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Abstract

One can define the notion of length spectrum for a simple regular periodic
graph via counting the orbits of closed reduced cycles under an action of a
discrete group of automorphisms [I1]. We prove that this length spectrum
satisfies an analogue of the ‘Multiplicity one’ property. We show that if all
but finitely many primitive cycles in two simple regular periodic graphs have
equal lengths, then all the cycles have equal lengths. This is a graph-theoretic
analogue of a similar theorem in the context of geodesics on hyperbolic spaces
[2]. We also prove, in the context of actions of finitely generated abelian
groups on a graph, that if the adjacency operators [4] for two actions of such
a group on a graph are similar, then corresponding periodic graphs are length
isospectral.

We also consider the length-holonomy spectrum of compact hyperbolic
spaces and using the analytic properties of the Selberg-Wakayama zeta func-
tion, we give some weak results in the direction of proving a strong multi-
plicity one property of the length-holonomy spectrum in the 3-dimensional

case.
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Statement of Originality

The main results of this thesis which constitute original research are Theo-
rems [2.2.1] [2.3.4} [3.7.2 and [3.7.3]
Lemma [2.3.3| and corollary are original subsidary results, where the

former is used in the proof of the main results while the latter follows from

one of the main results.
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Introduction

Notions analogous to the prime numbers have been explored in various con-
texts and many results have been proved in drawing out this analogy. For
compact hyperbolic surfaces, this correspondence was first explored in the
work of Selberg [24], wherein he proved a counterpart of the prime number
theorem for primitive geodesics of compact Riemann surfaces. This was fur-
ther explored in the works of Sarnak [23], Gangolli [§] and Wakayama [28] by
developing the analytic theory of zeta functions for hyperbolic spaces which
resemble the theory of L-functions for automorphic forms. In the case of
finite graphs, the primitive cycles were studied and Hashimoto [I5] proved
that they satisfy a similar asymptotic distribution. The analogy between
finite graphs and hyperbolic spaces was further developed by Sunada [27],
Thara [I8] and Hashimoto [I4), I5] by associating a zeta function to finite
regular graphs.

One of the aim of this thesis is to explore the correspondence between
compact locally symmetric Riemannian manifolds and simple regular peri-
odic graphs. A result that we prove in this direction is an analogue of the
classical strong multiplicity one theorem.

It is well known that the Fourier coefficients of cusp forms satisfy the
classical strong multiplicity one theorem due to Atkin and Lehner: Let f
and ¢ are newforms for some Hecke congruence subgroup I'o(N). Suppose
that the eigenvalues of the Hecke operator at a prime p are equal for all but

finitely many primes p. Then f and g are equal ([21], p.125]). In [2], Bhagwat
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and Rajan proved a multiplicity one type property for the length spectrum
of even dimensional compact hyperbolic spaces.

We associate a notion of length spectrum to simple regular periodic
graphs, which are basically countable connected graphs with an action of
a subgroup of automorphisms which satisfy some properties.

A pair (X, I') consisting of a countable, infinite, connected graph X of
bounded degree and a countable subgroup I' of the automorphism group of
X is called a periodic graph if ' acts on V(X)) discretely and co-finitely. In
this thesis, we also assume that the action of I' is without inversions and
with bounded co-volume.

We consider cycles in the graph X which are reduced (with no tail and
backtracking). The action of the automorphism subgroup I' gives rise to I'-
equivalence classes of reduced cycles. The set of the I'-equivalence of reduced
cycles is denoted by [R]r. The length spectrum is a function which counts
the number of ['-equivalence classes of reduced cycles of a given length.

The length spectrum of the periodic graph (X, T') is defined to be the

function Ly on N given by
Lr(n) = The number of £ € [R]r such that ((§) =n .

A closed path is called primitive if it is not obtained by going n > 2 times
around some other closed path. The subset consisting of primitive reduced
cycles is denoted by P. The set of the I'-equivalence of primitive reduced
cycles is denoted by [P]r.

The primitive length spectrum of the periodic graph (X, I') is defined to
be the function PLr on N given by

PLr(n) = The number of £ € [P]r such that {(§) =n .

We show that the primitive length spectrum of simple (¢ + 1)-regular
graphs satisfy a strong multiplicity one property:

Xiv



Theorem 0.0.1 (Multiplicity One property for Length Spectrum of Regu-
lar Periodic Graphs). Let (X, I'y) and (X, I'y) be two simple, ¢ + 1 reqular
periodic graphs. Further, assume that I'y and 'y act on V(X)) without inver-
stons and with bounded co-volume and such that the stabilizer of any cycle
with respect to either subgroup is trivial. Suppose PLr,(n) = PLr,(n) for
all but finitely many n € N. Then PLr,(n) = PLrp,(n) for alln € N.

Furthermore, we can conclude that Ly, (n) = Lr,(n) for alln € N.

The proof of the theorem uses the analytic properties of the Thara zeta
function for periodic graphs, the construction of which was first given by Clair
and Mokhtari-Sharghi in [5] and further studied by Guido, Isola and Lapidus
in [I0]. This zeta function is an analogue of the Riemann zeta function and
satisfies many similar properties. The methods used in the proof are similar
to the ones used in [2] and [22].

Another aspect of the length spectrum of compact hyperbolic manifolds
of negative curvature that has been explored is its relation to the Laplace
spectrum. In [9], Gangolli shows that the Laplace spectrum of the considered
manifolds determines the length spectrum. This kind of relationship can be
explored in the case of finite graphs, where the Laplace operator is self-
adjoint and hence has a spectrum associated to it. The extension of this
result to the case of periodic graphs is hindered by the fact that deformed
Laplacian of such graphs may not be self-adjoint. We consider the case where
the periodic graphs are with actions of finitely generated abelian groups and
prove an analogue of the above result, albeit with a modified hypothesis. In
the statement and the proof of this result, we crucially use a generalization of
a construction given in [4], which expresses the adjacency operator of periodic
graphs with Z-action in terms of a finite matrix. This construction simplifies

the determinant formula[1.4] by using the Fourier transform (*(Z) = L*(S').

Theorem 0.0.2. Let Ay and As be the adjacency operators of the periodic
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graphs (X,T'); and (X, ')y respectively. Suppose Ay and Az, as n X n ma-

trices, are conjugate. Then Ly 1(m) = Lr o(m) for allm € N.

In the last part of the thesis, we consider the case of compact locally
symmetric Riemannian spaces of the kind Xr = I'\G/K, where G is the
connected component of identity in the isometry group SO(n, 1) of the hy-
perbolic space Hl,,, K is a maximal compact subgroup and I is a torsion-free
uniform lattice in G. In this case, a parameter called holonomy class h)y
can be associated to the closed geodesics A. The holonomy class of a closed
geodesic is a conjugacy class in SO(n — 1).

If we let M,,_1 be the set of conjugacy classes in SO(n — 1), the prim-
itive length-holonomy spectrum of Xr is the function Br defined on R X
M, _1 by, Pr(a, [M]) = # of primitive conjugacy classes [y] in ' with
(U(7), hy) = (a, [M)).

It can be asked if this length-holonomy spectrum satisfies a strong multi-
plicity one property. The Selberg-Wakayama zeta function, which has been
defined in [28], is given in terms of the length and holonomy of the primitive
geodesics, and can thus be employed in answering this question. We explore
this question in the case of G = SO(3, 1) and arrive at weaker results. In
the proofs of these results, we crucially use the fact that the holonomy class
b(p) := h, of primitive closed geodesic p is a real number in [0, 27), which
affords us a simplification of the Selberg-Wakayama zeta function.

If Lr is the length spectrum and P Ly is the primitive length spectrum of

the space X, we prove the following result:

Theorem 0.0.3. Let G = SO(3,1), and I'y and I'y be two uniform lattices
in G such that Pr, (a, b) = Pr,(a, b) for all but finitely many pairs (a, b) €
R x [0, 27). Then PLy,(l) = PLr,(l), and hence Lr,(l) = Lr,(l), for all
[l e R

Furthermore, if for any p € Pr, we define ¢(p) := %, we can define a
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modified primitive length-holonomy spectrum as the function 2y on R given
by
Mr(c) = #of conjugacy classes [p] € Pr such that c(p) = c.

We then prove the following result:

Theorem 0.0.4. Let G = SO(3,1), and I'y and 'y be two uniform lattices
in G such that Pr, (a, b) = Pr,(a, b) for all but finitely many pairs (a, b) €
R x [0, 27]. Then My, (c) = Mr,(c) for all c € R.

Structure of the thesis

In the first chapter, we review the definitions from graph theory and define
and state the properties of periodic graphs, the Thara zeta function associated
to them. In the second chapter, we define the length spectrum and state and
proof the strong multiplicity one property for regular periodic graphs [2.2.1
We also state and prove a result on the relation between the adjacency
operator and the length spectrum in the case where the regular periodic
graphs are with the action of finitely generated abelian groups. In the third
chapter, we review the theory of compact locally symmetric Riemannian
manifolds and the associated zeta functions, viz. the Selberg-Gangolli zeta
and the Selberg-Wakayama zeta functions. In the case when G = SO(3, 1),
we state and prove weaker results [3.7.2] in the direction of strong mul-
tiplicty one property of the length-holonomy spectrum.
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Chapter 1

Periodic Graphs and their Zeta

Functions

1.1 Preliminaries

In this section we give the basic definitions related to graph theory.

A graph X consists of a non-empty set V(X)) of elements called the ver-
tices of X together with a set F(X) of unordered pairs of vertices. An element
e = {v1, vo} € E(X) is called an edge connecting the vertices v; and vq; v;
and vy are called adjacent vertices (written as v; ~ wvy). The vertices v; and
vy are called the end vertices of the edge e. An edge e = (v, v), with both
the end vertices same, is called a loop. A graph is said to be simple if it has
no loops. An edge e is said to be coming out of a vertex v if v is one of the
end vertices of e. A graph X is said to be countable if both the vertex set
V(X) and the edge set E(X) are countable.

