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Abstract

Let G be a real semi-simple Lie group. Let I' be an arithmetic subgroup of the
group GG. Suppose that I is a finite-dimensional representation of G. One of
the objects of interest is the cohomology group H*(T', F'). In particular, de-
termining when these groups are non-zero and computing cohomology classes
of these groups. It is well known that these groups have interpretations using
relative Lie algebra cohomology of the group G with respect to a compact
subgroup K. This interpretation gives us a relation between the cohomology
groups H*(I', F') and a finite subset of the set of representations of G. Here we
obtain some non-vanishing results for the cohomology classes for the group
GL(N). We use the principle of Langlands functoriality to compute these
classes. We start with 7, a ‘nice’ representation of a classical group G, and
use Local Langlands correspondence to transfer 7 to a representation, ¢(7),
of an appropriate GL(N) and ask whether «(7) contribute to the cohomology
groups H*(I', F'). We characterize when a tempered representation of a clas-
sical group G transfers to a cohomological representation of GL(n). This is
summarized in Theorem [4.2.5 We also start with a cohomological represen-
tation of Sp(4,R) and ask when the transferred representation of GL(5,R)
is cohomological. We obtain a complete result in the case of representations

with trivial coefficients. This is summarized in Theorem [5.5.2
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Chapter 1

Introduction

Let G be a connected semi-simple real Lie group. Let K be a maximal com-
pact subgroup of G and I' a torsion free arithmetic subgroup of GG. Suppose
F is a finite-dimensional complex representation of G. Let S = G/K be
the associated symmetric space. We are interested in the Eilenberg-Maclane
cohomology groups H*(I', F'). Let Q4c (F') be the space of smooth F-valued
differential forms on S¢. Let QS,C;‘(F )' be the subspace of I-invariant dif-
ferential forms in Qgc (F), where the action of I' is obtained in the obvious
way. Then, we have a canonical isomorphism between H*(I', F) and the
cohomology groups obtained from the sequence of Qgg (F)F'.(See [23]).
Furthermore, using the projection map from I'\G(R) to T'\S%, we can
identify the complex Qgx (F)' with the co-chain complex of the relative Lie
algebra cohomology C*(g,¢ C>*(I'\G(R)) ® F), where C*(I'\G(R)) is the
space of all smooth complex valued functions on I'\G(R), g and ¢ are the Lie
algebras of G and K, respectively. This identification leads to a canonical

isomorphism [23]
H*(g,¢, C*(I"\G(R)) ® F) — H*(I', F). (1.1)

Let L*(T'\G(R)) be the space of smooth square integrable functions on

1



2 CHAPTER 1. INTRODUCTION

M\G(R) and LE(T\G(R)) be the space of cusp forms in L*(T\G(R)), i.e., all
functions f such that X f is square integrable for all X € U(g) and

/ f(ug)du =0 ; for all g € G(R),
(UR)ND\U(R)

where U is the unipotent radical of a proper parabolic subgroup P in G.
The inclusion L3(I'\G(R)) — L*(I'\G(R)) induces a homomorphism in the

cohomology groups
H*(g,t; Li(T\G(R)) ® F) — H"(g,t; L*(T\G(R)) ® F).

This map is injective and the image can be thought of as a subgroup of
H*(T', F'). The image of H*(g, ¥ L3(I'\G(R)) ® F') is denoted by H* _ (T, F).

cusp

For H: . (T, F), we have a Matsushima type decomposition

cusp

H,, (T, F) = P m(H,, T)H (9,8 H, @ F), (1.2)

Hr
where H, are the representations of G which occur in the cuspidal part of
the discrete spectrum with finite multiplicities. Note that the above decom-
position is a finite direct sum. This isolates a finite set of representations of
G depending on the finite-dimensional representation F (see [23]). Thus, the
study of (g, K)-cohomology of representations of G is related to the study of

cuspidal representations of G.

As an example, let G = SL(2,R) and I" = SL(2,Z). Let V} be the finite-
dimensional representation of G' of dimension k. Then reduces to the

Eichler-Shimura isomorphism

H, (F, Vk) = Slj+1(r> D Sl:—&-l(r)’

cusp

where S,irl(l“) denotes the space of holomorphic and anti-holomorphic cusp



forms with respect to I'; and the dimension of S, ; (I') denotes the multiplici-
ties m(D;5, T) of the discrete series representations of G = SL(2, R) occurring
in LZ(T'\G(R)). One sees that such an isomorphism lets us view functions
(modular forms in this case) on SL(2,R)\SO(2), which satisfy certain trans-
formation properties with respect to I', as elements of the cohomology groups.
This gives us a different viewpoint towards the same objects which is useful
at times.

The aim of the thesis is to obtain non-vanishing results for the (g, K)-
cohomology groups with respect to some representations of the group G =
GL(n), over the real and the complex numbers. We now describe the ideas
that we used to obtain these results. We know that Langlands functorial-
ity allows us (under certain conditions), starting with a representation of a
group G, to obtain a representation of a different group G’. To make things
more precise, let us consider a particular example. Let G = Sp(2n,R).
Then “G° = SO(2n + 1,C) is the connected component of the Langlands
dual group. Given any representation 7 of GG, the Local Langlands corre-
spondence attaches to this representation a Langlands parameter which is
a homomorphism from the Weil group of R to the Langlands dual group.
Using the fact that the inclusion ¢ : SO(2n + 1,C) — GL(2n + 1,C) is a
L-map, we obtain a parameter for a representation of GL(2n + 1,R). Given
that we can obtain a representation of GL(2n 4+ 1,R) from a representation
of Sp(2n,R), we may ask which of these representations of GL(2n + 1) are

cohomological? We consider the following 2 questions:

1. Consider the tempered representations of the group G and transfer
them to obtain representations of GL(/N) and check whether these rep-
resentation are cohomological? This is the question which we will be
taking up in Chapter 4. A complete answer for this question is noted

in Theorem [£.2.5] We obtain a characterization for tempered represen-



4 CHAPTER 1. INTRODUCTION

tations of G which are transferred to a cohomological representation of

GL(N).

2. David Vogan and Gregg Zuckerman in 1984 classified unitary cohomo-
logical representations of a real connected semi-simple Lie group (See
[27]). Considering this, we start with a cohomological representation of
G and transfer this representation to GL(n) and then ask whether the
resulting representation is cohomological or not. That is we ask whether
the property of being ‘cohomological’ is preserved under the Langlands
transfer. We take up this direction in the final chapter of the thesis.
We will work out the case when G = Sp(4,R). We list down all the
cohomological representations of G' according to the Vogan-Zuckerman
classification and compute their transfers to GL(5,R). In this case also

we have a complete answer which is noted in [5.5.2]

The first instance of studying cohomological representations along with
the functoriality was observed in a paper of Labesse and Schwermer in 1986
(see [I7]). They considered the symmetric power transfer from GL(2) to
GL(3) and proved that if we start with a cohomological representation of
GL(2) the representation obtained by transferring to GL(3) is also cohomo-
logical. Further, if we know which finite-dimensional representation of GL(2)
is relevant then we can also tell which finite-dimensional representation is
relevant for the transferred representation. In loc.cit., non-trivial cuspidal
cohomology classes for SL(3) over some number fields were also constructed.

This result was further generalized by Raghuram in his 2016 paper (see
[20]), where a representation of GL(2) is transferred to a representation of
GL(n) using the symmetric power transfer and a similar observation was
made. We study how much this observation can be generalized.

A standard assumption which is made when one studies the special val-

ues of L-functions attached to a representation 7 is that 7 is cohomological.



Generally, one is looking at global representations, i.e., representations of
G(A), where A is the ring of adeles attached to a number field . Cohomo-
logicalness of a global representation just boils down to its cohomologicalness
at the archimedean places. This thesis addresses questions which are local
in nature and are related to the archimedean places. Results similar to the
results obtained here have been used to study special values of L-functions.
Some of the results in this direction can be found in [1], [20] and [21].

Chapter 2 introduces the groups that we would be dealing with, their
corresponding Lie algebras and some theory of Lie algebras. We then list
a class of finite-dimensional representations which will be relevant to the
questions which we deal with here. Also, we make a list of the set of roots,
positive roots and half sum of positive roots for further use. The main
references for this chapter are [12], [I4] and [15].

Chapter 3 introduces some basic representation theory, cohomological
representations, Local Langlands correspondence and Langlands functorial-
ity. All these will be done in the local setting where the base field is R or C.
We characterize discrete series representations for the classical Lie groups.
We also make explicit the Local Langlands Correspondence for the case when
G = GL(n,R) or GL(n,C). For details in representation theory and coho-
mology of representations the reader can refer to [3], [I4] and [I5]. In case of
Local Langlands correspondence and Langlands functoriality one can refer
to [6], [7] and [I8]. In the case of GL(n), this is given quite explicitly in [16].

Chapter 4 deals with transferring tempered representations from a clas-
sical group to an appropriate GL(N). The N depends on the group G and
the list can be found in Table [l This chapter characterizes tempered rep-
resentations which are transferred to cohomological representations and the
main result is stated in the form of Thm 4.2.5

Chapter 5 deals with the special case G = Sp(4,R). This uses the Vogan-
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Zuckerman classification of unitary irreducible cohomological representations
of G (see [27]). We then transfer these representations to GL(5, R) and study
the cohomological properties of the transferred representations. The main
result of this chapter is noted in Thm [5.5.2] The theorem talks about rep-
resentations which are cohomological with respect to the trivial coefficients.
We also make a conjecture at the end of the chapter about representations

which are cohomological with respect to non-trivial coefficients.



Chapter 2

Lie Groups and Lie Algebras

In this chapter we introduce the groups which are relevant to us. We will
list down some of the relevant finite-dimensional representations of these Lie

groups using their corresponding Lie Algebras.

2.1 Lie Theory

We start this chapter by defining some Lie groups and their corresponding
Lie algebras. The aim of this chapter is to list some finite-dimensional rep-
resentations of these groups using the Lie Algebras. Towards that, we will
go through some theory of Lie algebras which will be relevant to us. As a
reference, the reader may refer to [12], [14] and [I5].

All the groups considered here are real Lie groups. Let’s recall the def-
initions of the classical Lie groups that will be considered in this article.
Let I,, be the n x n identity matrix. Define J, := anti-diag(1,...,1), i.e.,
Jn(1,7) = Sin—j+1, and let Ji, = anti-diag(J,,—J,). Let p + ¢ = n; we
will often assume that p > ¢ > 1. Let I,, = diag(1,...,1,—1,...,—1)
be the n x n diagonal matrix with p many 1’s and ¢ many —1’s. Put

Jpq = anti-diag(Jy, [,—4, J,). Let ‘A and A* = A denote the transpose and

7



8 CHAPTER 2. LIE THEORY

the conjugate-transpose of A, respectively; where, conjugation is either in C

or in H as the case might be. Define:

Sp(2n,R) = {Ae€ GL2n,R) : ATy, A = T, 1,
Sp(p,q) == {A€GL(n,H) : A" J, A = Jpq},
SO(p,q) = {AeSL(n,R) : "AJ,, A = J,,},
Ulp.q) = {A€GL(p+¢.C) : A"JpyA = Jygl,
0 I, 0 I
SO*(2n) = {A€SU(n,n) : ‘A A= }
I, 0 I, 0

where in the last definition, SU(n,n) = U(n,n) N SL(2n, C).

The finite-dimensional representations of these groups which are impor-
tant to us are obtained by the restriction of irreducible finite-dimensional
representations of their corresponding complexified Lie groups. These finite
dimensional representations of the complexified Lie groups are in bijection
with the irreducible finite-dimensional representations of the Lie algebras
[12], [14] and [I5]. Also, the discrete series representations of these Lie
groups are parameterized by the set of highest weights modulo an equiva-
lence relation (see [3]). We will deal with the discrete series representations
in the next chapter.

The task at hand now, is to characterize the irreducible finite-dimensional
representations of the Lie algebras. We will now set up the necessary nota-

tions. For details, the reader is referred to [3], [12], [14] and [15].

2.1.1 Root Space Decomposition

Root space decomposition, as the name suggests, decomposes the Lie algebra
g into to root spaces with respect to a Cartan subalgebra of g. This is

similar to the familiar simultaneous eigenspace decomposition with respect
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to commuting matrices. This is useful in classification of Lie algebras, though
we will not pursue this direction here. We would use this in parameterizing
the irreducible finite-dimensional representations as well as the discrete series
representations. In this section, we assume that the base field is C.

Let g be a finite-dimensional semisimple Lie algebra. Let h C g be a
maximal abelian subalgebra consisting of ad-semisimple elements. The linear
transformation ad X : g — g is semi-simple (same as diagonalizable in this
case) for all X € b, and b is abelian, hence, they can be simultaneously
diagonalized allowing us to decompose g into simultaneous root spaces, i.e,

g can be written as a direct sum of subspaces of the form,
0o ={X €g:ad HX)=a(H)X for all H € b},

where « runs over all elements of h*. Denote by ®(g,h) the set of non-zero
elements o € h* such that g, # 0. The elements of ®(g, h) are called roots
of g with respect to h. The subspace gq is nothing but the centralizer of b.

Therefore, we have

=09 P g

a€®(g,h)

This is known as the root space decomposition of g.

Example 2.1.1. Let g = s1,(C), b be the set of all trace 0 diagonal matrices.
That 1is,

a1
Qn
Then the set ®(g,h) = {e; —e;;1 < i,j < mn,i # j} is a root system corre-
sponding to g with respect to . This is called a root system of type A,_1.
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We have the following decomposition for sl,(C):

sL(C)=hd P gee,,

€;—¢€j E@(g,h)

where ge, e, is spanned by the matriz E;; which has 1 in the (i7)™" place and
0 elsewhere.

In particular, for sly, we have the roots as ®(g,h) = {e; — ez,e2 — €1}.

1 0 01 00
Here b = < > Ge1—es = < > and Geg—er = < >
0 -1 00 1 0

Example 2.1.2. We have similar decompositions for Lie algebras of type
B,C and D, corresponding to the odd orthogonal groups, the symplectic
groups and the even orthogonal groups, respectively. For the explicit com-
putations concerning root space decompositions and the corresponding root

spaces, the reader is referred to [15].

1. For s09,11(C), the set of roots are
(g, h) ={Feite;1 <i#j<ndU{denl<k<n}

This is a root system of type B,,.

2. For sp,, (C), the set of roots are
D(g,h) ={te; £ej;1 <i#j<n}pU{E£2e;1 <k <n}

This is a root system of type C,,.

3. For 509,(C), the set of roots are
®(g,h) = {FeiTej1 <i#j<n}

This is a root system of type D,,.
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The set of roots classify the set of simple Lie algebras. The roots also
have an axiomatic definition. For a finite-dimensional real vector space V', a

finite subset ® of V is called a root system if the following conditions hold:

e ® spans V.

e The transformation s,(8) = 5 — 2|<§ ‘2‘ Lo preserves the set @ for all a,
where | - | is the usual norm and (-, -) is the usual inner product on V.

o 2829 ¢ 7 whenever , 3 € ®.

|af?

Let W be the subgroup of GL(V') generated by s,’s where a runs over @,
i.e., W= (s,; a € ®). This is called the Weyl group of ®. Note that since
S fixes the set @, it is a subset of the permutation group of ®. Since & is

finite, W is finite as well. We will call the dimension of V', the rank of ®.
Definition 2.1.3. A subset A of ® is called a base of ¢ if
e A is a basis of V,

e cvery root B can be written as f = Y. kqo; such that the k. are all
acA

either non-negative or non-positive integers.

The elements of A are called simple roots. This allows us to define the
set of positive and negative roots as follows: Let 5 = Y ca koo if all the
k. are positive (negative) then we say that the root (3 is positive (negative),
and write > 0 (8 < 0). We write ®* for all the positive roots, @~ for all
the negative roots; ® = ¢+ L d~.

