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Abstract

For the similitude symplectic group GSp, over a totally real number field F', we establish
the meromorphic continuation of the standard L-function and the spin L-function which are
Langlands L-functions associated to the automorphic representation of PGSp(Ar). In the
second part of this thesis we compute the dimesion of the spaces of automorphic forms for
rank 3 unitary groups where the entries of the group are from a definite quaternion algebra

B over Q. This group is an inner form of GSpg over Q.
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Notation

!

. afield (char #2)

: algebraic closure of F

. integers

: the field of rational numbers

. the real field

ﬁ%@&ﬁl

: the complex field
p . p-adic fields
® : tensor product

@ : direct sum

2: isomorphism

Z:=1imZ/nZ, finite adeles of Z
Q:= é@z 7., finite adeles of Q
A:=Rx @, the ring of adeles of Q
g' : transpose of a matrix g

[J: end of a proof
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Chapter 1

Introduction

This thesis deals with two questions on which I was working during my Ph.D. Both of these
two questions are related to Siegel modular forms of genus 3.

The idea of the first question came after reading the paper by Asgari—Schmidt [ASO1].
In their paper, they start with a Siegel modular Hecke eigen form f of degree n for the full
modular group Sp,,(Z) with trivial nebentypus character. Then using the strong approx-
imation property for Sp,,, they associate to f a function ® on PGSp,,(A) which may
be thought of as the adélic version of f. Moreover, they construct an automorphic repre-
sentation 7(f) of PGSp,,(A) via ®;. Using classical Hecke operators acting on f they
considered the associated standard L-function and spin L-function of degree (2n+ 1) and
2" respectively. Then they deal with n = 3 situation. The Langlands dual of PGSpgq is Spin,.
Let p; : Spin, 54, SO7(C) be the standard representation and p; : Spin, i SOg(C) be
the spin representation. Let L(s,w(f),p1) and L(s,7(f),p2) (IASOI, Section 4.6]) be two
Langlands L-functions associated with them. These Langlands L-functions are related to
classical standard L-function and spin L-function with a shifting in s € C. The main goal of
their paper [ASO1] is to prove the meromorphic continuation of L-functions L(s,(f),p1)
and L(s,(f),p2) to all of C via Langlands theory of Euler products [ASO1, Theorem 4].

The goal of the first question is to generalise their result in the case of Siegel-Hilbert
modular forms, i.e., replace the base field Q by a totally real number field. Let F be a to-
tally real number field of degree d over Q. Let G = Resp /Q(GSp6) be the Weil restriction
of scalars from F to Q of the algebraic group GSpg. Then G(A) = GSpg(Ar). We recall

the necessary theory of scalar valued Siegel-Hilbert modular forms of genus 3 and weight

1



k = (ki,ka,...,kq) where k;’s are nonnegative integers. These forms are functions on %@d
satisfying the usual transformation property with respect to congruence subgroups. Here
%@d is the d-copies of Siegel upper half-space. Let us start with a tuple f = (f1, f2,- .-, f)
of Siegel-Hilbert modular forms with trivial characters, then utilizing the strong approxi-
mation theorem for Spg, an adélic Siegel-Hilbert automorphic form @ : G(A) — C may
be realised as this tuple. Here h denotes the narrow class number of . By Borel and
Jacquet [BI79], we associate an automorphic representation 7(f) of G(A) with ®y. Since
7(f) has a trivial central character so we consider 7(f) as an automorphic representation

of G(A) = Resr /(PGSpg)(A). Here the L-group of G is
LG = (Spiny)? x Gal(F'/Q),

where F’ is a finite Galois extension of Q such that F’ contains F. Let S denote the set
of places of Q which include Archimedean place oo, the ramified primes p and those finite
places p where 7(f), is not spherical.

Now corresponding to the representations p; and p», let us define another two repre-
sentations,

¢1 : (Spin,)? x Gal(F'/Q) — GL74(C)

and

¢ : (Spin; ) x Gal(F'/Q) — GLgy(C).

The representations ¢; and ¢, are constructed out of p; and p;. So, in our setting, they are
the analogues of standard representation and spin representation. Now the local compo-
nents of 7(f) which are spherical representations of local groups G(Q,) can be attached
to a unique semisimple conjugacy class denoted by (tg,Frp) in the local L-group of G.
Then corresponding to these two representations ¢y, ¢» we have two Langlands L-functions

associated to the automorphic representation 7(f) = ®/,7,(f) of G(Ag).

One is the standard L-function

L(s,m(f),81) = [T Lp(s.w(f)p. 91,)

pES



for s € C, where the local Euler factors attached to 7(f), and ¢ p are defined as

0 —1
Lp(s.7(f)ps 91,) = det (1= 1, (19, Frp)p™)

and another one is the spin L-function,

L(s,7(f), 92) := [ [ Lp(s. (), 92,)

p¢S

for s € C, where the local Euler factors attached to 7(f), and ¢» p are defined as

0 -1
LP<S7E(I)p7¢2p) 1= det <I_¢2p(tp7Fr[7)pis) :

Our main aim is to prove the meromorphic continuation of L (s, 7r( f),01) and L5(s,m( 1), 02)
to all of C using Langlands theory. Our Theorem is a straightforward generalisation
of [ASO1, Theorem 4] by Asgari-Schmidt.

In this context, we mention that one of the results in Kret—Shin [[KS16]] is the meromor-
phic continuation of the spin L-function for GSp,, over totally real number field F under a

local hypothesis that at the Archimedean place there is a Steinberg component twisted by

a character.

The second question studied in this thesis is algorithmic and more computational in
nature. Here we compute the dimension of the spaces of automorphic forms for rank 3
unitary groups where the entries of the elements of the group are from a quaternion al-
gebra. The idea of this second problem came after reading various papers based on the
dimension calculation of the spaces of modular forms for different groups (for example
see [CDO09, Dem035, [Dem14, L.oe08]). For a reductive algebraic group G over (Q the space
of automorphic forms for G of a given level and weight is known to be finite dimensional.
However, for most of the groups how to calculate this dimension explicitly is less known.
For the case of classical modular forms, for GL; there are well-known algorithms based
on modular symbols (See [SteQ7]), but in general for other groups very little is known.

For computational convenience Gross in [Gro99] has developed a theory of modular forms



totally algebraically. His theory deals with a connected reductive group over Q where the
group satisfies the condition that all its arithmetic subgroups are finite. He defined the
space of algebraic modular forms for these groups. Theoretically, this space is computable.
Carrying out Gross’s theory, Loeffler [LoeO8]] has given an algorithm for computing the
full space of automorphic forms of full level for definite unitary groups over Q. He has ap-
plied this algorithm of a rank 3 definite unitary group and calculated dimension for various
small weights. Cunningham and Dembélé have their subsequent papers for the algorithmic
calculations in the case of GSp, under the assumption of conjectural Jacquet-Langlands
correspondence. We refer the readers to [CD09] where the authors have presented an al-
gorithm for the computation of the space of genus 2 Siegel-Hilbert cusp forms over a real
quadratic field of narrow class number 1 and then for compact inner forms of GSp, over
totally real number fields (cf. [Dem14]).

In the same spirit, we want to calculate the dimensions of the space of genus 3 Siegel
automorphic forms for various small weights for the group GSpg over Q. We can not
compute this space directly. To be able to apply Gross’s theory we take a definite quaternion
algebra B over Q which is ramified exactly at a prime p and oo and unramified at all other
places. Let G® over Q be the algebraic group whose Q-rational points are given by the
unitary similitude group GU3(B). The group G5 is an inner form of GSpy over Q such
that GB(R) is compact modulo center. We check that every arithmetic subgroup of G”
is finite. Now fixing an irreducible algebraic representation (p,V) of G(Q) and K :=
GP(7) = [1,<.. G®(Z,) maximal compact open subgroup of GB(Q) the space of algebraic

automorphic forms of weight V, genus 3 and level X is then defined by Gross as,

Mgs(V) = {f : G*(4)/(G®(R)+ x G*(2)) = V | f(¥e) = vf(g) for y € G*(Q)}.

By the conjectural Jacquet-Langlands correspondence for similitude symplectic groups,
computing the dimension of the space of Siegel automorphic forms amounts to computing
the dimension of the space of algebraic automorphic forms on B. Then under the assump-
tion of the existence of a Jacquet-Langlands correspondence between GZ and GSp,/Q, our

goal is to compute the dimension of the space of algebraic automorphic forms Mgz(V). In



Chapter [5] we give a Table of dimensions of the spaces of cuspidal algebraic automor-
phic forms of full level and for various small weights V. The weights V are parametrized
by non-negative integers a, b, c,d with no condition on b and with the condition that a + ¢
to be even. We fix d to be 0. The main idea of Chpater [3]is to give an algorithm to com-
pute the dimensions of the space Mgz(V) which takes values for a, b, ¢ as inputs and gives

dimensions as outputs.






Chapter 2

Theory of Siegel-Hilbert automorphic

forms

The purpose of this chapter is to include the preliminaries related to Siegel-Hilbert modular
forms and then describe the procedure of associating a Siegel-Hilbert automorphic form
with an automorphic representation of GSpg(F ), where F is a totally real number field. To

describe the matters in details, let us fix the following notations.

2.1 Notations
The similitude symplectic group of degree n is given by,

GSp,, ={8€GLy, | T u(g) € GL; gJg' = u(g)J/},

where

0
J= " , I 1s the n X n identity matrix.

-1, O

Let F denote a totally real number field of degree d over Q and Of be its ring of integers.
The set of real embeddings of F' is denoted by S.. = {01,02,...,0,}. This is the set of
all archimedean places of F. Let F' denote the set of all totally positive elements in
F. By totally positive we mean all those elements a in F such that, 0;(a) > 0 for all
i=1,2,...,d. Let Fo = [lyes. Fv = [1%, F5; = R?. Now FI' C F.. is such that, Fl =

{(x1,...,x4) € Fs | xj > 0Vj}. Let Ar denote the adele ring of F, A ¢ r denotes the finite

7



adeles of F. Let us call, G’ := GSpg. Let G = Resgq(GSpg) [ G:= Resy /(PGSpg) ]
which is the Weil restriction of scalars from F to Q of the F-algebraic group GSpg [of
the F-algebraic group PGSpg]. Then, G(Q) = GSpg(F) and more generally for any Q-
algebra A, G(A) = GSpg(A ®q F). Hence G(A) = GSpg(Ar). Let G(A ) denote the finite
part of G(A), where A = Ay x R. Let p denote a prime ideal of Of and OF, denotes
the completion of Of at p. Then Op, is the ring of integers of F,. For any prime p in
Q, G(Qp) = GSpe(Qp ®q F) = [1| GSps(Fy) where p[p denotes prime ideals p lying
over p. Let Go = G(R) and let G, denote the matrices in G(R) which have positive
similitudes at each place 6 € Sw. Let G(Q)4+ = G(Q) NGL. Let Ky be an open compact
subgroup of G(Ar). We choose Ky to be GSp6(6F) and we fix the choice. Let Ko =
[1GU3(R) denote the maximal compact subgroup of G(R); K.t = [TU3(R) will denote the
connected component of the identity element. Let Z and Z., denote the center of G and G..,

respectively.

2.2 Siegel-Hilbert automorphic forms

Siegel modular forms are certain holomorphic functions on the Siegel upper half space .77,

of genus n. The Siegel upper half space is by definition
M, :={Z=X+iY e M,(C) | Z=7ZY is positive definite}.

To know basic facts about classical Siegel modular forms, we refer the readers to see Klin-
gen [KIi90], Andrianov [And09], [And74]. We will first recall the definition of Siegel-
Hilbert modular forms which are generalisations of Siegel modular forms in some sense.
We are interested in genus-3 case only. We regard F as a subring of R? by means of em-
beddings a — (o1(a),...,04(a)) for ¢ in F. Via these 0;’s we have a map, GSpg(F) —
GSpg(R)¢ such that,

A B c1(A) o1(B) 02(A) 02(B) c4(A) o4(B)

cnl” 61(C) o1(D)] \o(C) (D)) \ouC) ocu(D)



The group GSpgr (R) acts on .73 via linear fractional transformations defined as following,
A B )
g= :Z+—g(Z):=(AZ+B)(CZ+D) .
Cc D

Remark 2.2.1.

(1) This is a bonafide group action, i.e., g182(Z) = g1(g2(Z)) for any g1,g> € GSp; (R)
and Z € J4.

(2) For any such symplectic map, Z — g(Z) let us define the function j by j(g,Z) :=

A B
det(CZ+ D), for g = € GSp, (R). The function j satisfies the cocycle re-

C D
lation: j(g182,Z) =j(g1,82(2)) j(g2,Z) for all g1,g, € GSpg(R),andZ € 4.

(3) GSpg (R)(il3) = A4, i.e., if we vary g € GSp (R) and apply it on il3 we will get

entire Siegel upper half space.

(4) Stabgy, (r)(il3) = Kwsp, = U(3), where U(3) is the maximal compact subgroup of
Sps(R).

(5) StabGSpg (R) (i) = Ko sp, - 27, Where Z* is the center of GSpg(R).

For Z = (Z,,2,,...,Z;) € %@d , where %@d is the d-fold product of Siegel upper half
space, there is a group action of GSp; (F) on .7 defined by

8(Z) = (01(8)(Z1), 02(8)(Z2), - - -, 0a(8)(Za)),

A B o
where g = € GSp; (F). Explicitly, we have,
C D

(Z1, 20y Z4) = ((Gl(A)Zl +61(B))(61(C)Z1 + 61 (D))",

(62(A)Z2+ 62(B))(02(C) 22 + 02(D)) 7,

- (04(A)Za + 64(B))(04(C)Za+ 6a(D)) ).
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This induces an action of GSp (F) on the space of functions {f : 77 — C}.
GSp{ (F) x {4 — C} — {4 — C}

(gvf) Hf|kg7

where k = (ky,...,k;) and ki, kz,... ks are non-negative integers. The function f.g is

defined by

fle&(Z) = flkg(Z21,2a,. .., Zy)

d
U )*25(01(g),20) M f(g(2)).