The degree of a vertex v € V(X), denoted by deg(v), is the number of
edges coming out of v, where we count the loops twice. For a non-zero positive

integer ¢, a graph X is said to be g-regular if deg(v) = ¢ for all v € V(X).



A graph is said to have bounded degree, if d :== sup deg(v) < oo. We call
veV (X)
d the bounded degree of X.

A path of length m in X from v € V(X) tov € V(X) is a sequence

of m 4+ 1 vertices (u = wp, ..., v = wv,,) such that v; is adjacent to v;i;
for i+ = 0,..., m. A path can also be denoted by a sequence of edges
(é1, ..., em) where ¢; is an edge connecting v;_; and v;. A path is said to

be closed if u = v. A graph is said to be connected if any two vertices can

be joined by a path.

Definition 1.1.1 (Reduced Paths). A path (ey, ..., e,) is said to have
backtracking if for any i € {1, ..., m — 1}, e; = e;31 (traversed in opposite
directions). A path with no backtracking is called proper.

A closed path is called primitive if it is not obtained by going n > 2
times around some other closed path.

A proper closed path C = (eq, ..., e,,) is said to have a tail if 3k € N
such that e,,_;+1 = e; (traversed in opposite directions) for some k consecu-
tive values of j. Proper tail-less closed paths are called reduced closed paths.
The set of reduced closed paths is denoted by C.

A cycle is an equivalence class of closed paths, any of which can be ob-
tained from another by a cyclic permutation of vertices. Simply put, a cycle
is a closed path with no specified starting point. We denote the length of the
cycle C, which is the number of edges in any closed path representing the
cycle, by ¢(C). This is also denoted by |C] in literature. We use the terms
interchangeably. The set of reduced cycles is denoted by R. The subset con-

sisting of primitive reduced cycles is denoted by P. The primitive reduced

cycles are also called prime cycles.

Definition 1.1.2 (Graph Automorphism). An automorphism of a graph X

is a permutation o of the vertex set V(X)) such that (vy, vs) is an edge if and
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only if (o(vy), o(v2)) is an edge.

Definition 1.1.3. [I0] A countable discrete subgroup I' of automorphisms
of X is said to act on V' (X)

(1) without inversions if for any edge e = {vi, v2}, #7 € T such that

v(v1) = vy and 7(v9) = v; (No edge is inverted),

(2) discretely it 'y := {y € I' | v(v) = v} is finite,

(3) with bounded co-volume if vol(X/T") := > ‘;| < 00, where Fj is a
vEFo v
complete set of representatives of the equivalence classes in V(X)/T,

(4) co-finitely if Fy is finite.

The finite graph X/I" is denoted by B. The set of vertices of this graph
is Fy and the edges are the set {([v], [w])|(v, w) € E(X)}.

Definition 1.1.4 (Periodic Graph). A pair (X, I') consisting of a countable,
infinite, connected graph X of bounded degree and a countable subgroup I
of the automorphism group of X is called a periodic graph if I' acts on V (X)
discretely and co-finitely. In this thesis, as in [I1], we also assume that the

action of I is without inversions and with bounded co-volume.

Definition 1.1.5 (I'-Equivalence Relation). Two reduced cycles C, D €
R are said to be I'-equivalent, and written as C' ~p D, if there exists an
isomorphism v € I' such that D = (C'). The set of I'-equivalence classes of
reduced cycles is denoted by [R|r. The set of I-equivalence classes of prime

cycles is denoted by [P]r.



Since I is a subgroup of the automorphism group, the length of any two
cycles in a I'-equivalence class will be same. Therefore, for a I'-equivalence
class of reduced cycles £ € [R]r we can define ¢(§) := ¢(C) for any repre-

sentative C' in €.

Remark 1.1.6. Another notion of length, called effective length of a cycle
C, has been defined in [I0]. It is defined as the length of the prime cycle

underlying C'. We do not make use of this notion in this thesis.

Consider the action of I on the set of cycles. For any cycle C', the stabilizer
of C'in I' is the subgroup I'c := {y € T' | v(C) = C}. Also, if C} and C; are
[-equivalent, say C, Cy € &, then I'g, and I'¢, are conjugates in I'. Hence
II'c,| = |I'e,|- This enables us to define S(€) as the cardinality of I'c for
any C in €.

1.2 Zeta Functions of Graphs

The zeta function associated to finite graphs was defined by Yasutaka Thara
in his paper [18] on structure theorem of torsion-free discrete co-compact
subgroups of PGL(2,Q,). It was Serre who first suggested, in his book [25],
the interpretation of Thara’s zeta function as a zeta function associated to
certain (p + 1)-regular, finite graphs.

Let X be a finite connected (¢ + 1)-regular graph.

Definition 1.2.1 (Ihara zeta function). The Thara zeta function Zx is de-

fined by the Euler product

Zx(u) = H(l — N7 for Jul < é, (1.1)

ceP

where P is the set of prime cycles of X.



We recall that the Riemann zeta function is given by

((s) = JJ@ = p)™" for Re(s) > 1,

p

where p ranges over all rational primes. If we put v := ¢—°, we observe that
ul®l = (¢!~ and |u| < % if and only if Re(s) > 1. This brings out the
analogy between the Thara and Riemann zeta functions.

The Thara zeta function satisfies analogues of many of the properties of
the Riemann zeta function, at least for the regular case. For example, the
Ihara zeta function can be used to prove an analogue of the prime number
theorem. This result gives an estimate on the number of prime cycles of a
fixed length in a graph [26]. A version of Riemann hypothesis for ((s) has
also been studied for the Ihara zeta function Zx(u) in the case of regular
graph. The graphs satisfying this hypothesis have been completely classified
(see [26]).

There have been generalizations of this zeta function in several directions.
A brief survey of some of the generalizations and the consequent results can
be found in [I7].

In this thesis, we are concerned with the generalization of the Thara zeta
function to certain infinite graphs, namely periodic graphs of the form (X, T').
This construction was first given by Clair and Mokhtari-Sharghi in [5] and
further studied in [10].

The action of the automorphism subgroup I' gives rise to I'-equivalence
classes of prime cycles. In constructing the Thara zeta function for periodic
graphs, the Euler product is taken over these classes. Furthermore, each
term is normalized by an exponent related to the cardinality of the stabilizer
of a representative of the equivalence class.

Let (X, I') be a periodic graph. The Thara zeta function Zx r of (X, I)

is defined as follows.



Definition 1.2.2 (IThara zeta function of Periodic Graphs).

Zxr) = ] @ —u©@) e, (1.2)
[CIr€[PIr

for u sufficiently small so that the infinite product converges.

The following theorem gives the radius of convergence of the Ihara zeta
function of a periodic graph (X, I') with bounded degree d. (See [10, Theo-
rem 2.2 (i), p. 1345].

Theorem 1.2.3. Let Zx r be the zeta function of the periodic graph (X,T').

Then, Zx,r(u) defines a holomorphic function in the open disc |u| < F.

1.3 von Neumann Algebras

One of the important results of the finite [hara zeta function is the determi-
nant formula, which states that the inverse of the zeta function is a polyno-
mial. More precisely, it shows that the inverse is the determinant of a matrix
valued polynomial.

In order to obtain an analogous determinant formula for the infinite Thara
zeta function for periodic graphs, an analytic determinant was defined in [11].
The definition of this determinant uses the theory of von Neumann algebras,
the relevant details of which we recall in this section. We refer the reader
to the book ‘Non-commutative Geometry’([6], Chapter 5, Section 1) by A.

Connes for more details on this.

Definition 1.3.1 (x-algebra). A x-algebra is an algebra A equipped with a

conjugation *, that is, a linear map * : A — A such that
(@) = a and (ab)" = b*a”

foralla, b € A



Definition 1.3.2 (C*-algebra). A C*-algebra is a Banach algebra A over C

with a conjugate-linear involution * : A — A such that
(ab)* = b*a* and |la*al = ||a|?

forall a, b € A

Let H be a complex Hilbert space and let £(H) be the C*-algebra of
bounded operators from H into H. £(H) is a Banach algebra equipped with

the norm

IT|| = sup [[T]]

[lz]|<1

and with the involution T" —— T™ defined by
(T"x,y) = (x, Ty) Va,y € H.

The pre-dual of £(H), denoted by £(H)., is the subalgebra of trace class
operators on H. The ultraweak topology on £(H) is the weakest topology in

which all elements of £(H), are continuous, when considered as functions on
L£(H).

Definition 1.3.3 (von Neumann Algebra). A von Neumann algebra on H is
a *-subalgebra of £(H) containing the identity operator and which is closed

under the ultraweak topology.
The commutant of a subset S of £(H), denoted by S” is defined as
S = {T e L(H);TA = ATVA ¢ S}.

The double commutant theorem of von Neumann states that a x-subalgebra
M of £(H) containing identity is a von Neumann algebra if and only if
M = (M.

Consider now a periodic graph (X, I'). Let F C V(X) be a set of rep-

resentatives for the action of I on V(X), i.e., the vertices of the finite graph
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B = X/I'. Consider the Hilbert space ¢?(T"). Let the *-algebra of bounded
operators on ¢?(T') be denoted by N. We define a unitary representation A
of T on £2(T) by (A(Y)f)(x) == f(ytz),fory € T, f € A(V(X)),z € T.
Let V(') be the x-subalgebra of N consisting of operators which commute

with the action of I', i.e.,
N@) ={T € N;TA\y) = \y)T Vv € T}

If T € (WNI)), then TA = AT YA € N'. Clearly, \(y) € N/ Vv €
I' and hence T € N. The inclusion N' C (N(T)') is obvious. Hence
(M) = NM(I') and M(I') is a von Neumann algebra.

