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Abstract

This Thesis is focussed on the preparation and applications of multiple quan-
tum coherence such as MSSM(Many some, + Some many) States and N00N
state(quantummechanical many-body entangled state) in star topology molecules
such as Trimethylphosphite(TMP) and Triisopropylphosphite,where |0100〉+
|1011〉, where |0〉 denotes spin up and |1〉 denotes spin down, is a particlular
example of MSSM for four spin 1

2
system and the N00N State can be rep-

resented by |ΨN00N〉 = 1√
2
(|N↑, 0↓〉 + |0↑, N↓〉 (Nspins up, zero spin down +

zero spin up,Nspins down), where N is the number of spins.The technique
of preparing multiple quantum coherence is used to study slow diffusion of
TMP in liquid crystal EBBA and the N00N state has been generated in
both the molecules. Also, we demonstrate how spin polarisation transfer
from one nucleus which has higher gyromagnetic ratio to other nucleus(with
lower gyromagnetic ratio) using Insensitive Nuclear Enhancement by Polari-
sation Transfer(INEPT) can enhance the signal of the nucleus to which spin
polarisations are transferred.



Contents

1 Introduction 3
1.1 The History . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 About N00N state . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Theory 4
2.1 About NMR . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1.1 Diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.1.2 Hahn Echo . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Basis of Pulse Field Gradient(PFG) NMR . . . . . . . . . . . 6
2.2.1 Effects of field gradients on Spin Precession . . . . . . 7
2.2.2 Qualitative analysis of Hahn Echo Attenuation . . . . . 8

3 Experimental Section 11
3.1 Theoretical Background . . . . . . . . . . . . . . . . . . . . . 11

3.1.1 Measurement of Diffusion Constant . . . . . . . . . . . 13
3.1.2 Experimental part for Diffusion . . . . . . . . . . . . . 14

3.2 Generating different N00N state in 22 spin system . . . . . . 16
3.2.1 Experimental Part for N00N states . . . . . . . . . . . 17
3.2.2 Coherence selection by field gradients . . . . . . . . . . 18

4 Results 19
4.1 Data of diffusion experiment . . . . . . . . . . . . . . . . . . . 19

4.1.1 Calculations of Diffusion constant for different quan-
tum coherences . . . . . . . . . . . . . . . . . . . . . . 24

4.2 Pulse sequence and Signal Spectrum of N00N states . . . . . . 25

5 Discussion 27
5.1 Comparison between single quantum diffusion and multiple

quantum diffusion . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.2 N00N states . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1



References 28

A Long proofs 30
A.1 Proof of Hahn Echo described in Sec 2.1.2 using product op-

erator formalism . . . . . . . . . . . . . . . . . . . . . . . . . 30
A.2 Effect of Pulse Field Gradient on Hahn Echo in presence of

diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
A.3 Insensitive Nuclei Enhanced by Polarization Transfer(INEPT) 35

A.3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . 35
A.3.2 INEPT technique . . . . . . . . . . . . . . . . . . . . . 35

A.4 List of figures and tables . . . . . . . . . . . . . . . . . . . . . 36

2



Chapter 1

Introduction

1.1 The History
The potential application of Nuclear Magnetic Resonance Spectroscopy has
been explored to a great extent. Among them are in studying the diffusion of
molecules in different media using radio frequency pulses and magnetic field
gradients (also called PFG NMR) through the concept called "Hahn Echo",
which is the refocusing of the nuclear spin magnetization, discovered by Erwin
Hahn in 1950 [1]. The PFG NMR method was first explained theoretically
and experimentally by Stejskal and Tanner[2] and is widely used till today
to obtain the information about molecular dynamics, especially longitudinal
diffusion. The diffusion of molecules in the medium are studied by monitoring
the intensity of the Hahn Echo signal by varying the strength of the magnetic
field gradient. Using the mathematical relationship between the intensity of
the Hahn Echo signal and the gradient strength, the value of the diffusion
constant "D" of the molecules can be determined for different media, which
is the major part of our work .

1.2 About N00N state
Another application of Nuclear Magnetic Resonance is the generation of
N00N states in large molecules, which is the quantum mechanical many-body
entangled state. This has been done by using quantum logic gates, mainly
Hadamard and Control-Not(C-NOT) gates and selective magnetic field gra-
dients. The purpose of the selective gradients is to extract the specific N00N
signal from the spectrum. The molecule that we have used for generating
N00N state is tri-isopropyl-phosphite, which is of 22 spin system. We had
also used this technique to study the diffusion of molecules.
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Chapter 2

Theory

This chapter contains a short introduction about Nuclear Magnetic Reso-
nance(NMR), the theoretical explanation of how diffusion is studied and the
method applied to determine the diffusion constant D.

2.1 About NMR
The principle of NMR utilises the magnetic moment generated by nuclear
spin, which is given by µ̂ = γÎ, where γ is the gyromagnetic ratio and Î
is the spin angular momentum of the nucleus. Since most nucleus used in
NMR are spin 1

2
(I = 1

2
), for these nuclei, there are two Zeeman eigenstates :

spin up, denoted by |0〉 and spin down, denoted by |1〉. On applying a very
strong external magnetic field along the z direction(generally upward), the
degeneracy of the Zeeman states breaks down, with |0〉 being in the lower
energy state and |1〉 in the higher energy state. Due to this, the nuclei in the
sample attains equilibrium distribution, with more population in the lower
energy state than the higher energy state, this results in net magnetization
along the external field and the energy separation between the states lies in
the radio frequency range.