Definition 2.2.2. A Siegel-Hilbert modular form of weight k = (ky,...,k;) , genus 3, level
1 is an analytic function f : %”3‘1 — C such that f|yy = f forall y € GSpg(OF). ie. a

Siegel Hilbert modular form f of weight (ky, ... ,ky) is a complex valued function such that

(1) f is an analytic function on ,%”3”[ .

(2) f(V(Z) =TI, u(o1()3%(01(y),21) £(Z) for all y = é lli in GSp¢ (OF).

Remark 2.2.3. We remark that the exponent of u as showing up in the definition of Siegel—-
Hilbert modular form is chosen this way so that the center of G(A) = GSpg(AF) acts
trivially. Note that the center of GSpg consists of scalar matrices. The integers ky,k> ..., ky

have the same parity so that the space of Siegel-Hilbert modular forms is nonzero.

Using the strong approximation theorem of Sps (See Kneser[Kne66]) one may find

al; O
t; € G(A), where 1; is of the form #; = = with i(t;) = a; and a;’s are from ideles
0 &I

chosen as representatives of the narrow class group of F such that

Q)1,GSpe(OF)G2. (2.2.1)

|:w

=1
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Note that, since [,L(GSp6(6 F)) = 6; where Of = [1; OF, denotes the product of all com-
pletions of Of, & is just the narrow class number of F, where narrow class number is the
cardinality of the narrow class group F*\ A/ 6;Fj X of F.

Now set, I, = G(Q) + ﬂthfGitl_l. This I'; is an arithmetic subgroup of G(Q). Let us
denote by Zy = (ils,ils, ..., il3), the base point in . Note that, 5’ = G, /K. Z... Then
the map,

ViU f8eo = GoolZo)
for y € G(Q),us € Ky and g.. € G5, induces a decomposition,
h
G(Q\G(A) /KK Zow = | | T\ (2.2.2)
=1
We put My (I';) to be the space of Siegel Hilbert modular forms of weight k = (ky,...,kg)
with respect to I'; by which we mean a space of functions f that are holomorphic on %@d

and satisfy f|yy = f for all y € I'; (Definition [2.2.2)). Every f € My(I';) admits a Fourier

expansion, which by the Koecher principle takes the form,

f(Z) _ Z aQeZm'Tr(QZ) 7
{oru{o}

where Q runs over all half-integral symmetric totally positive matrices and Tr denotes the

trace of a matrix.

Definition 2.2.4. A Siegel-Hilbert modular form is called a cusp form if for all y € I}, the

constant term in the Fourier expansion of f|y vanishes.

We denote the space of Siegel Hilbert cusp forms by S;(I7).

Now choose a function, f; € Sx(I';) foreachl € {1,...,h} and put & := (f1, f2,..., fn)
Then using the decompositions (2.2.1) and (2.2.2)), let us define, @ : G(A) — C by

D (Ytiurge) = filkg(Zo)

for y € G(Q),us € Ky and g.. € Gf..
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Definition 2.2.5. A Siegel-Hilbert automorphic cusp form of weight k = (ky,...,k;) and
level 1 is a function ® : G(A) — C satisfying the following properties:

(1) ®(yg) = ®(g) forall y € G(Q).

(2) ®(zg) = D(g) for all z € Z(A).

(3) ®(gus) = D(g) for all us € K.

(4) ®(gue) =TI, j(ul,,il3)~M1®(g), where ue. € K and ul, := 6} (i), 0] € Seo.

(5) @ has vanishing constant terms, i.e., for each g € G(A), fN(Q)\N(A) ®(ng)dn =0, where

N is the unipotent radical of B, the standard Borel subgroup of G.

We denote the space of Siegel-Hilbert cuspidal automorphic forms by 8;(Ky).

2.3 Hecke algebras

Let ® be a cusp form of weight k = (ky,k»,...,k;) and of level 1. The space of cuspidal
automorphic forms, denoted by 8;(Kr) comes equipped with a Hecke-algebra action. First,
we will recall the definition of Hecke algebra and then the action of it on 8;(Ky). Now, let
Ar=G(Ay) ﬂM6(6F), let Ks\Ar/K denote the space of double cosets of Ky in As. Define
the Hecke algebra,

H(Ar,Ky) = Z[Kf\Ar /K]

to be the free abelian group with basis the set of double cosets of K¢ in Ay. For a dou-
ble coset, K;gKy € Kf\Ar/Ky, let [K;gKy] denote the corresponding basis element. The

algebra structure on ' (Ar,Ky) is given by customary convolution formula

[KrgaKs) * [KrgpKyrl =Y capylKrgyKyl,

where the coefficients ¢, are computed as follows:
The group Ky, = Ky NgaK fggl is compact and open, hence of finite index in K.

Hence there exists finite number of elements x1,x2, ..., X, of Ky such that Ky = I_IS.”le iKs,.
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Therefore KygKy = LixjgqKy. Define similarly K 15 and get yi,...,yn. Then cqpy is the
number of pairs (j,/) such that 8y Tx j8ayi18p € Ky (see Cartier [Car/9, p. 116] and Shimura
[Shi71]]). Now for each integral ideal m, let Ty, = Zg K 8K f], where the sum is taken over
all distinct double cosets with g € Ay such that (u(g))Or = m. Noting that summand
K¢gKy can be expressed as a disjoint union of left cosets, i.e., K;gK = Li;g;Ky, mentioned

earlier, we can define Hecke action on & as

(Plik,gk,)) (%) = Zl‘,cb(xgz)»

We can define the Hecke algebra, locally as following.

For each prime p of O, let @, be the uniformizer of O Fp- Let Gy, := GSpq (Fp) and Ky, :=
GSps(OF,). Let 7#,(Gy,Kp) be the unramified Hecke algebra consisting of compactly
supported functions which are bi-K,, invariant, i.e., T(kgk’) = T(g) for all g € G, and
k,k’" € K. The definition assures that T’ vanishes off a finite union of double cosets K,gKj,.
The multiplication in % (Gy, K}) is defined by the customary convolution formula,

T+ 1)@ = [ Tl )y

Gyp

for T1, T, € 7;(Gy,Ky;). The integral makes sense since as a function of y the integrand
is locally constant and compactly supported. In our case, we have four Hecke operators

corresponding to the double K, cosets of the 6 x 6 symplectic similitude matrices which

are,
Tpp = diag(1,1, 1, @,, @,, ®,)
Ty, = diag(@,,1,1,@, ', 1,1)
T, = diag(1,®,,1,1,@, ', 1)
Ty, = diag(1,1,@,,1,1,@, ).
Therefore,

H5(Gp, Kp) = ClTop, Tip, Taps T3 p)

Details are given in Asgari-Schmidt[ASOI, p. 177]. The Hecke algebra J%,(Gy,K,) is

generated by the operators Ty, 11 p, 12 p, T3 and
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H (A, Kf) @ C = ®p 5 (Gy, Kp) (cf.[BI79, p.194]) where p runs over all primes in Of.
There is a left action of 7%, (Gyp, K},) on ® € Si(Ky), which is given by
(T®)(x)= [ T(h)®(xh)dh,
Gp
where T € J%,(Gp,K;) and x € G(A)(= GSpg(Ar)). If T is a characteristic function of
KygKy then writing K, gK, as a disjoint union of left cosets, K gKy, = LI;g;K,, and noting that

® is right Ky-invariant, we get (T®)(x) = Y. ®(xg;). By Iwasawa decomposition of GSpg,
a0 0

l l )
we may assume that, g; = with A; = * aygﬂ 0 |, where d;;
O w;ilo IAI—I
* * (DSIB

are integers, djy does not depend on [/ since it equals the valuation of u(g). Here u is the

similitude factor (cf.[ASOL, p. 178]).

2.4 Restriction of scalars and L-group

In this section, we will recall the definition of Langlands L-group and some necessary
facts from Springer [Spr79] and Borel [Bor79, p. 34]. The notations and definitions are
borrowed from the above mentioned references. We have already fixed our group to be
G = Resy /@(GSp6) and G’ = GSpg, where F is a totally real number field. We denote the
Galois group of Q over F by I'r = Gal(Q/F) and I'g = Gal(Q/Q). Then I'r is an open
subgroup of finite index of I'gy.
Let Yo = I'r\I'g be the set of Q-monomorphisms F — Q. Then
Q@ =mdf(@@)= [] C@= [] «d@.
ocl'r\Ig a:F—Q

where IndES(G’(@)) ={f:Tog—=G Q)| f(gs)=¢ f(g),g €Tr,g €Tq}. For general
definition of induced groups please see Borel[Bor79, p. 33]. Since, G’ and G both are

connected, reductive groups, it is possible to associate the root datum,

w(G) = (X*(T"),¢",X(T"), "),
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with G'. Here T’ is a maximal torus of G’ defined over Q, X*(7’) denotes the group
of characters of T’ whereas X, (T’) is the 1-parameter subgroup of 7’, ¢,¢’V denote the
set of roots and co-roots with respect to T’ respectively. The choice of Borel subgroup
B’ O T' (defined over Q) gives a basis A’ of root datum, and so we can fix a based root data
Wo(G') = (X"*,A', X.,A") associated to G'. Then, the root data corresponding to the group
G is given by yo(G) = (X*, A, X,,A"), where

X = Ind 2 (X') and A = Uyery\p A - . 2.4.1)
For details, see Borel[Bor79, p. 35].

Remark 2.4.1. In our case, G’ is an F-group, hence it is quasi-split over F. G is quasi-split

over Q. Note that G is not split over Q. But G’ is split over Q.

Correspondingly, B = Resy /QB/ is a Borel subgroup of G and T = Resy /Q(T/ ) will
stand for torus in G. For any QQ-algebra A, we can talk about B(A),T(A) as we did for
G(A). The inverse system to the based root datum yy(G') is Wo(G')" = (X, A"V, X" A).
To the Q-group G’, we first associate the group “G™ over C such that y,(£:G™) = yo(G')V.
Let “770, LB be the maximal torus and Borel subgroup defined by yy(G')Y. We have a

canonical bijection,
Aut(yo(G)") = Aut(*G",*B° F T {xq } qenr)

and a homomorphism

Ug : Tr — Aut(yo(G)Y).

For details see [Bor79, Section 2.3]. Thus, we can define the Langlands dual group associ-
ated to G’ as “'G' =LG"" xT'r =LG" x I'r (Since G’ splits over F, we get direct product)

and associated to G as LG = LG I'p.

Remark 2.4.2. There are various variants of this notion, depending on the convenience of
contexts. For instance, if we take a finite Galois extension F’ of Q such that F’ D F, then

our group G splits over F’ (G splits over F, so does over F’ too). Now Gal(Q/F’) acts
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trivially on (G, T) (since torus T is now defined over F’). Hence, we can divide I'g, by

this closed normal subgroup Gal(Q/F’) and take the action of Gal(F’/Q) on G°.

By following the above remark, we can replace I'g in the definition of L-group of G and

can take the definition of L-group as
LG =LG" x Gal(F'/Q).

Now,

"G ="(Resy o(GSps)) = " (Resp o (GSpg))” » Gal(F'/Q).

Here

G =" (Resro(GSpg))° = I1 °(“GSpg)
ocGal(F' /F)\Gal(F'/Q)

= J] ©°GSpiny(C)
G:F—F/

Q embeddings

= GSpiny x --- x GSpin,
d many copies

(since |Gal(F'/F)\Gal(F'/Q)| = [F : Q] = d). Hence, “G = (GSpin, )¢ x Gal(F’/Q). Here
we have dropped C and simply written complex dual group GSpin,(C) of GSpg as GSpin,.

2.5 Parabolic subgroups of “G and Levi-decompositions

The notations and definitions in this section are borrowed from Borel [Bor79, p. 32]. We
know that there is a canonical bijection between the set of conjugacy classes of parabolic
Q-subgroups of G with respect to G(Q) and the subsets of A, A denoting the basis of root
data corresponding to G. Let J(P) be the subset of A assigned to the class of P, where P is
any parabolic Q- subgroup of G.

Parabolic subgroups in L-dual: A parabolic subgroup P of LG is the normaliser of a
parabolic subgroup P° in ZG° provided the normaliser meets every class of P modulo

LGY. We call P to be standard parabolic if P contains Borel subgroup “B. The standard
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parabolic subgroups are the subgroups “P x Gal(F'/Q), where LpPO runs through the stan-
dard parabolic subgroups of “G? such that J(:PY) C AV is stable under Gal(F’/Q). Note
that every parabolic subgroup of LG is a conjugate (under “G or £G®) to one and only
one standard parabolic subgroup. So it is enough to talk about only standard parabolic
subgroups (see [Bor79, p. 32, 33]).

Levi subgroups: Let P be a parabolic subgroup of ZG. The unipotent radical N of P is
normal in P. We call N to be the unipotent radical of P too in “G. Then P*/N = M? is Levi
in £G°. In fact, P = N x Np(M°), these normalizers Np(M®) are Levi-subgroups of P. Let
LP be the standard parabolic subgroup associated with parabolic subgroup P of G. Then
IM = EM° x Gal(F’/Q) is identified with a Levi subgroup of “P. Sometimes we replace
the term "Levi subgroups of parabolic subgroup P in G" with "Levi-subgroup in G" for the

sake of brevity.

