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ABSTRACT

Entanglement entropy has emerged as an important quantity in quantum field
theory. In this report, we present some aspects of entanglement entropy in the
context of string theory. We assume the AdS/CFT Correspondence. String theory
has provided a microscopic description of black hole entropy in the case of certain
black holes. We examine the relation between the black entropy and entanglement
entropy. This relation is described in detail for a special case and comments are
made about approaches in finding such a relation in general case. In the second and
the main part of this report, we present some first and original attempts at studying
the modular invariance of Rényi and entanglement entropies. We clarify subtle
issues in the application of Replica Trick to theories at finite temperature. We
propose a modular invariant expression for entanglement entropy for free fermion
conformal field theories in 2 dimensions, with a finite size entangling interval and
finite temperature. We study single Dirac fermion, two correlated Dirac fermions
and multiple correlated Dirac fermions in detail. Comments are also made about
the T-duality invariance and modular invariance of the Rényi entropy for a single
free boson CF'T. Our proposal is shown to obey several tests and is consistent with
known answers in limiting situations.
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Chapter 1

Introduction

1.1 Entanglement Entropy

Classical dynamics of physical systems differs markedly from their quantum
dynamics. The classical framework does not predict quantization of energy levels in
atoms, interference between particles, etc. which are regularly seen in experiments
and which are an integral part of the quantum framework. But, many consider
the distinguishing characteristic of the quantum nature of physical systems to be
‘quantum entanglement’ [T].

Quantum entanglement is the strong non-local correlation that exists between
parts of a composite quantum system. Measurements of observables performed on
the parts are found to be strongly correlated, even though before the measurement,
the parts may be separated by arbitrarily large distances. This comes as a simple
consequence of the fact that even if the whole system can be represented as a ray
in some Hilbert space, the parts may not have such a description.

Then, if quantum entanglement is the distinguishing characteristic of quantum
systems, how does one quantify it? Quantifying this property of quantum systems
will eventually help us say which of two given systems is more “quantum". The
answer to the above question was given by John Von Neumann, who generalized the
expression for Shannon’s Entropy in information theory to Entanglement Entropy
(EE) in quantum theory. Entanglement entropy, which is also called Von Neumann
entropy, is defined as follows:

Consider a quantum system in a pure state |0). The density matrix in this
state is

p = 10)(0] (1.1)
Let A and B be two parts of the quantum system such that the total Hilbert
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space of the quantum system is a direct product of the Hilbert spaces for each of
the parts A and B H = H4 X Hp. Then the reduced density matrix for the part
A is defined as follows by tracing over the degrees of freedom belonging to part B:

pa :Ter (12)

The entanglement entropy of the quantum system with respect to the bipar-
tition A, B is then defined as the Von Neumann entropy of the reduced density
matrix of A. This is given as:

Sa=—=Tra(palogpa) (1.3)

If the quantum system was initially in a pure state |0), it turns out that S, =
S, where Sp is defined similar to S4 except that the partial trace is now over the
degrees of freedom in A.

Entanglement entropy defined as above is not a good measure of quantum
entanglement between the partitions A and B if the quantum system is initially in
a mixed state. There are other quantitative measures of quntum entanglement |2]
which one can use in such a case.

1.2 Rényi Entropy

Entanglement entropy can be generalized so as to be applicable to a wider class
of systems. Rényi entropy is one such generalization. It is defined as [3] :

Sulpa) = 7 log (T4 (pa") (14)

-n

where n>0 and n # 1.

In the limit n — 1, the Rényi entropy reduces to the entanglement entropy.
One of the most important motivation to study Rényi entropy is the fact that it is
difficult to calculate log p4. The Rényi entropy on the other hand has p4™ which is
not as difficult. Furthermore, the Rényi entropies for different values of n give us
a more refined information about the reduced density matrix p4 - the knowledge
of S4" for all n is equivalent to knowing the full eigenvalue distribution of p4.



1.3 Entanglement in quantum field theory

Consider a lattice quantum theory in one space and one time dimension, ini-
tially on the infinite line. Let the lattice spacing be € and the lattice sites be
labelled by a discrete variable z. Let time ¢ be continuous. Let {¢(z)} denote a
complete set of commuting observables in the lattice theory under consideration.
€ — 0 will be the limit in which we get the quantum field theory.

Consider the lattice theory at zero temperature. The theory is then in a pure
state. The density matrix of the lattice quantum theory in this state is given by:

p({or@}ioae}) = 7 (fa(elle ™ a2} (1.5

where Z = Tre~* is the partition function of the lattice quantum theory.
This may be expressed in the standard way as a path integral:

p= %/W(fc?m [T 56, 0) = da(w2)) [[ 5(e(,0) = du (1)) e (1.6)

where S = fooo Ldt , with L being the Lagrangian. We note an important point
here - the partition function comes with a boundary condition (say in the presence
of a branch cut).

To define the entanglement entropy of the lattice quantum theory, we consider
a bipartition of the theory into two parts A and B. Let the subsytem A be the
set of all the points x in the interval (uy,v;) . Then an expression for the reduced
density matrix p4 may be found from equation by sewing together only those
points z which are not in A. This will leave open cut for the interval (uq,v;) along
the line ¢t = 0.

Now we compute the Rényi entropy using the replica trick [4]. We make n
copies of the above geometrical structure, and compute Trp4™ by sewing the copies
together cyclically along the cuts so that ¢1(x)x) = ¢2(z)@+1) for all x in A. Let
Zn(A) denote the path integral on this n-sheeted Riemann surface. Whether we
keep the same or different boundary conditions over the n replicas is an important
issue we will address as we go along. Then

Zy(A)
Trp = 1.7
rpa 7n ( )
The Rényi entropy is then given by:
1 1 Zn(A)
= log (Trp?) = 1 1.
0= 0w (Tt = 1 og (220 (18)



Using the above equation for Rényi entropy, we can obtain the entanglement
entropy of the lattice quantum theory by taking the limit n — 1.

Lz 024
ST e T = T g e

(1.9)

Since Trp% = >, A" where A are the eigenvalues of ps (which lie in the in-
terval [0,1)) and since Trps = 1, the left hand side of the above equation is
absolutely convergent and therefore analytic for all Ren > 1. Then, we can also
take the derivative wrt to n and then take the limit. Thus the procedure to get
the entanglement entropy from the Rényi entropy is well-defined.

Recall the lattice spacing € of the lattice quantum theory. This acts as the UV
cutoff and the limit € — 0 gives us the entanglement entropy of the quantum field
theory.

1.4 Some results about entanglement entropy

In this section, we review two main results about entanglement entropy. We
work in 141 dimensions because in this case the special nature of the 1+1 dimen-
sional conformal group has facilitated the calculations of the entanglement entropy.
The first case refers to a finite-sized entangling interval in a finite-sized system at
zero temperature. The second case refers to a finite-sized entangling interval in an
infinitely long system with finite temperature 5~!.

1. Consider a 1+1 dimensional quantum field theory at critical point (thus it
is a conformal field theory). Let the whole system have a finite length L
and the subsystem A be a single interval of length [ in the system. Suppose
we impose periodic boundary conditions on the whole system. Then the
entanglement entropy of the system is given by [4]:

Sa = glog <<i> sin (%)) +d (1.10)

2. Consider a 1+1 dimensional quantum field theory. Let L — oo. Let the
system be in a thermal state (mixed state) at a finite temperature % Let
the subsytem A be again an interval of length [. Then the entanglement

entropy of the system is given by [4]:
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Sy = glog ((%) sinh (%)) + ¢ (1.11)

As observed in [4], the constant ¢} is the same in both cases.

In second part of this report (chapters [3|, [4], [5] ), we will present some
original attempts in trying to derive the expressions for entanglement entropy in
1+1 dimensional free fermion conformal field theories, with a finite length interval
as the entangling interval in a finite-sized system at a finite temperature.

1.5 Black holes in string theory

Black holes have an entropy associated to them. In the early 1970’s, a remark-
able similarity was found between laws of thermodynamics and laws of black hole
mechanics. This led Bekenstein to conjecture that black holes have an entropy [5]:

1A

where [p = % is the Planck length.

This area law dependence of the black hole entropy is puzzling and has no
explanation in general relativity. Also, since the gravitational field inside a black
hole is very high, we expect general relativity to break down. Also, entropy is
inherently a quantum notion in the sense that even the thermodynamic entropy is
defined as a logarithm of the total number of quantum microstates available to the
particular thermodynamic macrostate. It is not clear why the microstates of the
black hole should localize near the horizon so as to give an area law dependence
to the entropy. These facts motivate us to expect that a full explanation of some
properties of black holes can only be found in a quantum theory of gravity.

In the late 1970’s and 1980’s, string theory emerged as one of the most promi-
nent candidate for a quantum theory of gravity. Since then, the study of black
holes in string theory has been focussed towards providing an account for the area
law and other properties of the black hole entropy. Black holes in string theory is
a vast topic and we give a very brief presentation here just so as to set the context
for chapter [2] where a special class of black holes is studied following [16].

