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Abstract

A comparison of stochastic and deterministic model of insulin
secretion from islets of Langerhans

by Ankit Dwivedi

The main aim of the project is to present a stochastic version of the model of
Insulin secretion in islets of Langerhans in pancreatic 3-cells by Pederson et al.(2009)
and account for integral copy numbers of the granules instead of concentrations. The
reactions involved in the system corresponding to the granule pools are modelled as a
set of coupled ordinary differential equations. We have implemented a hybrid Gillespie
stochastic simulation algorithm to produce a stochastic version of this model.

In the beginning we implemented the usual Gillespie SSA in order to carry out
the stochastic simulations and got discrepancies in comparison to the deterministic
solution. As the model of Insulin granule pools contains time-dependent rates we later
used a hybrid Gillespie SSA to include time-dependent propensities. The difference in
the usual and the hybrid Gillespie algorithm is the step to calculate time of occurrence
of the next reaction. Then using the hybrid Gillespie SSA, the average pool sizes were
calculated and were compared to the deterministic solution which showed discrepancy
in some pools.

To check the working and correctness of the algorithm, the algorithm was imple-
mented on related examples and different cases. Euler’s method was used to solve the
differential equations involved. For small pool sizes for the IRP chain of the model
the deterministic solution were also verified against the solutions using the Master
equation. As the discrepancies were more significant in the IRP chain of the model
as compared to other pools, cases with different f;(C,,4) functions , number of runs
and different Euler time step were tested on the IRP chain.

We show the analytical solution for the open and closed systems. Also, we show
the mean and variance over stochastic runs for fast and slow depolarisation protocols
described by Pederson et al.(2009) matching up with the deterministic solution for
the complete model. The calcium compartment functions used are close fits of the
Arthur Sherman’s description of the calcium compartment equations. For all the
pools, stabilized variance is plotted against mean and deterministic solution choosing

random and discrete initial conditions for each run.
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Chapter 1
Introduction

The main reference for the project work was the paper by Morton Gram Pederson and
Arthur Sherman "Newcomer insulin secretory granules as a highly calcium-sensitive
pool" [1]. They present a model of insulin secretory cells in islets of Langerhans which
include insulin granule pools. These pools correspond to the different states of the
granules moving from production in the Golgi body towards the membrane and the
L-type calcium channels.

The process of insulin secretion takes place as the plasma glucose concentration
is increased which causes the ADP/ATP ratio to increase. Due to the increase in
ATP/ADP the ATP-gated potassium channel closes causing depolarisation of the
cell membrane as the potassium ions (positive charge) accumulate inside the cell [21].
This in turn opens the voltage gated calcium channels causing calcium influx. This
increase in the calcium concentration leads to release of insulin containing granules

from the cell. [17]

The process of secretion of insulin occurs in 2 phases. Experimentally, 2 different
mechanisms are suggested for the 2 phases of insulin secretion. One which shows
that the first secretion is large with the already docked granules contributing and in
the second phase secretion is flat and rises with a very slow rate with the newcomer
granules contributing [21], [13]. Another research shows that two different releasing
pools with different calcium sensitivities exist [23], [19]. Pederson et al. propose
that including a pool with a high calcium sensitivity away from the L-type calcium
channels leads to the newcomer granules participating in the second phase of insulin

secretion [20], [22].

The insulin granule pools model presented by Pederson et al. [1| is modified
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from the model by Chen et al. [14]. The model includes 9 vesicle pools representing
granules in different states as shown in Fig. 1.1. Inside the cell, from the reserve pool
(RP) which is considered to be infinity, granules move towards the membrane. Passing
through the actin network from the almost docked pool (AP) granules tether weakly
to the membrane with a very high affinity for cytosolic calcium and are said to be
in the highly calcium sensitive pool (HCSP). Maturing further the granules undergo
docking and priming, and are said to be in the Docked pool (DP) and Primed pool
(PP) respectively. Moving further the primed granules move close to the L-type
calcium channel and are in the Immediately releasable pool (IRP). From the IRP the
granules fuse with low affinity for microdomain calcium. FHP and FIP are the fusion
pools of HCSP and IRP respectively. After fusing, the fusion pore expands and the
granules are in the releasing pools. RHP and RIP are the releasing pools of HCSP
and IRP respectively. The docked pool, primed pool and the immediately releasable
pool are identified as readily releasable pool (RRP). [1]

ACTIN NETWORK

Eytasalic Calcium (C i) Micro Domain Caleium (C md)

\4 L-TYPE

Figure 1.1: Schematic overview of the insulin granule pools model by Pederson et al.
Granules from RP goes to HCSP through AP. Maturing further they are in DP and
then PP. The primed granules move close to the L-type calcium channels and are said
to be in IRP. FHP and FIP are the fusion pools of HCSP and IRP respectively. RHP
and RIP are the releasing pools of HCSP and IRP respectively.

The microdomain calcium compartment receive calcium ions from the L-type Volt-
age gated calcium channels and cytosolic calcium compartment receives calcium ions

from other types of calcium channels. There is also a diffusion process between the
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Figure 1.2: Reaction overview of the Arthur Sherman’s description of the insulin
ganule pools model. The rates in red color are the function of calcium and hence
time. ry, r3, ro and f,(C;) are the function of Cytosolic calcium C; and the f;(Cinq)
is the function of micro domain calcium C,,4.

microdomain and cytosolic calcium compartments. The calcium equations defined by
Pederson et al. are adapted from the sample experiments carried out by Yang and
Gillis [19], [23], in which the membrane was depolarized to +20 mv 3 times for 10
ms followed by the photo elevation of C; to 1.8 uM to release the HCSP. Parameters
were changed and chosen to get pools sizes defined by Rorsman et al. [1], [15]. The
oscillations approximated were square pulses of membrane depolarisation from -70
mv to + 20 mv. Fast protocol refers to the period of oscillation as 1 minute and the
slow protocol refers to the period of oscillations as 6 minutes. For the equations of
the calcium compartments see Appendix: Supporting information. Also, the concen-
tration of microdomain calcium and cytosolic calcium for the fast and slow protocol
are plotted versus time and shown in Section. 5.2.

We follow Arthur Sherman’s description of the insulin granule pools model in
which the combined fusion pools and releasing pools of DP and PP are also described.
This chain is not considered in the simulations as it contribute very less to the total
secretion and capacitance. The reaction overview of the model is shown in Fig.
1.2. For the equations involved, initial conditions and the involved parameters see
Appendix : Supporting information.

For all the pools and the calcium compartments in the model, the rate of change of
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the concentration are described by first-order ordinary differential equations (ODE’s).
The model of insulin secretion in islets of Langerhans is deterministic and the con-
centrations are continuous as the rate law is described by the ordinary differential
equations. The species with large number of particles or concentration can be con-
sidered to be continuous variables. But, the particles or the granules (in our case)
involved can not be fraction. These are discrete quantities and for the small pool sizes
these can be stochastic processes described by probability functions. The stochastic
model represents a biological system more accurately when the system can have only
discrete values. [9]

To produce the stochastic solution of the existing deterministic solution we used a
hybrid Gillespie stochastic simulation algorithm which is modification of the classical
Gillespie SSA to include time-dependent propensities (Described in Chapter 2). The
usual Gillespie algorithm is highly used to stochastically simulate chemical and bio-
chemical models accurately. Basically, in this SSA we choose two random numbers
from the uniform distribution, one for calculating the time of occurrence of the next
reaction and other for selecting the reaction taking place at that time. The pseudo
code for the usual and hybrid Gillespie SSA are explained in Chapter 2. [2]

We also verified the working of the hybrid Gillespie SSA and correctness of the
code on different examples and with different cases of membrane depolarisation. We
also verify the deterministic solution with the Master equation. Later in chapter 4
we compute analytical solution for the mean and variance in open and closed system.
The mean and variance are shown matching up with the deterministic solution for
both the protocols (fast and slow) and integral copy numbers for the granules can be

predicted.



Chapter 2

Algorithm

For developing a stochastic version of the model of insulin secretion from the islets of
Langerhans [1], we have used a modified Gillespie stochastic simulation algorithm to
include the time-dependent propensities as the model contains time-dependent rates.
This algorithm simulates the time evolution of the coupled equations stochasticaly
which is in a way solving the Master equation [3|. In this chapter we describe and
explain the working of the usual and hybrid Gillespie SSA. The difference between
usual and hybrid Gillespie SSA is the step to calculate the time of occurrence of the

next reaction (f,e.1) as tnert depends on the total propensity.

2.1 Gillespie algorithm

Gillespie stochastic simulation algorithm simulates chemical and biochemical reac-
tions and considers the time evolution as a random process governed by the Master
equation [2|. Unlike the in the deterministic solution, inherent fluctuations and rela-
tions are accounted using this SSA. Mathematically, it is very similar to kinetic Monte
Carlo method. In Gillespie SSA, each reaction is defined by a probability a; dt. Then,
we choose 2 random numbers from the uniform distribution for calculating the time

of occurence of the next reaction i.e t,.,; and choosing the reaction occuring at t,..;.

