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Abstract

The MDS conjecture is a long-standing problem in coding theory, first posed by Be-
niamino Segre in 1955. There is a simple case of the MDS conjecture which is known as
rational normal curve (RNC) conjecture. There is a more general conjecture, that we call
the Main-conjecture, which states that MDS code of length ¢+ 1 extending a Reed-Solomon
(RS) code of length g is itself a RS code except when ¢ is even and k € {3,¢—2}. The Main-
conjecture is a special case of the more general problem which we call the Main-problem.
The Main-problem is to find a condition on k, ¢ and n such that MDS code of length n + 1,
extending a RS code of length n is itself a RS code. First part of the thesis is to study the
Main-problem. The most general answer to the Main-problem was given by Ron Roth and
Gadiel Seroussi [7] in 1986. In this thesis, we present a new proof of Roth and Seroussi’s
result given by K. Kaipa [3], using combinatorial nullstellensatz of Noga Alon [I]. One of
the applications of Roth and Seroussi’s result is that we can find the covering radius of Pro-
jective Reed-Solomon (PRS) codes (Reed-Solomon codes of maximum possible length ¢+ 1)
in some cases, which leads to an important problem of determining deep holes (words at the
covering radius distance from the code) of PRS codes. In particular, we classify deep holes
of PRS codes of dimensions ¢ — 3 [9] and ¢ — 4 [4].
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Introduction

The maximal distance separable (MDS) conjecture is a long-standing problem in coding
theory and finite geometry. It was implicit in the questions posed by Beniamino Segre [0]
in 1955. MDS conjecture states that, for 1 < k£ < ¢ the maximum possible length of a
k-dimensional MDS code over finite field F, is ¢+ 1 except when ¢ is even and k € {3,¢—1}
then it is ¢ + 2.

There is a simple case of the MDS conjecture which is known as rational normal curve
(RNC) conjecture which is implied by the MDS conjecture. RNC conjecture states that
there is no MDS code of length ¢ + 2 and dimension k extending a Reed Solomon (RS)
code of length ¢ + 1 and dimension k except when ¢ is even and k € {3,q — 1}. There is
a more general conjecture which we call the Main-conjecture. The Main-conjecture states
that MDS code of length ¢ + 1 and dimension k extending a Reed-Solomon code of length
g and dimension k is itself a RS code except when ¢ is even and k € {3,¢q — 2}. The Main-
conjecture is a special case of the more general problem which is known as Main-problem.
The Main-problem is to find a condition on k, ¢ and n such that MDS code of length n + 1,
extending a RS code of length n, is itself a RS code. The first part of the thesis is to study
the Main-problem. The most general answer to the Main-problem was given by Ron Roth
and Gadiel Seroussi [7] in 1986. In this thesis we study the new proof of their result given by
K. Kaipa, using combinatorial nullstellensatz of Noga Alon [I]. This gives much simple proof
to the result of Roth and Seroussi. In chapter 1, we present details of code, MDS conjecture

and Main-problem. Chapter 2 is about the new proof of the result of Roth and Seroussi.

The result of Roth and Seroussi has applications in finite geometry and coding theory.
Here we study the problem which is to determine the deep holes of projective Reed Solomon
codes (Reed-Solomon codes of the maximum possible length ¢ + 1). Deep holes of the code

are the words which are at the farthest distance from the code. Since there is a bijective



correspondence between the equivalence classes of deep holes and the set of their projective
syndromes [3], we focus on determining the projective syndromes of deep holes of projective

Reed Solomon code.

Let Gy denote the generator matrix of the projective Reed Solomon code of dimension
k (PRS(q,k)). For 1 < k < ¢ (except k € {3,q — 1} if ¢ even), RNC conjecture holds for
dimension k, then any v € IFS is in linear span of some k — 1 columns of G. We divide IF’;
in the disjoint sets S7, S, -+, Sk_1, where S, is the set of vectors of IF’; such that it is in
the span of some r columns of G but not in the span of any r — 1 columns of Gg. In terms
of coding theory, sets Si,---,Sk_1 divides received words in their distance from the code.
We are interested in determining vectors in the set S;_; because they are the syndromes of
deep holes of PRS(q,q+ 1 — k). Chapter 3 of the thesis is the detail about the deep holes
of the code.

K. Kaipa gave analysis for the deep holes of PRS(q,q — 2) in his work [3]. Then clas-
sification of deep holes of PRS(q,q — 3) is the recent work by K. Kaipa, J. Zhang and D.
Wan [9]. Details of this work, deep holes of PRS(q,q — 3), has been given in chapter 3 of
the thesis. Our recent work is the deep holes of PRS(q,q — 4). The work done so far has

been explained in chapter 4 of the thesis.



Chapter 1

Preliminaries

1.1 Code

Messages are transmitted through a transmission channel. Due to noise in the transmission
channel message gets corrupted and the receiver gets a wrong message, and we need a system
such that it can detect the error and give a correct message. So, we first encode a message

in a large space such that it is easy for a decoder to detect the error.

An encoder is a one-one map from M — F", where M is a set of messages and F
is a set of alphabets, and image of this map is called a code. Error correcting code C of
length n over a set of alphabet F is a subset of F". FElements in F" are called words
The words which are in the code are called codewords. Size of a code |C| is a number of
codewords. When transmitted codeword ¢ get corrupted, and the receiver receives corrupted
word ¢, the role of the decoder is to give the best estimate for what ¢ could have been.
Let the ¢ be a codeword sent and ¢’ be a word received. Then with respect to some metric
d(xz,y) on F"* where x,y € F", there is a number d(C) such that any two codewords are at
least d(C) distance apart.If d(c, ) < Ld(CT)_lJ then decoder has no trouble in correcting a

codeword.

Hamming metric is a commonly used metric. Hamming distance between two words x
and y is the number of coordinates where z and y differ and is denoted by d(x,y). Here we

give definition of the parameter d(C) which has described above.
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Definition 1.1.1. The minimum distance of a code C is d(C) = min{d(z,y) : =,y € C,
T 7y}

1.2 Linear code

For a linear code, F is a finite field of order ¢, which we denote by F,, and C is a k dimensional
linear subspace of Fy. Linear code of dimension k& and length n over IF, is denoted by [n, k.
It has a generator matrix Gy x, whose rows are the basis of the code. So, C = {xGjxn, T € ]FZ.
Since the matrix Gy, has rank k, we find some k linearly independent columns of GG. Let
this columns make a matrix Q. Let Q7'G = G'. If x is a message and ¢ = G’ be an
associated codeword to x, then z is embedded in ¢ on k positions which were chosen for
Q. Since @ is an invertible matrix, G’ generates same code as G(basis of the code does not
change). Then we can multiply G’ with suitable monomial matrix A on right hand side to
get matrix G” = G'A which is of the form G” = [I;x;|B] for some Bjy(n_k) matrix. Matrix

G" generates different code as G but has same property as G.

Now, we define a dual of the code. Dual code, denoted with C*, of the code C is
Ct={zx e Fr:3F ze; =0, forall ¢ € C}. It is easy to see that if C is linear code,
then C+ = ker(G) = {z € Fy : Gz = 0} and C* is also a subspace of F;. Rank nullity
theorem implies that dim(ker(G)) = n — k given rank(G) = k. So, C* is a linear code of

length n and dimension n — k.
Definition 1.2.1. Generator matriz of C* is called parity check matriz of C. It is denoted
with H and satisfies GH' = 0.

G and H are related as follows: If G is of the form as given above, , G = [Ixxx|B] for
some By (n_r) matrix, then H = [—B*|1,_y].

For ¢ € C, we define wt(c) to be the number of non-zero positions of c.

Proposition 1.2.1. d(C) = min{wt(c) : ¢ € C,c#0}

Proof. Let d = min{wt(c) : ¢ € C,c#0}. Suppose z,y and z be the codewords such that

4



d(z,y) =d(C) and d = wt(z).
d(C)<d(z,0) = wt(z) =d < wt(x —y) = d(z,y) = d(C)

So, d(C) =d. O

Linear code [n, k|, with minimum distance d is denoted by [n, k, d],.

1.3 MDS Code

Let the minimum distance of the code C is d, that implies any two codewords have maximum
n —d coordinates same. Then if we choose any n —d+ 1 coordinates of any two codewords of
C, they differ at minimum one position. So, C satisfy the equation |C| < ¢"~4*!. For linear
code we get,

E<n-—d+1. (1.1)

If C attain equality in equation [I.I, & = n — d + 1, then it is called a maximum distance
separable(MDS) code. As the name suggest for given size and length of a code, codewords
of an MDS code are separated with a maximum distance possible. Example, Reed-Solomon

codes are MDS codes. This code has many application, like data storage.

We will use one easy result in the next proposition that, elementary row operation on GG
does not change the basis of the code and, hence the code. We call a matrix an MDS matrix

if only if it generates an MDS code.

Proposition 1.3.1. G is an MDS matriz if and only if its all the k X k minors are non

ZET0.

Proof. Let Gy be a k x k sub-matrix of G generated by any k columns of G. We want to
show that G} has full rank. Suppose G} has rank less than k. Then its rows are linearly
dependent. By elementary row operation we get matrix Gj such that its one row has all
zeros. With same elementary row operation on matrix G, we get G’ such that in one row
it has at least k zeros. So, by Proposition , we get d(C) < n — k which contradicts the
fact that G is an MDS matrix and d(C) = n —k+ 1. Thus Gj has full rank and it is a

non-singular matrix.



Now, suppose all the k£ x k£ minors of G are non-zero. So, on any row we have max k — 1
zeros by some elementary row operations on GG because if it has k or more zeros then we take
k columns according to these zeros and determinant of matrix generated by these columns is
zero which contradicts to our assumption. Now, we show that there exist a codewod having
k — 1 zeros. G having a row rank k, it has some k columns which are linearly independent.
Let these k columns form matrix (). Then matrix Q~'G has a identity matrix when we
choose its k columns which were used to form Q. So, there is a row of QG having k — 1
zeros. Since @ is an invertible matrix, Q~'G generates same code as G. So got a codeword

having k — 1 zeros. Hence n — d(C) = k — 1, which implies G is an MDS matrix. O

Proposition 1.3.2. Dual of an MDS code is an MDS code.