Black holes in string theory come as solutions to string equations of motion.
Since there are gauge fields that form part of these solutions and the black holes
carry charge under these gauge fields, these are charged black holes. If a black hole
carries two charges, say electric (@) and magnetic (P), then it is called a dyonic
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black hole (or dyon) and its mass M, as is shown in [6], satisfies the relation
M > ay/Q? + P? where a is a constant that comes with the solution (technically,
the vacuum expectation value of a scalar field of the solution). The lower bound
on the mass is called Bogomol'nyi-Prasad-Sommerfield (BPS) bound [7].

Some black hole solutions in string theory satisfy the BPS bound. In [§], it
was shown that these BPS states describe extremal black holes. Extremal black
holes are special class of black holes with zero Hawking temperature. These will be
important for us as we discuss the entropy of these black holes in the next chapter.

In 1996, Strominger and Vafa [9] showed that one can excatly reproduce the
area law of the black hole entropy from string theory. Specifically, we start with
Type II string theory on K3 x S'. Black holes in these theories carry two charges.
Thus they are dyons. We then look for those solutions in string theory which
satisfy the BPS bound. One then counts the exact degeneracy of these states.
The entropy found from this is seen to exactly match the Bekenstein-Hawking
entropy of black holes as obtained from the low-energy effective action of the same
string theory.

1.6 The AdS/CFT Correspondence

Equation tells us that entropy in a spherical region of spacetime scales
as the square of the radius and not cube. This observation first gave rise to the
Holographic Principle - the statement that all the information inside a volume
can be represented as a ‘hologram’ so that the boundary gives all the information
contained in its bulk.

The AdS/CFT Correspondence [10], [T1], [12] is a concrete realization of the
Holographic Principle. It provides a relation between a string theory, which is a
theory of quantum gravity and superconformal field theory without gravity. More-
over, these theories live in different spacetime dimensions. As originally presented,
the AdS/CFT Correspondence states that - Type IIB string theory on AdSs x S°
(with appropriate boundary conditions) is dual to conformally invariant N' = 4
supersymmetric Yang-Mills theory defined on the 4-dimensional boundary of the
AdSs.

In terms of relating the parameters on both sides, the duality takes the form:

0
9s = Gy, a0 = %762 =N (1.13)

where gg is the string coupling constant, gy s is the Yang-Mills coupling con-
stant of the guage theory, ag is the constant value of a real scalar field in the string
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theory, @ is the instanton angle in the Yang-Mills theory, ) is the quantized flux
of the 5-form field strength in the string theory and N is the N of SU(N) - the
internal symmetry group of the Yang-Mills theory. The supersymmetry group of
AdS5 x S% is the same as that of the N' = 4 SYM theory in 3-+1 dimensions and the
operators in the SYM theory act as sources for the fields in the AdS; supergravity
theory.

The AdS/CFT Correspondence is remarkable in that it is a kind of strong-
weak duality. When the effective coupling g% ,, N becomes large, the perturbative
expansions in the SYM theory cannot be trusted but as gs@ becomes large in
this limit, the perturbative calculation done in supergravity on AdSs x S® can
be trusted. The flux ) measures the size of geometry in Planck units and hence
quantum effects in AdSs x S° correspond to % effects in the gauge theory. Thus
the AdS/CFT Correspondence is an important calculational tool, apart from being
an indicator towards more fundamental properties of quantum gravity.

More general statements of the AdS/CFT Correspondence also exist, which
relate string theory on some product space containing an AdS factor to conformal
field theory on the boundary of the AdS.

10



Chapter 2

QEF and entanglement entropy

It can be shown that entanglement entropy satisfies an area law [13], [14]:

S4 = constant

Area(0A)
2

€

+ subleading terms (2.1)

where € is the UV-cutoff and JA is the boundary of the entangling surface A

If we compare this to equation we see a similarity between leading terms
in entanglement entropy and black hole entropy.

Is this similarity a co-incidence? Black hole entropy, as we argued in Chapter
[1], can shed light on the nature of quantum gravity. We argue for the importance
of entanglement entropy in the present context as follows:

Consider a theory of supergravity as a low-energy limit of a string theory
defined in the bulk AdS spacetime. As per the AdS/CFT Correspondence, this
is equivalent to a strongly coupled quantum field theory with supersymmetry and
conformal invariance and defined on the boundary of the AdS spacetime. Now,
the distinguishing feature of a quantum field theory is quantum entanglement
which is quantified by the entanglement entropy. Because the quantum theory of
gravity defined in the bulk is equivalent to the boundary quantum field theory, the
“quantumness” in the bulk theory should somehow be related to the “quantumness”
in the boundary theory, which is measured by the entanglement entropy. Black
holes provide a natural partition of the Hilbert space of the universe into two and
hence one can measure entanglement entropy with such a partition. This, and the
area laws of the two entropy, motivates a relation between the black hole entropy
in the bulk gravity theory and the entanglement entropy in the boundary field
theory.

Having motivated why should black hole entropy and entanglement entropy be
related, in the context of the AdS/CFT Correspondence, we will review the work
[16] in this chapter where an exact equality was shown between quantum entropy
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of black holes in the bulk AdS spacetime (defined in the sections that follow) and
entanglement entropy in the boundary conformal field theory.

Such a relation is not known for general AdS;.,/CFT, setups. We describe
in the following sections a special case of the problem - that of the AdS,/CFT;.
Specifially, following [16], we review the state operator correspondence in CFT; |
entanglement entropy and the quantum entropy of extremal black holes in AdSs.

2.1 State Operator Correspondence

We know about radial quantization as a way to quantize a Conformal Field
Theory (CFT). Here, time runs along the radial direction. This makes it possible
to define a one-one map between local operators in the CFT on S? and states in
the same CFT on S9! x R. This is the State Operator Correspodence in a general
CFT [15]

If ¢ labels a coordinate on the cylinder S9! x R and 2z on S% then the map

2w
L

z=e (2.2)

takes us from S9! x R to S
If ¢(z,2) is a field operator in a CFT on S¢, it corresponds to the following
state in the CFT on S9! x R

2,2—0

Now consider the case of CFT} - 0+1 dimensional CFT.

If we start with the CF'T on S?, the state operator correspondence becomes a
map from local operators on S! to states defined in the same CFT on S° x R.

This can be thought of as a map from operators on the Hilbert space H,. of
CFT1 to states in the product Hilbert space H; X Hs. The Hilbert spaces H., H1,
Ho are all isomorphic to each other.

The mapping from S* to S° x R is -

17
o +iT =2 tan" ! tanh (%) (2.4)

where 0 € [0,27] ; 0 = —m,0 and —00 < T < 0.
Because C'F'T} is defined only at one spatial point, all operators in C'F'T} are
local. If M is an operator at ¢ = —7 on S1, it gets mapped to the state -

|M)) = Map [a)y X [b)2 (2.5)
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where M,, = (a|M|b) , the states |a) and |b) here are defined on H. and
summation is implied.

Because M is localized at § = —7%, the state [M)) is situated at 0 = —,
T = —00.

For the above state, reduced density matrix of the CF'T (obtained after tracing
over the states in the second copy of H) is -

par = (MM)qcla)(c| (2.6)

where the states |a) and |c) are now defined in H;

As a special case which we will refer to later on, consider the identity operator
on H.. This gets mapped to the state |I)) = |a); x |a) on S® x R. The reduced
density matrix corresponding to the state |I)) is p; = |a)(a|]. Thus the identity
operator gets mapped to a maximally entangled state.

The CFT defined on S! forms the boundary of Euclidean local AdS, and the
one defined on S° x R forms the boundary of Lorentzian local AdSs, spacetime. In
the following section we prove this statement by presenting AdSs metric in both
Euclidean and Lorentzian signature.

2.2 Different versions of AdS, spacetime

The objects of study in this chapter are a special class of black holes called
extremal black holes. Extremal black holes are those charged black holes whose
inner and outer horizons coincide. Equivalently, these are defined as black holes
with Hawking temperature Ty = 0. Since their Hawking temperature is zero, they
do not radiate and hence are stable. They are described by those solutions of
string theory which satisfy the BPS bound.

Furthermore, we are going to take near-horizon limit of these extremal black
holes. Near-horizon geometry, also sometimes called as the geometry near the
‘stretched horizon’ is thought to encode all the information about microstates of
the black hole [17]

We start with a Reissner-Nordstrom black hole solution in 341 dimensions.
We will take the near-horizon geometry of this 3-+1 dimensional black hole and
arrive at AdS, spacetime. The metric part of the Reissner-Nordstrom solution is:

2
ds* = — (1 — 9) (1 — 9) dr? + ( dp + 0 (d6* + sin*0 d¢®) (2.7)
1 __a

ZANASanICn
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where the length scales a and b refer to the inner and the outer horizons.

Now define new coordinates (¢, r) as [16]:-

t=T (2.8)

where ¢ = “T’b .

Now we want to take the near-horizon limit of the metric in its extremal
form. It is not obvious which limit - the near-horizon limit or the extremal limit -
is to be taken first in metric If we first take the extremal limit (a = b) and

then take the near-horizon limit, we will end up with metric:

2
ds® = c | —r’dt* + % +1? (df? + sin®0 d¢?) (2.9)
where ¢ is a constant.