Define a hyperplane P, = {f € V : (8,a) = 0} which is orthogonal to
the root a.. There are finitely many hyperplanes which divide V' into finitely
many regions which are the connected components of V' — U,co P These
are called the Weyl chambers. An element § of V is called regular if
B €V —Uaca P We have the following theorem which describes the action
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of the Weyl group on V' and the set of bases. Let A is a base of ®. Fixing
a base of ® makes a particular Weyl chamber stand out. This chamber
{eV:{(B,a)>0 ¥V o€ A} is called the fundamental Weyl chamber

relative to A.
Theorem 2.1.4. (see [1Z], 10.3) Let A be a base of .

1. If v € V is regular, then there exists a o0 € W such that {(o(7),a) > 0
for all a € A. In other words, given a regqular v, we can translate ~y

into the fundamental Weyl chamber using W.

2. If A’ is another base of @, then there exists 0 € W such that o(A') = A.

So W also acts transitively on the set of bases.
3. If a is a root, then there exists a 0 € W such that o(a) € A.
4. W is generated by s, for a € A.

5. If o(A) = Ao € W, then o = 1, i.e., W acts simply transitively on
the set of bases.

We will have V' = bh*, where ) C g is a Cartan subalgebra. In this case,
given a Lie algebra g, we can do a root space decomposition of g with respect
to a h. Then the set ®(g,h) = {o € b* : g, # 0} satisfies all the axioms of a

root system.

Remark 2.1. Let g be a semi-simple Lie algebra with b a Cartan subalgebra.
Let ®(g,b) be the set of roots and A be a base. For each a € ®(g,bh),
let x, be a non-zero element of g.. Then there exists a non-zero element
Yo € §_a Such that z,,ys and [x4,ys] = he generate a 3 dimensional Lie
algebra which is isomorphic to sly. See [12] for details. This observation will
transform the question of understanding finite-dimensional representations

of g to understanding finite-dimensional representations of sls.
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2.1.2 Universal Enveloping Algebras

Before defining weights and characterizing representations, we introduce the
universal enveloping algebra, {(g), of a Lie algebra g. The universal envelop-
ing algebra plays an important role in the theory of representations. An
important fact is that the representations of g are in one-one correspondence
with the left modules over U(g).

The universal enveloping algebra of a Lie algebra g, is a pair (L(g),?)
where 4(g) is an associative algebra with 1 together with a map ¢ which is

an inclusion of g into 4(g) which satisfies:

i([z,y]) = i(2)ily) —i(y)i(x)

and given any algebra homomorphism ¢ : g — A into an associative algebra

A, ¢ factors through U(g), i.e., the following diagram commutes:

This is the universal property of £l(g). This is a categorical way to define the
universal enveloping algebra of a Lie algebra g and hence $4(g) is unique once
we prove its existence. The universal enveloping algebra can be realized as a

quotient of the tensor algebra.

Let T(g) = % g®" denote the tensor algebra of g. Denote by I the ideal
n=0

of T(g) generated by elements of the form

<l‘®y—y®$—[l‘7y] :x,y€g>.

Then 4U(g) is isomorphic to the quotient T(g)/I. The following result will
shed some light on the structure of {U(g).
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Theorem 2.1.5 (Poincaré-Birkhoff-Witt Theorem). (see [1Z]) Let us
denote by m the quotient map T(g) — U(g). Suppose (x1,z2,...) is an or-
dered basis of g. Then the elements of the form x; x;, ... x;, = 7(x; @ x;, ®

m

e ®uxy,), where m € Z and iy < ig < -+ < iy, along with 1, give a basis

for U(g).

2.1.3 The theory of weights

Weights, defined using the root system of g, play an important role in the
characterization of the finite-dimensional representations of g.

We will continue working with an abstract vector space V', even though
we will eventually specialize to the case when V' = g.

Let @ be a root system of V' with Weyl group W. Let A be the set of all
elements A of V such that 2

83 € 7Z, for all @« € . Observe that the set

A is actually a subgroup of V' containing ®. Moreover, A € A if and only if

9ide) o Z, for all a € A for a base A of ®. We call a weight A\ dominant

(@)
)
(a,@)

if all the integers 2 are non-negative and strongly dominant if all the

integers 2 éizi are positive. The set of all dominant weights lies in the closure

of the fundamental Weyl chamber relative to A, while strongly dominant
weights are contained in the interior of the fundamental Weyl chamber.
Suppose G is a semi-simple classical group with the complexified Lie
algebra g. Then g is semisimple. A dominant integral weight for the Lie
group (' is defined as a dominant integral weight for the corresponding Lie
algebra. For the types B, C,, and D,,, we shall list all the dominant integral
weights. We also give a list for the split unitary groups. In each of these cases,
we describe a root system corresponding to the chosen Cartan subalgebra,
along with a base and set of positive roots, and compute the half sum of

positive roots p.

1. For type B,: The split group in this case is SO(n+ 1,n). The diagonal
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torus 1" consists of all matrices of the form

131

diag(ty, ... ty, Lt 1 . 470 = 1 ,

tt

with ¢; € R*. The complexified Lie algebra of SO(n + 1,n) is
509,41 and the Lie algebra of T denoted tc has matrices of the form
diag(as, ..., an,0,—ay,,...,—a1), where a; € C. Denote by e;, the char-

acter on the torus which picks out a;. Then we fix the following data:
° (I)(g, t) = {:l:@l + €; : 1< j} U {:I:el}
e The base A = {e; —ez,e0 —€3,...,€,1 — €p,En}.
e The set of positive roots &+ = {e; £ ¢;} U {e;}.

e The half sum of positive roots p = (n—1)e; +(n—32)es+- -+ Ley,.
We will also write p as the n-tuple (n — 3,n—3,..., ).
2. For type C,: The split group in this case is Sp(2n,R). The diagonal

torus 1" consists of all matrices of the form:
diag(ty, ... tn,to . t00),

with t; € R*. The complexified Lie algebra of Sp(2n, R) is denoted sp,,
and the Lie algebra t¢ = {diag(a,...,an, —an,...,—a1) : a; € C}.
Denote by e;, the character on the torus which picks out a;. Then we

fix the following data:
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o O(g,t) ={te; Lej:i<jtU{E2e}.

The base A = {e; —ea,e9 —€3,...,€-1 — €, 265}

The set of positive roots @ = {e; £ ¢;} U {2¢;}.

The half sum of positive roots p = ne; + (n—1)ey + - - -+ le,. We

will also write p as the n-tuple (n,n —1,...,1).

3. For type D,: The split group in this case is SO(n,n). The diagonal

torus 1" consists of all matrices of the form:
diag(ty, ...ttt 1Y),

with ¢; € R*. The complexified Lie algebra of SO(2n,R) is de-
noted so0,, and the Lie algebra tc of T has matrices of the form
diag(a1, ..., an, —Qp,...,—ay) with a; € C. Denote by e;, the character
on the torus which picks out a;. Then we fix the following data:

o O(g,t) ={te; Le;:i<j}

e The base A = {e; —eg,e9 —€3,...,€6p-1 — €n, €1 + €1}

e The set of positive roots @+ = {e; £ ¢;}.

e The half sum of positive roots p = (n—1)e;+(n—2)ea+- - -+1e,_1.
We will also write p as the n-tuple (n — 1,n —2,...,1,0).

n n

. The unitary groups: When n is even take the unitary group as U(%, 5),

and let p = n/2. For a maximal torus 7" of U(%, §) take all matrices of
the form

{diag(ty,... b, 0, ... 87")  t; € C*}.

The complexified Lie algebra of the unitary groups is denoted by u,, and
the Lie algebra t¢ = diag(ay,...,ap, —ap, ..., —a1) : a; € C. When n is
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odd we consider U(™, 224) ‘and put p = (n+1)/2 and ¢ = (n—1)/2.
For T' € U("+1, ”Tl) choose all matrices of the form

{diag(tl, R 7tp—17 t t_

p— 1y

) b eC 1<i<p—1,t, €S,

hence t¢ = diag(as,...,ap_1,0p, —Gp_1,...,—a1) : a; € C. In either
case, denote by e;, the character on the torus which picks out the 5"

entry of the diagonal matrix. We have:

o O(g.t)={e;, —e;:i#7, 1<i,j<n}
e The base A = {e; —ez,e0 —€3,...,€, 1 —€p}.
e The set of positive roots &+ = {e; —e; : i < j}.

e The half sum of positive roots p = (%51 )e1+(252)ea+- - -+ (52 )en.

We will also write p as the n-tuple (%1, %3, L),

In all the above cases (1) — (4), a weight A € t&, will be written as an
n-tuple A = (A1,...,\,) and this will stand for A\je; + - -+ + \,e,. We now

describe the dominant integral weights.

Example 2.1.6. 1. For type A,,: A dominant integral weight \ is given
by a string of n — 1 integers, say X\ = (A1, \a,..., A\u_1), such that
AL > A > 2N

2. For type B,: A dominant integral weight X\ is given by a string of n
integers, say A = (A1, Aoy ..., An), such that \y > Ag-+- > X\, > 0.

3. For type C,: A dominant integral weight X\ is given by a string of n
integers, say A = (A1, Aa, ..., A\y), such that Ay > Ag--- >\, > 0.

4. For type D, : A dominant integral weight \ is given by a string of n
integers, say A = (A1, Ag, ..., A\y), such that Ay > Ag -+ > |\,
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We will now classify the finite-dimensional representation of the above

mentioned Lie algebras.

2.1.4 Finite-dimensional representations

Let h C g be a Cartan subalgebra of a semi-simple Lie algebra g. We start by
classifying the finite-dimensional representations of sl;. The representations

of sly are important as stated in Remark [2.1]

Representations of sl

Let g = sl3(C) and

We have the following relations:

[h,a] =2x; [h,y] = =2y; [z,y] = h.

Suppose V' is a finite dimensional g-module. Note that h = (h) is a Cartan
subalgebra of g. Therefore we have a decomposition of V' into eigenspaces of
h of the form Vy = {v € V : h-v = M} for A € C. Whenever V) is nonzero,
we call it the weight space of V' and A the weight. We have the following

lemma.
Lemma 2.1.7. [12], 7.1 Letv € V). Thenx-v € Vy,9 and y-v € V)_s.

Proof. h - (x-v) = (hx)-v = [h,z]v + (zh)v = (2 + X)v. This proves that
z-v € Vyja.

Similarly, h- (y-v) = (hy) - v = [h,y]Jv+ (yh)v = (=24 X)v. This proves that
y-v e Vys. 0
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Observe that since V is finite-dimensional and V' = & V), there exists
AEC

a A such that V), # 0 but V), = 0. Thus for any vector v € V), x -v = 0.

Such a v is called a maximal vector.

Lemma 2.1.8. [12], 7.2 Let V be an irreducible g-module and let vy be a

mazimal vector Put v_1 = 0 and v; = %yl -vg ;1 > 0. Then we have,

1. h-v;= (A — 20y,

2. y-v; = (i+ 1)vigq,

3. x-v;=(A—i+1)v_1;1 > 0.

We have the following classification theorem for representations of sly(C).
Theorem 2.1.9. [12], 7.2 Let V' be an irreducible module for g.

1. Relative to h, V is a direct sum of weight spaces V,, p = m,m —

2,...,—(m—2),—m, where dimV =m+1 and dimV,, =1 for all p.

2. Up to scaling, V' has a unique mazximal vector with weight m.

3. There is a unique irreducible module of g of dimension m + 1.
Proof. For a proof, see [12], section 7.2. O

Thus, we observe that the finite-dimensional representations of sly are

characterized by non-negative integers.

We now classify the finite-dimensional representations of a semisimple Lie
algebra g. Let g be such a Lie algebra. Let V' be a finite-dimensional g-
module. Then a Cartan subalgebra h C g acts diagonally on V. So we can

write V = @ V), where

Aeb*

Vi={veV:h-v=Ah)v; Vh € h}.
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The spaces V) are called weight spaces of V' with respect to h and A is

the corresponding weight.

Example 2.1.10. If V = g is viewed as a g-module via the adjoint action,
then the weight space decomposition coincides with the root space decomposi-

tion.

Note that such a decomposition of a g-module may not be possible when
the space V' is infinite-dimensional. Nevertheless, we can always form a

subspace V' = Y V). We then have the following result.
Aebh*

Theorem 2.1.11. [72], 20.1 Let V' be an arbitrary g-module. Then,

1. go maps Vy to Viiq.

2. The sum V' = > 'V is direct and V' is a g-submodule.
XED*

3. If dimV < oo, then V =V".

Let g,h be as above. Let ®(g,h) be the set of roots of g with respect to
h and A be a base of ®(g,h). Let V be a g-module. Call a non-zero vector
vT € V) a maximal vector if v is killed by g, for all &« € dt i.e. g,-vt =0
for all « € ®*. The existence of a maximal vector is ambiguous and it may
not even exist for an infinite-dimensional g-module V. But if V is finite-
dimensional then the existence of a maximal vector in V' is clear and further
the line through v™ is stabilized by the Borel subalgebra B(A) =h® P ga-

We will study a class of g-modules which will encompass the aﬁi(iite-
dimensional representations of g. Let v™ be a maximal vector of V' with
weight X\. Let V = U(g) - v™. This is called the standard cyclic module
of weight A\. We call A the highest weight of V. The structure of such a
module is well known and is summarized in the theorem below.
Recall from Remark that, given z, € g4, there exist y, € g_, such that
To, Yo a0d [Z4, Yo = ha generate a 3 dimensional subalgebra isomorphic to

5[2.
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Theorem 2.1.12. [12], 20.2 Let V' be a standard cyclic g-module, with max-
imal vector vt € V). Let ®* = {51, fa,...,Bm} be the set of positive roots.
Then,

1. 'V is spanned by the vectors yglyé% .. .yé2v+ with i; € Z; in particular,
V' is a direct sum of its weight spaces. (Note the similarity of this basis

with the basis we had for representations of sls.)

l

2. The weights occurring in' V' are of the form p = A=Y k;ay; for k; € ZT,
i=1

a; € A, that is all the weights satisfy p < \. Note that this justifies

the terminology highest weight.
3. For each i € b*, dimV,, < oo. Also, dimV) = 1.
4. Fach g-submodule of V' is a direct sum of weight spaces.

5.V is an indecomposable g-module, with a unique maximal submodule

and a corresponding irreducible quotient.

6. Every nonzero homomorphic image of V is also a standard cyclic g-

module of weight \.

Corollary 2.1.13. [12], 20.2 Let V' be as above. If V is irreducible, then

there is a unique mazximal vector up to scalar multiplication.

Let us now construct a standard cyclic g-module with highest weight .
We observe that a standard cyclic module of weight A, has a B(A) submodule
which is 1-dimensional and spanned by a maximal vector. Let D) be a 1-
dimensional vector space spanned by v*. Define the B = B(A) action on
D, as

(h+ Y za) v = Ah)v™.

a0
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Note that we have defined the action of h and have extended it to B trivially.

This makes D) into a B module as well as a ${(B)-module. Now define

Z(\) = U(g) Q) Da.
(B)

Z(\) is a left U(g)-module via the standard left action of (g). It is not
difficult to see that Z(\) is a standard cyclic module of highest weight A,
with the maximal vector 1 ® v*. Let Y(A) be a maximal submodule of
Z(A). Then V(X)) = Z(N\)/Y(A) is an irreducible quotient. Thus we have
constructed an irreducible standard cyclic module of weight A. The next

result shows that such a standard cyclic module is unique.

Proposition 2.1.14. [12], 20.3 Let V, W be irreducible standard cyclic g-

modules of weight A\. Then V' is isomorphic to W.

Now we will address the question of whether such a cyclic module is finite-
dimensional or not. If yes, when? Let g,h, ®, A be as before. Let h,, = h;

be a basis of h such that h;’s are part of copies of sl, for each root a; € A.

Theorem 2.1.15. [12], 21.1 Let V' be a finite-dimensional module of weight

AX. Then A\ h;) is a non-negative integer for all i.

