z(a) has dimension > n — r.

Solution:

Let Y be an irreducible component of Z(a). Therefore I(Y') is a minimal prime over
I(Z(a)) = \/(fi, .-, fr). We claim that I(Y) is minimal prime ideal over .
Suppose @ is a prime ideal such that a C @ C I(Y). Since v/a is the intersection
of all prime ideals that contain a, v/a C @ C I(Y). This contradicts the
minimality of 7(Y") over y/a. Therefore I(Y') is a minimal prime ideal containing .
Krull’s dimension theorem states that in a noetherian ring any prime ideal which is
minimal over an ideal generated by r elements has height < r. Therefore

height (Y) < r. DimY = dim A(Y) = dim A — height [(Y) > n — r.

Exercise 1.0.10. (a) If Y is any subset of a topological space X, then dimY <

dim X.

(b) If X is a topological space which is covered by a family open subsets {U;}, then
dim X = supdimU,;.

(c) Give an example of a topological space X and a dense open subset U with dimU <
dim X .
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(d) If Y is a closed subset of an irreducible finite dimensional topological space X,

and if dimY = dim X, thenY = X.

(e) Give an example of a noetherian topological space of infinite dimension.

Solution:

(a)

Let Yo € Y7 € ... C Y, be any chain of irreducible closed subsets of Y.
Consider the chain of irreducible closed subsets of X, Yy € Y1 € ... € Y;. We
claim that Y; are distinct. Assume the contrary. Suppose Y; = Y;,;. Since

Yii1 C TH =Y, we have Y N Yiii YN Y; = Y, which is a contradiction.

This proves the claim. Thus dimY < dim X.

Let X = |J U;. Since dim X > dimU;, dim X > supdim U;. Consider any
chain of distinct irreducible closed subsets Zy € Z; € ... € Z; of X. For any
open set U of X, Z; N U is an open subset of the irreducible subset Z; and is
therefore irreducible. Also, closure of U N Z; in Z; is equal to Z;. Since Z; is
closed in X, closure of U N Z; in X is also equal to Z;. Let x be any point in
Zy. Since {U;} forms an open cover of X, z € U, for some i. Then

Zo NU; C ... C Z; N Uisa chain of irreducible closed subsets of U;. Also,
each of the subsets in the chain is distinct. If Z; N U; = Z; N U, then
m =Z; = 7, N U; = Z;, which is not true. Therefore we get a chain of
distinct irreducible subsets of U;. Therefore dim U; > dim X and hence
supdimU; > X. Therefore, dim X = supdim Us.

Let X = {a, b, ¢}. Define topology on X by letting X, ), {a, b} and {a} to
be the closed subsets. U = { ¢} is an open subset. The smallest closed subset
containing U i.e., closure of U is X itself. Therefore U is a dense open subset of

X. Since no non empty closed subset is contained in U, dimU = 0. But
{a, b} € X is a chain of irreducible subsets of X. Therefore dim X > 1.

Suppose dim X = dimY = n. Let Yy, C Y; C ... C Y, be a chain of closed
irreducible subsets of Y. Since Y is closed in X, each of the Y; is closed in X.
Therefore we have a chain Yy C Y7 € ... C Y, € X of closed irreducible
subsets of X. If ¥,, € X, we have dim X > n + 1 which is a contradiction.
Therefore Y,, = X. But Y,, C Y. Therefore X = Y.
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(e) Let X = {ay, as, ... an, ... }. Let the closed sets of X be X, () and all sets of
the form { a; }_;. This space is noetherian. But it has infinite dimension

because we have an infinite chain {a; } € {a1, as} € {ai, ag, az} ... of

irreducible closed subsets of X.

Exercise 1.0.11. Let Y C A3 be the curve parametrically given by x = 3, y = t*,
z = t°. Show that 1(Y) is a prime ideal of height 2 in klx, y, z| which cannot be

generated by two elements. We say that Y is not a local complete intersection.

Solution:

For a monomial f = 2%y’ 27 € k[z, y, 2] we define deg,(f) (weighted degree) to
be 3a + 43+ 5. For any polynomial f € k[z, y, z] we define deg,(f) to be the
maximum of the weighted degrees of the monomial terms of f. Therefore, the
minimum weighted degree that a non- zero polynomial can have is 3. We call a
polynomial f weighted homogeneous if all its monomial have the same weighted

degrees.

Suppose f = be a polynomial in I(Y). We can write f as g1 + g2 + ... g, where
Gi = an x°1 YPn n poag xtieyBie e 4 gy, 2% yPin 27 is a weighted
homogeneous polynomial of weighted degree d;. Therefore 3a;; + 48;; + 5v = d;
for j =4, ..., n. f(t3, 4 t°) = 0 for all t. Therefore, t%(a;; + ... + a1,) +
t%2(agy + ... + agy) + ... t7(ay + ... + ayn) = 0. Therefore, a; + ... + a; = 0
for each ¢ = 1,..., r. Therefore f belongs to the ideal generated by the set of

weighted homogeneous polynomials with sum of coefficients equal to 0.

Conversely, assume that f = a; 2*1 y® 27" + a2y 272 + ...+ a, 2% yP 27" is
weighted homogeneous with sum of coefficients equal to 0. Then f(¢3, ¢4, t°) = 0.
Therefore we have that I(Y') is the ideal generated by the set of weighted

homogeneous polynomials with sum of coefficients equal to 0.

We claim that (1, 0, 1) and (0, 2, 0) are the only non-negative integer solutions of
3a +43 + 5y = 8. For any positive integers a and v, 3a + 5 > 8. Therefore
8 — 43 > 8 which implies that 3 = 0. Then 3a + 5y = 8. For v > 2,

3a + 5+ > 10. Therefore v = 1 which implies & = 1. Therefore (1, 0, 1) is the
only non-negative solution of 3a + 43 + 5y = 8 such that both a, v # 0.
Suppose v = 0 and a # 0. Then 3a = 8 — 4 3. Therefore 8 — 4 > 3 which
implies that # < 5/4 i.e., 3 = 1. Therefore 3a = 4 which is clearly a

contradiction. Therefore there exist no solution for which v = 0 and a # 0.
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Suppose o = 0 and v # 0. Therefore 5y = 8 — 4 3. Therefore 8 — 4« > 5 which
implies that 8 < 3/4 i.e., 8 = 0. Therefore 5a = 8 which is clearly a

contradiction. Therefore there exist no solutions for which @« = 0 and v # 0.

Therefore @« = 0 and v = 0 which implies that 3 = 2. Therefore (0, 2, 0) is the

only solution which allows v = 0 and o« = 0.

Thus (0, 2, 0) and (1, 0, 1) are the only solutions and therefore f; = zz — y?* is the
only weighted homogeneous polynomial (upto multiplication by an element of k) of
weighted degree 8 in I(Y).

We claim that (3, 0, 0) and (0, 1, 1) are the only non-negative integer solutions of
3a +48 + 5y = 9. For any positive integers 3 and v, 45 + 5+ > 9. Therefore
9 — 3a > 9 which implies that « = 0. Then 45 + 5y = 9. For v > 2,

48 + 5~ > 10. Therefore v = 1 which implies § = 1. Therefore (0, 1, 1) is the

only solution of 3av +43 + 5y = 9 such that both 3, v # 0.

Suppose # = 0 and v # 0. Then 3a + 5y = 9. Therefore 5y =9 — 3a > 5
which implies v < 4/3. Therefore &« = 0 or 1. When a@ = 0, we get 5y = 9 which
is not possible. When a@ = 1, we get 5a = 6 which is also not possible. Therefore

there exists no solution for which 3 = 0 and v # 0.

Suppose § # 0 and v = 0. Then 3a + 48 = 9. Therefore 43 =9 — 3a > 4
which implies v < 5/3. Therefore & =1 or 0. When o = 0, we get 45 = 9 which
is not possible. When a@ = 1, we get 4 5 = 6, which is also not possible. Therefore
there exists no solution for which 5 # 0 and v = 0.

When f = v = 0, we get 3a = 9or @ = 9. Therefore (3, 0, 0) is the only solution
which allows both 3 and v to be equal to 0.

Therefore (3, 00) and (0, 1, 1) are the only solutions and therefore fo = 23 — yz is
the only weighted homogeneous polynomial (upto multiplication by an element of k)
of weighted degree 9 in I(Y).

We claim that 3a +43 4+ 5+ = 7 has only one non-negative integer solution

(1, 10). If both § and ~ are non zero, then 3a +4 3 + 5y > 9. Therefore either
or v has tobe 0. If 5 = 0, then 3ae + 57 = 7. @« = 0 (or v = 0) is not possible
because 7 is not a multiple of 5 (or 3). But for v, « > 1,3a + 5y > 8. Therefore
there is no solution with 5 =0. If vy = 0, then3a + 45 = 7. a = 0 (or 8 = 0) is
not possible because 7 is not a multiple of 4 (or 3). For @ # 0 and [ # 0, there is

only one solution (1, 1, 0) which is thus the only solution.
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By similar arguments we can show that there is only one non-negative integer
solution to 3a +43 4+ 5y = nforn = 3, 4, 5, 6 and no non-negative integer

solution for n = 2, 3.

Since any weighted homogeneous polynomial of /(Y is such that the sum of
coefficients is 0, f; = 22z — y? and f, = 2% — yz are the two weighted
homogeneous non-zero polynomials of least weighted degree that belong to I(Y)

(upto multiplication by an element of k).

Suppose 1(Y') is generated by two elements. We then claim that the generators are
f1 and fy. Let g; and go be the two generators of I(Y). Then, fori = 1,2 g; is a
weighted homogeneous polynomial whose sum of coefficients is zero. Since

fi € I(Y), fi = gih1 + gohy for some polynomials hq, he € k[x, y, z]. Therefore
deg(f1) = maz{deg,(g1) + degy(h1), degy(g2) + degy(h2)}. Suppose

degw (1) + degu(h1) > degu(g2) + degu(hs). Then,

degw(f1) = degw(g1) + degy,(h1). Since f; is the homogeneous polynomial of least
weighted degree that belongs to I(Y'), deg,,(h1) = 0, i.e., hy = a € k. Therefore
g1 = a f1 for some scalar a.

Since we are assuming g; # go, degy(g2) > 9. Since fo € I(Y), fo = afihi + g2hs
for some polynomials hy, he € klz, y, z]. Suppose deg,(g2) > 9. Then hy = 0
which implies that deg,(h1) = 1 which is not possible. Therefore deg,(g2) = 9.
Since 23 — y z is the only weighted homogeneous polynomial in I(Y) of weighted

degree 9 (upto multiplication by an element of k), we have g, = bfs for some b € k.

Consider the weighted degree 10 polynomial f = 2%y — 2?2 in I(Y). Then it cannot
be written as an element of the ideal generated by f; and f5. Because if

f = fih1 + fahgy for some polynomials hy, hy € k[x, y, z] , then either

degy,(h1) = 2 or deg,(ha) = 2 both of which are not possible. Therefore I(Y")

cannot be generated 2 elements.

To prove that I(Y') is a prime ideal:

Qn

Suppose f = a; 21 Y% 2 fag 2y 22 + ..+ a, 2% yP 2 and

g = bty 2 L byt yt2 22 4 . 4 by, 2’ ytm 2Ym be two polynomials such
that fg € I(Y). Then the sum of coefficients of fg,

(@ + ag + ... +a,)(by + by +... + by) is equal to zero. Therefore either

(ap +as + ... +a,) = 0or (by + by +... + b,) = 0. Also replacing x with X3,
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y with Y4 and z with Z°, we have fg is a homogeneous polynomial (in the usual
sense) in X, Y and Z. Therefore either f or g is a homogeneous polynomial (in the
usual sense) in X, Y and Z. Therefore either f or g is weighted homogeneous in z,

y and z and thus /(Y") is a prime ideal.

Exercise 1.0.12. Give an example of an irreducible polynomial f € Rz, y| whose

zero set Z(f) in A2 is not irreducible.

Solution:

Let f = 22(2? — 1) + 92 = 2% — 223 + 22 + y2. We claim that f is irreducible in
Rz, y]. Consider f as a polynomial in y with coefficients in R[z]. If f were
reducible then it has two factors ay + b and cy + d, each of degree 1 in y. Here

a, b, ¢, d € Rlz]. Then ac = 1 which implies that a, ¢ € R. Also, ad + bc = 0.
Putting ¢ = 1/a in this we get b = —a?d. Therefore

bd = 2t — 22% + 22 = (2? — 2)?> = —(ad)?. Since a € R, this implies that

a? = —1 which is not possible in R. Therefore f is irreducible. But

Z(f) = {(0, 0), (1, 0)} which is not an irreducible subset of A% because it can be

written as a union of two closed proper subsets Z(z? + y?) = {(0, 0)} and
Z((z—1)* +v°) = {(1, 0)}.
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Chapter 2
Projective Varieties

Exercise 2.0.13 (Homogeneous Nullstellenstaz). Prove the homogeneous nullstellen-
staz which states that if a C S is a homogeneous ideal, and if f is a homogeneous
polynomial with deg f > 0, such that f(P) = 0 for all P € Z(a) inP", then f? € a
for some q > 0.

Solution:

Let a be a proper ideal of S. Let Z(a) denote the set

{P e A" |f(P) =0 Y f € a}. For any point P = (ag: ... : a,) € P*, let P
denote the subset {(tag, tai, ... ta,) € A" |t € k}. Since a is a homogeneous
ideal of S, if (ag, a1, ..., a,) € Z(a) then P C Z(a). Therefore if P € Z(a), then
Pcz (a). Moreover, Z (a) is exactly equal to these points and 0.

If a non constant homogeneous polynomial f vanishes at all points of Z(a), then it
vanishes at all points of Z(a). From the usual nullstellensatz, we have f? € a for

some q.

Exercise 2.0.14. For any homogeneous ideal a C S show that the following condi-
tions are equivalent:

(i) Z(a) = 0;

(i) /a is either S or the ideal S; = @,- Sa;

(iii) a D Sy for some d > 0.

17
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Solution:

B = ii):

Case i :

If a is a proper ideal of S, then from the solution to problem 1, we know that if
Z(a) = 0 then Z(a) = {0}. Let I(Z(a)) be the ideal of Z(a) when considered as
a subset of A", Then we have /a = I(Z(a)) = I(0) = S, i.e., all polynomials
with constant term equal to 0.

Case ii:

If a = S, then Z(a) = § and therefore \/a = I(Z,(a)) = I(f) = S.

ii) = iii): Consider the ideal I generated by the elements xg, x1, ..., ,. Then

I C y/a. Since I is finitely generated I C a for some d > 0. But any element of
S; belongs to I¢. Therefore S; C a for some d > 0.

iii) = i): Suppose P = (ag: aj; ...: a,) € Z(a). Then f(P) = 0 for any
homogeneous polynomial f € a. But since Sy C a, 2¢ € afori = 0 to n.
Therefore a? = 0 for i = 0 to n. Since S is an integral domain, a; = 0 for i = 0 to
n. This is not possible. Therefore Z(a) = 0.

Exercise 2.0.15. (a) If Ty C Ty are subsets of S, then Z(T}) D Z(Ty).

(b) If Y1 C Yy are subsets of P", then 1(Y1) D I1(Y3).

(c) For any two subsets Yy, Yo of P*, I(Y] U Y3) = I(Yy) N 1(Y3).

(d) If a C S is a homogeneous ideal with Z(a) # 0, then I1(Z(a)) = +/a.

(e) For any subsetY C P*, Z(I(Y)) =Y,

Solution:

(a) Let P € Z(Ty). Then f(P) = 0 for all f € T, and hence for all f in Tj.
Therefore P € Z(11).
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Let A = {f € S|f is homogeneous and f(P) =0 for all P € Y5} and
B = {f € S|f is homogeneous and f(P) =0 for all P € Y;}. We have
A C B and therefore (A) C (B). But (A) = I(Ys) and (B) = I(Y1).
Therefore I(Y1) D 1(Y2).

Let A and B be as above. Then I(Y; U Y53) is the ideal generated by the
homogeneous polynomials f that vanish at points of Y7 U Y5. Clearly, if any
homogeneous polynomial f vanishes on Y] and on Y5, then f vanishes at

Y1 U Ya. Therefore 1(Yy) N I(Yzy) € I(Y; U Ys). Conversely, consider any
polynomial f in the generating set of /(Y; U Y3). Then f is a homogeneous
polynomial that vanishes on all points of Y; U Y; and therefore f vanishes on all
points of Y; and on all points of Y. Therefore f € A and f € B. Therefore
feIn) nI(Ya).

From problem 1 we have that I(Z(a)) C y/a. Since a is a homogeneous ideal,
\/a is homogeneous. Let f be any one of the generating elements of y/a. Then
f? € afor some ¢ > 0. Also, f9 is a homogeneous element. Since for any
homogeneous polynomial g € a, g(P) = 0 for all points P € Z(a), we have
f4(P) = 0 for all points P € Z(a). Therefore f(P) = 0 for all points

P € Z(a). Therefore f € I(Z(a)) and I(Z(a)) = /a.

Suppose P ¢ Z(I(Y)). Then there is a homogeneous polynomial f € I(Y)
such that f(P) # 0. But f(Q) = 0 for any point ) € Y. Therefore P ¢ Y.
Therefore Y € Z(I(Y)). Since Y is the smallest closed subset containing Y,

Y C Z(I(Y)). To prove the converse, assume that P ¢ Y. Therefore there is a
homogeneous polynomial f € I(Y) such that f(P) # 0. Since Y C Y,

I(Y) C I(Y). Therefore f € I(Y). Since f(P) # 0, P ¢ Z(I(Y)). Therefore

Z(I(Y)) C Y. Hence Z(I(Y)) =Y.

Exercise 2.0.16. (a) There is a one-one inclusion reversing correspondence between

algebraic sets in P™, and the homogeneous ideals of S not equal to Sy, given by
Y — I(Y) and a — Z(a). Note: Since Sy does not occur in this correspon-

dence it is sometimes called the irrelevant maximal ideal of S.
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(b) An algebraic set’ Y C P" is irreducible if and only if I(Y) is a prime ideal.

(¢) Show that P™ itself irreducible.

Solution:

(a)

For any subset Y C P, I(Y) is clearly a homogeneous ideal. Also, when Y is a
closed subset i.e., Y = Z(a), we have from part (d) of Exercise 2.3

I(Y) = I(Z(I(Y))). From part (e) of the same Exercise,
Z(I(Y)) = Y =Y. Therefore \/I(Y) = I(Y). Therefore the map I is from
the set of algebraic sets to the set of homogeneous radical ideals. Also, if
I(Y1) = I(Y3), then Z(1(Y7)) = Z(I(Y>3)) i.e., Y7 = Y,. Therefore the map is
1-1. If I; and I, are radical ideals none equal to S, or S such that
Z(I) = Z(Iy), then I(Z(11)) = I(Z(])) i.e., I, = L. Also, whena = S
Z(a) = (. When Z(a) # 0 from exercise 2.3 we get that I(Z(a)) = a. When
Z(a) = 0, we have /a = S or S;. But since we are not considering S, in the
image of the map I, v/a = S. Therefore these two maps are inverses of each
other. Also, from part (a) and (b) of Exercise 2.3, these maps are inclusion

reversing.

Suppose I(Y) is not a prime ideal. Then there exist homogeneous elements f
and g such that fg € I(Y)but f ¢ I[(Y)andg ¢ I(Y). Let Yy = Z(f) NY
and Yo = Z(g) N'Y. Then Y; and Y3 are proper closed subsets of Y Then
YiUYy, C Y. Since fg € I(Y), ZUI(Y)) =Y C Z(fg) = Z(f) U Z(g).
Therefore Y = Y} U Y, and Y is reducible.

Conversely, assume that Y is reducible. Let Y = Y] U Y5 where Y] and Y, are
proper closed subsets of Y. Since I(Y) C I(Y1) and I(Y) C I(Y3), there exist
polynomials f; € I(Yy) \ I(Y) and fo € I(Y3) \ I(Y). But

fifa € I(Y1) N I(Yy) = 1(Y1 UYy) = I(Y). Therefore I(Y) is not a prime

ideal.

I(P") = {0}. Since the zero ideal is a prime ideal (because S is an integral

domain), P" is irreducible.
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Exercise 2.0.17. (a) P" is a noetherian topological space.

(b) Every algebraic set in P™ can be written uniquely as a finite union of irreducible
algebraic sets, no one containing the another. These are called the irreducible

components.
Solution:

(a) Let Y1 D Y5, D ... DY, D ... bea decreasing chain of closed subsets of P".
Then I(Y;) C I(Ys) C ... C I(Y,) C ...is a chain of homogeneous radical
ideals in S. Since S is homogeneous, there exists an N such that I(Yy) = I(Y;)
for all i > N. Therefore Z(1(Y;)) = Z(I(Yn)) for all i > N. Therefore every
descending chain of closed subsets in P" terminates and thus P” is a noetherian

topological space.

(b) The statement is true because of the result which states that every closed subset
of a noetherian topological space can be written as a finite union of irreducible

closed subsets, no one containing another.

Exercise 2.0.18. IfY is a projective variety with homogeneous coordinate ring S(Y),
show that dim S(Y) = dimY + 1.

Solution:

Let U; be the open set of P defined by a; # 0. Let ¢; : Uy — A" be the
homeomorphism defined by sending the point (ag, a1, ..., a,) to the point with the
affine coordinate (%, ,fl—"> with Z— omitted. We may assume, for notational

convenience, that ¢ = 0. Let Yy = ¢(Y N Up) and let A(Yy) be the affine coordinate
ring of Yy. Assume that Yy # (). We note that localization is exact i.e., for any ring
S and any ideal I of S, D™*(S/I) = D~'S/D~'I where D is a any multiplicatively
closed subset of S. Define a map 6 : k[y1, yo, ..., yn] — S(Y)s, by sending the

73;0

polynomial f(yi, ..., y,) to the element f (;—1, ’”—") mod I(Y )z,

We claim that ker @ = 1(Yy). To prove the claim first suppose that f € ker6.
Therefore f( —") )zo- Suppose deg f = e. Then

x§f (i—;, ce xo) I(Y). Therefore for any point a = (ag: a1 : ...: a,) € Y,
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as f (- —> —0.Ifa € Y N Up, then ap # 0 and therefore

f (g—;, e ‘;—g) = 0. Therefore f € I(Yp).

Conversely if f € I(Y}), then for any point a = (Z—é, e Z—g) € Yy,

f (— —) — 0. Suppose deg f = e. Then af f (— —> — 0. Therefore
x5 f (i—é, e ;—g) € I(Y) and thus f <i—é, cee 2—3) € I(Y),,. This proves the

claim that ker 6 = I(Yp).

Therefore A(Yp) is isomorphic to a subring of S(Y),,. We identify A(Yp) with the
subring of S(Y),, that is the isomorphic image of A(Yy). Any element of A(Yp) is a
homogeneous element of degree 0. Also, if some element

f(xo, ..oy xn)/x§ € S(Y)s, is homogeneous of degree 0, then deg f = e. Therefore,
f(zoy -y xp)/x§ = f <1, I i—g) = 0(f(1, y1, - -, Yn). Therefore, image of ¢
is equal to the set of all homogeneous elements of degree 0 in S(Y'),, and thus A(Yp)
is isomorphic to the subring of homogeneous elements of degree 0 of the localized

ring S(Y).,. We identify A(Yp) with this subring of S(Y'),,.