The external field also causes the nuclei to precess about the z axis. This
precession is called Larmor precession and the frequency is called Larmor
frequency, given by ωo = −γBo, where Bo is the strength of the external
field in tesla, and the minus sign indicates the sense of the spin precession
around the applied filed. Most nuclei have positive γ, in this case the Larmor
frequency is negative. This means that the precession is in the clockwise
direction, as seen when looking against the direction of the applied filed. For
nuclei which have positive γ, their Larmor frequency is positive, and their
precession is in the anti-clockwise direction, as seen against the direction of
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the applied field. To excite the nuclei, an on resonant radio frequency(RF)
is applied to the nuclei, this flips the equilibrium magnetization away from
the equilibrium position to the transverse plane, and the flip angle depends
on the time duration and strength of the RF field. The rotation of the
magnetization in the transverse plane generates an oscillating magnetic field
and this oscillating field is converted into electrical signal by using probe
coils. This electrical signal is called Free Induction Decay(FID) which is in
the time domain. To convert it to frequency domain, the FID is Fourier
Transformed to give the precession frequency of the magnetization.

2.1.1 Diffusion

The self diffusion of molecules or ions is mainly caused by the internal
energy[3]. Translational diffusion is the process through which molecules
spread around in space. This phenomenon has a connection with structural
properties of the diffusing molecules, because the diffusion constants D de-
pend on frictional factors and effective charges. In the absence of thermal or
concentration gradients, the average molecular displacement in all directions
is zero, but not the mean square displacement, given by < r2 >= 6Dt[4], t
being the diffusion time. From the Stokes-Einstein equation[5],

D = kBT
f

, where kB is the Boltzman constant, T is the temperature and
f = 6πηr (η = viscosity of the medium and r = radius of the particle) is the
friction factor obtained from Stoke’s law[6].
NMR technique is suitable to study such molecular dynamics, and the self
diffusion data provide information about molecular organization and struc-
tural properties. Molecular diffusion is sensitive to structural properties and
the ability of the molecule to bind and associate with the medium and
the values of diffusion constant are in proportion to the rate of molecular
displacement[4].

2.1.2 Hahn Echo

As mentioned in the introduction, Hahn Echo is the underlying principle
for studying diffusion. The concept of this echo was introduced by Erwin
Hahn[1] and the pulse sequence is shown in figure 2.1. First, a 900 pulse
is applied along the X-axis, this rotates the magnetization vector from the
Z-axis to the -Y axis (fig 2.2(B)), during the free evolution(absence of RF)
of duration τ , the magnetization vector precesses in the X−Y plane. Due to
the local field inhomogeneities experienced by each spin, also called chemical
shift, the spins dephase as a result, the transverse magnetization vector starts
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fading out as shown in figure 2.2(C). At the end of time τ , a 1800 pulse is
applied along the X axis, which rotates the spins by 1800 about the X axis
and remain in the X−Y plane, and since each spin continues to precess with
its own frequency, all spins are rephased and the transverse magnetization is
regained after time duration of τ from the 1800 pulse, forming an echo (fig
2.2). The importance of the Hahn Echo is that it nullifies the effects due to
local field inhomogeneities.

Figure 2.1: Hahn Echo pulse

Figure 2.2: Pictorial illustration of Hahn Echo, image taken from
source:http://en.wikipedia.org/wiki/Spin_echo#mediaviewer/File:

SpinEcho_GWM_stills.jpg

2.2 Basis of Pulse Field Gradient(PFG) NMR
In the PFG- NMR experiments, apart from the RF pulses, magnetic field
gradients[2, 7] are introduced along the main magnetic field Bo (fig 2.3). All
NMR diffusion measurements are based on the fact that the diffusion constant
D can be calculated from the Hahn Echo attenuation, if the duration and
strength of the gradients are known.
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Figure 2.3: Pulse sequence of PFG NMR, δ is the duration of the gradient
and ∆ is called the diffusion time, G is the gradient strength.

2.2.1 Effects of field gradients on Spin Precession

To explain the effects of magnetic field gradients on nuclear spin, we need to
start from the Larmor equation[4, 8]:

ωo = −γBo (2.1)

where γ is the gyromagnetic ratio and Bo is the strength of the static external
field which is homogenous over the sample in time and space. When addi-
tional field which has spatial variation along the vertical axis B(z) , called
field gradient is introduced, then the total magnetic field at a point z inside
the sample is:

B(z) = Bo +Gz (2.2)

where G is the strength of the gradient. The role of the field gradient is to
encode the spins with the phase angles that depend on their displacement in
the z- direction since the Larmor frequency becomes spatially dependent on
the application of gradient, given as:

ωz = −γB(z) (2.3)

As a result, the phase acquired by a spin with displacement z due to a z
gradient of duration δ is given by:

φ(z) = ωzδ (2.4)
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After the first pulse gradient, the phase shift of the spin at position z1 is:

φ1 = φ0 + γ

∫
Gzdt = γGz1δ (2.5)

where φ0 is the initial phase before the first gradient. If the spin undergoes
diffusion and is at position z2 when the second gradient is applied, the extra
phase acquired is:

dφ = γδG(z2 − z1) (2.6)

The total phase acquired at positon z2 is:

φ2 = φ1 + dφ = φ0 + γδG(z2 − z1) (2.7)

