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Abstract

Given s,t € N such that ged(s,t) = d, lem(s,t) = m, an s-core o, and a t-core T, we write
N, - (k) for the number of m-cores of length no greater than k whose s-core is o and t-core
is 7. In this thesis we prove that, for £ > 0, N, (k) is a quasi-polynomial of quasi-period
m and degree (s — d)(t — d).
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“The unusual nature of these coincidences might lead us to suspect that some sort of
witchcraft is operating behind the scene.”
- Donald Knuth






Introduction

The study of integer partitions by visualizing them as Young diagrams was first introduced
in [T4] and has led to many new insights. The concepts of hooks and hook lengths associated
to the Young diagram of a partition has been discussed in [§] and used to prove the hook
length formula for the degree of an irreducible representation of S,,. The theory of cores
has applications in Representation theory of S,: Character formulas, mod p theory, and
Ramanujan congruences. It also has been used to prove an effective upper bound on p(n)

using purely combinatorial methods [15].

For a partition A, there is a notion of ‘a remainder of A\ upon division by s’ called the
s-core of A and an s-quotient whose total number of nodes is equal to the number of s-hooks
removed to obtain the s-core. A partition A can be recovered from its s-core and s-quotient.
It is known that

Al = s(|quot,A|) + [cores |

where the modulus denotes the total number of nodes. This is an analogue of division for
partitions and by this we can say that core,A is a kind of remainder. So we look at the

Chinese remainder theorem for partitions.

In the first Chapter, we give some preliminaries on the theory of cores. Then we count
s-cores of given length using an s-abacus. It is much more difficult to count the s-cores of

given size [10].

Polytopes are the higher dimensional versions of polygons. Many counting problems can
be translated into the language of polytopes. In Chapter 2, we recall the theory of Ehrhart
polynomials for counting integer points in a k-dilated polytope. Using this and the concepts
of totally unimodular matrices (matrices with sub-determinants +1, -1 or 0), we provide a

variant of Ehrhart theory for some special kind of polytopes defined by totally unimodular



matrices. This will help us in counting integer points in certain transportation polytopes
which are formed by the set of all non-negative real matrices having fixed row sum and

column sum.

Let N, (k) be the number of m-cores of length no greater than k£ whose s-core is o and
t-core is 7 where m = lem(s, t). In the third Chapter, we see how finding the asymptotics
of N,,(k) translates into the problem of counting integer points in certain transportation
polytopes. Then we use the variant of Ehrhart theory developed in Chapter 2 to prove our

main result.

A function f : N — Nis a quasi-polynomial of degree d and quasi-period p if its restriction

to each coset pN + j is a polynomial of degree d ([I3], Section 4.4).

Write V/(%, £) for the relative volume ([I3], page 565) of the transportation polytope for
. s S ) t t
row margins (a, e c_l> and column margins (a, ce a) We prove that
—— ——

5 times £ times
Theorem 0.0.1. For k > 0, N, (k) is a quasi-polynomial of quasi-period m = lem(s,t)
and degree %(s — d)(t — d), with leading coefficient (V (%, %))
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Chapter 1

Introduction to Core Partitions

1.1 Preliminaries

For n € N, a partition of n is a non-increasing sequence of positive integers A\ =
(ay,as,...,a,) satisfying a; + as + ... + a; = n. The positive integers a; are called the
parts of A and the total number of parts, denoted as (), is called the length of A\. We write
A for the set of all partitions.

1.1.1 The Young diagram of a partition

A partition A of n can be visualized as a Young diagram (also known as Ferrers graph),
Y ()), consisting of a collection of n boxes arranged in ¢(\) rows which are left justified with
a; boxes in the ¢th row.

For example, when A = (5,4,3,1), Y/(A) is as follows.




The jth box in the ith row of Y(A) is called the (i, j)-node. We associate a hook and a
hook length to the (i, j)-node. Let

Y(A) ={(,j) e NxN|1<i</l(N),1<j<a}.
Then the (7, j)-hook is given by
Hi;(N) ={{",7YeY\) | =iand j>j or jy=7j and i > i}

The (i,7)-hook consists of the (i, j)-node and all the nodes to the right and below it. The
total number of nodes in the (7, j)-hook is called the hook length of the (4, j)-node. If a hook
is of length h;;, then it is also called an h;;-hook.

The (1,2)- hook of the partition (5,4,3,1) of hook length six is shown as shaded boxes in
the figure below.

An (i, j)-node is called a rim node if there is no (i + 1, j + 1)-node in the Young diagram.
All such nodes in Y'(\) form the rim of A given by

RA) ={(7) e YN [ (" + 1,7 +1) ¢ (M)}

The rim of (5,4, 3,1) consists of the shaded boxes in the figure below.

The (7, j)-rim hook is a portion of the rim given by
Ri;(\) ={(7,5) € R\ | i' >i and j' > j}.
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The (1,2)-rim hook of (5,4,3,1) is shaded in the figure below.

1.1.2 The s-core of a partition

Rim hooks are removable in the sense that, removal of a rim hook results in another Young
diagram. Given Y (\), we remove rim s-hooks successively until no s-hook remains in the
Young diagram. It turns out that the resulting Young diagram does not depend on the
sequence in which rim s-hooks are removed (this will be clear from the abacus method for
finding s-cores which is discussed in section 1.2.4). The resulting partition is called the

s-core of \.

Example 1. Let A = (5,4,3,1) and s = 6.

Therefore coreg(5,4,3,1) = (1).

An s-core is a partition having no s-hook in its Young diagram. Write C for the set of
all s-cores and C* for those of length no greater than k. We define the map core, : A — C,

as coreg(A) = coresA where coreg A denotes the s-core of .

Example 2. The 2-cores are the staircase partitions,




Proposition 1.1.1. Removing R;;(\) from Y (X) is equivalent to removing H;;(\) and rear-

ranging the nodes accordingly.

For example, when A = (5,4, 3, 1), removing the (1,2)-rim hook gives (5, 2).

Removing 1,2-hook and rearranging also gives (5, 2).

Proposition 1.1.2. Ifd| s,

COIre4Cores A = CoregA.

Thus a d-core is also an s-core.

1.1.3 Beta sets of a partition

We encode a partition in certain subsets of non-negative integers called beta sets. They can
be thought of as a generalization of the set of first column hook lengths of the partition.
Beta sets are very useful in characterizing and dealing with the core partitions as we will see

in later sections.