We claim that S(Y),, = A(Yp)[zo, 25"']. To prove this, consider an element

f(xo, ..oy xn)/x§ € S(Y ). Suppose degree of f = d. Then f can be written as
go + g1 + ... + gq where g; is homogeneous of degree 7. Then,

f(xo, .oy @) /x5 = g—% + ... + 2. We have g—% = f—éxé‘e. Since ﬁ—o is a
homogeneous element of degree 0, it is an element of A(Y;). Therefore, z—o is an
element of A(Yj)[xo, zy'] and hence f(zq, ..., x,)/x is an element of

A(Yy)[wo, zy']. Therefore S(Y),, = A(Yy)[zo, 7] and thus

dim S(Y )z, = dim A(Yy)[zo, 757].

This result is independent of the assumption that ¢ = 0 and can be deduced for any
i for which Y; # . Therefore S(Y),, = A(Y;)[z;, x;'] and
dim S(Y),, = dim A(Y;)[z;, x; '] for any i for which Y; # 0.

Let A(Y;)[zi, 7;'] be denoted by B;. When Y; # ), we know that B; is an integral
domain which is finitely generated as a k—algebra. Therefore dim B; is equal to the
transcendence degree of the quotient field K (B;) of B; over k. But

K(B;) = K (A(Y;))(z;). Therefore the transcendence degree over k of K(B;) is

equal to the transcendence degree of K(A(Y;)) + 1. Since transcendence degree of
K(A(Y;)) = dim A(Y;) = dimY;, we have dim S(Y;),, = dimY; + 1.
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We have dim S(Y;),, is equal to the transcendence degree of the quotient field
K(S(Yi)s;). But K(S(Y:)z,) = K(S(Y)). Therefore dim S(Y;),, = dim S(Y') and
thus dimY; = dim S(Y) — 1 whenever Y; # 0.

Since @ is a homeomorphism, dimY; = dim (Y N U;). But {Y N U;} forms an open
cover of Y. Therefore, from exercise 1.10, dimY = supdim (Y N U;) = sup dim Y;.
But whenever Y; # 0, dimY; = dim S(Y) — 1 and is equal to —1 whenever

Y; = 0. Therefore dimY = dimS(Y) — 1.

Exercise 2.0.19. (a) dimP" = n.

(b) If Y C P" is a quasi projective variety, then dimY = dimY .

Solution:
(a) From the exercise 2.6, we know that dimP" = dim k[xy, ... x,] — 1. From
Theorem 1.8A. we know that dim k[xo, ..., x,] is equal to the transcendence

degree of the quotient field of k[zo, ..., x,] over k which is equal to n + 1.
Therefore dimP* =n +1 —1 = n.

(b) If Y C P™ is a quasi-projective variety, then Y N U; is a quasi-affine variety
when U; is identified with A" using the homeomorphism of Theorem 2.2. Also,

since U; is an open cover of P, there exist at least one ¢ for which Y N U; # 0.

We know that closure of Y N U; in U; = A" is equal to Y N U;. Let Y; denote
the closure of Y N U; in U;. Then the closure Y, of Yj in A" is equal to Y. Since
Y; is closed in U; which is open in A", we get Yy = Y N U,.

The family of curves {Y N U;} is an open cover of Y. Therefore from Exercise
1.10, dimY = supdimY N U,

From proposition 1.10, we have dim (Y N U;) = dim (Y N U;). From the
solution to Exercise 2.6, dim (Y N U;) = dimY whenever Y N U; # (. When
Y NU; =0,dimY NU; = —1. Therefore dimY = sup{dimY, -1} = dimY .

Exercise 2.0.20. A projective variety Y C P" has dimension n — 1 if and only if
it 1s the zero set of a single irreducible homogeneous polynomial f of positive degree.

Y is called a hypersurface in P™.
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Solution:

Suppose dimY =mn — 1. We have dim S(Y') + height I(Y') = dim S. Since

dim S(Y) = dimY + 1, we have height of I(Y) = 1. Since S is a noetherian
integral domain which is a unique factorization domain, from theorem 1.12A; I(Y)
is a principal ideal. Therefore I(Y) = (f) for some irreducible polynomial f € S.
Therefore Y = I(Z(f)) = \/(f) = (f). Therefore Y is the zero set of a single
irreducible homogeneous polynomial.

Conversely, let Y = Z(f) where f is an irreducible homogeneous polynomial of
positive degree. Therefore I(Y) = I(Z(f)) = +/(f) = (f). Since S is a unique
factorization domain, /(Y) is a prime ideal and height of I(Y) = 1. Therefore
dim S(Y) = n and thus dimY = n — 1.

Exercise 2.0.21 (Projective closure of an affine variety). If Y C A™ is an affine
variety, we identify A" with an open set Uy C P™ by the homeomorphism ¢o. Then

we can speak of Y, the closure of Y in P™, which is called the projective closure of Y.

(a) Show that I(Y') is the ideal generated by B(I(Y)), where B is as in the proof of
proposition 2.2 .

(b) LetY C A3 be the twisted cubic curve (as in problem 1.2). Its projective closure
Y is called the  twisted cubic curve in P3. Find the generators of 1(Y) and
I(Y) and use this example to show  that if fi, ..., f. generate I(Y), then

B(f1), ..., B(fr) does not necessarily generate 1(Y').
Solution:

(a) We recall that « is the map from the set S” of homogeneous elements of
S = klzo, ..., x,] to kly1, ..., ys] defined by sending the homogeneous element
f to the element f(1, y1, ..., y). We also recall that 8 is the map from
E[y1, ..., ya] to the set S* which sends a polynomial g of degree e to the

element x5g(x1/xg, ..., Tn/To).

Let A = B(I(Y)) and let J = (A). Any element of A, will be of the form

x5g (ﬁ—é, e O> where ¢ is an element of degree e in I(Y'). If we identify Y
with Yy = o(Y N Up), then Y C Z(J). Therefore Y C Z(J). Therefore
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I(Z())) c I(Y), ie., VJ C I(Y). Therefore J C I1(Y). Conversely, let

f € I(Y). If we identify any point (a1, ..., a,) of Y with the point
(1, ay, ..., ap) of Yy C Y, then f(1, ay, ..., a,) = 0. Since
alf) = f(1, y1, ..., yn), we have a(f)(ay, ..., a,) = 0 for any point

(a1, ..., a,) € Y. Therefore a(f) € I(Y) and hence
f = 0Ba(f)) € B(I(Y)) = A. Therefore f € J.

Let X = {(p: p*t: pt*: 3)|p, t, € k, not both 0} C P? be a subset.
Consider the subset Xo = {(p: p?t: pt?: t3)|p, t, € k; p # 0} of X. When
p # 0, then (p? : p*t: pt? : #3) = (1 : 1% : ;—22 : ;—z) Therefore X is equal to
the subset ¢, ' (Y) of Uy where ¢ is the homeomorphism of proposition 2.2.
Henceforth we identify X, with its homeomorphic image in Uy and call it Y.
Also X; = X \ Y is the set consisting of the single point

(0, 0,0, ) = (0,0,0,1) € P3.

Let I C klu, z, y, 2] be the ideal (ry — uz, uy — 2%, vz — y?). We claim that
Z(I) = X. Clearly, any point of X belongs to Z(I). To prove the converse, let
P = (ap: ay: ay: a3) be a point in Z(I). If @y = 0, then agay = a? = 0
which implies that a; = 0. Then a3 = 0 which implies that a; = 0. Therefore
P is a point of the form (0: 0: 0: t) € P? which is the point corresponding to
X1. Now suppose that ay # 0. We can put ag = 1. Let a; = h for some

h € k. Then agas = a? implies that a; = h% Then aja; = az implies that

az = h®. Therefore P = (1: h: h?: I’) for some h € k. Let h = + for some
t,p €kandp # 0. Then P = (p3: p* : pt?: t3). Thus P is a point of A.
This proves the claim that Z(I) = X.

We now claim that Y = X = A U X;. Since we have that

X =Y U{(0:0:0: 1)}, it is enough to show that

P=(0:0:0:1) €Y = Z(I(Y)). Consider any polynomial f in I(Y). Any
32

point of Y N Us is of the form (22—3 : % : ]ZO : 1| for some ¢, p € k*. Therefore

P p*op
f (t_37 2070 1) = 0. Let f(xo, x1, 2, 1) = g(y0, 1, ¥2) € klyo, 1, Y2l

P op
Then g (t_3’ o ;) = 0 for all p, t € k*. Therefore g(s*, s%, s) = 0 for all

s € k* which implies that g(z3, 2, x) € k[z] is the zero polynomial. Therefore
g(0,0,0) = £(0,0,0, 1) = 0 which proves that (0;0: 0: 1) € Y.
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We have B3(f;) = uy — 2% and B(f;) = zu® — z®. Consider the generator

G = xz — y* of I. Suppose G = hy(uy — z%) + ho(zu? — z?). Now, any
monomial of hy(uy — %) + ho(zu? — 23) will be a multiple of either uy or x?
or zu? or 3. But neither zz nor y? is a multiple of any of these terms.

Therefore G ¢ (3(f1), B8(f2). But G € I € VI = I(Y). Therefore

B(f1), B(f2) do not generate I(Y).

Exercise 2.0.22 (The cone over a projective variety). Let Y C P" be a non empty
algebraic set, and let 6 : A"\ {(0,...,0)} — P" be the map which sends the
point with affine coordinates (ag, ... ,a,) to the point with homogeneous coordinates
(ag, ... ,a,). We define the affine cone overY to be

CY) = 6071(Y) U {(0,...0)}.

(a) Show that C(Y') is an algebraic set in A" whose ideal is equal to (Y, consid-

ered as an  ordinary ideal in k[xo, ..., z,].

(b) C(Y) is irreducible if and only if Y is.

(c) dimC(Y) = dimY + 1.

Sometimes we consider the projective closure C(Y) of C(Y) in P"*1. This is

called the projective cone over'Y .

Solution:

(a) For any point P = (ap: ...: a,) € Y C P", we get
-1 (P) = {(tao, ..., ta,)|t € k}. Suppose Y = Z(fi,..., f,) for some
homogeneous polynomials f; € k[xg, ..., x,]. We claim that
C(Y) = Z(f1, ..., f,) € A" Suppose P = (aq, ... a,) € C(Y). Then
either P = (0, ...,0) or P € 67*(Y). Since f; are homogeneous polynomials,

0,...,0) € Z(f1, ..., f). P € 607(Y), then P = (tby, ..., th,) for some
point (b : ... :b,) € Y. Since f; is homogeneous f;(bg, ... b,) = 0 implies
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that f;(tbo, ..., tb,) = 0. Therefore P € Z(f1, ..., f.). Conversely, suppose
P = (ap, ... a,) € Z(f1, ..., fr). Then either P = (0, ..., 0) or

P # (0, ...,0). In the latter case, P € 0 Y(ao, ..., a,) for

(ap: ...: a,) € P". Butsince P € Z(f1, ..., f,) =Y C P, P € 67(Y).
Therefore C'(Y) is an affine algebraic subset of A™*1.

To prove that I(C(Y)) = I(Y), let f be one of the elements in the generating
set of I(Y). Since f is a homogeneous element f(0, ..., 0) = 0. Also, any point
in 671(Y) is of the form (tao, ..., ta,) for some point (ag: ...: a,) € Y. Since
f is homogeneous, f(ag, ..., a,) = 0 implies f(tao, ..., ta,) = 0 for all

t € k*. Therefore f € I(C(Y)). Conversely, assume f € I(C(Y)). Therefore,
f(tag, ..., ta,) = 0 for any point P = (ag: ...: a,) € Y and any t € k.
Suppose deg f = d. Then f = fy + f1 +... + fq where f; is a homogeneous
polynomial of degree i. Therefore, fo(P) + tf1(P) + ... + t3fs(P) = 0 for all
t € k. This implies that the polynomial

F = fo(P) + xfi(P) +... + 2%f4(P) € k[x] has all elements of k as its roots.
Since k is an algebraically closed field, this is possible only if F'is the zero
polynomial. Therefore f;(P) = 0 fori¢ = 0, ..., d. Therefore for each

i =0,...,d, f; is a homogeneous polynomial such that f;(P) = 0 for any
point P € Y. Therefore f € I(Y).

From Corollary 1.4, C(Y) is irreducible if and only if I(C(Y)) is a prime ideal.
From Exercise 2.4, Y C P™ is irreducible if and only if I(Y) is a prime ideal.
Therefore Y is irreducible if and only if C(Y") is irreducible.

From proposition 1.7, dim C(Y) = dim k[zo, ..., z,|/I(C(Y)) = S(Y). From
Exercise 2.6, dim S(Y) = dimY + 1. Therefore dimC(Y) = dimY + 1.

Exercise 2.0.23 (Linear Varieties in P™). A hypersurface defined by a linear polyno-

maal is called a hyperplane.

(a) Show that the following two conditions are equivalent for a variety Y in P":

(i) I(Y') can be generated by linear polynomials.
(1) Y can be written as an intersection of hyperplanes.

In this case we say that 'Y is a linear variety in P".
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(b) If Y is a linear variety of dimension r in P™, show that I(Y') is minimally gen-

erated by n — r  linear polynomials.

(c) Let Y and Z be linear varieties in P", with dimY = r and dimZ = s. If
r+s—n>0, thenY N Z # 0. Furthermore, if Y N Z # 0, thenY N Z

1s a linear variety of dimension > r + s — n.
Solution:

(a) i) = ii): Suppose I(Y) = ( f1), fa,..., fn) where f; are linear polynomials.
Then Y = Z(I(Y)) = Y = Z(f)) N ... Z(f.).

ii) = ii): Suppose Y Z(ly, ..., [,) for some linear homogeneous polynomials [;.
We know that by a change of coordinates we can assume [; = x;. Therefore

Y = Z(xy, ..., x.). Let I = (xq, ..., ). We know that

klxy, ..., x,]/I = k[x,41, ..., x,] which is an integral domain. Therefore I is a
prime ideal and thus a radical ideal. Therefore I(Y) = /I = I which gives
that I(Y") is generated by linear polynomials.

(b) Let Y = Z(f1, ..., f;) be a linear variety. Then any point of Y is the
non-trivial solution of the system of ¢ linear equations { f;}:_,. Therefore Y is
the solution set of ¢ linear equations and thus is a subspace of A”. Let dimy (Y))
denote the dimension of Y as a subspace of A”. Assume that dimy (V) = r.
We claim that Y can be written as Z(ly, ..., [,,_,) for some linear homogeneous
equations ;. Let A be the coefficient matrix of the system of equations {f;}!_;.
Then A is ant x n matrix. Let T : V" — V' be the linear transformation
corresponding to A where V™, V* are vector spaces over k of dimension n and ¢
respectively. Then Y is the null space of 7. Now nullity of T = dimy (Y) = r.
Therefore rank of T', which is equal to the dimension of the range of T', is equal
to n — r. Therefore T' can be considered as a surjective linear transformation
from V" to V*~7. Let T' be the map T with the co-domain restricted to V"~ ".
Then Y is the null space of T" and thus Y is the solution space of n — r

equations. Therefore Y can be written as Z(ly, ..., l,_,).

Let dim (Y) denote the dimension of Y as a topological space. We claim that

dimy (Y) = dim (Y'), which will solve the exercise. Suppose dimy (Y) = r.
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Then Y can be written as an intersection of n — r hyper-planes. Suppose

Y = Z(ly, ..., l,_r_1) for some linear homogeneous polynomials /;. Then from
part (a) we know that I(Y) = (I, ..., l,_»_1). By a linear change of
coordinates we may assume that I(Y) = (xo, ..., ,_,_1). We have that
S(Y) = k[xg, ..., x,]/I(Y) which can be shown to be isomorphic to

klxp v, ..., z,). From theorem 1.8A, we know that dim S(Y) = transcendence
degree of k(x, _, ..., x,) over k, which is equal to r + 1. Therefore

dim(Y) = dimS(Y) — 1 =r = dimy (V).

We know that dimY = r implies that dim S(Y) = r + 1. Since

htI(Y) + dimS(Y) = n + 1, we have height I(Y) = n — r. Suppose

I(Y) = (ly, la, ..., ). Since Y is a variety I(Y") is a prime ideal and therefore
is the minimal prime over (ly, lo, ..., ;). Krull’s dimension theorem states that
in a noetherian ring the height of a prime ideal P which is minimal over an ideal
I = (a1, as, ..., ay) is < m. Therefore we have ht I(Y) < m. Therefore,

m>n —r.

(c) Suppose Y = Z(f1) N ... Z(f2) N ... N Z(f;) and
Z = 2Z(g1) N Z(g2) N ... N Z(gym) where f; and g; are linear equations in the
variables zg, x1, ..., ©,. From part (b) we know that [ > n — r and
m > n — s. Any point in Y N Z is a non trivial solution of the system of
I + m linear equations {f;}/_; U {g;}7_,. Suppose Y N Z = 0 (i.e., the system
of equations has only trivial solution). Thenn + 1 > [ + m. But
l+m > (n—r)+ (n—s). Therefore r + s — n < 0. Therefore Y N Z # ()
ifr+s—mn2>0.

Exercise 2.0.24 (The d-Uple Embedding). For givenn, d > 0, let My, ... , My be
all monomials of degree d in the variables xy, ... ,x, where N = ("zd) — 1. We
define the mapping pq : P* — PN by sending the point P = (ag, a1, ... a,) to
the point pg(P) = (Mo(a), Mi(a),..., My(a)) obtained by substituting the a; in the
monomials M;. This is called the d-uple embedding of P" in PY. For example if
n=1d = 2, then N = 2, and the image Y of the 2-uple embedding of P* in P? is

a conic.

(a) Let 0 : klyo,..., yn| — Eklxo, ..., x,] be the homomorphism defined by sending
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yi to M;, and  let a be the kernel of 0. Then a is a homogeneous prime ideal,

and so Z(a) is a projective variety — in PV,

(b) Show that the image of pq is exactly Z(a).

(¢) Show that pg is a homeomorphism of P" onto the projective variety Z(a).

(d) Show that the twisted cubic curve in P? is equal to the 3-uple embedding of P* in

P3, for suitable  choice of coordinates.

Solution:

(a) We know that k[yo, ..., yn]/a is isomorphic to a subring of k[x, ..., z,]. Since
k[xo, ..., x,] is an integral domain and since subring of an integral domain is an
integral domain, k[yg, ..., yn]/a is an integral domain and thus a is a prime
ideal.

Let f be an element of ker . Suppose f = fo + f1 + ... + f, where f; is a
homogeneous polynomial of degree i. We have

0(f) = f(Mo, ..., M,) = 0(fy) + ... +0(f,) = 0. But 0(f;) is a
homogeneous polynomial of degree di. Therefore each 6(f;) = 0 and thus each
fi € ker@. Therefore for any f € ker#, each of the homogeneous component

of f belongs to ker 6. Therefore ker 6 is an homogeneous ideal.

(b) We first exhibit a set of generators for a. We know that each M; is of the form
zgx™ ... a%n where oy, are non negative integers such that Y, _ o = d.
Let Z be the ideal generated by the set of all polynomials of the form
Hiefygi - Hjejy;lj for which >, ¢ ; dicvir, = >, ¢ ;djay , for some subsets
I, Jof{0,..., N}, foreach k = 0, 1, ..., n. We claim that a = Z. For any
element f =[], ny" — 11 e Jy;-lj of the generating set of the polynomials
0(f) = [Le; M — HjeJM;lj. For a fixed &, the exponent of xy in [, ., M/"
M It

ieg M7 s equal to

> jesdjoe. Since for each k, 3~ dicviy, = 3, ¢ ;djoyy, we get that 6(f) = 0.

Therefore Z C ker6.

is equal to )., d;ay, and the exponent of zj in ]
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To prove the converse, let f € a. We can group together the monomials

. HfV:O ydmi of f for which Q(Hz]'v:o ydmi) = HZN:O MP" is same. Suppose
after a permutation of the terms of f that H?{:o Mimi = vazo M = M for
all m, n € {1, ..., (}. This means that for each m, n € {1, ..., (},
Yoicrdi®im = Y. ¢ dnOny. Let Yy, denote HfV:O yidmi. Therefore Y,, — Y, is
an element of the generating set of Z. Also, Fyy = (a1 + as + ... + )M =0
and therefore a; + as + ... + ¢ = 0. Then

fu =01 (Fy) = aiY1 + ... + qY].

Using the property that Zi:l a; = 0 we get that fy = a1(Y7 — Y2) +
(a1 + a9)(Yo — Y3)+ ...... + (a1 + ... + a-1)(Yi-1 — Y)). Therefore
far € Z. But f is a sum of such fj;. Therefore f € Z which proves that
a C Z. Therefore a = 7.

Suppose P = (My(a), Mi(a), ..., My(a)) for some point a € P". Consider
. ; d] .

any one of the generating elements of a: Hielyfll — HjeJyj for which

Yoier dicir = Zjejdjajk for each k = 0, 1, ..., n. Then

F(P) = [Lie; Mf(a) = T1,c, M{"(a). Since F € a, we get that

[Lic; Mi — II;c ; M; = 0 and therefore F'(P) = 0. Therefore P € Z(a)

proving that image of py is contained in Z(a).

To prove the converse, consider P = (b, ..., by) € Z(a). We can label the
coordinates of PV using n + 1 tuples aga; . .. a, such that Y a; = d.
Consider, after relabelling the coordinates, the aga; ... a,-th coordinate b,,. 4,
of P. Since P € Z(a), [Lics basr..oin = ;s b1, Whenever for each
kE=1,...,n >, ci0m = ZjeJ a;i. Using these conditions we derive that
(bag...an )t = (baoo..0)® (bogo..0)™ - ... .. (boo..0a)™. If each coordinate of the form
boo..d..00 = 0, then byya,. .0, = 0. Since byya,.., = 0 was any general coordinate

of P, this would imply that all the coordinates of P are zero which is false. This

Suppose, after a permutation of the coordinates, bygg.. 00 # 0. Let
u = (ug, U1, ...un) € P be such that

Uy = bd—1,100...0
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Uy = bd—l,OlO...O
Up = ba-100..01
. Uy Up,
We claim that pg(u) = P. We have pg(u) = pqg (1, — —) The
Uo Uo
(ag, ..., ap)-th coordinate of the image is
B " ag uy al U, an
N Uo Ug . Uo
= ugudouf ... (D

Using the fact that P € Z(a), we derive that

(baoo...00) (ug “ugoud® ... u%) = baya,..a, Therefore the (ag, ..., a,)-th coordinate
. apai...a . . . .
of the py(u) is —===. Since bggp..00 1S a constant which is same for each
d00...00

coordinate of pg(u), we get that pg(u) = P.