2.1.1 Pseudo code for Gillespie SSA

The pseudo code for the Gillespie SSA for ¢ = 1,2, ...... M reactions is as follows [2]:

e (Calculate the propensity a; for each reaction, which is the product of two parts:
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(the reaction rate k; for the reaction i)x( the number of particles of the reactant)

e Let a0 be sum of all the a;’s,

a0 = > a;

e To find the time after ¢ at which the next reaction will take place (let it be de-
noted with “7”), draw a random number u; from a uniform distribution function

and calculate the t,.,; as shown in Eq. 2.7.

e Now choose at random the reaction occurring at time ¢ + 7 by getting another
random number u, from a uniform distribution. If the number falls between
0 and ay/a0, first reaction is chosen ; if the number is between a;/a0 and
(a1 + az)/a0, second reaction is chosen and so on. The numbers of molecules

involved will change due to occurrence of the chosen reaction at time t + 7 .

e Therefore the number of particles of the reactant involved in the choosen reac-
tion will change. Update the values of the a; with the new distributions of the

particles at time t + 7.

e The process can be reiterated for as long as one wants to evolve the system.

2.1.2 Expression for %,.,;

The reactants involved in the model are exponentially distributed, so the random
numbers have to be choosen from the exponential distribution instead of uniform
distribution. We use Inverse Transform method for choosing continuous random

numbers.
Uniform— Exponential

For transforming the uniform distribution to some other distribution the process is
as follows,

Let X be a random variable with F(x) as cumulative distribution function (CDF)
where z € R

Then CDF in terms of probability density functions is defined as

CDF(x) = / " Fdt (2.1)
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Also,

F(z) = P(X < ) (2.2)

Since the CDF of the probability function is non-decreasing, a quantile function for

y € [0,1] may be defined as

F Y y) =infr: F(z) >y (2.3)

Now, if U is uniformly distributed in (0,1), then

X =FY(U) (2.4)

can be shown to have a CDF = F(x)
Proof:

So, Given a density function convert it to CDF = F(x).
Next, Set F(z) = U solving x in terms of U.

Now,

xT

For Exponential Distribution, density will be Ae %, where \ is the total propensity

of the system.

Integrating the density function, we get

x

/ f(x)dr = / e M dx

0
T

= )\/e’\xdx

0

= e

= 1—e™ (2.5)
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Equationg the CDF of the exponential distribution to uniform distribution implies

l—eM™=U

eNM=1-U

-z =In(1-"U)

r=—1/Nn(1-"0) (2.6)

Therefore, the expression for t,.,; (x) that we get in terms of U is

x=1/Nn(1/U) (2.7)

where, A is the total propensity of the system and U is the uniform random number.

2.2 Gillespie algorithm with time-dependent rates

As mentioned earlier that the Insulin granule pools model include time dependent
rates, a modified Gillespie SSA is used to include the time-dependent propensities.

Now, for the time dependent rates A the total propensity will be a function of time t,

Plk)=1—¢ J M0 (2.8)
Equating the CDF to the uniform distribution implies

1—U ~U = M0 (2.9)

Now, equating a dummy variable to the total propensity, we get

Xaummy = At (2.10)

t+7

/X = —InU (2.11)

The value of ¢ we get after checking this event is the time of occurence of the next

reaction (t,ept)-
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Therefore, the pseudo code for the hybrid Gillespie algorithm with time-dependent
propensity A(t) is as follows:

e Calculate A(t) = a0(t) = >_ a;(t) (Number of molecules involved)
o Xaummy = a0(t) ; X(0) =0
e Generate Y € U[0, 1]

e Integrate X from ¢ to ¢t + 7 and stop when ftHT X =-InY

The value of t we get is the time at which the next reaction is occurring i.e t,c¢-
After getting the value of t,.,, follow the usual Gillespie algorithm.

In further chapters we show some cases to verify the working and correctness of
the algorithm. Also, stochastic simulations for the complete model using the hybrid

Gillespie SSA are shown.
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Chapter 3

Verification of hybrid Gillespie SSA

In this chapter we show different examples and cases tested to verify the working
and correctness of the hybrid Gillespie algorithm. We have tested the working of
the hybrid Gillespie algorithm on a simple model, where A degrades to, and another
where A acts a catalyst in the production of B (Section. 3.1) showing that the results
using usual Gillespie algorithm and results using hybrid Gillespie algorithm agree well.
For some pools with small number of particles the deterministic solution is compared
against the Master equation. Later in this chapter we simulate different cases of
the IRP chain of the Insulin granule compartment model, as when the differential
equations were solved using a ODE solver ode23, the IRP chain of the model showed
discrepancy compared to the rest of the model. To test this we have used Euler’s
method to solve the differential equations. IRP chain of the model is simulated using
different f7(C),q) functions as it is the time-dependent rate and also with different

number of runs and different Euler time steps.

3.1 Catalysis model

In the example, where A degrades with a rate k; and catalyses the formation of B,
i.e, B is produced with the rate ko [A] (time-dependent rate), it has been shown that
the results using usual Gillespie SSA and hybrid Gillespie SSA agree well.

At

ko[A] B

¢

11
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where, the initial concentrations and constant rates are

A0) =10,B(0) =0,k =15 ky=10s""

Average over 1000 simulations for 7 seconds using usual Gillespie algorithm (green)
and hybrid Gillespie algorithm (red) is calculated.

Euler method is used for solving the differential equations involved with a Euler time
step = le .

The analytical solution for A implies

A(t) = A(0)e krt (3.1)

For both A and B, average over 1000 runs using usual Gillespie algorithm (green)
matches closely with the average over 1000 runs using hybrid Gillespie algorithm
(red). For A both the averages match with the deterministic solution. Deterministic

solution for B is not calculated. (Fig. 3.1)

10¢ 100~ [
8\ 80-
\\
\
6\ 60
< \ [ /
4 \ 4w/
\\
2 N 20} /
S -
% 1 2 3 4 5 6 7 % 1 2 3 4 5 6 7
Time (seconds) Time (seconds)
(a) A (b) B

Figure 3.1: Comparison of the average solution using usual Gillespie algorithm (green)
and hybrid Gillespie algorithm (red). (a) A, both the solutions agree very well with
the deterministic solution deterministic solution, (b) B, both solutions overlap.

3.2 Verification with the Master Equation

In this section we have compared the deterministic solution to the Master equation
of the IRP chain of the model with 3 particles with a time dependent rate (f;(Cyuq))-

It is a closed system i.e no secretion from RIP.

J1(Crma)

IRP FIPRIP
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where, f7(C)uq) is the function with 3 peaks at t = 0.1s, 0.2s and 0.3s for 0.01s as
shown in Fig. 5.2(a) and uy = 3.

Number of possible states of the system = 10, i.e

IRP FIP RIP
3 0 0
0 3 0
0 0 3
2 1 0
2 0 1
0 2 1
1 2 0
1 0 2
0 1 2
1 1 1

Let, P3g9 be the probability of being in state IRP = 3 | FIP = 0 and RIP = 0.
Similarly Pyso , Poos ; Pe1o 5 Peo1 s Po21 s Pi2o s Pio2 , Poiz and Piqq be the probability
of being in corresponding states Fig. 3.2. Then,
where,

Psoo(0) = 1, Po19(0) = 0, Fo30(0) =0, Po1(0) =0, Poz(0) =0, Prpo(0) =0,
Poo3(0) =0, Pip2(0) =0, Pp2(0) =0, Pi11(0) =0

Therefore, probability equations corresponding to each state, will be

Péoo = =3 [1(Crna) Paoo

Py = 3 f1(Cra) Psoo — 2 f1(Cina) Paro — u2 Pri1g

Plog = 2 f1(Crma) Paro — f1(Crma) Prao — 2u2 Prag

Pygy = u2 Parp — 2 f1(Crna) Paot

Pizo = f1(Crma) Piao — 3 uz Pogo

Pl = 2uy Piyo — f1(Crna) Piit — u2 Pyt + 2 f1(Cra) Paor
Paar = 3ug Poso — 2us Poo1 + f1(Cina) Piny

P1/02 = uy Pri1 — fr(Cma) Proz

P(;12 = 2uy Poo1 — uz Por1a + f1(Cra) Pro2

/
P003 = ug Poio
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ficmd I/ \uIQ
W

2N\ end

Figure 3.2: Representation of probability of being in each state.

Then the number of particles in IRP |, FIP and RIP are

We know that,

Nirp = 3 P3oo + 2 Po1g + 2 Pog1 + 1 Pigg + 1 Piy1 + 1 Pioo (3.2)
Nrrp = 3 Pogo + 2 Piog +2 Poo1 + 1 Pojo + 1 Poio +1 Py (3.3)
Nrip =3 Pooz +2 Fo12 + 2 Pro2 + 1 Foor + 1 Poo1 + 1 Piny (3.4)
[IRP] = —f1(Cina) [IRP] (3.5)
[FIP) = f1(Cina) [IRP] — uy [FIP] (3.6)

[RIP] = uy [FIP] (3.7)
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Now, the solution of the Master equation can be shown equal to the analytical solution

Nipp = —f1(Cia) (3 Psoo + 2 Poig + 2 Pag1 + 1 Prog + 1 Piy1 + 1 Pio2)
= —f1(Cpna) IRP

Nirp = f1(Cia) (3 Psgo + 2 Poro + 2 Pag1 + 1 Prog + 1 P11 + 1 Pigo)
—uy (3 Poso + 2 Piag + 2 Poor + 1 Pyyg + 1 Po1o + 1 Pr11)
= f1(Cpa) IRP —uy FIP

Nprp = 2 (3 Poso + 2 Proo + 2 Poo1 + 1 Poro + 1 Poia + 1 Piiy)

=us FIP
1.4
3
1.2 \
1—’\‘
2.5w |
0.8- |
B 2
i 061l |
\
04
1.5] 0.2
0 1 é 3 4 5 6 7 8 é o 1 5 3 4 5 6 7 8 9 10
Time (seconds) Time (seconds)
(a) IRP (b) FIP
1.8 4
180
14/ 35
12
/
a '/ IS
x gl ’r ©
oer |
0.4 | 25-
0.2 r’
/
1 2 é 4 5 6 7‘ 8 9 20 2 4 6 8 10
Time (seconds) Time (seconds)
(c) RIP (d) Total

Figure 3.3: The deterministic solution (black) exactly overlaps the solution using
master equation (red) for (a) IRP, (b) FIP, (c) RIP. Also, (d) Total = IRP + FIP +

RIP, total number of molecules at each point of time is constant i.e 3.