The Young diagram of a partition can be reconstructed from its first column hook lengths.
Suppose H(A) = {hy, ha,...,h} where hy > hy > ... > hy is the set of first column hook

lengths of A. Then the partition A can be recovered as
/\:(h1—€+1,h2—£—|—2,,hg) (11)

8



Let ‘H be the set of all finite subsets of N. The map H : A — H taking a partition \ to
its first column hook lengths set H(\) is a bijection.

Let H* be the set of all finite subsets of NU {0}. Define the map S : H* — H* as

{hl,hg,...,hg}H{hl—l—l,hg—kl,...,hg—i—l,()}.

Given H € H*, there exists a unique Hy € H and j > 0 such that S7(H,) = H. For
J >0, SI(H())) is called the beta set of A of length £()\) + j. We will use the notation HY¥
for the beta set of A of length k. By this notation, Hﬁ(’\) = H(\).

Example 3. Let A = (5,4,3,1), {(\) = 4.

Then HA) ={5+(4—1),4+(4—2),34+(4—3),1+(4—4)} ={8,6,4,1}.
The next beta set of length 5 is,
S(HY)=H}={8+1,6+1,4+1,1+1,0} ={9,7,5,2,0}.

Now A can be retrieved from HY as,
H§ = {977757270} ~ {9 - (5 o 1)77 - (5 - 2)75 - (5 - 3)72 - (5 - 4)70 - (5 - 5)}
— (5,4,3,1,0) ~ A = (5,4,3,1).

Lemma 1.1.3 ([9, Lemma 2.7.13]). Suppose H(X) = {h1, ha, ..., he}. Then a beta set of the
partition A\ R;;, obtained by removing the (i, j)-rim hook of X is given by

{hla - '7hi—1;hi - k7hi+17 .- -ahf}'

1.1.4 Abacus

An s-abacus has s-runners numbered from 0 to s — 1. The ith runner is numbered vertically

as 1,7+ s,4 + 2s and so on. More details can be found in Section 2.7 of [9].

1 s—1
1 s—1
s+1 -+ 2s—1

n O ol



A beta set of a partition can be displayed on an s-abacus by placing beads on the numbers
which are elements of the beta set. A bead is shown as e and a space without a bead is
shown as o. For instance, let s = 3 and H(\) = {8,6,4,1}. Then the 3-abacus display of
H()) is as follows.

ol
—
]

Finding s-core on s-abacus

The following proposition provides a quick method to find the s-core of a partition using the

s-abacus display of its beta set.

Proposition 1.1.4. [15, page 3] The s-hooks in'Y () correspond to beads with a space above
them in the s-abacus display of a beta set of A\. An abacus display for the partition obtained
by removing a given s-hook is achieved by sliding the corresponding bead one position up its

runner.

This follows from Lemma [[.1.3

Hence, to find the s-core of A we consider the abacus display of a beta set of A and move
all the beads to their highest possible position. This gives a beta set of core,A from which

we can retrieve coreg\.

Example 4. Let A = (5,4,3,1) and s = 6. Move the beads to their highest possible position
on the 6-abacus display of H(\) = {8,6,4,1}.

01 2 3 45 01 2 3 45

O e O O e O — e ©¢ @ O @ O

e O @€ O O © O 0O O O O ©
Therefore HY, .\ = {4,2,1,0} ~~ coreg(5,4,3,1) = (1).
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1.2 Arithmetic of core partitions

Let X be a partition of length no greater than k. Then define
HAS ={h mod s|hec HY}c ((Z/SZ))
where ((Z/,:Z)) denotes the k element multisets on Z/sZ.

For H € ((Z/]: Z)), write H(r) for the multiplicity of r in the multiset H. Note that,

HY ,(r) is the number of beads on the 7" runner when HY is displayed on an s abacus.

Lemma 1.2.1. Fori > ((\) and k € N,

Hy S (r) = H, ((r) + &

Proof. From the definition of a length ¢ + sk beta set of A it follows that,
Hit* ={h+sk|he H}U{sk—1sk—2,...,0}.
Hence, H"" = Hj ,U{0 1% ..., (s — 1)*} which implies H}**(r) = Hj ,(r) + k. O

Lemma 1.2.2. Let A\, u be partitions of length no greater than k. Then cores(\) = coreg(p)
if and only szf = Hk

_Hk

cores(p),s”

Proof. We know that core,(\) = core,(p) if and only if H*

cores(A),s

Hk

cores(\)s = H X, since HY (r) is the number of beads on the 7" runner when HY is

displayed on an s abacus. Similarly, H* =H /’j’s. Thus the result follows. O]

cores (u),s

Proposition 1.2.3. The map o, : C* — ((Z/,:Z)) defined as o — HY) _ is a bijection.

Proof. Injectivity of the map follows from Lemma [1.2.1] For surjectivity, given any H €
((Z/ SZ)) place H(r) beads on the rth runner of an s-abacus. This gives an abacus display of

a beta set of some s-core o such that H, is = H, from which we get H* and thus o. ]

11



1.2.1 Counting s-core partitions

The s-core partitions of length ¢ can be counted easily on an s abacus. For a,b € N,

a
b

1 +2xo+ ...+ = a.

we write (()) for the number of b-tuples of non-negative integers (z1, s, ..., ;) satisfying

Proposition 1.2.4 ([16, Theorem 2.3]). The number of s-cores of length { is

(L) = (7).

Proof. We have that the s-core partitions correspond to s-abacus displays with no beads
on the Oth runner and no sliding up possible. The number of beads is the length of the
partition. Therefore, the number of s-cores of length ¢ is same as the number of ways to

distribute ¢ beads on on s — 1 runners. By applying “stars and bars” method [2] we get that
¢ l+s—2

(L)) = (7). O

Proposition 1.2.5. The mazimum size of an s-core of length { is (s — 1)(%1).

Proof. We will find the maximum size of a beta set of cardinality ¢, from which we obtain

the maximum size of an s-core of length ¢. We need to place all ¢ beads on the last runner

of the s-abacus on their highest possible position to get the beta set with maximum size.

Hence, {¢s—1,(¢{—1)s—1,...,s—1} is the beta set of maximum size and the corresponding
s-core is, ((s —1,({ —1)s — (£ —1),...,¢ —1). Therefore, the maximum size of an s-core of
length ¢ is,

iis—iz(s—1)<€;1).

