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Abstract

Cyclotomic Fields and p-adic L-functions

by Mihir Dilip Sheth

This is an expository thesis exploring various arithmetical properties of cyclotomic fields
and their relation to the p-adic L-functions. The primary objective is to study two different
methods of constructing p-adic L-functions (one by interpolation and another by module
theory), and Iwasawa’s Main Conjecture which is a deep relationship between p-adic L-

functions and ideal class groups of cyclotomic fields.
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Chapter 1

Introduction

Cyclotomic extensions arise naturally in the study of number fields. The n-th cyclotomic
extension Q((,) is obtained by adjoining primitive n-th root of unity; ¢, = 6273“, (a,n) =
1; to the field of rational numbers Q. Motivated by Fermat’s Last Theorem and higher

reciprocity laws, Kummer worked extensively on the arithmetic of cyclotomic fields in 1850’s

and paved the way for the development of algebraic number theory. He factored the equation

P +yP = 2P in Q((p) as follows:

p—1

[T+ G =2

i=0
and instead of looking at each factor as just a number, he introduced the notion of “ideal
numbers” (principal ideals generated by those numbers in Z[(p]). He showed that unique
factorization in Q((,) could be recovered by the introduction of ideal numbers. With the
assumption (zyz,p) = 1, Kummer proved that Fermat’s Last Theorem holds true for all
primes p which do not divide the class number of Q((,) (such primes are known as regular
primes). Kummer also found the remarkable relation between Bernoulli numbers By, and the
primes that divide the class number h, of Q((,): p divides h, <= p divides the numerator
of some By, k =2,4,6,...p— 3.

The basic foundations laid by the Kummer remained the main part of the theory of
cyclotomic fields for around a century. Meanwhile the mathematicians such as Kronecker,
Weber, Hilbert, Takagi, Artin, Hasse etc. made fundamental contributions to the study
of abelian extensions of number fields and developed class field theory. Kronecker-Weber
Theorem, one of the most profound applications of class field theory, says that every abelian
extension of QQ is contained in a cyclotomic field.

In the mid 1950’s, the theory of cyclotomic fields was revisited by Iwasawa and Leopoldt.

Iwasawa considered towers of cyclotomic fields and investigated Galois extensions of number
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fields whose Galois group is isomorphic to additive group of p-adic integers which led him to
develop his theory of Z,-extensions. This approach was suggested by the theory of curves
over finite fields. Leopoldt concentrated on a fixed cyclotomic field and established, with
Kubota, “p-adic L-function”which is nothing but the p-adic analogue of classical Dirichlet
L-function. Finally, in 1969, Iwasawa made the fundamental discovery that there was a close
connection between his work on towers of cyclotomic fields and these p-adic L-functions of
Kubota-Leopoldt. Today, this result is known as the Main Conjecture of Iwasawa Theory
or Mazur-Wiles theorem.

This thesis is expected to provide an overview of the cyclotomic theory and its connection
to the p-adic L-functions. The second chapter is devoted to the class field theory and
its consequences such as Kronecker-Weber Theorem, Chebotarev Density Theorem. In
particular, we derive some useful results on the class groups of cyclotomic fields using class
field theory in Section 2.3. The second chapter forms a background for later chapters.

Construction of the p-adic L-functions is the main theme of the third chapter. The
interesting fact is that Bernoulli numbers and their generalizations appear as values of
Dirichlet L-functions at negative integers and Kubota-Leopoldt showed how these values
can be interpolated by a function of Z,, denoted by L,(s, x) and known as the p-adic L-
function. As a consequence of Kubota-Leopoldt’s construction of p-adic L-functions, we
obtain Kummer’s criterion for irregularity of primes. The second section of this chapter
presents another construction of p-adic L-functions due to Iwasawa which is closely related
to the arithmetic of cyclotomic fields.

The final chapter of the thesis studies two important theorems: Iwasawa’s theorem
and the Main Conjecture. The ideal class group Ck of a number field K is an object of
central importance in number theory. In general, the explicit determination of the class
number hg , let alone the structure of C'x as a finite abelian group, can be a difficult and
computationally intensive task. But if we concentrate on a p-part of the ideal class groups
of K,,’s in a Zy-extension K /Ko, we have an interesting theorem due to Iwasawa that
describes the growth of this p-part as a function of n. We prove this theorem in Section 4.1.

Finally we discuss the Main Conjecture of Iwasawa theory, its equivalent formulations
and the motivation behind it. Our account on the Main Conjecture surveys the important

results and the recent developments in this area.



Chapter 2
Cyclotomic Fields

The present chapter provides a brief review of basic results on cyclotomic fields and their
class groups. We also discuss the important theorems of global and local class field theory
which will be needed often. The exposition in this chapter is based on the book by Lawrence
C. Washington [13], while the part of class field theory is based on the book by Janusz [4]
and the notes by J. S. Milne [9].

2.1 Basic results on cyclotomic fields

In this section, we state some basic arithmetical properties of cyclotomic fields which will
lay the groundwork for later sections and chapters (see Chapter 2, [13] for the proofs of

these results or any standard book on algebraic number theory).

Theorem 2.1. Q((,) is an abelian extension of Q of degree ¢p(n). More precisely, there is

an isomorphism:

(Z/nZ)* = Gal(Q(¢n)/Q)
a (modn)— o,
where 04(¢y) = ¢
Theorem 2.2. Z[(,] is the ring of algebraic integers of Q((y).
Theorem 2.3. The discriminant of Q((,), d(Q(¢n)), is given by the following formula:

i )
d(Q(¢a)) = (=1)#W/2 [T, /=D

Therefore p ramifies in Q(Cn), n # 2 (mod 4) if and only if p divides n. (Q((n/2) = Q(¢n)
if n =2 (mod 4))
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Theorem 2.4. Suppose p { n and let f be the smallest positive integer such that p! = 1
(mod n). Then p splits into g = ¢(n)/f distinct primes in Q((y,), each of which has residue
class degree f. In particular, p splits completely in Q((,) if and only if p=1 (mod n).

Theorem 2.5. p is totally ramified in Q(Cpn) for all n > 1.

Theorem 2.6. Suppose n has atleast two distinct factors. Then 1 — (, is a unit of Z[(,]

and [To<jen (1 —¢) =1
(Fm)=1

2.2 Class field theory

Class field theory describes the abelian extensions of a local or global field in terms of the
arithmetic of the field itself. This section consists of two subsections. The first treats global
class field theory from the classical viewpoint of ideal class groups. The second discusses

local class field theory.

2.2.1 Global class field theory

Given a number field K, a modulus in K is a formal product m = H’g p™ over all primes p,
finite or infinite, of K where the exponents must satisfy:
(i) np > 0 and at most finitely many are nonzero.
(ii) np = 0 if p is a complex infinite prime.
(iii) np < 1if p is a real infinite prime.
A modulus m may thus be written as momes,, where mg is an Og-ideal and my is a product
of distinct real infinite primes of K. We set m = 1 if all the exponents n, = 0. Note that
for a purely imaginary K, a modulus may be regarded simply as an ideal in O
Given a modulus m, let Iz (m) be the group of all fractional ideals in O relatively prime
to m (i.e. relatively prime to mg), and let Pk ;(m) be the subgroup of Ix(m) generated
by the principal ideals aOg where a@ € Ok satisfies: a = 1 (mod my) and o(a) > 0
for every real infinite prime o dividing ms,. Pk 1(m) has finite index in Ix(m) (Chapter
IV.1, []). A subgroup H C Ig(m) is called a congruence subgroup for m if it satisfies
Pg 1(m) C H C Ig(m) and the quotient is called a generalized ideal class group for m. The
basic idea of class field theory is that the generalized ideal class groups are the Galois groups
of abelian extensions of K, and the link between these two is provided by the Artin map.
Let m be a modulus divisible by all ramified primes of an abelian extension L/K. Let p

be a prime of Ok which is unramified in L and let B be a prime of Oy, above p. We define

Artin symbol (L/TK) for p as the Frobenius automorphism of B over p (It depends only on p
since L/K is abelian). It is the unique element in Gal(L/K) such that (L/TK)(a) = Ok /bl

(mod P) for all @« € O, (see pp. 108-110, [§] for more details). We extend the definition of
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Artin symbol to all the elements in Ix(m) by multiplicativity to give us the homomorphism
/K m : Ix(m) — Gal(L/K) which is called the Artin map for L/K and m.

Theorem 2.7 (Artin Reciprocity Theorem). (i) The Artin map is surjective.

(ii) If the ewponents of finite primes dividing m are sufficiently large, then ker(®r /)
is a congruence subgroup for m, and consequently the isomorphism I (m)/ker(®p g ) =
Gal(L/K) shows that Gal(L/K) is a generalized ideal class group for the modulus m.

Proof. See Chapter V, Theorem 5.7, [4]. O

Let’s apply Theorem 2.7 to the cyclotomic extension Q((,)/Q. Let m = noo. Using
Theorem 2.3, we see that the Artin map

O : Ig(m) — Gal(Q(Cn)/Q) = (Z/nZ)"

is defined. For a,b € Z, (a,n) = (b,n) =1,

27\ = ap1
<I)m<bZ) =ab (mod n)
It follows easily that ker(®y) = Pg 1(m).

For m | n, we claim that:
PK71(1‘11) C ker(@m) —— PK,I(“) C ker(fbn) (21)

Suppose O =[], p;" € Pg1(n). Then o =1 (mod np) and o(a) > 0 for every real infinite
prime o dividing n. Sincem | n, aO € Pk 1(m) C ker(®y,). Hence @ (aO) = HZ(LAK)” =
1. We see that the definition of Artin symbol for aO depends only on the primes dividing
aO. Since these primes p;’s are relatively prime to n, ®,(aO) = Hz(%)n = 1. Therefore
aO € ker(d,).

(2.1) implies that Gal(L/K) is a generalized ideal class group for infinitely many moduli.
However, there exists a modulus f = f(L/K) such that

(i) A prime of K, finite or infinite, ramifies in L if and only if it divides f.

(ii) Let m be a modulus divisible by all primes of K which ramify in L. Then ker(®y,) is a
congruence subgroup for m if a and only if f | m.
The modulus f(L/K) is uniquely determined by L/K and is called the conductor of the

extension.

Theorem 2.8 (Existence Theorem). Let m be a modulus of K and let H be a congruence
subgroup for m. Then there exists a unique abelian extension L of K, all of whose ramified
primes, finite or infinite, divide m, such that if @ /x m : [x(m) — Gal(L/K) is the Artin
map of L/K, then H = ker(®,).
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Proof. See Chapter V, Theorem 9.16, [4]. O

This theorem asserts that every generalized ideal class group is the Galois group of some

abelian extension.

Corollary 2.1. Let L and M be abelian extensions of K. Then L C M if and only if
there is a modulus m, divisible by all primes of K ramified in either L or M, such that
PK,l(m) - ker(q)M/K,m) - ker(q)L/K,m)'

Proof. Assume L C M. Let r : Gal(M/K) — Gal(L/K) be the restriction map. We first
show that r o @ /g m = P /g m- It is enough to prove that 7(®rr g m(p)) = @r/rm(p) for
the primes p in Ok that are relatively prime to m. So we have to show that the restric-
tion of (%) to L = (L/TK) In other words, we have to show that (MT/K)(Q) = alOx/¥l
(mod P) for all & € O where P is the prime in Of, above p. But, since a € O, C Oy,
(%)(O&) = al9«/*l (mod 9P’) where Y’ is the prime in Oy; above 9B, hence above p, i.e.
(MT/K)(Q) — alOx/Pl e 3 Also (MT/K)(a) € Oy, by restriction. Thus (MT/K)(Q) — a9k /bl ¢
Op NP’ =P and we are done.

Now by Theorem 2.7 and (2.1), there is a modulus m for which ker(®; k) and
ker(® M/ &.m) are both congruence subgroups for m. Hence r o ® M/Km = Pr/xm implies
Pr1(m) C ker(®pr/xm) C ker(Pr/x m) immediately.

Now assume that Pk 1(m) C ker(®ps/x m) C ker(®p,/x m). Then under the map @/
Ix(m) — Gal(M/K), the subgroup ker(®r k) C Ix(m) maps to a subgroup H C
Gal(M/K). By Galois theory, H corresponds to an intermediate field K € L € M. The
first part of the proof, applied to L C M, shows that ker(®; / K,m) = ker(®r/xm). Then the
uniqueness part of the Existence Theorem shows that L = L C M. O

Theorem 2.9 (Kronecker-Weber Theorem). Let L be an abelian extension of Q. Then
there exists a positive integer n such that L C Q((,).

Proof. By the Artin Reciprocity Theorem, there exists a modulus m such that Py ;(m) C
ker(®7/gm). By (2.1), we may take m = noc for some n (n must be divisible by all ramified
primes in L/Q). Then Pgi1(m) = ker(®g(c,)/om) C ker(®r/gm). Therefore L C Q((n)
follows from Corollary 2.1. O

Now let modulus m = 1 of K. Then Ix(1)/Pk (1) := Ck is an ideal class group of
K. Applying the Existence Theorem to this modulus and the subgroup Pk (1), we have a
unique abelian extension H of K, unramified at all primes of K since m = 1, such that the

Artin map induces an isomorphism

Ok = Gal(H/K) (2.2)
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H is the Hilbert class field of K and its main property is the following:

Theorem 2.10. The Hilbert class field H is the mazimal unramified abelian extension of
K.