Due to this position dependent phase caused by the field gradients, the spins
in different positions of the sample precess with different frequencies and
enhance the dephasing process. If the spins retain their position throughout
the pulse sequence, or technically speaking, if there is no diffusion at all,
all their phases will be refocussed completely after time τ from the second
gradient, since dφ in eqn(2.7) is zero because z1 = z2 and Hahn Echo will be
achieved(left side of figure 2.4). But if the spins diffuse through the sample
during the course of the pulse sequence, their phases will not be refocussed
completely, as seen in eqn(2.7) and complete Hahn Echo will not be achieved,
causing a decrease in the intensity of the Echo signal(right side of figure 2.4)

Figure 2.4: Effect of Gradient pulse on Hahn Echo with no diffusion(left
side) and with diffusion(right side)

source:http://chem.ch.huji.ac.il/nmr/techniques/other/diff/diff.html

2.2.2 Qualitative analysis of Hahn Echo Attenuation

To describe the mechanism of signal attenuation in PFG NMR diffusion
experiments, we need to start from the complex transverse magnetization
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Mxy = Mx + iMy. Combining the Bloch equations with Fick’s second law
gives[4, 9, 10]:

∂Mxy

∂t
= −iωoMxy −

Mxy

T2

− iγGzMxy +D∇2Mxy (2.8)

From the mathematical point of view, the transverse magnetization can
be written as:

Mxy = ψ(z, t)exp(iωot−
t

T2

) (2.9)

to include the transverse relaxation term T2. Substituting eqn. (2.9) into
(2.8) we get

∂ψ(z, t)

∂t
= −iγGzψ(z, t) +D∇2ψ(z, t) (2.10)

Setting

ψ(z, t) = ψ(t)exp(−iγz
∫ t

0

Gdt′) (2.11)

and by substituting eqn (2.11)into (2.10), we get the solution to be:

ψ(t) = ψ(0)exp[−Dγ2

∫ t

0

(

∫ t

0

Gdt”)2dt′] (2.12)

The last equation can also be written as

ln[
S(t)

S(0)
] = −Dγ2

∫ t

0

(

∫ t

0

Gdt′′)2dt′ (2.13)

where S(t) and S(0) are the signal intensity at time t with and without
magnetic field gradients i.e. S(0) is the signal just after 900 RF pulse, or
echo signal amplitude in absence of gradient and is maximum in intensity
which is taken to be 1 in calculations.

For the pulse sequence shown in fig 2a, the echo amplitude can be written
as (ref eo stejkal):

S(t) = S(0)exp(
−4τ

T2

)exp[−Dγ2G2δ2(∆− δ

3
)] (2.14)

The correction term δ/3 is a result of the shape of the gradient pulses, where
δ is the duration of the gradient and ∆ is the time interval between the two
gradients, andD being the diffusion constant.

From eqn (2.14), taking S(0) = 1 and natural logaritm on both sides we
get:

ln[S(t)] = −Dγ2G2δ2(∆− δ

3
) (2.15)
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Here, we assume that T2 >>> τ . From this equation, we can plot the graph
of ln[S(t)] versus G2, whose slope is −Dγ2δ2(∆− δ

3
), by fitting a linear plot

to the data, we can calculate the value of D. The major advantages of an
echo sequence with pulsed gradients are[10]:

1. The gradient pulse areas can be controlled independently of the time
for the echo and

2. The signal can be read out in a homogenous magnetic field.
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Chapter 3

Experimental Section

3.1 Theoretical Background
(Most of the texts/words and mathematical equations in this section are in-
corporated from the work already done by Abhishek Shukla et al[11]).
The approach that we used in this experiment is inspired by quantum in-
formation theory[12] and the use of multiple quantum[13] to speed up the
measurement of diffusion constant through entangled spins in a star topol-
ogy which is trimethylphosphite, since it has one central phosphorus and
nine chemical and magnetically equivalent peripheral hydrogens.The circuit
for generating entangled states and studying their diffusion is given below[11]:

Figure 3.1: Circuit for generating and studying entangled states and their
diffusion. INEPT(pulse diagram is given in fig A.1 is the technique used to
transfer the spin polarization from hydrogens to phosphorus to increase the

sensitivity of the central phosphorus spin. The capital "H" inside the
rectangular box is the Hadamard operator, perpendicularly crossed circle is
the control Not(C-NOT) gate G1 is the field gradient for studying diffusion,
G2 and G3 are the selective gradients, their purpose is to select a particular

coherence.
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The pulse sequence for the circuit(fig 3.1) for studying diffusion is given
under[11]:

Figure 3.2: Pulse sequence for the circuit given in 3.1, A is the Phosphorus,
M represents the 9 peripheral hydrogens, ∆ is called the diffusion time, the
C-NOT gate is implemented using 900

x pulse followed 900
y pulse with 1

2J

time interval in between. In this experiment instead of actual Hadamard
operator, psedo Hadamard operator is used which is 900

y[12] pulse. The
INEPT is implemented using 900

y pulse followed by 900
−x with 1

2J
time

interval in between. The pseudo Hadamard gate (900
y pulse) is included in

the INEPT sequence

Figure 3.3: Structure of Tri-MethylPhosphite

Assuming all the spins in the star topology molecule are in the spin up(|0〉)
state, denoted by |0P0....000H〉, where |0P 〉 indicates the state of phosphorus
and |00..000H〉 indicates the peripheral hydrogens. After INEPT is done,
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the psedo Hadamard operator, which is 900
y pulse is applied to the central

phosphorus spin. This will create a superposition state in the phosphorus
spin, taking |0P 〉 to 1√

2
(|0P 〉+ |1P 〉). The transformation can be given as:

|0P0....000H〉
900y−→ 1√

2
(|0P 〉+ |1P 〉) |00..000H〉 =

1√
2

(|0P00...000H〉

+ |1P00...000H〉 (3.1)

After the pseudo Hadamard, C-NOT gate/operator, which is 90Hx − 1
2J
−

90Hy is applied to the peripheral hydrogens(called target qubit), using the
phosphorus state as the control. This C-NOT gate will flip the target qubit
from |0〉 to |1〉 and |1〉 to |0〉 , if the control qubit is |1〉, but if the control
qubit is in state |0〉, the C-NOT gate will not have any effect on the target
qubits.

