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Abstract

In this thesis we study Malliavin calculus on infinite dimensional Wiener space and study
properties of Malliavin operators. We then see how these along with what is known as Stein’s
method for distributional approximation is used to obtain quantitative limit theorems inside
a fixed Wiener chaos and also sometimes more generally. In a joint work with David Nualart
which is the content of chapter 4, we apply these results to prove an invariance principle
for functionals of Gaussian random vector fields on Fuclidean space for a large class of
covariances. This is an extension of the original famous result by Breuer and Major and
recent functional convergence results by Nualart et. al. to the case of vector valued fields.

We then briefly also look into further applications in the area of geometry of random fields.
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Introduction

The classical central limit theorem (CLT) states that for a sequence of random variables
{X, : n € N} such that X;’s are independent and identically distributed with mean zero and

variance one, we have that as n — oo

2y "X = N(0,1) (0.0.1)
=1

where N (0, 1) denotes the standard normal distribution with mean zero and variance 1 and
= denotes convergence in distribution, i.e as n — oo for every u € R, P(n~%/2 YrXi <
u) — ®(u) where ®(u) = [*_(27)/2e~**/2dz. From this result, one is then interested in
quantifying the error that one makes when assuming the distribution of the scaled sum to
be normal. The Berry-Esseen bound for the classical CLT gives precisely that. It states that
if S, = (n)"Y23""  X; and N ~ N(0,1), then

0.4785E[| X |°]
NZD

where dioi(F,G) = sup,ep |[P(F € (—00,2]) — P(G € (—00,z2])]|, is called the Kolmogorov

distance between laws of random variables F' and G. One line of inquiry from this result

dKol(Sn7 N) S (002)

would be to consider a general case of convergence in distribution, i.e. suppose that for a
sequence of random variables {F, : n € N}, we have F,, = N(0,V), how do we deduce
the rate of convergence and error estimates of the form of equation (0.0.2) when the law of
F,, is approximated by a normal law? Charles Stein in his landmark paper [1] essentially
gave a method for doing this using a simple approach. This approach since then has been

widely researched, applied and extended to other target distributions and the same is now



known as Stein’s method. For example, L. Chen in [2] extended the method for Poisson

approximation. We refer the reader to [3] for complete survey on Stein’s method.

In this thesis, we study distributional limit theorems similar to the classical central limit
theorem for the case of stochastic processes instead of sequences of random variables. More
precisely, we are interested in random fields which are stochastic processes on arbitrary
parameter sets. Due to their general nature, for stochastic modelling of phenomenon, they
have found applications in a wide variety of sciences from medicine to oceanography. When
modelling an activity over a region using random fields, one is usually interested in the
extreme regions i.e. regions corresponding to very high or very low activity. These are called
excursion or sojourn sets respectively of random fields and recently there has been significant
interest in studying distributional asymptotics of various geometric functionals of excursion
sets. We describe this area of study in Chapter 5. We will also be interested in rates of

convergence similar to the Berry-Esseen rate in these asymptotics.

One other question from the classical central limit theorem that one might ask is what
about the case when X;’s are not independent? An answer in this direction was given by
Péter Breuer and Péter Major in 1983 in their paper [4] wherein they gave a very general
central limit theorem under some conditions on the covariances. Since the appearance of
their result, the same has been extended to variety of different settings and it has proved
to be one of the most applicable results in stochastic analysis. We discuss this theorem
in detail in chapter 5 and we give a proof of it’s version for random vector fields. This is
joint work with David Nualart, [5]. This version for vector valued random fields finds it’s
applications in the study of limit theorems for various geometric characteristics of excursion
sets of random fields. We discuss this in Chapter 5. For more applications of this theorem,

we refer the reader to the introduction in [6].

For our proofs and to obtain our results, we rely on tools from stochastic analysis, mainly
Malliavin calculus. Paul Malliavin in [7] had initially developed the theory to give a proba-
bilistic proof for Hormander’s theorem ([8]) and to give conditions for regularity of probability
laws of random variables. Since then the theory has found many applications in areas in-
cluding finance and limit theorems. In this thesis, we introduce all the necessary tools that
we will need in our study in Chapter 2. For an extensive treatment of the theory, we refer

the reader to the monograph by David Nualart, ([9]).

We now briefly give organization of various chapters. Chapter 1 introduces the necessary



and preliminary definitions regarding theory of random fields and we state few important
results concerning them. In Chapter 2, we introduce the tools from Malliavin calculus that
we will require further in our study. Chapter 3 is about an important breakthrough in the
approach to prove distributional limit theorems of the form of classical central limit theorem.
We will use these techniques to prove our results. Chapter 4 contains our work wherein we
prove a version of the aforementioned theorem by Breuer and Major and prove additional
results. Finally, in Chapter 5 we discuss applications in area concerning geometry of random

fields and we conclude by mentioning further lines of research.






Chapter 1

Random Fields

In this chapter we will describe the necessary framework of random fields and in particular
Gaussian random fields which will remain our main focus in this thesis. We will limit our
discussion to random fields on metric spaces and real valued random fields. However, the
corresponding definitions for complex valued random fields are immediate. We will also often
use the term “field” instead of random field and we will never imply it to mean the algebraic
structure of a field on a set. We fix a complete probability space (€2, F,P) on which all

random elements are defined.

1.1 First definitions

We recall that a random element is a measurable map, X : Q — (5,8), where (S5,S) is
measurable space and the distribution or law of X is the probability measure Zx on (S,S)
given by Zx(A) =P(X1(A4)) for A€ S.

Definition 1.1.1. A random field & on a metric space (T,d) is a map £ : Q x T — R such

that &(-, x) is a random variable for every x € T.

We will abbreviate (-, ) as {(x) and sometimes we will also use the notation &, to mean
the same. We recall that a distribution v on R™ is multivariate Gaussian if and only if it is
either a dirac mass at some point or there exist ¢ € R™ and a non-negative definite matrix
C such that (z) = [q., €y(dt) = ello#—3(Cne),
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Definition 1.1.2. A random field & is Gaussian if all the finite dimensional distributions
of & are multivariate Gaussian, i.e. for every m € N and every (xq,...,x,,) € T™, the

distribution of the vector (£(x1),...,&(xym)), is multivariate Gaussian.

For a metric space (7T, d), we denote the Borel o-algebra on T' by B(T).

Definition 1.1.3. A random field & is said to be measurable if the map & : Q x T — R is
measurable, i.e. for every Borel set B € B(R), £7Y(B) € F @ B(T), the product c-algebra.

Definition 1.1.4. For a random field £ : Q@ x T — R, the function m : T — R given
by m(x) = E[{(z)] is called the mean function and r : T x T — R given by r(x,y) =
E[(&(z) — E[(2)]))(&(y) — E[£(y)])] is called the covariance function of the field.

Definition 1.1.5. A field on T is centered if m(x) =0 for allxz € T.

1.2 Regularity

We now define various notions of regularity for random fields.

Definition 1.2.1. A random field £ : Q x T — R is said to be almost surely continuous
if almost all sample paths are continuous, i.e. for almost every w € Q, {(w,-) : T — R is

continuous.

When T' = R", the same definition will also be used for stronger almost sure regularity

conditions on fields where almost every sample path is of class C*(R™).

Definition 1.2.2. A random field £ is said to be stochastically continuous if for every x € T
and any € > 0, P(|¢(z) —&(y)| > €) = 0 as d(x,y) — 0.

Definition 1.2.3. A random field £ is said to be mean-square continuous if for every x € T,
E[(¢(x) — &(1))?] = 0 as d(x,y) = 0.

Remark 1.2.4. If ¢ is mean-square continuous then it is also stochastically continuous.

Under the assumption of stochastic continuity of a random field &, we have that there
exists a measurable random field € such that for every z € T, £(z) and £(z) have the same
distribution (Pg. 5, [10]).



1.3 Separability

Definition 1.3.1. A random field £ : Q2 x T — R is said to be separable if there exists a
countable dense set I C T and a fized event N such that P(N) = 0 and for any closed set
B CRandopensetD CT,{weQ:¢(w,z) e BYx € D}A{weQ:&(w,x) € BYx € DN
I} C N, where A denotes the symmetric difference operator, i.e. AAB = (ANB)U(A°NB).

For a random field ¢ on R™, there exists a separable random field € on R” such that for
every & € R”, &(z) and &(z) have the same distribution (Pg. 6, [10]). Apart from the first

chapter, in this thesis, we will only consider measurable and separable random fields on R".

For a random field £ on a metric space (T,d), we can define a pseudo metric d’ on T
given by d'(z,y) = \/E[(£(z) — £(y))?]. With this, we have the following lemma (an improved

version of Lemma 1.3.1 of [11]).

Lemma 1.3.2. A mean-square continuous, separable random field & on (T,d) is almost
surely continuous w.r.t. the d metric if and only if it is almost surely continuous w.r.t. d’
metric, i.e.
P{weQ: lim [((w,z)—E&(w,y)|=0VzeT}) =1
d(z,y)—0
if and only if

lim ¢(w,2) — &(w,)| =0V €T = 1.

PHw e Q:
({ d'(z,y)

Proof. We make the observation that as (7,d) is a separable metric space, we have that
(T, d) is Lindelof, i.e. every open cover has a countable subcover. Then we conclude the

result by arguing in the exact same manner as of the proof of Lemma 1.3.1 of [I1]. m

1.4 Stationarity

We now turn to describing the notions of stationarity and isotropy for random fields on R".

The same notions can be extended to the case when T admits a (abelian) group structure.

