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Abstract

Fourier Analysis in Number Fields

by Akshaa Vatwani

In this thesis we give an exposition of John Tate’s doctoral dissertation titled ‘Fourier
Analysis in Number Fields and Hecke’s Zeta-Functions’. In this dissertation, Tate
proved the analytic continuation and functional equation for Hecke’s (-function over
a number field k£ using what is now known as harmonic analysis over adéles. In his
work he first examines the local (-function and then uses adéles and idéles to include
in a symmetric way all the completions of the field into a single structure, so as to
examine the global (-function.

We explain required prerequisites and expand upon ideas used in Tate’s thesis to

give a comprehensive view of Tate’s work.
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Chapter 1

Introduction

1.1 Some Background

Early in the 20th century, Hecke gave an analytic continuation and a simple functional
equation for the Dedekind ( -function over the whole plane. He soon realised that
his method would work for a (-function formed with a new type of ideal character.
He finally proved that these ‘Hecke’ (-functions satisfy the same type of functional
equation as the Dedekind (-function. Hecke’s proof used methods only up to a level of
mostly elementary complex analysis , but involved long and drawn out computations.
Matchett, a student of Artin’s, made an attempt before Tate to use ideles and adeles
to redefine classical (-functions and interpret Hecke characters. But for proving the
functional equation, she followed the method of Hecke.

Tate provided a more elegant proof of the functional equation of the Hecke L-series
by using Fourier analysis on the adeles and ideles and employing a reformulation of
the Grossencharakter in terms of a character on the ideles. Tate’s work can be viewed
as a reformulation of Hecke’s work. Even though what was done by Tate was not new
and he was not the first to work on adeles and ideles, he was one of the first to do
what is now called harmonic analysis over the adeles and ideles. Tate’s work presently
is understood as the GL(1) case of automorphic forms. The techniques used in Tate’s
thesis have had far reaching consequences. Harmonic analysis is now an important
area of number theory. The mathematics in Tate’s thesis is a foundation stone today
for understanding many more advanced concepts in mathematics. One such example
is the Langland’s program - a web of conjectures linking together many areas of

mathematics. Thus though Tate’s result was not new, his novel way of exploring
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the problem has opened doors to many other areas of mathematics today and is one
of the reasons why Tate’s thesis is considered an invaluable contribution to number

theory.

1.2 Locally compact groups and unitary charac-

ters

A topological group is a group G together with a topology such that the group

operation and the inversion map given as,

GxG — G
(g,h) — gh

and

G —» G

g — g

are continuous maps on G x G (with product topology ) and G respectively.

In a similar manner, topological field is a field k together with a topology such
that addition and multiplication are continuous functions on k x k.

By a neighbourhood, we shall mean a set with an interior, that is a set that
contains an open set inside it. Topological groups have many interesting properties.

We will state and prove one such property which is of concern to us.

Proposition 1.2.1. Every neighbourhood U of the identity contains a neighbourhood
V' of the identity such that VV (= {zy:z,y € V}) CU.

Proof. We can assume that U is open. The continuous map ¢ : U x U — G defined
by the group operation is continuous, so ¢~(U) must be an open set inside U x U
containing (e, e), where e is the identity of G. By definition of product topology, there
exist sets V; and V5 such that (e,e) € V3 x Vo, C U x U. Putting V =V} NV, proves
the proposition. O

Another interesting property is that in a topological group, the concepts of con-

vergent sequence and Cauchy sequence make sense in a very straightforward way.
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Definition 1.2.2. A sequence {g, }nez+ of elements of G is said to converge to g if
given any open neighbourhood U of the identity e, we can find an integer N such that
gng €U foralln >N

Definition 1.2.3. A sequence {g,}nez+ of elements of G is said to be Cauchy if
giwen any open neighbourhood U of the identity e, we can find an integer N such that
gt € U for allm,m > N.

Let us now look at a particular type of topological group.

Definition 1.2.4. A topological group G that is both Hausdorff and locally compact

(every point admits a compact neighbourhood) is called a locally compact group.

Proposition 1.2.5. (proposition 1.6, §1.1, [9] ) Let G be a Hausdorff topological
group. Then a subgroup H of G that is locally compact (in the subspace topology) is

moreover closed.

Proof. Let K be a compact neighbourhood of the identity e in H. Since H is Haus-
dorff, K must be closed in H. Hence there exists a closed neighbourhood U of e in
G such that K = U N H. U N H must be closed since U N H is compact in H, and
there by in G as well. By proposition 1.2.1, there exists a neighbourhood V' of e in
G such that VV C U. We need to show that H C H. As H is a subgroup of G,

! must intersect H, if x € H. In particular we have some

every neighbourhood of z~
element y contained in Va~! N H. If we can prove that yz lies in H, then y € H will
imply that x must also lie in H.

Let us now prove that yr € UN H. As U N H is closed, it is enough to show that
every neighbourhood W of yz intersects U N H. Now y~'W NaV is a neighbourhood
of x and z lies in H, hence there exists an element z € y'W N2V N H giving us:
yz € WNH,y € Vet and z € V. This means that yz € Vz~ 2V = VV C U.

Therefore W N (U N H) is non empty, proving the result. ]

When we talk of an isomorphism or homomorphism between two topological
groups, then we not only want the map to respect algebraic structure but also topo-
logical structure. An isomorphism between topological groups is understood to be an
algebraic isomorphism which is bi-continuous. When dealing with homomorphisms,
we talk about continuous homomorphisms. One important class of continuous homo-

morphisms is the class of continuous homomorphisms from G to the multiplicative
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group S* (or C*). Such maps are called unitary characters (or characters). The word
unitary obviously arises because these maps take elements of G to elements of abso-
lute value 1. The set of unitary characters of a group G is denoted by G. It forms a
multiplicative group and is also called the Pontryagin dual of G. We define a topology
on G as follows. Let B be a compact subset of GG, and let U be a neighbourhood in
S'. Then we define the subset W(B,U) of G by

W(B,U)={x € G:x(B) CU}

These sets act as a sub-base to determine a topology on G known as the compact
open topology. Since we are dealing with continuous functions, this topology is the
same as the topology of compact convergence i.e. a sequence f,, of functions converges
to the function f in this topology if and only if for each compact subspace B of G,
the sequence of restricted functions f, z converges uniformly to fip. Using this, one
can prove that G is in fact a topological group with respect to the compact open
topology.

In order to examine dual groups in more detail, we define some key subsets of S?.

Definition 1.2.6. Consider the map ¢ : x — €*™* from the reals to S*. For € real

and contained in (0,1], we define N(¢) C S as the image of the symmetric open set

(—€/3,€/3) under ¢.
We are now in a position to prove the following important results.
Theorem 1.2.7. (proposition 3.2(iv), §3.1, [9] ) If G is compact, then G is discrete.

Proof. Given any non-trivial unitary character y of G, x(G) is a subgroup of S'. Tt
cannot be contained in any set of the form N (e), € € (0, 1], because such a set is never
closed under multiplication and inversion. As G is compact, W(G, N(¢)) is an open
set of the character group, but it cannot contain any unitary character other than
the trivial character. Thus the singleton set { x4} is open in the group of unitary

characters, proving that the G is discrete. O
Theorem 1.2.8. (proposition 3.2(ii1), §3.1, [9] ) If G is discrete, then G is compact.

Proof. If G is discrete, then any homomorphism taking G into S* is continuous and
thereby a unitary character, giving G = Hom(G, S'). Also, the compact open topol-

ogy on G reduces to the topology of pointwise convergence because the compact sets
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in the discrete group G are precisely the finite sets. However, with respect to this
topology, Hom(G, S') is a closed subset of the space of all maps from G to S*, which
itself is compact. Thus G is a closed subset of a compact space, which means that it

is compact. O

1.3 Fourier transform and Pontryagin Duality

For a topological space, the sets contained in the o-algebra generated by the open
sets of that space are called Borel sets. A positive measure defined on the Borel sets
of a locally compact Hausdorff space X is called a Borel measure. Let p be a Borel
measure on a locally compact Hausdorff space X. Let E denote a general Borel set.

Then p is said to be outer regular on F if
p(E) =inf{u(U) : E C U,U open}.
1 is said to be inner regular on F if
w(E) =sup{u(B) : B C E, B compact}.

A Borel measure that is finite on compact sets, outer regular on Borel sets and
inner regular on open sets is called a Radon measure. A non-zero Radon measure
i that is both left and right translation invariant is called a Haar measure. This
means u(xE) = pu(E) = p(Fx), for all z € X and all Borel sets £ of X. We have
the following fundamental theorem which we will accept and use without giving the

proof.

Theorem 1.3.1. (theorem 1.8, §1.2, [9] ) Let G be a locally compact group. Then G

admits a Haar measure. This measure is unique up to multiplication by a scalar.

In order to define the Fourier transform and state the Fourier inversion formula,

we must first introduce functions of a certain type.

Definition 1.3.2. (definition, pg.92, §3.2, [9] ) Let G be a locally compact topological
group. Then a Haar measurable function ¢ : G — C in Lo (G) is said to be of positive
type if for any f € €.(G) the following inequality holds:

//cb(s‘lt)f(s)dsmdt > 0.
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As f has compact support K and the Haar measure is finite on compact sets, the
the above integral is bounded by ||¢]|o (sup|f]|.u(K))?.

Definition 1.3.3. (definition, pg.102, §3.3, [9] ) Let f € LY(G). We define f : G —
C, the Fourier transform of f, by the formula

ﬂmzlgwwww

for x € G.

Let V(G) be defined as the complex span of functions of positive type. Let
B,(G) = V(G) N LY(G). Then we can define the Fourier inversion formula as fol-

lows.

Theorem 1.3.4. (theorem 3.9, §3.3, [9] ) There exists a Haar measure dx on G such
that for all f € VI(G),

ﬂw:éﬂmnww

The measure dy of this theorem is a measure on G which corresponds to the
measure dy on GG and is called the dual measure of dy.
Just as we took the dual of G, one can again consider the dual of G denoted by

~

G. Then we have the map R
a:G =G,

where a(y)(x) = x(y). Thus a(y) is a character of G.

Theorem 1.3.5. (theorem 3.2,§3.4, [9] ) G and G are mutually dual, with the map

a: G — G as an isomorphism of topological groups.

Proof. We sketch briefly the main steps of the proof. The first step is to show that
the map « is injective, that is, G separates points in . For this it is sufficient to
show that for an z # e in G, there exists a unitary character x such that x(z) # 1.
Then if we define L.f(z) = f(zx), we get f = L.f, for all f € L;(G). Using the
inversion formula gives f = L, f for all f € ®B,(G). As G is Hausdorff, we can find
an open neighbourhood U of the identity such that U N (zU) is an empty set. by an
application of Urysohn’s lemma ( see [7]) , there exists a non-zero continuous function
of positive type with support contained in U. But due to disjointness of U and zU, it
is impossible that L, f = f for such a function f. This proves that there is indeed a
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unitary character of the required type and « is injective. Next, one defines a topology
on the double dual of G as follows. Let K be a compact neighborhood of the identity
character in G and V be an open neighborhood of the identity in S'. Consider sets

of the form )
W(K,V)={peG:p(K)CV}.

Such subsets and their translates constitute a subbasis for the topology on G. We
can consider those elements of W (K, V) which arise from the elements of G through

the map a. They are given by

~

W(K,V)Na(G).
From this we construct a subset of G given by
We(K,V)={yeG:aly)(x) eV forall y e K}.
This construction gives us the identity
a(We(K,V)) = W(K,V)Na(G).

This shows that « is a homeomorphism onto its image. The final step is to prove
that the image of « is closed and moreover dense in the double dual of G. To show
that it is closed, first note that a locally compact and dense subset of a Hausdorff
space must be open. Now «a(G) is locally compact as it is the homeomorphic image
of the locally compact group G, and is dense in its closure in the double dual. Hence
it is an open subgroup of its closure. But since every open subgroup of a topological
group is also closed, a(@) is closed in the dual of G. Now if a(G) is not dense in the
dual of @, then it is a proper closed subgroug and there exists a non-zero function
¢ € L1(G) which vanishes on a(G). For x, € G,

) = [ S00xa(x
Since ¢ vanishes on a(G), [ ¢(x)x(y~")dx = 0, for all y € G. This means that ¢ = 0

almost everywhere and hence ngﬁ = 0. This is a contradiction as gg was taken to be

non-zero. This shows that the map is onto and completes the proof. O
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1.4 Fields and valuations

Let k, denote the completion of an algebraic number field at a place p. A place is
an equivalence class of valuations on the field. Ostrowski’s well known theorem tells
us that if p is archimedean then k, is either R or C. Then we are left with the case
p discrete, which gives us k, p-adic. In this case k, = (7) contains a ring of integers
O, having a single prime ideal p, this is the set of all non-units of O, and hence the
maximal ideal. The field O,/p is finite, having say N'p elements. We have

Lemma 1.4.1. (lemma, §2.7, [2] ) The ring of integers O, can be written as precisely
the set of

oo

— E J

a = a;m,
J=0

where the a; run independently through some set ¥ of representatives of O,/p in Oy.

Theorem 1.4.2. (theorem, §2.7, [2] ) For p discrete, O, is compact with respect to

the topology arising from the absolute value.

Proof. Let Oy, A € A ba a family of open sets covering O,. To show compactness,
we need a finite subcover. Suppose there is no finite subcover. As ¥ is the set of
representatives of O,/p, O, is the union of the finitely many cosets a +p = a + 70,
with a € X. As there is no finite subcover by assumption, there exists some ag € X
such that ag+m0O, is not covered by finitely many of the O,. Repeat this argument for
ao + 70, in place of O,. We get that there is some a; such that ag+ a7+ 7r2(’)p does
not have a finite subcover. Continuing this process, we get a = ag + a; + asm® + . . ..
Then a € O,, for some \g € X. As O,, is open, we have a + /O, C O,, for some

J. this gives us a contradiction, thereby proving the theorem. O

There are infinitely many equivalent valuations belonging to the place p, out of

which we choose to work with the following:
|a| = ordinary absolute value if k, is real
|a| = square of ordinary absolute value if &, is complex
|| = (Np)~", where v is the valuation (ordinal number) of « for k, p-adic.

With the topology associated with this absolute value metric, £, is a complete

topological field.
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For each of these cases, the field £, is locally compact. This will be evident if we

prove the following stronger statement.

Theorem 1.4.3. A subset B of K, is relatively compact if and only if it is bounded

in absolute value.

Proof. This statement is trivial for the case k, real or complex, as it is just the Heine-
Borel theorem for these cases. We prove it for the case p discrete. Let B C £,
be bounded in absolute value. Then there is a large enough integer d such that
all elements of B have absolute value less than (Ap)? and are hence contained in
the set 77¢0,. As O, is compact by the previous theorem and multiplication is
a homeomorphism for the topological field k,, 7?0, is also compact. B is thus
contained in a compact set and must be relatively compact. Conversely, if B is
relatively compact, then its closure B is compact. Consider the absolute value map
taking k, to the reals. As this map is continuous, the image of k, under the absolute

value map must be compact, hence bounded in R. O
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Chapter 2

The Local Field kp

In this chapter, we examine the local field k, which is the completion of the algebraic
number field k£ at a place p. There are two aspects of this field that we take into
account - the additive aspect and the multiplicative aspect. For both, we try to give
a definite form to the characters of the field and construct a convenient measure on
the field. This chapter lays the foundation for the proof of the main theorem in the

local case.

2.1 The unitary characters of &

Let k denote the additive group of the field &y, with £ denoting a general element
of k:p+ . Let us assume that l{:;r has a non-trivial unitary character y (we will see that

this is always true). Then for n € &, we define the translate of x by the formula

Lyx(§) = x(né).

Theorem 2.1.1. (lemma 2.2.1, §2.2, [13] ) The translates of x are precisely the
unitary characters of k;r. More precisely the following map is an isomorphism of

topological groups.

¢ ki — ki

n = Lyx

Proof. We prove the result by individually proving each of the following assertions:

11
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(i) Lyx is a unitary character of k.

Lyx : & — n& — x(n§)

is continuous as it is a composition of multiplication by 7 and the unitary character

X - both of which are continuous maps.

Lyx(§1 + &) = x(né1 +n&2)) = x(né1)x(néa) = Lyx(né1) Lyx(n2),

shows that L,x is a homomorphism.

(ii)¢ is a homomorphism

Coming to the map ¢, we have

L x(€) = X(m& + m€) = x(mE)x(m28) = Lyx(m&) Lyx(n28).

This gives us ¢(m1 + 1n2) = ¢(m)d(n2), proving that ¢ is a homomorphism from the
additive group &, to the multiplicative group l%; :

(111)¢ is injective
If n is contained in the kernel of ¢ then L,x must be the trivial unitary character.
This means that

x(n&) =1, for all € € k.

