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Abstract

Let F be a number field. Let G = GL(2) over F. Let A and A denote the ring of adeles
and finite adeles of F respectively. Let K., denote the maximal compact subgroup of

Goo = H G(F,) thickened by the center, where the product runs over all archimedean

places 1V/ of F and F, denotes the completion of F at v. For a fixed open compact subgroup
Ky < G(Ap), let SI% = G(F)\G(A)/K¢K be alocally symmetric space attached to G. Let
r(d] be an irreducible representation of G of highest weight d, and let &%, denote the
corresponding sheaf on ng. The goal of this project is to understand the cohomology
H '(SGf,BJ?d) via its relation to the theory of automorphic forms on G. This relation
arises due to the isomorphism H'(SGf,gd) =~ H*(goo) Koo; C°(GF\Ga/Ky) ® R[d]Y). A
specific problem is to understand the inner cohomology denoted Hy (SGf,gd), which by

definition is the image of compactly supported cohomology in full cohomology:
(S, Fa) = 1m (H(SE,, Fa) —— H'(SE,, Fa)).

It is known that inner cohomology contains cuspidal cohomology, which is genered by
cusp forms on G. The problem is to classify inner cohomology classes which are not
cuspidal. In this thesis, we deal with F = Q and F = Q(/—n) where n is a square free
positive integer. We give a description of the inner cohomology mentioned above in these

two cases.
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Chapter 1
Introduction

We start by mentioning a theorem in Eberhard Freitag’s Hilbert Modular Forms ([8],
Chapter III, Theorem 6.3). It gives a description of the Betti numbers b7 for an arbitrary
congruence subgroup I' of SL(2,R)". These are the numbers that give the dimensions of
the sheaf cohomology groups HY(I') = H(H" /T, C) corresponding to the constant sheaf

given by C, considered as vector spaces over C.

b7 = dim¢e HY(T). (1.0.1)

If we denote the set of archimedean places of F by S, the completion of F at a place v
by Fy, the adele ring of F by A, the finite adele ring by A ¢, the direct product H GL(2,F,)

veS

by GL(2), and its maximal compact subgroup thickened by the center of GL(2), by Ko,
the objects HY(I') are exactly isomorphic to certain sheaf cohomology groups H9(S Gf v Fq)
for certain open compact subgroups K¢ of GL(2, A ¢) depending on T'. To be precise, for an
open compact subgroup Ky € GL(2,Ay), the space SIG<f mentioned above, is actually the
locally symmetric space GL(2, F)\GL(2,A)/ KK, attached to G = GL(2), and &, denotes
the sheaf on SIG<f derived from a highest weight irreducible representation of GL(2),
denoted (r[d], R[d]), with highest weight d = (d,)es.

The theorem also gives the dimensions of various different subspaces of H(T),
namely the Eisenstien cohomology, square integrable cohomology, inner cohomology,
cuspidal cohomology and universal cohomology. We know from Chapter III, Theorem 6.3
of [8], that for all degrees other than zero, the full cohomology breaks up as a direct sum
of Eisenstein cohomology and square integrable cohomology; and the square integrable

cohomology is the same as inner cohomology, which by definition is the image of com-
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2 CHAPTER 1. INTRODUCTION

pactly supported cohomology in full cohomology, for all these degrees. Moreover, inner
cohomology at any degree ¢ is the direct sum of universal and cuspidal cohomologies.
We are interested particularly in the inner cohomology classes that are not cuspidal,
i.e., the universal cohomology. In this thesis, we have tried to understand this universal
part of the cohomology for some special cases of number fields F, namely, F = Q and
F =Q(y/—n), n = 0. We take the approach of Waldspurger [12] using automorphic forms
on GL(2), making use of the following isomorphism of the sheaf cohomology group to a

certain relative lie algebra cohomology, as explained in [5].
H® (ng,gd) =~ H* (goo, Koo; C°(GF\G)Xr ® R[d]Y). (1.0.2)

Let (7, E) be an irreducible automorphic representation of GL(2) over F. We first find
out when E has non-trivial Lie algebra cohomology. Propositon 1.4 of [12] gives us a
classification of irreducible cohomological representations for GL(2,R) and GL(2,C) and
describes the cohomology groups as well. We also use Theorem 1.5.1 of [12] that captures
all the possible automorphic representations of GL(2) over F, that could contribute to
inner cohomology. This set includes only cuspidal and one-dimensional representations
with infinity type isomorphic to one of a finite set of representations depending on the
weight d. Further, cuspidals contribute to cuspidal cohomology, and hence we try to find
the one-dimensional representations that contribute to inner cohomology. These exactly
correspond to universal cohomology classes.

We start by stating the classification of irreducible admissible representations of
GL(2,R) and GL(2,C), and then define Lie Algebra cohomology, also called (g, K) co-
homology, and talk about irreducible admissible cohomological representations and
their cohomology groups in Chapter 2. This is basically a summary of certain results
following [7], [11], [4]. In Chapter 3, we set up the basic notations to talk about the sheaf
cohomology groups H* (Sl%u Z,4) and state their relation to the relative lie algebra coho-
mology groups given in 1.0.2. We also introduce the inner cohomology groups, define
the spectrum and describe the set of irreducible automorphic representations that are
candidates to contributing to inner cohomology, following [5], [10] and [12]. We discuss
Theorem 1.5.1 of [12] and also give an outline of the proof of it given there. In Chapter 4,
we give a summary of results given in [8] that we mentioned in the beginning. Then, we
go on to calculate the inner cohomology using our approach involving the language of
automorphic forms for the case of F = Q. In Chapter 5, we do the same for the case of an

imaginary quadratic field.



Chapter 2

Cohomological Representations of
Archimedean GL (2)

2.1 Classification of irreducible admissible (g, K) modules

We follow [7] and [11] in this section for classifying irreducible admissible representations
of GL(2,R) and GL(2,C) respectively. The classification is up to infinitesimal equivalence
as (gl (2,R), O(Z)) and respectively (gl (2,C),U (2)) modules.

Let G = GL(2,R). Let K denote the maximal compact subgroup O (2) of G, K° = SO (2)
and g denote the Lie algebra g/ (2,R) of G. Let
1 i
(, ) 21
1 -1

10 0 1 1(1 i
Z= ’ H=-i ’ L=- y R=
0 1 -1 0 21-i -1

be elements of the complexification g¢ of the Lie algebra g. These form a basis of g¢ as

SR

a complex vector space. Let U (gc) denote the universal enveloping algebra of gc. The
elements A = =1 (H2 +2RL+ 2LR) and Z lie in the center of U (g¢). Since the irreducible
unitary representations of K° are one dimensional and are parametrized by the integers,
$ik0 cosf sinf

, wWhere kg = ) , We may
—sinf cosf

with k € Z denoting the character o (kg) =
denote the o k-isotypic component V (o) of a representation (7, V) simply by V (k). The
set of all integers k such that V (k) # 0 is called the set of K°-types of V. With notations
asin [12], the irreducible admissible (g, K) modules for G are then classified based on the

KY-types and the action of Z and A.



CHAPTER 2. COHOMOLOGICAL REPRESENTATIONS OF ARCHIMEDEAN GL (2)

. The finite dimensional representations 7, obtained by twisting the symmetric
powers of the standard representation of GL (2, R) on C2, by the characters of the
form y o det, where y is a character of R*.

m = Sym/~2 (Cz) ® (det1+
¢ € {0,1}. A representation of this type will be denoted (r[d], R[d]), with d = (h, a,€)
as above. For d as above, we let d’ = (1, a,¢') where ¢’ = ¢ —1and d = (h, —a,€). The
representation r [J] isin factisomorphic to the dual r[d
The representation r[d] is of K*-type 2% (h) ={l€ Z|I=h (mod 2),-h<I<h}. Z

acts by the scalar a, while the Casimir element A acts by the scalar g (1 - g)

a=h

2 sgn(det)|, where a,h€ Z, h=2, a= h (mod 2) and

1V of the representation r[d].