Proof. The proof immediately follows from the fact that, for any representa-

tion of sly, the highest weight is a non-negative integer. O

This implies that the weight A of a standard cyclic module has to be
a highest weight of g with respect to A. The next result says that this is

actually a necessary and sufficient condition.

Theorem 2.1.16. [1Z], 21.2 The map A — V(X) induces a one to one
correspondence between the set of dominant integral weights and isomorphism

classes of finite dimensional g-modules.
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This gives us a way to parameterize the finite-dimensional representations
of g using the highest weights. So for a Lie algebra of type A,, By, Cy, Dy,
the set of finite-dimensional representations are in bijection with the corre-
sponding string of integers as mentioned in Example 2.1.6.

This will take care of the semi-simple Lie algebras and groups which are
considered here. Apart from these we need the finite-dimensional represen-
tations of GL(n,R) and GL(n,C) as real groups. The finite-dimensional
representations of GL(n,R) are parameterized by a string of n integers
A = (A1,...,Ay) such that A\; > A\;41. And finally, for the real reductive
group GL(n, C), the finite-dimensional representations are parameterized by
(A A) = (A1, A), (AT, -, A%)) with Ay > Ay and A7 > A7, The rep-
resentation of GL(n,C) having highest weight (A, A*) is defined as follows:
For A = (A1,..., A,) with Ay > --- > )\, suppose M, denotes the irreducible

representation of the complex (algebraic) group GL(n,C) then we have
Mppy = My® My = M, ® My,

which is an algebraic representation of the real group GL(n,C).
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Chapter 3

Representation Theory and

Langlands Functoriality

This chapter is broadly divided into two parts. We will introduce what are
called ‘cohomological representations’ and give some examples of cohomolog-
ical representations for the classical groups, GL(n,R) and GL(n,C). In the
second part, we introduce Langlands functoriality which gives us an algo-
rithm to ‘transfer’ representations of a group (an L-packet to be precise) to
some other group. The second part will make these concepts precise.

All the representations considered here are complex representations. The
groups will be real groups unless mentioned specifically. The main reference
for the first part of the chapter will be [3]. The second part can be found in
[18]. For a general exposition see [4], [6], [7] and [§].

3.1 Representation Theory

We will now introduce some infinite-dimensional representations of Lie
groups. In particular, we will be interested in the tempered representations

and the discrete series representations of G.

25
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3.1.1 General definitions

Let G be a real semi-simple Lie group. Let K be a maximal compact sub-
group of G. A representation of G is a homomorphism from G to GL(V)
which is continuous in the sense that the corresponding map G x V. — V' is
continuous. Usually, V' is a Hilbert space. We will also assume that these

representations are unitary.

Definition 3.1.1. A representation m of G is called admissible if

Tk = @ moo,

oef(

and all the m,’s are finite.

Let (m, V') be a representation of G. For v € V, we let ¢, : G — V be
given by ¢,(g) = 7(g) - v. We say that a vector v € V is smooth or C” if the
map ¢, is C* . We denote the set of all smooth vectors of V by V™. Note
that V™ is stable under the action of G. A vector v € V is called K-finite if v
is contained in a finite-dimensional K-invariant subspace of V. Let the space
of K-finite vectors of V' be denoted by V. If V denotes the intersection
of Vi and V>, then V is admissible if V;; = V. When V is an Hilbert space
define the function: ¢,,, : G — C by ¢, 4(9) = (7(g) - v,w), for v,w € V.
These are called the coefficients of the representation.

We will now introduce the notion of a (go, K )-module. Let G, K be as
above. The Lie algebras of G and K will be denoted by gy and £, and their

complexifications by g and €.

Definition 3.1.2. A (go, K)-module is a real or complex vector space which
is a go-module, which is a locally K-finite and semi-simple K-module such

that the operations of go and K are compatible in the following sense:

o (k) (m(X)-v)=n(Ad k(X)) -m(k)-v (ke K; X €U(gy); veV),
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o if F'is a K-stable finite-dimensional subspace of V', then the represen-

tation of K on F is differentiable and has wl|e as its differential.

A (g0, K)-module is admissible if it is admissible as a K-module. Let V
be a (g, K)-module in which every K-stable finite-dimensional subspace is
semi-simple with respect to K. Then, the subspace Vi of K-finite vectors
in V' is semi-simple as a K-module and is stable under go. Thus Vi is a
(go, K)-module.

A (go, K)-module (m,V) is called unitary if V has a positive non-
degenerate scalar product (-, -) which is invariant under K and infinitesimally

invariant under gg, i.e, we have
o (m(k)-v,m(k) w)=(v,w), forv,w eV and k € K.
o (m(z)-v,w)+ (v,m(x) -w) =0 for x € gg, and v,w € V.

We denote the category of (go, K)-modules by € x. We say that a
(go, K)-module has infinitesimal character y if there exists an algebra homo-
morphism x : Z(go) — C such that z-v = x(z)-v for all z € Z(go) and v € V,
where Z(gp) is the center of the universal enveloping algebra U(gy). Note that
if V' is a G-representation then the subspace V. of K-finite smooth vectors
in V is a (go, K)-module. We note that given a representation of the Lie
group G, we can construct the (go, K)-module Vj consisting of K-finite
smooth vectors in V. This subspace is dense in V' and classifies unitary rep-
resentations (see [4]). We will now introduce a more restricted category of
(go, to)-modules. A go-module V| is called a (g, & )-module, if V' is locally €y-
finite (i.e., every vector v € V' is £y-finite) and is semi-simple as a £-module.
As before, we will call a (go, &)-module V' admissible if V' is semi-simple as

a ty-module.

Example 3.1.3. Let G be a connected Lie group, go be its Lie algebra and
to be the Lie algebra of a compact subgroup of G. Then every (go, K)-module
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is a (go, to)-module.

We will be working in the category €4, . We will now introduce coho-

mological representations in this category.

3.1.2 Cohomology of Representations

Let V be a go-module. Let £; be a subalgebra of gg. Define:
C(go, to; V') = Home, (A% (go\bo), V),

where the action of €, on A?(go\&) is induced by the adjoint representation.

The map d : 07 — C9*! is defined by

df(l’(), Ce 71’q> = Z(—l)ll'z . f(l'(), e ,fi, e ,C(fq)‘f'

Z(—1)1+]f([$l, I’j], Loy .- - ,.fi, PN ,fj, PN ,ZL'q).
i<j
Then C? along with the map d : C?7 — C%"! defines a chain complex. The
cohomology groups of this chain complex are denoted by H'(go, €y; V). The
cohomology groups H® may also be viewed as Ext functors, and are called

the relative Lie algebra cohomology of gy with respect to the subalgebra €.

Definition 3.1.4. Let (m, V) be a representation of a real reductive Lie group
G. By a slight abuse of notation, we also denote the corresponding (go, &)-
module by V. We say that V is cohomological if there exists a finite-
dimensional representation F' such that at least one of the cohomology groups

H(go, t; V @ F*) is non-zero, where F* denotes the dual of F.

Cohomological representations play an important part of the theory of
automorphic forms. Some of the applications were mentioned in the intro-
duction. ‘Cohomologicalness’ may be thought of as an appropriate gener-

alization of ‘holomorphic’ in the context of modular forms. We will now
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introduce an important class of cohomological representations. Let G be a
semisimple Lie group. Let K be a maximal compact subgroup of GG. Further
assume that rank G = rank K, equivalently a maximal torus of K is also a
maximal torus of G. Let T' be such a maximal torus.

Let ®(g,t) (resp. Pk (E, t)) be the set of roots of g (resp. €) with respect
to t. Let W and Wy be the Weyl groups of G and K respectively. Denote
by P(®) the set of weights of ®. A weight A of ® is called regular if for
all @« € A we have (A,a) > 0. Note that this is in line with the definition
given in Chapter 2. A representation (m,V’) of G is called a discrete series
representation if 7 is unitary and the coefficients ¢, ,, are square integrable,

i.e., ¢y are in L*(G).

Theorem 3.1.5 ([I5] Thm 9.6). For an irreducible unitary representation

(m, V) of G, the following statements are equivalent:

1. All coefficients are in L*(G).
2. Some nonzero K -finite coefficient is in L*(G).

3. 7 is equivalent to a direct summand of the right reqular representation

of G on L*(G).

Observe that the Weyl group Wi acts on the set of regular weights of G.
The discrete series representations of G correspond bijectively to the orbits
of Wk in the set of regular elements in P(®). Furthermore, the bijection
is canonical. Let wy be the class of representations associated to a regular
element A € P(®). The elements of wy have infinitesimal character xa (see
[B] I1.5.1).

We note that A = A 4 p for some A € X*(T') = Hom(7,C*), and where
p is the half sum of positive roots of g with respect to t. Suppose that F'
is a finite-dimensional representation of G with highest weight A\, then the

infinitesimal character of F' is x,. The following is a well known fact:
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Theorem 3.1.6 (I1.5.3 [3]). Let (m,V) € wa. Let H be the underlying
(go, K)—module of K—finite vectors in V. Let (o, F') be a finite-dimensional
irreducible representation of G.

Then,

1. If the highest weight of (o, F) is not A—p, then dimH'(go, &; HQ F*) =
0, for all i.

2. If the highest weight of (o, F') is A—p, then dimH'(go, to; HQ F*) = 6;,
where ¢ = (dimG/K) /2.

Thus wy is the set of discrete series representations of G having the same
infinitesimal character. The theorem above states that the discrete series
representations in wy are cohomological with respect to the finite-dimensional
representation with highest weight A\, where A = A + p.

Another important class of representations of a real reductive group is a
slightly larger class which is the class of tempered representations. Tempered

representations are almost discrete series in the following sense:

Definition 3.1.7. A representation (w, V) of G is called ‘tempered’ if the

K -finite matriz coefficients of the representation m are in L*T¢ for all € > 0.

Tempered representations play an important role in the Langlands classi-
fication of irreducible admissible representations of a group G. The tempered
representations are the building blocks for representations of G. To elaborate,
every irreducible admissible representation G' can be obtained via parabolic
induction. Further, the representation which we use on the Levi subgroup
of the parabolic is tempered. So in some sense, if we know all the tempered

representations, we know all the representations of the group G.
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3.2 Langlands Dual and Functoriality

In this section we give a brief introduction to the theory put forth by Lang-
lands and what we mean by functoriality. The main references for this section
are [2], [6], [7], [18].

Langlands theory is like a bridge connecting Galois representations and
representations of algebraic groups over the adeles. The connecting objects
being the L-functions, which are analytic objects. There are two parts to
the program. One is the global theory and the other is the local theory.
Though these are mostly conjectures in the global setting some of the local
conjectures have been proved. Langlands himself proved the local conjectures
when the field is real or complex numbers. To state the conjectures precisely
we need to introduce some jargon. We concern ourselves with the local case
with the base field being real or complex numbers. For details see [2], [6],

7, 18] and [18].

3.2.1 Weil Group

The first ingredient is the so called Weil group, Wr, which depends on the
base field. We assume F' = R or C. The Weil group of R is defined as the
non-split extension of C* by Z/27 = Gal(C/R), i.e., we have a short exact
sequence

0 —C* — Wg —Z/27Z — 0

which does not split. The Weil group can also be described as follows. Wg =

' = 7 and j2 = —1. This group will play

C U jC where j acts on C as jzj~
an important role in the Langlands correspondence, on the Galois side of the
correspondence. The Weil group of C, W¢, is just C*.

The Weil group can be defined for other local fields as well. The Weil-

Deligne group may also be considered at times [2] and [I8].
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We will be interested in finite-dimensional representations of the Weil
group, that are also “admissible homomorphisms'. But before defining ad-
missible homomorphisms. We first define the L-group or the Langlands dual
group of a group G.

3.2.2 Langlands dual group

Let G be a connected reductive real group. Let T" be a maximal torus of
G. Let X*(T) be the set of characters of T, i.e., X*(T') = Hom(7T,C*) and
X.(T) be the set of co-characters of T, i.e., X,.(T) = Hom(C*,T). Let ® be
a set of roots and ®” be the set of co-roots. Given a group G and a torus
T, we associate the quadruple ¥(G,T) = (X*(T), ®, X.(T), ®") to the pair
G, T. This association gives us a bijection between the isomorphism classes
of connected reductive groups over C and the set of quadruples satisfying
the axioms of the root datum modulo the choice of the torus. Further, this
bijection is canonical. On the set of root datum there is an involution given
by
U(G,T) = (X*T),®,X.(T),®") — (X.(T),d", X*(T), D).

Given G and T as above associate the root datum, V(G,T), as above.
Applying the involution to ¢ (G, T') obtain V' = (X, (T), ®", X*(T), ®). Such
a U’ will be the root datum of a connected complex reductive group. This
group will be denoted by LG° (see [2]). We give some examples in the table
below.

The Langlands dual group is defined as the semi-direct product of “G°
with Z/2Z = Gal(C/R). The cases that are considered here will almost
always have the trivial action of the Galois group. The only case where we
have a non-trivial action is when G' = U(p, ¢). We will elaborate the semi-
direct product for U(p, ¢) while we do some explicit computations in the next

chapter. For a general definition, the reader is referred to [18].
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G LGo
GL(n,R) GL(n,C)
Sp(2n, R) SO(2n +1,C)
Sp(p.q), p+q=n | SO(2n+1,C)
GSp(2n,R) GSp(2n,C)
SO(p,q), p+qg=2n-+1| Sp(2n,C)
SO(p,q), p+q=2n SO(2n,C)
SO*(2n) S0(2n, C)
Up,q), p+q=n GL(n, C)
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Along with the above data for a group G, we also fix a base A for the root

system of G with respect to T'. Fixing a base is the same as fixing a Borel

subgroup of G. Once we have done this, we call the parabolic subgroups

containing this Borel subgroup as relevant.

3.2.3 Local Langlands Correspondence

We can now define the set of admissible homomorphisms.

An admissible

homomorphism «, is a homomorphism from W to the Langlands dual group

LG of G. Let T'rp denote the Galois group of F over F (recall that our F is

R or C).

Definition 3.2.1. Let a : Wy — LG be a homomorphism with the following

properties:

1. « is a homomorphism over I'p, i.e.,

Wy —*—— 1@

commautes.

NS
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2. «a is continuous and maps semi-simple elements to semi-simple ele-

ments.

3. The image of « is contained in a relevant parabolic subgroup of F*G.
An o which satisfies these conditions is called an admissible homomorphism.

Call oy and «y equivalent if they differ by an inner automorphism by
an element of “G°. We will denote the equivalence classes of admissible
homomorphisms associated to a group G by ®(G).

The other side of the Langlands correspondence is the set of equivalence
classes of irreducible admissible representations of the group G. This will
be denoted by II(G). Langlands conjectured and proved that there exists
a finite fibered surjective map from II(G) to ®(G) such that the following
properties are satisfied. Denote by II, the finite non-empty subset of II(G)
associated to a. These finite subsets of II(G) will be called L-packets (see
[2] and [I8]).

1. Let a and /3 be two admissible homomorphisms in ®(G). Then I1, and
II5 are disjoint subsets of II(G).

2. Representations in II, share the same central character.

3. If a and 3 differ by an element of H'(Wp, Z"), ie., a = ¢ for some
¢ € H (Wp,Z"), then I, = {my @ 7 : 7 € [Iz}.

4. Suppose 1 : H — G has abelian kernel and co-kernel, a € ®(G) and
B = na. Then the pull back of any 7 € II, to H is a direct sum of

finitely many irreducible elements of 1.

5. Let a € II(G). If one element 7 € II, is square-integrable modulo the
center of GG then all the elements of 11, are. Furthermore, this happens
only if the image of Wy under a in “G° is not contained in any proper

parabolic subgroup of G°.



3.2. LANGLANDS DUAL AND FUNCTORIALITY 35

6. If one element of II, is tempered then all the elements are. This hap-

pens if and only if the image of Wy in *G° is relatively compact in

Lae.

The a € ®(G) corresponding to a representation (or an L-packet) 7 (or
I1,) is called the Langlands parameter of .