However as multiplication by non-zero 7 is an automorphism of k; and y was assumed
to be a non-trivial unitary character, n must be zero if it is contained in the kernel

of ¢. ¢ is thus an algebraic isomorphism onto a subgroup of l%;r

()¢ is bicontinuous

As the domain and range of ¢ are both topological groups, it is enough to consider
continuity of ¢ at zero. Consider a sequence of elements 7; in the topological group k',
converging to zero. We must prove that the images L,,x of the n; under ¢ converge
to the trivial unitary character xi., in the character group. Recalling our notation
for open sets of a character group (section 1.1), mathematically this translates into
proving that given an open neighbourhood W (B, U) of x4, in the character group,
there exists an integer NV such that L,,x € W(B,U) for i > N, that is,

x(n;B) C U for i > N.
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As ¥ is continuous, x ' (U) is an open neighbourhood of zero and contains the open

ball around zero B;(0) for some § € R, where
Bs(0) = {z € k : |z] < 6}

Since B is compact, all its elements are bounded in absolute value by some integer M.
Choosing N such that |n;| < §/M for i > N, we now find that for i > N, elements
of n;B are bounded in absolute value by § and hence ;B C Bs(0) C x'(U). This
gives us

x(mB) C U, fori> N

as required.

To prove the continuity of the inverse function of ¢, it suffices to prove continuity
at Xui. Accordingly, if {L,,x} is a sequence converging to X in Im(¢), then
we must show that the sequence {7;} converges to zero in k; . Convergence of the
sequence {L,,x} to X implies that given an open neighbourhood of W (B, U) of
Xtrivs there exists an integer N such that L,,x € W(B,U) for i > N. In other words,

there exists N € Z such that x(n,B) C U for i > N. (2.1.1)

The above statement holds for any compact set B in k:;r and any open neighbourhood
U of 1 in S'. In order to prove our result, we consider a particular type of compact
set: By = {x € k : || < M}, and note that

miBu = {x € k) + [z < |n;| M}

Next we select the set U conveniently by first choosing & € k;r such that y(&) # 1
and then choosing an open neighbourhood U of 1 in S* such that x(£) ¢ U. This is

possible, as can easily be seen geometrically.

As x(&) ¢ U by choice and the statement 2.1 holds for the sets By, and U chosen
as above, we see that there exists N such that & ¢ n; By, for i > N. As n; By, consists
of precisely all those elements of kS which are bounded in absolute value by [n;|M,

we see that there exists N such that

€l > |ni| M for i > N
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Thus there exists an integer N such that |n;| < [{|/M for all i > N and this entire
argument holds for M arbitrarily large. Hence {n;} must converge to zero.

(v)m(6) = ky

From the assertions proved so far, it is evident that ¢ is a topological as well as
algebraic isomorphism of the locally compact group k;r onto a subgroup of the char-
acter group. In particular, as Im(¢) is a locally compact subgroup of the Hausdorff
topological group k;r, we can use proposition 1.2.5 to conclude that Im(¢) is closed in
the character group. If Im(¢) were a proper closed subgroup of the character group
then there exists non-zero £ € k:;r such that the image of ¢ is trivial under all unitary

characters contained in Im(¢). This means that
xX(ng) =1 for all n € k.

Since multiplication by non-zero ¢ is an automorphism of k:p+ , this implies that y is
trivial on k. This is a contradiction. Hence Im(¢) must be the whole of the character
group.

This proves that ¢ is indeed an isomorphism between the topological group k;r

and its character group. O]

At the core of the above result is the assumption that k; has a non-trivial unitary
character y. We construct a special non-trivial unitary character to show that this

assumption is valid.

Definition 2.1.2. The field k, lies above the completion of Q at some place p, let us
denote this completion by R. R is thus defined to be simply the field of real numbers

if p is archimedean and the field of p-adic numbers if p is discrete.

We define a non-trivial continuous additive map A of R into the group R (mod 1)
for each case.

For the case p archimedean, R = R, we define
AMz) ==z (mod 1).
It can be easily seen that this map is non-trivial continuous and additive .

For the case p discrete, R = Q,, we define X\ using the following steps:

Step 1 Choose v € Z such that p"z € Z,
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Step 2 Choose n € Z such that n = p”z (mod pZ,)
Now put A(xz) =n/p” (mod 1).

Lemma 2.1.3. The map X\ defined above for the case p discrete is a well defined map

from Q, to the group of real numbers modulo 1.

Proof. The element z of Q, can be written as p~*(ag + a1p + agp? + - - - ) for a unique

integer k. For p”x to be integral, we choose v > k. Then
p'r=p" Fag + arp + ayp® +..).
Choosing n congruent to p”z modulo p”Z, means that
n€ap’ F+ap” "+ b app T 4 pY 2,

Then the value taken by n/p” is independent of v, namely

> ag + a1p + a2p2 + ...+ ak_lpk_l

. +Z.

n/p

Thus n/p” is uniquely defined modulo 1, proving the required result. O
Lemma 2.1.4. (lemma 2.2.2, §2.2, [13] ) The map X described above for the case p

discrete is a non-trivial continuous additive map of Q, into the group R (mod 1) as

required.

Proof. To show that the map A thus constructed satisfies the required conditions, we

first show that A is in fact determined by just the following two properties:

Property i. A(z) is a rational number with only a power of p in the denominator

Property ii. A\(z) —z € Z,.

To do this, we first use i. to write A(x) as n/p”, for some integers n and v. Then from
ii., we get - —x € Zy, that is, n—p”z € p”Z,. This means that p"z =n— (n—p")is
integral and n = pz (mod p”) as stated in our initial definition of the map A. Thus
the properties i. and ii. are sufficient to determine A\ and the value that satisfies i.
and ii. is precisely the value given to A(z) by our initial definition.

From ii. we have A(z) = 0 & x € Z,; easily showing that \ is not a trivial map, in
particular it is non-trivial on all elements outside Z,. It is an additive map because

putting A(z + y) = M(x) + A(y) satisfies the above properties for x + y. Namely:
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i. A(z) 4+ A(y) is a rational number with only a power of p in the denominator as
both A(x) and A(y) are themselves of the form n/p”.

i A(z) + Ay) — (2 +y) = (Ma) —2) + (My) —y) € Zy.

Convergence of a sequence makes sense in @QQ, under the absolute value derived from
the p-adic valuation. For continuity of A we must prove that if {z,} is a sequence
converging to = in Q, then the sequence A(z,) converges to A(z) in the group of
reals modulo 1. This means that (z, — ) — 0 must imply A\(z,, — x) — 0. Thus it
is sufficient to prove continuity at zero. Let {y,} be a sequence of p-adic numbers
converging to zero in Q,. If y,, converges to 0, then so does |y,,| and v,(y,) diverges to
oo, where v, denotes the p-adic valuation. Thus there exists an integer /N such that
Vp(yn) > 0 for all n > N. That is, y, € Z, for all n > N. Asy € Z, < Ay) =0, we
have A(y,) = 0 for all n > N. This proves that A(y,) — 0 for y, — 0. O

Now that we have a non-trivial continuous additive map on R into R (mod 1),
we get a non-trivial unitary character on k; by manipulating \ using the trace map
Tr from the field k onto R. Define A(§) = A(Tr€). Using the fact that 77 is also a

non-trivial additive map, we see that

X : k:;L —- C
5 — e27riA(§)
is our much needed non-trivial unitary character on k’lf . We now have a definite form

for each unitary character of k’p+ as follows:

Theorem 2.1.5. (theorem 2.2.1, §2.2, [13] ) k; is naturally its own character group
under the identification of k- with /%; given by n <— L,x, where L, : & — 208,

Let us use the term character to denote a continuous homomorphism into the
multiplicative group C* - not necessarily into S! as is in the case of a unitary character.
We now compute characters of some common groups.

Characters of (RT,:) :

Using the commonly used isomorphism z + e* between the the additive group R and
the multiplicative group RT, the problem comes down to finding the characters of
(R, +). Let ¢ be a character of (R, +) into C*. Then the map ¢(z) = ¢&(2)/|¢(2)] is a

unitary character of R™ and we can use theorem 2.1.1 to determine c. If we let the
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non-trivial unitary character y of theorem 2.1.1 be given by x : z — €”* for (R, +),
then the unitary character ¢ has the form c¢(z) = L,x(z) = €"*¥ for some y € R. Now

letting = = log.(|¢(2)|)/z (note that z is a well defined real number), we have
&(z) = |e(2)] - c(z) = €™ - €™V = €™,

where s is the complex number x + ¢y. Thus the characters of (R, +) have the form
z — e*5,s € C. Shifting from R to R" via the isomorphism ¢ tells us that the
characters of (R, ) have the form e* — e*% that is, t — t*,s € C. Thus characters
of the multiplicative group R are just maps raising to a complex power!
Characters of (Z,+) :

The additive group Z is generated by the element 1. If we know the value of ¢(1) for
a character ¢ then ¢(m) =¢é(1+ ...+ 1) = (¢(1))™ for any m € Z. Each character is
uniquely determined by its value on 1 and this value can range over the whole of C*.
The characters of Z thus have the form m — 2™, z € C*.

Using the same argument, one sees that the unitary characters of Z have the form
m s 2™, z € St. The character group of Z is thus S*. This serves as a good example
to point out that theorem 2.1.1 does not apply to (Z,+) because the proof of the
theorem relies on the fact that multiplication by any non-zero element of k:’:r is an
automorphism of kj , or equivalently that any non-zero element is invertible.
Unitary characters of (S',-) :

The map o : x + e?™® from the reals to S' shows that S! is isomorphic to the
quotient group R/Z.

Let us represent elements of S! by €2™@ with # € R. This is equivalent to repre-
senting elements of S by the cosets #+7 with x € R. If ¢ denotes a unitary character
of S1, then define a map ¢ on R by ¢(z) = ¢(e*™®). It can be easily checked that this
map is a continuous homomorphism of R into S' and hence a unitary character of

the additive group R. Moreover, for any integer m,
clz +m) = (@M = &(e¥) = ¢(x)

This means that c restricted to Z is trivial. Conversely, any unitary character on
R which is trivial on Z gives us a well defined unitary character on S! given by
¢(e*™®) := ¢(z). Thus the unitary characters of S correspond precisely to the unitary

characters of R which are trivial over Z.



18 CHAPTER 2. THE LOCAL FIELD Kg

As computed earlier, the unitary characters of R are given by c¢: z +— €Y, y € R
or equivalently by ¢ : z — €2™@% y € R. For c to be trivial over Z, it is necessary and
sufficient that ¢(1) = 1, which in turn is equivalent to > = 1, that is, y € Z. Thus

the unitary characters of S' have the form
e(e*™) = c(x) = 2™, y € Z,

or more simply put
c:t—tY yel.

In the preceding example we showed that the character group of Z is S'. This example
shows that the character group of S! is in turn given by Z !

Coming back to our field k;;r with unitary characters given by L,x, n € k;p+ , wWe
conclude this section with a result that will be used later. Before that we define in
simple terms what is called the different of the field k.

Definition 2.1.6. Let O, denote the ring of integers of ky, that is Oy = {x € k; :
|z| < 1}. For R as given in definition 2.1.2, let Og denote its ring of integers. We

define the following operations

0, = {zek,:20,C O}
O, = {z€ky:Tr(x0,) C Or}.

Then the different of k, is defined to be 0 = ((’);‘)’1.

Lemma 2.1.7. (lemma 2.2.3, §2.2, [13] ) For the case p discrete, the unitary character
Lyx:&{— XA corresponding to 1 is trivial on O, if and only if n € 971

Proof. Notice that for the case p discrete, the field R is simply Q, and the ring of
integers Op is given by the p-adic integers Z,. The map L,x : { — e?™AME) is trivial
on Oy if and only if A(n§) = A(Tr(n§)) = 0 for all £ € O,. This is equivalent to the
condition T'r(nOy) C Z,, which is true if and only if n € Of =27, O

2.2 Measure on k:;

As k; is a locally compact abelian group, there exists a Haar measure p on it which

is unique up to scalar multiplication.
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Lemma 2.2.1. (lemma 2.2.4, §2.2) [13] ) Consider a non-zero element o and a
measurable set M of k. If we define py(M) = p(aM), then py is also a Haar

measure.

Proof. The multiplication map £ — af is an algebraic automorphism of k; because
it is a homomorphism with & — a~'¢ as the inverse map. Moreover, as k, is a
topological group, it is also bi-continuous. It is thus a topological as well as algebraic
automorphism of k:; . If we have a compact measurable set M of k; , then the image
aM under the multiplication map is also compact and the finiteness of p(aM) implies
the finiteness of py(M).

If we have an open measurable set M of k; , then aM is also open and inner

regularity of the Haar measure ;o on open sets states that
pu(aM) = sup{u(K") : K' C aM, K" compact}.

As the multiplication map is a topological automorphism, given a compact subset K
of M, the translate aK is a compact subset of aM . Such translates thus constitute
a subset of the compact subsets of aM. Conversely, for every compact subset K’ of
aM, the set K given by o 'K’ is a compact subset of M. Thus any compact subset
of aM is an a- translate of some compact subset of M. This proves that the compact
subsets of a translate of M are precisely the translates of the compact subsets of M.

This gives

plaM) = sup{p(aK): K C M, K compact}
Le. (M) = sup{m(K): K C M, K compact},

proving inner regularity of 1; on open sets. Similarly one can derive outer regularity
of p1 on Borel sets from the corresponding property for p, thereby ensuring that all
the topological properties of a Haar measure are satisfied by p;. To verify transla-
tion invariance, we use the additivity of the multiplication map and the translation

invariance of p to get:
(M +€) = plal + a€) = p(aM) = (M),

for any ¢ € kzgr . i satisfies the defining properties and is thus indeed a Haar measure
on k. O
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Lemma 2.2.2. (lemma 2.2.5, §2.2, [13] ) pu(aM) = |o|pu(M).

Proof. As pi; and p1 both are Haar measures on k", y; must be a scalar multiple of .
Denoting this scalar as ¢(a) since it may be dependent on «, we have p; = p(a)pu.
In particular we observe that ¢(a) is independent of the set M taken and that
p1 (M) = @(a)u(M) holds for any measurable set M of k. Consequently M can
be chosen in a way that makes ¢(a) easy to compute. Depending on p, we have three
possibilities for k'
k. real:
Let us choose M as the set [0,1]. Then aM = [0,«a] where « is a non-zero real
number. The Haar measure p on R is upto a scalar just the Lebesgue measure. As
the length and hence Lebesgue measure of the interval [0, ] is |«| times that of the
interval [0, 1], we see that pu(aM) = |a|u(M). This gives p(a) = |af.
k, complex:
The Haar measure u on C is upto a scalar just the ordinary Lebesgue measure on the
plane. If we take M to be the square in the plane having vertices as (0, 0), (0,14), (1,4), (1,0)
then oM is the square with vertices (0,0), (0, «i), (o, i), (o, 0). It is easy to see that
the scaling factor is now the square of the scaling factor in the real case. However
by our convention, the absolute value in C is taken to be the square of the ordinary
absolute value, ensuring that the result holds for the complex case.
ky p-adic:
Consider the ring of integers O, of k. This is an open hence Borel set and is thus
measurable. It is also compact which means that ;(O,) is finite.

We first consider the case a € O, so that aO, C O, . Let m € Z be the valuation
of @, then a can be written as 7™ u, where 7 is an element of valuation 1 and u € O,’.
Then

aQy = 1"u0, = 1" 0, = p",

where p is the unique prime ideal of O,. As aO, is a subring of O,, we can consider
the quotient ring O,/a0,. The cardinality of this quotient ring is the number of
cosets of O, in O,. Each coset is simply a translation of aO, having the same
measure as aO, because of translation invariance of the Haar measure. Thus each
coset can effectively be thought of as a copy of a0, and the number of cosets gives

us the number of copies of aO, required to cover O,. This number is simply

10,/a0;| = |0y /0™ = (Np)™ = |a] 7.
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Thus we need |a|™* copies of aOy to cover O,, that is, u(O,) = |a| *u(aOy). This
gives the required result.
If « ¢ O, then @' must be contained in O, and the previous argument that was

used for o € O, can now be used for a~t

instead. Moreover now O, is a subring of
the ring a®,. We note that there is a one-one correspondence between cosets of O,

in a0, and cosets of a~*O, in O, given by
O, +af & a'0, + ¢,

where ¢ denotes the general element of O,. Using this correspondence of cosets and

the the previous argument for o' € O, gives
00, /O] = [0y Ja™ O] = |al.
Hence pu(aOy) = |a|pu(Oy) as needed. O

We have thus recorded for a general Haar measure how the measure of a set
changes under the multiplication map. For the purpose of integration, our result can

be written as

dp(ag) = |aldu(§).

Let us now try to select a fixed Haar measure on k:;r . We start with a Haar measure
diy on /{;; . Let its dual measure on the character group be given by dyg. As the map
¢ of theorem 2.1.1 is an isomorphism of topological groups, the dual measure dyy on

the character group corresponds to a measure du; on k:;r as follows

/ dpy ::/ dxo-
M d(M)

Through an argument similar to that used to prove lemma 2.2.1, one can show that
du, is a Haar measure on k‘; and must hence be a scalar multiple of the measure dpuy,
say dp, = Adpg. How can we ensure that the measure du; corresponding to the dual
measure is the same as the original measure dpg?