Definition 1.3.4 (von Neumann Trace). The von Neumann trace of an

element 7' € N(T') is defined by
Trr(T) = (T(3e), de)
where 0, € (*(T), the Kronecker delta function, is a function which takes

the value 1 on the identity element e of I and is zero elsewhere.

Furthermore, if A is a bounded operator on €p,; ¢*(I") which commutes
with the action of I'; then von Neumann trace of A, Trr(A), can be written
as y ., T'rr(A;), where A; is the restriction of A to the i-th component of
the direct sum. Choosing lifts of the elements in F to X, we can identify

V(X)) = @,c*(T). Therefore, for A € (*(V(X)), the trace Trp(A)
is given by > . »(Av, v).

1.4 Determinant Formula and Functional Equa-

tion

The determinant formula was first proved by Ihara [I§] for finite regular

graphs. It was proved in full generality (for finite graphs) through the works
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of Sunada [27], Hashimoto [14], [15] and Bass [1].

We now introduce some notation, to be able to state the determinant
formula for finite graphs. For a finite graph X, let A = [A(v, w)], where
v, w € V(X), be the matrix defined by A(v, w) to be the number of edges
which have v, w as the end vertices (A(v, w) is set to be 0 when there are
no edges between v and w). The matrix A is called the adjacency matriz
of the graph X. Clearly, A is a symmetric matrix. Let ) be the diagonal
matrix given by Q(v, v) = deg(v) — 1. The matrix A = (Q + I) — A is
called the Laplacian of the graph. A deformation of the Laplacian is defined
by setting A(u) = I — Au + Qu?, u € C. The Fuler characteristic of the
finite graph X, denoted by x(X), is defined as x(X) := |[V(X)| — |E(X)|

If d := max,cy(x)deg(v), we have

Theorem 1.4.1 (Determinant Formula for Finite Graph).

1
Zx(u)

A consequence of the the above theorem is that the finite Thara zeta

=(1- u2)*X(X)det(A(u)), lu| < (1.3)

d—-1

function can be meromorphically extended to the whole complex plane and
the completions satisfy a functional equation.

An analogue of the determinant formula was proved by Clair and Mokhtari-
Sharghi ([5]) for periodic graphs. A more direct proof of the same was given
by Guido, Isola and Lapidus, in [T1] for simple periodic graphs and in [10]
for periodic graphs which are not necessarily simple.

In the periodic graph case, the determinant formula states that the Thara
zeta function is the reciprocal of a holomorphic function which, up to a mul-
tiplicative factor, is the determinant of a deformed Laplacian on the graph.
The determinant used in this is an analytic determinant on a subset of N/(I")
and was first introduced in [5]. The construction of this determinant follows
the construction of a positive valued determinant for finite factors (i.e., von

Neumann algebras with finite centers) defined by Fuglede and Kadison in [7].
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Definition 1.4.2. Let (A, 7) be a von Neumann algebra endowed with a
finite trace 7. Let Ay = {A € A:0 ¢ convo(A)}, where o(A) denotes the

spectrum of A. For any A € A, define

1
det,(A) = expoT o (2—/ log A(A — A)™* d)\) :
T

™

where T is the boundary of a connected, simply connected region €2 contain-
ing convo(A) and log is a branch of the logarithm whose domain contains

Q.

The following proposition ([I1, p. 10]) summarizes some of the properties

of this determinant.

10



Proposition 1.4.3. Let (A, 7) be a von Neumann algebra endowed with a

finite trace and A € Ay. Then
1. det,(zA) = 2™Ddet (A), for any z € C \ {0},
2. if A is normal, and A = UH is its polar decomposition,

det.(A) = det.(U)det,(H).

Consider the periodic graph (X, I'). Let A be the adjacency operator
of the graph X, i.e., A is an operator from ¢*(V (X)) to itself defined by
(Af)(v) = > f(w). Let Q be the operator from ¢*(V (X)) to itself defined

wn~v

by (Qf)(v) = (deg(v) — 1)f(v) and for u € C, let
Au) = I — uA + 4*Q.

We call A(u) the deformed Laplacian of (X,T'). It is easy to check that

A(u) € N(T). Recall that d = sup deg(v) and B = X/I is the quotient
veV(X)

graph. Let o := d+vditid ng+4d. Then it can be checked that, for |u| < é,
0 ¢ o(A(u)).
Theorem 1.4.4 (Determinant Formula, [I1]).

1
ZX’F(U)

Here, x?(X) is the L?-Euler characteristic of (X, '), defined as

1 1
2(X) = — — —
N =2 T A

veFo

— (1= @) PO det(A(w)) for u| < é (1.4)

where Fy is the set of representatives of equivalence classes in V(X)/I" and
F1 is the set of representatives of equivalence classes in F(X)/I'. Also,
detr(A(u)) = exp o Trr(Log(A(u))), where T'rp is the von Neumann trace,
as defined in [L.3

11



As in the case of finite graphs [26], the determinant formula allows the
Thara zeta function of periodic graphs to be extended to a larger domain.
Furthermore, in the case of regular periodic graphs, there are several ways

of completing the zeta function and each satisfies a functional equation.

Lemma 1.4.5 (Lemma 5.1, [I0]). Let (X, I') be a periodic graph such that

X is a (¢ + 1)-regular graph. Then
Lx*(X) = x(B) = V(B)I(1 = q)/2 € Z,

2. Zxr(u) = (1 — u>)XBdetr(A(u))™t for |u| < 1

q}
3. a completion of Zx r can be defined, which can be extended to a holo-

morphic function at least on the open set §, (see figure .

The set (2, is an open subset of C defined as below:

Q, ;:R2\({(x,y)eR2:x2+y2:1}u{(x,0)eR2:1§|xyg1}).

q q
(1.5)
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Figure 1.1: The set €2,
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Theorem 1.4.6 (Functional equations; Theorem 5.2, [10]). Let (X, T') be
a periodic graph such that X is a (¢ + 1)-reqular graph. We can define

the following completions of Zx r which can be extended to a holomorphic

function on the open set §2, (see figure :

Exr(u) == (1 — u2)’X(B)(1 — u)lV(B)|(1 — qu)'V(B)lZX,p(u), (1.6)
Axr(u) = (1 — u2)*X(B)(1 — u2)|V(B)|/2(1 — q2u2)|V(B)|/2ZX,p(u), (1.7)

Ex,r(u) == (1 — u2)_X(B)(1 +qu2)‘V(B)|ZX7p(u). (1.8)

Furthermore, the above completions satisfy the following functional equations:

erlo) = &xr (o). (19)
Axr(u) = —Axr (q%) , (1.10)
Ex,r(u) = Exr <qiu) . (1.11)
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Chapter 2

Main Results on Spectra of

Graphs

2.1 Length Spectrum Of Periodic Graphs

A notion of length spectrum has been defined and studied for compact Rie-
mannian manifolds of negative curvature in [9]. Roughly speaking, the length
spectrum of a manifold is a function which counts the number of closed
geodesics of a given length. In this section, we define the analogous notions

for finite graphs and for periodic graphs.

Definition 2.1.1 (Length Spectrum of a Finite Graph). The length spectrum

of the finite graph X is defined to be the function Lx on N given by
Lx(n) = The number of C' € R such that ¢(C) = n.

Definition 2.1.2 (Primitive Length Spectrum of a Finite Graph). The prim-

itive length spectrum of the finite graph X is defined to be the function PLx
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on N given by

PLx(n) = The number of C' € P such that ((C) =n .

In the case of a periodic graph (X, I'), the above definitions must be

modified by considering the I'-equivalence classes of cycles.

Definition 2.1.3 (Length Spectrum of a Periodic Graph). The length spec-
trum of the periodic graph (X, T') is defined to be the function Lr on N given
by

Lr(n) = The number of £ € [R]r such that ¢(§) =n .

Definition 2.1.4 (Primitive Length Spectrum of a Periodic Graph). The
primitive length spectrum of the periodic graph (X, I') is defined to be the

function PLr on N given by

PLp(n) = The number of £ € [P]r such that ((§) =n .

In the case of the length spectrum of compact hyperbolic spaces of even
dimension, an analogue of the classical strong multiplicity was proved in
[2]. We recall the classical strong multiplicity one theorem due to Atkin
and Lehner: Let f and g are newforms for some Hecke congruence subgroup
[o(N). Suppose that the eigenvalues of the Hecke operator at a prime p are
equal for all but finitely many primes p. Then f and g are equal [21], p. 125].

In the next section we state and prove an analogue of this result for the

length spectrum of regular periodic graphs.
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2.2 Multiplicity One Property for the Prim-
itive Length Spectrum of Regular Peri-
odic Graphs

Theorem 2.2.1. [Multiplicity One property for Primitive Length Spectrum
of Regular Periodic Graphs] Let (X, T'1) and (X, T's) be two simple, q¢ + 1
reqular periodic graphs. Further, assume that 'y and Ty act on V(X)) without
inversions and with bounded co-volume and such that the stabilizer of any
cycle with respect to either subgroup is trivial. Suppose PLr,(n) = PLr,(n)
for all but finitely many n € N. Then PLr,(n) = PLr,(n) for alln € N.

Furthermore, we can conclude that Ly, (n) = Lr,(n) for alln € N.

Proof. Let (X,T';) and (X,I'y) be as in section 2. Let Zr, and Zr, denote
the Thara zeta functions of (X, I'1) and (X, I's), respectively. Let &p, and &,
be the extensions to €2, of Zp, and Zr, respectively, as defined above. Let
B; denote the finite graph X/T; for i = 1, 2.

