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Abstract

Let X = (X1,...,X,) be the random sample obtained from some unknown distribution F'.
Let § = T(F) be the parameter of interest estimated by § = S(X). We discuss bias and
variance estimators for 6 obtained by resampling methods such as jackknife and bootstrap.
Along these lines, we try to extrapolate these methods originally introduced for independent
data set to specific models such as linear model and Dependent data set. More specifically,
we consider least square estimates for the linear model and apply resampling methods for
the bias and the variance estimates for the same. Time series model has been looked at in
dependent data sequence and these resampling procedures have been modified to produce a

consistent estimates for the statistic of interest.
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Introduction

Statistical analysis is often concerned with making inferences about accuracy and distribu-
tions of statistics. While inferring, traditional approach involves dealing with underlying
distribution of the data. This distribution is itself hard to estimate or sometimes statistic is
too complicated to use this theoretical approach. Resampling methods resamples from the
obtained data and infer from the resampled data to estimate this underlying distribution
and make estimations about accuracy of the statistic of interest. Widely used resampling
methods are jackknife approach and bootstrap approach. Though these methods require

intensive computer operations, technology has made it easier to use these approaches.

In 1949, Quenouille introduced jackknife method. This method involves deleting one data
point from the original data set and making the inference based on this new data set to
estimate the properties of the statistic of interest. This method can be used to calculate
standard error and bias of the statistic based on i.i.d data set. Rather than considering,
delete-1-point subsets of the sample in jackknife, Hastigon (1969), thought of using all the
2™ — 1 nonempty subset of the data to improve the accuracy. But with the increased subsets,
more computer power was required to use this method. Over next several years many more
statistical methods were introduced which had broader applications. One of this methods is
bootstrap which was introduced by Efron. This method involves bootstrap samples obtained
randomly from the original sample. Accuracy of the statistic 7}, as we have explained earlier
depends upon its distribution. Bootstrap can be used to estimate this distribution. Based
on this estimated distribution, various other accuracy results such as standard error and bias
can be obtained for the statistic 7,,. Other applications of bootstrap consist of estimating
confidence interval of unknown parameter 6. This approach was introduced by Efron in 1982.
We will discuss all these approaches for i.i.d. case in details in Chapter 1. We will also

try to provide intuitive idea of why these approaches are good and also mention asymptotic



properties when needed.

Other than the independent data set, two of the main applications of resampling meth-
ods are linear models and dependent data set. In 1974, Miller started working with the
applications of jackknife method on linear models. He later showed the inconsistency of bias
estimator for least square estimate. To compensate this lack of consistency, Hinkley(1977),
and Wu(1986) worked with weighted jackknife estimators and showed their consistency for
variance and bias estimates for least square estimates under certain conditions. Bootstrap
methods using the structure of linear models were introduced by Efron in 1979. These esti-
mates produced by jackknife and bootstrap method, seem to be robust in the following sense.
LSE estimates are based on the equal variance assumption. But even if this assumptions
are violated these resampling procedures produces fairly consistent estimates. Further study
regarding this robustness were studied by many statisticians (Hinkley, 1977; Wu,1986; Shao
and Wu, 1987; Shao, 1988a; Liu and Singh, 1992a). Another important application concern-
ing linear models is the prediction problem. Chapter 2 is entirely focused on the general
linear model and the prediction problem. Proofs of the asymptotic results are skipped, but
reader can refer to Shao (1988a, On resampling methods for variance and bias estimation in

linear models) and Shao(1988c, Bootstrap variance and bias estimation in linear models).

In 1981, Singh gave an example for the inadequacy of Efron’s bootstrap method if there
is any dependency in the data. Since then many have tried to modify bootstrap methods
for dependent data set. Chapter 3 describes some of these methods. We also discuss why
Efron’s bootstrap does not work for the dependent data by giving an example of m-dependent
data set. Last part of chapter-3 introduces bootstrap method for autoregressive model for
time series. Model structure of this particular time series is innovatively used to produce
consistent bootstrap estimates. We provide result based on higher properties of this pro-
cedure studied by Bose (1988, Edgeworth correction by bootstrap in autoregressions). We
have also tried working with some simulations to provide practical insight of the bootstrap

method for the time series model.



Chapter 1

Resampling Methods

1.1 Standard Errors and Bias

Accuracy of the statistic can be evaluated by standard error, Bias, confidence interval etc.
For example, mean of the population is generally estimated by sample average. Standard
error of the sample average has closed form, which might or might not be available for other
statistic. Resampling techniques such as Jackknife and Bootstrap can be used to estimate the
variance or Bias of the statistic of interest without going into theoretic calculations involving

underlying distribution.

1.1.1 Jackknife approach

Suppose we have sample X = (X, Xy,...,X,,) drawn from distribution F'. Let 6 be the
parameter of interest. Suppose we estimate this 6 with say = S(X) [Some function of data
X]. We wish to estimate the Standard error and the bias of 0.

Jackknife method works with leave one out samples. Consider X;y = (X1,..., Xi—1, Xiz1 ..., Xy)
fori=1,...,n. X is known as i-th Jackknife sample which consists of all the sample points

but the i-th one. Jackknife analogue of  is given by é(i) = S(Xp), fori=1,...,n.



Jackknife estimates for the Standard error and the bias of 6 are given by,

~ N A
Sejack: = |: n Z{G(Z) - ‘9()}2:|
=1

where 0y = >0, é(i)/n, and

— A A

Biasjqer = (n —1)(0() — 0)

respectively.

Jackknife estimate for the standard error looks like the standard deviation of the n jackknife
analogues of 6 if we replace (n—1)/n by 1/n. In jackknife approach, for calculating jackknife
replica of é, only one point X is excluded from the original sample X. Thus jackknife replicas
are usually numerically close to 0. As, (n — 1)/n is bigger than 1/n, intuitively speaking, it
compensates for this small difference between 0 and é(i). Similar intuition can be given for
the term n — 1 in the jackknife estimate for the bias. To get the exact form of leading terms,

consider § = X. Jackknife estimate for the standard error for this statistics turns out to be,

Sejack =

> i (X — X)Q)] 1/2

n(n —1)

To make this estimate approximately equal to the standard unbiased estimate of the sample
mean, [%1} 2 heeds to be multiplied. Similarly, consider Standard error as a statistics and
try to find jackknife estimate for its bias. In this case, leading term turns out to be (n — 1).
Hence it is arbitrary convention to use these factors in the jackknife estimates for standard

error and bias.

1.1.2 Bootstrap Approach

Let X = (X1, Xs, ..., X,) be the random sample chosen from some unknown distribution F'.
Let F' be the corresponding empirical distribution which puts mass 1/n on each of the X;
and f = S(X) be the statistics of interest.

Bootstrap sample X* is defined as the random sample of size n drawn from the empirical
distribution. Intuitively, it can be seen as a random sample of size n drawn from the data

points X; = xzq,...,X,, = x, with replacement. Bootstrap replication of 6 is defined as
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0* = S (X*). Ideal Bootstrap estimate of standard error of 0 is defined as

A* A* A>|< 1/2
Sep(0*) = [E*(H — E.(0 ))2}
Where F, denotes that the expectation needed to calculate standard error are taken with
respect to the empirical distribution 2
For most of the statistics other than the sample mean, there is no closed form for the ideal
bootstrap estimate. Bootstrap algorithm explained below tries to approximate the ideal

bootstrap estimate for the standard error.

