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Abstract

In this thesis, we will state and prove the relationship between distribution of primes and
Laplacian spectrum of a natural number network. We also look at Laplacian spectrum of
an arithmetic network and observed some interesting pattern for k-th highest eigenvalue
of a Laplacian matrix of an arithmetic network. We showed that the degree distribution
of natural number network and arithmetic network follows power law which means both

networks are scale free networks.
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Introduction

Spectral graph theory plays a significant role in a variety of areas such as number theory and
discrete mathematics. Spectral graph theory is the study of the properties of graph using
eigenvalues and eigenvectors of a matrix associated with a graph. Generally this matrix is
adjacency matrix or Laplacian matrix. In this thesis we mainly work with Laplacian matrix.
The graphs which we have studied are natural number network and arithmetic network. A
natural number network is a graph with vertices labelled as 1,2,--- ,n and the adjacency
is defined by divisibility relation. An arithmetic network is a graph with vertices labelled

according to arithmetic progression and the adjacency is defined by divisibility relation.

In Chapter [T we have stated the definition of Laplacian matrix, spectrum of a graph and star
shape graph which will be used in further chapters. In Chapter [2, we have established the
relationship between Laplacian spectrum of a natural number network and number of prime
numbers between n/2 to n. As the highest eigenvalue of a Laplacian matrix of a natural
number network with n vertices is n, therefore we have calculated the highest eigenvalues
of Laplacian matrix of an arithmetic networks and we have observed a pattern between the
highest eigenvalue and number of vertices. We have also calculated k-th highest eigenvalue
and observed some pattern between the k-th highest eigenvalue and the number of vertices
which is discussed in section [3.1 We have not yet proved this result theoretically but we
have done several numerical experiment and all these experiments support the result which
is stated in Section [3.1] In [I], W. N. Anderson and T. D. Morley gave a basic upper bound
for eigenvalues of the Laplacian matrix for a general graph. In [2], Li Jiong-Sheng and Zhang
Xiao-Dong improved the basic upper bound given by W.N.Anderson and J.D.Morley which
we have discussed in section [3.2.2] The improvised upper bound given by Li Jiong-Sheng
and Zhang Xiao-Dong is in terms of three highest degrees of a graph. In section [3.3] we have

given expression for three highest degrees of an arithmetic network to estimate the upper



bound on the highest eigenvalue of a Laplacian matrix of an arithmetic network.

In Chapter 4}, we have analysed the degree distribution of a network. In [3], S. M. Shekatkar,
C. Bhagwat and G. Ambika have analysed the degree distribution of a natural number
network. As this degree distribution follows power law, this network is called a scale free
network. In section |4.2] we have done the same analysis for different arithmetic networks
and we have observed that the degree distribution of arithmetic networks follows power law

and hence these networks are also scale free networks.



Chapter 1

Preliminaries

1.1 Laplacian matrix

Given a graph G with n vertices, its Laplacian matrix Lq is defined as :
LG = DG — AG

where D¢ and Ag are degree diagonal matrix and adjacency matrix of the graph G respec-

tively.

d; Dif 1=
0 : otherwise

DG(Z7]> = {

1 :if i and j are adjacent

Agl(i, jg) = {

0 : otherwise

1.2 Spectrum of a graph

The spectrum of a graph is defined as the multiset of eigenvalues of the Laplacian matrix
or adjacency matrix corresponding to a graph. In this thesis, we would be working with
Laplacian matrix of a graph. Laplacian spectrum of a graph is the multiset of eigenvalues

of Laplacian matrix of a graph.



1.3 Star shape graph

Figure 1.1: Gg

The star shape graph Gg consists of (n + 1) vertices, k components namely Ay, As,......,Ax
where each A; is finite and connected for all 1 < i < k, each A; has n; vertices and the
centre vertex V' is adjacent to all other n vertices in Gg and Aq,A,,...... A are disconnected

components in Gg \ {V'}.

1.4 Connectedness of a graph

A graph is said to be connected if there is a path between every pair of vertex. From every

vertex to any other vertex, there should be some path to traverse.
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1.5 Diameter of a graph

Diameter of a graph is the greatest distance between any pair of vertices. To find the
diameter of a graph, first find the shortest path between each pair of vertices. The greatest
length of any of these paths is the diameter of the graph.






