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Synopsis of the Thesis 
 

Polymer translocation is an important biological process which has become an active field 

of research in recent past due to its potential application in DNA sequencing, drug design, virus 

injection, etc. This work aimed to study and understand the different aspects of the non-

equilibrium phenomena observed in driven polymer translocation using computer simulations. In 

Chapter 1, we have introduced polymer translocation as a non-equilibrium phenomenon, its 

application, and scope. Next, the thesis has been broadly divided into two sections based on the 

application of the force on the polymer, namely the pore driven translocation and the end pulled 

translocation. In Chapter 2 and Chapter 3, the role of polymer-pore interactions has been 

studied for the pore-driven translocation. In Chapter 4 and Chapter 5, the end-pulled 

translocation has been studied for single and folded polymer movement through the pore. 

Chapter 6, considers a model particle in a viscous heat bath which is dragged with a harmonic 

potential and its total entropy production is calculated, which has implications in non-

equilibrium thermodynamic principles in single molecule experiments. 

 

Chapter 2 : 

In this chapter, we consider a uniformly positive charged polymer chain translocating 

through a pore constructed with negatively charged regions at different spatial locations. This 

kind of model mimics the experimental condition when the pore is mutated with different amino 

acids in order to create charged electrostatic traps. We have studied the translocation times of 

such a polymer chain by varying the strength and location of the electrostatic traps, the 

magnitude of forces acting inside the pore and for varying the chain length of the polymer. The 

translocation time during different stages of the translocation has been calculated and is 

supported by a quasi-equilibrium free-energy calculations. 

 

Chapter 3 : 

 In this section, both the charges on the polymer and the pore are varied to study the 

polymer translocation during different stages for pore-driven translocation. This kind of situation 

is important to tune the translocation of biological polymers by varying the charges on the 

surface of the polymer through a change in pH of the medium. The change in the pH of the 
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medium not only alters the charge decoration on the pore but also affects the charge on the 

polymer because the polymers are constituted by different amino acids. The simulation results on 

translocation times are again supported by similar quasi-equilibrium free energy calculations. 

 

Chapter 4 : 

 In this chapter, we study the dynamics of end-pulled polymer translocation by applying 

very high force at one end of the polymer. Such kind of model study is important in optical 

tweezers or AFM experiments. The Langevin dynamics simulations revealed the propagation of 

the tension along the chain by measuring different quantities like waiting time distribution, the 

velocity of the monomers as a function of monomer number and as a function of distance during 

different stages of the translocation. From the simulations studies, one can find the total friction 

on the polymer and the propagation of the dynamic quantity “tension front” which was used to 

develop a quantitative theory for the end-pulled polymer translocation. 

 

Chapter 5 : 

 In this part, the pulled polymer translocation is done for a folded chain. The translocation 

happened when two monomers crossed the pore simultaneously. It has implications in solid-state 

nanopore experiments where, unlike biological pores, the pore diameter could be varied to allow 

translocation of two monomers together. The waiting time distribution and velocity calculations 

revealed the dynamics of tension propagation along the two chain segment when chain segment 

lengths were varied. Further, the simulation results can be used to get a quantitative theory for 

the translocation of polymers with folded configurations. 

 

Chapter 6 : 

 In this chapter, the dynamics of a single model particle in a heat bath subjected to a 

harmonic potential and dragged by a constant time-dependent external force is modeled using the 

generalizes Langevin equation(GLE) with colored noise. The total entropy production was 

calculated by considering the contribution of both the system and the surrounding on the total 

entropy production. This kind of analytical model is useful in obtaining a quantitative measure of 

thermodynamic quantities such as work done, entropy generation, etc. in many single-molecule 

experiments similar to polymer translocation which are away from thermodynamic equilibrium. 
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1.1 Polymer Translocation 

 

A single eukaryotic cell is filled with different components and machinery which function 

in harmony to manifest as life. The elements and machinery of the cell work in a compact and 

crowded environment.1 Understanding the structure, dynamics, and function of a compact cell is 

very challenging due to the heterogeneity of the cellular environment. It is of foremost 

importance to separately study each of the components and machinery in a cell to order to gain a 

comprehensive understanding of the functioning of the cell. 

A general outlook on the cellular components reveals that the polymeric materials such as 

cellulose and polypeptides are at the core as the structural basis and functioning of a cell. These 

polymers carry the information of life as ribonucleic acid (RNA), deoxyribonucleic acid (DNA), 

etc. The biological functionality is mostly governed by thousands of proteins which are very long 

polymers coiled into a particular shape. The fundamental understanding of the properties and 

dynamics of the polymers is thus crucial.2-3 

The biological polymers such as DNA, RNA, polypeptides, inside the cell are needed to be 

moved from one place to another. Thus, polymer movement becomes one of the fundamental 

processes in life.  Polymer translocation is the passage of polymers through a narrow hole mostly 

through different kinds of pores inside the cell. In the past three decades, polymer translocation 

has become the center of attention in terms of scientific curiosity to many people from the 

different arena of sciences. It has attracted physicist, biologist, chemist, engineers, and so on 

which made polymer translocation to be an interdisciplinary topic.  

The translocation of a polymer through a membrane plays a vital role in many biological 

processes like the transport of RNA through the nuclear pore complex,4 the passage of DNA 

from a virus into a host cell (bacteriophage DNA ejection),5 transfer of proteins across 

membranes and so in. The key concepts and recent development of polymer translocation are 

given in the book by Muthukumar6and the review by Metzler et al.7 Polymer translocation have a 

variety of technological applications such as the detection of nucleobases in RNA and DNA 

chains,8 fast and cheap DNA sequencing,9 virus injection,10 gene therapy,11 and drug delivery.7  

The process of polymer translocation is shown as a schematic in Figure 1.1. A polymer is 

present on the one side of a wall and reaches the other side through a pore. It is a simple 

depiction of the complex biological translocation process. The polymer in this schematic can be 



 

a DNA, RNA or polypeptides. The wall here is the cell membrane or nuclear membrane. 

Different membrane proteins like alpha

 

Figure 1.1: Polymer translocation, stages and translocation time

 

The passage of the polymer through the narrow hole happens when the diamete

hole is tiny compared to the size of the polymer which is usually denoted by its radius of 

gyration (Rg). When the polymer enters the pore, it has to uncoil first and then pass through the 

narrow pore. The number of allowed conformations of the po

pore, and the polymer faces a free energy (entropic) barrier. Thus the problem of polymer 

translocation can be envisaged as a ‘barrier crossing’ phenomenon which is relevant to the 
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entropic barrier, a driving force facilitates the movement of the polymer across the pore. Due to 

the long relaxation time of polymer chains in solution, in the presence of a driving force, the 

translocation happens much before the equilibration of the polymer chain in the solution.

Thus from the thermodynamics perspective, forced polymer translocation is an out of 

equilibrium phenomena. 
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With the advent of sophisticated technologies, single molecule experimental techniques 

have gone through a massive leap in the past few decades. Harnessing the single-molecule 

experimental methods, it was possible to detect picoampere electrical signals of the single 

molecule passage of molecules through nanopores. This was first shown by the landmark 

experiment from J.J. Kasianowicz et al.15in 1996 through the biological protein pore alpha-

hemolysin. In Section 1.2, a brief overview of this experiment and other subsequent 

developments of the single molecule techniques are discussed in brief. These experiments give a 

clear understanding of the polymer translocation and the scope of theoretical and computational 

studies. 

1.2 Experiments and Applications 

The experiment by J.J. Kasianowicz et al.15 studied the phenomena of polymer 

translocation of a single-stranded RNA/DNA threaded through protein nanopore inserted in a 

lipid bilayer membrane. In the experimental setup, the convenient protein used to model polymer 

translocation is the α-hemolysin from Staphylococcus aureus. It forms a heptameric pore about 

10nm long and 2nm wide across a biological membrane that separates the set up into two 

chambers, one is called cis side, and another is called the trans side. Protein nanopores have 

smaller inner diameters that allow only single-file polymer translocations. With the progress in 

material development, the biological membranes proteins were replaced with solid-state 

nanopores, which are constituted of silicon dioxide or graphene-based materials. The solid-state 

nanopores are more stable to different ranges of voltage, pH changes, and other chemical 

conditions compared to the biological pores. In the polymer translocation experiments, a voltage 

difference is applied across the pore, and subsequent ionic current is measured through the pore. 

A current blockage occurs when the ssDNA translocates in the α-HL channel. Once the polymer 

enters the pore from the cis side, it blocks the ionic current through the pore. As a result, the 

original current drops to a minimum, and this drop persists till the polymer exits the pore from 

the trans side. The experimental schematic and current drop profiles are shown in Figure 1.2 (a) 

and (b).11, 16 This drop in the current and the duration of the fall depends on the polymer length. 



 

Figure 1.2: (a) Experimental setu

a typical voltage driven translocation 

16). 11,16 

Dependence of the translocation time on system parameters

The translocation time depends on many variables like the polymer length (N), pore length 

(L), pore width (W), the strength of applied force (F), polymer

schematically shown in Figure 1.3

Figure 1.3: The schematic variables of the translocation process
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of theoretical interests, the forced translocation is of practical and experimental relevance. The 

The first one (as in Figure 1.2 (a) 

driven translocation.7 Here the 

effective force on the polymer is felt by the monomers within the pore during translocation. It 

happens as the effective ionic concentration difference across the pore is mainly at the pore. 

ich are situated at the pore will experience the force due to the 

chemical potential difference across the pore. The other type of forced polymer translocation is 

pulled translocation where the polymer is pulled through the nanopore through 

Figure 1.4) 

pulled translocation 

showed that if a polymer is pulled through the pore, it can give 

driven translocation. Although this technique is 

relatively difficult to implement in experiments compared to voltage driven studies, it provides 

with more precision and control in the polymer translocation studies. Better controlled polymer 

translocation is crucial in technological applications like rapid DNA sequencing, gene therapy,8-9, 
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 Again ‘force’ is only one variable which controls the translocation process. There are 

several other factors which can change the translocation scenario. For example, it was found 

experimentally that the translocation time distribution of polydeoxyadenylic (poly (dA)) acid and 

polydeoxycytidylic acid DNA molecules are different. The origin of the different behavior was 

attributed to a stronger attractive interaction of poly(dA) with the pore. In a recent experiment by 

Krasilnikov et al.,24 it was found that for a single poly (ethylene glycol) (PEG) polymer 

translocating through a protein nanopore, the residence time in the channel has a nonmonotonic 

dependence on the polymer molecular weight in the limit of a strong, attractive polymer-pore 

attraction. Further development on the understanding of this complex translocation process from 

theoretical perspectives based on these variables is discussed in the next section. 

1.3 Theoretical and Computational Studies 

The first theoretical study on polymer translocation was reported by Sung and Park25 and 

later developed by Muthukumar26 for the case of unbiased translocation. They considered the 

translocation process as a one-dimensional diffusion problem where the reaction coordinate is 

the number of monomers on the trans side of the pore. It is assumed that the translocation 

process is sufficiently slow and the polymer is at an equilibrium state during the translocation. 

The dynamics of the system is captured by the Fokker–Planck equation and the  mean 

translocation time as a function of the chain length scales as was found be 𝜏~𝑁 for unbiased  

translocation whereas τ  scales as 𝑁/Δμ  for the driven translocation scaled as in the absence of 

hydrodynamic interactions.27 Later Kantor and Kardar showed from 2D lattice simulations that 

the translocation time scales as N2.5 for unimpeded motion28 and τ ~ N1.53/Δμ when polymer 

experience a chemical potential difference Δμ across the membrane.29 In all these simulation 

studies, the equilibrium assumption was questioned since the translocation time of the unbiased 

case is of the same order of magnitude as the diffusion time of a polymer in bulk solution 

without a barrier. For  the case of biased  translocation, the polymer does not have enough time 

to relax to its equilibrium configuration. The translocation problem has been studied using 

different approaches such as the generalized Langevin equation (GLE) formulation by 

Chaudhury et al.30 to describe the anomalous translocation dynamics and calculate the scaling 

laws for the average translocation time as a function of N at weak and strong force regimes. The 

fractional Fokker Planck equation (FFPE) method by Metzler and Klafter31 studies the stochastic 

evolution of a particle under a non-linear external force in a heat bath. Their one-dimensional 
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model based on the FFPE formalism could account for anomalous diffusive behavior relevant to 

complex biological environments. Using this same FFPE formalism, Dubbeldam et al32 studied 

translocation of polymer through a narrow pore using extensive molecular dynamics simulation. 

The effect of thermal fluctuations on the diffusive nature of the translocating polymer was 

estimated by invoking scaling theory. In this work, the polymer was Vocks et al33that in the 

presence of an external field across the pore in three dimensions, the origin of the scaling 

behavior can be attributed to the local memory effects at the vicinity of the pore. Also, several 

other investigations for the scaling exponents for translocation were reported.34-35Nevertheless, 

there is so far no clear knowledge regarding the scaling exponents. All these studies showed the 

importance of analytical models as well as computer simulations for studying the translocation 

process in elucidating the complex nature of the process. It showed that a quantitative description 

of the process was needed. A quantitative theory that takes into account the non-equilibrium 

aspect of the driven translocation was given by Sakaue36-38 based on tension propagation theory 

(TPT) and later developed and compared with molecular dynamic simulation.39-41 

In most cases, the non- equilibrium aspects of driven translocation are hidden in simple 

theories but can be well manifested by molecular dynamics simulations. Simple free energy 

calculations considering polymer translocation as a quasi-equilibrium process is insufficient to 

be quantitatively compared with the simulations. The simulations serve as a tool to mimic 

experiments that can be used to come up with theories of a process. The Langevin dynamics 

simulation method used in our work is described in the next section.  

1.4 Simulation Methods 

The key computational technique used here to study polymer translocation is the Langevin 

dynamics simulation where solvent interactions are implicitly included in the equation of motion. 

Along with this, the particles of the system feel random thermal kinetic energy. Depending on 

the context of the problem, changes have been incorporated into the equation of motion. These 

changes are discussed in the respective chapters. The general method which applies to all the 

cases is discussed here. 

The polymer beads are modeled by a bead-spring chain. The beads experience excluded 

volume interaction given by the repulsive LJ interaction potential  

𝑈 (𝑟) = 4𝜖 − + 𝜖, 𝑖𝑓 𝑟 ≤ 2 𝜎           …[Eq. 1.1] 
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 𝑈 (𝑟) = 0,    𝑖𝑓 𝑟 > 2 𝜎                  …[Eq. 1.2] 

where r is the distance between two monomer beads, 𝜖 is the interaction strength and 𝜎  is the 

diameter of the monomer. The cut-off, rc = 21/6 σ. Only the repulsive part of the LJ potential is 

considered by including the 𝜖  term in Eq. 1.1. This is known as Weeks-Chandler-Anderson 

potential. This assures that the polymer is in a good solvent. The consecutive beads are 

connected by finitely extensible nonlinear elastic (FENE) springs. The pair potential of the 

corresponding polymer is- 

  𝑈 (𝑟) = − 𝑙𝑛 1 −       …[Eq. 1.3] 

where k is the spring constant, and R0 is the maximum bond length. Newton’s equation of motion 

is solved starting from some initial coordinates and velocities of the polymer configuration. The 

equation is solved to predict the next set of the coordinates, velocities. It includes conservational, 

frictional and random forces. These forces on each of the ith particle can be written as - 

𝑚�̈� = −∇ 𝑈 + 𝑈 + 𝐹 + 𝐹 + 𝐹                …[Eq. 1.4] 

where the frictional force 𝐹 = −𝜂𝑣 , 𝑣  is the monomer velocity, 𝜂 is the friction coefficient, 𝐹  

is the random force with a zero mean  < 𝐹 (𝑡) >= 0 and satisfies the fluctuation-dissipation 

theorem < 𝐹 (𝑡)𝐹 (𝑡′) >= 6𝜂𝐾 𝛿 𝛿(𝑡 − 𝑡 ′). The contribution 𝐹  comes from the external 

force acting on the monomers. The temperature was taken to be 1.2ε/kB.The parameters of our 

MD simulations in LJ units have been chosen as σ = 1, 𝜖= 1, R0 = 1.5σ, k = 30, and η = 0.7.  

Here, kBT= 1.2, m=1.0. The mass of each bead corresponds to 936 amu for the actual DNA, its 

size corresponds approximately to the Kuhn length of a single-stranded DNA, which is about σ = 

1.5nm, and the interaction strength is 3.39×10−21 J at room temperature (T = 295K). Therefore, 

the time and the force scales in LJ units are 32.1 ps and 2.3 pN, respectively.  

