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Abstract

In this thesis, we introduce a new market model for the stock price dynamics. It is
a regime switching market where the parameters volatility and drift follows a semi-
Markov process. In addition to that along with the diffusion process, we incorporate
a term which give us the discontinuity in the market. We call this market model a
semi-Markov modulated jump diffusion model. Apart from defining a market model
by stochastic differential equation (SDE), we find the solution of this SDE. Then we
derive the infinitesimal generator associated with this model so that some further
investigations can be carried out. Finally we have shown that this model is arbitrage

free.
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Chapter 1
Introduction

Finding the value of option has always been a major concern in Mathematical Finance.
In 1965, a famous economist named Samuelson found a model for the stock price
dynamics called geometric Brownian motion model [33|. Eight years later, in 1973,
Black, Scholes and Merton [34]| used this model to find a formula for the price of
European options. In their model, now known as B-S-M model, it is assumed that
the basic market parameters such as volatility, drift, bank interest rate are constant
during the entire period of the option. That is clearly not the case in the real market.
For rectifying this assumptions people proposed and tested many different models.

Firstly, many studies introduce the regime-switching model supported by a finite
state Markov chain to study the changing parameters depending on the state of the
economy. For instance, [3, 4, 5| considered the regime switching models of the financial
market. Secondly, some rare events may result in the rapid variations in asset prices
and many papers resort to jump-diffusion models to discuss the effects. [11] and
[31] studied different kinds of jump diffusion models. Unfortunately, an important
property of regime switching model or jump diffusion model or their combination is
the incompleteness of the financial market and[16, 17] had showed that there would
be infinitely many equivalent measures in that kind of market. Ever since then, lots
of researches have studied different methods to choose the pricing measures on basis
of different objectives.

The purpose of this thesis is to introduce a new market model for stock price dy-
namics. Before we introduce the model, we will visit chronologically different models
which are important and which have a significant improvements from the previous

ones. For simplicity, we would often mention just special cases and we would describe
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the models by stochastic differential equations (SDE).

As we have seen earlier, it is all started with the famous B-S-M model, where the

stock price follows a geometric Brownian motion as given below.
dSt = St(,udt + O'th),

where Sy > 0, u denotes the drift(expected return) and o denotes the volatility of the

asset(can be thought of as the standard deviation) and W; is a Brownian motion.

Some years later, people came up with the regime switching model with the im-
proved version of B-S-M, where p and o follow either a Markov process or a semi-

Markov process . Markov modulated GBM is given below.

where X; is a Markov process. The above mentioned model appears in [1, 3, 4, 5, 6,
7,8, 9]
Then [10] considers the semi-Markov modulated GBM

where X; is a semi-Markov process.
Some times some rare events may result in the rapid variations in asset prices. So
a new model called jump diffusion has proposed to incorporate discontinuity in stock

price dynamics.
dS; = Si—(pdt + odW; + /n(z)N(dt, dz)),

where 7 : R — R is continuous, bounded above and n(z) > —1, and N(dt,dz) is
a Poisson random measure with intensity measure v(z)dt, where v is a finite Borel
measure. [11] and [31] studied different kinds of jump diffusion models with some
relaxed assumptions.

Another model which is an improved version of both regime switching and the

jump diffusion is the jump diffusion model with regime switching.

S, = S, (u(X,_)dt + o (X,_)dW, + / n(2)N(dt, dz))



In [12] and [13] the above kind of model appears.

The model which I am studying is the semi-Markov modulated jump diffusion
model.

After specifying a market model, there are some important issues to be investig-
ated. These are no arbitrage (NA), Completeness of the market, derivation of the
price equation in the form of a partial differential equation, computation of the solu-
tion of the price equation, hedging computation etc. Addressing the above issues for
the model in which I am working is not straight forward. And these are not fully
answered in this thesis. I have found the strong solution of the stochastic differential
equation of this model. And I derived the infinitesimal generator associated with this
market model so that some of the above mentioned investigations can be carried out.

The rest of this thesis is arranged in the following manner. In Chapter 2, we
discuss briefly about B-S-M model [28|, Black-Scholes partial differential equation
and its solution. Then we discuss about the arbitrage opportunities and completeness
of the market [20]. Finally, a brief description of locally risk minimizing hedging in a
general incomplete market is discussed [32]. In Chapter 3, we present the statements
of the Itd’s formula [22] for a right continuous with left limit [RCLL| path without
proof. Apart from this, we describe the new model by stochastic differential equations
and derive the strong solution we found for this SDE. We have also come up with an
infinitesimal generator associated with this market model, which has applications in
studying the model further. And in the final section we have shown that this model

is arbitrage free. In Chapter 4, we make some concluding remarks.
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Chapter 2

Theory of Option Pricing

2.1 B-S-M Theory

The B-S-M model is a mathematical model of a financial market containing only
two assets, of which one is risky and another is riskless. The risky asset is modeled
as geometric Brownian motion. And the riskless asset called bond B, is given by
B, = Bye™, where r is risk-free rate of interest associated with the currency in which
the asset is quoted. There are no dividends and no transaction costs on this assets.
Delta hedging is done continuously and arbitrage opportunities are not allowed in this
model. From this model, the Black-Scholes formula which gives the price of European

options can be deduced. We would first recall this model briefly.

