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Abstract

This one year project is devided into two parts, first part is devoted to learning basic algebraic geometry and the
second part is devoted to learning Cohomology and applying it to the settings of algebraic geometry.
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Introduction

The idea of finding geometric solutions to algebraic problems date back to greeks (A typical example is a problem
of “doubling a cube”) they invented several curves for the same (the most important among them is the conics).
Later mathematicians also understood that without the aid of algebra, the geometric approach fails to study com-
plex phenomenon (A typical example is the classification problem of linear transformations). Algebraic geometry
explores and exploits the connection between algebraic notions (techniques) and geometric intuitions. Classical
algebraic geometry grew out of the study of zeros of a system of polynomials. The subject focuses more on the
algebraic and topological aspects of the set of solutions rather than specifically finding a solution. The fundamental
object of classical algebraic geometry is "Algebraic varieties", which are a "geometric" manifestation of sets of zeros
of polynomials. Algebraic geometry occupies a key position in modern mathematical world and it interacts with a
number of fields such as complex analysis, topology and number theory. To learn more about the subject, I closely
followed the book ”Algebraic Geometry 1” by Ulrich Gortz and Torsten Wedhorn (Most of the algebraic geometry
discussed in the thesis comes from this source). The thesis can be devided into two parts, the first part deals with
sheaves and schemes and in the second part we discuss some cohomology.

The first chapter deals with the two significant drawbacks of affine varieties, by introducing the notion of the
spectrum of a ring. One of the major drawbacks of affine variety is that it is "coordinate dependent", that is it
depends on how it is embedded in the ambient affine space. To get a "coordinate free" description of affine variety
we note that there is a bijection between the collection of maximal ideals of the coordinate ring and the points of
the underlying topological space. For a commutative ring A there are only a few maximal ideals, so we construct a
topological space using the set of prime ideals which is denoted by “Spec(A)” (In some sense the topology defined
on theis set mimics the Zarisky topology defined on the affine space). The other reason to use prime ideals is that it
gives a contravariant functor from the category of rings to the category of topological spaces (The second drawback
was the construction of affine varieties were limited to the case of an algebraically closed field, but this is already
rectified by considering a general commutative ring). Given Spec(A) we can not get back the ring A, so we need to
define additional structures on Spec(A) which will help us to get back the ring A. We will try to view elements of A
as functions defined on Spec(A). To make this notion precise we need a more robust construction. We observe that
the key point for working with “functions” is "restricting and glueing of functions" (rather than evaluating them
at points of the source). Abstrating this we get the notion of a "Sheaf". A presheaf is defined as a contravariant
functor from the "category of open sets" of a topological space to some "concrete locally small category”. A Sheaf is
a presheaf which satisfies the additional axiom of "glueing". Associated to sheaves, we define the notion of stalks.
Sheaves have a very local nature; this is reflected in the "sheaf condition"; the concept of stalks try to capture this
local nature. We proceed to define a sheaf structure on Spec(A) (which is a locally ringed space) and call any
sheaf isomorphic to this an "Affine Scheme". We obtain an anti-equivalence between the "category of rings" and the
"category of affine schemes". Schemes are obtained by glueing affine schemes. Later part of this chapter is devoted
to studying the connection between prevarieties and certain schemes. Via soberification, we obtain equivalence

between the "category of integral schemes of finite type over k" and the "category of prevarieties over k".
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In the second chapter we discuss some properties and charecterization of schemes and morphisms of schemes.
One of the most important thing we discuss here is the existance of fiber product in the "category of schemes" and
"base change". Later part of the chapter is all about "dimension" of a scheme. We give an outline of a proof of the
Bezout’s theorem as a first application of the theory so far developed.

From third chapter the second part of the thesis begins where we discuss cohomology. First part of the third
chapter discusses basic notions of homology in an "abelian category" set up, a reader who is familiar with commu-
tative algebra immediately senses that most of the notions are parellel to those in the commutative algebra set up.
Here we adapt the idea of diagram chasing to a general "abelian category" set up. The second part of the chapter is
devoted for developing the notion of "derived category" and "derived functor" which arises from localisation of an
abelian category.

In fourth chapter we introduce the notion of "coherent sheaves" so that we can apply the cohomology developed
earlier. "Quasi coherent sheaves" and "coherent sheaves" are interesting on their own, they arise as a result of the
attempt to charecterize sheaf of ideals which give rise to closed subschemes. This chapter provides basic definitions
and properties of "quasi coherent modules".

Fifth chapter is the place where we apply the cohomology theories so far developed to the case of sheaves. We see
that the category of coherent sheaves has "enough injectives”, but finding an injective resolutionis is inconvenient
we overcome this by relying on "flasque resolution". Later we introduce the "Cech cohomology" which is relatively
easy to compute and it coincides with sheaf cohomology when the underlying scheme is noetherian and seperated.
A note to the reader:

® Due to restriction on the size most of the proofs and results are omitted.



Chapter 1

Sheaves and Schemes

We assume that the reader is familiar with varieties and Prime spectrum of a ring. Two major drawback with the

construction of affine varieties is that

¢ It depend Completely on the underlying subset of A" (k) (affine space over an algebraically closed field k).

® They are only useful in the case of an algebraically closed field and not in the case of a general commutative

ring.

One of the major drawbacks of affine variety is that it is co-ordinate dependent that is it depends on how it is
embedded in the ambient affine space. To get a co-ordinate free description of affine variety we note that there is a
bijection between maximal ideals of the co-ordinate ring and the points of the underlying topological space. For a
commutative ring B there are only few maximal ideals, so we construct a topological space using the set of prime
ideals which is denoted by Spec(B) (In some sense the topology defined on this set mimics the Zarisky topology
defined on the affine space).

1.1 Sheaves

Given Spec(B) we can not get back the ring B, so we need to define additional structures on Spec(B) which will
enable us to retrieve back the ring B. We proceed as in the case of Prevarieties, we will try to view elements of
B as maps defined on Spec(B). But in reality the elements of B are not maps defined on Spec(B), hence its not
appropriate to use the notion of "system of functions". We take an extensile approach keeping in mind the analogy
of "system of functions", and it turns out that the key point for working with “functions” is "restricting and gluing"

of functions. This leads to the notion of sheaf.

1.1.1 Presheaves and Sheaves

We consider only ("concrete category") the categories whose objects are "small sets" (which have additional proper-

ties).
Definition 1.1.1. Consider a topological space W. A Presheaf F on W consist of the following data
* Given any open set U of W a set F(U),

* For each pair of open set U € V a map
resl;: F(V) - F(U)

it is known as the restriction map, and it satisfies the following conditions.
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1. Given any open set U ¢ W, resth = id -

2. Consider the open sets U < 'V € X of W then

resis = res(; o resiy
Let 7 be presheaf on W and U Sopen W, elemets of 7 (U ) are known as sections (defined on U). We can also describe
the concept of presheaf using categories and functors this description will be very useful at times.

Definition 1.1.2. Consider the topological space W, we define a category Openyy as below
* Objects of Openyy are open sets of W

* Consider open subsets U,V of W. If U ¢ V then Hom(U, V) = ¢ and if U < V then Hom(U, V') consist of a single
element the inclusion map from U to V

We define a presheaf as follows.

Definition 1.1.3. A presheaf F on a topological space W is a contravariant functor from the category Openyy to the category
of sets.

Similarly a presheaf on a topological space W that takes values in a category C is a contravariant functor from the
category Openy to the category C. That is given any open set U ¢ W, F(U) is an object in C and the restriction maps
are morphisms in C. Let Fq, F, be presheaves that takes values in C then a morphism F; — F; is simply a morphism
of functors.

Definition 1.1.4. Consider the topological space W, let Fy and F, be two presheaves on W. A morphism of presheaves
Y : Fy > Fp is a family of maps g« F1(U) - Fo(U) (for all open sets U of W) such that for any open sets U <V ¢ W the
following diagram commutes.

AWV) -2 BW)

v \4
lresu l?’ﬁsu

P
Fi(U) —— Fa(U)
Notation: If U ¢ V are open sets of W and F be a presheaf on W . If f € F(V) , f|y denotes res);(f).

Definition 1.1.5. Let F be a presheaf on W it is called a Sheaf if it satisfies for every open subset U and for every open
covering (U;); of U the following conditions
 (Sh1) Lets,s" e F(U), if s|y, =s'|y, Vithens=s".
® (Sh2)Given s; € F(U;) Vi such that Si|U,»nllj = s]-|u,.mujVi,j then there exist s € F(U) such that sz, = s; Vi (Unique-
ness follows from Sh1).

If we consider our analogy of "Space with functions", intutively these conditions says that functions are completely
determined by their values on an open cover (determined by local information) and compatible functions can be
glued. A morphism between sheaves is same as the morphism between the underlying presheaves. Via this defi-
nition of morphism we get the category of "Sheaves" on the topological space W, we denote it by (Sh(W)). In the
case of a category C we may not be able to refer to elements of the object F(U) (for some open subset U of W and a
presheaf 7 on W which takes value in C) so it is useful to define the concept of a sheaf using categorical notions for
this purpose we define the following maps.

Consider a topological space W, let U be an open subset of W and U := (U;);¢; (for somr indexing set I) be an open

covering of U. For a given presheaf 7 on W and an open cover U of U we define the following maps
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p: F(U) — [[FW;), s (shy)i= (si)

iel

o:[[FU) — I FUinl), (si)iv (Gilunu) i
iel (i,j)eIx1

o [JFU) — TI FUinly), (si)i= (sjlunu,) i)
iel (i,j)elxI
These maps can also be described in terms of the restriction maps without refering to the elemets of F(U)
Definition 1.1.6. Let F be a presheaf on W it is called a Sheaf if it satisfies for every open subset U and for every open

covering (U;); of U the following conditions:
The diagram

0,[
FU) —= Mt F(U) =3 T pess FUN L)

is exact. That is the map p is injective and its image is the set of elements (s;)iey € [1je; F(U;) such that o((s;);) = o' ((s;)i)-

Examples:

1. Consider a topological space W and U ¢ W be an open set of W. For any presheaf 7 on W we can define
a presheaf F|;; on U by setting F|;(V) = F(V) for any open set V of U, moreover if F is a sheaf then the
presheaf defined on U is also a sheaf. F|i; is known as the restriction of F on U.

2. Consider the topological space W, Z. Define a presheaf F on W by setting F(U) as the collection of continuous
functions from U to Z for every open set U of W. Define the restriction maps using the idea of restriction of a
function. The above defined presheaf is sheaf.

3. Consider a field k and the "space with functions" W, Oy over k then Oy is a "sheaf of k—algebras" on W.

4. Consider a topological space W and set
FU)={f:U->R continuous: f(U) R bounded}

for all U Sopen W, then F is a presheaf but its not a sheaf in general (Let W = R then define f(x) = x,
f € F(-a,a) for all a € R but it does not belong to F(IR)).

Consider a topological space W and B be its basis, let F be a sheaf on W. From the axiom of gluing we get that if
we know F(U) YU e B then we can determine F (V) for an arbitary open set V by gluing appropriate elements of
F(V;) where V;e Band V = U;1 V;

F(V) ={s=(si)i € et F(V}) : silv,aw; = sjlvinv; Vi jel} ={s=(su)u € [ucvues F(u) : Vu' cu; u,u’€B syly =
Su'}

All these equalities has to be understood as bijective correspondences. Let I/ be the collection of u ¢ B such that
u € V.U (is a poset) is a subcategory of Openyy and it forms an inverse system.

F(V) = lim F(u)
ueld

Hence it is enough to specify a sheaf on some basis of a given topological space.
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Definition 1.1.7. Consider a topological space W with a basis B. Treat BB as a full subcategory of Openy. We define a presheaf
on B as a contravariant functor from the category B to the category of sets.

A morphism of presheaves on B is again defined as a morphism of functors. Any such presheaf F on B can be
extended to a presheaf 7' on W by setting,

F(V)= lim 7 (U)
UeB,UV

for any open set V of W.

Proposition 1.1.8. Consider a topological space W and its basis BB. Let F be a presheaf on B and F' be the extension of F to
W .The presheaf F' on W is a sheaf if and only if F satisfies the sheaf condition((Sh1) and (Sh2)) for every U € B and for every
open covering of U by basis elements.

We get an equivalence between the "category of sheaves on B" and the category of sheaves on W.

1.1.2 Stalks of Sheaves

Sheaves have a very local nature; this is reflected in the sheaf condition; the concept of stalks try to capture this local
nature. Most of the times statement s about sheaves and morphism of sheaves can be verified by considering the

analogues statement at the level of stalks.

Definition 1.1.9. Consider a topological space W and a presheaf F defined on W then the stalk of F in w e W

Fo = lim F(U)
wel

* Let w € W then we can view F;, the stalk of F in w as the set of equivalence classes of pairs (U, s) where U is
an open set containing w and s € F(U). (Uy,s1) ~ (Uy, sp) if there exist an open set V containing w such that
VeclU;nl, and 51|V = 52|V-

Fw:(%If(U))P

where U runs through the open sets of W containing w and if s1 € F(U;) and s, € F(Uy) (Uj, U, are open sets
of W) then s; ~ s, iff there exist an open set V containing x such that V c U; n Uy of W and res ‘L,[l (s1) = resg2 (s2)

¢ Letw,z ¢ W. If every open set containing w contains z and every open set containing z contains w then 7, = F;

¢ For any U, Sopen W containing w we have a canonical map (from the definition of direct limit)
Ow:F(U) > Fy s—syu
which sends s € F(U) to the class of (U, s) in F,. We call s, the germ of s in w.
* Let U Sopen W and w € W then Fyy, = (F|y)w- This follows immediatly from the universality of the direct limit.
Now we will discuss how the presheaf F is related to F,.

o If ¢ : F; - F, is a morphism on preseaves on W then we have an induced map ¢ : F1,, = Foq- Let sy € Fiy,
and (U, s) be a representative of s;, define Py (sw) = (Pu(s))w (equivalence class of (U, Py(s)) in Fpy,). Let
(U,s) ~ (U',s") in Fy,, then there exist V ¢ U n U’ such that s|y = s’|y. The following diagram shows that if

slv = s'lv then ¢y (s)|v = Yur (s)|v.
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Yu

F(U) F(U)

o e
F) L B(V)
o
AU s B
that is if (U,s) ~ (U’',s") then (U, Py (s)) ~ (U’, pyr(s")), hence the map ¢, is well defined.

* We can have an alternate definition of the map ¢, without refering to the elements of F,,. Letw e U c V,
consider the following commuatative diagram (which follows from the universal property of the direct limit)

]:2w
9(2V A wmw
F2(V) - y F2(U)
resy; e
Yy Flw Yu
9(1V wu)w
resE
Fi1(V) » F1(U)

The unique map given by the universality of Fi,, is the desired map ¢,. Form the relation u o017y, =
0ouyw © Yu for all open set U containing w, it follows immediately that this map is the same as the one defined

previously. (We will use this as the definition of the induced map from now onwards. )

* Let A, B, P,Q be objects of a category C. Let i : A - B and ¢ : P - Q be some morphism between these objects.
We can define another category C’ whose objects are the morphisms of the category C and given ¢, ¢ € C’

define morphism from 1 to ¢ if the following commutative diagram (in C) exists.

a

— =
S

N
R

T

O

(morphisms of ¢’ are commutative diagrams). Let 1, 7, be presheafs from W to the category C, then all the
morphisms given in the previous commutative diagram are objects of C’ and it is clear that if U ¢ V (V < U)
then there is a morphism (fy;) from ¥y to iy hence they form a direct system. From every i there is a
morphism to ¢,. it is easy to check that
Yo = h_n} Yu
well
Consider a category C in which filtered inductive limit exist, let F be a presheaf which takes values in C then Fy, is
an object of C this give rise to a functor from the category of presheaves on W which takes value in C to C.

Proposition 1.1.10. If F is a sheaf and s, t are two sections in F(U), then s = t if and only if sy, = ty, forall w e U .
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Proof. If s = t then sy, = t;, for all w € W. Now assume s, = t;, for all w € W then for every w € W there exist open set
Uy, such that s|;7, = iy, evidently U, forms an open cover of U, then the map

p:F(U) ~ l_{l}—(uw)

should be injective by definition of sheaf, hence s = ¢ ( Since p(s) = p(t)).
]

Proposition 1.1.11. Consider a topological space W, let F and G be presheaves on W, and ¢, : F — G be morphisms of
presheaves.

1. If F is a sheaf, then the induced maps on stalks {, : Fyy — Gy are injective for all w € W if and only of ¢y : F(U) -
G(U) is injective for all open subsets U ¢ W.

2. If F and G are sheaves on W. The map 1p,, are bijective for all w € W if and only if i1 is bijective for all open sets U ¢ W

3. If F and G are sheaves on W. ¢ and ¢ are equal if and only if 1y, = ¢y for all w e W.

A morphism ¢ : F — G of sheaves is called injective (resp. bijective,resp. surjective) if 1, : F, - Gy is injective
(resp. bijective,resp. surjective) for all w e W.

If ¢ : F - G is a morphism of sheaves, i is surjective if and only if for all open sets U ¢ W and every t € G(U) there
exist an open cover U = U; U; (depending on t) and sections s; € F(U;) such that ¢, (s;) = t,. i.e. locally we can
find a preimage of ¢. But the surjectivity of ¢ does not imply that y; : F(U) - G(U) is surjective for all open sets U
of W

1.1.3 Sheaves assosciated to presheaves
Let F be a presheaf defined on W, there are two ways a presheaf can fail to be a sheaf

e it has local sections which are compatible that does not patch together to give a global section.

¢ it has sections which agrees locally that does not agree globally.

If F is not a sheaf we want to "modify" F into a sheaf F without "disturbing” the pre existing presheaf structure.
Definition 1.1.12. Let F be a presheaf defined on the topological space W then for any open subset U ¢ W define
F(U) = {s € [Tyeu Fuw : for every w e U 3UY > w and t € F(UY) such that s, = t, YueU"}.

i]:u cF(U) —>?(U) s = (Sw)weu

Proposition 1.1.13. Let F be a presheaf on W then F is a sheaf (called the sheafification of F) and iz, is a morphism of
presheaves such that the induced map on stalks is a bijections for all w € W. Moreover for any presheaf G on W and any
morphism ¢ : F — G of presheaves there exist a unique morphism ¢ : F — G such that the following diagram commutes.

FEF

e F

G —53

Hence sheafification is a functor from the category of presheaves to the category of sheaves.
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Corollary 1.1.14. If F is a presheaf and G is a sheaf on W then for every morphism ¢ : F — G there exist a unique morphism
W such that the diagram commutes

i —
25 F

bk

Example: Consider a set E, define a presheaf F by setting F(U) = E for every open set U of W (the restriction maps
being the identity). Let a,b € F(U), if a|y = by for some open subsete V of U then by construction a = b. So if F is
not a sheaf it is beacause of the absence of global sections corresponds to local sections which can be patch together.
Let U,V ¢ W be open sets with non empty intersection if there exist a € Oy (U), b € Ow (V) such that a|yv = bluay
then a = b and we have a corresponding global section of U u V. Hence if W is irreducible F is a sheaf otherwise
it is not because if F is a sheaf and UnV = ¢ then O (U u V) = Oy (U) x Ow (V) which is not true. Intutively its
clear that the sheafification F is such that F(U) is the collection of locally constant maps from U to E. It evident
that Oy, = E  Vw € W hence from definition of sheafification we get that F(U) is the collection of locally constant
functions from U to E.

It is evident that given a presheaf F of rings, of R-modules, or of R algebras, its associated sheaf is a sheaf of rings,
of R-modules, or of R-algebras.

1.1.4 Direct and inverse images of sheaves .

Given a continuous map f : W — Z of topological spaces one might wonder about how we can trasport sheaves
on W to Z or the other way round via the map f. Lets first think about the forward direction, let F be a presheaf
defined on W. F is a functor from Openyy, there is a functor from Openy to Openy induced by the map f. If
V e Openz then V v f~1(V) € Openyy composing this functor with the functor F we get a new functor from Openz.
We denote this functor by f.F. We can describe the presheaf f;F as follows (V Sopen Z)

RFWV)=F(FH (V)

the restriction maps given by the restriction maps for F. f,F is called the direct image of F under f.

If ¢ : 7 - G be morphism of presheaves then the family of maps f.(¥)v := s1(y) for V Copen Z defines a morphism
of presheaves f. () : f+F — f«G. Therefor f, is a functor from the category of presheaves on W to the category of
presheaves on Z.

Proposition 1.1.15. Let f : W — Z be a continuous map of topological spaces.

1. Consider a sheaf F on W, then fF is a sheaf on Z . That is f. give rise to a functor f, : (Sh(W)) - (Sh(Z)).

2. Consider a continuous map g : Z — W, then there exists a relation, g.(f+F) = (g o f)«F which is functorial in F.

Similarly we would like to transport a presheaf defined on Z to a presheaf on W using the map f. Consider a
presheaf F on Z then for every V open in W define.

g(V) = lim f(U) u ggpgn Z
T f(V)eu
We denote the presheaf G by f*F, let f~1F denotes the sheafification of f*F. F + f~1(F) defines a functor from
the category of presheaves on Z to the category of sheaves on W. We call f~1F the inverse image of G under f.

Consider a cotinuous map ¢ : Z — Y and a presheaf # on Y then f*(¢*(H)) = (go f)*(H) this induces an

isomorphism
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FUET ) 2 (8o ) H (»)
which is functorial in H.