Chapter 2

Laplacian spectrum of a network

2.1 Natural number network

Definition 2.1.1. A natural number network G,, is a simple undirected graph on n vertices
defined as follows:
Let vertex set and edge set of G, be Vg, and Eg, respectively.

[} VGn = {1,2,3,...,71}
o B, ={{j,k} is an edge if j < k and j|k where j k € Vg, }

Example 1. Natural number network with 10 vertices.

Figure 2.1: Gy



Remarks 2.1.1.

1. 1is adjacent to x ¥V x € Vg, and x # 1.

2. G, is connected.
3. Diam(G,) =2 V n>3.

4. Consider the graph G,. The vertex k is adjacent only to the vertex 1. <= k is a
prime and n/2 < k < n.

Let S ={p:1<p<nandpis prime}. Using prime counting function 7(z) which counts
the number of prime numbers less than or equal to = (asymptotically), we can deduce that
the number of primes p such that n/2 < p < n is equal to 7(n) — 7(n/2) as n — oo, where
m(n) = #{p : 1 < p < n and p is prime} as n — oo. The multiplicity of an eigenvalue
1 in the Laplacian spectrum of G,, increases as we increase the size of the natural number

network.

2.1.1 Laplacian spectrum of a natural number network

In G, let d; be the degree of i*" vertex which is also the degree of vertex i in G,,. Note that
G, is a simple undirected graph, so there are no multiple edges or self loops in the graph.

Let us define a matrix Lg, for G,, as follows :

A, cifi=]
Lg, (i,7) =4 —1 :if i and j are adjacent
0 : otherwise

Theorem 2.1.1. The number of prime numbers p such that n/2 < p < n. = Multiplicity of
1 wn the Laplacian spectrum of G,,.

This theorem is proved using the following lemmas:

Lemma 2.1.2. : U, = {All composite numbers less than or equal to n and all prime numbers

less than or equal to n/2} forms a connected component.
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Proof : We will use induction to prove this lemma,

Base case , n=4

Clearly, the component containing vertex 2 and vertex 4 forms a connected component. That
implies Uy is connected.

Assume that the lemma is true for n.

Then U, forms a connected component in GG,,. Note that the number of vertices in G,, is n.
Add vertex (n+ 1) to G, and add corresponding edges as well. Now we will show that U, 4
15 connected.

Case 1 : (n+1) is a prime number.

Clearly (n + 1) is greater than n/2 and it is a prime number, so the vertex (n + 1) will
jJust get connected vertex 1 in the graph G,.1, which implies that vertez (n + 1) will form a
component with only one vertexr and the component U, .1 will remain same as component U,
which we know that is connected. Hence the component U, form a connected component.
Case 2 : (n+1) is a composite number.

As (n+1) is a composite number 3 atleast one x € G4 such that x is adjacent to (n+1).
Now if we show that atleast one factor of (n+ 1) is less than or equal to n/2 then Case 2 is
done.

Claim : At least 1 factor of (n+ 1) is less than or equal to n/2.

Proof by contradiction, suppose that both the factors of (n+ 1) are greater than n/2. Let us
say, (n+ 1) = ab, where a > n/2 and b > n/2. Therefore (n + 1) > n?/4, which is false
for every n > 5. Hence the vertex (n + 1) is connected to one of the vertices in U, and we
know that U, is already connected which makes U, 1 also a connected component. Therefore

component U, 1 is a connected component in Gp1.
OJ

Lemma 2.1.3. There are (I + 1) components in G,, namely Py, P, ...... , P and U, where [
is the number of prime numbers p such that n/2 < p < n.

Proof : We know that the number of prime numbers p such that n/2 < p < n is equal to l,
which implies there will be | degree 1 wvertices in G, and each vertex corresponds to one
component as it is only connected to vertex 1 and not to any other vertex in G,,. It implies
that there are | single vertex components in G,, and in Lemma 2.1.2, we have already shown
that all the remaining vertices except vertex 1 forms a single connected component which we
have represented as U, therefore there are (I + 1) connected components in G, and we call

each singleton component as Py, Ps, ...... B

]



Lemma 2.1.4. The graph G,, is an example of the graph Gg.
Proof : The vertex 1 in G, is analogous to vertex Vin Gg as 1 is adjacent to x ¥V x € Vi and
x # 1. From Lemma 2.1.3 components Py, P, ...... , P and U, are (I+1) finite and connected
components of G, and Py, Ps, ...... , B and U, are disconnected components in G, \ {1}.
Therefore the graph G, is an example of the graph Gg.