Definition 1.4.1. A random field £ : Q x R" — R is said to be weakly stationary if for any
t,x,y € R" m(x +t) =m(x) and r(z+t,y +1t) =r(z,y).
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Definition 1.4.2. A random field & : 2 x R™ — R is said to be strictly stationary if for any
m €N, (z1,...,2,) € R" and t € R", the distribution of ({(x1 + 1), ..., (xm + 1)) is the
same as that of (£(x1), ..., &(xm)).

For a weakly stationary random field on R", we will make use of the notation, r(x,y) =
r(z — y) and we will also call the function r : R" — R given by r(z) = E[{(0){(x)] as the

covariance function.

Remark 1.4.3. In general, strict stationarity of a field is a stronger condition but for a

Gaussian field, the two notions coincide.

Definition 1.4.4. A random field on R™ is said to be isotropic if for any x,y € R™ and any
A € SO(n), m(Ax) = m(z) and r(Ax, Ay) = r(x,y), where SO(n) denotes the group of all

rotations on R".

For a weakly stationary and isotropic random field on R"”, we have that the covariance

function r(z,y) depends only on the distance |z — y|, i.e. we have r(z,y) = r(|x — y|).

1.5 Bochner and Karhunen’s Theorem

The following notion of non-negative definite functions is useful in our study of random fields.

Definition 1.5.1. Given a set T, a function f : T x T — R is said to be non-negative
definite if for any m € N and any (x1, ..., xm) € T™, the matric A = (f(z;,2;))1<ij<m 1S

non-negative definite.

We state the following classical result in harmonic analysis due to Bochner without proof
(Theorem 5.4.1 of [I1]). In the theorem below, by saying that f is non-negative definite, we
imply that f': R” x R" — C given by f'(x,y) = f(xz — y) is non-negative definite.

Theorem 1.5.2. (Bochner) A continuous function f : R" — C is non-negative definite if

and only if there exists a finite measure (called spectral measure) v on R™ such that f(x) =

fR" BTy (dt).

Due to Bochner’s theorem and the fact that covariance functions are non-negative defi-

nite, the following is immediate.



Lemma 1.5.3. Given a mean-square continuous, stationary random field on R"™, there exists
a finite measure v on R™ such that r(z) = [, e (dt).

We now describe complex random measures and representations of random fields as

integrals with respect to random measures.

Definition 1.5.4. Given a o-finite measure space (T, 7,v) and set 7, = {A € T : v(A) < o0},
a complex random measure W based at v is a random field W : Q x 1, — C such that for
any A, B € 7, E[W(A)] = 0 and E[]W (AW (A)] = v(A). Moreover, if AN B = 0, then
E[W(A)W(B)] = 0 and W(AU B) = W(A) + W(B) almost surely. W is called a complex
Brownian (or Wiener) measure or white noise if W(A) ~ N(0,v(A)) for every A € 7,.

We note that the above definition gives us that the covariance of W is given by E[W (A)W (B)] =
v(ANB). As by definition, a random measure W is an L?*(2) valued measure, we can define
integrals with respect to W of a function f € L*(T, T, v) using a simple approach. For simple
functions f of the form f(z) =>"1" a;14,(z) for disjoint sets A; € 7, we define

1(f) = / FOW () = 3" (4), (15.1)

We have that this definition gives us an isometry between the space of simple functions
and a subspace of L?(2). Clearly I is a linear operator. For f(z) = > 14,(z) and
g(z) =>"", 1p,(z), we can write f and g in terms of the same partition by taking the new
partition to consist of disjoint sets C;; = A; N B for 1 <¢ <m and 1 < j < n. Hence, we
can write f(z) = Y.\_, a;1¢,(x) and g(z) = S\_, bile, (z) for disjoint sets C; € 7. We have,

E[I(£)I(9)] = Y_ abEW (CHW(C)] = Y aibiv(Ci) = (£,9) 1aqay, (1.5.2)

which gives us that I also preserves inner product. I can now be extended to an isometry
from L*(T,T,v) onto a closed subspace of L?(12).

We can now state the following representation for stationary fields due to Karhunen

9



(Theorem 5.4.2 of [I1], Pg. 10 of [10]).

Theorem 1.5.5. (Karhunen) If £ : Q x R" — R is mean-square continuous, stationary
random field, then by lemma (1.5.3)), we have that there exists a finite measure v on R"™ such
that r(z) = [g. """ v(dt). There also exists a complex random measure Z based at v such

that for every x € R", almost surely we have

£(a) = / ) 7). (1.5.3)

Furthermore, v is absolutely continuous with respect to the Lebesgue measure on R™ with

density (called spectral density) g if and only if for every x € R™, almost surely we have

() = / (W (), (1.5.4)

where W is a complex random measure based at the Lebesque measure on R™ and o € L*(R™)

is such that |a(z)|? = g(x). Here @ denotes the Fourier-Plancherel transform of a.

10



Chapter 2

Analysis on Wiener space

In this chapter, we introduce the Malliavin operators associated with an isonormal Gaussian
process which is defined as follows. We will further note properties of these operators. We

fix a real separable Hilbert space $ throughout this chapter.

Definition 2.0.1. An isonormal Gaussian process X on ) is a centered Gaussian random

field X : Q x $ — R such that for every f,g € §, we have E[X(f)X(g)] = (f, 9)g-

The existence of such a process follows from Kolmogorov’s theorem. From now on we

assume that X is an isonormal Gaussian process on $) and the o-field F is generated by the

family {X(f): f € H}.

2.1 Hermite polynomials

We introduce the Hermite polynomials which are of central importance in Gaussian analysis.
There are many equivalent ways of defining the Hermite polynomials. We define it by means

of Rodrigues’ formula.
The n-th Hermite polynomial is given by the formula

11



H,(z) = (—-1)”ew2/22225(fa-w2/2). (2.1.1)

Hermite polynomials are also the coefficients which appear in the series expansion of the

function F(x,t) = e!*=*/2 in terms of the powers of ¢. Indeed we have

o0

7 dl
te—t2/2 _ x%2)2 —(x—t)?/2 __ _x2%/2 v W —(z—t)?/2
e =e" e =e Z a X e (2.1.2)
q=0 t=0
_ x?/2 - (_1)qtq ﬁ —x2/2
—e ;—q! x ——e (2.1.3)
- H
= 7 Hy(w) (2.1.4)
q!

From this, we note the following properties of the Hermite polynomials.

Lemma 2.1.1. For every n > 0 and x € R, we have
1) H (x) =nH,_1(z).

2) Hyii(x) = xH,(x) — nHpyoq(x).

3) Hy(—x) = (—1)"H,(z).

The next lemma gives us the relation between Hermite polynomials and Gaussian random

variables (Lemma 1.1.1 of [9]).

Lemma 2.1.2. Let (X,Y) be a bivariate normal vector with E[X] = E[Y] = 0, E[X?] =
E[Y? =1 and E[XY]| = p. Then

nlp™if n=m

E[H, (X) Hin(Y)] = 0ifntm

We next define the Hermite polynomials in the multivariate case. For any multi-index
a=(ay,...,an),a € NU{0}, we write |a| =", a;, al =[]~ a;! and

E@:HmMJ (2.1.5)

12



The below result is fundamental concerning Hermite polynomials (Lemma 1.3.2 of [12]).

Theorem 2.1.3. The set {\/Laﬁa :a is a multi-index} is an orthonormal basis of L*(R™, v,,),

where 7, denotes the standard Gaussian measure on R™.

Let G : R™ — R be such that G is not a constant and G € L*(R™,~,,). Denoting,
Z,={a € Z™:a; >0,|a] = q}, we have the following expansion of G where the convergence

of the series is in L? sense,

> (G a)Ho(z) = G(x). (2.1.6)

q=0 a€Z,

In above expansion ¢(G,a) = \/LJ Jem G(@)H o(2) 7y (dz). We now give the definition of

Hermite rank.

Definition 2.1.4. For G € L*(R™,~,,) with expansion in equation (2.1.6), the smallest
integer d > 1 such that there exist a multi-index a such that |a| = d and ¢(G,a) # 0 is called
the rank of G.

2.2 Malliavin derivative

We now proceed to move ahead with our main goal of developing Malliavin calculus on
Wiener space, (2, F, P, $, X). We omit proofs in our discussion and the same can be found
in monographs [9] and [13]. We first define the notion of Wiener chaos which is due originally
to Norbert Wiener, [14].

Definition 2.2.1. For a fitred n > 1, the closed linear span in L*(Q2) of the set of variables
{H.(X(f)) - I fllg =1, f € 9} is called the n-th Wiener chaos. We denote it by H,,.

From lemma (2.1.2), we have that for ¢; # g2, H, and H, are orthogonal. With
this we have the following decomposition of L?(Q2) which is known as the Wiener chaos

decomposition.

Theorem 2.2.2. Let F' € L*(Q). Then there exist F, € H, such that the following expansion
holds in L*(Q), F — E[F] = 3 2, F,. Therefore, we have L*(Q) = @2, H,.

13



For F' € L*(Q2), we will use the notation J,F = F}, the projection of F onto the ¢-th

Wiener chaos.

Definition 2.2.3. For any Hilbert space 7€, L1(Q); ) is the set of all S -valued random
elements I such that E[|F||%,] < co.

We denote by S,,, the set of all smooth functions f on R™ such that f and all it’s partial
derivatives have at most polynomial growth. Further, we denote by .Z as the set of all
smooth and cylindrical random variables F' of the form F' = f(X(hy),..., X(h,)) where
f eS8, hi,....h, € H and n > 1. We have that £ is dense in LP(2) for all p > 1 (Lemma
2.3.1 of [13]). We will also denote by H* as the set of all symmetric tensors in H*.

