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Abstract.

We consider the Weil restriction of a connected reductive algebraic group
over a number field to the rational numbers. For a level structure in the
group of its adeélic points, we form an adélic locally symmetric space. A
finite-dimensional, algebraic, irreducible representation of the group of real
points of the Weil restriction induces an associated sheaf on this space.

Raghuram and Bhagwat found certain necessary conditions for
non-vanishing of the cuspidal part of the respective sheaf cohomology in case
of the general linear group under some additional assumptions on the
number field and the weight of the representation. Motivated by this, we
estimate the growth rate of cuspidal cohomology with varying level structure
as well as weight in case of automorphic induction from GL(1) over
imaginary quadratic fields to GL(2) over the rationals and also that of
symmetric square transfer from GL(2) to GL(3); both over the rationals.

We also present bounds on the dimension of the total sheaf cohomology
which apply to an arbitrary connected reductive algebraic group with varying
level structure or weight. The bounds thus obtained are consistent with the
classical dimension formulae as well as several known results.

111



v



Acknowledgements

The author was supported by a Doctoral Fellowship by NBHM throughout
his research. He wishes to express special gratitude for the same.

The author is indebted to Prof. A. Raghuram for suggesting this problem.
His constant guidance as well as encouragement made this research
inspiring and delightful. The author would also like to thank both Prof. C.
Bhagwat and Prof. U. K. Anandavardhanan for their suggestions and very
helpful conversations. The author is grateful to the faculty, staff and fellow
students at IISER Pune for their support and cooperation.

Most importantly, the author is indebted to his mother for her unwavering
love and support and wishes to dedicate this work to her.

Chaitanya Ambi.



vi



Statement of Originality

The main results of this thesis which constitute original research are the
following four Theorems: [1.4.1} [1.4.3] [1.4.5] and [1.4.9] These theorems have
been restated in the subsequent chapters as[7.4.3] [7.3.2] [8.1.2] and [3.3.1] re-
spectively, for convenience of the reader.

All the auxilliary lemmas, including [5.3.2], 5.3.3], [7.4.2) R.1.1], as well as
the remarks and corollaries following the main theorems are original.

Also, each method used and all computations performed represent original
work of the author.

Vil



viil



Estimation of the Dimension of Cuspidal and
Total Cohomology

Chaitanya Ambi

September 10, 2019



11



Contents

(1__Introduction.| 5
(L1 Motivation . . . . . . . . ... 5
(1.2 Statement of the problems.|. . . . . . .. ... ... ... ... 6

1.2.1 Thecase of GLy/Q.. . . .. ... ... ... 6
1.2.2 Thecase of GL3/Q.|. . . . . . ... . ... ... ..., 7
[1.2.3  The case of a connected, reductive linear algebraic group.| 7
(1.3 An outline of the approach.| . . . . . .. ... ... ... ... 8
1.3.1 The strategy for GL,/Q . . . . . ... ... ... ... 8
1.3.2 The strategy for GLs/QJ . . . .. ... ... ... ... 9
[1.3.3  The strategy for a connected, reductive linear algebraic |
[ group.] . . ... 9
(.4 Statement of theresults) . . . . . .. .. ... ... 10
1.4.1  The bounds in case of GL,/Q.. . . .. ... ... ... 10
1.4.2 The bounds in case of GL3/QJ. . . . . ... ... ... 11
[1.4.3 The bounds in case of a connected, reductive linear |

| algebraic group.| . . . . . .. ..o 12

I  Estimation of Total Cohomology.| 15

2 Algebraic and Topological Preliminaries.| 17
2.1 Notation and Preliminaries| . . . .. .. ... ... ... ... 17

211 The number field]. . . . . .. .. ... ... .. 17
2.1.2 Weil restriction of scalars) . . . .. ... ... ... .. 17
[2.1.3  The algebraic group.| . . . . . . .. .. ... ... ... 18
[2.2  The adelic locally symmetric space.| . . . . . . ... ... ... 18
2.3 The associated sheaf] . . . . . . . ... ... ... ... .. 19
[2.3.1  Dominant integral weights|. . . . . . ... ... .. .. 20
[2.3.2  'T'he induced local sytem.|. . . . . ... ... ... ... 20
[2.4  Borel-Serre compactification.|. . . . . . .. ..o 000 20
[2.5 Cuspidal cohomology.|. . . . . . ... .. ... ... ... ... 22

1



(3

Bounds for a connected, reductive linear algebraic group.|

[3.1 The result by Raghuram and Bhagwat.,| . . . . . . . . ... ..
(3.2 Some well-known auxilliary results.| . . . . . ... . ... ...
[3.3  An Estimate for the Total Cohomology,|. . . . . . . .. .. ..

B.3.1  Statement of the Main Result). . . . . ... .. .. ..

(3.4  Nontriviality of the Lower bound.| . . . . . . .. .. ... ...
[3.4.1 A result by Dodziuk.| . . . ... ... ... ... ....

Comparison with known bounds.|

[4.1.1  Elliptic Modular Forms.| . . . .. ... ... ... ...
“.1.2 Hilbert Modular Forms) . . . . .. .. ... ... ...
[4.1.3  Siegel Modular Forms| . . . . .. .. ... ... ....
4.2 Analogy with Luck’s Approximation Theorem. . . . . . . . ..
[4.2.1  Samet’s Upper Bound.| . . . . . . ... ... ... ...
[4.3 Comparison with known bounds on Cuspidal Cohomology.| . .
[4.3.1 The result by Donnelly| . . . . . ... ... ... ... .
[4.3.2  The bounds by Calegari and Emerton.| . . . . . . . ..
[4.3.3  The Case when F'is imaginary quadratic:| . . . .. ..
[4.3.4  The Case when F'1is totally real:|. . . . . . . ... ...

(II Estimation of Cuspidal Cohomology.|

[5

An overview of automorphic forms.|

[>.1  Generalities on Automorphic Forms.| . . . . . ... ... ...

[5.3.1 Representations of GLo(R).| . . . .. .. ... ...
[5.3.2  The notion of Admissibility,| . . . . . ... .. ... ..
[>.3.3  Hecke Algebra.| . . . .. ... ... ... ... .....
[>.3.4  Irreducible Admissible Representations.|. . . . . . . ..

[5.3.6  Counting the dimension of the space of cusp forms.| . .

2

23
23
24
25
25
26
31
31

35
36

47
47
48
48
49



[6

Use of Langlands Functoriality.|

[6.1 An overview of Langlands Functoriality.| . . . ... ... ...
6.1.1 Charactersof T . . . . ... ... ... ... .....
[6.1.2  L-groups.| . . . . . . . .. ...
[6.1.3 The Principle of Functoriality| . . . . . . ... ... ..

[6.2  Automorphic Induction.| . . . . .. ... 0L
[6.2.1  Weil Representation.| . . . . ... ... ... ... ....
[6.2.2  Automorphic Induction from GL(1)/E to GL(2)/Q.. .
[6.2.3 A criterion for cuspidality.| . . . . ... ...

[6.3 Automorphic representations of GL3(Q). . . . . . .. ... ..
6.3.1 The level structurel . . . . . . .. .. ... ...

[6.4 Langlands Transfer in case of the Symmetric Square.| . . . . .
[6.4.1 Cohomological representations.| . . . . . ... ... ..

Bounds for Automorphic Induction.|

[7.1__Notation and Preliminaries) . . . . . . ... .. .. ... ...

[7.2  T'he number of unitary Hecke characters.| . . . . . . . . . . ..
(7.3 Upper Bound.|. . . . .. .. .. ... ... .. ... .

Bounds for Symmetric Square Transfer.|

8.1 Bounds for GL(3)/Q/). . . . ... ... ... ..
(8.2 Comparison with Marshall’s bound.| . . . . . .. .. ... ...

53
93
23
93
o4
54
o4
95
o6
o6
56
57
57
o8
29
60

61
61
63
63
67

73
73
76






Chapter 1

Introduction.

1.1 Motivation.

The far-sighted conjectures of Langlands on functoriality have given an
impetus not only to modern number theory but also to many other areas of
mathematics. These conjectures have made allowence for the application of
techniques of Representation Theory, Algebraic Geometry as well as Anal-
ysis to number theoretic problems. Automorphic forms, together with the
analytic theory of L-functions, lie at the heart of these conjectures. These
forms are constituents of automorphic resperentations. The notion of an au-
tomorphic representation and the associated automorphic form for a general
algebraic group over a number field has been studied extensively due to this.

The well-known correspondence of Eichler-Shimura for modular cusp forms
permits us to interpret cuspidal automorphic representations cohomologi-
cally. More precisely, it relates the cohomology with appropriate coefficients
of a certain adelic locally symmetric space to classical holomorphic modular
forms. One can deduce the existence or vanishing of cusp forms with pre-
scribed parameters by studying this cohomology and also prove finiteness or
multiplicity one results for the corresponding automorphic representations.
Such results have deep number theoretic implications.

It is, then, natural to ask how the dimension of the space of cusp forms
grows when we vary the parameters involved therein. More generally, we
may ask the same question in case of the group of real points of a connected,
reductive linear algebraic group. The corresponding adelic locally space can
be compactified in order that this problem becomes amenable to geometric
and analytic methods. Several such compactifications have been constructed



and used depending on the purpose, such as the Borel-Serre compactification.

This work was motivated by a result by Raghuram and Bhagwat (see [2]).
They found the conditions on the weight of an irreducible representation of
the general linear group (over a totally real or a CM field) which ensure the
non-vanishing of the cuspidal cohomology for some level structure. With the
additional hypothesis of the weight being parallel, they generalised the result
to an arbitrary number field.

Based on this result on existence of cusp forms, it is interesting to find the
dimension of the space of automorphic forms for varying level structure or as
the irreducible representation varies. This is the problem we have attempted
to address in the current work. We present estimates on the dimension of
the total cohomology complex as either of the representation and the level
structure varies.

One can also ask how the cuspidal part of the cohomology grows with the
representation or the level structure. Therefore, in a similar vein, we also
investigate how cuspidal automorphic representations are related to those
obtained by Langlands transfer from groups of lower rank under certain L-
homomorphisms. This is carried out for automorphic induction from GL,/E
to GLy/Q, (where E/Q is an imaginary quadratic field) and also for sym-
metric square transfer from GLy/Q to GL3/Q. The results obtained are
consistent with some of the known bounds and provide a good idea of the
exact growth rate of the dimension of the space of those automorphic cusp
forms.

1.2 Statement of the problems.

1.2.1 The case of GL;/Q.

Consider a quadratic extension of the field of rational numbers. We form
the group of ideles over this field. The characters of this group can be canon-
ically related to classical Hecke characters (also known as grossencharacters)
of the quadratic extension.

In accordance with Langlands functoriality, every algebraic Hecke char-
acter yields an automorphic form for GLy(Ag) by automorphic induction.
Under certain conditions, one obtains a Maass form when the extension is
real and a holomorphic modular form for an imaginary quadratic extension.



Furthermore, this modular form is a cusp form whenever the inducing alge-
braic Hecke character is Galois regular (and an Eisenstein series, otherwise).

Fix a weight and a level structure for GLy(Ag). The space of cusp forms
for this weight and level is finite dimensional. Each imaginary quadratic
extension of Q may potentially contribute some cusp forms via automorphic
induction of its algebraic Hecke characters. We ask the following question
about these cusp forms:

Question 1. How much of the cuspidal cohomology of GL2/Q is obtained
by automorphic induction?

We shall find estimates for this total dimension for a fixed weight as the
level varies. Also, we shall estimate the growth rate of the total with a fixed
level as the weight varies.

1.2.2 The case of GL3/Q.

Consider a cuspidal automorphic representation of GLs(Ag). One may
construct an L-homomorphism (termed as the symmetric square transfer)
from GLs(Ag) to GL3(Ag) using its Langlands parameters placewise. By
Langlands Functoriality, one obtains an automorphic representation of GL3(Aq)
for each cuspidal automorphic representation of GLy(Ag). We ask the fol-
lowing;:

Question 2. How much of the cuspidal cohomology of GL3/Q is obtained
by symmetric square transfer from GLy/Q7?

We shall estimate for the above number as either of the weight and the
level structure varies.

1.2.3 The case of a connected, reductive linear alge-
braic group.

Consider a connected, reductive linear algebraic group over a number
field. For a finite dimensional irreducible representation of the group of its
real points, we may consider vector-valued automorphic forms. We also con-
sider a level structure for the group and form the corresponding adelic locally
symmetric space. The inclusion of cusp forms (with coefficients in the vec-
tor space of the irreducible representation), into the space of vector-valued
smooth functions on the group of adelic points of the algebraic group was
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considered by Borel. He proved that this inclusion produces an injection into
the cohomology with the pertinent coefficients. We shall term the latter as
cuspidal cohomology.