To show that p, is a continuous mapping, consider a closed subset Z(3) of
Z(a). Suppose Z(3) = (f1, ..., fr) where f; are homogeneous polynomials in
kxg, ..., xy]. We claim that p;'(Z(8)) = (0(f1), ..., 0(f.)). Suppose

P = (ag, ..., a,) € p;'(Z(8)) i.e, pa(P) € Z(3). Since

pa(P) = (My(a), ..., My(a)), fi(Mo(a), ..., My) = Oforalli =1 tol.
Therefore 6(f;)(P) = 0 for all i = 1 to r. Therefore P € Z(0(f,), ..., 0(f.)).

To prove the converse, consider a point
P = (ag, ..., a,) € Z(0(f1), ..., 0(f)). Therefore 0(f;)(ag, ..., an) = 0
which implies that f;(My(a), ..., My(a)) = 0. Therefore P € p;'(Z(3)).

proves that pg is a continuous map onto Z(a).

This

To prove that py is a closed map, consider a closed subset Z(Jy) of P™. Suppose
Jo = (f1, for---, fi). Consider the ideal J = (f¢, ... f). Since J C Jo,
Z(Jo) € Z(J). Also, if f4(P) = 0, then f(P) = 0. Therefore

Z2(J) € Z2(Jy). Therefore Z(Jy) = Z(T).

Consider any monomial F' = x°z" ... 20" € klzg, ..., x,)].

dao d .. .
Fl = gi®ox{™ . gl = (gd)oo(zd)er ... (z¢)* . This is clearly an element in
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the image of §. Since any f¢ is a sum of elements of the form F9, f¢ € Im(0)
and thus J C Im(6).

Let I be the ideal 071(J). Then [ is generated by the elements 6=1(f%) for

i = 1tol. Let 71(f%) be denoted by g;. We claim that Z(I) = pa(Z(J)).
Suppose P = (ag, ..., a,) € p;'(Z(I)). Then

pa(P) = (My(a), ..., My(a)) € Z(I). Therefore

gi(pa(P)) = gi(My(a), ..., My(a)) = 0 which implies that 6(g;)(P) = 0.
Since 0(g;) = fi, P € Z(J). Now suppose P = (aq, ..., a,) € Z(J).
Therefore f4(P) = 0(g;)(P) = 0 which implies that

gi(Mo(a), ..., Mn(a)) = gi(pa(P)) = 0. Therefore py(P) € Z(J) and hence
P € p;'(Z(J)). This proves that p;' is continuous. Therefore py is a

homeomorphism of P™ onto the projective variety Z(a).

(d) Let My = 23, My = 2%y, My = xy* and M3 = . Then the 3-uple embedding
of P! in P maps a point P = (a, b) to the point (a®, a®b, ab?, b®). Therefore
Im(pg) = {a®, a®b, ab?®, b*)|a, b € k} which is the twisted cubic curve in P?.

Exercise 2.0.25. Let Y be the image of the 2-uple embedding of P? in P5. This is
the Veronese surface. If Z C Y is a closed curve (a curve is a variety of dimension
1), show that there exist a hypersurface V. C P° such that V NY = Z.

Solution:

Since ps is a homeomorphism of P? onto the image Y C P°, p,'(Z) is a closed curve
of P? whenever Z is a closed curve of Y. A closed curve of P? is of the form Z(F) for
some homogeneous polynomial in k[xg, z1, z1]. Let My = 23, My = 22, My = 22,
Mz = xoxy, My = 175 and My = z9mg. F (g, 71, 22)? is a homogeneous
polynomial of degree 2m where m is the degree of F'. Consider any monomial term
22y 227 of F2. Without loss of generality, we can assume that o > 3 > .
Therefore 22°y*°2%7 = (xy)*(22)?*~2°(2)* ~22 =25, Therefore each monomial of
F? is a product of some powers of M;’s. Therefore F? is a polynomial in M;’s. We

substitute y; in place of M; in F? to get a polynomial G in klyo, y1, Y2, U3, Y4, Us)-

We claim that Z(G) N'Y = pa(Z(F)). Consider a point P € Z(G) NY. Let
a = (ag, a1, az) = py (P). Hence P = (My(a), M;(a), ..., Ms(a)). Therefore
G(My(a), My(a), ..., Ms(a)) = F*(a3, a2, a3, apay, ajas, asag) = 0. Therefore
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F2%(ag, a1, ay) = 0 and thus F(ag, a1, ay) = 0 which implies that p,'(P) € Z(F).
Therefore P € po(Z(F)) and thus Z(G) N'Y C pa( Z(F))

To prove that Z(G) N'Y D pa(Z(F)), assume that P = (b, ..., by) € p2(Z(F)).
So P = ps(a) for some a = (ag, a1, az) € Z(F) i.e.,

P = (My(a), Mi(a), ..., Ms(a)) Hence F(ag, a1, as) = 0 and therefore

F?(ag, a1, ag) = F?(a3, a3, a3, apa1, ajas, asag) = 0. Therefore

G(P) = G(My(a), Mi(a), ..., Ms(a)) = F?*(a2, a}, a3, apas, ajas, azag) = 0.
Therefore P € Z(G) and thus Z(G) N'Y D pa(Z(F)). This proves the claim.

Exercise 2.0.26 (The Segre Embedding). Let v : P" x P* — PN be the map
defined by sending the ordered pair (ao, ..., a;) X (bo,..., bs) to (..., a;b;, ...) in
lexicographic order where N = rs + r 4+ s. Note that ¢ is well defined and injective.
It is called the Segre embedding. show that the image of ¥ is a subvariety of PV.

Solution:

Any element of PV, where N = rs + r + s, can be considered as an

(r + 1) x (s + 1) matrix. Let r¢ = + 1 and s9 = s + 1. Consider any matrix
M = (P x @) in the image of ) where P = (ag: ...: a,) € P" and

Q = (bg: ...: bs) € P°. We can consider P as a 1 X 1y matrix over k and @) as a
1 X sg matrix over k. Then M = *PQ.

We claim that a rg x sy matrix M is of the form ‘PQ for some 1 x rg matrix P
and 1 x sg matrix @ if and only if rank of M is 1. Suppose M = 'PQ. Let

T1 : k*° — k be the linear transformation corresponding to () where £°° be the
vector space over k of dimension sqg. Let Ty : £ — k™ be the linear transformation
corresponding to *P. Then the linear transformation corresponding to the matrix M
is Ty o T7. Since the range of T} is a subspace of k, the rank of T is either 1 or 0.
But @ is not the zero matrix. Therefore the rank of T3 is 1. Also, the rank of 75 is
either 1 or 0. But since P is not the zero matrix, the rank of T3 is 1. Therefore the
rank of Ty o T3 is 1 and therefore rank of M is 1.

Conversely, suppose rank of M is 1. Let T' : k¢ — k" be the linear
transformation corresponding to M. Then the rank of T', which is the dimension of
the image of T', is 1. Therefore we can write T" as a composition 75 o 17 where

T : k% — k is the surjective linear transformation which is equal to 7" but with

the co-domain restricted to the range of 7' and T, : k — k" is the natural
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inclusion of k in k™. Let P’ be the ry x 1 matrix corresponding to T3 and let @ be
the 1 x sy matrix corresponding to Ty. Then M = *PQ where P = *P’. This

proves the claim.

Since the rank of M is 1, the determinant of any 2 x 2 minor of M is 0. Therefore
the image of v is the set of all ry x sy matrices for which the determinant of any
2 x 2 minor is 0. The determinant of any 2 X 2 minor is an homogeneous

expression of degree 2. Therefore the image of v is a closed subset of P,

Exercise 2.0.27 (The Quadric Surface in P?). Consider the surface Q (a surface is

a variety of dimension 2) in P? defined by the equation xy — zw = 0.

(a) Show that Q is equal to the Segre embedding of P! x P! in P3, for suitable choice

of coordinates.

(b) Show that Q) contains two families of lines (a line is a linear variety of dimen-
sion 1) { Ly}, {M,}, each parametrized by t € P, with the properties that if
L, # L,, then Ly N L, = 0; if M, # M,, M, " M, = 0, and for all t, u,
L, N M, = one point.

(c) Show that Q) contains other curves besides these lines, and deduce that the Zariski
topology on @ is not homeomorphic via 1 to the product topology on P! x P!
(where each P' has its zariski ~ topology).

Solution:

(a) We can relabel the coordinates of P? to let * = 211, ¥y = 200, 2 = 201 and
w = z19. Then from the solution to Exercise 14, the Segre embedding of

P! x P! in P3 is equal to Z(211200 — Z10201) Which is nothing but Q.

(b) Consider a fixed point ¢t = (tg, ;) € P'. Then for any point b = (by, b;) € P3,
1/}<t X b) = (tobo, tobl, tlbo, t1b1>. Therefore
P(t x b) = Z(toz — tiz, t1y — tow). This is a linear variety. Let this be called

L. As t varies L, defines a family of curves in Q.
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Let I = (toz — tiz, t1y — tow). For any fixed t = (to, t1), either ¢y # 0 or

t1 # 0. Without loss of generality we may assume that tq # 0. Let | = ¢ /to.
Then I = (z — lz, y — ly). Let ¢1 : k[x, y, z, w]/I — k[z, y] be the map
sending the f(z, y, z, w)mod I to f(z, y,lz, lw). Let

o 1 k[z, y| < klz, y, z, w]/I be the map sending f(x, y) to f(x, y)modI.
Then it is clear that ¢; and ¢, are ring homomorphisms. Also,

o1(p2(f(x, ) = e1(f(x, y)modI) = f(z, y). Also, for any element
flz,y,z, w) € klz, y, z, wlmod I, v2(p1(f)) = a2 f(x, y, lx,lw)). Since

lx = zand lw = z in klz, y, 2z, w|/I, f(x, y, z, w) = f(z,y, lz, ly) in

klx, y, z, w]/I. Hence the ring homomorphisms ¢; and @9 are inverses of each
other which gives us that k[x, y, z, w]/I = k[x, y]. Therefore I is a prime ideal
and therefore a radical ideal. Since I(Z(I)) = v/I = I is a prime ideal,

Z(I) = Ly is irreducible.

Also, since it is a subset of @, dim L, < dim () = 2. Since @ is defined by an
irreducible polynomial, @ is irreducible. From Exercise 1.10(d), if dim L; = 2,
then () = L; which is not true. Also, since L; does not consists of a single

point, P C L; is a chain of distinct irreducible closed subsets of L, for any
point P € L;. Therefore dim L, # 0. Therefore dim L, = 1.

Consider a fixed point ¢t = (tg, t;) € PL. Then for any point b = (ag, a;) € P3,
¥(a x t) = (apto, aoty, a1ty, arty). Therefore

Y(a x t) = Z(tix — toy, t1z — tow). This is a linear variety. Let this be called
M;. As t varies M; defines a family of curves in ). Using arguments similar to

the ones used in calculation of dim L;, it can be calculated that dim M; = 1.

Suppose that L; # L, i.e., u # t. Suppose for some b = (by, by) and

¢ = (co, 1), t X b = u x c. Therefore (tgbg, tobr, t1bo, t101) =

(woco, upct, uico, uicy). Therefore toby = Augcy, tob1 = Auger, t1bg = Auqicy
and t10; = Aujcy for some A € k*. We have that either ¢ # 0 or ¢; # 0. If
co # 0, then Mjugcy = tot1bg = Mpuicy. Since cg, # 0; A # 0, tyug = touy
which implies that ¢ = u. But this is a contradiction. Therefore L, N L, = 0.
If ¢y # 0, Augerty = titgby = Aujcitg implies that tgou; = tiug ie., t = u. This
is a contradiction. Therefore L; N L, = (. Similarly it can be proved that if
M; # M,, then M; N M, = (. Also, My N L, = {t X u}.
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(c) Consider the twisted cubic curve in P3. Tt is equal to the subset
X = {(p*, pt?, p*, t3) | p, t, € k}. Then clearly any point of twisted cubic
curve lies on Q. We claim that X # L, or M, for any t, u € P'. Any point of
the twisted cubic curve satisfies the equation y?> = wz. Any point of M,, for a
fixed t € P!, is of the form (agty, apt1, aity, ait;) for some (ag, a;) € P'. This
point does not satisfy the given equation. Therefore M, # X for any t € P
Also. any point of L, for a fixed u € P!, is of the form (tgaq, toas, tiag, tia;)
for some (ag, a;) € PL. This point also does not satisfy the given equation.
Therefore X # L, for any u € P!

Exercise 2.0.28. (a) The intersection of two varieties need not be a variety. For
example, let Q1 and Qo be the quadric surfaces in P given by the equations
22 —yw = 0 and xy — 2w = 0, respectively. Show that Q1 N Q, is the union

of a twisted cubic curve and a line.

(b) Even if the intersection of two varieties is a variety, the ideal of the intersection
may not be the sum of the two ideals. For example, let C' be the conic in P? given
by the equation x®> — yz = 0. Let L be the line given byy = 0. Show that C N L
consists of on point P, but I(C') + I(L) # I(P).

Solution:

(a) Any point P = (z, y, z, w) in Q1 N Q- satisfies the equations 22 — yw and
2y — zw. When w = 0, 22 = 0 which implies that = 0. Therefore,
0, y, 2z, 0) € Q1 N Qs for any y, z € k. These points are given by
L = Z(x, w). We claim that dim L = 1. Let I = (x, w). It can be proved
that klx, y, z, w]/I = kly, z] which is an integral domain. Therefore I is prime
and hence a radical ideal. Since L = Z(I), I(L) = v/I = I. Now,
dim S(L) = dimk|x, y| = 2. Therefore dim L. = 1. Hence L is a linear variety

of dimension 1 and hence a line.

When w # 0, we may assume that w = 1. Then we have 2> = y and 2y = 2
which implies that z = 23. Therefore any point of Q; N @ for which w # 0 is

of the form (z, 2%, 23, 1) which is the twisted cubic curve.
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(b) Let C be the conic Z(z* — yz) and let L be the line Z(y). Any point (z, y, 2)
in C N L has y = 0 and therefore 2> = 0. Therefore C' N L consists of one
point (0, 0, 1). Therefore C' N L = Z(z, y). Let J = (z, y) It can be shown
that k[x, y, z]/J is isomorphic to k[z] which is a PID and hence J is a prime
ideal. Therefore I(C' N L) = +/J = J. Also, it can be shown that
klx, y, z]/(y) = klz, z] which is an integral domain. Therefore I; = (y) is a
prime ideal. Also, it can be shown that 22 — yz is an irreducible element of
k[z, y, z]. Since k[z, y, 2] is a UFD, I, = (2? — yz) is a prime ideal. Since
L = Z(I)) and C = Z(Iy), we have I(L) = /I, = I, and I(C) = /I, = L.

I(C) + I(L) = {(z* — y2)f1 + yfa| f1, fo € K[z, y, 2]}. We claim that

x € I(C) + I(L). Any term of (2 — yz)f is a multiple of either 2> or yz and
any term yf, is a multiple of y. Since z is not a multiple of either 22, yz or v,

x & I(C) + I(L). Therefore I(P) # I(C) + I(L).

Exercise 2.0.29 (Complete Intersections). A wariety Y of dimension r in P" is a
strict complete intersection if I(Y') can be generated by n — r elements. Y is a set
theoretic complete intersection if Y can be written as the intersection of n — r hyper-

planes.

(a) Let' Y be a variety in P", let Y = Z(a); and suppose that a can be generated q
elements. Then show that dimY > n — q.

(b) Show that a strict complete intersection is a set theoretic complete intersection.

(c) The converse of (b) is false. For example let Y be the twisted cubic curve in P3.
Show that 1(Y) cannot be generated by two elements. On the other hand, find
hypersurfaces Hy and Hy of degree 2 and 3 respectively, such thatY = Hy N Hs.

(d) It is an unsolved problem whether every closed irreducible curve in P3 is a set

theoretic intersection of two surfaces.
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Solution:

(a)

Leta = Z(f1 ..., f;). Since Y = Z(a), I(Y) = /a. Since Y is a variety, [(Y)
is a prime ideal. We know that for any ideal I, v/T is the intersection of all
prime ideals containing I. Therefore I(Y') is the minimal prime ideal over a.
From Krull’s dimension theorem we get that htI(Y) < ¢. From Theorem
1.8A(b) we get that dimS(Y) > n + 1 — g . Since dimY = dimS(Y) — 1,
we get that dimY > n — q.

We assume that the variety Y of dimension r is a strict complete intersection,
i.e.,, I(Y) can be generated by n — r elements. Let I(Y) = (f1, ..., fa—r)-
Then Y = Z(I(Y)) Z(f1, .-+, fa—r) = ;=] Z(fi). Since each Z(f;) is a
hypersurface, Y can be written as an intersection of n — r hypersurfaces and is

thus a set theoretic complete intersection.

We know that the twisted cubic curve in P? consists of points of the form

(p®: p*t: pt? : t3) for some p, t € k such that p?> + t* # 0. It is clear that no
homogeneous polynomial of degree 1 in klu, x, y, z] belongs to I(Y') because any
homogeneous polynomial of degree 1 is of the form x; — az; for some a € k*
and some z; x; € {u, z, y, z}. Also, any polynomial in /(Y") can be written as
uh pdiy®2 29 such that 3dy + 2d, + dy = 0 and d; + 2dy + 3d3 = 0. Using
these equations we can deduce that the only homogeneous polynomials of degree

2 that belong to I(Y) are fi = uz — zy, fo = uy — 2% and f3 = zz — y°

Suppose I(Y) = (g1, g2) for some homogeneous polynomials

g1, g2 € klu, z, y, z|. Then f; = g1hy + gohs for some hy, hy € klu, z, y, z|.
Since f; is homogeneous ,we may assume that h; and h, are homogeneous
polynomials. Now, we have that g;h; is homogeneous of degree deg g1 + deg hy
and gohs is homogeneous of degree deg go + deg ho. Therefore

deg g1 + deghy = deg gs + deghy = 2. Therefore degg; < 2 fori = 1, 2. But
I(Y) has no homogeneous polynomials of degree 1. Therefore deg g; = 2 for

i = 1, 2 and thus {g1, g2} C {f1, fo, f3}.

Suppose I(Y) = (f1, f2). Then f3 = hyf1 + hofs for some homogeneous
polynomials h;. But using arguments similar to the above, we get that

hi, hy € k. Say h; = a; € kfori = 1, 2. But clearly 2z — y? cannot be
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written as aj(uz — zy) + as(uy — x?) for any constants a;, as € k. Therefore
I(Y) # (f1, f2). Similarly, if I(Y) = (fs, f3), then f1 = aafs + asfs for some
constants as, ag € k. But clearly this is not possible. Therefore

I(Y) # (f2, f3). Similarly, it can be shown that I(Y") # (fi, f3). Therefore
I(Y) is not generated by two elements and is thus not a strict complete

intersection.

Let H = Z(y* — z2) and Hy = Z(2® + u?2 — 2zyu). We claim that

Y = H, N H,. Clearly any point (p®: p*t : pt?: t3) of Y lies on both H; and
H,. Consider a point P = (a: b: c: d) € Hy N Hy. Then ¢ = bd and thus
b2c? = b3d. But b® = 2abc — a®d. Therefore b*c? = 2abed — a®d? which
implies that (bc — ad)? = 0 i.e., bc = ad.

Since ¢? = bd, we get a®’c*> — a?bd = 0 which gives that

a’c® + b* — b* — a’bd = 0. But b® + a®d = 2abc. Therefore

b + a*c* — 2b%ca = (b* — ac)?* = 0. Therefore b* = ac. Clearly any point of
this form is a point in Y. Therefore H; N Hy C Y proving that Y = H; N H,.
This proves that Y is a set theoretic complete intersection. Therefore every set

theoretic complete intersection need not be a strict complete intersection.
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We fix some notation which will be used throughout this section. For any variety X,
we denote the open set X \ Z(f) by D(f).

We state and prove a lemma which will be then used in solving the exercises.

Lemma (3 E). Let U = D(f) be a Zariski open subset of an affine variety X C A"
where f is some polynomial in k[, ..., x,|. Then the ring of reqular functions on

U is the localization A(X)[%]

Proof. By definition, a regular function on U is a function ¢ such that for any point
P € U we can write ¢ = h/l for some polynomials h, [ in the neighbourhood
U = U N D(l) of P. Hence U is covered by the open subsets U;. Since the Zariski
topology is noetherian, we can find a finite open sub-cover {U,} of U. Here each
U, is of the form U N U, for some polynomial l,. We have that U C |JU, which
implies that X \ YU, € X \ U. But X \ U = Z(f). Therefore we have that
N Ca C Z(f) where C, = X \ U,. But [ C, is the set of common zeroes of {l,}. By
the Nullstellensatz, we have that there exists a positive integer m such that f™ € [
where I is the ideal generated by the l,. Therefore we can write f™ = > f,l, for
some polynomials f,. Therefore f™g = > (fula) (ha/la) = > faha which implies
that g = % which is an element of A(X)[1/f]. This proves the lemma. O

Exercise 3.0.30. Show that
(a) Any conic in A? is isomorphic to either A' or A — {0},
(b) Al is not isomorphic to any proper open subset of itself.

41
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(c) Any conic in P? is isomorphic to PL.
(d) A? is not homeomorphic to P2.

(e) If an affine variety is isomorphic to a projective variety then it consists of only

one point.
Solution:

(a) From exercise 1.1 we know that a conic Z in A? is isomorphic to either the
parabola y = 22 or the hyperbola zy = 1.
Case i: Let Z be isomorphic to the parabola y = x?. Then A(Z) = k[z]. But
we know that A(A!) = k[z]. Therefore from proposition 3.5, we get that 7 is
isomorphic to A
Case ii: Let Z be isomorphic to the hyperbola xy = 1. We can define a map
o AP\ {0} — Zbyx — (z, 27'). From Lemma 3.6, we get that this map
is a morphism. It is also bijective. To see that ¢ is an isomorphism we have to
check that the inverse map of ¢ is a morphism. We can check that
o' Z — A'\ {0} is given by (z, y) — . This is the restriction of the
projection map which is clearly a morphism.

Therefore any conic Z in A? is isomorphic to either A or A \ {0}.

(b) Suppose U C Al is isomorphic to A'. Then A(U) = A(A') = k[z]. But we

know that U is of the form A' \ {py, ..., p,} for some finite number of points
pi € A'. Let f be the polynomial having precisely pi, ..., p, as its roots. Then
we know from Lemma 3E that A(U) is of the form k[a:][%]

Now, suppose A! is isomorphic to U. Then from Corollary 3.7 we know that the

the coordinate ring of U is isomorphic to the coordinate ring of A!. Therefore

kx, %] is isomorphic to k[y] for some indeterminate y. Let ¢ : k[z, %] — kly]
be an isomorphism. Let ¢(z) = p(y) € k[y]. Let f = ap + a1z + ... + a,a™.
Since ¢ is an isomorphism ¢(f) = by + bip(y) + ... + b.p(y)" where

b; = ¢(a;) € k. Since f is a unit in k[z, %] we know that ¢(f) € k*. Therefore
p(z) € k. This implies that ¢ is not surjective which is a contradiction.

Therefore ¢ is not an isomorphism.