Definition 2.2.4. For F € £ given by F = f(X(h1),..., X(hy)) , the k-th Malliavin deriva-

tive of F is H®%-valued variable given by

n k
D'F= Y #(X(hl),...,X(hn))hil@...@hik. (2.2.1)

We note that from the definition of the derivative, we have D(FG) = FDG + GDF for
F.G € . We now give the definition of closability of a linear operator from functional

analysis.

Definition 2.2.5. A linear operator A : D(A) —  from some domain D(A) into a Hilbert
space J is said to be closable if it admits a closed extension B : D(B) — J where
D(A) C D(B). By closed we mean that if x,, € D(B) — x and Bx, — 2’ as n — oo, then
x € D(B) and Bx = x'.

Definition 2.2.6. The set D*P which is the closure of the operator D¥ in LP(Q) with respect
to the norm || - ||xp defined by

k 1/p
1F%, = (E(IFI”) + ZE(I|DiFIIf;®i)> ,
i=1

for any natural number k and any real number p > 1 is called the domain of the operator D*

in LP(Q2).

14



The above closure operation is valid due to the result that for any p > 1, D¥ : & C
LP(Q) — LP(Q; HF) is closable (Proposition 2.3.4 of [13]). We note that the above definition
implies that ' € D¥P if and only if there exists a sequence {F},}>°, € . such that F,, — F
in LP(Q) and for every j = 1,..., k, the sequence D’F}, is a cauchy sequence in LP(£2). We

will use the notation, ﬂklekW = DeeP,

The space D2 which gives us the domain of D* in L?(Q2) will be of most interest to
us and the following result is characterization of D*? using the Wiener chaos expansion
(Proposition 1.2.2 of [9]).

Lemma 2.2.7. Let F € L*(Q) with expansion F =32 J,F. Then F € D*2 if and only if
Yol d* 1 Fl; < oo

Moreover, we have that the Malliavin derivative verifies the following chain rule (Propo-
sition 2.3.7 of [13]).

Lemma 2.2.8. Let F = (Fy,..., F,,) is such that for every i, F; € DY for some p > 1
and let ¢ : R™ — R be continuously differentiable function with bounded partial derivatives.
Then ¢(F) € D' and

The next lemma is an important integration-by-parts formula (Lemma 1.2.1 of [9]).

Lemma 2.2.9. For any F' € £ and h € §, we have E[(DF, h)y] = E[F X (h)]. In particular,
we have for F,G € £, E[G(DF, h)y| = E[-F(DG, h), + FGX(h)].

We next extend the Malliavin derivative to Hilbert space valued variables.

Let V be a real separable Hilbert space and denote by % the space of all smooth and
cylindrical V-valued random variables F' of the form F = Z?Zl Fv; where F; € £ and
V; € V.

Definition 2.2.10. The k-th Malliavin derivative of F € £y of the form F =" | Fv; is
9% @ V-valued variable given by

15



DFF = Z DFE, @ v;.
=1

We will also denote by D*P(V'), the closure of D¥ with respect to the norm

k 1/p
11 = (BRI + 3RO P )

2.3 Malliavin divergence

Our next goal is to define §*, the Malliavin divergence operator of order k. It is the adjoint
of the derivative operator D*. The divergence operator ¢ is also known as the Skorokhod

integral.

Definition 2.3.1. The set Dom 6% C L*(; H%%) consisting of elements u such that
[E[(D*F,u) gen]| < cur/E[F?] (2.3.1)

for every F € D*? is called the domain of the operator 6*.

The relation (2.3.1)) implies that the operator '+ E[(D*F, u)¢ei] on D*? equipped with
L?(2) norm is continuous and by Riesz representation theorem, there exists a unique element
6% (u) € L*(2) such that the following relation holds,

[E[(D*F, u) gor]| = E[F6*(u)]. (2.3.2)

The above duality relationship is also known as the integration-by-parts formula.

Definition 2.3.2. For u € Dom 6%, the k-th divergence of u, 6%(u) is given by the unique
element obtained in the relationship (2.3.2)).

Putting F = 1 in equation (2.3.2)), we have that E[§*(u)] = 0 for all v € Dom &* and
from lemma (2.2.9), we have that $ C Dom § and §(h) = X (h) for every h € $. One also
has that $H®* C Dom §*.
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Similar to the derivative operator, for a real separable Hilbert space V, we define §* for

H®* @ V valued random elements.

Definition 2.3.3. For u € H%* @ V such that u = dor hi ®@v; with h; € H%E and v; € V,

6k (u) is V-valued variable given by

6 (u) = Z 8*(hy)v;. (2.3.3)

It is known that 8* can be extended to bounded operator on $H%* @ V (section 2.6 of
[13]). Due to this definition, we have for f € §%*, %(f) = *1(5(f)).

2.4 Ornstein-Uhlenbeck semigroup and Meyer inequal-
ities

We next introduce the Ornstein-Uhlenbeck semigroup of operators. Our interest will mainly

be in it’s infinitesimal generator L and what we define as it’s pseudo inverse L~!.

Definition 2.4.1. For F € L*(Q)) with expansion F = Z;io J F, the semigroup of operators
{P, :t >0} acting on F by

PF =) e¢"JF (2.4.1)

q=0

1s called the Ornstein-Uhlenbeck semigroup of operators.

P F—F
t

We recall the generator of the semigroup of operators is given by lim;_, where the

limit is in L?(9).
Definition 2.4.2. For F' € D*?, we define LF = — > qJ,F.

The operator L with domain D*? coincides with the infinitesimal generator of the semi-
group {P; : t > 0}.
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We next have a crucial relationship between the operators D, and L on which we will
rely heavily in our subsequent discussion including our proof of a functional Breuer-Major

theorem presented in Chapter 4 (Proposition 2.8.8 of [13]).

Lemma 2.4.3. For F € L*(Q), we have F € Dom L if and only if F € D"? and DF €
Dom 0 and in this case we have LF = —6DF.

We now define the pseudo inverse of L.

Definition 2.4.4. For I € L*(Q) with expansion F' = Y J,F, we set L™'F = =37 %JQF.

It is immediate that L™'F € Dom L and LL™'F = F —E[F]. Therefore, for any F € D'?
such that E[F] = 0, we have that F' can be expressed as

F=LL'F=-6DL'F. (2.4.2)

We next state an important result due to P. A. Meyer which gives us equivalence in
LP(Q) for any p > 1 of operators D* and the operator C* acting on L%*(Q) as following (see
Theorem 1.5.1 of [9]). The operator C* is also denoted as —(—L)*/2.

Definition 2.4.5. For F' € D*? with expansion F = Z;io J F, we define

CFF ==Y ¢"*J,F.

q=1

Theorem 2.4.6. (Meyer) For any p > 1 and F € D¥2, there exists constants ¢, and Cyy
such that

o E|DMF|] < BCEFY) < Co (muwng@k] + E[IFIP]) 2.13)

One other consequence of the Meyer inequalities is the continuity of the operator 6* from
DF4($%F) to D ~# for k' > k > 1 and ¢ € [1,00) (Proposition 1.5.7 of [9]).
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Theorem 2.4.7. For k' > k> 1 and q € [1,00), there exists a constant ¢y, such that for
any u € DPI(H%F), we have

H5k<u>HDk’—k,q S Ck! k'q HUHDk,q(ﬁ@k) . (244)

2.5 Multiple Wiener-Ito integrals

We now turn to discussing another fundamental objects in this thesis called multiple Wiener-
It6 integrals. For now we will assume that $) = L*(T, 7,v) for some o-finite measure space
(T, 7,v) with no atoms and we let W denote a complex Wiener measure based at v (see
definition (1.5.4)). The isonormal process X on $ is given by X(f) = [, f(t)W(dt) as
defined by equation (L.5.1). For f € L*(T*, 7%, v*) of the form

fla) = Z Wiy i, LAy xox Ay, (2), (2.5.1)

we define

From this definition, the following properties of the operator Ij are true (see [9]). We

recall that for a function f(xy,...,2%) in k variables, the symmetrization of f is given by

Fler, oo zp) = % S 0wy o) (2.5.3)

) ce®y

where &, is the group of permutations of k elements.

Lemma 2.5.1. 1) E[I,(f)] = 0.
2) I, is linear.

3) 1) = L), i
4) Ell(f) 1 (g9)] =0 if k # k' and equals k:(f,ﬁ}Lz(Tk) otherwise.

Since functions of the form of equation (2.5.1) are dense in L?(T*), the above lemma
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gives us that I, can be consistently extended to L*(T*) and moreover I equipped with the
norm VE!|| - || is an isometry from L%(T*) onto a closed subspace of L*(Q) where L%(T*)

denotes the subset of L2(T*) consisting of all symmetric functions.

An equivalent way of defining the operator I, on $®* is by the divergence operator. For
a general Hilbert space $) and an isonormal process X on $), we define the k-th multiple

Wiener-1t6 integral as follows.

Definition 2.5.2. For an integer k and f € HF, the k-th multiple Wiener Ité integral of
[y Iu(f) is defined as I.(f) = 6" (f).

We can then define I;,(f) = I,,(f) for f € H®*. We have that this definition of the integral
coincides with the multiple stochastic integral with respect to a complex Wiener measure
in the case when $ = L*(T,7,v) and satisfies the same properties as of lemma (see
exercise 2.7.6 of [13]). By the property of the divergence operator, we have that I;(f) is
infinitely differentiable (Proposition 2.7.4 of [13]).

Lemma 2.5.3. For any ¢ > 1 and f € 9%, we have for allp > 1, I,(f) € D®? and

L7 (f)ifr<
DI, (f) = @R (f)ifr<q (2.5.4)
0if r > q.

We next state an important result which gives us that I;, from $H°* is an isometry onto
the k-th Wiener chaos H;, (Theorem 2.7.7 of [13]).