Let ¢(S,t) be the value of a European call option at time ¢ provided the stock price
S; = 5. It depends on the following variables and parameters namely, S,t, 0, u, K, T
and r. S, and t are variables for stock price and current time respectively, where as
o and p are parameters associated with the stock price dynamics called as volatility
and drift, respectively. Finally, K and T are parameters associated with the details
of the particular contract known as strike price and expiry time and r is as defined

above.

Let II denote the value of a portfolio of one long option position and a short

position in some quantity A of the underlying:
IT = ¢(S;,t) — AS;. (2.1)

5



6 CHAPTER 2. THEORY OF OPTION PRICING
In the B-S-M model, the stock price dynamics follows a geometric Brownian motion
dSt St (,Udt + Uth)

So > 0. We can see that change in value of the portfolio from time t to ¢ + dt is given
by

dHt - d¢t - AdSt

From It6’s formula we have

dQS(St, )_ 8¢ St dt+ 8¢ St dSt‘l’ 10_251523 652 )dt

Therefore the portfolio changes by

dHt 99( St t)dt + ‘9¢ St t)dS + 10'2536 da);;t t)dt AdSt (22>

In the RHS of (2.2), the terms with the dt are the deterministic terms and those with
dS are the random. The random terms indicate the possible risk in our portfolio.
The random terms in (2.2) are (8¢(St — A)dS,. If we choose

A = 28D (2.3)

then the randomness is reduces to zero. The phenomenon of reduction in random-
ness is called hedging and exploiting the correlation between instruments to perfectly

eliminate risk is called delta hedging.

Once we choose the value of A such that randomness reduces to zero, value of the
portfolio changes by the amount as given below:

dIl, — <a¢>(st ) +1 2538%555; D)t (2.4)

Note that (2.4) does not have any terms which contain dS; which implies that the
change in the value of portfolio is completely riskless. This means that dII; must be
equal to the growth in the amount that is deposited in a risk-free interest bearing

account. Thus,
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The above mentioned is an example of no arbitrage principle.
Substituting (2.1), (2.3) and (2.4) into (2.5) we find that

96(S. , 82 S , 0¢p(S, )
(P52 + 5o SPEGED )t = r(9(Si,t) — 8,2t

On dividing by dt and rearranging we get

2054 4 15252 200EN | p g2 1S, 1) = 0.

This is known as Black-Scholes equation. This equation along with some appropriate

initial and boundary conditions admit a unique classical solution.

2.2 NA and Completeness

We model the stock price dynamics as some random process. But we need to check
whether the market model which we consider is really stable. And the necessary
condition for a stable market is no arbitrage.

Consider a market consisting of a bond, whose price at time ¢ is S?, and k stocks,
whose prices are Sti, 1 < i < k which are assumed to be RCLL process. We will
consider a finite time horizon T, thus ¢ € [0, T7.
Let S¢ = S/(S?)~!, Si = 1 - discounted price of the i stock.
We denote S := (S, ..., S*) and {F}>0 the filtration generated by S satisfying usual
hypothesis. Furthermore S is assumed to be a semimartingale w.r.t. F;.

We recall some of the important notions from [20] for our subsequent discussions

in the following definitions.

Definition 2.2.1. § = (7% 7!, ..., 7%) is said to be a trading strategy if (writing F;
for F} )

(a) each 7! is (Fi)- predictable,

(b) The stochastic integral fOT midS! exists fori=0,... k

i - no. or the amount of the it stock held by the investor at time t (i = 0 corresponds
to the bond)

0 = (x°, 7l ..., %) represents the holding of the investor at time t and is also known

as the investor’s portfolio.



8 CHAPTER 2. THEORY OF OPTION PRICING

Definition 2.2.2. For a given portfolio 6 = (7°, 71, ..., 7*), its value or wealth process

is defined as V;i(0) :== & wiSi, (t>0).
Definition 2.2.3. The accumulated gains or losses up to (and including ) the instant
t are called the gains process and is given by G¢(0) = Z?:o fg midSt

The discounted value process V;(6) and the discounted gains process Gy(f) are

respectively given by Vi(0) := S0 7miSi = 70 + S8 wiSi, Gy(0) == S8, [ widSE

Definition 2.2.4. § = (7%, 7!, ...,7%) is said to be self-financing strategy if there is

no investment or consumption at any time t > 0. That is 0 = (7r0, 7t . 77’“) s a self-

financing strategy if Vi() = Vo(9) + G4(A) a.s 0 <t <T.