(c) We claim that any two conics in P? are isomorphic. Consider any conic Y in P2
Then Y = Z(azxy + byz + crz + dx* + ey? + f2%). Let P, Q, R be any three
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non collinear points in P2 Let P = (p1: pa: p3), Q@ = (q1: @2 : q3),

R = (ry: 75 : 73) be any representations of these points in P?. Let

vp = (p1, P2, P3), Vo = (1, G2, q3), vr = (r1, T2, 73) be the vectors in k3
corresponding to these representations of P, (), R. Then clearly these vectors
are linearly independent vectors in the vector space k3. Now, given any two sets
of non collinear points in P2, we know that they give two sets of basis vectors of
the vector space k®. Hence there exists a linear transformation 7' : k% — &3

which is the change of basis transformation corresponding to these two bases.

But a linear transformation corresponds to a linear change of coordinates which
is an isomorphism. Therefore we can assume that the points (1, 0, 0), (0,1, 0)
and (0, 0, 1) lie on Y. Therefore Y = Z(axy + byz + cxz) for some

a, b, ¢ € k, none of them zero. Now, we scale x, y, z by a factor of A\ = \/g,
Ay = \/g and A3 = /% respectively ie., we put X = Az, Y = Aoy and

Z = Xz Then Y = Z(XY + YZ + ZX). This proves that any curve in P?
is isomorphic to the curve Y = (zy + yz + zz) and therefore any two curves in
P? are isomorphic. Therefore it is enough to prove that the conic

Y = Z(z? — zy) is isomorphic to P!. We can check that

Y = {(t} u? tu) € P*| t, u, € k; both not 0}. Define amap p : P! — Y
by (t, u) — (t?, u?, tu). Then clearly, p is a morphism. Also, the inverse map
p~'; Y — P! can be given by (z, y, z) — (1, 2) when  # 0 and by

(x,y, z) — (f}, 1) when y # 0. This map is clearly a morphism. Therefore Y

is isomorphic to P! and hence any conic in P? is isomorphic to P!.

Let C C A? be irreducible closed of dimension 1. If A? is homeomorphic to P2,
then the dimension of the homeomorphic image of C is of dimension 1 in P? and
hence is a curve in P2, If we take two curves Z(f), Z(g) in A% which have an
empty intersection, say two parallel lines, then the homeomorphic image of these
curves in P? should have an empty intersection. To prove this let p : A2 — P2
be the homeomorphism and p(Z(f)) = C; and p(Z(g)) = Ca. If P € C; N Cy,
then p~*(P) € Z(f) N Z(g) which is a contradiction. Therefore C; N Cy = 0.
We show in exercise 3.7 that any two curves in P? have a non-empty

intersection. Therefore there exists no homeomorphism between A% and P2

Suppose Y C A" is an affine variety. Suppose Y : ¢ — Z is an isomorphism
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where Z is a projective variety. Then from the proof of Proposition 3.5, ¢
induces an isomorphism of the ring of regular functions O(Y’) and O(Z). We
know, from Theorem 3.2 and Theorem 3.4, that O(Y) = A(Y) and O(Z) = k.
Therefore A(Y) = k[xy, ..., x,]/1(Y) = k. This implies that I(Y) is a
maximal ideal of k[xy, ..., x,] which in turn implies that Y consists of only a

single point.

Exercise 3.0.31. A morphism whose underlying map on the topological spaces is a

homeomorphism need not be an isomorphism.

(a) For example, let p : A' — A? be defined by t —— (t%, t3). Show that ¢ defines

a bijective bi-continuous morphism of A onto the curve y* — 3, but that o is

not an isomorphism.

(b) For another example, let the characteristic of the base field be p > 0, and define

amap @ : AY — Al byt — tP. Show that ¢ is bijective and bi-continuous but

not an 1somorphism. This is called the Frobenius morphism.

Solution:

(a) Let H denote the curve Z(y* — x3). Let ¢ : A! — A? be the map defined by

t — (12, t3). Let z; and x5 be the coordinate functions on A?. Then the map
xy 0 ¢: X — kisgiven by t — t? and the map x5 o ¢ : X — k is given
by t + t3. Clearly, these maps are regular functions. Therefore from Lemma
3.6, we get that ¢ : X — Y is a morphism. This map is clearly a bijection
onto the image, which is the curve H. Now consider an closed subset X C Al
Then X consists of a finite number of points. Since ¢ is a bijective map, we get
that ¢(X) is a finite set and thus is a closed subset of A% and hence ¢ is a
closed map. If we let i denote the inverse map of ¢, then for any closed subset
X C A' we have that ' (X) = p(X) which is a closed subset of A2

Therefore ¢ is a bicontinuous bijection.

Now,, suppose that ¢ is an isomorphism of A onto H. Then from proposition
3.5 we know that the morphism ¢ = ¢ : H — A! induces a k-algebra

isomorphism ¢# from A(A!) = k[t] onto A(H) = K[z, y]/(y*> — 2*) given by
ft) — f(t) oyp = f(%) But this map is clearly not surjective and hence is

not an isomorphism. Therefore ¢ is not an isomorphism.
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We can further show that H is not isomorphic to A'. Suppose that H is
isomorphic to A'. Then from proposition 3.5, A(H) = A(A') = k[z]. We now
show that A(H) = k[z, y]/(y*> — 2®) is not a Unique Factorization Domain
(UFD). But since k[z] is a UFD, we get a contradiction to the assumption that
A(H) = A(A?) which proves that ¢ is not an isomorphism.

Let us denote k[x, y]/(y* — x3) by R. We claim that R is isomorphic to the
k[t?, t3] for some indeterminate t. We define a map ¢ : k[z, y] — k[t?, t3] by
a +— aforalla € k, z — t?> and y — t3. Then clearly this map is a k-algebra
homomorphism. Also, it can be easily checked that ker p = (y?> — 2z3). This
proves the claim. We now prove that k[t?, ¢3] is not integrally closed in its field
of fractions which will prove that R is not a unique factorization domain. We
know that the field of fractions of R is equal to the field k(¢). Consider the
monic polynomial 3 — 3 with coefficients in k[t?, ¢3]. Then clearly ¢ is a root
of this monic polynomial and hence ¢ is integral over k[t?, t3]. But t & k[t?, ¢3]
which proves that k[t?, t3] is not integrally closed.

Suppose char k = p > 0. Then the morphism ¢ : Al — A! defined by

t — tP is an injective. Indeed, for any t, s € k, we have

0 = t? — s = (t — s)? which implies that ¢ = s. Also, since k is algebraically
closed field, ¢ is surjective. We know that the proper closed subsets of A! are
precisely the finite subsets of Al. Therefore to prove that ¢ is a continuous
map, it is enough to prove that the inverse image of a single point is a closed
subset of A'. But since ¢ is a bijection, the inverse image of the singleton set is
a singleton set, which is a closed subset of Al. Therefore ¢ is a continuous map.
The same argument proves that ¢=! : A’ — A! which is a bijection, is a

continuous map. Therefore ¢ is a bicontinuous, bijection.

Consider x; o ¢ : A' — k, where x; is the coordinate function on A, which is
nothing but the identity function. Then z; o ¢ is defined by ¢ — t? and hence

is a regular function. Therefore from Lemma 3.6, we get that ¢ is a morphism.

Suppose ¢ : A! — Al is an isomorphism. Then the map h : klz] — k[z]
defined by f(z) — f(z) o ¢ is an isomorphism. But f(x) o ¢ = f(2P). This
map is clearly not surjective and hence is not an isomorphism. Therefore ¢ is

not an isomorphism.
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Exercise 3.0.32. (a) Let ¢ : X — Y be a morphism. Then for each P € X, ¢

induces a homomorphism of local rings ¢p : Oyp),y — Op x.

(b) Show that a morphism ¢ is an isomorphism if and only if ¢ is a homeomorphism,

and the induced map ¢} on the local rings is an isomorphism, for all P € X.

(c) Show that if (X)) is dense in'Y, then the map ¢} is injective for all P € X.

Solution:

(a)

Let ¢ : X — Y be a morphism. Consider the induced map

©p + Oupyy - — Op x defined by (V, f) — (¢ V), f o ¢). Since ¢ is a
morphism and f : V — k is a regular map, we know that

fow:¢ (V) — kis aregular map. To check that this map is well defined,
suppose that (V1, f1) = (Va, f2) ie., fi = foon Vi N Vs, Then we want to
prove that f1 o @ = fo 0 pon (V) N ¢ 1(V3). Consider

z € ¢ ' (Vi) N 7' (Va). Then p(z) € Vi N Va. Therefore fi(p(x)) = fa(p(z))
which proves that f; o ¢ = fy o @ on =1 (V1) N o 1(V3).

To check that the map is a ring homomorphism. Consider

op (Vi, f1) + (Va, f2)) =ep (Vi NV, fi + fo) =

(Vi N V), (fi + fa)ow) = (7' (V)) N 7' (Va), fio o+ fao ) =
(' (1), fro @) + (97H(V), fo 0 @) = ¢p (Vi, fi) + © (Va, f2). This proves
that ¢} is a ring homomorphism.

If ¢ is an isomorphism, then it is a homeomorphism. Also, for any P € X the

map (¢ !)% defines an inverse homomorphism for the map ¢%.

Conversely, assume that ¢ is an homeomorphism and that ¢} is an
isomorphism for each P € X. We have to prove that ¢! : ¥ — X is a
morphism. Let U C X be any open subset of X and f : U — k be any
regular map. Let P € U be any point. Then (U, f) € Op x. Since ¢} is an
isomorphism, it has an inverse morphism. Let up : Op x — Ogp),y be the
inverse map of ¢p. Then up(U, f) € Oyupy,y. Suppose up(U, f) = (V, g)
where V' is an open subset of Y and g : V — k is a regular function. But
(U, ) = ¢p(p U, f)) = ¢p(V. g) = (¢ (V), g © ¢). Therefore, f = g o ¢
on U N ¢ (V) which in turn implies that f o ¢™' = gon V N ¢(U).
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Therefore, we have that f o ¢! is a regular function in a open neighbourhood
V N o(U) of p(P), ie, f o ! is regular at ¢(P). Since P is any general of

1

point of U we have that f o ¢! is regular on ¢(U). Therefore ¢! : ¥ — X

is a morphism.

(c¢) Consider the morphism ¢ : X — Y and the induced morphism
©p + Oyp),y — Op,x. Suppose ¢(X) is dense in Y. Consider an element of
(U, f) € Oypy,y such that ¢p(U, f) = 0. We now prove that (U, f) = 0
which proves that ¢% is injective. Now, ¢5(U, f) = (f o ¢, ¢~ 1(U)). Therefore
fle(z)) = 0for all z € o~ Y(U). Therefore f = 0 on U N o(X) which implies
that U N o(X) C Z(f). If we prove that U C Z(f), then f(z) = 0 for all
x € U and therefore (U, f) = 0 which will prove the claim. We have
©(X) C Z(f) U U which is a closed subset of Y. Also, since U is non-empty,
U¢ is a proper subset of Y. Now, suppose U ¢ Z(f). Therefore
Z(f) U Uc # Y. Therefore Z(f) U U is a proper closed subset of Y which
contains ¢(X ), which contradicts the property that ¢(X) is dense in Y.
Therefore U C Z(f) as required.

Exercise 3.0.33. Show that the d—uple embedding of P™ is an isomorphism onto its

1mage.

Solution:

Let pg : P* — PV be the d-uple embedding of P" in PV where N = (":d) — 1.
It is defined by sending the point P = (ag: a1 : ...: a,) to the point

pa(P) = (My(a) : ...: My(a)) where M; are the monomials of degree d in n + 1

variables. Since the map is defined by polynomial functions, it is clearly a
morphism. Also, from the solution to the exercise 2.12, we know that p, is a
homeomorphism onto the image pq(P").

We label the coordinates of PV using n 4 1 tuples aga; .. . a, such that

> i_gai = d. Then from Exercise 2.12 we know that for any point in pq(P") at
least one of the coordinates of the form by goq..00 iS Oon zero. Suppose after
permutation of the coordinates we assume that by o0 # 0, then we know from the
same exercise that p~'(P) = (uy, ..., u,) where ug = baoo._00, U1 = ba—1.1..00s

Uz = ba—101..00) ------ , Up = bg_100..01. Therefore pgl is a morphism.
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Exercise 3.0.34. By the abuse of language, we will say that a variety ‘is affine’ if
it is 1somorphic to an affine variety. Let H C P™ be any hypersurface, show that
P" — H is affine.

Solution:

Let H C P" be a surface of degree d. Suppose H = Z(3_ a;,.i, 78 ... 2%). Let L
be the hyperplane Z(_ aj...q;, Tigi,...z;, )- Consider the d-uple embedding of P".
Then ps(H) = L N pa(P"). We know that PV ~ Z(Y;) is isomorphic to AY. Also,
any two hyperplanes are isomorphic (by a linear change of coordinates). Therefore
PV \ L is affine. Since pg is an isomorphism of P" onto its image in PV, we have
that P™ \. H is isomorphic to pg(P" ~\ H). But ps(P" ~ H) = (PY . L) N pg(P")

which is a closed subset of PN ~. L and is therefore affine.

Exercise 3.0.35. There are quasi-affine varieties which are not affine. For example,
show that X = A? — {(0, 0)} is not affine.

Solution:

We know that X = U; U Uy where Uy = {(z,y) € X | x # 0} and

Uy = {(z,y) € X | y # 0} are open subset of X. Now, consider an element

f € O(X). Then f is regular at every point of U; and hence from the above lemma
we get that f is of the form g; /2™ on U; for some positive integer n. We may
assume that g; is not divisible by z”. Similarly, we get that f is of the form go/y™
on U, for some positive integer m such that g, is not divisible by y™. On U; N U,
we have g;/x" = go/y™. Therefore g1y = goz"™. But 2" { ¢ and y™ { ¢» and

k[z, y] is a unique factorization domain. Therefore we have that m = n = 0 and
hence f = g1 = ¢o. Therefore O(X) = k[z, y|.

Suppose that X is affine. Suppose X is isomorphic to the affine variety V' C A".
Then from Proposition 3.5 we get that A(V) = k[x, y]. But A(A?) = k[x, y]. Now
from Corollary 3.7 we get that V is isomorphic to A%2. Therefore we get that X is
isomorphic to A% Let A(A?) = k[u, t]. Now from Proposition 3.5 we get that the
identity isomorphism h from A(A?) = [u, t] to A(X) = k[x, y] induces an
isomorphism from X to A%, But the morphism induced by the identity isomorphism
h : k[u, ] — K[z, y] induces the inclusion morphism 4 : X — AZ But 4 is not

surjective and hence is not an isomorphism. This proves that X is not affine.
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Exercise 3.0.36. (a) Show that any two curves in P? have a non-empty intersection.

(b) More generally, show that if Y C P" is a projective variety of dimension > 1,
and if H is a hypersurface, then’ Y N H # ().

Solution:

(a) Let Yy = Z(f1) and Yo = Z(f) be two curves in P2, where f;, f, are
homogeneous polynomials in k[x, y, z|. Let Z = Y1 N Yy, = Z(f, fo) C P2
Let C(Y) = Z(f1, f2) C A3. Since fi, fo are homogeneous polynomials in
klz,y, z], O = (0,0,0) € C(Z). Now, Z is non-empty if and only if C(Z) has
points other than O. From Proposition 1.13 we know that the dimension of
C(Y1) is 2, where C(Y7) denotes the cone over Y;. Also, from exercise 1.8,
dimension of every irreducible component of C(Z) is 1. If C(Z) = {(0, 0, 0)},
then dim C(Z) = 0 which is a contradiction. Therefore C'(Z) contains points
other than (0, 0, 0) and therefore Y7 N Yy # 0.

(b) Suppose dimY = r > 1. Then we know that C(Y') is an affine variety of
dimension r + 1. Now, Y N H # 0 if and only if C(Y) N C(H) has some point
other than (0, 0, 0). From exercise 1.8, dimension of every irreducible
component of C(Y) N C(H) isequal tor > 1. If C(Y) N C(H) = {(0, 0, 0)},
then dim (C(Y) N C(H)) = 0, which is a contradiction. Therefore
C(Y) N C(H) has some point other than (0, 0, 0) and thus Y N H # 0.

Exercise 3.0.37. Let H; and H; be the hyperplanes in P" defined by x; = 0 and
x; = 0, withi # j. Show that any regular function on P" — (H; N H;) is constant.

Solution:

Let X = P™ \ (H; N H;). Therefore X consists of points in P" where either x; # 0
or x; # 0. Therefore X = U; U U; where U; = Z(x;)¢ and U; = Z(z;)°. We have
that f € A(U;) = k [i—?, ce %] which implies that f = g/x% on U; where

g € k[xo, ..., x,] and v = deg(g). Similarly we get that f = h/z5 on U; where
h € k[xo, ..., z,) and s = deg (h). Also, on U; N U; we get that x3g = xjh. Using
the fact that k[zo, ..., z,] is a unique factorization domain we get that r = s = 0.

Therefore f = g = h which are degree 0 polynomials and hence constants.
Therefore f € k.
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Exercise 3.0.38. The homogeneous coordinate ring of a projective variety is not

invariant under isomorphism. For example, let X = P! and let Y be the 2—uple

embedding of P* in P2. Then X = Y. But show that S(X) 2 S(Y).

Solution:

Let py : P! — P? be the 2-uple embedding map. Then p, is given by

(a, b) — (a2, ab, b?). Also, po(P!) = Z(y* — x2). Let X = Pl and Y = po(P1).
From exercise 3.4, we know that Y = X. We know that S(X) = kl[t, u| and

S(Y) = klz, y, 2]/(y* — xz). Let R denote k[z, y, 2]/(y* — xz). We have to show
that k[z, y] 22 R. We know from Hilbert Nullstellensatz that every maximal ideal
of k[t, u] is generated by two elements. We construct a maximal ideal in R which is
not generated by two elements which will prove that R is not isomorphic to k[u, t].
Let us denote the polynomial 4> — zz by f. Consider the maximal ideal

M = (z,y, 2) of the polynomial ring k[z, y, z]. Then clearly f € M?. We have
that M/(f) is a maximal ideal of R. Let this ideal be denoted by m. Then we claim
that m is not generated by two elements. Assume the contrary. Let g, h k[z, y, z| be
polynomials such that m = (g, k). This implies that M = (f, g, h). But we know
that M/M? is a three dimensional vector space over k. We also know that if

M = (f, g, h), then M/M? is generated by f, g, h as a k vector space. But since
f = 0, we have that M/M? is generated by g, h which is a contradiction since

M /M? is a three dimensional vector space. Therefore m is not generated by two
elements. This proves that k[z, y, 2]/(y* — xz) % k[u, t].

Exercise 3.0.39 (Subvarieties). A subset of a topological space is called locally closed
if its is an open subset of its closure, or, equivalently, if it is the intersection of an
open set with a closed set.

If X is a quasi affine (or a quasi projective) variety and if Y is an irreducible locally
closed subset, then Y 1is also quasi affine( respectively, quasi projective) variety, by
virtue of being a locally closed subset of the same affine or projective space. We call
this the induced structure on'Y and we call Y a subvariety of X.

Now let ¢ : X — Y be a morphism, let X C X andY' C Y be irreducible
locally closed subsets such that p(X') C Y'. Show that |y : X — Y isa

morphism.
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Solution:

Consider the map ¢ o i : X' — Y where i is the inclusion morphism X — X.
Since the composition of morphisms is a morphism, we get that ¢ o iis a
morphism. Let ¢ o 4 be denoted by ¢'. Since ¢(X') C Y, we know that

Im¢ C Y'. Now consider the map ¢|,» : X' — Y defined by restricting the

co-domain of ¢ to Y. This map is also clearly a morphism.

Exercise 3.0.40. Let X be any variety and let P € X. Show there is a 1-1 corre-
spondence between the prime ideals of the local ring Op and the closed sub-varieties

of X containing P.

Solution:

Case 1: Suppose X is a quasi-affine variety. Suppose X is an open subset of the
affine variety Z C A™. From theorem 3.2, we know that the prime ideals of Op are
in 1-1 correspondence with the prime ideals A(Z) contained in mp. But the prime
ideals p of A(Z), contained in mp, correspond to the varieties Y of Z containing P.
Therefore there is a 1-1 correspondence between the prime ideals of Op and the

varieties of Z containing P.

But if Y is a variety of Z, then Y N X is an irreducible locally closed subset of X.
Also, if Y7 and Y5 are two varieties of Z such that Y7 N X = Y5 N X then Y] = Y5.
Because if Y] # Y,, then A = Y} N Yy and B = (Y3 N X)© are two proper closed
subsets of Y7 such that Y7 = A U B which contradicts the irreducibility of Y;.
Therefore, there is a 1-1 correspondence between the varieties of Z containing P
and the closed sub-varieties of X containing P. This implies that there is a 1-1
correspondence between the prime ideals of Op and the closed sub-varieties of X

containing P.

Case 2: Suppose X is a quasi-projective variety. Suppose X is an open subset of the
projective variety Z C P". From theorem 3.4, we know that the prime ideals of Op
are in 1-1 correspondence with the homogeneous prime ideals of S(Y’) contained in
mp. But the homogeneous prime ideals p of A(Z), contained in mp, correspond to
the varieties Y of Z containing P. Therefore there is a 1-1 correspondence between

the prime ideals of Op and the varieties of Z containing P.

Now, arguing as in the quasi-affine case, we get that there is a 1-1 correspondence

between the prime ideals of Op and the varieties of Z containing P.
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Exercise 3.0.41. If P is a point on the variety X, then the dim Op = dim X.

Solution:

If X is an affine variety, then the result is the same as proposition 3.2(c). Suppose
X C P"is a projective variety, then it is covered by a finite number of affine open
subsets {U;}? !, of P". Since P € X, P € U; forsomei = 1,...,n + 1.
Without loss of generality, we may assume that P € U;. Then we know that
Op,uv, = Op x. Since U; is an affine variety, we get from proposition 3.2(c) that
dimU, = dimOp y, = dim Op x. From the exercise 1.10 we know that if {U;}
forms an open cover of a irreducible noetherian space, then U; N X # () implies
that dimU; = dim X. Therefore dim Op x = dim X.

Exercise 3.0.42 (The Local Ring of a Subvariety). Let Y C X be a subvariety. Let
Oy. x be the set of equivalence classes (U, f) where U C X is open, U N'Y # 0,
and f is a reqular function on U. We say (U, f) is equivalent to (V, g), if f = ¢
on U NV Show that Oy, x is a local ring with residue field K(Y) and dimension
= dim X — dimY . It is the local ring of Y on X. Note if Y = P is a point we get
Op, and if Y = X we get K(X). Note also that if Y is not a point, then K(Y) is
not algebraically closed, so in this way we get local rings whose residue fields are not

algebraically closed.

