
●r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s ❢r♦♠ ✐♥s♣✐r❛❧❧✐♥❣ ❝♦♠♣❛❝t ❜✐♥❛r✐❡s✿

P❛rt✐❛❧ ✸✳✺ P◆ ♠♦❞❡s✱ ❍✐❣❤❡r ♦r❞❡r st❛t✐♦♥❛r② ♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥

❆ t❤❡s✐s s✉❜♠✐tt❡❞ t♦✇❛r❞s ♣❛rt✐❛❧ ❢✉❧✜❧♠❡♥t ♦❢

❇❙✲▼❙ ❉✉❛❧ ❉❡❣r❡❡ Pr♦❣r❛♠♠❡

❜②

❆♥✐❧❦✉♠❛r ❚♦❧❛♠❛tt✐

✉♥❞❡r t❤❡ ❣✉✐❞❛♥❝❡ ♦❢

Pr♦❢✳ ❇❛❧❛ ■②❡r

❘❛♠❛♥ ❘❡s❡❛r❝❤ ■♥st✐t✉t❡✱ ❇❡♥❣❛❧✉r✉ ✫ ■♥t❡r♥❛t✐♦♥❛❧ ❈❡♥t❡r ❢♦r

❚❤❡♦r❡t✐❝❛❧ ❙❝✐❡♥❝❡s ✭■❈❚❙✮ ❇❡♥❣❛❧✉r✉✳

■♥❞✐❛♥ ■♥st✐t✉t❡ ♦❢ ❙❝✐❡♥❝❡ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❘❡s❡❛r❝❤ P✉♥❡







❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❞❡❡♣❡st ❣r❛t✐t✉❞❡ t♦ ♠② ❛❞✈✐s♦r✱ Pr♦❢✳ ❇❛❧❛ ■②❡r✱ ❢♦r ❤✐s

❡①❝❡❧❧❡♥t ❣✉✐❞❛♥❝❡✱ ❝❛r✐♥❣ ♥❛t✉r❡✱ ♣❛t✐❡♥❝❡ ❛♥❞ ♣r♦✈✐❞✐♥❣ ♠❡ ❛♥ ❡①❝❡❧❧❡♥t ♦♣♣♦rt✉♥✐t② t♦

♣✉rs✉❡ ♠② ✐♥t❡r❡st✳ ■ ❛♠ t❤❛♥❦❢✉❧ t♦ ❤✐♠ ❢♦r ❛❧✇❛②s ❜❡✐♥❣ ❛✈❛✐❧❛❜❧❡ ❢♦r ❞✐s❝✉ss✐♦♥s✳ ■ ❛♠

❢♦r❡✈❡r ✐♥❞❡❜t❡❞ t♦ ❤✐♠✳

❙❡❝♦♥❞❧②✱ ■ ✇✐s❤ t♦ t❤❛♥❦ Pr♦❢✳P✳❆❥✐t❤ ❛♥❞ ❉r✳❈❤❛♥❞r❛ ❑❛♥t ▼✐s❤r❛ ❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡

✐♥♣✉ts ❞✉r✐♥❣ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ s✉❣❣❡st✐♦♥s ✐♥ ❣❡♥❡r❛❧✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉r✳ ❙✉♥❡❡t❛

❱❛r❞❛r❛❥❛♥ ❢♦r ❜❡✐♥❣ ♠② ❚❆❈ ♠❡♠❜❡r ❛♥❞ ❛❧s♦ ❢♦r ✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ t❤✐s ✜❡❧❞✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ s♣❡❝✐❛❧❧② t❤❛♥❦ t❤❡ ❆str♦r❡❧ ●r♦✉♣ ❛t ■❈❚❙✳ ❚❤❡ ❡♥✈✐r♦♥♠❡♥t ✐♥

t❤❡ ❣r♦✉♣ ❤❛s ❜❡❡♥ ♠♦st ❢r✐❡♥❞❧② ❛♥❞ s✉♣♣♦rt✐✈❡ ❛♥❞ t❤❡ s✉❣❣❡st✐♦♥s ■ ❣♦t ❢r♦♠ t❤❡ ❣r♦✉♣

❤❛✈❡ ❛❧✇❛②s ❜❡❡♥ ❤❡❧♣❢✉❧✳ ■ ❛♠ ❛❧s♦ t❤❛♥❦❢✉❧ ❢♦r t❤❡ ✇❡❡❦❧② s❡♠✐♥❛rs✱ ♣❛♣❡r ❞✐s❝✉ss✐♦♥s

❛♥❞ ❥♦✉r♥❛❧ ❝❧✉❜s t❤❛t t❛❦❡ ♣❧❛❝❡✳ ❚❤❡② ❤❛✈❡ r❡❛❧❧② ❢✉❡❧❡❞ ♠② ✐♥t❡r❡st ✐♥ t❤✐s ✜❡❧❞ ❛♥❞

✐♥❝r❡❛s❡❞ t❤❡ ❜r❡❛❞t❤ ♦❢ ♠② ❦♥♦✇❧❡❞❣❡ ❣r❡❛t❧②✳

■ ❛♠ ❣r❛t❡❢✉❧ t♦ ❘❘■ ❛♥❞ ■❈❚❙ ❢♦r t❤❡ ❤♦s♣✐t❛❧✐t② ♣r♦✈✐❞❡❞ ❞✉r✐♥❣ ♠② st❛② ❤❡r❡ ✐♥

❇❡♥❣❛❧✉r✉✳ ❋✐♥❛❧❧②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❢❛♠✐❧② ❛♥❞ ❢r✐❡♥❞s ❡s♣❡❝✐❛❧❧② ❆❜❤✐❥✐t❤✱❆s❤♦❦✱

❇❤❛✈❡s❤✱ ◆❛❣❡s❤✱ ❙❛✐♥❛t❤✱ ❙✐❞❞❤❛rt❤✱ ❱✐r❛❥ ❛♥❞ ❯t❦❛rs❤ ❢♦r t❤❡✐r ❝♦♥st❛♥t s✉♣♣♦rt ❛♥❞

❝❛r❡✳



❆❜str❛❝t

❋♦r ❜♦t❤ ❞❛t❛ ❛♥❛❧②s✐s ❛♥❞ ✈❛❧✐❞❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ✇❛✈❡❢♦r♠s ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡

P♦st✲◆❡✇t♦♥✐❛♥ ✭P◆✮ ✇❛✈❡❢♦r♠s ❛s ❛❝❝✉r❛t❡❧② ❛s ♣♦ss✐❜❧❡✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ P◆

✇❛✈❡❢♦r♠s ❛♥❞ ♥✉♠❡r✐❝❛❧ ✇❛✈❡❢♦r♠s ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ✇❛✈❡❢♦r♠s ♦♥t♦

s♣✐♥ ✇❡✐❣❤t❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♠♣♦♥❡♥ts✳ ■ ❛♠ ❢♦✲

❝✉s✐♥❣ ♦♥ t❤❡ ✐♥s♣✐r❛❧ ♣❛rt ♦❢ ♥♦♥✲s♣✐♥♥✐♥❣ ❝♦❛❧❡s❝✐♥❣ ❝♦♠♣❛❝t ❜✐♥❛r② ✭❈❈❇✮ s②st❡♠✱

❛s t❤❡② ❛r❡ t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ s♦✉r❝❡s ❢♦r ❧❛s❡r ✐♥t❡r❢❡r♦♠❡tr✐❝ ❞❡t❡❝t♦rs✳ ❚♦ ❝♦♠♣✉t❡

t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ✭hlms✮ ❢♦r ✐♥s♣✐r❛❧❧✐♥❣ ❝♦♠♣❛❝t ❜✐♥❛r✐❡s ✭■❈❇s✮ ✇❡ ♥❡❡❞ t♦

❦♥♦✇ t❤❡ s♦✉r❝❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ♦❢ t❤❡ s②st❡♠✳ ❊❛r❧✐❡r ✐♥✈❡st✐❣❛t✐♦♥s ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞

t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r ✸ P◆ ❛❝❝✉r❛t❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ❛♥❞ s♦♠❡ ♠♦❞❡s

❢♦r l = 2, 3✱ ❛t ✸✳✺ P◆ ❛❝❝✉r❛❝②✳ ▼② ❛✐♠ ✐s t♦ ❣♦ ❤❛❧❢ ❛ P◆ ♦r❞❡r ❢✉rt❤❡r ❛♥❞ ❝❛❧❝✉❧❛t❡

s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r ✸✳✺ P◆ ❛❝❝✉r❛t❡ ❢✉❧❧ ✇❛✈❡❢♦r♠ ❢♦r ♥♦♥✲s♣✐♥♥✐♥❣ ■❈❇s✳ ❚♦

t❤✐s ❡♥❞✱ ■ ❞✐s❝✉ss t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s♦✉r❝❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ✇❤✐❝❤ ✇✐❧❧ ❝♦♥tr✐❜✉t❡

t♦ ✸✳✺ P◆ ✇❛✈❡❢♦r♠✳ ❇② ❞♦✐♥❣ ❧✐t❡r❛t✉r❡ s✉r✈❡② ■ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡s❡

♠♦♠❡♥ts ❛♥❞ ❧✐st❡❞ t❤❡ ❛✈❛✐❧❛❜❧❡ ♦♥❡s✳ ■ s❤♦✇ t❤❛t ✇✐t❤ t❤❡ ❛✈❛✐❧❛❜❧❡ s♦✉r❝❡ ♠♦♠❡♥ts ✇❡

❝❛♥ ❝❛❧❝✉❧❛t❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s✭hlms✮ ✇✐t❤ ❢✉❧❧ ✸✳✺ P◆ ❛❝❝✉r❛❝②✱ ♦♥❧② ❢♦r ♠♦❞❡s

l = 2, 3 ✇❤❡♥ l+m ✐s ❡✈❡♥✱ ❢♦r l = 5 ✇❤❡♥ l+m ✐s ♦❞❞ ❛♥❞ ❢♦r l ≥ 6✳ ❲✐t❤ t❤❡ ❛✈❛✐❧❛❜❧❡

s♦✉r❝❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ❛s ✐♥♣✉ts✱ ■ ❤❛✈❡ ✇r✐tt❡♥ ❛ ♠❛t❤❡♠❛t✐❝❛ ❝♦❞❡✱ ✇❤✐❝❤ ❣✐✈❡s

s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r ✸✳✺ P◆ ❛❝❝✉r❛t❡ ✇❛✈❡❢♦r♠ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ l ❛♥❞ m✳ ❚❤✐s

♥❡✇ ❝♦❞❡ ❛❧s♦ r❡♣r♦❞✉❝❡s t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s t✐❧❧ ✸ P◆ ♦r❞❡r ❝♦♥s✐st❡♥t ✇✐t❤

t❤❡ ❡❛r❧✐❡r ✇♦r❦✳ ❋✐♥❛❧❧② ■ ❞✐s♣❧❛② t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r l = 5 ✇❤❡♥ l +m ✐s

♦❞❞ ❛♥❞ ❢♦r l = 6 t♦ l = 9 ✇❤✐❝❤ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇♦r❦ ❛♥❞ ❛r❡ ♥❡✇✳

❊①tr❡♠❡ ♠❛ss r❛t✐♦ ✐♥s♣✐r❛❧s ✭❊▼❘■s✮ ❛r❡ ♦♥❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t s♦✉r❝❡s ❢♦r ❡✈♦❧✈❡❞

❧❛s❡r ✐♥t❡r❢❡r♦♠❡tr✐❝ s♣❛❝❡ ❛♥t❡♥♥❛ ✭❡▲■❙❆✮✳ ❘❡❝❡♥t ✇♦r❦s ❬✹❪ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✷✷ P◆

✇❛✈❡❢♦r♠s ❢♦r ❡①tr❡♠❡ ♠❛ss r❛t✐♦ ❜✐♥❛r✐❡s ✭❊▼❘■s✮ ✉s✐♥❣ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ♣❡rt✉r❜❛t✐♦♥

t❤❡♦r②✳ ❱✐❥❛② ❡t ❛❧ ❬✽❪ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠

❢♦r ❊▼❘■s t♦ ✷✷ P◆ ♦r❞❡r ✉s✐♥❣ t❤❡ ❧❡❛❞✐♥❣ st❛t✐♦♥❛r② ♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❙P❆✮✳ ❚❤❡

❙P❆ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♥❡①t ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt

♦❢ ♠② ♣r♦❥❡❝t✱ ■ ✜♥❞ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠s t♦ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡

❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ❢♦r ❊▼❘■s✳

❈❤❛♣t❡r ✶ ❣✐✈❡s ❛ ❜r♦❛❞ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ✜❡❧❞✱ ■ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡

♣r❡s❡♥t ♣r♦❥❡❝t✳ ❈❤❛♣t❡r ✷ ❞❡❛❧s ✇✐t❤ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s ✉♥❞❡r ❞✐✛❡r❡♥t

❛♣♣r♦①✐♠❛t✐♦♥s✱ s✉♠♠❛r✐③✐♥❣ t❤❡ st❛♥❞❛r❞ ♠❛t❡r✐❛❧ ❬✶✵✱ ✾✱ ✷❪✳ ■♥ ❝❤❛♣t❡r ✸✱ ■ ❞✐s❝✉ss t❤❡

❞②♥❛♠✐❝s ♦❢ ❜✐♥❛r② s②st❡♠ ✉♥❞❡r ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐❛t✐♦♥ r❡❛❝t✐♦♥✳ ❈❤❛♣t❡r ✹ ❞❡❛❧s ✇✐t❤

t❤❡ ♣r❡s❡♥t ✇♦r❦ ❛♥❞ ❧✐sts t❤❡ ♥❡✇ r❡s✉❧ts✳ ❈❤❛♣t❡r ✺ ❞✐s❝✉ss❡s t❤❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠

♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ s✐❣♥❛❧ ✉s✐♥❣ ❙P❆✳ ■ ❝♦♠♣✉t❡ t❤❡ t❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠s t♦ t❤❡ ♣❤❛s❡

♦❢ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❢♦r ●❲s ❢r♦♠ ❊▼❘■s ❛♥❞ ❞✐s♣❧❛② t❤❡ r❡s✉❧ts✳
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◆♦t❛t✐♦♥s ✶

❘❡❢❡r❡♥❝❡s ✷
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❊①✐st❡♥❝❡ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s ✭●❲s✮ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡

●❡♥❡r❛❧ ❚❤❡♦r② ♦❢ ❘❡❧❛t✐✈✐t②✳ ■♥ ●❡♥❡r❛❧ r❡❧❛t✐✈✐t②✱ ❣r❛✈✐t② ✐s ❞❡s❝r✐❜❡❞ ❛s t❤❡ ❝✉r✈❛t✉r❡

♦❢ s♣❛❝❡t✐♠❡ ♣r♦❞✉❝❡❞ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛ss ❛♥❞ ❡♥❡r❣② ✐♥ s♣❛❝❡t✐♠❡✳ ❲❤❡♥

♠❛ss✐✈❡ ♦❜❥❡❝ts ❛❝❝❡❧❡r❛t❡ t❤❡② ♣r♦❞✉❝❡ t❤❡ ❞✐st♦rt✐♦♥s ♦r r✐♣♣❧❡s ✐♥ s♣❛❝❡t✐♠❡✳ ❲❡

❝❛❧❧ t❤❡s❡ r✐♣♣❧❡s ❛s ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s ❛♥❞ t❤❡② tr❛✈❡❧ ✇✐t❤ s♣❡❡❞ ♦❢ ❧✐❣❤t✳ ❆❝❝♦r❞✐♥❣

t♦ t❤❡ ◆❡✇t♦♥✐❛♥ t❤❡♦r② t❤❡ ♦r❜✐t❛❧ ♣❡r✐♦❞ ♦❢ t❤❡ ❜♦✉♥❞ ❜✐♥❛r② s②st❡♠ s❤♦✉❧❞ ❜❡ ❛

❝♦♥st❛♥t✳ ❍♦✇❡✈❡r ●❡♥❡r❛❧ r❡❧❛t✐✈✐t② ♣r❡❞✐❝ts t❤❛t✱ t✇♦ ♠❛ss❡s ♠♦✈✐♥❣ ❛r♦✉♥❞ ❡❛❝❤ ♦t❤❡r

❡♠✐t ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s✳ ❙✐♥❝❡ t❤❡ ●❲s ❝❛rr② ❛✇❛② ❡♥❡r❣② ❛♥❞ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢

t❤❡ s②st❡♠✱ ♦r❜✐t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ r❡❞✉❝❡s ❛♥❞ ❜✐♥❛r✐❡s s♣✐r❛❧ t♦✇❛r❞s ❡❛❝❤ ♦t❤❡r

r❡s✉❧t✐♥❣ ✐♥ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ♦r❜✐t❛❧ ♣❡r✐♦❞✳ ❚❤✐s ♣r❡❞✐❝t❡❞ ❞❡❝r❡❛s❡ ✐♥ ♦r❜✐t❛❧ ♣❡r✐♦❞ ✇❛s

✜rst ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❜✐♥❛r② ♣✉❧s❛r P❙❘ 1913 + 16 ❜② ❍✉❧s❡ ❛♥❞ ❚❛②❧♦r❬✶✶❪ ✇❤✐❝❤ ✇♦♥

t❤❡♠ ❛ ◆♦❜❡❧ ♣r✐③❡ ❢♦r ♣❤②s✐❝s ✐♥ ✶✾✾✸✳

●r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s ❝❛rr② s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛str♦♣❤②s✐❝❛❧ ♦❜❥❡❝ts t❤❛t ❝❛♥ ♥♦t

❜❡ ♦❜t❛✐♥❡❞ ❜② ❛♥② ♦t❤❡r ♠❡❛♥s✳ ❋♦r ❡①❛♠♣❧❡✱

• ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ❢r♦♠ ❛str♦♣❤②s✐❝❛❧ ♦❜❥❡❝ts ❛r❡ ❡♠✐tt❡❞ ❢r♦♠ ❛t♦♠s ♦r ❡❧❡❝✲

tr♦♥s ❛♥❞ ❤❡♥❝❡ t❤❡② ❛r❡ ♠✐❝r♦s❝♦♣✐❝ ♦r✐❣✐♥✳ ●❲s ❛r❡ ❡♠✐tt❡❞ ❞✉❡ t♦ ❝♦❤❡r❡♥t✱ ❜✉❧❦

♠♦✈❡♠❡♥t ♦❢ t❤❡ s♦✉r❝❡s ❛♥❞ ❛r❡ ♠❛❝r♦s❝♦♣✐❝✳ ❚❤❡r❡❢♦r❡ ●❲s ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡❧②

❞✐✛❡r❡♥t ❦✐♥❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✉♥✐✈❡rs❡ ❝♦♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝

♦❜s❡r✈❛t✐♦♥s✳

• ❯♥❧✐❦❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s✱ ●❲s ❝♦✉♣❧❡ ✇✐t❤ ♠❛tt❡r ✈❡r② ✇❡❛❦❧②✱ s♦ t❤❡② tr❛✈❡❧

t❤r♦✉❣❤ s♣❛❝❡t✐♠❡ ❛❧♠♦st ✉♥✲s❝❛tt❡r❡❞ ♦r ✉♥❛❜s♦r❜❡❞✳ ❚❤✉s t❤❡② ❝❛♥ ❜r✐♥❣ ✐♥❢♦r✲

♠❛t✐♦♥ ❛❜♦✉t r❡❣✐♦♥s ❧✐❦❡ ✐♥t❡r✐♦r ♦❢ s✉♣❡r♥♦✈❛ ❡①♣❧♦s✐♦♥ ♦r ❇✐❣ ❇❛♥❣ ✇❤✐❝❤ ❤❛✈❡

♥❡✈❡r ❜❡❡♥ ♣r♦❜❡❞ ❜❡❢♦r❡✳

●❲s ♣r♦❞✉❝❡❞ ❞✉❡ t♦ ♠♦st ♦❢ t❤❡ ❛str♦♣❤②s✐❝❛❧ ❡✈❡♥ts ✐♥ t❤❡ ✉♥✐✈❡rs❡ ❛r❡ ❡①tr❡♠❡❧② s♠❛❧❧

❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ●❲s ❝♦✉♣❧❡ ✇✐t❤ ♠❛tt❡r ✈❡r② ✇❡❛❦❧② ♠❛❦❡ ✐t ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ t♦

❞❡t❡❝t t❤❡♠✳ ❈✉rr❡♥t❧② ♠❛♥② ❧❛s❡r ✐♥t❡r❢❡r♦♠❡tr✐❝ ❞❡t❡❝t♦rs s✉❝❤ ❛s ❛❞✈❛♥❝❡❞ ▲■●❖✱

✹



❛❞✈❛♥❝❡❞ ❱■❘●❖ ❛r❡ ♦♣❡r❛t✐♦♥❛❧ t♦ ❤✉♥t ❞♦✇♥ t❤❡ ✜rst ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ s✐❣♥❛❧✳

❖♥❡ ♠❛② ✇♦♥❞❡r t❤❡ ♥❡❡❞ ❢♦r ❤✐❣❤ ♣♦st✲◆❡✇t♦♥✐❛♥ ✇❛✈❡❢♦r♠s✳ ▲❡t ♠❡ ❣✐✈❡ t✇♦ ♠❛✐♥

r❡❛s♦♥s ❢♦r ✇❤② ✇❡ s❤♦✉❧❞ ❝❛❧❝✉❧❛t❡ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠s ✇✐t❤ ❤✐❣❤ ♣r❡❝✐s✐♦♥✳

• ❖♥❡ ♦❢ t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ s♦✉r❝❡s ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐❛t✐♦♥ ❢♦r ❧❛s❡r ✐♥t❡r❢❡r♦✲

♠❡tr✐❝ ❞❡t❡❝t♦rs ❛r❡ ❝♦❛❧❡s❝✐♥❣ ❝♦♠♣❛❝t ❜✐♥❛r② ✭❈❈❇✮ s②st❡♠s ♦❢ ♥❡✉tr♦♥ st❛rs ♦r

❜❧❛❝❦ ❤♦❧❡s✳ ■♥ ●❲ ❞❡t❡❝t♦rs✱ s✐❣♥❛❧ ✐s ❜✉r✐❡❞ ✐♥ t❤❡ ♥♦✐s❡ ♦❢ ❞❡t❡❝t♦rs ✇❤✐❝❤ ♠❛❦❡s

❞❡t❡❝t✐♦♥ ❡✈❡♥ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ■♥ ♦r❞❡r t♦ ✉♥❡❛rt❤ t❤❡ t❤❡ ✇❡❛❦ ●❲ s✐❣♥❛❧ ❢r♦♠

t❤❡ str♦♥❣ ♥♦✐s❡✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ♠❛t❝❤❡❞ ✜❧t❡r✐♥❣ t❡❝❤♥✐q✉❡✳

❚❤✐s ❞❛t❛ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡ r❡❧✐❡s ♦♥ ❝r♦ss ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♥♦✐s② ❞❡t❡❝t♦r ♦✉t✲

♣✉t ❛♥❞ t❤❡♦r❡t✐❝❛❧ t❡♠♣❧❛t❡ ❜❛♥❦s✳ ■♥ ♦r❞❡r ❢♦r ♠❛t❝❤❡❞ ✜❧t❡r✐♥❣ t♦ ❜❡ s✉❝❝❡ss❢✉❧

✇❡ ♥❡❡❞ t❡♠♣❧❛t❡s ❛s ❛❝❝✉r❛t❡ ❛s ♣♦ss✐❜❧❡✳

• ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜✐♥❛r② s②st❡♠ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ✸ ♠❛❥♦r ♣❤❛s❡s ✈✐③✳ ✐♥s♣✐r❛❧