Proof. We already know that H is unramified and abelian. Let L be another unramified
abelian extension. Then f(L/K) = 1 since prime ramifies if and only if it divides the con-
ductor. Also ker(®y ;) is a congruence subgroup for the modulus 1. Therefore Pk 1(1) C
ker(®y,/x1). By the definition of Hilbert class field, Pk 1(1) = ker(®p/x,1) C ker(®r k1)
Therefore L C H follows from Corollary 2.1. 0

Theorem 2.11. Suppose the extension of number fields L/ K contains no unramified abelian

subeztension F/K with F' # K. Then the norm map from Cp, to Ck is surjective.

Proof. Let Hy, and Hg be the Hilbert class fields of L and K respectively. Then because of
the assumption on L/K, we have L N Hx = K. Therefore Gal(HxL/L) = Gal(Hi /K). It
follows that Hx L C Hp, since Hix L/L is unramified and abelian. So we have a restriction
map from Gal(Hp/L) to Gal(HgL/L) which is surjective. Now we have the following
diagram:

Cr —— Gal(HL/L)

Norml lRestriction
Cx —— Gal(Hg/K)

The horizontal maps are the Artin maps. Let 9 be a prime ideal of L and B lie above 9 in
Hjp,. Similarly, let p and p be the primes of K and Hy lying below B and 2}~3 respectively.
Let f = f(B/p). Then Normp,/r () = p/. Since Oy, C Oy, , we have

(HL/L

T )‘HK(x) = 2I9/F (mod p)

for all x € Op,,. But

(HK/K>($) _ (%)f(x) _ OB — 0L (mmod §)

p/ p
Therefore
[ )
B Hy NOHHL/K(‘B)
Hence the above diagram is commutative and the norm map is surjective. ]

We now give one more application of class field theory: Chebotarev Density Theorem.

It provides very useful information about the surjectivity of Artin map. Let Pk be the set
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of all finite primes of K. Given a subset S C Pg, the Dirichlet density of S is defined to be

. Z (=} N(p)_s
d(8) = sl—lgrll —plog(s -1)

provided the limit exists (N (p) = |OTK|) We state the basic properties of Dirichlet density
that follow directly from the definition and the basic analytic properties of Dedekind zeta
function (x(s) of K (see Section 5, Chapter VII, [10] for proofs):

1. d(Pk) =1.

2. If S C T and d(S) and d(7) exist, then d(S) < d(T).

3. If d(S) exists, then 0 < d(S) < 1.

4. If S and T are disjoint and d(S) and d(7T) exist, then d(SUT) = d(S) + d(T).
5. If S is finite, then d(S) = 0.

6. If d(S) exists and T differs from S by finitely many elements, then d(7) = d(S).

Let L/K be Galois extension (possibly non-abelian) and p be a prime of K unramified in

L. Then different primes B of L above p may give us different Artin symbols (L/TK), but
all of the (L/TK) are conjugate of each other and in fact they form a complete conjugacy

class in Gal(L/K). So we can define Artin symbol (L/TK) for p to be this conjugacy class
in Gal(L/K).

Theorem 2.12 (Chebotarev Density Theorem). Let L/K be Galois, and let (o) be the
conjugacy class of an element o € Gal(L/K). Then the set

S= {p € Pk | p is unramified in L and (L/pK> = <0’>}

has Dirichlet density

_ e o)
dS) = |Gal(L/K)| [L: K]

Proof. See Chapter V, Theorem 10.4, [4]. O

We now prove the classic theorem in number theory using Chebotarev Density Theorem:

Corollary 2.2 (Dirichlet’s Theorem on Primes in Arithmetic Progressions). Let (a,m) = 1.

Then the arithmetic progression {a+mnm | n € Z} contains infinitely many prime numbers.
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Proof. Let L = Q((y,) and K = Q, so L/K is abelian. Hence (w) is a single element
in Gal(Q({,)/Q). For all the primes p of the form of a + nm, p = a (mod m). Thus
(W) = 04. Therefore the density of the set of such primes is 1/[L : K] = 1/¢(m) > 0

which implies that there are infinitely many such primes. O

Now let L/K be abelian and p be a prime of K which splits completely in L. Then
f(B/p) =1 for all the primes B of L above p. Since f(*P/p) is the order of the Frobenius
map of P over p, we have (L/TK) = 1 <= p splits completely in L. From Chebotarev
Density Theorem, we see that the splitting primes have Dirichlet density 1/[L : K], and
in particular there are infinitely many of them. The surprising fact is that these primes

characterize the extension L/K uniquely.

2.2.2 Local class field theory

Local field is a field K which is locally compact with respect to a nontrivial valuation, e.g.
a finite extension of Q, is a nonarchimedean local field while R or C is an archimedean local
field. Local class field theory classifies the abelian extensions of a local field. The composite
of two finite abelian extensions of K is again a finite abelian extension of K. We denote
the union of all finite abelian extensions of K by K?P which is an infinite abelian extension
of K.

Theorem 2.13 (Local Reciprocity Law). For every nonarchimedean local field K, there
exists a unique homomorphism ¢x : K* — Gal(K?/K) such that for every finite abelian
extension L of K, Normy /i (L) is contained in the kernel of a — ¢k (a)|L, and ¢k induces
an isomorphism

br/x + K /Normp i (L*) — Gal(L/K)

Let T denote the inertia subgroup of Gal(L/K) and Ux and Uy, the groups of units in K
and L respectively. Then
UK/NOTII]L/K(UL) =T

Proof. See Chapter I, Section 2-4, [9]. O

The maps ¢k and ¢k are called the local Artin maps for K and L/K, and the
subgroups of K™ of the form of Normyp, /i (L*) for some finite abelian extension L/K are
called the norm groups in K*. We denote Normyp, /- (L*) by Nm(L*).

Corollary 2.3. (a) The map L — Nm(L*) is a bijection from the set of finite abelian
extensions of K onto the set of norm groups in K*.

(b) L C L' if and only if Nm(L'™) C Nm(L™).

(¢) Nm((L.L")*) = Nm(L*) N Nm(L"™).
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(d) Nm(L N L')*) = Nm(L¥).Nm(L'¥).

(e) Every subgroup of K* containing a norm group is itself a norm group.

Proof. The transitivity of norms, Normp, = Normp /i o Normy,,, shows that L C L =
Nm(L'™™) ¢ Nm(L*). Hence Nm((L.L')*) € Nm(L*) N Nm(L'*). Conversely, if a €
Nm(L*) N Nm(L"™), then ¢p/k(a) = édr/x(a) = 1. But, ¢rp/k(a)lr = ér/x(a) and
bri/x(a)ly = épk(a). As the map o — (o|r,olp) @ Gal(LL'/K) — Gal(L/K) x
Gal(L'/K) is injective, it follows that ¢r1//x(a) = 1 and thus a € Nm((L.L")*). This
proves (c).

Now if Nm(L'*) C Nm(L*), statement (¢) becomes Nm((L.L')*) = Nm(L'*). Since
the index of a norm group os the degree of the abelian extension defining it and L' ¢ LL/,
this implies that LL’ = L’. Hence L C L’. This proves (b).

Now by definition, the map L — Nm(L*) is surjective and it follows from (b) that it is
injective. This proves (a).

We next prove (e). Let N = Nm(L*) be a norm group and let N € I € K*. Let
M be the fixed field of ¢,k (I), so that ¢,k maps I/N isomorphically onto Gal(L/M).

Consider the following commutative diagram:

K UK Gal(L/K)

H l

K 2K Gal(M/K)

The kernel ¢y x is Nm(M>). On the other hand, the kernel of K* — Gal(L/K) —
Gal(M/K) is ¢;}K(Gal(L/M)), which equals 1.

Finally, we prove (d). Since LN L' is the largest extension of K contained in both L and
L', from (a), we have Nm(L*).Nm(L'*) is the smallest subgroup containing both Nm(L*)

and Nm(L'*) which is itself a norm group by (e). Therefore the two must correspond. [

Lemma 2.1. Let L be an extension K. If Nm(L*) is of finite indez in K>, then it is open.

Proof. The group Uy of units in L is compact, and so Nm(Up) is closed in K*. Since
Nm(Ur) = Nm(L*) N Uk, Ux/Nm(Ur) — K*/Nm(L*). Therefore, Nm(U},) is closed of
finite index in Uk, and hence is open in Uk, which itself is open in K*. Therefore the

group Nm(L*) contains an open subgroup of K*, and so is itself open. O

Theorem 2.14 (Local Existence Theorem). The norm groups in K* are exactly the open

subgroups of finite index.

Proof. See Chapter I, Section 2-4, [9]. O
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From Local Existence Theorem, we see that the Corollary 2.3 holds with “norm group”
replaced by “open subgroup of finite index”. Therefore the finite abelian extensions of a
local field K are classified in terms of the open subgroups of finite index of K*. As an

application, we prove Local Kronecker-Weber Theorem.

Theorem 2.15 (Local Kronecker-Weber Theorem). Let L be an abelian extension of Q,.
Then there exists a positive integer n such that L C Qp((p).

Proof. Consider Q,((;) where p { k. Let m and U be the uniformizing parameter and the
group of units of Q,(¢x). As Qp(Cx) is unramified and Q,(¢x)* = 72 x U, local class field
theory tells us that,

NOTme(Ck)/Qp (Qp(Ck)X) o 2Qo(G):@]Z o 17

Now consider Q,(¢ym), which is totally ramified of degree p™1(p — 1) over Qp. Local

Reciprocity Law gives

Q; /Noerp(Cpm)/Qp (Qp(Cpm)X) = Gal(Qp(¢pm)/Qp) = Z)(p—1)Z x Z/Pmilz

Since Q; = p” x Z/(p — 1)Z x (1 + pZy) (see (3.7)), we must have

Normg, (¢, m)/, (Qp(Gm)*) = p” (1 + p"Zy)

Now since L/Q), is an abelian extension, its corresponding norm group N is open of finite
index in Q;, so contains P+ p™Z,) for some n',m. Choosing large k enough, we may

suppose that n' | [Qp(Cye) : Qp]. Then using Corollary 2.3, we have

N 2 Nm(Qp(Gnr)™) N Nm(Qp(¢pm) ™) = Nm(Qp(Gurpm) ™)
and therefore L C Qp(Gurpm) = Qp(Cn)- O

We now prove that Theorem 2.15 (Local Kronecker-Weber Theorem) for all p = The-
orem 2.9 (Kronecker-Weber Theorem). Assume K/Q is abelian. Let p be a prime which
ramifies in this extension. Let K, be the completion at a prime above p. Then K,/Q, is

abelian, so by Theorem 2.15, K, € Qp(n,) for some n,. Let p*» be the exact power of p

n = H p°P

p ramifies in K
We claim K C Q({,). Let L = K((), so L/Q (composite of K and Q((,)) is abelian and

p ramifies in L/Q then p ramifies in K/Q. Also, if L, denotes the completion at a suitable
prime of L above p, then L, = K,(¢,) € Qp(Cnrper) with (n/,p) = 1. Let I, be the inertia

dividing n, and let
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subgroup for p in L/Q. Then I, = Gal(Qp((per)/Qp). Let I C Gal(L/Q) be the subgroup
generated by all I, with p finite and ramified. Since L.Q is abelian,

111 < [ 15] =[] ¢0™) = 6(n) = [Q(G) : Q)

Let F' be the fixed field of I. Then F/Q is unramified at all finite primes, so F' = Q.
Therefore I = Gal(L/Q). Hence [L : Q] < [Q(¢) : Q], But Q(¢,) € K(¢,) = L, so we have
L = Q(¢n) and K C Q(¢y). Thus we deduce the global result from the corresponding result

of local fields. This “local-to-global” technique is often used in algebraic number theory.

2.3 Some results on the class groups of cyclotomic fields

A CM-field is a totally imaginary quadratic extension of a totally real number field. Such a
field may be obtained by starting with a totally real number field and adjoining the square
root of a number all of whose conjugates are negative. All cyclotomic fields are CM-fields.
One can obtain Q(¢,) from Q(¢, + ¢, !) by adjoining the square root of (2 + ¢, ? — 2 which
is totally negative. So Q((,, + ¢, !) is a maximal real subfield of Q((,).

Let K be a CM-field and KT be the real subfield. Let ¢, : K — C be two embeddings.
We claim that ¢~ (d(a)) = = (1h()) for all a« € K. Since ¢(K)/p(KT) is quadratic, it
is normal, and complex conjugation fixes ¢(KT). Therefore ¢(K) = ¢(K). In particular,
¢~ 1() is defined. Hence both ¢~1(4) and ¥~1(¢)) are automorphisms of K and both fix K+
since it is totally real. Since K is totally imaginary, neither automorphism can be identity.
Therefore they must be equal since Gal(K/K™) has order 2. Thus complex conjugation
induces an automorphism on the CM-field which is independent of the embedding into C.

Theorem 2.16. Let K be a CM-field and let E be its unit group. Let E' be the unit group
of Kt and let W be the group of roots of unity in K. Then Q :=[E: WEY] =1 or 2.

Proof. Define ¢ : E — W by ¢(¢) = ¢/ (all conjugates of €/ have absolute value 1,
hence £/ is a root of unity). Let ¢ : E — W/W? be the map induced by ¢. Suppose
e = (g1 where ( € W,e1 € ET. Then ¢(¢) = ¢? € W2, so ¢ € Ker(y)). Conversely, suppose
#(e) = (2 € W2, Then e = (Tle = (71¢%6 = (¢ = &1. Therefore, &1 € E*. It follows that
Ker()) = WE™. Since |[W/W?| = 2, we are done. Note that if ¢(E) = W then Q = 2; if
#(E) = W2 then Q = 1. O

Corollary 2.4. Let K = Q((,). Then Q =1 if n is a prime power and Q = 2 if n is not

a prime power.