From the definition of the zeta function, we have in the region |u| < %,

(1= w1 = )= gV ] (@ )

éry (u) - [C]r, €[P]ry
() (1 — @) (1= w0 — ) T [ (1= )
[C/}FQE[P]FQ

(2.1)
Under the hypothesis of Theorem [2.2.1] all but finitely many factors in the
product terms of the numerator and the denominator of equation cancel

out. Therefore, there exist finite subsets S; and Sy such that in |u| < %,

(1 . u2>_X(Bl) [(1 . u) (1 . qu)]IV(Bl)\ H (1 . ué(Ci))fl

£F1 (u) — iE€S
&y (0) (1 — w2) B[ — ) (1 — qu)]VP) T (1- u@(cj))—l'
JES2
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Since the product terms in the above equation are over finite indexing
sets and the other terms are all polynomials, the above expression defines a
meromorphic function on the entire complex plane. Here we have crucially
used the assumption that ['c is trivial for all cycles. On the other hand,

§F1

5— is meromorphic on €2, and hence the two expressions must agree for all
I's

u € Q. In particular,

e (-GN TR e

Sl
|

From the functional equation applied to the two zeta functions, we have

for u € €,

e ) & ()

&y (W) ¢ (L>

qu

Since x(B;) = |[V(B)|(1 — ¢)/2 for i = 1, 2, we can rearrange the terms to
get

Niw) < [T (1 =) T (1 B (qiuy(ci))

JES2 i€ S
e 1 E(Cj)
:NQ(u)X'H(l—u Z)1_[ 1_<q_u) )
i€ St JjES2

where N; and N, are as follows:

- (a-1)
Ni(u) = (1 _ uz)(IV(Bl)\ [V(B2))x 5 (1 - w) (1 - qu>]|V(B1)|f|V(B2)\

1 (IV(B1)|~|V(Ba)]) x 452 1 1 [V(B1)|—|V(B2)]
ww = (1= iz ) (-0
g u U qu
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The expressions N;(u) and Na(u) have no zeros in 2,. The zero of the first
product term in the expression on the left-hand side lie on a circle of radius
1 centered at origin, while the zero of the second product lie on the circle
of radius % centered at origin. Similarly, the zero of the first product term
in the expression on the right hand side lie on a circle of radius 1 centered
at origin, while the zero of the second product lie on the circle of radius %
centered at origin. From the equality of the expressions, we conclude that
the zeros of the expression on the left-hand side which lie on the unit circle
coincide with the zeros of the expression on the right-hand side which lie on
the unit circle. Hence we get equality of sets with multiplicity:

27k 2k
: 71 = : AN
{K(Ci) k € 71651} {€<Cj) k € ,jESQ}

Thus we conclude that PLp,(n) = PLp,(n) for alln € N.
Furthermore, we can check that, for ¢ = 1, 2,
n
Lr.(n) = dzlijm <E> ¥ne N.
Using this, we know that if PLr (n) = PLp,(n) for all n € N, then

Lr,(n) = Lry(n) for all n € N. Hence Lr,(n) = Lr,(n) for all n € N.
U

It follows from the above discussion that Nj(u) = Ny(u) for all u €
Q,. Without loss of generality, we can assume that |V(B)| > [V(Bs)],
which makes N; and N, polynomial expressions. Therefore, we can say that
Ni(u) = Ny(u) forallu € C. The zeros of Ny(u) are {£1, %} while the zeros
of No(u) are {j:%, 1}. Hence these two expressions have to be identically zero
which can happen only when |V (B;)| = |V(Bz2)|. This proves the following

corollary:

Corollary 2.2.2. Suppose X, I'1, I'y be as in Theorem |2.2.1. If PLyp,(n) =
PLr,(n) for all but finitely many n € N then |V(X/I'1)| = |[V(X/Ts)].
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2.3 Graphs With Action of Finitely (ener-

ated Abelian Groups

The relation between the length spectrum and the Laplace spectrum of some
compact hyperbolic manifolds of negative curvature has been studied in [9].
For the manifolds considered, it is shown that the Laplace spectrum deter-
mines the length spectrum, a result we discuss in the next chapter. In the
case of regular finite graphs, the adjacency operator is self-adjoint and hence
we can consider the spectrum with respect to it. Two finite regular graphs
X and X5 are said to be isospectral if the set of eigenvalues (with multiplic-
ities) of the adjacency operators A; and A, of X; and X5 are equal to each
other.

We can use the determinant formula to get the following lemma

which shows that the length spectrum of two isospectral graphs is equal.

Lemma 2.3.1. Suppose X; and X, are two finite (¢ + 1)-reqular graphs

which are isospectral. Then Lx,(m) = Lx,(m) for allm € N.

Proof. Isospectrality of X; and X, implies that the corresponding adjacency
matrices, A; and Ay, are similar. Let A;(u) = I — Au + qu® be the
deformed Laplacian corresponding to X;, for ¢ = 1, 2. Then for any u in the
disc |u| < %, Ay (u) is similar to Ay(u) and hence det(A;(u)) = det(Aq(u)).
If Zy(u) and Z3(u) are the Ihara zeta functions of X; and X, respectively,
then using eq. we get Z1(u) = Zy(u) for all |u| < é.

Let S; = {{l € N | {(C) = [, C € P;}, where P; is the set of primitive
reduced cycles in X; for ¢ = 1, 2. In other words, S; is the multiset of

the lengths that occur in the primitive length spectrum of X;. Using this
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notation, the zeta function for the graph X;, for ¢« = 1, 2 can be written as

Zi(uw) = JJ@—u)™"

les;

Therefore, for |u| < %,

[JTa-uH)t= [ @ -u)

lesSy méE Sy
[Ta+u +u®+. )= J[ @ +um+u®+..)
€Sy m € Sy

Let [y and mg be the smallest elements of S; and Sy respectively. Suppose
lp occurs with multiplicty k1 and mg occurs with multiplicity ky. Upon
expansion, the expression of Z;(u) is of the form Z;(u) = (1 + kpulo +
higher powers of u) where as the expression of Zy(u) is of the form Zy(u) =

(1 + kyu™ + higher powers of w). This implies that [y = mg and k1 = ks.

Using the fact that the function (1 — w'0) has no poles in the disc |u| < é,

we can inductively conclude that S; = Sy. Therefore PLx,(m) = PLx,(m)
and hence Ly, (m) = Lx,(m) for all m € N. O

In extending the above result to the case of periodic graphs we are im-
peded by the fact that the deformed Laplacian A(u) may not be self-adjoint.
Furthermore, the determinant formula is given in terms of the analytic
determinant detp. In the rest of the section we state and proof an analogue
of the above result, with a modified hypothesis, in the case of periodic graphs
with actions of finitely generated abelian groups. We crucially use a general-
ization of a construction given in [4], which expresses the adjacency operator
of periodic graphs with Z-action in terms of a finite matrix.

Let (X,T") be a simple, (¢ + 1)-regular periodic graph such that I' is a
finitely generated abelian group. Therefore I' can be written as Z" X Z,, X

. X Ly, for some integers r,ni, ng, ..., ng such that » > 0, n; > 2
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fori = 1,..., k, and ny/ns/ .../ ni. We also assume, as before, that the
periodic graphs (X, I') are such that I" acts on V(X)) without inversions and
with bounded co-volume, and that I'c and I, are trivial for every vertex v and
every cycle C. The regularity assumption will give A(u) = I — uA + u’q.

Let Zn, = (s; | s;* = 1), fori = 1,..., k, and let Z" = (t;) x (t2) X

. X (t,). Suppose that the number of orbits of action of I' on X is n.

Choosing the representatives of these orbits, we can identify
AV(X) = P ).

Following [4], we describe below how the adjacency operator A can be

written as a n X n matrix with entries in the ring

R =7t 65, 5 sy, 80, o, s/ (s — 1 i =1, ..., k).

Y Yroo

Let [v1], [va], ..., [vn] be the I'-equivalence classes of V(X). We look for
the elements in the orbit [v;] which are adjacent to the representative vertex
v; of the orbit [v;]. Any element in the orbit [v;] is of the form ~ - v; where
vo= (17152t stsy? L s t) € T We write A;; = >« where the sum

is taken over all v such that v; ~ 7 -v;.

Example 2.3.2. Consider the 4-regular graph (Y, Z) with V(Y) = ZUZ as

shown in figure[2.1] Let V(Y) = {..., v_1, vo, v1, ...} U{..., w_1, wo, w1, .. .}.

The action of Z = (t) we consider is given by t-v; = v;1; and t-w; = w;4.
This action has two orbits, namely [v] and [wp]. Let A be the 2 x 2 matrix

representing the adjacency operator of (Y, Z). Then

t+tt 1+t

14+t t+ ¢t
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t_;'lU[] f_le wy tlwu fzwu

Figure 2.1: A 4-regular periodic graph

Under Fourier transform, (*(Z) = L*(S') where S* = {e? | 0 €

(—m, m]} with normalized measure. Therefore we have

Cr) = PLs") @ C(z.,) B Az, ... P Cz.,).

This shows that

EV () = DS B LT DL . PP,

Under the Fourier transform, multiplication by ¢; becomes multiplication by
the function e for i = 1,2, ..., r. Hence A(u) is represented by an x n
matrix, whose entries are in terms of the variables 0y, 05, ... 0., s1, S2, ..., Sk.
We denote this matrix by M, (xr). (The dependence on the above variables
is suppressed for ease of notation.) To further simplify the notation, we de-

note M, (x,r) with M, when it is clear which periodic graph (X,I") is being
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referred. Therefore we have
detr(A(u)) = exp o Trr o Log(A(u))

= expz Trr(Log(A(u)))s

i=1

:expz D Z(// /S (Log(M,)):: db; . d8T>

i=1 \ Zny Zn,

— exp ZZZ(/S/S /SZLog M) do; . d

1 4=1

=exp | D .Y (/S/S/S Tr(Log(M,)) d91...d8,.

=exp | D> .Y (/S/S/S log(det(M,)) d@l...der

Lny ZLng

Note that the matrix M, in fact has entries which are polynomials in the
variables e ... % s, ... s, Therefore we can say M, € GL,(R),
after the change of variables €% — ¢;, for j = 1, ..., r.