Proof. From equation , we get d(Ct) < k41 . Suppose d(C*) =t and t < k+ 1. So,
there exit a codeword u € C* such that wt(u) = t. Since Gu = 0, we can see that, the ¢
columns according to the non-zero entries of u are linealrly dependent. ¢ < k 4+ 1 implies
that rank(G) < k which contradicts to the fact that rank(G) = k. So, d(C*) = k + 1 and
C™* is also an MDS code. O

Next, we prove a proposition for MDS code which we will use later.
Shortening of a code : Let C be a [n,k,d|, code. Now, for each a € F, consider the
code C' = {z € F}~' : (z,a) € C}. Then ' is called shortened code of C. As a special case
consider a = 0, then shortened code C’ is a linear code of length n — 1 and minimum distance

d(C') > d(C).

Proposition 1.3.3. Shortening of an MDS code with respect to a = 0 is an MDS code.

Proof. Let C' be a shortened code of an [n, k,d], MDS code C. Then d(C') > d(C). We
can write generator matrix of C as G = [Ix|A]. Without loss of generality assume that we
shortened C on the first coordinate with respect to a = 0. It is easy to see that all the linear
combination of rows of GG, except the first, the codewords of the shortened code C’. So we
get that C’ has dimension & — 1 and by removing first column and first row of G, we get
generator matrix of C’. So, C’ has length n — 1 and dimension k — 1. Now, d(C) =n—k+1
and d(C") < (n—1) — (k— 1) + 1 implies d(C') = n — k + 1(since d(C") > d(C)). O
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1.4 Generalized Reed-Solomon(GRS) code

GRS code is a linear MDS code. It’s generator matrix is determined by n distinct points
{1, 29, ,x,} of the set {F, U {oo}}.

We define ¢, (x) as following,

(1,z,22, - ;21T ifz €F,

cr(r) =
(0,0, 1) it 2 = oo

Generator matrix of the GRS code is

Gr(Z, V) = [ex(z1)|er(@2)| - - - [er(xn)] diaglvr, va, - -+ vy], where v; € F Vi

The GRS code generated by this matrix is

Cio(Z,7) ={(nf(21), v f(x2), -+ s vnf(2n)) - deg(f) <k —1}.
When all v; = 1, we call Generalized Reed-Solomon code as Reed-solomon Code.

Dual of the a GRS code is also a GRS code [2].

Definition 1.4.1. k—1 dimensional projective space over Fy is the set of equivalences classes
of ]FS/{O} under the equivalence relation v ~ \v for v € ]F]; \ {0} and A € F. It is denoted
by PFY(F,).

Definition 1.4.2. n-arc in a projective space P*=1(F,) is a set of n points {[Vi], [Va], - - ,
(V.]} of a projective space P*=Y(IF,) such that matriz formed by the representative of these
points [Vy | Vo | --+ | V] has all the k x k minors non-zero. RNC of P*"Y(F,) is a set of
q+ 1 points {cy(z) : v € {F, U {oo}}}.

RNC in P*~1(FF,) can also be defined as below.

Definition 1.4.3. RNC in P*'(F,) is a image of the map ¢ : P(F,) — P*"Y(F,) defined

as [z,y] > ["H 22y, .



In the context of finite geometry, columns of the generator matrix of [n, k], RS codes are
the vectors representing n-arcs which contained in the normal rational curve(abbreviated

RNCQ) of k — 1 dimensional projective space P*~1(F,).

Let A be a set of n points [Vi],---,[Vy] of P*"YF,) and G = [vy|---|v,] be a k x n
matrix, where vy, --- v, are representative of points [Vi],--- ,[V,]. It is easy to see from

definition of n — arc that A is an n — arc if and only if G is an MDS matrix.

1.5 MDS Conjecture

Let £ < ¢. Then the maximum length mg(q) of the k-dimensional MDS code over F,

—equivalently the maximum size my(q) of an arc in P*=(F,) is given by:

q+2 ifgisevenand k=3,q—1
mi(q) = _
g+ 1 otherwise

The conjecture was implicit in the first of the three questions posed by Beniamino Segre
in 1955([8]).

1. Determine my(q) and [my(q), k], MDS codes —equivalently determine my(q) and my(q)-
arcs in P*1(F,).

2. For which values of k and ¢ is every [¢ + 1, k], MDS code is a RS code? —equivalently
for which values of k and ¢ is every ¢ + l-arc of P*"!(F,) is a RNC?

3. Determine values of n < ¢ such that every [n, k], MDS code is a RS code —equivalently

determine values of n < ¢ such that every n-arc contained in a RNC.

1.6 Main-Problem

Our interest is to study the Main-problem which is closely related to the third question of
Segre.



Main-Problem : Find conditions on k, ¢ and n such that [n+ 1, k], MDS code, extending
a [n, k], RS code is itself a RS code.

The special case of the Main-problem is Main-conjecture.

Main-Conjecture : For 2 < k < ¢ — 2, every [q + 1, k], MDS code, extending a [q, k], RS

code, is itself a RS code except when ¢ is even and k = 3,q — 2.

If Main-conjecture holds in dimension £ — 1, then there is RNC-conjecture which holds

in dimension k. See Proposition [1.6.1}]

RNC-Conjecture : There is no [¢ + 2, k], MDS code by extending a [¢ + 1, k], RS code

except when ¢ is even and k = 3,q — 1.

Proposition 1.6.1. [5/ Let 3 < k < ¢ — 1 and assume k ¢ {3,q — 1} if q is even. If the

Main-conjecture holds in dimension k — 1 then the RNC-conjecture holds in dimension k.

Proof. Let G = [Gy(F, U 0)|a], where a = [ay, - ,a;]7, be a generator matrix of [q + 2, k],
MDS code extending a [gq + 1, k], RS code. Without loss of generality we can assume that
cx(00) be a first column of G (F, U co). Now, shortening G' on the first column we get
[+ 1,k — 1], MDS code whose generator matrix G’ = [G},_1(F,)|d'] has ¢’ = [ay, -+ ,ar_1]"
as a last column. If the Main-conjecture holds in dimension k — 1 then a’ = ¢;_1(0c0) and we
get a=[0,---,1,\]. MDS condition on G imply that A can not be written as a sum of k — 1
distinct points of F, which is not possible for the values of £ which we have considered(Lemma
1.6.2). O

For k = 3 and ¢ odd, Main-conjecture is equivalent to Segre’s fundamental theorem][6]
that any [¢ + 1,3], MDS code is a RS code. That is the one proved case of the Main-
conjecture. By duality of MDS and RS code, we prove that Main-conjecture also holds for
k = q— 2 when ¢ is odd. The most general answer to the Main-problem was given by Roth

and Seroussi which we will see later, in chapter 2.

Here is the Lemma which was used in the proof of Proposition [1.6.1]

Lemma 1.6.2. Let 1 <[ < g—2. Assumel ¢ {2,q—2} if q is even. ThenT; = {x1+---+x; :

where x1,- -+ ,x; are distinct elements of F,} is all of F,.
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Proof. If | = 1, then it is clear that T} = F,. So let 2 < [ < ¢ — 2. Consider the map
¢:F, — F, given as ¢(r) = ar + b where a € FX and b € F,. It is easy to check that ¢ is a

bijective transformation of F,. So, it does not change 7;. Therefore 1; = a1} + lb.

If we change z; with keeping xy,--- ,z;_1 fix, we see that T; has at least ¢ — [ +1 > 3
elements(because | < ¢ — 2). In particular it has a non-zero element. Consider b = 0 and
a € Fy, we get that F* C T;. So, we only need to find [ such that 0 € T;.

Considering the fact that sum of any two element of the field F, is nonzero when ¢ is
even, we can say 0 ¢ 75 when ¢ is even. We see that To = T},_» because sum of the all the

elements of I, is zero. So, 0 ¢ T,_» when ¢ is even. Thus T, =T, 5 = IFqX, when ¢ is even.

Now we show that 0 € T} for 2 <[ < g — 2 when ¢ is odd and for 3 <[ < ¢ — 3 when
q is even. If ¢ is odd then we can write F)* as an union of pairs of the form {x, —z}. Then
taking elements of L%J such pairs (with 0 when [ is odd), we see that their sum is zero and

total elements are [. So, 0 € T} when ¢ is odd.

Now for ¢ even, consider [ = & 1 mod 4. Then taking a = 1 in above transformation,
we get that T; = T; + IF,. From the fact that [ € T; and —I € F,, we get that 0 € 7;. Now,
consider [ = 0 mod 4 when ¢ is even. In this case we write F, as union of pairs of the form
{z,1+ z}. Taking % such pairs, their sum is zero with total | elements of F,. Hence 0 € T;

in this case.

Now, we are left with | = 2 mod 4 when ¢ is even. Let ¢ = 2™. Since T; = T,_; we take
[ > q/2. Consider the binomial expansion of [ = 2" +2"2 + ... 2" with l = 1) <1y < --- <
v, =m — 1(since | =2 mod 4 and [ > 2™1). Let {b,--- by} be a basis of F, over Fy. The
zero element of F, is represented by the zero vector. Let A; be the set of 2 vectors as given

below,

A, ={bmi + chbm—i-i—j ter, e, 6 € Fa}
j=1

Sum of all the vectors in A; is zero for ¢ > 2 and is b,,, for ¢ = 1. Then the sum of the vectors
of the set
{0} U{bm—r, + bmﬂq,bm—ul} U (A \ {bim-1,}) UA, U---UA,

is zero and the set has size [. O

10



Chapter 2

Polynomial method for the
Main-Problem

2.1 Introduction

In this chapter, we formulate the Main-problem as a problem in polynomials, and we try to

solve it using polynomial methods, especially combinatorial nullstellensatz.