♣❤❛s❡✱ ♠❡r❣❡r ♣❤❛s❡ ❛♥❞ r✐♥❣❞♦✇♥ ♣❤❛s❡✳ ■♥ t❤❡ ✐♥s♣✐r❛❧ ♣❤❛s❡ t❤❡ ❝♦♠♣♦♥❡♥t

♦❜❥❡❝ts ♦❢ ❜✐♥❛r② s②st❡♠ ❛r❡ ✇❡❧❧ ❛✇❛② ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❛♥❞ ♦✈❡r t❤❡ t✐♠❡ t❤❡②

s♣✐r❛❧ t♦✇❛r❞s ❡❛❝❤ ♦t❤❡r ❡♠✐tt✐♥❣ ●❲s✳ ❆s t❤❡ s②st❡♠ ❧♦s❡ ❡♥❡r❣② ✐♥ t❤❡ ❢♦r♠ ♦❢

●❲s t❤❡ ❝♦♠♣❛♥✐♦♥s ❝♦♠❡ ❝❧♦s❡ ❛♥❞ ♣❧✉♥❣❡ t♦✇❛r❞s ❡❛❝❤ ♦t❤❡r r❡s✉❧t✐♥❣ ✐♥ ♠❡r❣❡r✳

❚❤✐s ♣❤❛s❡ ✐s ❝❛❧❧❡❞ t❤❡ ♠❡r❣❡r ♣❤❛s❡✳ ■♥ t❤❡ r✐♥❣❞♦✇♥ ♣❤❛s❡ t❤❡ r❡s✉❧t✐♥❣ ❝♦♠♣❛❝t

♦❜❥❡❝t ❡♠✐ts ❡♥❡r❣② ✐♥ ❡①❝✐t❡❞ q✉❛s✐✲♥♦r♠❛❧ ♠♦❞❡s✳

❲❡❧❧ ❜❡❢♦r❡ t❤❡ ♠❡r❣❡r ♣❤❛s❡✱ ✈❡❧♦❝✐t✐❡s ✐♥✈♦❧✈❡❞ ❛r❡ ♠✉❝❤ ❧❡ss t❤❛♥ t❤❡ s♣❡❡❞ ♦❢

❧✐❣❤t✭c✮ ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞s ❛r❡ ✇❡❛❦✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❛♣♣❧② ♣♦st✲◆❡✇t♦♥✐❛♥

✭P◆✮ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t② t♦ ❞❡s❝r✐❜❡ t❤❡ ●❲s ❢r♦♠ ❜✐♥❛r✐❡s ✐♥ t❤❡

✐♥s♣✐r❛❧ st❛❣❡✳ ❍♦✇❡✈❡r ♠❡r❣❡r ♣❤❛s❡ ❛♥❞ r✐♥❣❞♦✇♥ ♣❤❛s❡s ❜❡✐♥❣ ❤✐❣❤❧② r❡❧❛t✐✈✐st✐❝

✐t ✐s ❞✐✣❝✉❧t ♠♦❞❡❧ t❤❡♠✳ ❙♦ ✇❡ s✇✐t❝❤ t♦ ♥✉♠❡r✐❝❛❧ r❡❧❛t✐✈✐t② t♦ ❝❛❧❝✉❧❛t❡ t❤❡

♥✉♠❡r✐❝❛❧ ✇❛✈❡❢♦r♠s ✐♥ t❤❡s❡ ♣❤❛s❡s✳ ■♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡✱ ✐♥t❡r♣r❡t ❛♥❞ t♦ ❛ss❡ss

❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✇❛✈❡❢♦r♠s✱ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣❛r❡ t❤❡♠ ✇✐t❤ t❤❡ ❤✐❣❤

❛❝❝✉r❛❝② ♣♦st✲◆❡✇t♦♥✐❛♥ ✭P◆✮ ✇❛✈❡❢♦r♠s ✐♥ ❛♥ ♦✈❡r❧❛♣♣✐♥❣ r❡❣✐♦♥✳ ❈✉rr❡♥t❧② s✉❝❤

❝♦♠♣❛r✐s♦♥s ❤❛✈❡ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② s✉❝❝❡ss❢✉❧✱ s❤♦✇✐♥❣ t❤❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡

❛❝❝✉r❛t❡ P◆ ✇❛✈❡❢♦r♠s ✐♥ t❡r♠s ♦❢ ❜♦t❤ ♣❤❛s❡ ❛♥❞ ❛♠♣❧✐t✉❞❡✳

■♥ t❤❡ ❝✉rr❡♥t ♣r♦❥❡❝t✱ ■ ❛♠ ❢♦❝✉s✐♥❣ ♦♥ ✐♥s♣✐r❛❧❧✐♥❣ ❝♦♠♣❛❝t ❜✐♥❛r✐❡s ✭■❈❇s✮ ✇✐t❤ s♣✐♥

♦❢ ✐♥❞✐✈✐❞✉❛❧ ❜✐♥❛r✐❡s ❜❡✐♥❣ ③❡r♦ ❛s t❤❡② ❛r❡ t❤❡ ♠♦st ♣r♦♠✐♥❡♥t s♦✉r❝❡s ❢♦r ❞❡t❡❝t✐♦♥✳ ■

❝♦♠♣✉t❡ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ♣r♦❞✉❝❡❞ ❜② s✉❝❤ s②st❡♠s ✐♥ q✉❛s✐✲❝✐r❝✉❧❛r ♦r❜✐ts t✐❧❧

t❤r❡❡ ❛♥❞ ❤❛❧❢ ❛ ♣♦st✲◆❡✇t♦♥✐❛♥ ✭✸✳✺ P◆✮ ♦r❞❡r✶✳ ❚❤❡ ❢✉❧❧ ✇❛✈❡❢♦r♠ ✭❋❲❋✮ ❛t ✸✳✺ P◆

♦r❞❡r ✇❡ ♠❡❛♥✱ t❤❡ ✇❛✈❡❢♦r♠ ✇✐t❤ ❛♠♣❧✐t✉❞❡ t✐❧❧ ✸✳✺ P◆ ♦r❞❡r ❛♥❞ ❛❧❧ t❤❡ ❤✐❣❤❡r ♦r❞❡r

❤❛r♠♦♥✐❝s ❝♦♥tr✐❜✉t✐♥❣ t♦ ✸✳✺ P◆ ✇❛✈❡❢♦r♠✳ ❚❤✐s ✐♥ ❝♦♥tr❛st ✇✐t❤ r❡str✐❝t❡❞ ✇❛✈❡❢♦r♠

✭❘❲❋✮ ✇❤✐❝❤ ❢♦❝✉s❡s ♦♥❧② ♦♥ t❤❡ ❞♦♠✐♥❛♥t ❤❛r♠♦♥✐❝✱ t✇✐❝❡ t❤❡ ♦r❜✐t❛❧ ❢r❡q✉❡♥❝② ♦❢ t❤❡

✶❲❡ ✉s✉❛❧❧② r❡❢❡r t❡r♠s ♦❢ t❤❡ ♦r❞❡r∼ (✈/c)2n ❛s n P◆ t❡r♠s✳ ❍❡r❡ v ✐s t②♣✐❝❛❧ ✈❡❧♦❝✐t② ♦❢ ❜✐♥❛r②
s②st❡♠ ❛♥❞ c ✐s t❤❡ ✈❡❧♦❝✐t② ♦❢ ❧✐❣❤t✳

✺



s♦✉r❝❡✳ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ ❋❲❋ ✐s ♠♦r❡ ❞✐✣❝✉❧t ❝♦♠♣❛r❡❞ t♦ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❘❲❋✱ s✐♥❝❡

✇❡ ♥❡❡❞ s♦✉r❝❡ ♠✉❧t✐♣♦❧❡s ✇✐t❤ ❤✐❣❤❡r ♠✉❧t✐♣♦❧❛r✐t② ❛♥❞ ✇✐t❤ ❤✐❣❤❡r ❛❝❝✉r❛❝②✳ ❇❋■❙❬✶✻❪

♣r♦✈✐❞❡❞ t❤❡ r❡s✉❧ts t♦ ✸ P◆ ❛♥❞ ❧✐st❡❞ ❞♦✇♥ ❛❧❧ t❤❡ ❤❛r♠♦♥✐❝s ✐♥ t❤❡ ✸P◆ ❛❝❝✉r❛t❡ ❋❲❋✳

❚♦ ❝❛❧❝✉❧❛t❡ ❋❲❋ ✇❡ ♥❡❡❞ t♦ ✉s❡ t❤❡ ♠✉❧t✐♣♦❧❛r ♣♦st✲▼✐♥❦♦✇s❦✐❛♥ ✭▼P▼✮ ❢♦r♠❛❧✐s♠✱

✇❤❡r❡✐♥ t❤❡ r❛❞✐❛t✐♦♥ ✜❡❧❞ ✐♥ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ ♦✉r ❞❡t❡❝t♦rs ❛r❡ ❧♦❝❛t❡❞ ✐s ♣❛r❛♠❡tr✐③❡❞

✉s✐♥❣ t✇♦ s❡ts ♦❢ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts✳ ❚❤❡s❡ ♠♦♠❡♥ts ❛r❡ ♥❡①t ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢

❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts ✇❤✐❝❤ ❛r❡ ✐♥ t✉r♥ ❢✉♥❝t✐♦♥s ♦❢ s♦✉r❝❡ ♠♦♠❡♥ts✳ ❘❡❝❡♥t st✉❞✐❡s ❬✶✼✱

✶✸✱ ✶✽✱ ✶✾❪ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ r❡q✉✐r❡❞ s♦✉r❝❡ ♠♦♠❡♥ts ❢♦r ❜✐♥❛r✐❡s✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦

■ ❤❛✈❡ ❞♦♥❡ ❛ ❧✐t❡r❛t✉r❡ s✉r✈❡② ❛♥❞ ✐❞❡♥t✐✜❡❞ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡ s♦✉r❝❡ ♠♦♠❡♥ts✳

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡s❡ ❛✈❛✐❧❛❜❧❡ ♠♦♠❡♥ts✱ ■ ❝♦♠♣✉t❡ t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r

✸✳✺ P◆ ❋❲❋✳

✻



❈❤❛♣t❡r ✷

❚❤❡♦r② ♦❢ ●r❛✈✐t❛t✐♦♥❛❧ ❲❛✈❡s

❚❤❡ ❡ss❡♥❝❡ ♦❢ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t② ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❜② ❊✐♥st❡✐♥✬s ❡q✉❛t✐♦♥s✱

Rµν −
1

2
gµνR =

8πG

c4
Tµν . ✭✷✳✵✳✶✮

●❡♥❡r❛❧ r❡❧❛t✐✈✐t② ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❤✉❣❡ ❣r♦✉♣ ♦❢ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

xµ → x′µ(x), ✭✷✳✵✳✷✮

✇❤❡r❡✱ x′µ ✐s ❛♥ ✐♥✈❡rt✐❜❧❡✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ xµ ❛♥❞ ❤❛✈✐♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥✈❡rs❡✳

❚❤✐s ♣r♦♣❡rt② ✐s r❡❢❡rr❡❞ ❛s ❣❛✉❣❡ s②♠♠❡tr② ♦❢ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ r❡❧❛t✐✈✐t②✳

✷✳✶ ▲✐♥❡❛r✐③❡❞ ❚❤❡♦r②

▼♦✈❡♠❡♥ts ♦❢ t❤❡ ♠❛ss ❛♥❞ ❡♥❡r❣② ❞❡♥s✐t✐❡s ✭s♦✉r❝❡s✮ ✐♥ t❤❡ s♣❛❝❡t✐♠❡ ❝❛✉s❡s ♣❡rt✉r❜❛✲

t✐♦♥s ✐♥ t❤❡ ✉s✉❛❧ ✢❛t s♣❛❝❡t✐♠❡ ♠❡tr✐❝ ηµν ✳ ❲❡ ❝❤♦♦s❡ ❛ r❡❢❡r❡♥❝❡ ❢r❛♠❡✱ ✐♥ ✇❤✐❝❤ t❤❡

♠❡tr✐❝ ✐s s❧✐❣❤t❧② ♣❡rt✉r❜❡❞ ❢r♦♠ t❤❡ ✢❛t s♣❛❝❡ ♠❡tr✐❝✳ ✐✳❡

gµν = ηµν + hµν ✇✐t❤✱ |hµν | << 1. ✭✷✳✶✳✶✮

❲❡ st✉❞② t❤❡ ❊✐♥st❡✐♥✬s ❡q✉❛t✐♦♥s ✭✷✳✵✳✶✮ t✐❧❧ ❧✐♥❡❛r ♦r❞❡r ✐♥ hµν ✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡

❞❡✜♥❡ t❤❡ ♥❡✇ ♣❡rt✉r❜❛t✐♦♥s r❡❧❛t❡❞ t♦ ♦❧❞ ♦♥❡s ❛s

hµν = hµν −
1

2
ηµνh. ✭✷✳✶✳✷✮

❯s✐♥❣ t❤❡ ❣❛✉❣❡ s②♠♠❡tr② ♦❢ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t②✱ ✐♥ t❤❡ ▲♦r❡♥t③ ❣❛✉❣❡

∂νhµν = 0, ✭✷✳✶✳✸✮

✼



✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱ t❤❡ ❧✐♥❡❛r✐③❡❞ ❊✐♥st❡✐♥✬s ❡q✉❛t✐♦♥s ❜❡❝♦♠❡✱

�hµν = −16πG

c4
Tµν , ✭✷✳✶✳✹✮

✇❤❡r❡ � ✐s ❞❡✜♥❡❞ ❛s ✢❛t s♣❛❝❡ ❞✬❆❧❡♠❜❡rt✐❛♥ ❣✐✈❡♥ ❜②✱

� ≡ ηµν∂
µ∂ν = ∂µ∂

µ. ✭✷✳✶✳✺✮

❙✐♥❝❡✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥s hµν ❢♦❧❧♦✇ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ s♦✉r❝❡ Tµν ✇❡ ❝❛❧❧ t❤❡♠

❛s ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s✳ ❈♦♥❝❡♣t✉❛❧❧② ✐♥ ❧✐♥❡❛r✐③❡❞ t❤❡♦r②✱ ✇❡ ✉s❡ ◆❡✇t♦♥✐❛♥ ❣r❛✈✐t② t♦

❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s♦✉r❝❡s ♦❢ ●❲s✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠♦t✐♦♥ ♦❢

t❡st ♠❛ss❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ●❲s hµν ✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡s❡ s♦✉r❝❡s✱ ✇❡ ✉s❡ t❤❡ ♠❡tr✐❝

gµν = ηµν + hµν ✳ ❆♥❞ ❛❣❛✐♥ ✇❡ ❦❡❡♣ ♦♥❧② ❧✐♥❡❛r ♦r❞❡r t❡r♠s ✐♥ hµν ✇❤✐❧❡ ❝❛❧❝✉❧❛t✐♥❣

t❤❡✐r ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✭❊❖▼✮✳ ❆t t❤❡ ❞✐st❛♥❝❡s✱ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ s♦✉r❝❡ ✇❤❡r❡ ●❲

❞❡t❡❝t♦rs ❛r❡ ❧♦❝❛t❡❞✱ Tµν = 0✱ ❛♥❞ t❤❡ ❧✐♥❡❛r✐③❡❞ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ✐♥ ▲♦r❡♥t③ ❣❛✉❣❡

✭✷✳✶✳✸✮✱ t❛❦❡ t❤❡ ❢♦r♠✱

�hµν = ηαβ∂α∂βhµν = 0. ✭✷✳✶✳✻✮

❚❤✐s ✐s t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳ � = − 1
c2

∂2

∂t2
+ ∇2✱ s✉❣❣❡sts t❤❛t ●❲s

♣r♦♣❛❣❛t❡ ✇✐t❤ t❤❡ s♣❡❡❞ c ❡q✉❛❧ t♦ t❤❛t ♦❢ ❧✐❣❤t✳

✷✳✶✳✶ ❚r❛♥s✈❡rs❡ ❛♥❞ ❚r❛❝❡❧❡ss ✭❚❚✮ ●✉❛❣❡ ❛♥❞ ▲❛♠❜❞❛ ❚❡♥s♦r

✭Λ✮

❖✉t s✐❞❡ t❤❡ s♦✉r❝❡✱ ✇❡ ❞❡✜♥❡ ❚❚ ❣❛✉❣❡ ❜② t❤❡ ❝♦♥❞✐t✐♦♥s✱

h0µ = 0, hii = 0, ∂jhij = 0. ✭✷✳✶✳✼✮

■♥ t❤✐s ❣❛✉❣❡ ✇❡ ❡①♣❧✐❝✐t❧② ❤❛✈❡ t❤❡ t✇♦ ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❢♦r hµν ✳

❚❤❡ ♣❧❛♥❡ ✇❛✈❡ s♦❧✉t✐♦♥ t♦ ❧✐♥❡❛r✐③❡❞ ✈❛❝✉✉♠ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✳✻✮ ✐♥ t❤❡ ❚❚ ❣❛✉❣❡

❧♦♦❦s ❧✐❦❡✱

hTTµν (t, z) =













0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0













, ✭✷✳✶✳✽✮

✇✐t❤✱

h+ = h+0e
iωt ❛♥❞✱ h× = h×0e

iωt. ✭✷✳✶✳✾✮

❚❤❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥ts h+ ❛♥❞ h× ❛r❡ ❝❛❧❧❡❞ ❛s ✧♣❧✉s✧ ❛♥❞ ✧❝r♦ss✧ ♣♦❧❛r✐③❛t✐♦♥s

r❡s♣❡❝t✐✈❡❧②✳ ●❲s ❝❛rr② ❛✇❛② ❡♥❡r❣② ❛♥❞ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❢r♦♠ t❤❡ s♦✉r❝❡✳ ■t ❝❛♥ ❜❡

s❤♦✇♥ t❤❛t✱ ❡♥❡r❣② ❝♦♥t❛✐♥❡❞ ✐♥ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ hij ♣❡r ✉♥✐t t✐♠❡✱ ♣❡r ✉♥✐t s♦❧✐❞ ❛♥❣❧❡

✽



✐s ❣✐✈❡♥ ❜②✱
dE

dtdΩ
=

c3r2

32πG
< ḣTTij ḣ

TT
ij >, ✭✷✳✶✳✶✵✮

✇❤❡r❡ < · · · > ❞❡♥♦t❡s t❤❡ t❡♠♣♦r❛❧ ❛✈❡r❛❣❡ ♦✈❡r t✐♠❡ ♣❡r✐♦❞ ♦❢ ●❲ ❛♥❞ r ✐s ❞✐st❛♥❝❡

❢r♦♠ s♦✉r❝❡✳

▲❛♠❜❞❛ t❡♥s♦r✭Λ✮ ✐s ❛ t♦♦❧ t♦ ❝♦♥✈❡rt t❤❡ ❣✐✈❡♥ s♦❧✉t✐♦♥ hµν(x) ✐♥t♦ ❛ ❚❚ ❣❛✉❣❡ s♦❧✉t✐♦♥✳

❖✉ts✐❞❡ t❤❡ s♦✉r❝❡✱ ■❢ ❛ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ hij ✐s tr❛✈❡❧✐♥❣ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♥̂ ❛♥❞ ✐s ❛❧r❡❛❞②

✐♥ ▲♦r❡♥t③ ❣❛✉❣❡ ✭✷✳✶✳✸✮✱ t❤❡♥ ✐♥ ❚❚ ❣❛✉❣❡ ✐t ❧♦♦❦s ❧✐❦❡

hTTij = Λij,kl(♥̂)hkl, ✭✷✳✶✳✶✶✮

✇❤❡r❡ t❤❡ ▲❛♠❜❞❛ t❡♥s♦r✭Λ✮ ✐s ❞❡✜♥❡❞ ❛s✱

Λij,kl(♥̂) = PikPjl −
1

2
PijPkl ✇❤❡r❡ Pij(♥̂) = δij − ninj. ✭✷✳✶✳✶✷✮

✷✳✷ ●❡♥❡r❛t✐♦♥ ♦❢ ●r❛✈✐t❛t✐♦♥❛❧ ❲❛✈❡s ✐♥ ▲✐♥❡❛r✐③❡❞

❚❤❡♦r②

❲❡ ❛ss✉♠❡ t❤❛t ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ♣r♦❞✉❝❡❞ ❜② t❤❡ s♦✉r❝❡s ✐s s✉✣❝✐❡♥t❧② ✇❡❛❦ s♦ t❤❛t ✇❡

❝❛♥ ❛♣♣❧② ❧✐♥❡❛r✐③❡❞ t❤❡♦r② t♦ t❤❡ s②st❡♠s✳ ❚❤❡ s②st❡♠ ♦❢ ♠❛ss m ❛♥❞ ❤❛✈✐♥❣ t❤❡ s♣❛t✐❛❧

❡①t❡♥t d✱ ♣r♦❞✉❝❡s t❤❡ ✇❡❛❦ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞✱ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s✱ Rs/d << 1

❛♥❞ v << c✱ ✇❤❡r❡ Rs = 2Gm/c2 ✐s t❤❡ ❙❝❤✇❛rt③❝❤✐❧❞✬s r❛❞✐✉s ❛♥❞ v ✐s t❤❡ t②♣✐❝❛❧

✐♥t❡r♥❛❧ ✈❡❧♦❝✐t②✳ ❋♦r ❛ t✐♠❡ ❜❡✐♥❣ ✇❡ ❛ss✉♠❡ t❤❡♠ ❛s ✐♥❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs✳

❋♦r s✉❝❤ s②st❡♠s t❤❡ s♦❧✉t✐♦♥ t♦ ❧✐♥❡❛r✐③❡❞ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✳✹✮ ✐s ❣✐✈❡♥ ❛s✱

hµν(①, t) =
4G

c4

∫

d3x′
1

|①− ①′|Tµν
(

t− |①− ①′|
c

,①′
)

. ✭✷✳✷✳✶✮

❚❤❡ ✈❛r✐♦✉s ♥♦t❛t✐♦♥s ❛r❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡✳

✾



▲❡t |①| = r✱ t❤❡♥ ❛t r >> d ✇❡ ❝❛♥ ✇r✐t❡✱

|①− ①′| = r − ①′ · ♥̂+O
(d2

r

)

. ✭✷✳✷✳✷✮

■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ hTTij ❛t ❞❡t❡❝t♦r ❧♦❝❛t✐♦♥✱ ✇❡ t❛❦❡ ❧✐♠✐t r → ∞✱ ❛t ✜①❡❞

t ❛♥❞ ♠❛❦✐♥❣ ✉s❡ ♦❢ ▲❛♠❜❞❛ t❡♥s♦r✱ ✇❡ ✇✐❧❧ ❣❡t✱

hTTij (t,①) =
1

r

4G

c4
Λij,kl(♥̂)

∫

d3x′Tkl

(

t− r

c
+
①′ · ♥̂
c

,①′
)

+O
( 1

r2
)

. ✭✷✳✷✳✸✮

✳

✷✳✷✳✶ ▲♦✇ ❱❡❧♦❝✐t② ❊①♣❛♥s✐♦♥

❚②♣✐❝❛❧ ✈❡❧♦❝✐t✐❡s ✐♥s✐❞❡ t❤❡ s♦✉r❝❡ ✭v✮ ✇✐❧❧ ❜❡ ❝♦♠♣❛r❛❜❧❡ t♦ ωsd✱ ✇❤❡r❡ ωs ✐s t②♣✐❝❛❧

❢r❡q✉❡♥❝② ♦❢ ✐♥t❡r♥❛❧ ♠♦t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡✳ ❚❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝② ω ✇✐❧❧ ❜❡

♦❢ t❤❡ ♦r❞❡r ♦❢ ωs✱ ✐✳❡ ω ∼ ωs ∼ v
d
✳ ❯s✐♥❣ r❡❞✉❝❡❞ ✇❛✈❡❧❡♥❣t❤

λ̄ = c/ω ✭✷✳✷✳✹✮

✇❡ ❝❛♥ ✇r✐t❡✱

λ̄ ∼ c

v
d. ✭✷✳✷✳✺✮

■t s❤♦✇s t❤❛t✱ ❢♦r ♥♦♥ r❡❧❛t✐✈✐st✐❝ s♦✉r❝❡s✱ r❡❞✉❝❡❞ ✇❛✈❡❧❡♥❣t❤ ❣❡♥❡r❛t❡❞ ✐s ♠✉❝❤ ❜✐❣❣❡r

t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ s♦✉r❝❡✳ ■t ❝❧❡❛r❧② s✉❣❣❡sts t❤❛t✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❦♥♦✇❧❡❞❣❡ ♦❢ s♦✉r❝❡

✐s ❣♦♦❞ ❡♥♦✉❣❤ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐❛t✐♦♥ ❛t ❢❛r ❞✐st❛♥❝❡s ❛♥❞ ✇❡ ❞♦ ♥♦t

♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ✐♥t❡r♥❛❧ ❞②♥❛♠✐❝s ✐♥ ❞❡t❛✐❧✳

❚❛②❧♦r ❡①♣❛♥❞✐♥❣ Tkl

(

t− r
c
+ ①

′·♥̂
c
,①′
)

❛r♦✉♥❞ r❡t❛r❞❡❞ t✐♠❡✱ tr = t− r
c
✱

Tkl

(

tr +
①′ · ♥̂
c

,①′
)

≃ Tkl(tr,①
′) +

x′ini

c
∂0Tkl +

1

2c2
x′inix′jnj∂20Tkl + · · · , ✭✷✳✷✳✻✮

❞❡r✐✈❛t✐✈❡s ❛r❡ ❜❡✐♥❣ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ♣♦✐♥t (tr,①
′)✳

▲❡t ✉s ❞❡✜♥❡ t❤❡ ♠♦♠❡♥t❛ ♦❢ t❤❡ str❡ss ❡♥❡r❣② t❡♥s♦r ♦❢ ♠❛tt❡r T ij ❛s✱

Sij(t) =

∫

d3xT ij(t,①), ✭✷✳✷✳✼✮

Sij,k(t) =

∫

d3xT ij(t,①)xk, ✭✷✳✷✳✽✮

Sij,kl(t) =

∫

d3xT ij(t,①)xkxl, ✭✷✳✷✳✾✮

· · · .