In a general set up of the simulation, first, a wall is constructed consisting of LJ particles in 

XY-plane. Usually, a pore is created on the wall. The first monomer of a polymer is threaded on 

the pore. The simulation was carried out in three stages. First two stages were equilibration steps, 

and the third stage was the translocation step. During the equilibration of the polymer, the radius 

of gyration value of the chain reaches a constant value. In the first stage, the first monomer was 

kept frozen at the pore keeping all other monomers free at η = 0.1. After this, the chain was 
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further equilibrated at a higher η = 0.7, keeping all the conditions and constraints fixed. In the 

third stage, the constraint on the first monomer was lifted, and a force was applied to the polymer 

chain by various methods so as it to carry out the translocation. Throughout the simulations, the 

wall coordinates were kept frozen, and they interact with the polymer only via LJ potential. In 

general, at t=0, which marks the start of the translocation process, the head monomer is at the 

pore. The translocation process is terminated when the last bead of the chain enters to the trans 

side, and the translocation time is noted. If the chain escapes from the pore to the cis side, we 

neglect that, and a new translocation event is restarted from a new equilibrium configuration at 

t=0. The molecular dynamics calculations were performed using GROMACS42and LAMMPS43 

simulation packages. 

1.5 Overview of the thesis work 

The main aim of this work was to study and understand the different aspects of the non- 

equilibrium phenomena observed in driven polymer translocation using computer simulations. In 

Chapter 1, we have introduced polymer translocation a non-equilibrium polymer dynamics 

problem, its application, and scope. Next, the thesis has been broadly divided into two sections 

based on the application of the force on the polymer, namely the pore driven translocation and 

the end pulled translocation. In Chapter 2 and Chapter 3, the role of polymer-pore interactions 

has been studied for the pore-driven translocation. In Chapter 4 and Chapter 5, the end-pulled 

translocation has been studied for single and folded polymer movement through the pore. 

Chapter 6, considers a model particle in a viscous heat bath which is dragged with a harmonic 

potential and its total entropy production is calculated, which has implications in non-

equilibrium thermodynamic principles in single molecule experiments. 

Chapter 2: 

In this chapter, we consider a uniformly positive charged polymer chain translocating 

through a pore constructed with negatively charged regions at different spatial locations. This 

kind of model mimics the experimental condition when the pore is mutated with different amino 

acids in order to create charged electrostatic traps. We have studied the translocation times of 

such a polymer chain by varying the strength of the electrostatic traps, the magnitude of forces 

acting inside the pore and varying the chain length of the polymer. The translocation time is 
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calculated during different stages of the translocation and is supported by quasi-equilibrium free-

energy calculations. 

Chapter 3: 

 In this section, both the charges on the polymer and the pore are varied to study the 

polymer translocation during different stages for pore-driven translocation. This kind of situation 

is important to tune the translocation of biological polymers by varying the charges on the 

surface of the polymer through a change in pH of the medium. The change in the pH of the 

medium not only alters the charge decoration on the pore but also affects the charge on the 

polymer because the polymers are constituted by different amino acids. The simulation results on 

translocation times are again supported by similar quasi-equilibrium free energy calculations. 

Chapter 4: 

 In this chapter, we study the dynamics of end-pulled polymer translocation by applying 

very high force at one end of the polymer. Such kind of model study is important in optical 

tweezers or AFM experiments. The Langevin dynamics simulations revealed the propagation of 

the tension along the chain by measuring different quantities like the waiting time distribution, 

the velocity of the monomers as a function of monomer number and as a function of distance 

during different stages of the translocation. From the simulations studies, one can find the total 

friction on the polymer and the propagation of the dynamic quantity “tension front” which was 

used to develop a quantitative theory for the end-pulled polymer translocation. 

Chapter 5: 

 In this part, the pulled polymer translocation is done for a folded chain. The translocation 

happened when two monomers crossed the pore simultaneously. It has implications in solid-state 

nanopore experiments where, unlike biological pores, the pore diameter could be varied to allow 

translocation of two monomers together. The waiting time distribution and velocity calculations 

revealed the dynamics of tension propagation along the two chain segment when chain segment 

lengths were varied. Further, the simulation results can be used to get a quantitative theory for 

the translocation of polymers with folded configurations. 

Chapter 6: 
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 In this chapter, the dynamics of a single model particle in a heat bath subjected to a 

harmonic potential and dragged by a constant time-dependent external force is modeled using the 

generalizes Langevin equation(GLE) with colored noise. The total entropy production was 

calculated by considering the contribution of both the system and the surrounding on the total 

entropy production. This kind of analytical model is useful in obtaining a quantitative measure of 

thermodynamic quantities such as work done, entropy generation, etc. in many single-molecule 

experiments similar to polymer translocation which are away from thermodynamic equilibrium.  
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2. Pore-driven polymer translocation: 
Effect of pore charge distribution 
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2.1 Introduction 
 

There are many basic questions related to the problem of polymer translocation. Few of 

them are the dependence of the translocation time on the system parameters such as the length of 

the polymer chain,1 the length,2 and width of the pore, the secondary structure, the salt 

concentration, the driving force, and the polymer pore interaction.3-7 The dependence of 

translocation time on many such quantities has been shown schematically in Figure 1.3. It has 

been shown experimentally that the translocation of cationic polypeptides can be altered by 

modifying the distribution of charge in the alpha-hemolysin pore.8-9 Two-dimensional Langevin 

dynamics simulations by Luo et al. have shown that an attractive interaction can increase the 

translocation probability, but the average translocation time decreases with the increase in the 

attractive strength.10 In most of the earlier studies, it was assumed that the charge density along 

the pore is constant. Foster et al. have performed two-dimensional molecular dynamics 

simulations to study the effect of the location of the attractive region on the translocation time for 

both short and long polymers.11 Their simulation results are in good qualitative agreement with 

the experimental findings by Meller et al. on the translocation of a single-stranded DNA through 

the alpha-hemolysin pore Katkar and Muthukumar3 have performed three-dimensional Langevin 

dynamics simulations to study the effect of placing alternate charged and uncharged regions of 

different lengths along the nanopore on the translocation dynamics of a negatively charged 

flexible polyelectrolyte passing through solid-state nanopore12-13 under the influence of a 

constant electric field. The simulation results are quantitatively supported by a theory based on 

the Fokker Planck formalism.14 Chen et al. have studied the effect of attractive polymer-pore 

interaction on the translocation dynamics of a polyelectrolyte by performing Monte Carlo 

simulations with a 2D lattice bond fluctuation model.4 

 In this chapter, we discuss about three-dimensional Langevin dynamics simulations for the 

translocation of a charged polymer moving through an interacting channel. We show that the 

translocation dynamics is strongly influenced not only by the presence of an attractive polymer- 

pore interaction but also depends on the location of the interaction region. In our work, we use a 

coarse-grained description to exclusively study the role of the strength and location of the 

attractive polymer pore interaction within the pore in the presence of an external field on the 



 

translocation dynamics of the polymer moving from the left to right side of the pore (cis to 

trans).  

2.2 Model 
 

The movement of the polymer chain through a narrow channel is studied by Langevin 

dynamics simulations using the GROMACS package
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The wall coordinates were frozen during the simulations, and they interact with the 

polymer chain only via the LJ force. The bonded and non-bonded interactions modeled according 

to the method described in Section 1.4. The electrostatic potential between charged beads are 

modeled by the Coulomb potential- 

𝑈 (𝑟) =  ,      …[Eq. 2.1] 

where 𝜖  is the dielectric constant of the medium, qi, and qj are the charges on the beads i and j 

that are separated at a distance r. The charges of all the polymer beads are equal and the same is 

true for charges on the pore beads. The magnitude of charge in pore and polymers beads are 

different and opposite in sign.  

The electrostatic interaction calculations are done by simple Coulomb cut-off from Eq. 2.1.  

The rcut-off= 2.0 beyond which all the electrostatic interactions are neglected. The electrostatic 

calculations in a periodic system based on Particle-Mesh Ewald (PME) method or Particle-Particle, 

particle-mesh method approaches that require charge neutrality in the system are not used here. 

In Langevin dynamics simulations, a polymer of N=12 to 50 are considered in a 

108x54x54 unit box dimension without periodic boundary conditions. Each monomer is subjected 

to conservative, frictional, and random forces, as described in Eq.1.4. 𝐹  is the external force due 

to an external electric field, 𝐹 = 𝐹𝑥 where F is the external force acting on the monomers inside 

the pore and 𝑥 is the unit vector along the axis of the pore. The details of the simulation are 

described in Chapter 1. The integration time step is set to dt= 0.005 units. The results reported in 

this work are obtained by averaging over 500-1500 independent simulation runs. For each 

successful translocation event, the translocation time is defined as the time between the entrance of 

the first bead into the pore from the cis side and the exit of the last monomer bead from the trans 

side. In the present work, all quantities are expressed in dimensionless LJ unit of energy, length 

and mass scales as described in Section 1.4. 

 

In order to study how the location of the interacting region can affect the translocation 

dynamics, we introduce charges either on the entry side (cis) or on the exit side (trans) or on 

both sides (cis and trans) of the pore. In order to introduce an attractive interaction at the cis side 

of the pore, a charge of  - q2eis introduced on all the 16 beads that form the first ring of the pore 

on the entry side. Similarly, interactions on both sides of the pore can be initiated by introducing 
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charges on the beads that form the first and the last ring of the pore. For a given set of parameter 

values, the translocation time distribution for all the successful translocation events with 

attractive interactions at different positions is obtained from which the mean translocation time 

can be computed and compared.  

2.3 Result and Discussion 
 

The unit of charge in one nucleotide of a DNA is -0.094e. One bead is considered to be 

composed of three units of nucleotides. So, the charge on each beads is 3*0.094e= 0.282e. This 

fact comes from the situation that the phosphate backbone of the DNA is partially negatively 

charged.22-23   In order to mimic the DNA in real biological environments; we consider a 

positively charged polymer chain of N beads, assuming that there are three unit charges per bead 

and an effective charge of 0.094e for each unit charge. The external driving force F is set 

between 2.5 and 5 such that it corresponds to the range of voltages used in the experiments. 

Figure 2.2 shows the translocation time distribution calculated for a chain of length N=50 

moving from the cis to the trans side of the pore with an attractive interaction placed within the 

pore at different locations and at an external field strength of F= 3.3.   

 

(a)                                                                        (b) 
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(c) 

Figure 2.2: The distribution of translocation time for different attractive strength at (a) cis 

(b) trans (c) cis-trans side of the pore under the driving force of F= 3.3. The length of chain 

N= 50. 𝒒𝟐= 0 corresponds to a wild type pore with no pore- monomer interaction. 

For attractive regions on either the cis, or trans or both sides of the pore, the histogram of 

the translocation times deviates from a Gaussian distribution to a long-tailed behavior with an 

increase in the value of 𝑞  thereby leading to a slower translocation. From these distributions, we 

calculate the first moment and this corresponds to the mean translocation time, 𝜏 . The 

translocation time of the polymer 𝜏, as defined in the Section 2.1 involves three different time 

scales as shown in Figure 2.1(b): 𝜏  that corresponds to the filling of the pore, 𝜏 that involves the 

movement from the cis to trans side of the pore and 𝜏  that is associated with the emptying of the 

pore. The mean translocation time 𝜏 is a sum of their averages.  

Figure 2.3 shows that the total translocation time𝜏 increases with the increase in q for all 

the different types of partially charged pores. 

  (a)                                                  (b)                                              (c)                                                  

 

Figure 2.3: Total translocation time and its components as a function of the attractive 

strength for interaction at (a) cis (b) trans and (c) cis-trans of the pore under the driving 

force F=3.3 and N =50. 

For a wild-type pore (𝑞 = 0), the translocation time depends on the length of the polymer 

chain N and the strength of the external driving force F (Table 2.1). Under the influence of an 

strong attractive force, the mean translocation time shows a nonmonotonic behavior with a sharp 
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increase in 𝜏 as compared to the case of weak attractive pore interaction placed at either the cis 

or trans or cis-trans region of the pore. (Table 2.2).  

N F 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

50 2.5 10.7 72 2.25 85 

50 2.9 9.45 64.24 2.13 75.82 

50 3.3 7 55.4 1.85 65 

50 3.7 6.46 51.62 1.66 59.75 

50 4.5 5.57 43.32 1.43 50.32 

50 4.8 5.44 39.7 1.3 46.5 

35 4.8 5.27 22.32 1.34 28.93 

20 4.8 5.39 9.44 1.23 16.06 

12 4.8 4.81 4.4 1.25 10.5 

 

Table 2.1: Translocation times for chain length N and external driving force F traversing 

through a purely repulsive pore (q2= 0). 

We perform simulations in order to investigate how the three individual time scales 𝜏 , 𝜏 , 𝜏 are 

affected as a function of the polymer- pore interaction 𝑞 positioned at different locations of the 

pore. As shown in Figure 2.3, the position of the attractive region has an impact on the 

translocation time. Under the effect of strong attractive force on the cis (entry) side of the pore, 

the mean translocation time 𝜏 is dominated by the pore filling stage, 𝜏 (Figure 2.3(a), Table 2.2 

(a)). 

(a)Cis trap 

𝑞  𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

0.01 8.2 58.5 1.92 68.6 

0.03 9.24 60.2 2.21 71.63 

0.05 9.61 61.9 2.63 74.5 

0.062 16.99 56.23 4.34 77.58 

0.075 28.23 62.9 4.37 95.5 



22 
 

0.09 51.79 62.40 19.81 134.00 

0.1 66.85 73.5 26 165 

 

(b)Trans trap 

Q 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

0.01 7.9 55.65 2.2 65.7 

0.03 6.2 56.6 4.71 67.5 

0.05 6.71 60 11 77.8 

0.062 6.00 65.14 24.12 95.26 

0.075 6.05 66.42 35.1 107.56 

0.09 6.29 70.34 79.44 156.08 

0.1 5.89 76.5 90.4 172.8 

 

(c )Cis-Trans trap 

Q 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

0.01 9.4 57.6 2.2 69.16 

0.03 9.63 60.7 4.86 75.2 

0.05 8.5 67.24 12.15 87.9 

0.062 13.82 71.74 25 110.56 

0.075 23.45 80 42.75 146.22 

0.09 35.31 104.77 99.57 239.66 

0.1 42.75 127.9 156.6 327.3 

 

Table 2.2: Translocation times for chain length N= 50 and F= 3.3 traversing through a 

repulsive pore with polymer- pore interaction at different locations within the pore. 

 

 With a strong, attractive interaction on the trans side, 𝜏 is determined by the pore emptying 

time, 𝜏 (Figure 2.3(b), Table 2.2 (b)). Thus 𝜏  dominates at a strong polymer-pore interaction on 

the cis side and 𝜏  dominates when there is a strong attractive interaction on the trans side of the 

pore. An attractive force on both the cis and trans side will affect the pore filling as well as the 
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emptying stage (Table 2.2(c)). As a result of this, a pore with a strong attractive polymer-pore 

interaction both at the entry and exit side of the pore will have a maximum effect on the total 

translocation time 𝜏 for a given driving force. The slowest translocation occurs when there is a 

strong attractive interaction present on both sides of the pore. This is verified when Figure 2.3(c) 

is compared with Figure 2.3(a) and (b) at high values of  𝑞 . These findings are in good 

agreement with previous experiments and simulations.5-6, 10 Thus, the distribution of charge 

along the pore has a significant effect on the mean translocation time.3, 8 

The dependence of the average translocation time of a polymer chain on the applied 

electric field at a given polymer- pore interaction positioned at either the cis or trans or cis-trans 

region of the pore are presented in Figure 2.4. In all the three cases, the translocation becomes 

faster with the increase in the strength of the applied field.  

 

Figure 2.4: The total translocation time and its components as a function of the driving 

force for interaction strength 𝒒𝟐= 0.05 at (a) cis (b) trans and (c) cis-trans region of the pore 

with N = 50. 𝒒𝟐=0 corresponds to the wild type pore. 

 

The translocation time decays non- monotonically with the increased applied field. The 

decay behaviors of the 𝜏 s’ with and without the polymer-pore interaction also suggest that the 

effect of the polymer- pore interaction is decreased with an increase in the strength of the 

external electric field. This is evident from the comparison of the translocation time at different 

driving forces for the wild type (Table 2.1) and the partially charged pores (Table 2.3). The 

difference between the translocation time of the wild-type and charged pore decreases with an 
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increase in the external driving force (the magenta and the black circles come closer to each 

other with the increase in F). 

(a)Cis trap:  

F 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

2.5 18.6 80.6 4 103.2 

2.9 15.05 70.08 3.17 88.30 

3.3 9.61 61.9 2.63 74.5 

3.7 7.42 55.79 2.29 65.51 

4 6.85 51.42 2.06 60.34 

4.5 5.78 46.69 1.81 54.29 

4.8 5.51 44.2 1.67 51.36 

 

(b)Trans trap 

F 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

2.5 6.5 79.2 14.72 100.4 

2.9 6.68 70 13.51 90.14 

3.3 6.71 60 11 77.8 

3.7 6.16 55.42 10.37 71.96 

4.0 6.93 50.53 9.26 66.72 

4.5 5.86 46.53 8.43 60.84 

4.8 6 42.13 7.8 55.93 

 

(c )Cis-trans trap 

F 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

2.5 17.1 88.5 17.06 122.7 

2.9 11.59 76.2 14.34 102.13 

3.3 8.5 67.24 12.15 87.9 

3.7 6.79 59.95 11.07 77.07 

4 6.33 55.29 10.82 72.43 

4.5 5.33 49.45 9.7 64.47 
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4.8 5 46.8 8.7 60.5 

 

Table 2.3: Translocation times for chain length N= 50 and 𝒒𝟐= 0.05 at different locations 

within the pore with varying magnitudes of externally applied field. 