Proposition 1.1.16. Consider the continuous map f : W — Z, and a sheaf F on W. Then given a presheaf G on Z there is a
bijection
Hom (spwy) (f G, F) <= Hom presn(z)) (G, f+ F)
9~ ¢
phey
which is functorial in F and G .

Given ¢ : G > f.F we get an induced map ! : f~1G — F, so for every w ¢ W we have

lpzuu : (f_lg)W = (g)f(w) - Fu

We can describe this map in terms of ¢ as follows: for every open neighborhood V ¢ Z of f(w) we have maps
4 -
G(V) = F(FHV)) — Fo

From the universality of the direct limit of G(V') (V open neighborhood of w) we get the map i}, : G¢() — Fu

1.1.5 Locally ringed spaces.

Definition 1.1.17. Consider a topological space W and a sheaf of commutative rings Oy on W then the pair (W, Ow) is
called a ringed space. We define the morphism between two ringed spaces (W, Ow) and (Z,0z) as the pair (f, f"), where
f W — Z is a continuous map between the topological spaces and f* : Oz — f. O is a morphism of sheaves on Y.

e The datum f* encapsulate the datum of a homomorphism of sheaves of rings f!: f~10; — Oy

e The composition of morphisms of ringed spaces is defined in the obvious way. Let (f, f*) : (W,Ow) —
(Z,0z)and (g,8"): (Z,07) — (Y,Oy), then go f : W — Z and if U € Y open then

Ov(U) 5 02071 W)) s Ow(F (g (U)))

This defines a map (go f, (g f)") : (W,Ow) — (Y, Oy). We obtain the category of ringed spaces.

* Given aringed space (W, Ow) we say Oyy is the structure sheaf of this ringed space. Often we denote (W, Oy )
by W.

¢ If we view the structure sheaf on W as the system of all "permissible” functoins. If we compose f with a
"permissible" function on an open set U of Z we should get a "permissible” function on f~}(U) of W this
would be a nice property to demand. Since viewing sections of the structure sheaves as functions is only a
heuristic, we cannot actually compose sections with the map f . So we put an expicit condition that for every
U ¢ Z there should be a map Oz (U) - Ow(f~'(U)). These maps must be compatible with restrictions, and

constitute the sheaf homomorphism f* .

Given an open set U of W we think O (U) as functions on U. If we move forward with this analogy then the

germs at a point w are precisely functions defined on some open neighbouhood around w, if two functions agree
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locally then they represent the same germ. A reasonable property to ask of such functions is that those which do
not vanish at w are invertible in some (small) neighborhood of w. Then all elements of the stalk not contained in the
ideal of functions vanishing at w are units of the stalk. This shows that the stalk is indeed a local ring, with maximal
ideal the ideal of all functions vanishing at w. Now consider a morphism (f, f*) : W — Z of ringed spaces of this
nature(ringed spaces of this nature are called locally ringed spaces). The sheaf homomorphism is our replacement
for “composition of functions with f 7. Certainly, if some function on Z vanishes at a point f(w), w e W, then
its composition with f must vanish at w. In other words, the maximal ideal of Oz ¢(,;) must be mapped into the
maximal ideal of (f+Ow) () (or the maximal ideal of (f ~107)w is mapped in to the maximal ideal of Oy ;,) . Since
viewing sections of the structure sheaves as functions is only a heuristic, we put this as an explicit condition .

Definition 1.1.18. Consider a ringed space (W, Oy), if for every w € W the stalk Oy, is a local ring then we say that
(W, Ow) is a locally ringed space. A morphism between locally ringed spaces is a morphism of ringed spaces which induces
local ring homomorphisms at the level of stalks for every w e W.

¢ For any local ring A using m4 we denote its only maximal ideal and we set k(A) : A/m 4, which is called the
residue field of A If A is a local ring we denote by m, its maximal ideal and by K(A) = A/my its residue
field . A morphism of local rings 1y : A — B is clled local if {(m4) € mp.

® Locally ringed sapeces from a category.

¢ A morphism of ringed spaces between two locally ringed spaces may not be a morphism of locally ringed
spaces, that is if (W, O ) and (Z,Oy) are locally ringed spaces and if f is a morphism of ringed spaces
between them then f need not be a morphism of locally ringed spaces. In short the "category of locally ringed
spaces" is not a full subcategory of the "category of ringed spaces".

* Consider the locally ringed space (W, Oy ) and the stalk Oy ;, for some w € W. We call the maximal ideal m4
of Oy 4, the local ring of W in w and we set K(x) := Ox /m,.

e If U is open neighborhood of w and if f € Oy (U) we denote by f(w) € K(w) the image of f under the
canonical homomorphism Oy (U) — O, — K(w)

1.2 Locally ringed space and Spectrum of a ring

1.2.1  Structure sheaf on SpecB.

Set W = Spec(B). We wish to define a sheaf on the topological space W such that O (W) = B. We know that the
principal open sets D(f), f € B form a basis of the toplogy on W (let B denotes this basis). We define a presheaf on
B which is a sheaf and then we extend this sheaf to the space W.

We try to view elements of B as functions defined on Spec(B), if f € B define f(w) (w € W and p,, be the corre-
sponding prime ideal) as the image of f under the canonical homomorphism B — By, /pywAp,,. It is reasonable
to demand that the inverse of a nonzero "permissible" function on the open set D(f) ¢ W is also a "permissible”
function on D(f) (in fact this demand makes the ringed space we are going to define into a locally ringed space).
In light of this demand we define Oy (D(f)) as follows

Ow(D(f)) =18 =81/82:81,82€ B and ga(w) #0(82 ¢ pw) VYweD(f)}/~
where g—l ~ % if and only if (g1/2 — goh1)u = 0 for some u € B such that u(w) #0 VYw e D(f).
2
Let f,g,heB

e Itis evident thatif D(f) = D(g) then Ow (D(f)) = Ow(D(g))
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* Its obvious that B ¢ Ow(D(f)). If g = g1/82 € Ow(D(f)) then we have D(f) < D(g2), it follows that 3n > 1
such that f" € (g2) = Bgo. Thatis f" = hgy for some h € B that is 1/g» = h/f" as elements of Ow (D(f))
hence 1/g5 € By (so any element of Oy (D(f)) have a representative in Bf). Hence Bf = O (D(f)) (from now
onwards we use this as the definition of Oy (D(f))).

* Define if : B — By as the canonical homomorphism. If D(f) ¢ D(g) then we have 1/g = h/f" (as elements of
By) as described previously. Define a homomorphism

PrgiBg— By a/g" = a((h/f"))" =a.(1/g")( in By)
then p o oig =iy and Whenever D(f) ¢ D(g) € D(h), we have pfo0pq 1 = pf

e If D(f) c D(g) define resg

E% = pf,¢- This ddefines a presheaf on the basis B.

Theorem 1.2.1. The presheaf Oy is a sheaf on B.

We can extend the sheaf Oy defined on B to W as follows (we use the sane notation Oy to denote this new sheaf as
well), for any open set U ¢ W

Ow(U) = lim Oy (D(f))

D(f)

where D(f)c U
Let w ¢ W, define By := lim Ow(D(f)) where D(f) are the principal open set containing w and define Cy =
lim Ow (U) where U is an open neighborhood of w. Since for every principal open set we have maps from Oy (D(f))
to Cy it is evident that we have a unique map from B, to Cy, for every open set U containing w we have a restriction
map from O (U) to Ow(D(f)) (for some principal set) from which there is a map to By hence we have a unique
map from Cyx to By. It is easy to check that By = Cy.
The above discussion shows that

OW,ZU = 11_1)1'1 Ow(D(f)) = hi>n Bf = Bpx
weD(f) fépw

By, is a local ring hence (W, Oy ) is a locally ringed space.

Remark 1.2.2. An element of B whose image under the canonical morphism B — By, [pwBy,, is zero for all prime ideal py,
need not be the zero element of B (it is zero if B is reduced)

1.2.2 The functor A~ (SPeC(A)/OSpec(A))

Definition 1.2.3. Consider a locally ringed space (W, Ow), if (W, Ow) isomorphic to (Spec(B), Ospec(p)) for some ring B
then (W, Ow) is called an affine scheme.

We define morphism between affine schemes as morphism between the respective locally ringed spaces this makes
affine schemes into a category which we denote by (Aff).

Given Rings A, B and a ring homomorphism ¢ : A — B we can construct the topological spaces Spec(A), Spec(B)
and a morphism Spec(y) : Spec(B) —> Spec(B) (for notational convenience we denote Spec(B) by W, Spec(A)
by Z and Spec(p) by f). For Spec to be a functor from category of Rings to category of Affine schemes we need
to construct a morphism of sheaves f* : O; — f.Ow (we will show that (f, f*) is a morphism of locally ringed
spaces). We demand that f} : A = 0z(Z) — f.Ow(Z) = Ow(f1(Z)) = Ow(W) = B should be equal to the given
ring homomorphism ¢ (This particular construction will gives an anti equivalence between the category of Rings
and the category of Affine schemes)
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Lets € A then f~1(D(s)) = D(¢(s)), we define

fb(sy 1 02(D(s)) = As — Bys) = (fOw)(D(s))

as the ring hommorphism induced by . This ring homomorphism is compatible with the restriction map of prin-
cipal open subsets. Let U be an open set of Z then for every principal open set D(f) contained in U we have
morphisms from Oz (U) to (f«Ow)(D(f)) (by composing the restriction from Oz (U) to Oz(D(f)) with fg(f)). We
can view Oz (U) as the inverse limit of the inverse system containing Oz (D(f)) (D(f) ¢ U), similarly (f.Ow)(U) is
the inverse limit of the inverse system containing (f.Ow)(D(f)) (D(f) ¢ U). Hence from the universlity of inverse
limit we have a unique morphism from Oz (U) to (f«Ow)(U) which is compatible with the restriction morphisms,
define this as f};. So we get a morphism of sheaves. For w ¢ W

£ 07,5(w) = Ap1(pw) = Bpu = Oy

is the homomorphism induced by ¢ and in particular it is a local ring homomorphism. Hence (f, f*) is a morphism
of affine schemes. for simplicity we denote this morphism by Spec(i), if ¢ : B — C then Spec(¢ o ) = Spec(¢p) o
Spec(¢$). Hence we get a contravariant functor

Spec: (Ring) — (Aff)

Define the functor I' as follows If (f, f") : (W,Ow) — (Z,07) is a morphism of ringed spaces, define ['(W) :=
Ow(W) and T'(f, f*) := f4. Restricting T to the category of Affine schemes we get a contravarinat functor

I':(Aff) — (Ring)

Proposition 1.2.4. The functors Spec and I define an anti-equivalence between the category of rings and the category of affine
schemes.

1.3 Schemes

Definition 1.3.1. Consider a locally ringed space (W, Ow), If there exist some open cover W = Uje; U; such that the locally
ringed spaces (U;, Ox|u1;) obtained by restriction is an affine scheme for all i then we say that (W, Ow ) is a scheme. We define
morphism between schemes as same as the morphism between the underlying locally ringed spaces.

By (Sch) we denote the category of schemes.

Given a scheme S consider the collection of tuples (W, f) where W is a scheme and f : W — S is a morphism of
schemes, if (Z, g) is another tuple then we define a morphism between (W, f) and (Z,g) as a scheme morphism
W — Z such that the following diagram commutes.

W -—m 7
f
LA
S

This collection of tuples with morphisms form a category called schemes over S (or of S-schemes) which we denote
by Sch/S. f is called the structural morphism of the S—scheme W. We say S is the base scheme and it is evident that
(S,idg) is the final object of the category (Sch/S).
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1.3.1 Open subschemes

Proposition 1.3.2. 1. Consider a scheme W and an open subset U of W. The locally ringed space (U, Ow|y) is a scheme
which is called an open subscheme of W. If U is an "affine scheme”, then U is called an "affine open subscheme”.

2. The affine open subschemes of a scheme forms a basis of its topology.

Proposition 1.3.3. Consider two affine open subschemes U,V of a scheme W then for each w € U NV there exist a open
subscheme Wy, (depending on w) such that w € Wy, and it is principally open in both U, V.

1.3.2 Morphisms into affine schemes, gluing of morphisms .

Schemes are obtained by gluing affine schemes together so if we have proper "gluing lemmas"(If we know how to
glue along open affine schemes) many facts about schemes can be verified by evaluating them at the level of open
affine schemes

Proposition 1.3.4. Consider locally ringed spaces W, Z and an open subset U of W. The map U — Hom(U,Y) (the set of
morphism between the locally ringed spaces U, Ow|y; and ZOy) is a presheaf of sets on W.

Proposition 1.3.5. (Gluing of morphisma) Consider locally ringed spaces W, Z and let Hom(U, Z) has the same meaning as
in the previous proposition for any given open set U of W. Then the presheaf U - Hom (U, Z) is a sheaf on W.

Proof. Let W = U; U; be an open covering. If (¢, "), (¢, ¢") € Hom(W, Z) such that reszl‘i(lp,wb) = res{‘{i(gb,qbb) for all
i, then the continous maps ¢ = ¢. Let f € Oz(Z) then (]l‘/lvl)b opb(f) = (]ZZ)" o¢?(f) thatis ¢ (f)|u, = ¢"(f)|y, foralli,
since W is a locally ringed space {(f) = ¢(f) (from the sheaf property). Since 1, ¢ agrees on all elements of Oz (Z),
p=9¢
Let (y;, ) € Hom(U;, Z) be such that resgj muj(l,bi, Pr) = resgf nuj(lpj,lp}’). Then from pasting lemma of continous
maps there exist unique ¢ : W — Z . Let f € Oz(Z) then the compatibility condition of ¢! implies that 1! (f) luinu; =
lp]'? (Alunu; then there exist g € Ow (W) such that gly, = ;(f), define ¥P(f) = g Y’|u, = ¢; Since the maps ¢; are
compatible with restriction morphism of the locally ringed space W, 9" is also compatible with restrictions hence
(¢, 9*) € Hom(W, 2)

|

From the above proposition it follows that.

Proposition 1.3.6. Consider the schemes (W, Ow) and Z = Spec(B) then the natuaral map
Hom(W, Z) — Hom(B,T(W,0n)) (f,f*) > f},

is a bijection.

Corollary 1.3.7. Spec(Z) is the final object in the category of Schemes.

We have Hom(W, Spec(Z[T])) ~ T(W, Ow) (this follows from the fact that Hom(Z[T],R) ~ R). More generally for
an R scheme X we have Hompg(W, Spec(R[T]) = BL) = Hompg_q14(R[T],T(W,Ow)) =T (W, Ow) (by definition of an

R-scheme morphism the image of R in I'(W, Oy ) is already determined hence we only have the freedom to choose
where T goes) .

Remark 1.3.8. We may apply Proposition 1.3.6 also to B = I'(W,Ow). Thus for every scheme W there is a morphism
cw : W — Spec(T'(W, Ow)) which corresponds to idr w0,y we call it as the canonical morphism .
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1.4 Basic properties of schemes and morphisms of schemes

1.4.1 Topological Properties
Definition 1.4.1. Consider a scheme (W, Oy )
* (W, Ow) is called a connected scheme if W is connected as a topological space.
* (W,Oy) is said to be quasi-compact if W is quasi compact as a topological space.

* (W, Oy) is said to be irreducible if W is irreducible as a topological space.

We have already seen that Affine schemes are quasi compact (for any ring B, Spec(B) is quasis compact)

Definition 1.4.2. Consider a morphism of schemes f : W — Z, it is said to be surjective, injective,bijective,open,closed, or
a homeomorphism, respectively if the underlying map between the topological spaces has this property.

1.4.2 Noetherian Schemes

Definition 1.4.3. Consider a scheme (W,Ow), if there exist an affine open cover W = U; U; such that (U;, Ow) are
noetherian rings then we say that W is a locally noetherian scheme. (W, Oyw) is said to be a noetherian scheme if its locally
noetherian and the underlying topological space W is quasi-compact.

In the case of affine scheme the notion of locally noetherian coincides with the notion of noetherian (being iso-
morphic to Spec(B) for some ring B affine schemes are quasi compact). Since localisation of a noetherian ring is
again noetherian it follows that affine open subschemes of a locally noetherian scheme are noetherian. In particular
locally noetherian schemes admits a basis consisting of noetherian affine open subschemes.

Given a locally noetherian scheme W, for every w ¢ W the local rings Oy ,, are noetherian. But even for affine
schemes W it is not true that if Oyy 4, is noetherian for all w € W, then W is noetherian.

Proposition 1.4.4. Consider an affine scheme W = Spec(B) for some ring B then B is a noetherian ring if and only if W is
a noetherian scheme .

Remark 1.4.5. The underlying topological space of an affine noetherian scheme is a noetherian topological space (Since the
ring assosciated to the affine scheme is noetherian). If W is a noetherian scheme then it is quasi compact hence it can be covered
by finitely many open affine noetherian subschemes. It follows that the underlying topological space of W is noetherian (and in
particular has only finitely many irreducible components).

Corollary 1.4.6. Open subscheme of a (locally) noetherian scheme is again (locally) noetharian.

1.4.3 Reduced and integral schemes, function fields.

Definition 1.4.7. ¢ Consider a scheme W, if all local rings O ,,, w € W are reduced (rings without nilpotent elements)
then W is said to be reduced.

* A reduced scheme which is irreducible is called an integral scheme.
Proposition 1.4.8. Consider a scheme W.
1. The ring T'(U, Ox) is reduced for every open set U of W if and only if W is a reduced scheme.
2. The ring T'(U, Ox) is an integral domain for every non empty open set U of W if and only if W is an integralscheme.

3. If W is integral then Oy , is an integral domain for every w e W.
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Let W = Spec(B) be an affine scheme then W is an integral scheme if and only if B is an integral domain. If 7 € W is
a generic point of W then 7 corresponds to the zero ideal (Since nilradical is the zero ideal). Then Oy, = By which
is equal to the field of fractions of B (hence a field).

Proposition 1.4.9. Let W be a scheme the mapping

we{w}

W {YSW:Y irreducible,closed}

is a bijection. That is every closed irreducible subset of W contains a unique generic point (that is W is a sober space).

Definition 1.4.10. Let 1 be the generic point of an integral scheme W. We set K(W) = O, K(W) is a field which will be
referred as the function field of W.

Since W is irreducible existence of 77 is assured, 17 will be contained in some affine scheme hence Oy ;, will be a field
as desired.

Lemma 1.4.11. Let W = Spec(B) be an integral affine scheme and 1 be its generic point. If U ¢ W is an open set then

F(U, OW) = m OW,w
wel

Proposition 1.4.12. Let n be the generic point of an integral scheme W whose function field is K(X).

1. Let U be a non empty affine open subscheme of W, that is U = Spec(B) for some ring B, then K(W) = Frac(B) =
Frac(Ow ) for every w e W.

2. Consider the non empty open sets U € V ¢ W. Then the maps

rest fohn
[(V,0n) —% T(U,Ow) — K(W) = O,

are injective.

3. Let U be an open subset of W which is not empty then given any open covering U = U; U; we have

I'(U, Ow) = (I(U;, Ow) = [ Ow,w

wel

where the intersection takes place in K(W).

1.5 Prevarieties as Schemes

In some sense schemes are generalisation of Prevearieties. Prevarieties themselves are not schemes. In this section
we try to assosciate a scheme to any given prevarierty ( we try to construct a functor from the category of prevarieties
to the category of schemes). In the case of affine variety the assosciation is clear, given any affine variety (W, Ow)
we assosciate it with the scheme Spec(T'(W, Ow)).

1.5.1 Schemes (locally) of finite type over a field.

Definition 1.5.1. Given a field k let W be a scheme over Spec(k) (a k—scheme). If W admits an open cover W = Uje; U; such
that U; = Spec(B;) where B; are finitely generated k—algebras we say that W is "locally of finite type over k" in addition if W
is quasi-compact then we say that W is of "finite type over k”.
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If B is a finitely generated k- algebra then B is a noetherian ring it follows that schemes (locally) of finite type over
k are (locally) noetherian.

1.5.2 Equivalence of the category of integral schemes of finite type over k and prevarieties
overk .

A significant difference in the underlying topological spaces of a prevariety and a scheme is that the underlying
topological space of a prevariety need not contain a unique generic point correspond to every irreducible closed
subset but this is true in the case of schemes (proposition 4.3.8) and in the case of prevariety every point is closed
which is not true in the case of a scheme

Definition 1.5.2. Consider a topological space W. If every closed irreducible subset V of W contains a unique generic point
then we say that W is a sober space.

As a first step to associate schemes to prevariety we will assosciate a sober space to the underlying topological space
of a prevariety .

Let X be the underlying topological space of a prevariety then every point in X is closed. Consider the set of all
irreducible closed subsets of X we denote this set by #(X). Now we try to define a topology on t(X). Let Z be a
closed subset of X then every irreducible closed subset of Z is also irreducible an closed in X hence #(Z) can be
conidered as a subset of t(X). We say a subset of t(X) is closed if and only if it is of the form #(Z) for some closed
subset Z of X.

¢ Clearly ¢ and ¢(X) are closed.

e For closed subsets Zy,Z of X t(Z1)ut(Zp) = tH(Z1uZy). If U € t(Z1)ut(Zy) then U € t(Z1 U Zy) (Since
irreducible closed subset of Z;,Z, are also irreducible closed subsets of Z; U Zy) that is t(Z) ut(Z;) c t(Z1 U
Zy). If U € t(Z1 U Zy) then either U ¢ Z; or U ¢ Z, (otherwise U can be written as the unoin of two proper
closed subsets U = (UnZy)u(UnZy) ) thatis t(Zy uZy) € t(Zy) ut(Zy). Hence t(Zy) ut(Zy) = t(Z1 0 Zy) as
desired.