Solution:

Let my denote the ideal {(U, f) € Oy, x | f(x) = 0V2z € U N Y}. We prove that
any element of Oy x not in my is a unit which proves that Oy, x is a local ring with
maximal ideal my. Suppose (U, f) ¢ my. Then f # 0 on U N Y. Therefore

3P € Y N U such that f(P) # 0. Since f is regular on U, there exists a
neighbourhood V' of P in U such that f = % on V. Let g = % Consider

(9, V)(f, U) = (fg, VN U) = (I, V N U). Therefore (f, U) is a unit in Oy, x.
We now claim that Oy, x/my = K(Y). Consider an element (U, f) € Oy x.
Therefore f is a regular function on U. Therefore f is regular on U N Y which is an
open subset of Y. We define a map ¢ : Oy, x — K(Y) by (U, f) = (U NY, f).
It can be checked that this ring homomorphism. Now consider an element in K(Y).
It is an equivalence class of the form (V) f) where V' is a non empty open subset of
Y and f is a regular function on V' and where two pairs (V;, f1) and (V, f2) are
identified if fi = fo on V4 N V5. Since f is regular on V for any point P € V, we
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can find a open neighbourhood Vp, open in V', of P such that f = h/g on Vj. Since
P € V N D(g), we have that VN D(g) # 0. Also, (V, f) = (V N D(g), f). Also,
D(g) NY # 0 and (D(g) NY, h/g) = (V, f). Therefore we have that

©(D(g), h/g) = (D(g) NY, h/g) = (V, f) proving that ¢ is surjective.

Consider any element (U, f) € my. Then o(U, f) = (U NY, f) = 0. Therefore

my C ker . Since my is a maximal ideal, we get that my = ker ¢. Therefore
K(Y) = Oy, x/my and hence K(Y) is the residue field of Oy, x.

Suppose X is a projective variety. Let {X;} be the open cover of X by affine open
subsets where X; = U; N X and U; is as defined before proposition 2.2. Then

{Y N X} is a cover of Y by affine open subsets. Also, Y N X; = Y N U,. Let

Y N X; be denoted by Y;. Now Y; # 0 implies that X; # (). Also, by definition of
the local ring Oy, x we know that Oy, x = Oy, x,. Also, from the solution to the
exercise 2.6 we know that dim X = dim X; and dimY = dimY,. Therefore it is
enough if we prove that dimension of Oy, x is equal to dim X — dimY in the case

when X is a affine variety.

Let us assume that X is an affine variety. For this we make the claim that

Oy, x = A(X)z where 7 is the prime ideal of regular functions on X vanishing on
Y. Any element of A(X)z is of the form f/g where g is a polynomial which does
not vanish on Y. Let U = D(g). Then U N'Y # 0. Define ¢ : A(X)z — Oy x
by sending the f/g to the equivalence class (U, f/g). Suppose fi/g1 and fy/gs are
two elements of A(X)z such that (fi/g1, U1) = (fa/g2, Uz) where Uy = D(g;) and
Uy = D(g2). Then fi/g1 = fo/go on Uy N Us. Now X \ (U; N Us) is a closed set

and hence is of the form Z(hy, ..., h;) for some polynomials h;. Therefore for any
i =1,..., 1 wehave h; (figo — f2g91) = 0. Since Y N (U; N Uy) # 0, h; & T for
any i = 1, ..., l. Therefore fi/g1 = fa/go in A(X)z. Therefore the map is
injective.

Consider any element (U, f) where f is a regular function on U. Then for any point
P € U, there exists a neighbourhood V' C U containing P such that f = f;/¢; on
Vand g # 0 on V. Since ¢1(P) # 0, we have that ¢ ¢ Z. We claim that (U, f) is
the image of fi/g;. But we know that the image of fi/g;1 is (Uy, fi1/g1) where

Up = D(g1). Therefore it is enough to prove that f = f1/g; on U N U. But we
can take V' = Uy N U which proves the claim. Therefore dim Oy, x = ht(Z). Recall
that A(X)/Z = A(Y). Then it follows that dim Oy, x = ht(Z) =
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dimA(X) — dimA(Y) = dim X — dimY.

Exercise 3.0.43 (Projection from a point). Let P be a hyperplane in P"™' and let
P € P"™' — P". Define a mapping ¢ : P"T1 — {P} — P" by o(Q) = the

intersection of the unique line containing P and Q) with P™.
(a) Show that ¢ is a morphism.

(b) LetY C P3 be the twisted cubic curve which is the image of the 3—uple embedding
of Pr. Ift, u are the homogeneous coordinates of P!, we say that' Y is the curve
given parametrically by (z, y, z, w) = (3, t*u, tu®, u3). Let P = (0, 0, 1, 0),
and let P? be the hyperplane z = 0. Show that the projection of Y from P is the

cuspidal cubic curve and find its equation in the plane.
Solution:

(a) We are given that P" is a hyperplane in P ™! and P € P"*! \ P". Suppose
the coordinates of P"*1 are given by xq, ..., z,. By a linear change of
coordinates, we may assume that P" is given by z,, = 0 and that
P=(0:0:...:1). Suppose Q € P"*1 ~ {P}isgiven by (z0: ...: 2,).
Then ¢(Q) = (z0: ...: zn—1). We now prove that the map ¢ is continuous.
Any closed subset of P" is of the form Z(a) for some ideal a = (f1, ..., f.) of
k[zo, ..., x,). We claim that ¢~*(Z(a)) = b where b is the ideal of
klxo, ..., x,41] generated by the elements fi, ..., f. when considered as
polynomials of k[zg, ..., T 4+1]. Suppose T = (to: ...: t,+1) € Z(b). Then
foreachi = 1,..., 7, fi(T) = 0i.e, f(to, ..., tn) = 0. Therefore p(T) € Z(a)
which implies that T € ¢ '(Z(a)). Conversely, assume that
T={(ty: ...: thy1) € o Y(Z(a)). Let S = o(T). Then S = (to: ...: t,)
and S € Z(a). Therefore for each i = 1, ... ,r, we have f;(S) = 0 and
therefore T € Z(b).

To prove that ¢ is a morphism consider any open subset U of P" and a regular

function f : U — k. Let P € U be any point. Then there exists an open
neighbourhood of W C U of P such that f = ﬁ where fi, fo € k[xg, ..., x,].

/2
S fi

We have f_ o p = f_ where fi, fo are considered as polynomials in
2 2
k[zo, ..., ©n41]. Therefore for any point ¢~ !(P) € ¢ 1(U), there exists a
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neighbourhood ¢! (W) such that f o ¢ = % for some polynomials

2
f1, f2 € klxo, ..., p11]. Therefore f o ¢ : ¢ (U) — k is a regular function

and therefore ¢ is a morphism.

The map ¢ : P> \ P : — P? where P = (0, 0, 1, 0) is given by
(x:y:z:w)— (z:y: w). [fY is the twisted cubic curve, parametrized by
(x:y:2z:w) = (: t2u: tu®: u?®), then the projection of Y from P is
parametrized by (x: y: 2) = (3 : t*u: u?®). Let Z denote the projection of Y’
from P. Then clearly Z C Z(y*> — z?w). Now consider any point

Q= (r:y:w) € Z(y* — 2°w). When x = 0, the point Q@ = (0: 0: w) for
arbitrary values of w. Consider the case when = # 0. We can assume that

x = 1. Therefore the point is of the form (1: y: 3?®) for arbitrary values of y.
Put y = % Then (1: y: 3*) = (t*: t?u: v’). In the case when ¢t = 0, this is
equal to the point (0: 0: w). Therefore we have that Z C Z(y* — z?w).
Therefore projection from P is equal to Z(y* — z*w) which is the twisted cubic

curve.

Exercise 3.0.44 (Product of Affine Varieties). Let X C A™ andY C A™ be affine

varieties.

(a) Show that X x Y C A™T™ with its induced topology is irreducible.

(b) Show that A(X x Y) =2 A(X) @ A(Y).

(¢c) Show that X x Y is a product in the category of varieties, i.e., show (i) the

projections py : X XY — X andpy : X X Y — Y are morphisms, and (ii)
given a variety Z, and the morphisms ¢ : Z — X, o : Z — Y, there is a

unique morphism ¢ : Z — X X Y such that p; o ¢ = @; fori =1, 2.

(d) Show that dim X x Y = dim X + dimY.

Solution:

(a)

Suppose X x Y is the union of two closed sets Z; U Z,. Let
X,={r e X |zxY C Z},i=1,2 Weclaim that X = X; U X,. It is
clear that X7 U Xy C X. Conversely, consider a point x € X. Then

(x x Y) N Z; is a closed subset of X X Y because it is the intersection of two
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closed subsets Z; and x x Y. Also, it is clear that x x Y =

(. xY)N Z1) U ((x x Y) N Zy). Since Y is irreducible and z x Y is the
homeomorphic image of Y, x x Y is irreducible. Therefore

xxY = (z xY)nN Z for either i = 1, 2. Therefore x x Y C Z; for either
1 = 1, 2. Therefore z € X; U X,. Hence X = X; U Xo.

We now prove that X; are closed subsets of X. Let U; = X C X; and

Vi =X x Y C Z;. We now claim that P(V;) = U,. Since V; is open subset of
X x Y and since P is an open map, this proves that U; is an open subset of X
and hence that X; is an closed subset of X. Consider the case when ¢ = 1.
Consider a point a € P(V;). Therefore there exists a point b € Y such that

a X b € Vi. Suppose that a € X;. Then a x Y C Z; which implies that

a x b € Z; which is a contradiction. Therefore a ¢ X; and hence P(V}) C Uj.

Conversely let a € U;. Since a ¢ X;, we have that a x Y ¢ Z;. Therefore
there exists a point b € Y such that a x b &€ Z;. Therefore a x b € V; and
hence a € P(V;). This proves that P(V}) = Uj. Similarly we can prove that
P(Vz) = Us.

Since X is irreducible X = X for either ¢ = 1, 2. Therefore X x Y = Z; for
either ¢+ = 1, 2 and hence X x Y is irreducible.

To prove that A(X x Y) = A(X) ®; A(Y), we first define a map

F: AX) x A(YY) — A(X x Y) given by sending the ordered pair (f, g) to
the element f x g € A(X X Y) where f x g is the defined by

f x g(xz,y) = f(x)g(y). Clearly this map is a bilinear map and hence by the
universal property of tensor product there exists a unique homomorphism
F:AX) @ AY) — A(X x Y)givenby f @ g — f x g.

Now A(X x Y) is generated as a k-algebra by the elements {z;}?_, and

{y; 17 where 7; = X;modI(X x Y) and y; = Y;modI(X x Y) where X;
and Y; are the coordinate functions of A™ and A™ respectively. Clearly

F(z; x 1) = x;fori = 1, ..., nand F(1 x y;j)y; for j = 1, ..., m. Therefore

the map F is surjective.

To prove that F is injective consider an element f ® ¢ € A(X) ® A(Y) such
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that F(f ® g) = 0. Therefore f x g = 0. Therefore f(z)g(y) = 0 for all
x € X and y € Y. Therefore either f = 0 or g = 0. Therefore f ® g = 0.

From lemma 3.6, we get that the projection maps are morphisms. Suppose @, ¢
are two morphism from Z to X x Y such that p; o ¢ = ¢; and p; 0o ¢ = ; for
i = 1, 2. Since for any z € Z, pi(¢(z)) = pi(¢(z)) for i = 1, 2, we get that

¢ = ¢. Therefore if such a map exists, it is unique.

Define amap ¢ = ¢1 X g2 : Z — X X Y by p(2) = (p1(2), ¢2(2)). This
map clearly satisfies the property p; o ¢ = ;. Since X is a affine variety, we
know from Lemma 3.6 that there exist n regular functions fi, ..., f, € A(X)
such that ¢1 = (fi, ..., f,). Similarly there exist m regular functions

g1y -y gm € A(Y) such that o = (g1, ..., gm). Therefore

© = (f1, - fn, 915 - -+, gm) and hence is a morphism.

We have that A(X x Y) = A(X) ®; A(Y). Therefore we have to prove that
dim A(X) @, AY) = dim A(X) + dim A(Y). Let dim A(X) = r and

dim A(Y) = s. We know that A(X) and A(Y') are finitely generated k-algebras.
Suppose A(X) is generated by x1, 3, ..., ,, over k as an algebra such that
x1, ..., x, are algebraically independent. Similarly assume that A(Y) is
generated by v, ..., y, over k as an algebra such that yq, ..., y, are

algebraically independent.

We claim that A(X) ® A(Y) is generated by 3 ® 1, ..., z, ® 1

1 ®wyi, ..., 1 ®y, over k as an algebra. We know that A(X) @ A(Y) is
generated by elements of the form a ® b as a k-module (i.e, k-vector space)
where a € A(X) and b € A(Y). Buta ® b = (a ® 1)(1 ® b). We know that
a ® 1 is given by a polynomial in x; ® 1 and 1 ® b is given by a polynomial in
1 ® y;. Therefore a ® b is given by a polynomial in z; ® 1 and 1 ® y;.
Therefore A(X) ®; A(Y) is generated by

1 ®1L...,2,®01,1®y,...,1 ®y, as a k-algebra.
We now claim that z;1 ® 1, ..., 2, ® 1,1 ® y1, ..., 1 ® y, are algebraically
independent.

Suppose ) Ga1..arp1..8s (T1 @ 1)a1 oz, @ D)1 ® yl)m L1 ys)ﬁs -0
for some aq1..arp1..8s € k. Then for any point (uq, ..., u,) € X we have that
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> Gt arpr. s (uSt w1 @ y7' . yP%) = 0. We know that in the tensor
product of k-algebras, 1 ® y = 0 if and only if y = 0. We use this fact along
with the fact that the y; are algebraically independent to conclude that in the
above summation each of the coefficients a;(u1, ..., u,,), which is a polynomial
in u; with coefficients from among the aq1. arp1..3s , is 0. But this is true for
each (u, ..., u,) € X. Hence each of the polynomials a;(xy, ..., x,,) = 0.
We now use the fact that z; are algebraically independent to conclude that each
of the an1..arpi..gs = 0. Therefore we get that

rn®1L ..., ®1, 18y, ...,1 ® ys, are algebraically independent. This
proves that the dim X x Y > dim X + dimY.

Suppose after some relabelling of the z; we get that xry ® 1, ..., z; ® 1,

1 ® y1, ... 1 ® ys are algebraically independent for some t < r. We claim that
this implies that z, ..., x; are algebraically independent which is not true since
the dimension of A(X) is r > t. Suppose z1, ..., x; are algebraically
dependent. Then there exist {aq1 . a} not all zero, such that

Star ot o2 = 0. Therefore 1 @ > aa1.. a2z ... 2% = 0 which
implies that Y aa1..at(1 ® 1) ... (1 ® 24)* = 0. But this implies that
111 ..., 1,1 ® 1y, ... 1 ® y, are algebraically dependent. Therefore
r®1 ..., ®1,1®7y,...1 ® ysare algebraically dependent for any

t <.

Similarly if we suppose that after some relabelling of the y; that

rn®1l ..., ®1,1®1y,...1 ®y, are algebraically independent for some
u < s. Then by an argument similar to above we get a contradiction. Therefore
r1®1, ..., ®1,1®y;,...1 ® ysis the smallest algebraically independent
subset fromx; ® 1, ..., 2, ® 1,1 ® y1, ... 1 ® y,. This proves that

dimX xY =dimX + dimY.

Exercise 3.0.45 (Product of Quasi-projective Varieties). Use the Segre embedding

to identify P* x P™ with its image and hence give it the structure of a projective

variety. Now for any two quasi-projective varieties X C P™ and Y C P™, consider

X xY CcP"xPr.

(a) Show that X X Y is a quasi-projective variety.

(b) If X and Y are both projective, show that X x Y is projective.
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(c) Show that X x Y is a product in the category of varieties.

Solution:

We first prove (b) and then use the proof to give a proof of (a).
(b) It is clear that X x Y = (X x P™) N (P" x Y). We now claim that X x P™

and P x Y are closed subsets of P" x P™ which will prove that X x Y is a closed
subset of P* x P™. Let X = Z(a) and Y = Z(b). Let the homogeneous
coordinates of PN be {z;;|i = 0,...n;5 = 0,... m}. Suppose a = (fi, ..., f;)
for some homogeneous polynomials f; € k[zg, ..., m|. Foreachl = 1, ..., r and

Jj =0,...,m,define fi; = fi(20), 215, --- Znj) € k[{2;}]. Foreach j = 0,...m
define a; C k[{z;}] to be the ideal (f1;, ..., fij)-

We claim that X x P™ = (), Z(a;) and hence is a closed subset of P" x P™.
Let o : P* x P™ — PV be the Segre embedding. Consider a point

w(a, b) € X x P™. Then a € X and ¢(a, b) = (apby, aoby, ..., ab;, ..., ayby,) in
the lexicographic order. Suppose b; # 0. To illustrate the point we consider the
case when i = 0. Then ¢(a x b) = (aog, apb1/bo, ..., @iy .oy Any « ., Qb /o).
Therefore p(a, b) € Z(ag). Also when by = 0, it is very clear that ¢(a, b) € Z(ay).

)
Therefore ¢(a, b) € (N, Z(a;) and hence X x P™ C (L, Z(a;).

Conversely let ¢(a, b) € N, Z(a;). Suppose b; # 0. Since p(a, b) € Z(a;), for
eachl =1, ..., 7, fij(¢(a, b)) = 0. But fi;(p(a, b)) = filaoh;, arb;, ..., ayb;) =
b;fi(ao, ..., a,) since f; are homogeneous polynomials. Since b; # 0, we get that
filag, ..., a,) = 0foreachl = 1, ..., r. Therefore a € Z(a) = X and hence
¢(a, b) € X x P™ proving that X x P™ = (|/_; Z(a;). We can similarly prove
that P* x Y is a closed subset of P* x P™.

(a) Suppose X is an open subset of the projective variety X, and Y is an open
subset of the projective variety Yy. Let Xo \ X = C and Yy \ Y = D. Since D is a
closed subset of Yj, we know that D is of the form Dy N Y} for some closed subset
Dy of P™. Now, Xg x D = (Xy x Yy) N (Xo x D). We know from part (a) that
Xy x D is a closed subset of P* x P™ and therefore Xy x D is a closed subset of

Xo x Yy. We can similarly prove that C' x Y} is a closed subset of Xy x Yj.

We now claim that Xy x Yy = (X x Y) U (Xo x D) U (C x Yp). It is clear that
(X xY)U (Xo x D) U (C x Yy) C Xy x Yy Conversely, suppose that
ola, b) € Xo x Yp. Ifa € Xandb € Y, then p(a,b) € X x Y. Ifb e Yy \Y,
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then p(a, b) € Xo x D andifa € Xy \ X, then ¢(a, b) € C x Y. Therefore
vla, b) € (X xY)U (Xy x D) U (C x Yp). This proves the claim.

We now claim that (Xo x D) U (C' x Yp) U (X x Y) = (). Suppose

ola, b) € (Xo x D) U (C x Yy) U (X xY). Since ¢(a, b) € X x Y, we have that
a € Xandb € Y. Now ¢(a, b) also belongs to (X x D) U (C x Yp). Consider
the case when p(a, b) € Xy x D. Therefore b € D and we get a contradiction.
Similarly if ¢(a, b) € C x Yy, we get a contradiction. This proves the claim.

Now, X x YV = (X x Yp) \ (Xo x DU C x Yp). Since Xg x DU C x Yy isa
closed subset of Xy x Yy, we get that X x Y is an open subset of Xy x Y, and

hence is a quasi-projective variety.

(c) Let the Segre embedding of P* x P™ in PV where N = nm + n + m be
denoted by o. Let a = (ag, a1, ..., a,) € X and b = (bg, ..., b,) € Y be any two
points. We may assume that ag # 0 and by # 0. Consider the point

o(a x b) = (agbo, agby, ..., apby) € X x Y. Let P, : X X Y — X be the map
defined by (agbo, agbs, ..., apbm) — (agby, aiby, ... apby) and P, : X x Y — Y
be the map defined by (agby, agby, ..., anby) — (aobo, agby, ... agby,). Since these
maps are defined by polynomials locally they are morphisms. These maps are the

projection maps.

Let ¢ : Z — X and ¢y : Z — Y be any two morphisms. Define a map

F:7Z — X x Y by 2z~ (agby, agby, ..., ayb,) where

v1(z) = (ag, ..., a,) = a and pa(z) = (bo, b1, ..., by) = b. We claim that this
map is morphism. It is enough to prove that this map is locally defined by quotients
of polynomial functions. We know that for any point a € X and b € Y we have
affine open neighbourhoods U C X and Y C Y containing a and b respectively
such that the product of affine varieties U x V' is isomorphic to o(U x V). Let

W = o' (U) N ;' (V) C Z. Then the restriction of ¢ to W, p1|lw : W — U
is a morphism where U is an affine variety. Therefore 1|y is defined by polynomial
functions. Similarly the restriction of @3 to W, ol : W — V is defined by
polynomial functions. Now, the restriction of F to W, Fly : W — U x V'is
given by = — 03(9)(2), 9y(2)) where 0o = ol v, 91 = @rlw and @) = ol
Since 0g, ¢1|w and o]y are morphisms of affine varieties and hence are given by
polynomial functions and hence F|y is given by polynomial functions. Hence we

have that F'is given by polynomial functions locally and hence F' is a morphism.
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Also, Py o F' = ¢y and P, o F' = 5. Hence X x Y is a product in the category of

varieties.

Exercise 3.0.46 (Normal Variety). A wvariety X is said too be Normal at a point

P € X if Op is integrally closed. X is normal if it is normal at every point.

a) Show that every conic in P? is normal.
(a) y

(b) Show that the quadric surfaces Q1, Qo given by Q1 : xy = zw; Qy; vy = 2% are

normal.
(c) Show that the cuspidal cubic y* = x* in A? is not normal.
(d) If Y s affine, then' Y is normal if and only if A(Y') is integrally closed.

(e) LetY be an affine variety. Show that there ezists a normal affine variety Y and
a morphism 7 : Y — Y with the property that whenever Z is a normal variety
and ¢ : Z — Y is a dominant morphism (i.e., o(Z) is dense in'Y'), then
there is a unique morphism 0 : Z — Y such that p =mo 6. Y is called the

normalization of Y.

Solution:

(a) From Exercise 3.1 we know that every conic C in P? is isomorphic to P* and
hence S(C) = k[z, y]. If we consider any point P € C then from Theorem 3.4 we
know that Op = k[x, y|(mp). But from the proof of the same theorem we know that
Elz, Y)(mp) = k:[x]mfp where mp is the ideal of A(Y;) = k[x] corresponding to P and
Y; is the affine open subset of P! containing P. But k[:c]m; is a discrete valuation
ring and hence is integrally closed. This proves that Op is integrally closed for

P € C and hence any conic C in P? is normal.
We first prove (d) and then apply it to prove (c).

(d) From theorem 3.2 we know that for any point P € Y C A", Op = A(Y)m,
where mp C A(Y) is the ideal of functions vanishing at P. Also, there is a 1-1
correspondence between ideals of A(Y") and points of Y. Suppose Y is a normal
variety, i.e., Y is normal at every point P € Y. Then Op = A(Y )y, is integrally

closed for each maximal ideal mp of Y. But we know that an integral domain R is
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integrally closed if and only if R, is integrally closed for each maximal ideal M of

R. Therefore Y is normal if and only if A(Y) is integrally closed.

(c) In the view of the above, to prove that Y is not normal it is enough to prove
that A(Y) is not integrally closed. When Y = Z(y? — z%) C A?