Definition 2.2.5. A self-financing strategy 0 = (z, 7, ..., 7*) is admissible (or tame)
if for some m < co, P{V,(0) > —mVt} =1

Definition 2.2.6. An admissible strategy 0 = (x, 7, ..., %) is said to be an arbitrage

opportunity if x = 0,
Vr(0) >0 (2.6)

P- a.s. and

P[Vr(0) > 0] > 0. (2.7)
Definition 2.2.7. S = (S, ..., 5*) has the no arbitrage property (NA) if B an ad-
missible strategy 6 = (0,7) s.t (2.6) and (2.7) hold.

Definition 2.2.8. A probability measure () is said to be equivalent martingale measure
(EMM) if @ = P and the discounted stock prices {SZ} are martingales with respect

to Q. Such a probability measure is also referred to as a risk neutral measure.

Definition 2.2.9. A contingent claim is an F;- measurable random variable Zp
satisfying Zp > 0 a.s, E9(Zr) < oo.

Definition 2.2.10. A contingent claim is said to be attainable if there exists a strateqy

0 = (z, 7', ...,7%) such that Vi(n) is a Q— martingale and

Vr(0) = Zr (2.8)
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a.s.

Definition 2.2.11. The strateqy 0 = (x, 7, ..., 7%) satisfying (2.8) is said to be a
hedging strategy for the contingent claim Zr.

Definition 2.2.12. A market consisting of k— stocks (S, S?, ..., S*) and a bond (S?)

1s said to be complete if every contingent claim is attainable.

Let u(P) ={Q : Q@ = P and 3} a (- local martingale, 1 <i < k} be the class of

equivalent (local) martingale measures (EMM).

Theorem 2.2.1. Let Q € u(P). For an admissible strateqy 0 = (x, 7', ..., 7%), the

discounted gains process is a Q— local martingale and a Q— super martingale. Thus

u(P) # ¢ = NA.

Proof. Let us note that under @), St is a local martingale and hence the discounted
gains process, call it U is a stochastic integral with respect to S, is also a local
martingale.

If {7,,} is an increasing sequence of stopping times such that P(r, = 7)) — 1 and
Ul = Uspr, is a Q— martingale. Then for s < ¢, EQ(UM|F?) = Ur. In view of the
admissibility of m, U > —m for some m and hence, by Fatou’s lemma for conditional
expectation, we get

EQ(U|F?) = E?(liminf UP|F?) < liminf E9(UP|F?) = liminf U? = U

This proves that U, is a Q— supermartingale. In particular, E?(U;) < E9(U,) = 0.
Thus if P(Ur > 0) = 1, then Q(Ur > 0) = 1. Hence EQ(U;) <0 = Q(U; = 0) = 1.
Therefore P(U; = 0) = 1. Thus NA holds.

U

Remark 2.2.1. One can show that Black-Scholes market is complete and arbitrage

free.

We have seen that existence of an EMM implies NA. Following theorem from [29]

known as Girsanov theorem will give us the existence of an EMM.

Theorem 2.2.2 (Girsanov theorem for It6 processes). Let X (t) be an n-dimensional

It6 process of the form

dX(t) = at,w)dt + o(t,w)dB(t);0 <t < T
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where a(t) = a(t,w) € R", o(t) = o(t,w) € R™™ and B(t) € R™. Assume that there
exists a process 0(t) € R™ such that

s(D)0(t) = a(t)

for a.a. (t,w) € [0,T] x Q and such that the process Z(t) defined forQ) <t <T by

Z(t) = exp{—/o 0(s)dB(s) — %/o 62(s)ds}

ezxists. Define a measure Q) on F; by dQ(w) = Z(T)dP(w). Assume that Ep[Z(T)] =
1. Then @ is a probability measure on Fy, Q) is equivalent to P and X (t) is a local

martingale with respect to Q.

For a more general model further extension of this theorem is required.

2.3 Pricing in a Fair Market

In B-S-M market the price function ¢(S,t) of a European Call option is the solution
of the following partial differential equation (PDE) known as Black-Scholes PDE

0, 52 0
% +10°5%58 +78% —r¢ =0

subjected to the boundary condition: ¢(S,T) = (S — K)*, and ¢(0,¢) = 0 Vt.
Solution of this PDE is unique and is given by

d(S,t) = SB(g(S,T —t)) — Ke " TD(h(S, T —1t)).

Where g and h are defined as follows.
lo §+(r+la2)t
9(57 t) = %727
h(S,t) == g(S,t) — oV/t.