2.6 Automorphic representations

We now associate a representation of G(A) = PGSpg(Ap) with Siegel-Hilbert automorphic
form & defined in Section Following Borel and Jacquet [BJ79], we say an irreducible
representation of G(A) is automorphic if it is isomorphic to an irreducible subquotient of
the representation of G(A) on its space of automorphic forms. Let ® be an automorphic
form on G(A) which lies in L?(Z(A)G(Q)\G(A)). Let Vg denote the subspace of this
Hilbert space L? spanned by all right translates of ®. Let 7 be an irreducible constituent of
this representation. Let V; be its representation space. Then 7 is an automorphic represen-
tation of G(A) = GSp(AF), which is trivial on Z(A). Hence we can consider 7 as an au-
tomorphic representation of PGSpg(Ar). Now using the decomposition theorem by Flath
(cf.[Ela79]), let us decompose T = Moo ® Tr, Where Moo = [[ |0 oo 18 an irreducible repre-
sentation of G(R) = (GSpg(R)). In fact, we can write, Moo = Rpes.. g = Mg, @+ @ T
where S.. = {01,...,04}. Here each 75, is an irreducible representation of GSpg(R). The

representation 7y = ®1’n (Hp‘ » Tp) is arestricted tensor product and an irreducible represen-
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tation of G(Ay). Call 7, := [T, 7p, where 7, is an irreducible representation of GSpg(F}).
The representations 7, are irreducible representations of G(Q,) and by Flath’s theorem, al-
most all of 7,’s are unramified (spherical) [Fla79]. That means, for almost all prime p the
representation space of 7, has a vector fixed by certain maximal compact subgroup G(Z,).
Let S denote the set of places of (Q which include Archimedean place o, the ramified primes
p and those finite places p where 7, is not spherical.

In this decomposition of 7, 7. is completely determined by the weights of Siegel
Hilbert automorphic form ® and 7,’s are completely determined by the Satake parame-

ters which we will be going to talk about in the next section.

2.7 L-functions

The isomorphism class of the spherical representations depends only on the unramified
characters modulo the action of the Weyl group. It is further proved that each spherical
representation is obtained in this way, for details see [ASOI]]. In our case, for p ¢ S, each
T, is spherical, so 7, is obtained by unramified characters of Q}, (unramified characters
are homomorphisms Q; — C*, which are trivial on Z;‘;). In fact, the Satake isomorphism
attaches each 7, with a unique semisimple conjugacy class (known as Satake parameter)
t(p) in the local L-group LGp (LGp is the L-group of G as a group defined over Q,,), where
ty =t(my) = (tg,Frp), tg el 1 = Resy /o and tl(,’ is determined up to conjugacy by
LTO Fr, denotes the unique Frobenius conjugacy class in Gal(F,/Q,). We may further
assume tg to be fixed by Fr), (for details see Borel [Bor79, p. 35, Section 6] and Shahidi
[Sha88| p. 553]).

Now let us take ¥ : G — GL,,(C) to be a finite dimensional complex representation
of LG. Let y, denote the composite map “G, — “G — GL,,(C) (since we have G < G,
hence we have a natural homomorphism, LGp — LG).

Then one can define partial Langlands L-function by

L(s,m,y) = ];[Lf,(s, T, W) (2.7.1)
PES
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for s € C, where the local Euler factors attached to 7, and Y, are defined as
S R d I 0 F —S —1
Lp(san-[hlIIp) T et( - Wp(tpa rp)p ) .
If p splits completely in O, i.e., if (p) = pip2---pg, Where d = [F : Q], then 7, = 1, ®
Ty, ® --- ® m,,, where each 7, is spherical, tg = (ty,slpys---21p,) € LT with semisimple
conjugacy classes f,,; associated to 7, Fr;, =identity. By abuse of notation, we also denoted
by © = ®,,7, an automorphic representation of PGSps(Ar) (Section [2.6) attached to a
Siegel-Hilbert automorphic form & introduced in section [2.2]

Here the L-group of G is
LG = (Spin,)? x Gal(F'/Q);

Note that Spin; C GSpin, is also the derived group of GSpin; and L0 .= L0 (Spin7)d
is the maximal torus of “G°.
We are going to take two particular representations of our group “G. We will describe

them now. Let

p1 : Spins (C) — SO7(C)

and

P2 : Spiny (C) — SOg(C)

denote the first two fundamental representations of Spin;(C), namely the "projective rep-

resentation" p; and "spin representation” p;, respectively.

Definition 2.7.1. Define, P; , 4 := A block permutation matrix of order nd x nd, where T
is some d x d permutation matrix which replaces each 0 and 1 by either null matrix 0, or

identity matrix I,.

Now corresponding to the representations p; and p», let us define another two repre-

sentations as following,

91 : (Sping)? » Gal(F'/Q) — GLy74(C)
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is defined by 91 (g1,82, .-, 84, 1) = diag(p1(¢1),p1(g2), - -, P1(84)) for (g1, -,84) € (Sping)*
and ¢;(1,...,1,7) = Pr74 for T € Gal(F'/Q) C S,, where S, represents the symmetric

group defined over {1,2,...,d}. Note that any element (g,7) of (Spin,)¢ x Gal(F’/Q)
can be written as (g,7) = (&,1) - (1,7) (by the definition of semi-direct product). So, it is
enough to describe ¢, on (g, 1) and (1, 7) separately.

Similarly, we define
¢ : (Spin, )¢ x Gal(F'/Q) — GLgy(C)

by $2(81,---,8a,1) = diag(pa(g1), - -, p2(8a)) for (g1,---,8a) € (Sping)?
and ¢2(1,...,1,7) =P g4 for T € Gal(F'/Q).

Then corresponding to these two representations @1, we have two Langlands L-
functions associated to an automorphic representation 7T = ®; ¢sTp of 5(AQ). They are
respectively L5(s, 7, ¢1) and L5(s, 7, ¢2). These two L-functions are defined in the same
way as in (2.7.1]).

However, it remains to define such local L-functions for the remaining places, i.e., for
all p € §. We are dealing with level 1 Siegel-Hilbert automorphic cusp forms and at level
1 case finite primes are all such that 7, are unramified. Now if not level 1 then there are
finite number of ramified primes. To define the completed L-function, we need to define
L-factors at those ‘bad’ primes. It is trickier to define L-function at those bad places though,
as we can not define Satake parameters and calculate. The way is to go about it, is to take
Rankin-Selberg convolutions (global zeta integrals) which are Eulerian integral represen-
tations associated to 7. Though this concept is valid when 7 is generic (because then we
can associate a Whittaker model to it). The global Whittaker function then decomposes as
a product of local Whittaker functions, the product varies over all places of Q. The zeta
integrals are defined with the help of Whittaker functions and having reduced the matters
to the local theory, it remains to analyse the L-factors in terms of the local zeta integrals.
Then the integrals corresponding to automorphic forms at finite ramified places v form a
principal ideal. And that principal ideal is generated by a rational function of the form

q,°. Hence, the resulting L-factors at the ramified places v are rational function in ¢, .
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Generally, this is how L-factors are defined at ramified places under the condition that 7 is
generic, for example, see [BGY2]. Unfortunately, Siegel modular forms (in our case Siegel-
Hilbert automorphic forms) are not generic. On the other hand, Piatetski-Shapiro and Rallis
[GPSR&7] introduced integral representation using doubling method, which represents the
standard L-function for any classical group over any number field /. Where the cuspi-
dal automorphic representation of that classical group needs not to be generic. Recently
Cai-Friedberg-Ginzburg-Kaplan [CEGK17] generalised the doubling method and provided
integral representations for L-functions for arbitrary cuspidal automorphic representations
of classical groups twisted by automorphic cuspidal representations of arbitrary rank gen-
eral linear groups. The authors worked out the case for the symplectic group Sp,, in detail
in this paper [CEGK17]. The global integral coming from the generalised doubling con-
struction in [CEGKI17] uses the specialised inducing data namely the generalised Speh
representations. This global integral converges absolutely in some right half-plane and
admits meromorphic continuation to the whole complex plane. Cai-Friedberg-Ginzburg-
Kaplan introduced a new generalised model known as Whittaker-Speh-Shalika model and
that includes the generic and non-generic automorphic cuspidal representations of Sp,, (A).
Using this model the global integral unfolds to an adelic integral. That adelic integral is
almost Eulerian in the sense that every unramified component can be separated ([CEGK17,
Section 3, equation 3.1, Theorem 21]). Consequently this integral represents the partial
L-function which is a product of local L-functions over all finite places of F' for which the
local data is unramified. In Section 3 of [CEFGK17] the authors computed the local factors
with unramified data. In their second paper, Cai-Friedberg-Kaplan [CEK18] have devel-
oped the local theory of the doubling integrals over all places of F including ramified and
Archimedean ones. Since these theories are applicable for any cuspidal automorphic rep-
resentaions of the classical groups, hence it shall include the case of Siegel modular forms
too. Thus one can recover the standard L-function of GSp,,, via the doubling method. Infact
the paper [[CEK18]] covers the complete local and global theory (over all places of F) of ten-

sor product L-functions for any cuspidal automorphic representaions of GSpin group with
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represenations of GL; without any condition on genericity on representations of GSpin.
Hence, one can recover the spin L-function of GSp,, via the doubling method too. Please
see the paper [CEK18] for more details.

The L-functions at the Archimedean places are defined by local Langlands correspon-
dence (cf. [Lan71a]). We attach the Archimedean Euler factor computations in the next

section.

2.7.1 Archimedean Euler factors

In this section, we mostly follow Schmidt [SchO2]]. This section is devoted to give the
formula for the archimedean Euler factors for ¢; and ¢. We need to set the stage by

recalling some basic facts about representations of real Weil groups.

Representations of the Weil group

The real Weil group, denoted by Wg, is defined as a semidirect product W := C*x < j >,

I = 7 for z € C*. Here

where j is an element such that j> = —1 which acts on C* by jzj~
bar denotes the complex conjugation. We are interested in finite-dimensional complex
semisimple representations of Wr. A representation of Wy is called semisimple if the
image of Wr consists of semisimple elements in some finite-dimensional complex vector
space. Every such representation is completely reducible. Any irreducible semisimple

representation of Wg has dimension 1 or 2. They are listed as follows:

One-dimensional representations:

Teoiz= 2l jer 1, (2.7.2)
Tz 7 je -1 (2.7.3)

Where ¢ € C and | - | is the usual absolute value on C.

Two-dimensional representations:

0 theiuﬂ . (_ 1 )u
Tup 1€’ — , J . (2.7.4)
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Where we have t € C and u as positive integers. An L-factor is attached to a semisimple
representation of Wr. For an arbitrary semisimple representation, the associated L-factor
is the product of the L-factors of its irreducible components. For the aforementioned irre-

ducible representations the L-factors are the following:

(s+1) t
L(s,t4,)=n 2T <%) , (2.7.5)
(s+1+1) t+1
Lis,t) = 5T <S+2+ ) , (2.7.6)
_ —(s+1+u/2) u
L(s, Tus) = 2(27) C(s+1+5)- 2.7.7)

The local Langlands correspondence (LLC) is a parametrization of the infinitesimal equiv-
alence classes of irreducible admissible representations of a real reductive group G(R) by
admissible homomorphisms Wg — £G into the L-group of G. If G is split over R then in-
stead of LG we can work with the identity component of G, i.e., the complex group LGP.
Let 7 be an irreducible admissible representation of G with archimedean component as 7
and p be a finite-dimensional representation of “G. Let ¢ : Wg — G be the local param-
eter attached to the representation .. If we define a semisimple representation of W by

T := p o @, then the L-factor associated to 7. and p is defined by
L(s, o, p) := L(s, 7).

We will be interested in the following situation. When G is Resg /Q(PGSp6) (already de-
noted by G in the beginning of Section and 7., being the archimedean component of the
automorphic representation of PGSpg(Ar) corresponding to a Siegel-Hilbert automorphic

form ® of weight k = (ky,k2,...,k;), where each k; is an integer and k; >3 fori=1,...,d.

We write
Moo= [] 6 =76, @+ @ 7,
0ESw
where S.. = {01,...,04} is the finite set of all archimedean places. In this case, /G is

(Spin,)? x Gal(F’/Q). We are concerned with two types of finite-dimensional representa-

tions: one is ¢ : (Spin;)? x Gal(F’/Q) — GL74(C) and the other one is ¢ : (Spin; )¢ x
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Gal(F'/Q) — GLgy(C). Since G splits over F’, we can replace “G with its identity com-
ponent LG = (Spin7)d and work with that. By abuse of the notations, we will denote the
restriction of ¢; and ¢ on Lg° by ¢1 and ¢ only. So ¢; : (Spin;)? — GL74(C) is defined as

91(81,82,---.84) = diag(p1(81).P1(82) -, P1(8a)) for (g1.82,...,84) € (Sping)? and p;
is the projection representation. And ¢, : (Spin, )¢ — GLg4(C) is defined as ¢ (g1, ..., 84) =

diag(p2(81),P2(82); - - -, P2(84)) for (g1,82,--.,84) € (Sping)? and p; is the spin represen-
tation.

In this set up, we want to calculate Archimedean Euler factors L(s, T, ¢1 ) and L(s, oo, $2 ).
Let X := {Z?:l ciei | Y.c;i €27}, P := (e, en,e3) and Q := (e] — €3, ey — e3,2e3) denote the
character lattice, weight lattice and root lattice of the group PGSpg, respectively. Then
XV, PY,0" denote the co-character lattice, co-weight lattice and co-root lattice, respec-
tively, where {ej,e,e3} is a basis of X ®7Q and {f1, f>, f3} is a basis of XV ®7 Q dual to
each other in a sense that, e;(f;)(x) = x and ¢;(f;)(x) = 1 for i # j. This implies (fi, f>, f3)
and (ej,en,e3) denote character lattice and co-character lattice for Spin,, respectively. The
element v; = Zm | (kj —m)ey, is the Harish Chandra parameter for representation T, (I =
1,...,d) of PGSpg. For z € C*, we have 7" = gbi—Dertkhi=2)ext(ki=3)es — H em(z)l™

3

Writing z = re'®, we get 2V = H em(re'® H em < ki—m gilki—m)® > . Similarly, we
m=1
get7 VI = H em ( k= (k’*m)(’). We define the local parameter ¢ : Wg — (Spin, )¢
attached to noo as follows:
H(Pz VI g2z L g¥azm V) € (Sping)?

for z € C* and ¢y(z) = 2"z~ " denoting local parameters attached to 75, forl =1,2,...,d.

where ¢;(j) = w is a representative of the longest Weyl group element (meaning it sends

em to —e,, foreach m € {1,2 3})

, we get ¢y (re’® H em ( 2i(k;— > _ <ei9>223m1(kl_m)em _ <ei9>ZVI.