=1

1.2.2 Fibres of the map from st-cores to s-cores

As a warm up to the CRT for partitions, let us consider the map core, : Cy; — Cy taking an

st-core to its s-core. Given o € C, let
Ny(k) =A{X € Cq | coresA = 0,0(\) < k}.

12



In other words, N, (k) is the cardinality of the fibre of core, : C¥% — C* over 0. Now we
define the map . : ((Z/ gtz)) — ((Z/]:Z)) as

F—F,={f mods|feF}.

From the definition of the map .¥; it follows that,

t—
Fi(a mod s) = F(a+ms mod st). (1.2)
0

—_

3
]

Proposition 1.2.6. The following diagram commutes,

k coreg k
b BN
(O C

,Qfstl lﬂfs

(7)) =7 ()

Proof. Let o € C%, then o/y(0) = HE,, and o, (core,0) = HE . .. We will show that

o coreg

’yS(Hf,st) = Hk

coreso,s*

We have,
H* . ={h mod st|hec HF}.

o,st

Then

S (H

o,st

)={g mods|geH,}
= {(h mod st) mod s|hec H*}
={h mod s |he H}
=H = H"

coreso,s”

By Proposition [1.2.6| N,(k) is also the cardinality of the fibre of .%; over H} .

13



Quasi-polynomials

A function f: N — N such that
f(z) = calx)z? + cqr(z)z + -+ co(z)

where ¢;(z) are periodic functions is called a quasi-polynomial. Let p be a common period
of cg,- -+ ,cq, then f(z) = fi(x) for n =i mod p where f;s are polynomials and p is called a
quasi-period of f. In other words, a function f : N — N is a quasi-polynomial of degree d

and quasi-period p if its restriction to each coset pN + j is a polynomial of degree d.

Example 5. For d € N, f(k) = sz is a quasi-polynomial of degree 1 and quasi-period d.

Theorem 1.2.7. For k > {l(o), N,(k) is a quasi-polynomial of degree s(t — 1) and

quasi-pertod s.

Proof. Given F; € ((Z/,:Z)), by the number of F' € ((Z/;tz)) such that 7 (F) = F; is

where ((F t(j ))) is the number of ways to distribute F(j) beads on ¢ runners.

Therefore for i > (o),

s—1 )
N, (i + sk) = [T (79)
j=0
s—1 ) .
SIES
j=0
Then the theorem follows from the formula for ((Z)) O

14



Chapter 2
Introduction to Polytopes

The enumeration of integer points in a bounded region of the Euclidean space is a common
problem which appears in various fields of mathematics disguised in different forms. The
Frobenius coin exchange problem well explained in [1], Section 1.2, is a beautiful example
of this. Our main goal is to enumerate the fibres of the Chinese remainder theorem map.
We will see that this is equivalent to counting integer points in certain polytopes. In this

Chapter, we develop the necessary machinery required for this task.

2.1 Preliminaries

A polytope is a higher dimensional analogue of a polygon in two dimensions. In this section,

we recall some basic concepts and define polytopes more carefully.

Definition 2.1.1. A set X is said to be convex if for every x,y € X, tx 4+ (1 —t)y € X for
all t € (0,1).

Definition 2.1.2. The convex hull of a set X = {x1,x9,..., 24} is the smallest convex set

which contains X given by

k k
=1 i=1

15



Now we give the “vertex description” of a polytope.

Definition 2.1.3. A convex polytope P in R" is defined as
P = conv({vy,va,...,0n})
for some {v1, v, ..., v} C R" called the vertices of P.

If all vertices of P are integer points in R", then it is called a lattice polytope. The
dimension of P is the vector space dimension of the subspace, span({ve —v1, ..., v, —v1}). A
d dimensional polytope is called a d-polytope. We will be considering only convex polytopes
in this thesis and henceforth we will refer to them as just polytopes. Polytopes can also be

defined as a bounded intersection of finitely many half spaces. We discuss some preliminaries

for this drawn from [7].

Hyperplanes are subspaces of dimension one less than its ambient vector space. Let
ac R™™ and b € R. A hyperplane defined as

H={xeR"|ax =0}
separates the ambient vector space into two halfspaces,
H"={xeR"|ax>0b}, H ={xeR"|ax <b}.
These are called the closed halfspaces bounded by H.

Definition 2.1.4. A hyperplane H is called a supporting hyperplane of a closed convex set
KCcR'ifKNH#Pand K C H  or K C H'.
If K € H™, then H™ is called a supporting halfspace of K. Now we are ready to give

the “hyperplane description” of a polytope.

Definition 2.1.5. A bounded intersection of k halfspaces given by
P={xeR"|ax<b,1<i<k},
where a; € R and b; € R is called a polytope.

16



Note that, since an equality of the form a;x = b; can be replaced by two inequalities
a;x < b; and —(a;x) < —b;, the constraints defining a polytope can include both equalities
and inequalities. The equivalence of vertex description and hyperplane description can be
found in Appendix A of [I]. If the condition of boundedness is removed from the definition

of a polytope then it is called a polyhedron.

2.2 Counting integer points in polytopes
For a polytope P in R” let

L(k) = #(kP N Z"),

be the number of integer points in the k-dilated polytope of P. Suppose P is a lattice
polygon. Then by Pick’s theorem

Lo(k) = A(P)? + %B(P)k: .y

where A(P) is the area of P and B(P) is the number of integer points on the boundary
of P ([I1], Theorem 5.11). Ehrhart’s theorem is an extension of Pick’s theorem in higher

dimensions.

Theorem 2.2.1 ([I1, Theorem 13.4]). Let P be a lattice d-polytope in R™. Then Lp(k) is a
polynomial in k of degree d.

Let P’ be the projection of P on to the d-dimensional space R%. The volume of P’ is said

to be the relative volume of P ([13], page 565). For example, the triangle in R3
T = {(z1,22,23) € RS | &1 + 25 + 33 = 1}
can be projected on to R? to get the triangle
T' = {(z1,32) € RE | 2y + 2 < 1},

The relative volume of T is the area of T".

Proposition 2.2.2 ([I3, Proposition 4.6.13]). Let P be a lattice d-polytope in R™. Then the
leading coefficient of Lp(k) is V(P), the relative volume of P.