1√
2

(|0P00...000H〉+ |1P00...000H〉)
C−NOT−→ 1√

2
(|0P00...000H〉

+ |1P11...111H〉) (3.2)

This particular entangled state is called N00N state, which is maximally
entangled state in MSSM. Since the system is in thermal equilibrium, all the
spins are not in the |0〉 state, other MSSM states are also generated by the
pseudo Hadamard[12] and the C-NOT gates. To select out a particular state,
or simply particualr coherence, two selective gradients G2 and G3 = −gG2

are applied, with g = γeff/γP , where

γeff = γP + (N − 1)γH (3.3)

is the effective gyromagnetic ratio of particular MSSM state, N is the num-
ber of spins in the MSSM state, γP and γH are the gyromagnetic ratios of
Phosphorus and proton. For uncoupled spins, N = 1 and γeff reduces to γP .
The larger the value of g, the more sensitive is the MSSM state and allows
the study of diffusion with weaker PFGs and smaller durations (∆) between
the two gradients i.e the two G1s.

3.1.1 Measurement of Diffusion Constant

As already mentioned in section 2.2.2, the Hahn echo signal is attenuated due
to molecular diffusion and the relation between the signal intensity and the
gradient strength is given in eqn(2.15). Taking the particular MSSM state,
which is the N00N state. During the G1 − π −G1 pulse sequence, the state
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undergoing diffusion of a distance dz acquires a net realtive phase dφ[11]:

1√
2

(|0P00...000H〉+ |1P11...111H〉)
G1−π−G1−→ 1√

2
(|0P00...000H〉

+eidφ |1P11...111H〉) (3.4)

which can be given as:

dφ = γeffdzG1δ (δ = duration of the field gradient) (3.5)

Since the MSSM state which we consider is a multiple quantum coherence,
we need to convert it back to single quantum coherence for detection. This
is done by the second C-NOT gate:

1√
2

(|0P00...000H〉+ eidφ |1P11...111H〉)
C−NOT−→ 1√

2
(|0P 〉+ eidφ |1P 〉)

|00...000H〉 (3.6)

In an ensemble of nuclei, the net relative phase acquired results in the signal
attenuation. The diffusion constant can be determined using the equation
given in eqn(2.15). From this, the diffusion constant can be given as:

D = − slope

γ2
effδ

2(∆− δ
3
)

(3.7)

Here, slope is the slope of the graph plot between ln[S(t)] versus G2
1.

3.1.2 Experimental part for Diffusion

The system under observation is 10µL of Trimethyl-phosphite in 600µL of
liquid crystal EBBA. The diffusion experiment is carried out in 500 MHz
Bruker NMR Spectrometer. In this molecule, the nine chemically equiva-
lent 1H spins are equally coupled with the central 31P . Accordingly, the
phosphorus spectrum splits into 10 lines as shown in fig 3.4:
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Figure 3.4: Spectrum of 31P in Tri-methylphosphite, the left most signal is
of N00N state, since it decays extremely fast, we cannot study the diffusion

parameters

The initial INEPT is to enhance the signal from 31P polarization as shown
in fig 3.5.

Figure 3.5: Signal of 31P with INEPT(upper peak) and without INEPT

First, the diffusion is carried out using the pulse sequence given in fig 2.3
by monitoring only the central 31P , and after that the diffusion of MSSM
states are studied using the pulse sequence given in fig 3.2, the selective
gradients G2 and G3 are adjusted using the relation G3 = −gG2(g = γeff/γ
for selecting the desired MSSM state. The value of g for 2,4,6 and quantum
coherences are given:
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No. of coherence 2 4 6 8
g 3.47 8.41 13.35 18.29

Table 3.1: Ratio of selective gradients(G2

G1
) w.r.t no. of coherences

Single quantum coherence does not require selective gradient since it is
done using standard method given in fig 2.3 which is not suitable for entan-
gled states.

3.2 Generating different N00N state in 22 spin
system

N00N state is a quantum mechanical many-body entangled state. For an N
number of spin 1

2
system, it is a superposition of N-spins being all down and

all up. It can be represented as:

|ΨN00N〉 =
1√
2

(|N↑, 0↓〉+ |0↑, N↓〉) (3.8)

The first term in the right hand side indicates N spins up, no spin down. The
second one indicates no spin up, N spins down. Such a spin N00N state will
acquire a phase factor eiNδt[14] (δ is the offset frequency in rotating frame),
thus showing an N−fold increase in the phase acquired and hence a greater
sensitivity to the applied field gradient. The N00N state concept has also
been applied to create magnetic field sensors by Jones et al[14].