For this purpose, let us now divert to the question of how the dual measure dy
changes on replacing a Haar measure du by a scalar multiple dy’ = edu. For a function
fe iBl(k; ), the Fourier transform can be taken with respect to either measure. Let

us denote the Fourier transform of f with respect to the measure du as f and that
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with respect to the measure dy’ as f . Then with respect to du, the Fourier transform

and the Fourier inversion formula give us

Denoting the dual measure of dy’ as dy’, we have,
foo = [ swxwdits) = [ Fo)xwint) = cf)

fy) = / FOOX@)ax () = ¢ / FOOX @)X ()

Equating the expressions for f(y) obtained for both measures gives us

[ Fooxtmano = [ fooxwa o

which means that dx’ = 1/c - dy. Take our fixed Haar measure to be vV A. We have
djg — dxo — Mg

1 )\d,uo
Vg — ——dyo —
Ho \/X X0 \/X

Thus we have a measure that is its own dual when the character group of k; is

identified with kp+ and it is this measure that we choose as a fixed Haar measure for

/{:;r henceforth. This measure is given as follows for the following cases :
ordinary Lebesgue measure on R if k;r is real
twice the ordinary Lebesgue measure in the plane if k; is complex

the measure that gives O, the measure (N0)~/? if k[ is p-adic.

2mif(8) and can

From theorem 2.1.4, a general character of k;;r has the form & — e
be identified with the element 7 of k; . Using this along with the self-dual measure
defined above on k; , the inverse Fourier transform has the form of an integral on k;

rather than on its character group. If the self dual measure is denoted as du, then
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writing du(§) as d§ for convenience, the Fourier transform and the inversion formula

on k; are then given by

f = [ e mmoag (221)
16 = [ Fnjemsoody (222)
= [ fape oty — ).

2.3 The characters of /{:l;<

Let k,° denote the multiplicative group of k, and « denote a general element of this
group. Consider the continuous homomorphism |- | : a = |af from kS onto the
multiplicative group R* or N'p% according to whether p is archimedean or discrete.
The kernel of this map is given by O, = {a € k,* : |[a] = 1}. As O is closed as well
as bounded in absolute value, it is compact. For p discrete, the image set A'pZ has
discrete topology. Then O, is open as it is the inverse image of the set {1} which is
open in NpZ.

Consider a character ¢ of kpx which is trivial on (’)px. If two elements o« and ag of
k) have the same absolute value, then aqoy, ' € O gives us ¢(ay) = ¢(az). The value
c(a) thus depends solely on the absolute value of v and this simplifies the form taken
by ¢ to some extent. Hence it makes sense to examine such special characters - also

termed as unramified characters - before moving on to a general character of k.

Lemma 2.3.1. (lemma 2.3.1, §2.3, [13] ) The unramified characters of k' are of
the form c(a) = |a|®, s € C. For p archimedean, s is determined by the character c

whereas for p discrete, s is determined modulo 27i/log N'p.

Proof. Let ¢ be an unramified character of k.. As seen from the above discussion, c(«)
depends only on the absolute value of a. The set of all absolute values of elements in
ky is called the value group of k. Define the following function on the value group:

d(|a|) :== ¢(«). The map d is a homomorphism because
d(Jaa[|az]) = d(Jonas]) = clanaz) = c(ar)e(as) = d(|en])d(|az|).

Also c(a) = (do |- |)(«) tells us that d is continuous. Thus d is a character on
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the value group of k,* which is given by (R*,-) or (N pZ,-) according to whether p is

archimedean or discrete.

For the case p archimedean, d is a character of (R",-). From the computation
of characters of (RT,-) following theorem 2.1.4, d(|a|) involves simply raising to a
complex exponent and has the form |a| — |a|®, s € C. Hence c(a) = d(|a]) =
lal®, s € C. It is evident that distinct complex numbers s; and se will give distinct

characters and thus s is determined by the character c.

For the case p discrete, we have the following isomorphism between the value

group and the additive group of integers:

B:Np%) = (Z,+)
Np™ — m

From the computation following theorem 2.1.4, we know that the characters of Z
have the form m +— 2™, z € C*. The complex number z can be written as 7 - e
with r,6 € R. The non-zero real numbers r and ¢’ can be written as N'p® and Np¥
for some real numbers x and y respectively (this can be done by using the logarithm

map appropriately). This gives
z=r-e = Np® Np"¥ = Np*,

where s = x + iy € C. The character of (NMpZ,-) corresponding to the character
m — 2™ of Z is hence given by Np™ — (Np*)™ and all characters of (NpZ,-) are
precisely of this form as a consequence of the isomorphism 3. As N'p™ represents the
absolute value of some element a € £, for p discrete, a general character d of the
value group is simply given by |a| — |a|® with s € C. This gives the required form for
c(a). We note that if distinct complex numbers s; and s give the same character, the
corresponding characters must agree on N'p (the multiplicative generator of the value
group). This gives N'p*t = Np®2, that is, Np¥ =2 = 1. Writing N'p as exp(log.Np)
gives us

6(51—52)long —1.

Thus (51 — s9)logNp =0 (mod 271), giving

s1 = 89 (mod 27i/logNp).
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As each of these steps is reversible, we see that s is determined modulo 27i/logNp.
We have shown that every unramified character of &, is of the form o — |a|® with
s € C. It is easy to see that every such map is indeed an unramified character. Thus

the unramified characters of k,* are precisely of the required form. O

Using this result, we attempt to give a definite form to a general character of k.
For this we first try to write a general element of k,° in terms of its ‘restriction’ on
O,’. Let us do this separately for the cases p archimedean and discrete.

For p archimedean, a given element element « of k,° can be written uniquely as
ap, with & € O;° and p a positive real number. This can be done by taking p = |af
and & = a/|a|. To show that this representation is unique, let &1p; = Qgps. As &
and &y have absolute value 1 and p; and p, are positive real numbers, taking absolute
values on both sides gives us p; = po. This in turn gives &; = ao and thus the
representation is unique.

For p discrete we first fix an element 7 of valuation 1. Then we will see that
any element v can be written uniquely as ap, with @ € O, and p a power of 7. If
the absolute value of a is given by N'p~™, then ar~™ has absolute value 1. Taking

™ and p = 7™ gives us a = ap, with & and p as required. If aip; = asps,

a = am
then since a; and @y are units in Oy, taking absolute values gives us |p1| = [p|. As
p1 and po are simply powers of 7, both must be the same power of 7, that is, p; = ps.
This gives a; = aw, proving that this representation for « is unique.

Consider the map a +— &. In the archimedean case, this map is given by o — a/| |
and is easily seen to be a homomorphism. For the discrete case this map looks like
a — ar (@ where 1,(a) denotes the valuation of a. This is a homomorphism
because

—_—~—

aroy = aqogm (@192 — o (e rnen) — g,

Theorem 2.3.2. (theorem 2.3.1, §2.3, [13] ) If & is as defined above, the characters of
k) are precisely the maps of the form c(a) = &é(&)|al*, where ¢ is a unitary character
of Oy. While s is determined as in lemma 2.3.1, ¢ is uniquely determined by the

character c.

Proof. Let ¢ be a character of k. Define ¢ to be the restriction of ¢ to O,°. It
can be seen that ¢ is a character of O, and consequently the image of the compact
multiplicative group O,° under ¢ must be a compact subgroup K of (C*,-). If we now

take the absolute value map on K then the image of this absolute value map must
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be a compact subgroup of (Rt -). However the only compact - or even bounded -
subgroup of the multiplicative group R* is {1}. This can be verified by including an
element other than 1 and trying to close the set under inversion and multiplication.
Hence the image K of O, under ¢ must be a subgroup of S ! This proves in general
that a character on a compact group is in fact a unitary character and in particular
that ¢ is a unitary character of 0!

For an element « of k),
theorem. Let us now consider the map

we have a = ap from the discussion preceding this

c/é:a cla)/é(a).

This map is well defined because & is uniquely defined for each « and is continuous
as it is the quotient of two continuous maps and the denominator does not vanish. It
can be readily checked that it is also a homomorphism. If u € Oy, then @ = u, which
gives ¢/¢:uw 1 for all u € O). The map ¢/¢ thus is an unramified character on &

and must be of the form a — ||, s € C according to lemma 2.3.1. Hence
c(a) = e(a)]al’,

where s € C and ¢ is a unitary character of O,°. For the converse, is easy to see that
every map of this form is indeed a character of k. As ¢ is simply the restriction of ¢

to O, it is uniquely determined by the character c. m

This tells us that a character c(a) of k, is upto a factor of [a|® simply a unitary
character ¢(a) of O, . This simplifies the determination of characters of £, to some
extent. For this purpose, we define some terms.

As a character ¢ of k; has the form c(a) = ¢(a)|a|® according to the above theo-
rem, we see that |c(a)| = |a|?, where o = Re(s). As s is either uniquely determined by
c or is uniquely determined modulo 27i/log N'p, we see that Re(s) is always uniquely

determined by the character c. We call o the exponent of c.

2.4 Equivalence classes of characters of £

We define two characters to be equivalent if they agree on Oy or equivalently if

their quotient is an unramified character. Then an equivalence class C' of characters
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consists of all characters of the form é(a)|a|®, where ¢ is a unitary character of O, and
is fixed for this class, whereas s varies over the complex numbers. Each equivalence
class is thus represented by a unitary character of O,. Let us now determine for
different cases, the unitary characters of O, and subsequently the equivalence classes

of characters.

Case 1. £, real:

For the real field, the ring of integers is simply the ring of ordinary integers. Integers
which are units are 1 and —1, hence O, = {1, —1}. Let ¢ denote a unitary character
of {1,—1}. Since ¢(—1)? = ¢(1), the image of —1 must be a square root of unity.

Hence the unitary characters of Oy can be written as:

Thus, there are two equivalence classes. In the equivalence class corresponding to the

trivial map, the characters have the form
cla) = @lal® = |al®.
As & = a/|a| in this case, the characters in the other equivalence class look like
c(a) = a'lal* = (af|o])lal* = £|al*,

where there is a plus sign if the non zero real variable « is positive and a minus sign
otherwise. In summary, the two equivalence classes of characters can be denoted as
||* and +|]°.

Case 2. k, complex:

For the complex field, O is L. the set of elements of absolute value 1. The com-
putation following theorem 2.1.4 tells us that the unitary characters of S are given
by

ia)=a", nez

Let us denote these unitary characters by ¢, where n is an integer and ¢, : & — a™.
If we denote a general element o of C* as re? with r > 0, then & = a/|a| = €%,
giving ¢, : €? — €. As absolute value in C was chosen to be the square of the

usual absolute value, the characters of the equivalence class represented by ¢, have
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the form
cla) = c,(a)]al® = ™.

For convenience, the equivalence classes can be denoted by ¢,||*.
Case 3. k, p-adic:
Let us first discuss sets of the type N, = 1 +p", with n > 0. A typical element of N,
has the form 1 4 an™, where 7 is a fixed element of valuation 1 and a is any element
in the ring of integers.

As the p-adic absolute value satisfies the property |a+b|, = max{|al, |b|,}, if |a|, #
|blp, we have [1 + an™|, = 1, that is, N, is a subset of O,°. The identity

l=(1+2)l—z+2*—2°+..))

implies that the inverse in Oy of 1+ a7 is given by the p-adic element 1 — am™ +
(am™)? — (am™)3 + ---, which is contained in N,. There is another way to realize
this. We see that an element x of the field is contained in 1 + p™ if and only if
|z — 1| < Np™™. Now let = be an element of N,. Then using the fact that x has

absolute value 1,
o7t =1 = Jaf|la™ — 1 = [1 - 2| S Np7",

which gives 27 € N,,. We have shown that N, is closed under taking inverses. It can
be checked that N,, is also closed under multiplication and is thus a subgroup of Oy

As 1+ p" is precisely the set {z : |z — 1|, < Np~""'}, we see that N, is thus
an ‘open ball’ around 1. By definition, given any open set containing 1, we can find
some n > 0 such that N, is contained in that open set.

In summary, the subgroups N,, of O, form a fundamental system of neighbour-
hoods of 1.

Coming back to the question of determining unitary characters of Oy, let ¢ denote
such a unitary character. Choose an open neighbourhood U of 1 in S! which contains
no subgroups of S! other than the trivial subgroup. One example of such an open
neighbourhood is the arc running from ¢ to —¢ in the clockwise direction on the
unit circle, excluding both endpoints. The inverse image of U under ¢ will be an
open set containing 1 and hence we can find some ng > 0 such that N,, C ¢ '(U).
Thus the image under ¢ of the subgroup N,, of O, is a subgroup of U and must be

the trivial subgroup. ¢ is thus trivial on N, and must be trivial on all the nested
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neighbourhoods N,,, n > ng. The point to note is that for any unitary character ¢ , we
have ¢(1 4 p™) = 1 for sufficiently large n. Selecting minimal such non-negative n and
calling the ideal = p™ the conductor of ¢, we can interpret ¢ as a unitary character
of the quotient group O,/1 + f. The advantage of this interpretation is that as
this quotient group is finite, each unitary character of O, can now be described by
only a finite table of values. The equivalence classes of characters of the field are
represented by the unitary characters of Oy. This is the best we can say because we
cannot give any definite form to the unitary characters of Oy for this case. Every
different unitary character of O, gives rise to a different equivalence class. Instead
of dealing with unitary characters of O, we will prefer to deal with characters of k,°
by extending a unitary character ¢ of Op° to a character ¢ of £k, by fixing an element
7 of valuation 1 and giving it the value 1 under ¢. Then for any element a = an” of
k', c is defined to be

Thus the equivalence classes of characters are now represented by such characters of
ky itself! We give such a character ¢ the subscript n if the corresponding ‘restriction’
¢ has conductor p”. Then the classes of characters are represented by the characters

¢, and can be denoted as ¢,||°.

This completes our description of the characters of k,* in terms of the unitary
characters of O, and our subsequent elaboration of the unitary characters of O, for

different cases.

2.5 Measure on klf

Let C.(k,) denote the space of continuous functions on k, which vanish outside
a compact set. Recall that there is a one to one correspondence between Radon

measures on k,* and non-trivial functionals on C.(k,‘), given by:

dia <— ®(g) :/ g(a)dya,

X
kp
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where g(a) € C.(k)). We have already constructed a measure d¢ on k; in section

2.2. We now use this measure to define on C.(k, ) the following functional:

o) = [ g€k ac

This expression makes sense because g(¢)[¢|™! € C.(k™ — {0}) for g(«) contained in
Ce(ky). This functional on C.(k,) corresponds to some Radon measure d;a on kS
in the sense that ®(g) = fk_‘;< g(a)dya. In order to prove that this Radon measure is
translation invariant and hence a Haar measure, we must show that for any element
B of k), di(aB) = di(a). For this purpose, let us first fix 4 € k,° and define h(a) =
g(aB™1). Then,

o) = [ o(ea e g o(€)leBIa(ep)

(ki —{0})B1
- / o(E) €] de,
ki —{0}

giving ®(g) = ®(h). The last step depends on the fact that multiplication by 57! is
an automorphism of k™ — {0} and that d({5) = |3|d¢, as stated in lemma 2.2.2. As

®(g) = ®(h), we must have
h(a)dya :/
k

/k g(a)leé:/k »

This gives d(a) = di(af) for any 3 € k,* and thereby shows that the Radon measure

gad o = [ gla)i(as).
b b kg’
dyav corresponding to the functional ®(g) is translation invariant and hence a Haar

measure on kpX )

We have now constructed the required Haar measure but we cannot yet determine
whether a function is integrable, because the integral [ g(a)dicr does not yet make
sense for functions other than those contained in C.(k,). Hence, define a function
g(a) on k° to be integrable with respect to the measure d;« if and only if the function
g(&)|€]7" on kT —{0} is integrable with respect to the additive measure d¢. Moreover,
the correspondence g(a) < g(£)[£|™" is a one to one correspondence between Cc(k))

and C.(k; — {0}) and we can view the integrable functions as limits of functions
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contained in C.(k,*) and C.(k;} — {0}) respectively. This gives us

/ g(a)drar = / g(€)[€| e,
k) ki —{0}

for g(a) € Li(k)) and g(§)[¢|™" € Li(kj —{0}). The concept of integrability of a
function on k,° now has meaning with respect to the measure dja and we can also
determine a well defined value for the corresponding integral of the function. Our
construction of a multiplicative measure on k,° is thereby complete and is given in

terms of the additive measure by dya = da/|a.

Recall that in the additive case (section 2.2), the self dual measure we obtained

~1/2

for the p-adic case gave O, the measure (N) . Emulating the additive measure,

we will normalize the multiplicative measure so that O has the measure (N )2,

The ‘volume’ of O,° under the measure d;« is given by

[ o= [ dero= [

p

Thus the multiplicative measure of O, is same as its additive measure because el-
ements of O, have absolute value 1. From the isomorphism between the quotient
groups O, /1 + p and (O,/p)*, we see that the number of cosets of 1+ p in O is
Np —1. This means that O, is a disjoint union of Np — 1 additive translates of 1+p
and hence its measure is N'p — 1 times the measure of 1 + p. Similarly, the measure

of O is N'p times the measure of the ideal p. Using these facts, we have

/O I Np—1/1+pdg=/\/p—1/pd§

p Np—l/ Np-—1 .
- d¢ = No)~1/2
Np  Jo ¢ Np (No)

Definition 2.5.1. Let da denote the additive measure defined at the end of section

2.2. We define our normalized multiplicative measure d'ac as

da=da=da/lal,
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for the case p archimedean and

d’a——Np doz——j\/p da
T Np—1" T Np—1ja|

if p is discrete.