Bootstrap Algorithm:

e Select B independent bootstrap samples X*!, ..., X*B from the empirical distribution

as stated earlier. For good estimate B = 25 to 100 is sufficient.
e Calculate corresponding bootstrap replication: 6*(b) = S(X*) for each b=1,..., B.

e Then estimate the standard error of 0 by following ,
—~ B A A
SEp={)_[0°(b) = 0"()]/(B - 1)}
b=1

Where 6*(.) = S0, 6*(b)/B

As B goes to infinity, Law of Large Numbers suggests that SE g will be exactly equal
to Sex(6%).

Bootstrap can also be used to approximate the Bias of any estimator § = S(X) of 6 = ¢(F).
Bias of = S(X) is defined as

Bias(f) = E(S(X)) — t(F)

Let ¢(F) be the Plug-in estimate for . The bootstrap estimate for the bias for § is defined

as,

A

BiasF = EF(S(X)) — t(F)

Thus, Biasz is just a plug-in estimate for Bias(d). Note that F' denotes that calculation

required for expectation of S(X) are taken with respect to emperical distribution.



Similar to the standard error, there does not exist closed form for this bootstrap bias esti-
mate for most of the complicated statistics. Hence, Bootstrap algorithm approximates the

ideal bootstrap estimate for bias.

Bootstrap Algorithm:

responding to sample X.

the statistic 6 , which we will denote as , 6*(b)

e Approximation to the ideal bootstrap estimate for bias of 0 is given by ,

— ~

Biasg = 6*(.) — t(F)

where 6%(.) = - 0*(b)/B.

e Generate B bootstrap samples namely X*!, ... X*B from emperical distribution cor-

e Then corresponding to each bootstrap sample X**, evaluate bootstrap replication of

As B goes to infinity, Law of Large Numbers suggests that Bias will be exactly equal to

Bias .

When 6 = S(X) = t(F) ie. the plug in estimate of § = ¢(F), the bias can be approx-
imated by a better estimate. Let X* = (X7,...,X}) be the bootstrap sample same as

earlier. Let,
By = X7 = Xi}/n

Py, can be thought of as the number in how much proportion X, appears in the bootstrap

sample X*. Then Resampling vector P* is defined as,
P =(P},...,P)

It is easy to see that sum of all components of P adds upto 1. Let P® = (1/n,...,1/n).
Hence Py corresponds to the original sample X (Basically bootstrap sample in this case is
the original sample itself).

As we are dealing with the specific case of § being t(F ), the bootstrap replication 0* =S (X™)
then can be thought of a function of P. Let §* = T'(P*). Here, T(P°) will be exactly equal
to 6.



Let X7,..., X} be the B bootstrap samples drawn from original sample X. Corresponding

to each bootstrap sample X; we have resampling vector P;. Define P* as
B
P*=> F;/B
b=1

Then the better bootstrap estimate of the Bias denoted by Biasg can be given by

Biasg = 6*(.) — T(P*)

Where é*() is the mean of bootstrap replications corresponding to X;. Note that the

bootstrap estimate we defined earlier is,

—

Biasp = 0*(.) — T(P°)
It seems that both %S\B and Biasp converges to Bias;. But convergence rate of Biasp

is much faster than Biasg. Hence Biasp is a better bootstrap estimate than Biasg in this

particular case of plug in estimate.

1.2 Bootstrap Distribution Estimator

Let X1,...,X, be the random variables from some model P,. And our statistic of interest
is T,, = T,,(Xy, ..., Xy, P,) which is dependent upon these variables and model P,. Let Hp,
be the sampling distribution of 7}, with respect to the model P,. That means

Hp, (z) = P(T, < x|P,)

Sometimes model P, is determined by distribution F' and in that case we use H,, r or H,
instead of Hp, as our notation for the sampling distribution. Suppose based on the data
Xi,..., X, we estimate P,. Let P, be this estimator(In general this is going to be emperical
distribution). Then, X7,..., X} will be bootstrap sample drawn randomly from P,. And
T = T.(XT,... ,X;,Pn) will be the corresponding bootstrap replication of T,,. Let P,
denote the conditional probability P(|]—c’n)7 then the estimator for the sampling distribution
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of T,, obtained by bootstrap approach is given by
HBoot(l') - P*(T; S I)

Definition 1.2.1. Suppose p is any metric on F = {all distribution on R}. Then Hpo 1S
said to be weakly p-consistent if p(Hpoot, Hp,) —p 0 as n — 0o. And Hpen is said to be
strongly p-consistent if p(Hpoot, Hp,) —a.s. 0 as n — o0o.

Metric po, which is sup-norm metric is often used in such consistency problems. One
of the techniques that can be used in proving consistencies of bootstrap distributions has
been discussed later in this section. One way to prove consistency is to show that limiting
distributions of 7;, and T are the same. Berry-Esseen inequality is one way to prove this.

Berry-Esseen inequality has following form: Suppose H is some distribution on R and
poo(Hp,, H) < ¢Bn(Fy)

here ¢ is some constant independent of n and B,, is a function on P, which satisfies B,,(F,) —

0 as n — oo. Now if estimator ]5” of P, satisfies this inequality with distribution Hie.
poo(HBoota ];[) S CBn(pn)

Then Singh(1981) used following technique to show the consistency of bootstrap distribution.
Note that
poo(HBoota HPn) S poo(HBoot7 H) + poo(H7 H) + pOO((HPn? H)

So consistency of Hpg,; follows if we show that Bn(pn) —a..s 0 and poo(f[ JH) =45 0. We
will illustrate this technique by considering statistic T, = y/n(X,, — u), where X is sample
mean and x4 = E(X;). Then bootstrap analog of T}, is T* = \/n(X} — X), where X} is the
mean of bootstrap sample obtained from emperical distribution based on Xi,...,X,. Let

Var(X,) = % If we apply Berry-Esseen’s theorem on i.i.d X7 ..., X}, we get,

Sup |P.(T/S, < x) — ¢(z)| < 2.75A,,

Where S, = E, (X7 —X,,)? (E, denotes expectation taken with respect to emperical distribu-
tion on X1,...,X,), A, = E.(| X} — Xn|)3/(§n3\/ﬁ) and ¢(x) denotes distribution function

8



of standard normal distribution. Hence,
Sup |P(T; /S0 < 2) — ¢()] < 27507228, 3 (1X; — Xuf)
* i=1

This can be rewritten as,

Sup [Hpoo (1) — 6(/S,)| < 27507228, 31X = X, )

i=1
By Marcinkiewicz strong law of large numbers we get that,

n

n 2y (X = = Xul*) s 0
i=1
Now by SLLN, gnz —a.s 0. Hence, we have

Sup |HBoot(l‘) - ¢($/SATL)| —a.s 0

Also note that, peo(6(z/Sy), ¢(/0)) —4.s 0 and by cental limit theorem, poe(Hy, ¢(2/0)) —>q.s
0. Thus, we finally have
poo(HBoot7 Hn) —a.s 0

1.3 Confidence Intervals

Construction of the confidence interval and the hypothesis testing are two other major parts
of statistical inference. Here we will give brief introduction to confidence intervals.
Let Xi,..., X, be the i.i.d. random variables from some distribution F. Suppose [, is the

function of these random variables (i.e. some subset of R) and if it follows that
POel,) =a

then I, is said to be the confidence set with confidence coefficient «. If I,, turns out to be an
interval then it is known as the confidence interval. Statistical inference mainly focuses on

One sided intervals (—oo, #] and [#, 00) or two sided interval [¢, d]. In this context,  will be

9



referred as the upper bound and 6 as the lower bound. Since there is structural similarities
between these intervals, we will focus on the lower confidence bound. If the Desired level 1—a
or 1 —2a matches with the probability of 6 being in the confidence interval then that interval
is known as the exact confidence interval. In standard approach of constructing confidence
interval we consider pivotal quantity, say R,,, whose distribution (say G,) does not depend
on F. But it is usually hard to estimate the distribution of R, and is usually estimated
by some distribution. In bootstrap approach we try to estimate the distribution G,,. Let
GBoot be the estimation of G,,. But as this is simply an approximation coverage probability
of the resultant confidence interval would be different than the desired level. Bootstrap
confidence interval seems to be easy to construct and they do have higher accuracy in the
sense of coverage probability. In this section we will discuss different bootstrap approach to

construct confidence interval. As stated earlier we will stick to the lower confidence bound.