Let (X, T'); and (X, I')s be two simple, regular periodic graphs. (The
underlying infinite graph X of the two periodic graphs is same but has dif-
ferent I'-actions.) Further, assume that both the actions of I" on V(X)) are
without inversions and with bounded co-volume. Let M, , and M, , denote
M, (xr), and M, (xr), respectively. Let A;(u) and Ay(u) be the deformed
Laplacians, Ly ; and Ly o be the length spectra, PLr ; and PLr 5 be the
primitive length spectra and Z; and Z; be the zeta functions of (X,I"); and
(X, ')y respectively. We can conclude the following lemma by using the

expression of detr, (A;(u)) in terms of M, (xr),.

Lemma 2.3.3. Suppose for a fized u, the matrices M, ,, and M, are con-

jugate in GL,(R). Then detr,(Ay(u)) = detr,(Az(u)).
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Theorem 2.3.4. Let Ay and As be the adjacency operators of the periodic
graphs (X,T); and (X, ')y respectively. Suppose Ay and Az, as n X n ma-

trices, are conjugate. Then Ly 1(m) = Lp o(m) for allm € N.

Proof. If Ay and Ay are similar, then for any complex number u in the
disc |u| < é, Ay (u) is similar to Ag(u). From the lemma we have
detr, (Ay(u)) = detr,(As(u)) for all u such that |u| < %. From the deter-
minant formula of the zeta function, we get Z;(u) = Zs(u) for all |u| < %.

Let S; = {l € N | ¢C) = 1,C € [P}, for i = 1,2. In other
words, S; is the multiset of the lengths that occur in the primitive length
spectrum of (X, I");. Using this notation, the zeta function for the periodic
graph (X,T");, for i = 1, 2 can be written as

Zi(u) = JJ(@ =)™

les;

Therefore, for |u| < %,

[JTa-u)t= ] —u)

lesSy m € Sy
[Ta+u+u+. )= J[@+u"+u®+..)
lesSy m € Sy

Let Iy and mg be the smallest elements of S; and S, respectively. Suppose
lo occurs with multiplicity k1 and mg occurs with multiplicity k;. Upon
expansion, the expression of Z;(u) is of the form Z;(u) = (1 + kjule +
higher powers of u) where as the expression of Zy(u) is of the form Zy(u) =
(1 + kou™ + higher powers of u). This implies that [y = mg and k; = k.
Using the fact that the function (1 — »') has no poles in the disc |u| < %, we
can inductively conclude that Sy = Sy. Therefore PLr ;(m) = PLr o(m)
and hence Lr 1(m) = L o(m) for all m € N. O
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Chapter 3

Spectra of some Compact

Locally Symmetric Riemannian

Manifolds

3.1 Preliminaries

Selberg first constructed a generalization of the Riemannian zeta function,
called the Selberg zeta function, for compact Riemann surface of genus bigger
than 2 in [24]. Such a space is of the form I'\.7#’, where 5 = SL(2,R)/SO(2)
is the upper half plane and T is a discrete subgroup of SL(2,R). The Selberg
zeta function is a complex valued function associated to the data (I, x),
where y is the character of a finite dimensional unitary representation 71" of
['. It uses the lengths of the primitive closed geodesics of the surface in place
of primes.
Further generalizations of the Selberg zeta function were given by Wakayama

[28] and Gangolli [9]. Gangolli constructed the zeta function Zr(s, x) for gen-

eral compact locally symmetric space of negative curvature Xr, and showed
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how the location and the order of the zeros of Zp(s,x) gives information
about the spectrum of the Laplace-Beltrami operator of X and about the
topology of Xr. In this section, we give the relevant definitions needed to
describe spaces of the type Xr. We refer to the Helgason’s [16], ‘Differential
geometry and symmetric spaces’] for a detailed discussion.

Let M be Riemannian manifold. Let p be a point in M and Ny be the
neighbourhood of 0 in 7, M (the tangent space of p) which is symmetric with
respect to 0. Let N, be Exp,(Ny), where Exp, is the exponential map from
T,M to M. For any ¢ € N,, we consider the geodesic t — 7(¢) within N,
such that v(0) = p and 7(1) = ¢. The mapping ¢ — ~v(—1) of N, onto

itself is called geodesic symmetry with respect to the point p.

Definition 3.1.1 (Riemannian Locally Symmetric Space). A Riemannian
manifold M is called a Riemannian locally symmetric space if for eachp € M
there exists a normal neighborhood of p on which the geodesic symmetry with

respect to p is an isometry.

A map is said to be involutive if its square, but not itself, is equal to the

identity map.

Definition 3.1.2 (Riemannian Globally Symmetric Space). An analytic Rie-
mannian manifold is called globally symmetric if each pin M is the fixed point

of a involutive isometry s, on M.

It is know that ([16, Ch. IV, Lemma 3.1]) for each p € M there exists
a normal neighborhood N, of p € M such that s, is the geodesic symmetry
on N,. It is also known that locally symmetric Riemannian manifolds, which
are not globally symmetric, can be constructed as quotients of Riemannian
globally symmetric spaces by discrete groups of isometries with no fixed

points
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For any Riemannian manifold M, let I(M) be the group of isometries of
M, endowed with the compact open topology. The identity component of
I(M) is denoted by Io(M). It is known that, when M is a globally symmetric
space, I(M) has a Lie group structure. Then the following theorem (16, Ch.
IV, Theorem 3.3]) gives the group theoretic description of locally and globally

symmetric Riemannian spaces.

Theorem 3.1.3. Let M be a Riemannian globally symmetric space and pg
any point in M. If G = Io(M), and K is the subgroup of G which leaves py
fized, then K is a compact subgroup of the connected group G and G/K is

analytically diffeomorphic to M.

Using the above theorem, we can represent any compact locally symmetric
space of negative curvature Xt as I'\G/ K, where G is a connected semisimple
Lie group with finite centre, K is a maximal compact subgroup and I' is a
uniform lattice in G, i.e., a co-compact torsion free discrete subgroup of G.

Let g and € be the Lie algebras of G and K respectively. Let g = €& p be
the Cartan decomposition of g with respect to the involution 6 determined by
€. More specifically, € and p are the +1 and —1 eigen-spaces of the involution
map 0. Let a, be the maximal abelian subalgebra of p. The subalgebra a,
can be extended to an algebra a such that a = a, + a¢, where ap = a N £
and a, = a N p. The real rank of G is defined to be the dimension of a,,
dim(a,). The rank of a locally symmetric Riemannian manifold is defined
to be the rank of G. It is assumed all the locally symmetric Riemannian
manifolds under consideration are of real rank 1, i.e., dim(a,) = 1.

Let g© and a® denote the complexifications of g and a and let ®(g®, a®)
denote the set of roots of (g€, a%). An element of « in the dual space of a®

is called a root if
Lo ={g € ¢°|hg — gh=a(h)g Vh € a*}
is a non-zero subspace of g°.
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Definition 3.1.4 (Ordered Vector Space). Let V be a finite-dimensional
vector space over R. V is said to be an ordered vector space if it is an

ordered set and the ordering relation > satisfies the conditions:
e X > 0,Y > 0implies that X + Y > 0.

e If X > 0 and a is a positive real number, then a X > 0.

If {Xq,..., X,} is a basis of V| then V can be turned into an ordered

n

vector space by saying X > 0if X = ) ;X and the first non-zero number
in the sequence a4, ..., a, is > 0. =
Suppose W a subspace of V. Let V* and W* denote their duals. Consid-
ered them turned into ordered vector spaces. The orderings are said to be
compatible, if A € V* is positive whenever its restriction A to W* is positive.
We choose compatible ordering in the dual spaces of a, and a, + ta,
respectively. Since each root a € ® is real valued on a, + ia, this gives an

ordering of ®. Let ®* be the set of positive roots under this order. Let
P, ={aed®"|a#0ona,},

P ={aed®t|a=0ona,}.

Let 3 be the set of restrictions of elements of P, to a,. Since dim(a,) = 1,
it is known that we can choose 8 € ¥ such that 2/ is the only other possible
element in 3. Let p be the number of roots in P, whose restriction to a, is
[ and let ¢ be the number of roots in P, whose restriction is 25. We choose
Hy € a, such that §(Hy) = 1. Let p = %Zaem a. Also, we denote the
number p(Hy) by po.

If X, is the root vector belonging to «, for any o € ®*, then we put
n® =3 5 CX, Ifn =n"nNg theng = € + a, + nis the Jwasawa
decomposition of g. Furthermore, if we let A, = exp(a,) and N = exp(n),

then we get G = KA,N, which is the Twasawa decomposition of G. Also,
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we can write G = KA, K, which is called the Cartan decomposition of G.
The Weyl group of (G, A,) is denoted by W. The real dual of a, is denoted
by A, while the complexification of A, A + A, is denoted by AC.

3.2 Selberg-Gangolli Zeta Function

Let G be a connected semisimple Lie group with finite centre, K be a maximal
compact subgroup and I' be a uniform lattice in G, i.e., a co-compact torsion
free discrete subgroup of G. These lattices need not be arthimetic. We fix a
finite dimensional unitary representation 7" of I' and let x be its character. In
[8], Gangolli defined a zeta function Zp(s, x) associated to the data (I, x).
In this section, we describe this zeta function, called the Selberg-Gangolli
zeta function, and its properties.

Since I'\G is compact, I' contains no parabolic elements. Hence, any
element v € I'\ {e} is semisimple and therefore lies in a Cartan subgroup
of G. Upto conjugacy, there are only two Cartan subgroups of G, K and
MA,, where M is the centralizer of A, in K. Here K is compact and M A,
is non-compact. It is also assumed that the uniform lattice I' is such that it
has no elements of finite order. Since an element is elliptic if and only if it
is of finite order, any v € I is hyperbolic and is therefore conjugate to an
element of M A,. Furthermore, it can be shown that it can be chosen to be
conjugate to an element of M A, where Al is the set {exp(tHy);t > 0}.
Let h(y) = m,(7)hy(7) be an element of M A} conjugate to .