✶✵



■♥s❡rt✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥ ✭✷✳✷✳✻✮ ✐♥t♦ ❊q✳✭✷✳✷✳✸✮✱ ❛♥❞ ♠❛❦✐♥❣ ✉s❡ ♦❢ ❛❜♦✈❡ ♠♦♠❡♥ts✱ ✇❡

✇✐❧❧ ❣❡t✱

hTTij (t,①) =
1

r

4G

c4

[

Skl +
1

c
Ṡkl,m +

1

c2
nmnpS̈

kl,mp + · · ·
]

ret
, ✭✷✳✷✳✶✵✮

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t ✧r❡t✧ ✐♥❞✐❝❛t❡s✱ ❜r❛❝❦❡t❡❞ ❡①♣r❡ss✐♦♥ ✐s t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ❛t tr✳ ❚❤✐s ✐s

s♦♠❡t✐♠❡s r❡❢❡rr❡❞ ❛s ♠✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥✳ ▲❡t ✉s ❧♦♦❦ ❛t Skl ❛♥❞ Ṡkl,m ❝❛r❡❢✉❧❧②✳ Skl,m

❤❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t♦r ♦❢ xm ∼ O(d) ❝♦♠♣❛r❡❞ t♦ Skl✳ ❚✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ Skl,m ❜r✐♥❣s

❛♥ ❡①tr❛ ❢❛❝t♦r ωs t♦ ✐t✳ ❙♦ t❤❡ t❡♥s♦r Ṡkl,m ❣❡ts ❛ ❢❛❝t♦r O(ωsd) ∼ O(v) ✇✐t❤ r❡s♣❡❝t t♦

Skl✳ ❙♦ ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✭✷✳✷✳✶✵✮ 2nd t❡r♠ ✐s ❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢ v/c✱ 3rd t❡r♠ ✐s

❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢ (v/c)2 ❛♥❞ s♦ ♦♥✳

✷✳✷✳✷ ◗✉❛❞r✉♣♦❧❛r ❘❛❞✐❛t✐♦♥

❆t ❧♦✇❡st ♦r❞❡r ✐♥ t❤❡ ♠✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ✭✷✳✷✳✶✵✮ ♦♥❧② Sij ❝♦♥tr✐❜✉t❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s

Sij =
1

2
M̈ ij, ✭✷✳✷✳✶✶✮

✇❤❡r❡✱

M ij =
1

c2

∫

d3xT 00(t,①)xixj, ✭✷✳✷✳✶✷✮

❦♥♦✇♥ ❛s q✉❛❞r✉♣♦❧❡ t❡r♠✳ ❙♦ t❤❡ q✉❛❞r✉♣♦❧❛r r❛❞✐❛t✐♦♥ ❡①♣r❡ss✐♦♥ ❜❡❝♦♠❡s✱

[hTTij (t,①)]quad =
1

r

2G

c4
Λij,kl(♥̂)M̈

kl(tr). ✭✷✳✷✳✶✸✮

❆❧s♦ ✐♥ t❡r♠s ♦❢ q✉❛❞r✉♣♦❧❡ ♠♦♠❡♥t Qij✱ ❞❡✜♥❡❞ ❜②✱

Qij ≡ M ij − 1

3
Mkk, ✭✷✳✷✳✶✹✮

=

∫

d3xρ(t,①)(xixj − 1

3
r2δij), ✭✷✳✷✳✶✺✮

t❤❡ q✉❛❞r✉♣♦❧❛r r❛❞✐❛t✐♦♥ ❡♠✐tt❡❞ ❜② t❤❡ s♦✉r❝❡ ✐s ❣✐✈❡♥ ❜②✱

[hTTij (t,①)]quad =
1

r

2G

c4
Λij,kl(♥̂)Q̈

kl(tr), ✭✷✳✷✳✶✻✮

=
1

r

2G

c4
Q̈TT
ij (tr). ✭✷✳✷✳✶✼✮

❚❤✐s ✐s ❝❛❧❧❡❞ ❊✐♥st❡✐♥✬s q✉❛❞r✉♣♦❧❛r ❢♦r♠✉❧❛✳ ❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✶✳✶✵✮ ✐t ❝❛♥ ❜❡ s❤♦✇♥

t❤❛t✱ t♦t❛❧ r❛❞✐❛t❡❞ ♣♦✇❡r ✭▲✉♠✐♥♦s✐t②✮ ✐♥ q✉❛❞r✉♣♦❧❛r ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②✱

Pquad =
G

5c5
<

✳✳✳
Qij

✳✳✳
Qij > . ✭✷✳✷✳✶✽✮

✶✶



✷✳✸ ●❡♥❡r❛t✐♦♥ ♦❢ ●❲s ❢r♦♠ P♦st ◆❡✇t♦♥✐❛♥ ❙♦✉r❝❡s

■♥ ❧✐♥❡❛r✐③❡❞ t❤❡♦r②✱ t❤❡ s♣❛❝❡t✐♠❡ ✐♥ ✇❤✐❝❤ s♦✉r❝❡s ♠♦✈❡ ✇❛s t❛❦❡♥ t♦ ❜❡ t❤❡ ▼✐♥❦♦✇s❦✐

s♣❛❝❡t✐♠❡✳ P❤②s✐❝❛❧❧②✱ ✇❡ ✇❡r❡ ❛ss✉♠✐♥❣ t❤❛t s♦✉r❝❡s r❡s♣♦♥s✐❜❧❡ ❢♦r ●❲ ❡♠✐ss✐♦♥✱ ✇✐❧❧

♥♦t ❛❧t❡r t❤❡ ❜❛❝❦❣r♦✉♥❞ s♣❛❝❡✲t✐♠❡ s✐❣♥✐✜❝❛♥t❧②✳ ❲❡ t❤❡♥ ❞✐s❝✉ss❡❞ ♣r♦❞✉❝t✐♦♥ ♦❢ ●❲s

✇r✐t✐♥❣ ❛ ♠✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ✭✷✳✷✳✶✵✮✱ ✐♥ t❤❡ ♣❛r❛♠❡t❡r v/c✳ ❲❡ ❞✐s❝♦✈❡r❡❞ t❤❛t ❧❡❛❞✐♥❣

♦r❞❡r ❝♦♥tr✐❜✉t✐♦♥ ❝♦♠❡s ❢r♦♠ ♠❛ss q✉❛❞r✉♣♦❧❡ t❡r♠✳ ◆♦t❡ t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ❛ss✉♠❡s

✐♥t❡r♥❛❧ ✈❡❧♦❝✐t② v ♦❢ t❤❡ s♦✉r❝❡ ❛♥❞ ❜❛❝❦❣r♦✉♥❞ ❝✉r✈❛t✉r❡ ❛s ✐♥❞❡♣❡♥❞❡♥t✳ ■t t❛❦❡s ✐♥t♦

❛❝❝♦✉♥t v/c ❝♦rr❡❝t✐♦♥s✱ ✇❤✐❧❡ st✐❧❧ ❛ss✉♠✐♥❣ ❜❛❝❦❣r♦✉♥❞ s♣❛❝❡t✐♠❡ ❛s ✢❛t ♦♥❡✳ ❲❤❡♥

t❤❡ s②st❡♠ ✐s ❣♦✈❡r♥❡❞ ❜② ♥♦♥✲❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s ✭ ❧✐❦❡ s②st❡♠ ♦❢ ❛❝❝❡❧❡r❛t❡❞ ❝❤❛r❣❡❞

♣❛rt✐❝❧❡s✮✱ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❛❧❣♦r✐t❤♠ ✐s s✉✣❝✐❡♥t✳

❇✉t ♠♦st ♦❢ t❤❡ ❛str♦♣❤②s✐❝❛❧ s②st❡♠s✱ ✇❤✐❝❤ ❛r❡ ♣♦t❡♥t✐❛❧ ❝❛♥❞✐❞❛t❡s ❢♦r ●❲ ❞❡✲

t❡❝t✐♦♥ ❛r❡ ❣r❛✈✐t❛t✐♦♥❛❧❧② ❜♦✉♥❞ s②st❡♠s✳ ❲❤❡♥ ✐♥t❡r♥❛❧ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡s❡ s②st❡♠s

❜❡❝♦♠❡ ♠♦❞❡r❛t❡❧② ❤✐❣❤❡r✱ t❤❡♥ t❤❡ s②st❡♠s ❝♦♥tr✐❜✉t❡ s✐❣♥✐✜❝❛♥t❧② t♦ ❜❛❝❦❣r♦✉♥❞ ❝✉r✲

✈❛t✉r❡✳ ❙♦ ♦✉r ❛ss✉♠♣t✐♦♥ ♦❢ tr❡❛t✐♥❣ ❜❛❝❦❣r♦✉♥❞ ❝✉r✈❛t✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ♦❢ t❤❡ s②st❡♠

✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❧✐♥❡❛r✐③❡❞ t❤❡♦r② ♥❡❡❞s ♠♦❞✐✜❝❛t✐♦♥✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣♦ ❜❡②♦♥❞ ▲❚ ❛♥❞ ❞✐s❝✉ss ♣♦st✲◆❡✇t♦♥✐❛♥ ✭P◆✮ ❢♦r♠❛❧✐s♠✱ t♦ ❞❡✲

s❝r✐❜❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✇❡❛❦❧② s❡❧❢ ❣r❛✈✐t❛t✐♥❣ s②st❡♠ ❤❛✈✐♥❣ ♠♦❞❡r❛t❡ ✐♥t❡r♥❛❧ ✈❡❧♦❝✐t✐❡s✳

■♥ ♣♦st✲◆❡✇t♦♥✐❛♥ ❢♦r♠❛❧✐s♠✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥s ❣✐✈❡♥

❜② ◆❡✇t♦♥✐❛♥ ❣r❛✈✐t②✱ ✐♥ ❤✐❣❤❡r ♣♦✇❡rs ♦❢ s♠❛❧❧ ♣❛r❛♠❡t❡r v/c ✭≡ Rs/d✮✳

❚❤r♦✉❣❤ ♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t s②st❡♠ ✐s ♦❢ ✜♥✐t❡ s♣❛t✐❛❧ ❡①t❡♥t ✭d✮ ❛♥❞

♠❛tt❡r ❝♦♠♣♦s✐t✐♦♥ ✐s s♠♦♦t❤ ✐♥s✐❞❡✳ ■♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡ ❢♦✉♥❞ t❤❛t r❡❞✉❝❡❞ ✇❛✈❡✲

❧❡♥❣t❤ λ ✭✷✳✷✳✹✮ ♦❢ ●❲ ✐s ♠✉❝❤ ❜✐❣❣❡r t❤❛♥ t❤❡ ❡①t❡♥t ♦❢ s♦✉r❝❡✭d✮✳ ▲❡t ✉s ❝❧❛ss✐❢② t❤❡

r❡❣✐♦♥ ♦❢ s♣❛❝❡ ✐♥t♦ t✇♦ ③♦♥❡s✱ ♥❡❛r ③♦♥❡ ✭d < r << λ✮ ❛♥❞ ❢❛r ③♦♥❡ ✭r >> λ✮✳ ■♥ t❤❡

♥❡❛r ③♦♥❡ ✇❤❡r❡ r❡t❛r❞❛t✐♦♥ ❡✛❡❝ts ❛r❡ ♥❡❣❧✐❣✐❜❧❡✱ ✇❡ ✉s❡ P◆ ❢♦r♠❛❧✐s♠ t♦ ❞❡s❝r✐❜❡ t❤❡

●❲s✳ ■♥ t❤❡ ❢❛r ③♦♥❡✱ r❡t❛r❞❛t✐♦♥ ❡✛❡❝ts ❛r❡ ❝r✉❝✐❛❧ ❛♥❞ ✇❡ ✇✐❧❧ ❛❞❛♣t t♦ ❛ ♠❡t❤♦❞ ❝❛❧❧❡❞

♣♦st✲▼✐♥❦♦✇s❦✐❛♥ ❡①♣❛♥s✐♦♥✳

✷✳✸✳✶ ❚❤❡ r❡❧❛①❡❞ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s

▲❡t ✉s ❞❡✜♥❡ t❤❡ ✜❡❧❞ ❤αβ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✢❛t s♣❛❝❡ ♠❡tr✐❝ ❜②✱

❤αβ ≡ (−g)1/2gαβ − ηαβ. ✭✷✳✸✳✶✮

◆♦t❡ t❤❛t t❤✐s ❤ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ✐♥ ❧✐♥❡❛r✐③❡❞ t❤❡♦r② ❛♥❞ ❛❧s♦ r❡❧❛t✐♦♥

❜❡t✇❡❡♥ ❤µν ❛♥❞ gµν ✐s ♥♦♥ ❧✐♥❡❛r✳ ❲❡ ❛r❡ ♥♦t ♠❛❦✐♥❣ ❛♥② ❛ss✉♠♣t✐♦♥s ❛❜♦✉t ❤ ❤❡r❡✳

❇✉t ✐t r❡❞✉❝❡s t♦ ♥❡❣❛t✐✈❡ ♦❢ h
µν

✇❤❡♥ ❤µν ✐s s♠❛❧❧✳ ❲❡ ❝❤♦♦s❡ ❤❛r♠♦♥✐❝ ❣❛✉❣❡ ✭✷✳✶✳✸✮

♦r ❞❡ ❉♦♥❞❡r ❣❛✉❣❡✱ ✇❤✐❝❤ ✐♥ t❡r♠s ♦❢ ❤µν ❜❡❝♦♠❡s✱

∂β❤
αβ = 0. ✭✷✳✸✳✷✮

✶✷



■♥ t❤✐s ❣❛✉❣❡✱ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s t❛❦❡ t❤❡ ❢♦r♠✱

�❤αβ =
16πG

c4
ταβ, ✭✷✳✸✳✸✮

✇❤❡r❡✱

ταβ ≡ (−g)T αβ + c4

16πG
Pαβ, ✭✷✳✸✳✹✮

✇✐t❤ T αβ ✐s t❤❡ ♠❛tt❡r ❡♥❡r❣②✲♠♦♠❡♥t✉♠ ✭❊✲▼✮ t❡♥s♦r✳ ❚❤❡ t❡♥s♦r P ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

s♦✉r❝❡ ❛♥❞ ✐s ❣✐✈❡♥ ❜②✱

Pαβ =
16πG

c4
(−g)tαβLL + (∂ν❤

αµ∂µ❤
βν − ❤µν∂µ∂ν❤

αβ), ✭✷✳✸✳✺✮

✇❤❡r❡ tαβLL ✐s ❝❛❧❧❡❞ ▲❛♥❞❛✉✲▲✐❢s❤✐t③ ♣s❡✉❞♦ ❡♥❡r❣② ♠♦♠❡♥t✉♠ t❡♥s♦r ❬✶✵❪✱ ✇❤✐❝❤ ✐s ❤✐❣❤❧②

♥♦♥ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦❢ ❤µν ✳ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡❧② ❡q✉✐✈❛❧❡♥t t♦ ❡q✉❛t✐♦♥

✭✷✳✸✳✸✮✱ t♦❣❡t❤❡r ✇✐t❤ ❤❛r♠♦♥✐❝ ❣❛✉❣❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✷✮✳ ◆♦t❡ t❤❛t ✇❡ ❝❛♥ ✜rst s♦❧✈❡

❊q✳✭✷✳✸✳✸✮ ✇✐t❤♦✉t r❡q✉✐r✐♥❣ t❤❛t✱ t❤❡ ❤❛r♠♦♥✐❝ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥ ✇❡ ❝❛♥

❛♣♣❧② ❣❛✉❣❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✸✳✷✮ t♦ ❣❡t ❢✉❧❧ ❡①❛❝t s♦❧✉t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡s❡ ✶✵ ✐♥❞❡♣❡♥❞❡♥t

❡q✉❛t✐♦♥s ✭✷✳✸✳✸✮ ❛r❡ ❝❛❧❧❡❞ ❛s t❤❡ r❡❧❛①❡❞ ❊✐♥st❡✐♥✬s ❡q✉❛t✐♦♥s✳

❋✐♥❞✐♥❣ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ t♦ ❊q✳ ✭✷✳✸✳✸✮ ✐s ✈❡r② ❞✐✣❝✉❧t ❛s r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ❤✐❣❤❧②

♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❤µν ✱ ❢♦r ✇❤✐❝❤ ✇❡ ❛r❡ s♦❧✈✐♥❣ ❢♦r✳ ❙♦ ✇❡ ♠✉st ❛❞♦♣t s♦♠❡

❛♣♣r♦①✐♠❛t❡ ♠❡t❤♦❞s ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤✐❝❤ r❡❣✐♦♥ ✇❡ ❛r❡ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥✳ ■♥ ♥❡❛r

✜❡❧❞✱ s✐♥❝❡ r❡t❛r❞❛t✐♦♥ ❡✛❡❝ts ❛r❡ s♠❛❧❧✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ P◆ ❢♦r♠❛❧✐s♠✳ ■♥ ❢❛r r❡❣✐♦♥s✱

✇❤❡r❡ r❡t❛r❞❛t✐♦♥ ❡✛❡❝ts ❛r❡ ❝r✉❝✐❛❧ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ♣♦st✲▼✐♥❦♦✇s❦✐❛♥ ❡①♣❛♥s✐♦♥ t❡❝❤✲

♥✐q✉❡✳ ❚❤❡♥ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ r❡❣✐♦♥ ✇❤❡r❡ ❜♦t❤ t❤❡ ♠❡t❤♦❞s ❤♦❧❞✱ ✇❡ ♠❛t❝❤ t❤❡ s♦❧✉t✐♦♥s

❢r♦♠ ❜♦t❤ t❤❡ ♠❡t❤♦❞s✳

✷✳✸✳✷ P♦st✲◆❡✇t♦♥✐❛♥ ❊①♣❛♥s✐♦♥ ✐♥ ♥❡❛r ③♦♥❡

◆❡❛r t❤❡ s♦✉r❝❡s✱ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡tr✐❝ ✇✐❧❧ ❜❡ ✈❡r② ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ✐t ✇✐❧❧ ❤❛✈❡ ❡♥♦r✲

♠♦✉s ❞❡✈✐❛t✐♦♥ ❤µν ❢r♦♠ ✢❛t s♣❛❝❡ ♠❡tr✐❝✳ ❙♦❧✈✐♥❣ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ✭✷✳✵✳✶✮ ❛♥✲

❛❧②t✐❝❛❧❧② ✇✐❧❧ ❜❡ ✈❡r② ❞✐✣❝✉❧t✳ ❙♦ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❛♣♣r♦①✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ♣♦st✲

◆❡✇t♦♥✐❛♥ ❡①♣❛♥s✐♦♥ t♦ s♦❧✈❡ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ✭✷✳✵✳✶✮✳ ■♥ P◆ ❡①♣❛♥s✐♦♥ t❡❝❤♥✐q✉❡

❬✶✵✱ ✷❪ ♦♥❡ ✜♥❞s t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡tr✐❝ ✇❤❡r❡ t❤❡ s♦✉r❝❡ ❧✐❡✱ ❛s ❛ ❡①♣❛♥s✐♦♥ ✐♥ ❛ s♠❛❧❧

❡①♣❛♥s✐♦♥ ♣❛r❛♠❡t❡r✱

ǫ ∼ (Rs/d)
1/2 ∼ v/c. ✭✷✳✸✳✻✮

❚❤❡ ♣r♦❝❡❞✉r❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ t❡❝❤♥✐q✉❡ ✐s ✐t❡r❛t✐✈❡✳ ❲❡ st❛rt ❢r♦♠ ◆❡✇t♦♥✐❛♥ ❡q✉❛t✐♦♥s

❢♦r ♠♦t✐♦♥ ❛♥❞ ✇❡ ❛❞❞ t❤❡ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐st✐❝ ❝♦rr❡❝t✐♦♥s t♦ t❤♦s❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳

❆s ✇❡ ❣❡t t❤❡ ♠♦❞✐✜❡❞ ❊❖▼s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ t❤❡ ♥❡✇ ❡♥❡r❣② ♠♦♠❡♥t✉♠ t❡♥s♦r ❢♦r

✶✸



t❤❡ s♦✉r❝❡ ❛♥❞ ✇❡ s♦❧✈❡ ❢♦r ♥❡✇ ♠❡tr✐❝ ❝♦rr❡❝t✐♦♥s✳ ❲✐t❤ ❝♦rr❡❝t❡❞ ♠❡tr✐❝✱ ❛❣❛✐♥ ✇❡

❝❛❧❝✉❧❛t❡ t❤❡ ♠♦❞✐✜❡❞ ❊❖▼s✱ t❤❡♥ ♥❡✇ ❊✲▼ t❡♥s♦r ❛♥❞ t❤❡♥ ♥❡✇ ♠❡tr✐❝ ❝♦rr❡❝t✐♦♥s✱

❛♥❞ t❤✐s ♣r♦❝❡❞✉r❡ ❣♦❡s ♦♥✳ ❲❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❡tr✐❝ ❛♥❞ ❊❖▼s ✇✐t❤ ❞❡s✐r❡❞ P◆

♦r❞❡r✳

✷✳✸✳✸ P♦st✲▼✐♥❦♦✇s❦✐❛♥ ❡①♣❛♥s✐♦♥ ♦✉ts✐❞❡ t❤❡ s♦✉r❝❡

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❣✐♦♥ ♦✉ts✐❞❡ t❤❡ s♦✉r❝❡ ✐✳❡ t❤❡ r❡❣✐♦♥ ❣✐✈❡♥ ❜② d < r < ∞✳

❖✉ts✐❞❡ t❤❡ s♦✉r❝❡✱ ♠❛tt❡r ❊✲▼ t❡♥s♦r ✈❛♥✐s❤❡s ❛♥❞ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ r❡❧❛①❡❞ ✈❛❝✉✉♠

❊✐♥st❡✐♥ ❡q✉❛t✐♦♥✱

�❤αβ = Pαβ. ✭✷✳✸✳✼✮

❆t ❛ ❞✐st❛♥❝❡ r✱ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ▼✐♥❦♦✇s❦✐ ♠❡tr✐❝ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛♥ ❡①♣❛♥s✐♦♥ ✐♥

t❤❡ ♣❛r❛♠❡t❡r Rs/r✳ ❙✐♥❝❡ Rs = 2Gm/c2 ✇❡ ❝❛♥ ❛s ✇❡❧❧ ✇r✐t❡ ❡①♣❛♥s✐♦♥ ✐♥ t❡r♠s ♦❢

♣❛r❛♠❡t❡r G✳ ❚❤❡r❡❢♦r❡ ✇❡ ✇r✐t❡✱

❤αβ =
∞
∑

n=1

Gnhαβn . ✭✷✳✸✳✽✮

❲❡ ♣❧✉❣ t❤✐s ✐♥t♦ ❊q✳✭✷✳✸✳✸✮ ❛♥❞ ✇❡ ❡q✉❛t❡ t❤❡ t❡r♠s ♦❢ s❛♠❡ ♦r❞❡r ✐♥ G✳ ❚❤❡ t❡♥s♦r Pαβ

❞❡♣❡♥❞s ♦♥ gαβ ✇❤✐❝❤ ✐s ❤✐❣❤❧② ♥♦♥ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦❢ ❤αβ✱ ✐t st❛rts ❢r♦♠ t❡r♠s ✇❤✐❝❤