O]

Lemma 2.1.5. Let G be a simple connected graph with n vertices, G¢ be its compliment and
K be the complete graph on these n vertices. Figenvalues of Lg are Ay =0 < Ay < -+ <\,
eigenvalues of Lge are iy =0 < o < -+ < p,, and Ly is the Laplacian matriz of K. Then,

Ai + pngo—s=mn; Vi=23-- n.

Proof : We can observe that Lg + Lge = Li and with the help of basic linear algebra we

can also see that L and Lo commute. Now we will show that Lg and Lge commute.

Lee = L — Lg
LeLge = Lol — LeLg (2.1)
LeeLg = LgLe — LeLe (2.2)

From eq. (2.1) and eq. (2.2) we have shown that Lg and Lge commute. We also know
that if two matrices commute then they have same eigenvector. Here, Lix and Lg commute
and Lg and Lge also commute. Hence, Lg, Lge, Lx have same eigenvector(Eigenvalues

corresponding to this same eigenvector may be different). We can observe that,
LKLG = LgLK = nLG
Let v be the eigenvalue of Lg corresponding to non-zero eigenvalue .

Lov = M\v
LxLav = ALkv
nLgt = ALgv
nAU = \Lg?

Ligv=nv

10



For any eigenvector v of L, the eigenvalue corresponding to v is n. Therefore,

Ly have eigenvalues {0,n,n,--- n}
——

(n—1)times

Lee+ Lo = Lg
LGCT) + LG@ - LKT}

Ai¥ + @0 = no

For each eigenvector v corresponding to eigenvalue n we will get \j+p; = n. The multiplicity
of eigenvalue n in the Laplacian spectrum of K is (n — 1), hence there will be (n — 1) pairs

of \i + p; = n. Let us arrange the values of \;’s in ascending order.

)\Q—i—uj:n
A3+ =n
An F ;=1

This will arrange p;’s in descending order.

Ao+l =1
A3+ fip—1 =N
A+ o =n

Therefore,
Ai o =n; V=23 - n.

Lemma 2.1.6. Let Gg be the star shape graph and A;’s are the components of Gs as defined
in section 2.1V 1 < i < k and the eigenvalues of La, be 0,Xi1, Ni2, -+ s Aign,—1) V1 <0 < k.

11



Then the eigenvalues of the Lq, are given by :

{0,1,1,1,--- .1, (n+ 1)} IT {(Nij+1):1<i<k,1<j<(n—1)and\;#0}

(k—1)times

(n -1 ~1

1 La+1 0 0

: 0 ' 0 0

Lg, =

0 Li+1 0 0

0o -0
-1 0 0 0 0 Ly+I

As vertex 'V in Gg is connected to every other vertex in Gg, we can say that the graph Gg
is connected. Therefore the smallest eigenvalue of L is 0. (Proof of this is given in [4])
Let v; represents the eigenvector of La, corresponding to the eigenvalue A\j; V' 1 < ¢ <
kand1 <j<(n;—1).

L0 = N\jU
(La, +1)o = Ly, v+ 1w
(La, + Do = (A +1)v

We have showed that if La, have eigenvalue X;; and eigenvector v;, then (La, + I) will
have eigenvalue (N\;; + 1) and eigenvector v; and Gg will also have eigenvalue (\;; + 1) with
eigenvector V. which will look like following,

Let,

X2

xini n;x1

12



Then,

<
I

- = (n+1)x1

Therefore G5 will have eigenvalue (\;; + 1) with eigenvector V. and which is true V 1 < i <
k,1<j<(n;—1). Therefore we have showed that the set

{Mj+1):1<i<k,1<j<(n—1) and N\ # 0}

is a set of eigenvalues of L¢,.