1.3.1 The bootstrap-t interval

Let X7,..., X} be the bootstrap sample from emperical distribution F' on random sample
0y —0

On

X1,..., X, drawn from F. In this bootstrap approach, we look at pivotal quantity R, =
Here, én is estimator of § and 62 is variance estimator of én Distribution of R,, (i.e. G,,) is
unknown in most of the cases hence we approximate it by bootstrap estimator Ggoot- G Boot
is defined as follows,

0, — 0,

GBoot(x) = P*( 5 < l’)

0%, and &) are bootstrap replications of 8,, and &,,, respectively. Definition of P, remains
same as in previous section. In this case, if we replace GG, in the confidence interval by G goot,

we get following lower confidence bound
Opr = én - 6nG1§<1)ot(1 —a)

This will be known as Bootstrap-t lower confidence bound.
0% —0,,

5k
On

The Gpoor defined earlier can be used if we are able to find the distribution of R} =
But in practice, we will have to approximate it based on data at hand. Based on independent

bootstrap samples X7,..., X} drawn from F, we will have bootstrap replications for R*,,,

10



say R*,(b). Then ath percentile for Gy can be approximated by #(®) such that,
#{R'(b) <1@}/B=a

That is, if 1000 bootstrap samples have been generated then 50th value of ordered list of
R*,(b) is the estimate for 0.05th quantile.If B - « is not an integer then estimate the ath
quantile is defined by kth largest values of R*,(b), respectively. Here, k = [(B + 1)a] where

[ ] denotes the greatest integer function.

Disadvantages:

1. Note that denominator of R*,(b) is standard error of 6* for the b-th bootstrap sample.
Which means if the statistic is too complicated to have a closed form for standard
error, we will have to use another sequence of bootstrap on bootstrap sample B to

calculate standard error. This is computationally expensive.

2. Sometimes it is easier to transform the statistic to calculate confidence interval and
then transform it back to get the interval for the original statistic. Bootstrap t-method
highly depends on which scale confidence interval is being constructed. In other words

it is not transformation respecting.

1.3.2 Percentile Intervals

Rather than looking at the distribution of some pivotal quantity, this apporaoch directly
looks at the distribution of 6,,. Distribution of 6,, is estimated by distribution of its bootstrap

analog.
KBoot(x) = P*(GZ S 33')

Based on this estimate, bootstrap percentile method provides following lower bound:

Opp = Kéiot(a)

Unlike bootstrap-t interval approach this approach is invariant with respect to any reparametriza-

tion.

11



In practice, approximation to this estimate can be done as follows: Draw B independent

L .., 2*B. Corresponding bootstrap replications for 6 will be 6*(b).

bootstrap samples x*
Then we approximate K giot(a) by the B.athe value of ordered list of above bootstrap repli-
cations. For example, if B = 1000 then Kg;ot(0.0E)) is approximated by 50th value of ordered
list of bootstrap replications. If B - « is not an integer then in that case approach is similar

to that of previous section.

Suppose that there exist an increasing function ¢, (z) such that

~

P(¢n — ¢n(0) < z) = () (1.1)

is being satisfied by all distributions F' including F , Where én = ¢n(é) and v is some
increasing, continuous and symmetric distribution. If we know the transformation ¢, and

distribution v, then exact lower confidence bound (say 0p,,.) for 6 can be given as

QExact = gb;l(gg + Za) (12)

Here 2, = ¢! (a).
Let w, = ¢, (05p) + 1. As stated earlier if we assume (1.1) holds in the case of F' and as ¢

is increasing, we get

~

Y(w,) = Y(Pn(lpp) +¢) = P*(é:; < 0gpp)

Now according to definition of 0 5p,
P*(é: <0pp) =«
Hence, w,, = ¢! (a) = z,. Using this we can rewrite 05, as

QBP - (ZST_LI((ZAS + Za) - QEzact

This shows that under the assumption (1.1) 0gp = 04,0 S0 even if ¢ and 9 are unknown
we can still find exact lower confidence bound using 05p. Sometimes assumption (1.1) holds
if n is very large. So for large n, 8z will be a good approximation to exact lower confidence
bound. Frequently, ¢Zn is not a linear function and hence the bias of ggn — ¢(0) does not
vanish rapidly as n becomes larger and larger. So approximation (1.1) will be good enough

only if n is very large. Efron suggested some relaxation on assumption (1.1), which lead to

12



the development of the following two bootstrap methods.

1.3.3 The bootstrap bias-corrected percentile

Discussion of Bias not converging fast enough to 0 suggests that we should add some bias
term in the assumption (1.1). Consider the example of bivariate normal distribution F'. Let
0 be the correlation coefficient and én be sample based correlation coefficient. For this setup,
Vn(tanh™(6,) — tanh™1(0)) — 0/(2y/n) seems to be better approximation to the standard
normal distribution than v/n(tanh™(6,) — tanh™(6). In the view of such scenarios, Efron

suggested more general assumption than that of (1.1):

~

P(¢n = ¢n(0) + 20 < ) = ¢(2) (1.3)

Where notations &n, ¢, ¥ mean exactly the same as that of in the previous subsection.

Considering this assumption, 65, can be written as,

QEzact = ¢T_Ll(¢2n + o + ZO)

As, (1.3) is valid for F also we get,
Kpoot(0n) = Pu(0;, < 0,) = P.(9}, = hato,, + 2 < z0) = 1(x)

Hence,

= 00 < 00— Ou0paac)

" <200 — 6u(Opract)
w < n — Za — 20)

= Pu(¢, < ¢y (b0 — 20 — 20))

= Koot (0, (dn — 20 — 20))

13



This implies,
Kggot(l - O{) - qb;l(qbn — Za — ZO)

As this is true for any « and also v is symmetric function, for any 0 < x < 1 we get,

Ko () = 6, (00 + 07 (@) — 20)

1
oot

By the expression of 0, and above equation of K, ,(z) we finally get,

QE'xact = Kgiot(w(za + 220)) = Ké;ot(w(za + 2¢_1(K300t(én>)))

Hence if ¥ is known, then the bootstrap bias-corrected percentile lower confidence bound for

0 is given by,
050 = Kot (¥(za +220)) = Kby (¥ (20 + 207 (Koot (00))))

As bias term is included in the assumption (1.3), this should improve bootstrap percentile
approach. If (1.3) is exact then 0z is exact lower confidence bound. But if (1.3) holds for
large n , then fpz- improves as n gets larger. Many examples still suggest that assumption
(1.3) is not satisfied nicely , hence more comprehensive assumption was taken into account,

which is explained in the subsequent section.