❛r❡ q✉❛❞r❛t✐❝ ✐♥ h✳ ❚❤✉s ✇❡ ❝❛♥ ✇r✐t❡✱

Pαβ = Nαβ[h, h] +Mαβ[h, h, h] + Lαβ[h, h, h, h] +O(h5), ✭✷✳✸✳✾✮

✇❤❡r❡ ◆✱▼ ❛♥❞ ▲ ❡t❝ ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ Pαβ✳ ❙✐♥❝❡ P ❞♦❡s ♥♦t ❝♦♥t❛✐♥

t❡r♠s ♦❢ ♦r❞❡r G✱ s♦ ❛t ❧♦✇❡st ♦r❞❡r ✇❡ ❤❛✈❡✱

�hαβ1 = 0, ✭✷✳✸✳✶✵✮

❛♥❞ ❢♦r ♥❡①t ♦r❞❡r ✐♥ G ✇❡ ❣❡t✱

�hαβ2 = Nαβ[h1, h1], ✭✷✳✸✳✶✶✮

�hαβ3 = Mαβ[h1, h1, h1] +Nαβ[h1, h2] +Nαβ[h2, h1], ✭✷✳✸✳✶✷✮

❛♥❞ s♦ ♦♥✳

❲❡ ♠❛❦❡ ✉s❡ ♦❢ ❛ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❝❛❧❧❡❞ ♠✉❧t✐♣♦❧❛r ♣♦st✲▼✐♥❦♦✇s❦✐❛♥ ✭▼P▼✮ ❡①♣❛♥✲

s✐♦♥ ❛❧❣♦r✐t❤♠ t♦ ❣❡♥❡r❛t❡ ♠♦st ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❤αβ ♦❢ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥ ✭✷✳✸✳✸✮✳ ■♥ t❤✐s

❛❧❣♦r✐t❤♠ ❛s ❛ ✜rst st❡♣ ✇❡ s♦❧✈❡ ❢♦r h1 ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡ h2 ✉s✐♥❣ ❊q✳✭✷✳✸✳✶✶✮✳ ❯s✐♥❣

❜♦t❤ h1 ❛♥❞ h2 ✇❡ s♦❧✈❡ ❢♦r h3 ❛♥❞ s♦ ♦♥✳ ❋✐♥❛❧❧② ✇❡ ❣❡t t❤❡ ❢✉❧❧ s♦❧✉t✐♦♥ t♦ ✈❛❝✉✉♠ ✜❡❧❞

✶✹



❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ♣❛r❛♠❡tr✐③❡❞ ❜② s✐① s❡ts ♦❢ s②♠♠❡tr✐❝ ❛♥❞ tr❛❝❡ ❢r❡❡ ✭❙❚❋✮ ♠♦♠❡♥ts

IL, JL ❦♥♦✇♥ ❛s s♦✉r❝❡ ♠♦♠❡♥ts ❛♥❞ WL, XL, YL, ZL ❦♥♦✇♥ ❛s ❣❛✉❣❡ ♠♦♠❡♥ts✳ ❚♦✲

❣❡t❤❡r t❤❡s❡ ♠♦♠❡♥ts ❛r❡ ❝❛❧❧❡❞ ❛s t❤❡ ❛❧❣♦r✐t❤♠✐❝ ♠♦♠❡♥ts ❛♥❞ ❛r❡ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥s

♦❢ r❡t❛r❞❡❞ t✐♠❡ tr✳ ❚❤❡ ❢✉❧❧ s♦❧✉t✐♦♥ ❧♦♦❦s ❧✐❦❡✱

❤αβ =
∞
∑

n=1

Gnhαβn [IL, JL,WL, XL, YL, ZL]. ✭✷✳✸✳✶✸✮

✳

✷✳✸✳✹ ▼❛t❝❤✐♥❣ ♦❢ t❤❡ s♦❧✉t✐♦♥s

❲❡ ❦♥♦✇ t❤❛t ♣♦st✲◆❡✇t♦♥✐❛♥ ❡①♣❛♥s✐♦♥ ✐s ✈❛❧✐❞ ❜♦t❤ ✐♥s✐❞❡ t❤❡ s♦✉r❝❡ ❛♥❞ ✐♥ t❤❡ ❡①t❡r✲

♥❛❧ ♥❡❛r ③♦♥❡✳ ❚❤❡ ♣♦st✲▼✐♥❦♦✇s❦✐❛♥ ❡①♣❛♥s✐♦♥ ✉s❡s t❤❡ ♣❛r❛♠❡t❡r G ✇❤✐❝❤ ✐s r❡❧❛t❡❞

t♦ Rs/r ❛t ❛ ❞✐st❛♥❝❡ r ♦✉ts✐❞❡ t❤❡ s♦✉r❝❡✳ ❙♦ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ P◆ s♦❧✉t✐♦♥ ✇✐t❤

t❤❡ ♣♦st✲ ▼✐♥❦♦✇s❦✐❛♥ s♦❧✉t✐♦♥ ✐t ✐s ♥❡❝❡ss❛r② t❤❛t ❜♦t❤ t❤❡ ❡①♣❛♥s✐♦♥s s❤♦✉❧❞ ❤❛✈❡ t❤❡

s❛♠❡ ❡①♣❛♥s✐♦♥ ♣❛r❛♠❡t❡r✳ ❙♦ ✐♥ t❤❡ ♥❡❛r ❡①t❡r♥❛❧ r❡❣✐♦♥✭d < r < R✮ ♦❢ t❤❡ s♦✉r❝❡✱ ✇❡

❡①♣❛♥❞ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥ s♦❧✉t✐♦♥ ✉s✐♥❣ Rs/r ♦r d/r ❛s ❛♥ ❡①♣❛♥s✐♦♥ ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤

❣✐✈❡s r✐s❡ t♦ ✧♠✉❧t✐♣♦❧❛r ♣♦st✲◆❡✇t♦♥✐❛♥ ❡①♣❛♥s✐♦♥✧✳

◆♦✇ ✇❡ ❛r❡ ❛r♠❡❞ ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ t♦ ❤αβ ✐♥ ❜♦t❤ ♥❡❛r ③♦♥❡ ❛♥❞ ❡①t❡r♥❛❧ ③♦♥❡ ♦❢ t❤❡

s♦✉r❝❡✳ ■♥ ❡①t❡r♥❛❧ ③♦♥❡ s♦❧✉t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✐❝ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts

✭IL, JL,WL, XL, YL, ZL✮✳ ❇✉t ❛s ♦❢ ♥♦✇ t❤❡s❡ ♠♦♠❡♥ts ❛r❡ ❥✉st s♦♠❡ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥s

♦❢ r❡t❛r❞❡❞ t✐♠❡ ❛♥❞ ❛r❡ ②❡t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❍♦✇❡✈❡r ✐♥ t❤❡ ♥❡❛r ③♦♥❡ t❤❡ s♦❧✉t✐♦♥

✐s ✐♥ t❡r♠s ♦❢ ♣♦st✲◆❡✇t♦♥✐❛♥ ❡①♣❛♥s✐♦♥✱ ❛♥❞ ❊✲▼ t❡♥s♦r ♦❢ s♦✉r❝❡ ❞✐r❡❝t❧② ❡♥t❡rs t❤❡

❡①♣❛♥s✐♦♥✳ ❙♦ ✇❡ ♠❛t❝❤ ❜♦t❤ s♦❧✉t✐♦♥s ✐♥ ♥❡❛r ❡①t❡r♥❛❧ ③♦♥❡ ✇❤❡r❡ ❜♦t❤ s♦❧✉t✐♦♥s ❛r❡

✈❛❧✐❞ ❛♥❞ ✜① t❤❡ ❙❚❋ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ✭IL, JL,WL, XL, YL, ZL✮ ✐♥ t❡r♠s ♦❢ ♠❛tt❡r ❛♥❞

❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞s ♦❢ s♦✉r❝❡✳ ❚❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡s❡ ♠♦♠❡♥ts ❛r❡ ❣✐✈❡♥ ✐♥

❬✷✹✱ ✷✺❪

■t ✐s ♣♦ss✐❜❧❡ t♦ ♣❛r❛♠❡tr✐③❡ t❤❡ s✐① s❡ts ♦❢ s♦✉r❝❡ ❛♥❞ ❣❛✉❣❡ ♠♦♠❡♥ts ✐♥ t❡r♠s ♦❢ ♦♥❧②

t✇♦ s❡ts ♦❢ ❙❚❋ ♠♦♠❡♥ts ❝❛❧❧❡❞ ❝❛♥♦♥✐❝❛❧ ♠❛ss✲t②♣❡ ❛♥❞ ❝❛♥♦♥✐❝❛❧ ❝✉rr❡♥t✲t②♣❡ ♠✉❧t✐♣♦❧❡

♠♦♠❡♥ts✱ ML ❛♥❞ SL r❡s♣❡❝t✐✈❡❧②✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❬✶✻❪✱

ML = IL +M[IL, JL,WL, XL, YL, ZL], ✭✷✳✸✳✶✹✮

SL = JL + S[IL, JL,WL, XL, YL, ZL], ✭✷✳✸✳✶✺✮

✇❤❡r❡✱ M ❛♥❞ S ❛r❡ s♦♠❡ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ♦❢ s♦✉r❝❡ ❛♥❞ ❣❛✉❣❡ ♠♦♠❡♥ts✳ ❚❤❡②

❛r❡ ❛t ❧❡❛st q✉❛❞r❛t✐❝ ❛♥❞ st❛rt ♦♥❧② ❛t ✷✳✺ P◆ ♦r❞❡r✳

✶✺



❈❤❛♣t❡r ✸

■♥s♣✐r❛❧❧✐♥❣ ❝♦♠♣❛❝t ❜✐♥❛r✐❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞✐s❝✉ss t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐♥s♣✐r❛❧❧✐♥❣ ❝♦♠♣❛❝t ❜✐♥❛r✐❡s ✭■❈❇s✮✳ ❲❡

❝♦♥s✐❞❡r ❛ ❜✐♥❛r② s②st❡♠✱ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ♥❡✉tr♦♥ st❛rs ✭◆❙✮ ♦r t✇♦ ❜❧❛❝❦✲❤♦❧❡s ✭❇❍✮

♦r ❛ ♥❡✉tr♦♥ st❛r ❛♥❞ ❛ ❜❧❛❝❦✲❤♦❧❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ✐♥❞✐✈✐❞✉❛❧ ❝♦♠♣❛❝t ♦❜❥❡❝ts ❛r❡ ♥♦♥✲

s♣✐♥♥✐♥❣✳ ▲❡t t❤❡✐r ♠❛ss❡s t♦ ❜❡ m1 ❛♥❞ m2 ❛♥❞ ♣♦s✐t✐♦♥s t♦ ❜❡ r1 ❛♥❞ r2 r❡s♣❡❝t✐✈❡❧②✳

❚♦ ✜♥❞ ♦✉t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ ✇❡ ❣♦ t♦ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss ❢r❛♠❡ ✭❈▼✮ ✇❤❡r❡✱ ✐♥

◆❡✇t♦♥✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ♦❢ ❛ ♣❛rt✐❝❧❡ ✇✐t❤ ♠❛ss

µ = m1m2/m ❝❛❧❧❡❞ r❡❞✉❝❡❞ ♠❛ss ♠♦✈✐♥❣ ✐♥ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ♦❢ ♠❛ssm = m1+m2

❛t ❛ ❞✐st❛♥❝❡ r = |r1 − r2|✳ ❚❤❡ ◆❡✇t♦♥✐❛♥ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✐s ❣✐✈❡♥ ❜②✱

r̈ = −Gm
r3

r. ✭✸✳✵✳✶✮

▲❡t ✉s ❛ss✉♠❡ t❤❛t ❜✐♥❛r✐❡s ❛r❡ ✐♥ ❝✐r❝✉❧❛r ♦r❜✐t✳ ❚❤❡♥ ♦r❜✐t❛❧ ❢r❡q✉❡♥❝② ωs ✐s r❡❧❛t❡❞ t♦

r❛❞✐✉s ♦❢ t❤❡ ♦r❜✐t R ❛s✱

ω2
s =

Gm

R3
. ✭✸✳✵✳✷✮

❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ q✉❛❞r✉♣♦❧❡ ♠♦♠❡♥t ♦❢ t❤❡ s②st❡♠ ✉s✐♥❣ ✭✷✳✷✳✶✹✮ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❣r❛✈✐✲

t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ✉s✐♥❣ ❧✐♥❡❛r✐③❡❞ t❤❡♦r②✳ ❚❤❡r❡❢♦r❡ q✉❛❞r✉♣♦❧❡ ✇❛✈❡❢♦r♠ ✐♥ ◆❡✇t♦♥✐❛♥

❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②✱

h+ =
4

r

(

GMc

c2

)5/3(
πfgw
c

)2/3
1 + cos θ2

2
cos (2πfgwtr + 2φ), ✭✸✳✵✳✸✮

h× =
4

r

(

GMc

c2

)5/3(
πfgw
c

)2/3

cos θ sin (2πfgwtr + 2φ), ✭✸✳✵✳✹✮

❤❡r❡✱

Mc = µ3/5m2/5 = ν3/5m, ✭✸✳✵✳✺✮

✶✻



❝❛❧❧❡❞ t❤❡ ❝❤✐r♣ ♠❛ss ✇❤❡r❡✱

ν =
m1m2

m2
, ✭✸✳✵✳✻✮

✐s ❝❛❧❧❡❞ t❤❡ s②♠♠❡tr✐❝ ♠❛ss r❛t✐♦✳ θ ✱ φ ❛♥❞ r ✐♥❞✐❝❛t❡ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ✐♥ t❤❡

s❦②✳ ❆❧s♦ ωgw = 2ωs ✐✳❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝② ✐s ❞♦✉❜❧❡ t❤❛t ♦❢ s♦✉r❝❡ ❢r❡q✉❡♥❝②✳

❯s✐♥❣ ❧✉♠✐♥♦s✐t② ❡q✉❛t✐♦♥ ✭✷✳✷✳✶✽✮✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱ t♦t❛❧ ♣♦✇❡r r❛❞✐❛t❡❞ ✐♥ t❤❡

❢♦r♠ ♦❢ ●❲s ❜② t❤❡ s②st❡♠ ✐s ❣✐✈❡♥ ❜②✱

Pbinary =
32c5

5G

(

GMcωgw
2c3

)10/3

✭✸✳✵✳✼✮

✸✳✶ ❆❞✐❛❜❛t✐❝ ✐♥s♣✐r❛❧ q✉❛s✐ ❝✐r❝✉❧❛r ♦r❜✐ts

❊✈❡♥ t❤♦✉❣❤ t❤❡ ❜✐♥❛r② s②st❡♠ st❛rts ✐♥ ❛♥ ❡❧❧✐♣t✐❝❛❧ ♦r❜✐t✱ ♦✈❡r t❤❡ t✐♠❡ ✇✐t❤ ❡♠✐ss✐♦♥

♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐❛t✐♦♥✱ s②st❡♠ ❧♦s❡s ❡♥❡r❣②✳ ❊♥❡r❣② ♦❢ t❤❡ s②st❡♠ ✐s ❣✐✈❡♥ ❜②✱

Esys = Ekin + Epot, ✭✸✳✶✳✶✮

= −Gm1m2

2R
. ✭✸✳✶✳✷✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛s t❤❡ s②st❡♠ ❧♦s❡s ❡♥❡r❣②✱ r❛❞✐✉s ♠✉st ❞❡❝r❡❛s❡ s♦ t❤❛t ❡♥❡r❣②

❜❡❝♦♠❡s ♠♦r❡ ❛♥❞ ♠♦r❡ ♥❡❣❛t✐✈❡✱ ❛♥❞ ❊q✳✭✸✳✵✳✷✮ ✐♠♣❧✐❡s t❤❛t ❛s r❛❞✐✉s ❞❡❝r❡❛s❡s t❤❡

♦r❜✐t❛❧ ❢r❡q✉❡♥❝② ✭ωs✮ ✐♥❝r❡❛s❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❊q✳✭✸✳✵✳✼✮ ✐t ✐s ❝❧❡❛r t❤❛t ❛s ♦r❜✐t❛❧

❢r❡q✉❡♥❝② ✐♥❝r❡❛s❡s✱ s②st❡♠ ❧♦s❡s ♠♦r❡ ❛♥❞ ♠♦r❡ ❡♥❡r❣② ❛♥❞ r❛❞✐✉s ❞❡❝r❡❛s❡s ❢✉rt❤❡r✳ ❙♦

✐t ✐s ❛ r✉♥❛✇❛② ♣r♦❝❡ss✱ ✇❤✐❝❤ ❛❢t❡r ❛ s✉✣❝✐❡♥t❧② ❧♦♥❣ t✐♠❡ ❧❡❛❞s t♦ ❝♦❛❧❡s❝❡♥❝❡ ♦❢ t❤❡

❜✐♥❛r② s②st❡♠✳

❯s✐♥❣ ❊q✳✭✸✳✵✳✷✮ ✐t ✐s ❡❛s② t♦ ✇r✐t❡✱

Ṙ = −2

3
R
ω̇s
ωs
, ✭✸✳✶✳✸✮

= −2

3
ωsR

ω̇s
ω2
s

. ✭✸✳✶✳✹✮

❙♦ ✐t ❝❧❡❛r t❤❛t ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ω̇s << ω2
s ✐s ❢✉❧✜❧❧❡❞✱ t❤❡♥ Ṙ ✐s ♠✉❝❤ ❧❡ss❡r t❤❛♥ t❛♥❣❡♥t✐❛❧

✈❡❧♦❝✐t② ωsR ❛♥❞ ✇❡ s❛② t❤❛t t❤❡ s②st❡♠ ✐s ✐♥ ❛❞✐❛❜❛t✐❝ q✉❛s✐ ❝✐r❝✉❧❛r ♦r❜✐t✳ ▲❡t ✉s ❛ss✉♠❡

t❤❛t ♦r❜✐t ♦❢ t❤❡ s②st❡♠ ✐s ✐♥ t❤❡ X✲Y ♣❧❛♥❡✳ ▲❡t ♥ = r/r ❜❡ t❤❡ ✉♥✐t ✈❡❝t♦r ❛❧♦♥❣ t❤❡

r❡❧❛t✐✈❡ s❡♣❛r❛t✐♦♥ ✈❡❝t♦r r✳ ❙♦

n = cosφ ❡X + sinφ ❡Y , ✭✸✳✶✳✺✮

✶✼



✇❤❡r❡✱ φ ✐s t❤❡ ♦r❜✐t❛❧ ♣❤❛s❡ ♦❢ t❤❡ s②st❡♠✳ ◆♦✇ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ❜✐♥❛r②

✉s✐♥❣ t❤❡ r♦t❛t✐♥❣ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s ❣✐✈❡♥ ❜② (♥,λ, ❡Z) ✇❤❡r❡ λ = ❡Z × ♥✳ ❯s✐♥❣ s✐♠♣❧❡

✈❡❝t♦r ❛❧❣❡❜r❛ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ①✱ ✈❡❧♦❝✐t② ✈✱ ❛♥❞

❛❝❝❡❧❡r❛t✐♦♥ ❛✱ ❛s ❢♦❧❧♦✇s✱

① = r ♥, ✭✸✳✶✳✻✮

✈ = ṙ ♥+ rωλ, ✭✸✳✶✳✼✮

❛ = (r̈ − rω2) ♥+ (rω̇ + 2ṙω)λ, ✭✸✳✶✳✽✮

✇❤❡r❡ t❤❡ ♦r❜✐t❛❧ ❢r❡q✉❡♥❝② ω ✐s ❣✐✈❡♥ ❜②✱ ω = φ̇✳ ■♥ ❛❞✐❛❜❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ t✐❧❧ ✷P◆

♦r❞❡r✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡ ♦r❜✐t ♦❢ t❤❡ ❜✐♥❛r② s②st❡♠ ❛s ❛ ❝✐r❝✉❧❛r ♦r❜✐t✱ s♦ r̈ = ṙ = ω̇ = 0

❛♥❞ rω2 = − ♥ · ❛✳

❇✉t ❛t ✷✳✺P◆ ♦r❞❡r✱ t❤❡ ❜❛❝❦ r❡❛❝t✐♦♥ ♦❢ ●❲s ❝♦♠❡s ✐♥t♦ ♣✐❝t✉r❡✱ s♦ ✇❡ ♠✉st ❝♦♥s✐❞❡r

✐♥s♣✐r❛❧ ♠♦t✐♦♥ ♦❢ t❤❡ ❜✐♥❛r② s②st❡♠✳ ■♥ ◆❡✇t♦♥✐❛♥ ❣r❛✈✐t② t❤❡ ♦r❜✐t❛❧ ❡♥❡r❣② ✐s ❣✐✈❡♥

❜②✱

E = −1

2
ν
Gm2

r
+O(ǫ). ✭✸✳✶✳✾✮

❯s✐♥❣ ❊q✳✭✸✳✵✳✷✮ ✐♥ ❊q✳✭✸✳✵✳✼✮ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ✐♥ q✉❛❞r✉♣♦❧❛r ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡

❣r❛✈✐t❛t✐♦♥❛❧ ❧✉♠✐♥♦s✐t② ✐s ❣✐✈❡♥ ❜②✱

L =
32

5
ν2
G4m5

r5c5
+O(ǫ). ✭✸✳✶✳✶✵✮

◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t ❡♥❡r❣② ❝❛rr✐❡❞ ❛✇❛② ❜② ●❲s ✐s ❜❛❧❛♥❝❡❞ ❜② t❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡

♦r❜✐t❛❧ ❡♥❡r❣② ✭✐✳❡✳ dE/dt = −L✮✳ ❚❤❡r❡❢♦r❡

ṙ = (
dE

dt
/
dE

dr
) = −64

5
ν
G3m3

r3c5
+O(ǫ7/2) ✭✸✳✶✳✶✶✮

❛♥❞ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✇❡ ❞❡❞✉❝❡ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ t❤❡ ♦r❜✐t❛❧ ❢r❡q✉❡♥❝② ❛s✱

ω̇ = (
dω

dr
/
dr

dt
) =

96

5
ν

(

G7m7

c10r11

)1/2

+O(ǫ7/2). ✭✸✳✶✳✶✷✮

❙✉❜st✐t✉t✐♥❣ ❛❜♦✈❡ r❡s✉❧ts ✐♥t♦ ❊qs✳✭✸✳✶✳✼✮ ❛♥❞ ✭✸✳✶✳✽✮ ✇❡ ❞❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r

t❤❡ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ t✐❧❧ ✸P◆ ♦r❞❡r ❛s ❢♦❧❧♦✇s✱

✈ = rωλ− 64

5
ν
G3m3

r3c5
♥+O(ǫ7/2), ✭✸✳✶✳✶✸✮

❛ = −ω2①− 32

5
ν
G3m3

c5r4
✈+O(ǫ7/2). ✭✸✳✶✳✶✹✮

✶✽



❚❤❡ ♦r❜✐t❛❧ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② t✐❧❧ ✸ P◆ ♦r❞❡r ❬✷✶✱ ✷✵❪ ✐s ❣✐✈❡♥ ❛s✱

ω2 =
Gm

r3

{

1 + γ (−3 + ν) + γ2
(

6 +
41

4
ν + ν2

)

+ γ3
(

−10 +

[

−75707

840
+

41

64
π2 + 22 ln

(

r

r′0

)]

ν

+
19

2
ν2 + ν3

)}

+O(ǫ4), ✭✸✳✶✳✶✺✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♣♦st ◆❡✇t♦♥✐❛♥ ♣❛r❛♠❡t❡r

γ ≡ Gm

rc2
, ✭✸✳✶✳✶✻✮

❛♥❞ t❤❡ ❝♦♥st❛♥t r′0 ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✷✶✱ ✷✵❪✳ ■♥ t❡r♠s ♦❢ ❛♥♦t❤❡r ♣♦st✲◆❡✇t♦♥✐❛♥ ♣❛r❛♠✲

❡t❡r

x ≡
(

Gmω

c3

)2/3

✭✸✳✶✳✶✼✮

γ ✐s ❣✐✈❡♥ ❜②✱

γ = x

{

1 + x

(

1− 1

3
ν

)

+ x2
(

1− 65

12
ν

)

+ x3
(

1 +

[

−2203

2520
− 41

192
π2 − 22

3
ln

(

r

r
′

0

)]