Writing z = re'®
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Archimedean Euler factors for ¢;:

Now, we have to consider the semisimple representation
T :=0100 IWR—>GL((C7@"'@C7)

into irreducible representations. The weights of the projection representation p; are well-
known and they are: f1, f2, 3,0, —f1,—f2, — f3. Each weight space is one-dimensional (for
details please see Asgari-Schmidt [ASOI, p. 181, Section 3.4]. Let v, be the spanning
vectors of one-dimensional weight spaces corresponding to the weights g,f, (n = 1,2,3
and g, € {£1}) and vy is the weight vector corresponding to the the weight 0. Let vlgnn =
(0,...,0,ve,,0...,0) denote the vector in C’ @ --- @ C’, where I'" entry is ve,, and other

entries are zero. Therefore, for n = 1,2, 3, we have,

T (Z) (Vlsnn) = ((pl o ¢) (Z) (er‘,,n)

TG,
= () ()™
e o (e ()

= (0,..,,O,p| <(ei9)2v’> vgnn,...,())
= efu (€)™)L,

3
= &ufn <H em(eie)Z(kl_m)> vlsnn

m=1

_ eZis,l(kl—n)Gvé .

= ei”levéiln (where u' := 2¢,(k; —n)).

Similarly, let vlO :=(0,...,0,9,0...,0) denote the vector in C’ @---®C’, where I entry is

2v; Vl

v and other entries are zero. Now 7y (z)vl) = p; (¢/%)?V/v} = v{. For the action of j, observe

that, 7 (j) = (¢100)(j) = 1 (w,w,...,w) =diag (p1(w),p1(W),...,p1(w)). Define, wg :=
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p1(w). Here wy is a representative of the longest Weyl group element in SO7(C). We

0 5 O
choose the representativetobe | 5 0 0 | =wo. I3 denotes 3 x 3 identity matrix.
0 0 -1

Therefore, for n = 1,2,3, we have,

N l
T1 (J)Vs,,n =V_gmn

71 (j)vh = —vp.

It follows that for n =1,2,3 and [ € {1,2,...,d} the two-dimensional spaces (v5 ..v' . )

eV —gun

and one-dimensional subspaces <v6> are invariant for the action of Wg. For each [ in

{1,2,...,d} let Ténn (forn=1,2,3) and ‘C(l) be the representations on these two-dimensional

and one-dimensional spaces, respectively. Therefore

Tf:nn = T 0 (n=1,2,3; ul =2g,(k; —n))

T0:T70

)

where 7,; and 7_; are defined in equations [2.7.4] and [2.7.3] respectively. Hence, 71 =

@le (@2:1 Ténn @ ’c(l)) . The archimedean L-factor associated to 7. is then given by

d 3 d 3
L($, o, ¢1) = L(s,71) = ZI:[I( STOI:I s’cgn> H( $,T_0 H S”Eu1|0>

=1 n=1

d s+1 S+1
— Hﬂ:i(T)F ( > ) 2(275)*(‘?4»/(1*1)1—*(5,_'_]{1 . 1)2<27.L.)*(S+k172)

T(s+k —2)2(27) " CH=3T (s 4k, — 3).

Archimedean Euler factors for ¢,:
Similarly we have to write the decomposition of semisimple representation
T :=@¢r00 : Wgr %GL(CS@"'@CS)

into irreducible representations. The weights of the spin representation p, are:

e fi+teafr+efz

5 &€ {£1}
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and each weight space is one-dimensional. Let v, ¢, ¢, be the corresponding weight vectors
spanning the weight spaces. Foreach /in {1,2,...,d} let véh%% :=(0,...,0,ve, £.6,0...,0)
denote the vector in C3 @ --- @ C8, where the ™ entry is vg, ¢, ¢, and other entries are zero.

Therefore, for z € C*, we have,

0(2) (Ve erey) = (9200)(2) (v, er.e,)

= ¢2 (ZVl Z_V1 7ZV22_V27 ce 7ZVdZ_Vd) (V{61782783)

) A\ 2V A\ 2Va
= dlag (p2 (ele> A 7p2 <ele> ) (Vlgl7£27£3)

= (00002 ((€") vey ey .0
_ (81f1+82f2+83f3) <€i9>2v, .

2 V81 62,63

eifi+ep+af 3 02k —m
< 1fi 222 3 3) (Hem(ee)z(k’ )) W

m=1

i(e1(kj—1)+&(k—2)+e3(k—3))0,

=e Ve 0.6

= emlevéh%% (where @i’ := € (k;— 1)+ & (k; — 2) + &3(k; — 3)).

Since p,(w) is a representative of the longest Weyl group element in SOg(C), the action of

Jj gives the following,

7(J) 21782783 = diag(p2(w),... ,pz(w))vé.h%g3 =(0,0,...,02(W) - Ve, £r.635---,0) = vl_£17_£27_€3.

These calculations imply that for each [ € {1,2,...,d} the two-dimensional subspaces
(Ve er.e3:V ey ey, _ey) are invariant for the action of Wg. For each [ in {1,2,....d} let

Tél’gzﬁ be the representations on these two-dimensional spaces. Therefore

el

! _ T|ﬁ1‘70 if i1 7£O,
Tey,e0.63 — .

TL0@®T_o otherwise

By Legendre’s formula for the I'-function L(s, 7z o) and L(s, T+ 0 @ T— ) are the same

factors [Sch02, p. 8]. So, the archimedean Euler factor associated to 7. and ¢ is then
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given by,

d il —l
L(s, Moo, 2) = L(s5,72) H (lT‘)]" <s+ |2|)

d 3k~ 3k;— 6 K k
_ —s (s ! —s S 2l ol
= 11112(27:) (27m) r ( + 5 ) 2(2m) " (2m) r ( + 2)

2(2m)~*(2m)~ )T <s+kl2_2) 202m)~r) T (s |k12 |)



Chapter 3

Meromorphic continuation of the

L-functions

In this chapter, we are going to prove the meromorphic continuation of the standard L-
function L(s, 7, ¢;) and spin L-function L(s,7,¢,) defined in the previous chapter using
Langlands’ theory of Euler products. Let us briefly recall Langlands’ theory. We will be
using the notations and recalling this theory from Shahidi [Sha88]] and Asgari [ASO1].

3.1 Langlands theory

Let G be a connected quasi-split reductive algebraic group over a number field k. Fix a
Borel subgroup B of G over k with B = TU where T is a maximal torus of G and U is
the unipotent radical of B over k. Let M be a maximal standard Levi subgroup in G. Let
P = MN be a standard parabolic subgroup in G. We take B C P. The L-group of P is
then LP = 'M.N in £G. Let Lr denote the adjoint action of “M on n, Lie algebra of
IN. Since ‘M is a reductive group itself, by complete reducibility theorem, we can write,
Ly = @leLri with Lr;’s being the irreducible constituents of 7. For every place v of k, let
G, := G(k,). Similarly, we will write P,,M,,N,. For the places v where G is unramified
over v, we define K, = G(0,) and K = ®,K,. Let 7 = ®, 7, be a cusp form on M = M(Ay),
where A denotes the ring of adeles of k. Let A be the split torus in the center of M. For

each v, there exists a homomorphism Hp, from M, into the real Lie algebra of A as a group

29
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over k,. Let

I(S7 n:v) = IndeNvTGV T, & qS)S’HPv(‘» ®1

be the corresponding induced representation of G, for v < c. Here s € C and g, denotes
the cardinality of the residue field k,. If v = oo, g, is replaced by exp(s,H, (.)). Note
that for s € C we have representation /(s, ) = Indpyg7 ® exp(s,H, (.)) ® 1 of G, where
I(s,m) = ®,I(s,m,) and I(s,m,) is defined as above. The 1 in the formula implies that
T ®exp(s,Hp, (.)) is extended trivially across N. Let Ao be the maximal k-split torus in T.
Let W be the Weyl group of Ag in G. Let A denote the set of simple roots and the unique
reduced root of A in N be identified by a simple root . The complement set of & in A
generates M. We denote this set by 8. Now given a K-finite function ¢ in the space of 7,

we get a function ¢ extending ¢ to G and we set

D,(g) = ¢ (g)exp(s+ pp, Hp(g))-

The associated Eisenstein series is then given as
E(s,0,8,P)= Y,  &y2). 3.1.1)
YEP(F)\G(F)
Here pp denotes half the sum of k-roots generating N. The constant term of E (s, ¢~), g,P)

along with a parabolic subgroup Q = MpNy is then given by

Eo(s,9.8,P) = E(s,$,ng,P)dn. (3.1.2)

/NQ(k)\NQ(Ak)
Unless Q is P or conjugate parabolic of P, EQ(s,(]; ,&,P) is zero. For details please see
Kim [Kim0O4, Chapter 5, Section 2] and Langlands-Shahidi [Lan71b, Sha78]. There exists
a unique element w € W such that w takes o to a negative root and the remaining simple
roots O into A. Fix a representative of W as w. We let M’ denote the subgroup of G
generated by Ww(6). Then there exists a parabolic subgroup P’ O B which contains M’ as
its Levi factor. Let N’ be the corresponding unipotent radical. Given f € I(s, ) and Re(s)

sufficiently large, set

Mism)f(e)= [ S0 ng)dn (s Gy) (3.1.3)
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Observe that if f = ®, f, then for almost all v, f, is the unique K,-fixed function normalized
by f,(e,) = 1. Finally, if at each v we define a local intertwining operator attached to /(s, 7,)

by

A(s, 70, w) f,(g) = /N filw™lng)dn (g€ G,) (3.1.4)

then
M(s, ) = @,A(s, Ty, w). (3.1.5)

M(s, ) denotes the nontrivial part of the constant term of the Eisenstein series Let
S denote a finite set of places of k containing the archimedean places too such that for
v & S,G,m, are all unramified. Then for every finite place v ¢ S we can attach a L-function
L(s, 7y, r,), where Lr, =Lr|1y, and s € C.

The Euler product

L5(s,m,tr) = HL(s,n'v,Lrv)
véeS
always converges absolutely for Re(s) >> 0 (cf. [Bor79], [Lan70]). The theory of Euler

products developed by Langlands gives us the following,

5 [ 15(i L~l,
M(s,70) f = (@vesA(s, T, w) /1) @ (Rygs.fv) H LS(l(f;f’yrrL)f.)
i=1 R

(3.1.6)

where f = ®,f,,f, € I(s,,), f € I(s,7) and for every v ¢ S, f, and f, are the unique nor-
malised fixed functions in (s, 7,) and I(—s,w(,)) respectively. For i = 1,2,...,1,L#; de-
notes the contragredient of Ly.. Each of these representations Ly is irreducible (cf. [Sha88]).

This method deals with this specific type of representations ©

r, so that with the appropriate
choices of M and G, they cover the most important examples of L-functions. The function
M(s, ) extends to a meromorphic function of s € C. The intertwining operators A(s, ,, w)
for v € § is non-vanishing and has a meromorphic continuation to all of C. This result is
due to Shahidi [Sha88]].

Now assume, [ = 1, then by expression (3.1.6) and discussion followed by expression

B-1.6), we get

F(s) L5(s, mw,LF)
S) =
LS(s+1,m,LF)
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is meromorphic. Writing this above expression as
F(s)LS(s+ 1,7, %) = L5(s, m,b7;) (3.1.7)

and noting the fact that L5(s, 7, £ #) is analytic for sufficiently large Re(s) (cf.[Sha88]), we
can apply induction on L (s, 7,17 and conclude that L5 (s, 7,17 is meromorphic to all of

C.

3.2 Meromorphic continuation

As mentioned in the beginning of the section our main goal is to deduce the meromorphic
continuation of the standard L-function L(s,7,¢;) and spin L-function L(s, 7, ) associ-
ated with an automorphic representation 7 of PGSpy(Ar) and with the standard represen-
tation ¢; and the spin representation ¢, (introduced in Section [2.7) to all of C. We will use

the Langlands theory and notations from the above discussion.
Proposition 3.2.1. The function L(s,,§1) has a meromorphic continuation to all of C.

Proof. Let us first observe that, GL; x Spq sits as a standard Levi subgroup in the sym-
plectic group Spg. Let the corresponding Levi decomposition of parabolic P in Spg be
P = (GL; x Spg)N. Now consider, M as Resg (GL1 x Spg) and G as Res g(Spg) from
M is a Levi-subgroup of G over Q (by [Bor79, Section 5.2, p. 35]). Let corre-
sponding Levi decomposition be P = MN in G. Now ‘M = L(Resp /0(GLy X Spg)) =
(C* x SO7)? x Gal(F’/Q), where C* x SO5 is the complex dual of GL; x Sps. ‘M
is a Levi-subgroup of a parabolic subgroup “P in “(Resr g (Spg));"P = “M"N, where
LN is the unipotent radical of P and ‘N = IN? (see Section , Ln =Lie algebra of
IN=f@--- @ (d copies). Here ft = Lie algebra of N (N is the complex dual of N). Let
Ly be the adjoint action of “M on In and r be the adjoint action of C* x SO7 on f, i.e.,
r: C* x SO7 — GL(#). Using Shahidi [Sha88, Case (C,), Section 4], Asgari and Schmidt

have proved that r is an irreducible self-dual 7-dimensional representation of C* x SO7 (cf.
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[ASOI, Theorem 4]). This implies dim(fi) = 7. The representation
Ly IM > GLGA®---®h)
is defined as

Lr(ml,mz,...,md,1)(n1,n2,...,nd) = (ml,mz,...,md,1)(n1,n2,...,nd)(ml,mg,...,md,1)_1

= (mlnlml_l,mznzmz_l,...,mdndmgl)
= (r(m1)(n1),r(m2)(n2),...,r(ma)(nq))

for (ml,mz,...,md,l) € ((CX X SO7)d X Gal(F//@) and (nl,nz,...,nd) eEnd---pn.
For (1,1,...,1,7) € M, where 7 € Gal(F'/Q), we have Lr(1,1,...,1,7) = P74
(since dim(fi) = 7).