Chapter 3
The local (-function

The results so far have given some insight into the structure of local fields. Let us
now deal with the crux of the theory of this thesis for the local case. We define
the (-function for the field k, and state its functional equation. All the results of
the previous chapter fall seamlessly into place to develop an involved proof of the
functional equation and analytic continuation of the (-function. This is an important
part of the theory as local results serve as a model and motivate the theory in the

large in many ways.

3.1 The functional equation

Let f(&) denote a complex valued function on & and let f(«) be its restriction to

ko . We consider the class 3, of all the functions which satisfy both the conditions:

i. f(¢) and f(€) (the Fourier transform of f) are continuous and belong to L' (k)

ii. f(a)lal7 and f(oz)|oz|g € L'(k)) for o > 0.

The first condition ensures that the Fourier inversion formula holds for the func-
tions f and f :

The (-function of k, can be thought of as a generalisation of the Fourier transform,

in which we have characters instead of unitary characters in the formula.

Definition 3.1.1. (definition 2.4.1, §2.4, [13] ) For each f € 3,, we have a function

of characters ¢, defined for all characters of exponent o greater than 0, given by

C(f,e) = /f(Oz)C(Oz)d'a.
33
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This is called the C-function of k.

Recall that an equivalence class C' of characters consists of all characters of the
form ¢(a)|a|®, where ¢ is a fixed representative of the class and s varies over the
complex numbers. Because of the complex parameter s varying over the whole of C,
each equivalence class can be viewed as a Riemann surface (one dimensional complex
manifold). As we have seen in theorem 2.3.2; s is determined by ¢ for archimedean
p while for discrete p, it is determined mod 27i/log N'p. This means that for the
archimedean case, each equivalence class will be isomorphic to the complex plane.
For the discrete case, the equivalence class has the form of a cylinder in the complex
plane, as points that differ by an integral multiple of 277/ log N'p are identified. With
this interpretation of each equivalence class as a surface, the set of all characters
appears to be a collection of Riemann surfaces. Hence it makes sense to discuss local
properties such as regularity or singularities of a function of characters. Analytic
continuation of such a function also makes sense if it is carried out on each surface
separately.

In particular we are concerned with such properties for the (-function. As this
depends on the interpretation of characters as a collection of Riemann surfaces, the
values taken by the exponents of the characters play an important role in the results

that follow. Let us first examine the regularity of the (-function.

Lemma 3.1.2. (lemma 2.4.1, §2.4, [13] ) The (-function is reqular in the domain of

all characters of exponent greater than 0

Proof. Consider the integral [ f(a)c(a)|a|*da as a function of the complex variable
s. Then at s = 0, this function gives us the local {-function ((f,c). Let o denote the

exponent of c. We have

/ (F(@)e(a)lal")|d'a = / F(@)la]7 )| d,

which is finite for s close enough to zero, due to condition ii. stated at the beginning
of this section. Thus for s near zero, the function [ f(a)c(a)lal*d'a is absolutely
convergent and its derivative can in fact be obtained by differentiating under the

integral sign. That is, for s near zero, the derivative of the above function is given by

/ fla)e(a)]al* log |alda.
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This means that [ f(a)c(a)|a|*d « is an analytic function of s for s near zero. Putting

s = 0 gives us the required result. O]

Lemma 3.1.3. (lemma 2.4.2, §2.4, [13] ) For any functions f,g € 3 and characters

¢ with exponent contained in the open interval (0,1), we have

C(f€)¢(3.€) = ¢(F,6)¢(g. <),
where ¢(a) = |alcH(a).

Proof. First note that if the exponent of ¢ is given by s, then the exponent of ¢(a) is
given by 1 — s. Thus for exponent of ¢ in the range (0,1), the exponent of ¢ also lies
in the same open interval and all the ¢ functions in the statement of the theorem are

well defined. Using absolute convergence of the integrals, we have

(03,0 = / f(a)e(@)d'a - / () (BB

= [ [ t@i@)etas Hisitads

The double integral is taken over the direct product £ x k.. Using the automorphism
(o, B) = (o, aB) of k) x k, and invariance of the measure term d'ad’$ under this

automorphism, we obtain

J[ #@itames asiaaas.

Fubini’s theorem gives us

/(/f §(ap)lald a > c(B)|Bld B, (3.1.1)

Consider now the inner integral, as the rest of the expression is independent of the
functions f and g. Up to the normalisation factor, this integral can be written as
f fla)g(ap)|aldia. Moving from the multiplicative measure to additive measure
using |a|d1a = d¢, we get [ f(£)g(£B)dE. Using equation 2.2.1 to write g(£3) as an

integral over /{:; and then using Fubini’s theorem, we obtain

/ / F(©)gn)e M geay
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which is obviously symmetric in f and g. The inner integral of equation 3.1.1 is thus

symmetric in f and g, which means that the same is true for our initial expression

¢(f,¢)¢(9,6). O

The above result is crucial for establishing analytic continuity and functional equa-
tion for the local (-function, as we shall see. The (-function was defined for characters
of exponent greater than 0. Let us fix an equivalence class C' of characters and for

this class, define an explicit function fo € 3. Then the quotient

C(fCaC>/C<fC7é)

is well defined for all characters in C' which have exponents in the range (0,1). From
lemma 3.1.2 one can see that using any other function of 3 instead of fc will give the
same quotient. This facilitates choosing of a function fo which will make computation
of this quotient easier. We conclude that this quotient is independent of the function
fe used to compute it and is thus simply a function p of the characters ¢ in C' having

exponents in the range (0,1). We have

ple) = C(fo,e) /¢ fes0).

The function p(c) thus defined will turn out to be a meromorphic function of the
parameter s. As the entire equivalence class C' is described by the parameter s, we
have an analytic continuation of p(c) over all of C. The entire argument holds for
any equivalence class C' and so in effect we get a function p(c¢) which makes sense for

all characters. From lemma 3.1.2, we see that for any function f € 3,

~

C(f,0)C(fere) = C(f. o)(fe,e),

hence
C(fre) = pe)C(f,0).

This leads us to the Main Theorem of the local theory, whose proof now only depends
on the following steps for each equivalence class C' of characters: choice of a suitable
function fo, computation of p(c) using that function and analytic continuity of the

function p(c) thus computed.

Theorem 3.1.4. (Main theorem : local case) (theorem 2.4.1, §2.4, [13] ) The (-
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function has an analytic continuation to the domain of all characters, given by the

functional equation

C(f.0) = p(c)¢(f,¢).

Before we proceed to a rigorous proof of this theorem in the next section, we prove

some properties of p(c) that follow from the functional equation and will be useful.

Lemma 3.1.5. (lemma 2.4.3, §2.4, [13] ) Let ¢ denote the function which takes « to
the complex conjugate of c(a). The function p satisfies the following properties:

Proof. Let us first check some simple facts which will arise when we start to prove

the two properties stated above.
(i)f(n) = f(—n): Using equation 2.2.1,

fo) = [ Feremenag = [ o) @ — f-n)
(ii)é(a) = ¢(a) : Using the definition of ¢, we have
c(a) = lofe(a™) =Jale(a™) = ¢

(iii)e(—a) = é(a) Je(—1) :
The complex conjugate of ¢(—1) is in fact its inverse because ¢(—1)c(—1) = |e(=1)|* =
lc(—1)?| = 1. We have

o(=a) = lale((=a)71) =lale(—a™")
= lale(-1)e(a™) = &/c(-1).

In order to prove the first property, we apply the functional equation twice to get

C(f,c)= p(Ac)C(f, ¢) = p(c)p(é)C(f, ¢). In order to simplify the term C(f, ¢), let us first
note that f(&) = f(—¢€) (see equation 2.2.2) and é(er) = |alé(a™) = |al|a (o) =
¢(a). Then,

(7.6 = [ #i-a —c(-1) [ fla)ela)da = (~1)¢(f.0)
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This gives p(¢)p(c) = 1/¢(—1) = ¢(—1) as needed.
For the second property, we apply the functional equation to ((f,¢) and use the

facts we stated in the beginning of the proof.

C(f.e) = p((fé) = pl@)
— p@e(-1) / F(@)Ea)da = p(@)e(~1)C(F.8)

On the other hand when ((f,¢) is written as an integral using the definition of the
(-function, we find that

C(f,e) = ((f,c) = p(c)C(f. o).

Comparing the two expressions obtained for ((f,¢) gives us the required result. [J

3.2 Proof of the Main theorem for the local case

As observed earlier, the proof of theorem 3.1.4 is now only a matter of computing p(c)
on each surface C' using a convenient function fo chosen for the equivalence class C'.
Though the function p(c) so constructed is defined for only a certain set of characters
in C, we will see that it can be analytically continued to the entire surface C', thereby
resulting in the analytic continuation and functional equation for the {-function. The

proof is divided into three parts, for the cases k, real, complex and p-adic respecively.

3.2.1 £, Real

Let us try to first understand the preliminary facts. There are two aspects of the
field k, - additive and multiplicative. If the field is real then & € RY is a real variable
while a € R* is a non-zero real variable. As R (see definition 2.1.2) is the real field,

the trace map 7T'r from k;r to R is just the identity map, giving us

A() = —(Trg) = =¢.

The absolute value in the field in this case is just the ordinary absolute value on the

reals, the additive measure d¢ is the ordinary Lebesgue measure (as given at the end
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of section 2.2) and the multiplicative measure is d'a = da/|a| (as given in definition
2.5.1).

The functions fo and the Fourier Transforms
As stated under Case 1. of section 2.4, there are two equivalence classes of characters

given by ||* and +||® respectively. We choose the functions

F&) =™ and fi(€) = e,

for the first and the second class respectively. One can check that these functions
indeed belong to the class of functions given by 3,. A fundamental factor while
choosing a suitable function for an equivalence class is not only easy computation of
¢(f,c), but also a ‘nice’ expression for the fourier transform, which may be in terms
of the original function! This provides some kind of symmetry and makes it easy to

A~

compute ((f,¢) and hence the quotient p(c).

The fourier transforms for this case are computed below:
,]?(5) = / f(n)e_sz\(@?)dn — / e—ﬂn2+2wi§ndn _ 6—7r§2/ €_W(n_i£)2dn

Using Cauchy’s integral theorem to make the substitution n — n + i£, we find that

the above expression is equal to

e‘”SQ/ e_mzdn:2@_”§2/ 6_7”72dn.
- 0

o0

Putting mn? = ¢ and noting that dn is just the usual lebesgue measure, we get

—7r§2

_7-|—§2 o0
e e
/ e t+712dt, that is,
0

VT NG

AsT(1/2) = /7, we get f(&) = f(£). Let us now compute the Fourier transform for

the other function.

T(1/2).

[e.e]

fi(f) :/ fi(n)e_%m(g”)dn:/ 776_””2+2”i§”d77.

—00

To evaluate the above integral, one observes that the indefinite integral [ ne=™"+27%ny
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is a function of £ that is obtained upon differentiating with respect to &, the function

1

which is equal to e~ (from the computation of f (&) done prior to this). This gives

/neﬂn2+2m§ndn — Zfeiﬂf

Hence fi(f) =ifL(§).

The (-functions
Let us first deal with the class of characters denoted by ||*. The function chosen in

this case for computation is f.

o d o
C(f119) /f Nal*d o —/ e’ 22 _ / e ™ o’ da.
| 0

Putting ma? =t gives

7r_3/2/ e t2tdt = ((f,¢) =72 (§> :
0

~

As f(@) = f(a) and [a| = |a||a]™*, we have

AR <<f,||1—3>:w—155r(1;5).

Coming now to the equivalence class denoted by +||* and the corresponding function

f+ chosen for this case,
Ufetll) = [ fele) £lafda

0 00
d d
- / ae”o‘2(—1)\oz\5—a—|—/ ae ™ |al® a
o0 ol Jo Jal

0 do o do
771'042 S TI'Ol
= / ae " (=1)|a| (—1)a+/0 ae " |al? -

& 2 o 2
= 2/ e " |alfda = 2/ e " o’da
0 0
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This last integral can be obtained by replacing s by s + 1 in the computations done
for C(f,||*) above. This gives

C(fetll) =T (231,

In a similar way one can compute that

(o, #) = Gl 2|0 = i 5T (M) |

2

Expressions for p(c)
Taking quotients of the appropriate expressions above, the required function p(c) for

each equivalence class of characters is obtained as follows

s T 2 3 s, _—8 TS
oY) = —= (f>s — 21 cos () T(s)
= ()
and ™ )
- (&2
p(£|]°) =1 T D) = —i2' 7 *sin (%S> ['(s)

0= ((l—s)—i-l)

3.2.2 k, Complex

Now & € C* is a complex variable, which we will denote by z + iy, while a € C*
is a non-zero complex variable which will be denoted by re? with r > 0. As R (see
definition 2.1.2) is again the real field, the trace map Tr from k; to R is given by
Tr(&) = (z+iy) + (x — iy) = 2z, giving us A(§) = —(Trg) = —2Ref = —2x.

The absolute value in the field in this case is the square of the ordinary absolute
value on the complex numbers, the additive measure d§ = 2dxdy is twice the ordinary
Lebesgue measure (as given at the end of section 2.2) and the multiplicative measure
is d'a = da/|a (as given in definition 2.5.1). The ordinary Lebesgue measure on the
complex numbers can also be written as (rdf)dr if one considers polar co-ordinates

instead of cartesian co-ordinates. Hence the multiplicative measure has the form

B do B 2rdrdf _ gdrd@.
T

_m_ =

d o

The functions f- and the Fourier Transforms
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As discussed in Case 2. of section 2.4, the equivalence classes are denoted as ¢,||*,
with n € Z and the characters of the nth class have the form c(re) = e™%r%. We

put
fe =4 @ iy)Me= 2@ >0
n o (ZE‘ 4 l'y>|n|6—271'(1‘24-1/2)7 n <0

We claim that the fourier transform is given by fn(f ) =il"lf_,(€) for all n. Forn = 0,
this claim simply says that f; is its own fourier transform. We prove this first. Let

n=u+1 and £ = x + iy. Then
A(n€) = —2Re((u + w)(z +iy)) = —2(ux — vy).
We have

f0<5> _ /fO (n)e—27ri1\(f77)dn — /e—27r(u2+v2)e47ri(ua:—vy)dudv

o)
92 ; o2 4
— 2/ e 2mu +47rmmdu/ e 2mv 47myvdv
—00 —00

oo oo
o2 9.2 _ )2 _ N2
— % 2rx e 2y / e 2m(u—ix) dU/ e 27 (v+iy) dv

o0 o0

Using Cauchy’s theorem, we can replace the variables as follows: u© — w + 7z and

v — v —1y. This gives

2 2 > 2 > 2
26—27r:r: 6—27ry / 6—27ru du/ 6—27rv dv.
—00 —00

Let us evaluate the first integral:

[e.e] oo 1
—27u? _ —2mu? _ —ty;—1/2
e du-2/ e du-—/e t—4dt,
/—oo 0 V 27T

putting t = 27u?. This gives I'(1/2)/v/27m, which equals 1/y/2. The value of the
second integral is also 1/4/2 by symmetry, giving us

fo(f) _ 26—27rz2€—27ry2 . % . _ 6—27r(a:2+y2) _ fo(f)

1
E

(]
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If the claim is true for some n > 0, then this establishes that for that n,

[ e ey =g g6)
or in other words

/ / (u — jv)"e WA=y gy = 7 (3 4 dy) e T EH) (3.2.1)

1 o .0

As 2" is analytic and satisfies the Cauchy-Riemann equations, it can be seen that

Consider the operator

D((u +iv)"™) is zero. Hence applying the operator D to equation 3.2.1 gives us
/ / (U . iv)n—&-l6—27r(u2+v2)+47ri(ux—vy)2dudv — in+1<$ + iy)n+1€_2ﬂ(w2+y2)’

that is,
/ o (m)e 2NN dy = "4 (€).

Thus the claim for n + 1 is true if it is true for n. This completes the proof by
induction for n > 0. In order to prove the claim for n < 0, we first write the claim
for —n. Applying the fourier transform on both sides and using equation 2.2.2 gives

us

I (&) = fon(—€) = (—a — (—iy))IMle @) = (1)l (g),

which proves the claim for n < 0 as well.

The (-functions

For computing the (-function, let us work with the co-ordinates » and 6. Denoting
a =z +iy as re’, gives us (v — iy) = re”. For n > 0, (z — iy)l"l = rlrle=inlf =
rifle=?  wwhereas for n < 0, (x + iy)" = rinlei?l0 = plnle=? = Thus for all n, f, is
defined to be the function rl"le=?e=27  Ag discussed in the preceding paragraphs,

the characters corresponding to the class denoted by c,||* have the form e™r2. We
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have,

C(foyeall®) = /fn a)e(@)|al® d’oz—/ / (s=D)tInl g =2772 0 i1 )

= /0 (r?)* 5 e 2 (%) = (2m) (R T (s+|ﬁz|>.