Suppose that G is a real (or complex) group such that G has discrete
series representations then the above properties imply that all the discrete
series representations having the same infinitesimal character lie in the same
L-packet [18]. The above correspondence is more commonly known as the
‘Local Langlands Correspondence’.

Suppose that there is a L-map (L-homomorphism) 7 : YG — L'H, Lang-
lands conjectured that given a representation, m, of G one should be able
to lift m to a representation of H. Langlands conjectured this in the set-
ting of an adelic group but proved the local result for the base fields R and
C. This method of lifting representations given a map between the corre-
sponding L-groups is known as Langlands Functoriality. We will be consid-
ering a special case when the L-map is an inclusion. For example, suppose
G = Sp(2n,R). From Table 7?7, we know that the connected component
of the Langlands dual group for G is “G° = SO(2n + 1,C). We can then
consider the inclusion map SO(2n + 1) < GL(2n+1,C) = *GL(2n + 1, R)°.
Thus, composing a Langlands parameter with this inclusion we obtain an
element of ®(GL(2n + 1,R)). This will correspond to an L-packet for the
group GL(2n + 1,R). The following diagram should help in visualizing this
phenomenon:

II(Sp(2n,R)) - -+ I(GL(2n + 1,R))

J J

®(Sp(2n,R)) —5 ®(GL(2n + 1,R))

where the vertical arrows are surjective and are given by the Local Langlands
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Correspondence, the bottom right arrow is induced from the inclusion
i+ S0(2n +1,C) — GL(2n + 1,C) and the top arrow is such that the
diagram commutes. Note that the top arrow is not exactly a map or a
function. This just gives us a association between L-packets of the two groups
in consideration. We will call the L-packet obtained in this way a transfer
of the representation which we started with. Note that the L-packets for
GL(n,R) or GL(n,C) are singletons.

Since we plan to transfer representations of classical groups to GL(n), it
will be fruitful to discuss the case of G = GL(n,R) and G = GL(n,C) in

some detail.

3.2.4 Local Langlands correspondence for GL(n,R)

In this section, we list the irreducible admissible representations of GL(n, R).
Further, the representations of Wx will be constructed and a bijection be-
tween the admissible homomorphisms of Wx and the irreducible admissible
representations of GL(n,R) will be made explicit (see [16]).

We know that G for G = GL(n,R) is GL(n,C). Thus we want admis-
sible homomorphisms from Wx to GL(n, C).

To begin with, let us compute all the one dimensional representations of
Wg. Recall that W = C|]jC, the action of 5 on C is given by complex-
conjugation and j? = —1. Now, any homomorphism ¢ from C* to itself has
the following form:

¢z P2,

where the difference — 1 should be an integer. This is forced because on the
circle of unit one in C* the continuous homomorphisms are given by integers.

Suppose that the image of j in C* is w. We have

d(z) = 9(jzj ") = wop(Z)w ™" = ¢(2).
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This forces = v. We also have

Thus, w = 1. Hence, any one-dimensional representation of Wx is parame-

terized by a complex number and a sign. Thus we have:

(b, 4) = o2) = 2" 0(1) = 1;
(1, =)= o(2) = [2]" o(j) = —L.

Now, we classify the irreducible two-dimensional representations of Wrg.
Let (¢, V) be a two-dimensional irreducible representation of Wg. Choose a
basis v,u € V such that the image of C* contains 2 x 2 matrices which are

diagonal. Suppose that

Note that, since we started with an irreducible representation of Wg either
i # « or v # . This is forced: Else any invariant one-dimensional subspace
of V' which is invariant under ¢(j) will be a sub-representation of Wg. The
image of j is not diagonal and put ¢(j) - v = u. Hence v and u are linearly

independent. Further,

A straightforward computation shows that u = § and v = «a. Since we have

&)™t = (=1)*7¢(j) on the span of u and v, can write the representation
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Thus, any two-dimensional irreducible representation of Wy is given by 2
complex numbers such that the difference is a positive integer, or equivalently
a pair (I,t) such that [ € Z, and t is a complex number. The dictionary to go
from one parameterization to another is [ = 4 — v and 2t = p + v. In terms

of the latter parameterization, the two-dimensional representation looks like:

o(re”) v =r*e" v, G(j)-v=u

p(re®) -u=r*e . v @) u=(-1.

Lemma 3.2.2. (see [10]) Every finite-dimensional semi-simple representa-
tion of Wr can be written as a sum of one and two-dimensional representa-

tions of Wg.
Proof. For details, see [16]. O

Since “GL(n,R)° = GL(n, C), the complex n-dimensional representations
of Wk is the same as the set ®(GL(n,R)). Langlands also gave a characteriza-
tion of the set of all the irreducible admissible representations II(GL(n,R)).
We will now describe this set and eventually give a bijection between ®(G)
and II(G) for G = GL(n,R).

Consider the following representations of GL(1,R) and GL(2,R). For
GL(1,R); t € C:

(t+) 1]

(t,=): sgn®| - ['
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For GL(2,R): Denote by Dy, the discrete series representation of GL(2,R)

with lowest non-negative K type being the character rp — e *(+19 where

cosf) —sinf
re = and central character a +— sgn(a)*!. Then for GL(2,R)

sinf  cosf
the representations which are relevant are parameterized by a positive integer

[ and a complex number ¢:
(I,t) : Dy @ |det(-)|".

In either of the above cases, the | - | is the usual modulus on R.

Theorem 3.2.3. [10] Let G = GL(n,R). Let n = >_n; be a partition of n
such that each n; is either 1 or 2. Let D = 11I_,GL(n;) be the block diagonal
subgroup of G. Let o; be a representation of GL(n;) which is one of the above
types. Fxtend this representation of D to the block upper triangular matrices
B. Then, define I(01,...,0,) = Ind%(c; ® --- ® 0,), where B is the block
upper triangular subgroup of G. Then,

1. If ni'Re(ty) > ny'Re(ty) > -+ > ntRe(t,), then I(oy,...,0,) has a

unique irreducible quotient and is denoted by J(o1,...,0.).

2. The representations J(o1,...,0.) exhaust irreducible admissible repre-

sentations up to infinitesimal equivalence.

3. Two such representations are equivalent if and only if they correspond

to the same partition and the representations o; are permuted.

Langlands essentially proved a much general result which says that such
a statement is true for any real reductive group with B’s and o;’s replaced

appropriately. See [28] for details.

Now, having listed all the admissible homomorphism for GL(n,R) and

all the irreducible admissible representations we will now give a bijection
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between the two sets. Note that any n-dimensional representation of Wy
breaks up as a direct sum of one and two-dimensional representations. For
representations of GL(n, R), we induce from representations of GL(1, R) and
GL(2,R). The way we have listed the representations in both the cases make
the bijection obvious. The bijection is given by sending a representation of
GL(1,R) to one dimensional representations of Wg, ie. (¢t,+) — (u, L),
and as for the representation of GL(2,R), the same parameters used for
classifying these parameterize the two-dimensional representations of Wkg.

Thus, we have:

Theorem 3.2.4. [16/ For G = GL(n,R), the association above is a well
defined bijection between the set of all equivalence classes of n-dimensional
semisimple complex representations of Wgr and the set of all equivalence

classes of irreducible admissible representations of GL(n,R).

We write down explicitly the parameters for the discrete series represen-

tations of GL(2,R) for further reference.

Parameters of discrete series for GL(2,R)

A discrete series representation of GL(2,R) is parameterized by a positive
integer [. We denote the corresponding representation by D);. Consider the
representation Dy, := D; ® | - |" of GL(2,R). The Langlands parameter of
D, is given by a homomorphism ¢(D;;) : Wg — GL(2, C), which is
(2)(2)?: 0 0 (-1

) ¢(Dl,t)(j) =

HDy)(2) = 0
0 (22)'(%) = 1 0
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3.2.5 Local Langlands correspondence for GL(n,C)

We now give a similar analysis for GL(n,C). The story here is less compli-
cated. For GL(n, C) we always induce from the upper triangular matrices and
the building blocks are representations of GL(1,C). These representations
are of the form

2z [2Mz]s, withl € Z; t € C,

where [2] = & and |z|c = |2|?. The Weil group in this case is W = C*.

IEl
Analogous to Theorem [3.2.3] we have the following result for G = GL(n, C):

Theorem 3.2.5. [10] Let G = GL(n,C). Let 0;’s be representations of
GL(1,C) of the above type. As before, define I(oy,...,0,) = Ind$(oy, ..., 00).

1. Suppose that the parameters t; of o; are such that Re(t;) > Re(ty) >
-+« > Re(t,), then I(o1,...,0,) has a unique irreducible quotient and

is denoted by J(o1,...,0n).

2. The representations J(o1, . ..,0,) ezhaust all the irreducible admissible

representations of G, up to infinitesimal equivalence.

3. Two such representations are isomorphic if and only if the o;’s are

permuted.

This gives all the irreducible admissible representations of GL(n,C). The
WEeil group of C is C* and any semisimple representation of W¢ is a sum
of one-dimensional representations. The one-dimensional representations of
We are given by

z > 2HZY

such that pu,v € C and the difference p — v € Z. For the purpose here, it

will be more convenient to write these representations as

t+Lt—L

Z [z]l|z|§3 =272z
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Writing the representations in this form makes the bijection clear and we

have:

Theorem 3.2.6. [16] For G = GL(n,C), the association above is a well
defined bijection between the set of all equivalence classes of n-dimensional
semisimple complex representations of We and the set of all equivalence

classes of irreducible admissible representations of GL(n,C).

Apart from this, it will also be helpful to classify which of the above repre-
sentations are tempered and cohomological for both GL(n,R) and GL(n, C).
Recall that a Langlands parameter of a tempered representation has the
property that the image of the Weil group (Wg or W¢) in “G° is bounded.
See [1§].

3.2.6 Tempered cohomological representations
of GL(n,R)

Let A = (Aq,..., A,) be a dominant integral weight for GL(n, R); then \; € Z;
Ay > -+ > \,. Assume that A is a pure weight, i.e., there exists an integer w,
called the purity weight of A such that \; + \,,_;11 = w. Define an n-tuple of
integers £ = ((\) = ({1, ...,0,) by £ = 2\ +2p, —w, where p,, is half the sum
of positive roots of GL(n,R). Then ¢; =2\, +n —2i+1—wfor 1 <i <n.

Let’s note the parity condition:
l; = n+1—w (mod 2). (3.1)

When n is even, let P be the standard parabolic subgroup of type (2,2, ...,2).
Then define

Jy = Indg(Lﬂg’R)(D(&ﬂdeﬂg ® - @ D(lya)|det]?).
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We know that J) is irreducible, essentially tempered and cohomological with
respect to the finite-dimensional representation MY [20]. When n is odd, we
let P be the standard parabolic subgroup of type (2,2,...,2,1), and for any
sign character € : R* — {£1}, define

J5 = WdS S (D) |det|¥ @ -+ @ D(Cp1yy2)|det]¥ @ eldet|?).

We know that Jf is irreducible, essentially tempered and cohomological with
respect to the finite-dimensional representation My. For a pure weight A, if
m € Coh(GL(n,R), \) is essentially tempered, then 7 = J, if n is even, and
m = Jj for some € if n is odd.

Since we are only concerned with the tempered representations here we

make the following remark.

Remark 3.1. It’s easy to see that the representation Jy (or J5) is tempered
if and only if the purity weight w = 0. When n is odd we do not have any

conditions on e.

3.2.7 Tempered cohomological representations

of GL(n,C)

A dominant-integral weight for GL(n,C), as a real Lie group, is of the form
A= (A, ), (AL, ) with A A € Zo Ay > o0 2 A, AT > 200 >
Ay We say A is pure if there exists an integer w such that A\;+A;_,.; = w. For
such a pure weight, define two strings of half-integers a = (ay, ..., a,) = A p,

and b = (by,...,b,) =w— X —p,. Now, define the representation .J, induced
from the Borel subgroup B(C) of GL(n,C) as

Jy = Indg%é?’c)(zalébl ® - ® 2%z,
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We know that J) is irreducible, essentially tempered and cohomological with
respect to the finite-dimensional representation MY [20]. For a pure weight

A, if m € Coh(GL(n,C), \Y) is essentially tempered, then m = J,.

Remark 3.2. J, is tempered if and only if the purity weight w = 0.



Chapter 4

Transfer of tempered

representations

This chapter proves a result about the cohomological properties of repre-
sentations of GL,(R) or GL(n,C) which are obtained by transferring tem-

pered representations of classical groups. We will be considering the following

transfers:

G Lge Transferred to
Sp(2n,R) SO(2n+1) | GL(2n + 1,R)
Sp(p,q);p+q=n SO(2n+1) | GL(2n + 1,R)
SO(p,q):p+q=2n+1 Sp(2n) GL(2n,R)
SO(p,q);p+ q = 2n;p,q even | SO(2n) GL(2n,R)
SO*(2n) SO(2n) GL(2n,R)
Ulp,q);p+q=n GL(n,C) | GL(n,C)

The question that we want to address is the following:
Let m be a tempered representation of one of the groups G in the above
table. Langlands functoriality gives us a representation ¢(7) of an appro-
priate GL(N). Is ¢(m) cohomological? If yes, with respect to which finite-

dimensional representation? We answer this question completely in this chap-

45
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ter.

4.1 Transfer of finite-dimensional representa-

tions

We will compute the transfer of finite-dimensional representations of a split
classical group G to the appropriate GL(/N,R) or GL(N,C). We need some
preliminaries.

Let GG be a connected reductive algebraic group over R with a split torus,
say T. Let X*(T') = Hom(7,G,,) and X.(T') = Hom(G,,,T) be the group
of characters and co-characters, respectively. The root datum of G is given
by (X*(T),®, X.(T),®"), where ® is the set of roots of G with respect to
T, and ®" the set of co-roots. The connected component of the Langlands
dual of G is the connected complex reductive group “G° whose root datum
is (X, (T),d", X*(T), ®).

There is a natural non-degenerate bilinear pairing between X*(7') and

X.(T) given by (, ) : X*(T) x X.(T) — Z such that
poip(z) = 2V pe XHT), ¥ e X.(T).

This gives an isomorphism X*(7') = Hom(X,(7'),Z). Tensoring by C* we
get
X*(T)®C* = Hom(X.(T),Z)®C* = Hom(X,(T),C*),

—~

where the last isomorphism is given by é®a +— af0, where a0 (1)) = a¢™¥). Let
LT° be a maximal torus of “G°. The natural map “T° — Hom(X*(¥T°),C>)

is an isomorphism. Thus we have

Lre = Hom(X*(*T°),C*) = Hom(X,(T),C*) = X*(T)®@C*. (4.1)
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Therefore, if y € X*(T) then x ® 1 € £T°, giving us a way to identify the
weights of T with elements of the dual torus.

Given the natural inclusion ¢ : “G° — GLx(C), we may take the dual
torus LT to sit inside ©D° the diagonal matrices in GLy(C), where D is the
diagonal torus in GLy(R) or GLy(C). We define a “transfer of weights" (by
a slight abuse of terminology), denoted as A — «(A), from X*(T) — X*(D)
such that the diagram

Lpo __t Lpo
]
X*(T)—— X*(D)
commutes; the vertical arrows come from (4.1)).

We will now compute the transfers of finite-dimensional representations
of G (from Table [4), to an appropriate GL(n,R) or GL(n,C). We know
that for a semi-simple group, the finite-dimensional representations of G are
classified by the highest weights of the corresponding Lie algebra g, which
are listed in Chapter 2] We recall them here.

1. For type B,: A dominant integral weight is given by a string of n
integers, say (A1, A2, ..., A\n), such that Ay > Ay--- >\, > 0.

2. For type C,: A dominant integral weight is given by a string of n
integers, say (A1, A2, ..., A\n), such that Ay > Ay--- >\, > 0.

3. For type D,: A dominant integral weight is given by a string of n
integers, say (A, Ag,..., \,), such that A\; > Ay- -+ > |\,].