Lemma 2.5.4. For f € § such that ||f|, = 1, I(f®*) = HL(X(f)). As aresult, I : HOF —
Hy, is an isometry and for every F' € L*(Q), we have the expansion F —E[F] = 32, 1,(f,)
for some f, € H1.

We next intend to state what is known as the product formula for multiple Wiener Ito
integrals. It will remain a fundamental tool in our analysis. We first define the notion of
contraction of tensors.

Definition 2.5.5. For two tensors f = > >° UjroipCin @ - ®ej, € H® and g =

J1yeenp=1 "JLseees

D k=1 Okt kg = €k, ® -+ @ g, € 9, the I-th contraction of f and g (I < min(p,q)) is

,,,,,
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the element of HEPT1=2 given by
I

Foig= > D i ibek, [[(€0er)o€i, @ @6, Qe ®- - Dex,. (2.5.5)

jla---7jP:1 klv"'vkq:]- i=1

When $ = L*(T,7,v) for measure v without atoms, the above definition is equivalent to the

following,

f@iglar,...,apq-2) = (2.5.6)

l f(@1, s @y a1y ey Qpg) X G(T1, ooy Ty Qi1 <ovy Aprg—or)V(dxy) v (dzy). (2.5.7)
T

Notice that even if f and ¢ are symmetric, the contraction f ®; ¢ is not necessarily a
symmetric tensor and we denote it’s symmetrization by f®,;9. We recall that for a real
separable Hilbert space .7 with orthonormal basis {e;};>1, we have that for an element

feA® givenby f=5%. jo Giteda€i ® + - @ €, the symmetrization of f is given by

f=@)" Z Z Wjt,esiaCioy @ 77+ @ €y (2.5.8)

4 jla"':jq
We can now state the product formula.

Theorem 2.5.6. For f € H°? and g € H®? where p,q > 1, we have

L(F)19) = Zz' () (7)ta-atria 259

We next state a final result regarding multiple Wiener It6 integrals (Theorem 2.10.1 of
[13]).

Theorem 2.5.7. For any k > 1 and f € 9% such that || f|lgex > 0, the law of Ip(f) is

absolutely continuous with respect to the Lebesque measure on R.
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Chapter 3

Fourth Moment Theorem

3.1 Introduction

In this chapter, we discuss what is now known as the Fourth moment phenomena. The
Fourth moment theorem was first proved by David Nualart and Giovanni Peccati in 2005
(see [15]). It gives equivalence of convergence in distribution of a sequence of multiple
Wiener It6 integrals of fixed order to a Gaussian distribution and convergence of the second
and fourth moments of the sequence to the corresponding moments of a Gaussian variable.
This provided a huge simplification from what is known as the Markov method of moments
which requires proving convergence of every moment to that of the Gaussian variable for the

convergence in distribution to hold (see Proposition 5.2.2 of [13]).

Namely in the following theorem, Nualart and Peccati in [15] established the equivalence
of 1) and 2) using tools from classical stochastic analysis. After that in [I6], Nualart and
Ortiz-Latorre used properties of Malliavin operators to give another equivalent condition,
namely condition 4) below which paved the way for normal approximation using Malliavin
calculus. Nourdin and Peccati in [I7] then gave a simple proof by combining Stein’s method

and Malliavin calculus. Here = denotes convergence in distribution.

Theorem 3.1.1. For fized ¢ > 1 and a sequence {Fy}32, such that Fy, = I,(fy) for some
fx € 9%, if limy_,o E[F?] = 1, then the following are equivalent as k — oc.
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2) E[F{] — 3.
3) ||fk Qr kaﬁ®2q72r —0 fOT every 1 <r< q— 1.
4) Var<q—1 HDFM]%) - 0.

We will here sketch a proof using Nourdin and Peccati’s approach.

3.2 Stein’s method

We first define notion of distances between laws of random variables.

Definition 3.2.1. A class € of Borel measurable complex-valued functions on R™ is called
separating if for any two R™-valued variables F,G € L*(Q), E[f(F)] = E[f(GQ)] for all f € €

implies that F' and G have the same distribution.

Given a separating class %, we can define distance induced by class %, between laws of
two random variable F' and G such that f(F), f(G) € L'(Q) for every f € € given by

deg (F, G) = sup [ELf(F)] - E[f(G)]]- (3.2.1)

One can check that the above defined distance is indeed a metric on a subset of probability

laws on R™.

The four commonly used distances are given below.

Kolmogorov: Gkor = {f : f(Z1, .., %m) = L(o0,e](%1) .- L(—o0,e,n] (¥m) Where ¢; € R}

e Total Variation: €1y = {f : f(x) = 1p(z) for a Borel set B}

Wasserstein: ¢ = {f : f is Lipschitz with Lipschitz constant || f||;, b S 1}

Fortet-Mourier: €y = {f : f is bounded and Lipschitz with || f|l.;, + I/l < 1}

We will use the notation dik, drv, dw and dgy; to denote distances induced by these various
classes. We gather the properties of these distances in the lemma below (Appendix C.3 of

[13]). In below lemma we consider a sequence of variables {F}}72;.
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Lemma 3.2.2. 1) If dg(F), F) — 0 as k — oo for any of the four distances, then Fj, = F'.
2) As k — oo, F, = F if and only if dpy(Fy, F') — 0.

3) If z +— P(F < z) is continuous for every z € R, then as k — oo, F, = F if and only if
dgol(Fy, F') — 0.

4) dry(F,G) = %SUP”f”oogl [E[f(F)] — E[f(G)]]-

5) We have dw (F,G) > dpy(F, G) and dpy(F,G) > dgo(F, G) for any variables F and G.

We now briefly introduce what is known as Stein’s method for distributional approxima-

tion. Specifically, we will introduce the method for normal approximation.

We start with what is known as Stein’s lemma (Lemma 3.1.2 of [13]).

Lemma 3.2.3. A random variable F has standard normal distribution if and only if for
every differentiable function f such that E[f(F)] < oo, we have E[F f(F)] = E[f'(F)] < 0.

Based on this lemma, and the heuristic that if the quantity [E[F f(F)]—E[f'(F)]| is small
for a suitable class of functions f, it should imply that the law of F' is close to standard normal
law, Stein constructed the following ordinary differential equation for normal approximation.
For a given Borel function h : R — R such that E[h(N)] < oo where N ~ N (0, 1), one

considers the equation

f'(@) = zf(z) = h(z) — E[A(N)]. (3.2.2)

Denoting f;, to be a solution of equation (3.2.2]), we can replace the dummy variable x
by variable F' whose law we are interested in approximating and take expectation on both

sides to write

sup [ELf,(F)] = E[F fn(F)]| = sup [E[A(F)] — E[R(N)]] (3.2.3)

We can thus then try to estimate the right hand side of above which is what is required
for approximating law of F' to law of N in view of distance in equation (3.2.1]) for a suitable
class %, by means of estimating the left hand side. Notice that in the above equation, the

left hand side does not involve the target variable.
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We have that the equation (3.2.2)) is straighforward to solve.

Lemma 3.2.4. Fvery solution of the equation (3.2.2)) is of the form
fla) = ce™/? 4 e/ / (h(y) —E[h(N)]>e‘y2/2dy, (3.2.4)

for ¢ € R. Further, the solution f with ¢ = 0 is the unique solution satisfying

lim, 400 e*xz/Qf(x) =0.

Proof. We can write equation (3.2.2)) as

= % (e7*2f(x)) = h(z) — EIA(N)].

€

It then follows that every solution is indeed of the form equation (3.2.4]). Further by domi-

nated convergence theorem we have that

xT

Jim [ (o)~ BN ) 2y = 0

which yields the remaining claim in the lemma. O]

We will next consider the class €k, in equation to illustrate the method and to give
a proof of the Fourth Moment Theorem (3.1.1)). In this case, the function h(z) = 1(_cq(z)
for some ¢ € R. We will the denote the solution of equation (3.2.2) with this h as f.. It is
easy to show that in this case the solution in equation becomes

B 2me” 2P (z)(1 — ®(c)) if z < ¢
folw) = 2me” 2P (c)(1 — ®(x)) if x > ¢ (825)

where ®(¢) = P(N < ¢) = E[h(N)] denotes the cumulative distribution function of a stan-

dard normal variable.

With this, one can deduce the following estimates for the solution f, (Theorem 3.4.2 of

[13]).

Theorem 3.2.5. For ¢ € R, the function f. in equation (3.2.5)) is such that ||fe|l. < @
and || fell o < 1.

26



3.3 Nourdin and Peccati’s result

Using the previous estimates on solution of Stein’s equation, we have the following result

which is due to Nourdin and Peccati.

Theorem 3.3.1. For F' € DY? such that E[F] = 0 and the law of F is absolutely continuous

with respect to the Lebesque measure on R, we have

dica(F, N) < E[|(1 = (DF,—~DL™'F),|| < \/E[(1 — (DF,—=DL=1F))2] ~ (33.1)

where N ~ N(0,1).