Using the formula for f in terms of f and the fact that c,||* = c_,||'"*, we can

compute in a similar way that

In| In|

C(F,enlF) = i (2m) T (1 s+ 7) |

Expression for p(c)

We get

(2m)1=5T (S + @)
o (1-s+13)

pleall”) = (=)

3.2.3 £k, p-adic

We review some facts. We know that ¢ is a p-adic variable while « is a non-zero p-adic
variable and can be written as an” with 7 a fixed element of valuation 1 and v an
integer. As R (see definition 2.1.2) is now the field Q,, A(§) = —A(Tr), where X is
the map defined preceding lemma 2.1.3. The absolute value in the field in this case for
an element of valuation v is given by |af, = (NMp)~. The additive measure d¢ is such
that O, gets measure (N9)~/2, as given at the end of section 2.2. The multiplicative

(normalized) measure is as given in definition 2.5.1 for the discrete case.

The functions f- and the Fourier Transforms
As described in case 3 of section 2.4, the equivalence classes are denoted as ¢, ||*,with
n > 0, where ¢, is a character which has conductor p”, or rather whose restriction to

O, has conductor p".

We put

e2miME)  for € € ap—lp—n
0, for & ¢ o p"
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As the support of f, is contained in 0, p=" we have

fn(g) = /fn(n)e%/\(én)dn :/ e’z’”\((&l)")dn_

-1,
Dpp”

This is the integral of the additive character n +— e ?™A(E=Dn) gver the compact
subgroup 0, Ip=n of k; . This character is trivial over this subgroup if and only if
A((€ = 1)o,'p™™) = 0, that is, A((§ — 1)o,'p™™) = 0. This means

Tr((€ = 1)2,'p™") C Z,.

By arguing in a similar fashion as was done in lemma 2.1.7, we get (£—-1)0,'p™" C 07,
that is, (6 — 1)p™" C Oy. This is equivalent to the condition that (§ — 1) € p"O, or
¢ =1 (mod p") . Thus the integral gives us the measure of Dp_lp_” if¢ =1 (mod p").
Else the value of the integral is zero as the additive character is non trivial on the

above mentioned subgroup.

To compute the measure of 9, Ip=" with respect to the additive measure d§, notice
that

d(0,'p"0p) = [0, [l 7" |d(O) = (NO)(Np)" (M) ™12 = (No)2(Np)".

We thus have the following formula for the fourier transform:

. 1/2 " or § = mod p"
fn(g):{uva) (W), for&=1 (mod p")

0, otherwise

The (-functions

We know that the prime ideals occurring in the factorisation of d are the prime ideals
of O that are ramified over Q. As for k p-adic, p is the only prime ideal of O, we
have 0 = p? for some integer d. Then 07! is given by p~?. Let us denote by A, the
set of all elements of valuation v or equivalently of absolute value [(Ap)~”|. Then if
we fix an element 7 of valuation 1, then A, is in fact the set given by 7”0, that is,
it is a multiplicative translate of O*. Therefore, under the multiplicative measure,

a, has the same measure as O, which is, (N2)~1/2.

We first treat the case n = 0. The character ¢ is simply the trivial character and
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fo is the characteristic function of 971, We have

o) = / Joda =Y /A ol da =
P v

v=—d

> iy [ da

v=—d v

_ - —vs -1/2 _ (Np)ds -1/2 _ (ND)S_%
(Z W) ) (o) 2 = Ry e = SR

v=—d

As fo is (N9)'/2 times the characteristic function of O, we repeat the steps used to

compute ¢(fo, ||*), to get

. . . 1
s\ 1-sy _ 1/2 1—s gt sy
) = €U 179) = W) [ ol ="t = (o) = T—r3e
Now let us discuss the case n > 0. In this case,
el = [ @M@ @)afda
a—lp—n
= Z (N _”S/ eQ”iA(“)cn(a)d’a> (3.2.2)

v=—d—n Ay

Let us look at the terms of this sum corresponding to v > —d. In this case, A,
consists of terms of valuation v and must be contained in 9~! = p~%, since v > —d.
Since o € A, C 07!, we have Tr(a) € Z,. This leads to A(a) = 0. The integral

/ 627riA(a)Cn(Ol)d,a — / cn(a)d/a = / Cn(a)d’oz
A, Ay T OX%
= / cn(am”)d o = / Cn(r)d o = 0,
ox o

since ¢, has conductor p"™ with n > 0 and so cannot be trivial on O*.

Now other than the first term (corresponding to v = —d —n), we are left with the
terms corresponding to —d —n < v < —d. This inequality makes sense for v € Z if
and only if n > 1. We have already seen that breaking up the elements into sets of
the form A,, on each of which the absolute value remains constant, is of great help.
A further tactic is to break A, itself into disjoint sets, on each of which the function

A is now constant! We take such sets to be of the form

a+ 0t =ag+p i =ag(l+p ).
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On each such set, A has the value A(ag) as A(d7') = 0. The integral

/ eZm‘A(a)Cn (Oé)dla

now looks like the sum of integrals on these sets. On each such set, the integral takes

the form

/ eQﬂiA(a)Cn(a)d/a — 627riA(a0)/ Cn(Oé)d/OC:/ Cn(Oé>d/Oé
ap+o-1 ap+o~1 ag(l+p=2=v)

= / cn(aag)d'a = cn(ao)/ cn(@)d a.
1+p7d7u 1+p7d7u
Now as —d — n < v implies n > —d — v, and the conductor of ¢, is p", ¢, must be
non trivial on 1 +p~97%. As 1+ p~9" is a subgroup of k*, the above integral is zero.

Thus the sum of all such integrals is also zero, that is for —d —n < v < —d,

/ ™MD (a)d'a = 0.
Ay

In summary, except the first term corresponding to v = —d — n, all the terms of

equation 3.2.2 vanish. Hence

Chanll) =Npttsne [ eminede, @)
A_gn

In order to simplify this expression, we first observe that A_;_, is the set of all
elements of valuation —d — n and can be written as A_4_,, = O*7~%". We continue
our strategy of dissecting elements into smaller sets and now we try to find smaller
sets in A_4_,, on which A and ¢, are both constant. If we choose {€} to be a set of
representatives of the quotient group O* /(1 4 p"), then O* can be written as the
disjoint union |J,_€(1 + p™). Then

A g = U e(14pM)m " = U(eﬂfdfn +ep )

€ €
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As e € 0%, it is a unit and hence ep~¢ = p~¢ = d~!. This gives
Acgy =™ (1 +p") (3.2.3)

=Jler ™ 427 (3.2.4)

Consider such a set corresponding to some €. Referring to equation 3.2.3, we see that
as ¢, is trivial on (14 p™), the constant value taken by ¢, on this set is ¢, (ex=97") =
cn(€). Referring to equation 3.2.4, we see that A takes the fixed value A(er=¢=") on
this set.

Therefore, we get

C(f”’c”HS) = (Np)(d+n)s (Z Cn<€)€27riA(€/7rd+n)) / d,a
1+pn

€

The Fourier transform Jf,, is (N0)Y2(Np)™ times the characteristic function of the
set 1+ p™. On this set ¢, is trivial as its conductor is p"™ and absolute value is trivial

1”1—5

as this set is contained in O*. Hence ¢,||* = ¢, is trivial on this set. We have

(o enll?) = (NO)V2(Np)” / da,

1+4pm
which is a constant.
Expressions for p(c)

pl) = oy =P

whereas for a non trivial character c,

p(CHS) — (N(Df))s—% (Nf)_1/2 Z C<€>627|—7;A(€/ﬂ.ordaf) ’

€

where f is the conductor of c.{¢} is a set of representatives of cosets of 1 + f in O*
and is a fixed set for each equivalence class of characeters. The expression in square
brackets is called as a root-number.

This completes the proof of the Main theorem for the local case.



Chapter 4

Adeles and Ideles

Adeles and ideles are beautiful structures which arise from a single concept called the
restricted direct product. As the name suggests, this is a modification of the usual
direct product. In this chapter we explain this concept of restricted direct product
in the abstract sense. Then we define adeles and ideles using this and examine their

properties.

4.1 The abstract restricted direct product

Let J = {v} be a given set of indices and let J,, be a fixed finite subset of .J. Now
suppose that for each index v we are given a locally compact group G,. For indices

v ¢ J, we are also given a compact open (hence closed) subgroup H, of G,,.

Definition 4.1.1. (definition, pg. 180, §5.1, [9] ) The restricted direct product of G,
with respect to H,, is defined as the set

H G, ={(z,) : z, € G, with x, € H, for all but finitely many v}.

veJ

Let G denote the above restricted direct product. If the group operation on G is
defined componentwise then G is a subgroup of the ordinary direct product [] G,.
The ordinary direct product however also has a topological structure which makes
it into a topological group. To define a topology on G, we define a neighbourhood
sub-base around identity consisting of sets of the form [][ N, where N, is an open
neighbourhood of 1 in G, with N, = H, for all but finitely many v.

49
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Theorem 4.1.2. (proposition 5.1.(7)., §5.1, [9] ) G is a locally compact group.

Proof. For a given finite set of indices S containing .J.,, consider the subgroup Gg of

GS:HGVXHHV

ves végsS

G given by

Then every element of GG is contained in GGg for some such finite set S. This shows
that G can be written as the union of all such subgroups. When the topology of G
is restricted to Gg, we get the product topology on Gg. This gives an easier way to
visualise the topology on G. As G g is the product of a finite family of locally compact
groups (G, with a family of compact groups H,, G is locally compact in the product
topology. As each x € (G is contained in Gg for some S, the group G is also locally
compact under the given topology.

To see that G along with the corresponding topology is a topological group, we
consider a sequence of elements (x,), converging to the element (z,) in G. We know
that (z,) € Gg for some finite set of indices S containing J,. Consider the open

neighbourhood of (z,) in Gg (and therefore in G) given by

U:HNVxHHV.

ves vgsS

By definition of convergence, there exists some integer N such that for all n > N,
(x,)n € U C Gg. After a point, all terms of the sequence lie in Gg and thus the
convergence in G can be regarded as a convergence in Gg on which the induced
topology is the product topology. This leads to group multiplication and inversion

being continuous operations. O]

We can embed G, in G as follows:

G, - G
r = (.., 11z 1,1,...).

Under this embedding, G, is a closed subgroup of G.

Lemma 4.1.3. (proposition 5.1.(i7)., §5.1, [9] ) A subset K of G is compact if and
only if K C [[ K, where K, is a compact subset of G, for all v, and K, = H, for
almost all v. Moreover, if K is a compact neighbourhood then we have equality instead

of containment of K
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Proof. Since subsets of the form Gg cover G and are clearly open in the topology
defined, a finite number of G must cover the compact set K. But a finite union of
G is obviously contained in a single subset of the form G, for some index Sy. If we
project K C (g, into the group G, corresponding to each index v, the continuous
projection map gives us a compact subset K/ of G,u for each index. Moreover, for
all but finitely many indices, K/ is a subset of H,. Thus K C [[ K] C [[ K, where
the sets Kv are as required by the theorem.

Conversely, it can be seen that any set of the above form is a compact subset of
some Gg and hence of G. Moreover if K is a compact neighbourhood then it contains
some open set of the form N, with N, = H, for almost all v. Combined with the

containment of K in [] K, shown above, this gives the required result. O

A character of G can be written in terms of characters of the components GG, and
conversely, characters of G, define a unique character of G. This is made more precise

in the following theorem.

Theorem 4.1.4. (lemmas 5.2, 5.3, §5.1, [9] ) Let x € G. Then x is trivial on all

but finitely many H,. Hence we can write x in terms of its component functions
Xv = Xlg, @5

xw) =)

and this product is well defined. Conversely, given x, € G, with Xig, = 1 for all but

finitely many v, we get a character of G given by

xw) =] x ).

Proof. Let x € G. Itis geometrically obvious that we can choose an open neighbour-
hood U of 1 in C* such that U contains no subgroups other than the trivial group.
As y is continuous, x7*(U) is open and hence we can find an open neighbourhood
N =[] N, of the identity such that x(N) C U, with N, = H, for all v outside some
finite set of indices S. For any index vy ¢ S, consider the subgroup of N given by

H,={(..,1,z,1,...):x € H,}.

Then x(H,,) is a subgroup of U and hence is trivial. This holds for any H, with
v ¢ S. Thus x is trivial on all but finitely many H, and the product formula follows.
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In order to prove the converse statement, let S be a finite set of indices such that
X|g, = 1 for all v ¢ S. It is obvious that the finite product ] x,(y,) is well defined
and is a homomorphism of G into C*. To prove continuity, it is enough to show that
given an open neighbourhood U of 1 in C, one can find an open neighbourhood N of
the identity in G such that y(N) C U.

To show this, one chooses an open neighbourhood V such that V(™ C U. This is
possible as C* is a topological group. For each v € S, there is a neighbourhood N,
of the identity in G, such that x,(N,) C V. Then the set

is an open neighbourhood of the identity in G that satisfies x(N) C U. O

This theorem paves the way for writing the group of characters G in terms of
the groups G,. We define H? to be the subgroup of G, consisting of the characters
that when restricted to H, give the trivial map. The compactness of H, implies that
W(H,,U) is an open set of G, in the compact open topology. If U is chosen to be
an open neighbourhood of 1 in C* that contains no subgroups other than the trivial
group then the open set W(H,,U) consists of precisely those characters of G, which
are trivial on H,. Thus H is open in G,. To show that H* is compact, we identify
the characters in H;f with the character group of G, /H, in the obvious manner. This
gives an isomorphism of the topological groups H;; and (G,/H,). Since H, is open
in G, (G,/H,) is discrete and hence (G, /H,) is compact.

Thus H} is a compact open subgroup of G, and taking the restricted direct product

of the G, with respect to the H} makes sense.

Theorem 4.1.5. (theorem 5.4, §5.1, [9] ) Let G be the restricted direct product of
the G, with respect to the H,. Then we have the following isomorphism of topological

G¢=]['G.

where the restricted direct product of the G, is taken with respect to the subgroups H.

groups

Proof. Theorem 4.1.4 already establishes that this is indeed an algebraic isomorphism.

It remains to show bicontinuity of the map ¢ taking the tuple (x,) to the product of



4.1. THE ABSTRACT RESTRICTED DIRECT PRODUCT 53

the components of this tuple, given by [] x..

~

¢:H’é,, — G
(xv) — HXV-

To prove that phi is continuous at the trivial character, let U be a neighbourhood
of 1 in C* and let K be a compact neighbourhood of the identity of G. Then by
lemma 4.1.3, K =[] K, where K, is a compact neighbourhood of the identity of G,
and K, = H, for almost all v. Let a character y of G lie in the open neighbourhood
W (K,U) of the trivial character. Look at the projections of x given by x,, they are
trivial on G, for all but finitely many v. Say that they are non trivial for a set S of
m number of indices. As C* is a topological group, we can find some open set V' in
U such that the set

ym) ={rxe... Ty :x; €V, 1 <i<m}
is contained in U (see proposition 1.2.1). Take

N=]]wW&x.,.v)x[]H;-
ves vgsS
This is an open set in the restricted product topology. It follows that N C ¢~ (W (K, U)),
showing that ¢ is continuous!
On the other hand any neighbourhood of the identity of the restricted product
looks like N = [[W/(K,,U) and the open set W([][ K,,U) of G is contained in its
image under ¢. This means that ¢ is an open map. Thus ¢ is bicontinuous and the

result is proved. O

Just as the group of characters on the restricted direct product GG can be charac-
terised in terms of the character groups of the individual groups G, so can the Haar

measure on G be constructed by the Haar measures on G,,.

Theorem 4.1.6. (proposition 5.5, §5.1, [9] ) Let G denote the restricted direct product

as above. Let dg, denote the corresponding Haar measure on G, normalized so that

/ dg, =1
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for all but finitely many v. Then there is a unique Haar measure dg on G such that

for each finite set of indices S containing J, the restriction dgs, of dg to

GS:HGVXHHV

vesS vé¢sS

18 the product measure.

Proof. Choose a finite set of indices S containing J,. Define a measure dgg by taking
the product of the measures dg,. The measure dgg is simply a product measure on

(s and it can be checked that it is indeed a Haar measure on (Gg. One notes that

/ dg, =1

for all but finitely many v is of critical importance here for making sense of what

the condition

might otherwise have been a diverging infinite product of measures. In general, a
Haar measure on a group is defined uniquely once we specify how it behaves on any
open subgroup. Hence this construction of the measure dgs on the open subgroup Gg
of GG defines a unique measure on GG. But is this measure independent of S7 We want
it to be independent as we have not specified in the theorem any way of choosing
the set S. If we start with a different set of indices S’ and construct the measure as
above, then we find that the measures given by S and S’ agree on Ggus. As both
measures agree on an open subgroup of G, they agree on GG as well. The measure so

constructed is thus independent of the choice of the set S. n

Now that we have defined measure in terms of the component measure, let us

examine how integration can be done on the restricted direct product.