But this is not the correct near-horizon metric because this way zero-energy
excitations at asymptotic infinities (r — 4o0) may be finite-energy excitations
close to the horizon (p — a). This is not allowed because AdS; cannot support
finite-energy excitations [I8]. This order of taking limits does not respect the
instability of AdS, to finite energy excitations.

Instead, as shown in [I6], the correct way to take near-horizon limit of this
black hole is to take ¢ — 0 defined through equation while keeping (¢,7)
fixed. This leads to the following near-horizon metric-

dr?

ds® = c [—(T2 —1)dt* + z=1)

+ 7% (d6* + sin®0 d¢2)} (2.10)
In this case, the constant ¢ = a®.
From now onwards, we will focus only on the AdS, part of this near-horizon

metric. Thus the near-horizon geometry of an extremal black hole contains a local
AdS, factor with metric-

ds* = a? [—(7‘2 — 1) dt* + d—ﬂ} (2.11)
GRS
upto a reparametrization, (¢,7) can be considered to be as the time and the
radial coordinate of the full black hole solution.
Black hole horizons are objects naturally defined in a global spacetime. So,
we have to find the global extension of the above local AdS; spacetime to study
the presence of horizons. Local AdS; spacetime can be extended to global AdS,

14



spacetime, keeping the signature of the metric Lorentzian. If (T,0) are global
coordinates, then the map which achieves this is-

t+
T+o=2tan"" tanh T" (2.12)

Wheren:%logg;g ;<o <0and —oo < T < 0.

The Lorentzian global AdS; metric we thus get is-

CL2
s— [—dT? + do?) (2.13)

sin“ o

ds® =

Geometrically, this represents an infinite strip, where the coordinate T runs
along the boundaries of the strip.

In our presentation of the AdS/CFT equivalence relating to near-horizon ge-
ometry of a black hole, we would be interested in defining partition function on
AdSs space. For this purpose, we need to know Euclidean versions of the local
and global AdS; metrics, which we present below.

In equation [(2.11)] if we put ¢ = —if, then we get the Euclidean local AdS,
spacetime -

ds* = a* | (r* — 1)df* + _a (2.14)
(=) |
If we define a new coordnate o = %, then the metric above takes the form-
4a?
2 _ 2 2 192

Since o = 0 has no conical singularity, 6 is periodic with period 27. Thus it is
clear that Fuclidean local AdS; space is a disk.

We can Euclideanize the global AdS; space as well. In equation put
T = —i7. Then

CL2
s— [dm* + do?) (2.16)

sin” o

ds® =

In the state operator correspondence in a CFT, we map a time coordinate
running along a real line to a circle. As the CFT we will consider will form
the boundary of the AdS spacetime, the state operator correspondence will map
the strip-like AdSsy spacetime to a disk-like spacetime, or the Lorentzian to the
Euclidean AdS,. This is the motivation behind presenting both Lorenzian and
Euclidean AdS; metrics.
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2.3 Quantum entropy of extremal black holes

When we study the entropy of black holes in string theory, the Bekenstein-
Hawking entropy equation turns out to be the leading contribution to the
black hole entropy. The Strominger-Vafa result [9] is proved in the case of large
charges of the dynonic black holes under study. The subleading corrections are
either due to the classical “stringy” nature of the theory (o’ corrections) or due
to the quantum nature of the strings (string loop corrections) (or both). There
have been several attempts to study these corrections to the Bekenstein-Hawking
entropy formula. Please see the review [19] for details about these.

These attempts have culminated in the so-called Quantum Entropy Function
(QEF). It gives us a way to compute the fully quantum corrected entropy of
extremal black holes [20)].

The partition function is (weighted) sum of degeneracies and hence is useful in
computing the statistical entropy. The near-horizon geometry of an extremal black
hole contains an AdS, factor and a compact manifold (denoted by K). The parti-
tion function Z44s, in this near-hrizon geometry is defined as a path integral over
all the string fields in AdS, x KC weighted by e %, where Sg is the Euclidean action
evaluated in the AdS;. In AdS; x K backround, using symmetry consideration,
the metric has a general form and the action becomes-

S~ ro2mvl + K) 4 2mvLl (2.17)

where 7y is an upper bound on the radius of Euclidean local AdSs, placed so as
to regularize the infinite volume of AdSs, v is a constant and L is the lagrangian
density integrated over AdS; coordinates. The term involving 7oK comes from the
boundary contribution to Sg with K being a constant.

We observe that the term linear in 7y is ambiguous since it can be changed by
changing the boundary terms. However the finite part in 7,44, is independent of
bounary terms and is unambiguous. We write -

Zhgs = e7mF (2.18)

Now we adopt a boundary condition where we fix the asymptotic electric field
configuration. In this case the path intergral defining Z 445, needs to weighted also

- [iqi § deAg“]

by a factor e . The partition function then becomes -

ZAng _ 67"0(27rv£+K—27ré"(f)+27r(é“-q’—U£) (219)

The finite part of the partition function now becomes-
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Zi;%;fe _ 2r(@q-vL) (2.20)

We define the quantum entropy function QFEF as -

QEF = zZ//4'¢ (2.21)

By the AdS/CFT Correspondence, the partition function of string theory on
AdSs x K is equal to that of the boundary C'F'T.

Zads, = Zormn (2.22)

If H is the Hamiltonian of the C'F'T1,

Zeprr = Tr (e7270M) = e7?mroko Z d(q) e 2T (2.23)
q

where Fj is the energy of the ground state of the C'F'Ty. As the spectrum of
extremal black holes have a gap separating the BPS ground states from the non-
BPS excited states, the extremal BPS black hole is described by a CF'T having a
similar gap and furthermore, a finite number d(¢) of energy states corresponding
to the charges ¢.

Therefore,

ZAd52 — o~ 2mroEo Z d(q~*) e 2meq (224)

q

Extracting the finite part of this full partition function and using equation

(2.21)]
QEF =Y d(q)e 7 (2.25)
q

The quantity > . d(q) e~2"4 is just equal to the total number of states the
CFT, has. By statistical theory, logarithm of this gives us the entropy of the
system. As this C'F'T; describes the extremal black hole, making use of equation
[(2.25)] we get the result that the full quantum corrected entropy of the extremal
black hole is

Spr = log (QEF) (2.26)
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2.4 Calculating observables in CF'T;

The C'FT} has a finite number of degenerate ground states, say N. Therefore,
the only observables in C'F'T} are N x N matrices. We take linearly independent
unitary matrices as a basis and then the CFT) has exact U(N) symmetry be-
cause the N degenerate states get rotated into themselves under the action of the
operators.

By AdS/CFT Correspondence, this symmetry must also be present in the string
theory on AdSs x KC. Hence, if W is an N x N matrix acting on C'F'Ty, there must
also be a corresponding transformation W acting on the fields in string theory.

Then T'r(W), an observable in C'F'T is equivalent to the partition function of
string theory on AdS; x K with a W twist [16].

2.5 States in string theory on AdS; x K

Let [TW)) be a state in CFT; on SxR. To |IW)) and |V)), we want to associate
wave-functionals in string theory fy, and fy such that

Inner Product (f,; fyr) = Tr (W'V) = Z5s (W—V) (2.27)

For this, we define [16] fyr = string theory path integral over the half disk
with a cut corresponding to the transformation W that reaches the bounday of
the half-disk.

2.6 Entanglement Entropy and QEF

We have shown that (equation [(2.26)) - Spy = log (QEF).
Now consider the string theory on AdS; x K in the Hartle-Hawking vacuum

state fypy [21]. Hartle-Hawking vacuum state is a state constructed by path in-
tegrating Euclidean action over the half disk (without any cut) and then time
evolving it from there with Lorentzian signature. Here we are only interested in
its definition at t = 0 and not its evolution.

As is defined in absence of cuts, the Hartle-Hawking state is a wave-functional
associated to the identity operator acting on C'F'T}. In section 1, we presented the
state in the CFT on S° x R corresponding to the identity operator -
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I — |I)) = |a)y X |a)s (2.28)

Thus string theory on AdS; x K in the Hartle-Hawking vacuum state fpp
correspondes to the C'FT} in a maximally entangled state -

fun — |I) (2.29)

The entanglement entropy between the two copies 1 and 2 of the C'FTs is
given by logN. N is equal to the right-hand side of equation (7). Hence the fully
quantum corrected entropy of the extremal black hole in the Hartle-Hawking of
string theory on AdSy x K to be equal to the entanglement entropy between the
two copies 1 and 2 of C'FT} s which reside in the maximally entangled state |I)) -

QEF = Entanglement Entropy (2.30)

The equality between the Quantum Entropy Function of the black hole and the
entanglement entropy between the boundary CF'Ts can also be proved by working
fully in the bulk.

Using the replica trick in CFT,

d Tr(p")

Sen =—1 n
' nol dn (Trp)

(2.31)

Generally, T'r (p™) is obtained from the bulk by calculating the partition func-
tion over an n-fold cover of AdS space. But in the case of AdSy, Tr (p") can also
be obtained from the partition function of string theory over all spaces each of
which is asymptotically AdS; and contains a boundary circle of length n x 27r.
Let us denote this partition function by Zaqs,(n).