Hence, the deterministic solution matches up with the solution using the Master

equation.
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3.3 IRP chain of the Insulin granule compartments

model

3.3.1 Constant f;(C),q)

In this section we have simulated the IRP chain of the vesicle compartment model
considering no secretion from RIP (i.e considering it to be a close system). IRP goes
to FIP with a constant rate f;(Cp,q) and FIP goes to RIP with a constant rate us.
Solution using usual Gillespie algorithm can not be calculated as the initial propensity
for this chain of the model is 0 and we get tnext = oco.

f1(Cina) and usy are kept constant.

Average over 5000 simulations for 10 seconds using hybrid Gillespie algorithm is cal-
culated. (red)

Euler method is used for solving the differential equations involved with a Euler time
step (d) = e

f[(cmd)

IRP FIP*2.RIP

where, the initial pool size and rates are

IRP(0) = 3, FIP(0) = 0, RIP(0) = 0, uy = 3, f1(Cina) = 28.72

We see that for all the three IRP, FIP and RIP the mean over 5000 runs using hybrid
Gillespie algorithm (red) and the Deterministic solution (black) match up very closely

as shown in Fig. 3.4.
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Figure 3.4: Comparison of the average solution using hybrid Gillespie algorithm (red)
and the deterministic solution (black). For the small pool size (a) IRP (till 1 sec), (b)
FIP (till 1 sec) and (c) RIP (till 1 sec) the mean over 5000 stochastic solution agrees
well with the deterministic solution.

3.3.2 f;(Cq) as a step function

Here we have simulated the same model as above with a different f;(C,,q4) function.
f1(Cina) is a step function as shown in Fig. 3.5(a). Average over 1000 simulations for
5 seconds using hybrid Gillespie algorithm is calculated.

Euler method is used for solving the differential equations involved with a Euler time

step (d) = e

RPN ) prp e prp

where, the initial pool size and rates are

IRP(0) = 3, FIP(0) = 0, RIP(0) = 0, uy = 3 and

28.72 for t > 2secs

f1(Cra) =
0 for t < 2secs
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We see that for all the three IRP, FIP and RIP the mean over 1000 runs using hybrid
Gillespie alorithm (red) and the Deterministic solution (black) match up very closely

as shown in Fig. 3.5.

3.5~

3
25
2.5
200
10/ N 2r \
315 4
o 1.5¢
=0 1t ~
5 0.5- \«
\
\
O0 1 2 3 4 5 00 1 2 3 4 5
Time (seconds) Time (seconds)
(&) f1(Crma) (b) IRP
2.5¢ 3.5¢
I\ 3 —
20 | P
v
' \ 25 /
15- ' \\ 2 y
o o
[ 3 /
" 15
\ ’/
05 1 /
\\ 05
N
00 1 2 3 — 4 é 00 1 2 3 4‘1 5
Time (seconds) Time (seconds)
(c) FIP (d) RIP

Figure 3.5: (a) f1(Cha), at t = 2 value of f;(C,,q) is raised to 28.72 (step function).
Comparison of the average solution using hybrid Gillespie algorithm (red) and the
deterministic solution (black) for (b) IRP , (c) FIP and (d) RIP. The mean over 1000

stochastic simulations agrees well with the deterministic solution for IRP, FIP and
RIP.

3.3.3  f1(Cia) as a function of square pulses

Here we have simulated the same model as above with a different f;(C,,q) function
and average is calculated over increased number of runs. f;(C,,q) is a function with
3 square pulses at 0.1, 0.2, 0.3 for 0.01 seconds as shown in Fig. 3.6(a). Average
over 50,000 simulations for 10 seconds using hybrid Gillespie algorithm has been
calculated. (red)

Euler method is used for solving the differential equations involved with a Euler time
step (d) = e

F1(Crma)

IRP FIP2RIP
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where, the initial pool size and rates are

IRP(0) = 3, FIP(0) = 0, RIP(0) = 0, uy = 3 and

28.72 fort=0.1,0.2,0.3secs for 0.01secs
fr(Cma) =

0 for elsewhere
Here also we see that for all the three pools IRP, FIP and RIP, mean over 50,000
simulations using hybrid Gillespie algorithm shows some discrepancy at the peaks in
comparison to the deterministic solution as shown in Fig. 3.6. Increasing the number

of runs the mean over stochastic simulation is more smoothed.
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Figure 3.6: (a) fi(Cnq) (till 1 sec), at t = 0.1, 0.2, 0.3 value raised to 28.72 for
0.01 seconds. Comparison of the average solution using hybrid Gillespie algorithm
(red) and the deterministic solution (black) for (b) IRP (till 0.5 secs) , (c) FIP (till
0.5 seconds) and (d) RIP (till 2 secs). The mean over 50,000 stochastic simulations

agrees well with the deterministic solution with small discrepencies at the peaks for
IRP and FIP.
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3.3.4 Smaller Euler time step

Here we have simulated the same model as above with a much smaller Euler time
step. f1(Cpa) is a function with 3 square pulses at 0.1, 0.2, 0.3 for 0.01 seconds as
shown in Fig. 3.6(a). Average over 50,000 simulations for 10 seconds using hybrid
Gillespie algorithm has been calculated.

Euler method is used for solving the differential equations involved with a much

smaller Euler time step (d) = e™°.

f[(c'md)

IRP FIP2RIP

where, the initial pool size and rate uy and f;(C,,q) are as mentioned above in Section.

3.3.3
Here we can see that for all the three pools IRP, FIP and RIP, average over 50,000
simulations using hybrid Gillespie algorithm shows some discrepancy at the peaks in

comparison to the deterministic solution as shown in Fig. 3.7.

IRP FIP

Con
on

(a) IRP (b) FIP

Cone.(in numbers)

1
Time.

(c) RIP

Figure 3.7: Comparison of the average solution using hybrid Gillespie algorithm (red)
and the deterministic solution (black). (a) IRP (till 0.5 seconds) , (b) FIP (till 0.5
seconds) and (c) RIP (till 2 seconds).



Chapter 4

Mean and Variance in closed and

open systems

In this chapter we show the mean and variance for a closed system i.e number of
particles in our case granules are conserved, and open system i.e number of particles
are not conserved. For the closed system, AP is considered to be degrading with some
rate r; = 1 with a low initial particle number i.e AP(0) = 5. It has been shown in
Fig. 4.1 that for a closed system, mean and variance match up and goes to 0 in the
course of time. For the case of open system, AP is considered to be coupled to a
infinite pool RP which increases AP with a rate r; = 3 and AP decreases to ¢ with a
rate ro = 1. It has been shown in Fig. 4.2 that for open system, mean and variance

settle near the value r1/ry as t— oc.

4.1 Closed system

Consider the case where AP is degrading to ¢ with a constant rate r; i.e the system

is closed
AP"—¢

There can be 5 possible states for AP i.e states with 5,4, 3,2, 1 and 0 particles
in AP. Let P; , P, , P;, P, , P, and P, be the probability of each state respectively.

21
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Then, the differential equations corresponding to each state can be written as

% = —5r P;

% = ormPs —4rm Py

% = 4r P, —3r Ps

% = 3rnP-2rk

% = 2B -rP

% = P

Now, the expectation value of AP is
5
<n> =Y nb, (4.1)

n=0

dt 2"t
d<n>
i = 1 <n> (42)

Similarly,

d<n?> °. ,dP,
—a X

n=0
d<n?®>

S = ~n (5P + 8P+ 15P + 6Py + P)

(4.3)

Variance can be shown to be

Var[AP] = AP(0) e (1 - e—r1t> (4.4)
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0 2 4 6 8 10 12
Time (seconds)

Figure 4.1: Mean (red) and Variance (blue) has been calculated over 5000 stochastic
runs using Gillespie SSA and plotted against time (seconds). In the closed system if
the variance is started from 0 at t = 0 it settles to 0 matching up with the mean for
t— o0 .