L

Claim: “r is irreducible.

Proof. Let W be a non-zero “M-invariant subspace of A - -- @ . For any w = (w,wa,...,
wy) € W, w will have at least one component w; # 0. Without loss of generality, let w; # 0.

Now, fid--- @0 = fi and (r,i) is an irreducible representation of C* x SO;. The space
fi(wy) :={w|w=cig1w +c2g2wi + -+ cpgnwi for some ¢; € C,g; € (C* x SO7)}

is a C* x SO7-invariant subspace of fi. By the irreducibility of i, we have fi(w;) = fi. This
impliesi®---®0 C W, i.e., i CW. Now by the action of Gal(F’/Q) different copies of fi
gets permuted. This means Gal(F’/Q) is a transitive subgroup of the symmetric group S,.
Soforany i€ {1,2,...,d} there will always exist ¢ € Gal(F'/Q) such that w; = We(1) # 0.

Hence (A@---®fi) C W. This completes the proof of irreducibility of Lr. O

Since adjoint representations are self-dual, so Lr is self-dual too. Now, let 7’ be an
automorphic representation of GSpg(Af). We restrict ' to the derived subgroup Spg(Ar)
of GSpg(Ar). We further denote by x, the irreducible constituent of 7'|sp, . Put the cusp
form 6 = 1 ®@w on M(Aq). Then

L(s,0,57) = L(s,0,lr)) = L(s, 7, )
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(since Lr and ¢; are constructed out of r and p; and for r and p; this equality holds by
[ASO1], Theorem 4] ) . Now by the same argument as in (3.1.7), L(s, &, %r) is meromorphic
to all of C. Hence the standard L-function L(s, 7, ¢ ) has meromorphic continuation to all

of C. O

Theorem 3.2.2. The spin L-function L(s,7,¢,) has a meromorphic continuation to all of

C.

Proof. Let H be a Chevalley group of type F4. This is a split as well as adjoint sim-
ply connected simple algebraic group. The complex dual of H is again of type F4. Let
A ={a;,xm,03,04} be a system of simple roots of H, where a;, @, are long roots and
03, 04 denote the short ones. Consider the standard Levi subgroup M corresponding to
{0, a3, 04}. Then by [Asg00, Proposition 4.1.1] one is able to show M = GSpg. The com-
plex dual of M is GSpin,(C). Let P = MN be the corresponding Levi decomposition in the
dual of H. Let r be the adjoint action of M on f = Lie(N). Asgari and Schmidt showed that
r = r1 @ ry with r; an irreducible self-dual 8-dimensional and r, an irreducible self-dual
7-dimensional representation of M (cf. [ASOI, Theorem 4]), i.e., i = i B fi; dim(ii;) =8
and dim(fi;) = 7. Moreover, |spin, = 7'1|spin, D 72|spin, = P2 D P1. Let M = Resg o(GSpg)
and G = Resp g(H) in our case from Section (3.1)), where GSps and H are defined over
now. That means our group G sits as a Levi in Resg g (H).

Consider the corresponding Levi-decomposition of a standard parabolic “P = LGN
and the adjoint action

Ly LG GL(Ln)
by

-1

Lr(g17g27"'7gd71)<n17n27" 1 ) 81,82;-- 7gd71)(”17”2;“',nd)(glag%"'agdal)

r(81)(m),r(g2)(n2),- ., r(ga)(na))

(

= (gimgy ' gomg, . 7gdnd831)

= (
=((ner)(g)),....(n®r)(gas)(na)),
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where ‘'n = n® = Lie(!*N) =a®---@fiand Lr(1,...,1,7) = Prisq.
Our claim is to show that r = Lr{ @ Lry, i.e., L'r decomposes into two irreducible rep-
resentations of “G. Now

Ly :'G - GL(R1 @ --- @ #y)

and

erZLG—> GL(ﬁz@"'@ﬁz).

We prove that claim by giving the same argument as we gave for the previous case. We can
further observe that both L and £r, are self-dual (since from the observation, Lr; @ Lr, =
Ly =Ly = Ly, @ LF, and by the dimension calculations of theses representations). Also,
note that restrictions of “ry and Lr, on LG give, fri|ig = ¢2 and Lra|iz = ¢1. Let 7 be
the representation on M(Aqg) = G(Aq) lifted from the representation 7 of G(Ag). Then
expression (3.1.6) and its subsequent argument imply

LS(s,m,bry) L3(2s, 7, ry)

%(S) - LS(S+ 1,7'C,Lr1) . LS(2S+ 1,7'C,Lr2)

(3.2.1)

has a meromorphic continuation to all of C. The standard L-function L(s, &, ¢1) = L(s, 7, %))

has a meromorphic continuation to all of C (by Proposition (3.2.1))). Writing the expres-
S L

sion (3-2.1) as LS (s, w,Lry) = 4 (s) - % -L5(s+ 1,m,%ry) and applying induction

argument as in (3.1.7) we get the meromorphic continuation of the spin function to all of

C.
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Chapter 4

Algebraic theory of automorphic forms

It is an interesting problem to compute the dimensions of the space of genus 3 Siegel
automorphic forms for various small weights for the group GSpg over Q. This space is not
computable directly. So we compute the dimensions of the space of automorphic forms
for rank 3 unitary groups, where the entries of the group are from a definite quaternion
algebra over Q. This group is an inner form of GSp,/Q. The theory of algebraic modular
forms on quaternion algebras are set up by Gross [Gro99]. In this chapter, we include all
the preliminaries to carry out his theory for our computations. This theory deals with a
connected reductive algebraic group over (Q, where the group satisfies the condition that all
its arithmetic subgroups are finite. Then the conjectural Jacquet-Langlands allows us to go
from the algebraic theory of modular forms to automorphic forms for GSps/Q. Let us set

the stage by recalling some facts on quaternion algebra.

4.1 Quaternion algebras

Definition 4.1.1. Let F be any field of characteristic # 2 and a,b € F*. A quaternion
algebra is an associative F-algebra of dimension 4 with basis 1,i, j, k denoted by (%),

where i? =a,j> =bandij=—ji=k
Fact 4.1.2.

(1) The matrix algebra M, (F) is called trivial or split quaternion algebra. In particular, if

F = C, this is a unique quaternion algebra over C.

37
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(2) A quaternion algebra is either a division algebra or a matrix algebra.

ere are exactly two real quaternion algebras: = 2 amiltonian algebra
(3) Th ly 1q ion algebras: H = ( 1 ) (Hamiltonian algebra)

and M (R).

If F'/F is a field extension, then we have,

Mgﬁ(gp’
F) \F T )

So, B®rF = M, (F) for any quaternion algebra B, where F denotes the algebraic closure of

F.

Definition 4.1.3. The anti-involution map of B defined as x = .+ Bi+ yj+ 6k — X :=
o — Bi—yj— Ok, defines the norm structure on B. So, the norm of any element x in B is

defined as N(x) := xX, i.e., N(a+ Bi+yj+ 8k) = a®? —af?> — by* +ab§>.

In our case, we will deal with the rational field Q. Let B := <%) and let v be a place of

with completion Q, (so it is either @, for some prime p or R). Define B, := B¢ Q,, i.e.,

a,b\ @
(@) = ( Q ) “eQr

which is a quaternion algebra over QQ,. We say that B is split or unramified at v if B, =

M;(Q,) and B is non-split or ramified at v if B, is the quaternion division algebra over Q,.
Remark 4.1.4.

(1) The number of places where a quaternion algebra over (Q ramifies is always even, and
this is equivalent to quadratic reciprocity law over Q. For any finite set S with even
cardinality there is a unique quaternion algebra over F such that the set of places v,

where B is ramified is exactly the set S.
(2) The product of the primes at which B ramifies is called the discriminant of B.

Definition 4.1.5. A quaternion algebra over Q is called definite if B is not split. It is

indefinite otherwise.
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Remark 4.1.6. (1) Note that (@f’) is definite if and only if @, b < 0.

(2) For each prime p of Q, there is a unique (up to isomorphism) definite quaternion alge-

bra B over Q ramified exactly at p and oo.

(3) An order of a quaternion algebra (“F—b) over F is a subring & C (@) which is a

O'r-lattice in (‘lF—b> and each order is contained in a maximal order.

For our purpose, we fix the quaternion algebra B := <_1©_1) and a maximal order

Op:=LDLiDL]jDL (W) of B throughout this chapter. Note that B is the unique
definite quaternion algebra over Q , ramified exactly at 2 and oo and unramified at all odd
primes. Therefore the discriminant of B is 2. We need to choose a finite Galois exten-
sion E/Q, contained in C such that E splits B. In our case we fix E to be Q(I), the
imaginary quadratic field where I is the imaginary unit. Note that we have a splitting iso-
morphism B ©g E = (%) ~ M, (E). For any g € M3(B), M3(B) < M3(B®g E) =

Mg(E) maps g — g® 1. Define, det(g) := det(g® 1). For each prime p (# 2) in Q, we fix
a local isomorphism (O3), = Op , = M3(Z,,) and extend it to B, = M>(Q,).

4.2 Theoretical background

In this section, we are going to discuss briefly the theory of modular forms, which B. H.
Gross developed totally algebraically for connected reductive algebraic groups over QQ in
his paper [Gro99]]. Let G be such a connected reductive group over (. We are going to
follow the notations, set up by Gross himself from his paper [Gro99]. Let G(Q) denote
the Q-rational points of G and more generally let G(A) denote the group of adélic points.
G(R)4 will denote the connected component of the identity in the Lie group G(R). That
means the group G(R), will contain matrices having positive similitudes. Let S’ be the
maximal quotient of G which is a split torus. After fixing an isomorphism S’ = G”,, we get

a continuous homomorphism

6(4) — 5'(4) = (4% 1 ()",
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where the kernel of this composition map is denoted by G(A);. The subgroup G(Q) is
discrete in the locally compact group G(A); due to a result by Borel and Harish-Chandra
[BHC62].

One of the main results in [Gro99, p. 63, Proposition 1.4] gives a series of equivalent

conditions.

Proposition 4.2.1. [[Gro99, Proposition 1.4] The following conditions are equivalent:
(1) Every arithmetic subgroup T of G(Q) is finite.

(2) T ={e} is an arithmetic subgroup of G(Q).

~

(3) G(Q) is a discrete subgroup of the locally compact group G(Q).

o~

(4) G(Q) is a discrete subgroup of the locally compact group G(Q) and the quotient space
G(Q)\G(Q) is compact.

(5) - is a maximal split torus in G over R.
(6) The Lie group G(R); = G(R)NG(A) is a maximal compact subgroup of G(R).

(7) For every irreducible representation V of G there is a character U : G — Gy, and a

positive definite symmetric bilinear form (,) : V x V — Q which satisfy

(gv.gv') = u(g)(v,v')
forall g € G(Q) and v,V € V.

The proof of this proposition can be found in [Gro99, p. 63].

If a connected reductive group G/Q satisfies one of the equivalent conditions of Proposition
with K a compact open subgroup of G(@) and V an irreducible representation of G
over Q, then Gross defined the space of algebraic modular forms of weight V and level K

by the following space of functions:

M(V,K) ={f:G(A)/(G(R)+ xK) = V| f(1g) = vf(g) for y € G(Q)}.
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He proved another two propositions which we will be going to use for our purpose. We

include them here.
Proposition 4.2.2. [Gro99, Proposition 4.3]

(1) The double coset space G(Q)\G(A)/(G(R)+ x K) is finite. The cardinality of this dou-

ble coset space is called the class number of G.

(2) M(V,K) is a finite-dimensional D-vector space, where D = Endg (V) is a division al-

gebra of finite dimension over QQ.

Proposition 4.2.3. [Gro99, Proposition 4.5] If we fix representatives of the classes in the
above mentioned set of double cosets by {gq} then denoting Iy, by G(Q) N ga(G(R)4 X
K)gy', each function f in M(V,K) is completely determined by the values f(gq) in V',

where VY is the T g-invariant subspaces of V and furthermore,
M(V,K) = qV'e
Now, the broad steps of the algorithm to compute dim M (V,K) is as follows,
1. Compute the class number of G.
2. Compute I', explicitly.

3. Calculate the invariant subspaces V1.

4.3 Space of algebraic automorphic forms

In our case, first we will define the group which will play the role of G. Then we will talk

about the space of algebraic automorphic forms on that group defined in the sense of Gross
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4.3.1 Similitude groups
Let X be a free left B-module of rank n equipped with a positive definite Hermitian form
¢:XxX—B

such that

(1) ¢(x,y) = ¢(y,x) and

() o(ox,By) = ap(x,y)B.

for all x,y € X and for all a, 8 € B. Here denotes the anti-involution map in B. Then the

group of similitudes G? over Q is defined as the following:

G" ={T € End(X,9) | (Tx,Ty) = u(T)p(x,y) Vx,y e X, p(T)€Q"},

where End(X, ¢) is the ring of all B-linear endomorphisms of X. By fixing a basis of
X we can associate a matrix to ¢. Let {ej,es,...,e,} be the standard basis for X, set
¢;j = @(ej,ej) for all 1 <i,j <n. Then [@] := (¢;;) is called the matrix of ¢ relative to
{e1,e2,...,en}. If x,y € X, write x =Y ; x;e;, and y = ) ;yjej» so thatx and y are represented
by row vectors X = (xj---x,) and 'y = (y1---y,). Then @(x,y) = x[@]y’ for all x,y € X,
where X,y are the row vectors with the entries being the components of x,y with respect
to the given basis {ej,ez,...,e,} of X. In our situation, we will work with the following
B-Hermitian form
Q(x,y) =x151+ "+ Xnn,

where x = (x1,...,%,), y= (¥1,...,¥n) € X. Therefore the matrix representation of ¢ with

respect to the standard basis {ej,...,e,} of X is [@] = I,. In matrix terminology, we have

GP ={g e GL,(B) | 83" = u(g)l,, M(g) €Q"}.