It can be shown that Zagg,(n) = N e "2m70Fo,

Then Tr (p") = N e "20F0 and Tr(p) = N =200 and

. d N €—n27rr0E0 ) d e
Sent = — }L1_>H{ % W = — }LL}II{ %N = lOgN (232)
Therefore,
QEF = Entanglement Entropy (2.33)
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2.7 Discussion

In this chapter, which forms the first part of this report, we have reviewed the
work of [16]. We have provided motivation for the existence of a relation between
the quantum entropy of black holes in AdS;,; and the entanglement entropy of
the C'F'T,; that forms the boundary of this spacetime. We have discussed why such
a relation, in a precise form, is significant. There have been many attempts at
finding such a relation.

The Quantum Entropy Function of extremal black holes describes the fully
quantum corrected entropy of these black holes. In the special case of AdSy/CFT)
, we have reviewd in detail the solution provided in [16] - that the quantum entropy
function of the extremal black holes in AdS; and the entanglement entropy of the
two C'F'T}s which form the boundary of the AdS; are exactly equal.

Finding such a precise relation in the case of general AdSyy;/CFT, has not
been successful as of now.
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Chapter 3

Modular invariance and quantum
entropies: 1

In this and the next two chapters, we present some original attempts at studying
modular properties of Rényi and entanglement entropies. The modular covari-
ant /invariant expressions we derive pass many tests. Besides being interesting
in its own right, the study of modular properties of these quantum entropies re-
veal some subtle issues related with applying the Replica Trick to CFTs at finite
temperature.

One of our primary motivations to study the modular properties (covariance
or invariance) of Rényi and entanglement entropies is the disparity in literature
between the symmetry properties of these quantities. For example, it can be seen
from the expression of [32] that Rényi entropy is T-duality invariant and shifts un-
der modular transformations by a factor dependent on the modular parameter and
the central charge of the CFT. However, the expression given in [25] is in a par-
ticular spin structure and hence not well-defined under modular transformations.
We mention here the specifics that the conformal field theory (CFT) considered
in [32] is a theory of free bosons on a torus whereas [25] work with a CFT of free
fermions at finite temperature and in a specific spin structure (the Neveu-Schwarz
sector or v = 3, please see Section for more details). But the two CFTs are
equivalent by Fermi-Bose duality at boson compactification radius R = 1. We
shall discuss all these ideas in detail as we go along.

3.1 Modular invariance in CFTs

If we have a CFT defined on a finite spacetime (perhaps in order to take care of
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IR divergences), then we need to provide boundary conditions for the fields in the
CFT. Choosing the boundary conditions to be periodic (or anti-periodic) naturally
leads to the spacetime being a torus. With this motivation, we will study CFTs
defined on a torus.

A torus may be defined by specifying two linearly independent lattice vec-
tors on the complex plane and identfying all the points that differ by an integer
combination of these vectors. If complex numbers w; and w, represent the lat-
tice generators then their ratio 7 = i—; is called the ‘modular parameter’ of the
torus and is the only complex parameter that is required to define the torus. The
partition function of the CFT and the correlation functions then depend on the
modular parameter 7.

If we choose one of the latice generators to be along the real axis of the complex
plane, it immediately forces the other generator to lie in the upper (or lower) half-
space. Let us choose the generator to lie in the upper half-space. This means
7> 0.

A transformation of the type

ar +b
cr+d’

ad —bc =1 (3.1)

where a,b,c,d € Z, is called a modular transformation. The integers a, b, c,d
arranged as a 2 X 2 matrix
a b
(« 3)

form the group PSLy(Z). The group is sometimes called the ‘modular group’.
If we take 7 to be the length of one of the lattice generators of the torus, the length
of the other by default becomes 1.

Consider the modular transformation 7 — —%. This transformation exchanges
the two lattice generators into each other. We observe that such a transformation
is essentially a composition of a scaling and a rotation both of which are conformal
maps. As the CFT should be invariant under any conformal transformation, the
CFT should also be invariant under the transformation 7 — —%.

Now consider the transformation 7 — 7+ 1. This is a discrete translation and
the CFT is invariant with respect to this.

It can be shown that the two transformations 7 — —% and 7 — 7+ 1 generate
the whole of the modular group [22]. Hence the CEFT should be invariant under
the whole of the modular group. This is termed as ‘modular invariance’ of the
CFT. This invariance places constraints on the operator content of the theory.
Furthermore, the modular transformations are now a symmetry of the theory and
hence quantities of interest like the partition function should be modular invariant.
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3.2 Free fermions at finite temperature

Let us denote the holomorphic component of a fermion field by D(z) and
the anti-holomorphic component by D(z). The free theory in 1+1 dimensions is
described by the action:

§= o / &= (DoD + DID) (3.2)
T

Let (z, Z) take values on a torus. We then need to impose boundary conditions
on the fermion fields in space and time both of which are finite. We take space to
be along the real axis. Then the general transformation of the fermion field, under
a translation by the lattice generators of the torus, becomes:

D(z+1)=¢e""D(z), D(z+7)=e""D(2) (3.3)

where a,b € Z.

The anti-holomorphic component satisfies the same transformation rule. Now,
under the above two translations of z the action must be periodic (i.e. remain
unchanged) because the field theory is defined on a torus. The fact that the
action is quadratic in each of the fermion field component implies the following
possibilities for the boundary conditions [22]:

wh =00  (RA)

(0)=(0.5) (R NS)
(0.8)=(5.0)  (NSR)
(0= (55 (NS N5)

where R stands for Ramond or the periodic boundary condition and NS stands
for Neveu-Schwarz or the anti-periodic boundary condition. A set of numbers (a, b)
which represents one boundary condition on the fermion fields in conformal field
theories is called a ‘spin structure’ of the fermion. For later reference we will
denote these spin structures as follows:
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v=1 (a,b)=(0,00 (R,R)

2 (ab)=(0}) (RNS)
v=4  (a,b)= (3,00 (NS R)
v=3 (a,b)=(3,%) (NS NS)

3.3 Rényi entropy in a modular invariant CFT

Consider a free fermion CFT in 1+1 dimensions. Let the CFT be defined on
a torus. In section [|1.3], we have discussed the replica trick used to calculate the
Rényi entropy and subsequently the entanglement entropy. In this section, we
apply the replica trick to a free fermion CFT on a torus, building up on the work
in [25].

In the replica trick as applied to the CFT on torus, we extend the original
torus to an n-fold cover with branch cuts along spatial intervals from 0 to [, where
[0,] is the entangling interval. This n-fold space can be equivalently thought of
as a single torus, with the same modular parameter as the original one, with the
insertion of twist fields at the end points of the entangling interval [23].

Let k be the label of the k' replicated torus. Let k range from —”T_l to ”T_l
in integral steps. Then the twist field ox(z, 2) is defined by its action on the free
fermion field:

or(z,2) D(Z)) ~ (22— z’)g
ou(z,2) D(2) ~ (z—2)w (3.4)
One can show that [24],
Trply = [] (ox(l,D)o_1(0,0)) (3.5)

—_n—1
k= 2

It is convenient to think of the product of un-normalized correlators of the
twist fields as defining the replica partition function.

n—1 n—1
2

Zn= [ Zion,)oi(0,0) = [ «(on(l,1)o—k(0,0))) (3.6)

1 —1
k=—"5= k=—t=

24



This definition is consistent with equation where the partition function
on the n-sheeted Riemann surface Z,,(A) appears.

Let us consider the free CF'T with one Dirac fermion. This has central charge
¢ = 1 and consists of two Majorana fermions with correlated spin structures.
Denote the Dirac fermion by (D(z), D(2)). By definition, these have Hermitian
conjugates (DT(z), DT(E)). The local operators in this theory of dimension (l l)

D(2)D(2) , D'(2)D(2) , D(2)D(z) and D'(2)D'(z) .

The modular invariant partition function in this theory can be found by calcu-
lating the partition function in each spin structure and then summing the expres-
sions over all the spin structures. The result is [22]:

4 2
1 0,(0]7)
Zy == 3.7
P e 30
and for future reference, we note that:
4 2m
1 6,(0|7)
Z == E 3.8

where v = 1,2, 3,4 represent the four spin structures described in the previous
section and 0,(z|T) are the Jacobi theta functions. Our definitions of the Jacobi
theta functions and some useful identities are given in

The following result was obtained for the replica partition function of this
theory in [25]

n—1
2

zi= 1] #

__n—1
k= 2

/

0,07 [
0,(L|)

0,(2L|7)|"
0,(0|7)

(3.9)

where A, = %, v = 2,3,4 is a fixed spin structure, 7 = z% and Z7(0|r) is
ordinary partition function in the v*™ spin structure . The result would formally
be the same in the case of ¥ = 1 but the normalized 2-point function of the twist
fields in this case turns out to be divergent because of the identical vanishing
of 0;(0|7). The implicit assumption in [25] is that the replica partition function
and hence the Rényi entropy should be computed spin structure by spin structure.
The entanglement entropy following from this way of computing the Rényi entropy
satisfies the relation proposed in [25], based on holography, relating its small and
large interval limits related to the thermal entropy of the same system. However,

applying equation [(1.7)| in this case, we see that the Rényi entropy cannot be
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defined for the spin structure v = 1. Also, the given expression for replica partition
function is ill-defined under modular transformations.