17



There is a more general version of Ehrhart’s theorem for counting integer points in

polytopes with rational vertices.

Theorem 2.2.3 ([1, Theorem 3.23]). Let P be a d-dimensional polytope with rational ver-
tices. Then Lp(k) is a quasi-polynomial in k of degree d and its quasi-period dividing the
least common multiple of the denominators of the vertices of P.

a c¢

Example 6. The closed interval P = |, 5| is a one dimensional polytope, where §, 5 are

in their lowest terms.
ka—1

Lo(k) = 1%] ~ (2]

From example [5| we know that L%J is a quasi-polynomial of quasi-period d. Hence in this

case, Lp(k) is a quasi-polynomial with quasi-period lem(b, d).

Ehrhart’s theorem is proved using the following lemma which uses the theory of gener-

ating functions.

Lemma 2.2.4 ([I, Lemma 3.24]). Suppose the generating function of f is given as,

k9l
> fk)at = o)

k>0

Then f is a quasi-polynomial of degree d with period dividing p if and only if g and h are
polynomials where deg(g) < deg(h), all Toots of h are p' roots of unity of multiplicity at
most d+ 1, and there is a root of multiplicity equal to d + 1(assuming ¥ is reduced to lowest

terms).

Now we discuss some special kind of polytopes relevant to our problem.

2.3 Polytopes of totally unimodular matrices

Definition 2.3.1. An m x n matrix A is said to be totally unimodular if the determinant

of any square submatrix of A is +1, -1 or 0.

Given a totally unimodular m x n matrix A and a vector b € R™, suppose
P(A,b) ={x e R"| Ax < b}

18



is a bounded closed subset of R”. Then P(A,b) is said to be the polytope associated to the

totally unimodular matrix A and vector b.

Proposition 2.3.1 ([12, Corollary 19.2 a]). Let A be an integer matriz. Then A is totally
unimodular if and only if for each integer vector b the polyhedron {x € R™ | Az < b} has
mnteger vertices.

2.3.1 Transportation polytopes

Let r € R® and ¢ € R* be positive real vectors and x = (2;;)1<i<s1<j<t be an s X ¢ matrix.

The constraints on row sums and column sums of x are specified as

¢ s
Za:lj:n,lﬁlﬁsy wazcﬁlgjgt (21)
j=1

i=1

s t
If Y r; # > ¢, there does not exist a matrix x satisfying the above conditions. Hence
i=1 j=1

we assume that the vectors r and ¢ have equal sums. The feasible solutions of (2.1) forms
a polytope, called the transportation polytope for margins r and ¢, denoted by P(r,c). By

viewing the s X t matrix x as an st-vector the transportation polytope can be given as
P(r,c) ={x € R*" | Ax =b,x > 0}
for some matrix A and vector b where Ax = b is the constraints (2.1).

Proposition 2.3.2 ([3, Theorem 8.1.1]). The dimension of the transportation polytope
P(r,c)is (s—1)(t—1).

Lemma 2.3.3 ([3, Corollary 8.1.4]). The transportation polytope P(r, c) is a lattice polytope
if reZ® and c € 7.

Proposition 2.3.4. The transportation polytope P(r, ¢) is of the form
{z e R | Az = b,z > 0}
for some totally unimodular (s +t) x st matrix A and vector b.

19



Proof. The row and column sum conditions defining P(r,c) can be given as

t S
zy =71, 1 <0 < s, 2wy =cplsjst.

These s + t constraints can be written in matrix form as Ax = b where x is the column

vector (11, ..., T1¢, o1,y Topy v oy Tsly- o, Tsp) and b = (11,79, ..., Ts,C1,Ca, ..., Cr).

The constraint matrix A is the vertex-edge incidence matrix of the complete bipartite
graph K, ([5], page 3). Hence A is totally unimodular ([12], page 273). O

Since P(r,c) is an (s — 1)(t — 1)-polytope, it can be projected onto RE~D¢=1  Let the

constraints

t—1
ri—e < Y i <ry, 1<i<s—1,
=1

s—1
cj—rSSinjgcj, 1§j§t—1
=1

in matrix form be written as A’x’ < b’ for some matrix A’ and vector b’. Then the

polytope
P'(r,c) = {x' e REDED | A% < b/ x>0}

is the projection of P(r,c) onto RE~DED " Since each coordinate of x’ is involved in a row

and a column sum constraint, A" is totally unimodular by [12], page 274.

2.4 Counting integer points in polytopes of totally uni-

modular matrices

Proposition 2.4.1. Let A be an m X n totally unimodular matriz and Py(A, b) = {x € R™ |
Az < bk,x > 0} be a polytope where b is an integer vector. Then the number of integer
points in Py(A, b) is a polynomial in k of degree equal to dim(P;(A, b)) and leading coefficient
equal to the relative volume of Pi(A,b).
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Proof. By Proposition [2.3.1} the polytope P;(A,b) has integer vertices. Also, Py(A,b) =
kPi(A,b). Hence, the result follows by Ehrhart’s theorem. O

Lemma 2.4.2. Let A be an m x n totally unimodular matriz and a;; be the entry in the
ith row and jth column of A. Choose i,j such that a;; # 0. Perform the following row
operations on A sequentially.

(1) Fort#i, Ry — R; — atjai_lei.

(2) Ri = a;;'R;.

(3) a;; — 0.

Then the resulting matriz is totally unimodular.

Proof. Without loss of generality, assume ¢ = 1, 7 = 1 and ay; = 1. First we will show that
A remains totally unimodular under the operations (1). Suppose A’ is the matrix obtained
after performing (1) on A. Let I C {1,2,...,m} and J C {1,2,...,n} of cardinality r where
1 <r <min(m,n). Let A;; denotes the submatrix of A that corresponds to the rows with

index in I and columns with index in J. We need to show that det(A’;) is 1,—1 or 0.

Case 1: If 1 € I, det(A},;) = det(Ar;) = 1,—1 or 0, since A is totally unimodular and

the determinant remains unchanged under a row operation.
Case 2: If 1 ¢ I, 1 € J, det(A};) = 0 since the first column of A’ is 0.

Case 3: 1¢ 1,1 ¢ J,let I = TU{1} and J = J U{1}. Then det(A},) = det(A’;). By
Case 1 det(A%;) is 1, -1 or 0.