4.2 Open system

Now, for the open system, AP is considered to be coupled to a infinite size pool RP

making the system open i.e granule number is not conserved.
RP——AP—"-¢
In the open system case, there can be n possible states for AP as the granule number

is also increasing. So, derivative of the n'" state can be written as

4P,
dt

Therefore, the derivative of the expectation value will be

=+ 1)roPyyy—nroPy+1r Pyy — 1 Py (4.5)

d<n> . dnP,

dt — dt
00 ann [ 00 ,
2 o = Tg[nz:%n(n—i—l)PnH—;n P,]

+T1[ann,1 — ann] (46)
n=1 n=0

Let the 4 terms in Eq. (4.6) be Term 1, Term 2, Term 3 and Term 4 respectively, i.e
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=.dnP,

dt

n=0

= ro[Terml — Term2| 4+ ri[Term3 — Term4] (4.7)

Solving each term separately in Eq. (4.6) implies
Term 1 = > jn(n+1) P

hE

n=0

NE

Il
o

n

Term 2 =Y > n* P,

n=

o0 o0

n(n+1) P = Z(n+ 1)? Poy1 — Z(n+ 1) Poia

nn+1)Py = <n*>—<n> (4.8)

ZnQPn = <n®> (4.9)

n=0

Term 3 = > " nP,y

Term 4 = > nP,

ann—l = Z(TL — 1) Pn—l + Z Pn—l
n=1 n=1

Y nPiy = <n>+1 (4.10)
n=1

> nP, = <n> (4.11)

Now, putting the values of Term 1, Term 2, Term 3 and Term 4 in Eq. (4.7), we get

d<n>

dt
d<n>

dt

rf<n®>—<n>—<n?>]+rf<n>+l- <n>]

r—ry <n> (4.12)



4.2. OPEN SYSTEM 25

d<n?>

Similarly solve for “=7

d<n?®> > dpb,

—— = > n? — (4.13)
n=0

d < n?> = =

S = n nnt 1) P =) 0’ B
n=0 n=0
+r1[> n*Poy = > 0’ P (4.14)
n=0 n=0

Let the 4 terms in Eq. (4.14) be Term 1, Term 2, Term 3 and Term 4 respectively, i.e
Term 1 =Y 2 n*(n+1) P,y

> nPn+1) Py = Y (0P —1+1)(n+1) P
n=0 n=0

— 2{[(71 —D(n+1)+1](n+1) Py}

= nio{(n —1)(n+1)*Pops + (n+1) Py}

_ f%{n(n 12 Pyt — (04 1) Py + (0 + 1) Py}

- i{(n +1=1)(n+1)* Poyi — (n+1)* Poyr + (n + 1) Pasa }

= i{(n +1)° P — (n+1)? Py — (n+1)2 Py
Z-:((;l—l-l)Pnﬂ}

= i{(n +1)° Poyr —2(n+ 1) Pony
:L:((;ZJFl)PnH}

[e.e]
Y nPn+1) Py = <n®>-2<n’>+<n> (4.15)
n=0
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Term 2 = > >° ;n* P,

Y nPh = <n’> (4.16)

n=0

Term 3 = > 7 n? P,y

PP = > {l(n—1+(2n—1)] P}
— i{(n —1)?P, 1 +2P,_1(n—1)+P,_1}

d PPy = <n’>42 <n>+1 (4.17)
n=0

Term 4 = > ° ;n* P,

ZnQ P, = <n®*> (4.18)
n=0

Now, putting the values of Term 1, Term 2, Term 3 and Term 4 in Eq. (4.14), we get

d<n?®>

d—z = nl<n®>-2<n’>+<n>-—<n’ >
+ri[<n® > +2<n > +1— < n? >

d<n?®>

d—Z = 2 <n®>+<n>)+r (2 <n>+1) (4.19)

Then, variance can be shown to satisfy

Var[AP] =1 /1y (4.20)
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Time (seconds)

Figure 4.2: Mean (red) and Variance (blue) has been calculated over 5000 stochastic
runs using Gillespie SSA and plotted against time (seconds). In the open system,
mean is started from 5 and if the variance is started from 0 it settles into a non-zero
equilibrium given by 71 /ry as the mean.

We have also calculated mean and variance making the full vesicle pool model a
closed system i.e decoupling RP from AP and compared it with the open system i.e
RP coupled to AP. For all the pools except AP, deterministic solution for open and
close system match up exactly. For AP the deterministic solution for closed system

is slightly below the deterministic solution for open system. (Fig. 4.3)

966
964
962

% 960"
958

956+

954

Time (seconds)

Figure 4.3: Deterministic solution when the system is open (black) and deterministic
solution when the system is closed (blue).
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Chapter 5

Results

5.1 Pulse protocols

Pederson et al. (2009) have described two different depolarisation patterns for the
Insulin granule pool model. A fast depolarisation pattern consists of 3 peaks at
very short intervals for very small depolarisation as shown in Fig. 5.1(a). A slow

depolarisation pattern consist of long depolarisation for long intervals as shown in

Fig. 5.1(b).

20F

20+

Voltage (mV)
Voltage (mV)

40}

-60

. ) ~ , .
0 0.2 0.4 0.6 0.8 1 0 50 100 150 200 250 300
Time (seconds) Time (seconds)

(a) Fast depolarisation (b) Slow depolarisation

Figure 5.1: (a) Fast depolarisation pattern (shown for 1 sec), voltage goes from -70
mV to 20 mV at t = 0.1, 0.2 and 0.3 seconds for 0.01 seconds. (b) Slow depolarisation
pattern (shown for 300 seconds), voltage goes from -70 mV to -20 mV at t = 0, 120,
180, 240 and so on till 3000 seconds and voltage goes from -20 mV to -70 mV at t =
90, 150, 210 and so on till 3000 seconds.

29



30 CHAPTER 5. RESULTS

5.2 Calcium fits

In this section we show the microdomain calcium and cytosolic calcium corresponding
to the fast and slow depolarisation protocols mentioned in Section 5.1. For simplic-
ity we have used close fits of the microdomain and cytosolic calcium compartments

defined by Arthur Sherman for both fast and slow protocols.

50

[ 2
40t
( / ( 1.5-
z e
8 20 {\ (\ (\ s
10 \ \ “ 05
I il |
S L A L ‘ . | ‘
0 02 04 06 08 1 0 02 0.4 06 08 1
Time (seconds) Time (seconds)
(a) Microdomain calcium (b) Cytosolic calcium

Figure 5.2: (a) Cy,q (shown for 1 sec) rises upto 48.13 at t = 0.1, 0.2 and 0.3 seconds
for 0.01 seconds. (b) C; (shown for 1 sec) is raised to 2uM at t = 0.5 seconds to
depict the flash release. [1]

But, for simplicity we take the square pulse approximation of the calcium equations

for fast protocol and it is defined as

Cma = 0.1132 + 48.0168((heav(t — 0.1))(heav(0.1 4+ 0.01 — t)))
+(heav(t — 0.2))(heav(0.2 4+ 0.01 — t))
+(heav(t — 0.3))(heav(0.3 + 0.01 — t)) (5.1)

(0.06419 for t < 0.5
{1.299 x exp(—((t — (—0.6304))/1.2)?)

+(3.285¢ + 008) * exp(—((t — (—1036))/220.8)?)

| +1.375 « eap(—((t - 0.4701)/2.028)2)} for t > 0.5
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Figure 5.3: (a) Cy,q (shown for 1 sec) is a function with 3 square pulses that rises
upto 48.13 at t = 0.1, 0.2 and 0.3 seconds for 0.01 seconds. (b) C; (shown for 1 sec)
is raised to 2uM at t = 0.5 seconds.

For the slow protocol, depolarisation takes place for longer time with longer time

intervals.
300, 03 ’ ’
f | | (
e 025 ( (
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150 =
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(a) Microdomain calcium (b) Cytosolic calcium

Figure 5.4: (a) Cp,q (shown for 300 seconds), (b) C; (shown for 300 seconds).

We have taken the fits of the calcium equations responding to slow protocol using the
fitting tool 'cftool’ in MATLAB. The fits for the slow protocol are shown in Fig. 5.5
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Figure 5.5: (a) Cyuq (shown for 300 seconds), (b) C; (shown for 300 seconds).

5.3 Deterministic solution

In this section we compare the deterministic solution corresponding to the model
described by Pederson et al. (2009) and the deterministic solution from the close fits of
the actual calcium compartment equations. It can be seen that both the deterministic
solution differs as the calcium compartment equations used are different, and also the
initial conditions for the pools are different. We use discrete initial conditions close
to the steady state values of each pool. The comparison of both the deterministic
results for each pool are shown below.

In the figures below we can see that there is a difference between both the solutions.
The difference is due to the different initial conditions. For the large pools AP and DP,
both the solutions follow the same trend whereas for PP the deterministic solution
using the close fits is a little different from the deterministic solution by Pederson et
al. For the small pools i.e IRP chain and the HCSP chain of the model, both the
solutions follow the same trend with a little differnce because of the different initial

conditions.

5.4 Response to fast protocol

In this section we show the variance and mean over 5000 stochastic runs compared
to the deterministic solution for each pool. The microdomain calcium and cytosolic
calcium functions used are the close fits of Pederson et al. (2009) model shown
in Section. 5.2. We also show the stochastic mean and variance calculated with
random initial conditions for each pool as to run the simulation after the variance has
stabilized.
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5.4.1 No variance in the initial conditions

In this section we have simulated the complete model of insulin vesicle pools with
Cima and C; as close fits (Fig. 5.3) of the calcium compartment equations in Arthur
Sherman’s representation of the Insulin granule pool model. The mean and variance
over 5000 stochastic runs for 10 seconds have been calculated and compared with
the deterministic solution. We have simulated the model in 2 ways, in the first
method we keep the initial conditions for each pool same for each run, which shows
var(t = 0) = 0. In the second method we choose random initial conditions from
the normal distribution whose mean is size of the pool. This shows variance after it
has stabilized. For all the pools mean over stochastic simulations is shown matching
up with the deterministic solution. Euler’s method is used to solve the differential
equations involved with a Euler time step of e_4. The results for the fast protocol

response are shown in Fig. (5.8) and Fig. (5.9).