Gy is simple connected graph with (n+1) vertices and we can easily see from F' igure that
Gs© will have 2 connected components. Therefore the eigenvalues of Laye are pp =0 < pg =
0 <z <+ < ppyr and eigenvalues of Lag are Ay = 0 < Ay < -+ < N\ 4q. Using Lemma
(2.1.5),

po + App1 =n+1
An_i_l:n—i‘l

Therefore the highest eigenvalue of Ly is (n+ 1).

Let w; be the eigenvector of Ly, corresponding to eigenvalue 0. Therefore,

X

X

n;x1

13



LAZ-EZ' = Owu;

(La, + Dua; = 1u;
We have showed that if L, have eigenvalue 0 and eigenvector a;, then (L, + 1) will have

eigenvalue 1 and eigenvector w; and G will also have eigenvalue 1 with eigenvector U which
will look like following,

U

]
I

U2

u
LV (n+1)x1

We also know that eigenvector of Ly corresponding eigenvalue 0 is a constant vector and it
is orthogonal to every other non-zero eigenvector of L¢,.

1

il
—_

I

]

k
i=1

Equation implies that if we fix any (k — 1) x;’s then the remaining one x; is fived,
therefore degree of freedom for this equation is (n—1) and hence the dimension of eigenspace
related to eigenvalue 1 for matriz Lg, is (n—1). As the dimension of eigenspace is number of
linearly independent eigenvectors corresponding to the eigenvalue, therefore the eigenvector
U have (k — 1) chooses which are linearly independent which implies the multiplicity of

eigenvalue 1 for matriz Lag is (k —1). Hence the eigenvalues of the Lg, are given by :

{0,1,1,1,--- ., 1, (n+ 1)} II {(N\;j+1):1<i<k,1<j<(n—1)and)\;#0}

(k—1)times

14



We hereby provide the proof of Theorem 2.1.1 using the lemmas stated above.

Figure 2.2: G,

Proof of Theorem 2.1.1:

In Lemma 2.1.4, we have proved that the graph G, is an example of the graph Ggs. From
Figure PP, ... , P, and U, are (I + 1) connected components of G,. From Lemma
2.1.6, the multiplicity of eigenvalue 1 in the Laplacian spectrum of Gg is equal to (k — 1),
which indeed is equal to number of connected components of Gg minus 1. In natural number
network G, there are (I+ 1) connected components, hence the multiplicity of eigenvalue 1 in
the Laplacian spectrum of G, is |, which indeed is equal to number of prime numbers p such
that n/2 < p < n.

. Number of prime numbers p such that n/2 < p < n. = Multiplicity of 1 in the Laplacian
spectrum of G,. O

Remark 2.1.2. According to Bertrand’s postulate 3 atleast one prime number between %

2
and n. From Theorem 2.1.1 and Bertrand’s postulate we can observe that the second lowest

eigenvalue of Lg, is 1 as there is atleast one prime number between g and n.

15



2.2 Arithmetic Network

Definition 2.2.1. Arithmetic network Gaan, s a simple undirected graph on n vertices
defined as follows : Let vertex set and edge set of Gaan are Vg, ., and Eg, , . respectively.
o Voo, =1dk+a:(a,d)=1and k=1,2,3,...,n—1}

o Eq, ,. ={{dki+a,dks + a} is an edge if k1 < ko and (dk; + a) | (dke + a)}

a,d,n

Let us start with simple example of the graph that is Gy 4,,.

e Vo, =1{1,5,9,--- ,4n — 3}

® Ba,,, = {{4k1+ 1,4k, + 1} is an edge if ky < ky and (4ky + 1) | (4ko + 1)}

Figure 2.3: G174712

Notice that Gy 1, = G,,. The natural number network is an example of arithmetic network.

16



Chapter 3

Laplacian spectrum of an arithmetic

network

3.1 k-th highest eigenvalue of Léc, g,

Laplacian spectrum of an arithmetic network is defined as the multiset of eigenvalues of

LGCL d
of a,d. We also vary values of a,d to observe how highest eigenvalues changes according

.- We have calculated the eigenvalues of Lg, , , for different values of n for fixed values

to the values of a,d. We have plotted the graph of highest eigenvalue of Lg, ,, verses the

number of vertices and following are our observations.