It is known that under row operation (2) a matrix remains totally unimodular ([12], page
280, (iii)). Note that the operation (1) takes A to A’ such that the first column entries of
A’ are 0 except a); (since a;; — a; — a;a;1 = 0). Any submatrix of a totally unimodular

matrix is totally unimodular. Hence A’ remains totally unimodular under the row operation
(3). O

Theorem 2.4.3. Let A be an m X n totally unimodular matriz and Py(A, b, ¢c) = {x € R™ |
Az < bk + ¢, > 0} be a polytope where b and ¢ are integer vectors. Then for k > 0, the
number of integer points in P.(A, b, ¢) is a polynomial in k. If dim(P(A, b, 0)) is equal to
n, then the degree of the polynomial equals dim(P; (A, b, 0)) and the leading coefficient equals
the volume of Py(A, b, 0).
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Proof. Let Py(A,b,c) be the polytope defined by the system of m linear inequalities

a;1ry + apxrs + ... + 1Ty S blkf +
a91T1 + Qo9Ts + ... T+ Q2p,Tn < bzk‘ —|— Co (22>
Am1T1 + ATz + ...+ ATy S bmk: + Cm

which is written in short as Ax < bk 4+ c. We will proceed by induction on the number of

variables n. Let n = 1, the polytope is defined as
{r1 €R [ apnzy < (bik +¢),1 <i<m, x>0}

Let I be the set of indices ¢ for which a;; = 1 and J be {0}U the set of indices j for which
a1 = —1. Put by = cp = 0, and switch the signs of b;s and ¢;s for j € J. Then the polytope

can be given by
{IL‘l eR | I S (bzk:—l—cz), I 2 (bjk"f'Cj),i € ],j € J}
We assume that b; < b; for all 4, j, since otherwise the polytope is eventually empty.

Let B~ = max(b; : j € J), and B = min(b; : @ € I). Further, let C~ = max(c; : b; =
B7) and C" = min(¢; : b; = BY).

Then for k > 0, we have
Lpk)=#{zr €Z:Bk+C <z <B'k+C"'}=(BT"-B)k+(Ct-C7)+1.
Thus the theorem holds true for n = 1.

If all ¢;s are 0, it reduces to the Ehrhart’s theorem and the result follows by Proposition
2.4.1] So without loss of generality assume ¢; > 0. The integer solutions of the system (2.1)

can be split as integer solutions of

a;lry + apexs + ...+ Q1T S blki
as1r1 + ag99ry + ... + Ao2nTy S bgk? + ¢

. (2.3)
Am1T1 + QmaTo + ...+ QanTn < bnk + .
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and integer solutions of

anry + apry + ... + R, = bkt
anTi + apry + ... 4+ apr, < bk + Co (2.4)
Am1T1 + GmaTa + ...+ QunZn < bnk + .

for j=1,2...,¢1.

Let Lp(k) denote the number of integer points in the polytope P. Write Py(A, b, c) as P
for brevity. Let P, and Pj; be the regions defined by the systems (2.3) and (2.4) respectively.
Since P is a polytope, it is bounded. The regions P, and P;; are subsets of the polytope P,

hence they are also bounded and are polytopes. Then we have
Lp(k) = Lp,(k) + Y _ Lp,, (k).
j=1

The polytopes P;; can be projected to an n — 1 dimensional space as follows.

Let fi(x) = a1y + ... + a1px,. If all the coefficients a;, are zero, we can safely ignore
the 1st inequality from the set of inequalities (2.2) describing the polytope P, since this only

gives a bound on k. Thus assume that a;; # 0. Then we get

x| = al_ll(blk: +j— Zalkxk).
kA1

We eliminate the variable z; from (2.4) by substituting this equation to get

ajt(aprs + ... dapmT, ) < aj(bik +75)
aglal_ll (blk +j - Z alkxk) + a29T9 + ce + A2nTn S bgk + Co
kA1
amay; (bik + 35— 3 aypay) + moTs  + . +  UnTn < bk + .
kA1
(2.5)
for j=1,2...,¢1.
These m inequalities can be written as A'’x’ < b’k + ¢’ where x' = (z,...,x,). There is

a bijection between the non-negative integer solutions of (2.4) and (2.5). Hence it is enough
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to show that A’ is totally unimodular. This follows from Lemma [2.4.2] Hence by induction
Lp,,;(k) is a polynomial for k£ > 0.

Now assume c; > 0 and repeat the same splitting process on Py to get Lp (k) as the

number of integer solutions of

a1y + appxry + ... + A1y S blk
911 + a29To9 + + Ao2nTp S bgk
as1 1 + a32T2 + ... + A3n, Ty S bgk + C3 (26)
Am1T1 + GmaTa + ...+ QunZn < bpk + .
and the integer solutions of
a;lry + apers + ... + Q1T S blk
a21T1  + QT + + agr, = bok+j
a3x1 + azers + ... 4+ aspx, < bk +c3 (27)
Am1T1 + QmaTos + ...+ AnTn < bnk +cn.

for j =1,2...,¢5. So we have
Lp (k) = Lp,(k) + ZLPQJ

where P, is the polytope defined by (2.6) and P; by (2.7). By repeating this process we get

Lp(k) = Lp, (k +ZZLP”

=1 j=1

where Lp (k) is a k-dilated polytope since all ¢;s are zero in the inequalities defining P,,.
Lp, (k) is a polynomial in k of degree dim(P;(A,b,0)) and leading coefficient volume of
Pi(A,b,0) by Ehrhart’s theorem and Lp,;s are polynomials for k > 0 by the arguments
given above. Hence Lp(k) is a polynomial for k > 0.

The dimension of a polytope can be no greater than the number of variables used to
define it. Hence degrees of Lp, (k)s are less than n. So if dim(P;(A,b,0)) is equal to n, then
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the degree of the polynomial Lp(k) equals n and the leading coefficient equals the volume
of Pl(A,b,O) ]

2.4.1 Counting integer points in transportation polytopes

Write M, for the number of non-negative integer points in the transportation polytope

P(r,c), for margins r and c.

Lemma 2.4.4. Let r, = (pk+a; | 1 < i <s)and ¢, = (gjk+b; | 1 < j < t) where
Yopi=_q; and Y a; =Y b; for p;,q;,ai,b; € Z. Then for k > 0, My, ., is a polynomial
in k of degree equal to (s — 1)(t — 1) and leading coefficient V (p, q), the relative volume of
the transportation polytope P(p, q).