Lemma 4.1.7. (lemma 3.3.2, §3.3, [13] ) Given for each v, a continuous function
fv € L1(G,) such that f,(g,) =1 on H, for almost all v, we define f(g) =1, f.(gv)-

Then f is continuous on G. Also, if S is a set of indices outside which f, is trivial

on H, and fHu dg, =1, then
f {/ fv v dgl,] .
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Proof. Consider the restriction of f to Gg = HVGS G, x szs H,

f|GS = H f(gu)'

ves

This is a finite product of continuous functions, so f is continuous on Gg. This is
true for any set of indices S satisfying the conditions of the theorem. Consider an
element g in G and an open set U in C containing the image f(g) of this element. As
g belongs to Gg for some S and is continuous on this G, there is an open set N of
g in Gg such that f(N) C U. As Gg is open in G, N is an open neighbourhood of g

in G and is contained in f~!(U). This shows that f is continuous on G.
For the second part, note that

/G fl9)dg = f( dgs—/ (Hf 9o dgy> (H f(gu)dgy)

veS v¢sS

_ H/fg'/dg”H/ Flgn)dgy = </f dgu>.

veS ves

Theorem 4.1.8. (theorem 3.3.1, §3.3, [13] ) If f.(g.) and f(g) are the functions of

the preceding lemma and moreover

() V alda, ) < 0

v

then f(g) € L1(G) and

/Gf(g)dg = H </G fu(gy)dgy) .

Proof. We have
[ 1#@)dg =tim [ 15(g)dg
G Gs

Now for any set S of indices outside which f, is trivial on H, and [ u, 49y =1, using
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lemma 4.1.7, we have st f(9)dg =T11,cs UGV fl,(g,,)dgl,]. Hence

lign( A (g)dg> = lim (Eq { 5 fy(gy)dgy]) -

This limit exists and is equal to [, (IGV |fl,(gl,)|dgl,> since [ ], (IGV |fl,(gl,)|dgl,> < 00.

This gives
e II ( A |fy(gu)|dgy>

and thereby f € L,(G).

For the second part we notice that

(/ ol dgy> <11 (/ Fula. rdgy>

Thus all the steps of the first part can be repeated with |f| and |f,| replaced by f
and f, respectively, to get

/Gf(g)dg = H (/G fu(gu)dgz/) .

]

We now know how characters, measure and integration appear in a restricted
direct product with respect to the corresponding properties of the component groups.
We now make some similar observations about Fourier transform in a restricted direct
product.

A typical element of G is denoted by the character ¢ whose components are given
by ¢,. That is ¢ is the tuple (---,¢,,--+). Let the dual measure of dg, in G, be
denoted as dc,. For the time being, we let the function f,(g,) be the characteristic

function of H,. This is an integrable function and so we can take its Fourier transform:

fV(CV) = fu(gl/)éu(gu)dgu :/ EV(QV)dgV-

Gy v

Therefore,

. 0, if ¢, is non trivial over H,
fule,) =

[y dgy, if ¢, is non trivial over H,
v
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The Fourier transform f,(c,) is in fact [ dg, times the characteristic function of

H*. Now applying the Fourier inversion formula,

fl/(gu) = & fu(CV)CV(gV)dCV = /D dgu/; CV(gV)dCV'

As this equation holds for all g, € G,, let us take g, to be an element of H,. Then
fu(g,) = 1 as f is the characteristic function of H, and ¢,(g,) = 1 since ¢, € H}.

(/Vdgy) (/H;dc,,) =1.

hence [, dc, = 1 for all but finitely many v.

This gives

Lemma 4.1.9. (lemma 3.3.3, §3.3, [13] ) If f.(9,) € B1(G,) for all v and f,(g,) is
the characteristic function of H, for all but finitely many v, then f(g) has Fourier

transform f(c) = [1, fu(c,) and f(g) € B1(G).

Proof. Let S be a set of indices such that f,(g,) is the characteristic function of H,
for all v ¢ S. Using the facts f,(g,) € L1(G,) for all v, H, has finite measure for all

v and H, has measure 1 for all but finitely many v,

H(/G !fu(gy)éu(gu)\dgu) = H(/G !fu(gy)!dg,,)

p _ ﬁ (/G ‘fy(gy)ydgy> I1 (/H dgy>

ves v¢sS
< 0.

This means that the conditions of theorem 4.1.8 are satisfied and we can use it to get

flo) = /G f(g)e(g)dg = H ( /G y fu(gu)éy(gu)dgy> = ry[fy<cu>.

For the second part of the result, we use the facts f,(c,) € Ly(G,) for all v, H:
has finite measure for all ¥ and H} has measure 1 for all but finitely many v. We also
know that f, is the characteristic function of H} for all v outside some finite set S.

This gives

[vitnae=TL( [, Vi) =TL( [, 1hteaec) TT(f, ) <o

ves vgsS



58 CHAPTER 4. ADELES AND IDELES

This gives f € Ll(é) as required. ]

Applying the above lemma to the group G with measure de, we obtain the inversion

formula

f(g) = / F(Q)elg)de.

from the component wise inversion formulas. This proves that the measure dc is in
fact the dual of the measure dg, that is, the product measure obtained from the duals

of the component measures is the dual of the original measure!

4.2 Adéles

We let k denote a finite algebraic field and k, denote the completion of k at the place
p.
Definition 4.2.1. (definition 4.1.1, §4.1, [13] ) The additive group Ay of adéles is

defined as the restricted direct product over all the places p, of the additive groups k;
with respect to the subgroups O,.

We denote a general adele by the tuple x = (..., zy,...).
Theorem 4.2.2. Ay, is its own character group.

Proof. From theorem 4.1.5, we know that since Ay, is the restricted direct product of
l{:;r with respect to O,, Ay, must be the restricted direct product of l;:p+ with respect to
O,. A typical character of Ay looks like a tuple of the component-wise local characters
&, > e2™MED | Tdentifying k, with k, via the identification

xp > 2T Em) gy

we see that due to lemma 2.1.7, this gives us an identification between O; and 0, L
Thus Ay is in fact the restricted direct product of k; with respect to 0;!, with a
typical element given by n = (..., np,...). However, due to the classical result that
only finitely many primes get ramified, we have 9, = O, for all but finitely many p.
This is equivalent to saying that any element of Aj, has the form 7 = (... Moy -),s
with 7, € O, for all but finitely many p. We introduce the notation A = 3 Ay(xy)

along with component wise multiplication

773:: (...,npzp,...).
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Thus A, = Ay, with a general element n = (...,Mp,...) being identified with the

character

r="(..,2Tp,...)— Hexp(27riAp(77p§p)) = exp <2m' ZA(npfp)> :

p p

]

As per the discussion of the previous section, we give the group of adeles the
measure dx which is the product of the component-wise measures dx, on the groups
/{:;r . As these local measures are self dual, so is the measure dxr on Ag. This gives us

the following formulae for the Fourier transform and the inverse Fourier transform :

f(n) = /f(a:)e_%m(m)dx (4.2.1)
fa) = / Fmyemisom ay (4.2.2)

We see that the theory for adeles has quite a few similarities with the previously
discussed theory for the additive group k; . As a step in this direction we have the

following lemma.

Lemma 4.2.3. (lemma 4.1.1, §4.1, [13] ) The map ¢, : © — ax is an automorphism
of the group of adéles if and only if a € Ay, satisfies the conditions a, # 0 for all p
and |ap|, =1 for all but finitely many p.

Proof. On each component p, the map is given by the homomorphism z, — a,z,.
As k, is a topological field, this multiplication map is continuous. Assume that this
map is an automorphism. Then it must be surjective, so in particular we must have
b € Ay such that ¢,(b) = 1, that is, a,b, = 1 for all p. For such an adele b to exist,
we must have a, # 0 for all p. Also as (...,by,...) = (...,a,",...) is an element of
Ay, we must have a, L€ O, for all but finitely many p, which gives, |a,|, = 1 for all
but finitely many p.

Conversely if the above two conditions are met, then taking b = (..., a, 1...)), the
map ¢y is the inverse map for the continuous homomorphism ¢, and is a map of the

same form. This shows that ¢, is an automorphism. [

We shall see that the elements of A, that satisfy the conditions of the above

theorem are precisely those that we will define as ideles in the next section. For
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the sake of convenience, we call them as ideles in this section as well, even though
we have not defined this term precisely yet. With this result in hand, we can now
examine how the measure of a set in A, changes under multiplicative translation by
an idele, just as we saw how the measure of a set in k; changes under multiplicative
translation by an element of £,°. The following result is one of many which show that

ideles are just the multiplicative analogue of adeles!

Lemma 4.2.4. (lemma 4.1.2, §4.1, [13] ) For an idéle a,
d(ax) = |a|dz,

where |a| = T, |aplp-

Proof. As multiplication by an idele is an automorphism of Ay, it is obvious that the
measure dyr = d(ax) is a Haar measure on A, and must differ from dx by a contant
factor. To find this constant factor, we can choose any convenient set and compare

the two measures for that set. Let N = [[ N, be a compact neighbourhood of 0 in
Aj. Then using theorem 4.1.8,
H / dzx,.
ap Ny

/ dr =
aN P

From lemma 2.2.2, measure of a,N, is |a,|, times the measure of NV,. This gives

(00 ).

p
which is equal to [, |ayl, [y dz. O

We imbed the field k£ in A, by identifying the element £ of k with the adele
(...,&...). Then k is a subgroup of A; and we have the following approximation
theorem. If we denote the set of infinite (archimedean) places of k by S, then we

have the subgroup Ag_ of Ay given by

As., =[] & < ] o

pPESs pZSoo

Ag_ consists of all adele elements whose components at finite (discrete) places have

absolute value less than or equal to one. Henceforth we denote this open subgroup of
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Ay as Ay,

Theorem 4.2.5. (theorem 5.8, §5.2, [9] ) (The Approximation Theorem)

A =Fk+A,.

Proof. Consider any element = (..., z,,...) € A;. We must prove that there exists
E=(...,¢ ...) € ksuch that z, — £ € O, for all discrete places p.

There are only finitely many places p such that z, ¢ O,. Let the discrete primes p
such that z, ¢ O, be given by S = {p1,p2,...,p,} for some integer r. Then for each
such component z,, there exists some power of m, ( 7, is a fixed element of valuation
1), which when multiplied by z, gives an element of O,. Doing this for all the places
in S, we can find an element m of k such that pq,po, ..., p, are the only primes in the
factorisation of the ideal m and multiplication by m makes z, integral for p € S. For
discrete primes which are not in S, ma, is anyway integral because m is an element
of k while z, is integral.

In other words, there exists m € k such that
maxy, € O,

for all discrete places p.

Now choose A € O through Chinese Remainder Theorem in the ring of integers

O of the field k as follows: Solve for ¢+ = 1,2,...,r, the system of equations
mzy,, = A (mod p;"O,,), (4.2.3)

where n; are large integers. Take £ = A/m. We must show that this £ works. As A is

chosen according to the system of equations given by 4.2.3,

_ iy, — A c p?ZOPz

Lp; _6
m m

Notice that we did not specify any value for the variables n; appearing in 4.2.3. except
for saying that they are large integers. In practice, we just need to choose n; to be

atleast the power of p; occuring in the factorisation of the ideal m. This gives us

Lp; —&€ Om-
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For the discrete primes not occurring in S, m is as good as a unit since none of
these primes occur in the factorisation of the ideal m. For such primes, as m € k and
x, is already integral, so is mx,. As X was chosen in the ring of integers O, we get

mx, — A € O, and hence

This proves that for the { chosen, z, — £ € O, for all discrete primes O

Corollary 4.2.6. For the case K = Q, we have

Ag=Q+®Rx [] 7).
p prime
We denote the infinite part of Ay as A*. This is the cartesian product of the
archimedean completions of k, that is A* = Hpe . /{;; . Moreover, for any x € Ay,
we denote by x> the projection of x on A®, that is , > = (..., zp,.. . )pes.. If a
generating equation for k over Q has r; real roots and ro pairs of conjugate complex

roots, then A is a vector space over R of dimension n = r; + 2r,.

Lemma 4.2.7. (lemma 4.1.4, §4.1, [13] ) If {w1,wa,...,w,} is a minimal basis for
the ring of integers O of k over the rational integers, then {w, w3, ..., wX} is a

basis for the vector space A> over the reals. Let
n
D> = {x* :vawgo:ong <1}
v=1

Ifd = (det(o.zi(j)))2 denotes the absolute discriminant of k, then the parallelotope D>

has volume +/|d| if measured in the measure dz> =[] cq  dz,.

Proof. Consider the projection £ — % = (...,&,.. . )pes... This is just the classical
embedding of a number field into n-space. According to the classical theorem (see [5]
), d = (de‘c(cL)Z(j)))2 is non-zero, wy,ws, . ..,w, are linearly independent and D has
volume given by 2_”\/@ in case the standard measure is used. However we have
used a measure which is twice the ordinary measure in the complex plane and A*can
be thought of as a product of r; real lines and ry complex planes. With our chosen
measure, there is thus an additional factor of 22 and we find that the volume of the
fundamental parallelotope is simply \/E . O
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Definition 4.2.8. (definition 4.1.2; §4.1, [13] ) We define the additive fundamental
domain D to be the set of all x such that x € Ay, and x> € D*. We can write D as

D> x Hpgsoo O,.

Theorem 4.2.9. (theorem 4.1.3(1), §4.1, [13] ) D is indeed an additive fundamental
domain because any adéle x is congruent to one and only one element of D modulo

the field elements, that is, we have the disjoint union

A=J¢+D).

ek

Proof. We must show that an element = of Ay can be brought from the adeles to a
unique element of the fundamental domain D via the field elements. We break this

transition from Ay to D into two steps:
A, — A — D.

The Approximation theorem (theorem 4.2.5) tells us that given x € A, there exists a
field element & such that z + & € AL.

Let us examine this transition in more detail before moving on to the second. In
particular this means that z, + & € O, for all discrete places p. If there exists some
other field element & such that = + & € A, then & — & € A,,. In particular this
means that the field element & — &, belongs to O, for all discrete places p and hence
must be integral. Thus if there are two field elements taking the adele x into A,

then they must be congruent modulo O.

We now turn our attention to the transition from A, to D. As {w{®, w3°, ..., wX}

is a basis for A* over the reals, an element y of A, = A* x Hp ¢S O, can be uniquely

Yy = (iwi;’o> X H O,,
v=1

pPESoo

written as

with z, € R. We choose m, = [x,] where [-] is the step function giving the greatest
integer less than or equal to x,. Take v = 3" myw,. This is an element of O as
{w1,ws, ..., w,} is a minimal basis for the ring of integers O of k over the rational

integers. Now consider y—~. For all p ¢ S, we have (y—~), € Op. Thus y—~v € A.
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Moreover
n n n
[o@) o oo x
(y _'7) - E Ty, — E myw, = E tvwv ,
v=1 v=1 v=1

with ¢, real and between 0 and 1. This means (y — 7)™ € D>. But these properties
of y — v are precisely those stated in definition 4.2.8. This gives y — vy € D and
completes our transition from A — oo to D

In this construction of v itself, v is a uniquely defined element of 0. Hence we

have the following steps taking an adele z to an element of D.

xi>x+§i>x+§—7

As ¢ is a field element that is unique modulo O and 7 is a unique element of O, the
step from an adele to an element of D is carried out through the element xk = (£ — )
which is unique modulo O. We want to show that given adele x is congruent to one
and only one element of D modulo the field elements. Suppose that for a given adele

x, there exist field elements k1 and ko such that x can be taken to two elements of D:

r+rK = di €D
T+kKy = dy€D.

As the step from an adele to an element of D is unique modulo O, we have £, —&; € O.
This gives d — dy € O, making it possible to write dy —dy as >, l,w, with [, € Z.
Taking the infinite part gives

(dy = d2)™® =Y Lw® with I, € Z. (4.2.4)

v=1

As dy — dy € D means that (d; — dy)*> € D>, we have

(dy — d9)™ = vawg" with z, € Rand 0 <z, < 1. (4.2.5)

v=1

As (dy —d3)™ must have a unique expression in terms of the w3, we combine equations
4.2.4 and 4.2.5 to obtain x, = m, = 0 for all v, giving d; = d» ]

Theorem 4.2.10. (theorem 4.1.3(2), §4.1, [13] ) D has measure 1.
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Proof. As D = D> x Hpeésoo Oy,

/Ddx:/Dwdxoo H

PESoo

(/O dw“) =Vl [T Veop) ™

PESoo

The discriminant d is the norm of the different of k, which is in turn the product of
the local differents d,. This gives [d| = [[ .5 _(N,0p) and completes the proof. O

Let us pause and examine what the last two results mean in a heuristic sense. The
disjoint union of theorem 4.2.9 means that the field elements act as a set of lattice
points for the group of adeles. D is the fundamental parallelotope formed by these
lattice points, D is the set whose translated copies make up the ‘volume’ of the space
of adeles. Compare this to the real plane which has points with integer co-ordinates
as lattice points and the unit square as the fundamental parallelotope. From this
perspective, it is important and expected that the volume of the fundamental lattice
should be non zero. This fact is confirmed by theorem 4.2.10. This brings us to one
of the most important results for adeles, establishing all the more its similarity to the

real plane with integer lattice points.

Theorem 4.2.11. (corollary 4.1.1, §4.1, [13] ) k is a discrete subgroup of Ay. D is

relatively compact and the factor group Ayg/k is compact.