Figure 3.6: Circuit for N00N state in Tri-isopropyl-phosphite. G1 and G2

are the selective gradients
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Figure 3.7: Triisopropyl Phosphite, molecule used for generating N00N
states.

3.2.1 Experimental Part for N00N states

The molecule that is used to generate the N00N state in this experiment is
tri-isopropylphosphite dissolved in DMSO solvent. It has one central 31P , 3
α- hydrogens and 18 methyl-hydrogens. This exeriment had been done in
a 600MHz Bruker NMR Spectromter. The N00N states are generated for
4(31P + 3 α − H), 5(31P + 3 α − H + 1 Methyl − H).... upto 22(31P +
3α − H + 18 Methyl − H) spin system. First, we demonstrate how spin
polarization transfer from α − H to 31P using INEPT enhances the signal
from 31P . Since the α − H and the Methyl Hydrogens are homonuclear
species, while applying the Hadamard and C-NOT operators, a special type
of RF pulses called "selective pulses" are used so that the operators can be
applied specifically. Otherwise, if normal RF pulses are applied, it will excite
both the Hydrogen species simultaneously which we want to avoid.

The ratio of the strength of the two selective gradients(G2

G1
) are calculated

using the formula:
G2

G1

=
γP + (N − 1)γH

γP
(3.9)

The numerator and the denominator can be multiplied with the stregth of the
external field(Bo) which is homogenous in time and space across the sample,
since γBo gives the larmor frequency ωo, the equation becomes:

g =
G2

G1

=
ωPo + (N − 1)ωHo

ωPo
(3.10)

The spectrometer that was used in this experiment has a field of around
14.1 Tesla, under this, the larmor frequency of 1H(ωHo ) is 600.3 MHz and
that of 31P (ωPo ) is 243.01 MHz(units are given in terms of Hertz and not in
radian s−1). The numerical value of g calculated for different N00N states
are given in tabular form :
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No. of
N00N(N)

4 5 6 7 8 9 10 11

g 8.41 10.88 13.35 15.82 18.29 20.76 23.23 25.7

No. of N00N(N) 12 13 14 15 16 17 18
g 28.17 30.64 33.11 35.58 38.05 40.52 42.99

No. of N00N(N) 19 20 21 22
g 45.46 47.94 50.41 52.88

Table 3.2: Ratio of selective gradients (G2

G1
) w.r.t no. of N00N

Due to instrumental limitations, the value of the strength of the selective
gradients should be adjusted based on their respective value of g such that
either of the gradient strength should not exceed 100.

3.2.2 Coherence selection by field gradients

To select a particular quantum coherence N , we deployed two selective gra-
dients. The phase acquired is proportional to the number of quantum and
the gradient as given

φ1 = γeffG1zτ (3.11)

N is contained in γeff (eqn3.3), G1 is the first selective gradient.
The C-NOT operator between the two gradients convert the multiple

quantum to single quantum coherence. In our experiment, the single quan-
tum is on the 31P . The second gradient G2 contributes to an extra phase on
the 31P given by:

φ2 = γPG2zτ (3.12)

To select a particular coherence N , we need to set φ1 = φ2, such that

γeff
γP

=
G2

G1

(3.13)

this cancels the phase acquired due to the first gradient and refocus the
magnetization of the desired coherence.
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Chapter 4

Results

Results of signal attenuation due to diffusion, calculation of diffusion constant
from the experimental data and N00N state signals are given in this chapter.

4.1 Data of diffusion experiment
The diffusion of the molecules is monitored by the G1 gradient, the selective
gradients, G2 and G3 are adjusted in such a way that only 1,2,4,6 and 8
quantum coherences are selected. Data acquisition is done only when the
multiple quantum coherence is converted back into single quantum coherence
on the central 31P by the final C-NOT gate.
Graphs of different quantum coherences, plot of ln[S(t)] versus G2

1 are given:
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Figure 4.1: 1 quantum coherence, ∆ = 801ms
δ = 1.5ms, slope = −1.645

20



Figure 4.2: 2 quantum coherence, ∆ = 161ms
δ = 1.5ms, slope = −1.095
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Figure 4.3: 4 quantum coherence, ∆ = 101ms
δ = 1.5ms, slope = −4.412
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Figure 4.4: 6 quantum coherence, ∆ = 61ms
δ = 1.5ms, slope = −7.174
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Figure 4.5: 8 quantum coherence, ∆ = 11ms
δ = 1.5ms, slope = −5.985

4.1.1 Calculations of Diffusion constant for different quan-
tum coherences

This is done using eqn(3.3)(for calculating γeff and eqn(3.7)(for finding D).
For different quantum coherences, the calculation is given in the form of
table(γP = 1.08× 108 rad s−1T−1, γH = 2.67× 108 rad s−1T−1):
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No. of quantum
coherence(N)

slope ∆(ms) δ(ms) γeff (rad s
−1T−1) D(m2s−1)

1 -1.645 fig(4.1) 801 1.5 1.08× 108 0.7× 10−10

2 -1.095 fig(4.2) 161 1.5 3.75× 108 0.2× 10−10

4 -4.412 fig(4.3) 101 1.5 9.09× 108 0.2× 10−10

6 -7.174 fig(4.4) 61 1.5 14.43× 108 0.2× 10−10

8 -5.985 fig(4.5) 11 1.5 19.77× 108 0.6× 10−10

Table 4.1: Table of diffusion data

The single quantum coherence is done using the pulse sequence given in
figure 2.3, which is also called the standard method. Since the solvent is liquid
crystal, the 10 quantum coherence or the 10 N00N state is not selectible as
the signal decays extremely fast.