Let D = {x1,29,--- ,x,} a set of n distinct points of F, U co. Let for z € D, ¢x(z) as
defined above in[1.4] Then, the generator matrix of a [n, k], RS code with evaluation set D

1S

Gr(D) = [er(w1)|en(za) - - - |er ()]

Main-problem can be rewritten as

Main-Problem (restated)[5]: Let a = (ag, - ,ar_1)*. Find condition on k, ¢ and n
such that [Gy(D)|a] generates a [n + 1,k|, MDS code if and only if a = ¢4(t) for some
te{F, U {oco}}\D.

We define polynomials V, f and g over [, as follows:
V(Xl, o ,Xk) = det[ck<X1)‘Ck(X2)’ s |Ck(Xk)] - Fq[Xl,XQ cee ,Xk]

11



Let s; be the following polynomial identity in F,[X7, -, Xj_o][T],

k—2 k—2
[[O-7TX) =) si(Xy,-+, Xpo)T".
=1 =0

We define f and g as;

f(X1, -+, Xg—a) = aoSk—2 + a18k—3 + - - - + ax—25¢
9( Xy, -+, Xik—2) = a18k—2 + a2Sk—3 + - - - + ap_150-

Now, we get a polynomial h € F,[X;y, X5, -, Xj_o] such that some condition on h
implies matrix [G(D)|a| generates [n+ 1, k|, MDS code. This condition is given in the next

theorem.

Theorem 2.1.1. [5] The matriz [G(D)|a] generates [n+ 1,k|, MDS code if and only if the

polynomial

h= VX X [T —0) TT 7 —0) 1)

yeFN\D

vanishes on D x --- x D.

Proof. The matrix [Gx(D)|a] generates [n + 1, k], MDS code if its all the £ x k& minor are

non-zero. It is enough to check for distinct elements xq,--- ,z,_1 of D, when

det([cx(z1)] - - |er(zr-1)la]) # 0.
Let the polynomial

S(Xr e Xey) = det([ckv(();T:::|c§((]f;f)_1)|a])

If X; = Xj, for any 14, j, then det([c(X1)|- - |ex(Xk—1)]a]) = 0. So, (X1, , Xj_1) is
divisible by (X; — Xj), for all 4,j, and hence divisible by V(Xy,---,X,-1). So, ¢ €
F,[Xi, -+, Xg1]. Now, degree of X; in numerator of ¢ is < k — 1 and degree of X; in
denominator is k — 2. So, degx,(p) < 1 for each i € {1,--- /k — 1}. So, we can write
¢ = X1+ f for some o, B € F [Xy,- -+, Xg_al.

12



Now we take determinant in denominator with respect to last column and we get,

k
(X1, Xjmt) = Y aiasi—i( Xy, Xja).

=1

Since we can write s;(Xq, -+, Xp_1) = —Xp_1851(Xy, -+, Xpo) + s1( Xy, -+, Xi2), we
conclude that a« = —fand = g.

So, det([cx(X1)| - - - [er(Xp—2)]a]) = V(X1 -+, Xp1) (= Xne1f + 9).

For different points xy,- -, z5_2 of D, we want det([cx(x1)] - - |ck(zr—-1)]a]) # 0. This is
possible if f(z1,--- ,x5_2) = 0orif f(z1, -+ ,x5_2) # 0 then %(3:1, +  Tp_o) # Tr_1 implies
$ar, - wpm2) € D\ {wy, -+ zp—2}. So, either f(ay, -, 25-2) = 0 or $(z1, -+, 24-2) €
{z1, - 2,2} UF,\ D.

For any (zy,--+ ,Tr_2) in D*72 either z; repeat for some i or all @y, , x5 5 are dis-

tinct. If x; repeat for some ¢, then V' = 0 and if all z; distinct, then either f = 0 or

4 €{a1, - mp_2} UF, \ D. In both cases equation ,

k-2
h=V(Xy, Xy, -+, Xp2)f H(Xif - 9) H (f—9),
=1 y€F\D

vanishes.

2.2 The result of Roth and Seroussi

The most general answer to the Main-problem was given by Roth and Seroussi([7]). Their
result was, one condition for Main-problem is n > k+ [ (¢ — 1)/2] except when ¢ is even and
k= 3.

We use following elementary lemma to prove Roth-Seroussi’s result.

Lemma 2.2.1. [J] Let F[ X1, Xs,- -+, Xi] be a polynomial ring in | variables over a arbitrary
field F. Let S C F is a finite set of size n. Suppose H € F[X1, X, , X;| vanishes on
Sx.--xS.
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If degx,(H) < n for each 1 <i <[, then H=01in F[Xy, -, X]].

Using Theorem and Lemma [2.2.1|([I],Lemma 2.1), the proof of Roth-Seroussi’s re-
sult becomes very short and simple. This proof uses a very weak form of combinatorial
nullstellensatz, so our target is to use the full form of the nullstellensatz to get better result

of the Main-problem.

Theorem 2.2.2. Result of Roth and Seroussi[7/[5] : When n > k + (¢ —1)/2], matriz
|G(D)la] is an MDS code if and only if a = cx(x) where x € {F, U {oo}} \ D except when
char(FF,) is 2 then for k=3, a =101 0] is also possible.

Proof. degx,(h) < 2k—3+q—mn. Now, from Lemma[2.2.1 when h vanishes on D x D x --- D
and
degx,(h) <ne2k—-3+qg—n<nsn>k+|(¢—1)/2],

then h = 0.

Now, polynomial ring F,[X, -, Xj o] is an integral domain. This gives three cases for

value of a.

1. f =0. So, f = agSk—2 + a1Sk_3 + -+ + ar_259 = 0 which is possible if and only if
a; =0 forall i € {1,--- ,k — 1}(because deg(s;) = i). Hence, in this case a = ¢(c0)

2. HyEFq\D<yf —g) = 0. Since F[ X, -+, Xj_o] is an integral domain, yf — g = 0 for some
y € F,\D. So we get (yag—ay1)sg—2+- -+ (yag—2 — ax_1)so = 0 which implies a; = ya;_1
for all ¢ € {1,---,k —1}. So, a = apck(y). Hence, in this case a = ¢x(y) for some
yeF,\D.

3. Hf;f(Xif — g) = 0. Without loss of generality assume X;f —g = 0. So, X; = g/f.
We apply o € Sp_2 on X; = g/f and get that X,y = g/f = X1(f and g are symmetric
polynomials). So, we get X1y = Xj for all 0 € Si_, which is possible if and only if Si_o
is trivial, only when k = 3.

Let &k = 3. Then we have s; = —X;(let X; = X) and so = 1. So, we get agX? + ay =

2a; X . It has only non-zero solution a = [0 1 0], if ¢ even. O

Condition in Roth-Seroussi’s result is n > k + [(¢ —1)/2]. Now, we want to study the
Main-problem in case n < k + |(¢ — 1)/2]. In this case using combinatorial Nullstellensatz
of Noga Alon([I]) and develop the following variant of Combinatorial Nullstellensatz.
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For v, u € Z' we say pu > v if p; > v; for each i, and we say p > v if p # v and pu > v.
We denote vy +v5 + -+ - + 1 as |v].

Theorem 2.2.3. [J] Let H be as in Lemma|2.2.1. Then, H can be written uniquely as:

H=> x(X))" - x(X)"H,

with degx,(H,) < n for each i,
moreover deg(H,) < deg(H) — |v|n and degx,(H,) < degx,(H) — v;n for each i.

Proof. Let x(T) = [[,ep(T — x), where D € F, be a set of size n.

For H being as in Lemma [2.2.1, we can write

with deg(H;) < deg(H) — n(check, [I, Theorem 1.1]).
Now we do, if possible, repeated long division of H; with x(X};) for all 7, j. Thus we get

H in the following form.

H=> x(X1)" - X(Xt_2)"*H,, where v € Z**.

v>0

Consider Sy = {v : H, # 0}. Since deg(H) > |v|n + deg(H, ), polynomial H, = 0 when
lv| > deg(H)/n. Thus Sy is a finite set. Suppose

H = ZX Xl : Xk 2)'/’“ 2H’

is a different expression for H. Let Sy = {v : H,, # 0} and it’s also a finite set as above.
Now, consider g, = H, — H|. Let S, = {v : g, # 0} which is also finite because
Sg C S U Sy If Sy is not empty, take the maximal element ;1 of S;. Consider the mono-
mial X7" .- X" with nu; < m; < n(p; + 1) for each . Since degx,(g,) < n for all v,
such polynomial can appear in x(X7)"" - -+ x(Xx_2)"2g, if and only if v > pu, i.e. only for
v = p(since p is an maximal element of S;). Since g, # 0, such monomial does exist in
X(X1)H - x (Xg—2)"—2g, and its coefficient in the expression ), _ o x(X1)"* - - - X (Xk—2)" 20,
is non-zero which contradicts the fact that > _, x(X1)"* - - x(Xp—2)"*2g, = 0. Hence S, is
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empty and H, = H, for every v.

Suppose deg(H,) > deg(H) — |v|n for some v. So, deg(x(X1)" -+ x(Xg_2)"**H,) >
deg(H). Consider the highest degree monomial X' -- -X,ik‘; of H, where t; < n for each i.

Then X"+ ... X522 s 4 top degree monomial of x(X;)" --- x(Xg_2)"*2H,,. Since
the coefficient of this monomial, X7 " ... X752 "in H is zero, it has non-zero coef-
ficient in x(X7)" - - - x(Xk—2)"—2H, for some p # v and deg(x(X1)" - - - x(Xk—2)"*2H,) >
deg(H). This is possible only if ny; + ¢; < n(u; + 1) for each i which implies v < p. Then
passing to p and repeating we can assume v is a maximal element of Sy with monomial
Xptte ., -XZZ'“Q’QH’“’Z, having non-zero coefficient in H and having degree higher than

deg(H). This contradiction proves that deg(H,) < deg(H) — |v|n for all v.