Raghuram and Bhagwat ([2]) considered the general linear group over a
totally real or a CM field. They found that for certain highest weights, the
cuspidal cohomology is non-vanishing for some level structure. Motivated by
this, we ask the following similar and quantitative question about the total
dimension of the respective cohomology complex:

Question 3. For a connected, reductive linear algebraic group G/F, how
does the cohomology complex grow with varying level structure as well as the
weight of representation?

We shall find the growth rate of the total dimension as either of the finite
dimensional representation and level structure varies.

1.3 An outline of the approach.

We maintain the terminology of the previous section.

1.3.1 The strategy for GL,/Q.

We use the well-known criterion for cuspidality of automorphic induction
mentioned in the previous section, that only the Galois regular Hecke char-
acters of a fixed, compatible infinity-type yield cusp forms on automorphic
induction to GLy/Q. Hence, we need to estimate the former in order to ob-
tain bounds.

To begin, consider a fixed imaginary quadratic extension of the rational
numbers. We have a classical relation between an algebraic Hecke character
and the induced modular form, which shows that its weight and level are
both determined completely by that of the infinity-type of the Hecke char-
acter and the norm of the conductor, respectively. We count the number
of such characters with an appropriate conductor and sum over all possible
imaginary quadratic extensions. More precisely, we obtain bounds on the
order of growth of the total number of such characters as the norm of the
conductor varies.

Next, we note that the Galois regular Hecke characters are precisely those
which do not factor through the idelic norm map while other Hecke characters



are compositions of the idelic lifts of Dirichlet characters with the said map.
The total number of Dirichlet characters of the corresponding conductor is
easy to compute. We subtract this from the total number of Hecke characters
computed above. Summing over all imaginary quadratic fields and estimating
this difference gives us the bounds.

1.3.2 The strategy for GL3/Q.

We use the criterion for cuspidality established by Gelbart and Jacquet ([18])
for the case of symmetric square transfer. The criterion asserts that a cusp-
idal automorphic representation of GLy(Ag) which is not induced from any
algebraic Hecke character of a quadratic field yields a cuspidal automorhic
representation of GL3(Ag).

Hence, we may draw upon the upper bound obtined in the previous case.
More precisely, we estimate the difference between the total number of new-
forms of a fixed weight as well as level and the total number of algebraic
Hecke characters with the relevent conductors computed previously.

We also carry out out similar estimation for constant level structure but
varying weight of the resulting respesentation. Note that under certain con-
ditions, the weight of the modular form being transferred completely deter-
mines the infinity type of the cusp form for GL3(Ag).

1.3.3 The strategy for a connected, reductive linear
algebraic group.

So far, we have used Langlands Functoriality to obtain bounds on the
dimension of cuspidal cohomology. It would be neither tractable nor com-
putationally feasible to employ this technique for the transfer by each L-
homomorphism from every lower rank group to the group under consider-
ation. Therefore, we consider the total cohomology and adopt a different
strategy (at the cost of sharpness of the bounds).

Consider a connected, reductive linear algebraic group over an arbitrary
number field. Each topological connected component of the adelic locally
symmetric space corresponding to a fixed level structure of the adelic points
of the group is an orbifold (i.e., quotient of a manifold by a proper group
action). If the level structure is deep enough, each of these connected compo-
nents is a locally symmetric space and corresponding arithmetic groups are



all torsion-free. More interestingly, each of these manifolds is an Eilenberg-
MacLane space, with the only non-vanishing homotopy group being the fun-
damental group. Therefore, the cohomology with coefficients in a local sys-
tem of complex vector spaces coincides with the group cohomology (with the
respective coefficients) of the corresponding arithmetic groups.

This is precisely the fact which we shall exploit. By comparison with the
level structure for reference and some elementary considerations, we deduce
the growth rate of the cohomology with varying volume and also the dimen-
sion of the irreducible representation of the coefficient system.

Now, we fix a level structure supporting cohomology (with coefficients in
the corresponding vector space) for reference. For each level structure which
is deeper than the reference structure but has finite index in it, we consider
the pertinent adelic locally symmetric space. We relate its sheaf cohomology
with the group cohomology by means of elementary topology.

Using Shapiro’s Lemma, this can be compared with the cohomology of
the adelic locally symmetric space for reference. In doing so, we use the
fact that the degree of a finite covering map between the locally symmetric
spaces under consideration equals the index of the corresponding arithmetic
subgroup. This, in turn, is cast in terms of volume of the total adelic locally
symmetric space for convenience (note that by classical finiteness results,
each of these has finite volume).

1.4 Statement of the results.

1.4.1 The bounds in case of GLy/Q.

Notation 1. For integers k, N > 1, let Cx(N) denote the number of cusp
eigenforms of normalised Hecke operators for T'1(N) C SLy(Z) having weight
k which are obtained by automorphic induction from Hecke characters of
every possible imaginary quadratic extension of Q.

Notation 2. For an integer N > 1, define

N=T[» (1)

p|N

Firstly, we show that liminf C%(/N) = 0 when either of k or N approaches
infinity while the other is fixed. This bears out the necessity of passing to
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deeper level structures in order to find nontrivial lower bounds thereon.

When k£ > 2 is fixed, we have the following lower bound:

Theorem 1.4.1. FEvery positive integer n has a fized multiple No = Ny(n)
such that we have

Cr(NNy) >peno N'TNY2C Ve € (0,1/2) (1.2)

as N — oo. Here, the implied constant depends upon the chosen values of
k, Ny and e.

Remark 1.4.2. Note that when k > 2, each cusp form obtained by au-
tomorphic induction from some Hecke character of an imaginary quadratic
field corresponds to a cohomological cuspidal automorphic representation

of GLs(Ag).
Theorem 1.4.3. Let k, N > 1 be integers. Let Cr,(N) be as above. We have
CL(N) < N - N327¢ Ve e (0,1/2) (1.3)
as N — oo.
Remark 1.4.4. By Lemma we have
dimg S(T'1(N)) ~p N2,

Thus, the above theorem implies that when N is divisible by large powers of
several primes, only a negligible fraction of the holomorphic cusp forms
in Sk(I't(N)) is obtained by automorphic induction from Hecke characters.

This fraction, however, can be rendered nonzero by passage to a deeper
level structure by virtue of the lower bound obtained earlier.

1.4.2 The bounds in case of GL;3/Q.

For each finite place p of Q and integer n > 0, we define
Hp(n) = {l’ = (.Z‘Z'j)gxg S GLg(Zp) 1 T31,T32 € anp}' (14)

Let N = [];_, pi" be a positive integer. Set

H;(N) = HH (1) (1.5)

11



Definition 1. For each N > 1, we shall refer to the compact open subgroup
H¢(N) C GL3(Ay) as the level structure corresponding to N.

We shall denote the set of cuspidal automorphic representations of GLy(Ag)
whose non-archimedean part 7y has non-zero Ky-fixed vectors and the in-
finitesimal character of whose finite part 7., equals A + p, (where p denotes
half the sum of positive roots of gly(C)) by Aeusp(GLa, A, Kf).

We define A.,s,(GLs, pt, Hy) analogously for GL3/Q.

Notation 3. Set A\, := (k/2 —1,1 —k/2). Let y, = (k —2,0,2 — k) be the
dominant integral weight for GL(3,R) obtained by symmetric square transfer
from A\. For N > 1, consider the level structure Hy(N).

Define

Dy(N) ={Il € Acusp(GL3/Q, pis, Hf(N)) : 37 and M > 1 such that
T € Apusp(GLaJQ, Mg, Kp(M)), T = sym®(m)}.

Here, sym®? denotes the symmetric square transfer; see|27 for the definition.

Theorem 1.4.5. Let k > 2 be an even integer. Let p > 2 be a fixed prime.
With Dg(.) as above, we have

#Di(p") > p™  asn — . (1.6)

Remark 1.4.6. Note that we have considered even values of k merely to

simplify computations. An analogous result can be proved for odd values of
k.

Remark 1.4.7. We could also have contribution to cuspidal cohomology for
GL3/Q from automorphic induction of Hecke characters of cubic exten-
stons of Q. It is well-known that such an extension cannot be totally real
and hence cannot be Galois.

Remark 1.4.8. When N is not necessarily a prime power, we have the upper
bound
#Dp(N) <x N*  as N — oo, (1.7)

which follows from(3.53.1].

1.4.3 The bounds in case of a connected, reductive lin-
ear algebraic group.

Theorem 1.4.9. Consider a number field F' having signature (r1,2rs). Let G
be a connected, reductive linear algebraic group over F and G := Resp/g(G)

12



be the Weil restriction of scalars to Q. Consider an algebraic, irreducible,
finite dimensional complex representation (m,V) of G(R). Select a neat level

structure K} for reference. Let SIG(, be the corresponding adélic locally sym-
f
metric space such that we have

H'(Sg,f,ﬁ) 20,

V being the associated sheaf. Fiz o Haar measure on G(Aq). Then, there
exist constants

0 <c=c(G,(r,2rs), K}) and C = C(G, (11, 2r3), K})

which depend on G, K, and (r1,2r9) such that for every neat level structure
K which satisfies
Ky < K} and [K} : K] < o0,

the following bounds hold:
dime H*(S%,,V)

<
© = dime V- 00l(SE)

<, (1.8)

where . .
H(SG,, V) = @D H(SE,. V).

q€Z

Remark 1.4.10. Whenever the Borel-Serre compactification SIC;, of SIC;, has
!

a connected component with non-vanishing Euler characteristic, the constant
¢ as above is in fact strictly positive and the lower bound is non-trivial. Using
a result by Dodziuk (see [T])]), it can be shown that this occurs whenever
G(R)/K2. is a hyperbolic manifold of even real dimension. This occurs, for
instance, in case of elliptic as well as Hilbert modular forms.

Remark 1.4.11. The above theorem seems to be known to experts. Yet, it
is apparently not available in the literature as stated above to the best of our
knowledge. Also, our proof is elementary in that it does not use the Trace
Formula or any analytic means (unlike the analogous known results).

13
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Chapter 2

Algebraic and Topological
Preliminaries.

2.1 Notation and Preliminaries.

2.1.1 The number field.

Let F be a finite extension of Q. Let S, denote the set of its archimedean
places, which consists of r; real places and ry pairs of complex conjugate
places (denoted by S, and S., respectively). The degree of this field exten-
sion is equal to dp := 11 + 279.

The completion of F' at a place v will be denoted by F,. For v &€ S, we
let O, be the ring of integers of F,. We shall denote the ring of adeles over
F by Ap and its finite part by Apy. Similarly, Ag and Ay will denote the
adeles over Q and the finite adeles over QQ, respectively.

2.1.2 Welil restriction of scalars.

Consider the algebraic closure @ C C of Q. Let X be the set of all distinct
field homomorphisms o : F' — Q. For an affine F-variety V' and a ring R, we
shall denote its R-points of V' by V(R).

Definition 2. Let V' be an affine F-variety. There exists an affine Q-variety
denoted by Resp/qV and called the Weil restriction of scalars which, for
any commutative Q-algebra A, has the following property:

RESF/QV(A) = V(F ®Q A)

17



Such a variety is unique up to a canonical isomorphism over Q and satisfies
the following over Q:

RespiqV x Q=[] V xr. Q (2.1)

ceEY

2.1.3 The algebraic group.

Let G be a connected, reductive linear algebraic group over F. Denote its cen-
tre by Z. Choose a Borel subgroup B = TU with its corresponding maximal
torus T and unipotent radical U. Define the following:

G = Respo(G),
B := Resp)g(B),
Z := Respq(Z),
T := Respg(T)

Let C be the maximal compact subgroup of G(R) corresponding to the
Iwasawa decomposition

G(R) = B(R)Cs. (2.2)

Set
Ko = Z(R)°C,, (2.3)

where Z(R)? is the topological connected component of identity of Z(R).
Similarly, let K2 be the topological connected component of identity of K.

2.2 The adelic locally symmetric space.

Let Ky = [],.., K, be a compact open subgroup of G(Ay) = G(Ary).
Here, K, is a compact open subgroup of G(Q,) such that we have

K, =[] GOy (2.4)

v|p

for all but finitely many non-archimedean places p. We call K a level struc-
ture. Also, let D denote the symmetric space G(R)/K2.

Now, we embed G(Q) diagonally in G(Ag). It embedds as a discrete sub-
group. Hence, the action of G(Q) on G(Ag) by left multiplication is properly
discontinuous. This action descends to the right coset space D x G(Ay)/K;

and continues to be properly discontinuous because of the compactness of
both K; and K2

18



Definition 3. We define the adélic locally symmetric space with level
structure K¢ as the quotient of D x G(Af)/ Ky by the left action of G(Q):

Sk, = G(Q\G(Aq)/ KL K.