And & is the distribution function of the standard normal distribution.
But when we consider a general market model, it is unlikely that it would become
a complete market. In a complete market, we can hedge the contingent claim per-

fectly with a self-financing strategy as we did in B-S-M market. But in an incomplete
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market, it is not possible with a self-financing strategy. So pricing problem becomes
difficult in an incomplete market. But there are different approach to solve this prob-
lem. One of the approach to do this is the locally risk minimization method. In this
method, we allow additional cash to flow through out the period of the option. And
we replicate the claim at the maturity time by this particular strategy in which one
minimizes a certain measure of the accumulated cash flow known as quadratic resid-
ual risk (QRR) under a certain set of constraints. This minimizing strategy is known
as the optimal hedging. It is shown in [18]| that the existence of an optimal hedging
is equivalent to that of Follmer Schweizer decomposition of the relevant discounted
claim. Following [18| we present a brief description of locally risk minimizing hedging

in a general incomplete market.

Consider a market consist of two assets, a stock {S} };>0 and a bond {S}},>¢. Let
6 = (7% ') is an admissible strategy as defined in Definition 2.2.5. One can write

the value of the portfolio at time ¢ as
Vi =m0 Sp + m} S} (2.9)

from Definition 2.2.2. Let C} be the accumulated additional cash flow due to a strategy
0 at time t. Then V; can also be written as sum of two quantities, one is the return
of the investment at an earlier instant £ — A and the other one is the instantaneous

cash flow (AC}) as shown below.
Vi = mAS) + T aS + AC, (2.10)
From (2.9) and (2.10), one can write
Vi = Viea = a(S) = SPa) + 1 a(S) = Si_a) + AC
or equivalently the SDE
dV, = m)dS} + m;dS; + dC;.

For a self-financing strategy, dC; = 0. So in a complete market we can replicate
the claim without adding any external cash. That is not the case in an incomplete
market. It is shown in [18] that if the market is arbitrage free, the existence of an

optimal strategy for hedging an Fr measurable claim H, is equivalent to the existence
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of Follmer Schweizer decomposition of discounted claim H* := B, 'H in the form
T
0

where Hy € L*(Q, Fo, P), L = {LI" }o<;<r is a square integrable martingale start-
ing with zero and orthogonal to the martingale part of S}. Further 71" appeared
in the decomposition, constitutes the optimal strategy. Indeed the optimal strategy

0 = (7% w}) is given by

1 . H*
o= T,
t
* L 1 * H*
V; = H0+/ ﬂ-udSu—i_Lt y
0
1 . * 1 ox*
T, = V=75,

and SPV}* represents the pseudo locally risk minimizing pricing at time ¢ of the claim
H. Hence the Follmer Schweizer decomposition is the key thing to verify to settle

the pricing and hedging problems in any given market.



Chapter 3

A New Market Model

Finding the value of option has always been a major concern in Mathematical Fin-
ance. In 1973 Black and Scholes proposed a model called Black-Scholes model for the
option pricing problem. But they assumed that the basic market parameters such as
volatility and drift are constant during the entire period of the option. That is clearly
not the case in the real market. For rectifying this assumption people proposed and
tested many different models. Few of those are stochastic volatility models, jump-
diffusion models, and Levy processes, regime-switching models. The market of these
models are incomplete. For past few years there has been a considerable amount
of attention paid to the regime-switching models. The important aspect of regime-
switching models is that in this model we consider volatility and drift to follow either
a Markov process or a semi-Markov process whose states represent states of business
cycles. One can refer to [6, 12, 30]. In this thesis, we model the stock price by the
semi-Markov modulated jump-diffusion model.

In this chapter we first provide the sketch of proof of It6’s formula for continuous
path processes. And then we state [t6’s formula for RCLL path without a proof.
We apply that to obtain infinitesimal generator of a certain Markov process which
arises from our stock price dynamics model. To this end we recall few definitions and

notations which would be used through out this thesis.

3.1 It6’s Formula

Let = be a real valued function on [0, c0) which is right continuous and has left limits
(RCLL). We use the following notation: z; := x(t), Az := zy — v, Ax? = (Axy)%

13
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We start with a fixed sequence (7,)n=12... of finite partitions 7,, = {0 =ty < t; <

.. < t;, < oo} of [0,00) with t;, —, 0o and |7,,| = sup; . |tix1 —ti| = 0.
Definition: A measure on real line is called discrete measure if its support is at most
a countable set. Equivalently, a measure ¢ is called discrete measure if it is of the
form € = ). a;ey,, where a; > 0, (¢;) is a sequence of real numbers and ¢, (A4) =1 if
t; € A, otherwise 0 for a measurable set A.

Definition: We say that z is of quadratic variation along (7,) if the discrete measures

fn = Z (xtiﬂ - xti)Qgti (31)

ti€ETn

converge weakly to a Radon measure £ on [0,00]. The distribution function of ¢ is

denoted by [z, z] and given by [z, z]; := £(0,¢) and satisfies

[z, 2]y = [z, a); + > Az, (3.2)

u<t

where [z, x| is the the distribution function of the absolutely continuous part of &

and Y ., Axz?2 is the distribution function corresponding to discrete part of €.