4kt

Number of vertices

Figure 3.1: Zoomed version for 4k+1
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Highest

Number of vertices

Figure 3.2: Zoomed version for 8k+5

Let the highest eigenvalue of a Lg with n vertices be Hy(Gqq.,). Observations for highest

a,d,n

eigenvalue of Lg

a,d,n’?

1. 1¥i<(;a¢tal+1> ~ }{1((;a¢tab+2) I }{1<(;a¢tal+a)

2. }]i((;a¢ta+n) _'}ii((;a¢tn) ~ 1.

8k+5
T

y=0.2"+0.80293

001

Highest eigenvalue
= =
T

s
T

’ | | | |
0
0 100 0 n 0 50 600

Number of vertices

Figure 3.3: First value plot. From the group of every five points in Figure [3.2] we have
plotted first point from every group against the corresponding value of number of vertices.
The equation of the graph is given by y = %x + % +0.00293. The equation of first value plot

for general arithmetic network (Ggq,) is given by y = %x + “Tfl + c.
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8k+5
T

Wl y=02%+ 060293

Highest eigenvalue

o I I I
0
0 100 20 300 400 500

Number of vertices

Figure 3.4: Second value plot. From the group of every five points in Figure [3.2], we have
plotted second point from every group against the corresponding value of number of vertices.
The equation of the graph is given by y = %x + % + 0.00293. The equation of second value

plot for general arithmetic network (G, 4,,) is given by y = é$ + ‘%2 +c.

8k+5
T

s
T

y=0.2"+0.40293

£ E = s
T T T T

Highest eigenvalue
B
T

ol | | | | | |
0
0 50 100 150 200 250 300 350 400 450

Number of vertices

Figure 3.5: Third value plot. From the group of every five points in Figure [3.2] we have
plotted third point from every group against the corresponding value of number of vertices.
The equation of the graph is given by y = %JJ + % + 0.00293. The equation of third value

plot for general arithmetic network (G, 4,,) is given by y = éaﬁ + ‘%3 +c.
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8k+5
T

y=0.2"%+0.20294

100

Highest eigenvalue
3 =2
T

s
T

L | | | |
0 100 200 300 400 500

Number of vertices

Figure 3.6: Fourth value plot. From the group of every five points in Figure [3.2, we have
plotted fourth point from every group against the corresponding value of number of vertices.
The equation of the graph is given by y = %x + % + 0.00293. The equation of fourth value

plot for general arithmetic network (G, 4,,) is given by y = é$ + ‘%4 +c.

8k+5
T

£
T

y=0.2% +0.0029368

E] s = =
T T T T

Highest eigenvalue
T

i I I I I I I I I I
0 50 100 150 200 20 300 350 400 450

Number of vertices

Figure 3.7: Fifth value plot. From the group of every five points in Figure [3.2] we have
plotted fifth point from every group against the corresponding value of number of vertices.
The equation of the graph is given by y = %x +0.00293. The equation of fifth value plot for

general arithmetic network (G 4.,) is given by y = %x + ‘%5 + c.
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There are five different graphs in the case of 8k + 5 as the value of a in 8k +5 is 5. In general

case i.e. dk + a we will have a different plots.

We have also plotted the graph between 2nd highest eigenvalue of Lg, ,,, and the number of

vertices for different values of a,d and following are our observations:

2nd Highest eigenvalue

Nurmber of vertices

Figure 3.8: Zoomed version for 2k+1

3k+2

2nd Highest eigenvalue

Nurber of vertices

Figure 3.9: Zoomed version for 3k-+2

Let 2nd highest eigenvalue of a Lg, ,,, be Hy(Ga.4,). Observations for 2nd highest eigenvalue

21



of LG

a,d,n?