The left action of G(Q) on G(Ayf)/ K is known to produce a finite number
of double cosets. Let

G(Ay) = h<icnG(Q)gi Ky (2.5)
be a set of double coset representatives.
Definition 4. K is called neat if the coset stabilisers
[ := Stabgq) (9:Ky5), (1<i<m) (2.6)
are all torsion-free.
We also note that
L, =GQ) NgkKpgt, (1<i<m). (2.7)
When K7y is neat, SIG(f is the following finite union of manifolds:
Sk, = icicmi\D. (2.8)

Each X; := T[;\D is a locally symmetric space with the simply connected
cover D = G(R)/KY..

2.3 The associated sheaf.

For the algebraic group G/Q and an affine Q-vector space V, consider an

algebraic representation
m: G — Aut(V). (2.9)

For each open subset U C ng, consider the functor F defined as follows:
FU)={f:pY(U) = V®gC: f locally constant and
flgu) =m(g7")f(u) Vg€ G(Q),ueU}

This defines a presheaf of complex vector spaces on SIGQ. Here, p denotes the
quotient by the action of G(Q):

Remark 2.3.1. It is known that F extends to a sheaf F which is nonzero
only if the cental character of ™ is an algebraic Hecke character of F'. We
refer the reader to [22] for details.
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2.3.1 Dominant integral weights.

Let g (resp., b) denote the complexified Lie algebra of G(R) (resp., B(R)).
A dominant integral weight of g with respect to b is of the form

= (1")vesm (2.11)

where we have
pt o= (", ") (2.12)

whenever v = {w,w} € S. and each p is a dominant integral weight of
G(F,).

2.3.2 The induced local sytem.

Let u be a dominant integral weight of G(R) as above. We shall denote by
(74, V,,) the finite dimensional complex representation of G(R) with highest
weight . Note that

T= ) e (2.13)

UGSOO

where 7,0 = m,w ® m,» whenever v = {w, w} € S,.

Definition 5. By a C-local system of rank r on a topological space, we
mean a locally constant sheaf whose stalks are all isomorphic to C.

Remark 2.3.2. Set V =V, and consider the sheaf F (with the notation as
above). It is noteworthy that when the subgroups I'; are all torsion free (i.e.,
the level structure is neat), the sheaf F defined as above is a C-local system.
We shall denote this local system by f/#.

2.4 Borel-Serre compactification.

We saw that the adelic locally symmetric space under consideration is a
finite disjoint union of manifolds:

sg, =Jx (2.14)

Although each X; is known to have finite volume, it is neither compact nor
symmetric in general. In order that the problem becomes tractable with ge-
ometric methods, we work with the Borel-Serre compactification X/°.

20



This is a compact, connected manifold with corners whose interior is diffeo-
morphic to X; (see [4]). It may be realised as the quotient

XB =T\¢D?". (2.15)
Here, g D?9 is the partial Borel-Serre compactification as in [4].

Remark 2.4.1. The associated sheaf is known to extend to 0X;, which we
shall denote by the same symbol V. Most importantly, the inclusion i : X <
X is known to be a homotopy equivalence and hence, preserves the de Rham
cohomology of X; V1 <1i<m.

Notation 4. Henceforth, we shall denote oDP by D for brevity. Let D°
denote the connected space G(R)?/KY, (where G(R)" is the connected com-
ponent of identity in G(R)).

Using the Borel-Serre partial compactification D, we observe the follow-
ing:

Lemma 2.4.1. For each 1 <i < m, the symmetric space I';\D is homotopy
equivalent to a finite CW-complex. T';\D is the union of connected compo-
nents as follows:

FAD = i <j<pry(n) Yij-

Furthermore, if we set I';; == m(Yi;) (1 < j < #mo(D)), then each of
the connected components Yi; is an Eilenberg-MacLane space up to homotopy
equivalence:

Vi~ K(,1), foreachl<j<#my(D) and1l<i<m.
Proof. The compactification

is known to be a homotopy equivalence. The first claim follows form [3] as
[;\ D admits a finite triangulation.

Recall that D = G(R)/K?,. As K° is connected, D has the same number
of connected components as G(R). Since G(R)?/K? is known to be a con-
tractible manifold, it is simply connected. Hence, G(R)"/K?2 is the universal
cover of each of the connected components of I';\ D and n > 1.
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Since the higher homotopy groups m,,n > 2 are unaffected on passing to

universal covers, we have the following for each connected component Y;; of
FADandn >1:
. Fij ifn= ]_,
n(Yij) = { 0forn>2 (2.17)
(0 denotes the trivial group here). Hence the last assertion of the lemma
follows. [
2.5 Cuspidal cohomology.
It is well-known that the inclusion
Consp(GQN\G(A)) = C=(G(Q\G(A)) (2.18)

of automorphic cusp forms into the space of smooth functions on G(Q)\G(A)
induces an inclusion of (g, K2 )-cohomology (see [3]). On taking K j-invariants,
this yields an injection ik, as follows:

Hy ko) (Cop(GEQNG(A)) @ V,) =5 Hiy o) (C¥(GQNG(A)™ @ V,).
By virtue of the isomorphism

Jie, + Hiy ko) (C(GQN\G(A)™ @ V,) & H* (S V),
we may define cuspidal cohomology as follows.

Definition 6. Let ]}u be the associated sheaf for the representation (m,V,)
defined in the previous section. We define its cuspidal cohomology with
coefficients in V), as follows:

H(:usp(ng; ]}M) = Zm(j;(f © Z;(f)

(i-e., H2op (SR, V) = HY, ko) (Con (GQ\G(A) T @ V).

cusp cusp

Remark 2.5.1. Note that whenever Ky is neat, f}u 15 a local system of rank
dim(cv“.
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Chapter 3

Bounds for a connected,
reductive linear algebraic

group.

We mention that a stronger form of our result to follow was obtained by
Rohlfs and Speh in [33] by means of the Trace formula. Although our result
is a partial rediscovery, its proof is elementary.

3.1 The result by Raghuram and Bhagwat.

As in the previous chapter, let ng denote an adelic locally symmetric
space for some level structure K. Let V, ¢ be the algebraic irreducible rep-
resentation of G(R) having highest weight u. Let TJH,C denote the associated
sheaf on SF .

When F is either totally real or a CM field, Raghuram and Bhagwat (see
[2]) have ascertained the conditions on p which ensure the non-vanishing of
the cuspidal cohomology for some level structure, i.e.,

@Hc.usp(slcéﬁfju,(:) # 0. (31)
Ky

N . . .
The aim is to estimate dimc H;,),

the volume of S[G(f. (By "volume’, we mean the measure induced on S% ; by
a suitable choice of Haar measure on G(Ap) here.)

(ng, V..c) in terms of dim¢ V, ¢ and
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3.2 Some well-known auxilliary results.

Here, we state some auxiliary results for the sake of completeness.

Lemma 3.2.1. Consider a finite CW-complex X and a finite dimensional

complex vector space V. Let V be a local system of C-vector spaces on X with
stalk V. If

are the path components of X, then we have

HY(X;V) =P H(X;V|x,) VYq>0. (3.3)
Proof. The assertion of the lemma holds for homology with coefficients in
the dual local system V := Hom(V,Cx) (see [40], Chap. VI, Thm.3.1,
p.275). Since V is finite dimensional, we render it applicable to cohomology
by means of [13] (Chap.2, (2.1), p.50):

HY(X;V) = Hy(X; (V). (34)
[ |

Lemma 3.2.2. Let I' be a group and V be a finite dimensional complex I'-
module. Let V be a local system of C-vector spaces on K(I',1) with stalk V.
Then we have

HI(K(T,1);V) = HI(T; V) Vg >0, (3.5)
where H*(I'; V) denotes the group cohomology of T with coefficients in V :
H*(I;V) .= Ext}(C, V). (3.6)

Proof. This is [40] (Chap. VI, Thm.3.5, p.281) used with complex coeffi-
cients. |

Lemma 3.2.3. Let X be a finite CW-complex with C*(X;C) as its cochain
complezx. Consider a local system V of C-vector spaces having stalkV on X.
Then we have

dime HY(X; V) < dime V - dime C4(X;C) Vg > 0. (3.7)

If we set
X(X;V) = Z(—l)q dime HY(X; V)

q>0

and x(X) denotes the Euler characteristic of X, then we also have
X(X; V) = x(X) - dime V. (3.8)
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Proof. The first assertion is in [I3] (Prop. 2.5.4 (i), p.49.). As for the Euler
characteristic, see [I3] (Prop. 2.5.4 (i), p.49.). [

Lemma 3.2.4 (Shapiro). If H < G and M is an H-module, then we have a
canonical isomorphism

H*(H,M) ~ H*(G, co-Ind% M), (3.9)
where

co-Ind§M := Homey (CG, M). (3.10)
Proof. See [7], Prop.3.3, p.147. [ |

3.3 An Estimate for the Total Cohomology.

3.3.1 Statement of the Main Result.

We shall present an elementary proof of the following result:

Theorem 3.3.1. Consider a number field F' having signature (r1,2rs). Let G
be a connected, reductive linear algebraic group over F' and G := Resp/g(G)
be the Weil restriction of scalars to Q. Consider an algebraic, irreducible,
finite dimensional complex representation (w,V) of G(R). Select a neat level
structure K} for reference. Let SIG{, be the corresponding adelic locally sym-

metric space for such that we have

H'(S%,V) # 0, (3.11)

V being the associated sheaf. Fiz a normalisation of the Haar measure on
G(Ag) such that vol(S%) = 1. Then, there exist constants

0 <c=c(G,(ry,2r), K}) and C' = C(G, (11, 2rg), K}) (3.12)

which depend on G, K} and (r1,2ry) such that for every neat level structure
Ky which satisfies
Ky 4 K; and [K; 1 Kf] < o0, (3.13)

the following bounds hold:
dlm(c H*(S%,, V)

< 14
d1mCV vol(S%,) ~ ¢ (3:14)

where 3 )
H* (S V) = @ HUSE,, V)

qEZL
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Remark 3.3.2. Whenever SIC;/ has a connected component with non-vanishing

Euler characteristic, the consgant ¢ as above is in fact strictly positive and
the lower bound is non-trivial.

Using a result by Dodziuk (see [14)]), it can be shown that this occurs whenever
G(R)/K? is a hyperbolic manifold of even real dimension.

3.3.2 Proof.

The proof will be presented in several small parts.

Proof. Fix a neat level structure K} with the said property. Let Ky < K} be
an arbitrary level structure having [K} c K] < o0.

The level structure Ky < K}.
We begin with the following claim:

Ky <Kjand [K;: K] <oo=Jp:S¢, — 5%, (3.15)
f
such that p is a covering map and Sfcéf is a finite normal cover of S[C;, .

f
Let

G(Af) = ngigmG(Q)giK} and
Ky =10 ghily, (hy € Ky).

Hence,
Gan=JI G@gh;K;. (3.16)
1<i<m
1<G<[K K ]
Set
= Stabg(Q)(giK}) (1<i<m)

and I';; 1= Stabg)(gih;j Ky) (1<5< [K} : Kyl).

We have

Ly = G(Q) N gi(h Kphy gt (3.17)

)

because I'; = G(Q) N g;K;g; '. Since K is normal in K}, we have
9K g = gkt = gi(hy K hy gt (3.18)

26



Intersecting with G(Q), we infer that
[; 9T V1<i<m, and 1 <j<[K,: K. (3.19)
Incidentally, this argument shows that the index [I; : T';;] is independent of

Jj (V1 <i<m) and also that K is neat.
This proves the claim, as we have

st = JI Tu\Dand (3.20)
1<i<m
1§j§[K}:Kf]
SIG{}: IT m\p. (3.21)
1<i<m

The locally symmetric spaces.
Since I} is discrete and torsionless for each 7, we get

r'NnC ={1}, V1<i<m.
As K2 = CY% Z(R), we see that
I'NK° C Z(R)". (3.22)

Also, each F; has trivial intersection with the group of deck transformations
of the covering map p as above (since the latter is finite and hence torsion).
These considertaions apply verbatim to each I';;, (1 < j < [K}  Ky]).
Therefore, we may write

st = 11 [T r©\D. and (3.23)

1<i<m  1<k<#mo(D)

] 1
1§]§[Kf:Kf}

Sfj}: IT I r\Dp. (3.24)

1<i<m 1<k<#mo(D)

where we have denoted diffeomorphic copies of D° by the suffix k merely for
the sake of keeping a count.

Computation of cohomology.
Now, we compute H ‘(Sﬁf, V). Note that the connected components of
S[G(f are manifolds (even locally symmetric spaces) because K is neat. Thus,
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the connected components coincide with path components and Lemma |3.2.1
applies:

H'(S. V)= P B H@T,\DL V)
1<i<m  1<k<#mo(D)
1< <[K K]

Since 7 (I';;\DJ)) = I;;, Lemma applies and we have

We combine this with Lemma to obtain the following (note that each
I';; is a subgroup of G(Q)):

V= D @ w6
1<i<m 1<k<#mo(D)
1<<[K K )

Now, we use Shapiro’s lemma to get

H*(T3;; V) = H*(T}; co-Indy! V). (3.28)
Therefore, we obtain
o (s, V)= P P HTicoInd V). (3.29)
1<i<m  1<k<#mo(D)
1§j§[K;:K,-]

Since dime V and [[; : T'y;] are both finite, we can identify the co-induced
modules with induced ones throughout:

r I
co-Indp! V ~ Indp V. (3.30)

The total volume.