For the rest of the following chapters, we fix and deal with n = 3 situation. So the group of

similitudes G2 over Q is

G®={gcGL3(B) | g8 = pn(g)h, p(g) €Q*}.
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For any Q-algebra A, the set of A-rational points of G? is given by

G?(A) = {g € GL3(B®qA) | gg' = n(g)h,1u(g) €A™}

Note that G? /Q is the algebraic group whose Q—rational points are given by unitary simili-
tude group GU3(B), which is an inner form of GSp, /Q such that GB(R) is compact modulo
its center. Also, G® admits an integral model QB /Z in the sense of Gross [Gro96]. Maximal
order Oy determines the following integral structure on G2,

For every Z-algebra A, the group of A-rational points is given by

G®(A) = {g € GL3(Op®zA) | g8 = u(g)h, pu(g) €A}

From now on, we simply denote the group of similitudes over B by G? and its integral
model associated with the maximal order &z by GB. For the sake of completeness, we

include the definitions of ‘inner forms’ and ‘arithmetic groups’ here.

Definition 4.3.1. A form of an algebraic group G/F is another algebraic group G'/F,
which is isomorphic to G over some extension F'/F, i.e.,G/F = G'/F over F'. In this case,

G' is said to be an F' | F form of G.

Remark 4.3.2. Two algebraic groups G and G’ would be inner forms if they are Galois

twists of each other, with the twists lying in Inn(G).

Remark 4.3.3. Given a connected, reductive linear algebraic F-group G, there is always
a unique quasi-split F-group G’, which is an inner form of G. For example, SU(2,1) and

SU(3) are inner forms.

Definition 4.3.4. A group is said to be an arithmetic group if it is obtained as the integer

points of an algebraic group.
Example 4.3.5. SL(n,Z), Sp(2n,7Z).

Remark 4.3.6. Let G be an algebraic subgroup of GL,,(Q) for some n, then I" := GL,,(Z) N

G(Q) is a group of integer points, I" is an arithmetic subgroup of G.
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Observation 1: Now observe that our group G? satisfies the equivalent conditions as in
Proposition To prove that, let us consider .# to be the maximal split torus in the
center of G5, Now the center of G5B =2 Q*. This implies dim(.) = 1. If §' is the maximal

quotient of G2, which is a split torus, then the composite map
S =GP 8

is an isogeny of tori (see Gross [Gro99, p. 62]). Again this implies that dim(S’) =

dim(”) = 1. Once we fix an isomorphism, §' = G,,, we get a continuous homomorphism

GBa) s ax I g
where u denotes the similitude character. Define GB(A); := ker(]| || o ut). Hence the Lie
group GB(R); defined by GB(R); := GB(R)NG®(A); turns out to be U3(H), which is a
maximal compact subgroup of GB(R)(= GU;(H)). O

4.3.2 Class number and mass formula

We consider 6’1393 as a lattice in X (Op and X as in Section and . The principal
genus of G2 is denoted by .#(03) and defined as the collection of @p-lattices in X contain-
ing 0. For each finite prime p, let Op , = Op ®7Zp, L, = L®7 Zp and G5 =GB 0 Q,
be p-adic completions of ¢, L and G? respectively. Then by definition, an @-lattice L
in X belongs to .Z(0p) if and only if L, = (ﬁgﬁ)gl,, where g, € Gﬁ for all prime p.
The adelic group GB(A) of G? acts transitively on £ (0p) by Lg = N,(Lyg, N X) and
then the stabiliser % := StabGB(A)(ﬁf;%) is given by # = GZ x K where K =[], U, and
Uy = GENGL3(0p,p), Stabgsg)(05°) = GB(Q) N (GE x K)

Remark 4.3.7. The notations are borrowed from Hashimoto [[Has83|] and this definition
works in much more generality, for example, see [Has83]]. But we have restricted ourselves

to n = 3 case.
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The number of the GB-orbits in £ (0p) is called the class number. There is a well-
known fact which says this class number is equal to the number of (G?,.#") double cosets
in GB\GE /#". These double cosets are called % -classes. Hashimoto and Ibukiyama
studied the class numbers of positive definite quaternary Hermitian forms in their papers
(for details, see [HI80], [HI81]). There they classified the conjugacy classes of the group of
similitudes for different forms and for arbitrary rank n. Using the traces of Brandt matrices
associated with such forms, they explicitly worked out formulas in the binary case (n = 2)
(cf.[Has80]) and in the ternary case (n = 3) (See [Has&83]]) under the condition that the
discriminant of B is a prime p.

In our case, B has discriminant prime 2. So, from the table ([Has83\ p. 493]) the group
of similitudes G® has class number 1 in the principal genus. Hence, we can choose the
identity element as a representative of our % -class.

Then the mass of genus .2 (0p) (cf. [Shi99, p. 67]) is defined to be the real number given
by,

Mass(0g%) = [[: 1],
where I' := Stabgs (O 1639 3). This formula (for details, see [Shi199, p. 68]) could be further

simplified in our case and can be written as

3 B 3
Mass(05°) = I |4—§(k| I (H(Pk+ (_1)k)> ,
k=1 p prime k=1
p|disc(B)

where By, denote the Bernoulli numbers. Putting the values for By, the mass formula gives

3 3
Mass(ﬁ?3):ln’i—ik| I1 (H(Pk+(—1)k)>

pprime \ k=1
pl
|B2||B4||B| 2 3
=— " " (2—-1)(2 1)(2° —1
2 - @+ 1)@ - 1)
B 1
82,944’
where By = 1/6,B4 = —1/30,B¢ = 1/42. Therefore [[': 1]7! = W1944~ Hence the cardi-

nality of I is 82,944. We will come back to the cardinality of I" later in Chapter [5| where

we will give an algorithm to compute it using MAGMA computational software system.
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4.3.3 Algebraic automorphic forms of genus-3

Now, we fix an irreducible algebraic representation (p,V) of G®(Q) where V is a Q-vector
space. For any finite prime p # 2, we choose an isomorphism, GU3(0p ) = GSpg(Z,)
which is compatible with the splitting isomorphism t we fixed earlier in Section .1 Let
us choose the maximal compact open subgroup of G5 (@) as

K = G*(Z) = [] GSps(Zy) x GU3(05.2) = [] G*(Zp).

p<e p<eo
P72

We want to take this compact open subgroup so that, we get automorphic forms of ‘level 1’
in some sense. The space of algebraic automorphic forms of weight V, genus 3 and level

K is then defined by

Mas(V) = {f: G*(8)/(GP(R)+ x G*(Z)) = V | f(v8) = ¥f(s) for y € G*(Q)}.
4.3.1)
In our case under the assumption of the existence of a conjectural Jacquet-Langlands
correspondence between G? and GSp,/Q our goal is to compute the dim (Mgs(V)). We
refer the readers to see Section [4.4] to know about conjectural Jacquet-Langlands corre-

spondence. Now by Proposition [4.2.2] the double coset space
GP(Q\G"(A)/(G®*(R)+ xK)

is finite, where GB(R) is the connected component of the identity in the Lie group GB(R).
By definition, any algebraic automorphic form f in M;s(V) is completely determined by
its values on this double coset space. In fact, we could prove the following.

Observation 2: The cardinality of GB(Q)\GB(A)/(GB(R)+ x K) is 1.

We already know that in our case, B has discriminant prime 2. So, from the table ([Has83,
p. 493]) the group of similitudes G? has class number 1 in the principal genus. This implies
the cardinality of GB(Q)\GB(A)/(G?(R) x K) is 1. Now, let us consider the following two

exact sequences

1= GHQ)\GF(A) /G (R) x K, — GE(Q)\GP(A)/GP(R) x K 5 Q\A™ /(R x Z) — 1
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and
1 GH(Q)\GE(A)/GE(R) x K, — GE(Q)\GP(A) /G (R) | x K55 Q“\A* /RX (xZ — 1

where  is the similitude character. The groups Gf , K are the collection of matrices from

GB and K respectively, where the matrices have similitude 1. Since,

(D) |Q*\AX/(R* x Z)| = |Q*\A™/(RZ, x Z)| = 1 (because the field Q has the narrow

class number 1).
(2) Both the double coset sets
G*(Q\G®(A)/(G®(R) x K) and G*(Q)\G"(A)/(G*(R)+ x K)

are finite sets and they have the same kernel and image space under the map u, hence

the cardinality of both the double coset sets are same and that is 1.

This observation implies there is only one class in the set of double cosets. So we can take
identity element /3 as a representative of that class. Then by Proposition {.2.3] the space
of automorphic forms for G of full level and weight V is isomorphic to the subspace of

[-invariants V! via the map f — f(I3) and we have
Mgs(V) =2V, (4.3.2)
where
F=G*(Q@nN(G°(R)s x G*(Z)),
Vi={vev|p(yv=vvyer}.

Note that I being the arithmetic subgroup of G? (by Proposition is finite. In fact, we
have already calculated the cardinality of I" using the theory of mass formula by Shimura
[Shi199] in the previous section.

We make the following observation about I'.

Observation 3: We already know

[ = Stabgs(q) (05°) = G*(Q) N (G*(R)+ x K).
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Our next claim is

— D3
T = Stabgs(g) (05 )-

To prove that, let us take an element y € Stabgs @) (ﬁ§93). Then we get () € Q. We have
u(y) € Z* too, since yis in K. This implies w(y) = 1. Therefore, StabG?(Q)(ﬁg93) =T.

So, we could write I' more explicitly as,

' ={y€GLs(05) | ¥ = hs}. (4.3.3)

We will work with this expression of I later on.

4.4 Conjectural Jacquet-Langlands correspondence

This section is dedicated to a brief discussion about the conjectural Jacquet-Langlands
correspondence in the case of symplectic similitude groups GSpg and its inner forms. This
correspondence is a theorem for the case of GL,, proved by Jacquet-Langlands [JL70]. This
relates the automorphic representations of the multiplicative group of quaternion algebra
with certain automorphic representation of GL,. We refer to Thara [[ha64], Hashimoto and
Ibukiyama [HIS1], [Ibu84] for the analogue of conjectural J-L correspondence in the case
of GSp, over Q. In particular Sorensen proved this conjecture to be true for GSp, over Q
in paper [Sor09al] and for GSp, over a totally real field F of even degree in paper [Sor09b].

Conjecturally, Jacquet-Langlands correspondence is a bijection between smooth auto-
morphic representations on the compact side, i.e., of G to cuspidal automorphic represen-
tations of GSpg that are square integrable representations at each place where B is ramified.
In our case, B is the unique (upto isomorphism) definite quaternion algebra over Q with
ramification at 2 and oo. Let S = {2,0}. We now describe analogue of JL correspondence
for the group GSp, as described in Sorensen (cf. [Sor09a]). Let 7 be an automorphic repre-
sentation of GB(A), with trivial central character and 7., some finite-dimensional represen-
tation. Then conjecturally there exists a cuspidal automorphic representation IT of G'(A),

with trivial central character such that II, = m, for all p ¢ S, and Il is a cohomological
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discrete series representation. Moreover, it is further expected that if m, is paraspherical
(i.e., has fixed vectors by a paramodular group) then II, is paraspherical too. Perhaps, an
additional local assumption is needed as in Sorensen (cf. [Sor(09a, Section 4.2.2]) to get the
JL correspondence, otherwise we might get a weak version of it.

In our case, JL(7) = IT is ramified at 2. Because at 2, we can’t have principal series
representation, as principal series representations are never square integrable. Because of
the same reason, we can not have level 1 either, since at level 1 we only get principal series
representations.

The heart of the proof is the ‘character identity’ which comes from Arthur’s trace for-
mula. We are interested in the spectral side of the trace formula for both the groups G? and
G'. There is a distribution, denoted by I¢ dlsc which is supported on automorphic represen-
tations occurring discretely in the trace formula. The distribution has an expansion of the

following form

dlSC Z adlSC tI‘H )

for a smooth function f" on G’'(A). Here agi/sc denotes a complex number attached to an
automorphic representation I1. However, the distribution formed this way is unstable. To
make it stable, a certain suitable error term needs to be subtracted (see Arthur [Art98])).
There is a similar formula for the group GB. But since G? is anisotropic modulo center
so all the term occurs discretely and agsc(ir) always denotes the multiplicity of 7 (see
Sorensen [Sor(09al, Section 4.2]).

A standard argument based on the spectral identity connecting the stable trace formula
of G® and G’ says that there exists an irreducible representation IT of G'(A) such that
I1° = #5. Now to talk about the infinity component IT., of the representation, we recall
that by Langlands classification, the irreducible admissible representations of G'(R) are
partitioned into finite L-packets Iy parametrized by admissible homomorphisms ¢ : Wg —
LGB, Since GB(R) is compact modulo center, the L-packets are singletons {7, }. Now, pick
a cohomological discrete series representation (see Sorensen [Sor(09al Section 4.2.3]) Il

of G’(R) from the L-packet ITs with the same central and infinitesimal characters as 7y,
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then the key identity is as follows:
Y 4§ (Mo @M@ 1) um(f2) = Y aise (M @ T, @ T1°) T (f3) (4.4.1)
V(%) 1,
which is valid for any discrete L-parameter ¢, and Il € IIy and any matching pair of
smooth functions f> and f; on G(Q7) and G'(Q») respectively. Now to get information at
prime 2, we use argument on linear independence of characters for G8(Q5). There exists
a function f, and an automorphic representation 7, such that the left hand side of the key
identity Equation (4.4.1)) is non-zero. Then the right hand side of Equation (4.4.1)) is non-
zero too. This implies there exists at least one matching function f; and correspondingly

one representation Iy with trTI,(f}) # 0.