L. Hy(Gag(atair2) ~ Ha(Gad(atrairs) ~ - ~ Hi(Gad(atd)i+(atd+1))-

2. H2(Ga,d,(a+d+n)> - HQ(Ga,d,n) ~ 1.

2k+1

Highest eigenvalue

4th

Number of vertic

260 20

£s

Figure 3.10: Zoomed version for 2k+1

Let k-th highest eigenvalue of a Lg, ,, be Hiy(G

value of Lq, , .,

adn)- Observations for k-th highest eigen-

L. Hy(Gadfatro—1)di+k) ~ Hi(Gad ot h=1)djir-th1)) ~ =~ Hi(Gadfat-(k=1)d)(14+1)+(k=1)) ) -

2. Hk(Ga,d,(aer(kfl)Jrn)) - Hk(Ga,d,n) ~ 1.

Note that X ~ Y indicates | X — Y| < 0.01

22



3.2 An upper bound on eigenvalues of Laplacian ma-

trix of a graph

3.2.1 Basic Upper Bound

In [I], W. N. Anderson and T. D. Morley gave a basic upper bound for eigenvalues of the
Laplacian matrix of a graph G in terms of the degrees of the vertices of graph. Their result

is the following:

Theorem 3.2.1. : For a given graph G, let dy > dy > --- > d,, be a degree sequence and A
is an eigenvalue of L(G), then

A < (dy + dy) (3.1)

3.2.2 Improved Upper Bound

In [2], Li Jiong-Sheng and Zhang Xiao-Dong improved the basic upper bound given by
W.N.Anderson and J.D.Morley. Their result is the following:

Theorem 3.2.2. For a given graph G, let dy > dy > --- > d,, be a degree sequence and X is
an eigenvalue of Lg of G, then

A< 24 /(dy +dy —2)(dy + d3 — 2)

To prove this we need following definitions and lemmas:

Definition 3.2.1. Let G = (V, E) be a simple graph with vertex set V. = {vy,ve, -+ ,v,}
and edge set E = {ey,eq,--- ,en}. For every edge e; = (v, v,) assume one end of an edge
to be positive end and other end to be negative end, then the oriented incidence matriz () of

a graph G is an (n x m) matriz defined as follows:

1 . if v; 1s the positive end of e;
Qi,j) =< —1 : if v; is the negative end of e,
0 . otherwise

23



We can notice that QQT = L.

Definition 3.2.2. Given a graph G, its line graph K is a graph defined as follows: Each
vertex of K represents an edge of a graph G and two vertices of K are adjacent if and only

if their corresponding edges share a common endpoint in G.

Example 2. An example of a line graph K of a graph G.

Figure 3.11: G Figure 3.12: K

Notice that, if e; = (vg,vy) then the degree of e; in line graph K is given by,
d(e;) = d(ve) + d(vy) — 2

Lemma 3.2.3. For a given graph G, let dy > dy > --- > d,, be a degree sequence and let B
be the adjacency matrixz of the graph K of G. If i is the highest eigenvalue of B, then

MS\/(d1+d2—2)(d1+d3—2)

Proof of Lemma 3.2.3 is given in [Z]. We will assume that Lemma 3.2.4 is true and use it

i proving the improved upper bound.
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Lemma 3.2.4. For a given graph G, let ) be its oriented incidence matriz. Let B be the
adjacency matriz of the line graph K of G. Then |QTQ| = 2L, + B, where |A| stands for
the matriz whose entries are absolute values of the entries of A.

Proof: Every main-diagonal entry of B is 0 as their there are no self edges in K. For (i, j)
and i # j, the (i,7) entry of B will be 1 if the edges e; and e; and adjacent in graph G, and
0 otherwise. Whereas each main-diagonal entry of |QT Q| is 2 and all other entries of |QT Q|
are same as entries of B. Therefore, |QTQ| = 21, + B. O

We hereby provide the proof of Theorem 3.3.2,

Proof of Theorem 3.3.2: Let the highest eigenvalue of a matriz A be H(A). From Lemma
3.2.3 and Lemma 3.2.4,

HIQTQN) <2+ H(B) <2+ /(di+dy — 2)(dy + ds — 2)

We know that H(QTQ) < H(|QTQ|) and (QTQ) and (QQT) have same non-zero eigenvalues.

S H(QQT) = H(QTQ) < 2+ /(di + do — 2)(dy + d3 — 2)

SHQEQT) = X< 24/ (dy + dy — 2)(dy + ds — 2)

SN 244/ (dy 4 dy — 2)(dy + ds — 2) (3.2)

It is clear that (3.2) is a better upper bound than (3.1).