Simulations are also performed for shorter chain lengths (N= 12, 20, and 35). In the 

presence of a strong driving force, F= 4.8 and at a moderate to high attractive polymer- pore 

interaction of 𝑞 = 0.05 and 𝑞 = 0.1 respectively on the cis end of the pore, 𝜏 is roughly 

comparable to that observed for longer chains (𝜏 (𝑁 = 12) ≈ 𝜏 (𝑁 = 50)). But 𝜏  decreases 

significantly with the decrease in the chain length (Table 2.4) thereby decreasing the total 

translocation time.  

 

(a)Cis trap 

N 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

12 (q=0.05) 5.69 4.56 1.50 11.75 

12 (𝑞 =0.1) 5.40 5 1.89 12.3 

20 (𝑞 =0.05) 4.85 10.13 1.60 16.59 

35(𝑞 =0.05) 4.81 23.67 1.73 30.2 

50(𝑞 =0.05) 5.51 44.2 1.67 51.36 

 

(b)Trans trap 

N 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

12(𝑞 =0.05) 4.7 4.2 2.06 10.9 

12(𝑞 =0.1) 4.4 4 43.7 56 

20(𝑞 = 0.05) 4.59 8.94 7.64 21.2 

35(𝑞 = 0.05) 5.1 23.23 7.46 35.8 

50(𝑞 =0.05) 6 42.13 7.8 56 

 

(c )Cis-trans trap 
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N 𝜏  𝜏  𝜏  𝜏 = 𝜏 + 𝜏 + 𝜏  

12 (𝑞 = 0.05) 5.75 4.4 2.57 12.72 

12 (𝑞 = 0.1) 4.4 4.5 64.1 72.89 

20 (𝑞 = 0.05) 4.64 9.54 9.21 23.29 

35 (𝑞 = 0.05) 4.53 24.8 7.96 37.39 

50 (𝑞 =0.05) 5 46.8 8.7 60.5 

 

Table 2.4: Translocation times for chain length N=12 and F= 4.8 with polymer- pore 

interaction at different locations within the pore. 

 

Thus 𝜏  is independent of the chain length and the translocation process is dominated by 𝜏 for 

polymer chains of different length but experiencing same attractive interaction on the cis side of 

the pore. When a strong interaction is present at the trans side,𝜏 is longer for longer chains 

(𝜏 (𝑁 = 12) < 𝜏 (𝑁 = 50)). For relatively short chains and strong interaction strength at 

the exit side or on both sides of the pore, 𝜏  increases significantly and has a greater effect on the 

total translocation time (for N=12, 𝜏 (𝑞 = 0.05) << 𝜏 (𝑞 = 0.1). The translocation time 

is independent of the presence of attractive polymer- pore interaction on the cis side of the pore.16 

2.4 Free Energy Calculation 

The effect of the translocation time on the strength of the polymer- pore interaction is 

explained qualitatively in the context of the free energy landscape.4, 10-11 In general, this free 

energy barrier of a polymer translocation event is dependent on the strength of the polymer pore 

interaction q10, 14, 17-19 the length of the chain N11 and the strength of the applied external field, 

F.18, 20Assuming that polymer translocation is a quasi-equilibrium process, the free energy of the 

polymer is equal to U-TS, where S is the conformational entropy 𝑆 = 𝑘 𝑙𝑛Ω , Ω  is the 

conformational number of the polymer. The internal energy U has two components (a) the 

energy Uint that arises due to the polymer- pore electrostatic interaction and (b) the energy Uext 

due to the externally applied field F. For a polymer chain that is partially or entirely within the 

pore, and having a cis trap, the electrostatic interaction energy is given by- 

𝑈 (𝑎, 𝑏) =
( )

∑
( , )

 ,   …[Eq. 2.2a] 
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where (b-a) monomers are within the pore,𝑞  is the change on the monomer beads, Nr is the 

number of pore beads that form the charged ring on the cis side and 𝑞 (1) is the charge in each 

of these pore beads and 𝑟(𝑖, 1) is the distance between the  ith monomer bead and the charged 

pore ring at entry side. For a trap on the trans end, the electrostatic interaction energy is given by 

𝑈 (𝑎, 𝑏) =
( )

∑
( , )

       ,          …[Eq. 2.2b] 

where 𝑞 (𝐿) is the charge in each of the pore beads on the last ring at the end of the pore and 

𝑟(𝑖, 𝐿)  is the distance between the ith monomer bead and the pore ring at exit side. The 

contribution to Uext due to the external electric field is given as  

𝑈 (𝑎, 𝑏) = ∑ 𝐹𝑥      …[Eq. 2.3] 

The contribution from entropy is given by 

𝑈 (𝑛) = 𝑘 𝑇𝑙𝑛Ω(𝑛)  .      …[Eq. 2.4] 

For n number of monomers at the cis or trans side of the pore, Ω(𝑛) = 𝑛 , where 𝛾 = 0.69 for 

a 3D polymer chain. Considering that the chain inside the channel is straight, Ω = 1  for 

monomers within the channel. The entropic contribution to the polymer chain can be derived 

from its partition function Z, which corresponds to the number of conformations that the chain 

can take. S= - kBT ln Z. The partition function scales like Z ~ qNNγ-1. The qN term appears 

through the chemical potential. This term is absorbed through the chemical potential difference 

between the two chambers. The free energy of the polymer is expressed in the unit of kBT. 

During all the three stages of translocation, 𝑈 , 𝑈 , and 𝑈  will contribute to the free energy 

of the system,𝐸 = 𝑈 + 𝑈 − 𝑈 = 𝑈 + 𝑈 + 𝑘 𝑇(1 − 𝛾)𝑙𝑛(𝑛). Using these relations, 

one can construct the free energy landscape for a translocation coordinate m based on the method 

described by Katkar and Muthukumar.3 These three energy terms contribute to the total free 

energy during the filling, transfer and escape stage for different spatial distribution of the 

attractive regions within the pore. 

For a polymer chain with N monomer beads translocating through a nanopore of length 

L=6, during the pore filling stage m number of monomers are within the pore and rest N-m is on 

the cis side of the pore (0 < 𝑚 < 𝐿). In the transfer stage L monomers are within pore, N-m 

number of monomers on the cis side and m-L monomers on the trans side of the pore(𝐿 < 𝑚 <

𝑁). During the escape stage, m-N monomers are on the trans side and the rest are within the pore 

(𝑁 < 𝑚 < 𝑁 + 𝐿) . Using these limits, one can construct the free energy landscape with 
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attractive interactions on cis, trans or both sides of the pore.  

 When the attraction is present at the cis side of the pore, 

𝐸 (𝑚) =
( )

∑
( , )

+  𝑈 (0, 𝑚) + 𝑘 𝑇(1 − 𝛾)𝑙𝑛(𝑁 − 𝑚)   ,   …[Eq. 2.5a] 

 

𝐸 (𝑚) =
( )

∑
( , )

+  𝑈 (0,6) + 𝑘 𝑇(1 − 𝛾) 𝑙𝑛(𝑁 − 𝑚) +

𝑙𝑛(𝑚 − 𝐿) ,                                                                                                                 …[Eq. 2.5b] 

𝐸 (𝑚) =
𝑁 𝑞 𝑞 (1)

4𝜋𝜖

1

𝑟(𝑖, 1)
+  𝑈 (𝑚 − 𝑁, 𝐿) + 𝑘 𝑇(1 − 𝛾)𝑙𝑛(𝑚 − 𝐿) 

                                                                                                    …[Eq. 2.5c] 

With an attractive interaction on the trans end of the pore,  

𝐸 (𝑚) =
( )

∑
( , )

+ 𝑈 (0, 𝑚) + 𝑘 𝑇(1 − 𝛾)𝑙𝑛(𝑁 − 𝑚) …[Eq. 2.6a] 

𝐸 (𝑚) =
( )

∑
( , )

+  𝑈 (0,6) + 𝑘 𝑇(1 − 𝛾) 𝑙𝑛(𝑁 − 𝑚) +

𝑙𝑛(𝑚 − 𝐿) ,                                                                                                  …[Eq. 2.6b] 

𝐸 (𝑚) =
( )

∑
( , )

+  𝑈 (𝑚 − 𝑁, 𝐿) + 𝑘 𝑇(1 − 𝛾)𝑙𝑛(𝑚 − 𝐿) …[Eq. 

2.6c] 

When attractive interactions are present on both ends, contributions to the free energy are as 

follows 

𝐸 (𝑚) = ∑
( )

( , )
+ ∑

( )

( , )
+  𝑈 (0, 𝑚) + 𝑘 𝑇(1 − 𝛾)𝑙𝑛(𝑁 − 𝑚) …[Eq. 

2.7a] 

𝐸 (𝑚) = ∑
( )

( , )
+ ∑

( )

( , )
+𝑈 (0,6) + 𝑘 𝑇(1 − 𝛾) 𝑙𝑛(𝑁 − 𝑚) +

𝑙𝑛(𝑚 − 𝐿) ,           …[Eq. 2.7b] 

𝐸 (𝑚) = ∑
( )

( , )
+ ∑

( )

( , )
+ 𝑈 (𝑚 − 𝑁, 𝐿) + 𝑘 𝑇(1 − 𝛾)𝑙𝑛(𝑚 − 𝐿)  

…[Eq. 2.7c] 

 

Using the above equations, we construct the free energy profile at charges 𝑞 = 1, 1.2 and 

external force (F= 0.3) as shown in Figure 2.5.When a polymer chain enters the pore, there is a 
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decrease in the entropy due to the decrease in the number of available configurations of the 

chain. 

 

Figure 2.5: Free energy landscape for a polymer chain of length N= 50 translocating 

through a nanopore of length L= 6 with different attractive strengths at (a) cis (b) trans and 

(c)cis-trans region of the pore under the driving force F= 0.3 

 

For a wild-type pore (𝑈 = 0), in order to enter the pore, the polymer experiences a 

force due to the external driving force that counterbalances the entropy loss due to confinement. 

As shown in Figure 2.5(a), a polymer- pore interaction on the cis side of the pore creates a free 

energy well on the cis side. The polymer chain is trapped inside this well making it difficult for 

the chain to fill up the pore (𝜏 (𝑞 = 0) ≪ 𝜏 (𝑞 = 0.1)).  The stronger the attraction on the 

cis side, deeper is the free-energy well and higher is the contribution from 𝑈  that prevents the 

polymer from filling the pore. This is also evident from Table 2.2(a) where a cis trap increases 

𝜏 . During the escape stage, the external driving force and the entropy gain due to deconfinement 

need to overcome this interaction energy for the polymer to escape from the pore. Since the 

effect of the attractive charges present on the cis side is weak during the pore emptying stage, it 

does not show any significant effect on the pore emptying time. Hence the free energy profile at 

the end of the pore does not change with the change in the strength of the cis attraction. A trans 

trap creates a wide free energy well for translocation that prevents the polymer to escape from 

the pore (𝜏 (𝑞 = 0) ≪ 𝜏 (𝑞 = 0.1). A stronger interaction on the trans side increases 

the depth of this free energy well (contribution from 𝑈  increases, Figure 2.5(b)). During the 
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escape stage, only a few monomers are present inside the pore and Uext goes on decreasing. Since 

charges are present near the pore end, the attractive force increases. The electric driving force is 

insufficient to overcome this attractive force𝑈 and causes the trapping of the polymer within 

the pore thereby increasing 𝜏 .  When traps are present on both ends of the pore, for a given 

attractive strength, the free energy is more negative indicating that the effect of the attractive 

interactions increases (Figure 2.5(c), 𝜏 (𝑞 , 𝑁) < 𝜏 (𝑞 , 𝑁) as seen in Table 2.2(b) 

and 2.2(c)). The polymer first overcomes the free energy on the cis side and fills up the pore. 

During the transport stage, the tail part of the chain that was outside the pore enters the pore and 

the head monomeric part leaves the pore from the trans side. The presence of trans trap attracts 

the positively charged monomers confined within the pore towards the pore end; also Uext goes 

on decreasing. Since there is no effect of the external force on the monomer beads that have 

already translocated through the pore, these beads on the trans side of the pore are also attracted 

towards the trap thereby causing crowding near the pore end.11 This crowding effect affects the 

monomers confined within the pore and the monomers near the pore exit.  Thus in the emptying 

stage, there is a significant trapping of the polymer at the trans end of the pore. This suggests 

that the effect of an attractive electrostatic interaction on the trans side is high compared to the 

cis side if all other parameters are kept fixed. As shown in Figure 2.5(c) the free energy cost 

during the filling stage is less than the free energy cost during the emptying stage.  This intuition 

is also supported by our simulation results. For a given chain length and at an optimum polymer- 

pore interaction present on both sides of the pore, the increase in translocation time due to trans 

side trap is more compared to the cis side trap (𝜏 (𝑞 , 𝑁) < 𝜏 (𝑞 , 𝑁)), Table 

2.2(c) ). The free energy landscape is also dependent on the strength of the driving force F. A 

stronger driving force can tilt the landscape and can make the translocation process faster.17 

Though an attractive polymer pore interaction at either or both ends of the pore causes trapping 

of the polymer inside the pore, increasing the strength of the applied voltage facilitates the 

translocation process (at 𝑞 =0.05, 𝜏 , , (𝐹 = 3.3) > 𝜏 , , (𝐹 = 4.8)). 

As a result of this, with an increase in the external driving force, the effect of the polymer-pore 

interaction decreases. For chain lengths longer than the length of the pore (N=12, 20, 35 and 

N=50), the filling time 𝜏  is almost constant. This is because, during the filling stage, the 

numbers of monomers confined within the pore is roughly the same for all chain lengths. This 

number corresponds to the maximum number of monomers that can be accommodated within the 
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pore. Thus, the presence of a cis trap does not influence 𝜏  for chains of different length (Table 

2.4 (a)). During the transfer stage, the last polymer bead needs to reach the cis end of the pore.  

This process is longer for chains of longer length; hence 𝜏  increases with increase in the chain 

length. When the trap is at the trans end, the crowding effect felt by the monomers confined 

within the pore is same for both chain lengths. But for smaller chains, there is less number of 

monomer beads that are already on the trans side and are attracted towards the pore wall. Hence 

it is easier to overcome this barrier during the emptying stage for short chains and 𝜏  increases 

with chain length as reported in Table 2.4(b). 

We find that the free energy landscape estimated from the equation E= U-TS provides a 

satisfactory qualitative explanation of our results from the Langevin dynamics simulations on the 

effect of the strength and spatial distribution of the attractive charges along the pore. From the 

free energy landscape, one can also use a Fokker Planck formalism to theoretically calculate the 

translocation time of the polymer by assuming a position independent diffusion coefficient.21But 

quantitative comparison between the theoretical and numerical results is not possible since the 

formula used for estimating the free energy is valid in the quasi-equilibrium assumption, but in 

reality, polymer translocation is an out-of-equilibrium process that can be adequately captured 

only in our simulations. Also, the crowding effect at trans end of the pore is not accounted for in 

the free energy calculations. The position-dependent and interaction dependent diffusion 

properties that are neglected in the theoretical calculations of the translocation time are included 

in our simulations.   

Experiments on polymer translocation are quite complicated where one needs to take care 

of the hydrophobicity of the polypeptide, the polypeptide sequence, the ionic strength of the 

aqueous phase, the transmembrane potential; all of which have not been explicitly taken into 

account in our numerical simulations. Hence it is not possible to relate our simulations results 

directly to an experimental setup. Our model is a coarse-grained picture where we intend to 

capture the sole effects of the polymer-pore interaction in the translocation of the polymer from 

one side of the membrane to other.  

2.5 Conclusion 

To summarize, in this chapter, we have studied the role of attractive polymer interaction in 

translocation process and show that the location of the polymer- pore interaction plays a crucial 

role in the pore driven translocation of a charged polymer chain. The position of the electrostatic 
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interaction causes variation in the dependence of the total translocation time as a function of the 

attractive interaction strength, the external field, and the chain length. For a given chain length 

and in the presence of an externally applied field, the translocation time 𝜏, which is, composed of 

three different time scales 𝜏 ,  𝜏  and  𝜏  increases non- monotonically with the increase in the 

polymer–pore interaction. With the increase in the attractive strength on the cis side of the pore, 

𝜏 contributes dominantly to 𝜏 whereas 𝜏 is determined by  𝜏  when the interaction is on the trans 

side.  The translocation is slowest when a strong polymer- pore interaction is present on both 

sides of the pore. Also, the effect of the polymer-pore interaction decreases with the increase in 

the strength of the external field. From our simulation results, we also study the dependence of 

the translocation time on the location of attractive regions for chains of different lengths.  