* t(N; Z;) =N;it(Z;) for closed subsets Z; < X

So our definition of closed sets define a topology on #(X). Let f : X — Y then we can define a map t(f) : #(X) —
t(Y) by mapping each point of ¢(X) which corresponds to a irreducible closed subset of X to its closure in the image
of f (Since irreducibility of Z implies irreducibility of f(Z) the map is well defined). Let F be a closed subset of Y
then

t(f)"(t(F)) = {U < X irreducible closed : f(U) ¢ F} = {U ¢ X irreducible closed : f(U) ¢ F} = {U ¢
FUF) irreducible closed} = t(f~1(F))

That is t(f) is continous. If Z ¢ X is irreucible and closed then ¢(Z) is irreucible and closed (Let t(Z) = t(Z1) ut(Z>)
for two closed subsets, Z € t(Z) without loss of generality assume Z € t(Z1) = Z ¢ Z1 = t(Z) € t(Z1) so t(Z) can
not be written as the union of two proper closed subsets ). Let U ¢ t(X) be closed and irreducible then U = t(Z) for
some closed set Z. If Z = Z, u Z, for some closed subsets Z1, Z of X then t(Z) = t(Z1 0 Zy) = t(Z1) ut(Z,) without
loss of generality assume that ¢(Z) = £(Z;) (Since t(Z) is irreducible). Every x € X is closed and irreducible so
t(Z) = t(Z1) = Z = Z;. That is Zcan not be written as the union of two proper closed subsets hence it is irreducible.
Irreducible closed subsets of t(X) are in the form t(Z) where Z ¢ X is closed and irreducible. Given any irreducible
closed subset t(Z) ¢ t(X) there is a unique generic point Z € t(Z) (Z is not contained in any proper closed subset of
t(Z) hence Z = t(Z) ). t defines a functor from the category of topological spaces all of whose points are closed to
the category of sober spaces. We say #(X) is the sober space associated to X or the soberification of X

Given X we have a natural continous map ax : X — #(X) which maps each x € X to the irreducible closed subset
{x} € t(X). Let Z € t(X) then Z = t(Z) where the closure is taken inside #(X) so the only closed points of t(X) are
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in the form {x} = t({x}) for some x € X. So ax is a bijection between X and the closed points of ¢(X). ax defines
a bijection between the closed subsets of X and the closed subsets ax(X) (because {(Z) nax(X) = {{x} : x € Z}).
Hence ax is a homeomorphism from X onto the set of closed points in t(X). If t(Z1) # t(Z;) then t(Z1) nax(X) #
t(Zy) nax(X) (the map t(Z) — t(Z) nax(X) is a bijection) hence by proposition 5.4.5(2) the set of closed points of
t(X) is very dense in t(X)

This construction can be generalized to give a functor from the category of topological spaces to the full sub category
of sober spaces.

Let k be an algebraically closed field then we already showed that the folowing categories are equivalent
1. the category of integral affine schemes of finite type over k
2. the opposed category of integral finitely generated k-algebras

3. the category of affine varieties

For a k-scheme W locally of finite type we will identify W(k) = Homy(Spec(k), W) with the set of closed points of
W. Define a : W(k) — W as the inclusion map. We define a sheaf of rings as follows

Ow(ky ="' Ow
From (a1 Ow)w = Ow a(w) We get that (W(k), Oy (x)) is a locally ringed space.
Theorem 1.5.3.  The above construction (W, Ow) = (W (k), Ow ) give rise to an equivalence of the following categories
* the category of integral schemes of finite type over k
* the category of prevariety over k

Consider a integral scheme W which is of finite type over k where k- is an algebraically closed field and W (k) be
the associated prevariety. Let 77 €¢ W denotes the generic point of W then # € U for some open affine scheme U ¢ W
(then U n W (k) is an open affine variety of W(k)).

K(W) = F?’{JIC(OWIU) = FVﬂC(Ow(U) = OW(k)(U)) = K(W(k))

Via the equivalence of categories described earlier the k-scheme A" (k) (resp. P" (k) ) corresponds to the prevariety
A" (k) (resp. P"(k)).

1.6 Subschemes and Immersions

1.6.1 Open Immersions

Definition 1.6.1. A morphism j : Z — W of schemes is called an open immersion, if the underlying continuous map is
a homeomorphism of Z with an open subset U of W, and the sheaf homomorphism Ow — j.Ogz induces an isomorphism
Owlu == j+Oz (of sheaves on U ) .

That is if we have an open immersion from Z to W then Z can be considered as an open subscheme of W.

1.6.2 Closed subschemes

Here we discuss the notion of a closed subscheme. As a starting point lets consider the case of an affine sheme
Spec(B). closed subsets of Spec(B) are of the form V(b) and it is homemorphic to Spec(B/b), So we can define a
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scheme structure on V(b) induced from Spec(B/b) Via this homeomorphism. We want schemes of this form to be
closed subschemes of Spec(B) (and any closed subschme to have this form) . It is to be noted that a closed subset
Y ¢ Spec(B) can be represented using different ideals and each ideal yeilds a different scheme structure on Y. That
is there may be many closed subchemes with the same underlying closed subset.

Definition 1.6.2. Let W be a topological space and G a sheaf of rings on W. An ideal sheaf F in G is a subobject of G in the
category of sheaves of G-modules, i.e., a subsheaf of G viewed as a sheaf of abelian groups such that
I'(U,G).I'(U,F)cI(U,F) forall open subsets U of W. In other words, F(U) is an ideal of G(U) for all open sets U ¢ W

Definition 1.6.3. If I is an ideal sheaf in a sheaf F of rings, then the quotient sheaf F |1 is the sheaf associated to the presheaf
U~ F(U)/I1(U).

Lemma 1.6.4. Let I be an ideal sheaf in F (sheaf of rings on the topological space W) then the canonical map F — F|[I
is surjective. The canonical map F(U)[/I(U) — (F/I)(U) is injective for all open subsets U < W (it is not surjective in
general)

Lemma 1.6.5. Let F and G be ringed spaces defined on a topological space W. Let f : F — G be a morphism of ringed spaces
then U — Ker(f)(U) : Ker(fiy) for all open set U ¢ W is an ideal sheaf (It is denoted by Ker(f)) in F

Definition 1.6.6. Consider a scheme W.

1. A closed subscheme of W is given by a closed subset Y ¢ W (let i : Y — W be the inclusion) and a sheaf Oy on Y,
such that (Y, Oy) is a scheme, and such that the sheaf i, Oy is isomorphic to Oy [Z for a sheaf of ideals T < Oy .

2. Amorphismi:Y — W of schemes is called a closed immersion, if the underlying continuous map is a homeomorphism
between Y and a closed subset of W, and the sheaf homomorphism i* : Oy — i, Oy is surjective .

Let Y ¢ W be a closed subscheme in the sense of (1) . Set i’ : (W, Ow) — (W,Ow/Z) — (W,i.Oy) then (1) of the
above definition imply that i’ is surjective. That is for every closed subscheme Y of W we have (i,i") : Y — W such
that (i,1*) is a closed immersion. Note that in part (1) of the above definition we explicitly demand that (Y, Oy) is a
scheme, this wont be true for an arbitary sheaf of ideals Z ¢ Oy. The investigation regarding which sheaf of ideals
give rise to a closed subscheme leads to the notion of "quasi coherent" sheaves.

Let (i,i) : Y — W be a closed immersion and let Y’ = i(Y), by definition Y’ is closed subset of W. Let Z be
the ideal sheaf defined by Z = ker(i*). We denote the presheaf U ~ Oy (U)/Z(U) (for U ¢ W open) by F. Then
we have j* : F — i,Oy induced from i*. Since j}, is injective for all open sets U of W the induced maps on the
stalks are injective. As j* is induced from i’ then maps on stalks induced by j" is surjective. We have the following
commutative diagram

Fl 0

=t

Ow/T

and the maps on the stalks induced by the unique map j? is bijective hence j* : Oy /Z — i,Oy is an isomorphism.
We can have a scheme structure on Y’ induced from Y via the map i. If k : Y/ — W is the inclusion then Oy /Z ~

k«Oy. That is every closed immersion to W give rise to a closed subscheme of W.

Theorem 1.6.7. Consider an affine scheme W = Spec(B). Consider closed subsets of W of the form V (b) where b is an ideal
of B, we give V (b) the structure of a scheme via the homeomorphism Spec(B/b) ~ V(b). V(b) with this scheme structure is a
closed subscheme of W. Every closed subscheme of W looks like this, that is there is a bijective correspondence between the set
of closed subschemes of W and the set of ideals of B.
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1.6.3 Subschemes and immersions.

Definition 1.6.8. * Consider a scheme W, we say that (Z,0z) is a subscheme of W if Z is locally closed in W and W
contains an open subscheme U such that Z is a closed subscheme of U. (i. e. U is the complement of Z\Z. since Z
is locally closed Z is open in Z and Z\Z is closed in Z ). We then have a natural morphism of schemes Z — W
(Z—U— W)

* Consider a morphism of schemes i : Z — W. If i(Z) is locally closed, i is an homeomorphism between Z and i(Z) and
for every z € Z the ring homomorphism iz : Oy ;) —> Oz, is surjective.

Let Z be a subscheme of W and U be the largest open set containing W. Then we know that Z is closed subscheme
of U. Let j : Z — U be the inclusion then the sheaf morphism j* : Ow|y — j.Oz is surjective by definition. Let
i: U —> W be the inclusion then the map at the level of stalks i, : Oy ., — (i+Ow|u)w is surjective for all w € U.
That is the map on the stalk induced by ioj: Z — W is surjective for all z € Z. Hence the natuaral map Z - W is
an immersion.

Let k : Z' — W be an immersion and Let Z ¢ W be locally closed set which is homeomorphic to Z’ via the under-
lying continous map (and Z get a scheme structure from Z’ via this identification). Define U as the complement of
Z\Z in W. Then Z c U is closed, let j : Z — U be a morphism of schemes induced by k. For any z € Z we have
it : (Owly)z — (j+Ogz)- is surjective (Since j is defined using k) if z ¢ Z then the surjectivity follows trivially hence
Z is a closed subscheme of U, and it is a subscheme of W. That is every immersion give rise to a subscheme. (note
the similarity in the definition of quasi projective variety and subscheme). If Z is a subscheme of W, whose under-
lying subset is closed in W, then Z is a closed subscheme of W. (The corresponding statement for open subschemes
is false) .

Let W be a k-scheme of finite type. That is W = U}L; U; such that U; = Spec(B;) and B; are f.g k-algebras. It
follows immediately that principal open sets of U; are k—schemes of finite type. U, is a noetherian space (Since B;
is noetherian) hence every open set U ¢ U; is quasi compact and can be covered using finitely many principal open
sets. Hence every open set of of U, is a k-scheme of finite type. If Y ¢ W is a closed scheme then it is a k—scheme of
finite type because the affine coordinate rings are just quotients of the corresponding rings of W (W is noetherian
hence it is quasi-compact which implies Y is quasi compact ). It follows immediately that any subscheme of W is a

k-scheme of finite type.

1.6.4 Projective and quasi-projective schemes over a field.
Sometimes it is helpful if we know how a particular scheme is embedded as a subscheme of projective space.

Definition 1.6.9. Consider a field k.
* Ak- scheme W is called projective, if there exist n > 0 and a closed immersion W — P" (k) .

* Ak-scheme W is called quasi-projective, if there exist n > 0 and an  immersion W < P" (k) .

1.6.5 The underlying reduced subscheme of a scheme

Let W be a scheme then it is possible that there exist many closed subschemes of W with the underlying topological
space as W. Let nilyy denotes the map U ~ nil(Ow(U)) for some open set U ¢ W . Let U ¢ V be open sets and
f enilyy (V) then res};(f) € nilyw (U) hence nilyy is a presheaf (which takes values in the category of abelian groups).
Let f,g € nil(U) and U = U; U; be an open cover, if f|y;, = gy, then f = ¢. But (W, nily) is not a sheaf in general
because the axiom of glueing is not true in general. Let N := N}y be the sheafification of nily (N is a sheaf of
abelian groups). Let f e Ny (U) and g € Ow (U), if f € nilyy (U) we have ¢f € Ny (U), if f ¢ nilyy (U) then there exist
an open cover u = U; U; such that f|y, € nily (U;) then gl fu, = (8f)lu, € nilw(U;) since Ny is a sheaf this would
imply that gf € Ny (U) hence Ny ¢ Oy is a sheaf of ideals.
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As usual Oy /Ny denotes the sheaf associated to the presheaf U — O (U)/Nw(U).Let W = U; U; be an open
cover by affine subschemes and A; = I'(U;, Oy ). Let B; denotes the basis of U; consisting of principal open subsets.
we claim that Ny|g, = nily|s,. Let ¢ € A; and f € Ny (D(g)) then either f € nilyy(D(g)) or there exist an open
cover D(g) = U; V; such that f|VJ e nilw(V;). if f € nilw(D(g)) we are done (we already know that nily (D(g)) <
Nw(D(g)))- Principal open sets are quasi-compact so there exist a finite indexing set ] such that D(g) = Ujej V.
There exist n; € N such that resej(g) (f") = 0set N := maxjej{n;} then we have fN|V], =0 Vje]since Ny is a sheaf
it follows that fN = 0 that s f € nilyy (D(g)) (since Ny € Oy ) and Nwls, = nily|s, as desired.

Let F denotes the presheaf U ~ Ow(U)/Nw(U) then F(D(g)) = Ow(D(g))/Nw(D(g)) = (A;)g/nil((A;)g) =
(Ai)g/(Ai)gnil(A;) = (Ai/nil(A;))g = Ospec(aymit(a;))(D(8)). We have Spec(A;) = Spec(A;/nil(A;)) and Flg, =
Ospec(A;il(A))|B;- Let f € (Ow/Nw)(D((g)) then there exist an open cover D(g) = U;(D(g;)) such that f|D(gj) €
F(D(gj)) (this happens because B; is a basis) it is easy to see that f € F(D(g)) (Since F is a sheaf on B;) that is
Fls; = (Ow/Nw)|s;- Hence Ow /Nwlu; = Ospec(a,nit(4;)y (Since the evaluation on a basis completely determines the
sheaf). This shows that Ow /Ny is a scheme. By definition this is a closed subscheme of (W, Oy )

LetU € Usand g € A; such that D(g) € U. (Ow/Nin)(D(2)) = (Aifnil(A)g = (A))g/(A)gnil(A;) = (A)g il ((As)g)
hence it is a reduced ring, that is intersection of all prime ideals of Oy /Nw(D(g)) is the zero ideal. We have a
ring homomorphism resg(g) : (Ow/Nw)(U) — (Ow/Nw)(D(g)). Pullbacks of prime idelas of (Ow/Nw)(D(g))
are prime in (Ow/Nw)(U) so nil ((Oxw/Nw)(U)) < Ker(resg(g)). Let U = U; D(g;j) then nil((Ow/Nw)(U)) <
N; Ker(resg(gi)). If fen; Ker(resg(gi)) thatis f|p,,) = 0 for alli hence f = 0 which implies that nil ((Ow/Nw)(U)) =
0. Similar arguments for an arbitary ring shows that (W, Oy /Ny ) is a reduced scheme we denote this scheme by
Wied

The following proposition shows that in some sense W, is the smallest closed scheme of (W, O ) with the under-
lying topological space same as W.

Proposition 1.6.10. Let W’ denotes a closed subscheme of (W, Ow ) whose underlying topological space is W then the inclu-
sion morphism W,.q — X factors through a closed immersion W,,; — W' .

We get a functor from the "category of schemes" to the "category of reduced schemes" by sending a scheme W to its
underlying reduced subscheme W,,;.

Proposition 1.6.11. Given a morphism f : W — Z between schemes its possible to define a morphism froq : Wyes —> Zyeq
such that the diagram

i
Wred — W

e D

i
Zred z > Z

commutes. The map from the category of schemes which takes any scheme W to the reduced scheme W,z and any morphism of
schemes f to f,.q defines a functor from the “category of schemes” to the "category of reduced schemes”.

Proposition 1.6.12. Consider a locally closed subset Y of a scheme W, then there exist a unique reduced subscheme Y,.3 of W
whose undrlying topological space is Y.



Chapter 2
More on Schemes

2.0.1 Fiber products in arbitrary categories.
Consider a fixed object S in the category C.

Definition 2.0.1.  For two morphisms f : W — Sand g: Z — S in C we call a triple (Y, p,q) consisting of an object Y in
C and morphisms p: Y — Wand q: Y — Z such that f o p = g o g, a fiber product of f and g or a fiber product of W and Z
over S (with respect to f and g), if for every object T in (C) and for all pairs (u,v) of morphisms u: T — Wandv:T — Z
such that f ou = g o v there exists a unique morphism w : T — Y such that pow =uand gow =v .

From the universal property it is clear that the fibre product is uniquely determined upto unique isomorphism if
it exists. We denote the fibre product Y using W x5 Z or W x¢ o5 Z. The map p : W xs Z — W is called the "first
projection” and the map q: W xg Z — Z is called the "second projection".

From the definition it follows that there is a bijective correspondence between Hom (T, W xg Z) and the collection
of pairs (u,v) € Hom(T,W) x Hom(T,Z) such that fou = gov . This can be reformulated as follows. Define a
category C/S whose objects are pairs (W, f) where W € Obj(C) and f : W — S is a morphism in C. (W, f) is called
a S—object and f is called the structure morrphism of W. Some times we will simply write W instead of (W, f). For
two S-Objects (W, f) and (Z, g) we define Homg(W, Z) as the collection of morphism [ : W — Z such that gol = f,
these morphisms are called S—morphisms. Its easy to see that S—objects and S—-morphisms constitute a category
which is denote by C/S. Usually we write Zg(W) instead of Homg(W, Z) and call Zg(W) the set of W-valued points
of Z (over S).

Given S-objects (W, f) and (Z,g), (W xg Z,1), p,q) is the unique triple (up to unique isomorphism) such that for
any S—object (T, h) the map

Homg(T,W xg Z) — Homg(T,W) x Homg(T,Z) ww~ (pow,qow)
is bijective.

Fiber product in C can be viewd as product in C/S with p, g as the respective projection morphisms.

Example:

23
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e In the "category of sets (Sets)" arbitrary fiber products exist: Consider a fixed set S and maps f: W — S and
g:Z — S. Then we get that

Wt WxsZ={(w,2) e Wx Z: f(w) =g(2)} —— Z

w (w,z)

~
N

isa fiber product in the category of sets.

¢ Consider the category of topological spaces and S be a fixed topological space. Consider continuous maps
f:W — Sand g:Z — S then the fiber product W xg Z is the fiber product of the underlying sets {(w,z) €
WxZ: f(w) = g(z)} with the topology induced by the product topology on W x Z.

In the further discussions we assume that all fiber product exist in C. Let (W, f), (Y,g), (W', f"),(Z',g") € C/S and
u:W— W', v:Z— Z'be S—morphisms then we get the following commutative diagram.

WxgZ —F 3 W

J/q QZ) u
z W xgZ' 25w

S~k b

7 —% s

Since u,v are S—-morphisms we get f = f'ou and g = ¢’ 0 v. u x5 v is the unique map whose existance follows from
universality of the fiber product W’ xg Z’. The commutativity of the diagram is a consequence of all these facts. We
say fiber product is functorial in the above sense.

2.0.2 Fiber products of schemes.

Here we will prove that fiber product always exist in the category of schemes. As a first step we prove that fiber
product of affine schemes always exist and then use this to prove the general case.

Proposition 2.0.2. Consider the rings A, B and R and the morphisms R — A and R — B. Let S,W and Z be the
affine schemes corresponding to the rings R, A and B and set Y = Spec(A®g B). Similarly we get morphisms of schemes
p:Y — Wand q:Y — Z corresponding to the ring homomorphism

lXZA—>A®B, a—>a®1,
R

B:B— AQRB, b—1Qb.
R
Then the schem Y together with the morphism p and q is the fiber product of the schemes X and Z over S.

Proof. We know that for any Scheme T and for any affine scheme Spec(C) we have the following bijection Homs, (T, Spec(C)
Homping (C,T(T,Or)). Extending this we get that If T is an S—scheme there is a bijection functorial in T as follows
Homge s(T,Y) = Homp_qg(A®g B,I(T,Or))  Hompg_10(A,T(T,Or)) x Homp_a1¢(B,I'(T,Or)) = Homgp s (T, W) x
Homgy, s(T, Z) where the second bijection is induced by composition with a and B. It follows that Y is the fiber
product.

|
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If f: W — Z is amorphism of schemes then by f; we denote the continous map between the underlying topological
space and by fs we denote the sheaf morphism involved.

Theorem 2.0.3. Fiber product exist in the category of schemes.

Consider a fixed scheme S and the S—schemes W and Z then we have to show that W xg Z exist in the category of
schemes. The proof is done in several steps. The idea is to cover S, W and Z using affine schemes, and we already
know that fibre product of affine schemes exist, we try to glue these together to get the desired fiber product. We
denoteby w: W — Sand z: Z — S the structure morphisms.

Step 1: Assume that (W x5 Z, p,q) exist. Then prove that for any open subscheme U ¢ W, U x5 Z = p~(U) and the
first and second projections are given by the restriction of p and g respectively (here p~!(U) is viewed as an open
subscheme of W xg Z).