Proof. One has from equation (3.2.3)) that

dica(F, N) < sup [B(F < ¢) — ®(c)| = sup [E(f.(F)) - E[F f.(F)]| (3.3.2)

ceR ceR

Using equation (2.4.2)), lemma (2.2.8) and equation (2.3.2) we have
E[Ff.(F)] = —E[§(DL™"F)f.(F)] = ELf.(F)}{DF, ~DL™'F),]. (3.33)

The claim now follows by applying Cauchy-Schwarz inequality. O

Sketch of proof of theorem (3.1.1))

In Nourdin and Peccati’s result, for the case when F' = I,(f), for some f € $9, we have using
L7'I,(f) = —q ' 1,(f) that (DF, =DL™'F), = ¢ ||DFH52a Using the product formula for
multiple Wiener-It6 integrals, we can compute the following (Lemma 5.2.4 of [13] along with
Lemma 1 of [16]).

q—1 . 2 _
1P =51+ g 0 - 0 (1T ) B 7). (3:3.0)

r=1

We note that this implies that ¢ 'E[| DF ||;] = E[F?]. One can further compute the following
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optimal bound and expression in terms of contractions (Lemma 5.2.4 of [13]).
q-1 q 4 R
Var <q—1 ||DF||;> — g2y <r> (2q = 2r)! || f@r f][jonear  (3:3.5)
r=1

Var <q—1 ||DF||;) < % (IE[F4] — 3E[F2]2> < (¢ —1)Var <q—1 [22al ) (3.3.6)

From equation (3.3.1)), we have that

dicol(Fr; N) < |1 = E[F7]| + | Var (q_l IDF, > (3.3.7)

The result can now be concluded easily.

3.4 Chaotic Central Limit Theorem

After the appearance of Nualart and Peccati’s Fourth moment theorem, Peccati and Tudor

in [I§] gave the following important multivariate version of the theorem.

Theorem 3.4.1. Consider a sequence of vectors Fy, = (F}, ..., Fi") where F} = I,,(fi) for
some fi € H°% and a non-negative definite symmetric matriv C. If E[FiF)] — C(i,j) as
k — oo then the following are equivalent.

1) F, = N(0,C)

2) For every 1 <i <m, F} = N(0,C(i,1)).

Combining the Fourth Moment theorem and the above multivariate limit theorem, we
can prove the following powerful general limit theorem. The below is also known as chaotic
central limit theorem. It was proved in the univariate setting by Nualart and Hu in [19].

Here we consider a multivariate version.

Theorem 3.4.2. Let Fy, = (F})1<i<m be a sequence of vectors such that F} € L*(Q) with
E[F}] = 0 for every k € N and 1 <i < m. Then we have the expansions, F, = 322 I,(fi,)
for some f,i’q € H®1. Further assume the following conditions.

1) For every 1 <4,j < m and every ¢ > 1, B[L,(f] )1,(fi )] = V7.
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2) For every 1 <i,j <m, bj; =y 2, V" < o0.
3) For every 1 <i <m, every q>1 and every 1 <r <gq—1

g Or f’quy)@zq—zr — 0 as
kE — oo.

4) For every 1 <i <m, supysy y.02; 4 B[L(fi,)?] = 0 as I — oo,

Then as k — oo we have Fy, = N (0, B) where B = (b; j)1<i j<m-

Proof. Let N ~ N(0, B). We first note that for the desired joint convergence to hold, it
suffices to show the pointwise convergence of the characteristic function, i.e. for t € R™, we
need to show [E[e" ] — E[e? V]| — 0 as k — oc.

Let Ny ~ N(0, B)), where By(i,j) = Zf]:l V;’j and let F; = (Fiil)lgigm where F,il =
22:1 1,(fi,)- Now for t € R™ we have,

|E[eitTFk] . E[eitTN” < |E[eitTFk] o E[eitTFk’lH + |E[eitTFk,l] N ]E[eitTNl” + |E[ez‘tTNl] N E[ez‘tTNH
(3.4.1)
Considering the first term in the above expression we have,
|E[eitTFk] i E[eitTFk’lH < EmeitTFk . eitTFk’lH]
< E[[t'F, — tTFy]
E|| Z t;(F{ — F,)l
(3.4.2)

< Z 1t EIF — FY,]

<Z|t | VEIF, - FLJ?

as by condition 4) we have for every 1 < j < m, sup;, E[]F,g—FlglP] = SUP;>; Z;’;Hl ]E[([q(fg’q)ﬂ —

0 as [ — oo. Considering the third term we have,

IE[e™" M) — B[ N]| = |e 2Bt — gm2(B40| 5 (3.4.3)
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as for every 1 < 4,5 < m, By(i,j) = B(i,j) as | — oo. Now, considering the second term,
we have that conditions 1), 2), 3) along with theorems (3.1.1)) and (3.4.1]) and orthogonality
of multiple Wiener It6 integrals of different order imply that as k — oo,

(L (fp)s o L) s LA o L(F)) = N0, P) (3.4.4)
where P is the appropriate covariance matrix governed by condition 1). Therefore, by
continuous mapping theorem, we also have that [E[e" Frt] — B[ M]| — 0 as k — oo
completing the proof.. n
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Chapter 4
Breuer-Major Theorem

This chapter is based on a joint work with David Nualart ([5]).

4.1 Introduction

The classical Breuer-Major theorem in its primitive form, as proved first by Péter Breuer and
Péter Major in their seminal paper [4] in 1983, states that, under an appropriate condition
involving the covariances, the sum of a functional of a stationary sequence of Gaussian
variables, scaled by the square root of the number of terms, converges in distribution to a
Gaussian variable. A formal statement is as follows. For a centered stationary sequence of
Gaussian variables {£; : k € Z} with unit variance and a function G € L*(R, ;) of Hermite
rank d (see definition (2.1.4])), where 71 denotes the standard Gaussian measure on R, if

> wez |El&1&11k]|? < 0o, then the following convergence in law holds

—= [ 6te - nElG@)] = M O.)

as n — oo, for some V' € [0, 00).

The theorem has now become one of the most celebrated and widely applicable results
in stochastic analysis. An extension of the original version to sequences of vectors was done

by Arcones in [20] and continuous versions of the theorem for real valued fields are found in
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[21], 22, [10].

A continuous version of this theorem (see Theorem 2.3.1 of [10]) asserts that for a zero
mean, stationary, isotropic Gaussian random field & : 2 x R® — R with covariance function
r(x) = E[£(0)¢(z)], if r € LYR") and r(z) — 0 as |x| — oo, then as s — oo, the finite

dimensional distributions of the processes

20 = g [, [0EG@) ~EGER . 1< [0.00)

converge to those of a scaled Brownian motion. Here B,(a) denotes the ball of radius a

centered at the origin in R".

Estrade and Ledn have partially addressed the case of random vector fields on the Eu-
clidean space in [23] where they mention adapting the Breuer-Major theorem to prove a
Central Limit Theorem for the Euler characteristic of an excursion set (see Proposition 2.4
of [23]).

In this chapter we obtain a multidimensional extension of the continuous Breuer-Major
theorem for random fields, including the corresponding invariance principle. We will use the
n-cubes [—s, s|" instead of balls as expanding sets and we prove it without the assumption
of isotropy. We will also give a proof for the convergence of Z; to hold in a functional
sense, i.e. convergence in law in C([0,00)) under the condition that G € LP(R™,~,,) for
some p > 2, where 7, denotes the standard normal distribution on R™. This remains an
unaddressed question in the literature in the case of vectors. The approach here is similar
to the method that has been employed in [24] and [25], namely using the representation by
means of the Malliavin divergence operator, which is obtained through a shift operator, and
applying Meyer inequalities to show tightness. However, in the case of vectors fields, this

approach is more involved and requires the introduction of weighted shift operators.

The modern proof of the Breuer-Major theorem is based on the Stein-Malliavin approach
and is presented in [13]. We will rely on this methodology for the proofs. We refer the reader

to the monographs [13] or [9] for unexplained usage of terms.

We organize the chapter as follows. Section 2 describes the necessary framework and
notations. The third section contains the statements of our results. In Section 4 we write

the Wiener chaos expansions of variables of interest. Finally, Section 5 contains the proofs.
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4.2 Setup

Let & : QO xR" — R, ¢ = 1,...,m be zero mean, mean-square continuous, stationary
Gaussian random fields which are jointly stationary, i.e., for 1 <14, 5 < m, the cross covariance
functions, r; j(x,y) = E[(&(2)&;(y)] = rij(x — y) (in an abuse of notation), depend only on
x —y. Then the function r : R* — M,,(R), r(z) = (r;;(z))1<i j<m is the covariance function

for the vector valued field,

E:OAXR" = R™, §(r) = (&(2))i1<i<m:

Let G : R™ — R be such that G is not a constant and G € L?*(R™,~,,). Denoting,
Z,={a€Z™:a;>0,|a| = ¢}, we have the following expansion of G where the convergence

of the series is in L? sense,

> (G a)Hy(z) = G(x). (4.2.1)

q=0 a€l,

In above expansion ¢(G, a) \F Jem G(@)H o(2)ym(dz). Let Go = [g,. G(2)ym(dz) =0 and
let Hermite rank of G' be d (see definition (2.1.4)). Therefore,

> (G a)Hy(z) = G(x). (4.2.2)
g=d a€ly

For any integer ¢ > 1, we will make use of the notation

Go(z) =) c(G,a)Hy(x). (4.2.3)

acl,

We are interested in the asymptotic behavior as s — oo of the random variables defined
by

1
L= oy / | Gler (4.2.4)
For any integer ¢ > 1, we put
1
LW =_—— Gy (&(x))dx. (4.2.5)
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Also we denote the variances of L, and L{? by Var(L,) = V, and Var(L?) = Vi, respec-
tively. Set

Calz,y) = E[G(£(2))G(E(y))]

as the covariance function of G(£(x)). We ignore the degenerate case when V; = 0 for all
s > 0.

Remark 4.2.1. We will use Fubini-Tonelli’s theorem to exchange integrals and expectation
and everytime its use will be justified by Theorem 1.1.1 of [10]. We will also use it to

interchange the multiple Wiener-Ito integral and Lebesgue integral.

We will impose the following condition on the covariances. As noted in the proof of
Theorem 1 of [20], given that r(0) is invertible, by a linear transformation we can assume
that 7(0) =Id,,xm (m x m identity matrix). Moreover, recall that d > 1 is the Hermite rank

of our functional G.
Condition (C1). 7(0) =Id,,xm and for every 1 < j, k <m, r;; € L4R").