4.2 Pulse sequence and Signal Spectrum of N00N
states

Following figure shows the 31P spectrum and how INEPT enhances the signal:

Figure 4.6: Phosphorus signal(upper), signal enhancement by
INEPT(lower). The inverted peaks are due to the anti-phase term

generated by INEPT pulses.

The RF pulse sequence and the signal spectrum of different N00N states
are given:
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Figure 4.7: RF pulse sequence for generating NOON state, J denotes the J
coupling frequency. The pseudo Hadamard operator (900

y pulse) is included
in the INEPT

Figure 4.8: Different N00N states
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Chapter 5

Discussion

Following are the discussions and conclusions made from the experiments.

5.1 Comparison between single quantum diffu-
sion and multiple quantum diffusion

Single quantum uses the method given in fig 2.3, while the multiple quantum
uses the method given in fig 3.1. If we carefully compare the two methods
from the respective data, the multiple quantum method requires much lesser
time compared to the single quantum method. This serves as a great advan-
tage over the single quantum method, when dealing with molecules which
have extremely short relaxation time because we can probe the decay of the
signal in much shorter time. Also, the multiple quantum method is extremely
useful for studying slow diffusion since it requires much lesser time.

5.2 N00N states
We have shown how INEPT technique enhances the NMR signal by transfer-
ring the spin polarization from more sensitive nucleus to lesser sensitive nu-
cleus(fig 4.6(lower)). In generating different N00N states, since the molecule
that was used has two types of hydrogen species(α−H and Methyl-H), both
of which are homogenous nuclei, we cannot use the normal RF pulse, spe-
cially for C-NOT to selectively excite the two hydrogen species. For that, we
deployed a particular type of selective RF pulse called "bang-bang pulses",
which is far more efficient than its counterpart "GRAPE pulses" . Using
this "bang-bang pulses", we generated a 22 spin N00N system sucessfully(fig
4.8(bottom right)).
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Appendix A

Long proofs

A.1 Proof of Hahn Echo described in Sec 2.1.2
using product operator formalism

For a spin 1
2
system, the product operator formalism requires the involvement

of density matrix. In thermal equilibrium at temperature T in the presence
of external magnetic filed Bo, the population of Zeeman states obey the
Boltzmann distribution[15]:

ρeq =
exp(−~ωr/kBT )

Σsexp(−~ωskBT )
(A.1)

where kB = 1.38066× 10−23JK−1 is the Boltzmann constant.
The Boltzmann distribution causes the lower energy eigenstates to be more
populated than the higher energy eigenstates and the energy difference be-
tween the Zeeman states is about four orders of magnitude smaller than the
available thermal energy. Since the thermal equilibrium population differ-
ence between the states is very small, it is possible to simplify eqn(A.1) by
using some approximations.

By defining the Boltzmann factor Ω = ~γBo
kBT

, the exponential factors in
eqn A.1 can be written as follows:

exp(−~ωα/kBT ) = exp(
Ω

2
) (A.2)

exp(−~ωβ/kBT ) = exp(−Ω

2
) (A.3)

where α corresponds to spin up |0〉 state and β corresponds to spin down |1〉,
~ωα = −~γBo, ~ωβ = ~γBo. Since the factor Ω is a very small number. It
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is possible to expand the above exponentials as a power series and take only
the first two term terms:

exp(−~ωα/kBT ) = 1 +
Ω

2
(A.4)

exp(−~ωβ/kBT ) = 1− Ω

2
(A.5)

The denominator of eqn(A.1) can also be written as:

exp(−~ωα/kBT ) + exp(−~ωβ/kBT ) = 2 (A.6)

Therefore, the thermal equilibrium populations of the two states are:

ρeq|0〉 =
1

2
(1 +

Ω

2
) =

1

2
+
B

4
(A.7)

ρeq|1〉 =
1

2
(1 +

Ω

2
) =

1

2
(1− B

4
) (A.8)

The above approximation is called the high-temperature approximation. For
positive γ, the low-energy state |0〉 is more populated slightly than the high-
energy state |1〉. Physically, this means that in thermal equilibrium, there is
a net polarization of the magnetic moment vectors along the direction of the
external magnetic field. Therefore, the thermal equilibrium density matrix
for isolated spin 1

2
is given by:

ρeq =

[
1
2

+ Ω
4

0
0 1

2
− Ω

4

]
(A.9)

In terms of angular momentum operators, this corresponds to:

ρ̂eq =
1

2
|̂|+ Ω

2
Îz (A.10)

where |̂| is the identity matrix and Îz is the z - component of the total spin
angular momentum and is represented by Îz = ~

2
σz, σz is the Pauli z operator.

The hat (ˆ ) indicates they are operators.This thermal equilibrium density
operator forms the starting point for subsequent calculations.