We also show the results for the case when the model is simulated using Arthur
Sherman’s description of (4 and C; as shown in Fig. 5.2. For all the pools results
are same as the results computed with close fits of the calcium equations except for
the IRP chain of the model. For all the three IRP, FIP and RIP the mean over 5000
stochastic runs does not match up with the deterministic solution and the variance

is also comparatively low.(shown in Fig. 5.10)

5.4.2 Initial conditions corresponding to asymptotic steady

state

Now, when calculating the mean and variance with C,,4 and C; as mentioned in Fig.
(5.3) over 5000 stochastic runs with random initial conditions for each run, the mean,
variance and the deterministic solution are shown matching up. In this case instead
of variance starting from 0, it starts form the steady state value of variance. The
mean is slightly below the deterministic solution as we have used the floor values of
the random initial conditions from normal distribution to choose the discrete values.
The results for the fast protocol response with random initial conditions for each pool

for each run are shown in Fig. (5.11) and Fig. (5.12).
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5.5 Response to slow protocol

In this section we show the mean and variance over 500 stochastic runs for the slow
depolarisation protocol. C,,4 and C; are taken to be very close fits (Fig. 5.5) of the
calcium compartment equations described by Pederson et al. (2009). Euler’s method
is used to solve the differential equations involved with a Euler time step of e=%. The
mean and the deterministic solution match up very closely for all the pools, but the
variance is slightly away for large pools i.e AP, DP and PP. For the HCSP chain of the
model the variance follows the trend as of the mean, but is not very smooth. Unlike
the other pools of the model, in the IRP chain of the model the mean, variance and
the deterministic solution match up closely. The results for the slow protocol response
are shown in Fig. (5.13), Fig. (5.14) and Fig. (5.15).
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Figure 5.6: Results for the fast protocol with no variance in the initial conditions. For
the large pools AP, DP and PP, the deterministic solution with the calcium equations
described by Pederson et al. (red) compared with the deterministic solution with the

close fits of the calcium equations (black) plotted against time (seconds).
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Figure 5.7: Results for the fast protocol with no variance in the initial conditions. For
the HCSP chain and the IRP chain of the model, the deterministic solution with the
calcium equations described by Pederson et al. (red) and the deterministic solution
using the close fits of the calcium equations (black) plotted against time (seconds).
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Figure 5.8: Results for the fast protocol with close fits of the calcium equations and
no variance in the initial conditions. Stochastic runs (green), deterministic solution
(black) and mean (red) over stochastic runs for (a) AP, (c) DP, (e) PP and (b)
variance for AP, (d) variance for DP and (f) variance for PP are plotted versus time
(seconds). For all the large pools the mean over stochastic simulations matches very
closely to the deterministic solution and the variance is comparatively low.
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Figure 5.9: Results for the fast protocol with close fits of the calcium equations and
no variance in the initial conditions. Stochastic runs (green), deterministic solution
(black), mean (red) and variance (blue) over stochastic runs are plotted versus time
(seconds) for HCSP and IRP chain of the model. For small pools the mean over
stochastic solution is very close to the deterministic solution and the variance is
comparatively large.
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Figure 5.10: Results for the fast protocol where simulations are carried out with the
Arthur Sherman’s description of the calcium compartment equations. The stochastic
solution (green) does not match up with the deterministic solution (black) and also
the variance (blue) is very low for (a) IRP, (b) FIP and (c¢) RIP. The mean and
variance over 5000 stochastic simulations don’t agree with the deterministic solution.
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Figure 5.11: Results for the fast protocol with close fits of the calcium equations and
random initial conditions for each run. Evolution of AP, DP and PP for the 3 square
pulse and protocol over 10 seconds. Mean (red) of AP, DP and PP over 5000 runs
and variance (blue) are seen to lie close to each other. Also overlaid are 20 stochastic

runs (green) and the deterministic solution (black).
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Figure 5.12: Results for the fast protocol with close fits of the calcium equations and
random initial conditions for each run. Evolution of HCSP and IRP chain for the 3
square pulse protocol over 10 seconds. HCSP pathway responds to the the sudden
rise of the cytosolic calcium at t = 0.5 seconds. Mean (red) of HCSP, IRP, FHP, FIP,
RHP and RIP over 5000 runs and variance (blue) are seen to lie close to each other.
Also overlaid are 20 stochastic runs (green) and the deterministic solution (black).
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Figure 5.13: Evolution of AP, DP and PP for the slow depolarisation protocol over
3000 seconds as shown in Fig. 5.5 for 500 stochastic runs . Mean (red) of AP, DP and
PP over 500 runs and the deterministic solution are seen to lie close to each other.

Variance (blue) is slightly away.
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Chapter 6
Discussion

The primary aim of the project was to develop a stochastic model of glucose-stimulated
exocytosis adapted from Pederson et al. to account for integral copy numbers of
the granules instead of concentrations. The equations were solved with a Gillespie
stochastic simulation algorithm modified to include the time-dependent propensities.
The simulations recover the deterministic solution in the mean and the variance that

is expected.

6.1 The hybrid algorithm

For carrying out the stochastic simulations, a hybrid Gillespie algorithm is used which
is modified to include the time-dependent propensities (in Section. 2.2). In the
model of Insulin granule pools described by Pederson et al. [1], some of the rates are
dependent on the concentration of calcium and hence dependent on time. The rates
5, 13, o and fr(C;) are dependent on the concentration of cytosolic calcium and the
rate f7(Cpnq) is dependent on the concentration of microdomain calcium which makes

the total propensity a function of time.

The difference in the usual and hybrid Gillespie SSA is the step to calculate
time of occurrence of the next reaction ¢,..;. The mean and variance over stochastic

simulations using hybrid Gillespie algorithm show expected results.
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6.2 Verification

For verifying the correctness of the deterministic solution, the solution for low pool
sizes for the IRP chain of the model was compared with the solution of the Master
equation. Both the solutions match up exactly showing that the code for producing
the deterministic solution is correct.

We have also checked the algorithm on a trivial example with a time dependent
rate and compared the solutions of usual Gillespie SSA and the solutions of hybrid
Gillespie SSA. Both the solutions match up for both the species A and B as expected.
For A both the solutions are also shown matching up with the analytical solution for
A. For B the analytical solutions has not been calculated as it is non-trivial.

Previous trials of simulating the model with Gillespie algorithm did not produce
the correct results. Also, for this model the usual Gillespie algorithm can’t be applied
for the given initial conditions as the total propensity goes to 0 at some point of time
which causes t,.,; = co. When the model was simulated using hybrid Gillespie
SSA the discrepancies in the IRP chain of the model were more prominent than
the other pools. Instead solving the involved ordinary differential equations using
MATLAB ode solver, we used Euler’s method to solve the ODE. Comparison of the
stochastic solution with the deterministic solution was done for different fi(Cinq)
functions showing that for constant functions and step functions the solutions match
up very closely. Also for the functions with square pulses the stochastic solution
diverges from the deterministic solution as the width of the pulse is decreased. The
reason for the prominent discrepancies in the IRP chain of the model can be the
dependence on the microdomain calcium with very fine spikes due to which the spikes
are not detected by the hybrid Gillespie SSA and less run are contributing to the mean.
We also show that changing the Euler time step and increasing the number of runs
the mean over deterministic solution can be smoothed and can be made more closer

to the deterministic solution.
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6.3 Results

In Chapter 4, we have shown the analytical solution for the mean and variance of the
open and closed system. For the close system we see the mean for the reactant specie
AP starting from the initial condition and settling to 0, and the variance starts from
0 and settles with the mean to 0 as expected. For the open system i.e AP coupled
to a infinite pool RP, if Var[AP| = 0 at t = 0 and the mean starts with the initial
condition both mean and variance settle to a non-zero equilibrium value near /79
as expected. It can be shown analytically that if the value of Var[AP] #0 at t = 0
or mean is started from some other value than the initial conditions, the results will
still settle near the value ry/rs.

In chapter 5, we show the stochastic results for the fast and slow protocol described
by Pederson et al. (2009) in Chapter 5. For both the cases the calcium compartment
functions used are the close fits of the Arthur’s Sherman representation of the calcium
compartment equations of the Insulin granule compartments model. We use the close
fits for simplicity and decreasing the run time. Also for all the pools we have used
random initial conditions for each stochastic run selected from a normal distribution
where the mean is the size of the pool. This causes the variannce to start from the
steady state instead of 0. The mean is slightly below the deterministic solution as we
use floor values of the random initial conditions in order to select discrete numbers.

We also show the comparison of the deterministic solution produced using the
fits of the actual calcium compartment equations and the deterministic solution by
Pederson et al. For all the pools except PP and IRP chain of the model, both
the solutions follow the same trend with some difference because of different initial
conditions. For PP the deterministic solution using the close fits is slightly away
beacause of coupling to IRP. As we have used square pulses instead of peaks for
microdomain calcium and IRP chain depends on microdomain calcium the difference
is prominent in the IRP chain and PP.