The effect of polymer pore interaction on the translocation of a polymer is explained by 

qualitatively by constructing the free energy landscape of polymer translocation. Polymer 

translocation is essentially an out-of-equilibrium process, which is a big challenge for theoretical 

calculations. Our simulations provide an important tool to understand polymer translocation in the 

presence of attractive polymer pore interactions. Our conclusions are based on a coarse-grained 

description of the translocation dynamics by explicitly considering the individual contributions of 

the filling, transfer, and escape stage to the translocation time, which is difficult to follow in 

experiments. In governing the translocation time, incorporation of an electrostatic attractive trans 

trap can be more effective compared to cis trap. The effect is more when the chain lengths are 

shorter. Our results show that the translocation dynamics can be modified and tuned by altering 

the strength and spatial distributions of attractive polymer pore interaction. 
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3. Pore-driven polymer translocation: 
Effect of pore and polymer charge 

distribution 
 

 

 

 

 

(Rights and Permission) 

Reprinted (adapted) with permission from (J. Phys. Chem. B. 2019,123,19, 4318-4323). Copyright 

© 2019 American Chemical Society.   



35 
 

3.1 Introduction 
 

In chapter 2, the effect of altering the pore charge due to mutation is studied by 

incorporating charged beads at different locations of the pore. To control the polymer 

translocation, tuning the charge distribution on the pore is crucial. Since biological polymers like 

peptides are constituted with different kinds of amino acids, their protonation states at the C and 

N terminal depends on the pH of the medium. This opens up a new way to modulate the charge 

distribution on the polymer, which is translocating. In this regard, few experiments are carried 

out to study translocation. 

A change in the salt concentration gradient or a pH difference can lead to a change in the 

polymer-pore interaction. It has been shown by Wong and Muthukumar that the charges at the 

constriction region and the end of the beta-barrel of the pore can be changed by altering the pH.1 

In a recent experimental report by Jeon and Muthukumar,2 the translocation of a macromolecule 

from the cis to the trans side of the pore has been studied under various salt concentrations at 

two different pH conditions (pH 4.5 and 7.5). Their main finding is that the electrostatic 

interaction between the end of the beta-barrel of the pore and the polymer end can be modulated 

by changing the pH of the solution near the ring region from neutral to more acidic values.2 Thus 

the electrophoretic transport of charged polymers can be controlled by altering the pH gradients 

across a protein pore. Using all-atom molecular dynamics simulations, it has been shown that the 

alteration in the pH of the solution has a significant effect on both electroosmotic flow and the 

anionic selectivity of the pore.3 The experimental findings were explained theoretically by 

performing free energy calculations and calculating the translocation time from the free energy 

profile of the polymer.1, 4-7 As discussed in Chapter 2, we have studied the effect of the strength 

and spatial distribution of charges across a nanopore using extensive molecular dynamics 
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simulations.8By using a polycationic peptide-PNA probe as the carrier, a nanopore can 

selectively capture and detect the target miRNA.9 Also, by applying the dielectrophoretic 

principle, DNA, and RNA molecules can be detected selectively by using an engineered 

biological nanopore.10 In an experimental study by Luchian and coworkers, it was shown that the 

capture and transfer of a polypeptide across the nanopore could be controlled by placing 

oppositely charged amino acid residues at both the chain ends.11 The experimental results were 

validated by a simple mathematical model for the free-energy profile along the translocation 

process and also verified by coarse-grained simulations by considering a polymer with 

oppositely charged segments at the two ends. As an extension of this work, Luchian and 

coworkers have examined the role of charge asymmetry induced by pH differences on the 

capture and escape of a peptide containing oppositely charged segments at the N- and C-termini 

into the α-HL pore and translocating through the nanopore.12 A pH gradient can alter both the 

magnitude of the charge on the peptide and the pore, thereby controlling the magnitude of 

peptide−α-HL interactions. The charge asymmetry factor has also been taken into account in a 

work reported by Chinappi and coworkers where they have proposed a nanopore tweezing 

approach to study the translocation of asymmetrically and unsymmetrically charged cylindrical 

rod by adding a positive and a negative tail at the two ends and controlling its residence time by 

tuning the applied voltage.13These experimental techniques have been used to discriminate 

between neutral amino acid residues from the primary structure of a polypeptide.14 

In our work, we have performed extensive simulation studies to understand the role of 

pore-polymer interaction in the translocation of a polymer from trans (beta barrel side) to the cis 

side of the pore where the electrostatic interaction between pore entrance and the two ends of the 

chain is modulated by altering the trans pH. We consider a coarse-grained picture, and the 
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details about the simulation set up are discussed in Section 3.2. In Section 3.3, we discuss our 

simulations and explain our numerical results based on the free energy landscape. Finally, in 

Section 3.4, we summarize our results. 

3.2 Model 
 

The model is similar to the system described in chapter 2. The system under study 

consists of a membrane, a pore, and a charged polymer chain. The polymer chain is composed of 

N=36 spherical beads each of diameter 𝜎. The consecutive monomer beads are connected by 

finitely extensible non-linear elastic (FENE) springs and the excluded volume interactions 

between beads are modeled by using a short-range repulsive Lennard-Jones(LJ) potential 

according  to Eq. 1.1 and Eq. 1.2 in Chapter 1. The wall separating the cis and trans regions is 

created by LJ particles in yz- plane with the pore oriented along the x-axis. Our system of study 

is not a true polypeptide in the sense that many characteristic features of a polypeptide in terms 

of folds, torsion angles, and interactions are not taken into account in our current model. In 

experiments or in vivo condition, the scenario is complicated by atomic charges,1 electro 

hydrodynamic interactions,15-16 electrophoresis, 15, 17 protonation-deprotonation due to variation 

in pH,17-19etc. During translocation, most of the time the polymer remains in extended form. The 

backbone of the peptide can thus be considered as the single file motion of the polymer through 

the pore. Such simple polymer models are well established in previous simulation studies on 

polymer translocation. 4, 8, 20-21 

 In this work, we consider only the single-file motion of long polymer containing 

symmetric or asymmetric charged patches at the two ends and a central neutral segment across 

the pore. In general, the electrostatic interaction between charged particles (polymer-polymer, 

polymer-pore) is given by the Debye-Hückel screened Columbic potential  
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                                     𝑈 (𝑟) =     …[Eq. 3.1] 

qi and qj are charges on beads i and j separated at a distance r. The Debye length 𝜅 = 0.19nm 

corresponding to a 2M KCl salt concentration. This small Debye length leads to a strong 

screening effect;22 as a result of which the electrostatic interaction among the monomer beads of 

the polymer chain can be neglected. In our calculations, we only compute the pair-wise 

electrostatic interactions between the pore-polymer beads. 

For an α-HL pore which is used as a model system to study translocation, there is a 

spacious vestibule and the 𝛽-barrel connected by a narrow constriction. Wong and Muthukumar 

have estimated the effective charge of the constriction and the ring at the end of the β-barrel as a 

function of pH.1 At a pH= 7.5 the constriction is neutral while the ring at the mouth of the β-

barrel has a charge of −7e. On lowering the pH, the pore interior becomes more and more 

positively charged and the pore becomes more anionic-selective due to the presence of an excess 

of positive charges on its internal surface.3, 23 The charged state of the constriction and vestibule 

regions of the α-HL pore is invariant to the change of pH imposed on the trans side of the pore. 

Due to the high anion selectivity at low pH values, the entry of protons into the pore does not 

alter the protonation state of the residues located at the constriction- or vestibule region. In Ref. 3 

and 12, the charge on the trans entrance of the pore changed with the change in pH but the 

charge on the cis entrance and the constriction region remain unaltered. Our model is a 

simplified case of the α-HL pore, where the explicit consideration of barrel, constriction, and 

vestibule regions are not being included. We mainly focus on the cis and the trans entrance of a 

cylindrical pore and the net charge on these regions at different pH gradients. In our simulations, 

we construct a cylindrical pore which is composed of 26 consecutive rings of uncharged beads 

where each ring consists of 16 monomer beads of diameter 𝜎 such that the length of the pore is 
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L= 26𝜎 and width W= 3𝜎. The overall charge on the cis entrance of the pore is taken to be equal 

to zero at all conditions. The simulation box is of 110x100x100 unit without any periodic 

boundary condition. In experiments, a pH gradient is created by changing the pH of the trans 

buffer thereby altering the net charge on the pore entrance and the charge on the tail part of the 

polymer added from the trans side. This changes the strength of the electrostatic interactions 

between the polymer and the pore and also the electrical forces acting on the charged monomers 

within the pore.12 The trans pH also induces asymmetry in the charge on the peptide chain. In our 

simulations, as shown in Figure 3.1, the charged patch on the first 12 beads are referred to as the 

A termini, and the charged path the chain end is referred to as B termini.  We mimic pH 

gradients by considering three types of systems, as shown in Figure 3.1. In the first case (S-I) , 

we introduce a positive unit charge on each of the first 12 beads of the chain (qA=12e, e = 

1.60217646 × 10
-19

C is the elementary charge), the central 12 beads are neutral and then a unit of 

negative charge on each of the last 12 beads, (qB= -12e). A charge of -7e is distributed among all 

the 16 beads that form the first ring of the pore on the entry side (qring) as shown in Figure 3.1. 

This arrangement of charges on the polymer and the pore roughly corresponds to a pH=7.3 on 

the trans side. In the 2nd and 3rd system(S-II and S-III respectively), the charge at the end of the 

polymer(last 12 monomer beads of the chain) entering the pore from the trans side is changed 

from -4e to -1e and the charge on the first ring of the pore is changed from qring= 0 to qring= +6e 

corresponding to roughly pH ~3.7and pH ~3.1 respectively.12 Based on the discussion in the 

Appendix 3.1 of Ref. 12, we assume that for a given system, the charges on the N terminal beads 

do not change as the chain moves from trans to cis side of the pore. 

We simulate the translocation of this partially charged polymer24 through a nanopore 

using Langevin dynamics simulations by using the LAMMPS package.25 In Langevin dynamics 
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simulations, each monomer is subjected to conservative, frictional, and random forces, F ,  F , and 

F  respectively according to Eq. 1.4 where 𝐹 = 𝑞 𝐸 is the external force acting parallel to the 

pore axis on the ith monomer inside the pore due to the presence of an external electrical field, E.  

 

 

 

Figure 3.1: Schematic representation of the 36-bead polymer chain translocation 

from the trans to the cis side of the pore during (a) entry stage (b) exit stage. qA and qB are 

the charges on the entry and tail part of the chain and qring is the charge on the entry side of 

the pore. For S-I, qB= -12e, qring= -7e, for S-II, qB= -4e, qring= 0 and for S-III qB= -1e, qring= 6e, 

qA= +12e for all the three systems. 

 In our simulations, all quantities are expressed in dimensionless LJ unit of energy, length, 

and mass scales as described in Chapter 1. The parameter values used in our simulations are in 

the range of benchmark parameters reported in previous translocation studies and were effective 

in explaining experimental results.4, 8, 26-27 In our simulations, the external electric field E is set 

over a range between 0.1 to 4.This corresponds to the applied voltage of 14 to 560 mV across the 

pore. The upper limit of the applied voltage in our simulations is higher than values of applied 

voltage utilized in typical experiments (30-200 mV). As discussed in the results section below, in 
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order to monitor the capture and filling up of the pore in our simulations here, we required a 

strong electric field to avoid the escape through the trans side. 

The equilibration and translocations steps are followed, as discussed in Chapter 1. As 

described in some previous simulation studies,8, 27 the average translocation time of the polymer 

𝜏 involves three different time scales: the pore filling time (𝜏 ), the transfer time from the trans 

to cis side of the pore (𝜏 ) and the pore emptying time (𝜏 ). In our current study, 𝜏  is further 

divided into two regimes(𝜏 and 𝜏 ) as shown in Figure 3.1. The timescale 𝜏  is the time 

required for the middle bead of the polymer chain to reach the center of the pore. This 

corresponds to the situation when an equal number of positively and negatively charged 

monomer beads are arranged symmetrically within the pore. As shown in Figure 3.1, 𝜏 and 𝜏  

correspond to the entry stage of the translocation process. We start from this configuration and 

record the time for the transfer stage (𝜏 ) to be completed. The timescale 𝜏  followed by 𝜏  

correspond to the exit stage. The integration time step is set to dt= 0.0005 units. For a given set 

of parameter values for each system, we perform 200 simulation runs and the histogram of the 

distributions is constructed from the successful simulation runs using which the average 

translocation times are obtained. Failed translocation events are rejected and excluded from the 

statistics. In Figure 3.2 and 3.3, the normalized counts on the vertical axis refer to the ratio of the 

number of successful translocation events in each bin and the total number of successful 

translocation events. The probability density distributions of the translocation time are 

normalized to unity. 

3.3 Results and Discussion 
 

We consider the translocation of this partially charged polymer chain from the trans to 

cis side of the pore. In order to mimic the effect of pH gradients across the pore on the 
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translocation properties, we fix the charge at the cis end of the pore to be zero (corresponding to 

cis-pH = 7.3) and alter the magnitude of the net charge of the polymer’s A-end and the trans end 

of the pore corresponding to a drop of the trans-pH from 7.3 to 3.17.  This allows us to control 

the sign and the strength of the electrostatic interaction between the charged polymer and the 

entry side of the pore. 

Once the polymer enters the pore, the external electric field drives it from the trans to the 

cis-side of the pore. The greater the magnitude of the applied trans-membrane potential, the 

greater the chance of the polymer to fill the pore. For S-I, during the entry stage, the electrostatic 

attraction between the positively charged beads that have entered the pore and the negatively 

charged ring at the pore entry (qring=-7e) can slow down the translocation process, and the 

polymer may escape from the trans side itself. To avoid this, the simulations are performed at a 

strong electric field of E= 4, where the electric field effects are significant enough to overcome 

the electrostatic attractions. For S-II and S-III, the attractive interaction between the A-end 

moiety and the pore ring decreases, and one would expect that the pore to be filled up faster. But 

as electric field effects dominate and the charge on the end beads that fill up the pore remains 

invariant for all three systems, in the presence of a strong electric field, the external electric force 

acting on the monomers inside the pore is the same for all cases. Therefore there is no significant 

change in the pore filling time, as seen in Table 3.1. Figure 3.2 shows the translocation time 

distribution for the polymer chain of length N= 36 units for the three different systems that 

roughly correspond to three different pH gradients. 



43 
 

 

Figure 3.2: The histogram of translocation time for different systems during the entry stage 

(a) pore filling, 𝝉𝟏 (b) the first part of the transfer stage𝝉𝟐𝟏 for a chain of length N= 36 and 

E=4;top horizontal axis is for S-I while the bottom horizontal axis is for S-II and S-III 

showing different utilized scales. 

As shown in Figure 3.2a, the translocation time distribution for 𝜏  is found to have a slightly 

asymmetric distribution for all the systems. After the pore filling stage, positively charged 

residues exit from the cis side and negative residues enter from the trans side of the pore. This 

gives rise to a charge asymmetry on the pore-trapped chain. Since the charges on the end beads 

of the polymer decrease for less acidic values, the negative field that pulls back the polymer 

towards the entrance side is highest for S-I corresponding to a slower translocation and results in 

a long-tailed distribution as shown in Figure 3.2b.For S-II and S-III, the peptide trapped inside 

the pore is effectively positively charged and is driven to the cis end thereby making transfer 

faster as shown in Table 3.1 and leads to slightly asymmetric type distribution plots. 
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Table 3.1: Translocation times during entry stage 

 

During the exit stage, the pore-trapped polymer is becoming more negatively charged. A 

strong electric field will pull back the monomers towards the trans end, thereby decreasing the 

probability of a successful translocation event. As a result of this, the simulations during this 

stage are performed at smaller values of the electric field to prevent escape on the trans side. As 

shown in Figure 3.3, we perform simulations to obtain the distributions and calculate the transfer 

time and pore emptying time at E= 0.1. For all the systems, the translocation time distributions 

for 𝜏 is along tail distribution whereas𝜏  shows an asymmetric broad behavior.  

 

Figure 3.3: The histogram of translocation time for different systems during the exit stage 

(a) the second part of the transfer stage, 𝝉𝟐𝟐 (b) pore emptying stage, 𝝉𝟑 for a chain of 

length N= 36 and E=0.1.  

For S-I, the electrostatic interaction between the polymer (qB=-12e) and the pore (qring= -7e) is 

E 
 

Systems τ  τ  

 
 

4.0 

S- I 14.78±0.16 15.84±0.98 
S- II 14.08±0.10 3.66±0.04 
S- III 15.34±0.13 3.18±0.03 
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repulsive that facilitates the transfer process. For S-II and S-III, the tail part (B end) of the 

polymer is less negatively charged, and the charge on the pore ring becomes positive which gives 

rise to attractive electrostatic interaction and 𝜏  increases as shown in Table 3.2. Based on these 

arguments, during the escape stage on the sole basis of the electrostatic interactions, we would 

expect 𝜏  to increase as we go from S-I to S-III. 