Let X : [0,00] — R be a real valued continuous function and F € C?*(R). Then

Taylor’s theorem states
1
AF (X)) = F(Xin) — F(X)) = F'(X)AX, + §F”(Xt/)(AXt)2,

with AXt = Xt+At — Xt and some t/ S [t,t + At]

If X; is of bounded variation (B.V), then taking the limit for At — 0 gives
dF(X;) = F'(X;)dX;. Since the second term in the Taylor series disappears as [X]; =
0 (Quadratic variation of X;). If X is of unbounded variation, we get dF(X;) =
F'(X,)dX, + 5 F"(X,)(dX,)?, since [X;] # 0. Or, we can write this as,

t 1 t
F(X;) = F(Xy) +/ F'(X,)dX, + 5/ F"(X,)(dX,)?
0 0
The second integral in the above equation is well defined for finite quadratic variation
of X;. However, the task of giving a precise meaning of the first integral where both
the argument of the integrand and the integrator are of unbounded variation on any

arbitrary small time interval remained unsolved for a long time. This task was first
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solved by Itd6. Hence called as It6 calculus.

So for functions of bounded variation, we can apply classical calculus. But in
finance we need functions of unbounded variation as integrator. So we need Ito
calculus. We encounter portfolio which should represent in terms of some integral
where allocation appears in the integrand and the asset prices should be the integrator.
In particular, we need the following theorem from [22]| which is renowned as Ito’s
formula for RCLL path.

Theorem 3.1.1. Let x be of quadratic variation along (1,) and F a function of class
C? on R. Then the It formula

Fla) = Flao)+ [ oo+ /MF"m)d[sc,x]u
S () — Flon) — F'(ra ) Az, — %F”(asu_)Aa:Z], (3.3)

u<t

holds with

/0 F,(xu_)dxu:lizn > F(w) (@, — x,), (3.4)

TnBtiSt

and the series in (3.4) is absolutely convergent.

3.2 Model Description

Our market consist of two types of securities. A risky asset whose price can go up or
down and a riskless security called bond, where one always gets back the investment,
plus interest. We are going to consider options on this risky asset called the stock.
Let X := {X;}o<t<r be a semi-Markov process on the state space x = {1, 2,3, ..., k},
with conditional distribution of holding time P(7,,+1 — T, < y| X7, =1) = F(yli) and
the transition probabilities P(Xy, = j| X7, , = i) = p;;. Define A\;;(y) == 1f%(|;)\i)pij
where f is the derivative of F', provided F' is differentiable and less than 1. Let

h(i,y72)l = Z(j—@)lAz](y)(Z)

J#

g(i,y,z): = yzl/\ij(y)<z)

JFi
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It is shown in [32] that one can write the above semi-Markov process in an integral

form as given below.

t
&_&+//ﬁmwnﬂmmww (3.5)
0 R

vi=t- [ t [ a6 Yo ot do), (3.6)

where g is Poisson random measure with intensity measure dudz and Y; is the holding
time. And let S = (S;)o<t< be a risky asset which follows a semi-Markov modulated

jump diffusion model as given below.
dSt = St— (Mt—dt + O-t—th + / f(Zl)N(le, dt)), (37)

where So > 0, p— := u(X;—) denotes the drift(expected return) and o, = o(X;_)
denotes the volatility of the asset(can be thought of as the standard deviation) that
follows a semi-Markov process, f : R — R is continuous, bounded above and f(z;) >
—1, W; is a Brownian motion and N(dz,dt) is a Poisson random measure with
intensity measure v(z;)dt, where v is a finite Borel measure. Also we assume W, X
and N(dt,dz;) are independent.

It turns out that the SDE (3.7) has a strong solution.

Theorem 3.2.1. The SDE (3.7) has a strong solution which is given by
t 1 t t
Sy =Sy exp[/ (fy — 505_)du +/ OudW, —|—/ /ln(l + f(21))N(dz,dt)] (3.8)
0 0 o Jr

Proof. We can see that jumps of this process are coming from last term on the RHS

of (3.7). So we can write
AS, = S — 85 = St/f(zl)N(dzl,dt) (3.9)
R
St == St_ + St_ / f(zl)N(dzl, dt) - St_(l + / f(zl)N(dzl, dt)) = St_(l + f(ZQ))
R R

_ ASFﬂ+fm»NMaﬂw
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And we observe that

dSs = Sy—(py—du + o,,—dW,,) (3.10)
because only first two terms on RHS of (3.7) contributes to the continuous part. And

d[S) = S2 o2 du (3.11)

u—-"u—

because i, is of finite variation and [W], = u (Levy’s theorem).
Let 7 = min(¢|S; < 0) is a stopping time and let Z, = InS;. Applying 1to’s
formula on In S; for 0 < ¢ < 7 and using (3.10) and (3.11), we get

dSy  1d[S°,
S, 2 St

dZt = + ln St — ln St,

1
= /,Lt,dt + O-tdet - 50’?76% + In St —In St,

1
= (- — 50,?_)dt + o dW, +1nS, —InS,_.
Where the last term of the RHS can be written as

InS;, —InS;_. = ln(s:j—t_) = ]n(%) = In(1+ %)

= ln(1+/Rf(z1)N(dz1,dt)):/Rln(1+f(z1))N(dz1,dt).