ν

+
229

36
ν2 +

1

81
ν3
)}

+O(ǫ4). ✭✸✳✶✳✶✽✮

✸✳✷ ❙♦✉r❝❡ ♠❛ss ♠✉❧t✐♣♦❧❡ ❛♥❞ s♦✉r❝❡ ❝✉rr❡♥t ♠✉❧t✐✲

♣♦❧❡ ♠♦♠❡♥ts ❢♦r ■❈❇s

❋♦r ■❈❇s ✐♥ ❝✐r❝✉❧❛r ♦r❜✐ts✱ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥s t✐❧❧ ✶ P◆ ♦r❞❡r ❢♦r s♦✉r❝❡ ♠✉❧t✐♣♦❧❡ ♠♦✲

♠❡♥ts ✭IL, JL✮ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❧✐t❡r❛t✉r❡✳ ❙♦✉r❝❡ ♠❛ss ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ✭IL✮ ❛t ✶ P◆

❛r❡ ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐① ❆ ♦❢ ❑✐❞❞❡r❬✶✺❪ ❛s✱

IL = νm̃

{[

fℓ−1(ν)− γfℓ(ν) + γ
5ℓ2 + 6ℓ+ 9

2(ℓ+ 1)(2ℓ+ 3)
fℓ+1(ν)

]

x〈L〉

+
ℓ(ℓ− 1)(ℓ+ 9)

2(ℓ+ 1)(2ℓ+ 3)
fℓ+1(ν)

r2

c2
x〈L−2viℓ−1iℓ〉

}

+O(ǫ2), ✭✸✳✷✳✶✮

✶✾



✇❤❡r❡✱

{m̃, fk(ν)} =







{m, sk(ν)} ❢♦r ℓ ❡✈❡♥,

{−δm, dk(ν)} ❢♦r ℓ ♦❞❞,
✭✸✳✷✳✷✮

✇❤❡r❡ sℓ = (mℓ
1 +mℓ

2)/m
ℓ ❛♥❞ dℓ = (mℓ

1 −mℓ
2)/m

ℓ✳ ❚❤❡s❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢✉♥❝t✐♦♥s ♦❢

ν ❛s

sℓ(ν) = 1 +

ℓ/2
∑

k=1

[(

ℓ− k − 1

k − 1

)

+

(

ℓ− k

k

)]

(−ν)k,

dℓ(ν) =

ℓ/2
∑

k=0

(

ℓ− k − 1

k

)

(−ν)k, ✭✸✳✷✳✸✮

xi ❛♥❞ vi ❞❡♥♦t❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ① ✭✸✳✶✳✻✮ ❛♥❞ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② ✈

✭✸✳✶✳✼✮ ♦❢ t❤❡ ❜✐♥❛r② s②st❡♠✳ ❙✐♠✐❧❛r❧②✱ s♦✉r❝❡ ❝✉rr❡♥t ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ✭JL✮ t✐❧❧ ✶ P◆

✐s ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐① ❆ ♦❢ t❤❡ ♣❛♣❡r ❜② ❉❛♠♦✉r✱ ■②❡r ❛♥❞ ◆❛❣❛r ❬✷✸❪✳

JL = νMǫab〈iℓxavb

{

xL−1〉

[

cℓ+1(ν) + γ

(

− ν

2ℓ
cℓ+1(ν) +

2ℓ+ 3

2ℓ
bℓ+1(ν)

+ 2ν
ℓ+ 1

ℓ
bℓ−1(ν) +

1

2

(

ℓ+ 1

ℓ
− (ℓ− 1)(ℓ+ 4)

(ℓ+ 2)(2ℓ+ 3)

)

cℓ+3(ν)

]

+
r2

c2
xL−3viℓ−2

viℓ−1〉
(ℓ− 1)(ℓ− 2)(ℓ+ 4)

2(ℓ+ 2)(2ℓ+ 3)
cℓ+3(ν) +O(ǫ2)

}

, ✭✸✳✷✳✹✮

✇❤❡r❡✱

bℓ(ν) ≡ Xℓ
2 + (−)ℓXℓ

1, ✭✸✳✷✳✺✮

cℓ(ν) ≡ Xℓ−1
2 + (−)ℓXℓ−1

1 , ✭✸✳✷✳✻✮

✇✐t❤

X1 ≡ m1/m, ✭✸✳✷✳✼✮

X2 ≡ m2/m. ✭✸✳✷✳✽✮

■♥ ❧✐t❡r❛t✉r❡✱ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥s ❢♦r IL ❛♥❞ JL ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥❧② t✐❧❧ ✶ P◆✳ ❍♦✇❡✈❡r s♦♠❡

♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠✉❧t✐♣♦❧❡s ❛r❡ ❦♥♦✇♥ t♦ ❤✐❣❤ ❛❝❝✉r❛❝②✳ ❋♦r ❡①❛♠♣❧❡ Iij ✐s ❦♥♦✇♥ ✉♣ t♦

✸✳✺ P◆ ❛❝❝✉r❛❝② ❬✷✻❪ ❛♥❞ Vij ✉♣t♦ ✷✳✺ P◆ ❛❝❝✉r❛❝② ❬✶✻❪✱ ❡t❝✳

✷✵



❈❤❛♣t❡r ✹

●r❛✈✐t❛t✐♦♥❛❧ ❲❛✈❡❢♦r♠ ❛♥❞

❈♦♠♣✉t✐♥❣ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s

❢♦r ✸✳✺ P◆ ❛❝❝✉r❛t❡ ❣r❛✈✐t❛t✐♦♥❛❧

✇❛✈❡❢♦r♠ ❢♦r ♥♦♥✲s♣✐♥♥✐♥❣ ■❈❇s

❚❤❡ ♠✉❧t✐♣♦❧❛r ♣♦st✲▼✐♥❦♦✇s❦❛♥ s♦❧✉t✐♦♥s ❤αβ ✐s ✈❛❧✐❞ ✐♥ t❤❡ ❡①t❡r✐♦r r❡❣✐♦♥ ❛♥❞ s♦ ❛t

❢✉t✉r❡ ♥✉❧❧ ✐♥✜♥✐t②✱ ✐✳❡ ❛t r → ∞ ✇✐t❤ t− r/c ✜①❡❞✱ ✇❤❡r❡ ♦✉r ❞❡t❡❝t♦rs ❛r❡ ❧♦❝❛t❡❞✳ ❇✉t

t❤❡s❡ s♦❧✉t✐♦♥s ❡①❤✐❜✐t ❛ ❧♦❣❛r✐t❤♠✐❝ ❝❤❛r❛❝t❡r ∼ ln rp/rk ❛t t❤❡s❡ ❞✐st❛♥❝❡s ✐♥ ❤❛r♠♦♥✐❝

❝♦♦r❞✐♥❛t❡s xµ = (t, r)✳ ❆♣♣❡❛r❛♥❝❡ ♦❢ t❤❡s❡ ln r t❡r♠s ✐♥ t❤❡ s♦❧✉t✐♦♥ ✐s ❞✉❡ t♦ t❤❡

❝♦♦r❞✐♥❛t❡ ❡✛❡❝t✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ❛t ❢✉t✉t❡ ♥✉❧❧ ✐♥✜♥✐t② ❝❛❧❧❡❞

r❛❞✐❛t✐✈❡ ❝♦♦r❞✐♥❛t❡s✱ ✐♥ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ♠❛❦❡ t❤❡ ❧♦❣ t❡r♠s ❛❜s❡♥t✳ ❲❡ ❞❡♥♦t❡ s✉❝❤

❝♦♦r❞✐♥❛t❡s ❜② Xµ = (T,R) ❛♥❞ ❧❡t R = |X| ❛♥❞ r❡t❛r❞❡❞ t✐♠❡ TR ≡ T −R/c✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t✇♦ s❡ts ♦❢ ❙❚❋ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ❝❛❧❧❡❞ ❛s r❛❞✐❛t✐✈❡ ♠✉❧t✐♣♦❧❡

♠♦♠❡♥ts ❞❡♥♦t❡❞ ❜② UL ✭♠❛ss t②♣❡✮ ❛♥❞ VL ✭❝✉rr❡♥t t②♣❡✮ ❛♥❞ t❤❡s❡ ❛r❡ ❢✉♥❝t✐♦♥s ♦❢

r❡t❛r❞❡❞ t✐♠❡ TR✳ ■♥ t❡r♠s ♦❢ t❤❡s❡ ♠♦♠❡♥ts t❤❡ ✇❛✈❡❢♦r♠ ✐s ❣✐✈❡♥ ❜②✱

hTT
ij =

4G

c2R
ΛTT
ijkl(N)

+∞
∑

ℓ=2

1

cℓℓ!

{

NL−2 UklL−2(TR)−
2ℓ

c(ℓ+ 1)
NaL−2 εab(k Vl)bL−2(TR)

}

+O
(

1
R2

)

.

✭✹✳✵✳✶✮

❍❡r❡N = X/R = (Ni) ✐s t❤❡ ✉♥✐t ✈❡❝t♦r ♣♦✐♥t✐♥❣ ❢r♦♠ t❤❡ s♦✉r❝❡ t♦ t❤❡ ❢❛r ❛✇❛② ❞❡t❡❝t♦r

❛❧♦♥❣ ✇❤✐❝❤ ●❲s tr❛✈❡❧ ❢r♦♠ t❤❡ s♦✉r❝❡✳

■♥ t❡r♠s ♦❢ t❤❡ t✇♦ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ♣♦❧❛r✐③❛t✐♦♥s✱ h+ ❛♥❞ h×✱ t❤❡ s♣✐♥ ✇❡✐❣❤t❡❞

s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ✭s✐♠♣❧② ❝❛❧❧❡❞ ❛s s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ♦r s♦♠❡t✐♠❡ ❥✉st

✷✶



♠♦❞❡s✮ hlms ❛r❡ ❣✐✈❡♥ ❜②✱

h+ − ih× =
∞
∑

l=2

l
∑

m=−l

hlm−2Y
lm(Θ,Φ), ✭✹✳✵✳✷✮

✇❤❡r❡✱ −2Y
lm(Θ,Φ) ✐s s♣✐♥ ✇❡✐❣❤t❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♦❢ s♣✐♥ ✇❡✐❣❤t ✲✷✳✸ ❚❤❡ hlms ❛r❡

r❡❧❛t❡❞ t♦ r❛❞✐❛t✐✈❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts UL ❛♥❞ VL ❛s ❢♦❧❧♦✇s✱

hlm =
G√

2Rcl+2

(

U lm(TR)−
i

c
V lm(TR)

)

, ✭✹✳✵✳✸✮

✇✐t❤✱

U lm =
16π

(2l + 1)!!

√

(l + 1)(l + 2)

2l(l − 1)
ULY

lm∗
L , ✭✹✳✵✳✹✮

V lm =
−32πl

(2l + 1)!!

√

(l + 2)

2l(l + 1)(l − 1)
VLY

lm∗
L , ✭✹✳✵✳✺✮

✇❤❡r❡ Y lm
L ❛r❡ t❤❡ ❙❚❋ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ✇❤✐❝❤ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ s❝❛❧❛r s♣❤❡r✐❝❛❧

❤❛r♠♦♥✐❝s ❜②✱

Y lm(Θ,Φ) = Y lm
L NL. ✭✹✳✵✳✻✮

❆❧t❡r♥❛t✐✈❡❧②✱

Y lm
L =

4πl!

(2l + 1)!!

∫

dΩN<L>Y
lm. ✭✹✳✵✳✼✮

✸❲❡ ❞❡✜♥❡ t❤❡ s♣✐♥✲✇❡✐❣❤t❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ♦❢ s♣✐♥ ✇❡✐❣❤t s ✉s✐♥❣ t❤❡ ❲✐❣♥❡r d✲❢✉♥❝t✐♦♥s ❛s
❢♦❧❧♦✇s ❬✶✺❪✱

−sY
ℓm(Θ,Φ) = (−1)s

√

2ℓ+ 1

4π
dℓms(Θ)eimΦ,

✇❤❡r❡

dℓms(Θ) =
√

(ℓ+m)!(ℓ−m)!(ℓ+ s)!(ℓ− s)!

×
kf
∑

k=ki

(−1)k(sin Θ

2
)2k+s−m(cos Θ

2
)2ℓ+m−s−2k

k!(ℓ+m− k)!(ℓ− s− k)!(s−m+ k)!
,

✇❤❡r❡ ki ❂ ♠❛①(0,m− s) ❛♥❞ kf ❂ ♠✐♥(ℓ+m, ℓ− s)✱ (R,Θ,Φ) ❛r❡ ✉s✉❛❧ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✳

✷✷



✹✳✶ ❘❛❞✐❛t✐✈❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts

❚❤❡ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts✭UL✱VL✮ ❛r❡ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ♦❢ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts✭ML✱SL✮✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ r❛❞✐❛t✐✈❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ ✐♥st❛♥t❛♥❡♦✉s✱

t❛✐❧✱ t❛✐❧✲t❛✐❧ ❛♥❞ ♠❡♠♦r② t❡r♠s ❛s ❢♦❧❧♦✇s✱

UL = U inst
L + U tail

L + U tail−tail
L + Umemory

L , ✭✹✳✶✳✶✮

VL = V inst
L + V tail

L + V tail−tail
L + V memory

L . ✭✹✳✶✳✷✮

❱❛r✐♦✉s t❡r♠s ❝♦♥tr✐❜✉t❡ t♦ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ❛t ✈❛r✐♦✉s P◆ ♦r❞❡r✳ ■♥st❛♥t❛♥❡♦✉s t❡r♠s

✐♥✈♦❧✈❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts✱ t❤♦s❡ ❛r❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ❛t r❡t❛r❞❡❞ t✐♠❡✳ ❚❛✐❧ t❡r♠s ❛r✐s❡ ❛t

✶✳✺ P◆✱ ❞✉❡ t♦ s❝❛tt❡r✐♥❣ ♦❢ ●❲s ❢r♦♠ t❤❡ st❛t✐❝ ♠❛ss ♠♦♥♦♣♦❧❡ ♦❢ t❤❡ s♦✉r❝❡✳ ❚❛✐❧✲t❛✐❧

t❡r♠s ❝♦♠❡s ❢r♦♠ ❝✉❜✐❝ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ♠♦♥♦♣♦❧❡s ▼ ❛♥❞ ♦♥❡ st❛t✐❝ ♠✉❧t✐♣♦❧❡✳

❚❤❡② ❝♦♥tr✐❜✉t❡ ❛t ✸ P◆ ♦r❞❡r✳ ▼❡♠♦r② t❡r♠s ❛r✐s❡ ❞✉❡ t♦ q✉❛❞r❛t✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥

t✇♦ r❛❞✐❛t✐✈❡ ♠✉❧t✐♣♦❧❡s ❛t ✶✳✺ P◆ ♦r❞❡r✳ ❆♣❛rt ❢r♦♠ ✐♥st❛♥t❛♥❡♦✉s t❡r♠s ❛❧❧ ♦t❤❡r t❡r♠s

❛r❡ ❝♦❧❧❡❝t✐✈❡❧② ❝❛❧❧❡❞ ❛s ❤❡r❡❞✐t❛r② t❡r♠s✱ ❢♦r t❤❡ r❡❛s♦♥✱ t❤❡② ❛❧❧ ❞❡♣❡♥❞ ♦♥ ♣❛st ❤✐st♦r②

♦❢ s♦✉r❝❡✳

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞✐s❝✉ss t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ s♣✐♥✲✇❡✐❣❤t❡❞ ❤❛r♠♦♥✐❝s hlms✱ t❤❛t

❝♦♥tr✐❜✉t❡ t♦ t❤❡ ✸✳✺ P◆ ❛❝❝✉r❛t❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ♦❢ ❜✐♥❛r✐❡s ✐♥ ❝✐r❝✉❧❛r ♦r❜✐ts✳

Pr❡✈✐♦✉s❧② ❑✐❞❞❡r ❬✶✺❪ ❤❛s ❝❛❧❝✉❧❛t❡❞ t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r ✷✳✺ P◆ ❛❝❝✉r❛t❡

❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ❢♦r ■❈❇s ✐♥ ❝✐r❝✉❧❛r ♦r❜✐t✳ ❚❤❡♥ ❇❧❛♥❝❤❡t ❡t ❛❧ ❬✶✻❪ ✇❡♥t ♦♥ t♦

❝♦♠♣✉t❡ t❤❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s t❤❛t ❝♦♥tr✐❜✉t❡ t♦ ✸ P◆ ❛❝❝✉r❛t❡ ✇❛✈❡❢♦r♠✳ ■♥ ❤❡r❡✱ ■ ❣♦

❤❛❧❢ ❛ P◆ ♦r❞❡r ❤✐❣❤❡r ❛♥❞ ❝❛❧❝✉❧❛t❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡ ❢♦r ✸✳✺ ❛❝❝✉r❛t❡ ✇❛✈❡❢♦r♠

✇✐t❤ ❛✈❛✐❧❛❜❧❡ s♦✉r❝❡ ♠♦♠❡♥ts ✐♥ ❧✐t❡r❛t✉r❡✳

✹✳✷ ❆❝❝✉r❛❝② ♦❢ r❛❞✐❛t✐✈❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts r❡q✉✐r❡❞

❢♦r ✸✳✺ P◆ ✇❛✈❡❢♦r♠✳

❚❤❡ ❊q✉❛t✐♦♥ ✭✹✳✵✳✶✮ ❝❛♥ ❜❡ s❝❤❡♠❛t✐❝❛❧❧② ✇r✐tt❡♥ ❛s✱

hTTij ∼ K

[

Uij +
1

c

(

Vij +NkUijk
)

+
1

c2
(

NkVijk +NklUijkl
)

+ · · ·
]

✭✹✳✷✳✶✮

❋r♦♠ t❤✐s✱ ✐t ✐s ❡✈❡✐❞❡♥t t❤❛t✱ ❢♦r ❛ ♣❛rt✐❝✉❧❛r P◆ ♦r❞❡r ✇❛✈❡❢♦r♠✱ ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r

♦❢ ♠✉❧t✐♣♦❧❡s ✇✐❧❧ ❝♦♥tr✐❜✉t❡✳ ❍✐❣❤❡r t❤❡ ♠✉❧t✐♣♦❧❛r✐t② ♦❢ ♠✉❧t✐♣♦❧❡s✱ ❛t ❤✐❣❤❡r t❤❡ ♦r❞❡r

t❤❡② ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ✇❛✈❡❢♦r♠✳ ❚❤❡ t❛❜❧❡ ❜❡❧♦✇ ❧✐sts ♦✉t t❤❡ ❛❝❝✉r❛❝② ♦❢ ❞✐✛❡r❡♥t

♠✉❧t✐♣♦❧❡s r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ t❤❡ ✸✳✺ P◆ ❛❝❝✉r❛t❡ ✇❛✈❡❢♦r♠✳

✷✸



❘❛❞✐❛t✐✈❡ ▼✉❧t✐♣♦❧❡s ❘❡q✉✐r❡❞ P◆ ❛❝❝✉r❛❝②

Uij ✸✳✺

Uijk✱Vij ✸

Uijkl✱Vijk ✷✳✺

U5✱V4 ✷

U6✱V5 ✶✳✺

U7✱V6 ✶

U8✱V7 ✵✳✺

U9✱V8 ✵

. ✭✹✳✷✳✷✮

❙♦ t❤❡ ♠♦❞❡s ❢r♦♠ l = 2 t♦ l = 9 ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ✸✳✺ P◆ ❛❝❝✉r❛t❡ ❣r❛✈✐t❛t✐♦♥❛❧

✇❛✈❡❢♦r♠✳ ❋❇■ ❬✷✷❪ ❤❛✈❡ ❧✐st❡❞ ❞♦✇♥ ❛❧❧ ✐♥st❛♥t❛♥❡♦✉s t❡r♠s ❛♥❞ ❤❡r❡❞✐t❛r② t❡r♠s ✭t❛✐❧

t❡r♠s✱ t❛✐❧✲t❛✐❧ t❡r♠s✱ ♠❡♠♦r② t❡r♠s✮ ✇❤✐❝❤ ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ♦❢ t❤❡

❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❛❝❝✉r❛❝②✳ ❍❡r❡ ■ ❛♠ ❣✐✈✐♥❣ s♦♠❡ ♦❢ t❤❡♠✱ ✇❤✐❝❤ ■ r❡q✉✐r❡ ❢♦r ♠② ✇♦r❦✳

✹✳✷✳✶ ■♥st❛♥t❛♥❡♦✉s t❡r♠s

❚❤❡ ♠❛ss✲t②♣❡ ♠♦♠❡♥ts ❛r❡ ❣✐✈❡♥ ❜②✳

U ✐♥st

ijklmn =M
(6)
ijklmn

+
G

c3

[

− 45

28
M〈ijM

(7)
klmn〉 −

111

28
M

(1)
〈ijM

(6)
klmn〉 −

561

28
M

(2)
〈ijM

(5)
klmn〉

− 1595

28
M

(3)
〈ijM

(4)
klmn〉 −

2505

28
M

(4)
〈ijM

(3)
klmn〉 −

2115

28
M

(5)
〈ijM

(2)
klmn〉

− 909

28
M

(6)
〈ijM

(1)
klmn〉 −

159

28
M

(7)
〈ijMklmn〉 −

15

7
M〈ijkM

(7)
lmn〉 −

75

7
M

(1)
〈ijkM

(6)
lmn〉

− 135

7
M

(2)
〈ijkM

(5)
lmn〉 −

505

21
M

(3)
〈ijkM

(4)
lmn〉

]

, ✭✹✳✷✳✸✮

UL =M
(l)
L ❢♦r l ≥ 7. ✭✹✳✷✳✹✮

❈✉rr❡♥t t②♣❡ ♠♦♠❡♥ts ❛r❡ ❣✐✈❡♥ ❜②✱

V ✐♥st

ijklm = S
(5)
ijklm

+
G

c3

[

− 3

2
M〈ijS

(6)
klm〉 −

33

10
M

(1)
〈ij S

(5)
klm〉 − 12M

(2)
〈ij S

(4)
klm〉 − 27M

(3)
〈ij S

(3)
klm〉

− 69

2
M

(4)
〈ij S

(2)
klm〉 −

39

2
M

(5)
〈ij S

(1)
klm〉 −

21

5
M

(6)
〈ij Sklm〉 −

4

3
S〈ijM

(6)
klm〉

− 76

15
S
(1)
〈ijM

(5)
klm〉 −

16

3
S
(2)
〈ijM

(4)
klm〉 − 8S

(3)
〈ijM

(3)
klm〉 −

28

3
S
(4)
〈ijM

(2)
klm〉

✷✹



− 20

3
S
(5)
〈ijM

(1)
klm〉 −

8

5
S
(6)
〈ijMklm〉 −

3

5
S〈iM

(6)
jklm〉

+ εab〈i

( 1

14
MjaM

(7)
klm〉b +

1

2
M

(1)
ja M

(6)
klm〉b −

3

5
M

(2)
ja M

(5)
klm〉b −

4

3
M

(3)
ja M

(4)
klm〉b

− 3

2
M

(4)
ja M

(3)
klm〉b −

1

2
M

(5)
ja M

(2)
klm〉b +

1

35
M

(7)
ja Mklm〉b +

1

7
MjkaM

(7)
lm〉b

+
2

3
M

(1)
jkaM

(6)
lm〉b +

4

3
M

(2)
jkaM

(5)
lm〉b +

1

3
M

(3)
jkaM

(4)
lm〉b

)

]

, ✭✹✳✷✳✺✮

SL = I
(l)
L ❢♦r l ≥ 5. ✭✹✳✷✳✻✮

✹✳✷✳✷ ❚❛✐❧ t❡r♠s

U t❛✐❧

L (TR) =
2GM

c3

∫ TR

−∞

M
(ℓ+2)
L (τ)

[

ln

(

TR − τ

2b

)

+ κℓ

]

τ , ✭✹✳✷✳✼✮

V t❛✐❧

L (TR) =
2GM

c3

∫ TR

−∞

S
(ℓ+2)
L (τ)

[

ln

(

TR − τ

2b

)

+ πℓ

]

τ . ✭✹✳✷✳✽✮

◆♦t❡ t❤❛t ❝♦♥st❛♥t b ❝♦♠❡s ✐♥ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ TR ❛♥❞ tr✳ κℓ ❛♥❞ πℓ ❛r❡ ❣✐✈❡♥ ❢♦r