 

Table 3.2: Translocation times during exit stage 

 

But our simulations show that this trend is not entirely followed (Table 3.2). The escape time for 

S-III is less than at S-II. The same trend is also observed in the experiments.12For S-II and S-III, 

the pore captured chain experience asymmetrical electrical forces acting oppositely on it. This 

unbalance of the net charge is more for S-III than for S-II. Thus the pore-captured polymer is 

more prone to escape from the pore from the cis end for S-III than for S-II. This observed 

phenomenon could be explained qualitatively from our free energy calculations. The free-energy 

E is plotted as a function of the progress variable Q defined as Q=Ncis−Ntrans where Ncis and 

Ntrans are the number of monomers on the cis and trans side of the pore. N=-35 corresponds to 

the beginning of translocation when the first bead is on the trans entrance of the pore, and N= 35 

corresponds to the end of the translocation event when the last bead is on the cis entrance of the 

E 
 

Systems 𝛕𝟐𝟐 𝛕𝟑 

 
 

0.08 

S- I 19.54±0.67 192.52±1.94 
S- II 35.77±1.63 215.43±3.23 
S- III 39.91±1.87 209.81±3.18 

 
 

0.1 

S- I 20.30±0.88 203.37±2.39 
S- II 31.11±1.70 241.39±4.12 
S- III 32.42±1.89 224.21±4.29 
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pore. The free energy has three contributions: a contribution due to configurational entropy, a 

contribution due to the electrostatic interaction and a contribution from the external electric 

field.4, 11-12 Following the method used in Ref. 11 and 12the free energy profile can be 

constructed as a function of the coordinate Q, as shown in Appendix 3.1.  Figure 3.4 shows the 

free energy landscape for the translocation of a polymer during the pore emptying stage for S-II 

and S-III. The asymmetry in the charge distribution on the chain results in a decrease of the free-

energy barrier at the cis end during the emptying stage thereby reducing 𝜏  for the latter case. 

 

Figure 3.4: Free energy landscape for the translocation of a polymer chain of length N = 36 

during the exit stage (𝝉𝟐𝟐 𝐚𝐧𝐝 𝝉𝟑) translocating through a pore of length L = 26 for S- II 

and S-III at E = 0.1.  

Similarly, the free energy landscape for the entry stage can also be constructed and is reported in 

Fig. 3.5 in Appendix 3.1. The free energy landscape shows that the energy barrier is almost 

similar for all the three systems during the pore filling stage (𝜏 )and 𝜏  decreases from I to III 

which agrees qualitatively with the trend shown in Table 3.1. Also as shown in Table 3.2, for 

each system, the residence time of the polymer within the pore(𝜏 ) increases with the increase in 

the applied electric field. Our simulation results are in qualitative agreement with experiments 

that show that the residence time of the polymer within the pore increases with the increase in 

the applied voltage.12-13 
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3.4 Conclusions 
 

In this study, we have performed extensive molecular dynamics simulations to study the 

effect of polymer-pore interactions on the translocation process by changing the charge 

distribution of the polymer and the pore to mimic the pH change of the solutions in experimental 

situations. Experimentally it has been shown that changing the pH alters the charge on the tail 

part of the polypeptide as well as the charge on the mouth of the β-barrel pore thereby 

modulating the electrostatic interactions between the pore and either of the two ends of the 

peptide. Our simulations show that in the presence of a strong externally applied field, the effect 

of the electrostatic interactions between the polymer and the pore is minimized during the entry 

stage of the translocation process. The pore entry time 𝜏  is independent of the interactions 

between the polymer and the pore. During the exit stage of the translocation, the pore emptying 

time 𝜏  plays a dominant role. In the presence of a weak electric field, the polymer-pore 

interactions are important and the pore-trapped polymer is expected to be more prone to exit the 

pore for S-I due to the repulsion between the negatively charged beads at polymer tail and the 

negatively charged ring at the pore entrance. At the same time, our simulations show that the 

unbalanced electric forces acting on both ends of the pore-captured polymer cannot be ignored 

and plays a crucial role during the pore emptying stage. This is manifested by the fact that the 

pore trapped polymer exits the pore faster for S- III than for S- II. Thus our simulations could 

capture the dynamics during different stages of the translocation process. The simulation results 

are also qualitatively supported and explained by free energy calculations. 

3.5 Appendix-3.1 
 

Free energy calculation for translocation 
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We have a polymer chain with N monomer beads translocating through a nanopore of length 

L=26. We define a translocation coordinate Q= Ncis- Ntrans where Ncis and Ntrans are the number of 

monomer beads on the cis and trans side of the pore respectively. During the onset of the 

translocation process, the first monomer bead is at the entrance of the pore (Ncis=0, Ntrans = 35, 

Q= -35) The translocation continues with an increase in the number of monomer beads filling up 

the pore (at the end of pore filling stage at Ncis=0, Ntrans=26, Q=-26) followed by the transfer of 

the polymer across the pore. As the transfer stage continues, the number of beads on the cis side 

of the pore increases and on the trans side decreases, leading to the increase in the value of Q. At 

the end of the entry stage, an equal number of charged residues is present within the pore as well 

an equal number of beads is present on either side of the pore as shown in Figure 3.1. (Ncis=5, 

Ntrans=5, Q=0). Once the transfer stage ends, there are no monomer beads on the trans side of the 

pore (Ntrans=0, Ncis= 10, Q=10) and after this, the value of Q is only determined by the value of 

Ncis. During the pore emptying stage, Ncis increases and reaches its maximum value (Q=36) when 

all the monomers are on the cis side of the pore. Between the limits of Q=-36 to 0 and Q= 0 to 

36, one can construct the free energy landscape for the entry stage and exit stage respectively for 

the different systems under consideration. The free energy of this system has three major 

components in it: the electrostatic interaction between the polymer and the pore-polymer (Felec), 

the contribution due to an externally applied electric field (Fext), and the entropy of the chain 

(Fent). To calculate the electric field contribution, we used the protocol employed in Ref. 11 and 

12.11-12 The contribution due to the external electric field E is given by the work done by the 

electric field E acting only the monomers within the pore moving along pore axis from the cis to 

the trans side: 

𝐹  = 𝑎𝐸(𝑁 𝑞 + 𝑁 𝑞 )       …[Eq. A3.1] 
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where N+ and N- correspond to the number of positively and negatively charged residues within 

the pore with charges q1 and q2 respectively. Here q1 is always 1e, and q2 is negative whose 

magnitude changes with changes for different systems. As mentioned in Ref. 11 and 12, “a” is a 

“function that connects the variation in the progress variable Q to the average movement of the 

mass center of the peptide.”  “a” is a function of Q and attains a fixed value over two different 

ranges of Q. In our case a= 1 when the pore is fully occupied by the polymer with 𝑁 ≠ 0 and 

𝑁 ≠ 0 which corresponds to a Q value within the range -8 to 8. For all other values of Q, a= 

0.5. 

In addition to the contribution from the external electric field, we also consider a 

contribution of the electrostatic interaction between the polymer and pore.4, 8 The free energy 

contribution due to the pore-polymer electrostatic interaction is given by a screened Columbic 

interaction 

𝐹  = ∑
( , )

𝑒 ( , ) + ∑
( , )

𝑒 ( , )    …[Eq. A3.2] 

where (i, 1) is the distance between the ith bead of the A end with charge q1 and x(j, 1) is the 

distance between the jth bead of the B end with charge q2  from the pore ring with charge qring. 

The cylindrical pore is made up of 26 consecutive rings such that L=26. The symbol “1” in the 

parenthesis denotes the position of the first ring along the pore axis. As seen in Figure 3.1, qring is 

situated at the mouth/ entrance of the pore on the trans side. Note that the sums over index i and j 

is performed on the location of each of the N+
th and N-

th bead respectively along the pore axis 

with respect to the ring at the entrance of the pore. The number of N+ and N- beads changes as 

well as for a given N+
th or N-

th bead, x(i,1) or x(j,1) changes as translocation progresses(variable 

Q changes). There can be an attractive or repulsive interaction between the trans side of the pore 

and the pore confined polymer depending upon the magnitude of charges on the pore ring and 
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the charges on both tails of the polymer. Also, the number of the attractive or repulsive term that 

contributes to the electrostatic energy within the summation depends on the number of N+ and N- 

beads, which changes Q. In Eq. A3.1 and A3.3, N+ or N– or both determine the value of Q and 

the progress of the translocation process with respect to Q. Thus, Fext and Felec are implicit 

functions of the variable Q. There is also an entropic contribution given by 

𝐹  = 𝑘 𝑇𝑙𝑛Ω(𝑛)      ...[Eq. A3.3] 

where n is the number of monomers at the cis or trans side of the pore which is a measure of the 

value of Q.  Ω(n) = nγ−1, where γ = 0.69 for a 3D polymer chain.28A free energy landscape is 

constructed including all the above components with appropriate limits as a function of the 

translocation coordinate Q.  

During the beginning of the exit stage, for example, when Q=2, there are 8 monomers on 

the cis side and 6 on the trans side with Ncis=6 and Ntrans=4, N+= 6 and N-= 8, the free energy is 

given by 

𝐹(𝑄 = 2) = ∑
( , )

+ ∑
( , )

+ 𝐸𝑎(6𝑞 + 8𝑞 ) + 𝑘 𝑇(1 −  𝛾) 𝑙𝑛(4) + 𝑙𝑛(6)  

              …[Eq. A3.4] 

Since q1 corresponds to the charge on the A end, it is always positive. q2 is negative on the B 

patch, and its magnitude will depend on the pH of the system. Also the sign and magnitude of 

𝑞  changes from S-I to S-III. Based on this, one can construct the free energy landscape 

during different stages of the translocation process. Figure 3.5 shows the free energy during the 

entry stage and Figure 3.4 in the manuscript shows the free energy diagram during the exit stage 

of the translocation. 
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Figure 3.5: Free energy landscape for the translocation of a polymer chain of length N = 36 

during the entry stage (𝝉𝟏 + 𝝉𝟐𝟏) translocating through a pore of length L = 26 for S-I, S- II 

and S-III at E = 4. 
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4. End-pulled Polymer Translocation: 
Single Chain Dynamics 
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4.1. Introduction 

 

End-pulled translocation is an important type of forced translocation where the polymer is 

pulled from one end through the pore. In experiments, the end-pulled translocation is performed 

by applying force on one end of the polymer using an optical or a magnetic tweezer or by atomic 

force microscopy.1-5 End-pulled translocation is thought to be an effective method for carrying 

out the translocation in a more controlled and slow way. In general, the polymer translocation 

events in experiments are very short lived. A controlled and slow translocation process allows 

better detection and resolution of the current signals. In this regard, end-pulled translocation is 

promising for cheap and rapid DNA sequencing.6-8 

Over the past few years, there is a continuous effort to understand pore-driven polymer 

translocation and develop a quantitative theory. 9-15 Driven translocation is a far-from-

equilibrium phenomenon, and the first non-equilibrium treatment was given by Sakaue using a 

tension propagation (TP) theory.16 Till now the case of end-pulled translocation has not been 

treated theoretically beyond simple scaling arguments and due to its non-equilibrium dynamics, 

only scaling arguments cannot describe the physics behind this process. To this end, in this 

chapter, we present a proper theoretical treatment of the end-pulled translocation based on 

extensive molecular dynamics (MD) simulations and augmented with the iso flux tension 

propagation theory which we will discuss in the next section.  

The key idea of the TP theory10 is that the translocation process constitutes two stages, 

the tension propagation (TP) and post propagation (PP) stages. During the TP stage, a tension 

propagates through the chain backbone, and the cis side of the subchain can be divided into two 

distinct domains. The first domain includes the monomers that have been set into motion by the 

external force applied on the monomers inside the pore, the first few monomers sets into motion. 

The rest of the chain remains at rest on an average. At any stage of the translocation, the chain is 

divided into a moving, and a non-moving (on an average) segments and the junction between 

them is called tension front. As the translocation proceeds, the tension front moves along the 

chain with time, including more and more monomers into the moving part. With the inclusion of 

more monomers into the moving part, the effective friction on the chain increases. The tension 

propagation ends when the last monomer sets into motion. After a certain instant of time known 
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as the tension propagation time, the front reaches the last bead, and the tension propagation 

process ends. The tension propagation is analogous to the situation when a coiled rope is pulled 

from one end where first the rope uncoils, and then it starts moving as a whole. After this time, 

referred to as the PP stage, the chain starts moving as a whole towards the trans side. In the TP 

model, the translocation process is given by the translocation coordinate(s) that defines the 

position of a monomer with respect to the pore and the location of the tension front. The equation 

of motion of the translocation coordinate(s) can be written as- 

Γ(𝑡) = 𝑓      …[Eq. 4.1] 

where s is the monomers on the trans side of the pore, Γ(𝑡)is the effective friction and  ftotal is the 

total force acting on the polymer. However, this theory was implemented in the asymptotic limit 

of long chains, which is out of reach of experiments and numerical simulations. Also, the 

interaction between the pore and the polymer was neglected.  

Nissila and coworkers have modified the TP formalism by combining tension 

propagation with the iso-flux assumption.17 According to the iso-flux approximation, the 

monomer flux on the mobile domain of the cis and trans sides and through the pore is constant in 

space but evolves in time. This modified theory is known as the iso- flux tension propagation 

theory10, 13-14 incorporates finite chain lengths by including the pore-polymer interactions to the 

TP equations. Here the effective friction was divided into two parts, namely, the friction of the 

moving chain, and the friction due to the pore. This was given as – 

Γ(𝑡) = 𝜂 (𝑡) + 𝜂      …[Eq. 4.2] 

where 𝜂 (𝑡)and 𝜂 are the cis side subchain and pore friction 

The IFTP theory provides exact analytic scaling forms of the average translocation time as a 

function of the chain length in the appropriate limits, including the influence due to the pore 

friction. Since the trans side of the chain was static, the friction on the trans side chain was 

neglected.  The main assumption of the TP theory was that the effect of the trans side subchain 

on the non- equilibrium dynamics is small and hence, its contribution to the effective total 

friction is neglected. However, for example, for semi-flexible polymer chains,14 the influence of 

the trans side chain on the dynamics is non-negligible. It has been shown that an additional time-

dependent trans side friction due to the stiffness of the chain plays an important role, especially 
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for shorter chains. In the case of end-pulled translocation,18 the effect of the trans side friction 

needs to be incorporated in the effective friction. The effective friction can be written as – 

Γ(𝑡) = 𝜂 (𝑡) + 𝜂 + 𝜂 (𝑡)   …[Eq. 4.3] 

 

𝜂 (𝑡) is the time-dependent trans side friction.   

 The coarse-grained Langevin dynamics simulations for end pulled translocation are 

important to obtain the quantitative value of the total chain friction, the position of the tension 

front, and the tension propagation time during translocation. Further, based on the findings of 

these two quantities, the IFTP theory for the end-pulled polymer translocation is developed. The 

details of the model and parameters are explained in the next section. 

4.2. Model 
 

The general approach of the simulation is described in the introduction chapter of the 

thesis. Here, the modification and particulars of this study have been given. A polymer of N=100 

was considered where the successive beads were connected by the finitely extensible nonlinear 

elastic (FENE) spring interaction, which was given in Eq. 1.2 where k is the spring constant and 

R0 is the maximum allowed distance between neighboring beads. The Eq. 1.3 was used for the 

excluded-volume interaction between the beads, where σ is the diameter of each bead, 𝜖 is the 

potential well depth, and r is the distance between the beads. Using the repulsive LJ interaction  

 𝑈 (𝑟) = 4𝜖 −                                                            …[Eq. 4.4] 

the physical wall at x = 0 and is parallel to the yz-plane, is constructed. The region of space with 

x >0 is the trans side, and with x <0 is the cis side.  

The pore is constructed by 16 beads (each bead with a diameter of σ) that are placed on a 

circle with a diameter of d = 3σ. The pore is parallel to the wall, and its center is at x = 0, which 

is given in Figure-4.1. The pore thickness is σ, and the interaction between pore particles and 

monomers is repulsive LJ interaction with the same parameters as of the excluded-volume 

interactions between the beads of the polymer. The simulation box is of 200x200x200 units 

without a periodic boundary condition. The box dimension is such that the polymer remains 

inside the box when the translocation ends.  



 

 

Figure 4.1: Schematic representation of end

The external driving force, 

bead of the polymer. The equation of motion is similar to

now the external force acts on the first monomer bead of the polymer chain. The parameters of 

our MD simulations are in LJ units and have been given in Chapter 1. Since the force scales in 

LJ units as 2.3 pN, a pulling force of 

in the range that can be realized with the AFM technique

the first bead at the pore the details for which are given in Chapter 1.  The constraint 

monomer was lifted, and a force of 

translocation. With the application of the force on the first monomer, the chain started moving 

according to the IFTP theory described in Section 4.1.1. 