4. And lastly, for the groups U(p, q); p+ ¢ = n: A highest weight is given
by a string of n integers A = (A1, ..., A,) such that A\; > Xy > --- > \,,.

We denote by M) the finite-dimensional representation of G with highest
weight A\ and ¢(M,) : Wg — LG the corresponding Langlands parameter.
Note that such an M), is obtained as the Langlands quotient of the induced
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representation Ind% (@™ x| -|?), where p; is the i coefficient of p which is

the half sum of positive roots corresponding to the Borel B and xy,(z) = 2.

4.1.1 Sp(2n,R) to GL(2n + 1,R):

The parameter ¢(My) is given by: ¢(My)(z) = (22)**, i.e.,

(zz)Mtn

(zz) M7 m

gb(MA)(j) - Diag((_1>)\17 T (_1)>\n’ 17 (_1)_)\n7 Tt (_1>_>\1)'

Thus the transfer of the finite-dimensional representation M) to

GL(2n + 1,R), is the unique irreducible quotient of

GL(2n ,R n
IndB(]IS - )(®i:1X)\i| :

pi 2n+1
®1 ®i:n+1 X—=Xon1—

Pz‘)‘

This representation is the finite-dimensional representation ¢(M)) = M, of
GL(2n 4+ 1,R) with highest weight, N = (Ay, ..., An, 0, =Xy, ..., — A1),

Hence we have the following proposition:

Proposition 4.1.1. For G = Sp(2n,R), the transfer of a finite dimensional
representation, My, of G to GL(2n + 1,R) is the finite dimensional repre-
sentation My where X' = 1(A) = (A1, .., A\, 0, =X, ooy = A1)
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4.1.2  From SO(n + 1,n) to GL(2n,R):

We have “G°® = Sp(2n, C), for G = SO(n + 1,n). The Langlands parameter
¢(M,) is given by:

2i—1

Aitn="5" and

d(My)(z) = diag(ay,...,an,a,",...,a;"), where a; = (22)

Qb(MA)(]) = diag((—l)kl, R (_1>)\n7 (_1>/\n7 SRR <_1))\1)'

The resulting representation of GL(2n,R) is the unique irreducible quotient

of

:R) 1 _1 _2n—1
®"'®X>\1|"2®Xf)\n"| 2@...®X7)\1‘.‘ 3

GL(2n
IndBQTE(R) S

2n—1
’ 2

)>7

which one knows to be the finite-dimensional representation of GL(2n,R)

with highest weight t(\) = (A1,..., A\n, = A, ..., —A1). We have:

Proposition 4.1.2. For G = SO(n + 1,n) the transfer of M, to GL(2n,R)
is the finite-dimensional representation M,y with highest weight 1(\) =
Ay A=Ay ey — A1)

4.1.3 SO(n,n) to GL(2n,R):
We have “G° = SO(2n, C). See [9]. The parameter for M) is:

d(M\)(2) = diag(ay, ..., an,a;", ... a7"), a; = (2277 1<i<n,

Qb(MA)(]) = diag((_1>/\l7 R <_1))\n7 (_1)/\717 SRR <_1))\1)'

The transfer of M), is the unique irreducible quotient of

GL(2n,R n— n— -n
TndSE @ (1 7 @ x| 172 @ @ X, @ Xoan @+ ® X | - 1.
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This representation is the same as

D=

L(My) = Mpy®|- ]2,

where the M, is the finite-dimensional representation of GL(2n,R) with
highest weight t(A) = (A1, ..., A, —Any ooy —A1).

For A = (A1, ..., A1, ), define A* = (Ay,..., \y_1, —\n). The Lang-
lands parameters for My and M,# are not conjugates by an inner automor-
phism of £G° but they are conjugate by an element of GL(2n, C). Thus M,
and M,4 are transferred to the same representation of GL(2n,R). Thus we

have:

Proposition 4.1.3. For G = SO(n,n) the transfer of My is M, ® | - -2,
where M,y is the finite-dimensional representation of GL(2n,R) with highest
weight t(A) = (A1, A1y [ Al = Anl, =An—1, oo, = A1)

4.1.4 Unitary groups to GL(n,C):

Similar to the case of even orthogonal groups, we need to subdivide into two
cases depending on the parity of n. Recall that a dominant integral weight
of GL(n,C) is given by A = (A1, ..., An), (A}, ..., A%)) with A\, Af € Z and

Ai 2 Aip1, AT 2 A

n even.

In this case we transfer from the unitary group U(%,%). The Langlands
dual group is GL(n,C) x Z/27Z and 'G° = GL(n,C). The absolute rank of
U(%, %) is n. Let M) be the finite-dimensional representation of U(%, ) with
highest weight A = (A1,...,A,). Let p = . The restriction of the Langlands
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parameter ¢(M,) to C* is given by

. __1 __1
¢(M)y)(z) = diag(as, ..., ap,a, ,...,a; "),
where, for 1 <17 < p, we have
a; = Z)\i+Pi2_)\n—i+l_pn—i+1'

n n

We will transfer representations of U(%, %) to representations of GL(n,C)

using stable base change (see [I3]). The dual for U(%, %) as noted above
is GL(n,C) x Z/2Z, where the action of j, the non-trivial element of
Z)2Z, is given by g — ®,'¢g7'® 1 where (9,);; = (—1)"'0;,—j+1. Now,
LRe\rGL, = GL(n,C) x GL(n,C) x Z/2Z, where the semidirect product

acts by interchanging the two copies of GL(n,C). Define the map BC' as:
n n
BC: LU(§> 5) — LR(C\RGLn(C)a (97 1) = (979(9)7 1)7 (.979) = (979(9)79)

Note that Re\rGL,(C) = GL(n,C) x GL(n,C). Hence the parameter ob-
tained by stable base change gives us a representation of GL(n, C) x GL(n, C).
Such a transferred representation of GL(n, C) x GL(n, C) determines a repre-
sentation of GL(n,C) with the Langlands parameter obtained by projecting
on the first component. Similarly, a representation m of GL(n, C), with Lang-
lands parameter ®(7), determines a representation of GL(n,C) x GL(n,C)
with parameter (®(7),0(®(x))). This gives us a way to go back and forth
between representations of GL(n,C) and GL(n,C) x GL(n,C), hence trans-
ferring a representation of U(%, 5) to GL(n,C).

Thus the representation of GL(n,C) obtained by stable base-change of

the finite-dimensional representation M, has inducing data

Z,\1+7L;157>\n+%®' A AR T SR T P e F et T ‘®Z)‘"7n771§’>‘1*%_
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The transferred representation of GL(n, C) is the finite-dimensional represen-
tation with highest weight t(\) = ((A1,..., ), (=An, ..., —A1)) which has
purity weight 0. A low-dimensional example might help the reader to see the

finer details:

Example 4.1.4. Consider G = U(2,2). Take a dominant integral weight
A= (A1,...,Ay) and recall that A\; > Ao > A3 > A\y. The torus of U(2,2) has
the form T = {diag(ay,as,a5"',a;"') : a; € C*}. The Langlands parameter
for M, on C* is

Z>\1+% 27)\4+%

Z>\2+%5—>\3+%
Z>\3—%2—(>\2+%)
)\4*%27()\1+%)

This is the parameter for the finite-dimensional representation of GL(4,C)

with highest weight t(\) = (A1, .., A1), (= A4y ..., —A1)).

n odd.

In this case we transfer from the unitary group U(%+, 251). The Lang-
lands dual group is GL(n,C) x Z/2Z and *G° = GL(n,C). Let M), be
the finite-dimensional representation of U(”T“,”T_l) with highest weight

A= (A1,...,A\n). We will use stable base change as in the previous case

to obtain a representation of GL(n,C). For convenience let p = and

ntl

2
q= ”7_1 Observe that p = g+ 1. Then the Langlands parameter ¢(M)) is
given by:

o(My)(z) = diag(ay, . .., ag, ap, a;l, Soaph),

where

a; = SAitPi Z = An—it1—Pn—it1
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Thus we observe that the transferred representation has inducing data:

ZA1+”T—1§—A,L+”T—1 Q- @ etz gt @ A z=de @ An—gri—lz-Ag—1
_n=1__y _n=1
®...®z>‘n 2z A—55 ,
and, as we had seen this earlier, the transferred representation is finite-

dimensional with highest weight ¢(A) = ((A1,..., An), (A}, ..., A¥)) which has
purity 0.

Example 4.1.5. Consider G = U(3,2). M, be the finite dimensional repre-
sentation of G with highest weight A = X \y > -+ > Xs.

The Langlands parameter of My on C* is given by:

Z dia‘g(a17 ag, a3, a4, a5)

where

ay = |Z|/\1+>\5<|§‘))\1—/\5+4
ay= |oPerh(E) e
as = (2)"s

ag = |zt () et

as = |Z|)\1+/\5(‘27|>—(>\1—)\5+4)

4.2 Transfer of Discrete Series representa-

tions

The discrete series representations with infinitesimal character x, have non-

zero (g, £)-cohomology with respect to the finite dimensional representation
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with highest weight A — p. This section is devoted to calculating the trans-
fers of the discrete series representations to appropriate GL(N) (as in Table
and checking whether the transferred representations are cohomological
or not, and if they are cohomological then with respect to which finite-

dimensional representation.

4.2.1 Sp(p,q) to GL(2n+ 1,R):
Let G = Sp(p,q); p+ ¢ = n;p > q. The split rank of Sp(p, q) is q.
p=ne;+ (n—1)eg+ -+ e,

Let A = (A1, Ao, ..., An) € X*(T). Let the discrete series representation of

Sp(p, q) corresponding to A + p be denoted by my.

We observe that Sp(p,q) are all in the same inner class along with
Sp(2n,R). Hence they have the same Langlands dual group. Recall that
LGe is SO(2n + 1). The Langlands parameter ¢(y) is given by:

o(my)(z) = Diag(ay, .. ., a, 1,a;1, o ,al_l),

where,

a; = (%))\iJrnfiJrl‘

Also,
o(mx)(j) = AntiDiag((—l)z(”’L)‘l), e (—1)2(1+’\"), 1,...,1) = Antidiag(1).

Similar to the calculations in section 4, this gives us a representation of
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GL(2n + 1,R). The inducing data for this representation is
Danir) @ Da((n=1)429) @+ @ Do142,) @ 1,

which can be read off from the parameter itself.

This representation of GL(2n+1, R) is tempered as well as cohomological.
See Section [3.2.6). Furthermore, the representation is cohomological with
respect to

. 2\ +n),...,2(\, + 1), 0,2—2()\n +1),...,=2(\ +n)) s
= (A, 2,0, =Ny o0 A)

= \.

Hence, we have the following proposition:

Proposition 4.2.1. Suppose 7y is a discrete series representation of Sp(p, q).

Then

7y € Coh(Sp(p,q),\") and i(my) € Coh(GL(2n + 1,R),t(A)").

4.2.2 0dd SO(p,q); p+q=2n+1 to GL(2n,R):

Since p 4 ¢ is odd, all the groups SO(p,q) are inner forms of each other.
Hence they have the same Langlands dual group and “G° = Sp(2n, C).

(n—2)er+ (n—D)es+ -+
=(n—-)e n——)eg+ -+ —e,.
p /1 9/ 2

Let 7\ be a discrete series representation of G. Then, the Langlands

parameter ¢(my) of this representation is given by:



56 CHAPTER 4. TRANSFER OF TEMPERED REPRESENTATIONS

1

¢(my)(z) = Diag(ar,...,an,a,",... ,a;"), where a; = (i)AﬁiQM;%

and

o(m)(j) = AntiDiag((—1)* NP, (—1)2+D 1L 1),

Thus the transferred representation of GL(2n,R), of a discrete series repre-

sentation has inducing data,

Dotxitn=3) @ Daporn-3) @ -+ @ Dyprp 1y

This representation of GL(2n,R) is tempered and cohomological. It
is a straightforward calculation as in the previous case to compute the
finite-dimensional representation with respect to which «(m,) is cohomo-
logical. The finite-dimensional representation is of highest weight X =
Ay ey Ay = Any ey — A1),

Thus we have the following proposition:

Proposition 4.2.2. Suppose ) is a discrete series representation of SO(p, q).

Then

7y € Coh(SO(p, q), \') and u(my) € Coh(GL(2n,R), t(N)Y).

4.2.3 Even SO(p,q); p+q=2n to GL(2n,R):

There are two inner classes for the even orthogonal groups, which are as

follows:
e SO(p, q) such that p and ¢ are both even, and SO*(2n).
e SO(p, q) such that p and ¢ are both odd.

We observe that SO(p, ¢) has a discrete series if and only if the group is

in the first inner class. So henceforth we assume that p and ¢ are even or
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G =S0%(2n).
p=(n—1)e;+(n—2)ea + -+ le,_1.

Now there are two cases to be considered here:
® 1 is even.
e 1 is odd.

When n is even the inner class having discrete series representation con-
tains SO(n, n), where, as when n is odd, the class contains SO(n +1,n — 1).
The Langlands dual groups are SO(2n,C) and O(2n,C) respectively. For
simplicity, we will denote any group from the inner class of SO(n,n) as SOy,
and any group from the inner class of SO(n + 1,n — 1) as SOy,,.

Let 7y be a discrete series representation of SO,, or SO, . Then, the

Langlands parameter ¢(m) of this representation is given by:

1

#(my)(z) = Diag(ar,...,an,a,", ..., a;") where a; = (i

)/\7; +n—1 and

z
o(my)(j) = AntiDiag((—1)*H™tn=D  (—1)%= 1,... 1).

The transferred representation, (7)), of GL(2n,R), of the discrete series

representation has inducing data,
Doinj4n-1) @ -+ @ Doy,

We note that «(my) @ | - |2 is cohomological with respect to the finite
dimensional representation M)/, where X' = (A, ..., Ay, — Ay, .o, —A1).

Thus we have the following proposition:

Proposition 4.2.3. Suppose wy is a discrete series representation of
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G = SO0y, or G = S0y,,. Then

mx € Coh(G, \) and u(my®|-|?) € Coh(GL(2n, R), L(A)").

4.2.4 U(p,q); p+q=n to GL(n,C):

Let p > ¢. All the groups U(p, q) are inner forms of each other. Thus they
have the same Langlands dual group which is GL(n,C) x Z/2Z, where the
action of j, the non-trivial element of Z/2Z, is given by g — @, ‘g~1d 1.
Here, p = ("51)er + (%52)es + -+ + (=251 )en. Let my be a discrete series

representation of U(p, ¢). Then, the Langlands parameter ¢(my) is given by:
. A\ )\, n—2it1
o(mx)(2) = diag(ay, ..., an), a; = (2/2)NF >

The representation of GL(n,C) obtained by transferring m, via stable base
change is:

GL TL,(C z\a Z\an
Indfr e (2)" @@ (2)™),

where a; = A\ + (n — 2i + 1)/2. From Sect.[3.2.7 this representation of
GL(n,C) is tempered, and cohomological with respect to the dual of the
finite-dimensional representation with highest weight given by (A, AY) =
(A, A), (= An, ..., —A1)) which is exactly ¢(\), the weight of the finite-

n+1

dimensional representation transferred from U(%, §) or U(™=,

2-1), as might
be the case.

Let’s note that the weight ¢(\) does not give a self-dual coefficient system
as in the cases of transfers from the other classical groups we have dealt with,
however, as one might expect for stable base change from unitary groups, it

gives a conjugate-self-dual representation. For A = (A,...,\,;) with Ay >

-+« > )\, suppose M), denotes the irreducible representation of the complex
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(algebraic) group GL(n,C) then we have
M,y = My® My = M, ® My,

which is now an algebraic representation of the real group GL(n,C). Clearly,
ML"()\) = M) ® M, = My ® M,. Hence, ML"(/\) is the representation corre-
sponding to the weight (AY, \). Therefore, for the identity My = M,y to
hold, if we define:

LAY = (Y)Y = (A N).

then we have:

Proposition 4.2.4. Suppose )y is a discrete series representation of U(p, q).