After substituting back this into the equation, we get

1
dZt = (,ut— — §O't2_)dt + O't_dVVt + / hl(l + f(Zl))N(th dt)
R

Integrate it 0 to t, where 0 <t < 7 to get

t 1 t t
Zy— Zy = ln(g—;) = /0 (fy — 505_)du +/O OudW, +/0 /Rln(l + f(21))N(dz, dt).

So solution of the SDE (3.7) has the above form for 0 <t < 7.

Choose w € € such that 7(w) is finite else we are done as 7 = oo P a.s. and S; > 0
a.s. Now let ¢ — 7(w) and see by (3.8) S;)- > 0. Hence non-positivity may occur
only by jump. And (3.9) makes clear that non-positivity of S; does not happen with
our assumption f(z;) > —1. Hence 7 = oo P a.s. and S; > 0 P as. Vi € (0,00).
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Hence the proof. O

Let Y; be the holding time for the semi-Markov process X;. Then we know that
(S¢, X¢, Vi) is a Markov process. We also know that if A is the infinitesimal generator of
(S, X4, Yy) then for any ¢ € C2°, ¢(Si, X¢, i) —d(So, Xo, Y())—fg AP(Su—, Xy, Yy )du
is martingale w.r.t./;. We would use this result for the following derivation. Now
we are going to find the generator of this Markov process. Applying It6’s formula on
&(St, X1, Yy), we get

t
6(S0 X0 Y)) = (So, Xo, Yo) + / D 58 X, Vi )SE
0

1 /[t t 5
_'_5 /0 8S2¢(SU 7XU ’Y )d[s]u + /0 By (Su,,Xu,,Yu,)dYu
+ 3 [6(Sus Xy Ya) = (S, Xoe, Yo )] (3.12)

Substitute the expression of dS¢ and d[S]S, in (3.12), RHS becomes

¢
fb(SOa Xo, YE)) + / %(b(Suﬂ Xy YU,)[SH, (Nudu + UudWU)]
0

1 /[t t
+§/ 852¢(S“ ’Xu 7Y )Sg—au—du—{_/o (%qb(sufaXuvKuf)du
+ 3 [0S0, Xu Vo) — ¢Sz, Xue, Vo).

u<t

Taking all du terms together, we can rewrite this as

t
&S0, Xo, Yo) + ( / B 88, Xue, Ya_)Suetta
0
1 [t ¢
+§/0 %WSH,XU,YU)SELUELJF/O 2 d(Sus Xuy Yyo))du

[ Ol X Vo)W 3005 Xon V) = 08 X Vo)

u<t

Define dM} := fot % (Su—, Xu_, Yy )Sy_0,dW, which is a martingale process. Thus
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our equation becomes

t
OS50 X0 YD) = 950, X0, Vo) + [ (S + 552 ok fos -+ £)odu + M)

+ 3 [0S0, X, V) = &(Sumy X, Yo )] (3.13)

u<t

To compute the last term on the RHS, we observe

¢(SU7 X’LL) Yu) - ¢(SU—7 Xu—, Yu—)
= (¢(Sua Xua Yu) - Qﬁ(SU,, Xua Yu)) + ¢(Su77 Xua Yu) - ¢(Suf: Xuf> Yuf) (314)

— (S (14 / ()N (duy d21)), X, Ya) — 6(Sue, X, Ya)

050 X [ WX Yo 2)pldu d2) Yo = [ g(Xum Yor 20 du, d2)
_¢(Su>Xu77Yuf)'

As I shown before, we can take the integration outside. Then we get

- / (O(Sur (1 + F(22))s X Ya) — $(Sue Xo, Yu)) N (du, dr)

+ /(gb(Su_,Xu_ (X, Y, 2), Yo — g(Xue Yl 2)) — ¢(Su, Xue, Yoo ) o(du, d2).