. Let x1, x2 be characters of R* defined as y; (y) = sgn (y)|y|™ for i =1,2. Let x be
the character of the Borel subgroup B (R) defined as

X (y1 x) =x1(01) x2(32)- 2.1.2)
0 yg

If x1x," # sgn®|-|*~! where € € {0,1} and k is an integer of the same parity as €,
then the K-finite vectors of the induced representation Indg(m (x1,x2) of G form an
irreducible admissible (g, K)-module denoted 7 (1, x2). If e = €1 + €2 (mod 2), u=
si+s2and A = 1 (s1—s2+1)(s2—s1+ 1), then the set of K°-types of 7 (x1,x2) is
{k €Z|k=¢ (mod 2)}, Z acts by p and A by A. These are called principal series
representations and are denoted P, (A,¢). If u = 0, they are denoted simply as

P(Ae).
. Let x1, x2 be characters of R* defined as

a+h 1
=y y|Zsgn(y),
2.1.3)

a—h -1
2 =y72 " y|? sgn(y)’.

for h=1,a=h (mod 2) and € € {0,1}. Then, y1x;' = sgn® |-|"~1 where ¢ = h
(mod 2). Let y be defined as in Equation 2.1.2. Let $) denote the (g, K)-module of
K-finite vectors in Indg(m (x1,x2), then $ has an irreducible invariant subspace
$o with set of K°-types equal to 2* (h) ={l€ Z|I=h (mod 2),l = hor I < —h}. We
see that Z acts on this space by a and A by 1 = % (1 - g) These are called discrete

series representations if /2 = 2 and limits of discrete series if # = 1 and are denoted
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n[d] where d = (h, a,e€). It is to be noted that w[d] = n[d']. Further, the quotient
$15o is an irreducible admissible (g, K )—module isomorphic to r[d], i.e., we have

an exact sequence of (g, K) modules:

0 o H rid] 0. (2.1.4)

Now, let G = GL(2,C). Then, G is the product of its center denoted Z (C) =~ C* and
SL, (C). This product is not direct and the two subgroups intersect in {+I}, which is the
center of SL, (C).

Suppose 7 is an irreducible admissible representation of SL, (C), and let ¢ be the
character through which {+1} acts. Let y be an extension of € to a quasi-character of
Z(C). Then there is a unique extension of 7 to a representation of GL; (C), on which
Z (C) acts via the character y. Conversely, given an irreducible admissible representation
of GL(2,C) with central character y, we can consider the restriction to SL(2,C), which
is also irreducible. Further, the original representation of GL (2, (C) is got back from this
representation of SL (Z,C), by such a construction using the character y. Hence, it is
enough to classify irreducible admissible representations of SL(2,C).

Let K denote the maximal compact subgroup U (2,C) of unitary matrices in G and g
denote the real Lie algebra gl (2,C) of G. Let us denote the complexification of g by gc.
We may identify gc with g g by the mapping

X®1+Y®i — X+iV)e(X+iY).

This also identifies the universal enveloping algebra U(gc) with U(g) @ U(g). Let A and Z
be elements in the center of U(gl(2,C)) defined above. Let A} =A®1,A» =10A,Z; = Z®1
and Z, = 1® Z be elements of U(g) @ U(g) = U(gc). Then, they are in fact elements in
the center of U(gc). A representation of G is said to be admissible if its restriction to
the group SU(2,C) of unitary matrices of determinant 1, breaks up into a direct sum of
irreducible representations of SU(2,C) each occuring with finite multiplicity.

Let n= 0. Let V}, be the vector space of complex homogeneous polynomials in two

variables of degree n. Consider SU(2,C) acting on this space as follows.

-1
a b p 21 _p a b 21 (2 1 5)
Pn c d V) - c d V) ' o
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a b
where y € SU(2,C). Then, (p,, V) is an irreducible representation of SU(2,C) of
c

dimension n + 1. In fact, any irreducible representation of SU(2,C) is equivalent to p,, for

some 1= 0.

We classify all irreducible admissible representations of GL(2,C) using the above

classification of irreducible representations of SU(2,C). Let
pi(z) = Z8i+%(ai—bi)ZSi—%(ai—bi)_ (2.1.6)

be quasi-characters of C*, where s; € C, a; and b; are non-negative integers with a; =

s+%(a—b)zs—%(a—b) with s =

az, by = by and a;b; = 0 for i = 1,2. Let u(z) = pip,'(2) = z
§1— S2,a = ay — az,b = by — b, such that ab = 0. This implies that either a; = a, = 0 or
b, = by = 0. The quasi-characters p; and p, together define a quasi-character of the Borel

subgroup B(C) of upper triangular matrices.

a P
( ) — i (@)pa(y).
0 vy

Let us denote the induced representation of G obtained from the above character by
PB(u1, u2). The action of elements Ay, Ay, Z; and Z, of Z(U(gc)) on B(uy, 2) is given by

scalars as described below.

1 a—b2 1
p(AD)==|[s+ 5 -11; p(Zl)581+52+5(d1—b1+dz—b2)-

[\

(2.1.7)

1 b-a\’ 1
p(Az)EE s+——| —-11; p(Zz)Esl+32+§(b1—a1+b2—a2).

Further, 98(u;, 12) is admissible and contains the representations p, of SU(2,C) if and
onlyifn=a+band n=a+b (mod 2). Moreover, p, occurs with multiplicity exactly 1 in
PB(u1, U2) in this case. We will denote the unique subspace of %(u;, u2) that is isomorphic
to the representation p, of SU(2,C) by %B(us, t2, pn)-

1. If u(z) is not of the form z”z9 with p,g€ Z and p,q =1 or p,q < 1, then B (u;, i12)

is irreducible as a representation of G.
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2. If u(z) = zPz9 with p,q € Z, p, q = 1, there is a unique proper invariant subspace

V= Y B, 2, Pn)-

n=p+q
n=p+q (mod 2)
We will denote the representation of G on V by o(u;, 12) and the representation
of G on the quotient space %B(u1, u2)/V by m(uy, 12). o (1, y2) is in fact equivalent
to the representation (v, v2) of 1, for characters vy, v, such that viv, = ujuo,
V1V, 1(z) = zPz79. On the other hand, 7 (u, u») is an irreducible admissible finite

dimensional representation of G.

3. If u(z) = zPz9 with p,q € Z, p, q < —1, there is a unique proper invariant subspace

V= Y B, 2, Pn)-
I[p—ql=sn<p+q

n=p+q (mod 2)
We will denote the representation of G on V by 7 (u, 12) and the representation
of G on the quotient space %(u;, t2)/ V by o(u1, 12). The representations 7 (1, i)
and o (u1, o) are in fact isomorphic to the representations 7 (uy, 1) and o (uz, 1)
of 2.

Any irreducible admissible representation of GL(2,C) is isomorphic to a representa-
tion 7 (u1, 1) for some characters py, g of C* as in Equation 2.1.6. Further, the finite

dimensional irreducible admissible representations given above may also be realised as

-1 ap-hy —14+%2 02
e (det'tTz det 2

Sym™~1(C)Sym”" ) 2.1.8)
for integers h;, a; such that h; =2, a; = h; (mod 2). We will denote this representation by
r(d] and its space by R[d], where d = (hy, hy, a;, a,).

2.2 Relative Lie algebra cohomology or (g, K)-cohomology

Let us consider the reductive Lie group G = GL(2,R) or GL(2,C). Letg = gl(2,R) or gl(2,C)
denote its corresponding Lie algebra of all 2x2 matrices with real and respectively complex
entries. Let K = O(2,R) or U(2,C) be a maximal compact subgroup of G, depending on
the two cases. Let Z denote the center of G and K = K°Z. Let £ denote the Lie algebra
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of K. As a real vector space, ¢ is two dimensional if G = GL(2,R) and five dimensional if
G=GL(2,0C).

We know that the adjoint action of K on g given by
Ad()X =kXk™' VkeK,Xeg (2.2.1)

leaves the sub-algebra ¢ invariant. Thus, it induces an action on the quotient g/¢. We
complexify this space to get a representation of K on (g/¢). = g/£®C. For convenience,
we will omit the C altogether and just denote the space as g/ in the future. Note that,
g/€is now a two or three dimensional complex Lie algebra, according to whether we are
working with GL(2,R) or GL(2,C). We will work with the following basis of the complex
vector space g/t for GL(2,R) and GL(2,C).