Then
m € Coh(U(p,q),\) and u(my) € Coh(GL(n,C),t(N)"),
where, t(A) = (A1, ., ), (FAn, ooy =A1)) = (A ).

4.2.5 The main results:

We summarize the results of all the above into the following theorem:

Theorem 4.2.5. 1. Let A = (\y,...,\,) be a dominant integral weight
for Sp(2n,R). Then, as representations of GL(2n + 1,R), we have:

(M) = My, e = (Ao Ay 0, =M, —Ay) = (A

Let G be in the inner class of Sp(2n,R), and if my is a discrete series

representation of G in Coh(G,\"), then

t(my) € Coh(GL(2n + 1,R), t(N)Y).
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2. Let A = (A1,...,\n) be a dominant integral weight of SO(n + 1,n).

Then, as representations of GL(2n,R), we have:
L(My) = M,ny,  t(A) = (A1yoo s A, =Ans ooy = A1) = ()Y,

Let G be in the inner class of SO(n+1,n), and if 7y is a discrete series

representation of G in Coh(G,\"), then

t(my) € Coh(GL(2n,R), t(A)Y).

3. Let X = (A1,...,\) be a dominant integral weight of G = SO(n,n).

Then, as representations of GL(2n,R) we have:
(M) = M@l 72, o) = (At A Pl =l =, = A0).

If G = SOy, or SOy, and 7 is a discrete series representation of G

in Coh(G, \), then
() ® |- |2 € Coh(GL(2n, R), t(A)),
which may also be written as

t(my) € Coh(GL(2n,R), t(My)").

4. Let X = (A1,...,A\y) be a dominant integral weight for U(%3,%) or

U(”T“7 ”T’l) Then, as representations of GL(n,C), we have:

(M) = My, tN) = (Ao M)y (= Aas ooy = A1),
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Let G be in the inner class of U(%, %) or U(™L, 22) depending on

the parity of n, and if 7y is a discrete series representation of G in

Coh(G, \Y), then

t(my) € Coh(GL(n,C), t(A)).

5. For any of the above groups in (1) — (4), the transfer of a tempered

representation w is cohomological if and only if © is a discrete series

representation of G.

We have answered one of the two questions that were posed in the intro-
duction. In the next chapter, we will address the second question that we
had posed namely:

If we start with a cohomological representation of G, then does it transfer
to a cohomological representation of GL(n)?

We will assume in the next chapter that G = Sp(4, R).
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Chapter 5

Transfer from Sp(4,R) to
GL(5, R)

In the previous chapter, we used Langlands functoriality to transfer a
tempered representation of a classical group G to an appropriate GL(N)
and studied the cohomological properties of these representations. Vogan-
Zuckerman in 1984 classified the unitary cohomological dual of a semi-simple
group G (see [27]). In this chapter, we ask the following question: “Let 7 be
an irreducible unitary cohomological representation of G = Sp(4,R) which is
cohomological with respect to constant coefficients; denote by v(m) the repre-
sentation of GL(5,R) obtained by transferring m; is t(w) cohomological?" 1f

so, with respect to which finite-dimensional representation of GL(5,R)?

5.1 Vogan-Zuckerman Classification

5.1.1 Parameters and the Classification

We will briefly recall the Vogan-Zuckerman classification for unitary coho-
mological representations. The parameterization for the irreducible unitary

cohomological representations is not the same one as used by Langlands but

63
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we do have a way to obtain the corresponding data in terms of Langlands
classification. Let G be a connected real semi-simple Lie group with finite
center. Let gg be the Lie algebra of G and g be the complexification of g,.
Let K C G be a maximal compact subgroup of G and # the corresponding

Cartan involution of GG. Then, we have the Cartan decomposition

g=t+p,

where ¢ is the 41 eigenspace of § and p the —1 eigenspace.
For any irreducible unitary representation (m,V’), the Harish-Chandra
module, Vj , associated with it is the space of all smooth K-finite vectors in

V. Harish-Chandra in 1953 proved the following result:

Theorem 5.1.1. (Harish-Chandra, [11]) Vi is irreducible as a g module

and determines m up to unitary equivalence.

This reduces our study of irreducible unitary representations of G to
studying irreducible (g, K)-modules. Vogan-Zuckerman described precisely
these (g, K)-modules. We need two parameters: a 6- stable parabolic subal-
gebra q and an admissible homomorphism A on the Levi of q.

We construct the #-stable parabolic subalgebra as follows: Let x € .
Since K is compact, ad(x) : g — g is diagonalizable with real eigenvalues.

Then define,

q = sum of non-negative eigen-spaces of ad(x),
[ = the zero eigen-space of ad(z) = centralizer of z. |
u = sum of positive eigen-spaces.

Then q is a parabolic subalgebra of g and q = [+ u is the Levi decompo-
sition of q. We also have [y = go N [. Since §(z) = x, the subalgebras q, [, u
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are all invariant under the Cartan involution . The parabolic subalgebras
obtained in this way are called 6-stable parabolic subalgebras of g. This gives
us the first parameter of the two.

Let ty C £y be a Cartan subalgebra containing ¢z. Then t C [. For any
subspace f, which is stable under ad(t), let A(f,t) = {a4,...,a;} be the set
of roots of t occurring in f. Note that the set A(f, t) may have multiplicities.
Define

=3 T a

a; EA(F)
Let L C G be the connected subgroup of G with Lie algebra [y. A represen-

tation A : [ = C is called admissible if
e ) is a differential of a unitary character (also denoted by A) of L.
o If & € A(u), then (a, A|¢) > 0.

A f-stable parabolic subalgebra ¢ along with an admissible character of [
gives us an irreducible unitary cohomological representation of G. Given q

and an admissible \, define
w(q, A) = Representation of K of highest weight Al + 2p(uNp).

We are now in a position to state the classification result.

Theorem 5.1.2 ([27] Theorem 5.3). Let q be a 0-stable parabolic subalge-
bra and let \ : | — C be an admissible character. Then there is a unique

irreducible g-module Aq(\) such that:
1. The restriction of Aq(\) to € contains p(q, ).

2. The center Z(g) of the universal enveloping algebra acts by X+, on

A,



66 CHAPTER 5. TRANSFER FROM SP(4,R) TO GL(5,R)

3. If a representation of highest weight § of € appears in the restriction of
Aq(N), then

d=Ac+20unp)+ D naq,
a€A(unp)

with ny’s non-negative integers.

This classifies all the irreducible unitary cohomological representations of
the Lie group G. The representation Ay(\) has non-trivial cohomology with

respect to the finite-dimensional representation of G with highest weight .

Remark 5.1. A,(\) is the discrete series representation if and only if | C ¢.

Further, Ay is a tempered representation if and only if [(,[] C €.

5.1.2 #-stable subalgebras for Sp(2n,R)

We will now parameterize the #-stable parabolic subalgebras of Sp(2n,R).

0 I,
Let Sp(2n,R) = {A € GL(2n,R) : "tAJA = J}, where J = . Let
-1, 0

go be the corresponding Lie algebra. Let

x

X; € R}

_xn

A B
Let K = {( ) . A, B € GL(n,R),A'B = 'BA, A'A + B'B = I,,} be
B A

a maximal compact subgroup of Sp(2n, R) and Wx be the Weyl group of K.
Any element of Wi acts on an element of ihy by permuting the entries x;.

We have the following result to aid us in listing all the §-stable subalgebras
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of Sp(4,R).
Lemma 5.1.3. The following sets are in 1 — 1 correspondence:

1. {open, polyhedral root cones in ih/ Wy }

S
2. {ordered partitions of n: n = 3 (n; +m;) + m with nj,m;,m,s >

7j=1
O,nj+m]~ > 0}

Proof. Let © = (x1,...,x,) € ih/Wg. Since Wy acts by permuting the

coordinates of x, we can assume that z; > 29 > --- > 2z, > 0 > 2,1 >
ZTypig > -+ > x,. This can also be expressed as follows:
x=(s,...,8s—1,...,s—1,...,1,...,1,0,...,0,—1,...,—=1,...,—s,...,—s),

where the number of j > 0 occurring in the above representation is n;, the
number of j < 0 occurring in the above representation is m;, and the number

S
of zeros is m, with n = - (n; +m;) +m with n;, m;,m,s > 0,n; +m; > 0.

7j=1

This gives us a bijection between the two sets above. O]
Let 9 be the set of all f-stable parabolic subalgebras of g. The group K

acts on the set  via the adjoint action due to which we get a finite set of 6-

stable parabolic subalgebras /K. The following lemma gives us a bijection

between /K and open polyhedral root cones in ity /Wi.

Lemma 5.1.4. Every x € ih/Wy defines a 0-stable parabolic subalgebra q,
by setting q, = [, + u,, where

L=ho P g u= P g

acA(g,h),a(x)=0 a€A(g,h),a(x)>0

Two 0-stable parabolic subalgebras q,,q, are equal if and only if x and y are

in the same open polyhedral root cone.



68 CHAPTER 5. TRANSFER FROM SP(4,R) TO GL(5,R)

Conversely, up to conjugacy be K, any 0-stable parabolic subalgebra q is q =

qz for some x € i/ Wi.

Two 6-stable parabolic subalgebras, qi,qs are said to be equivalent if
A(uy Np) = A(ug N p), i.e. if the non-compact parts in the unipotent radical

of the parabolic subalgebras are equal.

5.1.3 Langlands data for A,()\)

Let us see how to obtain the inducing data of A;(\), such that the representa-
tion Ay(A) is a Langlands quotient of the corresponding induced representa-
tion; here A;(\) be a representation of G which is irreducible unitary and co-
homological which is obtained as in [27]. Fix a maximally split #-stable Car-
tan subgroup H = T'A of L (corresponding to the Levi part [ of the #-stable
parabolic subalgebra q) and an Iwasawa decomposition L = (L N K)ANZL.
Put

MA = Langlands decomposition of centralizer of A in G,

v o= (5 sum of roots of a in n*) + |, € a*.

Now, let P be any parabolic subgroup of G such that P has Levi factor
M A satisfying (Re(v), ) > 0 for all roots a of a in n¥. It remains to describe
the discrete series representation o of M. The Harish-Chandra parameter of
o is pt + M+ p(u); where p* is half sum of positive roots of t in m N [ and
p(u) is half sum of roots of t in u. The only difficulty here is that if M is not
connected then the Harish-Chandra parameter does not completely define

the discrete series representation of M. We fix this as follows:



5.2. SL(2,R) TO GL(3,R) 69

Let

1M (q,)\) = Representation of M N K of extremal weight

Ale+ 2p(AT" ) (w1 p) ).

Let o be the discrete series representation with lowest M N K type u™(q, \).
This completely determines the discrete series representation of M. And
thus we have constructed the Langlands inducing data for the representation
Aq(N).

We now address the case of Sp(2,R) = SL(2, R).

5.2 SL(2,R) to GL(3,R)

In this section, as a warm-up example we will study the cohomological prop-
erties of representations of GL(3,R) which are obtained by transferring uni-
tary cohomological representations of SL(2,R). We will compute the unitary
cohomological representations of SL(2,R) using the Vogan-Zuckerman clas-

sification. We denote by sl(2,C) the complexified Lie algebra of SL(2,R).

10 01 00 _
Let H = X = and Y = be the basis of s[(2,R).
0 -1 00 10
01
Let w = , 9(A) = —tA and 6 = int(w) o ¢. Then 6 is the Cartan
10

involution on sl(2, C). Note that:

sl(2,C) = (H) & (X, Y),

where £ = (H) is the +1 eigen space of 6 and p = (X,Y) is the —1 eigen
space of 6.

There are 3 f—stable parabolic subalgebras of s[(2,C) corresponding to
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0, H and —H.

1. Corresponding to 0: This gives the full algebra of ¢o = s[(2,C). Also,
[=s1(2,C).

2. Corresponding to H: The parabolic subalgebra is
q1 = <H> ©® <X>7

where (H) is [ and u = (X).

3. Corresponding to —H: The parabolic subalgebra is
2 = (H) ® (Y),

where (H) is [and u = (Y).

Note that the only possible admissible character A for qq is A = 0. This
gives rise to the trivial representation of SL(2,R). This representation is
transferred to the trivial representation of GL(3,R) which is cohomological
with respect to the trivial coefficients. Observe that the Levi parts of both
g1 and qq are contained in €. Thus the cohomological representations A, ()
and Ag,()) are discrete series representations with highest weight A. The
Langlands parameter for a representation of SL(2,R) is a homomorphism
from the Weil group of R to PGL(2, C). The parameter ¢(D,,) for the discrete

series representation of SL(2,R) is given by

(&% 0y . (o1
1 10

To compute the transfer of the discrete series representations of SL(2, R)

to GL(3,R), we embed PGL(2,C) into GL(3,R) via the 3- dimensional rep-
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resentation induced by GL(2,C) taking

€00
a 0

=10 10
0 b

002

The image of PGL(2,C) can be identified with SO(3) C GL(3,C) which
0 0 1

preserves the quadratic form |0 —1 0.

1 0 0
Thus one observes that the transfer of a discrete series representation of

SL(2,R), with highest weight n, to GL(3,R) has Langlands parameter

(2> 00 00 (=1)"
z—=1 0 1 0 |; J= 101 0
0 0 (3= 10 0

We know that this corresponds to a cohomological representation of
GL(3,R) which is cohomological with respect to the finite dimensional repre-
sentation with highest weight (n,0, —n) . We have already seen that the
transfer of M, the finite dimensional representation of SL(2,R) with highest
weight n, transfers to the finite dimensional representation of GL(3,R) with

highest weight (n,0, —n) [4.2.5l Thus we have the following result:

Proposition 5.2.1. Let w be an irreducible unitary cohomological represen-
tation of SL(2,R) with respect to the finite dimensional representation M.
Then the representation of GL(3,R), ¢(7), obtained by the Langlands trans-

fer is cohomological with respect to t(M).

Remark 5.2. Note that the only irreducible unitary cohomological repre-
sentations of SL(2,R) are the discrete series representations and the trivial

representation.



72 CHAPTER 5. TRANSFER FROM SP(4,R) TO GL(5,R)

5.3 G =Sp(4,R)

5.3.1 Basis for the Lie algebra

We will change notations for the group G = Sp(4, R) as follows. This will aid
us in doing explicit computations. Let G = Sp(4,R), g be the corresponding

complexified Lie algebra.

Iy

0
Let J = . Then Sp(4,R) = {4 € GL(4,R) : tAJA = J} and
—I, 0

A B
g={ € M(4,C) : A = —'D,B = 'B,C = 'C}. We have the
C D

following multiplication table for the Lie algebra of g (see [19]):

Z z N, N | X, | X P P | Ry | P
Z 0 0 N, | =N_ | 2x, |—2x_| P, | -P_| 0O 0
7| 0 0 N, | N_ 0 0 P —P_ | 2Py, | —2P,_
N, | =N, | N_ 0 |z-z| o | -pP_| 2X, |-2P_| P 0
N | N | =N_|Zz=-2| 0o |-P.| 0O 2P, | 2x_ | 0 | P_
X, | —2x.| o 0 P 0 Z 0 N, 0 0
X_ | 2x_ 0 P 0 -z 0 N_ 0 0 0
Py | —Py | =Py | —2X, | 2P, | 0 | =N_ 0 Z+7'| 0 N,
| P | P | 2n | —2X_ | =N,| 0 |—Z-Z| o0 N_ 0
P | 0 | =2P | —Pu 0 0 0 0 ~N_ | 0 z
P| o0 2P, 0 P | 0 0 ~N, o | -2 | o

where the basis elements are:

0 010 0 0 0O

0 000 0 0 01
Z = —i . == ,

-1 0 0 0 0 0 0O

0 000 0 -1 00
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0 1 0 —i 0 1 0 i
N L ~10 —i 0 Cnt ~1 0 i 0,
20 i 0 1 20 —i 0o 1
i 0 —1 0 —i 0 -1 0
1 0 2 O 1 0 — 0
X+:10000,X7:10000’
213 0 -1 0 21-i 0 -1 0
00 0 0 00 0 0
01 0 i 0 1 0 —i
P1+:110z 0 Cop L 1 0 —i 07
210 4 0 -1 210 —i 0 -1
i 0 -1 0 —i 0 -1 0
000 0 00 0 0
P0+—101O i | PO_:lo 1 0 —i
210 0 0 0 210 0 0 ©
0 i 0 —1 0 —i 0 —1

Note that, we have the Cartan decomposition for g = sp(4) = €+p, where
t= (2,7 ,No,N.)and p = (X4, X_, Py, Pi_, Poy, P ).