Step 2: Assume W = U; U; is an open covering of W and set Y; := U; x5 Z exists for all i then show that W xg Z exists.
Step 3: Assume that (W xs Z,p,q) exist. Then prove that for any open subscheme X ¢ S, w™(X) x5z 1(X) =
(wop) 1 (X) = (zoq)"1(X) and the first and second projections are given by the restriction of p and g respectively
(here (wo p)~1(X) = (zog) ! (X) is viewed as an open subscheme of W x5 Z).

Step 4: Let S = U; X; be an open cover of S and set W; := w(X;) and Z; = z71(X;). If 16 XX, Z! exist for all i then
show that W xg Z exists and W' x X; Z'is an open cover of W xg Z.

Step 5: Proposition 2.0.2 together with all the previous four steps implies the theorem.

If S = Spec(R) is affine, we will often write W xg Z instead of W xg Z . If Z = Spec(B) is affine, we also write W ®g B
or, for S = Spec(R) affine, W @y B instead of W xg Z .

Corollary 2.0.4. Consider S—schemes W and Z and an open cover S = U; S; of S. Let W; and Z; be inverse image of SS; in W
and Z. Assume that for each i we have W; = U; Wj; and Z; = U; Z;; Then

WxsZ={JU U Wi xs, Zi
i jE]ikEKi

and Wij xs, Zii are open in W xg Z.

Let (W,w),(Z,z),(Z',2") and (W', w") be S—schemes. As mentioned earlier fiber product of schemes over S can be
viewed as product in the category of S-schemes. Let f : W — W, ¢: Z' — Z be morphism of S—schemes (that is
wo f=w"and zo g =z"). Consider the following commutative diagram

4

p

W, Xg Z’ > W,
vl fxsg J’
f
N )
g WxsZ —s W
l{] J(w
z' $ sz -2 45

We have fop' =po(fxsg)and goq’ =qo(f xsg) which justifies the notation. If Z’ = Z and g = idz then as seen
in the above propositoin W' xg Z" = (W xg Z) xy W' (if T is any scheme and # : T — W/ and v : T — W xgZ
such that fou =povthenzo(gov)=wopov=wo(fou) then from the universality of W' xg Z’ there exist a map
h:T— W'xgZ'suchthatqov=g"oh=gofxggohthatisv=fxggohand fou=p’oh. Since W xg Z’ satisfies
the defining property of fiber product (W xg Z) xyy W' = W' xg Z").

Proposition 2.0.5. Let (W, w) , (Z,z) and (W', w") be S—schemes and f : W' — W be a morphism of S—schemes. Set
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g = f xg Idz. We obtain the following commutative diagram where all squares are cartesian.

Wi xsZ —55 WxeZ —1 7

N

wo— oW

Suppose that f can be written as the composition of scheme morphisms where each morphism is a homeomorphism onto its
image and also admits one of the following assumptions:

1. Given any w' € W' there exist an affine open set U (depending on w') which contains f(w') and f=1(U) is quasicompact
moreover the morphism f3, : Ow, f(wy —> Owr o s surjective.

2. Given any point w' € W' , the homomorphism f}, : Oy, F(w'y — Owr,ur is bijective.
Weset Y =W’/ xgZandY =W xg Z . then
1. g is a homeomorphism of Y' onto g(Y') = p"L(F(W")).

2. For all points y" € Y' consider the commutative diagram induced on local rings by the left square of the proposition

i
8yr
Oy/,y/ — OY,g(y’)

]
T pg(y’)T

Owr,pr (1) f< i OW,p(s(v'))
P (")

under p!

then the homomorphism gg, is surjective and its kernel is generated by the image of the kernel of f}ﬁ ()

"(v')
2.0.3 Examples

Products of affine spaces

Let R be a ring and B}, = Spec(R[Tj,...,T,]) be the affine space over then we have B} xg Bf = BR™ (because
from proposition 2.0.2 we have Spec(R[T3, ..., T,]) xg Spec(R[T1,..., Tn]) = Spec(R[T1, ..., Tu]@r R[Ty, ..., Tm]) =
Spec(R[Ty, ..., Tysm]))

Products of prevarieties

Lemma 2.0.6. Consider k—schemes (locally) of finite type W and Z over some field k then the fiber product W xy. Z is (locally
of) finite type over k.

Proof. Let W =U; W; and Z = U; Z; be an (finite) affine open cover such that W; = Spec(A;) and Z; = Spec(B;) where
Aj, Bj are finitely generated k-algebras. From corollary 2.0.4 we get that W x; Z = U; ; W; x; Z; is an (finite) affine
open cover. We have W; x Z; = Spec(A; ®)xBj hence W x; Z is locally of finite type (finite type).

|

Lemma 2.0.7. Consider integral k—schemes W and Z if k is algebraically closed then the fiber product of W and Z, W xy. Z is
an integral k—scheme.
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2.1 Base change, Fibers of a morphism

2.1.1 Base change in categories with fiber products

Let C be a catgory where arbitary fiber product exist (like the category of schemes). u : S’ — S then u induces a
functor from (C/S) to (C/S"). Let] : W — S be an S—object then set u* (W) := W xg S’ this is an S’-object whose
structure morphism is given by the second projection. Let Z be an S—object and f : W — Z be morphism of
S—objects then set u*(f) = f xg Idg : u*(W) = Wxg§ — u*(Z) = Z xg S’ which is a morphism of S’-objects.
Sometimes we denote u* (W) by W(sy it is called the inverse image or the base change of W by u. We denote u*(f)
by f(s/y and it is called as the inverse image or the base change of f by u.

u*:(C/S) — (C/S") defines a covariant functor. Let u’ : S — S’, we have (uou’)* = u"* ou*

Leth: T — S’ then we can consider S-object (1oh : T —> S). Let p be the first projection and g be the second
projection of Wgy. Let k € Homg/(T,W(ssy) thatish = gok. Setk’ = pok: T — W then lopok = uoh thatis
k' € Homs(T,W). Similarly given k" € Homs(T,W) we have (k’,h)s : T — W(g (from the universlaity of fiber
product) such that (k',)s € Homs: (T, W(gr)). We obtain mutually inverse bijections, functorial in T and W.

K (K'h)s

HomS(T,W) ﬁkk HOTHS/(T, W(S’))
po <«

2.1.2 Fibers of morphisms

Let f : W — S be a morphism of schemes. Consider (W, f) and (S, Ids) as S—schemes then (W, Idw, f) = W xg S.
Let U ¢ S be an open set then we have f~1(U) = W xs U (where f~! denotes the pullback of the continous map). We
wish to define the fiber f~!(s) for some s € S in similar manner. Points of the topological space S can be viewed as
morphism from the residue field «(s) to S. consider the following cartesian diagram diagram

idy

WRsk(s) —— WxgS~W —— W

| s gf

spec(x(s)) S 145

First hypothesis of proposition 2.0.5 is valid here it follows that f~!(s) can be identified with the underlying topo-
logical space of W ®g x(s)

Definition 2.1.1. Let Speck(s) — S be the canonical morphism. Then we call
Ws := W Q) «x(s)
S

the fiber of f in s. The notation f~'(s), when understood as a scheme, will always refer to the x(s)-scheme Wi.

Let f : W — S be a morphism of schemes then given any s inS we get a x(s)-scheme W;. In other words the
morphism f can be viewed as a family of schemes over fields parameterized by the points of S .
Examples:

¢ Consider a field k which is algebraically closed and define

W(k) == {(u,t,5) e A3(k) : ut = s}
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Since UT - S is an irreducible polynomial of k[U, T, S] we may consider W(k) as an affine variety. The associ-
ated integral k-scheme of finite type is

W := Spec(k[U,T,S]/(UT -S))
Letf: W — A,% denotes that map (u,t,5) + s then for s e Al(k), f~1(s) = Ws = Spec(As) where

As = k[U, T, S]/(UT - S) ® K[S]/(S - ) = k[U, T]/(UT -s).
k[S]

UT -5 e k[U, T] is irreducible for s # 0 and reducible for s = 0. f defines a family of k—schemes W, parameter-
ized by s € Al(k) such that Wj is reducible and Wi is irreducible for all s # 0.

e Let k be a field and a € k* and set W = V(Z? - W2(W +1) —aY) c /Ai. Let f: W — Ai = Spec(k[Y]) be
the morphism induced by the canonical ring homomorphism k[Y] — k[W, Z,Y]/(Z% - W2(W +1) - aY). Let
y € A'(k) =k, considered as a closed point of A} . We have by definition W, = Spec(A, , where

Ay =k[W,Z]/(Z* - W*(W +1) - ay).

2.1.3 Inverse images and schematic intersections of subschemes

Consider an immersion i : Y — Z (this allow us to consider Y as a subscheme of Z) and a morphism of schemes
f: W — Z. Consider the base change iy : Y xz W — W, proposition 2.0.5 implies that the induced at the level
stalks is surjective and i() is a homeomorphism onto f “L(Y) that is i(w) is an immersion. This allow us to view
Y xz W as a subscheme of W we call it the inverse image of Y under f. f~1(Y) will always denote this subscheme
Example: Consider affine schemes W = Spec(A) and Z = Spec(B) and a morphism of schemes f : W — Z (f}, :
B — A). Consider a closed subscheme Y of Z then we know that Y looks like V(b) = Spec(B/b) for some ideal b of
B. Then we get f~1(Y) = V(f5(6)A).
Consideri:Y — W and j: Z — W be two subschemes. Intuitively we want ZnY =i"}(Z) or ZnY = j~}(Y) this
demand leads us to the following

ZnY:=ZxyY=iY(Z)=j(Y)

We call this the "schematic intersection of Z and Y in W".

From now on, ZnY, when seen as a scheme, will always mean this subscheme. From the universal property of the
fiber product we get a universal property for ZnY : Any morphism T — W factors through Z nY if and only if it
factors through Z and through Y (this is an intutively desired universal property).

Example:

e Let W:=Spec(A), Z=V(a)and Y = b then we get that

V(a)nV(b) = V(anb)

e Let Rbearing, if f1,..., fr,§1,.--,8s € R[Xo,..., Xn], Vi(f1,..., fr) and V.(g1,...,4s) be closed subschemes
of P then

V+(f1/-~-/ft’)mV+(g1/---/gS) = V+(fl/~-~/frrg1/-~-/g5) EIP?Q
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2.2 Dimension of schemes over a field

Definition 2.2.1. Consider the topological space W. By dim(W) we denote the Dimension of the space W which is defined
to be the supremum of all lengths of chains

Wo o Wy o2 W, I=length of the chain

of irreducible closed (proper) subsets of W. If W posses the additional structure of a scheme, then we define its dimension to be
the dimension of the topological space W. The space W is said to be equidimensional (with dimension d), if every irreducible
components of W has the same dimension (d).

If W = ¢ we set dim(W) = —oo, otherwise dimension is a non-negative integer or oo

Definition 2.2.2. Consider the ring B. We define the dimension dim(B) of B as the supremum of all lengths of chains

Pocpr...p

prime ideals of B. The length of the above chain is 1. This is called the Krull dimension of the ring B.

Let W = Spec(B) then we get an inclusion reversing bijective correspondece between prime ideals of B and the
irreducible subsets of W it follows that dim(B) = dim(W). For any field k we have dim(Spec(k)) = 0. If B is
a PID which is not a field then dim(B) = dim(Spec(B)) = 1. If we apply this to the case of the ring k[T] we
get that dim(Spec(k[T])) = 1. Let B be any ring then and pg c p;...p; be a chain of prime ideals then we have
po C py...p; ¢ (p;, T) a chain of prime ideals of B[T], hence dim(B[T]) > dim(B) +1.

Lemma 2.2.3. Consider the topological space W.

1. If Z ¢ W then dim(Z) < dim(W). If W is irreducible, dim(W) < oo, moreover if Z is a proper subset of W which is
closed, then dim(Z) < dim(W).

2. Given a covering W = U, Uy by open subsets U, we get that

dim(W) = supadim(Uy)

3. Consider the collection of irreducible components of W which we denote by I then

dim(W) = supzedim(Z)

4. If W is a scheme then
dim(W) = S“Pwewdim(Ow,w)

Corollary 2.2.4. Consider the closed immersion j : V. — W of schemes . Assume W is integral and dim(W) = dim(V') < oo,
then j is an isomorphism.

Lemma 2.2.5. Consider the open morphism g : W — V of schemes. Given any w € W and any generization v’ of v := g(w)
we can find w' € W where w' is the generization of w such that g(w’) = v’ .

Proposition 2.2.6. Consider the open morphism g : W — V of schemes, then dim(W) > dim(g(W)).
Proposition 2.2.7. Consider the locally noetherian scheme W. The following assertions are equivalent:
1. dim(W) =0.

2. Every subset of W is open in W.
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3. Every local ring of W is a local Artin ring.
4. The canonical morphism

| | Spec(Ow) — W
weW

is an isomorphism.

2.2.1 Integral morphisms of affine schemes

A homomorphism f : A — B of rings is said to be intgral if B is integral over f(A). Given below is a "geometric
version" of the "Going Up" theorem .

Proposition 2.2.8. Consider the affine schemes W = Spec(B) and V = Spec(A), consider an integral homomorphism 1 :
A — B which give rise to a morphism § : W — V of scheme. Let b ¢ B be an ideal of B and Y = V(b) ¢ W be the
corresponding closed subspace, then g(Y) = V(p~1(b)). That is g is closed. Moreover

1. dim(g(Y)) =dim(Y).
2. injectivity of i implies surjectivity of g.
Lets recall the definition of a norm. Consider a finite field extension L of K then for any element o € L
n
Nyjk(@) = ([Tt
i=1
where a; are the roots listed with multiplicity of the minimal polynomial of « over K which is lying in some extension

field of L.

Theorem 2.2.9. Consider the integral injective homomorphism ¢ : A — B of integral domains. Set M = Frac(A) and
S = Frac(B). Set g := Spec(y) : Spec(B) — Spec(A). If A is integrally closed and S is a finite field extension of M then
Ns/m(B) € A where Ngjp + S —> M is the norm. We get f(V (b)) = V(Ns;nm(b)) (equality of sets) for every b € B, and
dim(V (b)) = dim(V(Np(b)))-

Lemma 2.2.10. Consider the rings A, B. The cardinality of the underlying set of fibers of the morphism Spec(B) — Spec(A)
are finite if it is induced from a finite homomorphism A — B of rings.

2.2.2 Dimensions of schemes of finite type over a field

Fix a field k. One of the important things we do here is the geometric interpretation of the result given below, which
is a refined form of the Noether Normalization theorem

Theorem 2.2.11. Consider a non-empty ring A which is a finitely generated algebra over k.

1. We can find ty,...,t; € A with the property that the k-algebra homomorphism ¢ : k[Ty,...,Ty] — A, induced by
mapping T; — t; , is injective and finite.

2. Ifay S ay € --- € a, #+ A is a chain of ideals in A (r > 0), then the t; in (1) can be chosen such that Y~ (a;) =
(T1, .., Tyeiy) forall i = 0,...., v and suitable 0 < h(0) < h(1) <--- < h(r) <d.

We can have the following geometric intepretation; Let W is an affine scheme of finite type over k then I'(W, Oy ) is
a finitely generated k-algebra that is we have a morphism f: W — Az of k—schemes.

¢ Let ¢ be the corresponding k-algebra of f homomorphism then ¢ is finite and injective. Hence by Proposition
2.2.8 and Lemma 2.2.10, f is closed, surjective, and has finite fibers.
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o If Z, ¢ --- ¢ Zy is a chain of closed subschemes of W, then we can construct f in such a way that each Z; is

mapped on to V(Ty, ..., Ty;)) in Ai .

e If Z, c --- ¢ Zy is a chain of integral closed subschemes (i.e. Z; = V(p;) for some prime ideal p; c A), From
corollary 5.9 of [AT18] we get that 1(0) < k(1) <--- < h(r).

Corollary 2.2.12. Consider a non-empty ring A which is a finitely generated algebra over k. Then dim(A) = d for some
integer d > 0 if and only if there exists a finite injective homomorphism k[T, ..., T;] = A of k-algebras.

Corollary 2.2.13. For any non negative integer n we get that dim(A;') = dim(IP}) = n.

Proof. From the above corolloary it follows that dim(Aj}) = n and we know that P}’ can be obtained by glueing n
copies of A} hence by proposition 2.2.3 we have dim(IP}) = n.
|

Definition 2.2.14. Consider a ring B, a chain of prime ideals of B is called maximal if it is maximal with respect to refinement.
Similarly, we call a chain of closed irreducible subsets of a topological space maximal, if it does not admit a refinement.

Theorem 2.2.15. Consider an integral domain B which is a finitely generated k—algebra. Let d = dim(B). Let gj1y ¢ -+ ©
n(r) be a chain of prime ideals of B such that dim(V (qy,;y) = d - h(i).

» We can find a finite injective homomorphism 1 : k[Ty, ..., Ty] — B of k-algebras with wil(qh(i)) = (T, ..., Tygy) for

alli=1,...,r.

* Given any ¥ as in (a) the chain (qy,(;y); of prime ideals can be refined to a qo c -+ c q4 of A such that ¢_1(qj) =
(Ty,...,T;) forallj=1,...,4d.

That is, every chain of prime ideals in B can be extended to a chain which is maximal and all maximal chains have equal length.
Proposition 2.2.16. Comnsider non-empty k-scheme W of finite type. all the assertions given below are equivalent:

1. dim(W) =0

2. W is an affine scheme, and I'(W, Ow) is a finite dimensional k-vector space, moreover I'(W,Ow) = ITypew Ow -

3. Every subset of W is open in W.

4. The cardinality of the underlying set of W is finite.

Corollary 2.2.17. Consider a zero dimensional integral k-scheme W of finite type. Then W = Spec(k"), for some finite field

extension k' of k .

Let L be a field extension of a field K and 7 be the largest integer such that there exist an injective hoommorphism
K[Ty,...,T,] — L of K-algebras. We call n the transendnce degree of L over K. Let S be a subset of L such that L
is algebraic over the field K(S) and S is algebraically independent over K then S is said to be a transcendence basis
of L/K. The size of the transcendence basis is equal to the transcendence degree of the extension and is denoted
trdegg L or trdeg(L/K) (for any field extension there exist a transcendence basis and any two such basis has the same

size).
Theorem 2.2.18. Let a be a generic point of the scheme W (that is W is irreducible). If W is a k-scheme of locally finite type .
1. dim(W) = trdegy(x(a)).

2. For any closed point w € W dim(Oy 5,) = dim(W).



CHAPTER 2. MORE ON SCHEMES 32

3. Consider the morphism g : V.— W of k-schemes of locally finite type. If there exist v € V such that g(v) = a. Then
dim(V') > dim(W). Since every open subset U of X contains the generic point a, we obtain dim(U) = dim(W).

4. Consider the morphism g : V. — W of k-schemes of locally finite type. If g has finite fibers then dim(V') < dim(W).

Corollary 2.2.19. Consider a closed point w € W for some k-scheme locally of finite type W. Then dim(Ow ) = supydim(Y),
where the supremum is taken over all (finitely many) irreducible components of W containing w.

2.2.3 Local dimension in a point

Definition 2.2.20. Consider a topological space W and a point w € W. The dimension of W in w is
dimy,W = infydim(U)

where the infimum is taken over all open sets U containing w.

Lemma 2.2.21. Consider a quasi-compact topological space W. If {Zy}ye1 is a collection of closed subsets such that the
intersection of each finite subcollection is nonempty, then Nyej Zy is nonempty.

Lemma 2.2.22. Let W be a non empty quasi-compact topological space which is kolmogrov then W contains a closed point.
Lemma 2.2.23. Consider the topological space W.
1. For any open neighborhood U of w € W, we get dimy,U = dim,,W.

2. One has dim(W) = supyewdimy,W. Let F denotes the collection of closed points of W. If W is a quasi-compact scheme,
then dim(W) = supyepdim,W.

3. For any integer n the V;, := {w € W;dimy,W < n} is open in W.

Proposition 2.2.24. Let W be a topological space and w € W be a point, let I denote the collection of irreducible components
of W containing w. If W is a k—scheme of locally finite type then dimy,W = supzcidimZ. For any closed point w € W is we
get dimyW = dim(Oyy ) .

2.2.4 Codimension of closed subschemes
Definition 2.2.25. Consider the topological space W.

* For any closed irreducible subset Z of W we define the codimension codimy Z of Z in W as the supremum of the lengths
of chains of irreducible closed subsets Zo > Zy > --- 2 Z;. such that Z; = Z.

* A closed subset Z of W is said to be equi-codimensial (of codimension d), if every irreducible components of Z have the
same codimension in W (equal to d).

Consider the affine scheme W = Spec(B). Let Z = V(p) be a closed irreducible subset of W then codimy Z = dim(By)
(it is the supremum of lengths of of chains of prime ideals of B that have p as its maximal element) it is also known
as the height of p. Suppose Z is a closed irreducible subset of an arbitary scheme W and let 1 be the generic point
of Z. Let U be an affine open set of W containing 7 then codim(ZnU) = dim(Oy ;). Since Z makes non empty

intersection with U every chain of closed irreducible sets that end in Z produces a chain in U which ends in Zn U

of the same length (because for any closed irreducible set Z if ZnU # ¢ then Z = (ZnU) ), similarly any chain of
closed ireeducible sets of U that ends in Z n U give rise to a chain in W which ends in Z (by taking the closure).
Hence dim(Owrn) = codimyZ nU = codimyZ. For any z € Z there exist an affine open set U such that z € Zn U so
1 € ZnU hence dim(Ow,,) < dim(Ow ;) (because 77 in U is Z n U). So we have

codimy Z = dim(OW,,Y) =infezdim(Ow ;)
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Definition 2.2.26. Consider a subset Z of a scheme W. Then
codimpy (Z) := infrezdim(Ow ;)

is called the codimension of Z in W.