For G = GL(2,R), we will work with the basis

Z21=i®X—-1®Y, 2=i9X+1®Y. (2.2.2)

1 1
where X = ( 1) and Y = ) ) The action of SO(2,R) on g/t decomposes into

a direct sum of characters ©, & ©_, with respect to this basis, where ©,, denotes the

character kg — e~ " 1n other words, ko-z1 =Ad(kg)z = e 2107 = O,(ky)z; and kg - zp =
, 1

Ad(kg)zp = eZ’Gzz = O_s(kg)zp. Further, if we let w = ) € O2,R), then w-z; =

Ad(w)z, = 2z and w -z = Ad(w) 2z = z;. Moreover, it is obvious that the adjoint action by

elements of Z(R) is trivial. Thus, we know explicitly the action of K = O(2,R) Z(R) on g/¢.

For G = GL(2,C), we will work with the following basis of g/¢:

w1:(1 ), wz:( 1), W3:( . l). (2.2.3)
-1 1 -1

In both cases, the action of K on g/ induces an action of K on A9g/¢. Let (7, V) be a
(g, K) module. Let C9(g, K; V) = Homg(A9g/¢, V), where K acts on A7 g/¢ as described



2.2. RELATIVE LIE ALGEBRA COHOMOLOGY OR (&, K)-COHOMOLOGY 9

above. Let us define cochain maps d : C9(g,K; V) — C9%1(g,K; V) as

q , )
dn(Xo/\Xl /\-~-/\Xq) :Z(—l)’X,--n(Xo/\---Xl----/\Xq)
=0 o (2.2.4)
+ Y EDT(IX XA Ko A Ry XA X )
O<i<j=q
forne C9(g,K; V), where ~ over an argument means it should be excluded. It can be
verified that the maps d are well defined and further that d?=0,1i.e., the composite map
Ci(g,K; V) — C9%1(g,K; V) — C9*2(g, K; V) is zero for every q. So, this indeed defines

a cochain complex which we will denote by C* (g, K; V).

Now, the qth relative Lie algebra cohomology or (g, K) cohomology group H9(g, K; V)

is defined to be the g’" cohomology group of this cochain complex,

H(g,K;V)=HI(C(g,K; V).

Let us try to compute H’(g,K; V). By definition, it is the kernel of the map d :
Co(g,K; V)— Cl(g,K; V). So, letn e Co(g,K; V) be such that dn = 0. So, for all X € g/¢,
dn(X) =0i.e., X-n(l) =0. So, nis in fact a (g, K) module homomorphism. Thus,
H%g,K;V) = Homg x)(C, V). For g = 0, we know that H(g,K; V) = Ext(qgm (C,V), where
C denotes the trivial (g, K) module with g acting as zero and K acting as identity. This is
shown in Chapter I, Section 2 of [4] by taking a special projective resolution of C, which

we sketch here.

Let V be a K module. Then we get an action of £ on V by differentiating. Let L = g®¢ V'
for g = 0 thinking of g as a £ module by right translation. Then L affords a representation
of g by left translation on the first component g of L. The action of £ on L obtained by
restriction gives the usual tensor product representation g ®¢ V with £ acting on g by the

adjoint action. This is true because
Y- Xeov)=[Y,X]ov+Xe®Y - v=YXev-X.Y®v+X®Y - v=Y.X®U

forYet, XegandveV.

Let L, = g®; A\7(g/¥). Then, by the above construction, we get that L, is a represen-
tation of g, and hence a (g, K) module. It is actually known ([4], Chapter I, Section 2.4,
Lemma) that L,’s are projective objects in the category of (g, K) modules. Define for g > 0,
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q . R

0, X®X1 A AX) =Y (D' X;- X@Xi AKX A X
= . ) (2.2.5)
+ Y DX X, XAXg A X X A X

1<i<j=q

Moreover, let € : Ly = g — C be the augmentation map. Then the chain complex

is exact and hence is the desired projective resolution of C. Now, applying the functor

Homyg(_, V), we get the complex
0
Homy(C, V) . Homyg (Lo, V) L ---Homg(Lq_l, V) ., Homy(Lg, V) —— ---

Now, observing that Homg(L,, V) = Homg(A9(g/%), V) = Homg (A7(g/¥), V) tells us that
the last complex is exactly the complex C*(g, K; V) together with the maps d, that was
used in defining the relative lie algebra cohomology. Thus, we get that

q . — q
H(g,K;V) = Ext(g’K) (C, V). (2.2.6)

2.3 Cohomological Representations of GL(2,R) and GL(2,C)

An irreducible admissible (g, K) module V of GL(2,R) or GL(2,C) is said to be of coho-
mological type or a cohomological representation if H*(g, K; V ® F) # 0 for some finite
dimensional irreducible representation F of GL(2,R) or respectively GL(2,C).

We would like to have an explicit classification of all irreducible cohomological repre-
sentations of GL(2,R) and GL(2,C). We will need a Lemma to help prove this classification
result, which we state below. This is due to D. Wigner and is popularly known as Wigner’s

Lemma.

Lemmal.
Let U,V be two (g, K) modules. Let the center Z (U(g)) of the universal enveloping alge-
bra U(g) act on U and V by the infinitesimal characters yy and yv. If yu # xv, then

Extf;’ ©U,V)=0forallq=0.
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Proof. The proof we give here is from Chapter 1, Section 4 of [4]. It is trivial to see that
Ext‘()g, X (U, V) =Homg k) (U, V) = 0 if the infinitesimal characters yy and yy are different.
We know that for g = 1, the group Ext?gy (U, V) is canonically isomorphic to the group of
all g length exact sequences with first term V and last term U upto an equivalence under

the Baer sum. Since the infinitesimal characters are not equal, we may find an element

q

z€ Z(U(g)) such that yy(z) = 0and yy(2z) = 1. Now, for any S € Exty

,(U, V) given by an

exact sequence:
SE 0—>V—>Xq—>Xq_1—>"'—>X1—>U—>0,

the element z defines an endomorphism of S given by the action of z on each of the X;’s,
U and V. So, the exact sequence Yy (z) - S, which is the pushout of S by the map V' =v
is equivalent to the pullback S- yy(z) of S by the map U - U. Since z was chosen such
that yy(z) =0, yv(z) =1, we get that 1.S = §.0, which implies that S = 0. Thus, we have
shown that Ext?g’ 0 (g, v)y=0. O

Let d = (h,a,€) or d = (hy, a1, ho, a») and let (r[d], R[d]) denote the finite dimensional
irreducible representation of GL(2,R) or GL(2,C) as defined in Section 2.1. The follow-
ing theorem determines all the irreducible admissible representations of GL(2,R) and

respectively GL(2,C) that are of cohomological type.

Theorem 1.
Let (m, V) be an irreducible (g, K) module for GL(2,R) or respectively GL(2,C) such that
H*(g,K;V®RI[d]Y) #0. Then, n = r[d],r[d'] orn[d] for GL(2,R) and & = r(d] or n(d] for

GL(2,0).
Proof. We already know from Section 2.2 that H7(g, K; V® R[d]") = Ext(qg,K) (C,VeR[d]Y).
Since R[d] is finite dimensional, V ® R[d]Y =~ Hom (R[d], V). Further, since Hom(X, ) is

right adjoint to _® X, we get that

H%(g,K;V @ Rld]") = Ext( , (C,Hom(R[d],V)) = Ext , (C®R[d],V)

= Ext{ ., (Rld], V).

(2.3.1)

Thus, by Wigner’s Lemma, we get that for this cohomology to be non-zero, we want the
infinitesimal characters yr[4) and y v to be equal, which tells us that Z and the Casimir
element A act by the scalars a and g (1 - g) respectively. This proves the theorem since

r(d], r(d'] and n[d], and respectively r[d] and n[d] are the only irreducible admissible
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(g, K) modules for GL(2,R) and respectively GL(2,C) with the desired action of Z (U(g)).
]

It may be noted that the only infinite dimensional cohomological representations for
GL(2,R) are the discrete series representations.

Next, we state a well known proposition (Proposition 1.4, [12]) that describes the
cohomology groups HY(g, K; V ® R[d]") for different (g, K) modules (7, V). We note by
Theorem 1 that H9(g, K; V® R[d]Y) = 0 for i # r(d], r(d'] or n[d] for GL(2,R) and 7 # r[d]
or n[d] for GL(2,C).

Let (7, V) be a (g, K) module for GL(2,R) or GL(2,C). In the following proposition,
we will denote C" (g, K; V ® R[d]") simply by C" and H"(g,K; V ® R[d]") by H" for n =0,

exactly as in [12].
Proposition 1.
1. Let G=GL(2,R).

(@) Ifr is not isomorphic tor(d], r(d'] orn(d], then H" = {0} for all n.
() Ifn=r[d), H ~C and H" = {0} foralln #0.