We may identify the finite index [I'; : Ty;] of each subgroup with the
degree of the corresponding covering map. Furthermore, this degree is the
ratio of the respective volumes. This is because all these locally symmetric
spaces have finite volume under the invariant metric induced by the choice

of the Haar measure on G(Aq):

vol(I';;\Dy)

| AN A : .
bl = oy

(3.31)
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Upper bound.
We have

dimg H*(S%,; V) = > { > dimCH°(P;;[nd§;jV)} (3.32)
1<i<m 1<k<#mo(D)

] 1
1§j§[Kf:Kf}

By Lemma |3.2.2| and Lemma [3.2.3] we have

dime H*(T}; Indy V), < dime C*(T)\DY; C) - dimg Indy V,
dime C*(T)\DY; C) - dimg Ind%ﬁjv = dimg C*([\DY; C) - [I; : Ty;] - dime V.
(3.33)

Therefore,
dime H* (S ; V) <

> { > dime C*(T)\DY; C) - [T : Ty - dimg v}
1<i<m 1<k<#mo(D)
1<G<[K K]

" = [(T;;\DY
= > { > dimCCO(Fi\Dg;C).%,dimcv}
1<i<m 1<k<#mo(D) vol(I';\Dy)
1<G<[K K]

X maxi<i<m dlm(c C.(F;\Dg, C)
< (d : ==
- ( e V) < minlgigm UOl(F;\Dg)

1<i<m 1<k<#tmo(D)
1<G<[K K]

. maxj<i<m dlm(c C‘(F;\DO, (C)
N minlgigm 'UOZ(F;\DO)

) ~dimc V- vol(SIG(f)

But the fraction above depends solely on Sg,, which in turn depends on
f

G, (71, 2r9) and the reference level structure K } for a fixed V. This establishes
the upper bound with

’ maxj<i<m dlm(c C.(F;\Dg, (C)
C= C(G, (7”1, 27”2), Kf) = minlgigm Uol(r;\Dg) . (334)
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Lower bound.
By the hypotheses of the theorem, the total cohomology is non-vanishing
for K } and hence for Ky. The Euler characteristic

X(SE;V) =D (=1)"dime H(SE,; V) (3.35)
q=>0
provides a lower bound on the total dimension as follows:
dime H*(S%,; V) > [X(SE,; V)], (3.36)
By Lemma |3.2.3] we have
X(SE,;V) = dime V, - x(S%,). (3.37)

But for each covering T';;\ D) — T';\ DY, we have

X(Ti\DR) = [ = Tyg] - X(TADR). (3.38)
Hence, we obtain
QG UOl ZJ\D / 0

Min<i<m \X(FQ\DO)’
maxi<i<m /UOZ(F;\DO)

) -vol(ng). (3.40)

Hence, we get

dim¢ H'(ng; V) > |X(SIG</ )| - dim¢ V), - vol(ng). (3.41)

f

This establishes the lower bound with

(3.42)

. ‘ A\ 0
€= C(G7 (7”1, 27”2), K}) — ( MmNy <i<m |X(FZ\D )| )

maxj<i<m 'UOZ(F;\DO)
whenever X(ng) # 0. |
As a simple consequence of the above result, we mention the following:

Corollary 3.3.1. With the same assumptions and notation as in the preced-
ing theorem, we have

dim¢c H?

cusp

(S%; V) < vol(SIG{f) as vol(Ky) — 0 (3.43)
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for a fired V. Furthermore, if there exists a level structure K} such that

oG
X(SK}> # 0, then

dim¢ H'(SIG(f; V) > vol(SIG(f) as vol(Ky) — 0 (3.44)

for a fized V.

We also have

dimc H®

cusp

(S[G(f, V) < dime V as dime V — oo (3.45)

for a fized neat level structure Ky < K} as V varies.

3.4 Nontriviality of the Lower bound.

For a fixed V, our results imply that dim¢ H '(ng; V) grows almost lin-
early with volume whenever S¢ has nonvanishing Euler characteristic. Here,
we show that an instance of this occurs whenever the common real dimension
of the constituent locally symmetric spaces is even and DY is a symmetric
space of the non-compact type.

3.4.1 A result by Dodziuk.

Theorem 3.4.1 (Dodziuk). For a hyperbolic closed Riemannian manifold
M of dimension 2m and its universal cover M, the following holds true for
the L*- Betti numbers (q > 0):

- >0 forq=m

The above result is proved in [I4]. Since the Euler characteristic of M
computed with L?- Betti numbers (see [29]) is known to coincide with the
topological Euler characteristic of M, it follows that

(—1)™x(M) > 0. (3.46)

Whenever the universal cover D of each connected component of Sﬁf is

a complete hyperbolic manifold and DY is even dimensional, the result is
applicable. (This occurs in case of elliptic as well as Hilbert modular forms
where dimg G/K? is even.)
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Chapter 4

Comparison with known
bounds.

Our bounds serve to explain why most dimension formulae and bounds
are of the form ’dimension times volume’ up to the first order. We have
shown that the dimension of cohomology grows at most linearly with either
of volume and dimension when the other is kept fixed.

Remark 4.0.1. As mentioned in the previous chapter, Rohlfs and Speh (see
[33]) obtained a stonger form of our bounds for a general connected reduc-
tive algebraic group. This was accomplished by means of the Trace formula.
Our method, on the other hand, is topological and does not rely on analytic
arguments.

4.1 Classical Dimension Formulae.

4.1.1 Elliptic Modular Forms.

Consider the space My(I'1(N)) of holomorphic modular forms of weight
k for the congruence subgroup I'y(N) C SLs(Z) consisting of matrices which
are unipotent modulo N € N. We assume that £ > 3 and N > 5 in order to
simplify the dimension formula (as in [36], p.96, Prop. 6.6.6). In this case,

dime(M(I'1(N))) = (1/2)(k = 1)(2g(N) + ¢(N) = 2) + ¢(N)/2,  (4.1)

where g(V) is the genus of the Bailey-Borel compactification and ¢(NV) is the
number of cusps added.
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We have used the Borel-Serre compactification for estimation instead of
this. The Borel-Serre compactification is homeomorphic to the surface ob-
tained on adjoining ¢(N) circles (instead of adding ¢(N) cusps) the Bailey-
Borel compactification. Being a compact surface with boundary, its Euler
characteristic xy is readily computable:

Y = 2= 29(N) — e(N). (4.2)

We compare this with our lower bound here (with G = GL,/Q and the level
structure corresponding to I'1(N)). We get the following:

(k — Dy < 2dime(My (T3 (V). (4.3)

Note that the lower bound falls short of the exact dimension of holomorphic
modular forms by ¢(V)/2.

For a discrete subgroup I' C SLs(R) for which
vol(T'\S Ly (R)/SO(2)) < o0,
We have the following upper bound as in [§] (see Chap.1, Prop.3, p.12)

vol(T'\S Ly (R)/SO(2))

dime My (') < k- ( i

)+ 1. (4.4)

This also resembles our upper bound.

4.1.2 Hilbert Modular Forms.

Let G = SLy/F where F/Q is a totally real extension of degree n. Con-
sider a discrete subgroup I' C SLy(R)™ which is not co-compact. Under the
assumption of irreducibility of " (see [17],Chap.I, p.31 for the definition), it
can be shown that the total dimension of the space [I'; (2r, ..., 2r)]o of Hilbert
cusp forms with parallel weight (2r,...,2r), (r > 1) equals the following
(see [17],Thm.3.5, p.110):

dime|T; (2r, ..., 27)]o = vol (T\(SLa(R)/SO(2))") - (2r — 1)

+lower order terms in vol and r.
The above formula, obtained by means of the Selberg trace formula, is con-

sistent with [3.3.1} (We only need to recognise that (2r — 1)" as the rank of
the local system involved therein.)
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4.1.3 Siegel Modular Forms

Similar considerations apply in case of Siegel modular forms as is
also applicable to the symplectic group. In particular, the explicit dimen-
sion formulae for vector valued Siegel modular forms (given in Wakatsuki
([38],Thm.3.2) and Tsushima ([37]) both follow the same pattern (namely,
that the total dimension grows almost linearly with weight of the involved
representation as well as the volume of the pertinent locally symmetric space).

4.2 Analogy with Liick’s Approximation The-
orem.

Consider the cohomology with constant coefficients (in C) in the setting
of 3.3.1] Due to the topological methods used in the proof, the main result
bears a striking resemblance with a result by Liick. We define the notion of
residual finiteness of a group first.

Definition 7. A discrete group Ty is said to be residually finite whenever
there is a descending sequence of normal subgroups T'; ITy, [[o: ] < 0o
with trivial intersection:

(=1 (4.5)

i>1

Betti numbers with constant coefficients are usually not multiplicative
under finite covering maps. However, it was conjectured by Gromov (and
proved by Liick) how Betti numbers grow asympotically.

Theorem 4.2.1 (Liick). Consider a connected CW-complex X of finite type
with universal cover X . Assume that Ty := m(X) is residually finite so that
there is a descending chain of normal subgroups of finite index as follows:

Iyo>Iho...T,D ... (4.6)

Let X, denote the [I'g : T',]-sheeted cover of X for each n > 1. Then the
following holds true for the Betti numbers b, :

(X)) .
lim ——2 = (X > 4.
Mmooy e (X) Vez 0, (4.7)

where b denotes the respective L?-Betti number.
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(See [29] for the definition of L?-cohomology and the proof.)
Consider the setting of Thm. |3.3.1] All the connected components of SG} =

II;;\ D" are locally symmetric spaces whenever a level structure K } chosen
for reference is neat. We may choose a descending chain of its compact open
normal subgroups of K’ having finite index with trivial intersection. (This
is possible because 1 € G(A) has a neighbourhood basis of compact open
subgroups.) The corresponding descending chain of arithmetic subgroups
will also have trivial intersection. For such a K, all the groups are thus
residually finite.

Furthermore, existence of the Borel-Serre compactification implies that each
Fij\Do is finite. Therefore, Liick’s result is applicable to each T';;\D®. In
particular, the constants c and C' in are related to the L?-Betti numbers
with constant coefficients.

4.2.1 Samet’s Upper Bound.

Samet ([34]) has obtained an upper bound on the sum of the Betti num-
bers (with coefficients in an integral domain of characteristic zero in case of
a Hadamard manifold (i.e., a simply connected, complete Riemannian mani-
fold of non-positive sectional curvature bounded below by —1). In particular,
his result applies to symmetric spaces G/ K for a semisimple Lie group with
trivial centre and without compact factors (K being its maximal compact
subgroup). For a discrete group I' of isometries of G/K, he shows that the
sum of Betti numbers of '\G/K is bounded above by a constant times its
volume. This is in keeping with our upper bound.

4.3 Comparison with known bounds on Cus-
pidal Cohomology.

4.3.1 The result by Donnelly

Donnelly ([I5], Thm. 1.1) has obtained an upper bound for the cuspidal
eigenfunctions of the Laplacian over a locally symmetric space. It is inter-
esting to compare our bounds with this for the case of GLs/Q. Since cusp
forms of weight k are eigenfunctions of the Laplacian corresponding to the
eigenvalue 47 (k/2)(k/2 — 1), Donnelly’s bound is in keeping with for

varying weight as well as volume.
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4.3.2 The bounds by Calegari and Emerton.

Calegari and Emerton [10] have considered the case of a semisimple alge-
braic group over a general number field. They prove the bound

dim(ch

cusp

(S, Vi) <€ vol(SE,)' T g > 0 (4:8)

under certain assumptions and for a fixed dominant integral weight . Our
upper bound (on the total dimension of the pertinent cohomology ring)
is coarser by an exponent of m than this.

4.3.3 The Case when F' is imaginary quadratic:

The experimental data of [16] and [I] indicates that for GLy/F, the rate of
growth of the total dimension of the space of cusp forms of a parallel weight
(d, d) with a fixed level structure is actually ~ d. [30] and [24] have obtained
the upper bounds <« dite and < d%“, respectively. Our upper bound
gives < d?, which is coarser than these.

4.3.4 The Case when F' is totally real:
Shimizu ([35]) proved the formula

dim(c H®

cusp

(Slcgfa vﬂ) ~ dlm(C V,u (49)

for the total dimension of the space of cusp forms with a fixed level structure

for a totally real field. If there exists a level structure K} with X(Sg,) # 0,
f

then our bound for a fixed level structure applies to GLy/F and is in
accordance with Shimizu’s result.