Proof. We will make use of the fact that as given in lemma 4.2.7, A is a vector space

over the reals. This means that for most purposes A* is as good as R™ and we can

u 1 1
N .— {(Zwvw;’o> : —3 <X, < é,xv € ]R}
v=1

is an open subset of A*. This means that the set

assert that

N = (iwi;f’) X H O, : —% <Xy < %,vaR
v=1

P& Soo

is an open subset of A x HWS(><> O,, that is, A,. As A, is in turn open in Ay, N
is thus an open subset of the adeles, containing zero.
Now consider N Nk. If a field element £ is contained in NV, then it must contained

inside O, for every discrete prime p and hence must be an element of O. Using the
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minimal basis for O over Z given in lemma 4.2.7, we have { = """ m,w,, with m,

as integers. This gives
n
£ = E MW, .
v=1

As & € N, £ must be contained in N°°, which means that we must have for each
integer m,, —% <my < % This is impossible unless every m,, is zero, that is, zero is
the only field element contained in N. Given any field element &, of k, we can find

an open subset of the adeles, namely N + &g, so that

(N + &) Nk = {&}-

This proves that k is discrete in the group of adeles.

In order to prove that D is relatively compact, note that

D=D*x [[ 0,cD>x [] 0,
p¢Seo pZSeo

where D> denotes the closure of D® in A®. Viewing A™ as a vector space over
R as in lemma 4.2.7, we see that D> C A® =~ R" can be regarded as a closed an
bounded set in n-space and must be compact. As O, is compact for each place p, the
set D> x Hp¢ 5. Op containing D is compact, thereby proving that D is relatively
compact.

It now remains to prove that the factor group Ay /k is compact. We know that set
theoretically, the factor group A /k is the same as the set D. There is an identification
map between these two sets, obtained through the steps discussed in the proof of
theorem 4.2.9. From these steps it can be seen that the identification map is in fact
continuous. We can extend this identification map so that we get a map ¢ from the
closure of D to the closure of the factor group. As k is a discrete subgroup of the
adele group, the factor group is in fact closed. This gives the surjective, continuous
map

As D is relatively compact, D is compact and so is its image under the continous

map ¢. This proves that A /k is compact. O

We now prove some results for the additive map A on the adeles.
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Lemma 4.2.12. (lemma 4.1.5, §4.1, [13] ) A(§) =0 for all € k

Proof. By definition, A(§) = > Ay(§). If the prime p lies above the rational prime
p, then Ay (§) = )\p(Trg; (£)). We have

AE) =D NTrg ) =N | D Trg ()

plp

As the trace Tr@ is given by the sum of the local traces Tr(g"p , we get
A©) =D A (TT5(6)).
p

As Tr§(€) is a rational number and A is a map into the reals modulo 1, it is sufficient
to prove that »_ A,(z) =0 (mod 1) for z a rational number.

Let us fix a rational prime g. We know that the domain of A, is the completion
of Q at the p-th place. Then }_ A,(x) can be written as

ZAP(;U) = ( Z )\p(ac)> + A (2) + N (), (4.2.6)

PFqPoo

where p,, denotes the archimedean completion of the field Q. From the construction
of A above lemma 2.1.3, A\,(z) has only a power of p in the denominator if p is a discrete
prime. Hence if p # ¢, A\,(z) has a non negative power of ¢ in its factorisation and
in particular, all the terms in parenthesis in equation 4.2.6 are g-adic integers. From
the same construction, we also know that A\, (z) = —z. Moreover from property i
stated in the proof of lemma 2.1.4, we see that A\,(x) — x is a g-adic integer. This
means that the second and third term of equation 4.2.6 add to give a g-adic integer.

In other words,>_ A,(z) can be written as a sum of g-adic integers and is thus
itself a g-adic integer. This argument can be repeated for any rational prime ¢, which
means that » A,(x) is an element of the reals modulo 1 that is integral with respect

to every rational prime. It follows that } A,(z) =0 (mod 1). O
Theorem 4.2.13. (theorem 4.1.4, §4.1, [13] ) Let k* denote the set of all unitary

characters of the adéle group which are trivial on k. Then k* =k

Proof. We must prove that for the self dual group Ay, the unitary character corre-

sponding to the adele element x is trivial on k if and only if x € k. More succintly,
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we must prove that
Az&) =0forall { € k< z € k.

As k* is the unitary character group of the compact quotient group Ay/k, it must
be discrete. Lemma 4.2.12 shows that at least £ C k* is true. Consider the quotient
k*/k. This being a discrete subgroup of the compact group Ay/k, k*/k must be a
finite group. With the action of £ on k* defined as

Ex(r) = x(§x),

where £ € k, x € k* and x an adele, k* is a vector space over k. As k is not a finite
field, the index of k£ in k* cannot be finite unless it is 1. This gives £* = k. O

4.3 Ideles

In the last section we introduced the term ideles but did not offer a precise definition.

We now do so.

Definition 4.3.1. (definition 4.3.1, §4.3, [13] ) The multiplicative group I of idéles
is the restricted direct product of the groups k, with respect to the subgroups O,

Let us denote a general element of the idele group as a = (..., ap,...). We shall
construct a map from the ideles to the ideal group of the field k, which will play
an important role in our understanding of the structure of the idele group. We can

associate with each idele a, an ideal ¢(a), given by

¢la) = ] p.
pESoc
The map a — ¢(a) is a continuous homomorphism onto the discrete group of ideals
of k. Let us inspect the kernel of this map. The idele @ maps to the identity O of
the ideal group if and only if 14,(a,) = 0 for all p ¢ S.. Equivalently, a, € O, for all
discrete primes. Thus the kernel of ¢ is simply the subgroup Ig_ of I, given by

L.= ] & = ] o

PES P& Soo

The notion of an idele not only encompasses the information obtained from the notion
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of an ideal, but we also obtain information about the components at the archimedean
primes as well as at discrete primes where the component is a unit. Thus for a field
k, ideles can be thought of as a refined version of ideals; a version which includes
information that is otherwise hidden when we represent an element a as the ideal
¢(a)! This also explains to some extent the name ‘idele’, which is a contraction of
the words ‘ideal” and ‘element’!

Now that we have defined the map ¢, what can we say about the image of k*
under this map? For this we first imbed %k in I in the obvious manner: identify
o € k* with the idele (..., a,...). Then ¢(a) = [],¢q p»» (@) gives us

o(a) = a0.

It can be seen that the image of £* under this map is precisely the set of all principal
ideals of the field.

Let us now review the characters and measure corresponding to the idele group.
A general character c(a) on the ideéle group has the form c(a) = [], ¢;(ay), where ¢; is
a character on k,* and ¢, is trivial on O, for all but finitely many p. The measure da
on the ideles is chosen to be d'a = Hp d'ay, where d’a, is the multiplicative measure

defined in section 2.5 on k.
Theorem 4.3.2. (Product formula) (theorem 4.3.1, §4.3, [13] ) |a] =1 for a € k.

Proof. From theorem 4.2.9, the adele group can be written as the disjoint union
A = Ueer (=€ + D). Using this let us write aD as

oD =A;NaD = J(=¢+D)naD). (4.3.1)
ek

As theorem 4.2.9 gives Ay = ;. (D + §), we must have

aly, = U(aD + af).
gek

As ak =k ( since a € k*), and aA, = A (using « € I and lemma 4.2.3), we obtain

Ay ={J(aD+¢).

éek
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Again let us write D as

D=DnAy=|J(DN(aD+¢)). (4.3.2)
¢ek

Consider now the ‘piece’ D N (aD + &) of D and the ‘piece’ (=€ + D) N aD of aD.

We have the correspondence:

Dn(aD+¢&) «— (=¢+D)naD

r — x—¢

As the correspondence between the two sets involves just an additive operation, both
sets have the same measure with respect to the additive Haar measure dx on the
adeles! As each of the sets D and aD is made up of a disjoint number of such
congruent pieces, they must have the same volume. As lemma 4.2.4 implies that

measure of aD is |a| times the measure of D, we must have |a| = 1. O

Let us now consider the continuous homomorphism a — |a| = [],[ayl, of the
ideles into the multiplicative group of positive reals. We call the kernel of this map
as the group of norm one ideles and denote it by Ji. This is a closed subgroup of the
idele group and contains k, as can be seen from the product formula. Let us denote a
typical element of Ji by b. This subgroup of the ideles helps us to give a convenient
description of the ideles.

In section 2.3 we showed that every element « of k,° can be written uniquely as
ap, with a € O;° and p a positive real or a power of 7 (a fixed element of valuation 1),
according to whether p is achimedean or discrete respectively. We attempt to imitate
this strategy for the ideles. First fix an archimedean prime py. A general element a

of the idele group can be written as

ap
a:(...,ap,...):(...,ap,...,ﬁ,..)-(...,1, la| ,1,...).

poth place

The first term has absolute value 1 and is thus an element of .J,.. Let us denote it as b.
The second term can be denoted by just |a|, it is in effect just a way of representing
the absolute value of the idele a. Let T be the subgroup of all ideles for which the poth

component is a positive real and all the other components are 1. Then each element
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of T is uniquely determined by its absolute value. That is, if the absolute value of
the element is ¢ then it is either given by (¢,1,1,...) or (v/%,1,1,...) according to
whether the place pg is real or complex (we have written the poth component first).
Thus ¢t — |¢| is an isomorphism of T" with R, ).

Representing elements of T' by just absolute values, we have : an idele a can be
uniquely written in the form a = |a|b, with |a| € T and b € Ji. It is apparent that
I is the direct product T x J,. As T is isomorphic to the multiplicative group of
positive reals, we choose the measure on T to be in accordance with section 2.5, that
is, d't = dt/|t| = dt/t, where dt is the ordinary Lebesgue measure. We do not have
any explicit way to select a measure db on Ji, but as measures d'a and d’'t on I and

T are known, it is enough to require that d'a = d't.db.

Expressing the ideles in this manner makes integration more convenient because
fla)da = / f(tb) db—
Iy,

= /0 { ka(tb)db} / {/ f(tb) dt] db.

Let Js = Jpx N 1Is_. Let S, be the set of all archimedean primes other than the
prime po. Consider the continuous homomorphism

1(b) : b= (... log lbylp, - ) pes s

of Jg onto the additive Euclidean r-space, where r = r; +ry — 1. A point to
note is that the map leaves out the place py. With this place included, one has the

constraint [ [, |by[, = 1 because b is a norm one idele. As b € Js_ means that |by|, = 1

for p ¢ S, we get

H by = H 1D lp-|bpo[pe = 1.

PES— GS'
As the map excludes the poth component, whose value can be adjusted as needed,
the components in the set S/ are free to take any values. This explains surjectivity.

k* N Jg is the group of all elements € € £* which are units at all finite primes

and hence units of the ring @. The units £ for which [(§) = 0 are the roots of unity
in k& and form a finite cyclic group. As the images [(¢) form a lattice of the highest
dimension in the Euclidean r-space, the group of units ¢, modulo the group of roots

of unity &, is a free abelian group on r generators. Let {¢;}, 1 <i <, be a basis for
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the group of units modulo roots of unity. Then the vectors I(¢;) are a basis for the

r-space over the real numbers. For any b € Jg_, we may write [(b) uniquely as as

1(b) =>1_, xl(e,), with z, € R.

Definition 4.3.3. We define P to be the fundamental parallelotope spanned by the

vectors l(€;) in the r-space, that is,

P = {ixvl(ev) 0<z, < 1}

v=1

We define () to be the usual unit cube in r-space, that is,

Lemma 4.3.4. (lemma 4.3.1, §4.3, [13] ) Let 7' (P) denote the set of all b € Js__

such that [(b) € P. Then
1 T2
/ g 20"
1-1(P) Vd|

where R = xdet(log|e;|,), with 1 <i <7 andp € S.,.

Proof. Using the fact that [ is a homomorphism and the expression for the volume of

the fundamental parallelotope over the unit cube,

measure of ["!(P)  measure of P
measure of [~1(Q))  measure of Q) et(log [eilp)

[7Y(Q) consists of all b € J;_ such that [(b) € Q, that is 1 < |b], < e, for p € S.
Let @* be the corresponding set in Ig_ consisting of all a € I with 1 < |a|, < e for

p € Sy. Then
dt elbloy (¢
/da:/[/ —]db:/ / ",
. J L wegr t 1@ | t

lbo
since a = th € Q* & b€ 171(Q) and 1 < |thy,|y, < €. As the integral within square
brackets gives the value 1, we see that fQ* da is the same as [, @ -

Let @, denote the set of all a, € k¢ such that 1 < |af, < e for p € S. Then
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Q" =Ilhes. @5 * Ilpgs. Oy -

27 (2m)™
da = / da / da, = ———,
/Q* 1l % 1l o Wl

since for the r; places where p is real,

-1 e e
d d d
: e el | L@

for the ry places where p is complex,

21 /e
/ . / / 2rdh _,
* 0 1 T

and finally for p discrete,

1
H /OpX day, = H (Npdy) /% = —W|

pZSeo pgSco

]

In the previous section we defined an additive fundamental domain for the adeles
modulo the field elements. We now define a multiplicative fundamental domain F,

not for the ideles but for the norm one idéles modulo k*.

Definition 4.3.5. (definition 4.3.2, §4.3, [13] ) Let h be the class number of k and se-
lect norm one ideles bV, ... b such that the corresponding ideals ¢(b™V), ..., p(bM)
represent the different ideal classes (this can be done as only the finite components
play a role in the map ¢ and the infinite components can be adjusted to give absolute
value 1 for the idéle). Let w be the number of roots of unity in k. Let Ey be the subset
of all b € I7'(P) such that 0 < arg by, < %r Then the multiplicative fundamental
domain E, for J mod k> is defined to be

E =EbM UEDWDU...UEWM,

Theorem 4.3.6. (theorem 4.3.2(1), §4.3, [13] ) We have the disjoint union Jy =
U, @E.
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Proof. We perform a series of steps that will take an element b of J, into SE for
some 3 € k*. First consider ¢(b), this is an ideal of the field and must belong to
a unique ideal class represented by, say, ¢(b("). Then ¢(b/b™) must be a principal
ideal, say, a«O. Then ¢(b/(ba)) = O, implying that b/(b”a) must be contained
in the kernel of ¢, that is Is_. As b € Ji, b € Jg_ and a € k*, we must have
b/ (W) € Is Uy = Js.., giving

b r
{ <m) = Zl$vl(€v),

with z, € R. If [z,] denotes the step function, then &' := b/(ba ] ™) has under
[ the image Y. _ (z, — [x,])l(e,) € P. Thus b’ € [7'(P). We are still not in Ej,
as the po component of & may have any argument. We take ( a root of unity with
the closest argument to that of b, and smaller than it. Then '/( € FE,. Putting

B=alll_, ! we get b € BbD Ey, with 8 € kX. O

Theorem 4.3.7. (corollary 4.3.1, §4.3, [13] ) k™ is a discrete subgroup of Jr and
J/k* is compact.

Proof. Let us compute the measure of E. As E is made up of h number of copies
of Ey, measure of E is h times the measure of E,. From the definition of Ej; in
definition 4.3.5, we find that the measure of Ey is 1/w times the measure of [~!(P),

whose measure is known from lemma 4.3.4. This gives measure of F to be

2m1 (27772
= — measure of ['(P) = M

w Vdw

As measure of E is non-zero, it has an interior, proving that k* is discrete in Jy. As

E is also relatively compact, J/k* is compact. O



Chapter 5
Towards the Main Theorem

With all the groundwork behind us, we now attempt to prove the main result of this
thesis. We start with a number theoretic version of the Riemann Roch theorem and
builds toward the main result. We define the (-function for the field £ and prove the
analytic continuation for this function. In doing so we see that the elegant functional

equation for the (-function is simply a consequence of the analytic continuation!

5.1 Riemann-Roch Theorem

Let ¢(x) be a continuous, periodic function over the adeles. By periodic, we mean
that ¢(x) = ¢(xz + &) for all £ € k. Let ® be the function represented by ¢ over the
quotient group Ay /k, that is,

O(x+ k) = ¢(x).

The function @ is then continuous over this quotient group. It is continuous with

compact support and is hence contained in €,(A;/k).

Definition 5.1.1. We define the following functional on €.(Ag/k):

1@) = [ o).

where D is the additive fundamental domain of definition 4.2.8.

As D is relatively compact, this integral is bounded. I(®) is thus a bounded

functional on %,.(Ay/k) and must correspond to a Radon measure dv on Ay /k in the

1)
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sense that

[(@):A/k®(0)dv.

Here v is actually a coset, say = + k, of Ay /k.

Is the measure dv translation independent? Consider the coset v = 2’ + k in
Ag/k. Let &'(v) = ®(v+ ). Then

(@) = /A Bl = /A 2wl =)

In order to prove translation independence of dv,we must prove that I(®) = I(d’).
From definition 5.1.1,

1(®) = /D o(x + 2')de. (5.1.1)

For a given set S and element b, S —b denotes the set of elements {a—b: a € S}. One
can check that the steps used in the proof of theorem 4.2.9 will take an element x — 2’
of Ay — 2’ to an element of D — 2/ in a unique manner, that is, z — 2’ is congruent to

one and only one element of D — 2’ modulo the field elements. That is,

Ay—ao' = J(D—-2"+9), (5.1.2)
ek

where the union is disjoint. As Ay — 2’ is nothing but Ay, we have the disjoint union

Ay = U(D—x’+£).

ek

Writing D as D N Ay, gives us the disjoint union

D=DnA,=J(DN(D-2'+¢).
ek

Hence

[(®) = /D¢(x +al)dr =) /DQ(D_I%) o(x + 2)dx.