(¢) Ifn=r[d'], H> =C and H" = {0} for all n # 2.

@) Ifr=nld],C' = H' =Cand C" = H" = {0} foralln # 1.

2. Let G=GL(2,0).

(a) Ifn is not isomorphic tor(d] orn[d], then H" = {0} for all n.
M) Ifr~r(d], H =~ H® =C and H" = {0} foralln # 0,3.
() Ift=n[d),C'=H'=C,C>=H?=CandC"=H"=1{0} foralln #1,2.



Chapter 3

Cohomology of GL(2)

3.1 Basics

Let F be a number field. Let A denote its ring of adeles, A ; the ring of finite adeles, A*
the group of ideles. Further, for all places v of F, let F, denote the completion of F at v.
Let S;, S» denote the set of all real and respectively complex places of F. Let S=S; U S»
denote the set of all archimedean places of F and S denote the set of all embeddings of F
in C. Let us fix a section from S to S so that v represents an embedding corresponding to
the place v. Let v represent the conjugate of the embedding v for v € S,.

For any algebraic group H defined over F,let Hp = H(F), Hy = H(A), Hf = H(A¢), Hy =
H(F,) for all places v of F and Hy, = [ | Hy. Let G = GL(2)/F, Z its center and B the sub-

vesS
group of upper triangular matrices. Let g, denote the lie algebra of G, for every ve S

and goo = Pyesgy. Let Ky, = O(2,R) Z(R) for a real place v and K, = U(2,C) Z(C) for a
complex place v. Let K, = H K,. Let £, denote the Lie algebra of K, and ¢, = @, sty .

veS

Let us denote the Hecke algebra of G by A, and let #¢, #n, #7, 76, and #, denote
the respective Hecke algebras of G, Ga, G +, Gy and G Now, given any open compact

subgroup K¢ < Gr, we attach a locally symmetric space

S%, = GI\G(A)/ KKy (3.1.1)

Let d = ((hy)yes (@v)es (€v)ves, ) be such that hy, ay, € Z, hy, =2, a, = h, (mod 2) for
allvande, €{0,1} forallv e S;. Let dy = (hy, ay,€,) if ve Sy and (hy, ay, hy, ay) if v € S,.

Then for each v € S, r[d,] denotes an irreducible finite dimensional representation as in

13
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Section 2.1. Consider the following representation of G,, denoted by r[d].

rld] =@Qrldyl. (3.1.2)

veSs
It is an irreducible finite dimensional representation of G, since each of the r[d, ] are
irreducible and finite dimensional. We will denote the space of this representation
by R[d]. The quantity d is said to be a dominant integral weight corresponding to the
representation (r[d], R[d]). The contragredient (r[d]", R[d]") is isomorphic to ®,cs r[d,].

We will work with the contragredient representation for convenience.

The representation r[d]" of G4, defines a sheaf &, of vector spaces on the space ng
by

gd(U):{s:p_l(U)ﬁR[d]V | s(gx)=rld]¥(g)s) Vger,xeGA}, (3.1.3)

where p: Ga/ KoKy
sheaf cohomology groups H* (SGf,gd). The sheaf cohomology groups H* (SGf, _) are by
definition, the right derived functors of the left exact functor H 0(SGf,_). This is called the

global sections functor and is defined as

SIG( is the projection map. The objects of interest to us are the
f

HY(X,)(%) = H(X,9) =¥4(X)

for any topological space X and a sheaf ¢ on X. The cohomology of Sl(éf with coefficients
in the sheaf %, denoted H* (SGf, Z4) are calculated by taking any injective resolution,

€ do dy

0 2

tions functor, dropping the first term of the resulting cochain complex and computing

say 0 Fa

-- of the sheaf %, applying the global sec-

cohomology. We get the following cochain complex after applying the global sections
€

functor to the injective resolution 0 Fa #* mentioned above.

do

0—— HO(SY - Fa) -, H"(sgf 79

After dropping the first term, we get

HOSE,.9%) —2 HOSE 91— s S HOSE ) e HO(SE T

~ HO(S$ I —— HO(SE, 77
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So, the g cohomology group of ng with coefficients in % is given by
HI(SE, Fa) = HIH (S ,.9") = kerdg/Imdg-.

Though the definition a priori involves a choice of an injective resolution of %, it can be
shown H "(SGf, Z4) is independent of this choice ([13], Chapter III, Theorem 1.1A ).

3.2 Relation to Lie algebra cohomology

It is a basic proposition in the theory of Sheaf Cohomology that we may use any acyclic
resolution of &, to compute the cohomology groups, instead of the injective resolution
0 F4 d

use the de-Rham complex. It is the following resolution [9] of the constant sheaf Ry, on a

#* used in the definition in previous section. In particular, we may

manifold M, using the sheaves Q']f,l of smooth k-forms, that assign to any open set U of
M, the set Q]]f/I(U) of smooth k-forms on U.

i

0 Ry Q, Q) 3.2.1)
Tensoring the above resolution by a sheaf ¢4 gives an acyclic resolution of 4. If we use such
a resolution of the sheaf %; defined in Equation 3.1.3, the resulting cochain complex,
obtained after applying the global sections functor and discarding the first term, can be
reinterpreted in terms of the complex computing relative Lie algebra cohomologies. This

yields us the following isomorphism
H'(S¢,, Fa) = H' (8o Kooi C¥(GF\G)™ © RId]), (3.2.2)

where C*°(Gg\Gp) represents the space of all smooth functions on Gp that are left in-
variant under Gg and C®(Gg\Ga)Xs represents the subspace of functions that are right
invariant under Ky. The space C*(Gr\Ga) contains the space cggsp (Gr\Gp) of all cusp
forms on Gx. The inclusion CZ,, (Gr\Ga) — C*°(Gr\Ga) induces an injection in coho-

cusp
mology [3]. This defines cuspidal cohomology H; (SGf,f/Td). We have the following

usp
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commutative diagram

H* (g0, Koo; C®(Gr\Ga) X7 ® RId]Y)

J

H" (foos Koo Cosp (GF\GA)T @ R[d]")

H*(S¢ - Fa)

cusp (SG y Fd)

We know by multiplicity one theorem ([7], Chapter III, Theorem 3.3.6) for the action
of Ga on the space of cusp forms Cgi, (GF\Ga), that any cuspidal automorphic represen-
tation of Ga appears in the direct sum decomposition of CZjs, (Gr\ Ga) with multiplicity

one. Using this direct sum decomposition, we get that

(5%, Fa) = @ H (Goo Kooi oo ® RIdIV) @717, (3.2.3)

=@, 1y

cusp

where the direct sum is over all irreducible cuspidal automorphic representations 7, with
T and 7y denoting the respective spaces of the representations 7, = @yes7y 0f Goo
andmr = ®,v¢s 7y of G¢. We say that an irreducible cuspidal automorphic representation
7 contributes to the cuspidal cohomology H* (SGf,gd) if H* (goo, Koo; oo ® R[d]Y) # 0.

3.3 Inner Cohomology

Let X be alocally compact topological space and & be a sheaf of abelian groups on X. Let
U be an open subset of X and s be a section of & over U i.e., s € & (U). We denote the set
of all points x € U such that s|, # 0 in the stalk &, by Supp(s) = [s|. It is clear that |s| isa
closed subset of U. We may work with the functor H?(X, ) of taking global sections with
compact support, which is again left exact. Now, cohomology with compact supports
is defined to be the right derived functors of H?(X,_). Clearly H?(X,%) is a subgroup of
H°(X,%) for every sheaf 4 on X. Thus, we get a map from H/ (X, %) — H9(X, %) for
every g = 0. This map is in general not injective and the image of this map is called the

inner cohomology and denoted H!q (X, 5).

H(X,Z) = Im(H\(X,%) — H'(X,%)). (3.3.1)

We are particularly interested in the inner cohomology groups H; (SGf,QTd) which by
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definition are Im (H . (SGf v Fq)

[.5.1 (2)) that inner cohomology contains cuspidal cohomology.

H® (SGf, gd)), Itis known ([12], Section 1.5, Theorem

Hjusp(sgf,gd) cH’ (ng,gd) Vg =0. (3.3.2)

Futher we have the following commutative diagram which tells us that the inner cohomol-
ogy H; (ng,gd) is isomorphic to the image H* of the map H* (goo, Koo} C?"(GF\GA)Kf ®
R[d]Y) — H"(goo, Koo; C®°(Gr\Ga)X7 ® R[d]") induced by the inclusion of the space
C°(Gr\Gp) of smooth functions on Gr\Ga that are compactly supported in Zy Gr\Ga,
inside C*°(Gr\Ga).