4.3.5 Grobner’s bound.

The case when G = Sp(n,1), n > 2 has been considered by Grobner
(see [20], Thm.4.1). We see that Grobner’s result is consistent with our
estimate [3.3.1] since the formal degree computed therein is proportional to
the dimension of the relevent representation.
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Part 11

Estimation of Cuspidal
Cohomology.
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Chapter 5

An overview of automorphic
forms.

5.1 Generalities on Automorphic Forms.

Let F' be a number field and Ar be the ring of adeles of F'. Denote the
completion of F' at a place v by F,. If v is non-archimedean, denote the
ring of integers in F, by O, and let p, denote the maximal ideal in O,. Set
Foo =11, ininite Fv- We shall denote the ring of finite adeles by Ap ;.

Let G be a connected reductive linear algebraic group over F'. Set G, :=
G(F). Denote the complexified Lie algebra of G by geo. Let Z(go) be
the centre of its universal enveloping algebra. Also, let K, be the maximal
compact subgroup of G.

Definition 8. By a level structure in G(Agy), we mean a compact open
subgroup Ky satisfying

Let 6 denote the Cartan involution of G with respect to K,. For g € G,
define its Hilbert-Schmidt norm as

lgll := Tr(Ad(8g~")Adg)'/*. (5.1)

Definition 9. A function f : G — C is said to be of moderate growth
(or slowly increasing) whenever there exists n € N such that

1f(9)] < g™ Vg € G.
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We shall call a function f : G(Ap) — C smooth if it locally constant at
the non-archimedean places and infinitely differentiable at the archimedean

places of G(Ap).

Definition 10. A smooth function f : G(Ar) — C is said to be an auto-
morphic form relative to Ky whenever it satisfies the following conditions:

1. [ is Ky-finite on the right (i.e., the span of the right translates of f
by elements of K, is finite-dimensional),

2. flgk) = f(g) Vk e Ky,
3. fis Z(g)-finite,
4. f is of moderate growth.

Remark 5.1.1. The third condition above is equivalent to the existance of
an ideal J C Z(g) having finite codimension. Thus, we may speak of an
automorphic form relative to the pair (J, Ky).

Note that we may further impose the condition f(zg) = w(z)f(g) Vz €
Z(Ar), where w is a quasicharacter of Z(F)\Z(Ar).

Example 1. A Hecke characters x : Aj/F* — C* is a basic example of
automorphic form for GLi/F. Also, a holomorphic modular eigenform can
be adelised into an automorphic form for GLs/Q.

Definition 11. An automorphic form f € A(J, Ky) is called a cusp form
if for the unipotent radical Np of every proper parabolic subgroup P C G, we
have

/ f(ng)dn =0 Vg e G(Ap).
Np(F)\Np(AF)

5.2 Hecke characters.

5.2.1 Idelic Hecke characters.

We are interested in algebraic Hecke characters of imaginary quadratic
fields. Therefore, we begin with a brief discussion of both classical and idelic
Hecke characters.

Definition 12. Let E be a number field. An idélic Hecke character x of E
18 a continuous quasicharacter

X AL/ EX — C*.
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Remark 5.2.1. By the term quasicharacter, we mean that x s not neces-
sarily unitary. However, every idelic Hecke character x factorises as

x=x"&||,

for some r € R. Here, we have denoted the character determined by the idelic
norm by ||.||. That is,

||l‘|| = H|xv|vu (52)

v

with |.|, being the normalised valuation at place v.
Therefore, no loss of information incurs when we restrict to unitary Hecke
characters. We shall work with unitary Hecke characters from now on.

The character x factorises over all the places v of £ as
X = ® Xov- (53)

Definition 13. The character x is said to be unramified at an non-archimedean
place v if leoux 1s the trivial character and ramified otherwise.

We have,
O) Cker(x,) Yvé&lF. (5.4)

except for a finite set F of non-archimedean places. This is because of the
inductive limit topology imposed on ideles.

Let x = (z,), € AJ. At each unramified place w ¢ F, we have t,, € C
such that

Xw & Tw = [Tl (5.5)

However, at each place v € F, there will be a smallest positive integer f, € Z
such that p/v C ker x,.

Definition 14. The ideal

o= 11wl cOs

veF

is termed as the conductor of x.
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5.2.2 Classical Hecke characters.

Consider an imaginaryquadratic field E. Let m a proper integral ideal of
the ring Op of its algebraic integers. Let I, denote the group of fractional
ideals of F coprime to m. Denote the subgroup of I, consisting of the principal
fractional ideals coprime to m by FP,.

Definition 15. The quotient group Hy := I/ Py is called the ray class
group modulo m.

The group defined above is known to be of finite order, which we shall
denote by hg(f).

Definition 16. Let m be an integral ideal of Op. Given a character o : Hy, —
C*, let § be the smallest divisor flm such that there exists o/ : Hy — C* which
restricts to o on Hy. The ideal | is termed as the conductor of «.

The conductor of « is thus the largest ideal f © m such that « can be
regarded as a Hecke character for H;.

Notation 5. Let
Un:={ue€eOp:u=1 (modm)}.
Thus, Uy, is the group of units of £ which are invertible modulo m.

Definition 17. A classical Hecke character i modulo m for E is a quasichar-
acter of Iy, for which there ezists a pair (Xoo,X) of unitary characters of C*
and (Og/m)*, respectively, which satisfies the following for every a € Og
which 1s invertible modulo m :

¥(a0p) = xo(@)x(a) (%),

Remark 5.2.2. This pair is completely determined once we specify 1. This
is because the elements invertible modulo m are dense in C* and thus fix
Xoo by continuity. The character X, in turn, fives x by the condition (x)
specified above.

However, a pair (X, X) satisfying the above condition determines v only u
pto a character of the class group; thereby corresponding to exactly hy Hecke
characters (we shall denote the class number of E by hg.)

Definition 18. When E is an imaginary quadratic field and xoots unitary,
there exists | € Z and s € R such that

Xeo © 2+ (g)‘l\zyis. (5.6)

We shall refer to | as the -type of the Hecke respective character.
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With this in mind, we quote the following formula (as in [32], Thm.
3.25(i), p.109):

Theorem 5.2.3. Let § be a non-zero integral ideal of Op. Let 1g(f) denote
the number of residue classes modulo § which can be represented by units of

Og. We have

_ he®s(f)
he(f) = o) (5.7)
where we have set Pg(Og) =1 and
®u(f) = Neg(f) [] (1= Newp)™): (5.8)
plf.p prime

Next, we shall show how to relate an idelic Hecke character to a classi-
cal one. Let a character xy : I, — C* and another character x., of the
archimedean part of A} be given. Assume that these satisfy the following:

Un C ker(xoo), and (5.9)
X (@) = x;(aOg), Va€ E*. (5.10)

Now, E* has the weak approximation property among the finitely many
places v € F of A}, where p,|m. Hence, the above conditions determine an
idelic Hecke character x = xo - X once we let

Xuw(@w) = Xs(Pw) Y & F. (5.11)
Remark 5.2.4. If xy is primitive of conductor f, x will also have conductor

f.

5.2.3 Algebraic Hecke Characters.

For a number field F', we shall deal with a particular type of Hecke char-
acter of GLy(Ap)/F*. We define this type here.

Let S, (resp., S.) denote the union of the real (resp., complex) places of
F. Set Se := S, US,. For = (z,), € A%, define zo, := (z,)ves.,. Also, let
|.|oo be the restriction of the idelic norm map to Sy.

For a complex number z = x + iy € C, z,y € R define

|z +iyle = 2% + 47, (5.12)

|z +iy|r = 2? + 2. (5.13)
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Every character of C* is of the form
1
2z (—) " z|l¢  where a € §Z’ beC. (5.14)

Hence, for

Xoo = ] o (5.15)

we must have

N | S B | (= R ]

vES, wWES, |x“’|R
(5.16)

for some s € R. Here, a, € {0,1} Vv e S, and o, € R Vu € S.

Not every idelic Hecke character x : Ay /F* — C* is the restriction of a
homomorphism of algebraic groups (Resp/qGnm)(Ag) = G (C). The charac-
ters which satisfy this condition will play an important role in automorphic
induction.

Definition 19. Let F/Q be an imaginary quadratic extension. A unitary
idélic Hecke character x : Aj/F* — C* is said to be algebraic with parallel
weight whenever there exists an integer a € Z such that

Xoo(2) =< é >_a- (5.17)

J2lr

5.3 Modular forms.

Classical modular forms are certain automorphic forms for GLy/Q. Al-
though modular forms can be defined over an arbitrary number field, we shall
restrict to the relevent case of Q in this section.

Modular forms are intimately connected with the representations of G L2 (Q))
for each place p < oo of Q. In order to state the main results of this chapter,
we shall review these representations briefly.

5.3.1 Representations of GLy(R).

Firstly, note that G'Ly(R) is generated by R and its subgroup SL3(R)
consisting of matrices having determinant +1. The latter contains SLy(R)
as a subgroup of index two. Every irreducible representation of SLs(R) can
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be induced to SL3 (R) to obtain at most two irreducible representations. We
may then construct representations of G'Ly(R) by tensoring these with the
characters of RY. Therefore, it suffices to focus on the representations of
SLy(R).

5.3.2 The notion of Admissibility.

Following [19], we shall call a unitary irreducible representation of S Ls(RR)
admissible if its restriction to SO(2) contains each irreducible representa-
tion of the latter group at most finitely many times. This means that the
SO(2)-finite vectors in the underlying vector space span a dense subspace
and leads to the notion of a (g, K') module in general. We shall concentrate
on such representations from now on.

Definition 20. For the finite places p, admaissibility of an irreducible uni-
tary representation of GLy(Q,) means that the following conditions are sat-

i1sfied:
e Fuvery vector in the underlying vector space is fized by some compact

open subgroup of K, C GLy(Z,),

o The space of vectors fized by each such K, is finite dimensional.

5.3.3 Hecke Algebra.

For p < o0, it is possible to construct an algebra #H,, the simple modules
of which are the admissible irreducible unitary representations of GL2(Q,).
This algebra is called the Hecke algebra for the group over the respective
local field (see [19] for a detailed description).

At archimedean places, this algebra serves as a substitute for the universal
enveloping algebra of the underlying (complexified) Lie algebra. Its product
structure is given by convolution of certain distributions. For example, the
Hecke algebra of SL3 (R) is given by

H(SLE(R)) = U(sly(C)) @ & x U(sly(C)), (5.18)

d being the Dirac distribution supported at diag(—1,1) € GLy(R).
For non-archimedean Q,, the corresponding Hecke algebra is the con-
volution algebra of locally constant and compactly supported functions on

GLy(Qp). These conditions are imposed due to the totally disconnected na-
ture of GL2(Q,).
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5.3.4 Irreducible Admissible Representations.

Consider the Borel subgroup B C GLs(R) consisting of the upper tri-
angular matrices. Each pair of quasicharacters of R* may be regarded as
a representation of B. In order to construct representations of GLy(R), we
induce each such pair to it. In fact, every irreducible unitary representation
of GLy(R) occurs as a subquotient of the induced module for some such pair
of characters. These representations are further classified into the principal,
discrete, continuous and complementary series according to the ratio of and
the parameters defining the involved characters. By contrast, GLs(C) has
no discrete series.

Some of the admissible irreducible representations of GL2(Q,) (for finite
p) are obtained in a similar manner- the principal series and special represen-
tations are examples of this. There also exist (pre-unitary) continuous and
complementary series when the involved pair of characters is not unitary.
However, there exist supercuspidal representations in addition to these.
Being supercuspidal is also equivalent to having each matrix coefficient com-
pactly supported modulo the centre of the respective group. This means
that the matrix coefficient vanishes outside the product of the centre with a
compact subset of GLy(Q),).

5.3.5 A brief overview of modular forms.

Let H denote the complex upper half plane:

H:={z€C:3J(z) > 0}. (5.19)

The group SLy(R) acts on H by fractional linear transformations as follows:
a b az+b

7—(6 d)’ Z'—)’Y'Z.—Cz+d. (5.20)

Consider a discrete subgroup I' C SLs(R) such that we have
[SLy(Z) : (N SLy(Z))] < oo and [I': (T'NSLy(Z))] < 0. (5.21)
( We may take I" to be a subgroup of finite index in SLy(Z)).

Definition 21. Let I' be as above and k € Z. A modular form of weight
k 1s a holomorphic function f:H — C which satisfies the following:

fly-2) =det(y) *(cz +d)ff(z) Vyel,zecH.
We shall denote the space of all modular forms for I' having weight k by
M ().
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In particular, a modular form yields an automorphic form for G Ls(Ag)
on adelisation; so the definitions of the first section of this chapter apply. We
refer the reader to [19] (Chap. 1-5) for details and also for the definitions of
Petersson inner product as well as newforms.