Chapter 5

On the computation of genus-3 algebraic

automorphic forms over Q)

In this chapter, we will discuss about the algorithm in computing the dimension of the
space M;z(V) of automorphic forms on B of weight V and full level. At the end of this
chapter we will give a Table[S.T]of dimensions for various small weights V computed using
the algorithm, which we have implemented in MAGMA using the packages of the Magma
computational Algebra system (version V2.24). Table|5.1|is the main result of this chapter.
We will discuss some implementation issues related to the algorithm as well. But at first,
we will briefly recall some necessary facts on the highest weight theory for symplectic Lie

algebras.

5.1 Background on the highest weight theory

According to the basic results of Fulton-Harris ([FH91, Lecture 7]) representations of a
complex Lie algebra g will correspond exactly to the representations of the associated sim-
ply connected Lie group G. For any other group given as G = é/ C, where C C Z(é)
with Lie algebra g, representations of G are simply the representations of G trivial on C
(cf.[FHOI, p. 369, Lecture 23]). Let h be the Cartan subalgebra and the root space h* be
spanned by weights Ly, L,,...,L,. Then any weight can be written uniquely as an integral

linear combination A Ly +Ap Ly + -+ + A, Ly,

51
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Fact 5.1.1. The following facts with all the notations intact are borrowed from different

sections of Fulton-Harris [FH91]].

(1) Let V), be the irreducible representation of sp,, with highest weight A = (4; + A, +
o+ )L+ A+ -+ ALy + -+ + AL, Then V), will be a representation of
Spy,(C)/{=£1} if Y A; is even [FHO1L p. 371, Proposition 23.13].

) vk = Vo....1,...0 is the irreducible representation of sp,,(C) with highest weight L; +
-+ L ([EH91, p. 262)).

(3) Any other representation of sp,, (C) will occur in a tensor product of these v, Specif-
ically, the irreducible representation Vj, 4, . 4, With highest weight A = (a; +--- +
an)Ly+ -+ ayL, = a1Ly +ax(Ly + L) + - - +a,(Ly + - - + Ly,) will occur inside the
space

SymV @ Sym2v® ... @ Sym®v ™

where V(1) is the standard representation of sp,,(C) on C?" ([FHO1, p. 262]).

(4) The k™ symmetric powers Sym*(C?") of the standard representation are all irreducible

in both the cases for Lie algebra and for group Sp,, (C) ([FH91, p. 265, p. 406]).

5.2 Dual spaces, contractions, and exterior powers

This section contains some necessary background theory about duals, contraction maps and

exterior powers. We have followed the exact notations from [FH91]].

Fact 5.2.1. (1) If {¢;} is a basis for V, then {e;, Ae,, A+~ Aej, |11 <ip <---<ip}isa

basis for the exterior power A"V of V.
(2) If V* denotes the dual space of V, then A" (V*) = (A"V)*.

(3) The dual basis for \"(V*) is {e] Aej, A--Aef | i1 <ip <+ <in}.
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(4) The contraction maps C}; : VEP @ (V*)%4 — ver-D g v*)2@-1) forany 1 <i<p

and 1 < j < ¢, are determined by, evaluating the jth co-ordinates of (V*)®‘1 on the

i co-ordinate of VP, ie., C: VP @ (V¥)¥4 — ver-1 g (v*)®4-1) is given by

Ci(r1®-- @V, 091 Q- QP;Q-- Q) = ¢(Vi)V1 Q- RN Q-- VP ©--- B ®
D By

(5) There are related contractions between exterior powers and dual spaces of exterior
powers. They are known as internal products. The contraction maps for the exterior

powers are denoted by 1 and L respectively, and they are given as:
N'v ®/\p+q(V*) = AV, x@a— xa

and

/\p+qv®/\p(V*) — /\q(V*), X® 00— XLC,

where x_o and x_ o are defined as follows:
@ Ifx=viA---Avpand ot = ¢y A--- AN @piq Withv; €V and ¢; € V¥, then

X1 = ngn (PG (g+1) (Vl) O q+p( ) (pc - /\(PO'

the sum over all permutations ¢ of {1,...,p+ ¢} that preserve the order of
{1,...,q}.

(b) fx=viA---Avpigand € = @1 A--- AP, withv; €V and ¢; € V*, then

xeoe =Y sgn(0)01(vo(1)) - 0p(Vo(p) Vo(ps1) A AVo(pig):

the sum over all permutations that preserve the order of {p+1,...,p+¢}. For

details, we refer to the reader [FH91, Exercise B.15].

There are analogous formulas for symmetric powers too [FH91, Appendices B.3].
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5.3 Outline of the algorithm

Our primary goal is to compute the dimension of M;s(V). But by the isomorphism as in
expression (4.3.2) in Section (4.3.3)) calculating this dimension is same as calculating the
dimension of V. The first and foremost step towards this is to calculate the group I" ex-
plicitly.

Cardinality of I":

We calculate I' explicitly by writing a program using MAGMA software. For this calcula-

tion, let us look at the description of I as in Equation (4.3.3) (Observation 3), i.e.,

I'={yeGL3(0p) | y¥ =13}

a b c

Let y:=|d e f | bean arbitrary 3 X 3 matrix from I' where a,b,c,d, e, f,g,h,m are

g h m
arbitrary elements from the quaternion algebra B. We could further write a, b, ¢ in the fol-

lowing ways a :=a| +azi+azj+ask; b:= by +bri+b3j+bsk; c:=c1+cri+c3j+cak,
where ay,...,a4,by,...,bg,cy,...,cq are rational numbers. Similar expressions hold for
b,c,d,e, f,g,h,m also. Since the matrix 7y is from I" so we could express the matrix entries
as elements from 0. Hence each a,b,c,d, e, f, g, h,m has another set of expressions, such
as a:= oy +0pi+azj+ oul, b:= B+ Bai+ Bsj+ Pal, c:= 1+ pi+ yj+ vl, where
o ...04,B1...B4,1 .74 are integers. Now, if we equate these two expressions of a, we

get,

2

(200t 04 20p+04\ . [(203+04) . (064)
_( . )+( . )+( . ),+ Vi

If we compare the constant terms and coefficients of i, j, k we get aj,as, a3,as as half

S o 14+i+j+ij
a1+ asi+azj+ask = o + 0pi+ 03 + 0 (4>

integers. We could similarly do for the rest of the matrix entries. Now, ¥ being the member
of I gives us,

ad+bb+cc=1.
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This implies,
ai+as+azt+az+bi+bs+b3+bi+ei+g+cg+eg=1.
Furthermore, if we expand these expressions putting the values of ay,...,c4, we get,
(200 + 0u)* + (200 + 0u)’ + (205 + ) + 0F + (2B1 + Ba)” + (2B + Ba)” + (283 + Ba)’

1B+ n+m)+r+n)’+2p+n)’+y =4

This implies, a4, B4, Vs are integers in [—2,2] and for different choices of o4, we could
show that o, 0, 03, B1, B2, B3, 71, 12, 13, are integers in [—1, 1]. By this calculation, we are
able to give finite bounds for entries of an arbitrary matrix in I'. Since the computation
is now over a finite discrete set, so the cardinality of I" is finite. We wrote one MAGMA

program and got the cardinality 82944.

Remark 5.3.1. This cardinality matches with the mass formula calculation as we did in

Chapter [ (cf. Section[d.3.2).

Generators of I:

The next task is to find the generators of I'. Now observe that, each element x+ yi+zj 4wk
of B can be associated with a 2 x 2 matrix over a suitable choice of field E/Q. E is such
that E splits B. In our case, we already fixed E to be Q(I), where I> = —1. Though as some
inbuilt packages from Magma works only for complex field C. So, only for programming
convenience we consider the complex field C, otherwise, Q(7) is an adequate choice to

work with. Now, using the following bijections:

1 0 I 0 0 1
1+ ,i <~ ;j <~ 7k <~
0 1 0 —I 10 10
we can observe
2 2
I 0 1 0 0 1 10\ (1 o 0 1 0 I
0 —I 01/ \=1 0 o1/ \o =1/ \=1 0 710
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Hence, an arbitrary element x 4 yi + zj + wk of B can be associated with a 2 X 2 matrix in

the following way:

o 10 I O 0 1 0 1 x+1Iy z4+1Iw
x+yi+zj+wk<rx +y +z +w =
01 0 —I -1 0 I 0 —z+Iw x—1Iy
a b c
Using the above observation, an arbitrary element y:= | 4 e f | inI can be viewed as
g h m

{a17a27a37a4} {b17b27b37b4} {CI,CQ,C3,C4}
{di,da,ds,ds} {er,ex,e3,ea}  {f1,02,f3:. 04} |
{g17g27g37g4} {h17h27h37h4} {m17m27m3vm4}

here we introduce a new symbol {p,q,r,s} := 22 4 Zq; $i4 25 j+ Sk for convenience

to write matrix entries.

The above y € I' can be considered as 6 x 6 matrix as follows

lai,a2,a3,a4] [b1,b2,b3,bs]  [c1,c2,¢3,c4]
[di,da,d3,ds) er1,ez,e3,ea]  [f1.02, 03, f4] |>

[g17g27g37g4] [h17h27h37h4] [m17m27m37m4]
where each entry of the above 2 x 2 matrix is defined by

2p+s 2q+s 2r+s s
2 +1 2 2 +1 2

rs| =
[p7Q7 ) ] 2r+5+1£ 2p+5_12q+s
2 2 2 2

In fact, we can check that these matrices are from Spg over Q, where

Sps ={g €GL¢ | g'Vg=J}
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and
0O 1 0 0 0 O
-1 0 0 O O O
0O 0 01 0 O
J=
0O 0 -1 0 O O
0O 0 0 0 o0 1
0O 0 0 0 -1 0

Remark 5.3.2. For the sake of calculations we have taken this skew-symmetric form J.

Using MAGMA software program we have found the following three matrices generate the

group I'. We fix these three generators of I" for further computations.

ELo=H 0 0 0 0
==L 0 00 0
i o o o o &b L
o o o o L =LA
o o oL KL 0o o0
o o L =L o0 o0
oo o o &SI
oo o o &5t =
My — o o 5t =Lt 0o o
0 o 4L =L 0o o
o1 0 0 0 0
-10 0 0 0 O
o 0 0 0 0 -I
o 0 0 0 -1 0
e o o L &L o o |
o o L Lo o
ol ==L 0 0 0 0
=Ll 0 0 0000
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Remark 5.3.3. Observe also that all of these three matrices M, M,, M3 satisfy the same
characteristic polynomial x® 4+ +2x* 4 ¥ + 23> +x+1 = (x— 0)* (x — @)* (x + ®) (x + @)
and the same minimal polynomial x* + x>+ 1 = (x> +x+1)(x* —x+1) = (x — @) (x —
®)(x+ @)(x+ @), where ® is the third root of unity. We can see all the roots of the
minimal polynomial are distinct. Hence each of the generating matrices is diagonalizable

(or semisimple).

As we get these generators of I', hence we can write Mgz (V) 2 VI = H?ZIVMZ‘. So, calcu-
lating the dimension for the space M;z(V) is same as calculating the dimension of the inter-
section of these three subspaces VM for i € {1,2,3}. Since, we started with an irreducible
algebraic representation (p,V) of G® over Q (cf. Section , it can be parametrized by
quadruple of non-negative integers a,b,c,d where the representation V(= V. 4) is the

unique highest weight direct summand of

Viab.ea) = Sym*(C) @ Sym”(W) ® Sym“(U) @ p’. (5.3.1)
Define X7(a7b7c) := Sym“(C®) ® Sym” (W) ® Sym (U). (5.3.2)

Then we have,
V=Vaped S Vipe @1 (5.3.3)

For details see [FH91, p. 258]. Here u denotes the similitude factor.
Remark 5.3.4.

1. The spaces W and U are subspaces of exterior powers A?(C°) and A\(C®) respec-

tively. We will give the full descriptions of W,U below.

2. For the sake of simplicity in our calculations, we will fix d = 0. If in addition b =

¢ =0, then we get, V, 00 = G(a,O,O) (by Fact @)).

3. The non-negative integers a, b, c have relations among themselves. We need a + ¢ to

be even and there is no condition on b (by Fact[5.1.1|(T))).
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4. Since we do not directly identify our space V,, - as a subspace of the vector space
\7(5,7;,70) so for our purpose, we only compute an upper bound of VaF bc- The dimen-

sions of \7(617,,7(.) surely give an upper bound for dim (VI

" be) Now if we extend the

action of I" on G(a,b,c) and compute dim (V(l; b C)) then this will give a better bound

for dim (VI

). Hence the next task in our algorithm is to define the action of I" on

Viab.c)-

Extension of the action of I" to V(%bjc):

We start by considering the standard representation of spg(C) on CS. Then the matrices

obtained by the action of the generators of I" on C® will be the same M, M,, M3. Note that

S5+a

the dimension of the space Sym®(C?) is ( M

). Call this dimension as n,.

Descriptions of W and U:

The space W:

The vector space \*(C®) = ggg has basis {e; Ae; | 1 <i< j<6}. Let8 denote the

vector space of all 6 x 6 skew-symmetric matrices over C. Then we have the following
isomorphism of vector spaces 8 = (A2V)* = A2V* (for the last isomorphism (see (Z) in
Section [5.2). Under this isomorphism, the skew-form J preserved by the definition of

spe(C), maps to ef Aej 45 Ney+ ek Neg,ie.,

0o 1 0 0 0 O

-1 0 0 0 0 O

000 1 0 0 o
J= — el Ney+e3Ney+es Neg.