H* (st,ffd) H* (§o0) Koo; C®(Gr\Ga) X7 ® R[d]Y)

|

H: (st,ffd)

H* (g0, Koo; CX(GF\GA) X7 ® R[d]Y)

In the above diagram, the vertical arrows are in general not injective. We have a decom-
position of HY (SGf,gd) similar to 3.2.3.

HSg.Fa) = @ HSE, Fam. (3.3.3)
m—:Coh(G,Kf,d)

The set of isomorphism classes of representations 7 which occur in the above decom-
position is called the spectrum and denoted Coh(G, K¢, d) [10]. All cuspidal automor-
phic representations that contribute to cuspidal cohomology belong to the spectrum
Coh(G, Ky, d) because of 3.3.2. Hence we will be concerned with those 7 € Coh(G, Ky, d)
that are not cuspidal. A theorem of Waldspurger [12] gives us a class of representa-
tions A (w, d) that contains the spectrum Coh(G, Ky, d). We will shortly define this class
A (w, d) of representations. So, our task of finding the non-cuspidal part of the spectrum
is reduced to finding out which of the representations in the class A;(w, d) are non-
cuspidal and belong to Coh(G, K¢, d), in other words, contribute to the inner cohomology
H; (S§,, Fa).

We will introduce the class A; (w, d) and state the relevant theorem of Waldspurger in
the next few pages. We follow [12] and give a sketch of the proof of Theorem 3. The full

proof can be found in [12].

Let w be a continuous quasi-character of F*\A* such that w, is equal to the central
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quasi-character of r[d,], where d is as in Section 3.1 and w, denotes the local character

of w at the place v, i.e.,

w,(z2) = z%, ifves,

wy(z) = z™zZ%, ifves,.

for z € F,'. There exists such a w if and only if the following conditions hold ([12], Section
1.5).

e IfS1#0,a,=aforallves.
e If S| =@, asov + ay.y is constant for all o € Aut(C),v € S.

We assume that the above conditions are satisfied. Let </ (w) be the space of automorphic
forms on Gr\Ga, with central character w, and let </ (w) be the subspace of cuspidal
automorphic forms. The Hecke algebra 4 acts on the two spaces by right translation.
Let <) (w) be the direct sum of <) (w) and the one dimensional invariant subspaces of
o (w). Let Ap(w) and A; (w) be respectively the sets of irreducible subspaces of <) (w)
and & (w). We can think of Ayp(w) and A;(w) as sets of irreducible non-isomorphic
automorphic representations, as a result of multiplicity one theorem.

Let (r, V) € A;(w). Then it is a simple admissible module or alternatively called as an
irreducible admissible representation of .#5. We have the following well known theorem

([7], Chapter III, Theorem 3.3.3) that gives us an easier way to look at such representations.

Theorem 2.

Tensor Product Theorem: Let (7w, V) be an irreducible admissible representation of .
Then, for each place v of F, we have an irreducible admissible representation (m,, V,) of
JCy, and V, contains a non-zero GL(2,0,) fixed vector vg for almost all non-Archimedean
places v, such that n is isomorphic to the restricted tensor product of the representations

7y with respect to the UB. Itisdenotedn = Q' m,.

Thus (1, V) € A;(w) can be written as a restricted tensor product of representations
my. For d as in Section 3.1, let Ap(w, d) and A, (w, d) be the set of all representations (i, V)
in Ag(w) and respectively in A; (w) such that 7, = r[d, ], r[d,] or n[d,] for all v € §; and
n, =rld,] or m[d,] for all v € S,. It should be noted that A¢(w,d) = A; (w,d) unless h, =2
forallveS.

Let us denote by € (w, K¢) the space of smooth functions ¢ on Gr\Ga /Ky such that
P(zg) = w(z)p(g) for all z€ Zx, g € Ga. Let €p(w, Ky) be the space of smooth functions
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on Bp\Ga/Ky satisfying the same property, where B denotes the group of upper trian-
gular matrices. Clearly € (w,Ky) € 65w, Kf). Moreover, the sub-algebra Jf/iff of Ky
bi-invariant elements in /4 acts on the spaces € (w, K¢) and €5 (w, Ky).

Let ‘61’3 (w, K¢) be the quotient of €(w, K¢) by the subspace of elements that vanish
on some Siegel domain for Gr\Ga /Koo Ky. We will denote HY (goo, Koo; 6 (w, Kf) ® R[d]Y)
by H, H9(goo, Koo; € (@, Kp) ® R[d]Y) by HY, HY(goo, Koo; €5 (w, K7) ® R[d]") by H{ and
H(goo, Koo; € (0, Kr) ® R[d]Y) by Hg,. Then, it is known ([14], Lemma 2.3) that the

following sequence
0 — 6c(w,Kf) — € (w,Kf) — C5(w,Kp) —— 0 (3.3.4)

is exact and gives the following long exact sequence

H? H° Hg/ .. HY HY Hg, ch+1 —_—.
(3.3.5)

in cohomology. The maps HY H g, are called restriction maps. Thus, the inner
cohomology HY can also be defined as kernel of this restriction map. It is also known
that this is the same as ker(H7 — HZ).

Now, let (7, E) € A (w). Let 7 = ®' m, and let E, represent the space of 7, for every
placev. Let Ey = ®,v¢s E,.Let EXr and E]Iff denote respectively the subspaces of elements
that are fixed by K¢. The inclusion EXr — 6 (w,K ) defines by functoriality a map from
H(goo, Koo; EXr ® R[d]Y) —— HY. We let H9(E) denote the image of this map. We are

now ready to state the theorem of Waldspurger [12].
Theorem 3.
1. There exists a set = < A; (w, d) such that

e ifE€Z, then E]Iff #0 and the Jf;(f module HY(E) is isomorphic to m - Ejlff =

E]Iff @E]Iff ® ---@E}(f for some integer m = 1.

* thereis adirect sum decomposition

H= HY(E). (3.3.6)

Ee=

2. IfE€ Ay, d) and Ejff £0, then E € E and H(E) ~ Ejff .
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Proof. We give only a sketch of the proof. It involves looking at a similar direct sum de-
composition of the square integrable cohomology H(Z) = H(goo, Koo; €2 (w, K )@ R[d] Yy,
where 6> (w, K¢) denotes the subspace consisting of those ¢ € € (w, K¢) such that for any
finite sequence X, X, X; in goo, X7 X2 -...- X - ¢ is square integrable on GrZa\Ga.
Since €. (w, K¢) € 62(w, K¢), this decomposition directly provides a direct sum decompo-
sition similar to 3.3.6. Further, writing E = ®'Ey, Eco = Qyes Ev and Ef = ®), . Ev, we get
that EXf = B ® E]Iff and

H(goo, Koo} EXT ® RId]Y) = E;” © H(goo, Koo oo ® RId)").

Using Kiinneth'’s theorem, we get that

Hq(goo,Koo;EKf@)R[d]V):Eff@ @ e H"@g, K;EeRdAY)|.  (33.7)
Yvesqv=4

Now, Proposition 1 tells us that if 7 ¢ A;(w, d), the right side of the above equation
vanishes and hence HY(goo, Koo; EX/ ® R[d]") = 0, which implies H9(E) = 0. This justifies
Z < Aj(w,d) and the isomorphism HY(E) =~ m - E]Iff.

If (, E) is a cuspidal automorphic representation, the map EX/

€ (w,Kf) —
€(w, Ky) actually factors through <€§ (w, Kf) where %g (w, Kr) denotes the subspace
consisting of ¢ € ‘€p(w, K¢) such that

1
f ¢ ¥ gldx=0, forallge Ga.
F\A 01

Hence the map HY(E) HY Hg factors through H"(goo,Koo;cgg(w,Kme[d]V),
which is zero for all g = 0 by [14]. O

We deduce from the above theorem that the only representations 7 appearing in the
spectrum Coh(G, K¢, d) are either cuspidal or one-dimensional. Furthermore, all such
representations belong to the set A;(w, d). Thus, we can deduce that unless h, = 2 for
all v € S, where h,’s are as in Section 3.1, the inner cohomology is exactly equal to the
cuspidal cohomology. This is because A; (w, d) = Ap(w, d) unless h, =2 forall v € S. Since
we are only interested in the non-cuspidal part of the spectrum, we will assume from

here onward that i, =2 forall v € S, i.e., that r[d] is a one-dimensional representation.