1.3.4 The bootstrap accelerated bias-corrected percentile

Schenker (1985) considered the example of normal distribution(denote it by F), where the
parameter of interest was variance. He shown that even if distribution of sample mean
was transformed into that of a normal distribution, transformed variable’s variance is still
dependent on F'. This shows that it is hard to obtain stabilization normally and variance
wise. Taking account of this example, Efron(1987) generalized assumption (1.3) even further.

More general assumption is,

P(l + apn(0)

+ 20 < x) =1Y(x) (1.4)

Here, notations are similar to that of previous section. The extra parameter a depends on

the distribution F' and n, and is known as acceleration constant as it measures the change

14



of standard deviation of ¢, with respect to On(0).

In case when ¢, ¢, 2y and a are known we can determine exact lower confidence bound

for 6. It turns out to be,

Opsact = b (9 + (za + 20) (1 + an) /[1 = al(za + 20)])

Similar to previous section we will show that 0,,. is equal to some percentile of Kp,.:. We
can note that calculation upto the part where we showed =1 (K Boot(én)) = 7o still holds.

However change in assumption gives us

~

Ko@) = 0,1 (6 + [0 (@) = 20)(1 + adn))
For 0 <z < 1. Now let = ¥(20 + (20 + 20)/[1 — a(2a + 20)])) We get,
K 5o ($(20+ (20 +20) /1 =a(za+20)]))) = 6 (St (za+20) (L+ady) /[ =a(za+20)]) = Opur

Hence if ¢ and a are known , the lower confidence bound for 8 obtained based on assumption
(1.4) is given by
Opc, = Kpou(¥(20 + (20 + 20) /[1 = alza + 20)])))

This is known as the bootstrap accelerated bias-corrected percentile lower confidence bound.
If a is unknown then we can estimate it by a, then the resulting confidence bound is obtained

by substituting a instead of a in above equation.

QBCa = QBCa (&)

But it should be known that parameter a is hard to estimate in some cases.

1.3.5 Consistency of Bootstrap confidence intervals

In bootstrap approach we approximate distribution of the pivotal quantity with its bootstrap
distribution. Also, latter techniques are based upon approximation of the distribution of
the transformation of a parameter. hence we would like to know that whether coverage
probability converges to the desired level as n — oo. Consistency of confidence sets are

defined in the following way.
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Definition 1.3.1. A confidence set I,, for 6 with desired level 1 — « is said to be consistent
if,
POoel,) —1—-«

as n — 0.

Let H,, be the distribution of nt(én —0), where t is a constant and G,, be the distribution
On—6

of pivotal quantity 2= Let Hpoor and GBoot be their bootstrap estimators, respectively.

Following theorem shows the consistency of bootstrap lower confidence bound.

Theorem 1.3.1. 1. If Gy is consistent in the sense of(Definition 1.2.1), then Opr is

consistent.

2. Suppose Hpoo is consistent and lim po(H, H,) = 0 for a strictly increasing, contin-
n—o0
uous and symmetric H. Then Ogp, Opc, and Opo  are consistent lower confidence

bound.

Proof. 1. As G oot is consistent, poo(Gpoot, Gn) — 0 as n — oo. Also note that functional

T(G) = G7Y(1 — «) is continuous with respect to p,. This proves the consistency of

Opr.

2. By definition of f5p,

P(Opp < 0) = P(a < Kpoat(0))
= Pla< P, (0 —0,<6-0,
(a5 P =) )
= P(a < HBoot(nt(‘g —0,)))
= P(n'(0 — 0,) > Hpo())
Now as Hp,e is consistent and lim po(H, H,) = 0 we get,
n—oo
P(Opp < 0) = P(n'(6, — 0) < —H *(a)) + o(1) (16)
= H(—H (@) + o(1) '

As H is a symmetric function, we have H(—H '(a)) = 1 — a. Hence, P(8gp < 6) —

1—«aasn— oo.
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Note that, in case of 0., and 0, we had,
20 =4 (Kpaot(0)) = & (P60}, < 0n)) = ¥ (P(0), — 0 < 0)) = & (Hpoot(0))
Consistency of Hpuy and nh_{lolo Poo(H, Hy) = 0 gives us,
0 -2 07 (H(0) = 0

This implies that asymptotically we will have ¢(z,) instead of « in above equations in
case of Oz¢, and 0. . But 1(z,) = a. Hence all of the above equation goes through

in these cases also. Hence we have consistency for 0gp, 0p, and Op., .

]

This theorem basically implies that all the bootstrap methods produces consistent lower
confidence bounds. Hence larger the n closer we will get to the desired level of confidence

set.
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Chapter 2

Linear Models

2.1 Introduction

Bootstrap methods can be applied to various problems. It is kind of model dependent
method in terms of generation of the bootstrap data which depends on specific model we
are dealing with. Generally bootstrap approaches can be applied to any model P where it
can be estimated by say P. Performance of these approaches are dependent upon how good
estimate P is and how the bootstrap data has been generated.

In this chapter, we will be dealing with the application of the bootstrap and the jackknife

to linear models. General linear model is given by:
yi=zif+e fori=1,... n. (2.1)

Here y; is i-th response, x; is a p-vectors of variables associated with response variable, a
p-vector of unknown parameters is denoted by [, and ¢; are random errors. In determin-
istic model, ¢; are independent and have mean , variance 0 and o? respectively. While in
correlation model, (y;, z;) are assumed to be independent and identically distributed with
E(y;|z;) = x} and finite second order moment. We denote E(y?|z;) by o?. For simplicity,
from now onwards we will denote this conditional expectation and conditional variance by

E and Var respectively for the rest of the chapter.

Most of the time it is assumed that ¢; have same variance, 0? = 2. Under this assumption,
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usually 3 is estimated by least square estimate B s given by,
Brs = (X'X)'X'Y (2.2)

Where X is n X p matrix with x; as its i-th row and Y is n X p matrix with y; as i-th row.
It is assumed that X has rank p for simplicity and which assures the existence of inverse of
the matrix X’X. it is easy to note that Brs is an unbiased estimator as E(BLS) = 0.

If 6 = 0, then
Var(BLS) = Var((X’X)*lX/Y) = (X’X)*IX’VCLT(Y)X(X’X)*1 = (72()(’)()*1 (2.3)

Unbiased estimator for this variance is usually given by,

1
n—p

o))

where i-th residual 7; is given by (y; —/3.s). But like most of the problems, variance of other
estimates of 8 does not have closed form and hence we approximate them by asymptotic

approaches.

2.2 Variance and Bias Estimation

Let 8 = g(3) and is estimated by 0 = g(ﬁ), where 3 is an estimator of 8. In this section,
estimators for variance and bias of § using the bootstrap and the jackknife approach have

been discussed. For simplicity we will stick to the least square estimate of f3.