5.3.2 Parabolic subgroups of G = Sp(4,R)

The Langlands parameter for a representation can be read off from the in-
ducing data of the representation. The inducing data includes a parabolic
subgroup of GG, a representation of the Levi part of the parabolic and a char-
acter on the Lie algebra of a split torus inside the parabolic. Since, we want

to transfer the representations of G = Sp(4,R) to GL(5,R), we would like
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to know the Langlands parameters for the representations A4(A)’s. It is well
known that the parabolic subgroups containing a Borel subgroup are in bijec-
tion with the subsets of the base corresponding to the Borel (see [26]). It will
be convenient if we list down the parabolic subgroups of Sp(4, R) beforehand.

For Sp(4,R), there are 4 subsets of the base for the root system which
is {e; — e3,2e5}. Thus there are 4 parabolic subgroups of Sp(4,R). One of
them being the group itself which corresponds to the full base. This leaves
3 proper parabolic subgroups of Sp(4, R) which are:

1. Minimal parabolic: B = MyA,Ny, which corresponds to the empty

subset of the base, where

eg 0 0 O
0 e 0 O
My =1 e, € {£1}}
0 0 ¢ O
0 0 0 e
Ay = {diag(a,b,a™,b7") : a,b € RZ,}, and
1 0 21 = 1 20 0 O
0 1 x9 x3 0 1 0O 0
No = {n(zo, x1, 22, 73) = } C Sp(4).
00 1 0 0 0 1 0
00 0 1 0 0 —x¢ 1

2. Siegel parabolic: Ps = MgAgNg, which corresponds to the subset
Y = {e; — e} of the base, where

m 0

Mg ={ :m € SL*(2,R)},
0 ‘m!

Ag = {diag(a,a,a™,a™ ') : a > 0}, and
]_2 T

Ng ={ cx ="z € My(R)}.
0 1o

3. Jacobi Parabolic: P; = M;A;N;, which corresponds to the subset
Y = {2ey} of the base, where
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e 00O
0 a O b a b
M;={ : € SL(2,R),e = £1}
00 € 0 c d
0 ¢c 0 d

—_

Ay ={diag(a,1,a',1) : a € RZy}, and
Ny ={n(zo, x1,22,0) : x; € R}.

5.3.3 0-stable parabolic subalgebras of sp(4)

We list all the f-stable parabolic subalgebras q = [+u of sp(4) along with the
possible admissible A : [ — C which can be obtained from a highest weight
of h. We note that a highest weight of h can be extended to an admissible
character of [ if and only if Alyny,, ) and Alq = 0 where the subalgebra [y =
[N sp(4,R) (see [10]). Along with the f-stable parabolic subalgebras and
their corresponding admissible characters, we will also simultaneously list
down some useful data for each 6-stable parabolic subalgebra, which will

come in handy when we compute the Langlands parameters. To make the

list we use Lemma [5.1.4] and Theorem [5.1.3

1. # = 0 corresponding to the partition 2 = 2.

The #-stable parabolic subalgebra corresponding to x is:
g1 = sp,(C) +0

The Levi part is: [ = sp,(C).

[b = [Nsp,(R) = sp,(R).

[lo, L] = L.

So hN[l, L] =bh.

Therefore, A of h can be extended to get an admissible character of [ if

and only if A = 0. This 6- stable parabolic subalgebra corresponds to
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the parabolic subgroup G.

. ¥ = —7 — 27" corresponding to the partition 2 = (04 1)+ (0+ 1) +0.

The 6-stable parabolic subalgebra corresponding to x is:

Jo = <Zv Z/> + <N+7X—7P1—aP0—>

The Levi part is: [ = (Z, Z').

lL=1I1Nsp,(R) = (iZ,iZ") = .

[lo, ] = 0.

So hNll, ] =0.

Therefore, any highest weight A of § is an admissible character of [ =
h. This - stable parabolic subalgebra corresponds to the parabolic
subgroup B.

. x =27 — Z' corresponding to the partition 2 = (1+0) 4+ (0+ 1) + 0.

The 6-stable parabolic subalgebra corresponding to x is:

qs = <Zv Zl> + <N+7X+7P1+aP0—>

The Levi part is: [ = (Z, Z').

lL=1Nsp,(R) = (iZ,iZ") = .

[lo, ] = 0.

So hNll, ] =0.

Therefore, any highest weight A of § is an admissible character of [ =
h. This 6- stable parabolic subalgebra corresponds to the parabolic
subgroup B.

4. x = 27" — Z corresponding to the partition 2 = (04 1) 4+ (1 4+ 0) + 0.
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The 6-stable parabolic subalgebra corresponding to x is:

s = <Z7 Zl) + <N—7X—7P1+7P0+>

The Levi part is: [ = (Z, Z').

L=1INsp,(R) = (iZ,iZ") = .

[lo, L] = 0.

So hN[l, ] =0.

Therefore, any highest weight A of § is an admissible character of [ =
h. This 6- stable parabolic subalgebra corresponds to the parabolic
subgroup B.

5. x = 2Z + Z' corresponding to the partition 2 = (1 +0) + (1 +0) + 0.

The #-stable parabolic subalgebra corresponding to x is:

05 =(Z,Z") + (N, X4, Piy, Poy)

The Levi part is: [ = (Z, Z').

L=1INsp,(R) = (iZ,iZ'y = b.

[lo, L] = 0.

So hnll, ] =0.

Therefore, any highest weight A\ of b is an admissible character of [ =
h. This 6- stable parabolic subalgebra corresponds to the parabolic
subgroup B.

6. © = Z + Z' corresponding to the partition 2 = (2 + 0) + 0.

The #-stable parabolic subalgebra corresponding to x is:

e = <Z7 Z/7N+7N7> + <X+7P1+7P0+>

Note that uNp = u which is also equal to the intersection of the unipo-
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tent part of q5 and p. Thus g is equivalent to g5, and the corresponding

Aq(A)’s are isomorphic.

. & =—(Z+ Z') corresponding to the partition 2 = (0 4 2) + 0.

The #-stable parabolic subalgebra corresponding to x is:

q7 = <Za ZlaNJraNf) + <X77P177P07>

Note that uNp = u which is also equal to the intersection of the unipo-
tent part of g, and p. Thus g7 is equivalent to g2, and the corresponding

Aq(A\)’s are isomorphic.

. & = Z corresponding to the partition 2 = (1 +0) + 1.

The #-stable parabolic subalgebra corresponding to x is:

qs = <Za Z/7P0+7P07> + <N+7X+7P1+>

The Levi part is: [ = (Z, 2, Poy, Po—).

lL=1INsp,(R) = (iZ,iZ', Poy + Po_,i(Poy — Po_)).

[, o] = i(Poy — Fo-), 2(Pos + Po-), —2iZ").

So b N[k, L] = (b2 =iZ").

Therefore, a highest weight A of h can be extended to get an admis-
sible character of [ if and only if A(hy) = 0. This #- stable parabolic

subalgebra corresponds to the parabolic subgroup P;.

. & = —Z' corresponding to the partition 2 = (04 1) + 1.

The #-stable parabolic subalgebra corresponding to x is:

9 = <27 Z/7X+7X*> + <N+7P177P07>

The Levi part is: [ = (Z, 2", X, X ).
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10.

L=INsp,(R) = (iZ,iZ', X, + X_i(X, — X)).

[lo, L] = (1Z,20(X_ — X_),2(X, — X_)).

So hNil, ] = (h =iZ).

Therefore, a highest weight A\ of h can be extended to get an admissible
character of [if and only if A = (0, A). Note that this integral weight
is conjugate under the Weyl group to an integral weight of the form
A = (A, 0). This 6- stable parabolic subalgebra corresponds to the
parabolic subgroup Pj.

x = Z — Z' corresponding to the partition 2 = (1 + 1) + 0.

The 6-stable parabolic subalgebra corresponding to x is:

quo=(Z,2'P.,P_)+ (N, X,,P_)

The Levi part is: [ =(Z, 2", Py, P_).

L=INsp,(R)=(iZ,iZ Py + P _,i(Py — P_)).

[lo, ] = (((Pry — P1o),— (P + P_),—2i(Z + Z")).

So N [, o] = (b1 + b2).

Therefore, a highest weight A of fh can be extended to get an admissible
character of [if and only if A(h; + by) = 0 i.e. A(h1) = —A(h2). Note
that such an integral weight is conjugate to an integral weight of the
form (A, \). This 6- stable parabolic subalgebra corresponds to the

parabolic subgroup Ps.

Thus this gives us a list of all the unitary, irreducible and cohomological

representations of G = Sp(4,R), in terms of the f-stable parabolic subalge-

bras and the possible admissible representations in each case.
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We summarize the #-stable parabolic subalgebras and the relevant data

as below:

Parabolic Corresponding Possible highest

subagebras Parabolic subgroups weight A
q1 G A=

2 ~ g7, q3, 94, G5 ~ qe B Any A

qs Py A=(A,0)
do Py A=(A,0)
d10 Pg A=(AA)

5.4 Parabolic subgroups of SO(5, C)

For G = Sp(4,R), we know that “G° = SO(5,C). Recall that, for a given
representation 7 of G the Langlands parameter is a map ¢(7) : Wg — LG and
the image of Wg under ¢ is contained in a parabolic subgroup of “G°. Hence,
we write down explicitly the parabolic subgroups of SO(5). For SO(5,C), the
voice of the bilinear form is J = anti-diag(1, —1,1, —1, 1). Then the maximal
torus for SO(5,C) contains elements of the form diag(a,b,1,b~!,a™!). For

SO(5,C), we have 3 proper parabolics which are enumerated below:

1. Minimal parabolic: B = MyA,Ny, which corresponds to the empty
subset of the base, where My = {I5}, Ay is the subset of the diagonal
matrices of the form Ay = {diag(a,b,1,b~',a™') : a,b € C*}, and

1 % % % x

0 1 % x x

0 1 % x|} CSO(5).

0 0 1 =

0

0
0
0
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2. Siegel parabolic: Ps = MgAgNg corresponding to the subset
Y = {e; — ey} of the base, where
A0 O
Ms={l0o 1 0]|:AeSL2C)},
0 0 A

Ag = {diag(a,a,1,a7t,a™') : a € C*}, and

} C SO(5).

&
|
——
o o o o =

o o o = o
—
*
*

3. Jacobi Parabolic: P; = M;A;N; corresponding to the subset
Y. = {ey} of the base, where
1 0 0
M;={]0 A 0]|:A4€S0O3)} e SO(5),
0 0 1

Ay ={diag(a,1,1,1,a7 ") : a € C*}, and

*
*
*
*

e}

} C SO(5).

&
|
——
o o o o =

) (@] (@) —_
o —

o o~ O O
*

0 1
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We can now compute the Langlands parameters for A4(\)’s and compute

their transfers to representations of GL(5,R).
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5.5 Cohomological representations with triv-

ial coeflicients

In this section, assume that A = 0. So we will be looking at A,, where
q = [+ u is a f-stable parabolic subalgebra, such that A = 0 can be extended
to an admissible character of [. Let Q(\) be the set of all non-equivalent q’s
such that A can be extended to an admissible character of q. When \ = 0,
then Q(\) consists of all the 8 nonequivalent -stable parabolic subalgebras
listed in [5.3.3] The main result of this chapter is Theorem [5.5.2]

5.5.1 Trivial and the Discrete Series representations

For ¢; = sp,(R), the representation A, is the trivial representation of Sp(4, R)
which is transferred to the trivial representation of GL(5,R).

From Remark we note that A, is the discrete series representations

if ¢ is one of the following;:
o o =(Z,7"Y®(Ny, X_,P_,Py_),
° ¢3=(Z,2") & (N, X, Pri, By ),
o ¢ =(Z,7"Y®(N_,X_, Py, Pyy),
° ¢ =(Z,2") & (Ny, Xy, Pry, Pos).

The transfer of these representations has been dealt with in Theorem
and we know that the transfer of these representations is cohomologi-
cal with respect to the trivial representation of GL(5,R). Note that, the 6
stable parabolic subalgebras q¢ and q7, give different realizations of A,, and
Ay, respectively since the corresponding 6 stable parabolic subalgebras are

equivalent.
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This leaves us with 3 #-stable parabolic subalgebras and their correspond-

ing cohomological representations. The remaining parabolic subalgebras are:
o s =(Z, 7" Py, Py_)® (N, X, Pry)
o ¢=(Z,7" X, X_)® (N, P_,P)
e qo=(2,72 P ,P)® (N, X\, R)

Before we compute the transfers of the 3 remaining representations, we
recall a result of Speh which classifies unitary irreducible cohomological rep-

resentations of GL(n, R).

5.5.2 Speh’s Classification

We describe the cohomological representations of GL(n, R) for any n as given
by B. Speh [25]. We will need some special representations of GL(2n,R)
which are not induced from any parabolic subgroup and which are cohomo-
logical.

Let G = GL(2n,R),n > 1. Let C, = T'A be the Cartan subgroup con-

taining matrices of the form:

cospy  Singy aq

—sing; cosoy ax

coS¢,  Sing, anp,

—sing, Ccoso, an
Then the roots system ®(c, g) is of type A,_; with each root occurring 4
times. Let ®T be the set of positive roots and set p, = > 2a.
acdt
Let P = M, A,,N be the parabolic subgroup where N is determined by the set

of positive roots ®*. Then the connected component M? of M, is isomorphic

to n copies of SL(2,R) and T,, is isomorphic to a product of n copies of O(2).
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Let x(k); k > 0 be the quasi-character of C,, such that the restriction of

2mik

X, to each SO(2) component, is e*™* and the restriction to A, is exp(3pn).

Define

where J(x(k)) is the Langlands quotient of the induced representation
IndgL(M) (m(k) ® x(k)) and 7(k) = Dy ® Dy ® --- ® Dy, is a representation
of M =SL4(2,R)". If G = GL(2,R), then put (k) to be the discrete series
representation Dy of GL(2,R).

Having defined these representations, we now state the following result
which will classify all the cohomological representations of GL(n, R).

Let (ng,nq,...,n,) be a partition of n with ng > 0 and n; = 2m,; for
all 1 < i < r and all the n; are positive. Let P = M AN be the parabolic

corresponding to the partition (ng,...,n,). Then we know that

=0

. Let k; =n — i n; — m;. Then, define I(k;) on SLi(n;,R). Define the
j=it1
induced representation

Ind%(@7_, 1(k;) ® Xno ® X0),

where x,, and xo are trivial representations of SLi(ng,R) and AN respec-

tively. Then we have,

Theorem 5.5.1. (see [25]) The induced representation
IndB(®7_1 (i) ® Xny ® Xo)

is irreducible and classifies all the unitary, irreducible representations of

GL(n,R) which have cohomology with trivial coefficients.
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Even though this gives us a list of all the irreducible, unitary and coho-
mological representations of GL(n,R), we would like to state this result in
a more usable way. We now will give the Langlands inducing data for these
representations.

With notations as above, choose a Cartan subgroup C(,—y)/2 in M A with

the following properties:

o Cln—ny)2NSL4(ny, R) is the fundamental Cartan subgroup of SL4 (n, R)
for [ > 1, and

® C(n—ng)/2 N SL4(ng, R) is the split Cartan subgroup of SL (no, R).