Suppose degx,(H,) > degx,(H)—v;n for some i € {1,--- ,k—2}. Consider the top degree
monomial X" .- X, %2 of H,, this implies t; + v;n > degx,(H) where t; = degx,(H,).
Since coefficient of the monomial X;™* T ... X, _,"-2%-2 in H is zero, it has non-zero
coefficient in x(X7)"* - - - x(Xp—2)"2H, for some p # v. This implies degx,(H) < nv; +t; <
nu; + t; where t; = degx,(H,). This is possible only if ;1 > v and particularly v can not be
a maximal element of Sy. Then passing to p and repeating we can assume v is a maximal
element of Sy with monomial X" ... X, ™22 hayving non-zero coefficient in H.

This contradiction proves the result. O
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Chapter 3

Deep holes of the Reed-Solomon code

3.1 What is a deep hole?

Let C be a [n, k,d], linear code. Let G be a generator matrix and H a parity check matrix

of C. We can see that syn(z) = 0 if and only if x € C.

Definition 3.1.1. For any word u € Fy, define its syndrome to be syn(u) = Hu € Fg*k.
So, syn(x) =0 if and only if x € C.

Definition 3.1.2. Covering radius of a code C, is the smallest integer p(C) such that balls
of radius p(C) around all the codewords exhaust IF.

The distance of word w from the code C is d(u,C) = min{d(u,c) : ¢ € C} = min{wt(u — c) :
c € C}. Then the covering radius p(C) = maz{d(u,C) : u € F"}.

Definition 3.1.3. The word u € ¥ is called a deep hole of C if and only if d(u,C) = p(C)

where p(C) is a covering radius of C.
Proposition 3.1.1. [/
p(C) =min{j: Any y € Fg_kis a linear combination of some j columns of H}

Proof. Let v = syn(u). Suppose we can write v as a linear combination of some j columns of

H, which implies there is a word w € F} such that w = u — ¢ for some ¢ € C and wt(w) = j
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and vice versa. From this we can rewrite d(u,C) as below,
d(u,C) = min{j : syn(u) is a linear combination of some j columns of H}

Let S = {Hu :u € F/'} be the set of all the syndromes of u € F. Since H has full rank, we

get that S = IFZ*’“. So we can rewrite p(C) as below,

p(C) =min{j: Any y € IF‘;HC is a linear combination of some j columns of H}

Let C be an [n, k], MDS code.

Proposition 3.1.2. p(C) <n —k.

Proof. Matrix H has rank n — k. So we can always write y € IFZ*’c as a linear combination
of some n — k columns of H. Hence using proposition [3.1.1, we get p(C) < n — k. O

Proposition 3.1.3. [3] Suppose p(C) = n — k. Word u is a deep hole of an [n, k], MDS
code C if and only if we can extend C+ with one unit without losing an MDS property, i.e.
[H|Hu] is an [n+1,n —k,k+ 2|, MDS code.

Proof. Let u be a deep hole of an [n, k,d], MDS code. Then Hu can not be written in a
linear combination of less or equal to n — k — 1 columns of H(proposition [3.1.1). So, any

(n — k) x (n — k) minors of the matrix [H|Hu] are non-zero, i.e. it’s an MDS matrix.

Suppose [H|v] is an [n + 1,1 — k, k + 2], MDS matrix. We can always find u € F such
that Hu = v (if not clear, check proposition [3.1.1)). Since [H|v] is an MDS matrix, v can not
be written as a linear combination of n — k — 1 or less columns of H, i.e. d(u,C) > n — k.
Proposition implies d(u,C) =n — k and p(C) =n — k. So u is a deep hole of C. O

3.2 Projective Reed-Solomon codes

Definition 3.2.1. The [¢ + 1, k], RS code generated by the matriv Gy, = [G(F,)|ck(00)] is
called projective Reed-Solomon code of dimension k and it is denoted by PRS(q, k).
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Let C be a PRS(q, k). The matrix Gy, = [Gx(F,)|cx(00)] is a generator matrix of C. The
columns of G}, represent all the points on RNC of P*"*(F,). It is easy to check that matrix
Gor1—k = [Ggr1-k(Fy)|cq+1-k) is a parity check matrix of C. The PRS(q,q + 1 — k) is the
dual code of C. We have

G = [er(z1)] - - - |ex(xq)|cx(00)] and

Gor1-k = [Cor1-u(@1)] - - |cqr1-r(2g)|cgr1-1(00)].
Definition 3.2.2. Word u, and uy are called coset equivalent if uy — us € C and equivalent

if uy — auy € C for some a € F;.

Definition 3.2.3. Let C be a Gi(D) RS code. The generating polynomial of a received word
u € Fy of C is a Lagrange interpolation polynomial u(X) of the data points {(x1,u1), -,

(Tn,un)}. It has degree at most n — 1.

Let projective syndrome be a image of syndrome in projective space. Coset equivalence
classes of deep holes are in one to one correspondence with the set of syndromes of deep holes
because deep holes are coset equivalent if and if they have same syndrome. Similarly equiva-
lence classes of deep holes are in one to one correspondence with projective syndromes of deep
holes. For PRS codes if v = (vq, - -+ , vg41-k) is a syndrome of a deep hole u then the generat-
ing polynomial of the deep hole u is u(X) = (—1)(X9 vy + X9 20y + - -« + X* Lo,y 1) (We
can check that Hu” = vT) and coset equivalence class of u is (u(zy), u(zz), - ,u(z,),0)+C.
So, determining equivalence classes of deep holes of the PRS codes is equivalent to determing

projective syndromes of deep holes.

3.3 PRS codes and the covering radius conjecture

MDS conjecture implies there is no MDS code of length ¢ 4+ 2 except when ¢ is even and
k =3 or ¢ — 1. From this we get the following proposition. Let C be a PRS(q, k) code.

Proposition 3.3.1. Suppose the MDS-conjecture is true. Then p(C) = q — k except when q
is even and k =q — 2 or 2 then p(C) =q—k + 1.

Proof. MDS conjecture implies there is no MDS extension of a PRS(q,q + 1 — k) code
except when ¢ is even and k = ¢ — 2 or 2. So from proposition p(C) #q+1—k
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except when ¢ is even and k = ¢ — 2 or 2. So, p(C) < ¢+ 1 — k except exceptions. If we find
u € T} such that d(u,C) = ¢ — k then we are done. Let word u with generating polynomial
uw(X)=X(X —x1)--- (X —xp_1) where x; € F, for i € {1,--- ,k —1}. Then

d(u,C) =q+1—mazx{(u—c)y:ce€C},

where (u — ¢)g is the number of zeros of u — ¢. In terms of polynomials, ¢ is represented
by a polynomial (X) of degree at most & — 1. So, maximum zeros of u(X) — ¢(X) is k
and (u — ¢)p = k + 1 when ¢(X) = 0( because u(co) = ¢(oco) = 0). Hence in this case
mazx{(u—c)y:c € C}=k+1implies d(u,C) = ¢ — k. That proves p(C) = q — k.

In the case when ¢ is even and k = ¢ — 2 or 2, we know there is an MDS extension by one
unit. So from proposition [3.1.2] and [3.1.3[ we get p(C) = ¢ — k + 1. O

Above proposition can be written as following conjecture which is known as covering

radius conjecture.

Conjecture 3.3.2. For 2 < k < q— 2, the covering radius of a PRS(q,k) code is g — k

except when q 1s even and k = q — 2 or 2 in which case covering radius is ¢ — k + 1.

Roth and Seroussi’s result proves the conjecture [3.3.2in cases given in next theorem.

Theorem 3.3.3. (R. Roth and G. Seroussi)[5]: Suppose n —m > (¢ — 1)/2. The matriz
[em(@1)] - -~ em (@) [0]

generates a [n + 1,m|, MDS code if and only if v = ¢, (y),y € {F,U oo} \ {z1, -+, 2.},

except when q is even and m = 3 then v = [0 1 0] is also possible.

Roth and Seroussi’s result implies for m < ¢/2 + 1, there is no MDS extension of a
PRS(q, m) except when ¢ is even and m = 3. So from proposition for k > q/2 covering
radius of PRS(q, k) code is ¢ — k except when ¢ even and k = ¢ — 2 then p(C) =g+ 1 — k.
So, for ¢ > 5 Roth and Seroussi’s result implies p(C) = q — k for PRS(q,q — 2) when ¢ odd
and PRS(q,q — 3). Our next aim is to find all the deep holes in these cases.
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3.4 Deep holes of PRS(q,q —2) when ¢ odd

Following proposition is used to find deep hole syndromes of PRS(q,q — 2) if ¢ odd.

Proposition 3.4.1. [3] Let 2 < k < q—2 and if q even then k ¢ {q—2,2}. If u is a deep
hole of PRS(q, k) then it’s syndrome Hu can not be written as a linear combination of any

qg—k—1 columns of H.

Proof. From the proof of proposition [3.1.1] we get
d(u,C) = min{j : Hu is a linear combination of some j columns of H.}

Next, d(u,C) = p(C) if and only if Hu is not in a linear combination of p(C) — 1 or less
columns of H. In our case p(C) = ¢ — k. So, all the vectors of IFg“*k which are not in a
linear span of any ¢ — k — 1 columns of H are syndromes of deep holes of PRS(q, ¢ —2) when
q is odd. O

For PRS(q,q—2), the value of ¢—k—1 = 1. Hence the vectors of Fg which are are not in
the span of any column of G3 are syndromes of deep holes of C. There are (¢+1)(¢—1)+1
vectors in Fg which are in linear span of 1 columns of PRS(q, ¢g—2). So, number of syndromes
of deep holes of C is ¢* — ((¢+1)(¢g—1) +1) = ¢*(¢—1). So, number of projective syndromes

is ¢%. So, there are ¢ equivalence classes of deep holes of C [3].

3.5 Deep holes of PRS(q,q — 3)

Matrix G,_3 is a generator matrix and Gy is a parity check matrix of PRS(q,q — 3).

Proposition 3.5.1. [9] Number of deep holes of PRS(q,q — 3) is (¢ — 1)(¢*/2 + ¢* + q/2).