- / (O(Su_ (L + F(21))s Xus Ya) = &S Xu, Ya)) (n(dus, dey) + v(dz1)du)

" / (O(Sues Xue + h(Xo, Vi 2), Ve — g(Xo, Ve, 2))
—(Su, Xu—, Yoo ) (p(du, dz) + dudz),

where n and p are compensated measures corresponding to N and p. Now define
dM? = [(¢(Su—(1+f(21)), Xu, Yu)—0(Su-, Xu, Yo))n(du, dz1) and dM7 = [(4(Sy—, Xy +
WXy, Yu,2),Yuo —g(Xu, Yuo, 2)) — &(Su, Xu—, Yu—))p(du, dz) which are martingale
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processes. Thus equation (3.14) becomes

¢(Sua Xu> Yu) - ¢(Su7a Xu,, Yuf)
=AM} +dM} + / (6(Su- (14 F(21)), Xus Vo) = &(Sus Xy Yi))w(dzn)du  (3.15)

4 / (6(Sus X+ (Xuey Yar2), Yar — g( X, Yo, 2)) — &(Sus X, Vo)) dud,
Using the definition of A and g, we get

( + h<27y7 Z) = Z(] - i)]-Az]( )(Z) + Z(Z ]'Aij(y) + 1UJ Aij(y)8>

J
= ZﬂAu 2) + iy, aywe(2)
Xy + WX, Y, ,2) = Z Tlax, ;) (2) + (X )1y, ax, 5w)e(2)
y—9(,9,2) = yly,ax, ;we-(2) = yli(2).

And we substitute above expressions into (3.15), we get

(b(Suu Xu; Yu) - (Zﬁ(Suf, Xu,, Yuf)
= dM} +dM} + /(¢(Su(1 + f(21)), Xu, Ya) — ¢(Su, X, Vo)) v(dzy ) du

+ /[Qb(SU—a ZleXu_j(y)<Z) + Xou-16(2), ylix, - (2)) = &(Su, Xou, Yo )|dudz

= dM? +dM} + /[¢(Su_(1 + f(21)), Xu, Ya) — 0(Su_, Xu, Yo)]v(dzy)du

+ Z u a]? ¢(Squu ’Y )])‘Xuﬂj(yu—)du'
Xu—#j

Now replace (3.13) by above expression, we get

t
¢(St7Xt>Y;€) = ¢(507X07%)+/0(S“MU%+ 527 Oy 852+0y)¢du

\/0 Z U 7]7 ¢(Su7Xu ,Y )])\Xu_,](Yu—)dU

Xu—#J

/ / (L4 F(21), X, V) — O(Su, X, Ya)0(der)du + dM,,
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where dM, = dM,! + dM? + dM}.
Let

Do(S,iy) = (Su(i)G + 55%0°(0) e + 2)6(5,1.1)
L¢(5727y) = Z[QS(S:J:O)_¢(S77'7y)]/\2,1(y)

i#]
19(S,iy) = / (O(S(1+ f(21)),iry) — O(S.19))w(dz)

Then we can write
&(Si, X0, Ys) = ¢(S0. X0, Yo) + fo Ad(Sue, X, Y )du + dM,

where A = D + L + I is the generator.

3.3 NA

Now we will prove in this section that our model is arbitrage free. For proving no
arbitrage we need to find an EMM for this market model. From the following lemma
we can construct such a martingale measure. Before stating the lemma, we will recall
the definition of Borel previsible process.

Let P denote the previsible o— algebra on 2 x R associated with the filtration
{F;} and let P = P x B where B is the Borel c— algebra on R. A function H(w,t,z)
which is P— measurable will be called Borel previsible. Thus, suppressing the explicit
dependence on w, a Borel previsible function or process H (¢, x) is one such that the
process t — H(t,x) is previsible for fixed x and the function x — H(t, z) is Borel-

measurable for fixed ¢.

Lemma 3.3.1. Let Z = {Z;;t € [0,T]} be a Radon-Nikodym process which is defined

as follows

Z —exp{/ot o dW, — %/Ot ¢idu—|—/0t/RlnH(z,u)N(dz, du) —/Ot/R[H(z,u) — 1v(dz)du},

where ¢ = {¢;t € [0,T]} and H = {H(.,t);t € [0,T]} are previsible and Borel
previsible processes such that E[fg P2du) < oo and H > 0, respectively. Then Z is a

positive local martingale under P with Zy = 1.
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Proof. 7 is always positive and Z, = 1.

AZt -

— Zi_
_ exp{/ GudWV, —-/¢du—// (2,u) — 1w (dz)du)
exp{ /0 /R In H (2, u) N (dz, du)}
— expf /0 WV — 1 /0 "R — /0 t /R H (2, u) — 1p(dz)du}
exp{ /0 t / In H (2, u) N (dz, du)}

_ //H N(dz, du) — 1]

= AZta ]

Apply It6 formula on Z; = exp{Y;}.
Where

Y, = /¢udW——/¢2du+//lnqu (dz, du) // (z,u)—1]v(dz)du.

We get

t
Zy—Zy = /Zu_dYu+1/ ZudY 1o+ N [Zu = Zue — Zo I H(AZy, )]
0

0<u<t
Z;—1 = /t _[pudW, — L¢7du + / In H(z,u)N(dz,du) — /R[H(z,u) — 1]y (dz)dul
/Z ¢du+// u)—1—1InH(z,u)|N(dz,du)
= / Zu pudW, + / / — 1]N(dz, du) (3.16)
The last formula states that Z = {Z;;t € [0,T]} is a local P—martingale. COThe

next theorem will give us the existence of an EMM.