On the other hand, the un-normalized 2-point function, which is what de-
fines the replica partition function Z,, is non-singular. As emphasized in [26],
entanglement entropy should be a feature of a definite quantum field theory and
independent of the presentation of that theory. In a CFT of fermions, quantities
which are invariant under different presentations (see bosonization in the next sec-
tion) are the modular invariant partition function and the correlation functions.
Hence, we propose to compute Rényi entropy by first obtaining Z,, transforming
nicely under modular transformations and then dividing by Z7 where Z; is the
modular-invariant ordinary partition function.

In the next section we explicitly carry out the computation following our pro-
posal and obtain a modular invariant expression for the entanglement entropy.

3.4 Central charge c = 1 theories

Consider a free fermion CFT with only one Dirac field - (D(z), D(z)). This
CFT has central charge ¢ = 1. Let the entangling interval A be an interval of
length [. Following [25], we will first bosonize the theory and then find the twist
field in terms of the boson. Then we will calculate the correlation function of the
twist field and find the Rényi entropy S, (A). Taking the limit n — 1 will give us
the entanglement entropy.

Bosonization [27] is the equivalence between a theory of free (or interacting)
fermions and a theory of free bosons with the same central charge. Bosonization
usually works in 1+1 dimensions. A CFT of one Dirac fermion is equivalent to a
CFT of a compact free boson on a circle, with the circle of radius R = 1 (in our
conventions, o = 2. So T-duality acts by R — }% and R = v/2 is the self-dual
radius).

D(z) =€) D(z) = %)
where holomorphic component of the boson ¢(z) has the following propagator

(0(2)9(0)) = —log 2 (3.10)

At a general radius R, the free compact boson has vertex operators labelled by
integers (e,m) :

Ocon = Ve (2) Ve (Z) (3.11)
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where
Vem(2) =: picemd(2) . _ :ei(%+%3)¢(z) :

Ve (Z) =: eidemd(®) . = ci(7=")dE) (3.12)

of conformal dimension :

— 1 /e mR\> 1[/e mR\’
(Begn: Bem) = (5 (7+5) 375 ) (3.15)

The operator product expansion between the holomorphic part of the vertex
operators is given by :

V(W (0) o 2L F) (5H5) ) (3.14)

When the boson is compactified at radius R = 1, the fermion field has conformal
dimensions (A, A) = (%, %) and is given, in the bosonic presentation, by O .

The twist field in this single Dirac fermion theory is given, in the bosonic
language, by:

O = OO,% (315)

for k = —”T_l, —”T_l +1,--- ,”T_l. These operators have dimensions (A, A) =
<%, %) Since the winding number m for these operators is not an integer,

they are not included in the set of local operators of the theory. This is what one
expects for twist operators. The twist operators have the following OPEs:

k —
n

ok(2,2) Vig(2) ~ (z = 2)n, ok(2,2) Vio(2) ~ (2 — z_’)_% (3.16)

Having made n-copies of the original torus, now we need to only compute
((o(z,2)0_(0,0))) to get the replica partition function. Using the general result
from [28] that:

4Aem 1

aGm| WP 317

X E qZAe/,m’ q_QAe/,m/ e47|'l<ae/1m/ ae,mz—aezym/ae,mz)
e/ .m/

({ Oen(2,2) O__1n(0,0))) 6,(0[7)

With (e, m) = (0, %), z = + and R = 1, this reduces to :
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L1 o 8/1(0|T) 2Ae,m 2Aem 4m—e
{ o (Z’Z> 0.0 = | |2 Zq

01(3’7’
000 | 1§ |6 L )\
= |—= — ” 3.18

At this point, we need to decide how to take the product over replicas. We can
take the product over all k£ in the above expression. We would then have the spin
structures summed over before the replication is carried out. Any replica in the
n-sheeted Riemann surface is then uncorrelated with other replicas. We denote the
replica partition function thus obtained by ‘uncorrelated replica partition function’
Z" -

é(”_%) net 4 k_ )‘2
11 Z L (3.19)

6,(0]7)

Z:i(LaBS l) = ‘91(%’7_)

where we have used the result

(n=1)
2

> o m=m—)

—_(n=1
k*_nT

We note that the above expression transforms nicely under modular transfor-
mations (in fact, it is modular-covariant, as will be shown below). However, there
is another way to obtain a modular-covariant replica partition function. We first
isolate the contribution to equation [(3.19)]from a given spin structure v = 1,2,3,4
of the fermion. This simply corresponds to picking out the respective function 6,.
Then, we replicate this contribution n times by taking the product over k. Finally,
we sum over the spin structures. Here, the replicas in the n-sheeted Riemann sur-
face are perfectly correlated in the sense that they are defined in the same spin
structure and then the spin structures are summed over. We denote the replica
partition function thus obtained by ‘correlated replica partition function’ Z¢ -

67(0|7) (-

I
01(z|7)
The ordinary (n = 1) modular-invariant partition function is a unique expres-

sion, as is verified by noticing that Z' = Z¢ at n = 1. Now, corresponding to the
two replica partition functions we can define two Rényi entropies:

- Z H )|2 (3.20)

I/lk n

Zn(L, ;1) =
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zZwe
(Z1)"

Which one of these two Rényi entropies (if any) is the correct Rényi entropy
of the modular-invariant free Dirac fermion CFT? We discuss the answer to this
question, which is quite subtle, in the next section. We establish here a few
properties of the two replica partition functions.

Firstly, we note that the two replica partition functions and the corresponding
Rényi entropies can be compared to the non-modular-invariant replica partition
function of [25]:

u,Cc 3 1
S, —il_)rril_nlog

1

§(n—3) =5t kl 2
0] o = 0, (=
0L ) AL )
- 2
and the corresponding Rényi entropy :
1 A%
Sh = log (3.22)

Lo @y

However, as pointed out earlier, this can be done only for the spin structures
v = 2,3,4. Also, we observe that two Rényi entroies we have presented are not
linear combinations of the above equation for Rényi entropy.

Secondly, the two types of replica partition functions have different behavior
in the limit [ — 0 :

_%(n n) 4 - 2\ "
Z3(L, Bl 0) ~ (%) (%Z 02((07|)) )
_%("_%) T 2n
Z(L, ;1 — 0) ~ (%) %Z 02<<07|>) (3.23)

where one can identify the second factor in the above equations as the ordi-
nary partition functions of n Dirac fermions with uncorrelated and correlated spin
structures respectively.

Taking the Rényi entropies in this limit, we see that:

n+1 l
vo= log — .24
Sy = ogL—irO (3.24)
n+1 . 1 1 0,(0|7)[*"
c e 1 -
S 6n OgL+ — Og{Z; n(T)
4 2
n 1 6,(0]7)
_ log d =
e )



The entanglement entropy is Rényi entropy in the limit n — 1. Thus the
entanglement entropy in the limit [ — 0 becomes
S=C log - 3.25
~3 ng (3.25)
for only the uncorrelated and not the correlated Rényi entropy. Here, the
central charge ¢ = 1 in our case and we have assumed commutability of the two
limits n — 1 and [ — 0. Thus the uncorrelated Rényi entropy has the expected
expression for entanglement entropy in this limit [29]. What is the meaning of
the correlated Rényi entropy not having the expected behavior in [ — 0 limit?
Does this mean that the correlated replica partition function, inspite of being
modular-invariant is wrong? We will answer these questions in the next section.

Now, we will explicitly check the modular invariance of our expressions for the
two types of replica partition functions and their Rényi entropies. A generator
of the modular group - the transformation 7 — —%, as described in section ,
exchanges the two cycles of the torus (the two sides of the parallelogram which
represents the torus). We have a branch cut along the horizontal (real) axis, which
under this transformation, becomes a branch cut along the vertical axis. Thus this
transformtation acts as 3 <+ L and [ — il. This permits us to use the well-known
transformation of the Jacobi theta functions:

z
WE

along with the usual identifications: 6;; — —601,60,9 — 65,000 — 03 and 6y; —
0, and also the standard modular transformation of the Dedekind eta function:

1 i7r22

_ l) = (i) (=)} € B (2|r) (3.26)

T

0(-3) = t=int o) (327)

T

Applying these to the second terms of equations|(3.19) and |(3.20)| we find that
we get a multiplicative factor:

e (n=3)(£)"

since the summation over v plays no part in this calculation.
From the #; in the denominator of the first terms of both these equations, we
get a corresponding factor:

which cancels the previous factor. In the end we remain with the multiplicative
factor
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frf (=)
Thus under the modular transformation 7 — —%, both replica partition func-
tions transform as:

1(n-1)
6 n
= (7)" 7 zewo (3.29

Perhaps surprisingly, the replica partition function for the torus theory is not
modular invariant due to the multiplicative pre-factor. This factor vanishes at n =
1. The power of the prefactor is ¢ (n — %), an expression that appears frequently
in the context of the Rényi entropy (in the above case, ¢ = 1).

Now under this same modular transformation, the Rényi entropy shifts as:
n+1 15}

o log I + Sn(L, 5) (3.29)

Spe(B,L) =

and hence even the entanglement entropy would shift by an additive term.