Furthermore, we note that the unipotent radical of the upper triangular
Borel subgroup of G'Ly(Ag) is isomorphic to the additive group Ag. Hence,
we may formulate the condition of being a (holomorphic) cusp form in terms
of vanishing of the constant term in its the Fourier expansion. We shall de-
note the space of all cusp forms for I having weight & by S(T').

5.3.6 Counting the dimension of the space of cusp forms.

For N =[]_, pi" € N, set
a b i
= H{ (c d) € GLy(Z,) : c € pj"Zy}. (5.22)
P

If normalise the Haar measure of GLo(Ay) so that vol(GLy(Z,)) =1 Vp <
00, then we have

T

vol(Kf(N))_1 = H[GLQ(ZM) : {(CCL Z) € GLy(Zy,) : ordy,c > n;}l,
=¢(N), (5.23)

where
=NJ[@+p™") (=[SLa(Z): To(N))). (5.24)

p|N

Define the convolution of the Euler totient function ¢ with itself as follows:

(p* ) (N) =) @(d)p(N/d). (5.25)
N

We shall denote the number of prime divisors of an integer N > 2 by oo(N)
and define og(1) = 1. For N > 5 and k > 3, the dimension formula given in
[Stein, Prop.6.6, p.96] simplifies to the following:

(k — 1)<P(N)2/J(N)) _ (pxp)(N)

24 4 '
In order to estimate the total number of cusp forms with character corre-
sponding to a particular weight and level, we shall need the following lemma.

dime Sy(Ty (V) = ( (5.26)
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Lemma 5.3.1.
(p*x@)(N) < oo(N)p(N) VN > 1. (5.27)

Proof. The inequality holds trivially for N = 1; so we may assume that
N > 2. We call an arithmetic function f multiplicative if

f(mn) = f(m)f(n) whenever ged(m,n) = 1. (5.28)

Since ¢ is multiplicative, so is ¢ * . Hence, both the sides of the claimed
inequality are multiplicative. Therefore, it suffices to prove the inequality
when N =p", (n > 1) for some prime p.

For such N = p", we have

(% ©)( Zs@
n—1

- pn{ S UpP 421 - 1/}

_ w(p"){(n a1+ 2},
<" (n—1)+2} = ao(p")p(p").
[ |

Lemma 5.3.2. We have

dime Sp(I'1(N)) <k —1
N2 N 4q2

)+o(l) as N — oc.

Proof. The standard formulae for (V) and ¢ (N) yield the following:
6
e(N)e(N) = N TJ =1/ = N> T (1= 1/p*) = ()N,
p|N p prime

Hence, we have

24N? 4N2 7

k—1 w*p)(N

L TR i)
47 AN
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But the standard asymptotic formula for the divisor function oq (see [23],
Thm. 315, p. 343), when combined with the trivial estimate p(N) < N,
shows that

oo(N)p(N) = O(N') Ve > 0. (5.29)
In view of the preceeding lemma, this implies
(¢ * @) (N)
T 7 —9(1 N .
e o(1) as N — oo, (5.30)
and thus the assertion of the lemma follows. [ ]

We shall also require estimates on the dimension of the space of newforms.
Lemma 5.3.3. Let n > 1 be an integer and p > 2 be a prime. We have

dime SPev(Ty (p)) & — 1 1

g = ( g (1 — F)Q + 0(1) (5.31)

as n — oQ.

Proof. For each M € N, define

~ [ 0if p*|M for some prime p,
(M) = { [1,0(=2) otherwise, (5.32)
where empty product is understood to be 1.
By [36] (Prop. 6.6, p.96), we have
dimg Sp(T'y (M) = > (M /d) dime Sg(T'y(d)). (5.33)

M

For M = p™, the above sum contains exactly three terms. Adding these with
aid of the previous Lemma, we obtain the desired expression. |
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Chapter 6

Use of Langlands Functoriality.

6.1 An overview of Langlands Functoriality.

Let F' be a number field. Consider a linear algebraic group G/F. Assume
that G is connected, reductive and split over F'. This means that it has a
maximal torus isomorphic to GJ, over F' for some integer r > 1.

6.1.1 Characters of T.

Let B be a Borel subgroup of G over F, i.e., a maximal connected solv-
able subgroup. Select a maximal split torus T in B so that B = TU for the
unipotent radical U of G. Denote the character group of T by X*(T) and
the set of its cocharacters by X, (T) (both over F').

We observe that U determines a set A of simple roots as well as a set A
of simple coroots. Thus, for each o € A, we have & € A normalised so that

a(a(t)) = 2. (6.1)
6.1.2 L-groups.

Definition 22. By Vthe root datum for G, we mean the quadruple V(G) :=
(X*(T),A, X.(T),A).

By Chevalley’s theorem, there exists a connected reductive group G over
C such that

U(G) = (X.(T),A, X*(T),A). (6.2)
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Note that we may define an action of Gal (F/F) on G by dualising that on
A to A. This can be done by virtue of the split exact sequence

1 = Int(G) - Aut(G) — Aut(¥(GQ)) — 1 (6.3)

Definition 23. The L-group of G is defined as
LG =G x Gal(F/F).

Note that G = “G°, where “G° denotes the connected component of the
identity in the respective group.

6.1.3 The Principle of Functoriality.

Now, let H be another connected reductive algebraic group over F'.

Definition 24. An L-homomorphism ¢ : “"H — *G is a continuous ho-
momorphism over Gal(F/F) whose restriction to L H® is holomorphic.

When G is quasi-split over F', Langlands’ principle of functoriality
predicts a transfer of every automorphic representation of H to that of G
associated with each such L-homomorphism ¢. Automorphic induction and
symmetric square transfer are special instances of this.

6.2 Automorphic Induction.

We shall restrict the discussion to the relevent case of GL(2) over a local

field.

6.2.1 Weil Representation.

We shall outline the construction of Weil representation over a local field
I here. This representation provides concrete examples of supercuspidal
representations and will be required for our considerations on automorphic
induction.

Observe that the construction of principal series is carried out by induc-
tion of a pair of quasicharacters of the diagonal torus which are regarded
as being defined for the Borel subgroup of upper triangular matrices. This
construction neglects the unipotent radical of the Borel subgroup (recall that
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the Borel subgroup is its semidirect product with the diagonal torus). Hence,
there could exist irreducible representations of GLy(F') which are not ac-
counted for even by the subquotients of the principal and the special series.

For instance, choose an additive character ¢ of F' and regard it as a
character of the unipotent radical of the standard Borel subgroup of up-
per triangular matrices. Induce it to the whole group. The vector space of
the induced representation is related to the corresponding Whittaker model.
These models enjoy the property of uniqueness for non-archimedean F', which
is crucial in proving the multiplicity one theorem for cuspidal automorphic
representations of G'Ly/Q.

Further, recall the Iwasawa decomposition of GLy(F'): it is the product
of its centre, the diagonal torus, the unipotent radical and the corresponding
maximal compact subgroup. The maximal compact subgroup determines a
symmetric bilinear form, which is a quadratic form ¢ over F'.

But now ¢ determines a quadratic extension E/F such that the norm one
subgroup of E* coincides with the maximal compact subgroup above. Define
an action m on the Schwartz-Bruhat class functions on GLy(F') as follows:

w((y $)I@ = v, @eGnFLuer). 4

This action, when modified suitably with the nontrivial character of E*/F*,
is independent of 1 over GLy(F). The corresponding representation is re-
lated to the sought Weil representation. For non-archimedean F', this is
supercuspidal whenever a certain character of E* is ramified (and one of
the principal or special series otherwise).

At archimedean places, however, the Weil construction produces principal
or discrete series representations. The non-existence of supercuspidals at the
archimedean places may be attributed to the fact that we have neither small
subgroups nor 'ramified’ characters at these places.

6.2.2 Automorphic Induction from GL(1)/E to GL(2)/Q.

Definition 25. Let E/F be a finite extension of an algebraic number fields.
The tdélic norm map

Niypt Al — AX (6.5)
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15 the continuous homomorphism determined placewise as follows:

o ([ @), (0= (@) € A7) (66)
vjw
6.2.3 A criterion for cuspidality.

Consider a place v of Q. We set 7, to be the principal series representation
induced by (Xuw, Xur) if v splits in F with w, w’'|v and the Weil representation
corresponding to x, otherwise, with u lying over v. Define

m(x) == ®7TU. (6.7)
Denote the central character of 7(x) by w.

Now, Thm. 7.11 on p.148 in [19] states that 7(x) is cuspidal whenever
X#doN (6.8)

for any Hecke character ¢ : Ag/Q* +— C* (i.e., a Dirichlet character with
some conductor). Here, Ngjq : Ap — Ag is the idelic norm map. This
condition is equivalent to

X 7# X (6.9)

where o is the nontrivial element of the Galois group of F/Q. As E is an
imaginary quadratic extension, ¢ is the restriction of the complex conjuga-
tion on C.

In view of Remark 7.7 on p.142 in [19], the infinity component 7(x)eo
must be a discrete series representation. More precisely, if

Xoo © 2 F (g)k_l for some k € Z,

then there exist [ € C such that m(x)s is isomorphic to the irreducible
quotient of the representation induced by the pair of characters

(t — [t|at™,  t = |tlhsgn(t)). (6.10)
6.3 Automorphic representations of GL3(Q).

6.3.1 The level structure.
For each finite place p of Q and integer n > 0, we define
Hp(n) = {IE = (l‘ij)gxg € GL3(ZP) 1 x31,T32 € anp} (611)
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Let N = [[;_, pi" be a positive integer. Set

N) = Hle.(ni). (6.12)

For each N > 1, we shall refer to the compact open subgroup H(N) C
GL3(Ay) as the level structure corresponding to NNV.

6.3.2 The associated idelised Dirichlet character.

Let (ILW) = (@) p<o0 ps @ p<oo W) be a cuspidal automorphic repre-
sentation of GL3(Ag). Its central character 2 factorises over the places of

Q as
O = Q) Q. (6.13)

p<oo

For each p, €2, determines a character {2 of GL3(Q,) as follows:
O(z) = Y (x33) (2 = (235) € Hp(n)), (6.14)

where p"||cond(£2,).

6.3.3 The conductor of II.

Notation 6. For an integer M > 0 and each finite place p < co of Q, define

Hy(M).92,
W, 0% {we W, : Iy(x)w = Q) (v33)w Vo = (245)3x3 € Hy(M)}.

It is well-known that there exists an integer M, > 0 such that WpH P #*
0 for each M > My (see [27]).
o . - - HP(C(HP) p
Definition 26. The smallest integer c(1L,) > 0 for which W) # 0

is termed as the conductor of I1,. We shall also refer to
NH — H pC(Hp)

as the conductor of 11.
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6.3.4 The conductor of 7.

Now, we define a level structure of GLy(Ag) as follows:

Notation 7. For an integer n > 0 and each prime p < 0o, define

K,(n) = {(‘CL Z) € GLo(Z,) : ordy(c) > n}.

Also, if N = [[;_,pi" is the prime factorisation of an integer N > 1, then
set

Kf(N) ::HKp(ni)~ I ¢r.(z) (6.15)

@tN, q prime

Remark 6.3.1. K;(N) is precisely the level structure corresponding to I'g(N)
defined in the previous chapter.

Further, if wr 1= ®p<cowp denote the central character of m, there exists a
unique primitive Dirichlet character € whose idélisation (denoted by €) equals
W

Note that for each prime p < oo and n > 0, the Dirichlet character w,
defines a character of K,(n) as follows:

(2 Do v(¢ ) erm @

We shall denote this character by w : Kj(n) — C*.

Next, define

Kp(n)w,

V, = v eV, i my(k)v = Wi (k)v Yk € Ky(n)}. (6.17)
We quote the following with the notation as above (see [11]):

Theorem 6.3.2 (Casselman). There exists a minimal integer c¢(m,) > 0
(termed as the conductor of m,) such that

dim VD) g (6.18)

Furthermore, we have
™) > cond(w,), (6.19)

where cond(w,) is the conductor of the Dirichlet character w, in the usual
sense.

Remark 6.3.3. For example, we have ¢(m,) > 2 whenever m, is supercuspidal
(see [26] for details).
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6.4 Langlands Transfer in case of the Sym-
metric Square.

Let m = ®p<0omp be a cuspidal automorphic representation of G La(Ag),
each 7, being an irreducible admissible representation of GL4(Q,). Thus, 7
is an irreducible subspace of

L2, (GLy(Q\GLy(Ag), wr) (6.20)

cusp

(the space of square-integrable cusp forms with central character w,).

Next, let W, denote the Weil group at p = oo and the Weil-Deligne group
for finite p. (See [39] and [12], resp., for the definitions of these groups.) By
the local Langlands correspondence for GLy(Q,), there exists a semisimple
representation

o(m,) : W, = GLy(C) (6.21)

associated with each .