The previous discussion shows that this definition coincide with the definition 2.2.25 when Z is a closed irreducible
subset of W.

e For any closed subset Y of W, we find
codimwY = infzcodimyZ

, where Z runs through the set of irreducible components of Y .

* A closed subset Y of W is of codimension 0 if and only if Y contains an irreducible component of W. If Y
contains an irreducible component this is clear. If codimy (Y) = 0 then there exist an ireeducible component Z
of Y such that codimyy (Z) = 0 that is Z is not contained in any irreducible set but we know that Z is irreducible
in W hence Z must be one of the irreducible components of W.

Proposition 2.2.27. Let W be k—scheme of finite type. If W is irreducible and have dimension d then.

1. Every maximal chains of closed irreducible subsets of W have equal length.

2. IfY of W we have dim(Y') + codimyy (Y) = dim(W).

2.2.5 Dimension of projective varieties
From previously described results we obtain analogues statements in the case of projective varieties.

Lemma 2.2.28. Consider the cone C(W) ¢ AZ”for some integral closed subscheme W of Py Then dim(C(W)) = dim(W) +
1.

Proposition 2.2.29. Consider an integral closed subscheme W of P} which non zero dimension. If ¢ € k[Xo,...,Xy] isa
homogeneous polynomial such that V.(g) is non empty and does not contains W then Wn V. (g) + @&, and Wn V,(g) is
equi-codimensional of codimension 1in W.

Applying induction to this we can get a generaliztion.

Proposition 2.2.30. Consider an integral closed subscheme W of P}, let fi,..., fr € k[Xo, ... Xu] be non-constant homoge-
neous polynomials. Then every irreducible components of W V..(f1, ..., fr) has codimension < r in W. If dim(W) > r then
Wn V+(f1,. . .,fr * J.

Corollary 2.2.31. Consider an integral closed subscheme W of IP{. Then W = V.(g) for some homogeneous polynomial g
which is irreducible if and only if W has codimension 1.

Corollary 2.2.32. Consider an integer n > 2, let g be a non-constant homogeneous polynomial set W := V. (g) c P{. Then
W is connected.

2.3 Intersections of plane curves

In this section we discuss about hypersurfaces in IP? and will give outline of an elementary proof of the Bézout's
theorem which says (in a crude way) that given two curves described by polynomials of degree d and ¢ in ]Pi, the
number of "intersection points" of these curves "counted with multiplicity" is equal to d * e.
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2.3.1 Intersection numbers of plane curves
Assume k is a field.

Definition 2.3.1. Consider a non zero non-constant homogeneous polynomial g € k[X,Y,T] with n = deg(g). The closed
subscheme V..(g) of P2 is known as a plane curve. We denote it by C and we set n as the degree of C.

Note:Consider a plane curve C c ]P% the we see that its degree may depend on the embedding (rather than only on
the isomorphism class of the k-scheme C). But if the degree of C is greater than or equal to 3, it depends only on the
isomorphism class of the k—scheme C (more precisely on the arithmetic genus of C).

Let C = V,.(f) be a plane curve then proposition 2.2.29 implies that C is equi-codimensional of codimension 1. Let
f=fi'-.. f;" be the distinct irreducible factors of f. Then V. (f{') 1 <i <r are the irreducible components of C.
The scheme V. (f) is reduced if and only if (f) is a radical ideal that is, if and only if the power of every factor in
the decomposition of f (given above) is one.

Lemma 2.3.2. Let f,g € k[X,Y, T] be non zero non-constant homogeneous polynomials. Then dim(V.(f,g)) = 0 if and only
if g.c.d of f and g is one (that is they dont have any common facotrs).

Considre two plane curves C and D described by polynomials f and g respectively then the schematic intersection

CnD=V,(f)nV(g)=Vi(f. )

Definition 2.3.3. Let C,D c IP% be two plane curves such that Z := Cn D is a k-scheme of dimension 0. Then we call
i(C,D) :=dim(T'(Z,0z)) the intersection number of C and D. For z € Z we call i,(C, D) := dimy(Ogz, z) the intersection
number of C and D at z.

We have i(C, D) = dim(I'(Z,0z)). Since dim(Z) = 0 proposition 2.2.16 implies that I'(Z, Oz) = [1,cz Oz .. Hence
i(C,D) =dimy(=[lzez Ozz) = Yrez dimy(Oz2)) = Yzecnp i2(C, D) (proposition 2.2.16 also implies that the underly-
ing topological space of Z has only finite number of points).

2.3.2 Bézout's theorem

Lemma 2.3.4. Consider a field extension K of k and set Cx := C @ K and Dx = D ® K. Then Cx = V. (fx) ]P%< , where fx
is the polynomial f considered as a homogeneous polynomial with coefficients in K. Similarly, Dx = V,(gx) < P% . We have

1(C, D) = i(CK, DK)

This shows that if needed we can replace k with another field extension of k which suits our need when talking
about the intersection number of two plane curves. From now onwards we take k to be algebraically closed. Let
Z:=CnD (where C =V,(f), D =V,(g) and deg(f) = n, deg(g) = m) be the intersection of two plane curves such
that dim(Z) = 0 hence the underlying topological space of Z contains only finitely many points. So we can construct
an hypersurface L c IPZ such that L n Z = @. Its possible to choose coordinates X, Y and T of IPZ such that V. (T) = L
thatis V.(T)nZ = @. Define S:=k[X,Y,T] and let a = (f,¢) ¢ S. Then S = @, S is a graded k-algebra where S, is
the subring of S constitute of homogeneous polynomials of degree d. Since a is an ideal generated by homogeneous
polynomial B := S/a is also a graded k-algebra, that is B@, B; where B; is the image of S; under the canonical
homomorphism. We know that dimy(S;) is finite hence B is a finite dimensional k—vector space.

Lemma 2.3.5. For d > n+m we have dimy(B;) = nm.

Theorem 2.3.6. Theorem of Bézout: Consider two plane curves C = Vi (f) and D = V,.(g) in ]P% whose schematic intersec-
tion has dimension zero. Then

i(C, D) = (deg(f))(deg(g))
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Outline of proof: Let
¢ k[X,Y,T] —k[X,Y], heh=h(XY,1)

be the dehomegenization with respect to T. As Z = D, (T) we have Z = Spec(A) with A = k[X,Y]/(f,3). To prove
Bézout theorem we have to show that dimy(A) = nm. The map ¢ induces a surjective k-algebra homomorphism
B =S/(f,g) — A from this we obtain a k-linear map v, : By — A. To show dimy(A) = nm it is enough to show

that v, is an isomorphism for some d > n + m.

2.4 Local properties of schemes

2.4.1 Formal derivatives

Definition 2.4.1. Consider a ring R and let f = Zflzo a;T' be a polynomial in R[T], we define the formal derivative
of & i
2 =Yg, T
or 5

If f e R[T] = R[Ty,..., T, ] we define the "partial derivative" % by viewing the ring R[T] as thering R[Ty, ..., T;,..., T, ][ T;]
i

and applying definition 2.4.1.

3T R[T] — R[T] is an R-linear map and it obeys the "Leibniz rule" that is
i

afg
T

08 of .
_faTi +gaTi’ Vf,geR[T]

Lemma 2.4.2. Consider a ring R, and let f € R[Ty, ..., Ty] be homogeneous of degree d. Then the partial derivatives satisfy
the Euler relation

n af
S r-df
i=09T; !

2.4.2 Zariski’s definition of the tangent space

Definition 2.4.3. Consider a scheme W, and let w € W. We see that my,/m2, (my, is the maximal ideal in the local ring Oy 4,)
is a vector space over Oy 4 /My = K(w), Set
TwW = (mw/mi,)*

where (*) refers to the dual vector space. T,,W is said to be the (Zariski, or absolute) tangent space of W in w.

Remark 2.4.4. Consider a point w of the k—scheme W.

e Let {wy,..., Wy} be the image of elements of my, in (my/m2)) such that they form a basis of the vector space (my,/m2))
(over k(w)). From Nakayama’s lemma we know that {wy, ..., w,} generates my, (as an Oy ,, module). Similarly
any set of elements {wy, ..., w,} which generates my, will generate my,/m2,. Hence if my, is finitely generated then
ittty () (Meo Jm2)) is the cardinallity of a minimal generating set of my,. A finitely generated vector space and its dual
has the same dimension hence dim, () TowW is the cardinallity of a minimal generating set of wy,. In particular if W is
locally noetherian then dim, () T W is finite.

* IfU c W isan open set containing w, then ToyW = Ty, U (because Oy, o = Ow,w)-

e Consider a morphism f : W — V of schemes. Let w € W then we have an induced morphism f}, : Ov fwy —
Ow, since this is a local ring homomorphism it takes mp(q,y inside my. Let 4 : my(y,) /m;(w) — my,/m2, be the
induced morphism. Consider mg ) /mj%(w) ®x(f(w)) K(w) we can view this as a x(w) module (vector space) (Let
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v®Kkl e mf(w)/mjzr(w) ®x(f(w)) K(w) and ky € k(w) then define ka(v ® k1) := v @ kika). ¢ induces a x(w)-linear map
mf(w)/mj%(w) ®x(f(w)) K(w) — gy /m2, (such that v @k = kip(v)). Let ¢ : myp/m2, —> x(w) be a x(w) linear map
then by composing with the linear map described before we get a x(w) linear map mf(w)/mj%(w) ®x(f(w)) K(w) — x(w)
such that v @k — ¢(kp(v)) = k¢ o P(v). Let k(w)/x(f(w)) is finite (that is k(w) is a finite dimensional x(f(w))
vector space) and k¥, ..., kY (with ky = 1) be a basis of k(w) over x(f(w)). Then ¢ o p(v) = TiLy kik¥ using this we
define a map mf(w)/m;(w) Rr(f(w)) K(w) — k(f(w)) x k(w) such that v @k = kP o (v) = (Tily ki, k iy k7).
That is given a x(w)-linear map my,/m2, — x(w) we produced a x(f(w))-linear map mf(w)/mjz((w) — x(f(w))
and an element of k(w). We get a x(w)-linear map

dfw : TwW —> Tf(w)V X K(ZU) —> Tf(w)V ® K(ZU)
K(f(w))

If mp(y) /m]%( ) is finite dimensional then Im(¢ o 1p) will be finite dimensional, then by considering this finite dimen-
sional subspace of x(w) and proceeding as in the above discussion we get a x(w)-linear map

dfw : TwW — Tf(w)V ® K(ZU)
x(f(w))

2.4.3 Tangent spaces of affine schemes over a field

The notion of absolute tangent space is well behaved when W is a scheme over a filed k and w ¢ W have residue
field equal to k. Consider the morphism k — x(w) induced from W — Spec(k) that is x(w) = k if and only if w is

a k—valued point (Since all morphism are k—schemes). We start with situation of an affine space.

Tangent spaces of k-valued points of A}: Let x € A} be a k valued point that is x € A}l (k) = Homy(Spec(k), A}) =
Homy(k[Ty,...,Tu], k) = k". All morphism from k[T;...,T,] to k are evaluation homomorphisms whose kernel
looks like (Ty - x1,..., Ty — x4 ) for some point x = (x;,...x,) € A} then the unique point of Spec(k) is mapped to the
maximal ideal (T7 — xq, ..., Ty — x,,) (which is the prime ideal corresponds to x) of k[T]. From the elements T; — x;
we obtain a basis for the k-vector space my/m2 Let (m;)i_, be this basis then any k- linear map m; /m2 — kis
completely charecterized by where m; goes hence k" = Ty X. The resulting isomorphism can be explicitly described
as follows
2 > 98
(01, 0n) = (my/my — k, g~ Zviﬁ(x))

Let f : A}l — A be the map given by (f1,..., f;) such that f; e k[Ty,..., T ] forall1 <1 <7 Letx = (x1,...,x,) €
A" (k), then the induced map dfx : TxA; —> Ty Ay is given, using the identifications of the tangent spaces with

afz‘ 1<i<r
(57:)

1<j<n

k" and k" , resp., as above, by the matrix

Given polynomials fy,..., fr € R[T,..., T,] for some ring R, we denote by

ofi

the jacobian matrix of the f;.

Definition 2.4.5. Consider a morphism f: W — W' of schemes and an integer d > 0.

e fis said to be smooth of relative dimension d at w € W, if we can find an affine set U of W containing w and affine open
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set V = Spec(R) of W' containing f(w) such that f(U) c V, and an open immersion

j:U = Spec(R[Ty, ..., Tul/(f1,- -+ fu-d))

of R-schemes of an appropriate n and f;, such that the jacobian matrix s, _ ¢ . (x) has rank n —d.

e fis called a smooth morphism if f is smooth (of relative dimension d) at every w € W. If f is smooth we say W is smooth
over W’

Recall for this definition that we denote for g € R[Ty, ..., T,] (e.g..g = % and for x € A} (or x in a subscheme U of

o,

A% by g(x) € x(x) the image of ¢ in (’)A%,x/mx.

Definition 2.4.6. A noetherian local ring B is said to be a regular local ring if the cardinality of the set of minimal number of
generators of its maximal ideal is equal to dim(B) (Krull dimension)

Let B be a noetherian local ring with maximal ideal m, let k = B/m be the residue field of B. B is regular if and only
if dimy(m/m?) = dim(B)

Definition 2.4.7. Consider a noetherian ring B, if the localization of B at every prime ideal is a regular local ring then we say
that B is a regular ring.

Definition 2.4.8. Consider a locally noetherian scheme W. W is said to be a regular scheme if for every w € W the local ring
Ow 1 1s regular.

Remark 2.4.9. e Consider the noetherian ring B, it is reqular if and only if Spec(B) is reqular.

* A point w e W is regular if and only if dim (T, W) (as x(w) vector space) is equal to dim(Ow )

2.5 Normal schemes

Definition 2.5.1. A domain R is called normal if it is integrally closed in its field of fractions.

Definition 2.5.2. Consider a scheme W, we say that W is a normal scheme if for every w € W the local ring Oy , is a normal
domain.

Lemma 2.5.3. ¢ Consider a locally noetherian scheme W then for every connected open subset U of W I'(U, Ow) is a
normal domain.

* Consider a scheme W which is quasi compact, we say that W is normal if for every closed point w € W the local ring
Ow w is normal.

* Consider a scheme W if there exist an open cover W = U; U; with T'(U;, Ox) are normal for all i then W is normal.

Corollary 2.5.4. In a locally noetherian scheme every regular point is a normal point. In particular every reqular locally
noetherian scheme is also a normal locally noetherian scheme.

Proposition 2.5.5. Consider a locally noetherian scheme W and a normal point w € W with dim(Ow 4,) < 1 then w is a
regular point.

Consider a locally noetherian scheme W, if dim(Oy ,,) = 1 implies that Oy 4, is regular for any w € W then we say
that W is "regular in codimension 1".

Proposition 2.5.6. Assume that the affine scheme W = Spec(B) is regular. Consider a closed integral scheme Z = V(f) =
Spec(A/(f)) of W for some f € B then Z is normal if and only if it is "regular in codimension 1”.
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Let W be a locally noetherian scheme. We call the set
Whorm = {w e W : Ow.w normal }

the normal locus of W.

2.5.1 Geometric concept of normality, Hartogs’ theorem

Recall the Hartog’s theorem: Let U ¢ C", # > 1be an open set and x € U. If f : U\{x} is a holomorphic function
then we can extend f to all of U. The following is an analogues statement in our settings.

Theorem 2.5.7. Consider an open subset U of the locally noetherian normal scheme W with codimy (W U) > 2 then the
restriction map I'(W, Ow) — T'(U, Ow) is an isomorphism.



Chapter 3

Cohomological Algebra

3.1 Abelian categories
Definition 3.1.1. A category C is called additive if it satisfies the following condition:

1. Given any pair (X,Y) of Ob(C), Hom¢(X,Y) has a structure of additive (i.e. abelian) group, and the composition law
is bilinear,

2. there exists an object 0 such that Homc(0,0) = 0 (0 in the RHS is the additive identity of the homomorphism group
while 0 in the LHS is an object of C),

3. Given any pair (X,Y) of Ob(C) the functor
W — Home (X, W) x Home (Y, W)

is representable,

4. Given any pair (X,Y) of Ob(C) the functor
W — Hom¢ (W, X) x Home (W, Y)

is representable,

Proposition 3.1.2. Under the conditions (i), (ii), of Definition 3.1.1, Z is a representative of the functor W — Hom¢ (X, W) @ Home (Y
if and only if there are morphisms iy : X — Z,ip 2 Y — Z,p1: Z — X,pp : Z — Y, such that ppoi; =0,p1oip =
0,p10i1 =idx,proip =idy and ijopy +ipopy =idyz.

Similarly we can show that Z’ is a representative of the functor W — Hom¢(W, X) @ Home(W,Y) if and only if
there are morphisms iy : X — Z',ip: Y — Z',p1: Z' — X,p2: Z' — Y, such that ppyoiy =0,p10ip =0,p1 0y =
idx, pa2o iz = idy and il opr+ iz opr = idzl.

Corollary 3.1.3. The representative of the functor W — Home (W, X) @ Home (W, Y) and the representative of the functor
W~ Home (X, W) @ Home (Y, W) are isomorphic. We denote this unique object by X @Y.

39
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Remark 3.1.4.

/\/\

W%X@Y—>W

I 4

(Warning: The diagram is not commutative). All the maps are as defined in proposition 3.1.2. Then we have hoiy = f,
hoiy=gand fopi+gops=h

Definition 3.1.5. Let C and C' be two additive categories a functor F : C — C' is called additive if for any pair of objects
(X,Y) of C, F defines a group homomorphism Home(X,Y) — Home(F(X), F(Y))

The functor W — Hom¢(Z, W) is an additive functor. If f : W — W' then we have Hom¢(Z, f) : Home(Z,W) —
Home(Z,W'); for any g € Home(Z, W) we have Home(Z, f)(g) = f o . Since composition is bilinear this map is a
group homomorphism.

Lemma 3.1.6. Let A, B be additive categories. Let F : A — C be an additive functor. Then F transforms direct sums to direct

sums and zero to zero.

Definition 3.1.7. Let f € Home(X,Y)

o If the functor
Z — ker(Home(Z, f)) ={u e Home(Z,X) : fou =0}

is representeble, its representative is called the kernel of f and it is denoted ker(f).

e If the fucntor
Z — ker(Home(f,Z)) ={ve Homc(Y,Z):vo f =0}

is representeble, its representative is called the cokernel of f and it is denoted by coker(f).

Let f € Homc(X,Y) and assume ker(f) exists. Let
¥ : Home (=, ker(f)) — ker(Home (-, f))

be a natuaral transformation and ¢ be its inverse. Set a := Pr.(r)(idger(r)) then foa = 0 (by construction). If
§ € Home (W, ker(f)) then Yw(g) = Yw(idker() © &) = Yker(r)(idker(r)) ©g = wog . If h € ker(Home(-, f)) then
h = ao¢(h) for a unique map ¢(h) : W — ker(f) (if h = a0 g hence a o (g—¢(h)). As ¢ is bijective, composition
with « is also bijective and composition is also compatible with the group structure of Hom hence g - ¢(h) = 0
which implies g = ¢(h)). Conversely if (Z,a) is such that foa = 0 and for any h € ker(Home(—, f)) there exist
unique e : W — ker(f) such that h = a oe then Z = ker(f). ker(f) can be charecterized by this properties.

W LN ¢ ! > Y
T 3l
™ “T
ker(f)

The natuaral transformation ¢ is completely determined by the morphism &, sometimes we refer this morphism
using the notation ker(f), most of the time ker(f) denotes the representative object. When it is necessary we use
ker(f) to denote both the morphism and the representative object.
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Assume that coker(f) exist. Let A : Home(coker(f),—) —> ker(Hom(f,-)) be a natuaraltrasformation and ) be
its inverse. Set B := Acoker(f) (ideoker(r)) then po f = O(by construction). Let g € Home(Coker(f), W) then Aw(g) =
Aw (g o ideoker(r)) = 8 © Neoker(f) ({dcoker(f)) = §© B Let h € ker(Hom(f,-)) then there exist unique map Q(h) €
Homg (coker(f), W) such that h = Q(h) o B. Coversely if (Z, B) is such that o f = 0 and for any h € ker(Hom (f,-))
there exist a unique morphism e € Home (coker(f), W) such that i = eo B then Z = coker(f). coker(f) is charecterized

by this property.
x—L syt ,w
e T
coker(f)

The natuaral transformation A is completely determined by the morphism j, sometimes we refer this morphism
using the notation coker(f), most of the time coker(f) denotes the representative object. When it is necessary we
use coker(f) to denote both the morphism and the representative object

Remark 3.1.8. Let o : ker(f) — X and B:Y — coker(f) be as defined above.