For any h € Ay, let u(h) = B(logh). Then u = u(h) can be considered
as a parametrization on A, via which A, can be identified with R. Under
this parametrization, A; corresponds to the positive real axis. Define u, =

B(log hy(7y)). It is known that the value u., is independent of the choice of
h(7)-

Lemma 3.2.1. For any negatively curved Riemannian manifold, and hence
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for Xr, there is a bijective correspondence between the set of closed geodesic

classes in Xt and the set of conjugacy classes of T'.

Let Ct be a set of representatives of the I'-conjugacy classes.

Definition 3.2.2. For v € T, the length ¢(v) of the conjugacy class [v] is
defined to be the length of the unique closed geodesic in the corresponding

free homotopy class in Xr.

Lemma 3.2.3 ([9]). For any v # 1 € I', we have {(y) = u,.

The length spectrum of Xt is the function
Lr:R—NU{0}

which to a real number [, assigns the number of I'-conjugacy classes [y] such
that ¢(y) = L.

An conjugacy class [y] # 1 of T' is called primitive if [y] # [6"] for
any integer n > 1 and § € I'. Furthermore, it has been shown in [9] that
any conjugacy class [y] can be written as [0"], for some primitive conjugacy
class [0] and integer n > 1. If [y] = [0"], for some primitive [§], then the
number n is denoted by j(7). It is known that the primitive conjugacy classes
correspond to primitive closed geodesics, which are closed geodesics which
cannot be obtained by going around any other closed geodesic n > 1 times.
Let Pr be the set of representatives of the primitive ['-conjugacy classes.

The elements of P, are enumerated as oy, s, ..., a;. Then, we define L
as the semi lattice in a(pC given by {Z;‘f:l mgag; m; > 0, m; € Z}. For any
A € L, the number of distinct ordered ¢-tuples (mq, ma, ..., m;) such that
A= Zf: L mic;. The character of the Cartan subgroup A which corresponds
to A is denoted by £). Therefore, £\(h) = expA(log(h)).

For s € C, the zeta function Zr(s, x)(s) is defined by first defining its

logarithmic derivative with respect to s, denoted by Wr(s, x), which is given

31



as the following series convergent on Res > 2p, ([8]):
Ur(s, x) = ® > x(Muy j(3) " C(h(7)) explpo — s)uy  (3.1)
veCy\ {1}

Here C'(h()) is a positive function and & is a positive integer, both of which
depends only on the structure of G If Zp(s, x) is the Selberg-Gangolli zeta

function, then

d
T logZr(s,x) = Yr(s, x). (3.2)

Furthermore, it has been shown in [9] that Zr(s, x) can be simplified to the

following Euler product:

Definition 3.2.4 (Selberg-Gangolli Zeta Function).

Zr(s,x) = C [ J](det (I = T(8) &x(h(0)) " exp(—sus)))™=, (3.3)

6€PCr XeL

Here, C' # 0 is a constant which depends only on G.

We state below some properties of this zeta function which have been

proved in [9]:
Theorem 3.2.5.
1. Zr(s,x) is holomorphic in the half plane Res > 2py.
2. Zr(s,x) has a meromorphic continuation to the whole complex plane

3. Zr(s,x) satisfies the following functional equation

Zr(2p0 — s,x) = Zr(s, x)exp /OS—PO O(t)dt (3.4)

where ®(t) = kvol(T\G)x(1)c(it)"te(—it)~ . Here, c(t) is the Harish-
Chandra c-function, which is a function of one complex variable which

depends only on (G, K).
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4. When G = SOy(2n+1, 1), ® is a polynomial and so is [; " ®(t)dt.

This simplifies the functional equation.

Definition 3.2.6. An irreducible unitary representation 7 of G on a Hilbert
space V' is said to be spherical if there exists a non-zero vector v € V such
that

n(k)jv=v VkekK.

We denote the set of equivalence classes of the spherical representations
of G by @s. The spherical spectrum of a uniform lattice is the collection of
spherical representations of G which occur in the decomposition of L*(T\G).

Let T be a finite dimensional unitary representation of I' with character-
istic xy. We denote with U the unitary representation of G' induced by 7.
Then U is a discrete direct sum of irreducible unitary representations occur-
ring with finite multiplicity. Let {U;, j > 0} be the spherical representations
among these and let n;(y) be their multiplicities. The spherical spectrum of
a uniform lattice is precisely the set {U;,j > 0} with multiplicities when 7'
is chosen to be the trivial representation of I'.

We now state two theorems of Harish-Chandra [I3] which will help us
characterize the irreducible unitary spherical representations, which are also

called representations of class 1.

Definition 3.2.7 (Positive definite function). A complex valued continuous
function ¢ on a topological group G is called positive definite if

> ey zy)oud; > 0

ij=1
for all finite sets x1, xs, ...z, in G and any set of complex numbers a;y, as, ... q,.
Theorem 3.2.8 (Harish-Chandra 1). There is a bijective correspondence
between the set ) of equivalence classes w of representations of class 1 and

the set B of all positive definite spherical functions @ on G satisfying p(e) = 1.
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We write G = KA,N, Iwasawa decomposition and define H(z) as the
unique element in a, such that © = k(exp H(z))n, where k € K and n € N.

Theorem 3.2.9. [Harish-Chandra 2] Functions of the type
() = / =P HER) g}y e AC
K

exhaust the class of spherical functions of G. Moreover, any two such func-
tions ¢, and py are identical if and only if v = \° for some s € W (Weyl

Group).

Using these two theorems, we get that each of the U; is uniquely deter-
mined by a spherical function ¢,,, where the v; € A® is uniquely determined
up to action of the Weyl group.

Let r(x) = v;(Ho) and r; (x) = —v;(Ho). Put s = po + ir] and
s; = po +ir;. Though these quantities depend on x, where there is no
danger of confusion the x is not explicitly mentioned.

The following theorem from [§] shows that the information about the

spherical spectrum of Xt is encoded in Zr(s, x).
Theorem 3.2.10 (Zeros and Poles of Zp(s, x)).

1. The points s;“ and s, with j > 1, are zeroes of Zr(s,x) of order rn;

respectively. These are called the spherical zeroes.
2. The points py + iry, k > 0 are either zeroes or poles of Zr(s,x) ac-

cording to whether —x(1)exE is positive or negative. These are called

the topological zeros or poles. The order of the zero or pole py + iry is

Ix(DerE].

3. It also follows that the pg+ iry are either all poles or all zeroes, if they

exist.
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4. Also, since the elements ry are purely imaginary, it follows that py+iry
equals either —k or —2k, k > 0, when the ry exist.

Here, E denotes the Fuler-Poincaré characteristic of the manifold Xr.

When the dimension of Xr is odd, the Euler-Poincaré characteristic is
zero, and hence the zeta function has only spectral zeros and no poles.

The following theorem from [9] shows the relation between the spherical
spectrum and the length spectrum. Simply put, it shows that the spheri-
cal spectrum of the space, and hence the Laplace spectrum, determines the
length spectrum. This theorem has been proved using the properties of the
logarithmic derivative of Zp(s,x), showing its use as a tool to connect the

geometric and the algebraic properties of the manifold Xr.

Theorem 3.2.11. Let G be a connected semi-simple Lie group with finite
centre and let I'y and I's be two co-compact torsion free lattices in G. Assume
that the spherical spectrum of the spaces Xr, = T'; G\K fori =1, 2 is same.
Then,

{li € R| Lr,(l:) # 0} = {l; € R/ Lr,(l;) # 0}.

In other words, the lengths that appear in the spectrum of Xr, and Xr, are

the same.

3.3 Selberg-Wakayama Zeta Function

A further generalization of the Selberg zeta function was defined by Wakayama
in [28]. This zeta function is also associated to a manifold Xr of the type
['\G/K, where G is a connected semisimple Lie group with finite centre, K
is a maximal compact subgroup and I' is a uniform lattice in G. Apart from
an irreducible unitary representation of the lattice I', this zeta function also

takes into consideration an irreducible unitary representation of K.
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For any subgroup L of G, we denote the set of all equivalence classes of
irreducible unitary representations of L by L. If 7 € L is a finite-dimensional
representation, we put x, = trm and d, = dimm.

We recall that M is the centralizer of A, in K. For 7 € K , we put
M, = {o € M | [o:7|m] # 0]}. For ease of notation, we let 75y := 7| and
ay = [o:7|um]

The Selberg-Wakayama zeta function Z.(s) of Xr = I'\G/K, associated
with 7 € K is defined by the following Euler product:

Definition 3.3.1 (Selberg-Wakayama Zeta Function).

Z:(s) = ] Zo(s)lm! (3.5)

O'E]/W\T
where

Zo(s) = 1T T1(t = xo(my) " en(h(p)) temor)™. (3.6)

pEP[‘ AeL

The Selberg-Wakayama zeta function satisfies many properties similar
to the ones satisfied by the Selberg-Gangolli zeta function. The following
theorem summarizes some of the results on Z, proved in [28] (Theorem 7.1-

7.3, p.p. 287-291).
Theorem 3.3.2.

1. Z. is holomorphic in the half plane Re(s) > 2po and has analytic

continuation as a meromorphic function on the whole complex plane.

2. Z, always have some zeros, which are called spectral zeros. The location

and the order of the zeros contains information about the T-spectrum

—

G, in L*(T\G) where
G, = {r € Gymp(n) > 0,7 € 7|k}

36



Here my is the multiplicity of a unitary representation m of G in the

right regular representation 7 of G on L*(T'\G).

3. Apart from the spectral zeros, Z, has certain series of zeros and poles
which come from the Plancherel measure. These are called the topolog-

ical zeros of Z..