Proof. Proposition implies all the vectors of Iﬁ‘g which are not in a linear span of any
q—k—1 = 2 columns of G, are syndromes of deep holes of PRS(q,q — 3). There are
(4" (¢ — 1)*+ (¢ + 1)(¢ — 1) + 1) number of vectors which are in linear span of at max 2
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columns of G4. So, number of syndromes of deep holes of PRS(q,q — 3) is

= ("5 a2+ @ - +1)
= (¢—1)(*/2+¢" +q/2)

and (¢*/2 + ¢*> + q/2) equivalence classes of deep holes of C. O]

Let N}, = (0,---,1,0), only k — 1th coordinate of is 1, all other coordinates are zero.

Theorem 3.5.2. [9] Let 2 < k < q—2 and if q even then k ¢ {q—2,2}. There are q(q+1)
equivalence classes of deep holes of PRS(q, k), represented by the polynomial u(X) = X*.

Proof. The word w = (uy,ug,- -+ ,u4,0), where u; = u(z;), has syndrome N 1. We
need to show that Ny is a syndrome of a deep hole. For that we need to show that
d(u,C) = ¢ — k. For that we need to show that AN ;i_j is not a linear combination of any
q¢—k—1 columns of H. Then the matrix K = [cgr1-k(¥1)] - - [qr1-k (Yg—t—1)|N g+1-k], Where
{vi," -+ ,yg—k—1} C F, U {oo}, has rank ¢ — k. So, it is enough to show that at least one

q — k X ¢ — k minor of K is non-zero.

e If one of the columns of K is ¢,41-x(00) then wlog suppose y,_x—1 = co. By removing

third last column we get ¢ — k x ¢ — k submatrix of K whose determinant is non-zero.

e In this case there is no ¢;41-(c0) column in K. Then removing last column of K we

get ¢ — k x ¢ — k submatrix whose determinant is non-zero.

That completes the proof that the word u is a deep hole of C. n

Definition 3.5.1. Projective linear group PG Ly (F,) is a quotient of the group GLi(F,) with
center F;. So, PGLy(F,) = G?I";—QFQ). It can be viewed as the set of equivalence classes of
G Ly, with the equivalence relation - G ~ AG for G € GLx(Fy) and A € F - two matrices

are equivalent if and only if one is scalar multiple of other.

Define S, 41— = {set of all the projective syndromes of deep holes of PRS(q,k)}. Next,
we consider action of the group PG Ly (F,) on S,+1_;. Then we find size of the orbit of the
deep hole syndrome N 1.
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From an action of GLs(F,) on Fz, we get action of PGLy(F,) on P'(F,). Next, we
identify F, U {oo} with P!(FF,) by the map x + [cy(x)]. Hence we get action of PG Ly(F,)

on F, U {oo}. So for [¢g] = [(a 2) € PGLy(F,), we have [glx = [(Z Z)] (;) So, for

c
each = € F, we take [g]z as g(x) = f:_ii, where ad — be # 0.

Action of PGLy(F,) on P '(F,) : There is an injective group homomorphism
¢ : PGLy(F,) — PGL,,(F,)[2], which we denote [gs] + [g], With the property that for

b
each [go] we get [gm] - [cm(2)] = [cm(g2(x))]. If g2 = (a d)’ then we get g,, such that its
c

ijth entry is the coefficient of X7~! of the polynomial (a + bX)™ *(c+ dX)""!. Then action
of go on [v] € P HF,) is [gmv].
Lemma 3.5.3. [0/ Let ¢([g2]) = [gm]. There exit a monomial matriz M € aut(C) such that

Proof. Let P be a permutation matrix such that

92[351, T ,$q+1] = [92(1’1), T ,92(95q+1)] = [351, te :$q+1]P-

Then,

gme = gm[cm(xl)7 e 7cm(ItI+1)] - [gmcm(xl)a U ’gmcm(‘rq—l-l)]

= [em(z1), -, cm(2g41)|PD = G, PD,

where D is a diagonal matrix. Let D = diag(dy,- - ,dg+1).
If b; # 0 then
(a+bx;)™ ' x;# —a/b, o0
di = (c—ad/b)™ ' z;=—a/b

pm-1 T; = 00

If b; = 0 then

a™ b oz # oo

di:

d™ ! oz, = 00

So, we have monomial matrix M = PD such that ¢,,G,, = G,,M.
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]

Proposition 3.5.4. [9] u is a deep hole of PRS(q, k) if and only if Mu is also a deep hole
of PRS(q, k), where M € Aut(C) (M is a monomial matriz).

Proof. Let m = ¢+ 1 — k. w is a deep hole of PRS(q,k) if and only if syn(u) is not
a linear combination of any ¢ — k — 1 columns of G,,. Given this we need to show that
syn(Mu) = gpnsyn(u)(since gnsyn(u) = gnGnu = GpMu = syn(Mu)) is not a linear
combination of any ¢ — k — 1 columns of G,,. Suppose it is a linear combination of some
q — k — 1 columns of G,,. We get a matrix P = [c;n(y1)] - - [¢m(Yg—k—1)|gmsyn(u)], where
{y1,"+ ,Ygr-1} C F,U{oo}, having rank ¢ — k — 1. We multiply P with g,,' and get that
syn(u) is a linear combination of some g — k — 1 columns of G,, which implies u is not a

deep hole of PRS(q, k). Similarly we can prove inverse. ]

Lemma 3.5.5. Let p = char(F,). For k > 3 stabilizer of Ny, under the action of PGLy(F,)
on PFY(F,) ds:

(

10

{ 0 :dGIFqX} k1 mod p
10 .

{ ; rceF,deFy}  k=1modp
c

(k —1)abk—2
b2 + (k — 2)dab*—3
Proof. Applying g, on N, we get gpNj = :
(k — 2)d*3cb + ad*?

(k — 1)cd*—2
If £ # 1 mod p then gpN, is projectively equivalent to Ny, if and only if b = ¢ = 0.

If K =1 mod p then g, N, is projectively equivalent to N, if and only if b = 0.

]

Let group G acts on set S. For s € S, |O(s)| = |G|/|stab(s)|. We use this formula to
find the size of orbit of Njy.
First we show that Ny + ¢4(00) is a deep hole syndrome of PRS(q,q — 3). Suppose it is

not a deep hole syndrome then it is in a linear combination of some 2 columns of G4. So,
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Ny + ca(00) = acy(z) + Bea(y). Consider first 3 coordinates of Ny + c4(00), we get that
cs3(00) = acs(z) + Bes(y) where o, 5 € F,. Hence 3 columns of Gy are linearly dependent

which is not possible. Therefore Ny + ¢4(00) is a deep hole syndrome of PRS(q — 3).

Theorem 3.5.6. There are q(q + 1) elements of Sy which form orbit of Ny = (0,0,1,0)
when char(F,) # 3 and union of the orbits of N'y and Ny + c4(00) when char(F,) = 3 under
the action of PGLy(F,) on P*(F,).

Proof. 1f char(F,) # 3 then from lemma3.5.5] |stab(N4)| = ¢—1 implies |O(N4)| = q(g+1).
If char(F,) = 3 then from lemma |stab(N4)| = (¢ — 1)q implies |O(Ny)| = (¢+1). In
this case O(N4 + ¢4(00)) is different from the O(Ny). Applying g, on Ny + c4(00) we get

3ab® + b3
cb? + 2dab + db?
2dch + ad® + d*b
3cd? + d°

Ge(N4 + cs(00)) =

Matrix g, stabilizes Ny + ¢4(00) if and only if b =0 and a = d. So,

stab(N 4 + ¢4(00)) = {(i (1)> ccelF,}.

Hence |stab(N 4 + ¢4(00))| = ¢q implies |O(N4 + c4(00))| = (¢ — 1)(¢ + 1). O

Theorem 3.5.7. Let F2 be a 2 degree extension of Fy and o be a non-trivial element of

Gal(F./F,). The vectors
V(A @) = Acgy1-k() + 0(N)cgri-i(o(z)), where x € Fpz \ Fy and A € F,

in IFZHJf are syndromes of deep holes of PRS(q, k). For k < q— 3, this gives (¢ — 1)q(q* —
1)/2 coset equivalence classes of deep holes([9], Theorem 3.6).

Proof. Let m = q+ 1 — k. Vector in [F;* of the form,
V(A @) = Aem(2) + o(N)em(o(z)), where v € Fpe /Fy and A € F,

is a syndrome of deep hole of C because otherwise we can write v(\, z) as a linear combination

of some m columns of G,,(F,)(generator matrix of PRS(q? m)), which implies some m
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columns of G, (IF2) are linearly dependent.

Two such deep holes corresponding to (A, z) and (N, 2') are coset equivalent if and only
if syndromes v(A,z) = v(N,2’). Let Ay # A\ and x9 # x; then for m > 4, ie. k < q— 3,
vector v(Ar,x1) = v(A2,22)(4 columns of G, (F2) are linearly dependent) is not possible
except when (Ag, z2) = (0(A\1),0(z1)). So for k < ¢ — 3, total number of such syndromes is
(¢* = 1(¢* —q)/2.

Syndromes found in above theorem are different from N, because otherwise \V,,, would be
a linear combination of 2 columns of G,,(F,2), contradicting the fact that A/, is a syndrome
of deep hole of PRS(¢? k). O
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Chapter 4

Deep holes of PRS(q,q — 4)

Let S5 denote the set of projective deep hole syndromes of PRS(q,q—4). Group PGLy(F,)
acts on S5. We decompose P*(F,) into the orbits under the subgroup H = {t — d(t +¢) :
d e Fy,ceF,} of PGLy(F,;). Then we check which of these orbits are in S5. Let u([v])
denote the position of the first non-zero entry of [v] € P*(F,). Under the action of H on
[v] € P4(F,), the value of 4 is invariant because the image of hy € H in PGLs(F,), hs, is an

lower triangular matrix. Hence p is constant on each H-orbit of P*(IF,).