To have the quantum entropies transforming invariantly under modular trans-
formations, we can modify the prescription for computing the replica partition
functions by multiplying them by an external (l-independent) factor that renders
them modular invariant:

7. gy ) e 3.30
= ()7 Tz (3.30)
The modular-invariant Rényi entropies are then given by:

- ue 1 7.

S, = 1 - 3.31

which lead to modular invariant entanglement entropies.
We have thus obtained modular invariant expression for the entanglement en-

tropy of free Dirac fermions at finite temperature with a finite size entangling
interval.
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3.5 Thermal entropy relation

We see in [25] a relation between small and large interval limit of entanglement
entropy and thermal entropy, which we call the thermal entropy relation:

%E)I& <S(L - l) - S(D) = Sthermal (332)
where
S = 523 (—llo 7 ) (3.33)
thermal 86 ﬁ g 41 :

This relation will be useful in determining which of the two Rényi entropies S}
is the correct one. The overall factor used to make the replica partition functions
modular-invariant is independent of [ and hence drops out of the thermal entropy
relation. Now consider the small [ behavior of the two types of replica partition
functions. As seen in equation Z% — (Z))™ but Z¢ —» (Z;)" (upto an
overall factor of [). It is a physical requirement (see [29]) that for small intervals
the replica partition function should indeed tend to (Z;)" times the given power
of [. Thus, the correct Rényi entropy for small interval should be S and not Sy.

Next, consider the large interval limit [ — L. In this case, it has been predicted
on general grounds that the replica partition function should tend to Z;(n7) [34],
[35], apart from the same power of [ as [ — 0. Observe that:

n—1
2

Z;(HL):;(%)“””; I

0,5 |
5 (3.34)

n

2

We now use an identity involving 6 functions shifted by a fraction:

(i) - (I

p=1
where v = 2, 3,4. This can be easily derived using the product representation
of # functions. Using this,

Zii 1) = (%)é(ni) i

v=1

n—1
2
__n—1
k= 2

(1—g*)"
1 — q2pn

) |0, (nz|nT)| (3.35)

6,(0|nT)

n(nt) 2 - (%)é(ni) Zy(nT)  (3.36)

Thus for large interval Z¢ is the correct Rényi entropy and not ZY, as Z -

Z1(nT). Hence we are led to propose that the correct modular-invariant partition
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function for the free Dirac fermion CIF'T is Z at small [ and is Z;, at large [. We
then have S* as the correct Rényi entropy at small [ and St at large [. Also,

fim (S(L 1)~ S0)) = i o (éi((g))n)
(

zZi (8
- oA} - 1705
= Sthermal (337)

The key conclusion of this section is that neither S} nor S is the correct Rényi
entropy for finite [.

3.6 Central charge ¢ = 2 theories

Consider a free conformal field theory of two Dirac fermions with correlated
spin structures. This theory has the ordinary partition function:

4 4
1 6,(0|7)
Z4] = = g 3.38
1[ ] 92 s 77(7_) ( )
where we are using the notation:
1~ 6,00/7) "
A == z 3.39
= 5> | (339

v=2

The fundamental fields of this theory are two Dirac fermion fields, which we
call Dy(z) and Dy(z). By definition, these have Hermitian conjugates D](z) that
are also holomorphic. Combining with their anti-holomorphic components coun-

11

terparts, the physical operators in the theory of conformal dimensions (5, 5) are:

D;D;, DID;, D;D}, DI D}

where 7,5 run independently over 1, 2. We thus have 16 local operators of
dimensions (%, %) Had the spin structures not been correlated, the allowed oper-
ators would only be those with ¢ = j.

This ¢ = 2 theory can be bosonized into two compact bosons ¢1, ¢o that are
orthogonal to each other and are compactified at the self-dual radius, which in our

conventions is R = v/2. Thus their periodicity is:
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¢ — ¢ +2V/2m (3.40)

If ¢;(2) are the two holomorphic components of the bosons and ¢;(Z) the anti-
holomorphic components, the Dirac fields are given by:

Dy(z) = Vit ¢ 502(?) Dy(z) = evi®t(® o~ 7592 (3.41)

The Hermitian conjugates have the same expressions but with ¢ — —i, while
the anti-holomorphic conjugates have ¢; — ¢; without any change of sign on .
The allowed general vertex operator in the theory is:

O(z,2) = o3 e tm)85(2) 75 (en—mmk) o (3.42)

where the indices j, k are independently summed over 1, 2.

The 16 local operators obtained after combining the holomorphic and anti-
holomorphic components of the Dirac fermions correspond to all pairs of orthogonal
vectors of (length)? = 2 in the unit 2 dimensional square lattice:

[(617 62); (mh mQ)] = :t[(l, 1); (07 0)]7 j:[(17 _1); (07 0)]7 i[(O, 0)) (17 1)]7 i[(oa 0)7 (17 _1)}

+[(1

In order to find the replica partition function, we need to find the twist fields
which satisfy equations

01(2,2)Di(2) ~ (2 — z’)% . on(z,2)Di(2) ~ (2 — 5’)_%

From these equations, we see that the monodromy induced by the twist field
is:
eﬁm(@ 6%(252(2) N 627’“6%%(2) eﬁqﬁz(z)

ORI THORES THO)

6%%(2) e

From the above equations, we see that the twist field must leave the boson
¢9 inert (otherwise it cannot introduce the same monodromy on both D;(z) and
Ds(z)). Also the twist field must shift the boson ¢; by a fraction £ of its period:

¢1 — o1 + 2x/§7r§ (3.43)

Then, we see that the twist field should be:
oz, 2) = V2 1(2) —V2id1(2) (3.44)
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If we observe closely, we will see that the twist field here is the same as that in
the ¢ = 1 theory, except that it is evaluated at radius R = v/2. Due to this change
in the radius, the conformal dimension is Ay = ki, which is twice that in the case
of the single Dirac fermion. This ensures that Zk Ay = (n — 5) with ¢ = 2, as
required.

To calculate the two-point correlator of the twist field, we use the equation

and get:

01(0]7)

<<O'k(Z, E)U—k(070)>> = 01(L|7_)

Z q ‘51 mq +A62 mg)q (Ael,ml +A62,MQ)647TZE61
|4

€4,1M;

2 2
where A, ,,, = % (%) , Neyms = 3 <%) and 7(7) is raised to 4" power

because there are two bosons whose spectra are to be summed over. Also, consider
only the sum in the above expression, which becomes:

F(k:) = Z q%((e1+m1)2+(ez+m2)2) q—%((e17m1)z+(627m2)2) €4mﬁe1

Define e = n1+n2;—n3+n4 , €9 = ni—na— n3+n4 , My = ni— n2+n3 "4 and me =

Since all e;, m; are integers, all n; are either 1ntegers or half—mtegers
and Z n; shou]d be even. Then F'(k) becomes:

nit+ngs— ng L2

L+ (—1)2im

Fn- 3 (25

:| q(n%Jrng) q(n§+nﬁ) 627Ti% >ing
+ Z [%1 q(”%ng) q—(”§+”421) 62”% Do
n€Z+1

Using the definitions of theta functions given in [Appendix Al we see that the
above sums become (in that order):

F(k) = % 105 (217)I" + 10a(2|7)I* + 102 (2I7)I" + 162 (217)]"]

where z = £L |
nL

Hence, the two-point correlation function of the twist fields is:

4k2
007 | 10 ()|

NI NE VT ALRA R W
Wl (2% or (349)

The uncorrelated replica partition function, is given by product over all k of
the above expression:

{((ok(2,2) 0-4(0,0))) =
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6,(0]7)
01(z17)

H Z }9 (3.46)

[ (n (n—1) 1/1

Zy(L, B;1) =

with central charge ¢ = 2.
The correlated replica partition function, on the other hand, is given by the
same product as above but the sum over v taken later:

§(n— g 02 Kl 4

0,(0]7) ) 10, (5zl7)]
7L, B:1) = | A —Ej [[ S’ 3.47
(L Bi1) 01 (£I7) 2 = Ay ()" (347)

2

The two Rényi entropies are easily obtained from these and so are the entan-
glement entropies in the respective limits [ — 0 and [ — L.
As before, we can modify both the replica partition functions by multiplying

c 1
with the pre-factor (£) i(n=n) (with ¢ = 2), to make them modular invariant. The
entropies thus obtained are modular invariant too.

Here, we would like to mention that although this result looks like a straightfor-
ward generalization of that obtained for a single Dirac fermion, it does not actually
follow directly from it. The reason is that one needs a bosonic dual theory in order
to write the twist field. For two Dirac fermions with correlated spin structures, the
bosonic dual is not simply two copies of that for the single Dirac fermion. Rather
the bosonic dual is two copies of bosons, compactified at R = v/2, a different CFT
with a completely different spectrum of operators.

In the next chapter, we will present a conjecture for the replica partition func-
tion for any number of free Dirac fermions at finite temperature in 1+1 dimensions.
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Chapter 4

Modular invariance and quantum
entropies: 2

4.1 A conjecture for any number of fermions

Consider a 1+1 dimensional CFT of m free Majorana fermions (or % Dirac
fermions, where m is even) at finite temperature 5! and in a system of finite
spatial size L. Let an interval [0,1] be the entangling interval for the study of
entanglement entropy. This theory has a central charge ¢ = 5.