Chapter 4

Inner cohomology of GL(2) over a totally
real field

4.1 A summary of known results

This section is a summary of results in [8], concerning the inner cohomology H* =
Im(H; H*) =ker(H® —— Hy) of Section 3.3 for a totally real number field F with

degree of the extension [F : Q] = n. The dimension of the underlying manifold SI% is 2n.

We state the theorem of Poincaré duality for the manifold ng.

Theorem 4.
Poincaré Duality: Let & be a sheaf defined on ng and let " denote its dual sheaf. Then,

there exists a non-degenerate bilinear pairing
HI(SE, F) x HS”“’(SGf,gV) — C (4.1.1)

or any integer q, which tells us that H?n_q(SG JFV)= (HISC ,F) . In particular if they
f f

are finite dimensional, dim Hq(SGf,gz) =dim H?"_q(SGf, FV).

Since the cohomology groups for negative degrees are defined to be zero, this in
particular tells us that the cohomology groups HY (st,g ) are zero for g = 2n.

There is a subspace called the Eisenstein cohomology HgiS(SGf,g e H q(SGf,g)
for every g = 0 such that after the identification 3.2.2, it maps isomorphically onto the
image of the map H%(goo, Koo; € (0, Kf) ® R[d]") —— H(goo, Koo; €p(w, Kf) ® R[d]").

Further for g > 0, there is another subspace called the square integrable cohomology

21
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quu(st,g) c Hq(st,gZ) such that

HI(SE , F) HE (S§,F) @ Hiu(SE, Z). (4.1.2)

It is known that HO(SGf,g)

short exact sequence

EIS(SG JF) = ngu(S ,F) = C. Further, using the

0 — bc(w,Kf) — € (w,Kf) — €5(w,Kp) —— 0

of Langlands [14], we get the long exact sequence 3.3.5. Together with 4.1.2, this tells
us that for g > 0, qu(S ,%) is indeed the image of the map H —— HY. That is,
ququ(SGf,g ) = Hf’(SGf,gZ ) for all g > 0. Further, using the method of Matsushima and

Shimura ([8], Chapter III, Section 1), we get a decomposition
qu(S F) = unlv(S F) & H, usp(S F) (4.1.3)

of the square integrable cohomology into a direct sum of its universal and cuspidal parts.

Using Poincaré duality and the surjectivity of the restriction map for degrees g
from n to 2n - 2, the following result ([8], Chapter III, Section 6, Theorem 6.3) for
the dimensions of the different cohomologies is obtained. The dimensions of the co-
homologies HQ(st,g), (s T, Hs”’qu(sG F), H! (¢ T, HT . (s F)

EIS inn univ

and chusp(SGf,g ) are denoted by b b bsqqu, b? b . and bgusp respectively.

» ~Eis’ inn’ “univ

Theorem 5.

B0 =bY =, =1 B0 =B° . =D

Eis squ inn univ cusp

2 bZn b2n bZn b2n b2n bZn

Eis squ inn univ cusp —

3. For 0<gq<2n, b7=b} +bl,, bl,=bl =bl _ +bl, where

Eis inn univ
0, if0<g<n
(@) bl = h-(;:}l), ifnsg<2n-1
h-1, ifg=2n-1
" if q is even
(b) mev = (q/Z)

0, if q is odd
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. 0, ifg#n
© bcusp B Z h]ccit{sp’ lfq =n
k+l=q

where h denotes the number of cusp classes of I and

k1 _ . b
nkl,= Y dim [r 22,..,2)]
b<i{l,2,...,n}
Ibl#k
A cusp class is an orbit of a point in P"(R), whose stabilizer in T contains a non-trivial

unipotent matrix.

4.2 Thecase F=(Q

The results stated in the previous section are obtained by geometric means. In this section,
we wish to reproduce them in the specific case F = Q by a direct approach using only
algebraic and analytical considerations. We make use of Theorem 3. This tells us that the
only non-cuspidal representations 7 in the spectrum Coh(G, Ky, d) are one dimensional
automorphic representations and belong to the set A; (w, d). So, we check which of these
representations contribute to inner cohomology.

Let (7, E) be an one dimensional automorphic representation of G(F) with central
character w. So, E = C¢ where ¢ is a continuous quasi-character of G(F)\G(A) which
agrees with w on Z(A). Any such quasi-character factors through the determinant map.
So, we may let ¢ = y odet where y : F*\A* — C* is a continuous quasi-character of the
group of ideles. It is easily checked that the action m of G(A) on the space E by right
translation, gives rise to the same character ¢. Let 7 be the restricted tensor product over
all places v of F, of the representations 7. Then, n, = ¢, for all v, where ¢, denotes the
restriction of ¢ to G,. Let us denote the only archimedean place of F by co. Then, since
we are concerned with only those (1, E) in A; (w, d), we get that 7, = r[d] or r[d'], i.e.,
{oo = r[d] or r[d']. Moreover, for an open compact subgroup Ky < G(Ay), EXr #£0if and
only if ¢ is right invariant under K¢, in which case, EXr = E.

Using Equation 3.3.7 and Proposition 1, we obtain that the cohomology groups
H(goo, Koo; EXr ® R[d]V) of all degrees other than g = 0 and g = 2 are trivial. Further,
if oo = r(d], then H?(goo, Koo; EXf ® R[d]Y) = 0 and H®(geo, Koo; EXf ® R[d]Y) = Ejff as
Sﬁﬁf modules and if 7o, = r[d'], then H®(goo, Koo; EXf ® R[d]V) = 0 and H?(geo, Koo; EX/ ®

R[d]Y) = E]Iff as .6? modules.
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Thus, we need to check if H7(E) maps to 0 in H%(goo, Koo; €5(w, Kf) ® R[d]"), only for
degrees g = 0,2. By definition,

HO (Goo K; V) =ker (CO (goo» %% V) - Cl (goo; Keo; V))
(4.2.1)
cc’ (goo: Keo; V)

Hence the induced map

H®(go0, Koo; E* @ R[d]Y) — H®(goo) Koo; € (@, Kf) ® R[d]")
— H(goo, Koo; 650, Kp) ® R[d]")  (4.2.2)

obtained from the inclusions EXf — € (w, K ) — 6w, Ky) is injective. Thus, if 7, =
rid], H°(E) # 0 does not map to zero in Ho(goo,Koo;CgB(w,Kf) ® R[d]Y), i.e, m doesn’t
contribute to inner cohomology at degree 0. So, none of the one dimensional irreducible

automorphic representations of G(A) contribute to inner cohomology at degree 0.

Now, suppose 7, = r[d']. Since go./t is a two dimensional complex Lie algebra,
A% (goo/to0) is one dimensional and z; A z» is a basis. Therefore, C?(goo, Koo; E Kr o R(d]Y) is
also a one dimensional space. In fact, it can be easily seen that C?(geo, Koo; EX/ ® R[d]Y) =
CY where ¥Y(az; A 22) = al ®1 is a Ko, module homomorphism. Further, since we know
H?(E) # 0, we get that H?(goo, Koo} EX7 ® R[d]Y) = C?(goo, Koo; EXf ® R[d]Y). Now, the
question is when does H?(E) map to 0 in H?(goo, Koo; €5 (W, Ky) ® R[d]"). This translates
to the question of existence of a ¢ € c! (foor Koo; €0, Kr) ® R[d]Y) such that d¢p = V.