Remark 4.2.2. Since by Cauchy-Schwarz inequality and stationarity, E[¢;(2)€,(0)] < 1,
(C1) implies that r;;, € LP(R") for all p > d.

4.3 Statements

We are now in a position to state the main results. The lemma below provides a simple
characterization for the asymptotic variance of Ly defined in equation (4.2.4). Note here
that we have assumed E[G(£(0))] = 0, that means the Hermite rank of G is d > 1.

Lemma 4.3.1. Under (C1), the random field Go& : Q@ x R™ — R is weakly stationary, i.e.
Ca(z,y) = E[G(&(2)G(E(y))] = Calz —y) is a function of v —y and Cqg € L*(R"™). The
following also holds,

§—00

V= limV, = / Co(z)dr < oo, (4.3.1)

where we recall that V denoted the variance of the random variable Ly defined in equation

[T24).
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Theorem 4.3.2. Under (C1),

L, = (Qsl)n/z /[_M]n G(&(z))dx = N(0,V) as s — oo.

Here V is as in Lemma (4.3.1) and = denotes convergence in law.

The above statement is a continuous version of Theorem 4 of [20].

Theorem 4.3.3. Under (C1) as s — oo, the finite dimensional distributions of the process

1
Zs,y - (28)"/2 /_syl/n Syl/n} G(g(l‘))dl‘, Yy € [O, OO),

converge to those of VB, on [0,00), where B = {B,,y > 0} is a standard Brownian

motion.

The above statement is a multi-dimensional extension of Theorem 2.3.1 of [10]. The above

two theorems are presented separately for better elucidation and to save on unnecessary

notation. Clearly Theorem (4.3.3)) contains Theorem (|4.3.2]).

Theorem 4.3.4. Assume (C1) and G € LP(R™,~,,) for some p > 2. As s — oo, the
probability measures {Ps : s > 0} on C(]0,00)) induced by {Zs : s > 0} (as defined in
Theorem (4.3.3)) ) converge weakly to the probability measure induced by \/VBy on C([0,00)),

where again B denotes a standard Brownian motion.

The above result is multi-dimensional counterpart of Theorem 1.1 of [24].

Consider the m x m symmetric matrix C' = (¢;x)1<jk<m given by

Cig = fpn G@)xjT10m (x)de, for j#k

i = Jan G(2) (25 = 1) (x)dz, for j =F. 432)

Cc

We have the following lemma which gives an expression for the asymptotic variance of the

second chaos component.
Lemma 4.3.5. Let G be of Hermite rank 2 and assume (C1). Let C' be the matriz defined

35



in equation (4.3.2). Then,

1
lim V® =v® = 5 ITerCrCll ey - (4.3.3)

S§—00

Suppose in addition that for every 1 < j,k < m, r;, € L'(R"). Note that due to the
stationarity and mean-square continuity of the fields ;s, we have, by Bochner’s theorem
(Theorem 5.4.1 of [I1] or equation 1.2.1 of [I0]), that there exist finite measures v;s (called

the spectral measures) such that

v (7) = / ) (4.3.4)

Moreover, due to the integrability of the covariances, we have that the v;s are absolutely

continuous with respect to the Lebesgue measure and admit densities (called spectral den-

sities). Denote the spectral density of §; as f; and o; = \/f;. Set a(z) = (o;(x))1<i<m and

let H(z) = o’ (—z)Ca(x). Under these conditions, equation (4.3.3) can be written as
(2m)~"

This formula has been motivated by the result obtained in [26] in the context of the Central
Limit Theorem for the number of critical points, where V2 is obtained as the L*norm of a

function.

4.4 Chaos expansions

We claim that there exist a Hilbert space $) and elements §8;, € $,1 <i,57 <m, z € R",
such that

rij(@ =) = (Biz, Biy)s

for all z,y € R™ and 1 < 17,7 < m. Indeed, it suffices to choose as §) the Gaussian subspace
of L*(Q) generated by the random field ¢ and take 3;, = &(z). Consider an isonormal
Gaussian process X on $). That is, X = {X(h) : h € H} is a Gaussian centered family of
random variables, defined in a probability space (€2, F, P), such that E[X (h)X (g)] = (h,9)s
for any g,h € $. In this situation, {&(z) : * € R", 1 < ¢ < m} has the same law as
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{X(Biz) : ® € R",1 < i < m}. Therefore, without loss of generality we can assume the

existence of an isonormal process X on $) such that
§i(x) = X(Bja)- (4.4.1)
We will also assume that the o field F is generated by &.

We now turn to giving the chaos expansions for L, given by equation (4.2.4). For ;. as
introduced in equation (4.4.1)), we have that for any z € R" and j # k, under (C1),

(Bjar Bra) = EI&;(2)€k ()] = 0. (4.4.2)

Now consider any multi-index a such that |a| = ¢. By the previous facts, equation (2.1.5)),

equation (4.4.1) and taking into account the product formula in theorem (12.5.6)) and equation
(4.4.2)), we can write

m

[, 85 = L(5E @ - Baer)

Jj=1

=l
S
oun)
78"
—
&
N—
N~—

I

We introduce the elements p? and x? which characterize the expansions. Let

pl = Z (G, a)fyy @ - @ BRh. (4.4.3)

a€ly

Notice that, although for each a € Z,, the tensor ﬁﬁgl Q- ® /8,?;?;1 is not necessarily
symmetric, the element p? is symmetric because ¢(G,a) is a symmetric function of the

multiindex a. Set )
X! = —n/ pldx. (4.4.4)
(28) /2 [—s,s]™

By linearity of the multiple Wiener-Ito integral and Fubini’s theorem for multiple Wiener-1t6

integral, we have that

Gy(&(z)) = L, (pl); qu) = I,(x3),

where G, and L are defined in equations (4.2.3) and (4.2.5)), respectively. Therefore, we

have the chaos expansion

L= 100 = 319, (1.45)

q=d q=d
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This is true because,

! 2
B|(2, -2 10) | = (22)nE

q=d
1
~ (2s)"

E[(G

/ o /[ . E[(G@@)) - Z Gy(@)) (GEW) = D Gale)) ) | dudy
(£(0

q=d
Gy
) - Zq d / / dxdy — 0
(25) 5,8|™ J[—s,s]™

as [ — 0o. The last step follows from stationarity and Cauchy-Schwarz inequality.

IN

Remark 4.4.1. Due to properties of the multiple Wiener-1té integrals, we have E[LY] =
Ell,(x§)] = 0 and E[G,(&(x))] = E[L(p})] = 0. Also E[Gq,(§(2))Ge,(&(y))] = 0 for all

a1 %(Jz-

4.5 Proofs

4.5.1 Proof of Lemma 3.1

Let us first prove the weak stationarity of the random field G o . Taking into account
that G,(£(x)) is the projection on the gth Wiener chaos of G(£(x)), we can write, for any
z,y € R,

E[G(£(2))G(EW))] = ) ElGy(£(2))Gal€W))]-

Furthermore, in view of the Diagram formula (see [20]) we have that C¢, (z,y) depends on
the covariances r; ;(z — y) and hence Cg, (2, y) is a function of x —y. As a consequence, we

get that Cg(z,y) = Ce(x — y) is a function of x — y.

To show equation (4.3.1)) we will make use of Lemma 1 of [20] and condition (C1). We

(23)”‘/;:1[‘3[(/[_88]”6? /ss /ss]n (x — y)dzdy.

Since by Cauchy-Schwarz inequality and stationarity, E[G(£(x))G(£(y))] < E[(G(£(0)))],

have
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we have V, < oo for all s > 0 and

1
v, = / / Ca(w — y)dady
(28)" Ji—san Ji-s.sn
- |$z‘|
= Cal(z 1——\dz
/[—28,28}” G( )H ( 28 >

= (4.5.1)

I
Q
Q
—~
B
=
Ve
[S—y
|
N | s
~
e
0
P
3
)
S~—
Y
3

We set

W(x) = ( sup Zm’j(m) Vv ( sup Z|ri,j(x)|>. (4.5.2)

1<j<m 4=

By Lemma 1 of [20], on the set {z : ¢¥(x) < 1}, we have
Col@)] = [EIGEO)GE@ < 6/@) G aan

Also [g, v (x)dr < 0o as [4, |rij(x)|%de < oo for all 1 <4, j < m. On the other hand, on
the set {z : ¢(z) > 1} we can write, taking into account that |Cq(x)| < ||G||iQ(Rm

7'Ym)7
/ Ca@ldr < S / Co(a)|dz
{Y(x)>1} ij=1 {\Ti,j($)|>%}
<G oy S / Iro (@) e < oo,

1,j=1

Observe that |Irs(z)| = |7, (1 — @) 1224

Therefore by dominated convergence theorem,

<1 for all s >0 and as s — 00, los(x) — 1.

V =lim V; = Co(z)dr < 0.

§—00 R™
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4.5.2 Proof of Theorem 3.2

We will apply Nualart and Hu’s criteria for convergence in distribution to a normal variable
(see theorem ([3.4.2))). As a consequence, the theorem follows if the following conditions hold,

1) For every ¢ > d, V;(q)—>‘/;1<ooass—>oo.

2) V=31 V@) < oco.

3) For every ¢ > d and every 1 < b < q— 1, |[x? ®p X¥||go2a-2) — 0 as s — 00.
4) SUPg=0 D asiiy Vi 0 as | — .