Proof. We first consider the case: n = pF.p > 2. Let ¢ € E. We know that g/€ is

a root of unity, therefore e/é = +(?% for some a (all the roots of unity in Q({,) are of
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this form). Suppose €/ = —(%. We write € = by + b1(p + ... + b¢(n)_1§ﬁ(n)_1. Then
£=by+ b1+ ..+ byt (mod 1= y). Also & = by + bi¢rt + ... + bygmy_16n 7Y =
bo+ b1+ ... +byny—1 =€ = —(% = —¢ (mod 1 — (). Therefore 22 = 0 (mod 1 — ().
But 2 ¢ (1 — (,). Since (1 — (,) is a prime ideal, £ € (1 — (,) which is impossible since
£ is a unit. Therefore /2 = +(%. Let 2r = a (mod n) (2 is invertible since (2,p*) = 1),
and let 61 = (;,;"e. Then ¢ = ("e; and &1 € E as €1 = &1. This proves that Q = 1 for
n = pk,p > 2.

Now let ¢ be a unit in Q((yt) such that /& ¢ W2. Then £/ = £ = a primitive 2¥-th
root of unity. Let N denote the norm from Q((yr) to Q(7). Then N (&) = &%, where

0<b< 2k
b=1 (mod 4)

Therefore £ is a primitive 4-th root of unity i.e. £ = N(g)/N(e) = £i. But N(¢) is a unit
of Q(7), therefore +1 or +i. None of these possibilities works, so we have a contradiction.
So @ =1 for Q(yr).

Now assume n is not a prime power. By Theorem 2.6, 1 — (, is a unit. But (1 —
Ca)/(1—=¢p) = —Cn. Suppose —(, € W2, Then —(, = (£¢")? = ¢*" so —1 = ¢>~L. Clearly

n must be even, so n = 0 (mod 4). Since CQ/Q = —1, we have n/2 = 2r — 1 (mod n),
therefore n/2 = —1 (mod 2), which is impossible. It follows that —(, € W?2, so Q = 2.
This completes the proof. ]

We denote the class number of Q({,) by h, and that of the maximal real subfield of
Q(¢n) by h;f. Define h, := hy,/h.

Theorem 2.17. Let C,, be the ideal class group of Q(¢,) and C;F the ideal class group of
the real subfield Q(¢,)". Then the natural map C;; — C,, is an injection. Therefore h;}
divides hy,.

Proof. Let I be an ideal in Q(¢,,)™ which becomes principal when lifted to Q(¢,). We have to
show that [ is principal in Q(¢,)*. Let I = (a) with a € Q({,). Then (a/a) = (I/I) = (1),
since I is real. Therefore @/« is a unit and has absolute value 1. Hence a/« is a root of
unity.

If n is not a prime power, () = 2; so the map ¢ : E — W in the proof of Theorem 2.16
is surjective which implies that there exists a unit ¢ € Q((,) such that /¢ = a&/a. Thus ae
is real and I = (a) = (ae). It follows from the unique factorization of ideals that I = (ae)
is principal in Q(¢,)™.

Now suppose n = p*. Let 7 = Gr — 1. We have /T = —(p+ which generates roots

of unity in Q((,x). Therefore a/a = (7/ 7)? for some d. Since the 7-adic valuation takes
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on only even values on Q((,r)" and since ar® and I are real, d = v (an?) — vz(a) =
vr(am?) — v (I) is even. Hence a/a = (—()? € W2 In particular, a/a = ¢* = ¢/( for
some root of unity ¢, and a( is real. As before, I = (a() is principal in Q(¢,)". The second

part of the theorem follows from the finiteness of ideal class groups. O

Theorem 2.18. Suppose the extension of number fields L/ K contains no unramified abelian
subextension F/K with F # K. Then hg divides hy,. In fact the norm map the norm map

from the class group of L to the class group of K is surjective.

Proof. Let H be the maximal unramified abelian extension (Hilbert class field) of K. By
the assumption on L/K, we have H N L = K. Therefore [HL : L] = [H : K|. Since HL/L
is unramified abelian, it is contained in the Hilbert class field of L. By class field theory,
the Galois group of the Hilbert class field is isomorphic to the ideal class group. Hence
hx =[H : K| = [HL : L] divides hy. The second part is proved in the section on class field
theory. O

Note that the above theorem is usually used in the case that L/K is totally ramified
at some prime. Since Q(¢,)/Q(¢,)" is totally ramified at the archimedean primes, we can
apply the previous theorem and we get the result of Theorem 2.17 again i.e. h divides h,.
Also we can use the above theorem for Q(¢,)/Q(y/p) or Q(¢p)/Q(v/—p) where p is prime;
since p is totally ramified and the class numbers of quadratic extensions can be computed
easily using class number formula. e.g. 3 | h(Q(v/—23)) = 3| has.

Corollary 2.5. h,m divides hyn for n > m.

Proof. Theorem 2.5 implies that the prime above p in Q({ym ) is totally ramified in Q({pn).
So we use Theorem 2.18 to get the result. O

Corollary 2.6. If m | n then hy, | hy.

Proof. Let m = p$'p$?...pe and n = pi'py* .. .pﬁ’"q{%j? ...ql* where ¢; t m, e} > e; and

fr > 0. Let p; and q; be some primes above p; and ¢; resp. in Q((,,). Let K be an arbitrary
subextension of Q(¢,) containing Q((y). Since €; > e; and f > 0, atleast one of p;’s or
q;’s is ramified in K. So it follows from Theorem 2.18 that h,, divides h,,. ]

Theorem 2.19. Suppose L/K is a Galois extension Gal(L/K) is a p-group. Assume that
there is at most one prime (finite or infinite) which ramifies L/K. If p | hy, then p | hx.

Proof. Assume p | hy. Let H be the maximal unramified abelian p-extension of L and
Gal(H/L) is isomorphic to the p-Sylow subgroup of L. Since L/K is Galois, the maximality
of H implies that H/K is Galois. Let G=Gal(H/K). As |G| = |Gal(H/L)||Gal(L/K)|, G
is also a p-group. Let p be the prime (if it exists) of K which ramifies in L, let p be a
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prime of H above p. Let I C G be the inertia group for p. Since H/L is unramified,
|I| < deg(L/K) < |G|. Now by a well-known result in the theory p-groups, there exists a
normal subgroup Gy of G, of index p, with I C G; C G. The inertia subgroups of other
primes of H above p are conjugates of I, hence lie in (G1. Since p is the only ramified prime,
no other prime of K ramifies in the fixed field of G;. But the fixed field of G is Galois
of degree p over K, so K has unramified abelian extension of degree p. Class field theory

implies that p divides hg. O

Observe that if we take K = Q in the above theorem, then hx = 1. So p t hx implies
that p{ hy. Thus we have the following corollary:

Corollary 2.7. If L/Q is Galois, Gal(L/Q) is a p-group, and ezxactly one finite prime
ramifies, then p{ hy,.

Corollary 2.8. p | hy, if and only if p | hpn for n > 1.

Proof. Corollary 2.6 implies the statement in the forward direction.

Since |Gal(Q(¢pn)/Q(¢p))| = p™ ! and (1 — () is the only ramified prime in Q(¢n)/Q(¢p),
Theorem 2.19 implies the statement in the backward direction. ]

Theorem 2.20. Let n # 2 (mod 4) be arbitrary. If 2 | bl then 2| h;, .

Proof. Q((,)/Q(¢,)T is totally ramified at infinity, so Theorem 2.18 implies that the norm
map on the ideal class groups N : C — C7 is surjective. So h;\ = [ker(N)|. Now if 2 | A,
then there exists a nontrivial ideal class a € O such that a? = 1. We lift a to C. Since
N(a) =a? =1, a € ker(N). Since the map C* — C is injective by Theorem 2.17, o # 1
in C, but a® = 1. Therefore ker(N) has even order, so 2 | h;, . O

Let A be a finite abelian p-group. Then A = @ 7Z/p*Z for some integers a;. Let n,=
number of ¢ with a; = a and r,= number of ¢ with a; > a. Then r; = p-rank of A =
dimg,,7(A/AP). More generally, r, = dimy /pZ(Apa_1 JAPY).

Theorem 2.21. Let L/K be cyclic of degree n. Let p be prime, p{n, and assume all fields
E with K C E C L satisfy p{ hg. Let A be the p-Sylow subgroup of the ideal class group
of L, and let f be the order of p (mod n). Then rq(A) = ny(A) =0 (mod f) for all a. In
particular, if p | hy, then p-rank of A is atleast f and p/ | hy.

Proof. Let V = AP""" JAP" 50 V has p™ elements. Let Gal(L/K) = (). Then o acts on
V. Let v € V,v # 0, and suppose the orbit of v has less than n elements. Then o*(v) = v
for i < n,i| n. Therefore, (2)v = (1+0"+...+ o((/D=1)1)yy = Norm(v) where the norm
is induced by the norm form L to the subfield of degree i over K. Since p does not divide

the class number of this subfield, we have (%)v = 0. But p { n so v = 0, contradiction. It
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follows that the orbit of v # 0 has n elements, so p"* =1 (mod n). Therefore f | r,. Since

Ng = Taq — Tat1, We obtain f | ng. d

We use the above result to explicitly find the class group of Q((29) given that hgg = 8.
We have Gal(Q(C29)/Q) = (Z/292)* = Z/28Z. Let K be the fixed field of Z/7Z. K is
Galois of degree 4 over Q since Z/28Z = 7Z/AZ x Z/7Z. The only prime that ramifies in
Q(¢29)/Q is 29 and it is totally ramified. So by Corollary 2.7, 2 4 hx. Now Q((29)/K is
cyclic of order 7, 217 and 2 t hg, also there are no nontrivial intermediate fields between
Q(C29) and K. So we can apply Theorem 2.21. The order f of 2 (mod 7) is 3, so the rank
of the class group is atleast 3. Therefore the class group is (Z/27)3 since hag = 8.



Chapter 3
p-adic L-functions

The present chapter describes two different methods of constructing p-adic L-functions, one
given by Kubota-Leopoldt and another given by Kenkichi Iwasawa. The exposition given

in this chapter is mainly based on the book by Iwasawa [3].

3.1 Kubota-Leopoldt’s construction

In this section, we construct a p-adic meromorphic function defined on a sufficiently large
domain in @p and which takes the values of classical Dirichlet L-function L(s,y) at the
negative integers. These values, being algebraic integers (see Theorem (2.9), Chapter VII,
[10]), can be considered as the elements in @p. Hence the p-adic function, so obtained, can
be thought as a p-adic analogue of the classical Dirichlet L-function or p-adic L-function. In
the following, we first study p-adic holomorphic functions which are defined by convergent
power series and which take pre-assigned values at the negative integers. Using the results
thus obtained, we then prove the existence and the uniqueness of the p-adic L-function

mentioned above.

3.1.1 Generalized Bernoulli numbers and their properties

Ordinary Bernoulli numbers B,, and ordinary Bernoulli polynomials B, (z) are defined by

following functions:

tet o0 tn te(l—‘rw)t 0 tn
F(t):et_lzz&l pF(te) = —— = ()=
n=0 n=0

We generalize these definitions as follows:

17
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Definition 3.1. Let x be a Dirichlet character with conductor f and let

f t 0 n
x(a)te® t

a=1 n=0
/ x(a e(“”) > tn
Rt = R = X S 0!
a=1 n=0

the coefficients By, ., By () in the power series expansions are called as generalized Bernoulli
numbers and generalized Bernoulli polynomials respectively, belonging to the Dirichlet char-

acter x .

We now mention some simple properties of generalized Bernoulli numbers that follow

directly from the definition:
1. For x = x", principal character, B, o = By, and B,, ,o(z) = By(x).

2.

3. Bn,x(o) = Bn,x

4. For x # x° Bo X = constant term in the power series expansion = constant term in
t
Za 1 Xe((flt) el f Za 1 X( ) - 0 aIld B07X0 = 1

5. For x # x°,

! —(a—z)t / —a+x)t
Fu—t—a) =Y x(a)(=t)e o=t 3 (=D (f = a)(—t)el—ata)

Therefore we have

Putting z = 0, we see that if x # x° and x and n have different parities then B,y=0
for all n > 0 from property 3.

6. Similarly
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implies

By x(z) =

| =

d - x
;X(a)f”Bn(}“r>

In particular at = = 0,

/
By = Jlf ; x(a)f"Bn (Cl;f)

7. For any integer kK > 0 and n > 0, let

k
Sn,x<k) = Z X(a)an
a=1
and let S,,(k) := S, ,0(k). Now
f
Fy(t,z) = F(tw — f) =) x(aytelst== I
a=1
implies
f
By (#) = Buy(z = f) =n)_x(a)(a+z— f)*"
a=1
Replacing n by n 4+ 1 in the above and adding the equalities for x = f,2f,3f,......, kf,
we obtain .
Snx(kf) = m(BnH,x(k?f) — Bny1,4(0)) (3.1)
In particular, for y = x%, f = 1, we have
1
Sn(k) = =7 (Bnt1(k) — Bn1(0))

Lemma 3.1. Let Q,(x) denote the field generated by x(a),a € Z over Q,. In Qu(x)

S h
Bpy = lim 7”“}(3’ /)
’ h—o0 p f

Proof. Using property 2, we have

Bpniix(x) = Buy14(0) = (n+ 1) B, yx + A(x)
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where all the terms in A(x) have degree > 2 in z. Putting x = plf and from 3.1, we get

h h
Sn,;l(j; f) _ By + A" f)

Taking limy,_,~, on both sides, we get the result because limy,_, %}}f) =0in Q,(x). O

For x = X", f = 1, the above lemma states

Sn(ph)
h

B, = lim

2
h—oco D (3 )

Lemma 3.2. The power of any prime p dividing the denominator of any Bernoulli number

B, is at most 1.