® Letg,h: W — ker(f)besuchthataog=waoh. Thenao(g—h) =0y x). ButOuy x) € ker(Homc(~, f)) hence there
exist unique map from W — ker(f) whose composition with a gives Oy x); we have a o (g —h) = a o0y ker(f)) =
O(w,x) hence g —h = 0y ger( ) and a is monomorphism

e Similarly we obtain that B is an epimorphism.

e Let X,X",Y,Y" e€Csuchthat X = X" and Y =2 Y'. Let f : X — Y and g : X' — Y’ be morphisms compatible with the
isomorphisms, that is the following diagram commutes

where the vertical arrows are isomorphisms. Then we have the following commutative diagram

ker(f) L X Y L coker(f)
ker(g) S x Y —£5 coker(g)

Where the isomorphism between X and X', Y and Y’ are the same as before. Isomorphism between ker(f) and ker(g),
coker(f) and coker(g) are obtained from their universal properties. If such a diagram exist we say that ker(f) = ker(g)
and coker(f) = coker(g).

Definition 3.1.9. Let o : ker(f) — X and B:Y — coker(f) be as defined above.

o coker(w) (if it exists) is called the coimage of f and it is denoted by Coim(f).

* ker(B) (if it exists) is called the image of f and it is denoted by Im(f)
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Consider the following commutative diagram

coker(a) N ker(B)
Ui n. v

o
N
9

ker(f) — s X - Y —P s coker(f)

o T

coker(oc). 5 > ker(B)

We have foa = 0 hence there exist a unique morphism m : coker(a) — Y such that f = moy. We have 0 =
Bof = Bo(moy). Since 5 is an epimorphism it follows that om = 0, hence there exist a unique morphism
p : coker(f) —> ker(f) such that m = 7y o p (Since both the triangles in the lower rectangle are commutative the lower
rectangle is commutative).

Similarly B o f = 0 hence there exist a unique morphism n : X — ker(B) such that f = yon. Wehave 0 = fou =
(7 on)oa. Since y is a monomorphism it follows that 71 o &« = 0 hence there exist a unique morphism 6 : coker(f) —
ker(f) such that 6 oy = n (Since both the triangles in the upper rectangle are commutative the upper rectangle is
commutative).

Since 7 is an epimorphism we get that p = 6. That is there exist a natural morphism Coim(f) — Im(f)
Definition 3.1.10. An additive category C is called an abelian category if its satisfies the two following conditions.
 For any morphism f : X — Y, ker(f) and coker(f) exist.
* The canonical morphism Coim(f) — Im(f) is an isomorphism.

In some sense the second condition in the above definition is eqivalent to the first isomorphism theorem (in the
category of groups, rings,modules etc).

From now onwards we take C to be abelian. Let f be a morphism in an abelian category then f can be factored
uniquely as x — Coim(f) — Im(f) — y where the first arrow is an epimorphism the second arrow is an
isomorphism and the third arrow is a monomorphism. Let f : X — Y and g: Y — Z such that go f = 0. Then we
have the following commutative diagram.

coker(f)
X ! y 8% <7
/ \
ker(B) = Im(f) & > ker(g)

We know that g o f = 0 hence there exist a unique morphism m such thatmof =g. Sogoy = (mopB)oy=mo(fo7y) =
0. Hence there exist a unique morphism 7t : Im(f) — ker(g) such that [ o7 = 7.

Definition 3.1.11. A sequence of morphisms:

x -ty 2,7

is called an exact sequence if (or exact at Y):
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o g o f = 0
* the natural morphism Im(f) — ker(g) is an isomorphism.
More generally a sequence of morphisms is called exact if any successive pair of arrows is exact.

Proposition 3.1.12. The sequence

0 — X —Y

is exact if and only if f is a monomorphism. Similarly the sequence

XL>Y*>O

is exact if and only if f is an epimorphism.

Proposition 3.1.13. Let f : X — Y be a morphism in C then the following sequences are exact.
* 0—ker(f) — X — Im(f) —0
* 0— Im(f) — Y — coker(f) — 0

Definition 3.1.14. Let C and C' be two abelian categories. An additive functor F from C to C' is called left (resp. right) exact
if for any exact sequence in C:
0—X—X —X"

(resp.: X — X' — X" — 0) the sequence:
0 — F(X) — F(X") — F(X")

(resp.:F(X) — F(X') — F(X"") — 0) is exact. If F is both left and right exact, F is called exact. A contravariant functor
F from C to C' is called left exact (resp. right exact, resp. exact), if so is F regarded as a functor from C° to C'.

Proposition 3.1.15. Let Z € C then Home (-, Z) and Home(Z,-) are left exact functors.

Definition 3.1.16. Let Z € C. One says that Z is injective (resp. projective) if the functor Home (-, Z) (resp. Hom¢(Z,-))
is exact.

Proposition 3.1.17. Let Z € C. Z is injective if and only if for every monomorphism f : X — Y in C, Home(f,Z) is
surjective.

Proposition 3.1.18. Let C be an abelian category and Let

be such that go f =0.




CHAPTER 3. COHOMOLOGICAL ALGEBRA 44

is exact if and only if
0 —— Home(Ms, N) —2"¢EN pome(My, N)Y 2N pome (My, N)
is an exact sequence of abelian groups for all objects N of C.
. 0 My —Ls My —5s My
is exact if and only if
0 —— Home(N, M) M Home (N, My) m Home (N, M3)

is an exact sequence of abelian groups for all objects N of C.

Lemma 3.1.19. Fiber product (pull back) exist in an abelian category.

Proof. Let C be an abelian category and X,Y,Z e€C. If a : X — Z and b : Y — Z are morphisms then we have a
morphism (a,-b) : X@Y — Z such that (a,-b) ci; =a and (a,-b) oi = -bwherei; : X — X®Y,i: Y — X@Y
are the canonical morphism (defined in proposition 3.1.2 or refer remark 3.1.4). Consider the following diagram
(warning:it’s not a commutative diagram)

where p = pjoaand g = ppoa. We have 0 = (a,-b)oa = (aopy+-bopy)oa =aop—-boqg=aop ="bogqg. Now
asumme that aoky = boky = (a,-b)oijoky = —(a,-b)oipoky = (a,-b)(i1 0oky +ip0ky) = 0. Hence there exist a
unique morphism ! : T —> ker(a,-b) such thatwol =ijokj+iyoky. Wehave pol = pjoaol = pjo(iyoky+izoky) =k
similarly gol = ppoaol =pyo(ijoky +ipoky) =ky. Thatis (ker(a,-b),p,q) =X xz Y.

]

Remark 3.1.20. Arguments dual to those in lemma 3.1.19 will show that push out exist in an abelian category.

3.2 Diagram chasing

Definition 3.2.1. Let A be an abelian category. Leti: A — Band q : B — C be morphisms of A such that 0 — A —
B — C — 01is an exact (such exact sequence are called short exact) sequence. We say the short exact sequence is split if there
exist morphisms j: C — Band p : B — A such that (B,i,], p,q) is the direct sum of A and C.
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Lemma 3.2.2. Let C be an abelian category. Let 0 — A — B — C — 0 be a short exact sequence.

1. Given a morphism s : C — B left inverse to B— C, there exists a unique 7t : B — A such that (s, 7v) splits the short
exact sequence as in Definition 3.2.1.

2. Given a morphism 7t : B — A right inverse (o f = Id4) to A — B, there exists a unique s : C — B such that
(s, ) splits the short exact sequence as in Definition 3.2.1.

Lemma 3.2.3. (short five lemma:)
consider the following commutative diagram

with short exact rows, f and h monic imply g monic, and f and h epi imply g epi.

Lemma 3.2.4. (five lemma) Consider the following commutative diagram

8

Al g1>A2 82\A3 3\A4 84\A5

s 2 12 | 15

h h h h
By —— By —>3 By —% By — Bs

~

with exact rows then
o If f1is epi, and fy and fy are monic, then f3 is monic.
o If fo and fy are epi while f5 is monic then f3 is epic.
o If f1is epi, fo and f4 are isomorphisms, and fs is monic, then f3 is an isomorphism.

Consider the commutative diagram give in lemma 3.2.3 add the kernels and cokernels of f,g, and & to form a
diagram

0 — ker(f) —=— ker(g) ——=— ker(h)

i 5 J¢

0 a u b ¢ c 0
ls s b
0 a’ m ! Y 0

bk

coker(f) LN coker(g) N coker(h) —— 0

Each coloumn is exact (consider the first coloumn then Im(i) = ker(coker(ker(f))) = ker(f) hence it is exact at a, we
know Im(f) = ker(coker(f)) = ker(j) hence it is exact at b) and both middle rows are given to be exact. We have
gomoi=m'ofoi =0 hence there exist unique map my : ker(f) —> ker(g) such that moi = jomg using similar
arguments define ey, m1 and e;.

Consider the first raw, it is exact at ker(f) (we know j o g is monic hence my must be monic). We have ko eq o mg =
eomoi =0, since k is a monomorphism we get that eg o my = 0. Let x €, ker(g) such thategox = 0. Henceeojox =0.
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Since the second raw is exact there exist y €, a such that moy = jox. m'o foy=gomoy = gojox =0 since m’ is
monic this would imply that f oy = 0. We know that the coloumns are exact hence there exist z €, ker(f) such that
y=iozthatisjox =moioz = jomgoz since jis a monomorphism this would imply that x = mg o z. Hence the

sequence is exact at ker(g). From duality it follows that the fourth sequence is also exact.

Remark 3.2.5. We can refine the result in the above discussion as follows. Consider the following commutative diagram

a "5 p—3¢

bl b

a sy Ly !

o If the first raw is exact and m' is monic then ker(f) — ker(g) — ker(h) is exact (since we used only this much
information to prove the analogues statement in the above discussion the same proof works here).

e [f the second raw is exact and e is an epi then coker(f) —> coker(g) — coker(h) is exact.

Lemma 3.2.6. (Ker-coker sequence = Snake lemma). Given a morphism < f,g,h > of short exact sequences, as in the above
diagram, there is an arrow 6 : Ker(h) — Coker(f) such that the following sequence is exact

0 —— ker(f) LN ker(g) LN ker(h) SECEN coker(f) SRLIN coker(g) LN coker(h) —— 0

Remark 3.2.7. Consider the following commutative diagram with exact raws

a—"5b S5 > 0
bl
0 PN N SN

then the sequence ker(f) — ker(g) — ker(h) — coker(f) — coker(g) — coker(h) is exact.

3.3 Category of Complexes
Let C be an additive category.
Definition 3.3.1. A complex X in C consists of the data {X",d% } ez such that for every n € Z:
X"eC d%eHome(X", X" and d"lod" =0
A morphism f from a complex X to a complex'Y is a sequence { f" },,cz of morphisms f" : X" — Y", such that for any n € Z:
o 1 = f1+1 o gnrl

We denote by C(C) the category of complexes in C (composition of morphism is defined in the obvious way). This
is an additive category, if C is abelian C(C) is abelian.

The family dx = {dy}n is called the differential of the complex X. A complex X is said to be bounded (resp.
bounded below, resp. bounded above) if X" = 0 for |n| > 0 (resp. n < 0, resp. n >> 0). The full subcategory of C(C)
consisting of bounded complexes (resp. complexes bounded below, resp. complexes bounded above), is denoted
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clc) (resp. C*(C), resp. C (C)). We identify C with the full subcategory of C(C) consisting of complexes X such
that X" =0 for n # 0.

Definition 3.3.2. Let k be an integer, and let X € C(C). One defines a new complex X[k] by setting:
X[k]n - Xn+k r)t([k] - (_1)ndr)1(+k
For a morphism f : X — Y in C(C), one defines f[k]: X[k] — Y[k] by setting:
U=

The functor [k] from C(C) to C(C) is called the shift functor of degree k.

Definition 3.3.3. A morphism f : X — Y in C(C) is called homotopic to zero if there exist morphisms s" : X" — Y"1 in

C such that for any n:
fn _ dr;—l os" +Sn+l Odgl(

n-1 n
SN R SN T xm
lfn—j/ J{fﬂ lfn-#l
S Sn+1
e — " = y YT
dy~ Y

One says f is homotopic to g if f — g is homotopic to zero. Let X,Y and ZbeinC(C)and f: X — Y, g:Y — Z
be morphisms of complexes. Assume f is homotopic to zero that is there exist a map s" : X" — Y"1 such that
fr=ditos +s"lodh. Theng"o f" = g" odi L os" + g" 0s"*1 0 d%. But we know that g" o d’s"! = @71 0 ¢"~! define
W= g logm: X" — 7"1 Thatis (go f)" =d% ' o " + h"*! o d"}, hence g o f is homotopic to zero.

Now assume ¢ is homotopic to zero that is there exist s” : Y — Z"~! such that g" = d% ! os” +s""1 0 d%. Then
ghof" =dilos"o f"+s" lodlof". We know that d% o f* = f""lod%. Define h" := s" o f" then (go f)" =
d% Yo ™ + "1 o d%. Hence g o f is homotopic to zero.

We denote by Ht(X,Y) the subgroup of Homccy(X,Y) consisting of morphisms homotopic to zero.

Definition 3.3.4. Define a category K(C) by setting ob(K(C)) := 0b(C(C)) and Homyc)(X,Y) := Home(cy(X,Y)/Ht(X,Y)
(From the above discussion it follows that the composition is well defined).

From now onwards throughout this section we assume that C is abelian.

Definition 3.3.5. Let X ¢ C set ZK(X) := ker(d%,), BN(X) = Im(d%') and H*(X) = coker(B¥(X) — Z¥(X)). One
calls H*(X) the k! conomology of the complex X (sometimes we write Z*(X)/B¥(X) instead of coker(B*(X) — ZF(X))).

H*(X) = coker ()

ZK(X) = ker(d*(X)) T coker(dk71) coker (d¥,)

n

. d’;{ i Xk+] d/;;rl R Xk+2
BX(X) = ker(p) BY(X) = ker(w) —— ZK1 = ker(dif!) —— HM(X)

We obtain the following exact sequences:
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BX(X) — ZK(X) — HK(X) — 0.

0 — BX(X) — XK — coker(di;1) — 0.

XK1 7ZK(X) — H*¥(X) — 0.

0— ZF — X* — B — 0.

0 — H¥(X) —> coker(df1) — X*1.

0 — HN(X) — coker(d% 1) — ZM1(X) — HY(X) — 0.
Lemma 3.3.6. H"(-) is an additive functor from C(C) to C and H"**(X) = H"(X[k]).

Definition 3.3.7. A morphism of complexes f : X — Y is called a quasi isomorphism if the induced map H" (f) : H"(X) —
H"(Y) is an isomorphism for all n € Z.

Definition 3.3.8. Let X,Y € C(C) a morphism f : X — Y is called a homotopy equivalance if there exist g : Y — X so
that f o g is homotopic to Idy and g o f is homotopic to Idx. If such an homotopy equivalance exist we say that X and Y are
homotopically equivalant. In other words a homotopy equivalance is an isomorphism in K(C).

Lemma 3.3.9. o Let f,g: X — Y be morphism of complexes, if they are homotopic then the induced morphisms H" (f)
and H"(g) are equal for alln ¢ Z

e If f is a homotopy equivalance then f is a qusi isomorphism.
Corollary 3.3.10. H"(-) is an additive functor from K(C) to C.
Remark 3.3.11. Let X,Y,Z e C(C)and f: X — Y, g: Y — Z be morphisms of complexes
* f: X — Yismonic if and only if f" : X" — Y}, is monic for all n.
e f: X —Yisepiifand only of f": X" — Yn is epi for all n.
* The sequence X — Y — Z is exact if and onlly if the sequence X" — Y" — Z" is exact for all n.

Proposition 3.3.12. Let 0 — X — Y — Z — 0 be an exact sequence in C(C) then there exist a canonical long exact

sequence in C
..— H"(X) — H"(Y) — H"(Z) — H™(X) — ...

Proof. We already know that ker(coker (d% ') — Z"*1(X)) = H"(X) and coker(coker (d ') — Z"1 (X)) = H*(X).

Consider the following commutative diagram

coker(d?{l) — coker(d’ffl) — coker(d%‘l) — 0

| | |

0 —— Z"(X) —— 72MY(Y) ——— 7"1(2)

With exact raws (Since X" — Y" — Z" is exact the corresponding ker and coker sesquences are exact). Applying
snake lemma (remark 9.2.8) to the above diagram we obtain an exact sequence

H"(X) — H"(Y) — H"(Z) — Hn+1(X) . HnH(Y) . H””(Z)

. The proposition follows immediately.
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Definition 3.3.13. Let X € C(C) then we define the truncated complexes T" (X) and =" (X) by:
(X)) ... — X2 — X" ker(d) — 0 — ...

(X)) ... — 0 —> coker(d% ) — X" — X"

Its easy to see that

i en - 0 ifi>n
Hix (X))_{Hi(X) ifi<n

and
ifi>n
ifi<n

HI(2*(X)) = {fi(x)

Notation:

* We set 7(X) = 7"~} (X) and T (X) = 7"} (X).

Proposition 3.3.14. Let X € C(C)

e The natural morphism H*(tr=")(X) — H"(X) (induced from tr="(X) — X) is an isomorphism for k < n and
H*(tr<")(X) = 0 for k > n.

<n

Proposition 3.3.15. =" and t>" defines functors from C(C) to C(C) which transforms morphisms homotopic to zero into

morphisms homotopic to zero (hence defines a functor from K(C) to K(C)).

3.4 Mapping Cones

Let C be an additive category

Definition 3.4.1. Let f : X — Y be a morphism in C(C), the mapping cone of f, denoted by M(f), is the object of C(C)
defined as follows:
M(f)n = xn+l DY"

dan . d?([l] 0
M(f) " fn+1 d?
(recall that dy ;) = -dl)
Remark 3.4.2. We have morphisms dg‘([l] s X" X2 and 0 0 Y" — X"*2 this induces a unique morphism 1 :
X" @Y" — X™2. Similarly we have morphisms f"*1 : X" — Y"1 gnd @ - Y" — Y™ this induces a unique
morphism m : X" 1@ Y" — Y"1, We denote by d!, ., : X" L@ Y" — X2 @Y™ the unique morphism induced by |

M(f)
and m.

We define morphisms a(f) : Y — M(f) and B(f) : M(f) — X[1] by:

M(f) = (Idow)

B (Idxwa, 0)

Lemma 3.4.3. Forany f : X — Y in C(C), there exists ¢ : X[1] — M(a(f)") where a is an isomorphism in K(C) such
that the following diagram commutes in K(C).
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v O ey 5 xS v

J’Idy J’m ) J{ l[dy

a(f) 2Dy pp Ux ﬂt(ﬂt(f)) ((f))ﬁ(a(f)) Y[1]

Note that such a result would not hold in C(C). Note further that ¢ is not unique even in K(C).

Definition 3.4.4. One defines a triangle in K(C) as being a sequence of morphisms X — Y — Z — X[1] and a morphism
of triangles as being a commutative diagram in K(C):

I

XI

R =
(7

(1]
Jom
X[1]’

Definition 3.4.5. A triangle X — Y — Z — X[1] in K(C) is called a distinguished triangle, if it is isomorphic to a
triangle

f

XI Y, D( M(f) ﬂ(f)

X'[1]

for some f in C(C).
Proposition 3.4.6. The collection of distiguished triangles in K(C) satisfies the following properties

* (TR 0) A triangle isomorphic to a distinguished triangle is distinguished.

® (TR 1) For any X € K(C)

is a distinguished triangle.

* (TR2)Any f: X — Y in K(C) can be embedded in a distinguished triangle

f

X Y

N
<
=

* (TR3)

is a distinguished triangle if and only if

y 8. 5 _h X[1] -f[1]

Y[1]
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* (TR 4) Given two distinguished triangles

X f>Y Z X[1] X' f/Y’ > Z'
and
a commutative diagram
X L> Y
J’H J"U
x Ly
can be embedded in a morphism of triangles (not necessarily unique).
* (TR 5) (octahedral axiom). Suppose given distinguished triangles:
f 1
X Y V4 X[1]
8 /
Y > Z > X > Y[1]
x L 7 Y’ X[1]
Then there exist a distinguished triangle
z' Y’ X' Z'[1]
such that the following diagram is commutative
f 1
X Y Z X[1]
IdX 8 J’Idx[l]
x 2, 7 s Y s X[1]
f 14 |
Yy 257 b Y[1]
Idyr J’
z' > Y’ > X/ > Z'[1]

3.5 Triangulated categories

» X'[1]

51

Let C be an additive category, together with an automorphism (functor) T : C — C. We write sometimes [1] for T
and [k] for TF, (i.e. X[1] for T(X), or f[1] for T(f)). A triangle in C is a sequence of morphisms X — Y — Z —»

T(X)
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Definition 3.5.1. An additive category C consists of the following data
* An automorphism T : C — C.
o A family of triangles, called distinguished triangles.
Which satisfies the axioms (TR 0)-(TR 5) of proposition 3.4.6 when setting X[1] = T(X) is called a triangulated category.

Definition 3.5.2. Let (C,T) and (C',T") be two triangulated categories. We say that an additive functor F from C to C" is a
functor of triangulated categories if Fo T = T' o F' and F sends distinguished triangles of C into distinguished triangles of C'.

Definition 3.5.3. Let C be a triangulated category and A be an abelian category. An additive functor F : C — A'is called a
cohomological functor if for any distinguished triangle X — Y — Z — T(X), the sequence F(X) — F(Y) — F(Z) is
exact.

For a cohomological functor F we write F¥ for Fo T¥. Let X — Y — Z — T(X) be a distinguished triangle then
by (TR3)Y — Z — T(X) — T(Y) is a distinguished triangle from this property we obtain a long exact sequence

. — FFY(2) — FNX) — FF(Y) — FF2) — F*Y(Z2) — ...

Proposition 3.5.4. Let C be a triangulated category

* If

is a distinguished triangle then g o f = 0.
* For any object W € C, Hom¢ (W, -) and Hom¢ (-, W) are cohomological functors.