❣❡♥❡r❛❧ ℓ✱ ✐♥ ❤❛r♠♦♥✐❝ ❝♦♦r❞✐♥❛t❡s✱ ❛s ❬✷✷❪

κℓ =
2ℓ2 + 5ℓ+ 4

ℓ(ℓ+ 1)(ℓ+ 2)
+Hℓ−2 , πℓ =

ℓ− 1

ℓ(ℓ+ 1)
+Hℓ−1 ✭✹✳✷✳✾✮

✇❤❡r❡ Hk ≡
∑k

j=1
1
j
✳

✹✳✷✳✸ ▼❡♠♦r② t❡r♠s

U♠❡♠

ijklmn(TR) =
G

c3

∫ TR

−∞

[

5

7
M

(4)
〈ijk(τ)M

(4)
lmn〉(τ)−

15

14
M

(4)
〈ij (τ)M

(4)
klmn〉(τ)

]

τ. ✭✹✳✷✳✶✵✮

✹✳✸ ❈♦♠♣✉t✐♥❣ ✸✳✺ P◆ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r

♥♦♥✲s♣✐♥♥✐♥❣ ■❈❇s

■♥ t❤✐s s❡❝t✐♦♥ ■ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ❛✈❛✐❧❛❜✐❧✐t② s♦✉r❝❡ ♠♦♠❡♥ts ❢♦r ■❈❇s✱ ♠♦❞❡ s❡♣❛r❛t✐♦♥

❛♥❞ t❤❡ ♣r♦❝❡❞✉r❡ t❤❛t ■ ❤❛✈❡ ❢♦❧❧♦✇❡❞ t♦ ❝❛❧❝✉❧❛t❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ♦❢ ✸✳✺ P◆

❛❝❝✉r❛❝②✳

✷✺



✹✳✸✳✶ ❆✈❛✐❧❛❜✐❧✐t② ♦❢ s♦✉r❝❡ ♠♦♠❡♥ts

❈❛r❡❢✉❧ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❡①♣r❡ss✐♦♥s ❢♦r ✐♥st❛♥t❛♥❡♦✉s ❛♥❞ ❤❡r❡❞✐t❛r② t❡r♠s ✭❢r♦♠ ✭✹✳✷✳✸✮

t♦ ✭✹✳✷✳✶✵✮✮ t❡❧❧s t❤❛t✱ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ❞❡♣❡♥❞ ♦♥❧② ♦♥ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts ✭ML, SL✮✱

✇❤✐❝❤ ✐♥ t❡r♥ ❞❡♣❡♥❞ ♦♥ s♦✉r❝❡ ♠♦♠❡♥ts✭IL, JL✮✳ ❙♦ t❤❡ ♣r♦❝❡❞✉r❡ ✐s ❝❧❡❛r✱ ✇❡ ✜rst ❤❛✈❡

t♦ ❣❛t❤❡r t❤❡ s♦✉r❝❡ ♠♦♠❡♥ts ♦❢ ❞❡s✐r❡❞ ❛❝❝✉r❛❝② t❤❡♥ ❞❡r✐✈❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts✳ ❚❤❡♥

❢r♦♠ t❤❡ ❤❡❧♣ ♦❢ t❤❡s❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts✱ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ✭UL, VL✮

✇❤✐❝❤ ❛r❡ ❡ss❡♥t✐❛❧ t♦ ❝♦♠♣✉t❡ t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s✳ ■♥ t❤❡ t❛❜❧❡ ❜❡❧♦✇ ■ ❛♠

❧✐st✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ s♦✉r❝❡ ♠✉❧t✐♣♦❧❡ ♠♦♠❡♥ts ♦❢ ♥♦♥✲s♣✐♥♥✐♥❣ ■❈❇s✱ r❡q✉✐r❡❞ t♦ ❝♦♠✲

♣✉t❡ ✸✳✺ P◆ ❛❝❝✉r❛t❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ❛♥❞ t❤❡✐r ❛✈❛✐❧❛❜✐❧✐t②✳

IL ❘❡q✉✐r❡❞ P◆ ❛❝❝✉r❛❝② ❆✈❛✐❧❛❜✐❧✐t② JL ❘❡q✉✐r❡❞ P◆ ❛❝❝✉r❛❝② ❆✈❛✐❧❛❜✐❧✐t②

Iij ✸✳✺ X Jij ✸ ×
Iijk ✸ X Jijk ✷✳✺ ×
Iijkl ✷✳✺ × Jijkl ✷ ×
I5 ✷ × J5 ✶✳✺ X

I6 ✶✳✺ X J6 ✺ X

I7 ✶ X J7 ✵✳✺ X

I8 ✵✳✺ X J8 ✵ X

I9 ✵ X

✭✹✳✸✳✶✮

❋r♦♠ ❛❜♦✈❡ t❛❜❧❡ ✭✹✳✸✳✶✮ ✐t ✐s ❝❧❡❛r t❤❛t ♥♦t ❛❧❧ t❤❡ r❡q✉✐r❡❞ s♦✉r❝❡ ♠♦♠❡♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡

✐♥ ❧✐t❡r❛t✉r❡ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ ✸✳✺ P◆ ❤❛r♠♦♥✐❝ ♠♦❞❡s✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❣❡♥❡r❛❧

❢♦r♠✉❧❛ ❢♦r s♦✉r❝❡ ♠♦♠❡♥ts t✐❧❧ ✶ P◆ ✭✸✳✷✳✶✮✱✭✸✳✷✳✹✮ ❛♥❞ ♥❡①t ♦r❞❡r ❝♦rr❡❝t✐♦♥ t♦ t❤❡s❡

s♦✉r❝❡ ♠♦♠❡♥ts ❝♦♠❡s ❛t ✷ P◆✱ s♦ ❡✛❡❝t✐✈❡❧② ✇❡ ❤❛✈❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥s ❢♦r s♦✉r❝❡

♠♦♠❡♥ts t✐❧❧ ✶✳✺ P◆✳

✹✳✸✳✷ ▼♦❞❡ s❡♣❛r❛t✐♦♥ ❢♦r ♥♦♥✲s♣✐♥♥✐♥❣ ❜✐♥❛r✐❡s

❯s✐♥❣ ♣❛r✐t② ✐♥✈❛r✐❛♥❝❡ ♦❢ ❊✐♥st❡✐♥s ❡q✉❛t✐♦♥s ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ ❬✷✻❪ t❤❛t✱ ❢♦r ♥♦♥✲s♣✐♥♥✐♥❣

❜✐♥❛r✐❡s✱ ❢♦r ♣❛rt✐❝✉❧❛r l t❤❡ ♠♦❞❡ hlm ✐s ❣✐✈❡♥ ♦♥❧② ❜② ♠❛ss r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ✭UL✮ ✇❤❡♥

l +m ✐s ❡✈❡♥✱ ❛♥❞ ♦♥❧② ❜② ❝✉rr❡♥t r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ✭VL✮ ✇❤❡♥ l +m ✐s ♦❞❞✳ ✐✳❡

hlm =
G√

2Rcl+2
U lm(TR) ✇❤❡♥ l +m ✐s ❡✈❡♥ ✭✹✳✸✳✷✮

hlm = − iG√
2Rcl+3

V lm(TR) ✇❤❡♥ l +m ✐s ♦❞❞ ✭✹✳✸✳✸✮

✷✻



❆❜♦✈❡ ❡q✉❛t✐♦♥s ✐♠♣❧② t❤❛t✱ t♦ ❤❛✈❡ ❛❧❧ t❤❡ ♠♦❞❡s ❢♦r ♣❛rt✐❝✉❧❛r l✱ ✇✐t❤ ♥❡❡❞ t♦ ❤❛✈❡ ❜♦t❤

t❤❡ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts UL ❛♥❞ VL ✇✐t❤ ❞❡s✐r❡❞ ❛❝❝✉r❛❝②✳ ■❢ ♦♥❡ ♦❢ t❤❡♠ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡

t❤❡♥ ✇❡ ❝❛♥ ♦♥❧② ❤❛✈❡ ♠♦❞❡s✱ ❡✐t❤❡r ❢♦r l +m ❡✈❡♥ ♦r ❢♦r l +m ♦❞❞✱ ❢♦r ♣❛rt✐❝✉❧❛r l✳

✹✳✸✳✸ ❆✈❛✐❧❛❜❧❡ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ❢♦r ■❈❇s✳

❇② ♥♦t✐♥❣ ❞♦✇♥ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ ♥♦♥✲❛✈❛✐❧❛❜✐❧✐t② ♦❢ ✈❛r✐♦✉s s♦✉r❝❡ ♠♦♠❡♥ts ✭✇❤✐❝❤

❛r❡ s❛♠❡ ❛s ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts t✐❧❧ ✷ P◆ ♦r❞❡r✮ ❢r♦♠ t❛❜❧❡ ✷ ✭✹✳✸✳✶✮✱ ❛♥❞ ❜② ♦❜s❡r✈✐♥❣

t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❛♥❞ t❤❡ ❤❡r❡❞✐t❛r② t❡r♠s ❡qs ✭❢r♦♠ ✭✹✳✷✳✸✮ t♦✭✹✳✷✳✶✵✮✮✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡

✇❤✐❝❤ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❞❡s✐r❡❞ ❛❝❝✉r❛❝② ❧✐st❡❞ ✐♥ ✭✹✳✷✳✷✮✳ ❛♥❞

✇❤✐❝❤ ❝❛♥♥♦t✳ ■♥ t❤❡ t❛❜❧❡ ❜❡❧♦✇ ■ ❛♠ ❧✐st✐♥❣ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ❢♦r

♥♦♥✲s♣✐♥♥✐♥❣ ■❈❇s ✐♥ t❤❡ ❝✉rr❡♥t ❧✐t❡r❛t✉r❡✳

UL ❉❡s✐r❡❞ P◆ ❛❝❝✉r❛❝② ❆✈❛✐❧❛❜❧❡ ? VL ❉❡s✐r❡❞ P◆ ❛❝❝✉r❛❝② ❆✈❛✐❧❛❜❧❡ ?

Uij ✸✳✺ X Vij ✸ ×
Uijk ✸ X Vijk ✷✳✺ ×
Uijkl ✷✳✺ × Vijkl ✷ ×
U5 ✷ × V5 ✶✳✺ X

U6 ✶✳✺ X V6 ✺ X

U7 ✶ X V7 ✵✳✺ X

U8 ✵✳✺ X V8 ✵ X

U9 ✵ X

✭✹✳✸✳✹✮

❚❤❡r❡❢♦r❡ ✐♥ t❤❡ ❛❜♦✈❡ t❛❜❧❡ ✐♥ ❛ ♣❛rt✐❝✉❧❛r r♦✇✱ ✐❢ ✇❡ ❤❛✈❡ ❜♦t❤ t❤❡ ♠♦♠❡♥ts UL ❛♥❞

VL ❛r❡ ♠❛r❦❡❞ ✇✐t❤ Xt❤❡♥ ♦♥❧② ✇❡ ❝❛♥ ❤❛✈❡ ❛❧❧ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ❢♦r t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ l ✇✐t❤ ❢✉❧❧ ✸✳✺ P◆ ❛❝❝✉r❛❝② ✭t❤❡ r❡❛s♦♥ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳✷✮✳ ❋♦r ❛

♣❛rt✐❝✉❧❛r l✱ ✐❢ ♦♥❧② UL ✐s ♠❛r❦❡❞ ✇✐t❤ Xt❤❡♥✱ ✇❡ ✇✐❧❧ ♦♥❧② ❤❛✈❡ ♠♦❞❡s ✇✐t❤ l +m ❡✈❡♥

✇✐t❤ ❢✉❧❧ ✸✳✺ P◆ ❛❝❝✉r❛❝②✱ ♦♥ t❤❡ ❤❛♥❞ ✐❢ ✇❡ ❤❛✈❡ ♦♥❧② VL ❛✈❛✐❧❛❜❧❡✱ t❤❡♥ ✇❡ ✇✐❧❧ ♦♥❧② ❤❛✈❡

♠♦❞❡s ✇✐t❤ l+m ♦❞❞ ✇✐t❤ ❢✉❧❧ ✸✳✺ P◆ ❛❝❝✉r❛❝②✳ ❚❤❡r❡❢♦r❡✱ ❢♦r l = 2 ♦♥❧② ✭✷✱✷✮ ❛♥❞ ✭✷✱✵✮✱

❢♦r l = 3 ♦♥❧② ✭✸✱✸✮ ❛♥❞ ✭✸✱✶✮ ❛r❡ ❝♦♠♣✉t❛❜❧❡ ✇✐t❤ ✸✳✺ P◆ ❛❝❝✉r❛❝② ❛♥❞ t❤❡② ❛r❡ ❛❧r❡❛❞②

❝♦♠♣✉t❡❞ ❬✷✷❪✳ ❲❡ ❝❛♥♥♦t ❝♦♠♣✉t❡ ❛♥② ♠♦❞❡s ❢♦r l = 4 ✇✐t❤ ❢✉❧❧ ✸✳✺ P◆ ❛❝❝✉r❛❝② ❛s

♥❡✐t❤❡r ♦❢ t❤❡ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts Uijkl ❛♥❞ Vijkl ✐s ❛✈❛✐❧❛❜❧❡ ✇✐t❤ r❡q✉✐r❡❞ ❛❝❝✉r❛❝②✳ ❋♦r

l = 5 ♦♥❧② ✭✺✱✹✮✱ ✭✺✱✷✮✱✭✺✱✵✮ ❛♥❞ ❢♦r l = 6, 7, 8, 9 ❛❧❧ t❤❡ ♠♦❞❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ✸✳✺

P◆ ❛❝❝✉r❛❝②✳ ■♥ t❤✐s ✇♦r❦ ■ ❛♠ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡♠ ■ ✇✐❧❧ ❞✐s♣❧❛② t❤❡ r❡s✉❧ts✳

✹✳✸✳✹ Pr♦❝❡❞✉r❡

❲❡ ❦♥♦✇ t❤❛t t✐❧❧ ✷ P◆ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts ✭ML, SL✮ ❛r❡ s❛♠❡ ❛s s♦✉r❝❡ ♠♦♠❡♥ts ✭IL, JL✮

✭✷✳✸✳✶✹✮✳ ❙♦✱ s✐♥❝❡ ✇❡ ❦♥♦✇ ✶✳✺ P◆ ❡①♣r❡ss✐♦♥s ❢♦r s♦✉r❝❡ ♠♦♠❡♥ts ✭✸✳✷✳✶✮✱✭✸✳✷✳✹✮ ❢♦r ♥♦♥✲

✷✼



s♣✐♥♥✐♥❣ ■❈❇s✱ ✐♠♣❧✐❡s t❤❛t ✇❡ ❤❛✈❡ ❡①♣r❡ss✐♦♥s ❢♦r ✶✳✺ P◆ ❛❝❝✉r❛t❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥ts✳

❋r♦♠ ❡①♣r❡ss✐♦♥s ✭✹✳✷✳✸✮ t♦ ✭✹✳✷✳✶✵✮ ✇❡ ❝❛❧❝✉❧❛t❡ ❛❧❧ t❤❡ ✐♥st❛♥t❛♥❡♦✉s t❡r♠s ❛♥❞ ❤❡r❡❞✐✲

t❛r② t❡r♠s✳ ◆♦t❡ t❤❛t ✇❤✐❧❡ t❛❦✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ s♦✉r❝❡ ♠♦♠❡♥ts ✇❡ ♠❛❦❡

✉s❡ ♦❢ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✭✸✳✶✳✶✸✮✱ ✭✸✳✶✳✶✸✮ ❛♥❞ ❡①♣r❡ss✐♦♥ ❢♦r ω ✭✸✳✶✳✶✺✮✳ ❇② t❛❦✐♥❣ t❤❡

♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts ❛♥❞ ❙❚❋ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s Y lm
L ✭✹✳✵✳✼✮✱ ✇❡

❝♦♥str✉❝t U lm, V lm✳ ❯s✐♥❣ t❤❡s❡ ♠✉❧t✐♣♦❧❡s ✇❡ ❝❛❧❝✉❧❛t❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ♠♦❞❡s ✇✐t❤

t❤❡ ❤❡❧♣ ♦❢ ❡q✉❛t✐♦♥ ✭✹✳✵✳✸✮

■ ❝♦❞❡❞ t❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥s ❢♦r s♦✉r❝❡ ♠♦♠❡♥ts✭IL, JL✮ ✭✸✳✷✳✶✮✱✭✸✳✷✳✹✮ ✐♥ ♠❛t❤❡✲

♠❛t✐❝❛✳ ❯s✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s ❛s ✐♥♣✉ts ■ ❛♠ ❛❜❧❡ t♦ ❝♦♠❡ ✇✐t❤ ❛ ♠❛t❤❡♠❛✐t❝❛ ❝♦❞❡

❢♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ♠♦❞❡s ✭hlms✮✱ ❝❛❧❝✉❧❛❜❧❡ ❢r♦♠ ❛✈❛✐❧❛❜❧❡ s♦✉r❝❡ ♠♦♠❡♥ts ✭❞✐s✲

❝✉ss❡❞ ✐♥ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✹✳✸✳✸✮ ❢♦r ✸✳✺ P◆ ❛❝❝✉r❛t❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠ ❢♦r ■❈❇s✳

❲❤✐❧❡ ♣❡r❢♦r♠✐♥❣ ❝♦♠♣✉t❛t✐♦♥✱ ■ ❤❛✈❡ ✉s❡❞ ✐♥t❡❣r❛t✐♦♥ t❡❝❤♥✐q✉❡s ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ■❱

❛♥❞ ❆♣♣❡♥❞✐① ❈ ♦❢ ❑✐❞❞❡r❬✶✺❪ t♦ ❡✈❛❧✉❛t❡ ❤❡r❡❞✐t❛r② t❡r♠s✳

■♥ t❤❡ ♥❡✇ ♣❤❛s❡ ✈❛r✐❛❜❧❡ ψ ❣✐✈❡♥ ❜②✱

ψ ≡ φ− 3x3/2
[

1− νx

2

]

ln
x

x0
✭✹✳✸✳✺✮

✇❤❡r❡✱ x0 =
(

Gmω0

c3

)2/3
✐s ❛♥ ❛r❜✐tr❛r② ❝♦♥st❛♥t ❧✐♥❦❡❞ t♦ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠

♥❡❛r ③♦♥❡ t♦ ❢❛r ③♦♥❡ ✭r❛❞✐❛t✐✈❡✮ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ hlm ❝❛♥ ❜❡ ❢❛❝t♦r✐③❡❞ ❛s✱

hlm =
2Gmνx

Rc2

√

16π

5
Ĥ lme−imψ. ✭✹✳✸✳✻✮

❚♦ ❤❛✈❡ ❋❲❋ ✇✐t❤ ✸✳✺ P◆ ❛❝❝✉r❛❝②✱ ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ ❡❛❝❤ ♦❢ t❤❡ Ĥ lms ❢r♦♠ l = 2 t♦

l = 9 ✇✐t❤ ✸✳✺ P◆ ❛❝❝✉r❛❝②✳

✹✳✸✳✺ ❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥

◆♦t❡ t❤❛t t✐❧❧ ✶ P◆ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts UL ❛♥❞ VL ❛r❡ ❥✉st t❤❡ lth ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ s♦✉r❝❡

♠♦♠❡♥ts IL ❛♥❞ JL r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ❢♦r s♦✉r❝❡ ♠♦♠❡♥ts ❢♦r

❛♥② l✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❛❧❧ t❤❡ r❛❞✐❛t✐✈❡ ♠♦♠❡♥ts t✐❧❧ ✶P◆ ✐rr❡s♣❡❝t✐✈❡ ♦❢ ♠✉❧t✐♣♦❧❛r✐t② ✭l✮

♦❢ t❤❡ ♠♦♠❡♥t✱ ✇✐t❤♦✉t ❜♦t❤❡r✐♥❣ ❛❜♦✉t t❤❡ ❤❡r❡❞✐t❛r② t❡r♠s ❛s t❤❡② ✇✐❧❧ ♥♦t ❝♦♠❡ ✐♥t♦

♣✐❝t✉r❡ ❛t ✶ P◆✳ ❚❤❡r❡❢♦r❡ ❡✈❡♥ t❤♦✉❣❤ ✇❡ ♥❡❡❞ ♠♦♠❡♥ts U8, U9 ❛♥❞ V7, V8 ✇✐t❤ ❛❝❝✉r❛❝②

❧❡ss t❤❛♥ ✶ P◆ ♦r❞❡r✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❢✉❧❧ ✶ P◆ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡s❡ ❛♥❞ ❝♦♠❡ ✇✐t❤ t❤❡

♠♦❞❡s ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ ✸✳✺ P◆✳ ❚❤❡r❡❢♦r❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s t❤❛t ■ ❤❛✈❡ ❝♦♠♣✉t❡❞ ❢♦r

l = 7, 8, 9 ❛r❡ ♦❢ ❤✐❣❤❡r ❛❝❝✉r❛❝② t❤❛♥ ✸✳✺ P◆✳

❍❡r❡ ■ ❛♠ ❞✐s♣❧❛②✐♥❣ r❡s✉❧ts ❢♦r Ĥ lm ✇❤✐❝❤ ❛r❡ ♥❡✇ r❡s✉❧ts ♦❢ t❤✐s ✇♦r❦ ❛♥❞ t❤❡② ❛❧❧

❝♦♥tr✐❜✉t❡ t♦ ✸✳✺ P◆ ❢✉❧❧ ✇❛✈❡❢♦r♠✳ ❚❤❡ ♠♦❞❡s ❢♦r ♥❡❣❛t✐✈❡ m ❛r❡ ❣✐✈❡♥ ❜② t❤❡ r❡❧❛t✐♦♥✱

hl,−m = (−1)lhlm∗ ✭✹✳✸✳✼✮

✷✽



✇✐t❤ ∗ ✐♥❞✐❝❛t✐♥❣ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✳ ❚✐❧❧ ✸ P◆ ♦r❞❡r✱ t❤❡ r❡s✉❧ts ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t

✇✐t❤ t❤❡ ♠♦❞❡s ❣✐✈❡♥ ✐♥ ❇❋■❙ ❬✶✻❪✳

Ĥ54 = − 32

9
√
165

[

x2
(

1− 5ν + 5ν2
)

+ x3
(

−4451

910
+

3619ν

130
− 521ν2

13
+

339ν3

26

)

+ x7/2
(

4π − 20πν + 20πν2i

(

−52

5
+ 8 log(2) + ν

(

2882711

53760
− 40 log(2)

)))]

+O
(

x4
)

, ✭✹✳✸✳✽✮

Ĥ52 =
2

27
√
55

[

x2
(

1− 5ν + 5ν2
)

+ x3
(

−3911

910
+

3079ν

130
− 413ν2

13
+

231ν3

26

)

+ x7/2
(

2π − 10πν + 10πν2 + i

(

−26

5
+

16237ν

336
− 1861ν2

20

))]

+O
(

x4
)

, ✭✹✳✸✳✾✮

Ĥ66 =
54

5
√
143

[

x2
(

1− 5ν + 5ν2
)

+ x3
(

−113

14
+

91ν

2
− 64ν2 +

39ν3

2

)

+ x7/2
(

6π − 30πν + 30πν2 + i

(

−249

14
+ ν

(

21678149

217728
− 60 log(3)

)

+ 12 log 3 + ν2
(

60 log(3)− 2230871

18144

)]

+O
(

x4
)

✭✹✳✸✳✶✵✮

Ĥ65 =
3125i ∆

504
√
429

[

x5/2
(

1− 4ν + 3ν2
)

+ x7/2
(

−149

24
+

349ν

12
− 409ν2

12
+

29ν3

3

)]

+O
(

x4
)

, ✭✹✳✸✳✶✶✮

Ĥ64 = −128

495

√

2

39

[

x2
(

1− 5ν + 5ν2
)

+ x3
(

−93

14
+

71ν

2
− 44ν2 +

19ν3

2

)

+ x7/2
(

4π − 20πν + 20πν2 + i

(

−83

7
+ ν

(

23696105

344064
− 40 log(2)

)

+ 8 log 2 + ν2
(

40 log(2)− 2566755

28672

)]

+O
(

x4
)

✭✹✳✸✳✶✷✮

Ĥ63 = − 81i ∆

616
√
65

[

x5/2
(

1− 4ν + 3ν2
)

+ x7/2
(

−133

24
+

301ν

12
− 329ν2

12
+ 7ν3

)]

+O
(

x4
)