0 0 -1 0 0 O

0O 0 0 0 0 1

0O 0 0 0 -120

By the definition of the action of Sps(C) on the standard representation preserves a skew-
form so that, the representation on A\?(C®) (= /\2(((:6)*) has a trivial summand. This im-
plies that A?(C?) has an irreducible subspace (J) by the action of Sp,(C). The complement
of the trivial representation (/) in A?(C9) is irreducible too (for details, see [FH91] Section

17.1]). For us, W is this irreducible representation such that, A>(C®) = W @ C. Therefore
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dim(W) = dim(A*(C%)) — 1 = 6(6771) — 1 = 14. In fact, we could explicitly write down all

the basis elements of W. Define, a bilinear form on 8 by following
Ji:8x8§—=C

by J1(X,Y) = tr(JXJY).

Claim: The new form J; is Spg-invariant.

To prove our claim, let A be any symplectic matrix. Then A satisfies A’JA = J. Now Spg

acts on 8 viaA - X = A’XA (since X is skew-symmetric then A’XA is also so). Therefore,
JI(A-X,A-Y)=J (A XA,A'YA) = tr(JA'XA,JA'YA) = tr(AJA'XAJA'Y ) = tr(JXJY).

This implies J; is Spg-invariant. By definition J is Spg-invariant. Our required space W is

a space perpendicular to J under J;. Therefore
W=Jt={Xe$|/(X,])=0}={X €8 |tr(JXJJ) =0} ={X €8 |tr(JX) = 0}.

Now the trace condition

0 1 0 0 0 0 0 X12 X13 X14 X15 X16
-1 0 0 0 0 0 —X12 0 X23 X24 X235 X26
0 0 0 1 0 0 —X13 —X23 0 X34 X35 X36
tr =0.
0 0 -1 O 0 0 —X14 —X24 —X34 0 X45 X46
0 0 0 0 0 1 —X15 —X25 —X35 —X45 0 X356
0 0 0 0 -1 0 —X16 —X26 —X36 —X46 —X56 0

gives, x12 +x34 +x56 = 0.

Therefore the Space W is <€12 —e34, €13, €14, €15, €16,€23,€24,€25,€26,€35,€36,€45,€46, €34 —
es6), Where e;; denotes the basis element e; A e; of A\?(C9).

Action of I"on W:

Define the action of I on A?(C®) by

g-(eiyNej,) =g e, Ng-ej,(forip < jo)
= (g1ige1 + &2ige2 + -+ goiges) N\ (81,1 + 82jp€2 + - + 86,6)

= Z(giiogjjo - gijogjio)ei Nej,
i<
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0
81j
. . . 82
where g = (g;;) is 6 x 6 matrix with g-e; = (g;;) | 1 | = |
86

0
Observation: I acts on A\?(C?) by conjugation, i.e., using the bijection,
00 0 O0O0O
x 0 x  *x *x %

* x 0 1 % x
*

*
ej, Nej, <

¥ % x x 0 x

00 0 O0O0O

where the [i, jo]™ entry is 1 and correspondingly [ jo,io]™ entry is —1, we can show
00 0 O0O00O
x 0 % x % x

* x 0 1 x x
g'(eio/\ejo)

Il
oo
oq

* x —1 0 % x
x % x  x 0 %

00 O O0O0O

Since I' = (M, M,, M3), so it is enough to see how each M; acts on basis elements of W.
Let Py, P>, P; be the matrices obtained by the action of M, M>, M3 on W respectively.
Action of I" on Sym”(W):
The vector space Sym® (W) has the dimension (1314:;19). Define, ny, :=(]31J3rb ) Now to see the
action of each M; (fori=1,2,3) on Symb (W), let us recall the following definition of the
linear transformation

Sym”(P,) : Sym”(W) — Sym”(W)
Sym?(P) - (vj,-vj,-...ovj,) =P(vj,) - P(vj,) ... P(vj,), where 1 < ji < jp <--- < jj <

14, where for each i = 1,2,3, P; is a 14 x 14 matrix and {Vji}lgji§14 are arbitrary basis
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vectors of W C A?(C9). Precisely the action of each M; (for i = 1,2,3) on Sym®(W) are
determined by the action of each P, (i = 1,2,3) on W. By abuse of notation, let us denote

the matrix obtained by this action as Sym”(P;) too (for each i = 1,2, 3).
Remark 5.3.5. For each i € {1,2,3}, Sym”(P)) is a nj, x n, matrix.
Description of U: We have a contraction map

ANV RN (V) =V
defined by x ® & — xL ¢ (see[5]in Section[5.2)), where

xea = (vi Ava Av3)L(1 A o)

=Y sg0(0)(0)01(ve(1))92(Ve(2) Vo (3)-

CES;
Also, we know the skew-form J preserved by the action of Sps(C) can be identified with the
element e} Aej + €5 Aej + ek Aef of A2(CO)*(22 A%(CP)). Then by [FHOI, Section 17.2],
the kernel of the contraction map obtained by contracting with e] A e; +e3 A e +e5 Aeg is
the irreducible representation with highest weight L 4 L, 4+ L3. We call this representation

as U. Therefore
U={viAvaAvy € A3(C®) | (vi AvaAv3)(ef Aes+e5Ael+ et Nel) =0},

We can also write down explicitly the basis elements of U by exploring the kernel condition
of the contraction map L. But before that let us first show by example, how the formula for
‘L’ works. Choose e; Aey Aesz € A*(C®), then
(et Nex Nes)L(e] Ney) = Z sgn(o)e](eq(1))es(es(2))es(3)
CES;
= ej(e1)er(e2)es —ej(er)ex(es)er —ef(ea)es(er)es
+ej(e2)er(es)er +ej(es)ey(e1)er —ef(ez)ez(ea)e

= e3 (since ¢; (e;) = 0;, Kronecker delta)
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For ej Aey Aey € AP(C) and e} A el € A*(CP), we have (e) Aey Aes) (el Aef) = 0.

Similarly, we can check, (e; Aey Ae3)L(es Aeg) = 0. Therefore
(e1NexAes)(ef e +ef nej+esAeg) = es.

Similarly, we can evaluate this formula for each basis e; Ae; A ey of /\3(C6) and can cal-
culate the kernel of the L map. Therefore the basis of the kernel or U is {e] Ae3 Aes,e; A
ez3Neg,e1 Neg/Nes,e1 NegNeg,e1 Nes/Neg—er/Ne3/Neq,er Nez/Nes,er Ne3/N\eg,er Neg /N
es,ex NegNeg,ex Nes/Neg—erxNe3/Neqg,ez3/Nes/Nes—ep NexyNes,ezNeg/Neg—ep/Nex N\
es,e3\Nes Neg— ey Ney Ne3,eq Nes \Neg— ey ANey Aeq}. Hence the dimension of U is 14.
Action of I"'on U:

Define the action of I on A*(C®) by

g (e,'l N e, /\653) (fOI‘ 1 <ip< ig)
:g'eil/\g'eiz/\g'ei3
= (g1ie1+ -+ 8eije6) N (g1ie1 4+ + 8sires) N (8111 + -+ + g6is€6)

- ¥

io<jo<ko +8 joir 8koir Giois — 8koir & joia&ioiz ) €ig /N € /N kg

(gl'()il 8 joir8kgiz — 8 joi1 8igir8kyis + 8koiy 8inin8 jois — igi1 8koir 8 joiz

for any g € I'. Let Q1, 0>, Q3 be the matrices obtained by restricting the action of genera-
tors M, M, M3 of T on U and the matrices Sym‘(Q),Sym€(Q;),Sym‘(Q3) for the action
of generators on Sym‘(U). Now, note that the vector space Sym®(U) has the dimension
(13;3%). Define, n, ::(131?). Then for each i € {1,2,3}, Sym‘(Q;) is an n. X n, matrix.
The matrix obtained by the action of I" on the space \7(%,,76) is Sym“(M;) ® Sym’(P) ®
Sym®(Q;). Then we have,

3
dim (V5 ) ) = dim QV&‘)) (5.3.4)

3
= dim [ (ker (Sym“ (M;) @ Sym? (P) @ Sym€(Q;) — 1)> (5.3.5)
i=1

3
=dim | E;m) : (5.3.6)
i=1
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where Ecihb,c is the eigen space of 1.

Complexity issues: Define N, j, . := nanpne = (5 a4 (I%b) (131§LC) The matrix Sym*(M;) ®
Sym”(P) ® Sym‘(Q;) is an Nyp e % Nop matrix. Now N, . grows rapidly as a,b,c in-
creases. This process calculates three eigenspaces for three big Ny ; - X N, j, - matrices and
then compute the dimension of their intersections. We could bypass the idea of directly
calculating the kernel and can reduce the complexity. So, in our algorithm to reduce the
number of operations involving nullspace calculations, we compute for each i € {1,2,3}

when all those iy, jy,k; with the condition, } i, = a;}. jx = b; )} ky = ¢ when the following

expression involving eigenvalues is true.
i i i J14
A, %, YoM, lP 2P : 14p7/( ,7/(1 )/(4Q 1, (5.3.7)

Here OClM., OCzM., - O£6M., ﬁlp., ﬁzpi, - ﬁ14pl., lei’ ’}’2Qi, ceey ’}’14Q are eigenvalues of M,',P,‘
and Q; respectively for each i € {1,2,3}. Correspondingly al M; O‘zM Océ%,[i with Y i, =a
are the eigenvalues of Sym*(M;) (fori € {1,2,3}). Similarly, we can write the eigenvalues

of Sym?(P,) and Sym¢(Q;).

Table 5.1: The dimensions of the space for different inputs of a,b,c

a 1]2]2/4]6[8|10]12]14
b ojo/1]olojolo [0 |0
¢ i{olojojojojo [0 |o
dim (V£,.)) [0/ 0001 1]0 |3 |2

Observation 5.3.6. Since M,M,, M3 have the same characteristic polynomial and same
minimal polynomial, hence their eigenvalues are same too with the same multiplicity. In
fact, we prove that My, M5, M5 are diagonalisable matrices (see remark [5.3.3). We can also
prove that Py, P>, P3,Q1, Q2,03 are diagonalisable too. Moreover, each of Pj, P>, P3 satisfies
the same minimal polynomial, characteristic polynomial and each of Q;, (0,03 has the

same set of eigenvalues with the same multiplicity.
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The above two observations lead us to imply that E C’l po foreach i € {1,2,3} will be

spanned by eigenvectors and we get,

. . A . . ‘ v ‘ ‘
e = Span{viy - vd @wip - wilp @uyfy - ujly, | Expression(3.3.7) is true}.
Now, there is a general formula to calculate the dimension of the intersection of three
subspaces V1, V2, V3 of a vector space V due to [T1a02] given as following,
A Ay

0
dim(V; NVaNV3) = k(A1) +rk(A;) + k(A3 ) —rk (5.3.8)
Al 0 As

where V; = column space of the matrix A;. This means that each column of A; is actually a
basis of V;. Using this general formula for computing dimension of three vector spaces in

our situation, we get

i=1 Al 0 A3

S 3 A Ay O
dim (ﬂ E;’b’c> = Zrk(Ai) S ,
i=1

where EL’Z .. = column space of A;. Each column of A; actually gives an eigen basis in our
case. We calculate rk(A;) for each i, during the process of the program and get rk(A;) =
tk(A2) = rk(A3). Denote this rank rk(A;) by 4. Then, calculating the dim (\7(1; b C)) boils

A A, O
down to calculate the rank of the last matrix b . This matrix has order
A 0 Az

2N, % 3h.

Conclusion 5.3.7. The key reason for choosing this rank calculation approach is to reduce

A Ay O
the complexity. The matrix b has size 2N, ;. X 3h. The time complexity
A 0 Az

Al Ay

0 ~
for calculating the rank of involves O(N,p . - h) field operations [CKL13]].
A 0 Aj

The notation O is used to hide (small) polylog factors in the time bounds. Whereas if we
want to calculate the intersection of three eigenspaces and then calculate the dimension,

then this process will involve more operations. In our case, V; = Range(A;) and V, =
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Range(A;). A vector w € Vi NV, if and only if Aju = Ay = w for some u € V| and

v € V5. Therefore Aju — Ay = w—w = 0. Now consider the matrix A = [A}, —Aj;]. Hence

u
VinVa ={w=Au| € ker(A)}. So it is enough to compute the ker(A). Now kernel
%

calculation involves Gaussian elimination process. If we want to calculate (V; NV2) NV3,
then this will be computationally more intensive. So calculating the intersection of three

eigenspaces and then calculating the dimension of the intersection involves more operations

A A
than calculating the rank of b . This is the key observation of this approach.
A1 0 Az

We record this discussion as the following theorem.

Theorem 5.3.8. The aforementioned algorithm takes non-negative integer values for a,b,c
as inputs under the condition that a+ c must be even and b can be any non-negative integer.

(b c)> which gives bounds for the dimension of the

And as an output, it returns dim <X7F
space of cuspidal algebraic automorphic forms Mgs(V). For the choices (a,0,0), we get
the exact dimensions of Mgs(V,0,0). In other cases, we just get bounds of dimMgs(V, p ).
In particular, from the Table the dimensions of the space of cusp forms of weights
(6,0,0),(8,0,0),(12,0,0),(14,0,0) are 1,1,3,2 respectively. Whereas the space of cusp

forms of weights (1,0,1),(2,0,0),(2,1,0),(4,0,0) and (10,0,0) are trivial.

Remark 5.3.9. In the above theorem the forms are cuspidal since GB(RR) is compact mod-
ulo center hence it does not have any cusps. This precisely means the Table [5.1] gives the

bounds for the dimensions of the space of cuspidal algebraic automorphic form M;z(V).

Future Plans: In future, we want to work for reducing the complexity and if possible
getting more values to fill up the table of dimensions of \7(“71,76). There is a scope of using
faster rank calculating programs which involves parallel processing. We intend to work
on that. If by using tools of representation theory we could identify the space V, ;. as a

subspace of \7(1; be) then we can have a table of dimensions for the space Mz (V) itself.
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