Note: Let C be an additive category and f : X — Y be a morphism in C(C) then a(f)o f: X — Y — M(f) is zero
in K(C) but it need not be zero in C(C).

Corollary 3.5.5. Let

X > Y 4 y T(X)
S
b Y/ z/ T(X)

be a morphism of distinguished triangle (in C). If ¢ and ¢ are isomorphism then so is 0.
Proposition 3.5.6. Let C be an abelian category then the functor H" () : k(C) — C is a cohomological functor.

Lemma 3.5.7. Let f : X — Y be a morphism in K(C) then f is a quasi isomorphism if and only if H"(M(f)) = 0 for all
ned.

Definition 3.5.8. Let C be a triangulated category. A triangle

p

X %5y s Z —1 5 T(X)

~

in C is called antidistinguished if the triangle

X %5y s Z —15 T(X)

~
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is a distinguishede triangle.

3.6 Localisation of Categories

Definition 3.6.1. Let C be a category and S be a family of morphisms in C. S is a called a multiplicative system if it satisfies
(S1) to (S4) below:

® (S§1) Forany X eC, Idx €S
® (S2) For any pair (f,g) of S such that the composition g o f exists, go f € S.

* (53) Any diagram

with g € S may be completed to a commutative diagram

|

z
I
X Y

—
AN

with h € S. Ditto with all the arrows reversed.
* (S4)If f,g €« Home(X,Y) the following conditions are equivalent

— thereexistst:Y — Y', t e Ssuchthat tof =tog,

— there exists s: X' — X, s €S, such that fos=gos.

Definition 3.6.2. Let C be a category and S a multiplicative system.We can define a category Cg called the localization of C at

S as follows:
Ob(Cs) := Ob(C)

Forany X,Y € C define
Homey (X, Y):={(X",s,f): X"eC s:X'—X, f:X'—Y seS}/~
where (X', s, f) ~ (X", t,9) if and only if there exist a commutative diagram

PR

Xl < XIII N XII

N A

withu € S.
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The composition of (X',s, f) € Home (X,Y) and (Y',t,8) € Home (Y, Z) is defined as follows. We use (S3) to find a

commutative diagram:
XII
VN
t/
X’ Y’
f 8
s t
Y Z

witht' € S. Weset (Y',t,8) o (X',s,f) =(X",sot',g0oh)

The relation ~ given in the definition is an equivalence relation.Its easy to see that composition is well defined,
assosciative and Idxcc, = (X, Idx, Idx), that is Cg is indeed a category. We define a functor Q : C — Cs by setting
Q(X)=X VvXeCand Q(f)=(X,Idx,f) VfeHomc(X)Y).

Proposition 3.6.3. Let C be a category and S be a multiplicative system.
e Foranys e S Q(s) is an isomorphism in Cg

e Let C' bee another category, F : C — C’ be a functor such that F(s) is an isomorphism for all s € S. Then F factors
uniquely through Q.

Remark 3.6.4. o Let (X',s,f) €e Homme (X,Y) then (X',s, f) = (X', Idxs, f) o (X',s,1dx). Let a be a functor from
Cs to some other category. The action of « on morphisms is completely determined by its action on morphisms of the form
(X',s,1dxs), (X', Idxs, f). Let B be another functor from Cs with the same target as o, if x 0 Q = Bo Q then u = p.

* From the above remark and proposition 3.6.3 we get that (Cs)° = (C°)s.

Proposition 3.6.5. Let C be a category and C' be a full subcategory. Let S be a multiplicative system in C and S’ be the family
of morphisms of C' which belongs to S. Assume S’ is a multiplictive system in C" and one of the following condition holds.

1. For every morphism f: X — Y in S with Y € Ob(C") there exist g : W — X with W € Ob(C") and fo g € S.
2. The same as (1) with arrows reversed.
Then C, is a full subcategory of Cg

Definition 3.6.6. Let C be a triangulated category, and let N be a subfamily of Ob(C). One says N is a null system if it
statisfies (N1)-(N3) below

* (N1)OeN.

* (N2) X e Nifand only if X[1] e N.

* (N3)if X — Y — Z —> X[1] is a distinguished triangle. If X,Y € N then Z ¢ N.
Set S(N) := {f : X — Y : f is embedded into a distinguished triangle X — Y — Z — X[1] with Z e N'}
Proposition 3.6.7. Let C be a triangulated category. Assume N is a null system then S(N') is a multiplicative system in C.
Notation: Let C be a triangulated category and N be a null system. We write C/\ instead of Cgar).-
Proposition 3.6.8. Let C be a triangulated category and N a null system. Let Q : C — C/N be the canonical functor.

* C/N becomes a triangulated category by taking for distinguished triangles those isomorphic to the image of a distin-
guished triangle in C.
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e We have Q(X) 20 forall X e N.

* Any functor F : C — C' of triangulated categories with F(X) = 0 for all X € N factors uniquely through Q.

Proposition 3.6.9. Let C be a triangulated category and N be a null system in C, C' be a full triangulated subcategory of C
such that any distinguished triangle X — Y — Z — X[1] in C with X,Y € C’, is a distinguished triangle in C'. Set
N = NnOb(C")

o N'isanull system in C'.

e Assume moreover that any morphism Y — Z in Cwith Y € C', Z € N factorizes through an object of N' Then C' IN”
is a full subcategory of C/N.

3.7 Derived categories

In this section we localise the category K(C) (we assume C is an abelian category through out this section) with
respect to a multiplicative system which will be defined soon. Define

N:={XeK(C):H"(X)=0 VneZ}

OeNand X e NV < X[1] e V. Let f : X — Y be a morphism in K(C) if X,Y € A then H"(f) (Since HX, H"(Y) = 0)
is an isomorphism for all n € Z hence by lemma 3.5.7 we get H" (M(f)) = 0. Hence N is a null system

feSWN) < M(f) e N H'(M(f)) =0 VneZ < fisa quasiisomorphim. The last implication follows from
lemma 3.5.7. That is S(V) is the collection of quasi isomorphisms of K(C).

Definition 3.7.1. We set D(C) := K(C)/N and call D(C) the derived category of C.

Let s € S(N) then H"(s) is ans isomorphism. From proposition 3.6.3 it follows that the functor H"(-) from K(C) to
C factors through D(C). By abusing the notaion we use H" to denote the functor from D(C) to C so obtained.
Using K'(C) (resp. K*(C) ,resp. K™(C)) instead of K(C) in the construction of D(C) we construct derived category
D’(C) (resp. D*(C), resp. D~(C)).

Proposition 3.7.2. e DY(C) (resp. D*(C), resp. D=(C)) is equivalent to the full subcategory of D(C) consisting of
objects X such that H"(X) = 0 for [n| > 0 (resp. n < 0, resp. n > 0).

* By the composition of the functor C — K(C) — D(C), C is equivalent to the full subcategory of D(C) consisting of
objects X such that H*(X) =0 for n 0.

Let X € K(C) then Q(X) = 0 (Q : K(C) — D(C)) if and only if there exist Y € K(C) such that X@®Y € N. Then
0=H"(X®Y)=H"(X)®H"(Y) (Since H"(-) is a additive functor) this would imply that H"(X) = 0 for all n,
hence X € NV in other words Q(X) 0 if and only if X is quasi isomorphic to 0 in K(C).

Let f : X — Y be a morphism in C(C). f is zero in D(C) if and only if there exist a quasi isomorphism g: X' — X
such that f o ¢ =0in K(C) (or f o g is homotopic to 0)

X
TN
8

X+— M — X

N
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according to (S4) existence of such a g is equivalent to the existance of 1 : Y — Y’ such that o f = 0 in K(C) (or
ho f is homotopic to 0) . That is f is zero in D(C) if and only if there exist a quasi isomorphism & : Y — Y’ such
that ho f =0in K(C) (or ko f is homotopic to 0).

Proposition 3.7.3. Let C be an abelian category and

f

0 X Y

be an exact sequence in C(C). Let M(f) be the mapping cone of f and ¢" : M(f)" = X"*'1 @ Y" — Z" be the morphism
(0,8"). Then {¢" }n : M(f) — Z is a morphism of complexes, ¢ o a(f) = g and ¢ is a quasi isomorphism.

That is an exact sequence 0 — X — Y — Z — 0in C(C) give rise to a distinguished triangle X — Y — Z —
X[1]in D(C) where Z — X[1] = B(f) o ¢ L.

Remark 3.7.4. 1. Isomorphisms satisfy "2 out of 3" property that is If any two of the morphisms f : X — Y, g: Y —
Z,g0 f: X — Z is an isomorphism then the third one is also an isomorphism. If f, g are isomorphism then g o f is an
isomorphism. Now assume f, g o f is an isomorphism, let h be the inverse of f and | be the inverse of g o f. We claim that
folistheinverseof . go (fol)=1dz, wehaveh=1ogofoh=1ogthen (folog) = foh = Idy hence isomorphism
satisfy ”2 out of 3" property.

2. Let X,Y be complexes and f : X — Y be a quasi isomorphism. From proposition 3.3.15 we know that t>"() and
/0" (-) defines functor from K(C) to K(C). consider the following diagram

0 > Coker(d% 1) y X'+l
| o] I
y X1 > X" y X1+l P
> Y"-l > Y" y Y .
| . l
0 > Coker(d%™1) y Yl

Ifk > n then T"(f)* = fX and if k < n then T2"(f)* = 0 hence if k + 0, H*(t>"(f)) is an isomorphism. We
have ay o f" o d% ! = ay o d@‘l o =1 = 0 hence there exist | : Coker(d’) — Coker(d@‘l) such that loay =
ay o f". we know that | = ©"(f)", hence H" (t>"(f)) o H"(X — >"(X)) = H*(Y — ©"(Y)) o H"(f). From
proposition 3.3.14 we know that H" (X — >"(X)) and H"(Y — ©2"(Y)) are isomorphisms. Hence (1) implies
that H" (t>"(f)) is an isomorphism. So 7" (-) takes quasi isommorphisms to quasi isomorphisms hence by proposition
3.6.3 T2""(-) induces a functor D(C) — K(C) composing this functor with the K(C) — D(C) we get a functor
D(C) — D(C) which we denote by " (-) (by abusing the notation). Strictly speaking T>" : D(C) — D*(C).

3. Similarly T=" give rise to a functor D(C) — D~ (C) which we again denote by T=".

Lemma 3.7.5. Let
w—-- X
lg

Z

b

—
YL>
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be a commutative diagram
o If the diagram is cartesian then X | lw Y — Z is a monomorphism.
o If the diagram is cocartesian then W — X xz Y is an epimorphism.

Corollary 3.7.6. Let

w—25 X
o
y 247

be a commutative diagram

o If there exist a monomorphism X | lw Y — Z then there exist an epimorphism W — X xz Y.

o [f there exist an epimorphism W — X xz Y then there exist a monomorphism X | lw Y — Z.

Lemma 3.7.7. Let

be a commutative diagram

* If the diagram is cocartesian then the morphism | : Ker(a) —> Ker(g) induced by b is an epimorphism.

o If the diagram is cartesian then the morphism | : Coker(a) — Coker(g) induced by f is a monomorphism.

Corollary 3.7.8. Let

w25 X
b lf
y 2,7

be a commutative diagram.

® Letn: X UwY — Z be a monomorphism then c : Ker(a) — Ker(g) induced by b is an epimorphism and d :
Coker(a) — Coker(g) induced by f is a monomorphism.

o Let m: W — X xzY be a epimorphism then c : Ker(a) — Ker(g) induced by b is an epimorphism and d :
Coker(a) — Coker(g) induced by f is a monomorphism.

Proposition 3.7.9. Let F be a full additive subcategory of C such that for any X € C there exist X' € F and an exact sequence
0 — X — X' then:

* Forany X € K*C there exist X' € K™ (F) and a quasi isomorphism f : X — X',

* Let N be as in definition and let N' = N'n K* (F) then the canonical functor K* (F)/N" — D*(C) is an equivalance
of categories.

Lemma 3.7.10. Let X € C(C), if H"(X) = 0 then the complex X is exact at X".
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Proof. We have Im(d% ') — X" = Ker(d%) — X" o Im(d% ') — Ker(d%). Im(d% ') — X" is a monomorphism
hence Im(dsl(‘l) — Ker(dY) is also a monomorphism. H"(X) = 0 implies that Im(d’;{l) — Ker(dY) is an epimor-
phism hence Ker(dY) = I m(d?{l ). That is the complex is exact at X".

|

Corollary 3.7.11. Let F be a full additive subcategory of C such that for any X € C there exist X' € F and an exact sequence
0 — X — X' (hypothesis of proposition 3.7.9) and there exist an integer d > 0 such that for any exact sequence X° —
X! — ... — X — 0in C with X/ € F whenever j < d then X% ¢ F.

Then for any X € K*(C) there exist X'K"(F) and a quasi isomorphism X — X'

Proof. Proposition 3.7.9 imples that there exist X’ ¢ K*(C) and a quasi isomorphism X — X’. Let n be such that
H/(X) =0 for all j > n. Then we get that H/(X’) = 0 for all j > n. Therefore T<"*%(X") — X is a quasi isomorphism.
We know that if k < n+d then T5"*4(X')* ¢ C and for k > n+d, T"*(X")k = 0. Since HX(ts"*(X")) = 0 for all
k > n from lemma 3.7.10 we obtain an exact sequence T="*4(X')" — <X/ )yl s | psnrd(xynrd ()
from the hypothesis it follows that 7<"*¢(X")"*¢ ¢ F. Hence 7"*%(X’) ¢ K'(F). Its easy to see that the quasi
isomorphism X — X’ induces a quasi isomorphism X — 7<"*4(X").

]

Definition 3.7.12. One says that C has enough injectives if for any X € C there exist an injective object X' € C and a
monomorphism X — X'

Proposition 3.7.13. Assume C has enough injectives, and let F be the full subcategory of injective objects. Then the natuaral
functor K*(F) — D*(C) is an equivalance of categories.

Definition 3.7.14. C' is a thick subcategory of C if for any exact sequenceY —Y' — X — Z — Z'inCwith Y,Y',Z,Z’
in C’, X belongs to C’

Let C’ be a full subcategory of C, by D{,(C) we denote the full subcategory of D*(C) consisting of complexes whose
cohomology objects belongs to C’, then there is a natural functor

5:D*(C") — D&(C)

Proposition 3.7.15. Let C be an abelian category, C' a thick full abelian subcategory. Assume that for any monomorphism
f: X' — Xwith X" € C’, there exists a morphism g : X — Y, with Y € C’ such that g o f is a monomorphism. Then the
functor & (described above) is an equivalence of categories.

3.8 Derived Functor

In this section C and C’ denotes abelian categories and F : C — C’ denotes an additive functor. Q denotes the
natuaral functor K*(C) — D*(C) or the natuaral functor K*(C") — D*(C’)

Definition 3.8.1. Let T : D*(C) — D™*(C’) be a functor of triangulated categories, and let s : Qo K*(F) — T o Q be
a morphism of functors (where K*(F) : K*(C) — K*(C') is the functor natuarally associated to F). Assume that for any
functor of triangulated categories G : D*(C) —> D*(C"), the morphism Hom(T,G) — Hom(Q o K*(F), G o Q) induced
by s is an isomorphism. Then (T, S), which is unique up to isomorphism, is called the right derived functor of F, and denoted
RF. The functor H" o RF, also denoted R"F, is called the n-th derived functor of F.

From nowonwards until proposition 3.8.4 we assume that F is left exact.

Definition 3.8.2. A full additive subcategory F of C is called injective with respect to F (or F-injective, for short), if:

1. for any X € C there exist X' € F and an exact sequence 0 — X — X'.
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2. Let 0 — X' — X — X" — 0 be an exact sequence in C. If X', X € F then X" e F.

3. Let 0 — X' — X — X" — 0 be an exact sequence in C. If X', X, X" € F then 0 — F(X') — F(X) —
F(X") — 0is exact.

Let F be an F injective full subcategory of C then F takes objects of K" (F) quasi isomorphic to zero to objects of
K*(C") quasi isomorphi to zero. Hence from proposition 3.6.8 it follows that the functor

K*(F) —K*(¢') — D*(C")
factors through K" (F) /N’ where N/ = N n F (where N is as mentioned in definition 3.7.1). From proposition 3.7.9
we obtain that K (F) /N’ is equivalent to D*(C).

Proposition 3.8.3. Assume that there exists an F-injective subcategory F of C. Then the functor from K* (F)/N" — D*(C’)
constructed above is the right derived functor of F.

It follows from the universal property of RF that the above construction is independent of the choice of F

Proposition 3.8.4. Let C,C'C" be three abelian categories and let F : C — C', F' : C' — C"' be two left exact functors.
Assume there exists a full additive sub- subcategory F of C (resp. F’ of C') which is F-injective (resp. F'-injective), and such
that F(Ob(F)) c Ob(F'). Then F is (F' o F)-injective, and we have:

R(F'oF) = RFoRF’
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Quasi-coherent modules

41 Ox-modules

Let W be a topological space and G and G’ be presheaves on W then we can define a new presheaf G x G’ on W by

setting
GxG'(V)=G(V)xG'(V) VopensetsVcW

and by defining the restriction morphisms in the obvious way. Its straightforward to see that if G, G’ are sheaves
then G x G’ is a sheaf.
From now onwards we assume that (W, Oy ) is a ringed space.

Definition 4.1.1. Consider a ringed space (W, Ow). A sheaf G on W with the following (addition and scalar multiplication )
sheaf morphisms is called an Ow-module.

* GxG,—G, (Lt')—t+t fort,t' eG(V), VW open.
* OwxG—G, (at)—atforacOy(V), teG(V), VcWopen.

such that these maps gives G(V') the structure of an Ow (V')-module for every open set V of W.
Given Ow-modules Gy and Gy we define a morphism of Ow modules as a sheaf morphism x : G — Ga such that xy :
G1(V) — Go(V) is an Ow (V')—module homomorphism for every open set V of W, That is

xy(t+t") = xy(t) +wy(t),

wy (at) = axy(t)
forall t,t' € Gy (V) and for all a € Oy (V).

The collection of Op-modules forms a category which is denoted by O — Mod. Using 0 we denote the trivial or
zero Oy -module which is defined by setting 0(V) = 0 for all open set V of W
Examples:

e Let W be a topological space and let Z be the constant sheaf of rings on W with value Z. Then a Z-module
is simply a sheaf of abelian groups on W .

¢ Consider a topological space W consisting of a single point and a ring B. Set Oy (W) = B then O module is
just an B-module M.

Let G be an O module and let w € W. Let V ¢ W be an open set containing w then the Oy (V) module structure
on G(V) induces an Oy ;, module structure on Gy, If x : G — G’ is a morphism of Oy modules then the morphism

Xw : Gw —> G, induced on stalks is morphism of Oy ;, modules.

60
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Consider a locally ringed space (W, Oy ). Set

G(w) = Go/muwGw = G Q) x(w)

Ow,w

(here my, denotes the maximal ideal of Oy ;, and k(w) := O 4, /my). This is a k(w) vector space called the fiber of G
inw. Let t e G(V) then by t(w) we denote the image of ty, € Gy, in G(w)

Definition 4.1.2. Consider a Oy —module G. If F is another Oy —module such that for every open set V of W F(V) c G(V)
and the inclusion iy : F(V) — G(V) give rise to a Ow—module morphism i : F — G we say that F is an Oy —submodule
of G. The Ow-submodules of O are called ideals of Oyy.

Definition 4.1.3. Let F be an Ow-submodule of the Ow module G. Define the quotient of G by F as the sheaf assosciated to
the presheaf (sheafification)
VeG(V)/FWV) Vv Sopen W

it denoted by G|F. The Ow module structure of G induces an Oy-module structure on G|F.

The canonical homomorphism G(V) — G(V)/F (V) induces an Op-module homomorphism G — G/F.
Let w € W then we have
(G/F)w =lim(G/F)(V) = im G(U)/F (V) = Guw/Fuw

weV weV

where V runs through the open neighborhoods of w.
Let x : G —> G’ be a morphism of Oy -modules then we define kernel,image and cokernel of x as follows.

Definition 4.1.4. ® The presheaf V ~ Ker(xy : G(V) — G'(V)) is a sheaf hence an Ow-submodule of G. It is called
the kernel of x and is denoted by Ker(x). We get that Ker(x), = Ker(xy) for all w € W hence w is injective if and only
if Ker(x) =0

* The sheaf assosciated to the presheaf V — Im(xy : G(V) — G'(V)) is an Ow-submodule of G'. 1t is called the image of
x and is denoted by Im(x). We get that Im(x)q, = Im(xy) for all w € W hence w is surjective if and only if Im(x) = G’

* The sheaf assosciated to the presheaf V — Coker(xy : G(V) — G'(V)) is an Ow-submodule of G'. It is called the
cokernel of x and is denoted by Coker(x). We get that Coker(x)q, = Coker(xy) forall w e W

All these definitions are compatible with the definitions of kernel, image and cokernel made in chapter 3. Its
straightforward to see that Coker(x) = G'/Im(x)

Proposition 4.1.5. Every Ow-module morphism x : G —> G’ induces an isomorphism
G/Ker(x) = Im(x)

Definition 4.1.6. A sequence of morphisms of Ow-modules

Gy g Mg

is said to be exact if it satisfies the consitions given below.
e Im(x) = Ker(x')

* For every w € W the sequence at the level of stalks of Oy y,—modules G, —> Gy, — .y is exact
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Asequence... — Gi 1 — Gi — Gi11 —> Gjio —> ... isexact, if G;_1 — G; — Gj,1 is exact for all i.