2.2.1 Jackknife Approach

Miller extended the jackknife method for the estimation of bias and variance of the statistic
Org = g(BLS). Extension is as follows: Suppose we have data (y;,z;), ¢ = 1,...,n. Then
delete the i-th pair. Now consider the rest of the data and try to find 3. based on remaining
data points. Let us denote least square estimate we get after deleting i-th pair by 5’ rsi. Then

jackknife replication of 6 would be éLS,i = g(BLS’i). Then bias and variance estimates are
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given by:

n

n—1 A A
bJack = n Z(QLS,Z' - 9LS> (24)

i=1

And

n

n—1,; 1~
VJjack = > (Orsi— - > 1) (2.5)
=1

n 5
i=1

respectively. Note that BLS@ can be written as,
Brsi = (X'X — 22) (XY — ;)
For vector ¢ and matrix A we can show that inverse of (A — ¢c’) is

A ted AT

YA} S -1
ey = T

)
Using this, we get,

X' X))ty X' X) 7
1-— .%;X’X)_lﬂfi

BLS,i = ((X/X)l + )(X/Y — TY;)

| zaiBrs | zihiy;

= — |%ilYi —

LS YT T T 1 -k,
A ZiTi

= Prs — -

where h; = 2/(X'X) " a;, 2z = (X'X)'a; and r; = y; — 2;815. In case when, 0 = g(8) = ¢

then we have 6,5 = g(ﬁALS) = dBrs. So,

n
b n—1 czir;
Jack = E
ac n - 1 — hz
i=1

Note that Z?Zl z;r; = 0. So we can write by, as,

n—1~, 21 n—1~ dzihr;
bac _ ild /ii _ Az
Jack n Z(l—hl CZT) n Zl—hl

=1 =1

We already know that BLS is an unbiased estimator of 3. So we expect 015 to be unbiased

too. But from above equation we can deduce that b, is not 0 if h;’s are not same for all 7.
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And hence it may not converge to 0 rapidly. Similarly, for the same 6 = g(8) = /3, we have

n—1<x<~ (dz)%? n—1. dzri
VJjack = n Zzl: (1 _ hl)z TLQ (Zzl 1 — hz)

Miller(1974) proved that under weak conditions, v 4 is a consistent estimator for variance.
He also showed that b, may be inconsistent bias estimator (Which intuitively matches

with our discussion of h; not being same for all 7).

Inconsistency of jackknife bias estimator can be explained as follows. Under linear model,
we assumed that E(y;) = x;f. Which may not be same for all . This makes our linear
model kind of unbalanced in nature. Considering this unbalanced nature other jackknife
estimators were proposed. These are known as weighted jackknife estimators. We will list
some of them here.

Hinkley defined pseudovalues as follows:

0; = 05 +n(1 — h;)(0Ls — OLs,) (2.6)

Based on these weighted pseudovalues, he gave following weighted jackknife variance and

VH Jack = n(n = p)ZH——ZHQ

bias estimator.

and
1 e - .
b ac :_E 0 _ez
HJack nil( LS )

If we put value of 01 in by jeer it can be easily shown that by . = 0. Hence this by jeer is
correct bias estimator.
Wu(1986) gave different weighted jackknife estimators for bias and variance. They are as

follows: .

WWiack = (1= hi)(0ps; — O1s)°

=1

and,
n

bw jack = 2(1 — hi)(0Lss — Ors).
=1

All these variance estimators are consistent in the following sense: Let § = ¢(f) and is
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estimated by Ors = g(B s). Moreover let us assume that g is continuously differentiable and
Vg(pB) is not zero at 5. Then

Theorem 2.2.1. If X'X — o0, hpar = mazx h; — 0, and lim Sup m<aq:E|ei|(2+5) < oo for
some 6 > 0, then - ! -
v/Vg(B)Var(Brs)Vg(B) —p 1

Here v denotes either jackknife estimator or both weighted jackknife estimator for g(ﬁA Ls)-

2.2.2 Bootstrap Approach

As we have seen earlier, bootstrap variance and bias are defined as Var, (6*) and E, (%) — 0,
respectively, where 0% is bootstrap replica of 0. Here we will consider § = éLS- For the
linear model, we have to apply bootstrap method in a different way. There are three types

of approaches in the literature:

Residual Based Bootstrap

In 1979, Efron proposed idea of residual based bootstrap (RB). General idea in bootstrap
, as we described earlier, is to estimate the model by some parameter. Then estimate the
parameter by some estimator based on data at hand to generate bootstrap data set. In
this case when z; are deterministic and errors are i.i.d., linear model can be identified with
two parameters: [ and unknown distribution F, (Distribution of ¢; ). As f is estimated
by least square estimate BLS, we only need to estimate F.. Let r; = y; — l‘;BLS be the
i-th residual. F, can be estimated by emperical distribution with respect to these centered

residuals i.e. putting n=!

mass on each r; — 7, where 7 = """ r;/n. Let us denote this
emperical distibution by F:. Hence for general linear model, (3, F.) is estimated by (BLs, F:).
An easy way to generate bootstrap data from this estimated model is as follows. Draw i.i.d.
random variables €7, ..., ¢ from F;) . Let yf = x;BLS +¢€f fori=1,...,n. Bootstrap data
obtained is thus (yi,#}),..., (4, z.). Let B%¢ be the least square estimator obtained using

above bootstrap data. Thus,
Bis = (XX) XY
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Where Y* = (y7,...,y"). Bootstrap replication of § = g(3) will be given by 05 ¢ = g(Srs).
Note that, E,(y,) = #fLs as E,(e7) = 0. This implies,

E*(BZS) = (X'X)"'X'X Brs = Prs

and
n

Var,(Bs) = (XX) X Var, (V)X (XX)™ = [ 3 = (X0X)

Here E, denotes expectation with respect to emperical distribution F:. Shao(1988c¢) showed
that the residual bootstrap procedure generates consistent estimator for bias and variance
of BLS and in turn, if ¢ is smooth then some moment condition ensures consistency for éLS

also.

Paired Bootstrap

In case when z;s are random and data points (y;, ;) are identically distributed and indepen-
dent, we can recognize the linear model by joint distribution of these data points. An obvious
estimate to this model would be , emperical distribution based on (y1,2),. .., (yn, z},). We
can thus generate bootstrap data set from drawing random points from this emperical dis-
tribution. This bootstrap method is known as paired bootstrap(PB). Application of this
bootstrap method is not confined to least square estimates.

In case of least square estimate BLS, notice that matrix X*(replica of X) won’t have rank p.
Thus we have to derive the bootstrap replication of ﬁ s using the generalized inverse of the

matrix X* X*. Bootstrap replication of BLS is defined as

5 (X*’X*)_lX*’Y*, if \* > \/2
Brs =4 . ' (2.7)
LS otherwise

where \* and A are two smallest eigenvalues of (X*'X*) and (X’X), respectively. It turns
out that approximately the expectation of B}is is BLS and variance of the same is same
as Hinley’s weighted variance estimator. Hence, under some regularity conditions, paired

bootstrap produces consistent estimators for variance and bias of 6,g.
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External Bootstrap

Wu(1986) proposed this method specifically for the least square estimates. ¢; fori =1,...,n
be the i.i.d random variables drawn from some distribution with expectation 0 and variance

1. Then he generated bootstrap data set by

* I'A |T1’ e

Y; zﬂLS \/1—7]7,@ i

here r; and h; hold same meaning as that of in jackknife section. Hence the bootstrap analog
based on this bootstrap data set can be given by (X'X)'X'Y* where Y* = (yi,...,y}). It
turns out that the variance estimator based on this method is same as that of Wu'’s weighted
jackknife variance estimator. Thus external bootstrap also seems to produce consistent

variance and bias estimator.