£ek

Using the identity

reDN(D—-2"+8 e (x+2YeD+a'ND+E,
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the latter integral can be written as

d(x +2')dr = / d(x)d(x —2') = / o(z)dz.
DN(D—a'+€) D+a/ND+¢ D+a/ND+¢
Now using x € (D+2'ND+¢§) & (x+§) € (D+ 2 — & N D) along with the

periodicity of ¢ and translation invariance of dx, we see that

[ o= [ eeroiera- [ s

D+a'ND+¢ (D+a2’'—€)ND (D+z’'—£)ND
This gives
1@)=%" / o) = / o) = / o(x)dz
coh J (D+a/=6)ND Ug (D+a'—€)nD Ue (D+a'—€)ND

Using the same reasoning as for equation 5.1.1, we have

Ak:Ak—i—x':UD—l—x'—é,
giving

[ eae= [ swpo= [ ofa)ds = 10)

Ue (D+a/—€)nD ApND

Thus I(®') = I(P), proving that the Radon measure dv is translation invariant and
hence a Haar measure.

As the volume of D is 1 by theorem 4.2.10, we have

/ dv:](l):/dmzl.
Ay /k D

Let us summarize in the following lemma:

Lemma 5.1.2. (theorem 4.2.1, §4.2, [13] ) For a continuous periodic function ¢ on
the adéles, fD ¢(x)dx is equal to the integral of the corresponding function ® over

Ay /k with respect to that Haar measure which gives Ay /k the measure 1.

Under the identification of A, with Ay, the subgroup k* of the group of unitary
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characters on the adeles gets identified with the field k. The subgroup £* is simply the
set of unitary characters on the adeles which vanish on k. Hence k* is precisely the
unitary character group of the quotient Ay /k. Thus, under the identification between
the adele group and its group of unitary characters, the unitary character group of
Ay /k gets identified with k. One sees that the following notational substitutions are

legitimate. We replace:
an element (coset) v = x + k of Ay /k by the element z of A,
the integral over Ay /k with respect to dv by the integral over D with respect to dz,
continuous functions ® on A/k by periodic continuous functions ¢ on the adeles,

unitary characters of Ay/k by unitary characters of the adeles corresponding to

elements & of k

This gives us the following expressions for the Fourier transform and the inversion

formula for ®.

Lemma 5.1.3. (lemma 4.2.2, §4.2, [13] )

:/ qb(x)ef%ri/\(gx)d:c
D

Z ¢ 27rzA Ea:

§ek

If S eer |6(€)] < o0, then

Proof. The first part of the lemma is evident from the discussion preceding the lemma.
The latter part is a statement of the inversion formula. As there is an identifica-
tion between the unitary character group of Ay/k and the field k, the condition
Dcck |6(€)| < oo simply means that the function ® is contained in Ly ((Ay/k)), en-

suring that the inversion formula holds. The expression

Z Qb 27rzA (&)

ek

is a reformulation of the inversion formula in terms of the notational substitutions

discussed prior to the lemma. O



5.1. RIEMANN-ROCH THEOREM 79

Lemma 5.1.4. (lemma 4.2.3, §4.2, [13] ) Let f(x) be continuous and contained in
Li(Ay), > 2,er f(x +m) uniformly convergent for x € D (as k is not ordered, by
convergence we mean absolute convergence). Then for ¢(x) = Znek flx +mn), we

have

3(&) = f(£).

Proof. As ¢(z) is a periodic, continuous function on the adeles, we can use the ex-
pression for the Fourier transform, mentioned in lemma 5.1.3. Even though ¢ is
technically a function on the adeles, for our purpose it behaves like a function on
Ay /k via ®.

The function f on the other hand is treated solely as a function on the adeles and

satisfies the equation 4.2.1 for its Fourier transform.

é(g) _ /(b(x)eQm’A(ﬁx)dx:/ <Z f(:c—i—n)e%“\(fx)) dr
b D nek

_ Z/ f(flf + n)e—QwiA(fx)d:L, _ Z (x)e—ZwiA(fx—fn)dx
D

nek nek n+D
_ Z (x)e—Qm'A(ﬁm)dx _ / f(x)e—QwiA(ﬁx)dx
nek n+D U, (m+D)

= [ f@)e N = f(e).

A

Note that we have used the fact that the integrand is uniformly convergent on D
and that D has finite measure (theorem 4.2.10), to interchange the summation and
integral signs. We have used lemma 4.2.12 to obtain A({n) = 0 as well as theorem
4.2.9 to obtain |J, o,.(n + D) = Ay. O

Combining lemmas 5.1.3 and 5.1.4, one obtains the Poisson Formula.

Lemma 5.1.5. (Poisson Formula) (lemma 4.2.4, §4.2) [13] ) If f(x) satisfies the

conditions:
i. f(x) continuous and contained in Li(Ay),
Q. Y ecr f(x + &) uniformly convergent for x € D,

Wi Y eer |£(€)| convergent,
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then

PIGEDINI]

ek ek

Proof. Since we want to apply the lemmas 5.1.3 and 5.1.4, let us check whether
the hypotheses of these lemmas are satisfied by our conditions on f. The hy-
potheses of lemma 5.1.4 are satisfied by the first two conditions on f. Putting
P(x) = X eep f(@ +§), it is easy to see that ¢ is continuous and periodic. As lemma
5.1.4 states that ¢(£) = f(€), the third condition ensures that 3 .., [¢(£)| < co. Thus
all the hypotheses of lemma 5.1.3 are also satisfied and now we can apply both these
lemmas.

Putting £ = 0 in the inversion formula of lemma 5.1.3 gives us

3(0) =Y 0(6).

ek

~ A

As ¢(§) = f(§) by lemma 5.1.4 and ¢(0) = 3., f(§), we obtain

SO =) fo).

£ek ¢ek

O

Replacing x by ax where a is an idele gives us a result which may be regarded as

the number theoretic analogue of the Riemann-Roch theorem.

Theorem 5.1.6. (Riemann-Roch Theorem) (theorem 4.2.1, §4.2, [13] ) If f(z) sat-

i1sfies the conditions:
i. f(x) continuous and contained in Ly(Ay),

. dek fla(x + &)) convergent for all idéles a and adéles =, and uniformly con-

vergent for x € D,
Qi D ek |f(a&)| convergent for all idéles a,
then

ﬁZf@/a) =Y Flat).

ek ¢ek



5.1. RIEMANN-ROCH THEOREM 81

Proof. Consider the function g(z) = f(ax). We want to show that this function
satisfies all the conditions of the previous lemma and hence satisfies the Poisson
Formula. As multiplication by an idele is a continuous map, and f(z) is continuous,

the function g(z) is also continuous. Moreover,

[ swiae = [ fands= [ s
Ap Ay a(Ar)
= / f(x)d—x (using lemma 4.2.4)
a(Ay) |a
_ 1 f(z)dz (using lemma 4.2.3).
lal Ja,

This shows that since f(z) € Li(Ag), the same is true for g(x). Thus, g(z) satisfies

condition 7. of lemma 5.1.5.

As

D g@+86=> flalz+¢))

g€k &ck
which is uniformly convergent for all x € D as per the hypothesis, g(z) satisfies the

condition %7. of lemma 5.1.5.

Let us now compute the Fourier transform of ¢ in terms of that for f using

reasoning similar to that used to prove that g(x) € Li(Ay).

g(x) _ f(ml) —2miA( mn / —ZWiA(zn/a)dTl
Ay |CL| (Ag)

1
— f( ) —2miA( mn/a)dn _

|a| Aj,

(2/a).

|a|

Hence,

> 19| = a |Z|f ¢/a)l,

g€k ¢ck

which is convergent for all ideles a, as stated in the hypothesis. Thus g(x) satisfies

condition 7. of lemma 5.1.5 as well.

Now applying the Poisson Formula to g(x), we get

> 9 => 9

ek ek
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which gives,

Eﬂzm/a) =Y flat).

ek ¢ek

5.2 The functional equation of the (-function

Let us first examine the characters of I,. We shall be interested only in those charac-
ters which are trivial on £*. Each such character ¢ can be thought of as a character
¢ on Ip/k* with ¢(ak™) = c(a). As Ji/k* C I/k* is a compact subgroup, ¢ re-
stricted to Ji/k* is in fact a unitary character, hence, |c¢(b)| = |¢(bk™)| = 1 for all
b € Ji. If a character ¢ of I, is trivial on the norm one ideles, then ¢(a) depends only
the absolute value of a and is thus a character of the value group (R*,-), given by
la| — |a|®, s € C. Any character of the ideles thus looks like a unitary character of
Jy times |a|®, with s € C This discussion is analogous to the one for the characters of
k) (section 2.3). Another similar concept is that of the exponent of a character. We
have |c(a)| = |a|? for some real number o, called the exponent of ¢. There is also the
notion of equivalence: two characters are said to be equivalent if they agree on Jx.
Then an equivalence class consists of characters of the form c(a) = ¢y(a)|a|®, where
co(a) is a fixed representative of the class whiles varies over C. Then each equivalence
class can be viewed as a Riemann surface.

Let us now define the (-function for the field k. Let f(x) denote a complex valued
function on the adeles, let f(a) be its restriction to the ideles. We denote by 3, the

class of all functions satisfying the following conditions:
i. f(z) and f(z) (the Fourier transform of f) are continuous and belong to L'(Ay)

i D e fla(z+8)) and 3.y flalz+€)) are convergent for each idele a and adéle
x, this convergence is uniform in the pair (a,x) for x € D and a ranging over

any fixed compact subset of Ij.
iii. f(a)lal” and f(a)|a|” € L} (I;) for o > 1.

The first condition ensures that the Fourier inversion formula holds. Because of the

first two conditions, the Riemann-Roch theorem is valid for functions of 3.



5.2. THE FUNCTIONAL EQUATION OF THE (-FUNCTION 83

Definition 5.2.1. (definition 4.4.1,84.4, [13] ) For each f € 3, we have a function of

characters ¢, defined for all characters of exponent o greater than 1, given by
o= [ Haxtada

If we repeat the argument of lemma 3.1.2, we see that the (-function is regular in

This is called the C-function of k.

the domain of all characters of exponent greater than 1. We seek analytic continuation
of the (-function to the domain of all characters. This brings us to the Main Theorem
of this thesis, but before stating it, we digress to two lemmas which we will use to

prove the Main Theorem.

For ¢ with o > 1, define ¢;(f,c) as fJ c(tb)db. Then,
o dt dt
= [ retata= | [ ] § = [~ s
0 Tk
As ((f,c) is convergent for some ¢ and |c(th)| = [tb|” = t° is constant for b € J,

Ci(f,c) is absolutely convergent for ¢ of any exponent, for almost all ¢. Hence the

statement of the following lemma makes sense.

Lemma 5.2.2. (lemma A, §4.4, [13] ) For all characters ¢, we have

G )+ F0) /

E

c(tb)db = C14(f, &) + f(O)/Eé (%b) db.
Proof.
G(f,c) + £(0) /E c(tb)db = ! F(tb)e(tb)db + /E F(0)c(tb)db.

As Jp = Uuepx £, and the expression is uniformly convergent, we get that the above

expression is equal to
/ F(Eth)e tbdb_/ (ngtb)
g€k ¢k
The Riemann-Roch theorem (theorem 5.1.6) gives us

/E<Zf§/ tb) ) (tb)/|tb|db

gek
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We can write c(tb)/[tb| = ¢*/®|1/tb| = ¢(1/tb). Using the transformation b — 1/b and
db — db gives
/ (E f(gb/@) &(b/t)db.
B\ ek
Evaluating the right hand side of the equation in the theorem using the steps prior
to the use of the Riemann-Roch theorem brings us to exactly this expression. This

completes the proof. O

Lemma 5.2.3. (lemma B, §4.4, [13] )

[ ctiman = { A0 =, tht i () =
E

if c(a) = c(tb) is non trivial on J
Here k = volume of E computed in theorem 4.3.7. Similarly,

/ o(b/t)db = rth = k(1)1 if c(a) = |al®, that is, c(tb) = t*
EC B 0

if ¢(a) = c(tb) is non trivial on J

Proof. Denoting a character over I as ¢ and an element of I as a = tb. Let ¢y be
the restriction of ¢ to J, that is, ¢o(tb) := c(b). We see that ¢/c is a character of the
value group and is hence given by (c¢/cy)(tb) = |tb|® = t°. Thus ¢(tb) = ¢o(b)t*. Then
the integral in question is simply ¢* [ 1 Co(b)db. As E is the fundamental domain for
Jr mod k>, we can construct a character ¢ on Jy/k* from the character ¢y on E as
follows: ¢(bk™) := cy(b). Then taking the integral of the character cy(b) over E is like
taking the integral over the cosets bk* of Ji/k*, of the character ¢(bk™). As ¢ is in
fact a unitary character on the compact group Ji./k*, we know that the integral is xt*
if ¢ is trivial on Ji/k* and zero otherwise. But ¢(bk*) trivial on Ji/k* is equivalent
to ¢(b) being trivial on Ji, which is equivalent to saying that c(tb) = ¢o(b)t® is trivial
on J or that ¢(tb) = t*. This proves the first result. For the second part, using the
transformation b — 1/b, db — db,

/ é(b/t)db = [b/t] / e(t/b)db = |11 / (th)db.
E E E
Using the result for the first part gives us the required result. O

We are now ready to prove the Main Theorem.
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Theorem 5.2.4. (Main Theorem) (theorem 4.4.1, §4.4, [13] ) The (-function can
be analytically continued to the domain of all characters. This extended function is
single-valued and regular, except at c¢(a) =1 and c(a) = |a|, where it has simple poles
with residues —k f(0) and kf(0) respectively, where k is the volume of E, computed

in theorem 4.3.7. The functional equation is given by

C(f.¢) =¢(f. ),
where ¢(a) = |alc™(a).

Proof. From the discussion prior to lemma 5.2.2,we have for ¢ with o > 1,

C(fro) = /0 Gt = /0 Gt + / Gt

Let us first consider the integral,

/0 G(f,c)dt/t = fla)c(a)d a.

lal>1

Is this integrable?

| vdalta= [ (r@ldda

la|>1 la|>1

where o is the exponent of c¢. If ¢ > 1 then by condition #iz. for the class of functions
3, the integral on the right hand side of the above equation is finite. On the other
hand, if ¢ < 1, then this integral is bounded by the integral with ¢ > 1 and is thereby
finite. The problem arises when we try to deal with the other integral. We tackle this
by using the lemmas 5.2.2 and 5.2.3 to change the limits 0 to 1 over the integral sign

/01 /if([)) (%)1_5 dt [t — /01 /‘if(O)tSdt/t] ’

where the expression in the square brackets is to be included if and only if ¢(a) = |a|®

to the more manageable limits 1 to oc:

1 1 )
/Ct(f,C)dt/tZ/ G f,e)dt/t +
0 0

(see lemma 5.2.3). If ¢(a) = |a|®, then exponent of ¢ greater than 1 means that
Re(s) > 1. This confirms that the integrals in the square brackets make sense.
To evaluate fol C1/t(f, ¢)dt/t, consider the transformation ¢ — 1/t. Then d(1/t) =
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—1/t2dt means that under this transformation dt/t — td(1/t) = —dt/t. Hence
fo Gl f,0)dt/t = f G(f,¢)(—dt/t) = fl C(f,¢)dt/t. We also evaluate the integrals

in square brackets. This gives

/Ct dt/t—/ Qf )dt/t +

ﬂ) _ Kf(0)
E— S '
Putting the pieces together, we have

o= [ araf+ [ aiaf+

All the terms on the right make sense as the integrals are analytic for all ¢. This is

thus the analytic continuation of {(f,c) to the domain of all characters. c(a) = 1
gives s = 0 in the square bracket and is thus a simple pole with residue —xf(0).
c(a) = |a| gives s = 1 and is likewise a simple pole with residue «f(0). Noting that
the exponent of ¢ is s, that of ¢ is 1 — s and computing in terms of exponent instead

of s, the analytic continuation can be written as

e dt o [ @) ki)
) _/1 Gl )t +/1 Gl )t * [ exponent(¢) exponent(c)]' (5:2.1)

This formulation makes it clear that replacing (f, c) by ( f, ¢) merely interchanges the

terms within the square bracket. Since ¢(—1) =1 as ¢ is trivial on k*,
2 adt 2 2
G(f,6)— = f(tb)e(tb)db = f(=tb)e(—tb)db = f(—tb)c(tb)db
Using b +— —b and db — db, we find that this is the same as (/(f,c¢). Thus if
we replace (f,c) by ( 1, ¢) in equation 5.2.1, the terms outside the square bracket
get interchanged and so do the terms inside the square bracket, leaving the whole

expression unchanged! This gives the functional equation ((f,c) = (( 1, ¢). ]
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