Proof. By 3.2, it is sufficient to show that S, (p") = 0 (mod p"~1). This is trivial for h = 1.
Let h > 1. Since every integer a, 1 < a < p" can be written uniquely in the form of
a=>b+cp ! where 1 <b<ph ! and1<c<p, we have

h ph—l
Su(@") =Y a"=p Y =pSu(p"™") (mod p")
a=1 b=1
Hence the lemma is proved by induction on h. O

3.1.2 p-adic holomorphic functions as convergent power series

Let K be a finite extension of Q, contained in Q, and K [[z]] be the ring of all formal power
series in z. K is a locally compact field (see Proposition 1 and 3, Chapter II, [I1]) and
Az) = Y07y ana™ € K|[z]] converges at = x¢ in Q, if and only if |a,z{| — 0 as n — oo.
Hence if A(zg) < oo then A(z) < oo for all z € Q, with |z| < |z|.

Lemma 3.3. Let A(z) and B(z) be power series in K|[[z]], convergent in a neighbourhood
of 0 in @p. Suppose that A(&;) = B(&;) for some sequence of elements §; € @p such that
& # 0 for alli and lim; o & = 0. Then A(x) = B(x).

Proof. Let A(x) — B(z) = Y 2 cpa™ € K[[z]]. Assume that A(z) # B(x). Then there

exists minimum ng such that ¢,, # 0. Thus A(z) — B(x) = }_,5,. cpz". Hence

0= A&) = B(&) =& (cng + Y enl™™)

n>ne
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Since &; # 0 for all i, we get

o0
— k—1
—Cnp = Z Cngzn o= fi(zcno+k£i )
k=1

n>ne

Taking lim;_,~, on both sides, we see that & — 0 and the sum remains bounded. Therefore

we get the contradiction c,, = 0. ]

For a power series A = A(z) = >.,° ja,2" € K[[z]], we define ||A| := sup, |a,| and
Pr :={A € K|[z]] | |A]| < oo}. Note that K|[x] C Px C K[[z]]. One can easily verify that

||A|| defines norm on Pk

Lemma 3.4. Pg is complete with respect to the norm || Al|, so it is a Banach algebra over
a local field K.

Proof. Let A, = 3.2, afa™ be a cauchy sequence in Pr. Then given ¢ > 0, there exists

n=0"n
N > 0 such that |4y, — Ag,|| = sup,, |a¥ — ak2| < € for all k1, ks > N. So, for each n > 0,
k

n

K. Let limj_,o affb =a, and A=) 7 ja,z". We'd like to show that Aj converges to A.
By replacing € by €/2 in the previous paragraph, we can find an N’ > 0 such that

lakt — ak2| < sup,, |[akt — a¥2| < e. Therefore ak is cauchy for each n and thus converges in

lakt — ak2| < €/2 for all n > 0 and ki, ke > N’. Taking limits as ks — oo, we obtain
lak — a,| < €/2 for all n > 0 and k > N’. Taking supremum in n, we get sup,, |ak — a,| =

|Ar — Al < €/2 < e for all k> N’. This implies Ay converges to A and we are done. [

For each n > 0, we define a polynomial () € K|[xz] by

<z> _ (- 1)(z- i)!....(g; —n+1) <:g> _ 1 <910> .

It is obvious that .
T
< — .
1) =1Go)] (3.3

Lemma 3.5. Forn > 1,
|77 < |nl| < nplp|7T

Proof. Write n in a prime p-basis: n = Efil aip’ (ay # 0,1 <a; <p). Let s = Zf\;l a;.

Then it can be easily shown that the highest power of p dividing n! is =f. Hence |n!| =
P

n—s n_ 1
Ip|»=* > |p|#—1. As ay > 1, n > p". Therefore N < e p-

Now s < (p— (N +1) < (p— (B2 +1) thus 25 < B2 g )] = |plpT =

lp|7=Tpr=T < mplp|?-T (]p| =p~ ). O
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Note that \plp%l < |n!| holds for n = 0. Hence 3.3 and Lemma 3.5 give us for all n > 0

H (j;) | <1l (3.4)

Now let b,(n > 0) be a sequence of elements in K and let

cnzfév4wi<jﬁi

i=0
so that
=t S
—t o
€'Y bnr =D eny
n=0 n=0
and

1
Theorem 3.1. Let r be a real number such that 0 < r < |p|»=1. Suppose |c,| < Cr™ for
all n > 0 with some C' > 0. Then there exists a unique power series A(x) in Px satisfying

following properties:

—_— 1
1. A(x) converges at every & in Q, such that [£] < lp|P=Tr~ 1.

2. A(n) = by, for every n > 0.
Proof. Since |p|p%11"_1 > 1, property 1 implies A(z) converges for all £ € @p with |¢] < 1
so that A(n) mentioned in property 2 are well-defined. Now let
00 k T
e =ka=20() (ak € K)
n= 1=

As Ag(z) is a polynomial of degree < k, afl =0 for n > k. By the assumption on ¢,

o (2)] < leallo ™ < o0t
n
=1
where r; = r|p|»~T < 1. Hence

A — Al <
(Y kl!_g%

Ci (f) H < Orhtl (k<)

It follows from Lemma 3.4 that limy_,, A = A exists in Px and we have ||A— Ag|| < C’r’erl.
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Let A=Y "° a,2". Then limy_,o a = a,. Now
jak] = lay, —ap ™' < || Ax — Ana || < COrf (k= n)

Hence |a,| < Or} fo all n > 0. Therefore A(z) converges at ¢ in Q, with [¢] < ri' =
\p|z’1jr_1 because |a,&"| < Co0™ for some ¢ such that 0 < § < 1.

Now fix &, [£| < 7“1_1 and consider

A(G) = Ap(©) = D (an —af)e"

n=0

If kK < n, then
|(an — ap)€"| = |an€"| < Cr[€"] < C(r&)"

and if £ > n, then
|(an — ag)€"| = | A — Aglll¢"] < Cri*(g"|

where Cr¥T1en] < Ok if €] < 1 and Cr¥TYEn| < O(rq|€]) if [€] > 1. Therefore
[A() = AR(©)] < max(Crf, C(r1[€])").

Thus we see that A(§) = limg_oo Ax(§). For each integer n < k,
i n = n
o 33(1) - 30 ()

Hence it follows from the above that A(n) = b,. This proves the existence of A(z) having

properties 1 and 2. The uniqueness of A(x) is an immediate consequence of Lemma 3.3. [J

We restate the formula proved above as the following:

Corollary 3.1. Let A(x) be the power series in Theorem 3.1. For each £ € Q, with
1
€] < Ip[>=Trt,

A= kIL%iCi () =2

3.1.3 Construction of the p-adic L-function

Let g=pforallp>2and g=4forp=2. Let U=72Z;,D =1+ qZ, and V be the cyclic
group of order p — 1 consisting (p — 1) roots of unity in Q,. Then we have the following
isomorphism:

U=V xD
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Each a € U can be uniquely written in the form a = w(a)(a) where w(a) € V and (a) € D.
Note that w(a) is a p-adic Dirichlet character of conductor ¢ and order ¢(q).

Let x be a Dirichlet character with conductor f and w be a character introduced above.
For each integer n, define the product x, := xw™". Then the conductor f, of x, divides fq
and since xy = x,w", f divides f,,q. Therefore f and f, differ only by a power of p. Thus

if a € Z,(a,p) =1 then (a, f) = (a, f,) and xn(a) = x(a)w(a)™".
Now, let K = Q,(x)= the field generated by the values of x(a),a € Z over Q,. As x(a)
are algebraic integers, x(a) € @p. Therefore K is a finite extension of @, in @p. We now

define a sequence of elements in K for n > 0:

bp = (1= xa(p)P" ) Buxn

Note that x,(a) € K for all a > 0. As before,

er =30 (7)o

=0

Lemma 3.6. |c,| < |¢*f|7|q|™ for all n > 0.

Proof. From Lemma 3.1, we have

S h
Bn n = lim n,Xn (p f’ﬂ)
7 h—o0 phfn

Since f and f,, differ only by a power of p,

B —_ 1 ,Xn (phf)
ThXn h—o00 phf
h
i e Xn(@)a”
h—o0 phf
Hence
h h—1
b i e Xa(@a® xS Xa(a)a”
" h—o0 phf h—o0 ph_lf
h h—1
i Ze2ixm(@a” = 350 xn(pa) (pa)”

h—o0 phf
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n_hhrgophf ZXn

1 phf
= Jlim ;;M@M@"M@W@”
(a,p)—

(a,p)
g f
—;gadvggmwmw
pta
Therefore
= lim b
“n h—o00 th
where

>f e ‘ 9
=33 <i>x(a)<a>z(—1)”_z =3 x(@)({a) -
a=1i=0 =1
pla pla
We next prove that "h = 0 (mod f) in K for h > 1 by induction. This is trivial for
h=1las (a)=1 (mod q) Let h > 1 and let 1 <a < q¢"'f, (a,p) = 1. Write a in the form

a=u+q"fv (1<u<g"f,0<qg<v)
Since a = u (mod g), we have w(a) = w(u). Thus
(a) = (u) + w(u)q"fo
Hence

7

(o)~ =3 (”) () — 1) (o)~ fo)~
1=0

where the i-th term in the sum on the right is divisible ¢"**™=9  If n —4 > 1 then
i+hn—i)=n+ (h—1)(n—14) >n+ h — 1. Therefore

w(@)((@) = 1)" = x(uw)((w) —1)" (mod g™+~
Taking the sum over a, we see that

Cnht1 = (Cnp  (mod q"+h_1)
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so that
Crnh+l _ Cnh (mod ﬂ)

Gt g f

Therefore by induction, we see that Z}L—’}L =0 (mod q; ) for h > 1. Taking lim,_, ., we have

‘Q
[y

C”q# € Z;, and hence the lemma is proved. O

1
We now apply Theorem 3.1 for the above sequences b, and ¢, and for r = |¢q| < |p|7—T.
The theorem gives us the unique power series A, (z) in K{[[z]] which converges at every £

in @p with ] < |p’ﬁ\q|71 and satisfies
Ay(n) = (1 = xa(p)p" ") By, (n > 0)

In particular, by Property 4 of the generalized Bernoulli numbers, we have for y = x°

A(0) = (1= x(p)p ) Box =1~ ;

and 0 for non-principal characters.

Theorem 3.2. There ezists a p-adic meromorphic function L,(s,x) with the following

properties:

1. It is given by

a_ > n
Lp(37X) = s 711 + Zan(s -1) ap € K = QP(X)
n=0

where a_1 =1 — % if x = X" and 0 otherwise. Also the power series converges in the

J— 1
domain © = {s | s € Qp,|s — 1| <7}, r=|p|r—Tlg|~! > 1.
2. Forn=1,2,3,....., we have

B

Ly(L=n,x) = =(1 = xa(p)p" )= = (1= xa(p)p" ) L(1 = 7, Xn)

Furthermore, Ly(s, x) is uniquely characterized by the above two properties as a p-adic

meromorphic function on the domain ©.

Proof. Let Ly(s,x) = % where A, (z) is mentioned above. As L(1 —n, x,) = %,
both properties 1 and 2 follow immediately from the corresponding properties of A, (x).

The uniqueness of L,(s, x) is a consequence of Lemma 3.3. ]

The Theorem 3.2 gives us the p-adic meromorphic Ly(s, x) function which agrees with

the Dirichlet L-function L(s,x) at negative integers with Euler factor at prime p removed.
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As already mentioned in the beginning, we call L,(s, x) the p-adic L-function.
We now give a brief outline of the proof of Kummer’s criterion for irregularity of primes.
First we mention some useful theorems which are required to prove the criterion. The proofs

of these results can be found in Chapter 4, [13].

Theorem 3.3 (Conductor-Discriminant Formula). Let K be the number field associated to

the group X of Dirichlet characters. Then the discriminant of K is given by

d(K) = (1) [] K
x€X
where r1,12 are the number of real and complex embeddings of K into C resp. and fy is a

conductor of x.

Theorem 3.4 (Class Number Formula). Let h be the class number of K, R be the requlator

and w be the number of roots of unity in K. Then

2" (2m)hR H L)

wyldE)] X

If K is a CM-field, KT is its maximum real subfield and h and h™ are the respective
class numbers then from the class field theory; we know that h™ divides h. The quotient
h~ is called the relative class number. Using the class number formula for K and KT, the
conductor-discriminant formula and the expression of L(1,x) for odd characters in terms

of Bernoulli numbers, we obtain

Theorem 3.5. )
h(5) = Qu [T (~5B1)

x odd

where Q (= 1 or 2) is the index of a subgroup of the units in K* in a group of the units in
K.

Coming back to p-adic L-functions, if x # x° and pq ¢ fx, then one can show that p
divides all the coefficients a;’s (except possibly ag) in the power series expression of Ly(s, x)
(see Theorem 5.12, [13]).