A(Y) = klz, y]/(y* — x3). Let k(Y") denote the field of fractions of A(Y). Consider
the element t = y/x € k(Y). Clearly t* = z in A(Y'). Therefore ¢ is an integral
element of k(Y). But t € A(Y'). Therefore A(Y) is not integrally closed and hence

Y is not normal.

(e) Let A(Y') denote the coordinate ring of Y and let k(Y") denote the field of
fractions of A(Y’). Let A denote the integral closure of A(Y') in k(Y"). Then we
know that A is an integrally closed. We claim that A = A(X) for some affine
variety X. To prove this it is enough to rove that A is a finitely generated k-algebra
with no nilpotent elements. Since Y is a variety, Z(Y') is a prime ideal and hence
the nilradical of A(Y) is the zero ideal From theorem 3.9 A, we know that A is
finitely generated as an A(Y) module and hence the nilradical of A is the zero ideal.
Therefore A has no nilpotent elements. Also, from theorem 3.9 A, A is a finitely
generated k-algebra. Therefore A = A(X) for some affine variety X. Also, since A
is integrally closed we have that X is a normal variety. We claim that X satisfies

the property stated in the exercise.

We know that when ¢ : Z — Y is any morphism of affine varieties, then the
induced homomorphism of the affine algebras ¢ : A(Y) — A(Z) is injective if and
only if ¢(Z) is a dense subset of Y. Therefore, in the view of theorem 3.5, the
property of the variety Y stated in the exercise is the same as saying this: There
exists a homomorphism f, : A(Y) — A(Y) with the property that whenever
A(Z) is a integrally closed ring and f, : A(Y) — A(Z) is an injective
homomorphism, then there exists a unique homomorphism fp : A(Y) — A(Z)
such that f, o fr = fs. Let fr be the inclusion map. Since f, is an injective
morphism, we have that the homomorphic image of A(Y") is isomorphic to A(Y).
Let B = f,(A(Y)). Then B C A(Z) where A(Z) is integrally closed. Therefore
A(Z) C B, where B represents the algebraic closure of B. But B is isomorphic to

A(Y). Let fp be the homomorphism. Then we have that fy o fr = f,.
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Exercise 3.0.47 (Projectively Normal Varieties). A projective variety Y C P" is
projectively normal (with respect to the given embedding) if its homogeneous coordinate

ring S(Y') is integrally closed. If Y is projectively normal, then Y is normal.

Solution:

We want to prove that Op is normal for any point P € Y. We know that

SY) = k[Xo, ..., X,]/Z(Y) has a graded structure. Let S(Y) = & .o, S;
where Sy = k. Also, S(Y) is a finitely generated as an algebra over k by zo, ..., z,
where z; = X; modZ(Y). Let mp be the ideal generated by the set of homogeneous
polynomials f € S(Y) such that f(P) = 0. Let T be the set of homogeneous
elements of S(Y) not in mp. Then T7'S(Y") has graded structure. Let

T-'5(Y) = > R;. Using the notation fixed before Theorem 3.4 we denote
Ry by S(Y)(mp)- Then from Theorem 3.4 we know that Op = S(Y)m,. Now, mp is
a prime ideal of S(Y') such that mp C (x, ..., z,). Therefore there exists an i
such that x; € mp. Without loss of generality, we may assume that ro & mp. Let
U be the multiplicatively closed subset {1, o, 2, ...}. Then clearly U~'S(Y') has a
graded structure. Let the U1S(Y) = @ .72 R,. Then clearly

U™LS(Y) = Rylzo, 75

We now make two claims.

Claim 1: g is transcendental over R, which implies that U5 is the Laurent
polynomial ring over Ré).

Claim 2: Ry is a localization of R,,.

Suppose we prove these two claims. Then the proof proceeds as follows. Since S(Y)
is integrally closed, U~1S(Y) is integrally closed. But U *S(Y) = Ry[xo, 25'].
Therefore Ré is integrally closed. Since Ry is a localization of RE) we get that Ry is
integrally closed.

To prove the first claim: Suppose zq is the root of a polynomial with coefficients in

Rj. Suppose f—;xg + fgfll oo+ + f_doo =0 € U'S(Y) where f; are
xy" o T

0 0 0

homogeneous polynomials of degree d; in S(Y). Let d = max {d,, dy_1, ..., do}.
n+d—dny n—1+d—d, d—dy

Then Jnt * foo12 d ot foro 0in U~ 'S(Y). Therefore

Lo
37 > 0such that f(f,a0™ % + f, a0 T 4 fozd®) = 0in S(Y). Now,

xy =0 = 29 =0 = Xy € I(Y). But we know that I(Y) C Mp where Mp is
the contraction of the ideal mp in S(Y'). This implies that Xg € Mp = 9 € mp
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which is a contradiction. Therefore we have that
fnx8+d_d" + fn_lmg_Hd_d" e+ fomg_do = 0. But fn_ixS_Hd_d" is a homogeneous
polynomial of degree n — i + d. Therefore each f,_;zp~ "% = 0. But 2o # 0.

Therefore f,_; = 0. Therefore z( is transcendental over RB.

To prove the second claim: Let f/g be an element in Ry. Then f, g are
homogeneous polynomials in S(Y") of the same degree such that g &€ mp. Consider
the ideal Qg of R, generated by the elements of the form a:d% where h € mp. Then
clearly @ is a prime ideal of Ry. Define a map ¢ : R —O> RgQO by f/g — %/%
where a = deg f = degg. 1t can be checked that this map is a ring
homomorphism. Also, it can be checked that this map is surjective. Suppose
o(fi/g1) = ¢(f2/g2). This implies that there exists an element g3/xy® ¢ Qo such
that & (;CTQQS% — z%lel) = 0. This implies that %% = 0. This implies
that g;(flgg _ g1f2) Z 6 Now, since g3/xy* € Qo, we have that g3 # 0. This
implies that figo — ¢1f> = 0 which in turn implies that f;/g1 = f2/g2 proving that
the map is injective. Therefore ¢ is an isomorphism and hence that Ry is

localization of Ry.

Exercise 3.0.48 (Automorphism of A™). Let ¢ : A" — A"™ be a morphism of
A" to A" given by n polynomials fi, ..., fn of n variables x1, ..., x,. Let J, =
det |0f;/0x;| be the Jacobian polynomial of .

If ¢ is an isomorphism (in which case we call p an automorphism of A™) show that
Jy, is a non-zero constant polynomial. The converse of (a) is an unsolved problem,

even forn = 2.

Solution:

Let ¢ : A — A" be the inverse morphism of the morphism ¢. Suppose ¢ is given
by the polynomials gy, ..., g, of n variables. Let J denote the Jacobian
polynomial of ¢ and let J,.4 denote the Jacobian polynomial of ¢ o ¢. But we
know that ¢ o ¢ = I; where I; denotes the identity morphism which is given by
the polynomials z1, ..., =, and hence J;, = 1. But J,.4(X) = J,(0(X))J,(X).
Therefore J, is a unit in k[z4, ..., 2,] and hence J,, is a non-zero constant

polynomial.
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Exercise 3.0.49 (Group Varieties). A group variety consists of a variety Y together
with the morphism p 'Y XY — Y, such that the set of points of Y with the

1

operation given by p is a group, and such that the inverse map y — y~— s also a

morphism of Y — Y.

(a) The additive group G, is given by the variety A' and the morphism p : A*> —
Al defined by u(a, b) = a + b. Show that it is a group variety.

(b) The multiplicative group G, is given by the variety A' — {(0)} and the morphism
p(a, b) ab. Show that it is a group variety.

(c) If G is a group variety, and X is any variety, show that the set Hom(X, G) has

a natural group structure.

(d) For any variety X, show that Hom(X, G,) is isomorphic to O(X) as a group

under addition.

(e) For any variety X, show that Hom(X, G,) is isomorphic to the group of units

in O(X), under multiplication.
Solution:

(a) Clearly, the operation given by p is an associative binary operation. Also, for
any a € A', —a € A' is the inverse of a under the operation defined by u. The
element 0 € A! is the identity element. Therefore G, is a group. The inverse
map r — —x is a morphism of A’ — Al from lemma 3.6. Therefore G, is a

group variety.

(b) Let X = A' \ {(0)}. Then we can check that operation defined by p makes X

into group. Consider the inverse map x — % Then clearly this map is a

morphism of X and hence G,, is a group variety.

(c) Let ¢1 and g9 be any two morphism from X to G. Define the operation % on
Hom(X, G) by ¢1 * pa(x) = p1(x)p, where the multiplication on the right is
in G. We have that ¢~!(z) = ¢(2)~!. Since in G, the inverse map is a
morphism, the map v defined by ¥ (x) = ¢p(x)~" is a morphism. The
associativity property of this operation follows from the associativity property

in the group variety G. Therefore Hom (X, ) has a natural group structure.
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(d)
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Consider any element f € Hom(X, G,). Then f is a morphism from X to

G, = A!' = k. Therefore f is a regular function on X and hence an element of
O(X). This defines a bijection between O(X) and Hom(X, G,). Let this
bijection be called F'. For any two elements 1, po € Hom(X, G,), we have

¢1 + 2(x) = ¢1(x) + pa(x). Therefore F(p1 + ¢2) = F(p1) + F(p2) and
hence F'is a group isomorphism.

We know that Gy, = A' \ {(0)} = D(¢). Therefore we know from Lemma 3E
that O(Gm) = k[t][7] = k(t). Therefore there is a bijection u between the set
Hom(k(t), O(X)) and the set O(X)*. We claim that this bijection is a group
homomorphism. Suppose hy : k(t) — O(X)* and hy : k(t) — O(X)* be
two k-algebra homomorphisms. Then u(hy) = hy(t) € O(X)* and

w(he) = ho(t) € O(X)*. We have that hihy : k(t) — O(X)* is the k-algebra
homomorphism defined by hihs(t) = hi(t)ha(t) € O(X)*. Therefore

p(hihe) = hiho(t) = hi(t)ha(t) and hence p is a group homomorphism. Since
it is a bijection we get that Hom(k(t), O(X)) is isomorphic to O(X)*.

We know from Proposition 3.5 that there exists a bijection

B Hom(k(t), O(X)) — Hom(X, Gm). We know from the proof of the same
proposition that if h : k(t) — O(X) is k-algebra homomorphism then §(h) is
the morphism ¢, : X — Gp, given by P — h(t)(P). If b’ : k(1) O(X) is
another k-algebra homomorphism, then hh' is the k-algebra homomorphism
given by t + h(t)h'(t). Then B(hh') = ¢,  which is given by

P — h(t)W' (t)(P) h(t)(P)h'(t)(P). Therefore 3 is a bijective group
homomorphism and hence is an isomorphism. Therefore we get that

Hom(X, Gm) = Hom(k(t), O(X)) = O(X)*.
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Exercise 4.0.50. If f and g are reqular functions on open subsets U and V of a
variety X, and if f = g on U NV, show that the function which is f on U and g
on V s a reqular function on U U V. Conclude that if f is a rational function on
X, then there is a largest open subset U of X on which f is represented by a reqular
function. We say that f is defined at the points of U.

Solution:

Let F' be the function which is equal to f on U and g on V. Consider any point

P € U U V. Then either P € U or P € V. Without loss of generality we may
assume that P € U. Since f is regular on U, there exists an open neighbourhood
W of P such that f = f1/f, on W. Also, W C U is open in the variety X because
U is open in X. Therefore for any point P € U U V, there exists an open
neighbourhood W C X of P such that f = f;/fs on W. Therefore the function F'
is regular on all points P € U N V and hence is regular on U U V.

Any rational function on X is an equivalence class (U, f) where f is a regular
function on U. Let F = {(U;, fi)}ier be the family of all pairs that occur in the
equivalence class of (U, f). This implies that for any two ¢, j € I, f; = f; on

Uy =U; Let V = Uie[ U; and let F' be the function on V' which is equal to f; on
U;. Then F' is regular on V. Let Uy be any open subset such that f is represented
as a regular function fy on Uy. Then (Uy, fo) € F and hence Uy C V. Therefore V'
is the largest subset on which the rational function f is represented as a regular

function.

67
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Exercise 4.0.51. Same problem for rational maps. If ¢ is a rational map of X to
Y, show that there is a largest open set on which ¢ is represented by a morphism. We

say that the rational map is defined on the points of that open set.

Solution:

Let X and Y be any two varieties. Let U and V' be any two non-empty open
subsets of X. Let ¢y be a morphism of U to Y and let ¢y be a morphism of V' to
Y. Suppose that ¢y = ¢y on U N V. Let F' be the function which is equal to ¢y
on U and ¢y on V. Then we claim that F' is a morphism of U U V to Y. Clearly F
is a continuous map. Let W be any open subset of Y and let f : W — k be any
regular function. We have to prove that f o F' : F~Y(W) — k is a regular
function. Now, F~Y(W) = ;' (W) U o' (W). Consider any P € F~Y(W). Then
either P € ¢ (W) or P € ¢, (W). We may assume that P € o' (W). Since ¢y
is regular, there exists an open subset Uy C goal(W) containing P such that f o ¢y
is of the form f,/fs on Uy. But F' = @y on Uy. Also, Uy is an open subset of

oy (W) which is an open subset of F~1(W). Therefore Uy is an open subset of
F~Y(W). Therefore for any point P € F~'(W) we have an open subset U
containing P such that f o F' is of the form f;/f; on Uy. Therefore

foF : F Y W) — kis aregular function which proves that F' is a morphism.
Any rational map ¢ : X — Y is an equivalence class of pairs (U, ¢y) where U is
a non empty open subset of X and ¢y is a morphism of U to Y. Let

F = {(U;, vu,)} be the family of all pairs that occur in the equivalence class of

(U, pu). This implies that for any i, j € I, oy, = ¢y, on U; N Uj. Let

V = Uiel U; and let F' be the function which is equal to ¢y, on U;. Then F'is a
morphism on V. Let Uy be any open subset such that ¢ is represented by a
morphism ¢, on Uy. Then (Uy, ¢y,) € F and hence Uy C V. Therefore V is the

largest open subset on which ¢ is represented as a morphism.

Exercise 4.0.52. (a) Let f be a rational map on P? given by f = x1/x¢. Find the

set of points where f is defined and the corresponding reqular function.

(b) Now think of this function as a rational map from P? to A'. Embed A" in P!,
and let  : P2 — P! be the resulting rational map. Find the set of points where

@ 1s defined, and describe the corresponding morphism.
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Solution:

(a)

The rational map f = z;/zy on P? can be represented by the equivalence class
(Usy, x1/x0) Where Uy, represents the open set Z(x)°. We claim that f is
defined at Uy. Suppose (U, x1/x0) = (V, g) and that V ¢ U,,. Let

P = (ap, a1, az) € V \ Uyg,. There exists a neighbourhood W of P such that g
has the form g;/go on W where g; and g, are homogeneous polynomials of same
degree. Also, since go(P) # 0, 291 go. Also, g1/g2 = x1/x0 on W N U,,. We
can homeomorphically identify U,, with A? and consider W N U,, as an open
subset of A%, Let this open subset be denoted by W,. Therefore we have that
g1(1, z1, w3) = 21go(1, 1, ¥3) on Wy C A% This implies that

Wo C Z(g1(1, 21, 22) — w1go(1, 11, 19)) = Z. If Z # A?, then Z€ is a non
empty subset of A? which is disjoint from Wy. But any two non empty open
subsets of A? intersect. This implies that

Z = Z(g1(1, 21, 22) — w1go(1, 21, 75)) = A2 Hence

g1(1, 1, x3) = x192(1, z1, ) on A?. This implies that degree of

g1(1, z1, xo) = (degree of go(1, x1, x2) + 1). Now, since xg t go, the degree of
g2(1, 1, x9) is the same as the degree of go(zg, 21, 22) which in turn is the
same as the degree of g;. Now, degree of g;(zo, 21, x2) is greater than or equal
to the degree of ¢g;(1, z1, x3). But degree of g(1, x1, x2) is strictly greater than
the degree of ga(xg, o1, x2). But this gives a contradiction to the fact that
degree of g1(zo, x1, x3) = degree of go(xg,x1, x2). Hence V- C U,, and hence

the rational map is defined on U,,.

Let Uy denote the open subset Z(x¢)¢ of P2. Let ¢y : Uy — P! be the
morphism given by (xg, z1, x2) +— (1, x1/x0). Let U; denote the open subset
Z(x1)¢ of P2. Let oy : Uy — P! be the morphism given by

(x0, 1, x2) +— (x0/x1, 1). Then ¢y = @1 on Uy N Uy. Therefore

(Uo, wo) = (U1, 1) and the given rational map can be represented by the
equivalence class (Uy, ¢o) = (Ui, ¢1). Clearly, the rational map is defined at
the points of the open set U = Uy U U; and is represented by the morphism
o : U — P! given by (g, 71, ¥2) — (1, x1/7¢) when zg # 0 and by

(wg, 1, T2) +— (zo/x1, 1) when z; # 0. But U = P? \ {P} where P is the
point (0, 0, 1).

We now claim that the morphism ¢ cannot be extended to the point P. Assume
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the contrary. Therefore there exists a neighbourhood W of P and a morphism
p @ W — P! such that 4 = ¢ on W N U. Therefore

w(zo, z1, 1) = (1, z1/x¢) when zy # 0 and p(zo, 1, x2) = (x¢/x1, 1) when
x1 # 0. Let Wy = W N Uy. We can identify Uy by A% and thus consider W} as
an open subset of A% Let W, = W, U {P}. Consider the restriction of y to
W,. It is a morphism and hence the map F = 7 o u : W, — k is a regular
map, where 7 is the projection on the second coordinate. Therefore there exists
a neighbourhood V' C WO/ of P where F' has the form f;/f, for some
homogeneous polynomials fi, fo of the same degree. But on V' \ {P},

F = /7. But V'\ {P} is an open subset of W, \ {P} = W, which is an
open subset of A% Therefore fi(1, z1, 12) = x1f2(1, 21, x2) on the open subset
V' \ {P}. Using the same arguments as in part (a),

fi(1, @1, x3) = x1f2(1, z1, 2) on the whole of A2. Since f,(0, 0, 1) # 0, we
have that xo 1 fa(xo, 21, x2) and hence the degree of fo(1, 1, x2) = degree of
fa(xo, x1, x2). Let di denote the degree of f;(xg, x1, z3) for i = 1, 2. Therefore
we have that the degree of fi(1, 21, z3) = 1 + dy. But d; > degree of

fi(1, &1, x9) = 1 + dy > dy which implies that d; > dy which is a
contradiction since d; = dy. Therefore the morphism ¢ cannot be extended to
the point P.

Exercise 4.0.53. A variety Y is rational if it is birationally equivalent to P™ for

some n (or equivalently by (4.5), if K(Y) is a pure transcendental extension of k).
(a) Any cubic in P? is a rational curve.
(b) The cuspidal cubic y* — z* is a rational curve.

(c) LetY be the nodal curve y*z = z*(x + z) in P2 Show that the projection  from
the point P = (0, 0, 1) to the line z = 0 induces a birational map from 'Y to PL.

Thus 'Y is a rational curve.
Solution:

(a) From exercise 3.1 (c), we know that any conic in P? is isomorphic to P! and

hence is birationally isomorphic to P'. Therefore any conic in P? is a rational.

(b) Let Y = Z(y* — 2*). Consider the morphism ¢ : A' — Y given by
t — (t3,¢3). Let U = A' \ {0}. Then U is open in A! which is open in P'. Let
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Y =Y \ {(0,0)}. Then Y’ is an open subset of Y. Now the map
¢ : U — Y given by t — (2, t?) is a morphism. Also, the map
¢ : Y — U given by (z, y) — y/z is an inverse morphism to ¢. Hence the
open subsets U C P! and Y C Y are isomorphic and hence Y is birationally

equivalent to P! and hence is rational.

(c) Let Y = Z(y?z — 232%2) C P2 Let P = (0,0, 1) and let P! C P? be given
by z = 0. Then the projection ¢ : P? \ {P} — P! is given by
(x,y, z) — (x,y). Let ¢ again denote the restriction of this morphism to
Y \ {P}. Let u : P — Y \ {P} be the map defined by
(x,y) — (z, 9, yf%ﬁ) This map is well defined because if y*> = 2 in Y, then
y® = 0 which implies that y = 0 and hence z = 0. Also, since y is defined by
quotients of polynomials it is a morphism. It is also clear that y is the inverse
morphism to . Hence the open subset Y \ {P} is isomorphic to P! and hence

Y is birationally equivalent to P'. Therefore Y is a rational curve.

Exercise 4.0.54. Show that the quadric surface Q : xy = zw in P? is birational to

P2, but not isomorphic to P2.

Solution:

Let W = @ N U, where U, denotes the open subset Z(w)¢. Therefore W is an
open subset of Q. We define a morphism ¢ : W — A2 by

(w, z,y, 2) — (z/w, z/w). We define a morphism p : A> — W by

(x,y) — (1, x, y, zy). Clearly ¢ and p are inverses of each other and thus W is
isomorphic to A? which is an open subset of P2. Therefore P? and () are birationally
equivalent.

If Q were isomorphic to P?, then @ would be homeomorphic to P2. We know from
exercise 2.15, that () contains a family of lines {L;} with the property that if

L; # L,, then L; N L, = (). But we have proved in exercise 3.7 that any two
curves in P? have a non-empty intersection. Therefore @ is not homeomorphic (and

hence not isomorphic) to P2.

Exercise 4.0.55 (Plane Cremona Transformations). A birational map of P* into itself
is called a plane Cremona transformation. We give an example called the Quadratic
Transformation. It is a rational map ¢ : P* — P? given by (ao, a1, as) +

(a1as, apgas, apay) when no two of ag, ay, as are 0.
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(a) Show that ¢ is birational and is its own inverse.

(b) Find open sets U,V C P? such that ¢ : U — V is an isomorphism.

(¢) Find the open sets where ¢ and o~

Y are defined, describe the corresponding mor-

phisms.

Solution:

(a)

Let U be the open neighbourhood where no two of ag, a;, as are 0. Let

¢ : U — P? be the morphism defined by (ag, a1, as) — (aias, agas, agay).
We claim that the rational map defined by the equivalence class (U, ¢) is its
own inverse. Consider the composition (U, ¢) o (U, ¢). It is given by the
equivalence class (o~ 1(U), ¢ o ).

We have that U = P? \ {4, B, C'} where

A= (1,0,0), B=(0,1,0),C = (0,0, 1). Therefore ¢~ (U) will be equal to
P2\ (oA U (B) U ¢~ }(C)). We now claim that ¢~ 1(A) = Z(z).
Clearly for any point P = (0, t, u) € Z(zy), ¢(P) = (1, 0, 0). Therefore
Z(xo) C ¢ 1(A). Now, suppose (ag, a1, az) € ¢ *(A). Therefore

o(ag, ar, az) = (ajag, apas, apa;) = (1, 0, 0). Hence agas = 0 and apa; = 0.
But since aja; = 1, we have that aq, as # 0. Therefore ay = 0 and hence

(ag, a1, ag) € Z(xq). Similarly we can prove that ¢~ '(B) = Z(z;) and

0 1(C) = Z(x3). Therefore ¢ (U) = P? \ Z(xgr122). Let this open subset
be denoted by V. Then it can be easily checked that ¢ o ¢ = [ on V.