Theorem 3.3.1. Let () be defined on F; by % = Zp. Then Q) is a martingale

measure.
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We need the following lemma from [26] to prove this theorem.

Lemma 3.3.2. Define a new measure Q as above. Then the process W, = W, —

fot Oudu is a Winer process under ) and

/Ot/R[H(z,u)—l](N(dz,du)—H(zu (dz)du) // (z,u) — 1]M(dz, du)

is a Q—martingale with respect to its natural filtration which implies that the com-
pensator measure of N(dz,dt) is given by v(dz,dt) = H(z,t)v(dz)dt.

We prove the Theorem 3.3.1 below.
Proof. Recall that our stock price satisfying the following SDE.

dSt = St_(,ut_dt + Ut—th + / f(Z)N(dZ, dt))
R
Solution of this SDE is

Stzsoexp{/ot[,u(Xu)— 2(X, )]du+/ AW +/ /m 1+ f(2)N(dz, du)}

Discounted stock price is given by

St:

ifies

= T oa Xu)du}} = exp{— / w)du} Sy

Apply Ito’s formula on S;,. We get

t

dS; = exp{— i r(Xy)du}dS; — Syexp{— / w)dutr(Xy)dt

= exp{— [ r(X,)du}[dS; — S;_r(X;)dt]

t

= exp{— i r(Xu)du}[S;— (updt + o dWy + / f(z2)N(dz,dt)) — S;—r(X;)dt]

= (X)) — (X)) dt + o (X0)S W, + / S, f(2)N(dz, dt)
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Replace dW; and N (dz,dt) as below.

dS; = [(Xy) — r(X)]S_dt + o(X})S,_[dW; + ¢(X,)dt] + / S, f(2)[M(dz,dt) + H(z,t)v(dz)dt]

=) — (X + o (X)(X) + / F(2)H (= )0(d2)]Sodt + oo (X)dW,
+ / Si_ f(2)M(dz, dt)

It is well known that when the price of the underlying asset is governed by the classical

Black-Scholes model, the unique equivalent martingale measure () is given by
d
d_1Q3|.7:t = ATv

where A satisfies .
A=Ay + / v, A, dW,
0

and the process U is chosen so as to ensure the discounted process S a Q— martin-
gale. In our model (3.7), a natural analogue of this would be to use the equivalent
martingale measure () and the Radon-Nikodym process Z will satisfies the following

equation
07, = U, 2 (o(X,)dW, + / F(=)N(d=, dt)). (3.18)
R

Compare (3.18) and (3.16) we get
o (Xy) = o

and
U, f(z) = H(z,t)—1

Discounted stock price becomes martingale under () only when the drift term becomes

zero. So we have

W) — () + §(X)o (Xe) + / F(2)H (= t)p(dz) = 0

(3.17)
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From this, we get
HX(X0) = r(X) = p(X) = [ FH (. w(d2)
Replace ¢, with U,0(X,) and H(z,¢) with 1+ W, f(2) we get
W (X) = (X0 = u(X) — [ S+ WfEwd:)
= (X0 =) = [ fwlas) = [ P
Take W, terms together

o} (X,) + /f2 ) =r(Xy) — u(Xy) — /f

r(Xe)— )—Jr f(
2(Xt +fRf2 ( Z)

=, ="

And

(Xe)—p(Xe) z)v(dz)
H(z, 1) = "CQRpOO L Hn ) ()

(X)) —p(X0)~ [y F(2)v(dz)
(bt - 0z2 (X +}R fQRz)u(dz (Xt)

We need the following condition

r(Xe)—pu(Xe)— [ f(2)v(dz)
P Pl (2) > —1

to ensure that H(z,t) > 0. Now substitute the expression of H and ¢ into (3.17).
[1(Xy) — r(Xy) + o(Xy)d(Xy) + [p f(2)H (2, t)v(dz)] becomes zero. Therefore,

Sy — Sy = /ts~ o(X,)dW, +/t9 [1(X,) — du—i—//S _f(2)N(dz, du)

:/Su_o dW+//Sf M(dz, du)

becomes a Q—martingale by the Lemma 3.3.2. Hence the proof. O
Therefore we have shown the existence of an Equivalent Martingale Measure for
our market model. By Theorem 2.2.1 we get that the market model which we con-

sidered is arbitrage free.
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Chapter 4
Conclusion

The model presented in Chapter 3 is a generalization of jump-diffusion model available
in the literature [12, 13, 11|. We have shown that this model we proposed is arbitrage
free. Our next aim is to address the pricing problem in this market model. It is
unlikely that the market would be complete. So the risk-minimizing pricing approach

could be adapted in this regard. Currently I am doing research in the above direction.
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