The function of RF pulses is to rotate the equilibrium magnetization
which is represented by eqn(A.10). For the calculations, we can omit the
first part of eqn(A.10) since it is identity and any operator acting on it has
no effect, the rotation dynamics happens on the second part. At time t = 0,
i.e before no RF pulse is applied, density operator is given by ρ(0) eqn(A.10).
When an on resonance RF pulse is applied, it rotates the density operator
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to some angle β, in terms of mathematical equation, this rotation can be
represented as:

ρ(t) = exp(−iβÎk)ρ(0)exp(iβÎk) (A.11)
Here, Îk represents the direction of the RF pulse (k can be x, y and z) and
β is the flip angle, i.e the amount in which the density operator is rotated.In
terms of angular momentum eqn(A.11) can be represented as:

Îz(t) = exp(−iβÎk)Îz(0)exp(iβÎk) = cos(β)Îz + sin(β)(new operator)
(A.12)

The above equation is true only when the phase of the RF pulse applied is
different from the operator in the LHS and the new operator comes from the
cross product of Îx, Îy and Îz. For more convenience, in product operator
formalism, eqn(A.12) can be written as[16]:

Îz
βÎk−→ cos(β)Îz + sin(β)(new operator) (A.13)

The arrow along with βÎk is called propagator and is equivalent to the middle
term in eqn(A.12).

Now, coming to the Hahn Echo, the pulse sequence is already given in fig.
2.1. Starting from equilibrium, a π

2
x- pulse is applied to Îz. Using product

operator method, this can be written as:

Îz
π
2
Îx−→ cos(

π

2
)Îz + sin(

π

2
)(−Îy) = −Îy (A.14)

This implies a π
2
x pulse rotates Îz to -Îy, since vector cross product of x

and z gives -y. Now, during the free evolution of time duration τ , -Îy evolves
under the chemical shift Hamiltonian H = ωÎz as:

− Îy
ωÎzτ−→ −cos(ωτ)Îy + sin(ωτ)Îx (A.15)

The above equation tells that the magnetization vector precess in the trans-
verse plane with a chemical shift frequency ω. Next, a π x pulse is applied,
only the first term is affected since x− pulse on Îx has no effect, it will remain
as it is. So the effect of π x pulse on −cos(ωτ)Îy is cos(ωτ)Îy(the sin(π) term
vanishes) and the net effect is given as:

− cos(ωτ)Îy + sin(ωτ)Îx
πÎx−→ cos(ωτ)Îy + sin(ωτ)Îx (A.16)

After the next free evolution of duration τ , the magnetization vector refocus
to Îy and Hahn Echo is achieved:

cos(ωτ)Îy + sin(ωτ)Îx
ωÎzτ−→ cos2(ωτ)Îy − cos(ωτ)sin(ωτ)Îx

+sin(ωτ)cos(ωτ)Îx + sin2(ωτ)Îy (A.17)
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The two middle terms of the last equation cancels each other and the re-
maining terms become cos2(ωτ)Îy + sin2(ωτ)Îy = Îy, thus Hahn Echo is
achieved.

A.2 Effect of Pulse Field Gradient on Hahn
Echo in presence of diffusion

In this section, the effect of Pulse Field Gradient(PFG) on Hahn Echo in
the presence of spin diffusion is studied using product operator method. The
pulse sequence for PFG is given in fig 2.3. A time delay of equal duration τ is
set between each and every pulse. Starting from the equilibrium, a π

2
x-pulse

is applied which rorates Îz to −Îy eqn(A.14). Durin the first free evolution,
-Îy evolves under free Hamiltonian H = ωÎzτ as:

− Îy
ωÎzτ−→ −cos(ωτ)Îy + sin(ωτ)Îx (A.18)

Then the first gradient which has Hamiltonian of the form H = −γgzÎz[8]
of duration δ is applied. Here γgz is the angular frequency of precession
due to the gradient(let us denote by ν, and g is the gradient strength), since
gradient is along the z direction and gz is the field experienced due to the
gradient by the spin at a distance z from some reference point in the sample:

cos(ωτ)Îy + sin(ωτ)Îx
νÎzδ−→ sin(ωτ + νδ)Îx − cos(ωτ + νδ)Îy (A.19)

where νδ is the extra phase acquired due to the field gradient.Before the
application of π x pulse, the magnetization undergoes second free evolution
of duration τ :

sin(ωτ + νδ)Îx − cos(ωτ + νδ)Îy
ωÎzτ−→ sin(2ωτ + νδ)Îx

−cos(2ωτ + νδ)Îy (A.20)

On the application of π x pulse, the sine term with Îx remains intact and
only the cosine term is affected:

sin(2ωτ + νδ)Îx − cos(2ωτ + νδ)Îy
πÎz−→ sin(2ωτ + νδ)Îx

+cos(2ωτ + νδ)Îy (A.21)

During the third free evolution:

sin(2ωτ + νδ)Îx + cos(2ωτ + νδ)Îy
ωÎzτ−→ sin(2ωτ + νδ − ωτ)Îx

+cos(2ωτ + νδ − ωτ) (A.22)
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The right hand side can be written as:

sin(2ωτ + νδ − ωτ)Îx + cos(2ωτ + νδ − ωτ) = sin(ωτ + νδ)Îx

+cos(ωτ + νδ)Îy (A.23)

Now, during the free evolution time, if the spin undergoes longitudinal dif-
fusion of distance dz, on the application of second gradient, the extra phase
acquired due to the first field gradient is not cancelled by the second gradient:

sin(ωτ + νδ)Îx + cos(ωτ + νδ)Îy
ν′Îzδ−→ sin(ωτ + νδ − ν ′δ)Îx

+cos(ωτ + νδ − ν ′δ)Îy (A.24)

Here, ν ′δ is the phase acquired due to the second field gradient. After the
free evolution of duration τ , the magnetization evolves as:

sin(ωτ + νδ − ν ′δ)Îx + cos(ωτ + νδ − ν ′δ)Îy
ωÎzτ−→ sin(ωτ + νδ − ν ′δ)cos(ωτ)Îx