Therefore (U, ¢) is birational and is its own inverse.

From the proof of the corollary 4.5, we know that ¢ gives an isomorphism of the
open subset ¢~ (o7 (U)) to itself. Now, o1 (o 1 (U)) = ¢~ }(V) where V is as
in part (a). We claim that ¢~!(V) = V. Clearly, V. C U which implies that

e Y(V) C o1 (U) = V. Consider any (ag, a1, az) € V. Now,

(ag, ar, az) = (ajaq, apag, apay). Since ag, ai, as # 0, p(ag, a1, az) € V.
This proves that p='(V) = V. Hence ¢ induces an isomorphism of the open
subset V' to itself.

It is clear from the definition of the rational map ¢ that it is defined at all the
points of the open subset P? \ {A, B, C} where A = (1, 0, 0), B = (0, 1, 0)
and C' = (0, 0, 1). Let this open subset be denoted by U. We now claim that
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the morphism ¢ : U — P? defined by (ag, a1, as) — (ajas, apas, apar)

cannot be extended to any of the points A, B, C.

Suppose that ¢ can be extended to the point A. Then there exists an open
subset W of A and a morphism p : W — P? such that ¢ = pon W N U. Let
Wy = W N Uy where U; = Z(x1)¢. Since U; can be identified with A2, we can
consider W as an open subset of A2. Clearly A ¢ W;. Let W, = W, U {A}.
Consider the restriction of the map g to TW,. It is a morphism and hence the
map FF = mo pu : Wll —— k is a regular map where 7 represents the projection
onto the first coordinate. Therefore there exists a neighbourhood V' C W, of A
where F' has the form f;/fs for some homogeneous polynomials fi, fo of same
degree. But on V' \ {A}, we know that F' has the form xzyz5. Now V \ {A} is
an open subset of W, \ {A} = W, which is an open subset of A2. Therefore
fi(zo, 1, x2) = wafo(wo, 1, x2) on the open subset V' \ {A}. Using the same
argument as in 4.3 (a), we get that fi(zo, 1, x2) = xafa(zo, 1, x2) on the whole
of A% Let f; = fi(xo, 1, 23) for i = 1, 2. Therefore deg(f1) = deg(fz) + 1.
Since fo(1, 0, 0) # 0, we have that z; { f, and hence deg(fs) = deg(f>).
Therefore we have that deg(f1) = deg(f2) + 1. Since deg(f1) < deg(f1), we
get that 1 + deg(fs) < deg(f1) which implies that deg(f2) < deg(f1) which is
a contradiction. Therefore the morphism ¢ cannot be extended to the point A.
Using similar arguments we can prove that ¢ cannot be extended to any of the
points A, B or C. Therefore U is the largest open set on which the rational

map ¢ can be expressed as a morphism.

Exercise 4.0.56. Let X and Y be two varieties. Suppose there are points P € X and
Q € Y such that the local rings Op x and Oq,y are isomorphic as k-algebras. Then
show that there are open sets P € U C X and Q € V C Y and an isomorphism of
U toV which sends P to Q).

Solution:

Let X' and Y’ be any affine open sets in X and Y respectively such that P € X’
and ) € Y. Then we know that Opx = OP’X/ and Og y = OQY/. Also, if we
get an isomorphism of U and V such that ¢(P) = Q where U € X and V C Y’
are open neighbourhoods of P, () respectively, then we are done with the problem.

So we may assume that X and Y are affine varieties.
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From theorem 3.2 we know that Op x = A(X)m, and Ogy = A(Y)n,. Therefore
we have inclusions A(X) — Op y and A(Y) — Og,y. Let 0 : Ogy — Op x be
the isomorphism. Suppose A(Y') is generated by y1, ys, ... Ym as a k-algebra. Then
0(y;) € Op x fori = 1, ... m. Therefore for each i = 1, ..., m, we have

0(y;) = (U;, fi) where U; is an open subset of X and f;; U; — k is a regular
function. Let U = (/_, U;. Then 6(y;) is a regular function on U for each

i =1, ..., m. Therefore # defines a homomorphism from A(Y) to O(U) = A(U)
and hence from Proposition 3.5 we have a morphism ¢ : U — Y.

Let mp C A(U) be the ideal corresponding to the point P. We claim that

01 (mp) = myp). Suppose f € 7' (mp). Then f = 07'(g) for some g € mp.
Therefore 6(f) = f o ¢ = g. Since g(P) = 0, we have that f(¢(P)) = 0.
Therefore f € mypy. Conversely let f € myp). Therefore f(p(P)) = 0 which
implies that f o ¢(P) = 0. Therefore f o ¢ € mp. But f o ¢ = 0(f). Therefore
6(f) € mp and hence f € 6~ (mp). This proves the claim.

Let mlp be the unique maximal ideal of Op x and let m/Q be the unique maximal
ideal of Og,y. Since 0 is an isomorphism of Op x and Og,y, we have

0~ (mp) = mg. Since Op x = A(X)mp, we know that mp = mpOp x and
similarly m/Q = muOgq.y. Therefore 7' (mp) C mg. But we have proved that

0! (mp) = my(p). Therefore mg = my(p). From theorem 3.2 we know that there is
a 1-1 correspondence between the points of Y and the maximal ideals of A(Y").
Therefore we get that p(P) = Q.

Let n = 6~'. Then using the same arguments as above we get a morphism

V. — X such that pu(Q) = P where V is an open subset containing ). Now,
©* = 0 and p* = n. Hence (¢ o pu)* = p* o p* = I; where 1, is the identity
homomorphism of the ring Og y. Therefore ¢ o u = I; on p~(U) where I, is the
identity morphism of the open subset p~'(U). Similarly we get that u o ¢ = I; on
o Y(V) where I, is the identity morphism of the set ¢~1(V'). Now restricting the
open sets as in the proof of corollary 4.5, we get that an isomorphism of open
subsets of P and ) which maps P to Q.

Exercise 4.0.57. Let Y be the cuspidal cubic curve y> — 2% in A?. Blow up the
point (0, 0), let E be the exceptional curve, and let Y be the strict transform of Y.
Show that E meets Y in one point, and that Y = A'. In this case the morphism

Y Y — Y s bijective and bicontinuous, but it is not an isomorphism.
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Solution:

Let ¢, v be the homogeneous coordinates for P'. Let X denote the blowing-up of A2
at O. It is defined by the equation zu = ty inside A? x P!. The total inverse image
of Y in X is obtained by considering the equations y?> = 2 and zu = ty in

A? x P! We know that P! is covered by two open sets t # 0 and v # 0. When

t # 0, we set t = 1 and then obtain the equations y?> = 2 and zu = ty which

3 = 22u?. The first irreducible component of this

gives the the reducible equation z
is given by x = 0, y = 0 and u arbitrary. This corresponds to the exceptional curve
E. The other irreducible component is given = v, y = u*. Thisis Y. Clearly Y
meets E only in one point which is P = (0, 0) x (1, u) € A! x P! Clearly the
map ¢ : Y — A' defined by (u?, u?) x (1, u) + u is a morphism. Also, the map
p: A' — Y given by u — (u2, u*) x (1, u) is the inverse morphism to ¢.
Therefore A! is isomorphic to Y.

Since ¢ induces an isomorphism of Y \ ¢=1(0) to Y \ O, we know that ¢ is a
bijective bicontinuous map of these two sets. Now since ¢~1(0O) N Y is the singleton
set, ¢ is a bijective map from Y to Y. Also, since p~'(O) = P, the inverse image of

the closed subset {O} is the closed set { P}. Hence the map ¢ is bicontinuous.
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Chapter 5
Nonsingular Varieties

Exercise 5.0.58 (Multiplicities). Let Y C A? be the curve defined by the equation
f(x,y) = 0. Let P = (a, b) be a point of A%. Make a linear change of coordinates so
that P becomes the point (0, 0). Then write f as a sum f = fo + ..., + fq where f;
s a homogeneous polynomial of degree i in x andy. Then we define the multiplicity of
P onY, denoted by up(Y'), to be the least r such that f, # 0. The linear factors of f,
are called the tangent directions at P. Show that pp(Y) = 1 < P is a nonsingular
point of Y

Solution:

We know from Theorem 5.1 that a variety ¥ C A" is non singular at a point

P € Y if and only if the local ring Op y is a regular local ring. A linear change of
coordinates will change Op y only upto an isomorphism. Therefore the
nonsingularity property of a point on a variety remains unchanged under a linear
change of coordinates. Then after a linear change of coordinates such that

P = (0, 0) we know that f has the form fy + fi + ... + fq where f; is a
homogeneous polynomial of degree i in x and y. Since P = (0, 0) € Y, we know
that fo = 0 and since up(Y) = 1 we have that f; # 0. Suppose the linear term is
axr + Py. Then both a and [ cant be zero simultaneously. Now, 0f/0z(P) = «
and 0f /0y(P) = [ and hence both are not simultaneously zero and hence P is non
singular.

To prove the converse also we make a linear change of coordinates such that

P = (0, 0). Suppose now that f = f; + ... + f4. Suppose the linear term is

ax + fy. Then 0f/0x(P) = « and 0f/0y(P) = (3. Since f is non singular at P,
both o and § cant be simultaneously zero and hence f; # 0. Therefore up(Y) = 1.

7
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Exercise 5.0.59. For every degree d > 0 and every p = 0 or a prime number, give

the equation of a non singular curve of degree d in P? over a field k of characteristic

p.

Solution:

For characteristic 0 we consider the curve Y given by f = 2% + +y¢ + 29 Then
Of/0x = dx®, 0f /0y = dy?* and Of/0z = dz?~'. Hence the Jacobian of this
curve at any point P € P? is a non zero row matrix. Now we know from Exercise
5.8 we know that this implies that Y is a non singular curve at every point of P?
and hence is a non singular curve. Also, when the field has a positive characteristic
p such that p does not divide d, then f still satisfies the Jacobian condition and
hence is a non singular curve.

When the positive characteristic p is such that p divides d, then we can consider the
curve Y given by f = zy® ! + y2¢ ! + 22?7t Then 0f /0x = (d—1)z2%72 4 yo=1,
Of /0y = (d—1Day?2 + 241 and 0f/0z = (d—1)yz?=2 + 291, We can check for
the solutions in each of the affine open subsets of P2, {z # 0}, {y # 0} and

{z # 0}. For example to check for a solution in {z # 0}, we put z = 1. Then it
can be checked that the three equations have no solution in this affine open subset.
Similarly it can be checked that there are no solutions in each of the other two affine
open subsets. Hence the Jacobian of Y at any point P € P? is a non zero row

matrix. Therefore, from Exercise 5.8, we get that Y is a non singular curve.

Exercise 5.0.60 (Blowing Up Curve Singularities).

(a) Let Y be the cusp z° + y% = wy or the node y* + z* + y* — 23. Show that the

curve Y obtained by blowing up Y at (0, 0) is non singular.

(b) We define a node(also called ordinary double point) to be a point of multiplicity 2
of a plane curve with distinct tangent directions. If P is a node on a plane curve
Y, show that = 1(P) consists of two distinct non singular points on the blown up

curve Y. We say that ‘blowing up P resolves the singularity at P.

(c) Let P € Y be the tacnode of 2* = z* +y*. If p: Y — Y be the blowing up
at P, show that ¢~ (P) is a node. Using (b) we can see that a tacnode can be

resolved using two successive blowings-up.
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(d) Let'Y be the plane curve y* = z° which has a ‘higher order cusp’ at O. Show
that O is a triple point; that blowing up O gives rise to a double point and that

one further blowing up resolves the singularity.
Solution:

(a) We first consider the cusp 2% 4+ y% = zy. We know that Y — ¢~ 1(0) is
isomorphic to Y — O where ¢ is the blowing up map of A2 at O. It can be
checked that all the points of Y — O are non singular and thus all the points of
Y — ¢~ 1(O) are non singular. Therefore we need to only check the singularity
of the points on Y N ¢~1(0).

Let the homogeneous coordinates of P! be ¢, u. Let X denote the blowing up of
A? at the origin. We get the total inverse image of Y in X by considering the
equations zu = ty and 2% + y% = xy. We first consider the affine open subset
U, of P! given by ¢t # 0. To determine Y N U,, we set t = 1 and then obtain
the equations zu = y and 2° + 3® = 2y which gives the equation

22(2* + 2*u8 — u) = 0. The first irreducible component of this is given by

r = 0,y = 0 and u arbitrary. This corresponds to ¢~ 1(0) N U;.

The second irreducible component z* + z*u?

y = zu defines Y N U;. Now Y N U, meets ¢~ 1(O) N U, in the point (0,0, 0).
0 -1 0
0 1

which clearly has rank 2. Now, since Y is birationally equivalent to Y we get,

— u = 0 along with the equation

Now the Jacobian matrix of Y N U, at the point (0, 0, 0) is

from Theorem 3.2 and Corollary 4.5, that the dimension of Y is the same as the
dimension of Y which is equal to 1. Hence the dimension of Y N U, is also 1.

Therefore we get that Y N U, is non singular at the point O.

We now consider the affine open subset U, of P? given by u # 0. For this we
set w = 1. Then we get the equation y?(t5y* + y* — t) = 0. The first
irreducible component of this, given by x = 0, y = 0 and ¢ arbitrary is
0 1(0) N U,. The second irreducible component t%y* + y* — ¢t = 0 along with
z = ty defines Y N U,. Now, Y N U, meets ¢~'(O) N U, in the point (0, 0, 0).
0 -1 0

0 1
which clearly has rank 2. Using the arguments same as above we get that the

Now the Jacobian matrix of Y N U, at the point (0, 0, 0) is
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dimension of Y N U, is 1 and hence that Y N U, is non singular at the point O.

Therefore we get that Y is a non singular variety.

We now consider the cusp Z defined by y? + 2* + y* —2® = 0. Let the
homogeneous coordinates of P! be ¢, u. Let X be as before. Then the total
inverse image of Z in X is obtained by considering the equations

y? + 2 + y* —2® = 0 and 2xu = ty. We know that each point of Z — O is
non singular. Hence, as noted above, we need to only check the singularity of
the points on Z N ¢~ '(0). We first consider the affine open subset U, of P*
given by ¢t # 0. To determine Z N U, we set t = 1 and then obtain the
equations y = zu and y? + 2% + y* — 23 = 0 which gives us the equation
2?(u? + 2% + 2?u* — 2) = 0. The first irreducible component of this is given
by z = 0, y = 0 and w arbitrary. This corresponds to ¢~1(O) N U;.

The second irreducible component v? + z? + z%u*

— x = 0 along with the
equation y = zu corresponds to Z N U,. Now, Z N U, meets e 1(0) N Uy in
the point (0, 0, 0). The Jacobian of Z N U, at the point (0, 0, 0) is

0 —1 0

0 O

used in the case of cusp we get that the dimension of Z N U, is 1 and hence
that Z N U, is non singular at the point (0, 0, 0).

We can easily check that (Z N ¢~ 1(0)) N U, ). Hence the Z N ¢~'(0) is non

singular. Therefore we get that Z is a non singular variety.

which clearly has rank 2. Using arguments similar to the ones

By a linear change of coordinates we can assume that the node is P = (0, 0).
Let Y be defined by the equation f = f; + fo + ... + fg. Since up(Y) = 2
we have that f; = 0. Also since there are two distinct tangent directions, we
have that fo = (qz + 1y)(er + Boy) such that ai/as # [1/F2. We can

write f as fo + g(x, y) where g(x, y) has only terms of degree 3 or more. By

another change of coordinates we can assume that fo = xy.

We let the homogeneous coordinates of P? be ¢, u. Then the total inverse image
of Y in the blow up of A? at the origin, X, is given by zu = ty and f(z, y) = 0.
We first consider the affine open subset given by ¢ # 0. We set t = 1 to get the
equation xu = y. Substituting in f, we get that f = x?u + g(z, zu). Since

g(z, ru) has terms of degree 3 or more, we can write g(z, xu) as x3h(z, zu) for

some polynomial h. Therefore f = z%(u + zh(z, zu)). Now, Y N U, is given
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by u + zh(z, zu) = 0 and y = zu and it meets p~!(P) at the point (0, 0, 0).
This point corresponds to the point (0, 0, 1, 0) in A? x P!. The Jacobian

matrix of this variety at any point Q = (a, b, ¢) is given by

—b —a 1
Oh Oh . Therefore at the point (0, 0, 0) the
14+ b— b— h 0
FIS(Q) b (Q) +h(Q)
. ... 1001 . . : .
Jacobian matrix is ) which clearly has rank 2. Since the dimension of

Y N U, is 1 we get that Y N U, is non singular at the point P.

We now consider the affine open subset U, of P? given by u # 0. We set u = 1
in the equations to obtain the equation z = ty. Substituting in f(x, y) we get
ty?> + g(ty, y) = 0. Since the degree of g(x, y) is > 3, we can write g(z, y) as
y3h(ty, t) for some polynomial h. Hence f = y?(t + yh(ty, y)). Now Y N U, is
given by t + yh(ty, y) = 0 and x = ty and meets = *(P) in (0, 0, 0). This
point is the point (0, 0, 0, 1) in A? x P!. It can be checked that the Jacobian

001
matrix of this variety is L0 o ] which clearly has rank 2. Since the

dimension of Y N U, is 1 we get that Y N U, is non singular at the point P.
Therefore we get that ¢~ (P) N'Y = {(0, 0, 0, 1), (0, 0, 1, 0)} both of which

are non singular points.

Let the homogeneous coordinates of P! be ¢, u. Then the total inverse image of
Y in the blow up of A? at the origin is given by zu = ty and 22 = 2* + y*. We
first consider the affine piece given by t # 0 by putting t = 1. We then get the
equations zu = y and 22 = 2* + y* from which we obtain the equation

2?2 — z* —2*u* = 0. This has two irreducible components, z = 0 and

2?2 + z?u* — 1 = 0. The first component corresponds to the exceptional curve,
E = ¢~ 1(P) N U; where ¢ : X — A? is the blowing up of A? at the origin.
The second component corresponds to Y N U,. We can check that

YNUNE = 9.

We now consider the second affine subset U, given by u # 0 by setting u = 1.

We then get the equations ty = x and 22 = z* + y* from which we get the

2 — t4* — y* This has two irreducible components y = 0 and

equation t%y
t2 — t*y?> — y? = 0. The first component corresponds to the exceptional curve,

E = ¢~ 1(P) N U, where ¢ : X — A? is the blowing up of A? at the origin.
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The second component corresponds to Y N U,. This intersects F at the point
(0, 0, 0). The lowest degree terms of t* — t'y*> — 3> = 0 are
t? —y* = (t + y)(t — y) and hence o' (P) N U, is a node.

Let Y be the variety defined by y3 — 2° = 0. Then clearly the origin is a triple
point of Y. Let the homogeneous coordinates of P! be w, t. The total inverse
image of Y in the blow up of origin at origin is given by the equations zu = ty
and y3 — 2® = 0. We first consider the affine piece U, given by u # 0 by
setting u = 1. Then we get equations z = yt and y*> — 2% = 0 from which we
obtain the equation y°t°> — 3 = 0. This has two irreducible components y = 0
and y?t> — 1 = 0. The first component corresponds to the exceptional curve

E = ¢~1(P) N U; where 9 is the blowing up of A% at the origin. The second
component corresponds to Y N U,. We can check that Y N U, N E = 0.

Therefore this component of ¥ has no singularity.

We consider the affine piece U; given by t # 0 by setting ¢ = 1. Then we get
the equations y = zu and > — 2° = 0 from which we obtain the equation
22u® — 2% = 0. This has two irreducible components z = 0 and v® — 22 = 0.
The first component corresponds to the exceptional curve £ = ¢~ 1(P) N U,
where 1) is the blowing up of A? at the origin. The second component
corresponds to Y N U,. This is the cuspidal cubic curve with a double point at

the origin.

Let us denote this cuspidal cubic curve by Z. We now blow up Z at the point
(0, 0). Let the homogeneous coordinate of P! be w, v. Then the inverse image
of Z in the blow up of A? at the origin is given by the equations xw = uv and
u? — 2% = 0. We first consider the affine piece U, given by w # 0 by setting
w = 1. We then get the equations z = wv and u® — 22 = 0 from which we get
the equation u®> — u?v? = 0. This has two irreducible components u = 0 and
u — v? = 0. The first component corresponds to E = ¢~ 1(P) N U, where ¢ is
the blow up of A2 at the origin. The second component corresponds to Z N U,
This meets E at the point (0, 0, 0) and it can be checked that Z N U, is non

singular at this point.

We now consider the affine piece U, given by v # 0 by setting v = 1. We then

get the equations xw = u and v®* — 2% = 0 from which we get the equation

22w — 22 = 0. This has two irreducible components x = 0 and zw® — 1 = 0.



The first component corresponds to E = ¢! (P) N U, and the second
component corresponds to Z N U,. We can check that Z N U, N E = 0.

Therefore we cusp at the point P obtained by blowing up Y is resolved by a

subsequent blowing up.
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Chapter 6

Varieties and Submanifolds

6.1 Introduction

Complex analysis deals with holomorphic functions which are defined on open subsets
of the euclidean topology on C". This leads to the notion of holomorphic submanifolds
of C" (and P"(C)) which are loosely speaking subsets of C" (and P"(C)) which are
locally given by holomorphic functions.

On the other hand we have defined on C and P?(C) a topology called the Zariski
topology in which the closed subsets are the set of common zeroes of polynomials
functions. The closed subsets in the Zariski topology are called algebraic varieties.
These may or may not be reducible.

In this essay we state and prove two basic yet remarkable theorems which bring
out the relationship between these two kinds of subspaces of P?(C), namely the alge-
braic varieties and the analytical submanifolds thus connecting the algebro-geometric

notions over abstract fields with the ideas coming from complex manifolds.

6.2 Closed Submanifolds of C"

In this section we define a closed holomorphic submanifold of C*. We begin by

defining a few preliminaries.

Definition 6.2.1 (Holomorphic Function). A map f : U — C from an open
subset U C C™ to C is said to be holomorphic (or complex analytic) if for any point

P = (ay, ..., a,) € U there exists an neighbourhood of P in which f can be expressed
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as a convergent power series in the n complex variables x1 — aq, ..., T, — Qy.

A map f : U — C™ which is given by (fi, ..., fm) is said to be holomorphic
if each of the f; : U — C is holomorphic.

Definition 6.2.2 (Holomorphic Isomorphism). Let U C C" and V. C C™ be open
subsets. A map f : U — V is called a holomorphic isomorphism if it is a topological
homeomorphism such that f and the inverse map g : V — U are holomorphic when

regarded as maps from U — C™ and V. — C™ respectively.

It can be checked that when U C C” is non empty and when there is a holomor-

phic isomorphism f : U — V fro some V' C C™, then m = n.

Definition 6.2.3 (Holomorphic coordinate chart). The tuple (U, uq, ..., u,) where
U c C" is non empty and open and each of the u; : U — C is holomorphic,
1s called a holomorphic coordinate chart if the resulting map uw : U — C" is a

holomorphic isomorphism of U onto an open subset V- C C".

We now define a special kind of holomorphic coordinate chart which will be used

in the definition of a closed submanifold of C".