If 7, is unramified and its Hecke matrix is diag(a,, b,), we form the 3 x 3
matrix diag (a2, ayby, b2).

When 7, is ramified at p, we consider the map sym®? : GLy(C — GL3(C.
The composite map

sym® o o(m,) : W, — GL3(C) (6.22)

defines a representation of GL3(C. Now, using the local Langlands correspon-
dence for GL3(Q,), we obtain a representation of GL3(C which we denote
by sym®*(my,). (Its Hecke matrix is given by diag(a2, ayby, b2) for unramified
pip')

Definition 27. The restricted tensor product representation

®2( ®2(

Tp)

is said to be obtained by symmetric square transfer of 7.

sym®*(m) = ®;§Oosym

Remark 6.4.1. By the Langlands principle of functoriality, 11 := sym?(m)
ought to be an automorphic representation of GL3(Ag). Gelbart and Jacquet
(see [18]) showed that it is indeed isomorphic to an irreducible subquotient of

L5 (GL3(Q)\GLs(Ag), wy),

provided that w is not obtained by automorphic induction of a Hecke charac-
ter.
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6.4.1 Cohomological representations.

Consider the finite dimensional irreducible representation of GL3(R) cor-
responding to a dominant integral weight . We shall denote the under-
lying C-vector space by V,. Let II = Il ® Il be a cuspidal automor-
phic representation of G'L3(Ag), where Il and II; are its archimedean
and non-archimedean parts, respectively. For each compact open subgroup

Ky C [1,c00o GL3(Zy), we consider Hfff , the subspace of K -fixed vectors of
II;.

Definition 28. II is said to be cohomological with coefficients in 'V, for
the level structure Ky if the following holds for the relative Lie algebra coho-
mology:

H*(gly(C),RY - SO(3,R); Il ® V,,) @ I}/ # 0, (6.23)

We denote this by
IT e OOh(GLs, u, Kf),

where Coh(GLs, 1, Ky) is the set of all cohomological cuspidal automorphic
representations so defined.
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Chapter 7

Bounds for Automorphic
Induction.

We shall consider the case of automorphic induction from GL; over a
quadratic field to GLy/Q in this chapter.

7.1 Notation and Preliminaries.

Notation 8. For an integer N > 1, let Si(I'y(N)) denote the space of cusp
forms for the congruence subgroup I'y(N), where we define

G) ’1‘) (mod N)}.

['V(N):={X € SLy(Z): X
For the congruence subgroup

Lo(N) :={X € SLy(Z) : X

(5 7)) oa

we define Sp(I'o(N)) analogously.

Remark 7.1.1. Note that

SsTN) = @ Sulo(N),e),

€(Z/NZ)* —CX*

where € ranges over all Dirichlet characters modulo N and Si(Io(N),¢€) de-
notes the subspace of holomorphic cusp forms having character e.
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The aim is to investigate how much of cuspidal cohomology is obtained
by automorphic induction from the Hecke characters of various imaginary
quadratic fields. Quantitatively, we shall find bounds on the number of eigen-
forms of normalised Hecke operators in Si(I';(N)) which are obtained in this
manner.

Remark 7.1.2. Note that the irreducible cuspidal automorphic representa-
tion corresponding to such an eigenform is cohomological.

Notation 9. For integers k,N > 1, let Ci(N) denote the number of cusp
eigenforms of normalised Hecke operators for I'y(N) C SLo(Z) having weight
k which are obtained by automorphic induction from Hecke characters of
imaginary quadratic extensions of Q.

Let £ = Q(v/—d) be a quadratic extension where d > 0 is an arbitrary
squarefree integer. We note that the discriminant of F/Q equals

| —dif d =3(mod 4),
Dp/g := { —4d otherwise; (7.1)
The prime 2 ramifies only in the latter case. Also, let A} denote the ideles
over I.

Notation 10. For functions f,qg on N taking non-negative real values, we
shall write f < g if there exists a constant C' such that f(n) < C - g(n) for
all sufficiently large values of n.

We shall also write f ~ g when f < g and g < f.

The following result connects the conductor and oco-type of a Hecke char-
acter to the level and weight of the modular form obtained by automorphic
induction.

Theorem 7.1.3 (Hecke). Let k > 2 be an integer. Let E = Q(v/—d) be an
imaginary quadratic extension where d > 0 is an arbitrary squarefree integer.
Assume that x is a Hecke character of E with conductor f C O and co-type
(k — 1) which yields a cusp form

f € SiTo(N), €)
on automorphic induction (for a certain Dirichlet character €). Then

=k and Npo(f) - |Dp/ol|N.
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7.2 The number of unitary Hecke characters.

In this section, we recall some facts about Hecke characters. We use these
facts to estimate the total number of unitary Hecke characters of a given co-
type for an ideal f C Og. This will be required to obtain bounds on Ci(N).

Notation 11. For an ideal § C Og, let Yg(f) denote the number of residue
classes modulo | representable by the units of I, i.e.,

Ve(f) == #{u+f:ueOp}.

Note that since E = Q(v/—d) is an imaginary quadratic field, 1 € O}
is the only unit both of whose embeddings in C are positive. (1 is clearly
invertible modulo every ideal § C Op.) Therefore, the order hg(f) of the ray
class group modulo f coincides with that of the narrow ray class group

modulo the same. The former is given by the following formula in [32] (Thm.
3.25(i), p.109), where hg is the class number of E.

hi(f) = he®Pe(f)/Ve(f) (7.2)
As 1 € Of no matter what f is, we have ¢ g(f) > 1. Hence,
he(f) < he®m(f), (7.3)

with &5 as in[5.2.3

Remark 7.2.1. Once the co-type of a unitary Hecke character modulo | is
fixed, it corresponds to a character of the narrow ray class group modulo the
same ideal (see [32], Prop. 7.7.7, p.330). Conversely, every character of the
narrow ray class group modulo | along with a consistent choice of the oo-type
defines a Hecke character.

7.3 Upper Bound.

For M € N, let ¢o(M) denote the number of primitive Dirichlet characters
of conductor M. Using the Mobius inversion formula for the equation

P(N) = old) (7.4)
dIN
(see [25], Chap.3, p.46), we get
ain =M [Ja->) T -

plIM p?|M

]—)) : (7.5)
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whenever M > 2.

We shall need the following result in the sequel:

Lemma 7.3.1. Let n > 1 be an integer and r € (0,1). We have

1 1—r—e
11 T <en (7.6)

pn
for each 0 < ¢ < min{r,1 —r} as n approaches infinity.

Proof. See [21], Eq.(29). |

Keeping the criterion [6.8] in mind, we describe the strategy in short.

Remark 7.3.1. An upper bound on the total number of normalised Hecke
eigenforms for T'1(N) of weight k > 2 obtained by automorphic induction is
clearly provided by the total number of pertinent Hecke characters (whether
those factor through the norm or not).

Notation 12. For an integer N > 1, define

N =Tl»

pIN
Theorem 7.3.2. Let k, N > 1 be integers and Cy,(N) be as in[d We have
Cr(N) <pe N - N327¢ Ve € (0,1/2) (7.7)
as N — o0.
Remark 7.3.3. By the dimension formula for cusp forms, we have
dime Sy, (T (N)) ~p N2

The upper bound shows that Cy(N) is only a negligible fraction when N is
divisible by large powers of primes.

Proof. By Hecke’s theorem, the co-type of each Hecke character contributing
to Cr(N) equals (k —1).

For each ideal 0 C Og, let h%(d) denote the number of unitary Hecke

characters having conductor exactly 9. The number of characters of the
narrow ray class group modulo 8 C Of equals hg(?). Each such character
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will have a conductor f[d. Thus, with Remark of the previous section
in mind, we also see the following:

> hG(H) < hp(d (7.8)

flo

We need to estimate the sum

> { > e} (79)

d squarefree NE/Q(f)| ‘D;\f/@l

over various conductors f in order to find an upper bound on Cy(N).

So, let M = M(d) be the smallest positive integer for which MN| is

a perfect square. If we replace the condition Ng/q(f) above by the

-

weaker Ng/(f) 5 We sum over a larger number of conductors This

s
increases the inner summand for each £ = Q(v/—d) as follows:

{ )3 h%(f)}s{ 3 h%(f)} (7.10)

NE/QGN% NE/Q(f)l‘[;\éJ/V@
Set | lz)wv = M?. We observe the following for every integer [ > 1 and each
prime 1dea1 plf, the following holds:
P'INejo(d') < p'[p'Op. (7.11)

In particular, if p* ||NE/Q(M(’)E) M? and p|pOg, then p!'|MOp. Therefore,

if we substitute Ngo(f)| 22 Dy gl by the still weaker condition f|MOp, we get

> } > hY(f) = he(MOg). (7.12)

Ng ()l mg/@\ fIMOg

Summing over various F, we obtain the following upper bound:

Ci(N) < > hp(MOp) (7.13)

d|N
d squarefree

Using the bound hg(f) < hp®Pg(f), we get
Ch(N) < Y hp®p(MOg). (7.14)

d|N
d squarefree
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We have

(M O) = %M&[ﬂ (1 - Neja(p)™) (7.15)

where p ranges over prime ideals. Since M |]\7 , it follows that

. h
Ch(N)<NN- )~ ﬁ. (7.16)
dN E/Q

d squarefree

As d is squarefree for each summand, we have

d|N < d|N. (7.17)
Thus,
. hp
Ch(N)SNN- Y —— (7.18)
pre 1 De/ql

d squarefree

Now, we shall use the following asymptotic formula for class number (see
[32], Cor.1 to Thm.8.14, p.434):

log hgy=p) = (1/2+ o(1))log | D| as | D] — oo. (7.19)
This implies
h — €
‘D]jm Lo | Do~V (7.20)
for each € € (0,1/2). Now,
Z ‘DE/QF(UZ)JFE < Z d7(1/2)+e’ (7.21>
d|N d|N
d squarefree d squarefree
1
=[]+ p—l/H) (7.22)
pIN

This product is less than

1 \ —€
11 T (/) < NY2< e €(0,1/2). (7.23)

pIN

Here, we have used Lemma [7.3.1] We conclude the proof as this yields the
desired upper bound:

CL(N) <. (NN) - NV~ = NN3/>~¢ (7.24)
|
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7.4 Lower Bound.

We begin with a lemma in order to emphasise the necessity of passing to
deeper level structures in order to get reasonable lower bounds.

Lemma 7.4.1. Let {p,}°°, be an increasing sequence of primes each of
which satisfies p, =1 (mod 4). Then

Cr(pn) =0 Vn>1andk > 2. (7.25)

Proof. Let E = Q(v/—d) be an imaginary quadratic extension with d > 0
squarefree. Consider an idelic Hecke character x : AL/E* — C* of E.
Assume that x yields a modular cusp form f, (with some Dirichlet character
€) by automorphic induction. We have already observed that the oco-type of
x must be

Xoo : 2 (2/|2]R)F L. (7.26)

Let « be the classical Hecke character determined by y and § be its conductor.
Define

E; = {% €E*:a,b€Op,a=b (mod§f) and (abOp,f) =1}. (7.27)
Since y is trivial on £, we have
a(cOg) = xt(c) Vee E*. (7.28)

Therefore,
ker xoo 2 E;N Of. (7.29)

(This holds because each unit u of £ which is invertible modulo f must satisfy

a(uOg) =1).

Fix a value of n. Consider an arbitrary Hecke character xy of E having
conductor f C Of and oo-type (k — 1). If x were to yield a cusp form
fx € Sk(I'1(pn)) on automorphic induction, then we would have

Ngjo(f) - [De/allpn- (7.30)

This is impossible as |Dg/g| = —4d is even and p,, is odd (note that the only
permissible values of d are 1 and p,,).

Therefore, no imaginary quadratic extension can contribute to cuspidal co-
homology even as n — oo and regardless of k. |
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Remark 7.4.1. As a consequence, we see that liminf Cy(N) = 0 when either
of k or N approaches infinity while the other is fixed. Hence, we must allow
replacement of N by its sufficiently large multiples in order to get reasonable
bounds. Such a replacement amounts to choosing a deeper level structure.

With the above remark in mind, we give effect to the following strategy:

Remark 7.4.2. We need to find a lower bound on the number of normalised
Hecke eigenforms corresponding to a level structure for GLy(Ag) and a fived
weight. This can be accomplished by subtracting an upper bound on the num-
ber of Hecke characters factor through the idelic norm from a lower bound
on the total number of pertinent Hecke characters.

Firstly, we find an upper bound on the number of idelic Hecke characters
of which factoring through the idelic norm map

NE/Q : AE — Aé. (7.31)

These are precisely the characters of the type doN e/q for the idelisation 5
of some Dirichlet character 9.

To this end, we define the following:

Notation 13. For N € N, let
Ag(N) := #{X CAY/EX = Sty = SONE/Q for some Dirichlet

character with cond(0)|N and some E = Q(vV—d),d > 0}.