4. Z; satisfies the following functional equation:

S—po

Z:(2pg — 8) = Z.(s) exp / A(t)dt | . (3.7)

Here A, is an expression which depends on G, K, x and 7. In the case
when dimension of Xr is odd, A, is a polynomial and the functional

equation simplifies to Z,;(2py — s) = Z.(s).

3.4 Length-holonomy Spectrum of SOqy(n, 1)

In this section, we describe the holonomy class of a closed geodesic in Xr =
['\G/K in the case where G = SOy(n, 1), the connected component of
identity in the isometry group SO(n, 1) of the hyperbolic space H,,. We
then give the definition of the length-holonomy spectrum of Xr.

Let A : [0, 1] — X be a closed geodesic in Xp. Let A(0) = A(1) = P
and \'(0) = v.

Definition 3.4.1 (Parallel Transport of a vector along a geodesic). Parallel
transport of a vector v along a geodesic A in Xr is a vector field Y, along A

in Xt such that
1. Y;}(t) - T)\(t)XF,
2. Y, (t) is parallel to v for all t € [0, 1],
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3. Y,(0) =w

Consider the subspace W = {w € Tp Xt (v, w) = 0} of TpXr. Using
the parallel transport define the map

T:W — W

w — Y,(1)

We now fix an orthonormal basis {vy, vs, ..., v,} of W which extends to
the basis {vy, vg, ..., v,, v} of TpXr. Then it can be checked that T'(v) = v
and (T'(wy), T(wq)) = (wy, we) for all wy, we € W. Therefore the map T,
which depends only on the geodesic A, defines an element A of SO(n — 1)

up to conjugacy.

Definition 3.4.2 (Holonomy Class). The conjugacy class of A in SO(n — 1),
as defined above, is called the holonomy class of the closed geodesic A and is

denoted by h.,.

For any n, let the set of conjugacy classes of SO(n) be denoted by M,,.
When G = SOy(n, 1), it can be checked that A, the centralizer of A,
in K is equal to SOy(n — 1). Furthermore, it is known that the holonomy

class of geodesic A is precisely the conjugacy class [m,].

Definition 3.4.3 (Length-holonomy Spectrum). The length-holonomy spec-
trum of Xr is defined to be the function £r defined on R x M, _1 by,

Lr(a, [M]) = number of conjugacy classes [y in I with (I(v), h,) = (a, [M]).

3.5 Decompositions of SO(3,1)

We now consider the case when G = S0(3,1) and give an explicit descrip-

tion of the Iwasawa decomposition.
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The Lie algebra of SO(3, 1), denoted by s0(3,1) is given as

{A e My(R) | ATJ + JA=0}

where
1 00 O
01 0 O
J = (3.8)
001 O
000 —1
It can be checked that
B u
50(3,1) = u € R®and B = —B, B € M3(R)
ul 0

Thus any matrix of s0(3,1) can be uniquely written as

where the first matrix is skew symmetric and the second matrix is symmetric
and both belong to so(3,1).
Define £ and p as follows:

B 0

t= BT = -B
0 0
0 wu

p= u € R?
ul 0

Then both £ and p are subspaces of g = s0(3,1) and £ is a sub-algebra of g.
In fact, £ is isomorphic to so(3). Furthermore, we have [¢, €] C €, [p,p] C ¢
and [¢,p] C p. We have the decomposition s0(3,1) =€ & p, which gives the
Cartan Decomposition of s0(3,1). Also, if © is the map ©(A) = — AT then
t and p are the +1 and the —1 eigenspaces of O respectively.
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Let a, be the matrices of the form

000 0
000 0

B = (3.9)
000 a
00 a0

Then a, is an abelian subalgebra of p. It can be checked that it is in fact

the maximal abelian subalgebra in p. Consider the matrices in so(3,1) of the

form
0 0 —a a
0 0 =b b
(3.10)
a b 0 0
a b 0 0

where a, b € R. Such matrices form an abelian subalgebra n of so(3,1).
Furthermore, 50(3,1) = ¢ @ a, @ n. This gives the Iwasawa Decomposition
of s0(3,1).

B 0
Define m = € My(R)| B € s0(2) p. It can be checked that

0 0
m is a subalgebra of € and is the centralizer of a, in so(3, 1).

Let

( )

0 b 00
b 0 0 0
a = beRy. (3.11)
0 00 0
0 00 0
\ J

Then a¢ is a maximal abelian subalgebra of €. Also, a; commutes with

a,. Therefore a = a; + a, is a maximal abelian subalgebra of g such that
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anNp=a, and aN€=ag Then,

4
0 b 0 0
-b 0 0 0
a= a, b eR (3.12)
0 0 0 «
0 0 a O
\ V,
is a Cartan subalgebra of s0(3,1).
We can also check that
( \
cosb sinb 0 0
—sinb cosb 0 0
expa = A = , (3.13)
0 0 cosha sinha
0 0 sinha cosha
\ Vs
( 3\
10 0 0
01 0 0

0 0 cosha sinha

0 0 sinha cosha

cosb sinb 0 0

—sinb cosb 0 0
expm = M = . (3.15)
0 0O 00

0 0 00

\ /

Therefore, in this case, M = SO(2) and hence the holonomy class of
a closed geodesic A is given by a parameter b € (0, 27]. The parameter «

gives the length of the closed geodesic.
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3.6 Root space decomposition of so0(3,1,C)

Let g and a be as above. Let g© and a® denote the complexifications of g

and a and let ®(g®, a®) denote the set of roots of (g€, a®).

We now explicitly compute the roots of so(3, 1, C). This is from Chapter
IV, section 1 of [19].

An element of a in the dual space of a® is called a root if
Lo ={g € ¢°|hg — gh=a(h)g Vh € a*}

is a non-zero subspace of g©.

Any h € a® can be written as

0 dhy O O
—hiy 0 0 O
(3.16)
0 0 0 Zhg
0 0O 0 O
for some complex numbers h; and hs.
We know that L, = CFE, where E, € g® is of the form
0 0 w =
0 0 z
Y (3.17)
—w —y 0 0
T z thy O

for some w, z, y, z € C. Therefore, a is a root if there exists a non-zero
solution for (w, x, y, z) such that hE, — E,h = a(h)E,.

It can be shown that such a solution exists only when
O{(h) € {hl + ihg, hl — ihg, —hl - ihg, —hl + Zhg}
Denote these roots by {aq, as, as, ay}.
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We choose compatible ordering in the dual spaces of a, and a, + ta,
respectively. Any element of a, is of the form
0 0
0 0

(3.18)
0 a

o o o O
o o o O

a 0
where a € R. The vector space a, and hence it’s dual ay are one dimensional
over R. Let e; € ay such that e1(z) = a be a basis of ay. Any element of

a, + iae is of the form

0 b 0 0
—ib 0 0 0
y = (3.19)
0 0 0 a
0 0 a O

where a, b € R. We can extend the basis e; of a; to a basis {ej, e}
of a, + ia;* by letting es(y) = b. This choice of basis gives a compatible
ordering of the dual spaces of a, and a, + ta;.

For y € a, + 7a¢ as above,

) =b+a (3.20)
= (e1 + e2)(y), (3.21)
ay) =b—a (3.22)
— (—e1 + e)(y), (3.23)
as(y) =—b —a (3.24)
= (—e; — e2)(y) and (3.25)
auly) =—b+a (3.26)
= (e1 — e2)(y)- (3.27)



Therefore a; and ay are positive roots according to the ordering fixed above.
Also, we know that for G = SOy(2n + 1,1), p = 2n and ¢ = 0.
Therefore for G = SOy(3, 1), po = 1.

3.7 Towards Strong Multiplicity One Prop-

erty for Length-Holonomy Spectrum of
SOy(3,1)

In this section we describe our efforts to prove the strong multiplicity one
property for the length-holonomy spectrum of SOy(3,1). More precisely, we
consider two uniform lattices I'y and I'y of SO (3,1). The spaces associated
with these lattices, Xr, = I';\G/K for i = 1, 2, have associated with them
a primitive length-holonomy spectrum.

The primitive length-holonomy spectrum of Xt is defined to be the func-
tion Pr defined on R x [0, 27) by,

PBr(a, b) = # of conjugacy classes [p] € Pr such that (a(p), b(p)) = (a,b).

We now define a modified length-holonomy spectrum of Xr. For any

p € Pr,, we define ¢(p) := %. The modified primitive length-holonomy

spectrum of Xt is defined to be the function 9 on R given by,
Mr(c) = # of conjugacy classes [p] € Pr such that c(p) = c.

We assume that the primitive length-holonomy spectra of Xr, and Xp,
is same for all but finitely many points in R x [0, 27), i.e., 3 a finite subset
S C R x [0, 2m) such that Pr,(a, b) = Pr,(a, b) V € (a,b) ¢ S. We
want to check if this assumption implies that the primitive length-holonomy
spectra are the same for all pairs (a, b). This is a work in progress and in this

chapter we state and prove some partial results we have in this direction.
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We first simplify the zeta function for the case SOy(3,1). Consider any
p € Pr, a primitive hyperbolic conjugacy class of I'. Then p is conjugate to
an element h(p) = my, exp(l(p)Ho) € MAS. Here

0 bp 0 0
“bp) O 0 0
log(h(p)) = € q, (3.28)
0 0 0 a(p)
0 0 a(p) O
cosb(p) sinb(p) 0 0
—sinb cosb 00
m, = (v) (») e M, (3.29)
0 0 10
0 0 0 1
10 0 0
0 1 0 0 N
exp(l(p)Hy) = € A (3.30)
0 0 cosha(p) sinha(p)
0

0 sinha(p) cosha(p)

for some a(p), b(p) € R. (Here, {(p) = a(p).)
If A € Lisof the form mq(e;+ez) + mo(e; —ey), for my, me € Z+ U {0},
then
Alogh(p)) = (my +ma)a(p) + i(my — mso)b(p).