Let F/(F )" denote a set of representatives for the equivalence classes of F, under the
equivalence relation z ~ y if z/y = t' for some t € F,. For ¢ even, let F,/F /q/ denote a set

of representatives for the equivalence classes of F, under z ~ y if y = 2 4 ¢ + ¢* for some

/ b/
c € F,. We take b/ = (Z d/) € PGLy(F,).

Lemma 4.0.1. [J] Representatives of distinct H-orbits of P*(F,) are,
(1) p=>5:c5(c0)
(2) p=4: N5=1(0,0,0,1,0) if ¢ odd and N5, N5 + c5(c0) if q even.
(3) p=3:

(a) (0,0,1,0,0)

(8) {(0,0,1,0,6) : € € B /(F2)?)

(c) (0,0,1,1,0) only if char(F,) =3
(4) p=2:

(a) (0,1,0,0,0)
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(b) {(0,1,0,0,a) : a € F\ /(F)*}
(c) {(0,1,1,8,a) :a€F, B € Fq/]F;} only if char(F,) =2
(d) {(0,1,0,€,0) : e € F /(F)*} if q odd
(e) {(0,1,0,a,a) s € F '} if ¢ odd
(5) p=1:
(a) ¢5(0)
(b) {c5(0) + Aes(00) = A € IF;/(]F;)“}
(¢) {cs(0) + A5 : A e F)/(Fy)*}
(d) {(1,0,0,A\,A) : A€ T}
(e) {(e10,1,a,8): 0, € Fy € € IF;/(IF;V}

Proof. Let v = (vg,v1,v2,v3,04) € Ss.
Let h(t — d(t+¢)) € H. Then

hsv = (vg, d(vy + cvp), d*(va + 2cv; + c*vg), d°(vs + 3evs + 3cPvy + ),

(4.1)
d*(vy + 4cvg + 670y + 4cPv; + ctug)).

(1) =5, then only vy # 0. So v = Acs(00), where \ € F* implies [v] = c5(c0).
(2) u=4. In this case vy = v; = vy = 0,v3 = 1 and vy € {0,v4 # 0}.
Let v = (0,0,0,1, v4), then from equation [4.1]

[hsv] = (0,0,0,1,d(vy + 4c))

(i) vg = 0. In this case [hsv] = (0,0,0,1,4dc). We take hy such that ¢ = 0. So, this case
is [hsv] = Ns.
(ii) vg # 0. In this case [hsv] = (0,0,0, 1, d(vy + 4c)).
If char(F,) # 2, we take hy with ¢ = —v4/4, then this case is [hsv] = N.
If char(FF,) = 2 then [hsv] = (0,0,0, 1, dvy).
So, take hy with d = v} " then [hsv] = N5 + c5(c0).
(3) = 3. In this case vg = v; = 0,v, = 1 and
(vs,v4) € {(0,0), (0,04 #0), (v3 # 0,0), (vs # 0, v # 0)}.
Let v = (0,0, 1, v3,v4) then

[hsv] = (0,0,1,d(vs + 3¢), d*(vq + 4evs + 6¢2)).
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If char(FF,) # 3 then by taking hy with ¢ = —v3/3, we get [hsv] = (0,0,1,0, ).
Now again applying hl, € H on [hsv], we get

(Wi (hsv)] = (0,0,1,3d'¢, d”* (v}, + 6¢7)).

We take b/ with ¢ = 0, then we get [k (hsv)] = (0,0, 1,0,d*v}). So we get two cases:
(i)v} = 0 implies [hL(hsv)] = (0,0, 1,0,0) and
(ii)vy # 0 implies [R5 (hsv)] = (0,0,1,0,€) where € € F/(F;)?.
If char(F,) = 3 then
[hsv] = (0,0, 1, dvs, d*(vy + cvs)).

(a) If vz # 0 then we take hy with ¢ = —vy/v3 and d = vy ', we get [hsv] = (0,0, 1,1,0).
(b) If v3 = 0 then [hsv] = (0,0, 1,0, d?vs). So we get two cases:
(i)vg = 0 then [hsv] = (0,0,1,0,0) and
(i)vg # 0 then [hsv] = (0,0,1,0,€) where e € F* /(F;)*.
(4) p = 2. In this case vp = 0 and v; = 1.
Let v = (0,1, v9,v3,v4) then

[hsv] = (0,1, d(vy 4 2¢), d*(vs + 3cvy + 3¢?), d®(vy + devs + 6c%vy + 4c%)).

If char(F,) # 2 then by taking h € H with ¢ = —v,/2, we get [hsv] = (0,1,0, v}, v}).
Then again applying hj on [hsv], we get

[ (hsv)] = (0,1,2d'¢, d”* (vl + 3¢°), d (v}, + 4cvh + 4¢)).

We take hYy, € H with ¢ = 0 then [h(hsv)] = (0, 1,0, d”*v}, dv)}). So, we have 4 subcases.

(i) (vh,vy) = (0,0). In this case [hf(hsv)] = (0,1,0,0,0).

(i) (v4,v}) = (0,04 # 0). In this case [h5(hsv)] = (0,1,0,0,d%v)). So [v] is in the
orbit of (0,1,0,0, ) for some o € Fy/(Fy)?.

(iii) (v4,v}) = (v4 # 0,0). In this case [hL(hsv)] = (0,1,0,d?v5,0). So [v] is in the
orbit of (0,1,0,a,0) for some o € Fy/(Fy)>.

(iv) (v, v}) = (vh # 0,0} # 0). In this case [hi(hsv)] = (0, 1,0, d%v}, d*v}). So we take
d' = v3/vy in hy then [hi(hsv)] = (0,1,0, a, o) where o € F.

If char(F,) = 2 then
[hsv] = (0,1, dvy, d*(vs + cvg + ), d*vy).

(1) If vy # 0 then taking d = vy * we get [hsv] = (0,1,1, (;’—g + o+ 0%, Z—g) So v is in
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the orbit of (0,1,1, 3, a) where 8 € Fy/(Fy)" and a € F,.
(ii) If vy = 0 then [hsv] = (0, 1,0, d?*(vs + ¢*), d*vy). From the Frobenious automorphism
of F,, © — z” where p = char(F,), we can say that square root of all elements of F,
exist in [, if ¢ is even. So, let hy € H with ¢ = \/v3 then [hsv] = (0,1,0,0, d*v4). So
[hsv] € {(0,1,0,0,0) : . € F\ /(F)%}.
(5) = 1. In this case vy = 1.

Let v = (1, v1,v9,v3,v4) then

[hsv] = (1,d(vy + ¢), d*(va + 2cv; + ¢2), d*(vs + 3cvs + 3¢y + ),
d*(vy + devs + 6¢Pvy + 4y + ).

Let h € H with ¢ = —uvy, then [hsv] = (1,0, v}, v, v)).
Then again applying h} on hsv, we get

(Wi (hsv)] = (1,d'¢/,d? (v + %), d® (v} + 30, + ), d'* (), + 40l + 660, + ).

We take h' € H with ¢ = 0 then [hL(hsv)] = (1,0 d'202,d’3vé,d'4 1)

(a) If v} # 0 we get v in the orbit of (1,0, €, eal”3 ed? ”;‘) which is equivalent to
(e71,0,1, @, B) where a, 3 € F,.

(b) Next v}, = 0 implies

[hi(hsv)] = (1,0,0, d*vh, d*v)).

So we get 4 subcases.

(i) (v4,vy) = (0,0). In this case [h(hsv)] = (1,0,0,0,0). So [v] is in the orbit of ¢5(0).

(i) (v4,v}) = (0,v4 # 0). In this case [h5(hsv)] = (1,0,0,0,d*}). So [v] is in the
orbit of ¢5(0) + Acs(o0) for some A € F/(F)*.

(iii) (v, v}) = (v5 # 0,0). In this case [hL(hsv)] = (0,1,0,d%v;,0). So [v] is in the
orbit of ¢5(0) + AN for some A € Fy' /(F)%.

(iv) (vh,v}) = (v # 0,0} # 0). In this case [h5(hsv)] = (0, 1,0, d>v}, d*v}). So [v] is in
the orbit of (1,0,0, a, o) for some a € F,,.

O

Lemma 4.0.2. [/ Let v = (vg, v1, v2,v3,v4) € ]Fg. Letv' = (vg, - -+ ,v3) andv” = (vy, -+ ,v4).
Then, [v] € S5 if and only if following 3 conditions holds,
(1) Either A) v' € Sy, or B) v = Aeg(x) + cq(00), where N,z € F,.
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(2) Either A) v" € Sy, or B) v" = Aea(x) + c4(0), where A € Fy, v € {F; Uoo}

(8) v =acs(x) + bes(y) + ces(2) has no solution for a,b,c € Fy and distinct x,y,z € Fy.
If v orv" are in Sy then it is in one of the following forms,

(A1) (3b*a,b*c + 2abd, d*a + 2bcd, 3d*c) and when char(F,) = 3 also (b%,b*d + b*c +
2abd, bd* + d*a + 2bcd, d*), for some h(t) = (c + dt)/(a + bx) in PGLs(F,).

(A2) (a+a,ax + a’2%, ax® + a%2*, az’ + a%2®?) for v € Fe \Fy and a € F,.

Proof. [v] € S5 if and only if
v = acs(z) + bes(y) + ces(z) for a, b, c € F, and distinct z,y, z € {F, U oo} (4.2)

has no solution.

Suppose equation has a solution with x,y or z = oo, wlog let z = oo, then v =
acs(z) + bes(y) + ces(00) which implies v = acy(x) + bey(y) for distinet z,y € F,. Hence
in this case if v' = Aey() + ca(o0) for A,z € F, or v/ € Sy then equation 4.2 does not has
solution.

Similarly if equation has a solution with z,y or z = 0, wlog let z = 0, then v =
acs(x) 4 bes(y) + ccs(0) which implies v = acy(x) + bes(y) for distinct z,y € {F U oo}
Hence in this case if v" = Aes(z) 4+ ¢4(0) for A € F,, x € {F,U oo} or v" € S, then equation
[4.2] does not has solution.