Proof. The non-negative integer points in P(ry, cg) are in bijection with the non-negative
integer points in its projection onto RC=D¢=1 " P'(r, ¢;) defined as solutions of A'x < b'k+c’
for some totally unimodular matrix A’ and vectors b’ and ¢’ as explained after Proposition
[2.3.4] Hence the result follows by Theorem [2.4.3] O]
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Chapter 3

Chinese Remainder Theorem for

Partitions

Analogous to the Chinese remainder theorem map for numbers Z/stZ — Z/sZ x 7/tZ, we
define a map core,; : Cyy — C x C} taking an st-core to its s-core and t-core. The fibres of
of this map are infinite, but we stratify them by length to get finite sets. In this Chapter,
we study the asymptotic growth of these finite strata.

We will see that enumerating fibres of core,; of given length is equivalent to counting
non-negative integer matrices with prescribed row sum and column sum. Then we use the
theory of polytopes developed in Chapter 2 to understand the asymptotics of the cardinality
of fibres.

3.1 Co-prime case

Recall from Section that there are bijections &7, : C* — ((Z/:Z)) for every integer n.

Define
o () = (7)) < (%)

as S (F) = (S(F), S (F)), where . and . are as in Section |1.2.2] we have the commu-

tative diagram
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cores, ¢

ck CF x Cf

l l (3.1)
(h7) 25 () > (1)

3.1.1 Existence

In this section, we prove the surjectivity of the map cores; when s and t are co-prime. We

use the notation A\; = Ay mod s for cores(\;) = cores(Ay).

Theorem 3.1.1. Given s,t such that ged(s,t) =1, an s-core o and a t-core T, there exists

a st-core \ such that

A=0 mod s,

A=7 mod t.

Proof. 1t is enough to prove the surjectivity of the map .7 ,. Given (Fy, F;) € ((Z/]:Z)) X
((Z/ktz)) where k € N is the cardinality of F, and F}, we will construct F' € ((Z/ 2%)) such that
o) = (Fs, I).

Let FS = {f817f827 . '7fsk} and E = {fthft?a .. '7ftk}‘ Then define F’ as,

F={fi,fo., fx}

where f; is the unique solution modulo st to the congruences x; = fy; mod s and x; = fy;
mod ¢, which exists by the Chinese remainder theorem. Then .7 ,(F) = (Fj, F}). O

The proof of Theorem m gives an algorithm to find an element in each fibre of cores,.

Example 7. Let s =2,0=(3,2,1) and t =3, 7 = (1, 1).

Then H(o) = {5,3,1} and H(7) = {2,1}. We need beta sets of equal length to apply
the construction as in the proof of Theorem [3.1.1l So we consider H> = {5,3,1} and
H? = {3,2,0).
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Let Fy = H2, ={1,1,1} and F, = H?; = {0,2,0}.

Now to find F such that . ,(F) = (Fs, F;) we solve the following congruences

r1 =1 mod 2, z; =0 mod 3
o =1 mod 2, z9 =2 mod 3

r3 =1 mod 2, z3 =0 mod 3

and get the unique solution modulo 6 as F' = {3,5,3}. The 6-abacus display of F' is

Hence, H(A) = {9,5,3} and A = (7,4, 3).

3.1.2 Counting fibres

Foro € C, 7 € C; and k € N let
Ny o (k) = #{\ € Cy | cores(N) = o, core,(N) = 7,0(\) < k}.

In other words, N, ,(k) is the cardinality of the fibre of core,; : C% — C* x CF over (o, 7).
By the commutative diagram (3.1]), N, (k) can also be thought of as the cardinality of the
fibre of .7, over (H} , HE,).

,8?

Counting fibres of (0,0) with s =2 and t = 3

We first look at an example where 0 = ) is a 2-core and 7 = () is a 3-core. We will show

that for k> 0, Nyg(k) is a quasi-polynomial of degree 2 and quasi-period 6.

It is trivial that Njg(1) = 1, since the only 6-core of length no greater than 1 in the fibre
is the empty partition itself.
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To find 6-core solutions of length no greater than 2, we consider the 2 and 3 abacus

displays of the length 2 beta set of the empty partition, Hj = {1,0}.

01 012
e o ® o O
o O o O O

Therefore Hj, = {0,1} and Hj, = {0,1}.

Given a partition A we find its s-core by displaying its beta set on an s-abacus and moving
the beads to their highest possible position. So to get back the beta set of a partition from
the abacus display of its core we have to move the beads down. Therefore to find the beta
set of a 6-core of length no greater than two whose 2-core and 3-core abacus displays are as
given in the figure above, we have to find a bead configuration that can be attained on both
abaci by moving the beads down on the runners. This can be done by solving the system of

congruences

1 =0 mod 2, zy =0 mod 3

o =1 mod 2, z9 =1 mod 3.

This gives the beta set of a 6-core solution as H3 ¢ = {1,0} ~» Ay = 0.

To get another solution we consider another set of congruences obtained by matching the

elements of Hj , and H 5 in a different way.

1 =0 mod 2, zy =1 mod 3

o =1 mod 2, 29 =0 mod 3

Hence the beta set of another solution is H3, s = {4,3} ~ Ay = (3,3).

Here we observe that the number of solutions of length 2 is equal to the number of
distinct matchings between the multisets H&z and H(z%,s‘ Therefore we come to a conclusion
that Nyg(k) is equal to the number of distinct matchings between the multisets H&Q and
Héﬁi,). Now consider 2 x 3 matrices whose (7, j)th entry a;; is defined as the number of i’s in
H&Q matched with the number of j’s in H&B. The number of distinct matchings between the

multisets H52 and H§3 is equal to the number of such matrices.
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The length 6k,6k + 1,6k + 2,...,6k + 5 beta sets of the empty set modulo 2 and 3 are

Hgg = {0%F, 13k} Hgg = {012k 9%k}
H(Z?,l;Jrl = {0PFF1, 13k) HS,’S,“ = {01 12k 9%k
H§§+2 e Ea! HS?Q = {01 12041 92k}
H§§+3 = {0PRF2 3k} Hg)?s = {Q+1 1241 92k+1Y
Hgf;+4 = {032, 13k+2) Hg7§+4 = {02F+2 1241 92k+1Y
H§§+5 = {033 13k+2) H§§+5 = (k2 12642 92k+1Y

Let ry = (Hgﬁ’;”(r) |r=0,1) and ¢y = (Hgg”(c) | c=0,1,2). Then Nyy(6k+i) = M,

Tik>Cik *

For example ro, = (3k,3k) and cor, = (2k, 2k, 2k). Npgy(6k) equals the number of 2 x 3
integer matrices with row sum 7o, and column sum cg,. Now we count this as integer points

in the transportation polytope for margins 7o, and cqp.