Seeing the success of our procedure, we propose that the correlated replica
partition function for this theory is:

B—%) a4 o3 k| |™
c 61(0]7) | 1 0, (arl”
am=liem iy I MERE
1(zI7) v=1 j—_(n-1) N
and the uncorrelated replica partition function for this theory is:
9! (0|7_) %(n—%) ’9 |m
Zilml = |25 H Z (4.2)
aml o Mk
- 2

We have verified the correctness of the above proposal for m = 2, 4.

We emphasize that our expressions for the replica partition functions are con-
jectural in nature and does not have direct derivations without constructing the
twist fields in terms of bosons.

Furthermore, we also propose the usual modification of the replica partition
functions to render them modular invariant. In the above case the modification

term will be: (%)%(W%)
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4.2 Multiple correlated fermions and lattice bosons

For d > 3, the theory of m = 2d free Majorana fermions (equivalently, d Dirac
fermions) with correlated spin structures (on the original copy of the torus) is dual
to a specific compactification of d free bosons on a target-space torus:

Te = RY/T,

where Ty is the root lattice of Spin(2d) at self-dual radius R = v/2. This root
lattice can be achieved by starting with a rectangular torus and choosing a suitable
constant metric and B-field. The ordinary partition function is well-known and has
been directly computed within both the fermion as well as boson representation
[30]. It is given by Z;[m] in terms of the definitions in equation [(3.39)]

We first identify the bosonic representation of dimensions (%, %) operators in
the theory. These operators are:

D,D, , DID, , D,D} , DiD}

where p,q = 1,2,--- ,d. In the free boson theory, let Ag be the root lattice
and Ay be the dual weight lattice. Then the vertex operators are:

Owi@i = eiw%i eiwi@ (4.3)

where w', w' € Ay and w' — w' € Ag. Elements of the weight lattice can be

parametrized as:

1 .. ) 1 ..

wt = gZ]UA’ wt = gZJ@A
J \/5 J

where v;, 9; are integer column vectors and g% is the inverse of g;; which itself
is half of the Cartan matrix of Spin(2d). For the difference of w’ and w' to lie in
the root lattice Ag, we must require that \/ii(v2 —0;) = V2n; where n; are integers.
The two-point function of the bosons is:

(4.4)

(0i(2,2)9;(<, 7)) = —gijlog |2 — 2| (4.5)

Hence, the conformal dimension of the above operators is:
1 o
(sz‘, A '-) = 5 (gijwlw], gijw’w]) (46)

38



Thus to reconstruct the fermion operators, we must look for pairs of points of
unit length in the weight lattice that differ by an element of the root lattice. If &;
are the d simple roots of Spin(2d) and A" are the fundamental weights then:

o . 1 g I
&ZAjzézj, 9132562262]7 gU:2>\Z)\] (47)

One also has the dual relation:

(ﬁ)p@ﬁ%::5m (4.8)

which will be important in what follows. Here, p, ¢ label the individual com-
ponents of each vector, and the sum is over the vectors (not components).
For the conformal dimensions, we have:

| B
Aui = Sgww’ = 29700 (4.9)

Therefore to find operators of dimension (%, %), we must look for sets of integers

v; for which: B
g vv; =2 (4.10)

From the above equations, it follows that:

hence the possible v; are given by:

o =(@),, p=12-.d (4.12)

For the anti-holomorphic part we start by picking it independently from the
same set: 0% = (%), However, we need to ensure that —5g” (vj(-p) — U_j@> is V2
times an integer. This is gauranteed by the fact that

1 .. 1 . - -
i (8 -50) = -] = e [(9), - (9)]
which is indeed in the root lattice. We conclude that the fermion operators are

given in bosonic language by :

Dy(2)Dy(2) = O (2, 2) = 7 9:() i0'6:(2) (4.14)

where w®)i = /2(\P),,,
We can now look for the twist field, an operator o, inducing the monodromy:
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27mik

ok Dy(z) > e

D,(z) (4.15)
corresponding to a shift:

2k

w?';(2) = w,(2) + (4.16)

This in turn will be induced by a shift ¢; — ¢; + 27r§i(k) where (i(k) is a constant
vector satisfying:

, k
w®ic® = = (4.17)
n
for all p. Recalling that the last weight of Spin(2d) is A\ = (%, %, cee %) , we
easily find that the shift is given by:
2k
n

Thus the twist field only shifts the last boson ¢,. Indeed, the twist field has
the explicit form:

Uk(Z, Z) = Og(k)i7,<<k)i = eic(k)i@(z) eiic(k)i@(g) (4.19)

where one must keep in mind that (%) = gijﬁj(k).
To check that this expression for the twist field is correct, we compute its OPE
with D,(z) to find:

: i ’ i j ip(k)
O'k(Z7 g)ezw(P) ¢i(2') ~ (Z _ Z/)C(k) gijW<p)] _ (Z . Z/)w(P) Cl(k _ (Z . Z/)% (420)

The crucial test of our twist field is whether or not it has the desired con-
formal dimensions. From the expression for the twist field, its (chiral) conformal
dimension is:

1 R N
Ay = Egijc(k) ¢RI — igﬂgi( W = ﬁgdd (4.21)
Using ¢% = 2\@ . \(4) = %l, we get
dk?

from which it follows that:

(n—1)

: d 1
do A= % (n — E) (4.23)
k (n—1)



as expected.

Recall that the ordinary partition function of these theories is |?|:

Zi2d) - ,n(jw S et (4.24)

1uw€Awuw—w€AR

N 2|'rz |2dZ!9 Ofr)

where, as usual, w? = g;;w'w’ and similarly for w?. The equivalence be-

tween the first and the second lines of the above equation is the statement of the
Bose-Fermi equivalence between the lattice bosons and the multiple fermions with
correlated spin structures. To demonstrate this, one starts with the observation
that for Spin(2d), Aw = Ar® Ay @ As @ Ac where Ay g are the lattices obtained
by shifting Az by a fundamental weight in the vector, spinor and the conjugate
spinor representations respectively.

Now we split a generic vector w € Ay into two classes those that lie in ArUAy
and those in AgUA¢. In the former set we can write w' = \/_2 np()\l) for arbi-

trary integers n,, while in the latter set, we can write w' = \/_Zp (np 5) ()\Z)p,
where n, are again arbitrary integers. We similarly write @’ = \/§ZP mp():%)p

and w' = ﬂzp (my+ 1) ()Ti)p in the two respective sets. Finally, the restric-
tion w — w € Ap is implemented by insering a projection operator that causes
both w and w to lie in Ag or in Ay (in the first set) or both to lie in Ag or in
Ac (in the second set). In this way, we end up with four Jacobi theta functions
0,(0|7),v =1,2,3,4 of which 6,(0|7) identically vanishes.

Next we turn towards calculating the two-point correlator of the twist fields.
For the un-normalized two-point function of twist fields, we find:

2dk2
0,(0]7) | ™ L
({ o1(2,2) 0_1(0,0) ) = 1(1 7) B Z g it Wi
61(3’7) | w,WEAW,
w—wEeAR

(4.25)

We now make the following redefinition of w’ and w':
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V2k

gij(w' + @)W = (' o) = = - a?) (4.26)
o A
= ﬁsz’—i_mp)’ w,w € Ap U Ay
p=1
A
= ﬁZ(np—irmp—irl), w,w € Ag UA¢
p=1

Then the exponents of ¢ , ¢ and e become squares of integers and half-integers
respectively. Using the definitions of theta functions:

2dk 2d
n2

61(0l7)
0r(z]7)

Taking the product over k, we get the uncorrelated replica partition function:

1< 91,(:—[|7')
52 Y A\nLl" /]

v=1

{({ok(2,2) 0-4(0,0))) = (4.27)

i) [0 & o () [
= | L Z ZAnLl 4.98
0, (L] k_H) 2 ; n(7) (4.28)

If we product over replicas first and sum over spin structures later, we get the
correlated replica partition function:

d

ﬂ(” 1 4 2

2ZH

2d

01(0]7)
01(217)

o ()

n

(4.29)

N
Then, the Rényi and entanglement entropies of this theory are easily obtained
from the above expressions. We can, as usual, modify the above replica partition

1
functions by multiplying by a prefactor ( L) 24( ")
entropies thus obtained will be modular invariant.

. The Rényi and entanglement

4.3 Discussion

In this chapter we presented proposals for modular invariant replica partition
functions in the limits [ — 0 and [ — L, of any number of correlated Dirac
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fermions. Using these, modular invariant Rényi and entanglement entropies are
easily calculated.

The thermal entropy relation, which has independent evidence from hologra-
phy, where quite often the thermal entropy Sinermai = Spg is the entropy of the
black hole in the AdS bulk, proved very important in deciding which Rény entropy
is correct in different limits. We have verified that our proposal as to which replica
partition function is to be used in the two limits [ — 0 and [ — L satisfies the
thermal entropy relation.