For the fast protocol, when the model was simulated using the actual calcium
compartment equations the mean over stochastic runs was not following the trend
of the deterministic solution only for the IRP chain of the model. For all the other
pools the mean over stochastic runs was similar to the mean when simulated using
the calcium equation fits. As mentioned in above section that the reason could be the
dependence of IRP chain on the microdomain calcium with very fine spikes. There

is a possibility that the variation in the stochastic solution from the deterministic
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solution can be decreased by increasing the number of runs or decreasing the Euler
time step (not tested).Simulating the model with fast protocol using the fits of the
actual calcium equations we see the mean, variance and the deterministic solution
matching up closely as expected.

For the slow protocol, the width of the pulses are very large and are continued for
a long time. The code for the slow protocol is modified from that of the fast protocol.
We show the mean matching up with the deterministic solution, and also the variance
following the trend, but not very smoothly. We have calculated the mean over 1000
stochastic runs for slow protocol. The variance could be smoothed by increasing the
number of runs.

In our knowledge this study of the stochastic version of the model of insulin
secretion from pancreatic islets of Langerhans hasn’t be done before. We achieve the
goal of presenting the stochastic version of the model and getting the estimate of the
integral copy numbers of the granules. The algorithm can be optimized using other
languages and modified to speed up the simulations. Also, different method such
as Tau leaping method can be used and tested for faster stochastic simulations. In
Appendix: Code, we present the code for the hybrid Gillespie stochastic simulation
algorithm which can be implemented to produce the stochastic mean and variance of

other chemical and biochemical systems.
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Appendix: Supporting Information

The main source of the supporting information is the Arthur Sherman’s description
of the Insulin secretion model by Pederson et al. (2009) [1].

Ordinary differential equations corresponding to each pool except RP as it is consid-
ered to be infinity [1]. Rates are measured in seconds. The rates 75, r3, o and fy(C;)

are cytosolic calcium dependent and f;(C,,q) is microdomain calcium dependent.

IRP' =
PP =

(ry PP —r_yIRP — f;(Cpna) IRP) (1)
(r.iIRP — (ri +7_3) PP+ 1, DP) (2)
DP' = (r3sHCSP +r_yPP — (r_s+13) DP) (3)
AP = (7"5—7‘ sAP —ryAP +r_4HCSP) (4)
HCSP' = (ryAP — (r_4+r3) HCSP +1_3DP — fy(C;) HCSP)  (5)
( (6)
( (7)
( (8)
( (9)

W

D

FIP" = (fi( md) IRP — uy FIP)
RIP' = (uyFIP —u3RIP)

FHP' = (fy(C;)HCSP —uy FHP)
RHP' = (uyFHP —u3 RHP)

~J

where,

Ci
ro = Ty Cit Kp2 (10)
s = T30 %}(p (11)
's = Ts0 Czi’—ZKp (12)
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Fusion rate from IRP (f;(Cq)) and HCSP (fy(C;)) follow hill functions.

F1(Cona) = 7" e i (13)
fu(C) = [i* e (14)

Microdomain and cytosolic calcium compartments are modelled and described by

ma = (= fma Jr — fma B (Cina — Ci)) (15)
( flJR+fvf1 ( md — 1)_sz) (16)

Molar fluxes through L-type and R-type channels are

JL:Oé]L/Umd, (17)
Jr = alr/veen (18)
with respective currents
I, = gL mos(v) (V = Vea), (19)
Ir = grmoo(v) (V — Via) (20)
where,
Moo(v) = 1/(1 + exp((Vin = V) /5m))- (21)

Calcium pumps and stores fluxes are given by

Jserea = Jimes, e, (22)
Tomea = Jymen e 0r (23)
Inee = Jnezo (Ci — 0.25), (24)
L = Jserca + Jpmea + Inea + Jicak- (25)
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Table 1 shows the random initial conditions corresponding to each pool and Table 2
shows the initial microdomain and cytosolic calcium concentrations [1].

Instead of the steady state values, for stochastic simulations we used random and
discrete initial values which are choosen from the normal distribution where the mean
is the size of the pool.

For IRP, the expression implies that the initial condition for each run is selected from
a normal distribution were mean = 8 and the standard deviation = /8. As we need

discrete values, we use the 'floor’ condition . Same follows for the other pools.

Table 1
Pool Mean initial conditions

IRP floor(max(normrnd(8,v/8)))
PP floor (max(normrnd(38,1/38)))
DP  floor(max(normrnd(298,1/298)))
FIP 0

RIP 0

AP floor(max(normrnd(965,,/965)))
HCSP  floor(max(normrnd(12,1/12)))

FHP 0
RHP 0
Table 2

Calcium domain Value

Cha 0.0674

Ci 0.06274
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Table 3 contains values of all the parameters in the Insulin granule compartments

model. All the parameters are in reference with the Arthur Sherman’s description of

the model.

Table 3

Vesicle dynamics parameters, fusion constants, calcium currents and calcium fluxes.

Parameter Value Parameter Value
fiemd(0) 2.641e-9 s ¢ [az 30 s71
Fhei(0) | 0.00001189 s~ Ky 2.5 uM
r1 0.005 st gL 150 pS
r_1 0.025 s7! Jr 150 pS
790 0.00015 s—! Vin -20 mV
r_9 0.001 s~* Ve 25 mV
T30 0.002 s7! Sim 5 mV
r_3 0.00007 s~! Jgar 41 pM/s
ra 0.002 5! K seren 0.27 uM
r_4 0.16 s71 Jome 21 uM/s
50 0.224 s71 Kpmea 0.5 uM
r_5 0.0002 s—! Jleak -0.94 uM/s
Uy 2000 s~1 Jnezo 18.67 s~ 1
Uy 3s7! find 0.01
us 0.02 S_1 fz 0.01
kp 0.01 B 17250 s~*
kp2 0.01 a 5.18e-15 umol/s/fA
fmas 30 s~ Vel 1.15e-12pl
K; 22 uM Umd 0.00385e-15 pl
n 4 fo vid /veell




Appendix: Code

The code for the stochastic simulation using hybrid Gillespie algorithm. Program-
ming work is done in MATLAB. Euler’s method is used to solve the differential
equations involved. The working of the program is explained below. Code is for
the fast protocol. For the slow protocol replace the cmd and ci functions as men-
tioned in Fig. fitupdown calcium, increase tfinal to 3000s and replace r5 with r5 =
gluc*r50*(ci/(ci40.01)) where, gluc = 3 for t > 10s and gluc = 1 for t< 10s.

Steps for producing the results are as follows:

1. Run deterministic.m to calculate and plot the deterministic solution.
2. Run gelldatafile.m to create the data files for all the pools.

3. Read the files.

T=dlmread(’datafile name.txt’);

4. Run interpolation.m to calculate and plot mean and variance.
Ta—=interpolation(T,1024);

File name = deterministic.m (MATLAB file)

Script to calculate and plot the deterministic solution. Euler Method is used to solve
the differential equations involved. Calcium functions are taken to be close fits of the
Arthur Sherman’s description of the calcium compartments in Insulin granule pools

model.

%Initialization of start time and stop time of the simulation:
tstart = 0;
tfinal = 10;

%Initialization Vectors for time, pools and calcium compartments:

time = [1;
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rps
aps
hcsps
fhps
rhps
dps
pps
irps
fips
rips
cmds

cis

= [1;
= [1;
= [];
= [1;
= [1;
= [];
= [1;
= [1;
= [1;
= [1;
= [1;
= [1;

Appendix

%»Initial values of the pools (granule numbers) and calcium compartments:

rp

ap
hcsp
thp
rhp
dp
pp
irp
fip
rip
cmd

ci

Y%Parameters: Rates (/s):

r50
rmb
rd

rm4

r30

1;

965;

0.0674;
0.06274;

0.224;
0.0002;
0.002;
0.16;
0.002;

%rp is considered to be infinity. Hence,

...1it is not updated.
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rm3 = 0.00007;
r20 = 0.00015;
rm2 = 0.001;
rl = 0.005;
rml = 0.025;
fhci = 0;

ficmd = 0;

u?2 = 3;

u3 = 0.02;

%Fusion constants:

fim = 30;
fhm = 30;
ki = 22;
kh = 2.5;
n = 4;

hAccumulating the initial

time =
rps =
aps =
hcsps =
fhps =
rhps =
dps =
pps =
irps =
fips =
rips =
cmds =

cis =

d = 0.0001;

h/s
h/s
Y%microM

%microM

values:
[time;tstart];
[rps;Tpl;
[aps;apl;
[hcsps;hespl s
[fhps;fhp];
[rhps;rhp];
[dps;dp];
[pps;ppl;
[irps;irp]l;
[fips;fip];
[rips;rip];
[cmds;cmd] ;

[cis;cil;

JEuler time step.
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t = tstart; %»Initializing t as tstart.

while(t<tfinal) %Each simulation will run until t vector

...reaches tfinal.

%Cmd - function with three square pulses
...at t = 0.1, 0.2 and 0.3 secs for 0.01 secs:
if (t>=0 && t<0.1)

cmd = 0.1132;

elseif (t>=0.1 && t<0.11)
cmd = 48.13;

elseif (t>=0.11 && t<0.2)
cmd = 0.1132;

elseif (t>=0.2 && t<0.21)
cmd = 48.13;

elseif (t>=0.21 && t<0.3)
cmd = 0.1132;

elseif (t>=0.3 && t<0.31)
cmd = 48.13;

else
cmd = 0.1132;

end

%Ci - function with the value of ci raised to 2 at 0.5 secs:

if (t<0.5)
ci = 0.06419;
else
ci = 1.299%exp(-((t-(-0.6304))/1.2)"2)...