We left with the case when for distinct z,y, z € IFqX, the equation has a solution.
Hence [v] € Sy if and only if conditions (1), (2) and (3) of the lemma holds. As we have
seen in chapter 4 if [v] € Sy then [v] is either in the orbit of Ay and also Ny + ¢4(00) when
char(Fy) = 3 or v = aca(z) + ales(2?) for v € Fi2 \ Fy and a € F ;. That proves the second

assertion of lemma.

Further analysis require the solution of the following two problems.

L)Problem P,y : 7 +y+2 = —a,zyz = \; z,y,z € F are distinct. (4.3)

2)Problem Qup: 7 +y+ 2+ ayz/e = a,e(1 +zy/e)(1 + yz/e)(1 + zx/e) = € + a* — B;
for distinct z,y,2 € Fy. (4.4)
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Solution to these problems are given in [4].

Now we determine which of these H — orbits are in Ss.

Theorem 4.0.3. [j|/ Representatives of distinct PG Ly(FF,)-orbits of Ss.
For sufficiently large q,
(1) N5 if g odd and {N5, N5+ c5(c0)} if ¢ even.
(2) {v; : 0 <i < q}, wherev; = 0'c5(0)+60"c5(07) and 6 is a generator of the multiplicative
group IF;.
(3) (0,0,1,0,0) if ¢ £ 1 mod 3.
(4) (0,0,1,0,¢71), ¢ = 0 mod 3, where ¢ is a quadratic non-residue.
(5) (0,1,1,a,0) if q is even and ¢ = 1 mod 3, where « is a fized element of F, \ F".

Proof. 1f one of the conditions in Lemma does not hold for v then [v] ¢ Ss.
(1) u =5, then v = ¢5(c0).
(2) = 4. In this case N5 if ¢ odd and {N5, N5 + ¢5(c0)} if ¢ even are in Ss.
(3) u=3.
(a) v=(0,0,1,0,0).
Here v' and v” are in case Al) of Lemma because v' = (0,0,1,0) = N, and
v" =(0,1,0,0) = hyNy4 for h € PGLy(F,) such that hy(t) = 1/t.
The equation v = acs(x) + bes(y) + ces(2) for x,y, 2 distinet in Fy and a,b,c € F, is

equivalent to the equations
r+y+2z=0(1)and vy +yz + vz =0 (2) for distinct z,y,z € F

have a solution( See Appendix A).

We put value of z from equation (1) into equation (2) and get
2?4+ y* + zy = 0 has a solution for distinct x,y € IFqX.

If char(F,) = 0 mod 3 then,

Pty =0c2"+y* - 20y =04 (z —y)?

=0 2=y (3)
From equation (1) and (3), we get © =y = z. So, v € S5 when char(F,) = 0 mod 3.
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If char(F,) # 3 then,

2 2 3
(4 +241=0e (2-))((4) +2+1)=0e (4) —1=0.
x x x T x x
It has a solution when cube root of 1 exist in F,, that is when char(F;) = 1 mod 3.

In this case (z,y,2) = (a,aw,aw?) where a € F) and w is a cube root of unity.
So, v ¢ S5 when char(F,) = 1 mod 3 and when char(F,) = 2 mod 3 then v € S;.

(b) v=(0,0,1,0,¢) where € € F* /(F)*.

()

Consider h € PGLy(F,) such that h(t) = 1/t. Then pu(hsv) = 1 which we deal later
in case pu(v) = 2.

v=1(0,0,1,1,0) when char(F,) = 3.

Take h € PGL4(F,) such that h(t) = 14 1/t. Then hsv = (0,1,0,0, 1) which we deal

later in case p(v) = 2.

(4) p=2.
(a) v=(0,1,0,0,0).

(b)

(c)

Then v is in the orbit of N'5. So, v € Ss.
v=(0,1,0,0, ).
Then take h € PGL4(F,) such that h(t) = 1/t, then pu(hsv) = 1 which we deal in the
case pu(v) = 1.
v=1(0,1,1, 5, ) when char(F,) = 2.
If a # 0 then we take h € PG Ly(FF,) such that h(t) = 1/¢, then pu(hsv) = 1 which we
deal in the case = 1. So, we can assume a = 0.
v=1(0,1,1,5,0) with char(F,) = 2.
Here the case B of Lemma does not hold for v’ because (0,1,1) # c3(x) for
any « € F,. Also the case Al not hold for v' because (0, 1,1, 3) = (b*a, b*c, d*a, d*c)
implies ab = 0 but bc # 0 and ad # 0 which is not possible. Only remaining case
A2 holds for ¢ if and only if X? + X + 3+ 1 is irreducible over F, (see Appendix),
that is when 1+ 3 ¢ F”.

If ¢ =1 mod 3 then 1 € F}, so we take 3 ¢ F".

If ¢ =2 mod 3 then 1 ¢ F”, so we take =0 € F”.
Let ¢ = 2 mod 3. Then 8 = 0 and hence [v] = (0,1, 1,0,0).

We apply g» with ¢g(t) = 1+ 1/t on v, then [gsv] = (0,0,1,0,0). That we have
studied in case p = 3.
Let ¢ = 1 mod 3 then we take 8 ¢ F”.

The only possible case of Lemma [4.0.2| which holds for v” is A2, when polynomial

33



2>+ 12+ f =0 € Fy[X] is irreducible. Since 8 ¢ F”, case A2 holds for v”. Next,
we check if condition (3) of Lemma holds for v.
The equation v = acs(x) + bes(y) + ces(2) for x,y, 2z distinct in F; and a,b,c € F,,

is equivalent to the equations

r+y+z+ary+yz+zer=ao and
Py + ey tyz+raz+ (r+y)(y+2)(z+2) = 0;
for distinct z,y,z € Fy

have a solution( See Appendix A). It has solution only when o = 1. Since 1 € F”
and a ¢ F”, these equation does not have a solution. Hence [v] € S5. We show
that elements in PG Ly(IF,) has zero on first and last coordinate and other coordinates

are non-zero. For g € PGLy(F,) with ¢(t) = Zj‘r‘;i,

[95v] = (0,a* + ab + b, ad — be, ¢* + cd + d*a, 0).

Since a ¢ F” and ad — be # 0, we get a® + ab + b?«a, ad — be and ¢? + cd + d*« are
non-zero. Since this is not true for the orbits (1) and (2) of Theorem [.0.3| we get
that orbit of [v] is different from orbits (1),(2) of Theorem [4.0.3]

(d) v=1(0,1,0,¢,0) where e € F /(F;)*, when ¢ odd.
Here only case A2 of Lemma holds for both v" and v” if and only if € is an
quadratic non-residue.
So, v = acs(x) + a’cs(x) for some a € F, with ¢ = —a and z = \/e.

(e) v=1(0,1,0,a,a) where a € F, when ¢ odd.
Then take h € PGL4y(F,) such that h(t) = 1/t then pu(hsv) = 1 which we deal in the
case u = 1.

(5) p=1.

Case (a) and (b) are clearly not in S;.

(¢) 1 v =¢5(0) + AN5 where A € Fy\ /(F)°.
We check when condition (3) holds for v. If v = acs(x) + bes(y) + ces(z2), where

x,Y, 2 € IFqX are distinct, has solution then we get following equations
r4+y+2z=0and zyz = A, for distinct z,y, z € F;

have a solution(See Appendix A). That is if problem P, ) has a solution for o = 0
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and A € Fy/(IFx)%. Theorem implies v ¢ S if any of the following holds.

(i) g > 8 when char(F,) € {2,3}
(it) g > 23 when char(F,) ¢ {2,3}.

(d) :v=(1,0,0,\,A) where A € F.
If v = acs(x) + bes(y) + ces(2), where z,y, 2z € F are distinct, has solution then we

get following equations
r4+y+2z=1and zyz = A, for distinct z,y, z € IF;

have a solution(Appendix A). That is if problem P, ) has solution for « = —1 and
AelF ;. Theorem implies v ¢ Sy if any of the following holds.

(i) q > 16 when char(F,) € {2,3}
(i1) ¢ > 23 when char(F,) ¢ {2,3}.

(e):v={(c",0,1,a,) where a, 3 € Fy and € € F /(F)*.
We use Lemma to determine when v € S5. First we find cases when v and
v" satisfy sequentially conditions (1) and (2) of Lemma [4.0.2] then we check if v
satisfy condition (3) of Lemma in this cases.
(i) The case Al of Lemma holds for v’ if and only if a = 2¢/—e.
(i) The case A2 holds for v’ if and only if the polynomial X? — aX — ¢ € is
irreducible over [F,.
(iii) The case B does not hold for v’ for any A,z € F,.
Similarly we check for v”.
(iv) The case A1l holds for v” if and only if 48 = 3a?.
(v) The case A2 holds for v” if and only if polynomial X? — aX + 8 — a? is
irreducible over IF,.
(vi) The case B holds for v" if and only if 8 = a? # 0.

Here v = acs () +bes(y) + ces(2) for distinet x,y, 2 € F is equivalent to the following
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equations have a solution

T +y+z+ryz/e =aand €1+ 2y/e)(1 +yz/e)(1 + zx/e) = € + a* — B; (45)
for distinct z,y,z € F; .

i.e. Solution to the problem (), s.

We say « to be Type-I if @ = 2y/—¢ and Type-Il if X?—aX —e € F,[X] is irreducible.
If 3 =€+ a? then v € S5 when « is of Type-I or Type-II.

If a is of Type-I and if ¢ odd then

v—e(—3a + bt)

a+ bt

v = g5(N3) for g(t) =
and if ¢ even then

\/—_e(a+b+bt)_

v = g5(N5 4 c5(00)) for g(t) = a + bt

If v is of Type-1I then

2
% —
v =acs(x) + alcs(x?), where a = % and z is a root of the

polynomial X? — aX — e over Fo.

Combining details of v and v”, we get the following cases for (o, 3):
Let g be odd, if a be of Type-I,
(i) We say (a, 3) to be Type-la if X? — aX + o — f8 is reducible over F, and

B #a’.
(i) We say (a, B) to be Type-Ib if either X? — aX + o® — 3 is irreducible over
F, or 8 = a2

If a be of Type-II,

(iii) We say («, 8) to be Type-ITa if X? — aX + a? — 3 is reducible over F, and
B¢ {a? 3a%/4}.