Therefore,
(h(p)) = exp ((m1 +ma)a(p) + i(m1 — m2)b(p)).

Let 7 be any irreducible representation of K = SO(3). We know that
any irreducible representation of SO(3) is of odd dimension and hence di-

mension of 7 is of the form 2m + 1 for some positive integer m. Since
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M = SO(2) is an abelian group, any irreducible representation of SO(2)

is one dimensional. Thus the restriction of 7 to SO(2) is a direct sum

of 2m + 1 one-dimensional representations, o; : SO(2) — C* given by
cosf sind

R(0) — €Y% forj = —m, ..., m. Here R(0) = . There-
—sinf cosf

fore X, (m,) = ™. It can also be checked that, for SOy(3,1), my = 1 for
any A € L.

With these simplifications, the Selberg-Gangolli-Wakayama zeta function
for SOy(3,1) is as follows:

Z.(s) = H H H(l — ¢ (#Rb(p) + (mutma)a(p) = (mi=m2)b(p) +sa(p))) (3 31)
k=—mpePr \eL
Let Zp, and Zr, be the Selberg-Wakayama zeta functions of the spaces
Xr, and Xr,, respectively. We consider ratio of the corresponding zeta func-
tions,

H H H (1— e—(ikb(P)-F(ml-i-mz)a(P)—(ml—mz)b(P)-i-S&(P)))
Zpl (S) o k=—m pePr, mi,mz €N

Zry(s) I TI I (1= e W)+ 0tz - @-)be) +salo)
k=—m qEPp2 l1,l2 €N
(3.32)
Under our assumption, there exist finite indexing sets S; and Ss such that
the above fraction becomes,
[0 [ I (1= e (k@) +mtmaam)—(m=—ma)br)+sa()
Zr, (S) _ k=—m peS1 mi,m2 €N

Zry(s) I I [0 (1— e @@+ 0+hal) - (-=)ba) +so(a)
k=—m q€S2 l1,lo €N

(3.33)
It can be checked that both the numerator and the denominator of the

above ratio is holomorphic, which gives the following lemma:

Lemma 3.7.1. The ratio

ZFI(S) . .
RO 3.35) is meromorphic.
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201 () We have proved that T'(s) is a meromorphic function.

Let T'(s) = 7 E)

We also know that, for i = 1, 2, Zr, and hence T'(s) admits a meromorphic

continuation to C. Therefore the expressions must match Vs € C, i.e.,

Zpl (1 — 8)

ZF2(1 — S)
1

T 1I [T (- e~ (ikb(p) + (m1+m2)a(p) - (ml—m2)b(p)+(1—8)a(p)))
k=—1 peS1 mi,mo €N

1
IT II TII (1— e Gkbdla)+(htia)ala) = (hi—l2)b(a) + (1= s)a(a)))
k=-—1 qESQ ll,IQEN

(3.34)

For G = SOq(n, 1), when n is odd and hence for G = SOy(3, 1), it is
know that Zr(s) = Zr(1 — s) [12]. This implies that T'(s) = T(1 — s).
Any zero of T'(s) is either a zero of the numerator in the expression for T
or pole of the denominator. But we have proved that the denominator of
the expression is analytic on C. Hence the zeros of T'(s) are precisely the
zeros of the numerator of the expression of T'(s). Let A denote the set of
zeros of T'(s). It can be deduced that that the elements of A are precisely

the complex numbers of the form s = s; + s where

S1 = —M1 — My (335)

—b(p)(my — mg + k) — 2n7r.

0 (3.36)

SS9 =

Here my, mo € Z*, k = —1,0,1,p € S; and n € Z.

We know that T'(s) = T(1—s). Therefore we get that s € A = 1 —s €
A. But this is not true. Therefore we get that A = (), i.e., T'(s) has no zeros.
By a similar we can conclude that T'(s) has no poles. Therefore the zeros
of the numerator in the expression for 7T'(s) cancel out with the zeros of the
denominator.

More precisely, for any fixed my, my € Z*, ky € {-1,0,1}, ny € Z
and p € Sy, there exist Iy, [y € Z1, ky € {—1,0,1}, ng € Z and g € Sy
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such that

mi + My = l1 + lg (337)

—b(p)(m1 — my + ki) —2mm  —b(q)(my — mo + k) — 20,
a(p) N a(q) (3:3%)

Let Ar, be the multiset of zeros of the expression in the numerator of 7'(s)
and let Ap, be the multiset of zeros of the expression in the denominator of
T'(s). In terms of the new notation, the equations and state that
Ar, = Arp,.

Consider now the elements of Ar, which lie on the line Re(s) = 0. We
have (my, my) = (0, 0) for these elements. Also, each such zero appears
with the same multiplicity in Ar, and will have ({1, l3) = (0, 0).

Therefore we have the following equality of the multisets,

{ —b(p)ky — 2mym
a(p)

|p e S,k =—m,...,m,n; € Z} =

{ —b(q)ks — 2nam

| ¢ € So, kg = —m, ..., m,ny € Z} (3.39)
a(q)

Now consider the case when 7 is the trivial representation of SO(3). For

this 7, we have m = 0 and becomes the following equality of multisets:

{2n17T ‘ p € Sl,nl € Z} =
a(p)

2nom
Z 4
{a(q) | q c SQ, Ng € } (3 O)

Let so the element in the set on the left hand side which is strictly positive
and closest to 0. Forn < 0, 2= < (0. For n > 1, 2% 2% Therefore,
a(p) a(p) a(p)
sg = 2= for some p € S;. Let s, be the element in the set on the right
a(p) 0

hand side which is strictly positive and closest to 0. By similar argument, it
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can be concluded that s, = f(—g) for some ¢ € S5. Now, the equality of the
sets in equation [3.40| implies that for the p € S; corresponding to sg, there
exists a ¢ € S, (corresponding to s,) such that % = %.

Suppose the zero % has multiplicity > 1. It has the same multiplicity

in the set on right hand side of eq. [3.40, Therefore, there exista 0 < n' € Z

’ o M ’
and ¢ € Sy such that W = ald) If n > 1, then

21 om'm 2

a(¢) " ald)  alg)

This is a contradiction. Hence n' = 1 and

21 21 2

a(¢)  ald)  alg)

Therefore the zeros 2% and % appear with the same multiplicity in the

a(p) q
sets on the left hand side and the set on the right hand side of eq.
respectively.

We can now remove the points of the form % and points of the form %

from the sets on the left-hand side and right-hand side of eq. respectively

and repeat the argument to get the following result:

Theorem 3.7.2. Let G = SOy(3,1) and I'y and I'y be two uniform lattices
in G such that Br, (a, b) = Pr,(a, b) for all but finitely many pairs (a, b) €
R x [0, 27|. Then PLr,(l) = PLr,(l), and hence Lr,(I) = Lr,(1), for all
[l € R.

Let A(Fol,o) be the multiset on the left hand side of the above equation and
let A(FOQ’O) be the multiset on the right hand side. Consider now the smallest
point y in A(Fol,o) such that y > 0. This point is of the form Qa’z—;;r for some
ny € Z and p € S;. Recall that a(p) > 0 forall p € P, (i = 1,2). If
ny < 0 then y < 0. Also i’é—g > % for n; > 1. Therefore we conclude
that ny = 1 and y = % for some p € S;. Similarly, we can argue

that the smallest point in A%OQ’O) is of the form % for some ¢ € S5. The
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t 27 = 27 and they occur with same
a(p) a(q)

multiplicities. By removing all the points of the form 2@’8)’; <resp. 2;3;) from

Al(f]l’o) (resp. A(FO?’O)), we can repeat the argument above to conclude the below

equality of multisets above implies tha

equality of sets with multiplicity:

{a 1p e s ={atw 10 e s, (3.41)

Therefore we get the equality of the primitive length spectrum with mul-
tiplicity:

{aw 1pem}~{aw 1aem (3.42)

Now we look again the case where 7 is the 3-dimensional representation

of SO(3) and hence m = 1. Using the equality of sets in equation [3.42) we

can remove the elements of the form 2;&? (ny € Z and p € S;) from the

set on the left hand side of equation |3.39 and of the form 2;2(2; (ne € Z and

q € S3) from the set on the right hand side to get the below equality of

multisets:

{ —b(p)kl — 271171’
a(p)

|p651,k1 :il,mEZ}:

{_b(q)kz T Sy ks = 41, my € Z} (3.43)
a(q)
Consider the point in the set on the left hand side which is positive and
closest to 0. It is of the form
—b(p)k — 2nm
a(p)

So =

for somen € Z,p € Si, and k = +1. We know that b(p~!) = 27 — b(p)
and a(p™') = a(p). Therefore

—kb(p~™' — 2nm) _ k(@27 — b(p)) — 2nr
a(p~') a(p)
b(p)k — 2(n + k)7r.

a(p)
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Replacing p with p~! if needed, we can assume that ¥ = —1. Therefore

b(p) — 2nmw
Sg = —F—
a(p)
Ifn > 0,b(p) — 2nm < 0. But since s3 > 0, this is not possible and hence
n < 0. For ease of notation, we put m = —n, which gives
_ b(p) + 2mm
a(p)

But

b(p) + 2mm - b(p)
a(p)  ~ alp)
Hence the point in the set on the left hand side which is positive and closest

to 0 is of the form s, = % for some p € S;. Using similar arguments, one
can conclude that the point in the set on the left hand side which is positive

and closest to 0 is of the form % for some ¢ € Sy. From the equality of the

sets 13.43 we get that % = %. Using arguments similar to the ones used

in the proof of Theorem [3.7.2] we get the following theorem:

Theorem 3.7.3. Let G = SOy(3,1) and I'y and I's be two uniform lattices
in G such that Pr, (a, b) = Pr,(a, b) for all but finitely many pairs (a, b) €
R x [0, 27]. Then My, (c) = Mr,(c) for all c € R.
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