Also, the IFTP theory has revealed that for the pore

regimes of translocation dynamics depending on the different driving force strengths, namely the 

strong stretching (SS) limit of high forces, the stem

and the trumpet (TR) regime of weak forces shown in Figure 4.2

there are different combinations of the chain configurations both on the cis and trans sides. Here 

we will consider only the case of high

straightened at all times during the translocation process, i.e.

: Schematic representation of end-pulled translocation

The external driving force, f, which is in the positive x-direction, only acts on the head 

bead of the polymer. The equation of motion is similar to Equation-1.4 for the 

now the external force acts on the first monomer bead of the polymer chain. The parameters of 

our MD simulations are in LJ units and have been given in Chapter 1. Since the force scales in 

force of f = 100 in our LJ units correspond to 230 pN, which is well 

in the range that can be realized with the AFM technique.3-5 The equilibration is done by fixing 

the first bead at the pore the details for which are given in Chapter 1.  The constraint 

monomer was lifted, and a force of f=100 was applied on the first bead to carry out the 

translocation. With the application of the force on the first monomer, the chain started moving 

according to the IFTP theory described in Section 4.1.1.  

lso, the IFTP theory has revealed that for the pore-driven case there are three different 

regimes of translocation dynamics depending on the different driving force strengths, namely the 

strong stretching (SS) limit of high forces, the stem-flower (SF) regime of intermediate forces, 

and the trumpet (TR) regime of weak forces shown in Figure 4.2.18 For end pulled polymers, 

there are different combinations of the chain configurations both on the cis and trans sides. Here 

we will consider only the case of high driving forces such that the trans side subchain is fully 

straightened at all times during the translocation process, i.e., the trans chain is in the strong 
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driving forces such that the trans side subchain is fully 

the trans chain is in the strong 
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stretching (SST) regime. 

 

 

Figure 4.2: Various possible translocation scenarios during the tension propagation (TP) 

stage for the trans side strong stretching (SST) regime. The driving force 𝒇 acts only on the 

head monomer of the polymer in the trans side. The length of the polymer is N0 and the 

number of beads that have been already translocated into the trans side is denoted by  𝒔 . 

The number of total beads influenced by the tension is  𝑵 = 𝒍 + 𝒔  (in the TP stage N < N0). 

In panel (a) the cis side subchain is also in the SS regime (SSC) during the TP stage. (b) The 

translocation process when the tension front reaches the end of the chain on the cis side in 

the SSC regime (post propagation stage (PP), where N=N0). Panels (c) and (e) are the same 

as panel (a) but for the stem-flower (SFC) and trumpet (TRC) regimes in the cis side, 

respectively. Panels (d) and (f) are the same as panel (b) but for SFC and TRC, 

respectively. (Figure Credit : Dr. Jalal Sarabadani)18 

In order to get the total friction on the chain, first, the tension front on the chain was 

calculated. This was done from the waiting time distribution calculations followed by a few other 

calculations discussed in the following sections.  

4.3. Result and Discussion 
 

a) Waiting Time Distribution 

Waiting time is generally referred to the time spent by each of the monomers on the pore 

of during translocation. Mathematically, waiting time of monomer s is the time between the sth 

and (s+1)th monomer exiting the pore.  From the Langevin dynamics simulations, this time was 

approximated by as the number of times s appears on pore multiplied by the time step where s 

was the translocation coordinate denoting the progress of the translocation. For each monomer, 

the waiting time is an average quantity of several simulation runs. In our case, the waiting time 
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distribution was calculated from 2000 trajectories of successful translocation runs shown in 

Figure 4.3. 

 

Figure 4.3: The waiting time distribution for N=100, f=100 end-pulled polymer 

translocation. 

 

From Figure 4.3, the waiting time is plotted as a function of the translocation coordinate. 

During the TP stage, the tension propagates along more and more mobile monomers on the 

backbone of the chain. Consequently, the friction increases, the dynamics of the system gets 

slower, and the waiting time increases. The waiting time becomes maximum when the tension 

reaches the chain end. In Figure 4.3, the waiting time for the monomers is maximum at s=80. 

Thus the area in the waiting till s=80 is the tension propagation time. In the TP stage, all 

monomers of cis side subchain move with some velocity and contribute to the friction. As time 

passes the cis sub-chain is sucked into the pore, the number of mobile monomers in the cis side 

decreases, and consequently, the friction decreases. The plateau region in the figure denotes the 

post propagation stage of the translocation. To find out the chain configuration during different 

stages of the translocation, and the time-dependent friction on the chain, the velocity of the 

monomer was calculated. 

 

 



 

 

b) Monomer Velocity Calculation:

The monomer velocities (averaged over 2000 successful translocation runs) were 

calculated in the strong force limit from molecular dynamics simulation to study the dynamics at 

different stages of the translocation.  The individual monomer velocities perpendicular to the 

wall (velocity in the direction of the applied driving force, here x

monomer number in Figure 4.5.  

Figure 4.4: Velocity vs. monomer number for N=100, f=100. The maroon 

monomer bead which is at the pore.

 

At each time, the velocities of the monomers on the

and drops immediately close to the po

stage is due to the reorientation of the mobile part of the chain in the cis side when force is 

applied on the chain end, and finally, for the non

With the progress of time, during 

velocity and finally it becomes equal to that of the trans side sub chain.

For example in Figure 4.4 around t=4, the 20

propagated almost till the 40th bead, and the rest part of the chain is still in the static domain. 

Whereas at t=36, the 80th bead is roughly at the pore

b) Monomer Velocity Calculation: 

The monomer velocities (averaged over 2000 successful translocation runs) were 

calculated in the strong force limit from molecular dynamics simulation to study the dynamics at 

e translocation.  The individual monomer velocities perpendicular to the 

wall (velocity in the direction of the applied driving force, here x-axis) is plotted against the 

 

monomer number for N=100, f=100. The maroon circles

which is at the pore. 

At each time, the velocities of the monomers on the trans side of the pore have a constant value 

and drops immediately close to the pore entrance on the cis side. This drop in velocity in the TP 

due to the reorientation of the mobile part of the chain in the cis side when force is 

and finally, for the non-moving part of the chain, the velocity is zero. 

With the progress of time, during the PP stage, all the monomers start with a constant non

velocity and finally it becomes equal to that of the trans side sub chain. 

For example in Figure 4.4 around t=4, the 20th bead is roughly at the pore, the tens

bead, and the rest part of the chain is still in the static domain. 

bead is roughly at the pore, but the tension front has propagated till the 

60 

The monomer velocities (averaged over 2000 successful translocation runs) were 

calculated in the strong force limit from molecular dynamics simulation to study the dynamics at 

e translocation.  The individual monomer velocities perpendicular to the 

axis) is plotted against the 

 

circles indicate the 

side of the pore have a constant value 

side. This drop in velocity in the TP 

due to the reorientation of the mobile part of the chain in the cis side when force is 

moving part of the chain, the velocity is zero. 

all the monomers start with a constant non- zero 

bead is roughly at the pore, the tension has 

bead, and the rest part of the chain is still in the static domain. 

tension front has propagated till the 



 

last bead as a result of which all the beads on

zero velocity. Our simulations showing the drop in velocity on the cis side subchain at different 

times further strengthens the fact that the chain on the cis side is not in the SS regime, rather it is 

a combination of the SSC and SST regimes.

c)  Mean Waiting Times: Simulation and theory:

 To test the validity of the IFTP theory for the end

waiting time distribution w(s) is plotted as a  function of the translocation 

Figure 4.5: Comparison of the 

coordinate “s” from simulation

The red circles show the MD data obtained using the bead

comes from the IFTP theory when the equations of motion are solved with a combination of the 

SSC, SFC, and TRC regime. This part of the work on the IFTP theory has

and Prof. Tapio. For small values of 

time. This occurs mostly because of bond stretching and also due to the beginning of the 

reorientation of the mobile part on the 

simulations. This discrepancy between theory and simulation exists only for small values of 

and the main contribution of the waiting time and consequently the translocation time comes 

from the larger s almost at the end of the tension propagation stage, and over the whole post 

propagation stage, the IFTP theory correctly predicts the overall behavior of the translocation 

process. 

last bead as a result of which all the beads on the cis side of the pore are moving with some non

zero velocity. Our simulations showing the drop in velocity on the cis side subchain at different 

times further strengthens the fact that the chain on the cis side is not in the SS regime, rather it is 

ombination of the SSC and SST regimes. 

: Simulation and theory: 

To test the validity of the IFTP theory for the end-pulled case in Figure 4.6

) is plotted as a  function of the translocation coordinate 

 

: Comparison of the mean waiting times as a function of the translocation 

simulation and theory (Figure Credit: Dr. Jalal Sarabadani).

The red circles show the MD data obtained using the bead-spring model. The solid blue line 

comes from the IFTP theory when the equations of motion are solved with a combination of the 

and TRC regime. This part of the work on the IFTP theory has been done by Dr. Jalal 

and Prof. Tapio. For small values of s, the solution of the IFTP theory underestimates the waiting 

time. This occurs mostly because of bond stretching and also due to the beginning of the 

reorientation of the mobile part on the cis side, which can be captured accurately from our 

simulations. This discrepancy between theory and simulation exists only for small values of 

and the main contribution of the waiting time and consequently the translocation time comes 

st at the end of the tension propagation stage, and over the whole post 

propagation stage, the IFTP theory correctly predicts the overall behavior of the translocation 
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the cis side of the pore are moving with some non-

zero velocity. Our simulations showing the drop in velocity on the cis side subchain at different 

times further strengthens the fact that the chain on the cis side is not in the SS regime, rather it is 

pulled case in Figure 4.6, the monomer 

coordinate s.  

as a function of the translocation 

(Figure Credit: Dr. Jalal Sarabadani).18 
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comes from the IFTP theory when the equations of motion are solved with a combination of the 

been done by Dr. Jalal 

the solution of the IFTP theory underestimates the waiting 

time. This occurs mostly because of bond stretching and also due to the beginning of the 

which can be captured accurately from our 

simulations. This discrepancy between theory and simulation exists only for small values of s 

and the main contribution of the waiting time and consequently the translocation time comes 

st at the end of the tension propagation stage, and over the whole post 

propagation stage, the IFTP theory correctly predicts the overall behavior of the translocation 
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4.4. Conclusion 
 

We have studied the dynamics end-pulled polymer translocation through a nanopore by 

extensive simulations which reveal the existence of a complicated scenario depending on the 

strength of the driving force. Even in the case where the force is high enough such that the trans 

side of the chain is straight, our simulations show that there are three different regimes 

depending on the conformation of the cis side subchain. The waiting time distribution and 

velocity calculations described the nature of the end-pulled translocation in the tension 

propagation and post propagation regimes. Using the analytical IFTP theory, we have derived the 

corresponding equations of motion for the tension front propagation explicitly including the trans 

side friction. The theory shows excellent agreement with MD simulations for the waiting time 

distribution of the monomers. 
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5. End-pulled polymer translocation: 
Folded chain dynamics 
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5.1 Introduction 

 In chapter 2 and 3, we have discussed about the role of polymer-pore interaction in the 

context of pore driven translocation.1-2 The theoretical work is based on experimental studies of 

polymer translocation where charged polymers are electrically driven through pores whose 

typical diameters range from nanometers to tens of nanometers. In most experiments, the alpha-

hemolysin pore complex is used in common to study the translocation process.3-5 The alpha-

hemolysin pore has a diameter much less than 2nm such that only single-stranded DNA/RNA 

molecules are restricted to thread through these protein channels. In the experiment by 

Kasionawicz and coworkers, the ionic current through the voltage biased alpha-hemolysin pore 

can detect the translocation of single-stranded molecules pulled through the narrow pore under 

the influence of an external field.3 One of the main challenges in DNA sequencing is to construct 

pores with a diameter comparable to the diameter of the polymer that allows translocation of 

double-stranded DNA molecules. Experiments on double-strand DNA translocation using silicon 

oxide nanopores have been reported by Dekker and coworkers.6-9 Such synthetic pores have a lot 

of advantages over biological pores. For example, the pore size can be tuned, and such pores are 

stable under experimental conditions such as high temperature and extreme voltage and pH 

values.10-14 Since the solid-state pore diameters can range from 5 to 15 nm, and experimentally, it 

has observed that the polymer can undergo not only single file motion through the pore but also 

in different folded states.15 The formation of double-stranded DNA hairpins undergoing voltage-

driven translocation through nanopores located in synthetic membranes has been studied using 

coarse-grained Langevin dynamics of translocation.16 Kotsev, and Kolomeisky have studied the 

translocation dynamics of polymer with folded configurations using simple discrete stochastic 

models.17 
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 In this chapter, we investigate the translocation dynamics of polymers with folds using 

coarse grain Langevin dynamics simulation by implementing the concept of end pulled 

translocation introduced in Chapter 4.18 Experimental results on solid-state nanopores show that 

the translocation of polymers with more than one fold is negligible.15Hence one considers the 

polymer chain to have a single fold such that the chain will have two equal or unequal length 

segments, as shown in Figure 5.1. The polymer may pass through the pore in either single file or 

folded configuration. The details of the model for our simulations are given in the next section, 

and the simulation results are discussed in Sec 5.3. 

5.2 Model 

 We study the translocation of a single chain of N monomers through the pore with any 

one of the intermediate bead placed on the pore that divides the chain into two folded segments: 

the shorter segment containing N1 monomers and the longer segment shorter N2 monomers (N1: 

N2) with N1< N2. As shown in Figure 5.1, we consider a chain of an odd number of monomer 

beads N =101 with the bead connecting the two segments placed at the pore. We consider a chain 

of different segment lengths of (a) 51:51 (b) 31: 71 (c) 11: 91. The simulation box is of 

200x200x200 unit without a periodic boundary condition. The folded polymer is driven through 

the nanopore by pulling any intermediate bead placed in the pore by an external driving force. 

The translocation dynamics of this folded chain involves two events: one is the motion of both 

the folded segments through the channel followed by the linear motion of the longer segment of 

the polymer through the pore. 



 

Figure 5.1: Schematic representation of the translocation of a polymer with a folded 

configuration (a) 51:51: symmetrical fold (b) 31:71 (c) 11:91

 

As discussed in Chapter 

by the finitely extensible nonlinear elastic (FENE) spring interaction and the excluded

interaction between the beads, is given by the repulsive LJ interaction. All other simulation 

details follow the same set up as used in Chapter 4 for end pulled translocation. 

the length of the pore is small so that only one (for a linear chain) or two (for a folded chain) 

monomers can be present inside the channel. 

monomer bead that divides the chain into the two segments/folds 

chain is equilibrated in the absence of any applied force

removed, and the equilibrated chain is allowed to transfer through the pore following the 

Langevin equation of motion by applying a strong pulling force on this bead. The pulling force is 

high such that the chain is straight on the trans side of the pore. 

the trans side of the pore, we record the translocation time, and we begin the next independent 

simulation run. The simulation results are averaged over 300

 

: Schematic representation of the translocation of a polymer with a folded 

configuration (a) 51:51: symmetrical fold (b) 31:71 (c) 11:91 

 1 and the previous chapters, the successive beads are connected 

by the finitely extensible nonlinear elastic (FENE) spring interaction and the excluded

interaction between the beads, is given by the repulsive LJ interaction. All other simulation 

tails follow the same set up as used in Chapter 4 for end pulled translocation. 

the length of the pore is small so that only one (for a linear chain) or two (for a folded chain) 

monomers can be present inside the channel. In the first stage of the simulation, any intermediate 

bead that divides the chain into the two segments/folds are fixed at the pore, and the 

n the absence of any applied force.  In the next step, this constraint is 

d chain is allowed to transfer through the pore following the 

Langevin equation of motion by applying a strong pulling force on this bead. The pulling force is 

high such that the chain is straight on the trans side of the pore. Once the entire chain moves 

side of the pore, we record the translocation time, and we begin the next independent 

simulation run. The simulation results are averaged over 300-500 independent runs. The average 
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: Schematic representation of the translocation of a polymer with a folded 

the successive beads are connected 

by the finitely extensible nonlinear elastic (FENE) spring interaction and the excluded-volume 

interaction between the beads, is given by the repulsive LJ interaction. All other simulation 

tails follow the same set up as used in Chapter 4 for end pulled translocation. We assume that 

the length of the pore is small so that only one (for a linear chain) or two (for a folded chain) 

of the simulation, any intermediate 

fixed at the pore, and the 

.  In the next step, this constraint is 

d chain is allowed to transfer through the pore following the 

Langevin equation of motion by applying a strong pulling force on this bead. The pulling force is 

Once the entire chain moves to 

side of the pore, we record the translocation time, and we begin the next independent 

500 independent runs. The average 
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translocation time of the chain is the difference in time when this intermediate bead that divided 

the chain into folds is at the pore and the time when the last bead (Nth bead) of the polymer 

leaves the pore. In order to calculate the total friction on the chain, we use the concept of the 

tension propagation theory discussed in Chapter 4. First, we calculate the time evolution of the 

tension front on the individual folds of the chain. This was done from the waiting time 

distribution calculations followed by a few sets of calculations of the monomer velocity that 

describes the time evolution of the tension front, as discussed in the result section. 