(iv) We say (a, 8) to be Type-IIb if either X? —aX +a? — j is irreducible over F,
or B € {a? 3a?/4} but a # 0.

We say (a, ) to be Type-Ilc if « = g = 0.

Now We consider g even. If a to be Type-I(a = 0),
(i) We say (a, 8) to be Type-la if 5 # 0.
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(ii) We say (a, ) to be Type-Ib if 5 = 0.
If a be of Type-II,
(iii) We say (a, 8) to be Type-Ila if X? — aX + o? — 8 € F[X] is reducubile and
B # o
(iv) We say (a, 3) to be Type-IIb if either X? —aX +a? — 3 € F [X] is irreducible
or if 3 = a2
(Here one thing to note is that from Frobenious automorphism, = — z?, of F,
there exist square root of every element of F, inside F, when char(F,) = 2.)
If ¢ > 32 then, from Theorem [4.0.5 [v] ¢ S5 except when char(F,) # 3 and Qus is
of Type-Ilc.. ]

Solution of the problems P, ) and Q. is given below [4].

Theorem 4.0.4. [}/ The problem P, ), equation has a solution for all a € F, and
A€y when

q>9 if char(F,) =3 and o = 0.

q > 27 if char(F,) =3 and o # 0.

q > 8 if char(F,) = 2, and either a =0 or o # 0, A = —(ar/3)?.

q > 16 if char(F,) = 2, and either a # 0 and X # —(a/3)?.

q>T7if char(F,) # 2,3, a #0 A = —(a/3)3.

q > 23 if char(F,) # 2,3, and either « =0 or a # 0, \ # —(a/3)3.

S A o o~

Theorem 4.0.5. [/ Suppose ¢ > 5. The problem Q, g3, equation has a solution when
1. ¢ > 8 if char(F,) =2 and («a, B) of Type-Tb.

q > 7 1ifq odd, char(F,) # 3 and (a, 5) is of Type-Ilc

Qap has no solution if char(F,) =3 and (a, B) is of Type-Ilc

q > 16 if char(F,) = 2, (a, ) of Type-Ia and Type-11Ib

q > 32 if char(F,) # 2, (o, B) of Type-Ila

q>29 if q is odd and («, B) of Type-la and Type-Ila

q > 23 if q is odd and (o, B) of Type-1b and Type-11b

NS G o
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Appendix A

: Use of Lemma 4.0.2

Statement of the Lemma is given below. Here we will see how this lemma is used to

determine which of H-orbits of Lemma [4.0.1] are in Ss.

Lemma A.0.1. Let v = (vg, vy, 09, U3,04) € FS. Let v' = (vg, -+ ,v3) and v" = (vq,- -+ ,vy).
Then, [v] € S5 if and only if following 3 conditions holds,

(1) Either A) v € Sy, or B) v' = Aca(x) + ca(00), where X,z € F,,.

(2) Either A) v" € Sy, or B) v" = Acy(w) + ¢4(0), where X € Fy, v € {F; U oo}

(8) v =acs(x) + bes(y) + ces(z) has no solution for a,b,c € Fy and distinct x,y,z € Fy.
If V' orv” are in Sy then it is in one of the following forms,

(A1) (3b%a,b*c + 2abd, d*a + 2bed, 3d?*c) and when char(F,) = 3 also (b*,b°d + b*c +
2abd, bd?* + d*a + 2bed, d?), for some h(t) = (c+dt)/(a + bx) in PGLy(F,).

(A2) (a + a%, azx + a’2?, ax® + a®2*!, ax® + a®2?) for v € Fe \Fy and a € F ;.

41



A.1 Case Al

Consider v = (e71,0,1, a, B).

Let’s see when codition (1) holds for v' = (e71,0, 1, a).

The case A1) holds for v/, when v’ is of the form (3b%a, b*c + 2abd, d*a + 2bcd, 3d*c) with
ad — be # 0. So,

(e71,0,1,) = A(3b%a, b*c + 2abd, d*a + 2bcd, 3d*c), for some A € F. (A1)

From the first and Second coordinate of v’ in equation [A.1] we get

€ # 0 implies b # 0 and b(bc + 2ad) = 0 then be = —2ad. (1)

From the first and third coordinate of v’ in equation [A.1], we get

3b’a 1
d2a + 2bed
3b*a 1
= m = € (fI‘OHl (].))
b2 n
= ﬁ = —€ . (2)

From the first and fourth coordinate of v in equation [A.1], we get

Va _ e
d?c o
¥  —b !
S S X g = (from (1))
bo 4e2
f=— E = o2 (3)
From (2) and (3),
4e2
-3
e pe
s o = —4e



A.2 Case A2

Consider v = (e71,0,1, a, B).
Let’s see when codition (1) holds for v' = (e71,0, 1, a).
The case A2) holds for v/, when v’ is of the form (a +a?, ax + a%2?, ax® + a%2*, az® + a%239)

forz € Fe \F, and a € IFqXQ. So,
(€71,0,1,a) = Ma + a?, ax + a’29, ax® + a2, az® + a’2>?), for some \ € F. (A.2)
First coordinate of v’ in equation we get
al=(eN) "t —a. (1)
Second coordinate of v’ implies,

ar +a%zx? =0
& ar+ ((eN)™' —a)z? =0 (from (1))
—(eX) "t

& = —. 2
a=——— (2)

Third coordinate of v’ implies,

ar? + alz?? = \7!

& ar’+ ((eN) T —a)z® =2 (from (1))

o —_;A_)xx x (2 —2%) = A7 = (eN)la® (from (2))
& (N2 +a?) = A 4 (eN) 2™

& (eN) T2 =N

& 1f= %6 (3)
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Fourth coordinate of v’ implies,

ax® + a9231 = \ o

& az’ + ((eN) ™ —a)2® = A a(from (1))
o a<x3 o x3q> _ )\710[ o (E}\)ilxsq
(X)L
2N Lf(m?’ — %) = Ao — (ed) 2 (from(2))
r—x
& —(eN)2l(2® + 2?7+ 2 = X la — (ed) T2
& e git? gttt —
& a5 +2(Z5)? = —ca (from (3)
= _ 61’2 + 62 = —€Qx
=

22 —ar—e=0.

Since z € Fp2 \ F,, polynomial 2% — ax — e = 0 is irreducible over F,.
Similarly we check, when condition (2) of Lemma holds for v”.

A.3 Condition (3)

To check when condition (3) of Lemma hold for v, we do the following:
let v = acs(w) + bes(y) + ces(z) has a solution for a,b, ¢ € F, and distinct x,y,z € Fy. Let’s
take v = (vg, v1,v2,v3,v4). We consider first 3 coordinates of v to get values of a,b and c.

Let V(z,y,2) = (z —y)(z — x)(y — x). Then (vg, v1,v2) = acs(x) + beg(y) + ces(z) implies

Vo 1 1 1 Vo 1 1 1 Vo
det | v, y =z det | = vy =z det | =y u
2 2 2 2 2 2
vy Y* oz e vy Z T yc vy
a= b= and ¢ = . *
Vg Viey.2) Vg

We use this value of a,b and ¢ in the equation which we get from third and fourth

coordinate of v.



Example 1. Consider v = (e71,0,1,a, ).
Suppose

v=(10,1,a,B8) = acs(x) + bes(y) + ccs(2) for a,b,c € Fy
and distinct x,y, z € Fy.

We take first 3 coordinates to find the value of a,b and c,
(e71,0,1) = acs(x) + bes(y) + cez(2).
Using (*), we get that

Y (e‘lyz+1)(2—y)’ -

—(etzz+1)(z — ) and e (e tzy+1)(y — x)
Viz,y,2)

V(e,9.2) Vg Y

The third and fourth coordinates of v gives following two equations,

ar® + by’ +cz* =a  (2)
az* + byt +ct =5 (3)

Multiplying equation (2) with x, we get,

az + bry® + cx2® = ax

& B-byt —ct + by’ +cr =ax (from(3))
s hilr—y) +c(r—2)=ax—p
—( et Dz =)@ -y’ (lay+ Dy —2)(z — 2)2°
V(z,y,2) Viz,y,z)
-1 1 3 _ (1 1 3
(etzz+1)y N (etoy +1)2 s p
=Y =Y
& ¢ layay’ =)+ (1 - 2%) = (aw - B)(z —y)
& elayzly+2)+ P+ tyz=—az+ 8. (4)

=ax — [ (from(1))
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By similar process, multiplying equation (2) with y and z, we get following equations

eloyz(z+2) 2+ 2tz =—ay+ B (5)
eleyz(r+y)+ 2+ +ay=—az+ 3. (6)

Subtract equation (4) from (5), we get,

e layz(z —y) + (0% —y*) + 2(z —y) = alr —y)
rYz
%%—m—ky—l—z*:a. (7)
Multiply (4) with y and (5) with x, then subtracting later from former equation, we get,

e layz(y? +yr -2t —az) + (Y — o) + 22y — @) +2(y" —2%) = By — )
s cloyzlytrz+ )+t fay+ P dyraz=p
& clryzly+a+2)+@t+y+2)?—(ey+yz+az)=5 (8)

From (7) and (8),

(e loyz)? +2¢ tayz(z +y+2) — € tayz(y+ o+ 2) + (vy +yz +22) = ® — 8
(e tay2)? +etoyz(z+y+2) + (vy +yz +22) = — B

e+ ay+yz+etayietar+ ety e oy (e try) = e+ -

(14 aye N(etyz + 2o+ e tayz?) =e+a® - f

(14 aye (1 +yze Vet z2a) =e+a* -3

e(1+%)(1+y—:>(1+%) —eta’—B. (9)

So, we need to check that if following equations

O

vyt ztayz/e=a, e(l+zy/e)(l +yz/e)(l+ zx/e) = e +a® — j;
for distinct x,y,z € Fy

have a solution.
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