Corollary 3.2. Suppose x # 1,pqt f. Let m,n € Z. Then L,(m,x) = Ly(n,x) (mod p).
Proof. Both sides are congruent to ag. O

Corollary 3.3 (Kummer’s Congruences). Suppose m = n (mod p — 1),(p — 1) 1 n are

positive even integers. Then
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More generally, if m and n are positive even integers with m = n (mod (p — 1)p®) and
(p—1)1n then

B B
1— m—1\—m =(1— n—1\—n d a+1
(L=p" )= =1 -p"7)— = (mod p"™)

Proof. Here p is assumed to be odd. Since m =n (mod p—1), w™ = w", and so Ly(s,w™) =
Ly(s,w™). We have Ly,(1 —m,w™) = —(1 — p™1)(B,,/m) and similarly for n. Also

Ly(1 —m,w™) = ag + a1 (—m) + ag(—m)?. ..
=ap+ai(—n)+ax(-n)%... (mod p**!)

= L,(1—n,w") (mod p*)
Hence the result follows. O

Corollary 3.4. Suppose n is odd, (p — 1)t (n+1). Then

B
Biwn = nil:i (mod p)

and both sides are p-integral.

Proof. We have w"t! # x? and w"(p) = 0. Therefore by Corollary 3.2,

Bl,w" = (1 — w”(p))BLwn
= —L,(0,0"™) = ~L,(1 - (n+1),0"™") (mod p)

Bni1 _ By
= (1—pr)—2tt = Tt d
A=p) = (medp)
The p-integrality also follows from Corollary 3.2. O

Theorem 3.6. Let p be an odd prime and let h, be the relative class number of Q(p).
Then plh,, if and only if p divides the numerator of some Bj,j = 2,4,6,....,p — 3.

Proof. The odd characters corresponding to Q((,) are w, w3, ...,wP™2. Therefore, by The-

orem 3.5,
p—2 1
h, =2p H (— §Bl,wj)
j=1
odd

(Q =1 by Corollary 2.4, w = 2p). Note that

-1
1% ~1
By p—2 =B -1 =— aw Ha) = ~—— (mod Z
17 1, p;l (a) p ( p)
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Therefore (2p)(—3 By ,»—2) =1 (mod p), so we have

p—4 1
h, = H ( - §B1w) (mod p)
j=1
7 odd
Hence by Corollary 3.4,
" 1B
h- = < = ]+1> d
; H1 27+1) (modp)
j]odd
The theorem follows immediately. O

Next we show that p | h, <= p | h,. We know that L,(1,x) has no pole if x # Y.

Theorem 3.7 (p-adic Class Number Formula). Let K be a totally real abelian number field

of degree n corresponding to a group X of Dirichlet characters. Then

2" h(K)Ry(K) _x\™
A(K) _H<1 p) Lpll)

xEX
x#1

Proof. See Theorem 5.24, [13]. O

Proposition 3.1. Suppose K is totally real Galois number field. If there is only one prime
of K above p, and if the ramification of p is at most p — 1, then

'[K : @mp(m' -
d(K) -

Proof. See Proposition 5.33, [13]. O

Theorem 3.8. If p | h;; then p | h, . Therefore p | hy <= p divides the numerator B; for
some j =2,4,6,.....,p— 3.

Proof. The characters corresponding to Q(¢,) " are 1,w?, .....,wP™3. Let n = (p—1)/2. Then

on-lptpt P73 ,
S - H Ly(1,0)
p\L,
Vdt iy

J even

Since Q(¢p)" satisfies the hypotheses of proposition 1, we have |R;}/vd*| < 1. Thus
p|ht = p| Ly(1,w’) for some j. By Corollary 3.2,

0= Lp(lawj) = Lp(oﬂwj) = _(1 - wj_l(p))Bl,wJ'*l = _Bl,wj*1 (HlOd p)
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Since by Theorem 3.6,

we have p | h™, as desired. O

This completes the proof of Kummer’s criterion for the irregularity of prime numbers.

3.2 Iwasawa’s construction

In this section, we give another construction of p-adic L-functions which is closely related to

the arithmetic of cyclotomic extensions. This construction was given by Iwasawa in 1969.

3.2.1 Group rings and power series

As before, let ¢ = 4 or ¢ = p according to p = 2 or p > 2. Let (d,p) = 1. Now, a Dirichlet
character x is called a character of the first kind if its conductor f, = d or f, = dq and it
is called a character of the second kind if f, =1 or f, = gp™,n > 0 (power of p). Using the
natural isomorphisms

(Z/dqp™Z)™ = (Z/dZ)* x (Z/qp"Z)* (3.5)

(Z)qp"Z)* = (Z/qZ)* x (Z/p"Z) (3.6)

we see that any Dirichlet character x can be uniquely decomposed into a product of a
character of the first kind 6 and a character of the second kind ¢: x = 6.

Define ¢, = dgp", then (a,qp) = 1 if and only if (a,q,) = 1. Let o,(a)= residue class
of a modulo g,. These o,(a),(a,q) = 1 the multiplicative group G,, = (Z/q,Z)*. For
m > n > 0, we have a natural surjective homomorphism from G,, = Gp: on(a) — o,(a).
Let I';,, denote the kernel of G,, — Gy that is

I, ={on(a) |la=1 (mod g,)}
This is a cyclic group of order p™. Define another subgroup of A, of G,, by
A, ={on(a) | a? ' =41 (mod ¢p")}

Note that for p > 2, there exists no integer a such that a?~! = —1 (mod ¢p"). Therefore
the above condition is same as a?~! = 1 (mod ¢p™). The natural isomorphism mentioned
in 3.5 and 3.6 implies that

G, =A, xT,
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Furthermore, m > n > 0, a homomorphism G,, — G,, induces

Now, let
G=1lmG, , I'=lmIl, , A=IlmA,
— — —

with respect to the above homomorphisms. These are profinite abelian groups and
G=AxT
where A =2 Ay = Gq. For a € Z, (a,q) = 1, let
on(a) = dn(a)ym(a) n(a) € Ap,vn(a) € T
Let o(a),d(a) and y(a) be the inverse limits of oy, (a),dy(a) and v, (a) respectively. Then

we have

Let a,b € Z, (a,q0) = (b,qo) = 1. then the following isomorphism
(Z/p" ) = (Zp[p"Zp) = (L + qZyp) /(1 + qp"Zp) (3.7)

implies vy, (a) = v,(b) if and only if (a) = (b) mod ¢p"Z, (The last isomorphism is given by
Zp+— (1+q)% =1+ qZp,). Therefore,

Lp = (1+qZp)/(1 + qp"Zyp)

(@) = (a) (1 + qp"Zyp)

Taking inverse limits, it follows that y(a) = v(b) if and only if (a) = (b) and
I'=(1+qZ)y)

(a) = (a)

Let K be a finite extension of Q,, O be the ring of local integers in K and p be the maximal
ideal of O. Let A = O[[z]]. A is a local ring and its maximal ideal m is generated by x
and p (see Proposition 13.9 [I3]). m defines m-adic topology on A which makes it into a
compact topological ring. Let O[I',] denote the group ring. For m > n > 0, the group
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homomorphism I';,, — I';, induces a natural morphism of group rings O[',,] — O[I',,]. Let
Ol = m O[T, )

Note that O[I'] € O[[']]. In fact, we shall see that this inclusion is proper. The p-adic
topology on O defines a natural compact topology on each free O-module O[I',,]. Hence

O|[[I']] is a profinite group ring of I'.

Lemma 3.7. A = O[[z]] & O[[T']], the isomorphism being induced by 1+ x — (1 + qo).

Moreover, the isomorphism is unique.

Proof. Since O[z] is everywhere dense in O[[z]], the uniqueness is obvious. It is easy to see

that, for each n > 0, there is an isomorphism
Ola]/(1 4+ 2)"" — 1) = O[]

given by 1+ 2 mod ((1+ z)?" — 1) + v,(1 4+ qo). The limit of these isomorphisms gives us

the required isomorphism in the lemma. O

Now, let ¢ be a Dirichlet character of the second kind and we choose a field K that
contains all the values of ¢)(a), a € Z. We denote by ng the smallest integer such that fy | g
for all n > ng. Now fix integer ¢ and consider residue class of ¥»(a)~!{a)~! (mod ¢,0) where
(a,q0) = 1. This residue class depends only on 7,(a) for n > ng. Therefore we have a

homomorphism of O-algebras for n > ng:
tn: Ol0n] = 0/q,0

Ynla) = (a) Ha)™t  (mod ¢,0) (3.8)
Since the following diagram is commutative for m > n > ny,

O[Fm] I O/QmO

| !

O[Fn] E— 0/ Qno
we have a continuous morphism of O-algebras

¢ = ¢f = limg}, : O[[[]] — O

y(a) = 9(a)~Ha)™"

In particular, ¢¢(y(1 4 qo)) = ¥(1+qo) " (1 + q0) ™" = (p(1 + qo) ™" where (y = ¥(1+go)~*
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is a root of unity in K of order a power of prime. As ¢, = (14 ¢p) =1 (mod p), we have
Cp(14qo)"" =1 (mod p). Hence if f(z) € O[[z]], then f(Cp(1l+ qo)~t — 1) is well defined
in O.

Lemma 3.8. Let f(x) — & under the isomorphism in Lemma 3.7. Then qbf({) = f(Cp(1+
qo)_t — 1).

Proof. For f(x) = 1+, £ = 4(1+qo). Thus ¢; () = ¢ (v(1+40)) = ¥(1+q0) ™ (1+a0) ™" =
Cp(14q0) ™" = f(Cy(14qo)~*—1). This implies that the same formula works for any arbitrary

f(z) € Olz] and hence for f(z) € O][x]]. O

Let 0 be a Dirichlet character of the first kind with §(—1) = 1. Hence fy = d or fy = dq.
Fix a finite extension Ky of Q, containing all the values of 6(a),a € Z. Let Oy be the ring
local integers in Ky. Define, for n > 0,

1 qn

=8 = o Z (a)0(a)yn(a)™!
(a:q0)=1
1 dn
=50 2 ah@m@ 6 =6
(algo)=1

and let
=1 = (1= (1+q)m(1+a) "

Both &, nn € Ky [Pn]
We now show that, under the morphism Kg[['11] = Kg[['y], {ng1 — &n- Let &, be

the image of £, +1 under the given morphism.

E1 = — b0 (b)yn (b)
201 1=
(b7q0):1

We write b = a + ¢, 0 < a < ¢p, (a,q0) = 1,0 < i < p. Then b = a (mod g,) implies
Yn(b) = vn(a). Since fp and f,(= q) divide qo, fp, also divides gp. Hence b = a (mod ¢,)
implies 6, (b) = 01(a). Therefore

1 Adn p—1
f:wl =5 61 (a)'Yn(a)il (a+ign)
(a:fIO)Zl
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However, 61(—1) = (~1)w=(—1) = —1. Thus 01(g, — a) = 01(—a) = —61(a) and v,(q, —
a) = Yn(—a) = Y (=1)yn(a) = yn(a). Therefore the sum in the above expression is 0. Hence
&1 = &n. In general, for m >n >0, &, — &, and 9y, — 1, under Ky[T'y,] — Kg[I'y].

We next show that n, is in fact contained in Og[I',]. As (14+qo) = 1+qp and 8(14+qo) = 1,

Adn
n =t 2(11 Z (1 +40)a)0((1 + go)a)vn((1 + QO)G)_l
o a=0
(a,q0)=1

For each integer a,0 < a < qp,(a,q) = 1, define @’ and a” by (1 + qo)a = d' + a’qp,
0 <d < gy Since (1+qo)a =d' (mod g), w((1+ qo)a) = w(d'), 6((1+ go)a) = 6(a’) and
(14 0)a) = 7 (). Thus (1 + o)a) = w((1 + o)) (1 + o) = w(@) (1 + go)a =
w(a)~Ya' +a"q,) = (') +w(a’)"ta"q,. Furthermore, if a ranges through 0 to g, such that

(a,qo) = 1, then so does a’. Hence

1 qn 1 qn B
ﬁn=§n+§ Z ((a'y + w(a’) " a"q,)0(a )y =35 Z a"01(a )y ()™t (3.9)
(ate0) =1 (ate) =1

Since (1+¢o)(gn—a) = gn—a' + (g0 —a")an, 01(gn — a') = 61(—d’) and v, (gn —a’) = Y (d'),
it follows that

/2
1 4 _
=5 (a"61(a")ym(a) " + (g )01 ( )¥n(gn —a')7t)
(ato)=1
qn/2
= > (@ = P)O(a)l@) )
(ato)=1

For p # 2, (" — %) € Zj, hence n,, € Oy[I',] and for p = 2, qo is even. This shows that

Now, since 7, +— 1, under Og[['y,] — Og[I'y], m > n >0, let

Tloo = 7720 = l(gnnn ) Moo € 09[[FH
and
g(.r,@) = Moo s g(l’,g) € 09[[37]]

under the isomorphism Oy[I'] = Opy[z] mentioned in Lemma 3.7.

We now assume 6 # x°. In this case we will prove that &, is also contained in Og[I',,].