Here x? is given by equation (4.4.4). Conditions 1), 2) hold by Lemma (4.3.1). For
condition 3), by equation (4.4.4)) we have that

1
X @y X = o / / pl @y pidrdy. (4.5.3)
(28) [—s,s]™ J[—s,s]™

Denoting for a multi-index i = (i1, ...,4q), Gz = Bi .0 @ - - ® Bi, 2, for the desired convergence
to hold, we have, by equation (4.4.3)), that it suffices to show that for any multi-indices 7 and

Js
Giw Qb (jydxdy
(QS)n [—s,8]™ J[—s,s]" Y

as s — 0o. We have, using equation ([2.5.5)),

Jy = H -0 (4.5.4)

2
$H®(29—2b)

b
1
Js = W /[_s Jin (H LA 8 (J} - y>rik7jk (Z - w)

k=1

X ((@F_pi1Bive) @ (i1 Biny) » (Vi1 Binz) @ (QF_pi1Bivw) >ﬁ®<2q,2b) >dxdydzdw.

In the above expression, pairing together 8;, ., , and ;,, . and similarly with the index j,

we get that,
1 q
5= (2s)2" / [T =vrinG=—w J] ria@— 2.,y —w) |dedydzdw
T k= k=b+1
1
= /[ V= 0 = 0 = 2y - w)dedydadu,
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where 1 is as defined by equation (4.5.2). In what follows, the value of constant C' is
immaterial and changes with each step. By Holder’s inequality and the fact that ¢ € LI(R")
for all ¢ > d we have that

Js < 03_2”/ YP(z — Y)W (y — w)drdydw. (4.5.5)
[7575}377.
By the change of variables (z,y,w) — (x — y,y — w,w) we have
J, < Cs™" / VP (u)p? ™" (v)dudv.
[—2s,25]2n

We proceed in a manner similar to [2I]. For k > 0 denote T}, = [—k, k]** and T¢ to be its

complement in R*". Consider the decomposition

Js < Cs”/ P (u)h? ™" (v)dudv + Cs"/ VP (u) T (v)dudv.
[—2s,25]27NTY,

[—25,25]2"NT¢

For any fixed k, since 1 is bounded, we have that the first term tends to zero as s — oo.

For the second term, by Holder’s inequality we can write

s " / VP (u) T (v)dudv
[—2s,2s]2"NTE

b/q (¢—b)/q
<Cs™" s”/ P (u)du s"/ Y (v)dv
R\ [—k, k] R7\ [~k k]"

< C/ Y (z)dr — 0
R7\[—k,k]™

as k — oo yielding the desired conclusion.

Condition 4) also holds as we have, by equation (4.5.1)) in Lemma 3.1,

i V@ = i /Rn Ca,(x) Ips(z)dr < i /n Ce,(v)dx = i V@

q=Il+1 q=Il+1 q=Il+1 q=Il+1

as | — oo uniformly in s.
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4.5.3 Proof of Theorem 3.3

As defined in the statement,

1

Do = (et G dz, y e |0,00).
= G s CENE v €105

We gather the necessary notation for the Wiener chaos expansions for the new variables. By
the Wiener chaos expansions in equation (4.4.5)), we have for any y > 0, Z,, = Zf;i d Zg?y) =

Z;id I,(x2,). Here
1

7 — / G xr))dz
SY T (25)n/2 oy l/ s/ (§(7))

and
1

q qd .
Xsy (28)”/2 /[syl/n’syl/n] Pa

Due to theorem (13.4.2)), the convergence of the finite dimensional distributions of Z, to those

of the Brownian motion vV B, follows if we show that the covariances of the corresponding

projections on each Wiener chaos converge. Namely for any ¢ > d and y;,y> > 0,

as s — 0o, where V@ = lim,_, Vil

/n /n

n

Let y; < yo and set 51 = syi and sy = sy; . Denote A; = [—s1 — 82,81 + $2]" and

Cs = [s1 — S92, 52 — s1|". By the change of variables (z,y) — (z — y,y) we have,

1
E[Zéq)l Z§Q)2] — _/ / Cg,(x — y)dzdy
ey (23)n [—s1,81]™ J [—s2,82]"
1

= (25)n/ Cg,(u)(2s1)"du

S

n

+ (Qi)” /AS\CS Ca,(u) H (51 + 59 — |ui|>du.

=1

Due to Lemma 3.1 applied to the random field G,({(x)), we have that as s — oo

1
(2s)"

/ Cg,(u)(2s1)"du — Vi,
[s1—s2,52—51]"
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and by dominated convergence theorem the second term converges to zero, that is,

n 1/n
e ] —2 5o ) Tancdu —

=1

]Rn

Therefore, the theorem follows. O

4.5.4 Proof of Theorem 3.4

Since we have established the convergence of the finite dimensional distributions, it now
suffices to show that the family of probability measures {P, : s > 0} is tight. By problem
4.11 of [27], it suffices to show that for some p > 2 and for every T' > 0, the following holds
for 0 <y <y <T,

Sslilg 125 — Zs,yluLp(Q) < Crly, —n|*. (4.5.6)

The desired estimate will be obtained by employing a weighted shift operator and obtaining

a representation using the divergence operator. We proceed to define the shift operator.

If G € L*(R™,~,,) has rank d > 1 with the expansion given in equation ([4.2.2)), for any

index ¢ = 1,...,m, we define the operator T; by
Z 3 Ga) Y Hyp (2 H H,, (x;) (4.5.7)
q=d a€ly j=1,j#i

We know that G(£(x)) has the Wiener chaos expansion

Z D oG a) (B @ @ BEN). (4.5.8)

g=d a€ly

The shift operator allows us to represent G(£(z)) as a divergence. Notice that this
operator is more complicated than the shift operator considered in the one-dimensional
case (see [25]) because we need the weights a;/q in order to have the representation as a

divergence. Actually, we are interested in representing G(£(z)) as an iterated divergence.
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For any 2 < k < d and indexes i1, ...,i; € {1,...,m}, we can define the iterated operator

The following result is our representation theorem.

Lemma 4.5.1. For any 2 < k < d, we have

G(&(x)) = o ( Z T, G(&(2)) fire ® -+ @ /B’Lkl‘> -

Proof. Using the Wiener chaos expansion in equation (4.5.8)) and the operator L™! introduced
in definition (2.4.4)), we can write

) -3y (Ga) L (B2 @ @ B3)

q= daGIq
— _Z Z (G, a)Hq(&(x)).
q=d aEIq

This implies, taking into account that H = mH,, 1, that

—DL™ 1G Z Z G CL zm:% a;—1 & H Ha] 5] Bz,x

q=d a€ly =1 j=1,j#1

= ZTG ))Bie- (4.5.9)

Iterating k times this procedure, we can write
(—DL™YG(E() = Y T s GE@)Bia @ ® By (4.5.10)

Taking into account that —dDL~! is the identity operator on centered random variables, we

obtain

(DL G(E(w)) = 618(~ DL [(~DL) G (€(x)
= 91 (=DL G (€ ()
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Iterating this relation and using equation (4.5.10)), yields
G(&(x)) = 6"(=DL")*G((x)) = &* ( Y T iGE(@)Bie - ®ﬁik,x> :
iy =1

Then, the statement in the lemma is a consequence of equation (2.4.2)). This completes the
proof. n

The next result is the regularization property of the shift operator 7;, ;.

Lemma 4.5.2. Let p > 2. Suppose that G € LP(R™, ¢,,). Then T,

D¥P for any k < d and, moreover,

+G(&(x)) belongs to

.....

sup  sup  ||Ti,..i . G(E(x))|lkp < o0 (4.5.11)

z€R™ 1<41,...,0, <M

Proof. Because (5,4, Bj+)s = 0ij, using equation (4.5.10), we can write for any x € R",

,,,,,

norm of G(&(x)). O

Let s; = syil/n and S; = [—s;, s;]™ for i=1,2. We now have

HZs,yz — Zsun HLP(Q)

= Gy | [, Clens
1

Lr(Q)

Lp(Q)

LP(Q)
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Applying Meyer inequalities (see theorem ([2.4.7))), we obtain

HZS y2 Zs y1||LP

pdz 28 n/2

Dj ( Z /S Til ~~~~~ idG(§<x))6i1,x ® et ® ﬁid,xdl‘>

ig=1"52\51

Now, using Minkowski’s inequality and the estimate obtained in equation (4.5.11)), we can

de

. M
(= LT
o
—~
[\]
VA
~—| M
3
~
no
=

X Ty (T = Y) - Tigja (T — y)dwdy

write

||Zs7y2 - Zs,y1||Lp(Q)

Scpd Sup sup sup HD,TH ~~~~~ 'LdG< ( )>||LP/2 0;997)
7=0,..., dT€R™ i1,...,iqg=1,...,

1/2
g E T e Tigag(@ —y)|dzdy
”/2 ( /2\51 /52\51 i (% = 9) - Taag ) )

,,,,, ig=17J1,...,ja=1

1/2
<C ’”/2 (/ / |75 (x )]ddxdy) .
ij=1 S2\S1 J S2\S1

Therefore, we finally obtain

/2
o Zolinsy < =™ 3 ([ rgtorria)
i,7=1

4.5.5 Proof of Lemma 3.5

Recall that C = (¢jk)1<jk<m 1s the matrix given by equation (4.3.2]). For any j # k, we

(k) _ 1, (Jk) (4.%)

denote by aU*) the multiindex in Z, such that a; =1 and q;

0 # 4, k. Also %) will denote the multiindex in Z, such that aj] 9 = 2 and ag = 0 for any

= 0 for any

46



¢ # j. Then,
T, = {a¥M 1 < j k <m}.