Let A = :

i
a

> <
o

] , the transportation polytope for margins ro; and cg, can be defined

as follows.

kE<xr+y<3k

0<x <2k
0<y<2k
0,24 K, 2K)
(2k, k)
(0, k)
(k, 0) (2k, 0)
By Ehrhart’s theorem, M, ., = 3k? + 3k + 1.
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Now for ry;, = (3k + 1,3k) and ¢y, = (2k + 1,2k, 2k), the transportation polytope is
defined as

k+1<az+y<3k+1

0<z<2k+1
0<y<2k
k+1, 2k
0,20 |—— (k+1, 2k)
(2k+1, k)
(0, k+1)
(k+1, 0) (2k+1, 0)

Here we can see that coordinates are of the form ak + b, hence we apply the variant of

Ehrhart’s theorem from Lemma to get M, o, = 3k* + 4k + 1.

Similarly we get M, = 3k%+5k+2, M, = 3k% +6k+ 3, M, = 3k2 + Tk + 4,

M., o, = 3k*+ 8k +5. Hence Ny (k) is a quasi-polynomial of degree 2 and quasi-period 6.

2k>C2k 3k>C3k 4k>Cak

Therefore, for s = 2, t = 3,

(3k% + 3k + 1, if n =6k

32+ 4k+1, ifn=6k+1

Nyg(n) = 3k +5k+2, ifn=06k+2 (3.2)
’ 3k2+6k+3, if n=06k+3

32+ Tk 44, ifn==6k+4

(3k* + 8k +5, if n=06k+5

Now we prove the general case using the ideas from this example.
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Lemma 3.1.2. Suppose ged(s,t) =1 and let by = max{{(c),((T)}. We have

0 if k < €

N, (k) =
My, if k>4

where T, = (HE (r) |0 <r <s—1) and ¢, = (HE(c) |[0< e <t —1).

Proof. The s-core of a partition is obtained by removing s-hooks. Hence the length of core A
is definitely no greater than the length of A itself. So N, (k) = 0 for k < 4.

For k > {y, N,.(k) is the number of distinct matchings between the multisets H(’fvs
and Hf’t. This is equal to the number of non-negative integer matrices with row sum
r, = (HE (r) |0 <7 <s—1)and column sum ¢, = (HF,(c) [0 < e <t—1). O

Write V (s, t) for the relative volume of the transportation polytope for row margins
(s,...,s) and column margins (t,...,t). Finding the volume of a transportation polytope is
—— ——

t times s times
a hard problem. The volume of a special kind of transportation polytope of n x n doubly

stochastic matrices with margins (1, ..., 1) has been much studied [6].
Theorem 3.1.3. For k > 0, N,,(k) is a quasi-polynomial of degree (s — 1)(t — 1) and
quasi-period st, with leading coefficient V (s, t).
Proof. By Lemma [3.1.2 for i > £y, N, (i + stk) is the number of matrices whose margins
are (HL™(r) |0 <r<s—1)and (H3*(c) [0 < e <t —1).
For ¢ > ¢y, by Lemma the margins satisfy the property,
(HE™ ) |0<r<s—1)=(H, (r)+th|0<r<s—1),

(H™ () [0<e<t—1) = (H(c)+sk|0<c<t—1).

Hence, for a fixed ¢ the margins are of the form (tk + ag,tk + aq,...,tk + as_1) and (sk +
bo, sk + b1,...,sk + b;_1). By applying Lemma , we get that for each ¢ such that
by <i < /ly+st—1, N,.(i+ stk) is a polynomial in k for k > 0 of degree (s —1)(¢t — 1) with
leading coefficient V (s, t). O
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3.2 Non-coprime case

For s,t € N such that ged(s,t) = d and lem(s,t) = m, consider the map
coregy @ Cpy, — Cs X Cy.

Given the map .7, : ((Z/,TZ)) o ((Z/Ijz)) X ((Z/ktl)) defined as Z(F) = (S(F), £(F)),

where . and .¥; are as in Section [1.2.2] we have the commutative diagram

cores, ¢

c* C* x CF

l l (3.3)
() =5 (1) < ()

3.2.1 Existence

Given s,t such that ged(s,t) = d, lem(s,t) = m, an s-core o and a t-core 7, there exists a

m-core A such that

A=o0c mod s,

A=7 modt

if and only if o =7 mod d.

Proof. Suppose there exists an m-core A such that core,A = o and core; A = 7. By Proposi-

tion [[.1.2]

COTe Core s\ = coregl,
COre Core; A = coregA.

Hence corego = coreyr.

Conversely, given o € C,, 7 € C; where corego = coreyr, we will show that there exists
A € C,, such that core,\ = o and core,A = 7. It is enough to show that for (Fj, F,) €
((Z/;Z)) X ((Z/;Z)) where .7(Fy) = #4(F}), there exists an F' € ((Z/Z‘Z)) such that .7 (F) =
(Fs, I).
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As in co-prime case, we will construct F' satisfying this property. Let Fy = { fq, fs2,-- -, fsr}
and Fy = {fu, fio, -, fur}. Let

CSﬂfi(}?ug):{Jc.Leziz' |fsdi:fsi mod d,lgzgk}
and
Fa(Fy) = { fuai | frai = fri mod d,1 <i <k}

Since Sy(Fs) = S4(F;) we assume foq; = figi for 1 < i < k. Then define

F={fi,fo.., fx}

where f; is the solution to the congruence z; = f,; mod s and z; = f;; mod ¢t. By CRT
we know that this solution exists and is unique modulo m, since fy; = fi; mod d. By the
definition of F', .7 +(F') = (Fy, F}). O

3.2.2 Counting fibres

For o € Cy, 7 € C; such that c =7 mod d and k£ € N let
N, - (k) = #{X\ € Cy, | coreg(N) = o, core (N) = 7,(N) < k}.