5.3 Result and Discussion  

 

(a) Translocation time distribution 

For each the folded segment of the chain, we obtain the histogram of the translocation 

times, as shown in Fig. 5.2 (a), (b) and (c).From our distribution plots, we obtain the average 

translocation times as a function of the length of the folded segments. As the folded chain 

becomes more unsymmetrical, i.e., as we move 51:51 to the 71:31 and then to the 91:11 case, the 

distribution plots for the folded segments are separated from each other. The distributions for the 

shorter segments are narrower and the average translocation time of the shorter segment 

N1(𝜏 )decreases and that of N2(𝜏 ) increases. 

 



 

(a)                                                                                                   

Figure 5.2: The translocation time distributions. (a) 51:51, (b) 31:71 and (c) 11:91

 

The mean translocations time of the entire chain, 

folds 𝜏 and 𝜏  are shown in Table 5.1. As shown in Table 5.1, The average translocation time is 

equal to the translocation time of the longer segment 

force is applied at some intermediate bead at the pore, both the folds start moving together 

followed by the movement of the longer segment through the pore until the last bead of the chain 

leaves the pore and is on the trans side of the pore.

 

                                                                                          (b) 

 

(c) 

: The translocation time distributions. (a) 51:51, (b) 31:71 and (c) 11:91

s time of the entire chain, 𝜏 and the mean time of the different 

are shown in Table 5.1. As shown in Table 5.1, The average translocation time is 

equal to the translocation time of the longer segment 𝜏 . This further signifies that when the 

d at some intermediate bead at the pore, both the folds start moving together 

followed by the movement of the longer segment through the pore until the last bead of the chain 

leaves the pore and is on the trans side of the pore. 
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: The translocation time distributions. (a) 51:51, (b) 31:71 and (c) 11:91 

and the mean time of the different 

are shown in Table 5.1. As shown in Table 5.1, The average translocation time is 

. This further signifies that when the 

d at some intermediate bead at the pore, both the folds start moving together 

followed by the movement of the longer segment through the pore until the last bead of the chain 
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Systems N1 N2 <τ1> <τ2> <τ> 

1  -  101  -  46.22  46.22  

2  51  51  27.44  27.45  27.63  

3  41  61  19.46  34.03  34.03  

4  31  71  12.49  39.16  39.16  

5  21  81  7.05  42.90  42.90  

6  11  91  3.04  45.26  45.26  

 

Table 5.1: Different translocation times of N1 and N2 with different branch ratios. 

 

In Figure 5.3, we plot the waiting time distribution for all the folded chains. During the 

TP stage, the tension propagates along the monomers on both the segments. As time progresses, 

more and more monomers are in the TP regime, and the waiting time increases. After a certain 

time, the tension has propagated to till the last bead of the smaller segment N1, after which it is 

quickly pulled through the pore and its waiting time decreases. During the post propagation 

regime of the shorter chain, the tension continues to propagate along the longer chain segment, 

and the waiting time increases. Once the shorter segment leaves the pore, there is a small dip in 

the waiting time due to a transient decrease in the pore friction as now only one monomer bead is 

occupying the pore. The waiting time is at a maximum when the tension reaches the end of the 

longer segment, after which it reaches a plateau during the PP regime, which indicates that all the 

monomers of the chain N2 are moving with the same velocity. 
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(a) 

 

(b) 
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(c) 

Figure 5.3: Waiting time distributions of the monomers. (a) 51:51, (b) 31:71 and (c) 11:91 

The waiting time distribution and translocation time suggest that the translocation of the 

shorter segment occurs first followed by that of the longer chain. The tension propagation on the 

shorter segment finishes first while in, the longer chain, the tension continues to increase for 

some time. The whole process of folded translocation is represented in Figure 5.4. 
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Figure 5.4: The stages of the translocation. 

(b) Monomer velocity: 

The monomer velocities (averaged over 300-500 successful translocation runs) were 

calculated in the strong force limit from Langevin dynamics simulation to study the dynamics at 

different stages of the translocation.  The individual monomer velocities perpendicular to the 

wall (velocity in the direction of the applied driving force, here x-axis) of the two folded 

segments are plotted against the monomer number in Figure 5.5.  
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(a) 

 

(b) 
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(c) 

Figure 5.5: The monomer velocities. (a) 51:51, (b) 31:71 and (c) 11:91 

At each time, the velocities of the monomers that have moved to the trans side of the 

pore have a constant value since the chain is on the strong stretching regime on the trans side due 

to the strong pulling force. After this, there is a drop in velocity during the TP stage for both the 

chain segments and for the non-moving part of the chain; the velocity is zero. With the progress 

of time, the TP of the shorter chain N1ends early, and the monomers of the shorter chain start 

moving with a constant non-zero velocity. During this time, tension is still propagating through 

the longer segment. This is evident from the fact that the drop in velocity continues along the 

longer chain and at long times, its velocity finally becomes equal to that of the trans side sub 

chain. For the symmetrical 50:50 folded chain, the monomer velocity is the same, and the tension 

propagation occurs in an identical manner for both the folded segments. 
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5.4 Conclusion  

 

We have studied the translocation dynamics of a folded polymer chain using extensive 

Langevin dynamics simulations by applying a pulling force on some intermediate monomer 

bead.  We calculate the waiting time per monomer defined as the time that an individual 

monomer spends inside the pore. This is done for both the folded segments of the chain. The 

time evolution of the tension front gives the contribution of the cis side subchain to the effective 

friction as described in Eq. 4.1. As the folded chain translocate, the tension propagates along 

both the folds, the effective friction increases, and the translocation slows down. For the shorter 

fold, during the PP stage, the tail retracts, and a translocation speed up a bit but the tension 

propagation continues along the longer segment until it reaches the last monomer bead. As a 

potential application of our simulation, from the theoretical point of view, one can calculate the 

pore friction, and take that into account into the IFTP theory while making a quantitative 

comparison of the waiting time distribution obtained our MD simulations. 
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6. Fluctuation theorems for total 
entropy production in non-

Markovian heat bath 
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6.1 Introduction 

 

With the recent advent of single molecule experimental techniques, like atomic force 

microscopy, optical and magnetic tweezers,1-2 experimentalists are able to follow biomolecules at 

the individual level. Such individual characterization is essential in protein folding-unfolding, 

enzymatic activity, polymer translocation, etc. This kind of individual-level experiments 

revealed many details of the cellular processes. The single molecules inside the cell matrix are 

impacted with the random, inhomogeneous environment due to the change in ionic 

concentration, pH change, and their fluctuations. The motion of these individual molecules is 

thus important to study when fluctuations are present in the system. Such studies are in the realm 

of non-equilibrium statistical thermodynamics where many basic questions are still unanswered. 

The study of the motion of single molecules under fluctuations are important to verify the single-

molecule experimental results and non-equilibrium thermodynamics principles.3-6 Here, in this 

chapter of the thesis, we present a study on the motion a model particle under thermal 

fluctuations where fluctuation theorems are invoked. 

In the field of statistical mechanics, fluctuation theorems have been a topic of interest for 

systems driven away from thermal equilibrium by the action of an external time-dependent 

perturbation.7-9 These theorems have been studied both theoretically and experimentally.10-11 A 

consequence of the fluctuation theorem is the Jarzynski’s equality,12-13 which has been tested in 

many experiments such as mechanically unfolding a single RNA molecule reversibly and 

irreversibly between two conformations.10-11 The fluctuation theorem (FT) states that if a system 

is in a state of thermal equilibrium and if it is driven away from equilibrium by an external force, 

then  some physical quantity X such as heat or work or entropy production associated with it8, 14 

follows the following relation 

( )

( )
= 𝑒       …[Eq. 6.1] 

where P(X) refers to the probability densities, the + and − signs refer to the original and the time-

reversed process.15 The probability distributions of the dissipated energy in the study of the non-

equilibrium thermodynamics of a metallic single-electron box16-17 were found to obey the 

Jarzynski theorem12 and the Crooks fluctuation theorem.15 Fluctuation theorems can be of two 
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types, steady state,18 and transient.19The above equation is most commonly referred to as the 

detailed fluctuation theorem (DFT). Based on the principles of stochastic thermodynamics for 

diffusive motion, a proof of this relation was given by Kurchan20 and Spohn et al.21 In all these 

cases, entropy production is only associated with the entropy change in the medium, and the 

above relationship holds asymptotically only in the long-time limit. If one includes the entropy 

change of the system, then the total entropy production has two contributions. Firstly, the heat 

dissipated can be associated with the change of entropy in the medium along a single trajectory, 

and secondly, there is trajectory dependent entropy of the system. The total entropy production is 

thus a sum of these two quantities. Seifert has shown that the total entropy production along a 

single trajectory for a system driven out of equilibrium by some time-dependent force follows 

the integral fluctuation theorem (IFT), 〈𝑒 ∆ 〉 = 1.22-23 The dynamics of such a system has 

been modeled by the over damped motion of a single colloidal particle governed by the Langevin 

equation. The fluctuations in the total entropy production have been studied for various systems 

that are initially in a state of thermal equilibrium with the heat bath.24 It has been shown that the 

detailed fluctuation theorem holds well when the Brownian particle in a harmonic trap is 

subjected to an external time dependent force or for a particle in a dragged harmonic oscillator.25 

For all these cases, the dynamics of the particle is governed by the ordinary Langevin equation 

with an additive Gaussian white noise. The distribution of the entropy production has been 

measured experimentally for a number of systems, such as for a colloidal particle driven by a 

constant force along a periodic potential.26 It has been verified that if the distribution of the total 

entropy production, (∆𝑠 ) is Gaussian then the IFT holds good. 

 In this chapter, we test the validity of the fluctuation theorems for the total entropy 

production in a system embedded in a non-Markovian heat bath. The validity of the non- 

equilibrium work fluctuation theorems for oscillators in non-Markovian heat baths has been 

tested earlier Mai and Dhar by calculating the work distribution functions.27 Very recently 

Aquino has shown that the transient work fluctuation theorem is valid for a charged Brownian 

harmonic oscillator embedded in a non-Markovian heat bath and under the action of crossed 

electric and magnetic fields.28 Also, using the concepts of stochastic thermodynamics,  the 

Jarzynski relation was proved for non-Markovian systems with memory.29 Fluctuation theorems 

for non-equilibrium quantum processes have been studied using an open system approach. It has 

been suggested that memory effects lead to the correlation between the single trajectories of 



81 
 

entropy production and result in a correction of the well-known fluctuation theorem for entropy 

production.30All such Markovian and non-Markovian contributions are taken into account for 

deriving the fluctuation theorems for entropy production. In this study, to capture the effects of 

the non-Markovian nature of the heat bath at a constant temperature, we model the dynamics of 

the system by the generalized equation motion (GLE) with an associated memory kernel.31We 

find that in the presence of a non-Markovian heat bath, a renormalized temperature term is 

necessary to support the validity of the fluctuation theorem of total entropy production. 

In Section 6.2, we present our theoretical model to study the dynamics of a single 

colloidal particle using the GLE with colored noise. We derive the Fokker-Planck(FP) equation 

and propose its solution. We use this solution to obtain the mean and variances of position and 

work and calculate the total entropy production. In Section 6.3, we obtain the probability 

distribution of total entropy production and test the validity of the fluctuation theorems. In 

Section 6.4, we conclude our results. 

6.2 Model 

The primary objective of the present study is to probe the validity of the non-equilibrium 

fluctuation relations for the distribution of the total entropy production along a single trajectory. 

In order to model non- equilibrium fluctuations in a non–Markovian heat bath, we consider a 

harmonic oscillator of mass m in thermal contact with a Gaussian colored-noise heat bath and 

acted upon by a time-dependent force f(t).32 This  system serves as a model for an optically 

trapped colloidal particle dragged through a viscoelastic medium, and its dynamics are defined 

by the generalized Langevin equation:32 

𝑚�̈�(𝑡) = −𝑘𝑥(𝑡) + 𝑓(𝑡) − 𝜁 ∫ 𝑑𝑡 𝐾(𝑡 − 𝑡 )�̇�(𝑡 ) + 𝜃(𝑡)   …[Eq. 6.2] 

Here, 𝑥(𝑡)is the position of the oscillator at time t, k is the force constant of the harmonic well, 𝜁 

is the friction coefficient of the particle, and 𝜃(𝑡)is a Gaussian random variable with 〈𝜃(𝑡)〉 = 0. 

The memory kernel K(t) satisfies the fluctuation-dissipation relation  and is given by  

〈𝜃(𝑡)𝜃(𝑡′)〉 = 𝜁𝑘 𝑇𝐾(|𝑡 − 𝑡′|),    …[Eq. 6.3] 

where T is the temperature of the reservoir and 𝑘  is the Boltzmann’s constant.  If  𝜃(𝑡) were the 

white noise, and f(t) a force pulling the oscillator at a constant speed u  (such that f(t) equal to  
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kut), Eq. 6.2 (with the inertial term neglected) would describe the model  treated by Mazonka 

and Jarzynski.13 As discussed in Section 6.1, the total entropy production involves the entropy of 

the system as it evolves in response to the effects of the time-dependent force and also the 

entropy production in the surrounding medium. According to the stochastic thermodynamic 

approach, the change in the internal energy ∆𝑈 and the heat dissipated Q to the bath along a 

stochastic trajectory x(t) are related by  

𝑄 = 𝑤 − Δ𝑈         …[Eq.6.4] 

where the change in internal energy ∆𝑈 = 𝑈(𝑥, 𝑡) − 𝑈(𝑥  ,0) . This is the first law of 

thermodynamics. 

In this article, we restrict our attention to the thermodynamic work27 defined as 𝑤(𝑡) =

− ∫ 𝑥(𝑡 )𝑓̇ (𝑡 )𝑑𝑡′ for a given stochastic trajectory for time t. In general, using the method of 

Laplace transforms, we can solve Eq. 6.2 for x(t) and is given by 

𝑥(𝑡) = 𝑥 𝜒(𝑡) + 𝑣 𝑑𝑡 𝜒(𝑡 − 𝑡 )𝜉(𝑡 ) +
1

𝑚
𝑑𝑡 𝜒(𝑡 − 𝑡 )𝜆(𝑡 ) +

1

𝑚
𝑑𝑡 𝜒(𝑡 − 𝑡 )𝛾(𝑡 ) 

…[Eq. 6.5] 

where 

𝜒(𝑡) is the inverse Laplace transform of the function �̂�(𝑠) = 1/ 𝑠 + (𝑘/𝑚)/ 𝑠 + 𝜁𝐾(𝑠)/𝑚 , 

𝜉(𝑡) is the inverse Laplace transform of  the function 𝜉(𝑠) ≡ 1/ 𝑠 + 𝜁𝐾(𝑠)/𝑚 , and the 

functions  𝜆(𝑡)and   𝛾(𝑡)are defined as    

𝜆(𝑡) = ∫ 𝑑𝑡 𝜉(𝑡 − 𝑡 )𝑓(𝑡 )        …[Eq. 6.6] 

𝛾(𝑡) = ∫ 𝑑𝑡 𝜉(𝑡 − 𝑡 )𝜃(𝑡 )  .       …[Eq. 6.7] 

To obtain the Fokker-Planck equation for Eq. 6.2 we define the density distribution function as: 

𝑃(𝑥, 𝑤, 𝑡) = 〈𝛿 𝑥 − 𝑥(𝑡) 𝛿(𝑤 − 𝑤(𝑡))〉      …[Eq. 6.8] 

Then using the properties of a delta function and differentiating Eq. 6.8 we get 
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𝜕

𝜕𝑡
𝑃(𝑥, 𝑤, 𝑡) = −

𝜕

𝜕𝑥
〈𝛿 𝑥 − 𝑥(𝑡) 𝛿 𝑤 − 𝑤(𝑡) �̇�(𝑡)〉 −

𝜕

𝜕𝑤
〈𝛿 𝑥 − 𝑥(𝑡) 𝛿 𝑤 − 𝑤(𝑡) �̇�(𝑡)〉 

           …[Eq. 6.9] 

From the expression for the evolution of w(t) we have �̇�(𝑡) = −𝑓̇(𝑡)𝑥(𝑡) and the equation for 

�̇�(𝑡) is derived from Eq. 6.5. The result is  

�̇�(𝑡) = −𝜂(𝑡)𝑥(𝑡) + 𝑣 𝜇(𝑡) + 𝜙(𝑡) + 𝜓(𝑡)      …[Eq. 6.10] 

where     𝜂(𝑡) = −
̇ ( )

( )
 

𝜇(𝑡) = 𝜒(𝑡)
𝑑

𝑑𝑡

𝜒(𝑡 − 𝑡 )𝛾(𝑡 )

𝜒(𝑡)
𝑑𝑡′ 

𝜙(𝑡) =
𝜒(𝑡)

𝑚

𝑑

𝑑𝑡

𝜒(𝑡 − 𝑡 )𝜆(𝑡 )

𝜒(𝑡)
𝑑𝑡 

𝜓(𝑡) =
𝜒(𝑡)