Then we can decompose C,—ny)/2 a8 T(n—ng)/2A(m—no)/2 With the following

properties:

o Tin_ng)2 = ﬁ T, /2 with Tr2 = Tin—ng)2 N SLi(ng, R) for [ > 0, and
=0

° A(n—no)/2 = AZI:IO Anl with Anl = A(n—no)/Q N SLi(nl, R)

Choose a cuspidal parabolic subgroup @ containing C,_p,)2 and the
upper triangular matrices and write, for 0 < [ < r, 2p; for the sum of
positive roots of (sl(n;, R), a;) for the sum of positive roots determined by Q).

Let x(n) € é'(n_no)/g be such that the following holds:
* Xx(n)]4 = xo,
o x(n)]ag = po
e x(n)|r, is trivial
o X()la, = Lot for D),
e x(n)|r, is a product of factors exp((n — '_Zl;rl n; — my)2mi).
Then, Ind%(@7_, I(k;) @ Xno ® X0) = J(x(n)) (see [25]).
We will use this result when we check whether the transferred represen-

tations are cohomological or not.
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5.5.3 Case of the Jacobi ¢ stable subalgebra

We now deal with the 2 representations of Sp(4,R) corresponding to the
f-stable subalgebras qs and qg listed in [5.5.1]

As noted earlier gg corresponds to the parabolic subgroup P;. We will
now compute the Langlands data for Ag.

qs = (£, 7', Poy, Py-) & (N4, Xy, P1y), where (Z,7', Py., P,—) = [ and
(N., X, P,y =u. Recall that A = 0.

We choose a maximally split Cartan subgroup H inside L. The Levi
L is isomorphic to GL(1,R) x SL(2,R). The Lie algebra corresponding to
H=TAis (Z, Py, + P,_). Note that the Lie algebra of T is generated by Z

000 O

010 0
and for A is Py, + Fy_ =

000 O

000 -1

Now consider,

Centg(A) = MA.

Then M is isomorphic to SL(2,R) x {£1}. To compute the Langlands pa-

rameter for the representation A,,, we need a parabolic subgroup P = M AN

48
of G = Sp(4,R), a discrete series representation on M and a character v of a.
For the parabolic, choose any parabolic subgroup of G which has Levi factor
MA. The Jacobi parabolic P; is one such subgroup. This corresponds to
the subset X = {2es} of the base.

Thus, we know that the representation Ay, is obtained as the Langlands

quotient of a representation which is induced from the Jacobi parabolic P;.

The character on a is obtained by restricting p; to a. Hence

1
v=oprls = 5(0,2) =(0,1).
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Now for the discrete series representation of M: The Harish-Chandra
parameter for the representation of M° = SL(2,R), the connected component
of M, is given by p(u) + p(M N L) where p is computed with respect to t.
Observe that, M N L = {£1} which implies that p(m N L) = 0. We have
u=(N., X, P). Thus

o() = ;«1 +241),0) = (2,0).

The only question remains is whether the representation on {£1} C M
is the trivial one or the sign character. We compute this as follows:

The Lie algebra of M is m = (Z, Py + Po—, X4, X_). Then M N K =
{1} x SO(2). The discrete series representation on M N K is the represen-
tation with highest weight given by the formula
2p AU (1M p)|, which in this case is (2 + 1) = 3. Thus the character on
{£1} is given by sgn : —1 — —1. Note that this computation gives us the
discrete series representation on the {£1} as well as the SL(2,R) of the Levi
part.

Now we compute the Langlands parameter for Ag,.

Note that £Sp(4,R)° is SO(5,C). Thus a Langlands parameter is a map
from Wg, the Weil group of R, to SO(5, C) which we will then compose with
the inclusion into GL(5,C) to get a representation of GL(5,R). Since the
representation Ag, is induced from the parabolic Py, the image of Wy should
lie inside the corresponding parabolic subgroup of P; C SO(5,C).

The transfer of A4 to GL(5,R) is the Langlands quotient of the following

induced representation:
Ind$(Dy @ x1€ ® X_1€ @ €)

where P is the (2,1,1,1) parabolic subgroup of GL(5,R) and x,(z) = 2",
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since the Langlands parameter for Ay, is given by

(z2) 0 0 0 0 10 0 0 0
0 (23>0 0 0 00 0 0 1
|0 0 1 0 o |; j=]0 0 -1 0 0
0 0 0 (227' 0 00 0 —10
0 0 0 0 ()7 01 0 0 0

Observe that the Langlands quotient of Ind$ (D, ® yi1€ ® x_1€ @ €) is
isomorphic to Ind% (D, ® €) where P is the (2,3) parabolic of GL(5,R), and
€ is the sign representation of GL(3,R). This follows from the fact that for
the Borel B of GL(3,R), the Langlands quotient of IndgL(g’R)ﬂ Jeex| |,
is €.

Since the transferred representation is induced from the (2,1,1,1)
parabolic and we only have one factor of GL(2,R) in the inducing data,
we consider the representation corresponding to the partition 5 = 3 + 2 of
GL(5,R) in terms of Speh’s classification [25]. For the partition n = 5 = 3+2,
we have ng = 3,n1 = 2, m; = 1. The representation which is cohomological
corresponding to this partition is obtained as a Langlands quotient of the
(2,1,1,1) parabolic. The discrete series representation on the GL(2,R) part
of the Levi is given by exp(n — 3> n; — my), which is n = 4 since for 7 > 1,
n;, m; = 0. Thus we observe thazt: che representation which occurs in Speh’s
classification is Ind$ (D, ® 1). Thus, the transferred representation obtained
from A, is an e twist oflnd%(Dy ® 1). Hence, the transfer is unitary and
we can appeal to Speh and observe that the transferred representation does
not occur in the classification of Speh. Hence the transfer of Ay is not a
cohomological representation of GL(5,R).

A similar computation for the parabolic subalgebra qg9 shows that the

representations Ag, and Ay, transfer to the same representation of GL(5, R).
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Thus, the transfer of A, and Ay to representations of GL(5,R) are not

cohomological.

5.5.4 Case of Siegel 6-stable parabolic subalgebra

The last case left is the case when the -stable parabolic subalgebra is

quo= (2,2 P..,P_)® (N, X,,P),

where (Z, 7' Py, P,_) =land (N,, X, P, ) =u. Let A =0.

We choose a maximally split Cartan subgroup H inside L. The L is
isomorphic to GL(1,R) xSL(2,R). The Lie algebra corresponding to H = T'A
is (Z—2Z', P+ P,_). Note that the Lie algebra of T is generated by Z — 2’

01 0 0

10 0 O
and for Ais P, + P_ =

00 0 -1

00 -1 0

Now consider,

Centg(A) = MA.

Then M is isomorphic to SL(2,R) x {#1}. To compute the Langlands param-

eter for the representation A,,,, we need a parabolic subgroup P = M AN

q10>
of G = Sp(4,R), a discrete series representation on M and a character v of
a. For the parabolic, choose any parabolic subgroup of G which has Levi
factor M A. Siegel parabolic is such a parabolic. This parabolic subgroup
corresponds to the subset ¥ = {e; — ea} of the base.

Thus, the representation Ag,, is obtained as the Langlands quotient of a

q10

representation which is induced from the Siegel parabolic. Now we compute

the other two parameters. The character on a is obtained by restricting py,
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to a. Thus
1
V= PL|a = 5(272) = (17 1)'

Now for the discrete series representation of M: The Harish-Chandra
parameter for the representation of M° = SL(2,R), the connected component
of M, is given by p(u) + p(M N L) where p is computed with respect to t.
Observe that, M N L = {£1} which implies that p(m N L) = 0. We have
u=(Ny, X;, Po_). Thus

1
plu) = 5(2+2+2,2+2+2) = (3,3).

The only question remains is whether the representation on {£1} C M
is the trivial one or the sign character. We compute this as follows:

Note that M N K = {£1} x SO(2). The discrete series representation
on M N K is the representation with highest weight given by the formula
2p AN UTP (3 M p) |, which in this case is (2 + 2) = 4. Thus the character on
{#£1} is the trivial character. Now we compute the Langlands parameter for

Agio = Ind§, (Ds|det|?).

q10

Since “Sp(4,R)° is SO(5,C), a Langlands parameter is a map from Wk,
the Weil group of R, to SO(5, C) which we will then compose with the inclu-
sion into GL(5, C) to get a representation of GL(5,R). Since the representa-

tion Ag,, is induced from the parabolic Pg, the image of Wg should go inside

q10

Ps which is a parabolic subgroup of SO(5,C), corresponding to the subset
¥ = {e} of the base. The Langlands parameter for A;,, is given by

1

2 diag(2?z 71, 2 712%, 1, 2272

L2 727);
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and
0 -1 00 O
1 0 00 O
J—=10 0 1 0 0
0 0 00 -1
0 0 01 0

Thus the transfer of A,,, to GL(5,R) is the Langlands quotient of the

q10

following induced representation:
IndS(Ds|det|? ® 1 @ Ds|det| )

where P is the (2,1,2) parabolic subgroup of GL(5,R). We need to ana-
lyze whether this representation occurs in the Speh’s classification of unitary
irreducible cohomological representations of GL(5,R).

We consider the partition 5 = 1 4+ 4. Using notations from we
have ng = 1,n; = 4 and m; = 2. The representation occurring in Speh’s
classification corresponding to this partition is Indgi(f ’R)(l ® 1(3)).

Now we must compute the corresponding Langlands data for this rep-
resentation. Appealing to [5.5.2, we note that for the character x(3) on 7%
given by x(3)(e, ¢%2) = ¥ +%2) and x(3)|42 = exp() = &

ay’

But as a representation of GL(4, R), J(x(3)) = Ind(Ds|det|z @ Ds|det|~2).
Thus we note that Ind(j ™ (1 ® 1(3)) = Indg(Ds|det|* ® 1 ® Ds|det|"2).

Hence, the transfer of A, , occurs in the classification of Speh and is hence

q10

cohomological.
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5.5.5 Summary

Thus, to summarize we have:

Theorem 5.5.2. Let m be an irreducible unitary representation of Sp(4,R)
such that ™ has non-vanishing cohomology with trivial coefficients. Let i(m)
denote the transferred representation of m to GL(5,R). Then «(m) is coho-

mological with trivial coefficients if 7 is one of the following:
1. m is the trivial representation,
2. 7 is a discrete series representation of Sp(4,R),

3. m is induced from the Siegel parabolic.

5.6 Cohomological representations with Non-
Trivial coefficients

In this section, we will let A = (A, A\2), Ay > Ay > 0 be a non-zero highest

weight of Sp(4,R). We will consider the following sub cases:

o« M= £0,
.>\1>)\27é0,
.)\2:0.

5.6.1 A= (\A\), with A # 0

In this case, we note that the #-stable parabolic subalgebras which are rel-
evant are qs ~ 7,93, q4,qs ~ g and qio. Note that A, for 2 < ¢ < 7 are
discrete series representations. Thus, from we know that these transfer

to cohomological representations of GL(5, R).
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The other representations left are the representations arriving from the
parabolic q19. As we have already seen before these representations are ob-
tained as the Langlands quotient of a representation which is induced from
the Siegel parabolic of G = Sp(4, R). We compute the Langlands parameters
for the representations A,,,()), as before. We note that the discrete series
representation on Mg is given by 2\ + 3. The character on a does not change

and is still given by
1
v=oprls = 5(2,2) =(1,1).

Thus, the representation A,,,(A) is the irreducible Langlands quotient of
the induced representation Indgs (Daxss|det|2). We note that the Langlands

parameter of Ag () is given by

M2z-A-1 —A-12A42

z — diag(z , (1, AT ZTAT2 7 A2 A

and
0 (=)»* 0 0 0
1 0 0 0 0
J—=10 0 10 0
0 0 0 0 (—1)23
0 0 0 1 0

Thus, the transfer of A
of

(v to GL(5,R) is obtained as a Langlands quotient

q10

Ind(y 57 (Dorysldet|F @ 1 @ Dayys|det|72).

The question whether this representation of GL(5,R) is cohomological or
not does not seem to have an easy answer since the main ingredient, which is
the Speh’s classification for cohomological representations of GL(n, R) with
non-trivial coefficients is not available. The expectation is that this repre-

sentation is cohomological.
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5.6.2 \= (Al, )\2), with Ay 7é 0 and A\; > A9

In this case, we note that the f-stable parabolic subalgebras which are rele-
vant are qs ~ 7, (s, q4 and g5 ~ q¢. For these subalgebras the Levi parts, [,
are contained in £ and hence the representations A, are the discrete series rep-
resentations. From [4.2.5 we know that the transfer of these representations
are cohomological.

Thus we have:

Proposition 5.6.1. Let A = (A1, X2), Ao # 0. Then the transfer of Aq(\) to
GL(5,R) is cohomological.

5.6.3 A= ()\0)

The #-stable parabolic subalgebras which are relevant are qs ~ q7, 43, q4, 45 ~
d6, qs and qo. Out of these 6 f-stable parabolic subalgebras, q2 ~ q7,qs, q4
and g5 ~ qg correspond to the discrete series representations as before and
we know that these transfer to cohomological representations of GL(5,R)
from [4.2.5

This leaves us with the representations Ag (), Ag(X). Note that for
the #-stable parabolic subalgebra qs, A\l = A and A|; = 0. These observa-
tions along with the calculations in section imply that the Langlands

parameter for the representation Ay () is given by:

AP ]

2o diag(22, (2)F, 1, (22) 7Y, (g)—T)

-100 0 0
0 00 0 (=12

J—=10 01 0 0
0 00 —1 0
0 10 0 0
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Hence, we observe that the transfer of Ay () is obtained by taking the

Langlands quotient of:
Ind$ (D)o ® x1€ ® Y_1€ @ €),

where P is the (2,1, 1, 1)-parabolic subgroup of GL(5,R), x,(z) = 2™ and €
is the sign character on R*.
A similar calculation as above shows that the transfer of A4 () is also

the Langlands quotient of
Ind]GD(D)\JrZ ® X1€ ® X—1€ ® €),

where P is as above. The question whether this representation of GL(5,R)
is cohomological or not does not seem to have an easy answer since the main
ingredient, which is the Speh’s classification for cohomological representa-
tions of GL(n,R) with non-trivial coefficients is not available at the moment.
The expectation is that this representation is not cohomological. We now

summarize these observations.

5.6.4 Summary

Finally, to summarize the results we put everything in a tabular form. The
table completely answers which unitary, irreducible cohomological represen-
tations of G = Sp(4,R) are transferred to cohomological representations of
GL(5,R) in the A = 0 case. In the non-trivial coefficients case, it seems like
a difficult question at the moment since no analogous result of Speh’s classi-
fication for cohomological representations with non-trivial coefficients seem

to exist. One hopes to prove this and obtain a complete result for the case

G = Sp(4,R).
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Representation | Corresponding A Transfer
Parabolic cohomological or not
Aq, B A=0 Cohomological
Ay = Ay Agy B Any A Cohomological
Aqi, Ags = Agg
Age Py A=0 Not Cohomological

= (A, 0) | Expected to be not cohomological

Agy Py A= Not Cohomological
= (A,0) | Expected to be not cohomological
Ago Pg A=0 Cohomological

A= (\A) Expected to be cohomological

Considering the observations made above, we make the following conjec-

ture:

Conjecture 1. Let m be an irreducible unitary representation of Sp(4,R)
such that m has non-vanishing cohomology. Let v(m) denote the transferred
representation of m to GL(5,R). Then () is cohomological if 7 is one of

the following:
1. m is the trivial representation,
2. 7 is a discrete series representation of Sp(4,R),
3. m is induced from the Siegel parabolic.

Further, if w is cohomological with respect to the finite dimensional represen-

tation My, then u(m) is cohomological with respect to t(M)y).

It will be interesting to work out other examples, to try and find a general
guiding principle for the transfer of cohomological representations from a

classical group to an appropriate GL(n,R) or GL(n, C).
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