2.3 Prediction

General linear model can be applied to the prediction of future values y; based on given
value of xy. Bootstrap method can be used to estimate the prediction error in the point

prediction problem. For model (2.1) with i.i.d error terms, point prediction is given by
Jr = 2} BLs
In case of this point prediction, Mean squared prediction error is defined as,
mse(xy) = E(yy — )

Here expectation is taken over joint distribution of y; and §;. Note that mse(z) can also
be written as Var(ys — yy). Now in general, y; and yi,...,y, are independent. So y; and

y¢ are independent. Thus we can write this mean squared prediction error as,
mse(zy) = Var(yy) + Var(gy) = o° + x}Var(BLs)xf =0’ + 0’ a (X' X)

Residual bootstrap method can be applied to estimate this mean squared prediction error.

Recall that F, denotes the emperical distribution with respect to adjusted residuals. Let
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€l,...,€, and €; be the i.i.d random variables drawn from the distribution F.. Bootstrap

rn

replication for the least square estimate be the same as that of in section (2.2)(Residual
Bootstrap) and define the future value as Yy = x}BLS + €;. Bootstrap prediction of this

future value is given by ¢} = m}BZs Then bootstrap estimate for mse(zy) is given by
7/’/7J=9\€Boozf(xf) = FE, (y;; - lg;)
As €} and all the other bootstrap errors are independent we have,

msepoot () = Var, (y}) + Vardy})
= Var,(y;) + Var, (:L'}BZS) (2.8)
=6+ 672 (X' X)) ay

2

Here 62 is similarly defined as that in residual bootstrap section. Notice that, 62 is unbiased

estimator for 2. Which implies msep,e () is an unbiased estimator of mse(z ;).
Suppose instead of one value we have to estimate mean squared error of prediction for set of
values x of z;.And let v be the probability measure on x. In that case average mean squared

error for predicting these values is

/ mse(zs) dv(zy) = o + 02/ (X' X) g du(ay)

Also, As being a scalar, 2/(X'X) oy = tr(z;(X'X)'zy), where tr(A) denotes trace of the

matrix A. Hence we have,
E(x’f(X’X)’l:zzf) = E(tr(:z:’f(X'X)’le)) = E(tr((X’X)’la:f:U’f)) = tr(E((X'X)’lex’f))
Thus,
/ mse(z;)d v(ry) = o + 02t7°((X’X)_1/ zpxy dv(ay)) = o + o’tr((X'X)7'5,)

Here ¥, = [ a2 dv(zy).

It is easy to see that bootstrap estimator for average prediction error is,

—

mse(zy),, dv(zg) =6+ 6*tr(X' X)7'%,)

Boot
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Lets see an example. Suppose the set of values we want to predict are x1, ..., z, itself. Then
we provide probability measure on this set by putting mass n~! on each one of them. Note
that, (X'X)™! =" a2} and 3, = M Then in this case average prediction error

and its bootstrap estimator are respectively given by,

o? + o*p/n and 6% + 6°p/n

2.4 Model selection

In model (2.1), not every component z is related to the response value y. For example
components those components of x won’t be important for the given response if their corre-
sponding components J; in true parameter § are zero. In this case it is better to remodel
the general linear model. Let o be any subset of set {1,...,p}. Suppose z;, and [, be
sub-vectors of x and § which considers components corresponding to the set o. Hence more

dense model for the linear problem can be given by,
yi:l';aﬁa—i-@, izl,...,n (29)

The ideal model in this case would be the model corresponding to aq , where «ay is the set
containing all nonzero components of the true parameter 5. But in our case f is unknown,
and in turn ap is unknown. Thus optimal model based on the data (y1,)),..., (Yn,z,)
should be estimated.

Let S be the class of all models that can be selected. Without any loss of generality model
corresponding to (2.1) is assumed to be in S. For model o € S, size of the model is given
be size of the set . In this section, we will consider errors ¢; are i.i.d., and with mean
and variance to be 0 and 1, respectively. Corresponding to model the (2.10), least square
estimate of (3, is given by
B = (X,Xa) ' XY

Where X, = (214, -, %na)’- Hence the prediction for the future values based on the least
square estimate is given by,

Z)fa = ‘x‘/fa/BOé
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The model « can be judged based on the mean prediction error it is producing. Mean square

prediction error corresponding to model « is given by,
mse(zy,a) = E(y; — Ga)’
As, E(yr — 91a)* = Var(yy — Ura) + [E(ys — U1a)]?, mean squared error can be rewritten as,
mse(xy, a) = 0”4+ 0’2y (X[ Xo) " ay + [248 — 2 (X[ Xo) T XS]

So, if we know the mse(xs, ), we can obtain optimal model by minimizing mse(xs, a) over
all « € S. But we don’t know the mean prediction error corresponding to «, hence we will
first have to estimate it and then proceed with the minimization. We will discuss in short

about the model selection method known as cross-validation, which estimates mse(zy, a)

Cross-Validation

This method was based on jackknife approach. Let Ba,i be the least square estimate based

on the data without the i-th point (y;, ;). We can write Ba,i as
Bai = (Z xa,jxix,ﬂ Z La,jYj
i i#i

Optimal model a can also be estimated using mse based on set y = {z1,...,z,}. In this

scenario, average mse can be given as,

mse(a) = %Z mse(x;, o) (2.10)

Considering this mean squared error and since y; and BAW- are independent to each other,

cross-validation gives following estimate for mse(«),

n

_— 1 N
mse(a) = - > (Wi =l Bai)?

=1

—

Then optimal model « can be determined by finding minimizer of estimate mse(a) over

a€eS.
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Chapter 3

Dependent Data Set

3.1 Introduction

In the previous chapters, we looked at problems that had data itself independent or had some
kind of structure where observation from different units were independent to each other. We
applied bootstrap to this independent clusters to get variance and other estimates. In this
chapter we will take a look at the dependent data set such as m-dependent data and time
series. For a generic dependent data, if we apply normal bootstrap approach it fails to capture
the essence of dependency between the data. Thus, We will look at the common modification
to bootstrap methods and other approaches that have been described in literatures to these

kind of dependent data sets.

3.2 m-dependent data

Definition 3.2.1 (Stationary sequence). Sequence of r.v. {X; :i = £0,+£1,...} is said to be
strongly stationary sequence if for integers p > 0 and q, {X1,..., Xp} and {Xi4q, ..., Xpiq}

have same distributions.

All the random variable sequences are assumed to be strongly stationary for this section.
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Definition 3.2.2 (m-dependent data). Sequence of r.v. {X; : i = £0,%+1,...} is called
m-dependent if there exist a non-negative integer m such that sequences {..., X; 1, Xy} and

{Xtimi1, Xexmara - - -} are independent for all integers t..

3.2.1 Failure of i.i.d Boostrap in case of m-dependent sequence

Let {X1, Xy, ..., } be the m-dependent sequence. Moreover assume, F(X;) = pand E(X}) <

00. Also, we define,
m—1

o2 =Var(X;) +2 Z Cov(X1, Xit1)
i=1
If, X = 15"  X;and 0 € (0,00), then by central limit theorem for m-dependent variables

we know that

V(X = p) = N(0,07,)

For simplicity, let us denote \/n(X — p) by T,,. As we have seen already T, converges
to normal distribution with specific variance in distribution. But, let us try to find the

bootstrap distribution of 7}, using i.i.d bootstrap approach and see where it converges.