𝑚

𝑑

𝑑𝑡

𝜒(𝑡 − 𝑡 )𝛾(𝑡 )

𝜒(𝑡)
𝑑𝑡′ 

By substituting for  �̇�(𝑡)and �̇�(𝑡) in Eq. 6.9 and using functional methods we obtain the Fokker-

Planck(FP) equation associated with the GLE (Eq. 6.4). 31 

𝜕

𝜕𝑡
𝑃(𝑥, 𝑤, 𝑡) = 𝜂(𝑡)

𝜕

𝜕𝑥
𝑥𝑃(𝑥, 𝑤, 𝑡) −

𝐴(𝑡)

𝑘

𝜕

𝜕𝑥
𝑃(𝑥, 𝑤, 𝑡) +

𝑘 𝑇

𝑘
𝜂(𝑡)

𝜕

𝜕𝑥
𝑃(𝑥, 𝑤, 𝑡)

+ 𝑥𝑓̇(𝑡)
𝜕

𝜕𝑤
𝑃(𝑥, 𝑤, 𝑡) 

…[Eq. 6.11] 

where the  function  A(t) is defined as 

A(𝑡) ≡ 𝜒(𝑡) ∫ 𝑑𝑡′
( )

    …[Eq. 6.12] 

The mean, variances, and cross-correlations of the position and work are obtained from the 
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following relations: 

�̅�(𝑡) = ∫ 𝑑𝑥 ∫ 𝑑𝑤𝑥𝑃(𝑥, 𝑤, 𝑡)     …[Eq. 6.13a] 

𝑤(𝑡) = ∫ 𝑑𝑥 ∫ 𝑑𝑤𝑤𝑃(𝑥, 𝑤, 𝑡)       …[Eq. 6.13b] 

𝜎 (𝑡) = ∫ 𝑑𝑥 ∫ 𝑑𝑤𝑃(𝑥, 𝑤, 𝑡)(𝑥 − �̅� )      …[Eq. 6.13c] 

𝜎 (𝑡) = ∫ 𝑑𝑥 ∫ 𝑑𝑤𝑃(𝑥, 𝑤, 𝑡)(𝑥𝑤 − �̅�𝑤)      …[Eq. 6.13d] 

𝜎 (𝑡) = ∫ 𝑑𝑥 ∫ 𝑑𝑤𝑃(𝑥, 𝑤, 𝑡)(𝑤 − 𝑤 )      …[Eq. 6.13e] 

These equations can be expressed as ordinary differential equations. Imposing certain initial 

conditions �̅�(0) = 𝑥  , 𝜎 = 𝑘 𝑇/𝑘 and 𝑤(0) = 𝜎 (0) = 0, 𝜎 (0) =  0, the differential 

equations can be solved for the moments and is given by              

�̅�(𝑡) = 𝑥 𝜒(𝑡) − ∫ 𝐺(𝑡 − 𝑡 )𝑓(𝑡 )𝑑𝑡′…[Eq. 6.14a] 

𝜎 (𝑡) = (1 − 𝜒 (𝑡))     …[Eq. 6.14b] 

𝑤(𝑡) = ∫ 𝑑𝑡′ ∫ 𝑑𝑡′′𝑓̇(𝑡′)𝐺(𝑡′ − 𝑡′ )𝑓(𝑡 ) − 𝑥 ∫ 𝑑𝑡′𝜒(𝑡′)𝑓̇(𝑡′)  …[Eq. 6.14c]
 

𝜎 (𝑡) = − ∫ 𝑑𝑡 𝑓̇(𝑡 )
( )

( )
𝜎 (𝑡 )

    
…[Eq. 6.14d] 

𝜎 (𝑡) = −2 ∫ 𝑑𝑡 𝑓̇(𝑡′)𝜎 (𝑡′)    …[Eq. 6.14e] 

where 𝐺(𝑡) ≡ �̇�(𝑡). 

The solution of Eq. 6.11 gives the joint probability distribution 𝑃(𝑥, 𝑤, 𝑡|𝑥 )of arriving at 

position x and performing work w at time t such that x= x0 at t= 0 and w(t= 0)= 0 and satisfies the 

initial condition 𝑃(𝑥, 𝑤, 𝑡|𝑥 ) = 𝛿(𝑥 − 𝑥 )𝛿(𝑤) . This expression in terms of the moments of 

position and work is given by35 

𝑃(𝑥, 𝑤, 𝑡|𝑥 ) = 𝑒𝑥𝑝 − 𝐷 𝑥 − �̅�(𝑡) + 2𝐷 𝑥 − �̅�(𝑡) 𝑤 − 𝑤(𝑡) + 𝐷 𝑤 −

𝑤(𝑡)           …[Eq. 6.15] 
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where the constants  𝐷  are the elements of the matrix 

𝐷 =
𝐶𝜎 (𝑡) −𝐶𝜎 (𝑡)

−𝐶𝜎 (𝑡) 𝐶𝜎 (𝑡)
       …[Eq. 6.16] 

with 𝐶 = det 𝐷 = [𝜎 (𝑡)𝜎 (𝑡) − 𝜎 (𝑡)] .  

 

6.3 Entropy Production Theorem 

 

The non-equilibrium Gibbs entropy S of the system is defined as25 

𝑆(𝑡) = − ∫ 𝑑𝑥𝑃(𝑥, 𝑡) 𝑙𝑛𝑃(𝑥, 𝑡) = 〈𝑠(𝑡)〉      …[Eq. 6.17] 

This will give as a definition of the trajectory dependent entropy of the system 

𝑠(𝑡) = −𝑙𝑛[𝑃(𝑥, 𝑡), 𝑡]        …[Eq. 6.18] 

where probability density P(x, t) can be obtained from Eq. 6.15 

𝑃(𝑥, 𝑡) = ∫ 𝑃(𝑥 , 0)𝑃(𝑥, 𝑡|𝑥  )𝑑𝑥        …[Eq. 6.19] 

 The marginal probability distribution 𝑃(𝑥, 𝑡|𝑥 )can be obtained by integrating Eq. 6.15 over w 

such that 

𝑃(𝑥, 𝑡|𝑥  ) = ∫ 𝑃(𝑥, 𝑤, 𝑡|𝑥 )𝑑𝑤 = 𝑒𝑥𝑝 −
( ̅)

    …[Eq. 6.20] 

where �̅� and 𝜎  are given in Eq. 6.15. The initial distribution of the particle positions 𝑃(𝑥 , 0) at 

equilibrium is a Gaussian and is given by 

                         lim →∝ 𝑃(𝑥 , 0) = 𝑒𝑥𝑝 −
( )

    …[Eq. 6.21] 

where 𝜎 (𝑡 → ∞) =  and �̅�(𝑡 = 0) = 𝑥  

Using Eq. 6.20 and 6.21 in Eq. 6.20, we have  
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𝑃(𝑥, 𝑡) = 𝑒𝑥𝑝 −
( ̅)

                                                                            …[Eq. 6.22] 

The change in the entropy of the system for a trajectory during time t is given by 

Δ𝑠 = −𝑙𝑛 ( , )

( , )
         …[Eq. 6.23] 

Using Eqs. 6.21 and 6.22 in Eq. 6.23 we have 

Δ𝑠 =
( ̅) ( )

        …[Eq. 6.24] 

The change in entropy of the surrounding medium over some time interval is 

Δ𝑠 = (𝑤 − Δ𝑈) = 𝑤 − 𝑘𝑥 + 𝑘𝑥 + 𝑓(𝑡)𝑥     …[Eq. 6.25] 

Assuming that the Boltzmann constant kB is absorbed in the temperature T, from Eq. 6.24 and 

6.25, the total entropy change over a time duration t is given by 

Δ𝑠 = 𝑤 + 𝑘�̅� − 𝑘𝑥 + 𝑓(𝑡)𝑥 − 𝑘𝑥�̅� + 𝑘𝑥 𝑥     …[Eq. 6.26] 

The mean value of ∆𝑠  is given by 

Δ𝑠 = 𝑤 − 𝑘�̅� + 𝑘𝑥 + 𝑓(𝑡)�̅�       …[Eq. 6.27] 

where �̅� and 𝑤 are defined in Eq. 6.14a and 6.14c. 

If we assume that there is no force at t= 0, then 𝑥 =
𝑓(0)

𝑘 = 0, and the expression for the 

average total entropy production reduces to Δ𝑠 = 𝑤 − 𝑘�̅� + 𝑓(𝑡)�̅� . This is identical to 

the expression obtained by Saha et al.25in the Markovian limit. The variance in the change of 

total entropy is given by 

  𝜎 = Δ𝑠 − Δ𝑠       …[Eq. 6.28] 

Using Eq. 6.26 and Eq. 6.27 and assuming 𝑥 = 0 , the variance of the total entropy  

production can be expressed as 
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𝜎 = + +
( ̅)

+
̅ ̅

      …[Eq. 6.29] 

which is not equal to 2Δ𝑠   as obtained in the Markovian case. 25 

For stochastic processes in Markovian systems in the white noise limit and also for non- 

Markovian systems with memory27 the following relations for work fluctuations are obeyed. 

𝜎 = 2𝑇 𝑤 +
( )

         …[Eq. 6.30a] 

 and 

𝜎 = 𝑘�̅� − 𝑓(𝑡)          …[Eq. 6.30b] 

Substituting the above two relations in Eq. 6.28 we have 

𝜎 = 𝑤 − 𝑘�̅� + 𝑓(𝑡)�̅�        …[Eq. 6.31] 

which is equal to 2Δ𝑠 . 

Thus, it reduces to the relation as obtained in the white noise limit. 

  

6.4 Total Entropy Distribution Function 

 

It has been shown earlier that the transient fluctuation theorem(TFT) for the probability 

distribution for the mechanical work holds good for both stochastic Markovian9, 13, 15 and non- 

Markovian systems.27 In this section, we would like to investigate the TFT for the probability 

distribution of the total entropy production. Following the approach provided by Mazonka and 

Jarzynski,13 the probability of the distribution of the total entropy production is given by 

   𝑃(𝑋) =   ∫ 𝑑 𝑤𝛿(𝑋 − ∆𝑠 ) ∫ 𝜌(𝑥 ) 𝜌(𝑤, 𝑡|𝑥 )𝑑𝑥     …[Eq. 6.32] 

where X is the total entropy change ∆𝑠  in a finite time segment and 𝑃(𝑋) is the distribution of 

the values of X over many such segments for a finite time interval. 

The initial distribution of the particle’s position is a canonical distribution, 
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                𝜌(𝑥 ) = 𝑒𝑥𝑝 − 𝑘𝑥 2𝑇⁄       …[Eq. 6.33] 

and 

                𝜌(𝑤, 𝑡|𝑥 ) = ∫ 𝑑𝑥𝑃(𝑥, 𝑤, 𝑡|𝑥 ) = 𝑒𝑥𝑝[− (𝑤 − 𝑤) 2𝜎⁄ ]  …[Eq. 6.34] 

Substituting Eq. 6.33, and Eq. 6.34 in Eq. 6.32 

                        𝑃(𝑋) = ∫ 𝑑 𝑤𝛿(𝑋 − ∆𝑠 ) 𝑒𝑥𝑝 −
( )

   …[Eq. 6.35] 

If  𝑥 = 0,  then according to Eq. 6.24,   ∆𝑠 = 0 . Hence  ∆𝑠 = ∆𝑠  .  

From Eq. 6.25, w is given by 

                            𝑤 =
∆

+ (𝑥 − 𝑥 − 2𝑓(𝑡)𝑥)     …[Eq. 6.36a] 

and   𝑤 =
∆

−
̅
      …[Eq. 6.36b] 

where 𝑓(𝑡) = 𝑘�̅�(𝑡). 

Substituting these relations in Eq. 6.34 and using  ∆𝑠 = ∆𝑠  the probability distribution of 

the total entropy production can be written as 

 𝑃(𝑋) = ∫ 𝑑 ∆𝑠 + (𝑥 − 𝑥 − 2𝑓(𝑡)𝑥) 𝛿 𝑋 − ∆𝑠 +  (𝑥 − 𝑥 −

2𝑓(𝑡)𝑥 + �̅� ) 𝑒𝑥𝑝 −
∆  ( ) ̅ ∆

   …[Eq. 6.37] 

Using the properties of the delta function, ∫ δ x − (a + z) f(a + z)da = f(x), the probability 

distribution reduces to  

                                 𝑃(∆𝑠 ) = 𝑒𝑥𝑝 −
(∆ ∆ )

    …[Eq. 6.38] 
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and 

(∆ )

( ∆ )
= 𝑒 ∆          …[Eq. 6.39] 

where Ω =  

Thus, the transient fluctuation theorem for total entropy production has a coefficient Ω which 

contains a renormalized temperature term. This is the consequence of the non-Markovian 

characteristics of the heat bath that leads to the deviation in the DFT as described in Eq. 6.1.  

For Markovian systems, 𝜎 = 2𝑇 𝑤 +
( )

= Δs  

Using this relation, Ω reduces to unity in the white noise limit.  

6.5 Conclusions 

 

In this work, the motion of a colloidal particle subjected to an external time-dependent dragging 

force is modeled by the GLE with a memory kernel that accounts for the non-Markovian nature 

of the heat bath. In the limit of white noise, the mean value of the total entropy production and 

the variance in the change of total entropy agrees with earlier results for a Markovian system. 

The probability of total entropy production 𝑃∆  satisfies the TFT with a renormalized 

temperature term.Experimental measurement of the entropy production distribution for a single 

colloidal particle in a toroidal geometry has reported the validity of the fluctuation theorems for 

short trajectories.26 The probability distributions of entropy production were calculated in the 

presence of a velocity-dependent active force using MD simulations and it was found that these 

distribution functions obey the corresponding fluctuation theorems.24 In all such studies, the 

validity of the entropy production FT was tested only in the Markovian limit. Recently Aquino 

and Velasco32 have studied the total entropy production of a Brownian particle embedded in a 

non- Markovian heat bath under two physically relevant conditions. It was showed that non-

Markovian characteristics of the heat bath lead to non-Gaussian distribution of the production of 

total entropy and the fluctuation theorems are valid only in the white noise limit. Our analytical 

results show that the FT for systems with memory contains a renormalized temperature term. If 
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one considers that the work relations holds good which is true even for the non- Markovian 

case,27 this term reduces to unity and the well-known TFT  is satisfied. Such renormalization 

term has been found to be useful in verifying fluctuation theorems experimentally in mesoscopic 

electric circuits.32 
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7.1 Conclusions and Future Outlook 

 

The problem of polymer translocation has a multifaceted approach due to the 

involvement of multiple variables and a probable technological application. In this thesis, we 

have looked into cases like polymer-pore interactions and end-pulled translocations with simple 

bead-spring polymer and rigid wall model. Our study mainly focused on mimicking the single 

molecule experimental situations carried out by external driving forces through voltage 

differences and optical or magnetic tweezers. The Langevin dynamics simulations revealed the 

importance of different stages of translocation when the pore and the polymer charge 

distributions are changed through translocation time calculations and free energy calculations. 

The pulled translocation showed the quantitative waiting times of the monomer beads on the 

pore and the tension propagation along the backbone of an uncharged polymer. 

The actual process of polymer translocation is complicated by the effects of ions in the 

solution and the crowding of the other entities in the in vivo conditions. The properties of the 

polymer chains are still quite different in cellular conditions than the one used in our molecular 

dynamics simulations. They are very sensitive to the minute changes in the environment too.  

Broadly, the future theoretical and computational translocation studies will be interesting 

from three more areas. Firstly, the effect of force on the chain conformations when the polymer 

is out of its equilibrium configuration. People have so far considered the equilibrated chain and 

applied a high magnitude of force to drive the translocation. In reality, the polymer chain in 

experiments and in vivo conditions floats around which is impacted by many local effects like 

shear flow, local ion concentration, electrostatic interaction, etc. Due to such effects, the polymer 

may remain in an unequilibrated configuration. The dynamics of the polymer translocation 

remains unanswered when the translocation time of the chain is much faster compared to the 

chain relaxation time from such an unequilibrated state. In that case, conformational fluctuation 

rates towards equilibration of the chain will impact the translocation times and the overall 

translocation dynamics.  

The second compelling case would be to study this process in detail, considering a fully 

atomistic model for various kinds of pore proteins and bio-polymers where more chemical 

details are included. This will consist of the study of hetero-polymers. The real application of the 



94 
 

translocation study lies in the study heteropolymers as most of the polymers in nature constitutes 

with different kinds of monomer beads. 

The third area is when there are configurational differences in the polymer chain. So far, 

the translocation problem has been looked into mostly with single file motion of linear chains. 

But the translocation experiments are envisaged as a useful technique for detection purposes. The 

various kinds of configurations of the polymers like star polymers, ring polymers, polymers with 

knots are rarely studied for translocation purposes. In experiments, the detection of such 

polymers can be done via translocation studies with different current signals.  

Overall, the polymer translocation still has few open ends, which are of importance to the 

theorist and experimentalist due to its potential future application.  
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