Since {gn —a) = (gn — @)w(gn —a) ™" = (g2 —a)(—w(a) ™) = {a) —w(a)"'¢n and O(gn —a) =
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0(a). We have

n/2
1S _
b= 5 2 ((@0(@)n(@) " + (g~ a)0(an — ) yalan —
(o) =1
1 qn/2 1 an /2
= 2 @@+ 5 Y hia)e(e)
(o) =1 (ala)=1

35

Fix an integer ag, (ap,qo) = 1, and denote by >’ the sum taken over all integers a such

that 0 < a < ¢,/2, (a,q0) = 1,9m(a) = yn(ag). Since (a) = (ap) (mod g,) for such integers
a, we have Y (a)0(a)yn(a)~ = <Z/6’(a)><ao>’yn(a0)_1 (mod ¢,Op[Ty]). However, we see

from G, = A, xTI',, that when a takes the values as mentioned above, the elements d,(a)

and 0,(g, — a) precisely fill out the group A,,. Since 6 is essentially a non-principal char-
acter of the group A, it follows that Y. 0(a) = %(Z'Q(a) + 6(gn — a)) = 0. Therefore

S (a)0(a)yn(a)™' =0 (mod ¢,0[',]). and hence

an/2
> (@8(@)m(a) =0 (mod ¢,0p[Ts])

a=0
(a7q0):1

This shows that &, € Oy[ly,] for p > 2. For p = 2, #1(a) = w(a)"t0(a) = +0(a)

(mod 20). Therefore, 3" 01(a) = > 6(a) =0 (mod 20). Thus,

Qn/Q
Z 01(a)yn(a)"' =0 (mod 204[T,])
()1

which implies that &, is contained in Oy[I';,] for p = 2.
Now, since &, — &, under Og[I';,] = Op[l'y], m > n >0, let

and
f(2,0) = & : f(z,0) € Og|[z]]

under the isomorphism Ogy[I'] = Og[x] mentioned in Lemma 3.7.

Now,
1}21(1 —(1+qo)ym(1+q)™") =1 - (1+q)v(1+q)")
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implies
Moo = (1= (1+qo)7(1+q0) ")éws

Let h(x,0) =1 — $5% =1 — (14 q0) Y720(—2)". Then h(z,6) = (1~ (1+go)y(1+q0) ")
under the isomorphism Oy[I'] = Oy[x]. Hence

g(x, 0) = h(a;, e)f(x79)

If = x° then d = 1,q0 = ¢, Ky = Q, and g(z,0) = g(z,x°) € Zp[[z]]. Let h(z,x°) =
— %‘ We define f(x,x°) = g(z,x°)h(x, x,)~'. We shall see in the next section that

f(z,x°) is not contained in Z,[[x]].

3.2.2 Construction of the p-adic L-function

Let x be an even Dirichlet character and x = 6 be the decomposition of y into the
product of the character of the first kind and the character of the second kind. Let fy = d
or fp =dq, g, = dgp™ and ¢ = x(1 + qo)~! = ¥(1 + qo) ! as defined in the earlier section.
Since (—1) = 1,9(—1) = 1, we have #(—1) = x(—1) = 1. Hence f(z,0) can be defined as

mentioned in 3.2.1.
Lemma 3.9.

B

2f(C(1+ ) " = 1,0) = =(1 = xu(p)p" )= (xXn = xw™™)

for every integer n > 1.

Proof. We fix a finite extension K of QQ, containing all the values of x(a),f(a),¥(a),a € Z.

From 3.9, we have
dn

2, = 277z = Z a//01 (a/)’yn(a/)il
a=0
(G,QO):I

As n, € O[I',], we apply the morphism gb;/jn = ¢1 (see 3.8) to the both sides,

qn

2pin(mn) = Y a’0i(a)y(d) () (mod ¢,0)
a=0
(a,qo):l

qn

= Z a’x1(a){a’)t  (mod ¢,0)
a=0
(a,qo):l

an
= Z a"xi1(a)(a)' (mod ¢,0)
a=0

(a,qE)ZI
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where x1 = xw ™!, xi41 = xw Y. Now (14 qo)a = o + aq, implies (1 + go)t*Hlalt! =
()t + (t +1)(a')ta" gy (mod ¢2). If n is large enough such that fy|gn, then x¢41(a’) =
Xt+1((1 4+ go)a) = xt+1(1 4+ go)x¢+1(a). Hence it follows from the above congruence that

n
Xe+1(1+ o) (1 + go)™* Z Xe+1(a)a™!
a=0
(a7q0):1
an
= Xea1 (14 qo)xer1(a)(1 + o) taltt
(arq0)=1
dn dn
= Xeg1(a) (@) T+ (4 1) xe+1(a’)(a')'a" g (mod ¢20O)
a=0 a=0
(avq ):1 (a’q ):1
Therefore,
1 dn
2(t + V) pn(nn) = —(1 — x(1 4+ qo)(1 + qo))q— xer1(a)at™  (mod ¢,0)
(a:20)=1

Hence by taking limit on both sides,

- L&
2(t + 1) (110) = —(1 = ¢ (1 + o)) Jim . Z Xt+1(a)a’ ™!
" a=0
(a:QO)zl

As g(z,0) = n, under O[[z]] = O[], it follows from Lemma 3.8 that ¢ (1) = g(¢(1 +
)" —1,0). On the other hand, h(¢(1+qo) ™" —1,0) =1 — ¢ (14 go)'*! # 0 for ¢ > 0.

Hence it follows form the above that

1 1 qn
2f(C(1+qo) t—1,0)=— lim — Yir1(a)al Tt
(<( ) ) Pl ZO t+1(a)
(a7q0):1

Now suppose (a,p) = 1 but (a,q) > 1. Since fy,,, = dp°® for some e > 0, (a, fy,,,) > 1
and thus x¢11(a) = 0.
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Hence
dn dn
Ye1 (a)at+1 — Z Xt41 (a)atJrl
a=0 a=0
(a,90)=1 (a,p)=1
Adn dn
= Z Xe1(a)a™t — Z Xe+1(a)a ™
a=0 =0

a=
pla
qn—1

dn

= Z Xer1(a)a™ = xep (p)p™! Z Xe1(a)a’ ™!
a=0 a=0

_ t+1

= St+1x041 (@) = Xe+1(P)P T St41,x141 (Gn—1)

where s, (k) is defined in 3.1.1. Since ¢, = dgp" = thth”, hp=n+1l—corn+2—e.

So from Lemma 3.1 we have,

lim St+1,xt+1 (qﬂ)

n—00 dn - BtJrl’Xt-H
Therefore,
_ 1
2f(C(1+q0) ™" = 1,0) = —m(l = Xt+1(P)P") Bt+1,x014
Putting n =t 4+ 1 > 1, we obtain the formula in the lemma. O

Now let us consider the special case where y = 0 = 9 = x” and n = 1. Since ( =

x(1+q0)~t =1, x1(p) = w™(p) = 0, it follows from Lemma 3.9 that
FOX) = =3 Br = =5 3w (a)a
I 2 ,w 2

(see property 6 of generalized Bernoulli numbers). If (a,p) = 1 then w™!(a)a = 1 (mod ¢Zy).

Therefore

Zwil(a)a =p—1 (mod pZ,), (p>2)

a=1

=2 (mod 4Zs), (p=2)

Hence |£(0,x")| = |%] > 1. Thus f(z,x°) ¢ Z,[[x]]. However, since h(0,x") = —¢q, we see
that ¢(0,x") is a p-adic unit and thus g(x,x") is invertible in Z,[[z]].

Still in the special case, the argument in the first part of the proof of Lemma 3.9 shows
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that
2¢—1,n(77n) = (a')_la” (mod an)

Now (1 + qo)a = a’ + a”q, implies (1 + qo)(a) = (a’)(1 + (a’)"1a"q,) so that log(1 + qo) +
log(a) = log{(a’) + log(1 + (a’)~‘a"qy,). Hence taking the sum over all integers a such that
0 <a<qp,(a,qy) =1, we obtain

qn

1 _
(1—5)qnlog<1+qo>: 3" log(1+ (a)"La"qn)
=0
(ag0)=1
dn

= Z (a)ra"q,  (mod ¢,p" ' 7Z,)

a=0
(a,q0)=1

Hence

1
(1 — 5) log(1+qo) = (a')_la” (mod p"‘HZp)

Therefore
1
29(a0,x) = 29(1 + 0~ 1,x") = (20 1n(n)) = (1= Ylog(1+a0)  (3.10)
Now consider a power series u(s — 1) in K{[s — 1]] given by

(log(1 + qo))"
n!

u(s —1) =¢(1+490) Y

n=1

(s—=1)"
Since qq is divisible by ¢ and |log(1 + qo)| < |g|, we have, by Lemma 3.5,

n n
Vo) < g pr 7% = 1

C(1+ (JO)(log(lrj!_qo
with r = \q|_1|p|1>711 > 1. Hence u(s—1) converges in the domain ® = {s|s € Q,,[s—1| < r}
and |u(s —1)| < 1for s € ®.

Let ¢ = (1 + qo) — 1, then c is contained in the maximal ideal p of the ring O of local
integers in K. Let A(z) = >_7 ; ana™ be any power series in O[[z]]. Since (c+x) is contained
in the maximal ideal m of O[[z]], > .07 an(c+ x)" exists and let B(z) = > 7 jan(c+ z)".
For ecach o € Q, || < 1, we then have A(c + o) = B(w). Let B(z) = > 0" bya™. Since

u(s — 1) is a power series in (s — 1) without the constant term, we obtain by a formal



40 CHAPTER 3. P-ADIC L-FUNCTIONS

computation that
anus—l chs—l

It is easy to see that |c,| < r~" because b, < 1 for n > 0, and the coefficients of u(s — 1)
satisfy the same condition as above. Therefore the power series > >° ;¢ (s — 1) converges

in the domain ® and

o

Alc+u(s —1)) =Blu(s —1)) = Y _ca(s —1)"
n=0
for every s € ®. Note that |u(s —1)| < 1 and |¢ + u(s — 1)| < 1, so that A(c+ u(s — 1))
and B(u(s — 1)) are well-defined in ©.

If s is an integer, s = t € Z. then ¢ +u(t — 1) = ¢ + (1 + qo)(e(t=D1osl+a) _ 1) =
¢(14 go)t — 1. Hence, by continuity, we have ¢+ u(s — 1) = ((1+ q)® — 1 for every s € Z,
where (14 ¢)* := (1+qo)* = (1+(14+q0) —1)* =302 (3) ({1 + o) — 1) which converges
in Zy, (s € Zy) (see Chapter 5 of [3] for more details). Thus we have

o

A(C(14+¢qp)® —1) chs—l len] <r "
n=0
for every s € ®.
We now assume that the first factor of x is non-principal that is § # x°. In this case,
f(z,0), defined in 3.2.1, is a power series in O[[z]]. Hence, by the above remark, the function

F(s,x) =2f(¢(1 4+ qp)® — 1,0) is defined in the domain ® and is given by a power series:

o0
X) = Z anx (s —1)" |anyx| <7 7"
n=0

Assume next that 6 = x°, x = 9. Since g(x, x") is a power series in O[[z]], the function
G(s,x) = 29(¢(1+ qo)* — 1,%°) is again defined in ® and is given by a power series similar
to that for F(s,x). On the other hand,

1+ qo
14+c+u(s—1)

=1 —g—1<i(10g<1+qo>)"(8_1)n)1

n!
n=0

-1 <—1 i (log(l + qO))n(l _ S)n

|
n—0 n:

h(C(L+a0)° = 1,x°) = hle+u(s = 1),x") =1 -
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Suppose x # 1 # x°, then ¢ # 1 and

)n

h(C(l + qo)s _ 17X0) _ (1 . C_l)(l + - i C Z (log(ln-&'- QO) (1 _ S)n)
n=1 :

1
Since ( is a root of unity with order a power of p, |1 — (| > |p|»~T. Hence by the remark in

the proof of Lemma 3.5,

1 (log(1+ o))"
1-¢ n!

n

__1 _n—1 _
<lp| »Tlg|"|p| T =7

It implies that h({(1 + qo)® — 1,x°) # 0 for every s € ® and

s _ 0
F(s,x) = 2f(C(1+ )" — 1,x") = 2hg((4€<(11i qqoo))s - 11’50))

is defined in © and is given by a power series in K{[z]]:
[e.e]
F(s,x) = Z any(s —1)" lany| <1 — <|_1r_n
n=0

Finally let x = 6 = x". In this case, ( = 1 and

o0

h(¢(1 + o) = 1.x°) = log(1 + qo)(s = 1) )
n=0

(log(1 +qo))"
n!

(1—s)

where the power series converges because of the same reason as mentioned above. Therefore
h(¢(1+¢qo)* —1,x°) vanishes in D only at s = 1 and the function F(s, x°) = 2f(¢(1+qo)* —
1,x") given by the following power series

oo
a_q —1 —
F(s,xo):8_1+2an(s—1)" lap) < |1 —¢|7r ™
n=0

is now defined for all s # 1 in ©. We also see that, 3.10 implies,

(1= ) log(1 + go) 1
a_1 = lim(s — 1)F(s,x") = P =1—--
1= Jogls ~ DG x) log(1 + qo) p

Thus, we have now obtained a function F'(s, x) for each Dirichlet character x, x(—1) =1
defined in the domain ® excluding s = 1 in the case of y = x°. By Lemma 3.9, it also

satisfies

F= ) = (1)) P2 (=)
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for every integer n > 1. Hence F(s, x) possesses both the properties of Theorem 3.2 which
uniquely characterize the p-adic L-function. Therefore F(s, x) = Ly(s, x). Note that n and
Xn have different parities if x(—1) = —1. This implies B,, ,, = 0 (property 5 of generalized
Bernoulli numbers) which in turn implies L,(1 —n,x) = 0 for n > 1. Hence, by p-adic
Weierstrass Preparation Theorem, Ly(s, x) is identically 0 for odd x.