Moreover, from the definition of the matrix C it follows that for any 7,k =1,...,m, j # k,
(G, ah)) = Cik

and for all j = 1,...,m, ¢(G,al?)) = %Cj,j- With this notation we can write

e _ /R E[G2(§(0))Ga(€ (@) )dr

— ;L/Rn Z Ci ok [H g0 (E(0) H e (€(2))] da.

i7j7k7£:1

The computation of the expectations E [H 4. (£(0))H 4 (€(2))] depends on the indexes

1,7, ¢, k. Consider the following cases:

(i) Case i # j and ¢ # k: In this case, we have

B [H 0.0 (§(0) H e (£(2)) | = E[£:(0)&;(0)€e(2)&(2)]

= ruale)ryale) + ria(@)riel).

(i) Case i # j and ¢ = k: In this case, we have

E [H 6.0 (£0))H e (E(2))] = E [£(0)€;(0) (&7 (x) — 1)]
=21 0(2)750().

(iii) Case i = j and ¢ = k: In this case, we have

E [H 0 (E0)Hyen (E(x))] = E [(£2(0) = 1)*(&F(2) — 1)]
= 2Ti7g(5(7)2.
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As a consequence, taking into account the symmetry of the matrix C, we obtain

1 - 1
v -1 / Y ccrela)rdadn = 5 / T () Cr(a)Cld

i k=1
This completes the proof of Lemma (4.3.5]). O

Finally, we will show formula in equation (4.3.5), assuming that the covariances are
integrable. To do this, it is convenient to choose a different underlying isonormal Gaussian
process. Let W denote a complex Brownian measure on R” and define the isonormal process
X on L*(R") by

X(f) = | FlI@®W(dt), (4.5.12)

Rn
where F[f] denotes the Fourier transform of f € L*(R"). Recall the following properties of

the Fourier transform:
. fOFlglt)dt = | Flf]()g(t)dt, (4.5.13)

R’I’L

for f,g € L*(R") and F[F[f]|(x) = (2m)7"f ().

Due to the assumption that for 1 < 4,5 < m, r;; € L'(R™), we have that the spectral
measures v;s of {;s are absolutely continuous with respect to the Lebesgue measure and
hence ;s admit spectral densities. Denoting the spectral density of {; as f;, we have that

the following representation holds (see equation 1.2.16 of [10]).

&(x) = [ Flog)(t —z) dW (t). (4.5.14)

Rn

where a; € L?(R") are such that |a;(¢)|* = f;(t). Denoting 8} ,(t) = e a;(t), we get that
§i(z) = X(f;,) and so we have an “embedding” of the field into the isonormal process given
by equation (4.5.12)). Moreover, we have

rix(x) = E[&(2)&(0)] = (B} ., Bro) L2ny = Flaar)(x). (4.5.15)

48



As a consequence, we can write

/ Z czjcfkrzﬁ T]k:( )d

'L]k@ 1

l\’)l»—t

1
-3 / Z .50 Flowds) () Floyag) () d.
R™  j k=1
By Plancherel’s theorem,
Flaso](x) Flogon)(x)de = | Flogog] (z) F[(o;%) o sign](z)dz
R" Rn
= (27?)_”/ a;(z)oy(x)oj(—x)ag(—x)de,
where sign(z) = —z. This implies
2m)"
ve = B e,

where

Z cixj(—z)ag(z) = o’ (—2)Ca(z).

7,k=1

This completes the proof of equation (4.3.5).
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Chapter 5

Further applications and conclusion

In this chapter, we will briefly describe some applications to distributional asymptotics of

various geometric characteristics of excursion sets of random fields.

5.1 Geometry of random fields

We first give an brief overview of the area concerning geometry of random fields.

Random fields with parameter spaces even other than the Euclidean space as such have
found their applications in a variety of settings like Neuroimaging, Oceanography and in
Cosmological applications. For motivations coming from cosmological applications random
fields are considered over sphere (S?), for example, as in the monograph by Marinucci and
Peccati [28] and also a theory concerncing random fields over vector bundles, [29]. Results
concerning geometry of random fields in this setting include asymptotics and limit theorems
for Euler characteristic and lipschitz killing curvatures as they appear in [30] and [31] and
other studies concerning critical points, as in [32]. One interesting result in this setting
(invariant random fields over S?), as described and extended in [33] gives impossibility of

simulating a non-Gaussian random field using i.i.d. coefficients in it’s Fourier expansion.

For random fields on Euclidean spaces, other than asymptotics of stationary points and

volume functionals as obtained in [34], [35] and [26], other topological aspects like the per-
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sistant homology of excursion sets which keeps track of appearance and disappearance of the
various homology elements as the level 'u’ is increased and questions of the sort concerning
probability that two points lie in same connected component of an excursion set have been
considered by Robert Adler et. al in [36], [37], [38] and [39]. And the behaviour of the
field when the entire field lies above a certain level has been considered recent enough by
Chakraborty et. al in [40].

5.1.1 Euler characteristic and number of critical points

We consider random fields on Euclidean space and the central limit theorem like behaviour
of the Euler characteristic and number of critical points. The CLT for Euler characteristic
was established by Estrade and Leone ([34]) and then that for number of critical points was
done by Nicolaescu ([26]) using the same approach as had been done in the previous one.

Here the asymptotics has been considered in the following sense.

For a centered (i.e. E[{(x)] = 0V z) stationary Gaussian random field £ on R", if ZY
denotes the Euler characteristic or number of critical points of the field in A, N[—s, s]™ where
A, ={x € R": {(x) > u} denotes the excursion set.

Zy — BlZ{]

5)2 = N(0,0?%)

as s — 00, where = denotes convergence in law and N denotes the normal distribution. The
above two are proved by using the following integral representation of the number of critical
points which holds true in the deterministic case and hence in almost sure sense (assuming
¢ is at least almost surely C?). We state the general result (Theorem 11.2.3 of [I1]). The
below result is also known as Kac-Rice formula. We denote by Nr(f,u; g, B) the number of

times f(z) = u and g(z) € B for z € T

Theorem 5.1.1. Let f : R® — R" be continuously differentiable and g : R™ — R™ be
continuous. Let T C R™ be closed and B C R™ be open. Assume that for every x € OT,
f(x) # u and there exists no x € T satisfying both f(x) = u and g(x) € OB ordet V f(x) = 0.
Then,
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Ne(f.u9.B) =lim | 8(F(x) ~u)1a(g(x))| det V f ()] (5.1.1)

where 6c(r) = (2€) " 1_c g ().

With this we would have that the number of critical points N¥ in the set A, N[—s, s|"
of an almost surely C? Gaussian (or non-Gaussian) random field £ on R™ is given by the

random variable (almost surely)

NY=tim [ G(VE()) Ly ()] det V2(E(x) d, (5.12)

e—0 [_575]77,
where VZ(£(t)) denotes the Hessian of ¢ and the convergence is in almost sure sense.

Using this formula, one can define a modified Euler characteristic p* of the set A,N[—s, s]"
as pt =Y " (=1)’NY; where N¥; denotes the number of critical points of the field in the set
A, N[=s,s|" of index ’i’. We recall that the index of a critical points is given by the number
of negative eigenvalues of the Hessian of the function at that point. With this we get that

almost surely (notice the disappearance of the mod)

pg = (=1)"lim 0c(VE(2))Lju,00) (€ () det V2(&(w))da, (5.1.3)

e—0 [—S.S]n
where convergence is in almost sure sense.

After considering the above representations, one fundamental question is to know whether
N and p! have finite variance. This question of determining the admissibility of moments
by these random variables itself has rich history in literature which we refrain from discussing

here. We point the reader to the original paper [23] for some discussion.

Estrade and Leon in [23] show that the convergence in equations (5.1.2)) and (5.1.3) also

holds in L?(Q2) under the condition that almost every sample path of the field is of class C?
(Proposition 1.1 of [23]). They then consider the m = 1+4mn+n(n -+ 1)/2 dimensional vector
field £(x) = (£(x), VE(x), V2(E(x)) and the function G (z,y,2) = 6c(y)1juse) (x) det V2(2)
where z € R,y € R and z € R*™+t1)/2. We have that the function G. is square integrable
with respect to the standard Gaussian measure on R™ and hence admits a Hermite expansion.

With this, one can prove that N* or % admits an expansion in L*() of the form (Proposition
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1.3 of [23])

p= (Y Yela) [ (@) (5.1.4)

_ n
q:l ‘a|:q [ 375}

Here due to the dirac-delta function in formula given in equation , the coefficiants
c(a) are such that >3 2, > c(a)? = oo and hence a central limit theorem for p“ cannot
directly be concluded by means of the Breuer-Major theorem . To show the central
limit theorem for p¥, after an intermediatery step which consists in showing that the asymp-
totic variance of u! is finite, it suffices to show a central limit theorem for finitely many
terms in the expansion in equation which indeed follows from theorem . We
refer the reader to the paper [23] for complete details.

5.1.2 Remarks

We note that from theorem (4.3.2)), we obtain a central limit theorem for volume of excursion
set by taking the function G to be G(r) = lp,)(z). Also, in this case the functional
covergence also holds. In [41], the author obtains rates of convergence for the central limit

theorem for volume of excursion sets by means of Malliavin calculus.

5.2 Conclusion and future directions

In this thesis, we studied distributional limit theorems by means of Malliavin calculus and
Stein’s method. Using these tools, we had given a proof of the Breuer-Major theorem for the
case of vector valued fields on a Euclidean space of arbitrary dimension. We also proved that
the functional convergence holds under mild extra assumptions on the function. We then
saw how this is used to obtain some limit theorems for geometric characteristics excursion

sets of random fields.

One thing that we had not pursued in this thesis was to obtain rates in the Breuer-Major
theorem in the case of random fields. In the discrete case for sequences of vectors, this was

done by Nourdin, Peccati and Podolskij in [6]. We wish to pursue this in future.
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