The conjecture we have made fulfills several criteria:

1. entanglement entropy converges to £ log% in the [ — 0 limit, in line with
[29];

2. the replica partition function (without the repair term) is modular covariant
as in [32] (please see the next chapter for details);

3. the entanglement entropy in limits when temperature vanishes (¢ — 0) and
when the spatial size of the system diverges (L — o0) reduces to known
expressions described in Section [[1.4]

4. the thermal entropy relation holds true.

Now, it is interesting to find the modular invariant replica partition function
at finite [. For a generic positive integer n, one can write a variety of partition

functions. Consider the set S = {ky, ko, -+ , k,} where k; = —”T_l +i—1. Suppose
that for a fixed value k; and a fixed spin structure v, we have a replica partition
function Zfly)(k:i). Partition the set S into subsets Si, S, -+, S, having m; ele-

ments of S in the j'" set and denote this partition by Y; where the Y is a reminder
for the often used combinatoric device Young diagram . Now we can define the
replica partition function for the Young diagram Y;:

i =11{D_ ] 2V (4.30)

7 v=1 keS;

Here, the fermion spin structures are correlated within each subset S; but un-
correlated across different subsets. One can easily verify that the replica partition
function for an arbitrary Young diagram is modular-covariant, with a pre-factor
that can be eliminated as usual. We have seen two particulars cases of Young
diagrams - one where each subset contains a single element (this gives us the un-
correlated replica partition function) and the other where all the elements are in
the single subset (this gives us the correlated replica partition function). Then,
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we conjecture that the full replica partition function is a linear combination (with
I-dependent coefficients) over all Young diagrams:

Zn= Y ay <%> AL (4.31)

all partitions

Each Young diagram corresponds to one or more number of Young tableaux,
depending on different permutations of the coefficients k in equation . The
sum over these tableaux is implied. The physical intuition behind the above ex-
pression is that as the branch cut of length [ expands from 0 to L, the degree of
correlation among replicas steadily increases. The coefficient a must be such that
only the terms corresponding to Z!, Z¢ contribute at [ = 0, L respectively.

We observe that as an application of the above ideas, one can use entanglement
in more general CFTs at finite size and temperature. In the next chapter we
present the expression for the Rényi entropy of a free boson on a torus, with
compactification radius R. The CFT of the free boson is equivalent to that of a
single Dirac fermion on a torus if the boson is compactified at radius R = 1. We
check the modular covariance of the replica partition function of the free boson at
radius R. This provides a piece of independent evidence for the modular covariance
of the replica partition function of the Dirac fermion proposed by us (when we
specialize to R = 1). Moreover, the replica partition function for the free boson at
radius R is manifestly T-duality invariant.
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Chapter 5

Compact Bosons

5.1 Replica partition function for compact bosons

We recall that the ordinary partition function for a single boson at compacti-
fication radius R is:

In(7)|* < 6.0
5.1
1 262 | m2R2
_In(T)PZq(R .

where we have used the fact that ¢ = ™.

To calculate the replica partition function, we have to compute the two-point
correlators of the twist fields 7y (with £ =0,1,--- ,n — 1) which are defined by:

To(z, 2)p(w) ~ (z —w)w, Ti(z 2)d(@) ~ (Z — @)= (5.2)
and one has: »
Zy = [ U Ta(z, 2)T(0,0) )) (5.3)

An important part of the computation of this quantity was carrried out in
[31] for a pair of free bosons compactified on a square torus of size R. The result
is a product of a quantum and a classical part. It is rather implicit, involving
integrals of products of fractional powers of theta functions which appear in the
construction of the cut differentials of the torus. Unfortunately the classical part,
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which carries all the R dependence is not invariant under the R — % and so it
does not satisfy T-duality. Indeed the classical part of the result of [31I] has been
corrected in [32]. Accordingly we will analyze the result in the latter reference and
compare it with our proposal for modular invariance.

In our notation, o/ = 2. The replica partition function for a free boson com-
pactified on a radius R, as presented in [32], is:

2
2,(0) = 2022 29 (79 () (5.4

where

Zn |2n H |W1 . )‘

b
2) _ 61(0]7) 5.5
A Oy (5:5)
G(R) = exp|— = W3k n) | cos2m(j — 4’ k mmj
Zy)(R) %: P< (&, n) MZ:@{ 27 (j j)n} j J)

We note that here the superscripts do not refer to spin structures and only the
last two factors, which form the classical part of the full replica partition function,
depend on the compactification radius R. T-duality invariance is already manifest
at this stage. Also, W} and W3 are:

1

Wi s %'T) N /dzel(zm(lﬁ) 01(z — %|T)_5 01 (z — %H)
¥ (5.6)
Wik %W - /6559_1(5|T)1i 01(z — %!r)‘(l‘ﬁ) 01(z— (1— %)%m

0

The replica partition function given above converges to the ordinary partition
function in the n — 1 limit.

We now will investigate the modular transformation of the above replica par-
tition function. We note that:

l 1 inz2 k (

_inz? k(_k )
W kom; 71m) = ~e % 507D W2 (ks |7) (5.7)

which is the equation (B.41) of [31]. So, under a moodular transformation:
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W3(k,n)
I/Vl1 (k7 TL)

Wll <k7 n)

—Wg(k;,n) (5.8)

Following this with a multi-variable Poisson resummation as in [32], we get:

n n—1 1
‘ 1 22 W3 (k,n)|? 5 [ 2
70 (R 212} = 22 ) ACN
n ( e H Wik,n)| | " BT
(5.9)
2z 1\ R [T |WEE)|? ¢
7(3) ) == 2\ 78 (R
" (R 7" 7') 22 (1!:[0 Wll(k, n) w (B 2)
Thus the product transforms as:
n—1
2 2(k,n) 2
ZO(R)Z® (= 220 1) ZB(R) ZW) (= 5.10

Putting everything together, we find that:

Zn(R;;—%) 7[5 (%) 7, (R; 2|7) (5.11)

which will become modular invariant upon multiplying by the half of the pref-
actor in the above equation.

5.2 Conclusions and outlook

We have found modular invariant expressions for Rényi and entanglement en-
tropies for 141 dimensional free fermion CFTs. Since a CFT is well-defined only
if it is modular invariant, our results provide a missing link between numerous
results on entropies (which are non-modular invariant) and formal CFTs. There
are several research problems which can be pursued from here:

1. What is the replica partition function at finite [ 7
To answer this question we need to find the coefficients a (L) One way to
go about finding these coefficients is to use combinatorial techniques. These
line of search presents itself naturally as the partitions of the n replicas (with
n a positive integer) are easily representable in terms of Young diagrams.
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2. Does entanglement entropy repect Fermi-Bose duality?

To find the replica partition function and the Rényi entropy of the free
fermion CF'Ts, we had to use bosonization. Thus it is a hybrid calculation,
where both the fermionic and the bosonic descriptions in the Fermi-Bose
duality are used. The expression for the replica partition function for a free
boson (equation is calculated purely in the bosonic picture [32]. We
have checked that both the replica partition function for the free boson and
that for the single Dirac fermion are equal and modular covariant (without
the ‘repair’ term) with the same pre-factor. However, the expression in equa-
tion is given in terms of integrals of theta functions whereas the single
Dirac replica partition function equation is given explicitly in terms of
theta functions. It would be interesting to compare the former equation at
R =1 and the latter (when the coefficients a are determined) to see if they
agree. If they do, it would be a strong evidence that Rényi and entanglement
entropies respect Fermi-Bose duality.

3. What is the replica partition function and hence the entropies for minimal
models?
Minimal models are well-known CFTs with a finite number of operators. It
would be interesting to find the entanglement entropy for minimal models
as these are considered dual to higher spin AdSs.

4. What does modular invariant entanglement entropy mean in the context of
holography?
In holography, using the famous Ryu-Takayanagi prescription [33], the entan-
glement entropy of the CFT is given by area of a minimal surface drooping
in the AdS bulk. Tt would be interesting to see if the expression derived from
holography is modular invariant or not and why.

5. How can one apply the results derived in this paper to the condensed matter
problems being studied in holography?
Recently, many condensed matter problems like strange metals, non-relativistic
fluids etc. are being studied using holography as a tool. In the conventional
application of CFT to statistical mechanics, modular invariance is an essen-
tial property. We would like to see if we can learn more about strange metals
or higher spin fields or other interesting topics by taking modular invariant
expressions for entropies.
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Appendix A

Definitions and conventions

A.1 Conventions

Our 1+1 dimensional theories are defined on a torus with a modular parameter
7 and a spatial circle of perimeter L. The entangling interval has length [. The
number R describes the radius of the scalar field compactification.

In our conventions, T-duality is implemented by R — }% and hence the self-dual

radius is R = v/2. The number of replicas is denoted by n and we calculate n'®
Rényi entropy. The finite temperature is 3.

A.2 Theta functions

We define the nome ¢ as

where |7| > 0
Also, let

2miz

y=e
As infinite series, the definitions of the Jacobi Theta functions are as follows :

Bu(elr) = — S ()l y (o) (A1)

—0o0
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=Syl (A.2)
=> q"y" (A-3)

[e.9]

a(zl7) = S (~1)gy" (A.4)

— 00

The Dedekind Eta function is defined as:

g1 ﬁ (1—¢* (A.5)

We note the following identity which has been used in different sections of the
report:

01(0]7) = 2n*(7) (A.6)
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