Corollary 3.2.5. For a given graph G, let dy > dy > -+ > d,, be a degree sequence and X\ is
an eigenvalue of L(G) of G. If the two vertices of the largest degree are not adjacent to each
other then,

A <d;+ds

O

Remarks 3.2.1. In [1/, W. N. Anderson and T. D. Morley proved the following statement,

which 1s stronger than Theorem 3.2.1.
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Theorem 3.2.6. For a given graph G, if A is an eigenvalue of Lg, then

A< max {d(u)+d(v)}

(u,v)EEqG

In a similar way, we may prove the following result,

Theorem 3.2.7. For a given graph G, if A is an eigenvalue of Lg. Let

a= max {d(u)+d(v)}

(u,v)€EG

and let us assume that (x,y) € Eg is a edge such that,

a = {d(z) +d(y)}

Now lets denote,
b= max {d(u)+d(v)}

(u,0)€EG—(z,y)
Then,

A<2++/(a—2)(b—2)

3.3 Degree estimation for arithmetic network

Let Gy 4, be an arithmetic network as defined in definition (3.0.1).

e Vo, ={dk+a:(a,dy=1and k=1,2,3,...,n—1}

3.3.1 Expression for degree of (dk + a)

Let D(dk + a) denotes the number of proper divisors of (dk +a) € Vg, ,, and M (z) denotes
the number of proper multiples of (dk + a) € Vg

a,d,n "

deg(dk + a) = D(dk + a) + M (dk + a)
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Let us calculate the degree of seed vertex which is deg(a),
deg(a) = D(a) + M(a)

Clearly, D(a) = 0. Now let us calculate the value of M (a),

M(a) = #{k1 : a|(dk1 +a), 1 <k < (n—1)}

M(a) = #{k1 : aldky, 1 <k <(n—1)}

M(a) = #{ki:alk;, 1<k <(n—-1)} - {gcd(a,d) = 1}
M(a) = #{ki:ki=ac, 1<k <(n—1),ceZ"}
M(a)=#{c: 1/Ja<c<(n—1)/a}

o

- deg(a) = V - 1J

a

In a similar way, we can calculate the value of M (dk + a) for general 0 < k < (n — 1).

M(dk + a) = #{k1 : (dk + a)|(dk1 +a), (k+1) <k <(n-—1)}
M(dk + a) = #{k1 : (dk + a)|d(ks — k), (k+1) <k <(n—1)}
M(dk+a) = #{ki : (dk +a)|(ky — k), (k+1) <k <(n—-1)} - {gcd(dk + a,d) =1}
M(dk +a) = #{ki: (k1 — k) =(dk+a)e, (k+1) <k <(n—1),ceZ"}
M(dk+a)=#{c: 1/a<c<(n—k—-1)/(dk+a)}
n—k—1
S M(dk +a) = Ldk——l—aJ

It is slightly difficult to calculate the value of D(dk + a) for a general value of k. So we can
find the value of D(dk + a) for some of the cases.

1 cifa=1
D(d+a)=
( ) {O : otherwise
1 cifa=1 2
D(2d +a) = Ha=
0 : otherwise
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e 1 cifa=1
codeg(d+a) = Ldt%J + if a |
L%J . otherwise
n—3 1 - if _ 19
o deg(2d +a) = Lde;J + ifa=1,
L2nd-|ra : otherwise

Conjecture 1. In an arithmetic network, deg(a) > deg(a + k1d) V ky =1,2,--+ (n —1).

It is easy to prove above conjecture for a = 1.
Proof: deg(l) = (n—1) and deg(1+kid) < (n—1)V ks =1,2,---,(n—1).

codeg(l) > deg(1+kid) Vi =1,2,--- ,(n—1)

We tried to prove this conjecture for general a. However, we could not complete it.
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Chapter 4
Degree distribution of a network

Definition 4.0.1. A scale-free network is a network whose degree distribution follows a
power law, at least asymptotically. The fraction P(k) is defined as the number of nodes in
the network having k connections to other nodes divided by the total number of nodes in the

network. We say the network is scale free, if for large values of k
P(k) ~ k™

where v 15 a parameter whose value typically lies in the range 2 < v < 3, however it may lie

outside this range.