Then N, (k) is the cardinality of the fibre of cores; : Ck — C* x CF over (o,7). By the
commutative diagram (3.3), N, ,(k) can also be thought of as the cardinality of the fibre of
Sy over (HY  HE)).
Lemma 3.2.1. Suppose ged(s,t) = d, lem(s,t) = m and let by = max{l(0),l(T)} ando =T
mod d. We have

0 if k<t

Nor(k) = 4 &1 .
HO Mrjk7c].k ka Z f()
J:

where e = (HE (j+ad) |0<a <25 —1) and ¢jp = (HE,(j4+0d) |0 <b< L —1).

s 1
d d

Proof. 1t is obvious that for k < ¢y, N,,(k) = 0.
For k > {y we know that, N, (k) is the cardinality of the fibre of .7, over (HE,, HF,)

0,59
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where #(HY,) = S4(HE,). Tt is equal to the number of distinct matchings between the
multisets H*  and HF* Wlth the condition that f € H*  is matched with g € HF -+ if and

0,8 T, as

only if f = ¢ mod d.

So we split H}
t=gqd. For 0 <j<d-—1 let,

and Hf’t into d sets whose elements can be matched. Let s = pd and

H  ={j+adeH} |0<a<p-—1}

0,8,]
Hft]_{j‘i‘bder,t‘Ogbfq_l}-

Note that, HY , = U and HF, = U

O’Sj Tt]

Hence the number of distinct matchings between the multisets H fjs and Hft with the

restriction given is equal to the product of the number of distinct matchings between the

multisets HY . and HY, .

As we have have seen earlier, the number of distinct matchings between the multisets

H,; and Hf, . is equal to M, o, where rj, = (H) (j4+ad) | 0 < a < 5 —1) and
cjk = (HE,(j+bd) | 0 <b <L —1). Thus the result follows. O

Lemma 3.2.2. Suppose ged(s,t) = d, lem(s,t) = m and let {y = max{{(0),l(T)} ando =T

mod d. Then for k > (o, there exist 3 cores 0;“, 3 cores Tf, and some integers {;(k) such
that
d—1
NUT(k) = Nak,fk(gj(k))
§=0

Proof. Let s = pd, t = qd, and let

Z L(j+ad) = Z (j + bd).

We define aé-“ by setting its length £;(k) beta set modulo p as,

lllff,;(ff;):{a|j+ad€H”C -}
‘77

0,5,7
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and define 7';?C by setting its length ¢;(k) beta set modulo ¢ as,

HYW ={b]j+0bd € HE,}.

7

From previous Lemma we know that, for £ > ¢

where 1, = (HY (j +ad) | 0<a <2 —1)and ¢j, = (HE,(j+bd) |0 <b< L —1).

t
d

Now the result follows since No,l_cﬂ.]k (¢;(k)) = M,

T .Cig*
j k- Cik

Example 8. s=6, t=9, d=3, m=18

o= (5,5,3,2,2) 7=(8,8,6,2,2)
H(o) =1{9,8,5,3,2} H(r) = {12,11,8,3,2}
012345 0123456738
O O e e O e O O e e O O O O e
O (o] [ ] [ ] (@] O (@] O [ ] [ ] (o] O o] (@] O

Now we display H (o) and H(7) on the 2 abacus.

_ 01 2
01 2
O (@] [ J
O (@] [ J
[ J (@] (e)
[ J (@] [ J
o (@] [ J
o O e
o O e
® O O
® O O
From this we get
Hg,ﬁ,o = {37 3} Hg,g,o - {37 3}
H§,6,1 = @ H(ig’l = @
Hg,6,2 = {27 2, 5} HS,Q,Q = {27 2, 8}

We define the number of distinct matchings between the empty sets to be 1.

37



The number of distinct matchings between HJ 4, and H24 o = 1.
The number of distinct matchings between H24, and H2y, = 2.
Therefore, N, ,(5) = 2. The 2 solutions can be obtained by solving the following system of

congruences.

z1=3 mod6and zy =3 mod 9 =— z; =3 mod 18
29o=3 mod 6 and 29 =3 mod 9 — z; =3 mod 18
z1=2 mod6and z1 =2 mod 9 = z; =2 mod 18
zp=2 mod 6 and zp =2 mod 9 =— 2z, =2 mod 18
z3=5 mod6and z3 =8 mod 9 — 23 =17 mod 18
H(\) ={21,20,17,3,2} ~ A\, = (17,17,15,2,2).

z1=3 modb6and z1 =3 mod9 — z; =3 mod 18
zo=3 mod 6 and 29 =3 mod 9 — z; =3 mod 18
z1=2 mod6and z; =2 mod 9 =— z; =2 mod 18
z2=2 mod 6 and zp =8 mod 9 — 2z, =8 mod 18
z3=5 mod6and z3 =2 mod 9 =— 2z3 =11 mod 18
H(X2) ={21,11,8,3,2} ~ Xy = (17,8,6,2,2).

Write V (5, %) for the relative volume of the transportation polytope for row margins

t t
(2, e Cfl) and column margins <E’ - ZZ)
3times 5 times

Theorem 3.2.3. For k > 0, N, (k) is a quasi-polynomial of quasi-period m = lem(s,t)

and degree %(s — d)(t — d), with leading coefficient (V (%, %)%

Proof. Let % = p, £ = ¢. By Lemma 3.2.1} for i > ¢y, N, (i +mk) is the product of the
number of matrices whose margins are (HZ{™(j +ad) | 0 < a < p—1) and (HL;™(c) | 0 <

c<q-1).
For ¢ > ¢y, by Lemma the margins satisfy the property,
(H ™ (j +ad) | 0<a<p—1)=(H,(j+ad) +qk |0 <r<p—1),
(HE™ (G +bd) |0<b<q—1)=(H.,(j+bd) +pk|0<b<g—1).
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Hence, for a fixed i the margins are of the form (¢k + ao, gk + a1, ...,qk + as_1) and (pk +
bo, pk + b1,...,pk + b,_1). By applying Lemma , we get that for each 7 such that
lo < i < ly+m—1, Ny-(i +mk) is a polynomial in k for k > 0 of degree (s — d)(¢t — d)
with leading coefficient (V/(, £))<. O
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