We see that L,(s, x) is constructed by a method different from that in section 3.1. The

formula

Ly(s,x) = 2f(C(L + q0)° — 1,0) (3.11)

is a very useful result and has many applications to the theory of cyclotomic fields, following

theorem being one of them:

h n
Theorem 3.9. Let h,, = %
pTL

exists integers \, u and v, all independent of n, with X > 0, u > 0, such that

and p® be the exact power of p dividing h,,. There

e, =An+pup" +v
for all n sufficiently large.

Proof. See first three sections of Chapter 7, [3]. O

The above theorem is a part of much more general theory of Iwasawa, theory of Z,-

extensions, which we will consider in the next chapter.



Chapter 4
The Main Conjecture

We discuss Iwasawa’s theory of Z,-extensions and the Main Conjecture of Iwasawa theory
in the present chapter. The account given here is based on the book by Lawrence C.
Washington [13] and on the notes by Romyar Sharifi [12]. Throughout the chapter, we
assume p > 2 for simplicity.

Notation: Our notation is slightly different than the standard one. We denote the power
series ring by Z,|[[z]] instead of Z,[[T]] and the projective limit of ideal class groups by Y
instead of X.

4.1 Iwasawa’s theorem

The main goal of this section is to prove Iwasawa’s theorem which is concerned with the
study of sizes of class groups in Z,-extensions. Let A = Z,[[z]]. We first state some results
about the structure of A and A-modules that are needed to prove the theorem. For the

proofs of these results, see section 13.2, [13].

Theorem 4.1 (p-adic Weierstrass Preparation Theorem). Let f(z) € A be nonzero. Then
f can be uniquely written as f(x) = p*P(x)U(x) where P(x) is a distinguished polynomial,

U(z) € A* and p is a nonegative integer.

Lemma 4.1. A is a UFD whose irreducible elements are p and the irreducible distinguished

polynomials.

Lemma 4.2. Suppose f,g € A are relatively prime. Then the ideal (f,g) is of finite index
n A.

Lemma 4.3. The prime ideals of A are 0, (p, ), (p) and the ideals (P(z)) where P(x) is

an irreducible distinguished polynomial. The ideal (p,x) is the unique mazimal ideal.

Lemma 4.4. Let f € A with f ¢ A*. Then A/(f) is infinite.

43
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Theorem 4.2. (Structure Theorem for A-modules) Let M be a finitely generated A-module.
Then

s t
M~ Ao (@A) e (@a/(E)m™))
i=1 j=1
where 1, 5,t,n;,mj € Z and f; is irreducible distinguished.

Now let K be a number field and K /K be a Zp-extension such that K = Ky C
K;... C Ky with Gal(K,,/K) =2 Z/p"Z and T' = Gal(K/K) = Z,. Iwasawa’s theorem
says that

Theorem 4.3 (Iwasawa’s Theorem). Let p°» be the exact power of p dividing the class
number of K,,. Then there exists integers A > 0, u > 0 and v, all independent of n, and an
integer ng such that

en =An+ up" +v
for all n > ny.

Proof. Only finitely many primes in K (those above p) ramify in K, (Proposition 13.2,
[13]). We first assume that these primes are totally ramified in K /K.

Let L, be the maximal unramified abelian p-extension of K, and A, be the p-part of
the ideal class group of K,. Set Y, = Gal(L,/K,). Note that, from class field theory,
pr = |Ap| = |Ya|. Let L = J,,»gLn and Y = Gal(L/K«). Since K, /K is Galois, the
maximality of L, over K, impli;s L, /K is Galois and hence L/K is Galois. Let G =
Gal(L/K). Since K, 1+1/K, is totally ramified and L,,/K,, is unramified, K1 N L, = K,.
Therefore Y,, = Gal(L,/K,)= Gal(L,Kp+1/Knt1). As L,Ky11 C Lypt1, we see that Y,
is a quotient of Y,4+1. Thus we have an onto map Y,11 — Y,. Similarly we have Y,, =
Gal(L,/K,)= Gal(L,K«/Ks) and so we have

limY,, = lim Gal(L,/Ky)
= lim Gal(Ln Koo/ Koo)

= Gal((| LK)/ Kw)
= Cal(L/Ky) =Y

Let v, € I'y,. We extend 7, to an element v,, € Gal(L,,/K). Let y, € Y,,. There is an action
of 4, on y, given by yn" = Vyn¥n ' This action is well-defined since Y,, is abelian. This
implies that Y, is a Z,[I',,]-module (It has a Z,-action because it is a p-group!). Representing
an element of Y as a vector (yo, Y1, ... ... ) and letting Zy[I';] act on the n-th component, we
find that ¥ becomes a module over A 2 Z,[[[']]. As before, v € ',y € Y then y? = Jyy !

where ¥ is an extension of vy to G.
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Let p1,...,ps be the primes in K that ramify in K. Fix a prime p; of L lying over
pi. Let I; = I(p;/pi) C G be the inertia group. Since L/K is unramified, I; N Y = {e}.
Thus we have an injective map I; — G/Y = T'. Now our assumption that K.,/ K is totally
ramified at p; implies that this map is in fact surjective and thus bijective. Therefore
G=LY =Y, fori=1,2,...,s. Let g; € I; be an element that maps to the topological
generator 79 in I'. Now I; C YI; for i = 1,2,...,s, so there exists a; € Y such that

oi=a;o1 fori=1,2,...,s.

Lemma 4.5. [G,G] =Yl =zY

Proof. Let a,b € G. Using G =T'Y, we write a = y1y1 and b = yoy2. We identify I with [y
and define the action of I on Y via this identification, i.e. 37 = yyy~!. Therefore

aba™ 07! = yiy1v0m0u7 vy Ly T
= (7)) 7v2y291 Pty Tt

= (") ((w2ur ) ")y 1y5 bt

= (y1")((yayy )" 72y5 'y, ' (T is abelian)
= (") (2 )72) (w3 ! )

= (") 2 (yg?) !

Taking v; = 70,72 = 1, we see that Y°~! C [G, G]. For v, arbitrary, there exists ¢ € Ly,
such that v2 = 7§. so

o0
n

n=0

Thus (y7*)'™2 € 2V = Y=L Similarly (y32)*~! € Y=L, Therefore [G,G] CY~1. O

Note that, as 2Y" is closed (continuous image of the compact set Y), [G, G] is also closed.

Therefore the closure G’ of the commutator subgroup of G = zY = Y0~1,

Lemma 4.6. Let My be the Z,-submodule of Y generated by {a;|2 <i < s} and by Y0~ =
xY. Let My, = v,My, where v, =1+ vy + ’yg R q/gnfl = (1—%1:)* Then Y, 2 Y/M,
forn > 0.

Proof. First, consider n = 0. We have Ky = K C Ly C L. Since Ly/K is maximal abelian
unramified p-extension and L/K is a p-extension, Lo/K is the maximal unramified abelian
subextension of L/K. Therefore Gal(L/Ly) must be the closed subgroup of G generated
by G’ and all the inertia subgroups I;, 1 <i < s. Therefore Gal(L/Lg) is the closure of the
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group generated by Y~ I} and as, ..., as, so

1/0 = Gal(Lo/K) = G/Gal(L/Lg) = YIl/Gal(L/Lo) = Y/(Y')/Ofl,ag, . .,CLS> = Y/MO

p" " k+1 _

Now for n > 1, we replace K by K,, v by 75 - kThen o; becomes o; . But 07" =
_ — 1+o01+...40 n i

(a;o0)F ! = a;01a;0 10% Q0] kalfH =aq, ! 1O'If+1. Therefore o = (vpa;)ol, so

a; is replaced by vpa;. Finally, Y01 is replaced by Y% —1 = 1, Y01 Therefore My
becomes v, My = M,,, which yields the desired result. ]

Lemma 4.7 (Nakayama’s Lemma). Let Y be a compact A-module. If y1,...,y, generate
Y/(p,x)Y over Z, then they also generate Y as a A-module. In particular Y/(p,z)Y =
0<<=Y =0.

Proof. Let U be a small neighbourhood of 0 in Y. Since (p,z) is a maximal ideal of A,
(p,z)™ = 0in A. So each y € Y has a neighbourhood U, such that (p,z)"U, C U for large
n. Since Y is compact, finitely many U,’s cover Y. Therefore (p,z)"Y C U for large n, so
N(p,z)"Y = 0 for any compact module Y.

Let Y = Ay1+...+ Ay, CY. Then Y’ is compact (image of A™), so Y/Y" is a compact
A-module. By assumption, Y’ + (p,2)Y = Y. Therefore Y/Y' = (Y' + (p,2)Y)/Y’ =
(p,2)Y/Y'. Hence (p,z)"(Y/Y') =Y/Y' for all n > 0. It follows that ((p,z)"(Y/Y') =
Y/Y’ =0 since Y/Y" is compact, so Y =Y. O

Lemma 4.8. Y = Gal(L/K) is a finitely generated A-module.

Proof. 11 = % € (p,x), so My/(p,x)Mp is a quotient of My/viMy = My/M; C

Y/M; = Yi, which is finite. Therefore My is finitely generated by Lemma 4.7. Since
Y /My =Yy is finite, Y must also be finitely generated. O

Since there exists an integer e > 0 such that in K, /K, all ramified primes are totally
ramified (Lemma 13.3, [13]), we remove our first assumption. Then Lemmas 4.6 and 4.8
apply to Ko /K. In particular, Y, which is the same K. and K, is a finitely generated
A-module. Forn > e, vy ¢ 1= 22 = 1+~yge +7§Pe +.. .+7gn_pe replaces vy, for Ko/ K,, since
'yge generates Gal(Ko/K.). Let M. be “My for K.”. Then M, = v, M. and Y,, = Y/M,
for all n > e.

We now apply Theorem 4.2 to Y. We can also apply it to M, with the same answer,

since Y/M, is finite. So we have
s t
M~ Y ~ A @ (PA/H) o (D A/f)™))
i=1 j=1

We shall calculate |V/vy, V| for each of the summands V' on the right side.
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1. V.=A. SoV/v, .V =A/(vpe). Since vy = m%:ll)) € (p,x) forn>e, vy & A*.
Hence by Lemma 4.4, A/(vp) is infinite. But, M. /vy M, is finite. So A does not

occur as a summand.

2. V.= A/(p*). In this case V/v, V = A/(p*,vne). It is easy to show that v, is a
distinguished polynomial. By the division algorithm, every element of A/(p*,vy.) is
represented uniquely by a polynomial mod p* of degree less than deg(vne) = p™ —p°.
Therefore |V/vy, V| = pFP"=P) = pFP"+¢ for some constant c.

3. V.=A/(f(z)™). Let g(z) = f(xz)™. Then g is also a distinguished polynomial of

d

degree, say d. Hence 2¢ = p(poly.) (mod g), so ¥ = p(poly.) (mod g) for k > d. If

p" > d then

(1+2)"" =1+ p(poly.) + z*"
=1+p(poly.) (mod g)

n+1

Therefore (1 + z)P"" =1+ p?(poly.) (mod g). It follows that

n—+2 n+1

—1=(14+ 042" . (L4 2)PT (L 2)P
=(1+...4+1+p*poly))(1+2)”"" —1) (mod g)
= p(1 + p(poly))((1+ )" = 1) (mod g)

(1+2)P -1)

n-+2
Since 1 + p(poly.) € A%, 81327”“:1 acts as (p).(unit) on V.= A/(g) for p" > d. Let

ng > e, p™ > d and n > ng. Then

Un+2e  Vnt2 (1 +$)p

Un+ie Vn+1 (1 + CU)anrl —1

and thus
n—+2

(14+z)P " —1
(14 z)P" ™ —1
Therefore |V/vpi2.V| = |V/pV||pV/pvns1,V| for n > ng. Since (g,p) = 1, multipli-
cation by p is injective, so [pV/pvpy1,V| = |V/Unt1V]. Also [V/pV| = |A/(p,9)| =

Vn+2,ev = (Vn+1,ev) = an+1,eV
p?. Hence |V/vpy2..V| = p?|V/vni1.V|. Therefore, by induction, we have
V/vneV] = p" "DV v,V

for n > ng. If |V/v, V| is finite for all n, then |V/v, V| = p™*+¢ for some constant

c. If it is infinite then V cannot occur in our case.

Thus we have proved the following proposition:
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Proposition 4.1. Suppose

E=Aa (é/\/(p’”)) ® (é/\/(gj(f”)mj))
i=1 J=1

where each g;(x) is distinguished (not necessarily irreducible). Let m = Y k; and | =
> deg(g;). If |E/vn e E| is finite for all n, then r = 0 and there exist ng and c such that

|E/Vn7€E| — pmpn+ln+c

for all n > ng.

Now we have an exact sequence 0 — A — M, — F — B — 0 where A and B are
finite. We also know the order of E /v, E for all n > ng. Therefore it remains to relate this
order to the order of M. /vy ¢M.. The issue here is that the orders of A and B could very
with n, but the following lemma shows that these orders remain constant for large enough

n.

Lemma 4.9. Suppose F' and E are A-modules with F' ~ E and F/v,F is finite for all

n > e. Then, for some constant a and some ng, |F /vy F| = p*|E /vy E| for all n > ny.