✭✹✳✸✳✶✸✮

Ĥ62 =
2

297
√
65

[

x2
(

1− 5ν + 5ν2
)

+ x3
(

−81

14
+

59ν

2
− 32ν2 +

7ν3

2

)

✷✾



+ x7/2
(

2π − 10πν + 10πν2 + i

(

−83

14
+

1125139ν

13440
− 242801ν2

1120

))]

+O
(

x4
)

✭✹✳✸✳✶✹✮

Ĥ61 =
i ∆

8316
√
26

[

x5/2
(

1− 4ν + 3ν2
)

+ x7/2
(

−125

24
+

277ν

12
− 289ν2

12
+

17ν3

3

)]

+O
(

x4
)

✭✹✳✸✳✶✺✮

Ĥ60 = O
(

x4
)

✭✹✳✸✳✶✻✮

Ĥ77 = −16807i ∆

1440

√

7

858

[

x5/2
(

1− 4ν + 3ν2
)

+ x7/2
(

−319

34
+

2225ν

51
− 2558ν2

51
+

230ν3

17

)]

+O
(

x4
)

✭✹✳✸✳✶✼✮

Ĥ76 =
81

35

√

3

143

[

x3
(

1− 7ν + 14ν2 − 7ν3
)

+ x4
(

−1787

238
+

41177ν

714
− 14189ν2

102
+

5873ν3

51
− 2735ν4

102

)]

+O
(

x9/2
)

✭✹✳✸✳✶✽✮

Ĥ75 =
15625i ∆

26208
√
66

[

x5/2
(

1− 4ν + 3ν2
)

+ x7/2
(

−271

34
+

1793ν

51
− 1838ν2

51
+

134ν3

17

)]

+O
(

x4
)

✭✹✳✸✳✶✾✮

Ĥ74 = − 128

1365

√

2

33

[

x3
(

1− 7ν + 14ν2 − 7ν3
)

+ x4
(

−14543

2142
+

36557ν

714
− 12209ν2

102
+

1591ν3

17
− 2075ν4

102

)]

+O
(

x9/2
)

✭✹✳✸✳✷✵✮

Ĥ73 = −243i ∆

160160

√

3

2

[

x5/2
(

1− 4ν + 3ν2
)

+ x7/2
(

−239

34
+

1505ν

51
− 1358ν2

51
+

70ν3

17

)]

+O
(

x4
)

✭✹✳✸✳✷✶✮

Ĥ72 =
1

3003
√
3

[

x3
(

1− 7ν + 14ν2 − 7ν3
)

+ x4
(

−13619

2142
+

33785ν

714
− 11021ν2

102
+

1371ν3

17
− 1679ν4

102

)]

+O
(

x9/2
)

✸✵



✭✹✳✸✳✷✷✮

Ĥ71 =
i ∆

864864
√
2

[

x5/2
(

1− 4ν + 3ν2
)

+ x7/2
(

−223

34
+

1361ν

51
− 1118ν2

51
+

38ν3

17

)]

+O
(

x4
)

✭✹✳✸✳✷✸✮

Ĥ70 = O
(

x4
)

✭✹✳✸✳✷✹✮

Ĥ88 = −16384

63

√

2

85085

[

x3
(

1− 7ν + 14ν2 − 7ν3
)

+ x4
(

−3653

342
+

9325ν

114
− 22351ν2

114
+

9107ν3

57
− 4081ν4

114

)]

+O
(

x9/2
)

✭✹✳✸✳✷✺✮

Ĥ87 = −117649

5184
i∆

√

7

24310

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−3343

380
+

44653ν

760
− 46263ν2

380
+

6589ν3

76
− 337ν4

19

)]

+O
(

x5
)

✭✹✳✸✳✷✻✮

Ĥ86 =
243

35

√

3

17017

[

x3
(

1− 7ν + 14ν2 − 7ν3
)

+ x4
(

−353

38
+

7897ν

114
− 18067ν2

114
+

6727ν3

57
− 2653ν4

114

)]

+O
(

x9/2
)

✭✹✳✸✳✷✼✮

Ĥ85 =
78125

36288
√
4862

i∆

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−611

76
+

8009ν

152
− 8043ν2

76
+

5437ν3

76
− 265ν4

19

)]

+O
(

x5
)

✭✹✳✸✳✷✽✮

Ĥ84 = − 128

4095

√

2

187

[

x3
(

1− 7ν + 14ν2 − 7ν3
)

+ x4
(

−2837

342
+

6877ν

114
− 15007ν2

114
+

5027ν3

57
− 1633ν4

114

)]

+O
(

x9/2
)

✭✹✳✸✳✷✾✮

Ĥ83 = − 81

5824
i∆

√

3

1870

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−2863

380
+

36973ν

760
− 36183ν2

380
+

4669ν3

76
− 217ν4

19

)]

+O
(

x5
)

✭✹✳✸✳✸✵✮

✸✶



Ĥ82 =
i

9009
√
85

[

x3
(

1− 7ν + 14ν2 − 7ν3
)

+ x4
(

−2633

342
+

6265ν

114
− 13171ν2

114
+

4007ν3

57
− 1021ν4

114

)]

+O
(

x9/2
)

✭✹✳✸✳✸✶✮

Ĥ81 =
i∆

741312
√
238

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−2767

380
+

35437ν

760
− 34167ν2

380
+

4285ν3

76
− 193ν4

19

)]

+O
(

x5
)

✭✹✳✸✳✸✷✮

Ĥ80 = O
(

x5
)

✭✹✳✸✳✸✸✮

Ĥ99 =
1594323

7168
√
20995

i∆

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−419

35
+

2792ν

35
− 822ν2

5
+

808ν3

7
− 160ν4

7

)]

+O
(

x5
)

✭✹✳✸✳✸✹✮

Ĥ98 = −131072

2835

√

2

20995

[

x4
(

1− 9ν + 27ν2 − 30ν3 + 9ν4
)

+ x5
(

−13969

1386
+

12289ν

126
− 6956ν2

21
+

941ν3

2
− 3685ν4

14
+

1903ν5

42

)]

+O
(

x11/2
)

✭✹✳✸✳✸✺✮

Ĥ97 = − 5764801

1410048
√
1235

i∆

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−53

5
+

344ν

5
− 678ν2

5
+ 88ν3 − 16ν4

)]

+O
(

x5
)

✭✹✳✸✳✸✻✮

Ĥ96 =
486

595

√

3

1235

[

x4
(

1− 9ν + 27ν2 − 30ν3 + 9ν4
)

+ x5
(

−12877

1386
+

11197ν

126
− 2076ν2

7
+

2459ν3

6
− 9235ν4

42
+

513ν5

14

)]

+O
(

x11/2
)

✭✹✳✸✳✸✼✮

Ĥ95 =
390625

4935168
√
247

i∆

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−67

7
+

424ν

7
− 114ν2 +

472ν3

7
− 76ν4

7

)]

+O
(

x5
)

✭✹✳✸✳✸✽✮

Ĥ94 = − 512

6885

√

2

8645

[

x4
(

1− 9ν + 27ν2 − 30ν3 + 9ν4
)

✸✷



+ x5
(

−12097

1386
+

10417ν

126
− 5708ν2

21
+

733ν3

2
− 2645ν4

14
+

1279ν5

42

)]

+O
(

x11/2
)

✭✹✳✸✳✸✾✮

Ĥ93 = − 81

113152
i∆

√

3

665

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−311

35
+

1928ν

35
− 498ν2

5
+

376ν3

7
− 52ν4

7

)]

+O
(

x5
)

✭✹✳✸✳✹✵✮

Ĥ92 =
2

89505
√
95

[

x4
(

1− 9ν + 27ν2 − 30ν3 + 9ν4
)

+ x5
(

−11629

1386
+

9949ν

126
− 5396ν2

21
+

681ν3

2
− 2385ν4

14
+

1123ν5

42

)]

+O
(

x11/2
)

✭✹✳✸✳✹✶✮

Ĥ91 =
i∆

9165312
√
2090

[

x7/2
(

1− 6ν + 10ν2 − 4ν3
)

+ x9/2
(

−299

35
+

1832ν

35
− 462ν2

5
+

328ν3

7
− 40ν4

7

)]

+O
(

x5
)

✭✹✳✸✳✹✷✮

Ĥ90 = O
(

x5
)

✭✹✳✸✳✹✸✮

✇❤❡r❡ ∆ = m1−m2

m
♠❛ss ❞✐✛❡r❡♥❝❡ r❛t✐♦✳

✸✸



❈❤❛♣t❡r ✺

❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ♦❢ ●❲ s✐❣♥❛❧ ❛♥❞

❙t❛t✐♦♥❛r② ♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ❤❛❞ ♦♥❧② ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ✐♠♣r♦✈✐♥❣ ❛♠♣❧✐t✉❞❡ ♣❛rt ♦❢ t❤❡

❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s t✐❧❧ ✸✳✺ P◆✳ ■♥ t❤✐s ❝❤❛♣t❡r ❧❡t ✉s ❧♦♦❦ ❛t ♣❤❛s❡ ♣❛rt ♦❢ t❤❡ ●❲✳ ■♥

♠❛t❝❤❡❞ ✜❧t❡r✐♥❣ t❡❝❤♥✐q✉❡ t❤❡ t❡♠♣❧❛t❡ ♠✉st r❡♠❛✐♥ ✐♥ ♣❤❛s❡ ✇✐t❤ t❤❡ s✐❣♥❛❧ ❛s ❧♦♥❣ ❛s

♣♦ss✐❜❧❡ ❢♦r ❡✛❡❝t✐✈❡ ❝r♦ss ❝♦rr❡❧❛t✐♦♥✳ ❚❤✐s ❢♦r❝❡s ✉s t♦ ♠♦❞❡❧ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ●❲s ❛s

❛❝❝✉r❛t❡❧② ❛s ♣♦ss✐❜❧❡ ❢♦r ❞❛t❛ ❛♥❛❧②s✐s✳

✺✳✶ ❚✐♠❡ ❞♦♠❛✐♥ ♣❤❛s✐♥❣ ❢♦r♠✉❧❛s

❇② ❛♣♣❧②✐♥❣ t❤❡ P◆ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② E ❛♥❞

❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ✢✉① F ❛s ❛ s❡r✐❡s ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ✈ ❢♦r ■❈❇s ❛t ❡❛r❧②

✐♥s♣✐r❛❧ st❛❣❡s✳ ❍❡r❡ ✈ ✐s ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❧♦❝✐t② r❡❧❛t❡❞ t♦ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝②

F ❛♥❞ t♦t❛❧ ♠❛ss m ❛s

✈ = (πmF )1/3. ✭✺✳✶✳✶✮

❈✉rr❡♥t❧② E ✐s ❛✈❛✐❧❛❜❧❡ t✐❧❧ ✸ P◆ ❛♥❞F ✐s ❛✈❛✐❧❛❜❧❡ t✐❧❧ ✸✳✺ P◆ ❜❡②♦♥❞ ◆❡✇t♦♥✐❛♥ ♦r❞❡r ❢♦r

t❤❡ ❜✐♥❛r✐❡s ❝♦♥s✐st✐♥❣ ♦❢ ♠❛ss❡s ❝♦♠♣❛r❛❜❧❡ t♦ ❡❛❝❤ ♦t❤❡r✳ ❚♦t❛❧ r❡❧❛t✐✈✐st✐❝ ❡♥❡r❣② ♦❢ t❤❡

s②st❡♠ Etot ✐s r❡❧❛t❡❞ t♦ ❜✐♥❞✐♥❣ ❡♥❡r❣② E ❛s Etot = m(1+E)✳ ■♥ ❛❞✐❛❜❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥

✭s❡❝t✐♦♥ ✸✳✶✮ ❊♥❡r❣② ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ dEtot/dt = −F ❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♣❧❡❞

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r ♦r❜✐t❛❧ ♣❤❛s❡ φ ❬✶✱ ✸❪✳

dφ

dt
− v3

m
= 0, ✭✺✳✶✳✷❛✮

dv

dt
+

F(v)

mE ′(v)
= 0. ✭✺✳✶✳✷❜✮

❚❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ E ′(v) ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t ✈✳

❉❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ ✇❡ tr❡❛t t❤❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ F(v)/E ′(v) ✇❤✐❧❡ s♦❧✈✐♥❣ t❤❡ ♣❤❛s✐♥❣

✸✹



❢♦r♠✉❧❛s ✺✳✶✳✷ ✇❡ ✇✐❧❧ ❣❡t ❞✐✛❡r❡♥t ❛♣♣r♦①✐♠❛♥ts s✉❝❤ ❛s ❚❛②❧♦r❚✶✱ ❚❛②❧♦r❚✷✱ ❚❛②❧♦r❋✷

❡t❝ ❬✶❪✳ P❛rt✐❝✉❧❛r❧②✱ ❚❛②❧♦r❚✶ ❣✐✈❡s t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r d✈/dt ❛♥❞ ❚❛②❧♦r❚✷ ❣✐✈❡s t❤❡

❡①♣r❡ss✐♦♥ ❢♦r ♣❤❛s❡ φ ❛s s❡r✐❡s ❡①♣❛♥s✐♦♥ ✐♥ ✈✳ ❚❛②❧♦r❋✷ ❣✐✈❡s t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ●❲s ✐♥

❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ ❈✉rr❡♥t❧② t❤❡s❡ ❛♣♣r♦①✐♠❛♥ts ❛r❡ ❦♥♦✇♥ ✉♣t♦ ✸✳✺ P◆ ❢♦r ❝♦♠♣❛r❛❜❧❡

♠❛ss ❜✐♥❛r② s②st❡♠s❬✸❪✱ ❛s ✇❡ ❦♥♦✇ t❤❡ ✢✉① ♦♥❧② t✐❧❧ ✸✳✺ P◆ ❛♥❞ ❜✐♥❞✐♥❣ ❡♥❡r❣② E ♦♥❧②

t✐❧❧ ✸ P◆ ♦r❞❡r ❢♦r s✉❝❤ s②st❡♠s✳

✺✳✷ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ●❲ s✐❣♥❛❧ ❛♥❞ ✉s✉❛❧ ❙P❆

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ●❲ s✐❣♥❛❧ ❣✐✈❡♥ ❜②✱

h(t) = 2a(t) cosφ(t) = a(t)e−iφ(t) + a(t)eiφ(t) ✭✺✳✷✳✶✮

where,
dφ(t)

dt
≡ 2πF (t) > 0 . ✭✺✳✷✳✷✮

✇❤❡r❡ a(t)✱ φ(t) ❛♥❞ F (t) ✐♥❞✐❝❛t❡ t❤❡ ❛♠♣❧✐t✉❞❡✱ ♣❤❛s❡ ❛♥❞ ✐♥st❛♥t❛♥❡♦✉s ❢r❡q✉❡♥❝✐❡s ♦❢

s✐❣♥❛❧ r❡s♣❡❝t✐✈❡❧②✳ ❆♠♣❧✐t✉❞❡ ✭a(t)✮ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝② F (t)

❜②✱

a(t) = C(πMcF (t))
2/3 ✭✺✳✷✳✸✮

✇❤❡r❡ C ✐s ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜✐♥❛r② ✇✐t❤ r❡s♣❡❝t t♦ ❞❡t❡❝t♦r✱

❞✐st❛♥❝❡ ❛♥❞ ♠❛ss❡s ♦❢ t❤❡ s②st❡♠✳ F (t) ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❞✉r✐♥❣ t❤❡

✐♥s♣✐r❛❧ st❛❣❡s ♦❢ t❤❡ ❜✐♥❛r②✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ h(t) ❛s h̃(f)✳ ❙✐♥❝❡ h(t)

✐s r❡❛❧✱ ✇❡ ❤❛✈❡ h̃(−f) = h̃(f)∗✳ ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ s✐❣♥❛❧ ✭✺✳✷✳✶✮ ✐s ❣✐✈❡♥ ❛s✱

h̃(f) = h̃−(f) + h̃+(f) , ✭✺✳✷✳✹✮

where, h̃−(f) ≡
∫ ∞

−∞

dt a(t)ei(2πft−φ(t)) , ✭✺✳✷✳✺✮

h̃+(f) ≡
∫ ∞

−∞

dt a(t)ei(2πft+φ(t)) . ✭✺✳✷✳✻✮

■♥t❡❣r❛♥❞s ✐♥ ❜♦t❤ t❤❡ ✐♥t❡❣r❛❧s h̃−(f) ❛♥❞ h̃+(f) ❛r❡ ✈✐♦❧❡♥t❧② ♦s❝✐❧❧❛t✐♥❣✳ ❙♦ t❤❡ ❞♦♠✐✲

♥❛♥t ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✐♥t❡❣r❛❧s ❝♦♠❡s ❢r♦♠ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡✐r

♣❤❛s❡ ✭2πft− φ(t)✮ ❤❛s ❛♥ ❡①tr❡♠❛✳ ❲❡ ❝❛❧❧ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❛s st❛t✐♦♥❛r② ♣❤❛s❡ ❛♣✲

♣r♦①✐♠❛t✐♦♥ ✭❙P❆✮✳ ❲❡ ✉s✉❛❧❧② ❝❛❧❧ s✉❝❤ ♣♦✐♥ts ❛s st❛t✐♦♥❛r② ♣♦✐♥ts ♦r s♦♠❡t✐♠❡s s❛❞❞❧❡

♣♦✐♥ts✳ ❲❡ ❛ss✉♠❡ f > 0✱ s♦ ♦♥❧② h̃−(f) ❤❛s s✉❝❤ st❛t✐♦♥❛r② ♣♦✐♥t✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡

❙P❆ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ s✐❣♥❛❧ ✭✺✳✷✳✹✮ ❜❡❝♦♠❡s✱

h̃(f) ≃ h̃−(f) ≃
∫ ∞

−∞

dt a(t) eiψf (t) , ✭✺✳✷✳✼✮

where , ψf (t) ≡ 2πft− φ(t) . ✭✺✳✷✳✽✮

✸✺



❚♦ ✜♥❞ t❤❡ st❛t✐♦♥❛r② ♣♦✐♥ts ✇❡ ❡q✉❛t❡ dψf (t)/dt t♦ ③❡r♦ ❛♥❞ ❡✈❛❧✉❛t❡ ❢♦r t✳ ▲❡t s✉❝❤

♣♦✐♥t ❜❡ ❞❡♥♦t❡❞ ❜② tf ✳ ◆♦t❡ t❤❛t dψf (t)/dt = 0 tr❛♥s❧❛t❡s t♦ F (tf ) = f ✱ s♦ ❜❛s✐❝❛❧❧②✱ t❤❡

st❛t✐♦♥❛r② ♣♦✐♥t tf ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ✇❤❡♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝②

❜❡❝♦♠❡s F ❡q✉❛❧ t♦ ❋♦✉r✐❡r ✈❛r✐❛❜❧❡ f ✳ ■♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ st❛t✐♦♥❛r② ♣♦✐♥t tf ✱ ✇❡ r❡♣❧❛❝❡

a(t) ✱ ψf (t) ❜② t❤❡✐r tr✉♥❝❛t❡❞ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s✱

ψf (t) ≃ ψf (tf )− πḞ (tf )(t− tf )
2 , ✭✺✳✷✳✾✮

a(t) ≃ a(tf ) . ✭✺✳✷✳✶✵✮

❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❡q✉❛t✐♦♥ ✭✺✳✷✳✼✮✱ t♦ ❣❡t ❋❚ ✐♥ st❛t✐♦♥❛r② ♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ◆♦t❡

t❤❛t ✇❡ ❤❛✈❡ ❦❡♣t ♦♥❧② ✜rst t❡r♠ ✐♥ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ✭✺✳✷✳✶✵✮✳

❇❡❝❛✉s❡ ❛♥②✇❛② t❤❡ s❡❝♦♥❞ t❡r♠ ȧ(tf )(t− tf ) ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ✐♥t❡❣r❛❧ ✭✺✳✷✳✼✮

❛s ✐t ♠❛❦❡s t❤❡ ✐♥t❡❣r❛♥❞ ♦❞❞ ❛♥❞ ✈❛♥✐s❤❡s ❛❢t❡r ✐♥t❡❣r❛t✐♦♥✳

❚❤❡s❡ ✐♥♣✉ts t✉r♥ t❤❡ ❊q✳✭✺✳✷✳✼✮ ✐♥t♦ ❛ ●❛✉ss✐❛♥ ✐♥t❡❣r❛❧✱

h̃(f) ≃
∫ ∞

−∞

dt a(tf ) e
iψf (tf )−iπḞ (tf )(t−tf )

2

. ✭✺✳✷✳✶✶✮

❲❤✐❝❤ ✉♣♦♥ s♦❧✈✐♥❣ ❣✐✈❡s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✉♥❞❡r st❛t✐♦♥❛r② ♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥

❛s✱

h̃uspa(f) =
a(tf )
√

Ḟ (tf )
ei[ψf (tf )−π/4] , ✭✺✳✷✳✶✷✮

❲❡ ❝❛❧❧ t❤✐s ❡①♣r❡ss✐♦♥ ❛s ✉s✉❛❧ ❙P❆✱ ❛❜❜r❡✈✐❛t❡❞ ❛s ✉❙P❆✳ ■♥ t❤❡ ❛❞✐❛❜❛t✐❝ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ✉s✐♥❣ ♣❤❛s✐♥❣ ❢♦r♠✉❧❛s ✭✺✳✶✳✷✮ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱

tf = tc +M

∫ vc

vf

E ′(v)

F(v)
dv, ✭✺✳✷✳✶✸✮

ψf (tf ) = 2πftc − φc + 2

∫ vref

vf

(v3f − v3)
E ′(v)

F(v)
dv, ✭✺✳✷✳✶✹✮

✇❤❡r❡

vf = (πMf)1/3 ✭✺✳✷✳✸✮

❛♥❞ φc✱ tc ❛r❡ ❛r❜✐tr❛r② ❝♦♥st❛♥ts✳ ❈✉rr❡♥t❧② t❤❡ ❙P❆ ♣❤❛s❡ ✭❚❛②❧♦r❋✷✮ Ψspa = ψf (tf )−
π/4 ✐s ❦♥♦✇♥ ✉♣t♦ ✸✳✺ P◆ ❢♦r ❝♦♠♣❛r❛❜❧❡ ♠❛ss ❜✐♥❛r✐❡s✳ ❋♦r ◆❡✇t♦♥✐❛♥ s✐❣♥❛❧ t❤❡ ❙P❆

♣❤❛s❡ ✐s ❣✐✈❡♥ ❜②✱

ΨN
spa(f) = 2πftc − φc −

π

4
+

3

128νv5
✭✺✳✷✳✹✮
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✺✳✸ ❊①tr❡♠❡ ♠❛ss r❛t✐♦ ✐♥s♣✐r❛❧s ✭❊▼❘■s✮

❚✐❧❧ ♥♦✇ ✇❡ ❤❛❞ ♥♦t ❛ss✉♠❡❞ ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ♠❛ss r❛t✐♦s ♦❢ ❝♦♥st✐t✉❡♥t ♠❛ss❡s ♦❢

t❤❡ ■❈❇s✳ ❚❤❡ st❡❧❧❛r ♠❛ss ❝♦♠♣❛❝t ♦❜❥❡❝t ✐♥s♣✐r❛❧❧✐♥❣ t♦✇❛r❞s s✉♣❡r♠❛ss✐✈❡ ❜❧❛❝❦ ❤♦❧❡

✭❙▼❇❍✮ ✐s ♦♥❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ s♦✉r❝❡s ♦❢ ●❲s ❢♦r t❤❡ ❡✈♦❧✈❡❞ ▲❛s❡r ■♥t❡r❢❡r♦♠❡tr✐❝ ❙♣❛❝❡

❆♥t❡♥♥❛ ✭❡▲■❙❆✮✳ ❙✉❝❤ s②st❡♠s ❛r❡ ❦♥♦✇♥ ❛s ❡①tr❡♠❡ ♠❛ss r❛t✐♦ ✐♥s♣✐r❛❧s ✭❊▼❘■s✮✳

❚❤❡ ●❲s ❡♠✐tt❡❞ ❢r♦♠ ❊▼❘■s ❝❛♥ r❡✈❡❛❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t s♣✐♥✱ ♠❛ss ❛♥❞ t❤❡

❡♥✈✐r♦♥♠❡♥ts ♥❡❛r t❤❡ ❝❡♥tr❛❧ ❜❧❛❝❦✲❤♦❧❡✳ ❚❤❡ ♠❛ss r❛t✐♦ ♦❢ ❊▼❘■s ✐s ❛❜♦✉t 10−4 t♦