4.1 Degree distribution of a natural number network

We have already defined natural number network in chapter 1. The nodes in natural number
network are 1,2,--- n and there is a edge between two nodes if either of the two divides
the other. Recall that we represent natural number network with n vertices as G,. As
the sequence of natural numbers have natural ordering it is better to view natural natural

network as growing network with the addition of a new node at time ¢ defined as follows:

1. At time £ = 1 we start with the node n = 1 and after every unit time interval we add

the next node from G,,.
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2. This added node connects to all existing nodes whose numbers divide it.

Now we will construct two natural number network with different sizes n = 8 and n = 16.

Figure 4.1: Gg Figure 4.2: G5

In Figure [4.1] and Figure |4.2] colour of a node represents degree of a node, darker the colour
higher the degree.

In [3], S. M. Shekatkar, C. Bhagwat and G. Ambika have analysed the degree distribution of
a natural number network. The natural number network is grown till the size of a network
reaches n = 2%° = 3,35,54,432. The resulting distribution of degrees follows a power law
(P(k) ~ k~7) asymptotically. Using the method of maximum likelihood they have calculated
the value of scaling index v ~ 2. As the degree distribution of natural number network follows
power law, we can say that natural number network is a scale free network.

As per our computing power we have grown the size of a natural number network till n =

212 = 4096.
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Natural number network

8
7
5
= i |
o 4
(=1
— iy
3
| I II-.‘H-.-I
. I »
1 7 3 45 § 7 &8 9 10 11 1

g4

Figure 4.3: Degree distribution of natural number network with logarithmic bin-
ning. Sizes of successive bins are equal to successive positive powers of 2 and count in each
bin is normalized by dividing by a bin width. The dotted line in the graph has slope v ~ 1.92

and it is calculated using least square method.
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4.2 Degree distribution of an arithmetic network

In this section, we will study the degree distribution of different arithmetic networks. The
construction of a network and plotting of a graph is similar to what we have done in sec-
tion We will grow the size of different arithmetic network till n = 2'? = 4096 and

calculate the value of scaling index ~.

2k+1
8
7
Z g B-
= II"'.
g
1 2 3 & 5 § 7 8 3§ 10 U B
1
log, (k|

Figure 4.4: Degree distribution of G 3 409s network with logarithmic binning. Sizes
of successive bins are equal to successive positive powers of 2 and count in each bin is
normalized by dividing by a bin width. The dotted line in the graph has slope 7 ~ 2.088

and it is calculated using least square method.
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8k+1

12 3 4 5 & 7 &8 9 1 n-

l."-.l:l-

log, o Pik]
[ [¥T] = (]

—

log, (k)

Figure 4.5: Degree distribution of G, g 4096 network with logarithmic binning. Sizes
of successive bins are equal to successive positive powers of 2 and count in each bin is
normalized by dividing by a bin width. The dotted line in the graph has slope v ~ 2.15 and

it is calculated using least square method.
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Chapter 5

Conclusion

1. We proved that the number of prime numbers p such that n/2 < p < n is equal to the

multiplicity of 1 in the Laplacian spectrum of a natural number network.

2. We calculated the k-th highest eigenvalue of a Laplacian matrix for arithmetic networks
using python programme and we observed the following;:
Let k-th highest eigenvalue of Lg, ,, be Hi(Gqan)-

(a) Hi(Gagjattk—1)di+k) ~ Hi(Gadjart—1)d++1)) ~ - ~ He(Gadfast (b—1)d)(141)+(k—1)) ) -
(b> Hk(Ga,d,(a+d(k—1)+n)) - Hk<Ga,d,n) ~ 1.

Note that X ~ Y indicates | X — Y] < 0.01.

It will be interesting to explore the possibility of analytic proofs for these observations.

3. In an arithmetic network G, 4., let a be a seed vertex then deg(a) > deg(a+ki1d) V ki =
1,2,--+,(n—1). We proved above relation for a« = 1 and attempted proving for general

a, but we could not complete it. The expression for degree of vertex a is as follows:

dogta) = |

a

4. We showed that the degree distribution of a natural number network and an arithmetic

network follows power law which means both networks are scale free networks.
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