Here, () denotes idélisation of the respective Dirichlet character and Ng g is
the idéelic norm map.

Lemma 7.4.2. For each E = Q(v/—d), write % = M?. M, where M =

M(E) depends on E and M is squarefree. Then

M) < (M), (7.32)

d|N
d squarefree

Proof. Consider a Dirichlet character § having conductor f > 2. Let
f = H;lefi be its factorisation into distinct primes. For an imaginary
quadratic field E, the idelic character § o Ng/q is a Hecke character for £
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only if its co-type satisfies satisfies the constraint The total number of
such characters, therefore, exceeds that of the Hecke characters for Ay /E*.
We proceed to estimate the former in order to find an upper bound on Ag(N).

Firstly, we investigate the relation between the conductor of ¢ and that
of the finite part of § ONE/Q. For each 1 <i <, let

.| fi i pi|Dgg,
fi= { 2f;  otherwise (7.33)

If y is the character of the narrow ray class group associated with 6 o A, E/Q
(see the Remarks 2.2.1 and 2.2.3), then we get

cond(x) = f'Og, (7.34)

where f' = [[;_, plfz (Here, we have considered whether or not a prime p;
ramifies in F).

Hence, if NE/Q(cond(X))|ﬁ, then clearly f2| ‘DJEV/@.
But
9 N
Pl o fIM. (7.35)
|Di/ol

(Note that M = M (FE) is dependent on E).

As there are ¢o(f) such characters for each £ = Q(v/—d), we get

Ap(N) < Z ( Z haeo(f)). (7.36)

AN p=Q(/=d)
d squarefree 72| N
IDEg /gl

Substituting the condition on the inner sum by the equivalent f|M, we get

Ag(N) < Z his( Z vo(f)) (7.37)

d|N E=Q(v-d)
d squarefree fIM
= ) hpe(M). (7.38)
d|N

d squarefree

This is precisely the upper bound claimed. |
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Theorem 7.4.3. Let k > 1 be an integer. Define Ci(.) as in [ Every
positive integer n has a fized multiple Ng = No(n) such that we have

C(NNy) >pene NITENY27€ Ve € (0,1/2) (7.39)

as N — oo. Here, the implied constant depends upon the chosen values of
k, Ny and e.

Proof. Given an integer n > 1, select a fixed multiple Ny = Ny(n) of n such
that

4N0|N0 and 6@(]\70) < No. (740)
This is possible as we have
liminf p(r)/r = 0. (7.41)
T—>00

For N € N, consider a positive squarefree divisor d of N Ny. Set £ = Q(v/—d).
Further, assume that d # 1, 3 so that O}, = {1, —1}. This assumption ensures
that for an ideal f C Op, the following relation is satisfied whenever § t 20p:

(1) € BN O, (7.42)

with Ej as in The constraint is satisfied trivially under these as-
sumptions. Hence, whenever d # 1,3 and f 1 20g, every character of the
respective narrow ray class group is a Hecke character for F.

As we are omitting certain ideals by the above conditions, we clearly have

C(NNo) +Ak(NNo) > > (> hip(D) (7.43)

4 dINf E=Q(v—d)
Squarelree M
d#13  NenWling o

with 2% (f) as in the proof of the upper bound.

Write % = M?M, where M = M(E) is squarefree. If we substitute

the condition on the inner sum by the stronger f|{MOg (whereby counting
over fewer conductors), we get the following lower bound:

Cr(NNo) + A(NNo) > > (> hy(H), (7.44)

4 GZINf E=Q(v~d)
squarefree N MO
s £/0(NIMOE

=D SR G DI 1) R (2

; d|N ; E=Q(v~d)
squarefree v MO
d#1,3 E/%%E =
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Here, we have further omitted each ideal dividing 20g from the sum. Since
there are at most two such ideals, we may neglect those without affecting the
order of the lower bound. Doing so, we obtain

Yoo owHr Y he(f) = he®p(MOE)/S, (7.46)

E=Q(v/—d) E=Q(v—d)
Ng()IMOE Ng () IMOE
it 20g

(because g (f) < 6 trivially). Subtraction of the upper bound on A, (N)( as
in Lemma [7.4.2)) from this yields the following:

Cr(NNo) >N, Z he{®r(MOE) — 6p(M)} (7.47)
d sqi‘a]i}free
d#1,3
= > heM{M ] (1= Ngpop)™) —6p(M)/M} (7.48)
d|N pIMOg
d squarefree
d#1,3

Here, we have noted that Ng (M Og) = M.

But for each prime ideal p|M Op, we have Ngq(p) = p or p? for a prime
integer p|M. Therefore, we get

Ck(NNo) >k No E hEQO(M)(M — 6) (749)
d|N
d squarefree
d#1,3

As N — 0o, M — oo. The condition on N, then ensures that M > 6.
Also, note that the formula (see [23], Chap. 18, Thm. 328, p.352)
log1
lim inf 21081087 _ (7.50)
r—00 T

(where v = 0.57721 ... denotes the Euler’s constant) implies that

©(M) >, M'™* Vee (0,1/2). (7.51)
Therefore,
Cr(N-No) >k Ny e Z he M7 ~ (NNy)' - Z he/|DEjql-
d|N dIN
d squarefree d squarefree
d#1,3 d#1,3
(7.52)
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We may estimate the latter sum exactly as in the proof of Thm. [7.3.2] If we
use Lemma along with the Siegel bound

hi > |Dgol'*, (7.53)

the expression simplifies further to
CL(NNy) >p ng.e NN, (7.54)
This is the lower bound claimed. |

Remark 7.4.4. We have kept the weight of the modular form fized so far.
We shall consider a fized congruence subgroup as weight varies for the sake
of completeness below.

Let T" be a fixed congruence subgroup of SL(2,7Z). There exists a fixed
integer N = N(I') such that
Cv(N) <y kas k — o0 (7.55)
and for which both the following indices are finite:
C:T'NTy(N)], [[(N):I'NTi(N)] < oo (7.56)
To deduce this upper bound, we simply recall the dimension formula
dime Sp(SL(2,Z)) ~ k (7.57)
as k — oo. As I has finite index in SL(2,Z) too, we have
Cv(N) <y kas k — o0 (7.58)

trivially.
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Chapter 8

Bounds for Symmetric Square
Transfer.

Our aim is to find the growth rate of the size of the set of automorphic
representations of G L3(Ag) which are obtained by symmetric square transfer
from modular forms.

8.1 Bounds for GL(3)/Q.

We maintain the same notation as in |2 to express our result.

By [18], a cuspidal automorphic representation 7 of GLy(Ag) yields a cus-
pidal automorphic form for GL3(Ag) on symmetric square transfer precisely
when it is not induced from any Hecke character of a quadratic extension of
Q. We restate this criterion as a theorem here:

Theorem 8.1.1 (Gelbart-Jacquet). Let 7 = @) . 7, be an irreducible cus-
pidal automorphic representation of GLy/Q. Then sym®*m is a cuspidal
automorphic representation of GL3/Q precisely when

T # Ty (8.1)

for any Hecke character of a quadratic extension of Q.

p<oo

We use the above criterion to deduce the following:

Lemma 8.1.1. Let 7 = ®p§oo mp, be an irreducible cuspidal automorphic
representation of GLy(Ag). Denote its conductor by N,. Assume that the
infinitesimal character of mo, corresponds to the weight

A= (k)2 — 1,1 — k/2),
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where k > 2 is an even integer. Assume that
m € Coh(GL2/Q, A\, K¢(n)) Vn > 0.

Let 11 := sym®?w be the representation of GL3(Ag) obtained by symmetric
square transfer. Denote its conductor by Ny and the highest weight corre-
sponding to Il by pux. Then, we have

I € Coh(GLs/Q, ux, Hy(Nn)), (8.2)
Ni - Nu|N? and (8.4)
N,| Ny - N2 (8.5)

Proof. The first assertion is proved in [28]. It follows from the result in [6]
(Chap. II, Prop 6.12 (i),p.46) which states that pj, must be equal to its
twist by the Cartan involution for 7., to be cohomological. Thus, it has the
following form:

e = (a,b,c) a>b>c a,bceZ (8.6)
with a + ¢ = b = 0. If the newform associated with 7 has even weight k > 2,
we have A\, = (% —1,1— %) On symmetric square transfer, this becomes

= (k—2,0,2 — k).

We use a formula by Bushnell, Henniart and Kutzko (see [9],Thm. 6.5(i))
in order to compute the conductor of the symmetric square transfer. With
the notation as in the previous section, we have the following for each prime
p|Ni:

c(Il,) = 2¢(my) — c(wp) — 2/ep, (8.7)

where 1 < e, <2 is a certain ramification index and peler) = cond(wy).

Now, the result by Casselman quoted in the previous section implies that
0 < ¢(w,) < ¢(mp,). Also, we clearly have 1 < 2/e, < 2. Combining these, we
obtain the following:

c(Il,) + 2 > ¢(mp) and ¢(IL,) + 1 < 2¢(m,) (8.8)

The claim follows now from the definition of the conductor when we multiply
over all primes p|/Vy. |

For the dominant integral weight ux = (kK —2,0,2 — k) as in Lemma
we define the following.
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Notation 14. For N > 1, consider the level structure H¢(N). Define

Dy(N) :=A{Il € Acusp(GL3/Q, pije, Hf(N)) : I and M > 1 such that
T € Aeusp(GLa/Q, Mgy, Kp(M)), 11 = sym®(m)},

which is the set of cuspidal automorphic representations of GL3(Ag) which
are obtained by symmetric square transfer from holomorphic cusp forms.

We shall consider the case when k as above is even for the sake of sim-
plicity. We restate our result with the notation as above.

Theorem 8.1.2. Let k > 2 be an even integer. Let p > 2 be a prime. We
have
#Dy(p") > p™  asn — oo, (8.9)

with the implied constant depending only on k.
Remark 8.1.3. By Lemmal[5.3.9, we also have the obvious upper bound

#D(p") <1 p™"  asn — .

Thus, the above theorem implies that the holomorphic cusp forms in Sp(I'1(p™))
which yield a cuspidal automorphic representation of GL3(Ag) on symmetric
square transfer constitute a substantial fraction of the total.

Proof. Let II := ®,<11, € Dy(p"). Clearly, I, is unramified except when
q = p. If I = sym®*x, it follows that m, is also unramified unless ¢ = p.
Therefore, it suffices to consider the conductor of m,; call it m.

Next, we use Lemma to estimate m as follows:
m—-2<n<2m-1=(n+1)/2<m<n+2. (8.10)

Further, it is well-known that 7, corresponds to a newform (with charac-
ter) in SPe¥(I'y(p™)). The above inequality, thus, shows that a newform in
Srew(Ty(p')) can contribute to Dy (p™) only if (n+1)/2 <i < n+ 2.

Therefore, with Cy(.) as in [0 we have

#Di(p") + Ce(p™?) > > dime SpU(Ta(p')). (8.11)

(n+1)/2<i<n+2
But, by Thm. [7.3.2| we have the upper bound

Cr(P™?) <pe P 2p%27¢ Ve € (0,1/2). (8.12)
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In view of Lemma [5.3.3] we have

dime SP°(Ty () k—1

P2 = ( )1 —=—=)"+0o(1) (8.13)

as ¢ — 00.

As p > 2, we trivially have (1 — 1/p*) > 3/4. Hence,

dime S (T (p")) >k 0™ (8.14)
The sum in Eq above is, therefore, of the order
Z p2i > p2n+4 (8.15)

(n+1)/2<i<n+2

as n — 0.

Now, a comparison of the above equation with the upper bound on
Cr(p"?) shows that Cj,(p"?) is negligible as compared to p*"™ as n — oo.
In effect, we may subtract the upper bound on Cy(p"*?) from a lower
bound on the sum in Eq[8.1T} This produces the claimed lower bound on
#Dy.(p™) for each fixed prime p follows:

#Dk(pn> >>k p2n+4 (816)

as n — oo. [ |

8.2 Comparison with Marshall’s bound.

By Remark and Thm. [8.1.2] we may also infer the following for
sufficiently large fixed n:

#Dy(p") >pn k as k — 0. (8.17)

This is consistent with a prediction in [31]; as we shall discuss in this section.

Marshall ([31]) has considered the case of GL3/Q with a fixed level struc-
ture Hy but varying weight @ = (k,0, —k). He proves the bounds

k <<E’Hf #COh(GL37/'I’7 Hf) <<€,Hf k372477+6~ (818)

(Note that dimV, ~ k% by the Weyl dimension formula.) He also predicts
that the exact growth rate is #Coh(GLs, jt, Hf) ~ k as k — 0o. As D(N) C
Coh(GL3/Q, u, Hf(N)), the consequence our result Eq. provides further
evidence in favour of this prediction.
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