10−7✳ ❋♦r s✉❝❤ s②st❡♠s ●❲ ❡♠✐ss✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❜❧❛❝❦✲❤♦❧❡ ♣❡rt✉r❜❛t✐♦♥

t❤❡♦r② ✐♥st❡❛❞ ♦❢ P◆ t❤❡♦r②✳ ❯s✐♥❣ ❜❧❛❝❦✲❤♦❧❡ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❢♦r ❊▼❘■s ♦♥❡ ❝❛♥

❝❛❧❝✉❧❛t❡ t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② E ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ✢✉① F ✇✐t❤ ♠♦r❡ P◆ ❛❝❝✉r❛❝②

t❤❛♥ P◆ t❤❡♦r② ❢♦r ❝♦♠♣❛r❛❜❧❡ ♠❛ss ■❈❇s✳ ●r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡❢♦r♠s ❢♦r ❛ t❡st ♠❛ss

❝✐r❝❧✐♥❣ ❛r♦✉♥❞ ❙❝❤✇❛r③❝❤✐❧❞✬s ❜❧❛❝❦✲❤♦❧❡✱ ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ t✐❧❧ ✷✷ P◆ ✉s✐♥❣ ❜❧❛❝❦✲

❤♦❧❡ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❬✹❪✳ ❘❡❝❡♥t❧② ❱✐❥❛② ❡t ❛❧ ❬✽❪ ❤❛✈❡ ❝♦♠❡ ✉♣ ✇✐t❤ ❞✐✛❡r❡♥t t❡♠♣❧❛t❡

❢❛♠✐❧✐❡s ✭❚❛②❧♦r❚✶✱ ❚❛②❧♦r❚✷✱❚❛②❧♦r❋✷✱❡t❝✮ t✐❧❧ ✷✷ P◆ ✉s✐♥❣ t❤❡ ✷✷ P◆ ❡①♣r❡ss✐♦♥s ❢♦r

❡♥❡r❣② ❛♥❞ ✢✉① ❝♦♠♣✉t❡❞ ✐♥ r❡❢❬✺❪✳ ✷✷ P◆ ❡①♣r❡ss✐♦♥s ❢♦r dv/dt✱ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ♣❤❛s❡

φ ❛♥❞ ✉❙P❆ ♣❤❛s❡ Ψspa ❢♦r ❊▼❘■s ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❬✽❪✳

✺✳✹ ❆❞❞✐♥❣ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ✉❙P❆ ♣❤❛s❡ ❢♦r ❊▼❘■s

◆♦t❡ t❤❛t✱ ✇❤✐❧❡ ❞❡r✐✈✐♥❣ t❤❡ ✉❙P❆ ❢♦r♠✉❧❛ ✭✺✳✷✳✶✷✮ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ tr✉♥❝❛t❡❞ ❚❛②❧♦r

❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♣❤❛s❡ φ(t) ❛♥❞ ❛♠♣❧✐t✉❞❡ a(t)✳ ❉■❙❬✸❪ ❤❛✈❡ r❡t❛✐♥❡❞ t❤❡ ♥❡①t t✇♦

t❡r♠s ✐♥ ❜♦t❤ t❤❡ ❡①♣❛♥s✐♦♥s ✭✭✺✳✷✳✶✵✮✱✭✺✳✷✳✾✮✮ ❛♥❞ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✐♥t❡❣r❛❧s ✭✺✳✷✳✼✮✳ ❚❤❡②

❤❛✈❡ ♣r♦✈❡❞ t❤❛t ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠✉❧t✐♣❧②✐♥❣ t❤❡ ✉❙P❆ ❜② ❛ ♣❤❛s❡ ❢❛❝t♦r eiδ✳ ❙♦ δ ✐s

❜❛s✐❝❛❧❧② t❤❡ ❝♦rr❡❝t✐♦♥ t♦ ✉❙P❆ ♣❤❛s❡ Ψspa ❛♥❞ ✐s ❣✐✈❡♥ ❜②✱

δ =
1

2πḞ (tf )



−1

2

ä

a
+

1

2

ȧ

a

F̈

Ḟ
+

1

8

✳✳✳
F

Ḟ
− 5

24

(

F̈

Ḟ

)2




t=tf

. ✭✺✳✹✳✶✮

✇❤❡r❡ ȧ ✐♥❞✐❝❛t❡s t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ a(t) ❛♥❞ s✐♠✐❧❛r❧② ❢♦r F (t)✳ ■ r❡❢❡r t♦ δ ❛s t❤❡

✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠✳

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ ❱✐❥❛② ❡t ❛❧ ❬✽❪ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✉❙P❆ ♣❤❛s❡ Ψspa ❢♦r ❊▼❘■s

t✐❧❧ ✷✷ P◆ ♦r❞❡r✱ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ t❤✐s ✐♥tr✐♥s✐❝ ❝♦rr❡❝t✐♦♥ δ✳ ■♥ t❤❡ 2nd ♣❛rt ♦❢ ♣r♦❥❡❝t

■ ❛♠ ❝♦♠♣✉t✐♥❣ t❤❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ✉❙P❆ ♣❤❛s❡ Ψspa ❢♦r ❊▼❘■s ✉s✐♥❣ t❤❡ ✜rst ♦r❞❡r

❝♦rr❡❝t✐♦♥ t❡r♠ δ ✭✺✳✹✳✶✮✳
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✺✳✹✳✶ Pr♦❝❡❞✉r❡

❋♦r ❛ ♠♦♠❡♥t ❧❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♦♥ ❝♦rr❡❝t✐♦♥ t❡r♠ δ✳ ■t ❤❛s t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ❛t tf ✳ ◆♦t❡

tf ✭✺✳✷✳✶✸✮ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✈f ✭✺✳✷✳✸✮ ❜✉t ✐♥ ❙P❆ ❛♣♣r♦①✐♠❛t✐♦♥ ✐t ✐s ❡q✉❛❧ t♦ ✈ ✭✺✳✶✳✶✮

❛s ❋♦✉r✐❡r ✈❛r✐❛❜❧❡ f ✐s s❛♠❡ ❛s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝② F ✳ ❙♦ t♦ ❝❛❧❝✉❧❛t❡ t❤❡

❝♦rr❡❝t✐♦♥ t❡r♠ δ ✇❡ ✜rst ❤❛✈❡ t♦ ❝❛❧❝✉❧❛t❡ tf ✭✺✳✷✳✶✸✮ ❛♥❞ t❤❡♥ ❝❛❧❝✉❧❛t❡ a✱ F ✇❤✐❝❤ ✇✐❧❧

❜❡ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ ✈✳ ❇✉t ❡①♣❧✐❝✐t ❝❛❧❝✉❧❛t✐♦♥ ♦❢ tf ✐s ♥♦t ♥❡❝❡ss❛r② ❛s ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✳

❚❤❡ δ r❡q✉✐r❡s ❛♠♣❧✐t✉❞❡ ✭✺✳✷✳✸✮ ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝② F ✭✺✳✷✳✷✮✳ ❙✐♥❝❡ t❤❡

❛♠♣❧✐t✉❞❡ ✭✺✳✷✳✸✮ ✐s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ F ✱ ✐t ♠❡❛♥s t❤❛t ✇❡ ✐❞❡❛❧❧② ♥❡❡❞ ♦♥❧② ✐♥st❛♥t❛♥❡♦✉s

❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝② F (t) ✭✺✳✷✳✷✮ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ δ✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❡

❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ♣❤❛s❡ φ(t) t✐❧❧ ✷✷ P◆ ❬✽❪ ❛s ❛ ❡①♣❛♥s✐♦♥ ✐♥ ♣❛r❛♠❡t❡r ✈✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡

F (t) t✐❧❧ ✷✷ P◆ ✉s✐♥❣ ✭✺✳✷✳✷✮✳ ❙♦ ✇❡ ✇✐❧❧ ❤❛✈❡ ❜♦t❤ a(t) ❛♥❞ F (t) t✐❧❧ ✷✷ P◆ ❛s ❛♥ ❡①♣❛♥s✐♦♥

✐♥ ♣❛r❛♠❡t❡r ✈✳ ❚❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ ❛♥❞ ❡①♣r❡ss✐♦♥

❢♦r dv/dt ✇❤✐❝❤ ✐s ❛❣❛✐♥ ❡①♣❛♥s✐♦♥ ✐♥ ♣❛r❛♠❡t❡r ✈✱ ❢♦r ❡①❛♠♣❧❡

Ḟ =
dF

dt
=
dF

dv

dv

dt
✭✺✳✹✳✷✮

❙♦ ✇❡ ✇✐❧❧ ❤❛✈❡ t❤❡ ❛❧❧ t❤❡ t❡r♠s ✐♥ δ ❛s ❢✉♥❝t✐♦♥s ♦❢ ✈ ❞✐r❡❝t❧②✳ ❙♦ ✇❡ ❞♦ ♥♦t ♥❡❡❞

t♦ ❝❛❧❝✉❧❛t❡ tf s❡♣❛r❛t❡❧②✳ ❆s ■ ❤❛✈❡ s❛✐❞ ❡❛r❧✐❡r ❢r♦♠ ❣r❛✈✐t❛t✐♦♥❛❧ ♣❤❛s❡ φ✱ ✇❡ ❝❛♥

❝❛❧❝✉❧❛t❡ F ✉s✐♥❣ ✭✺✳✷✳✷✮ ❛♥❞ ❢r♦♠ F ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ ❛♠♣❧✐t✉❞❡ a ✉s✐♥❣ ✭✺✳✷✳✸✮✳ ❋♦r

❊▼❘■s ❣r❛✈✐t❛t✐♦♥❛❧ ♣❤❛s❡ φ ✐s ❛✈❛✐❧❛❜❧❡ t✐❧❧ ✷✷ P◆ ✐♥ ❬✽❪ ❛s ❛♥ ❡①♣❛♥s✐♦♥ ✐♥ ♣❛r❛♠❡t❡r

✈✳ ❚♦ ❝❛❧❝✉❧❛t❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ✉❙P❆ ♣❤❛s❡ Ψspa ❢♦r ◆❡✇t♦♥✐❛♥ s✐❣♥❛❧ ✇❡ ♥❡❡❞ t♦ ♣✉t

◆❡✇t♦♥✐❛♥ ❛♠♣❧✐t✉❞❡ ❛♥❞ ◆❡✇t♦♥✐❛♥ ❢r❡q✉❡♥❝② F ✭✇❤✐❝❤ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ◆❡✇t♦♥✐❛♥

♣❤❛s❡ φ✳✮ ✐♥t♦ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠ δ✭✺✳✹✳✶✮✳ ❉r♦③ ❬✻❪ ❡t ❛❧ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✜rst

♦r❞❡r ❝♦rr❡❝t✐♦♥ ✭δ✮ t♦ ✉❙P❆ ♣❤❛s❡ Ψspa ❢♦r ◆❡✇t♦♥✐❛♥ s✐❣♥❛❧✳ ❯s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢

st❡❡♣❡st ❞❡s❝❡♥ts ❬✼❪ t❤❡② s❤♦✇❡❞ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ δ t♦ ❜❡ (92/45)η✈5✱ ❛♥❞ t❤❡②

❛❧s♦ s❤♦✇❡❞ 2nd ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠ ✐s ♦❢ t❤❡ ♦r❞❡r ✈10✳ ❙♦ ❝♦♠♣❛r❡❞ t♦ ✉❙P❆ ♣❤❛s❡

Ψspa ❢♦r ◆❡✇t♦♥✐❛♥ s✐❣♥❛❧ ✭✺✳✷✳✹✮t❤❡ ❝♦rr❡❝t✐♦♥ ✐s ❧❡ss ❜② ❛ ❢❛❝t♦r ♦❢ ♦r❞❡r ✈−10✳ ❙✐♥❝❡ ❢♦r

◆❡✇t♦♥✐❛♥ s✐❣♥❛❧ 2nd ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠ ❛♣♣❡❛rs ❛t t❤❡ ♦r❞❡r ✈10✱ s♦ ■ ❛♠ ❛ss✉♠✐♥❣

t❤❛t ❢♦r ❛❧❧ ♣♦st✲◆❡✇t♦♥✐❛♥ s✐❣♥❛❧s ✭P◆✮ t❤❡ 2nd ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠ ✇✐❧❧ ❛♣♣❡❛r ❛t t❤❡

♦r❞❡r ✈10✳ ❙♦ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ δ ✇✐❧❧ ❜❡ ❛❝❝✉r❛t❡ t✐❧❧ t❤❡ ♦r❞❡r ✈9 ❢♦r ❛❧❧ t❤❡ P◆

s✐❣♥❛❧s t✐❧❧ ✷✷ P◆✳

■ ❤❛✈❡ ✇r✐tt❡♥ ❛ ♠❛t❤❡♠❛t✐❝❛ ❝♦❞❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ✉❙P❆ ♣❤❛s❡ Ψspa

❢♦r ❡❛❝❤ s✐❣♥❛❧s ♦❢ ❞✐✛❡r❡♥t P◆ ♦r❞❡r✳ ❚❤❡ ❝♦❞❡ t❛❦❡s ❡①♣r❡ss✐♦♥ ❢♦r ✷✷ P◆ ♣❤❛s❡ φ ❢r♦♠

❬✽❪ ❛s ✐♥♣✉t ❛♥❞ ❝❛❧❝✉❧❛t❡s ❛♠♣❧✐t✉❞❡ a ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡ ❢r❡q✉❡♥❝② F t✐❧❧ r❡q✉✐r❡❞

P◆ ♦r❞❡r✳ ■t ❝❛❧❝✉❧❛t❡s ȧ, ä, Ḟ , F̈ ,
✳✳✳
F ✉s✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r dv/dt ❬✽❪ ❛s ❡①♣❧❛✐♥❡❞ ❡❛r❧✐❡r✳

❚❤❡ ❝♦❞❡ ❝❛❧❝✉❧❛t❡s nth P◆ ❛♠♣❧✐t✉❞❡ a ❛♥❞ nth ❢r❡q✉❡♥❝② F ✉s✐♥❣ nth P◆ ♣❤❛s❡ φ✱ t♦

❝❛❧❝✉❧❛t❡ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠ δ ❢♦r nth P◆ s✐❣♥❛❧✳ ❚❤❡ ❡♥❞ r❡s✉❧t ❢♦r ✜rst ♦r❞❡r

❝♦rr❡❝t✐♦♥ t❡r♠ δ ✐s ❡①♣❛♥❞❡❞ ✐♥ ♣❛r❛♠❡t❡r ✈ ❛♥❞ ✐s tr✉♥❝❛t❡❞ ❛t ♦r❞❡r ✈9 ❛s ❛t ♦r❞❡r ✈10

s❡❝♦♥❞ ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠s ❛♣♣❡❛r✳

✸✽



✺✳✺ ❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥

❚❤❡ ♠❛t❤❡♠❛t✐❝❛ ❝♦❞❡ t❤❛t ■ ❤❛✈❡ ✇r✐tt❡♥✱ t❛❦❡s n ✭P◆ ♦r❞❡r✮ ❛s ❛r❣✉♠❡♥t ❛♥❞ ❣✐✈❡s

✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ t❡r♠ δ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n✳ ■ ❛♠ ❞✐s♣❧❛②✐♥❣ t❤❡ r❡s✉❧ts ❢♦r P◆ ♦r❞❡rs

st❛rt✐♥❣ ❢r♦♠ ◆❡✇t♦♥✐❛♥ s✐❣♥❛❧✳

δ[0] =
92νv5

45
+O(v)10, ✭✺✳✺✳✶✮

δ[0.5] =
92νv5

45
+O(v)10, ✭✺✳✺✳✷✮

δ[1] =
92νv5

45
+

17089νv7

3780
+

12697127νv9

381024
+O(v)10, ✭✺✳✺✳✸✮

δ[1.5] =
92νv5

45
+

17089νv7

3780
− 368

45
πνv8 +

12697127νv9

381024
+O(v)10, ✭✺✳✺✳✹✮

δ[2] =
92νv5

45
+

17089νv7

3780
− 368

45
πνv8 +

70349479νv9

11430720
+O(v)10, ✭✺✳✺✳✺✮

δ[2.5] =
92νv5

45
+

17089νv7

3780
− 368

45
πνv8 +

70349479νv9

11430720
+O(v)10. ✭✺✳✺✳✻✮

❚❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ✉❙P❆ ♣❤❛s❡ Ψspa ❢♦r ◆❡✇t♦♥✐❛♥ s✐❣♥❛❧ ✐s ✐♥ ❛❣r❡❡♠❡♥t

✇✐t❤ t❤❡ r❡s✉❧t ❞❡r✐✈❡❞ ✐♥ ❬✻❪✳

✸✾



◆♦t❛t✐♦♥s

• ●r❡❡❦ ❧❡tt❡rs st❛♥❞ ❢♦r t❤❡ s♣❛❝❡t✐♠❡ ✐♥❞✐❝❡s ❛♥❞ ▲❛t✐♥ ❧❡tt❡rs ❢♦r s♣❛❝❡ ✐♥❞✐❝❡s✳

• ❙✉❜s❝r✐♣t ▲ ❞❡♥♦t❡s t❤❡ ♠✉❧t✐ ✐♥❞❡① ❝♦♥s✐st✐♥❣ ♦❢ l s♣❛t✐❛❧ ✐♥❞✐❝❡s ❡❛❝❤ r❛♥❣✐♥❣ ❢r♦♠

✶ t♦ ✸✱ t❤❡r❡❢♦r❡ IL = Ii1,··· ,il ✱ IaL−1 = Iai1,··· ,il−1
❛♥❞ xL = xi1 · · · xil ✳

• ❚❤❡ ❛♥❣✉❧❛r ❜r❛❝❦❡ts 〈· · · 〉 ❛r♦✉♥❞ t❤❡ ✐♥❞✐❝❡s ✐♥❞✐❝❛t❡ t❤❡ s②♠♠❡tr✐❝ ❛♥❞ tr❛❝❡

❢r❡❡ ✭❙❚❋✮ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤♦s❡ ✐♥❞✐❝❡s ✐✳❡ x〈ivj〉 =
1
2
(xivj + xjvi)− 1

3
δijx · v✳

• ■❢ ❛♥② ✐♥❞❡① ✐s ✉♥❞❡r❧✐♥❡❞ ✐♥ t❤❡ ❛♥❣✉❧❛r ❜r❛❝❦❡ts 〈· · · 〉 t❤❛t ✐♥❞❡① s❤♦✉❧❞ ❜❡ ❡①✲

❝❧✉❞❡❞ ❢r♦♠ ❙❚❋ ♣r♦❥❡❝t✐♦♥✳ ❡✳❣✳ T〈iaj〉 =
1
2
(Tiaj + Tjai)− 1

3
δijTkak✳



❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳ ❇✉♦♥❛♥♥♦✱ ❇✳ ❘✳ ■②❡r✱ ❊✳ ❖❝❤s♥❡r✱ ❨✳ P❛♥✱ ❛♥❞ ❇✳ ❙✳❙❛t❤②❛♣r❛❦❛s❤✱ P❤②s✳ ❘❡✈✳
❉ ✽✵✱ ✵✽✹✵✹✸ ✭✷✵✵✾✮✳

❬✷❪ ✧●r❛✈✐t❛t✐♦♥ ❛♥❞ ❈♦s♠♦❧♦❣②✿ Pr✐♥❝✐♣❧❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ●❡♥❡r❛❧ ❚❤❡♦r②
♦❢ ❘❡❧❛t✐✈✐t②✧ ❜② ❙t❡✈❡♥ ❲❡✐♥❜❡r❣✳
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❬✹❪ ▼✳ ❙❛s❛❦✐ ❛♥❞ ❍✳ ❚❛❣♦s❤✐✱ ▲✐✈✐♥❣ ❘❡✈✳ ❘❡❧✳ ✻✱ ✻ ✭✷✵✵✸✮✱ ❛r❳✐✈✿❣r✲q❝✴✵✸✵✻✶✷✵ ❬❣r✲q❝❪✳

❬✺❪ ❘✳ ❋✉❥✐t❛✱Pr♦❣✳ ❚❤❡♦r✳ P❤②s✳ ✶✷✽✱ ✾✼✶ ✭✷✵✶✷✮✱ ❛r❳✐✈✿✶✷✶✶✳✺✺✸✺ ❬❣r✲q❝❪✳

❬✻❪ ❙✳ ❉r♦③✱ ❉✳❏✳ ❑♥❛♣♣✱ ❊✳ P♦✐ss♦♥ ❛♥❞ ❇✳❏✳ ❖✇❡♥✱ P❤②s✳ ❘❡✈✳ ❉ ✺✾✱ ✶✷✹✵✶✻ ✭✶✾✾✾✮✳

❬✼❪ ✧❆❞✈❛♥❝❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s ❢♦r s❝✐❡♥t✐sts ❛♥❞ ❡♥❣✐♥❡❡rs✧ ❜② ❈❛r❧ ▼✳ ❇❡♥❞❡r✱
❙t❡✈❡♥ ❆✳ ❖rs③❛❣

❬✽❪ ❱✐❥❛② ❱❛r♠❛✱ ❘②✉✐❝❤✐ ❋✉❥✐t❛✱ ❆s❤♦❦ ❈❤♦✉❞❤❛r②✱ ❇❛❧❛ ❘✳ ■②❡r✱❛r❳✐✈✿✶✸✵✹✳✺✻✼✺ ❬❣r✲
q❝❪

❬✾❪ ✧❆ ❋✐rst ❈♦✉rs❡ ✐♥ ●❡♥❡r❛❧ ❘❡❧❛t✐✈✐t②✧ ❜② ❇❡r♥❛r❞ ❙❝❤✉t③✳

❬✶✵❪ ✧●r❛✈✐t❛t✐♦♥❛❧ ❲❛✈❡s✿ ❱♦❧✉♠❡ ✶✿ ❚❤❡♦r② ❛♥❞ ❊①♣❡r✐♠❡♥ts✧ ❜② ▼✐❝❤❡❧❡ ▼❛❣❣✐♦r❡

❬✶✶❪ ❏✳ ❍✳ ❚❛②❧♦r ❏✳ ▼✳ ❲❡✐s❜❡r❣✱ ❆♣❏✱ ✷✺✸✱ ✾✵✽ ✭✶✾✽✷✮

❬✶✷❪ ▲✳ ❇❧❛♥❝❤❡t✱ ❇✳ ❘✳ ■②❡r✱ ❈✳ ▼✳ ❲✐❧❧✱ ❛♥❞ ❆✳ ●✳ ❲✐s❡♠❛♥✱ ❈❧❛ss✳ ◗✉❛♥t✉♠ ●r❛✈✳
✶✸✱ ✺✼✺ ✭✶✾✾✻✮✱ ❣r✲q❝✴✾✻✵✷✵✷✹✳

❬✶✸❪ ❑✳ ●✳ ❆r✉♥✱ ▲✳ ❇❧❛♥❝❤❡t✱ ❇✳ ❘✳ ■②❡r✱ ❛♥❞ ▼✳ ❙✳ ❙✳ ◗✉s❛✐❧❛❤✱ ❈❧❛ss✳ ◗✉❛♥t✉♠ ●r❛✈✳
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✭✷✵✵✽✮✱ ❛r❳✐✈✿✵✽✵✷✳✶✷✹✾ ❬❣r✲q❝❪✳

❬✶✼❪ ▲✳ ❇❧❛♥❝❤❡t✱ ❇✳ ❘✳ ■②❡r✱ ❛♥❞ ❇✳ ❏♦❣✉❡t✱ P❤②s✳ ❘❡✈✳ ❉ ✻✺✱ ✵✻✹✵✵✺ ✭✷✵✵✷✮✱ ❊rr❛t✉♠✲
✐❜✐❞ ✼✶✱ ✶✷✾✾✵✸✭❊✮ ✭✷✵✵✺✮✱ ❣r✲q❝✴✵✶✵✺✵✾✽✳

❬✶✽❪ ▲✳ ❇❧❛♥❝❤❡t✱ ❚✳ ❉❛♠♦✉r✱ ❛♥❞ ❇✳ ❘✳ ■②❡r✱ P❤②s✳ ❘❡✈✳ ❉ ✺✶✱ ✺✸✻✵ ✭✶✾✾✺✮✱ ❣r✲
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