Let us draw bootstrap sample from empirical distribution with respect to Xy, ..., X,,. Now,
in this case, bootstrap analog for T}, would be TF = /n(X,,” — X,,) where X, = 13" X7,
Following theorem suggest that distribution of 7)¥ conditioned upon Xj, ..., X, will converge

to the normal distribution with different mean.

Theorem 3.2.1. Let { X, Xy, ..., } be the stationary m-dependent sequence of random vari-
ables such that E(X1) = p and 0 < Var(X;) < oo. Then,

sup |P(T; < z)—¢(z/o)] = o(1) asn — oo, a.s.

Proof. Proof is similar to the convergence of bootstrap distribution of 7;, in i.i.d case. Berry-

2. But Marcinkiewicz-Zygmund SLLN is for

Esseen Theorem still applies here and s> — o
i.i.d. case. Here we use the modified version of this theorem for m-dependent variables to
show that .
n~3/? Z 1 X, = 0asn — oo, as.
i=1

This can be proved using following lemma:
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Lemma 3.2.2. Let {X1, Xo,...,} be the stationary m-dependent sequence of random vari-
ables. Let f : R — R be a borel measurable function such that E(|f(X1)?]) < oo for
o<p<ooand E(f(X1))=01ifp>1. Then,

n_l/pz |f(X;)| = 0 asn — oo, a.s.
i=1

Proof. 1dea of the proof is as follows. Break {X;, Xs,...,} into different subsequence. Let
Yii = Xjii-1)m+1) for j = 1,...,m + 1. Then Yj; for i« > 1 is an ii.d sequence. Thus,
n~YPY 1 £(X;)| can be divided into two summations over ¢ and over j. As, Yj; fori > 1, is
an i.i.d sequence, we can apply Marcinkiewicz-Zygmund SLLN there with little modifications

in constants. This proves the lemma. O]

Thus we see that bootstrap distribution of 77" converges to a normal distribution with a
different variance. Thus i.i.d. bootstrap method proposed by Efron fails to work in the case
of m-dependent sequence. Intuitive idea for this failure is that bootstrap samples X} fails
to capture the dependency in the original sequence X;. Next couple of sections will focus on

different approaches to modify the bootstrap method for certain kind of dependent models.

3.3 Bootstrap Based on 1ID Innovations

[.i.d. bootstrap can be modified based on the specific kind of model that is under consider-
ation. Let {X,, : n > 1} be the sequence such that,

Xy =h(Xo1, ..o, Xn—p; B) + €5

n > p and where 3 is a ¢ x 1 vector and h : RPT? — R is a borel measurable functions. Let
¢; for i > p be i.i.d sequence of random variables independent of {X1,..., X,} and having
distribution F'. For simplicity let us assume that E(e;) = 0. This model implies that X, is
dependent upon last p X;s below X,, and is basically driven by independent random errors

¢;. In such kind of model, i.i.d. bootstrap approach proposed by Efron can easily be extended.

31



Suppose that we have sample X = {Xj,..., X,,} and we have to estimate the sample distri-
bution of T;, = t,,(X; 5, F') which is based on some function t,,. Now let Bn be some estimator
of B based on sample X, it may be LSE or some other kind of estimator. Define residuals,

¢; as follows,
éi = Xz — h(Xi_l, cee 7Xz—pvﬁn)7 p< i S n

If, €=1/(n—p) Y i_,,, &, them centered residuals can be given as, € = ¢, — €. Centering is
done just to match our assumption of errors having mean 0, otherwise it produces nonzero
bias later.

Let X/ =X, fori=1,...,p and

X:=N(X] .., Xi ;o) + & forn >i>p

Then bootstrap version for T}, can be defined as T = t,,(X*; F,, 3,,) where X* = {X7, ... X*}
and F), is an emperical distribution based on centered residuals €;, p < ¢ < n. This sampling
distribution of 7, is estimated by sampling distribution of 77 conditioned on X under this
innovation of i.i.d. bootstrap approach. Autoregressive time series model is special case of
the model we considered in this section and we will dive more in depth for this special case

in Time series section.

3.4 Moving Block Bootstrap

In the last section, the idea was to use independence of residuals to apply bootstrap method.
But most of the time, we don’t know the underlying structure or model assumptions for the
model. In that case we can’t use any underlying independence structure to generate boot-
strap method. In the view of this lack of knowledge of underlying structure, Kiinsch (1989)
and Liu and Singh (1992) seperately formulated new resampling scheme known as Moving
Block Bootstrap(MBB). In this section we will describe this method and give intuitive idea
about why this approach works for dependent data.

Let {X1, Xs,...,} denote the stationary sequence of random variables and let us say we
have obtained observations X = {X7,..., X,,}. We will provide the moving block bootstrap

version of statistics of the form, 0, = T(F,), where F,, is the emperical distribution based
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on data X and 7'(.) is some real valued function.
We will not need following assumptions while introducing the theory of MBB, but in the

literature standard assumptions are as follows: Let [ € [1,n) be an integer, then we require
I —»ooandl/n— 0asn— oo

Introduction of MBB however does not depend on these assumptions. Let B; = { X, ..., X,
denote the l-sized block starting with X; and 1 < ¢ < N where N = n—[+ 1(Basically this is
to assure that we don’t go beyond X,,.). Also assume that k is the smallest integer such that
n < kl. We now have N blocks By, ..., By. To generate MBB samples , we randomly select
k blocks from these N blocks. Let us denote MBB sample as BY,..., B}. Let us denote
elements in B} as X/, ..., X/, ;. Then if we assume sequence Bj, ..., B} in a sequence then
first n elements will be X7, ..., X}%. This is known as MBB sample. Then MBB version of
én is given as

~

0 = T(F)

n

here, F¥ denotes the emperical distribution based on MBB sample X7, ..., X}.

Note that, if { = 1 then this is basically i.i.d. bootstrap approach introduced by Efron(1979).
MBB basically draws blocks from given sample. So dependency structure of underlying de-
pendent data is still captures within each block. If {X;};>; have dependency stucture of finite
lags, then asymptotically, as [ — oo, MBB captures this dependency structure successfully.
Typical choices for [ includes | = Cn?® where 6 € (0,1/2).

3.5 Non-overlapping Block Bootstrap

Note that, in MBB method, resampled blocks can overlap with each other. Carlstein (1986)
changed the blocking rule we used for MBB method. Initial Set-up is mostly similar to MBB.
Let [ € [1,n] and b be the largest integer satisfying Ib < n. We define blocks as follows:

B(2) - (X(i—l)l+17 oo 7X’L'l> ’L = 1, .. .,b

)

Where superscript (2) denotes NBB (Non-overlapping Block Bootstrap) blocking. Note that
these blocks don’t overlap with each other unlike MBB approach. Then we we randomly
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select k blocks from these non-overlapping blocks, where k is same as that of in last section.
Let us denote resampled blocks as B’f@), cee BZ@). We get sequence of random variables
X31,..., X5, if we arrange resampled blocks in order. Let F{?* be the emperical distribution

based on X3,,...,X;,. Then bootstrap version of 0, is
i T

It has been shown that, if the stationary sequence {Xj, Xs,...,} satisfies some moment

conditions then,
E(E.(6;) = E.(077))* = O(1/n?)

This means that bootstrap estimators produced by MBB and NBB will have small difference

if the sample size is large.

This methods are useful if we don’t know the underlying model structure possessed by the
stationary sequence under considerations. However if the model structure is known then it
will be to use that particular structure while resampling in bootstrap method. Next section

will deal with bootstrap modifications for the time series model.