Proof. We have the following commutative diagram

0 0 0
ker(¢1,) ker(@) ker(g))
0 —— v —— F — Flyp . F —— 0
b ¢ b
0 —— el —— E —— E/vpeE —— 0

coker(¢)) coker (o) coker(¢y,)

n

0 0 0

Our goal is to prove that |ker(¢!)| and |coker(¢!)| are constant for large enough n. We
prove this by showing each is bounded and decreasing. First we show that each is bounded.

It is clear that |coker(¢!)| < |coker(¢)| since one obtains representatives of coker(¢!) from
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those of coker(¢). For ker(¢!"), we apply the snake lemma to obtain the long exact sequence:
0 — ker(¢,) —> ker(¢) — ker(¢!l) — coker(¢],) —> coker(¢) — coker(¢!l) — 0

From this sequence, we see that |ker(¢))| < |ker(¢)]|.|coker(¢),)] < |ker(¢)|.|coker(4)| be-
cause one obtains representatives of coker(¢/) by multiplying those of coker(¢) by vy.e.
Therefore both |[ker(¢!)| and |coker(¢!)| are bounded.

We now show that |coker(¢!)| is decreasing. Let m > n > 0. Then we have |coker (¢, )| <

|coker(¢]!)| since v eE = Uy IV/’:: E C vpE. Thus |coker(¢))| is constant for large

enough n.

Using the snake lemma, we have

[ker (¢, )| [ker(¢y,)|-|coker(¢)] = [ker ()] |coker(¢),)|.|coker (g, )]

So it remains to show that |ker(¢!)| and |coker(¢!])| are constant for large enough n. It
is clear from the commutative diagram |ker(¢),)| < |ker(¢)|, so |ker(¢),)| is bounded. Also
Um,e ' C vy oF implies |ker(¢),)| < |ker(¢),)| for m > n > 0. Thus |ker(¢/,)| is decreasing, so
constant for large enough n. Now we already know that |coker(¢/,)| is bounded. Let vy, cy €
vm,eE. Fix a set of representatives of coker(¢],) and let z € v, . E be the representative for
Un,ey in coker(¢),). Observe that vy, cy—2z = ¢(vy ) for some z € F since it is necessarily in
2= ¢(Vm,e) = G (Vm,e).

This shows that |coker(¢!,)| < |coker(¢),)|, hence |coker(¢),)| is constant for large enough n

Im(¢;,) and this injects into Im(¢). Thus we have v, ;y — <m

Un,e

and we are done. O

Applying the above lemma to our case M, ~ E, we get |M./vp M| = p*|E/vp E| =
pp™P" Hnte for all n > ng, where E as in Proposition 4.1. It is now simple to complete the
proof Iwasawa’s theorem. We have shown that there exists integers u > 0, A > 0, v, ng such

that

pen = ’Yn| = |Y/M6|-|M6/Vn,eMe|
= (constant)ptp™P" Hinte

_ o An+tup”+v
=p 10y

for all n > n,. ]
We close this section with one application of Iwasawa’a theorem.

Proposition 4.2. Suppose K /K is a Zy,-extension in which exactly one prime is ramified,
and assume it is totally ramified. Then Y, =Y/((1+2)?" —1)Y and pt ho <= p{ hy, for

all n > 0, where h;= class number of K;.
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Proof. Since K /K is totally ramified, we may use Lemma 4.6. We have s = 1, so My = Y
and M, = ((1+z)P" —1)Y. This proves the first part. If p{ ho, then Yy = 0, so Y/zY = 0.
This implies Y/(p,z)Y = 0. By Nakayama’s lemma, Y = 0. Thus Y,, = 0 and p 1 h,, for all
n > 0. O

In particular for the Z,-extension Qp((pe)/Qp(¢p), the Proposition 4.2 implies Corollary
2.8.

4.2 The Main Conjecture of Iwasawa theory

The Main Conjecture gives relations between various algebraically defined A-modules and
the analytically defined p-adic L-functions. There are several equivalent formulations of
the Main Conjecture depending on the choice of A-module. Here we discuss the form (first
form) which relates the projective limit of the ideal class groups in a Z,-extension to the
p-adic L-function. Mazur and Wiles proved the Main Conjecture (first form) for the abelian
extensions of Q in 1984 using delicate techniques from algebraic geometry and the theory
of modular curves. In the mid 1980s, Thaine and Kolyvagin introduced new techniques
to study ideal class groups of real cyclotomic fields. Using these methods, Kolyvagin was
able to determine the orders of different eigenspaces of the p-part of the ideal class group
of Q(¢p). The advantage of this method was that the proofs were much simpler than those
of similar work by Mazur and Wiles. Rubin extended Kolyvagin’s methods to give fairly
elementary proof of the Main Conjecture (See Appendix, [7]). In 1990, Wiles proved the
Main Conjecture for the abelian extensions of totally real fields.

Let K = Q(¢prt1)s Koo = Uy>0 Kne Then Koo /Ko = Q((pee)/Q((p) is the cyclotomic
Zy-extension. As before, let L,, be the maximal unramified abelian p-extension of K, and
A, be the p-Sylow subgroup of the ideal class group of K,,. Set Y,, = Gal(L,/K,) = A,,
L =U,>Ln and Y = Gal(L/K). I', = Gal(K,/Kp) acts on A,, and makes it into a
Ly, [Fn]—rr;odule. The norm map N,, from A, to A,_1 commutes with the action of the group
ring. We denote the inverse limit yLHAn with respect to the norm mappings by A. Using
A = Z,[[I']], A becomes A-module by defining the action componentwise. We also have
Y = @ Y, = @An = A.

Now let G be a finite abelian group and G its character group. For x € G, define
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2. eyey =01if x #9
3. eré Ex = 1
4. eyo = x(0)ey

The €, ’s are called the orthogonal idempotents of the group ring Q[G]. Let M be a mod-
ule over Q[G] and M, = e,M. For m € M, property 3 implies eré exym = m and
eré exay = 0 = eyay = 0 using property 1 and 2. Therefore M = P, M,. Eacho € G
acts on M and thus M, is the eigenspace with eigenvalue x(o) by property 4.

In particular, let G = Gal(Ko/Q) = (Z/pZ)*. Then G = {w'|0 < i < p — 2} where w is

the p-adic Dirichlet character mentioned in 3.1.3. The idempotents in this case are:

Since G xTI';, acts on A,, in the same way as the action of I';, on A,, = Y,, was defined, G acts
on A, and thus A,, can be considered as Z,[G]-module. So we can decompose A,, according
to the idempotents. Each ¢;A,, is now a Zy[I';]-module, hence l'&u—:iAn =g A= ¢gY is
a A-module. The following amazing result relates these A-modules (algebraic objects) to

p-adic L-functions (analytic objects):
Theorem 4.4. Assumep{ h(Q((,)"). Let Py(z) = (14+x)P" —1. Then fori=3,5,...,p—2,

i = N/(Pae), [, and &A= A/ (S )

1—1')

where f(z,w is the power series satisfying f((1+ p)® — 1,w'™) = L,(s,w'™) (power

series from Iwasawa’s construction of p-adic L-functions).

Proof. See the proof of Theorem 10.16, [13]. O

We factor f(z,w!™") = ptig;(z)U;(x) with g; distinguished and U; € AX. Therefore, by
Theorem 4.4, ;Y = A/(pigi(x)) = A/(p') @ A/(g;) which is of the form of decomposition
of ;Y as a A-module. It is known that y; = 0 for cyclotomic Z,-extensions (Theorem 7.15,
[13]). Therefore

aY = A/(f(z,w!'™)) = A/(gi(2))

So in this case the distinguished polynomial in the decomposition of ;Y is essentially the p-
adic L-function. Iwasawa conjectured that this is true in more general situation, for totally
real extensions of rationals.

Let F' be totally real and let Ko = F((p), Koo = F(({p). Let A = Gal(Ky/F) C
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(Z/pZ)*. Let x € A be odd. Then

Yo=eY = @A) o P A/(g) @)

with finite cokernel. Let py, = > kY and let g, (z) = p** [] j g;‘ (x) (gy is called as character-
istic polynomial associated to Yy ). It has been shown by Deligne and Ribet that there exists
a p-adic L-function for the even character wy~!. Let 4o be the generator of Gal(Kw./Ko)
corresponding to 1 4 x. Define kg € 1 4 pZ by v,(pn = C;,? for all n > 1. It has been shown
that there exists a power series f, € A such that L,(s,wx ™) = fy (k& — 1), x # w. We now

state the Main Conjecture:
Theorem 4.5 (The Main Conjecture or Mazur-Wiles Theorem (first form)). f\(z) =
9x(2)Uy () with Uy (x) € A*.

In other words, the Main Conjecture says that the power series attached to the p-adic
L-function is equal to the characteristic polynomial up some unit.

We now state a slightly different form. Consider Cp-vector space V =Y ®z, C,. Since
Y ~ P A" @ P A/ ()
i J

we have

V= P Cyla]/(g5(x)
J
as tensoring with C,, kills the finite kernel, cokernel and the A/(p*?)’s in the decomposition
of Y. V is a finite dimensional vector space and z + 1 = g acts on V' by multiplication.
Thus I" acts on V. Let g(x) = [[ g;j(z) be the characteristic polynomial of 79 — 1 acting on

V. The vector space V is clearly a @p[A]—module, so we can decompose
V=) gV
X

Then
g(x) = [[9¥(=)
X
where gX(x) the characteristic polynomial of 79 — 1 acting on €, V. By p-adic Weierstrass
Preparation Theorem, we can write fy (x) = p*x f\ (2)Uy(z).
Theorem 4.6 (The Main Conjecture (second form)). f,(z) = gX(z).

Note that the advantage of this form is that we may consider larger class of characters,

but since V' is formed by tensoring ¥ with C,, we lose the information contained in g, .
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Proving Main Conjecture is a very difficult task. As mentioned earlier, currently there
are two methods used to prove the Main Conjecture. One of them is the “geometric” method
which was invented by Mazur and Wiles. In this method one uses congruences and p-adic
representations coming from modular forms. The other method, which is rather different
in nature and easier than the first one, uses a certain Galois cohomological tool known as
“Fuler system”. Unfortunately, constructing an Euler system is very difficult in its own
right and very few Euler systems are known.

The motivation for the Main Conjecture comes from the theory of function fields over
finite fields (or curves over finite fields). Function fields have many properties that are closely
related to the arithmetical properties of number fields; for example, both have zeta functions,
satisfy class field theory, and have finite residue class fields at all (nonarchimedean) places.
Let C be a complete, nonsingular curve of genus g over a finite field k£ of characteristic
[ # p and let J be its Jacobian variety. Let J, be the set of points on J of p-power order
defined over the algebraic closure k of k. This is essentially the analogue of ¥ & A =
lim Ay, for cyclotomic Zp-extensions. We have .J, = (Qp/7,)* as abelian groups. Therefore
Homg, (Jp, (Qp/Zp)*) = Zz%g ; and

Homgz, (Jy, (Qp/Z,)*) @z, Qp = Q}F

The Frobenius automorphism of k/k acts on this last space and Weil Conjecture states
that the characteristic polynomial is the numerator of the zeta function of C'. Extending an
analogy with the Weil Conjecture, it is natural to ask whether the characteristic polynomial
of the pro-p part of the class group Y of a cyclotomic Z,-extension is of zeta type or not.
Therefore the Main Conjecture is an attempt to extend the analogy between number fields
and function fields to this important situation.

We now give one application of the Main Conjecture to the sizes of class groups. Let
p be an odd prime and F/Q be an abelian imaginary extension. Let x : Gal(F/Q) — Oy
be an odd character, where O, is the ring generated over Z, by the values of x. Set
A = Gal(F/Q). Let g = [Oy : Zy] and Ap be the p-Sylow subgroup of the class group of
F. We write A%, to denote the x-isotypical piece of Ap, that is A%, = Ap ®z,1a] Ox-

Theorem 4.7. Suppose x # w, then |A%| = |Oy/Ly(0,wx™1)|.
Proof. See Section 5.2, [1J. O

In particular, if v,(a) denotes the p-adic valuation of a, then Theorem 4.7 implies
up(|A%]) = vp(|Ox/Lp(0, wx ™)) = vp (|0 /(L(0, x ) (1 = x " (0)))]) = gvp(L(0,x71))-
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We end this chapter by mentioning two of the major directions Iwasawa theory has
expanded over the years. The obvious generalization is to replace the limits of class groups
Y with more general objects. For example, Let FE be an elliptic curve over Q with ordinary
reduction at p, then there is a Main Conjecture for the structure of Pontryagin dual of
Selmer group of E over Q4 in terms of a p-adic L-function of E. Great progress has been
made on this particular Main Conjecture, due to successive work of Rubin (for CM-curves),
Kato, and Skinner and Urban. In the second generalization, one allows the Galois group
I' of the tower of cyclotomic fields to be isomorphic to an open subgroup of GL,(Z,) for
some m > 1. In this case, Main Conjecture becomes more difficult to formulate, as the
structure theory of A-modules is no longer simple. Still, in the past decade, such main
conjectures have been formulated using algebraic K-theory as one of the several tools. The
corresponding Main Conjecture for p-adic Lie extensions of totally real number fields has
recently been proved by Mahesh Kakde in a paper under review. Other possible directions
for future developments could be a theory of Z-extensions (Z = @Z/ nZ = []7Zy). Some

progress has been made by E. Friedman in this direction.
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