+ (8.285e+008) *exp (- ((t-(-1036))/220.8)"2) ...
+ 1.375*%exp(-((£-0.4701)/2.028)"2);

end

t =1t +d; hIntegrating time using Euler’s method with a

...Euler time step d.
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%Time-dependent rates:

r5 = r50%(ci/(ci+0.01));
r3 = r30%(ci/(ci+0.01));
r2 = r20%(ci/(ci+0.01));

ficmd = fim*((cmd™n)/((cmd~n)+(ki~n)));
fhei = fhm*((ci*n)/((ci~n)+(kh"n)));

%Differential equations corresponding to each pool:

drp = -(r5)+(rmbxap);

dap = (r5)-(rmb*ap)- (rd*ap)+(rmé*hcsp) ;

dhcsp = (ré4*ap)- (rméxhcsp) - (fhci*hcsp) - (r3*hesp) +(rm3*dp) ;
dfhp = (fhci*hcsp)-(u2*fhp);

drhp = (u2xfhp)- (u3*rhp);

ddp = (xr3*hcsp) - (rm3*dp) - (r2*dp) +(rm2*pp) ;
dpp = (xr2xdp)- (rm2#*pp) - (r1*pp)+(rmlix*irp);
dirp = (rixpp)-(rmlx*irp)-(ficmd*irp);

dfip = (ficmdxirp)-(u2+*fip);

drip = (u2xfip)-(u3*rip);

%Updating the pool vectors:
rp = rp; %rp is not updated, as it is considered

...to be infinity.

ap = ap+dapx*d;
hcsp = hcspt+dhcsp*d;
fhp = fhp+dfhp*d;
rhp = rhp+drhp*d;
dp = dp+ddpx*d;

PP = pptdpp*d;

irp = irp+dirp*d;
fip = fip+dfipx*d;
rip = rip+tdrip*d;

hAccumulating the values for all the pools and calcium compartments
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...as evolve in time:

time = [time;t];
Tps = [rps;rpl;
aps = [aps;ap];
hcsps = [hcsps;hespl;
fhps = [fhps;fhp];
rhps = [rhps;rhp];
dps = [dps;dpl];
pps = [pps;ppl;
irps = [irps;irp];
fips = [fips;fipl;
rips = [rips;ripl;
cmds = [cmds;cmd];
cis = [cis;cil;

end

%Plotting the pool concentrations and calcium concentrations with time:
AP

figure(1)

hold on

xlabel(°Time (seconds)’);

ylabel (’AP’);

plot(time,aps,’r?’)

%Similarly plot for other pools and calcium concentrations.

File name = hybridgell.m (MATLARB file)
Script for calculating the stochastic solution using hybrid Gillespie solution. Euler
method is used to solve the differential equations with a Euler time step of e™*.

Function hybridgell.m returns the values to gelldatafile.m.

function [tnexts rps aps hcsps fhps rhps dps pps irps fips rips...
cmds cis] = hybridgell
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global tstart
global tfinal

tstart = 0;

%Initialization of time of next reaction:

tnext = 0;

%Initialization Vectors:

tnexts = [];
rps = [1;
aps = [1;
hcsps = [];
fhps = [1;
rhps = [1;
dps = [1;
pps = [1;
irps = [1;
fips = [1;
rips = [];
cmds = [];
cis = [1;

%Initial values of the pools and calcium compartments. Here, the
...1initial values are random and belong to a normal distribution
...where mean = size of the pool. As discrete values are required,

...”floor’ is used.

rp =1;

ap = floor (max(normrnd(965,sqrt(965)),0));
hcsp = floor(max(normrnd(12,sqrt(12)),0));
thp = 0;

rthp = 0;

dp = floor (max(normrnd(297,sqrt(297)),0));

pp = floor (max(normrnd(38,sqrt(38)),0));
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irp
fip
rip
cmd

ci

floor (max (normrnd(8,sqrt(8)),0));
O.
O-

3

b

0.0674;
0.06274;

JParameters: Rates (/s):
0.
.0002;
.002;
.16;
.002;
.00007;
.00015;
.001;
.005;
.025;

r50
rmb
réd
rm4
r30
rm3
r20
rm2
rl
rml
fhei

ficmd

u2
u3

O W O O O O O O O o o o o

224;

.02;

%Fusion constants:
30;
30;
22;
2.5;

fim
fhm
ki
kh

n

hAccumulating the initial values:

tnexts

rps

aps

hcsps

4;

h/s
h/s
%microM

Y%microM

[tnexts;tstart];
[rps;rpl;
[aps;apl;
[hcsps;hespl ;

Appendix
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fhps
rhps
dps

pps

irps
fips
rips
cmds

cis

whil

= [fhps;fhp];
= [rhps;rhp];
= [dps;dp];

= [pps;ppl;

= [irps;irp];
= [fips;fip];
= [rips;rip];
= [cmds;cmd] ;

= [cis;cil;

e (tnext<tfinal)

u = rand(1,1);
d = 0.0001;

x = 0;

event = 0;

t = tstart;

63

%Each simulation will run until tnext reaches
...tfinal.

%First random number for calculating tnext.

%Euler time step.
%Dummy Variable.
%Event checking variable.

%Initializing t vector as tstart.

while(t<tfinal && event==0)

%Cmd - function with three square pulses at

...t =0.1, 0.

2 and 0.3secs for 0.01 secs:

if (t>=0 && t<0.1)

cmd

elseif (t>=0.1

cmd

0.1132;
&& £<0.11)
48.13;

elseif (t>=0.11 && t<0.2)

cmd =

0.1132;

elseif (t>=0.2 && t<0.21)

cmd =

48.13;

elseif (t>=0.21 && t<0.3)

cmd =

0.1132;

elseif (t>=0.3 && t<0.31)
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else

end

cmd 48.13;

cmd 0.1132;
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%Ci - function with the value of ci raised to 2 at 0.5 secs:

if (t£<0.5)

ci = 0.06419;
else

ci =

end

t =t + d;

+

1.299%exp (- ((t-(-0.6304))/1.2)~2) . ..
(3.285e+008) *exp (- ((t-(-1036))/220.8)~2) . ..

+ 1.375xexp(-((t-0.4701)/2.028)"2);

%Integrating time with a Euler time step d.

%Time-dependet rate; r5, r3, r2 and fhci depend on ci and

...ficmd depends on cmd:

r5 = r50%(ci/(ci+0.01));

r3 = r30*(ci/(ci+0.01));

r2 = r20*(ci/(ci+0.01));

ficmd = fim*((cmd™n)/((cmd"n)+(ki"n)));
fhci = fhm*((ci"n)/((ci"n)+(kh"n)));
JPropensities:

p(1) = r5; hrp

p(2) = rmb*ap; hap

p(3) = réx*ap; hap

p(4) = rmdxhcsp; Jhcsp

p(5) = fhcixhcsp; %hcsp

p(6) = u2*fhp; %Efhp

p(7) = u3x*rhp; %rhp

p(8) = r3x*hcsp; Jhcsp

p(9) = rm3xdp; %dp

--rb-->
--rmb->
--r4d-->
--rm4->
--fhci->
--u2-->
--u3-->
--r3-->

--rm3->

ap
Ip
hcsp
ap
fhp
rhp

dp
hcsp
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p(10)=
p(11)=
p(12)=
p(13)=
p(14)=
p(15)=
p(16)=

r2*dp;
Tm2*pp;
r1*pp;
rml*irp;
ficmd*irp;
u2*fip;

u3d*rip;

%Reaction intervals:

JInitializing update vectors:

zl
z2
z3
z4
z5
z6
z7

p(1)/sum(p) ;
p(2)/sum(p) ;
p(3)/sum(p);
p(4)/sum(p) ;
p(5)/sum(p) ;
p(6)/sum(p);
p(7)/sum(p) ;
p(8)/sum(p);
p(9)/sum(p) ;
p(10) /sum(p) ;
p(11)/sum(p);
p(12)/sum(p) ;
p(13) /sum(p) ;
p(14) /sum(p) ;
p(15) /sum(p) ;
p(16) /sum(p) ;

%dp
hpp
hpp
hirp
hirp
hEip
hrip

--r2-->
--rm2->
--r1-->
--rml->
-ficmd->
--u2-->

--u3-->
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pp
dp
irp
pp
fip

rip
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z8 =
z9 =
z10=
zl1=
z12=
z13=
zl4=
z15=
z16=

X =

%Eve
if (

Appendix

0;
0;
0;
0;
0;
0;
0;
0;
0;
x + (sum(p)*d); %sIntegrating dummy variable using
...Euler’s method with a Euler time
...step d = e-4
nt checking:
x >= -log(u)) %Event occurs when integration of
...dummy variable reaches -1n(u).
event=1;
x = 0; hSetting x again to 0 after an event
...has occurred
k = rand(1,1); %Second random number for selecting

...the reaction.