Since ¢ is a Ko, module homomorphism, it is completely determined by its value
cosf sinf

on either z; or z;. Let ¢(z1) = n®1 for some n € €p(w,Ky). Let kg = ] €
—sinf@ cos@

1 0 X
SO2) € Ko, W = € Ky and ¢, =
0 -1 0 x

0
) € K for x € R*. Then, ¢(kg - z1) =

kg -¢(z1) if and only if p(kg)n = e, and ¢(cy- 21) = cx-P(z1) if and only if p(c)n = x7.
Further, ¢(z) = p(w-z1) = w-P(z1) = p(w)n ® (~1)€~2. Then,

¢ (k- (pz1 +qz2)) = Pple 20 pz + 0 qzp) = e 2O pne 1+ 0 (-1 2 p(win 1
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ko -p(pz1+qze) = kg - (pn ®l+gp(w)ne® (—1)6‘%) =pplkg)n®1+q(-1) 2 pkyw)ne1

20091+ q(-1)°" 2 p(wk_g)n®1

a .
7 6210

= pe_

=pe?nel+q(-1)° p(wnel

Cx-P(pz1+qze) = pplc)In®x™“+ qp(cyw)n ® (—1)6_%x_“
a

= px @ x "+ gp(w)p(c)n® (1) 2x~
=p(pz1+qz2) = P(cx- (P21 + q22))

which shows that ¢ as defined above, does indeed belong to C! (Joo» Koo; 68w, Kr)®R[d] Y)
when 7 satisfies

(ke)n=e "%y forall kg € SO(2)
plkg)n n 0 4.2.3)
plc)n=x%n forall xe R*

Now, the question of when there exists a ¢ such that d¢p = ¥ can be formulated in

terms of 7).
dp(z1 Nz) =V (21 A2) =¢(®1 = z1-P(2) -2 P(z1) =¢®1 (. [21,22] =0)
= a(pwnent) -z nsl=¢el
= (D iz-pwn-zn=¢
n
We may take 7 to be a function of the form ) n;, where for each i, ; is a function on

i=1
GL(2,A) defined as

ni ((gv)v) = nl,oo(goo) Hni,p(gp)
p

where the product runs over primes p and 7;  is a function on GL(2,R) and n; , is a

function on GL(2, Q) for every prime p. Now, in the equation
(~D 221 p(w)n—z2-1 =& (4.2.4)
the action on 7 only affects the infinite components. Further, ¢ being a quasi-character

can be written as & H $p, where ¢ is a quasi-character of GL(2,R) and ¢, is a quasi-
p
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character of GL(2,Q,) for every prime p. Hence, without loss of generality we may take

1((8)v) =Moo(8o0) [ [€p(8p) (4.2.5)
p
a B . .
Let b= (0 ) € B(Q). Since we want n € €p(w, Ky), n(bg) = n(g) for all g € Ga, which
Y

implies
Noo(Boo8o0) * [ [Ep(Bp)Ep(gp) =n(bg) = []&php)Noo(Boogoo) = Moo(8oo)
p p

Since ¢ is a function on GL(2,Q)\GL(2,A), ¢ is invariant under left action by elements of
GL(2,Q) and hence B(Q) in particular. This gives ¢ (boo) H $p(bp) = 1. Hence, we get
p

a—h
We know moreover that &, = det't 7 sgn(det)e‘1 since we have assumed that 7, = r[d’]

at the archimedean place v. Thus, we get

Noo(Boogoo) = (@) 7 sgn(@))* Moo (geo) = (@))% 5gN(@Y) Mo (goo) (4.2.6)

Further, since we require 7, to be a smooth function, the above equation holds even for

p

a
b = 0 € B(R). We know that every element of G has a representation in one of the
Y

following forms depending on the sign of its determinant.

u 1/2 X -1/2
g= d y_l 2 | Ko 4.2.7)
u y

u o 1 cosf sinf
g§= Y y_m ko L ko = (4.2.8)

u y —sinf cos6
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where x, y,u,0 € Rand u, y > 0. Thus, using Equations 4.2.3 and 4.2.5, we get

1/2 -1/2
) X
M“B_ZIHT[OO(I), lfg — y y ke
(8) =1 ¢ y‘”z
Nool8) =
1/2 -1/2
a . X 1
(~1e 1B uae2ifn (), ifg= A P
u y—1/2 1
4.2.9)
Thus, we also have
1/2 -1/2
(-Del 2wty (),  ifg= R P
u y-1/2
P(W)Neo(g) =% s s (4.2.10)
] Xy~ 1
ute?0p (n, ifg= Y . kg
u v -1

(1

Let X =
-1

p() q(1)

el
exp(tX) = , exp(tY) =
P ( ef\) P (q(t) p(1)

yli2
kgexp(tX)=|""*
where
.2, ot 20 217!
yt:(sm Oe-" +cos“Oe ) , Xy =
u%/z

kgexp(tY) = (

1
and Y = (1 ) be elements of g. Let us note the following identities.

b (t) el +et - el—et
,  where = , =
p 2 q 2
-1/2
XtV
;P )k@t (4.2.11)
Vi
2t
yi—e -1 2t
~—— 0;,=tan” (tanfe
tanfe2t’ ! ( )
-1/2
Veld,
i )k% (4.2.12)
t
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where

. - L c0s26 (cosO(p(31) - p(1) —sinB(q(31) — q(1))
ur = (p21) —sin20g21)) ™, v, = 2(—sinOp(t) + cosOq(r))

3 _1[sin@p(t) —cosOq(r)
¢: =tan (cos@p(t)—sin@q(t) '

Then, if we use the above identities 4.2.11 and 4.2.12, we have for g as in 4.2.7,

d d
(X N)(@ = —| p(exp(tX))Neo(8) = —| 7oo(gexp(rX))
dt dt
t=0 t=0
d , 2.
) (4.2.13)
dt
=0
= —2isin20e % .o (D)
d d
YV neo)@=—| p (exp (1Y) No0(8) = T Meogexp(t)
t=0 1=0
_d w2 () (4.2.14)
dt
t=0
=2icos20e 2 un oo (D)
Similarly, for g as in 4.2.8, we get
(X N00)(8) = (=1)°7 2712 5in20€*" un oo (I) (4.2.15)
(Y - 100)(8) = (=127 121 c0s 20 unoo (1) (4.2.16)
Sincez1=i®X-1®9Yandzp=i® X+1® Y, we get that
—2iu*neo(I), if gisasin4.2.7
21 Noo(8) = * & (4.2.17)

(-1 22iunoo (D), if gis asin 4.2.8
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21410 Uneo (), ifgisasin4.2.7
22 Moo(g) = « (4.2.18)
(—De 2712440y (D), if gisasin4.2.8

Let us now call the left side of the differential equation 4.2.4 as {. By the form of  assumed
in 4.2.5, we get that ¢ ((gv)v) = (oo (8o0) Hg‘p(gp), where
p

Coo(goo) (1) 21 p(W)eo — 22 T (8oc)

(=152 p(a0) (22 100) = 22 7o) (00)
(=172 (22 Too) (W) — (22 Too) (€oo)

which means that

wy (e4“9 + e'4i9) U oo (D), if g is as in 4.2.7

Coo(8c0) = (4.2.19)

(-1 22i (e‘“@ + e‘4i9) UM eo (D), if goo is asin 4.2.8

On the other hand, ¢, being a quasi-character of GL(2,R) factors through the determi-
nant map. In fact, o, = r[d'], i.e., oo = det? sgn(det)e_l. Since (, is clearly not invariant
under elements of SL(2, R), for example, { o (kg) = —2i (e‘“'@ + e‘4i9) Neo(D) # —4ineo(I) =
(o) for kg € SO(2,R) c SL(2,R), we can conclude that {, # (s, and hence { # £. This
means that Equation 4.2.4 is not satisfied for any suitable 7, which shows that there does
not exist any ¢ € C! (fo0r Keo; € (0, Kf) ® R[d]Y) such that d¢ = ¥, which means that ¥
does not map to zero in H?(goo, Koo; €5(w, K¢) ® R[d]"). This shows that H*(E) does not
map to zero in H?(goo, Koo; €5(w, Kf) ® R[d]").

So, (7, E) does not contribute to inner cohomology at degree 2 as well. So, none of the
one dimensional irreducible automorphic representations of G(A) contribute to inner
cohomology at degree 2.

Further, we have already mentioned that HY (goo,Koo;EKf ® R[d]Y) = 0 for a one-
dimensional automorphic representations (7, E) of G(A), for all degrees g # 0, 2. Putting
all these facts together, we get that for the case F = @, inner cohomology is the same as

cuspidal cohomology in all degrees.
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Chapter 5
The case of Imaginary Quadratic Fields

Let F = Q[y/—n] for a positive square free integer n. Let (i1, E) be an one dimensional
automorphic representation of G(F) with central character w. So, E = C{ where ¢ is
a continuous quasi-character of G(F)\G(A) which agrees with w on Z(A). Any such
quasi-character factors through the determinant map. So, we may let { = y odet where
x : F*\A* — C* is a continuous quasi-character of the group of ideles. It is easily
checked that the action 7 of G(A) on the space E by right translation, gives rise to the

same character ¢.