3.6 Time series

In this section we will consider the time series model widely known as Autoregressive Pro-
cesses. In this type of model, ideas behind application of bootstrap on linear models are
modified so that it provides a consistent bootstrap estimates. We will consider Stationary
case. We will describe the modification of Efron’s bootstrap to this particular case and pro-
vide some theoretical results found in literatures. Autoregressive process {X;};cz of order p

(p € Z) has following structure:
Xi=p+b5Xia+ ... +68,Xipte

where p, 81, .. ., B, are unknown autoregressive parameters and ¢; are i.i.d. random variables

with mean 0, variance 0% and same distribution, say F. For simplicity we consider, 1 = 0.
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3.6.1 Stationary Autoregressive Model

Autoregressive process is called stationary if
p
B(z) = 1—2@-2”7&0, forz€e Cand |2| <1
i=1

Note that here X; are dependent, so we can use block bootstrap methods. But our approach

in this section will be to use model structure of autoregressive time series to generate boot-

strap data.
Suppose from the process { X}z, data Xy, ..., X, is observed. Then least square estimates
Bpl, cee Bpn of f1,..., 5, based on n observation satisfy

Bots- - Bon) = VIV W (X, ..., X)) (3.1)
Here V,, is a matrix whose i-th row is X;4,_1,...,X; and ¢ varies from 1 to n — p. Residuals

are given by ¢; = X; —BMX,;_I +... +Bani_p fori =p+1...,n. Note that ¢, using model
structure of autoregressive process, can also be written as €; = €; — Zle(ﬁm — B:)X,_; for
p+1 <1 <n. If suppose Bin —p Bifori=1,...,pasn — oo, then €; can be approximated
by €;, and thus are i.i.d under our assumptions. So we can use Efrons i.i.d bootstrap on
these residuals. But before that, to adapt our assumption of mean of ¢; being 0 we need to

center the residuals. New residuals are given by,

&=¢—¢fori=p+1,....n

where € = (n—p)~! Z?:pﬂ ¢;. From the emperical distribution based on ¢; , i =p+1,...,n,
draw random sample €, i € Z. Each of this € will have probability of being equal to €;,
conditioned upon X, ..., X,, 1/(n —p)

Bootstrap version of autoregressive process is given by
X; = BuXiy+. B X, € i€L (3.2)

Let X be the stationary solution of this process. When the condition BM —p (i 1s satisfied,
stationary solution for above equation exists with high probability for large n. But in prac-
tice we derive such stationary solution by following method. Let X = X, forv =1,...,p.
Now if the 3(z) =1 — 37, Bin2? # 0, for z € C and |z| < 1, then in the long run effects of
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first p coefficients die out fast enough. So we use bootstrap version of autoregressive process

recursively many times so that the desired stationary stage is reached.

The bootstrap version for autoregressive process for statistic 7,, = ¢,,(X1, ..., Xy, b1, .., Bp, F)
is given by
T; - tn(Xfa s 7X;,7/61na s 7/Bpn7 Fn)

where F), is emperical distribution described earlier based on centered residuals. Bose(1988)
showed that ARB (Auto-regressive Bootstrap) approximation is better than normal approx-

imation which has error of O(n~'/?), while ARB has error rate of order o(n~'/?) .

Let Cov(X;, X;)/0? be (i,7)th element of p x p matrix X. Let {X}},cz be the station-
ary solution to (3.2) and let Cov. (X}, X7)/Var.(X}) be the (i, j)th element of 5. Assume
that E |ef(s+1)\ < oo for some s > 3 and (e, €2) satisfies following condition : For every ¢ > 0

there is 6§, > 0 which satisfies sup|i(u)| < e™%, where (e, €?) has charecteristic function
lu|>c

P(u). Let 8= (B1,...,05), B, = (Bpl, . ,Bpn) and B;; be the p-vector obtained by putting
X/ in place of X; in equation (3.1). If, H, is the distribution of \/ﬁZ(Bn — ) and Hpyp 18
the distribution of \/n3(8% — B,) then Bose(1988) proved that

sup | Hpoot () — Ho(z)| = o(n™?) as.

ARB tends to have more accuracy when data assumes the above given model structure.
When we know that data does not assume the stationary autoregressive structure, it is

better to apply moving block methods for greater accuracy.

3.7 Simulations

In this section we will provide some basic simulations to give insight on how the bootstrap
works.

We randomly generate 2-dimensional data having 50 data points. We can think of this as 2
test scores of the 50 students in the class. Suppose i-th data point is denoted as z; = (1, T;2).
We are interested in the correlation of vector x;; and vector z;, say 6. When we apply

bootstrap to this data. It resamples 50 data point z] from original data and calculate
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correlation coefficient for this new data. We carried out 1000 bootstrap replications for the

statistic 6. Following image shows their distribution. Original value of 6 is 0.138. Standard

error and bias estimates given by bootstrap method are 0.111 and -0.009 respectively. So if

in practice we need to estimate distribution of é, we can use the simulated distribution to

get a nice approximation.

Density

0.2 0.0 0.2 0.4
tx

Figure 3.1: Correlation coefficient

Next, we will consider autoregressive time series model of order 1. So our model is X; =
p1X;_1+¢€;. Here ¢; ~ N(0,1). We generate data set of 50 data points using this model and
B1 = 0.5. We will apply ARB method to generate a bootstrap version of above time series.

Original time series is shown in Figure 3.2.
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X*

20 40 60 80

Figure 3.2: Original Time series

100

20 40 60 80

Figure 3.3: Bootstrap replication
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Here least square estimate for f3; is Bl = 0.519. Corresponding to this estimate, we obtain
residuals and resample them after centering. The bootstrap replication of above time series
obtained using ARB method described in previous section is shown in Figure 3.3.

Let us consider statistic 7 = (327, X2)/2(f; — ). Bootstrap replica using ARB method



would be T = (Z?zl X;+2)Y2(8r — ;). Sampling Distribution of 7* using 500 bootstraps
is shown in the following figure. Thus, in practice, distribution of 7' can be approximated

by following simulated distribution.
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Figure 3.4: Bootstrap Distribution 7™
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Chapter 4

Conclusion

We learned the variance and the bias estimates produced by the jackkife and the bootstrap
method in case of independent data set. We approximated the distribution of any given
statistic with its bootstrap distribution and showed one way of proving the consistency of
this bootstrap distribution. Based on this bootstrap distribution, there are two ways to
obtain confidence intervals. Based on certain assumptions, we showed why this confidence
interval will work. But in case, this assumption is violated, we improved its accuracy using
better approximation. Through this we obtained BC and BCa confidence intervals. Later
we showed the consistency of all of these intervals and showed that as sample size gets larger,

we will get closer to desired level of confidence.

Further, applications of these methods to the linear models and dependent data set have also
been studied. These resampling procedures are not only used to estimate variance and bias
but can also be used in prediction problem. We used bootstrap to estimate the prediction
error and by this procedure we can make sure if our linear model is accurate or not. One
important problem was model selection. And we looked at the resampling technique known

as cross validation to estimate the give model.

In dependent data structure, we first looked at why the Efron’s bootstrap does not work.
Later we looked at MBB and NBB methods and their relation with each other. Time series
model was also studeied to give some idea of how bootstrap method can be modified to the

specific structure of dependent data.
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