Definition 6.2.4 (Cubical coordinate chart(polydisk)). Let (U, uy, ..., u,) be a
holomorphic coordinate chart such that the map w : U — C" is a holomorphic
isomorphism of U onto an open subset V. C C™.

If V is of the form {(by, ..., b,) € C" | |bj] < a} fro some a > 0, then the

holomorphic coordinate chart is called a cubical coordinate chart.

The point P € U for which u;(P) = 0 for alli = 1, ..., n is called the centre

of the cubical coordinate chart.

Definition 6.2.5 (Locally closed holomorphic submanifold of C"). A non empty
locally closed subset X € C" is called a locally closed submanifold of C" if each
P € X is the centre of a cubical coordinate chart (U, uy, ..., u,) such that

XNU=AQ | wi(Q) =0 foralld+1<1i<n} whered < n is a positive integer.

The positive integer d is called the dimension of the locally closed submanifold.

When X is an empty it vacuously satisfies the criteria of being a locally closed
submanifold and therefore we adopt the convention of giving it dimension —oo.

If a locally closed submanifold X of C™ is closed in an open subset V' of C", we

call it a closed submanifold of V.
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6.3 Implicit Function Theorem

In this section we state the implicit function theorem which serves to connect an-
alytical geometry and algebraic geometry specifically by showing that non singular
algebraic varieties are closed holomorphic submanifolds. We illustrate this use of the

theorem in the later sections after defining the concept of non-singularity.

Theorem 6.3.1 (Implicit Function Theorem). Let xy, ..., x,, be the linear coordi-
nates on C™ and let y1, ..., y, be the linear coordinates on C". Therefore we get
on C™" the linear coordinates xi, ..., Tu, Y1, .., Yn. Let U C C™" be an open

neighbourhood of the origin 0 € C™™. Let f = (f1, ..., fu) : U — C" be a
holomorphic map such that f(0) = 0. If the n X n matric

(5,)
Ay, 1<i,j<n

is invertible at the point 0 € C™", then there exists open neighbourhoods V, ¢ C™

and W, C C™ which are given |z;| < a and |y;| < b for some positive real numbers a, b
and a holomorphic function g = (g1, ..., gn) = Vo — Wy such that V, x V,, C U

and

F7H0) N (Vo x W) = {(x, g(2))|z € Vo).

Proof. See Proposition 1.1.11, Chapter 1, p 11 of [2] O

This theorem tells us that under suitable conditions the level set of a holomorphic

map is locally the graph of a holomorphic function.

Now, if f : U — C" be a holomorphic map where U C C1 is an open subset.
Suppose for each P € U with f(P) = 0, the rank of the n x ¢ matrix

of;
(7.7
J 1<i<n, 1<j<q

is n. If f71(0) is non empty, we get from the Implicit Function Theorem that it is a

closed holomorphic submanifold of U of dimension ¢ — n.
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6.4 Non-singular varieties

In this section we define the concept of a non-singular algebraic variety of C" and

then use implicit function theorem to connect it to the concept of a holomorphic
submanifold of C™.

Definition 6.4.1 (Non-singular affine variety). Let Y = Z(fi, ..., fi) C C" be an
algebraic variety. Then'Y is said to be non-singular at a point P € Y if the rank of

the matriz (%(P)) isn — r where v is the dimension of Y.
x .

The variety Y s said to be non-singular if it is non-singular at every point of Y.
Similarly we can define the concept of a non singular algebraic subset of P".

Definition 6.4.2 (Non singular projective variety). LetY C P™ be the set Z(f1, ..., f;)
where f; are homogeneous polynomials in klxo, ©,|. Let P € Y be the point with the

homogeneous coordinates (ag, ..., a,). The Y is said to be non-singular at the point

P if the rank of the matrix <§f1 (P)) 1s n — r where r is the dimension of Y.
x

J

The matrix (%(P)) is called the Jacobian matrix of Y. If Y = Z(fy, ... fi) =
J
Z(g1, ..., gs), then it can be shown that the rank of the matrix (%(P)) is the
L

same as the rank of the matrix (gi; (P)) for any P € Y. Therefore the notion of
non-singularity of a variety is independent of the set of generators of the variety. This
criteria for non-singularity is called the Jacobian criteria.

We recall a few definitions from algebraic geometry here which will aid us in giving
an equivalent condition for son singularity.

Let Y C C" be an algebraic variety.

Definition 6.4.3 (Regular Functions on C"). A function f : Y — C is said to
be reqular at a point P € Y if there is an open neighbourhood U C Y with P € U

and two polynomials g, h € klxy, ..., x,] such that h is no where zero on U and
f=g/honU.
We say that f is regular on'Y if it is regular at every point on Y .

Definition 6.4.4 (Regular functions on P"). A function f : Y — C is said to be
reqular at a point P € Y if there is an open neighbourhood U C 'Y with P € U and
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two homogeneous polynomials g, h € k[x,, ..., x,] of the same degree such that h is
no where zero on U and f = g/h on U.

We say that f is reqular on'Y if it is reqular at every point of Y.

Definition 6.4.5 (Local ring of a point on a variety). Suppose Y is an algebraic
subset of C" (or P") and suppose P € Y 1is a point. Then the set of all pairs (U, f)
where U is an open subset of Y containing P and f is a reqular function on U with
the equivalent condition that (U, f) = (V, g) if f = g on U NV is a ring. This ring
is called the local ring of P on'Y and is denoted by Op y.

The local ring Op y is basically the ring of germs of regular functions near P. It
can be checked that it is a local ring and the set of germs of regular functions which
vanish at P is its the maximal ideal. We denote this maximal ideal by mp.

We now define the algebraic notion of a regular local ring.

Definition 6.4.6 (Regular Local Ring). A noetherian local ring (A, m) with residue
field k is called regular local if dimm/m? = dim A.

We now state a theorem which gives an equivalent condition for non singularity

in terms of the local ring.

Theorem 6.4.7. Let Y C C" be an algebraic set. Let P € Y be a point. Then'Y

is non-singular at P if and only if the local ring Op,y is a regqular local ring.
Proof. See Theorem 5.1, Chapter I, p 32 of [1] O

We next state a theorem which tells us that most of the points of an algebraic

variety Y are non-singular.

Theorem 6.4.8. Let Y be a variety. Then the set SingY of singular points of Y is
proper closed subset of Y.

Proof. See Theorem 5.3, Chapter I, p 33 of [1] ]

We now use the implicit function theorem to show that non-singular algebraic va-
rieties are closed holomorphic submanifolds. Suppose now that the Y C C" is an irre-

ducible non singular algebraic set of dimension r. Suppose that Y = Z(f1, ..., fn).

Ofi
Since Y is non-singular, at every point P of Y the rank of the matrix ( 8f (P))
Lj

is n — r. Then from the implicit function theorem we know that Y is a closed

submanifold of dimension r in C".
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6.5 Chow’s Theorem

We now state and prove a theorem which serves to show an important connection
between algebraic geometry and analytical geometry by showing that the local prop-
erty of being analytic in P” is equivalent to the global property of being algebraic. In
this essay we concentrate on the special case of n = 2. This result allows us to apply

many analytical methods to algebraic geometry.

Theorem 6.5.1. Any 1-dimensional holomorphic closed submanifold of P4 is a non-

singular irreducible algebraic curve in Pa.

Proof. If M is a straight line, then there is nothing to prove, so assume that M is not
a straight line. Note that P? has an affine open cover by three copies of C?, each the
complement of one axis. Therefore, M N C? will be a non-empty closed submanifold
for each of these C?. We first assume that M N C%is connected (this assumption is
necessarily satisfied as we will show later).

Therefore, we now begin by considering a 1-dimensional holomorphic closed con-
nected submanifold M, C C2.

By definition of a submanifold, around any ) € M, there is a rectangular open
neighbourhood (polydisk) W such that MyNW is the graph of a holomorphic function
y = g(x) or graph of a holomorphic function x = h(y).

Let P € C? be such that P & M,. Suppose that the line PQ is tangent to M, at
Q. Then around @ we can choose new local coordinates (u,v) which form a polydisk
U such that u and v are first degree polynomials in z and y, and for any line L passing
through P and intersecting U, the set L N U is given by v = constant. Hence locally
(by shrinking U if necessary) there will be a holomorphic function f(u) such that
My N U is the graph v = f(u). Suppose that @ is the point (u,v) = (a,b).

Let T = {Q € M,|PQ is tangent to My at Q}. We will show that T is closed and
discrete. First we will show that T is discrete, that is, each point of 7" is isolated. The
condition that @) = (a,b) is a point in T is that %(a) = 0. Since f is holomorphic,
we have that % is holomorphic. Therefore if %(a) = 0, then either a is an isolated
zero of % or £ = 0 in a neighbourhood of a. If former is the case then we are

du

done. Suppose % = 0 in a neighbourhood of a. Then f is a constant function. Since
f(a) = b, we have that f(u) = b. Let L be the line whose intersection with U is given
by v =b. Hence LNU C M,. Let L be given by ax + by + ¢ = 0 where z,y are

the cartesian coordinates on C2. Then az + by + ¢ is a holomorphic function on M,
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which vanishes in the open set My N U, so vanishes on all of My as M is connected,
so L C My, which means P € M, a contradiction. This completes the proof that T’
is discrete. The set T is closed in M for if T" has a limit point in M not in T then it is
a limit point of zeros of df /du, so df /du is identically zero in a neighbourhood of the
point on M. Then the above argument will show again that P € M, a contradiction.
Let M C PZ be a closed holomorphic submanifold of dimension 1. Let the ho-
mogeneous coordinates of P? be XY, Z. Since PZ is compact, we have that M is
compact. We can write P% as C? U C? U C? and then we get that M N C? is a closed
submanifold of dimension 1 in C2. We will first assume that M N C? is connected.
Let P € PZ be such that P ¢ M and let T = {Q € M|PQ is tangent to M at Q}.
Since each T'NC? is discrete and closed, we have that T is discrete and closed. Hence

T is finite by compactness of M.
Let T = {Q1,...,Qq}. Let L be a line in P? such that P ¢ L. Let 7 : M — L

be the projection from the point P. We can choose linear coordinates on P? such
that P = (0,1,0) and the line L is given by ¥ = 0 and (1,0,0) ¢ n(T"). Therefore
(1,0,0),(0,0,1) € L. Also, the projection is now given by 7(a, b, c) = (a,c).

Let U, C IP? be the affine open subset given by Z # 0. Then the affine coordinates
of Uz are x = X/Z and y = Y/Z. Now, the lines through P will be given by z = ¢
where t € C and the projection from P will be given by 7(z,y) = x. Let My = MNUj.
Now, for any point (a,b) € My, there exists a holomorphic function h and a positive
real number r such that y = h(z) in an open disc D of radius r around a, i.e.,
D={zxeC|lx—a|l <r}.

Let a & 7w(T) C L. Suppose there are exactly m points in M over x = a, given by
y =by,...,b,. Now, for each (a, b;), there exists a holomorphic function h; and a pos-
itive real number 7; such that y = h;(z) in an open disc D; of radius r around a. Now,
[y, (D) U...UTy,, (Dyy,) is open in Myz. Therefore Mz \ (I'p, (D1)U...UTy, (Dy))
is closed in Mz and hence compact in My (since My is compact).

Let Mz\(Tp, (D) U...UTy, (Dy,)) be denoted by N. Therefore m(N) is compact
and hence closed. We know that a & 7(N). Therefore there exists a small neighbour-
hood U of a such that U N 7(N) = (). Therefore 7= (U) C Ty, (Dy)U...UTy, (D).
Therefore for any a € U, any point of 7 !(a) will be of the form (a, h;(a)) for some
i = 1,...,m. Therefore 771(a) consists of at most m points. Also, we can choose
U so small that 7='(U) N T, (D;) N T, (D;) = 0. Therefore for any a € U, 77'(a)

consists of exactly m points. Therefore the cardinality of the fibre of 7 : My, — L
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is locally constant on L — 7(T). But L — 7(T) = P'— finite set = S?— finite set and
therefore is connected. Therefore the cardinality of the fibre on L — 7(7T') is constant,
say m.

Around a small enough disk with center at any @« € L — w(T'), we therefore
have well defined holomorphic functions s1(x), sa(z), . . ., Sm(z), which are elementary

symmetric functions of the h;(x), that is,

m

" = si(@)y" T () () = [y — ha(e)
i=1

As the ordering of the h; does not matter in the definition of s;, these are well defined
functions on L — 7(T). Let F(x,y) = y™ — s1(x)y™ ' + ... + (—=1)"s,, (), which is
a polynomial in y with coefficients which are holomorphic functions on L — 7 (T).

We will next examine the behaviour of the s;(x) at points of 7(7T") and at x =
oo. Consider a point a € 7(7T'), and let D — {a} be a punctured disk around a
which does not contain any other point of 7(7). For any z € D — {a}, there are m
values of y which satisfy F'(z,y) = 0. We claim that all these m values are bounded
by a constant ¢, that is, |y| < c¢. For if not, there exists a sequence a, — a in
D — {a}, and for each a, a root b, of F(a,,y) = 0, such that |b,] — oco. In P?
we have (ay,b,,1) = (a,/bs,1,1/b,), and these points have P = (0,1,0) as their
limit in P2. This contradicts the assumption that P & M. Therefore each of the m
locally defined functions h; is bounded by ¢ in any small disk in D — {a}, so their
elementary symmetric combinations s;(z) are bounded around each point a of = (T"),

so by Riemann removable singularity theorem, the s; extend to entire functions on L.

We next examine the behaviour of s; at the point x = oo on the line L. By the
choice of coordinates we have that the point z = oo is the point Q = (1,0,0) € P2
Also, we have that (1,0,0) € 7(T). Consider the affine open set Uy of P? given by
X # 0. Let the affine coordinates on Uy be denoted by u = % and w = % Therefore
u="2%and w= i Now, the line joining (0,1,0) and (1,0,0) is given by w = % =0.
Each of the m points in the fibre over @ is of the form (u,w) = (¢;,0). Let the
local description of the manifold around (¢;,0) be given by the holomorphic function
u = g;(w). Using the same argument as was used in the affine open neighbourhood
Uy, we get that g; is bounded in a neighbourhood of w = 0 because it take the values
in a neighbourhood of ¢;. Let ¢ = max{|g;(0)|}. If we substitute u = £, we get that

y = xg;(w). Therefore |y| ~ c|x| as * — oo (w — 0). But y = h;(x). Therefore each
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hi(z) ~ c|z| as @ — co. Therefore we have that s;(z) ~ z'c as * — oo for some
constant ¢ .

We know that if s(z) is an entire function on C and if there exists a constant c
and an integer r > 0 such that |s(x)| < c|z|", then s(z) € C[x]. Therefore we get that
each of the s;(x) are polynomials in z. In particular, F(x,y) = y™ — s;(z)y™ ' +

o4+ (=1)"sp(x) € Clz,y]. Therefore we get that My = M NU, = Z(F(x,y)) is the
affine variety defined by F(z,y).

Let F(X,Y,Z) be the homogenization of F with respect to Z. Then we have that
M c Z(F). We can factor the highest power of Z out of F and therefore assume
that Z does not divide . Then we get that M = Z(F) C P2,

If M N C? were disconnected, by the above proof each connected component will
give rise to a projective curve. But by Bezout’s theorem, these curves will intersect. A
point of intersection of two irreducible components will be singular, which contradicts
the assumption that M is a holomorphic submanifold of P?. Hence there is no loss
of generality in our earlier assumption that M N C? is connected. In particular, the
above argument shows that F'(X,Y, Z) is irreducible.

This completes the proof of the theorem.

We now state and prove a theorem which shows that any zariski closed subset in

P? is connected in the euclidean topology.

Theorem 6.5.2. If F(X,Y,Z) € C[X,Y, Z] is a homogeneous polynomial, then the
corresponding locus Z(F(X,Y,Z)) is connected in P4 in the euclidean topology.

Proof. Let Z(F(X,Y,Z)) be denoted by V. We begin by proving that there are no
isolated points on V. Consider any point P = (ag,ai,az) € V. Suppose ay # 0.
We now consider the affine open subset Uy of P? given by Z # 0. Let x = % and
y = %£. Let the point (ag/az,a1/az) € C* be denoted by P itself. Let ag/az = a and
aj/ag = b. Let the dehomogenization of F(X,Y, Z) be denoted by f(x,y). Therefore
we have that f(a,b) = 0.

Let € be so chosen that in the open disc D = {y € C | |y — b| < €} there exists

only one root b of f(a,y). Suppose this root occurs with a multiplicity ». Then

fy(ay)
e fla,y)

dy is a continuous function of x. But this integral can take only

we have that ﬁ f‘y_b‘: dy = r where f,(a,y) = g—g(a,y). Now, we know that

L fy(xvy)
2mi J|y—bl=e f(z,y)
positive integral values. Therefore in a small neighbourhood |z — a| < §, we get that

1 fy(@,y)

2mi Jy=bl=e f(zy)

dy = r. Therefore we get that for any x in the § neighbourhood of
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a, there exists a root y of f(z,y) = 0. Hence the point (a,b) is not isolated. We now
state and prove a lemma which is a special case of the theorem but will be used in

the proof of the theorem.

Lemma 6.5.3. Suppose f(x,y) € Clx,y] is irreducible then Z(f) C C? is connected.

Proof. By a linear change of coordinates (Noether normalization), we can assume
that f(z,y) = y" + ay(x)y" ' + ... + a,(z) where a;(x) € C[z] are polynomials. Let
T be the set of points (x,y) where f = 0 and g—i = 0. We claim that the set T' is
finite. First we recall some facts about discriminants.

If f,g € Aly| are two polynomials with coefficients in a ring A, their resultant
Res,(f,g9) € Ais an element of A. If ¢ : A — B is a ring homomorphism, and if
¢ : Aly] — Bly] again denotes the induced homomorphism, then ¢(Res,(f,q)) =
Res,(¢(f), #(g)), as the resultant is universally given as the determinant of a certain
matrix in the coefficients of f and g. The discriminant of f € Aly] is the element
D,(f) € A defined by Dy(f) = Res,(f,df/dy). A monic polynomial f(y) € Alyl,
where A is a UFD, has repeated factors in its unique factorization into irreducibles
in Afy] if and only if D,(f) =0 € A.

Applying the above to the ring A = C[z] which is a UFD, we get Aly] = Clz, y].
For f(z,y) € Clz,y| as above, we get D,(f(z,y)) € Clz]. Putting 2 = a defines a
homomorphism ¢ : Clz] — C, and C is also a UFD. By the above, (D,(f))(a) =
D,(f(a,y)) € C. So the polynomial f and ?)_5 have a common zero at z = a, if and
only if D,(f) vanishes at x = a. Since f is irreducible, the discriminant polynomial
D,(f) is not the zero polynomial and hence has finitely many roots. Therefore there
are only finitely many points a where f(a,y) and g—i(a, y) have a common zero. Also,
as f is monic in y of degree n, at each zero a of Dy(f), f(a,y) is a non zero polynomial
having at most n roots. Therefore T is a finite set. Let T = {Q1,...,Qa}-

Let the line y = 0 be denoted by L and let 7 : C> — L be the projection onto
this line given by 7(z,y) = x. As the roots of D,(f) are contained in 7(7"), for
any a € L — 7(T) there exist exactly n distinct points (a,b;) of Z(f) which lie over
a. By implicit function theorem, there exists in a small disk U in L — 7(T") with
center a holomorphic functions h;(x) such that h;(a) = b; and f(z, h;(z)) = 0, that
is, 71 ({U)N Z(f) is the disjoint union of the graphs of h;. Let W = Z(f) — 7 'x(T),
and let p = 7|y : W — L — w(T') be the projection. The above shows that the open

disk U around a is evenly covered, and p : W — L — w(T') is therefore a covering
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projection of degree n.

Note that by the definition of the h;(z), we have f(z,y) = [[,(y — hi(z)) for all
rxeL—n(T).

Suppose that Z(f) is not connected. Suppose Z(f) = M; U My where M, is a
connected component and M, is its complement. The projections p : M; — L — 7w (T)
and p : My — L — w(T) are again covering projections. As L — w(T') is connected,
these have constant degrees, say n; and no, so that n; + ny = n. Around each
a € L —m(T), the set of the n holomorphic functions h; gets partitioned into two
subsets: the set of n; holomorphic functions h; which correspond to points in M; and
the set of remaining ny holomorphic functions A} which correspond to points in Ms.
Thus, the products f'(z,y) = [[;(y — #j(x)) and f"(z,y) = [[;(y — hi(x)) are well
defined over x € L — 7(T), and

fQx,y) = f(x,y) f(x,y).

We now claim that f’(z,y) and f”(z,y) are elements of Clx,y]. Note that f’ is a
polynomial in y with coefficients s;(x) which are elementary symmetric polynomials
in the h’(z), and similarly, f” is a polynomial in y with coefficients s(z) which are
elementary symmetric polynomials in the h}(x). As the h;(x) are roots of f(x,y) =
y"+ a1 (z)y" '+ ...+ ay(z), and as the coefficients a;(x) are polynomials, the h;(z)
are bounded around each point of 7(7") and have polynomial growth at = = oc.
(This follows from the basic estimate that if y™ + byy" ' + ... + b, € Cly] is any
monic polynomial, then its roots are bounded by maxz{1,>, |b;|}.) It follows that the
elementary symmetric polynomials s}(z) and s/(x) are bounded around each point
of m(T'), and have polynomial growth at * = oco. So by the Riemann removable
singularity theorem, these are entire functions.

Any entire function with polynomial growth at oo is itself a polynomial. Hence
the s; and the s/ are themselves elements of Clz]. So f;(x,y) and f”(z,y) are in
Clx,y], and f = f'f”. Thus we get a factorization of f(x,y) in C[z,y], contradicting
its irreducibility.

This shows that the assumption that V' is not connected must be false. This proves

the lemma that an irreducible affine curve is connected in the euclidean topology on
C2 m

We now return to the projective case.
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Suppose that the homogeneous polynomial F(X,Y,7) is irreducible. Therefore,
f(z,y) = F(%,4,1) is irreducible. Therefore we have that Z(F) N C? is connected.
We have that Z(F) N Z(Z) is either finite or equal to Z(Z). If it is equal to Z(Z),
then since F is irreducible we get that F'(X,Y, Z) = Z and hence Z(F) is connected.
Otherwise Z(F) N Z(Z) is a finite set of points. We know that these points are not
isolated and hence Z(F') is connected.

Now suppose F' is not irreducible. Suppose F' = F|'F;? ... FIs where each Fj is
irreducible. Then Z(F) = Z(Fy)N...NZ(Fy). But we know that Z(F;) is connected
for each i = 1,...,s. Also, for any i,j € {1,..., s}, we know from Bezout’s Theorem

that Z(F;) N Z(Fj) # (. Therefore we get that Z(F) is connected. O

Corollary 6.5.4. If M C P? is a one dimensional holomorphic submanifold, then M

18 connected.

Proof. We know from Chow’s theorem that M is of the form Z(F') for some ho-
mogeneous F' € C[X,Y,Z]. But from the above theorem we know that Z(F') is

connected. O
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