−cos(ωτ + νδ − ν ′δ)sin(ωτ)Îx

+sin(ωτ + νδ − ν ′δ)sin(ωτ)Îy

+cos(ωτ + νδ − ν ′δ)cos(ωτ)Îy

(A.25)

Now, using trigonometric relations the RHS becomes :

sin(ωτ + νδ − ν ′δ − ωτ)Îx + cos(ωτ + νδ − ν ′δ − ωτ)Îy (A.26)

The above equation can be further simplified, since the phase term due to
chemical shift Hamiltonian cancels each other:

sin(νδ − ν ′δ)Îx + cos(νδ − ν ′δ)Îy (A.27)

As we can see, the π pulse cancels the evolution due to chemical shift Hamil-
tonian, if the spins retain their position(no diffusion) throughout the pulse
sequence, the phase contribution due to the first and second gradient can-
cels each other, since both gradients contributes equal phase(νδ = ν ′δ). The
sine term vanishes and the cosine term remains, thus in absence of diffusion,
complete Hahn Echo is achieved. However, due to spin diffusion, the phase
contribution due to the two gradients do not cancel each other and com-
plete Hahn Echo cannot be achieved and as a result, the Hahn Echo signal
intensity is reduced.
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A.3 Insensitive Nuclei Enhanced by Polariza-
tion Transfer(INEPT)

Insensitive Nuclei Enhanced by Polarization Transfer(INEPT) is a signal en-
hancement method used in NMR which involves the transfer of nuclear spin
polarization from spins with large gyromagnetic ratios(γ) to spins lower gyro-
magnetic ratios. The INEPT pulse sequence was proposed by Ray Freeman
and Gareth A. Morris in 1979[17]. It uses J-coupling for the polarization
transfer. This method is applied in generating the N00N state.

A.3.1 Background

The NMR signal depends heaviliy on γ, nucleus with higher γ are easier or
more sensitive for detection compared to nucleus with lower γ. The signal in-
tensity from the nucleus of gyromagnetic ratio γ is proportional to γ3[18] be-
cause the magnetic moment, Larmor frequency and Boltzmann populations
depend on γ. For example, the gyromagnetic ratio of 1H (γ

H
) is four times

that of 13C(γ
C
), this means 1H is 64 times more sensitive than 13C. There-

fore, sensitivity enhancement technique is essential when acquiring NMR
signal from insensitive nucleus.

A.3.2 INEPT technique

The pulse sequence for INEPT is given as:

Figure A.1: INEPT Pulse Sequence. I and S denote the nucleus.
source:http://en.wikipedia.org/wiki/Insensitive_nuclei_enhanced_by_

polarization_transfer#/media/File:INEPT_Pulse_Sequence.png
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Using product operator method and starting from equilibrium on the I
spin i.e Îz, after the π

2
pulse, Îz evolved to -Îy. When the pulse is switch off,

the spins precess under the J-coupling Hamiltonian H = 2πJÎzŜz :

− Îy
2πJÎzŜzτ−→ −cos(πJτ)Îy + sin(πJτ)2ÎxŜz (A.28)

After this, π x-pulse is applied on both spins simultaneously:

−cos(πJτ)Îy + sin(πJτ)2ÎxŜz
πÎx+Ŝx−→ cos(πJτ)Îy − sin(πJτ)2ÎxŜz (A.29)

During the second J-coupling evolution, the spins evolve as:

cos(πJτ)Îy − sin(πJτ)2ÎxŜz
2πJÎzŜzτ−→ [cos2(πJτ)− sin2(πJτ)]Îy

−2sin(πJτ)cos(πJτ)2ÎxŜz (A.30)

Finally, a π
2
y-pulse is applied on I spin and π

2
x-pulse on S spin to transfer

the spin polarization from I to S:

[cos2(πJτ)− sin2(πJτ)]Îy − 2sin(πJτ)cos(πJτ)2ÎxŜz
π
2
Îy+π

2
Ŝx−→ [cos2(πJτ)

−sin2(πJτ)]Îy − 2sin(πJτ)cos(πJτ)2ÎzŜy (A.31)

As we can see, the spin polarization of Îx from the anti-phase term 2ÎxŜz
in eqn(A.30) is transferred to the S spin giving rise to the anti-phase term
2ÎzŜy in eqn(A.31). But in actual experiments, the two middle π pulses in
the pulse sequence are not deployed, since we are on resonant with both the
spins, only 900

x and 900
y pulses are deployed.

A.4 List of figures and tables
1. Hahn Echo : figures 2.1 and 2.2

2. Standard Pulse sequence and pictorial illustration of Hahn Echo : figure
2.3 and 2.4

3. Circuit for generating multiple quantum coherence(for diffusion) : fig-
ure 3.1, Pulse sequence : figure 3.2 and N00N state : figure 3.6, Pulse
sequence : figure 4.7

4. INEPT pulse sequence : figure A.1

5. Structures of trimethylphosphite : figure 3.3 and triisopropylphosphite
: figure 3.7
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6. Graph plots for diffusion data : figure 4.1 to figure 4.5

7. Signals of Phosphorus in trimethylphosphite : figure 3.4 and figure 3.5
and triisopropylphosphite : figure 4.6

8. Signals of different N00N state in triisopropylphosphite : figure 4.8

9. Tables : 3.1 and 3.2(Value of coherence selection gradients), diffusion
data 4.1
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