%Reaction selection:
if (k<1)
if (k<pl)
zl =1,
end
if (k>pl && k<pil+p2)
z2 = 1;
end
if (k>pl+p2 && k<pl+p2+p3)
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end

if (k>pl+p2+p3 && k<pl+p2+p3+p4)
z4=1;

end

if (k>pl+p2+p3+pd && k<pl+p2+p3+p4+pb)
zb=1;

end

if (k>pl+p2+p3+pd+p5 && k<pl+p2+p3+pid+p5+p6)
z6=1;

end

if (k>pl+p2+p3+p4+p5+p6 && k<pl+p2+p3+p4+p5+p6+p7)
z7=1;

end

if (k>pl+p2+p3+pd+p5+p6+p7 &&. ..

k<pl+p2+p3+p4+p5+p6+p7+p8)
z8=1;

end

if (k>pl+p2+p3+p4+p5+p6+p7+p8 &&. . .

k<pl+p2+p3+p4+p5+p6+p7+p8+p9)
z9=1;

end

if (k>pl+p2+p3+p4+p5+pb6+p7+p8+p9 &&. . .

k<pl+p2+p3+p4+p5+p6+p7+p8+p9+p10)
z10=1;

end

if (k>pl+p2+p3+p4+p5+p6+p7+p8+p9+pl0 &&. . .

k<pl+p2+p3+p4+p5+p6+p7+p8+p9+p10+pll)
z11=1;

end

if (k>pl+p2+p3+p4+p5+p6+p7+p8+p9+p10+pll &&. ..

k<pl+p2+p3+p4+p5+p6+p7+p8+p9+p10+pli+p12)
z12=1;

end
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else

end

%Upd
rp

ap
hcsp
fhp
rhp
dp
pp
irp
fip

rip

p
ap
hcsp
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if (k>pl+p2+p3+p4+p5+pb+p7+p8+p9+pl10+pll+pl2 &&. . .
k<pl+p2+p3+p4+p5+p6+p7+p8+p9+pl0+pl1+p12+p13)
z13=1;
end
if (k>pl+p2+p3+p4+p5+p6+p7+p8+p9+p10+pl1+pl12+pl13 &&. ..
k<pl+p2+p3+p4+p5+p6+p7+p8+p9+p10+pl1+p12+p13+p14)
z14=1;
end
if (k>pl+p2+p3+p4+p5+p6+p7+p8+p9+pl0+pll+pl12+p13+pld &&. ..
k<pl+p2+p3+p4+p5+p6+p7+p8+p9+p10+p11+p12+p13+p14+p1b)
z15=1;
end
if (k>pl+p2+p3+p4+p5+p6+p7+p8+p9+pl0+pl1+p12+p13+p14+p15)
z16=1;

end

ating the pool values:
= 1p; %»rp is not updated,

...as it is considered to be infinity.

ap +zl1-z2-z3+z4;

= hcsp+z3-z4-z5-z8+z9;
= fhp +z5-26;

= rhp +z6-z7;

= dp +z8-z9-z10+z11;

= pp +z10-z11-z12+z13;
= irp +z12-z13-z14;

= fip +z14-z15;

= rip +z15-z16;

= hcsp;
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thp = fhp;
rhp = rhp;
dp = dp;
pPp = PP;
irp = irp;
fip = fip;
rip = rip;

end

end
%Initializing tstart as tnext:
tnext=t;

tstart=tnext;

hAccumulating the values for the pools and calcium compartments:

tnexts = [tnexts;tnext];
Tps = [rps;rpl;
aps = [aps;apl;
hcsps = [hcsps;hesp]l;
fhps = [fhps;fhp]l;
rhps = [rhps;rhp];
dps = [dps;dpl];

pps = [pps;ppl;
irps = [irps;irpl;
fips = [fips;fip];
rips = [rips;ripl;
cmds = [cmds;cmd] ;
cis = [cis;ci];

end

end

File name = gelldatafile.m (MATLAB file)
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Script to write the concentrations of all the pools and tnext in data files and convert-
ing saw tooth form into square form. Data is written row wise in respective data files
where for the single run first row contains all the tnext values upto tfinal, and the sec-
ond row contains the values corresponding to each tnext and similarly other runs are
appended row wise in the file. Saw-tooth form is written in the data files. Individual

stochastic runs(square form) can be plotted. Calls the function hybridgell.m.

tic %Timer start

%Variables for plotting:
global tnexts
global rps
global aps
global hcsps
global fhps
global rhps
global dps
global pps
global irps
global fips
global rips
global cis
global cmds

global tstart
global tfinal

N=20; JNumber of times the function hybridgell.m is called.
j=0; J#Number of runs written in the datafile.

tstart = 0; %Start time of a simulation.

tfinal = 10; %Stop time of a simulation.

hProfiler:

profile clear

profile on
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while ( j < N)

clear tnextsl
clear rpsl
clear apsl
clear hcspsl
clear fhpsl
clear rhpsl
clear dpsl
clear ppsl
clear irpsl
clear fipsl
clear ripsl
clear fhcisl

clear ficmdsl

JFunction Call for the values of the pools and calcium compartments:
[tnexts rps aps hcsps fhps rhps dps pps irps fips rips
cmds cis] = hybridgell;

%Loop for converting the saw tooth form into square form:

for i=1:length(tnexts)-1

tnextsl1(2*i-1) tnexts(i);

tnextsl(2x%i) = tnexts(i+l);
rps1(2*i-1) = rps(i);
rps1(2%i) = rps(i);
aps1(2%i-1) = aps(i);
aps1(2*i) = aps(i);
hcsps1(2xi-1) = hesps(1);
hcsps1(2xi) = hesps(i);
fhps1(2xi-1) = fhps(i);
fhps1(2*i) = fhps(i);
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end

JWritting the values for only those simulations which are
...greater than some specified time. In this case 2.

length(tnexts);

nt

rhps1(2xi-1)
rhps1(2%i)
dps1(2%i-1)
dps1(2*i)
pps1(2*i-1)
pps1(2x%i)
irps1(2%i-1)
irps1(2x*i)
fips1(2*i-1)
fips1(2x*i)
rips1(2xi-1)
rips1(2%i)

fhcis1(2*xi-1)

fhcis1(2%1)

ficmds1(2%i-1)

ficmds1(2%1i)

rhps(i);
rhps(i);
dps(i);
dps(i);
pps(i);
pps(i);
irps(i);
irps(i);
fips(i);
fips(i);
rips(i);
rips(i);
fheis(i);
fheis(i);
ficmds (i) ;

ficmds(i);

%Plotting individual runs:

%AP
figure(1)
hold on

xlabel (’Time (seconds)’);

ylabel (’AP?);

plot(tnextsl,apsl,’r’)

Appendix

%Similarly plot the other pools and calcium concentrations.
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if

end

end

time =

profile
profile
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(tnexts(nt)>2)

%Filenames can be changed.

dlmwrite(’frphgellfast.txt’, [tnexts’;rps’],’-append’);
dlmwrite(’faphgellfast.txt’, [tnexts’;aps’],’-append’);
dlmwrite(’fhcsphgellfast.txt’, [tnexts’;hcsps’],’-append’);
dlmwrite(’ffhphgellfast.txt’, [tnexts’;fhps’],’-append’);
dlmwrite (’frhphgellfast.txt’, [tnexts’;rhps’],’-append’);
dlmwrite(’fdphgellfast.txt’, [tnexts’;dps’],’-append’);
dlmwrite(’fpphgellfast.txt’, [tnexts’;pps’],’-append’);
dlmwrite(’firphgellfast.txt’, [tnexts’;irps’],’-append’);
dlmwrite(’ffiphgellfast.txt’, [tnexts’;fips’],’-append’);
dlmwrite(’friphgellfast.txt’, [tnexts’;rips’],’-append’);

J=i+1;

toc %Timer stop

viewer

off

File name = interpolation.m (MATLAB file)

Script to calculate mean and variance over T runs and interpolated over n = 1024

equal time points(can be changed). The data is read row wise where, for the single

run first

row contains all the tnext points and the second row contains the values

corresponding to each tnext. Therefore, for 1000 runs there will be 2000 rows, where

all the o

dd rows will have tnext values and even rows will have value corresponding

to tnext.

functio

n avg_vector = interpolation(T,n)
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JShortest runlength = minl:
%1)In every odd row find the last tnext value.
%2)Compare all the last tnext values.
%3)minl = smallest last tnext value.
minl = max(T(:,end-1));
for i = 1:2:1ength(T(:,1))

idx = max(find(T(i,:)));

if(T(i,idx) < minl)

minl = T(i,idx);
end

end

%Now minl contains the minimum time to which all runs have completed
...We average only till t = minl.
fprintf (’shortest run length’)

minl

JWe divide minl into n equal time points and interpolate the runs at

...these "nodes".

Ta = []; %Initializing the vector that will store values

...corresponding to each tnext till minl.

for t = 0:minl/n:minl
for i = 1:2:1length(T(:,1))
T(,:);
find(T(i,:) >= t);
id = min(find(T(i,:) >= t));

T(i+1,:);
if (id == 1)

Ta((i+1)/2,t*n/minl+1) = T(i+1,id);
else

Ta((i+1)/2,int16(t*n/minl+1)) = T(i+1,id-1);

end
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end

end

%Ta contains in its rows the different runs of pools interpolated...
...at n nodes.

avg_vector = Ta;

JMean: (calculated for each column, and each column corresponds to a
...different node)

m = mean(Ta);

%Variance: (calculated for each column, and each column corresponds to
...a different node)

v = var(Ta,1);

%Plotting Mean versus time nodes:
figure(1)

hold on
plot(0:minl/n:minl,m,’r’)

xlabel(’time (seconds)’);

%Plotting Variance versus time nodes:
figure(1)

hold on

plot(0:minl/n:minl,v,’b’)