Let oo denote the only archimedean place of F, corresponding to the two conjugate
embeddings u, i: F — C,u(a+ by/—n) = a+ by/ni, i(a+ by/—n) = a— by/ni. Let w be the
restricted tensor product over all places v of F, of the representations x,. Then, 7, = ¢,
for all v, where ¢, denotes the restriction of ¢ to G,.. Then, since we are concerned with
only those (7, E) in A; (w, d), we get that n, = r[d], i.e., { = r[d]. Moreover, for an open
compact subgroup Ky < G(A¢), EXr # 0 if and only if ¢ is right invariant under K £ in
which case, EX/ = E.

By Equation 3.3.7 and Proposition 1, we get that if 7, # r[d] or n[d], all the co-
homology groups H(goo, Keo; EX ® R[d]V) are trivial. Further, since (r,E) is a finite
dimensional representation, 7, has to be finite dimensional and hence 7, # 7[d]. Thus
for nontrivial cohomology we require 7., = r[d] and in this case, the two cohomology

groups H®(goo, Koo} EXF ® R[d]Y) and H3(goo, Koo; EXF ® R[d]Y) are equivalent to E]Iff as

ﬁff modules, while the cohomology groups at other degrees are zero.

So, we need to check if H9(E) maps to 0 in H7(goo, Koo; €5(w, Kr) ® R[d]") only for

31
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degrees g = 0,3. Since H°(goo, Koo; V) € C? (goor Koo; V), we still have that the maps

H' (oo, Koo X/ @ RId]") — H' (goo, Koi € (@, Kp) @ RId]")
— H"(goo, Koo; 63(0,Kp) ® R[d]")  (5.0.1)

obtained from the inclusions EXf — € (w, K ) — €(w, Ky) are all injective. Thus, H 0(E) #
0 does not map to zero in HP° (Jo0r Keo; € (0, Kf) ® R[d] V), i.e, T doesn’t contribute to inner
cohomology at degree 0. Thus, none of the one dimensional irreducible automorphic
representations of G(A) contribute to inner cohomology at degree 0. Furthermore, it is

known that cuspidal cohomology does not occur in degree 0. Hence, we get

H!O(SGf,gd) =0 (5.0.2)

In order to consider the case g = 3, we will make use of Poincaré duality and a long
exact sequence similar to 3.3.5. The manifold ng can be compactified using Borel Serre
compactification [10]. Let us denote the resulting smooth manifold by ng. It is of the
same dimension as ng. Further it has a boundary 081%. Then, SIG<f = SIG<f U 681%. The
boundary has a differentiable structure of corners and is a manifold of one less dimension.
It is stratified into boundary components, that are indexed by each proper rational
parabolic subgroup P c G. The sheaf %, defined in 3.1.3 naturally extends to a sheaf of
vector spaces on the compact manifold SIGq- We also have that H* (SGf,gd) ~H* (SGf,gd),
the isomorphism being obtained by the natural restriction ng — Slcéf. We also have the

following long exact sequence of sheaf cohomology groups

. 7 ¥ PR * . - 6* .
< Hy(SE 0 Fa) —— H'(§§ , Fa) —— H'(0S%,, Fa) —— H "' (S§,, Fa) —— -+
(5.0.3)

We will denote the cohomology groups H.. (SGf, F,), H' (SGf, F,), H (GSGf, Z,) from now
onward by Hé, H' and H'(9) respectively.

In our case of G = GL(2) over an imaginary quadratic field F, the manifold ng is
of dimension 3 and hence its boundary 05% is of dimension 2. Hence, we know that
H! (SGf,F/?d) = Hi(S'Gf,%) =0 forall i >3, and H' (as'Gf,gd) =0 for all i > 2. Conse-
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quently the long exact sequence 5.0.3 becomes

H L L B0 L~ H L B L H'0) X H?
L o) L H L~ H L0
(5.0.4)

The exactness of the above sequence tells us that the inner cohomology H!3 (SGf, Fy) =

Im(Hg’ LN H3) is equal to all of H3.

Further, the map Hg i, HP is also known to be injective. This is because the
sheaves QF of smooth compactly supported k-forms on ng inject into the sheaves Qf
of smooth k-forms on ng. We have already seen that the cohomology groups may be
computed by using a resolution of the sheaf %, as in 3.2.1 and computing cohomology of
the cochain complex obtained after applying the global sections functor and discarding

0 1
oL s simply the kernel of

the first term. Since H® of a cochain complex C°
the map d°, we know that H? is a subspace of C°. Using this together with the injectivity
of Q% — QO we get the desired result that the map i* : HS(S%,P/'}) _ HO(SGf,f/?d) is
injective.

Since we have already shown that H!O(SGf,gd) =0 (Equation 5.0.2), we conclude that
H?(st,fid) =0.

Now, we know by Poincaré duality that there exists a non-degenerate bilinear pairing
HY(SY,, Fa) x H3(SE,, Fg) —— C

Since we know that Hg(st,gd) =0, we get that H3(SGf,97d) =0.

We had already noted that H!3 (SGf, Fy) = H® (SGf,gd) using the long exact sequence
5.0.4. Thus, we get that H!S(SGf,f/Td) =0.

We dilineate below the different steps of the proof.

1. i*: HQ(SGf,gd) — HO(st,gd) is injective.

2. H!O(st,gd) =Imi* =0.

3. From 1 and 2, we get H?(SGf,gd) =0.

4. From 3, using Poincaré duality, we get H3(SGf, F4) =0.

5. From 4, we get that H!3(SGf,§d) =0.
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We would like to point out that though H!S(SGf,gd) = H?’(SGf,gd) =0, the cohomol-
ogy with compact supports H?(SGf,gd) # 0 and one dimensional automorphic repre-
sentations contribute to this cohomology. This can be seen as follows. We know that
HS’(SI%, Fq) =~ H O(SGf,gd) by Poincaré duality. Hence, it is sufficient to show the exis-
tence of one dimensional automorphic representations, i.e., quasi-characters ¢ of Gr\Ga,
that contribute to HO(SGf,gd) = H%(goo, Koo; € (@, Kf) ® R[d]Y). C°(goo, Koo; € (@, K) ®
R[d]Y) consists of all K, module homomorphisms from C € (w,Ky) ® R[d] V. For
any quasi-character ¢ such that ., = r[d], we get such a K, module homomorphism that
takes 1 to {®1. Further, since ¢ factors through the determinant, and exp(w;), exp(w») and
exp(ws) are allin SL(2), we get that w;-{ = w»-¢ = ws-¢ = 0, which imply that any such K,
module homomorphism is mapped to the zero homomorphism in C (geo, Koo; € (0, K e
R[d]Y). This tells us that all one dimensional automorphic representations 7 of G with
T = r[d] contribute to HO(SGf,F/Td) and hence to HE’(SGf,Ed).

We have already mentioned that H(geo, Koo; EXf ® R[d]V) = 0 for degree g # 0,3. Thus,

we get that in degrees 1 and 2, inner cohomology is the same as cuspidal cohomology.




Chapter 6
Results

A summary of results concerning the inner cohomology groups for G = GL(2) over Q is

given below.

HY(SE ,Fa) = 0.

H!(SE ,Fa) = Houg (S, Fa.-

HE (S, Fq) =0.

Hq(st,gd) =0 andhence, H’ (st,gfd) =0 forg>2.

A summary of results concerning the inner cohomology groups for G = GL(2) over an

imaginary quadratic field is given below.

H(S¢,,Fa) =0.

H (SGf,gd) = Hg’usp(st,gd) forg=1,2.

HY (S, Fq) =0.

Hq(SGf,PJ?d) =0 and hence, H,' (sgf,%) =0 forg>3.

In both cases that we considered, viz., the field of rational numbers and imaginary
quadratic fields, we have obtained that there is no universal cohomology, and hence
inner cohomology is equal to cuspidal cohomology. This is not true for a general number
field. For example, if we consider a real quadratic field, i.e., F = Q(y/n) for a square-free

integer n = 1, statement 3b of Theorem 5 tells us that inner cohomology at degree 2 is

35
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two dimensional. In particular, it is non-trivial. I hope to study the inner cohomology for
any totally imaginary field F using similar methods, and compute expressions similar to

those in Theorem 5 for the dimensions of the universal cohomology for different degrees.
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