Let x,x" : G — G’ be morphisms of Op-modules. By setting (x + x”)y := xy + x{, for all open sets V of W we define
x +x’ in the obvious way. Let a € T(W, Oy ) then we can define ax : G — G’ by setting (ax)y := alyxy. That is
Homp,,(G,G") has a structure of I'(W, Oy ) module.

Proposition 4.1.7. o A sequence 0 — G' — G — G"" of Ow- modules is exact if and only if for all open subsets
V ¢ W and for all Oy -modules F the sequence

0 — Homo,(F,G'|lv) — Homo, (F,Gly) — Homo,(F,G"|v)

of I'(V, Ow)-modules is exact.

* A sequence G' — G — G"” — 0 of Ow-modules is exact if and only if for all open subsets V. ¢ W and for all
Ovy-modules F the sequence

0— HOmOV(g,W/f) - Hom(')v(gh//f) - Homov(g”h//f)

of T'(V, Ow)-modules is exact.

4.1.1 Basic constructions of Ox-modules

In this subsection (X, Ox) will always denote a ringed space
Direct Sum and Direct Product:
Consider a family of Owy—modules (G;);c; then the sheafification of the presheaf

Ve @ai(V)

iel

is an Ow-module (defining the addition and scalar multiplication component wise), it is called the direct sum of the
family (G;);c; and is denoted by ®i¢; G;.
Since Direct sum and inductive limit commute with each other we obtain the following Oy ,,-module isomorphism

(EB gi)w = @ gi,w

iel iel
The presheaf
Ve T]6i(V)
el

is a sheaf and an Oy-module, it is said to be the direct product of the family (G;);c; and we use [];¢; G; to denote it.
We get the following Oy ,,-module homomorphism

(H gi)w - H gi,w-

i€l iel
If G; = G for some Op-module G , we use G(D (resp. G') instead of @jc; G; (resp. [Tie1 Gi )-
Proposition 4.1.8. Oy —modules with their morphisms form an additive category this is indeed an abelian category

Sums and intersections of submodules
Consider an Oy—module G and a family (G;);c; of Ow—submodules of G then we define }’; G; to be the image of the

canonical homomorphism

@gi—>g
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which is a Oyy—submodule of G. The intersection N; G; of the family (G;) is the Oy-submodule of G defined as the
kernel of the canonical homomorphism

G—[]9/G
iel
Tensor product
Let G and F be two Op-modules. The sheaf assosciated to the presheaf

Ve Gg(V)Q F(V)
Ow

is an Ow-module. It is said to be the tensor product of G and F and we use G ®o,, F to denote it.
Support
Consider an Ox-module G then

Suppe(G) ={weW:G, # 0}

Algebra
Consider a ringed space (W, Oy ) then an Opy-algebra is an Oy-module B together with an Oy -bilinear multipli-
cation

BxB—B, (bb)—bb Vbb eB(V), VW

this map has to be defined in such a way that for all open sets V of W it gives B(V) the structure of an Oy (V') -algebra.

4.1.2 Direct and inverse image of Ox-modules

We would like to define Direct and inverse image of Op-modules similar to the direct and inverse image of a
sheaf

Consider a morphism of ringed spaces f : (W,Ow) — (Z,0z).

Direct image:

Let G and G’ be sheaves on W then we have

f+(GxG") = fx(9) x f(G")

Suppose G is an O —module then from the functoriality of f. we get morphisms

fe(G) x f+(G) — f:(9), f+(Ow) x f(G) — f+(9)

and these morphisms give f, (G) a structure of an f, (O )-module. We can give f, (G) the structure of an Oz-module
via the map f*. f.(G) with this structure of an Oz-module is called the direct image of G under f. That is f. defines
a functor from the category of Oy-modules to the category of Oz-modules.

Inverse image:

Consider the sheaves F and F’ defined on Z, then

fUF<F) = fUF) < fU(F)

Let F is an Oz-module then similar to the case of direct image we can endow f~1(F) the structure of an f~1(O0z)-
module (addition and scalar multiplication is defined via the functoriality of f~1). Via f! : Oz — Oy, Oy is an
10Oz algebra. Therefore

ffF=0n Q f'F
f1oz

is endowed with the structure of an Oy-module which we call the inverse image of F under f .
f* defines a functor from the catgeory of Oz-modules to the catgeory of Op-modules.
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Proposition 4.1.9. For every Ow-module G and every Oz-module F there is an isomorphism of I'(Z, Oz )-modules
Homo,, (f*F,G) — Homop, (F, f+G)

that is functorial in G and F.

4.2 Quasi-coherent modules on a scheme

4.2.1 The O (p)-module N attached to an B-module N

Consider a ring B and the assosciated affine scheme W = Spec(B), let N be an B-module. We define a presheaf N on

{D(f): f € B} by setting )
I(D(f),N) := Ny

Theorem 4.2.1. Letf N be defined as above then N is a sheaf on {D(f) : f € B}.

We can extend this sheaf to W, again we denote this sheaf by N. For every f € B, N ris a By-module this induces an
Ow-module structure on N. If we view B as a module over itself we obtain that B = Oy .

Let M be another B-module and v : N — M be an B-module homomorphism then v induces homomorphisms
vf : Ny — My of Bf modules for every f € B. It is starightforward to see that vss give rise to an Op-module
homomorphism ¢ : N — M. That is N ~ N is a functor from the category of B modules to the category of
Op-modules.

a morphism x : G — F of Oy modules give rise to an B-module homomorphism xy : I'(W,G) — I'(W, F). Then
I that takes G to I'(W, G) is a functor from the category of O modules to the category of B-modules.

Proposition 4.2.2. Consider an affine scheme W = Spec(B) then given any B-modules N and M

v .
Hompg(N, M) ? Homgo,, (N, M)

are mutually inverse. that is, the functor N — N is fully faithful .

Proposition 4.2.3. Consider a ring B and the assosciated affine scheme W = Spec(B).

1. A sequence of B-modules N — M — P is exact if and only if the corresponding sequence N — M — P is an exact
sequence of Ow-modules.

2. Consider the B—module homomorphism v : N — M. Then

Ker(d) = Ker(v), Im(d)=1Im(v), Coker(d) = Coker(v)
In particular, u is injective (resp. surjective, resp. bijective) if and only if ii is .

3. Consider a family of B-modules (Nj)ic;. Then

BN = (BN;)

iel iel

4. Let N be the filtered inductive limit of an inductive system of B-modules N,. Then N is the inductive limit of the
inductive system N of Ow-modules .
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4.2.2 Quasi-coherent modules

Definition 4.2.4. Consider a ringed space W, Oy and an Ow—module G. Suppose given any w € W we can find an open set
V' of W containing w such that there exist an exact sequence of Oy, —modules as given below

J
OW|V

N (Q{Nh/ —Gly —0
(I and | are indexing sets that depends up on w) Then G is said to be quasi-coherent.

Consider a ringed space W. We call an Oy -algebra quasi-coherent if the corresponding Op-module is quasi-
coherent. Set
W= {w e W: f is invertible in Oy 4}

Its easy to see that Wy is openin W. The image of f under the restriction homomorphism I'(W,Ow) — I'(Wy, Ow)
is invertible. That is given any Ow-module G the restriction homomorphism I'(W,G) — T'(Wy,G) give rise to a
homomorphism of I'(W, O )-modules

T(W,G)f — T(W,G) ()

If W = Spec(B) then Wy is simply the principal open set D(f).

Theorem 4.2.5. Consider a scheme W and an Ow—module G. Then the assertions given below are equivalent.
1. The existance of a B-module N such that G|y = N is quaranteed for any given affine subset V = Spec(B) of W.
2. W admits an affine open covering (V; = Spec(B;))ie1 such that there exist Bi-module N; and G|y, = N; for all i.
3. § is quasi-coherent.

4. Given open subset of W of the form V = Spec(B) and f € B the homomorphism ()
(W, G)s — T(D(f),9)
is an isomorphism.

Corollary 4.2.6. Consider a scheme W = Spec(B) then we have an equivalence of the "category of B—modules” with the
“category of Ow—modules” via the functor N — N.

Corollary 4.2.7. Consider a scheme W.

1. Consider a morphism of quasi-coherent Ow—modules v : G — F. Then Ker(v), Coker(v), and Im(v) are quasi-

coherent Oy -modules .
2. The direct sum of quasi-coherent Ow-modules is again quasi-coherent .

3. Consider a quasi-coherent Ow—module G and a family (G/)icr of quasi-coherent submodules of G. Then }.; G| and for

finite I N; G; are quasi-coherent.

4. The tensor product G ®o,, F is quasi-coherent, and for every open affine subset V ¢ W we have

N(V,6QRQF)=T(V,G) & T(V,F).
Ow I'(V,0w)

The corollary show that given a scheme W the "category of quasi-coherent Ox-modules" is abelian.
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4.2.3 Extending sections of quasi-coherent modules

Let (W, Ow) be a locally ringed space and let 7 be an invertible Oy-module. For every w ¢ W there exist an open
neighborhood V of w and an isomorphism x : T|y = Owl|y. Let t e (W, T), t is called invertible in w if x,(t,) is a
unit in Oy 4, (that is if and only if t(w) # 0 € T (w)). We set

Wi(T) = {w € W : tis invertible in w}

For T = Oy we have W;(Oy) = W

Definition 4.2.8. Consider a scheme W. Suppose for any affine open sets X,Y of W the intersection X nY is quasi-compact
then we say that W is quasi seperated.

In particular, if a scheme is locally noetherian then it is quasi seperated.

Theorem 4.2.9. Consider a "quasi compact " and "quasi seperated” scheme W and a quasi-coherent Ow—module G. Let
t e (W, T) be a global section of an invertible Oy —module T.

o consider a global section s € T(W,G) such that s|w, = 0. Then existance of an integer m > 0 with s@t®™ =0 €
T(W,GQT®™) is assured.

e Givenany s' € [(W,G) the existance of an integer m > 0 and and s € T(W,G @ T®™) with s|y, = s’ @ t&™ is assured.

4.2.4 Direct and inverse image of quasi-coherent modules

Proposition 4.2.10. Let f : W = Spec(B) — Z = Spec(A) be a morphism of affine schemes and let 1 : A — B be the
corresponding ring homomorphism .

* Let N be a B-module and let . (N) be the restriction of scalars to A, i.e., . (N) = N considered as an A-module via
Y. Then there is a functorial isomorphism of Oz-modules

fo(N) 2 . (N)
® Let N be an A-module. Then there is a functorial isomorphism of Ow-modules

f+(N)2BQN.
A

4.3 Properties of quasi-coherent modules

4.3.1 Modules of finite type and of finite presentation

Definition 4.3.1. Let (W, Ow) be a ringed space. An Ow-module G is called of finite type (resp. of finite presentation) if for
all w € W there exists an open neighborhood V of w and an exact sequence of Oy, -modules of the form

Ofy, — Glv —0

(resp. of the form Og\/\v — O%Iv — Gly — 0) where n,m > 0 are integers (dependent on w) .

Proposition 4.3.2. Let W = Spec(B) be an affine scheme. An B-module N is of finite type (resp. of finite presentation) if and
only if N is an Ow-module of finite type (resp. of finite presentation).

Proposition 4.3.3. Let (W, Oy ) be a ringed space and let G be an Ow-module of finite presentation .
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1. Forall w e W and for each Ow-module F, the canonical homomorphism of Oy ,,-modules
HOM@W(g,f)w - HomOW/w(gwr}-w)
is bijective.

2. Let G and F be two Ow-modules of finite presentation. Let w € W be a point and let 0 : Gy, = F, be an isomorphism
of Ow -modules. Then there exists an open neighborhood V of w and an isomorphism v : G|y — Fly of Oy-modules
such that vy, =0 .

Proposition 4.3.4. Let (W, Oy) be a ringed space and G be an Ow-module of finite type. Then G is of finite presentation if
and only if for each open set V ¢ W and for each exact sequence of Oy-modules

O—>g/—>}——>g‘v—>0

where F is of finite type, G' is an Oy-module of finite type .

4.3.2 Support of a module of finite type

Proposition 4.3.5. Let (W, Ow) be a ringed space and let G be an Oy-module of finite type. Let w € W be a point and let
t;eT(V,G) fori=1,...,mbe sections over some open neighborhood of w such that the germs (t;)., generate the stalk G, .
Then there exists an open neighborhood U € V', such that the t;|;; generate G|y .

Corollary 4.3.6. Let (W, Ow) be a ringed space. For every Ow-module G of finite type and any integer v > 0 the subset
W, == {w € W : G, can be generated by r elements as Oy ,, — module}

is open in W.

If (W, Ow) is a locally ringed space the from Nakayama lemma it follows that
Wy ={w e W dimy ) F(w) <7}

Corollary 4.3.7. Let (W,Ow) be a ringed space and let G be an Ow-module of finite type. Then Supp(G) is closed in W .

Proposition 4.3.8. Let W be a scheme, let J be an ideal of Oy , and set
Y= Supp(Ow/T) Oy =ix'(Ow/T)

Then Y is a closed subset of W, and (Y, Oy) is a closed subscheme of W if and only if J is a quasi-coherent Ow-module.

Corollary 4.3.9. Let W be a scheme. Attaching to a quasi-coherent ideal J the closed subscheme (Y := Supp(Ow/T),
iy (Ow/J)) defines a bijection between the set of quasi-coherent ideals of Oy and the set of closed subschemes of W. An
inverse bijection is given by attaching to a closed subscheme (Y, OY) the kernel of O — (iy)+Oy .

Proposition 4.3.10. Let W be a scheme and let G be a quasi-coherent Ow-module of finite type . Then Ann(G) is a quasi-
coherent ideal of O, for every open affine subset V. W we have I'(V, Ann(G)) = AnnI(V,G), and the underlying
topological space of V(Ann(G)) is Supp(G).

4.3.3 Flat and finite locally free modules

Given a morphism of ringed spaces f : W — Z and an Oy —-module G, for each w € W, we can give a Oz, f(w)-

module structure to the Oy ,,-module G, via the homomorphism f}, : Oy Fw) — Ow,w-
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Definition 4.3.11. 1. The Ow-module G is called flat over Z in w or f-flat in w if Gy is a flat Oz f(y,)-module. It is called
flat over Z or f-flat if G is flat over Z in all points w e W.

2. If W=Zand f =idy , we simply say that G is flat in w if it is idw-flat in w, i.e. if Gy, is a flat Ow ,-module. Similarly,
G is called flat, if Gy, is a flat O y,-module for all w e W.

3. We say that f is flat, or that W is flat over Z , if Oy is flat over Z.

Proposition 4.3.12. Let (W, Ow) be a locally ringed space and let G be an Ow-module. Then the following assertions are
equivalent .

1. G is locally free of finite type .
2. G is of finite presentation and Gy, is a free Oy y,-module for allw e W .

3. G isflat and of finite presentation .

Corollary 4.3.13. Let W = Spec(B) be an affine scheme and let N be a B-module. Then the following assertions are
equivalent .

1. N isalocally free Ow-module of finite type .
2. N is a finitely generated projective B-module.

3. N isaflat B-module of finite presentation.
Lemma 4.3.14. Let W be a scheme, let Y € W be a finite set of points and let V = Spec(B) be an open affine neighborhood of Y.
Let E be a finite locally free Ow-module of constant rank r. Then there exists an s € B such that Y c D(s) and E|p () = O;)(s)

4.3.4 Coherent modules

Definition 4.3.15. Let (W, Ow) be a ringed space. An Ow-module G is called coherent if G is of finite type and if for every
open subset V.¢ W, every integer m > 0, and for every homomorphism x : Oy |y — G|y the kernel of x is of finite type .

Proposition 4.3.16. Let W be a locally noetherian scheme and let G be an Ow-module. Then the following assertions are
equivalent :

1. G is coherent.
2. G is of finite presentation.

3. G is of finite type and quasi-coherent .

Corollary 4.3.17. Let W be a locally noetherian scheme. Let 0 — G' — G — G"" — 0 be an exact sequence of
quasi-coherent Oy-modules. Then G is coherent if and only if G' and G are coherent .



Chapter 5

Cohomology of Sheaves

Notation:

e Ab denotes the category of abelian groups

e Mod(A) denotes the category of modules over a ring A.

* Ab(X) denotes the category of sheaves of abelian groups on a topological space X.

* Mod(X) denotes the category of sheaves of Ox-modules on a ringed space (X, Ox).

* Qco(X) denotes the category of quasi-coherent sheaves of Ox-modules on a scheme X.

® Chs(X) the category of coherent sheaves ofOx-modules on a noetherian scheme X.

5.1 Cohomology of Sheaves

In this section we define the cohomology of sheaves by taking the derived functor of the functor (X,0Ox) ~

I'(X,Ox). As a first step we verify that all the categories we use has enough injectives
Proposition 5.1.1. If A is a ring, then every A-module is isomorphic to a submodule of an injective A-module.

Proposition 5.1.2. Let (X, Ox) be a ringed space. Then the category Mod(X) of sheaves of Ox-modules has enough injec-
tives.

Corollary 5.1.3. If X is any topological space, then the category Ab(X) of sheaves of abelian groups on X has enough

injectives.

Definition 5.1.4. Let X be a topological space. Let T'(X,-) be the global section functor from Ab(X) to Ab. We define the
cohomology functors H'(X,~) to be the right derived functors of T(X,~). For any sheaf F, the groups H'(X,F) are the
cohomology groups of F.

whenever we speak about the cohomology functor we only consider the underlying abelian sheaf structure of the
given sheaf (in this chapter we only deal with sheaves which takes values in a cetgory whose objects has an abelian

group structure)

Definition 5.1.5. A sheaf F on a topological space X is flasque if for every inclusion of open sets V c U, the restriction map
F(U) — F(V) is surjective.

Lemma 5.1.6. If (X, Ox) is a ringed space, any injective Ox-module is fiasque.

69
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Proposition 5.1.7. If F is a flasque sheaf on a topological space X, then H'(X, F) = 0 for all i > 0.

The category of sheaves has enough injectives and finding cohomology groups H'(X, F) requires finding injective
resolutions of sheaves. This is inconvenient but fortunately every sheaf has a flasque resolution and the cohomology

can be computed using the flasque resolution.

Proposition 5.1.8. Let (X,Ox) be a ringed space. Then the derived functors of the functor I'(X,-) from Mod(X) to Ab
coincide with the cohomology functors H (X, -).

Lemma 5.1.9. On a noetherian topological space, a direct limit of flasque sheaves is flasque.

Proposition 5.1.10. Let X be a noetherian topological space, and let (Fy )y be a direct system of abelian sheaves. Then there

are natural isomorphisms, for each i > 0
lim H (X, Fy) — H'(X,lim %)
— —

Lemma 5.1.11. Let Y be a closed subset of X, let F be a sheaf of abelian groups on Y, and let j : Y — X be the inclusion.
Then H' (Y, F) = H\(X, j.F), where j.F is the extension of F by zero outside Y

Theorem 5.1.12. A Vanishing Theorem of Grothendieck: Let X be a noetherian topological space of dimension n. Then for
all i > n and all sheaves of abelian groups F on X, we have H'(X, F) = 0.

outline of proof: The proof is based on induction on n = dim(X)
Step 1: Show that it is enough to prove the theorem for the case X is irreducible.
Step 2:Prove the theorem for X irreducible and dim(X) =0

Step 3:Assume X is irreducible and execute the induction.

5.2 Cohomology of a Noetherian Affine Scheme

Lemma 5.2.1. Let A be a noetherian ring, let a be an ideal of A, and let I be an injective A-module. Then the submodule

J =Ta(I) is also an injective A-module.

Lemma 5.2.2. Let I be an injective module over a noetherian ring A. Then for any f € A, the natural map of I to its

localization Iy is surjective.
Proposition 5.2.3. Let I be an injective module over a noetherian ring A. Then the sheaf I on X = Spec(A) is fiasque.

Theorem 5.2.4. Let X = Spec(A) be the spectrum of a noetherian ring A. Then for all quasi-coherent sheaves F on X, and
forall i >0, we have Hi(X, F)=0.

Corollary 5.2.5. Let X be a noetherian scheme, and let F be a quasi-coherent sheaf on X. Then F can be embedded in a flasque,

quasi-coherent sheaf G.

Theorem 5.2.6. Let X be a noetherian scheme. Then the following conditions are equivalent:
1. X is affine.
2. Hi(X,F) =0 for all F quasi-coherent and all i > 0.

3. H! (X, J) =0 for all coherent sheaves of ideals J .
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5.3 Cech Cohomology

Let F be a sheaf of abelian groups on X and let X = U;; U; be an open cover of X we denote this open cover by
U. Fix once and for all, a well ordering of the indexing set I. For any finite | ¢ [ we set Uj : Nj¢y U;. that is if
J = {io,...,ip} we define Uj-iy,... iy = Uig 0= U,
Define a complex C(U, F) by setting

CPu,F)= [1 F(U,.i,)

ig<-+<ip

an element « € CP(U, F) is determined by giving Wiy, .i, € f(uio,.“,ip) for each p + 1 tuple i < ...i, of elements of I.
Hence we can define the cobundary map d? : CF (U, F) — CP*1(U, F) by defining (dP(a))iy,...,
ip <-+- <ipy1 of I. Define

for all p +2 tuples

ip+1

p+1

(@ (@))iy,...i, = 2. (1)

j=0

lu,

iOr“'/ijr'“rip+1 O,A..,ip

where 7; means we are omitting i;

Definition 5.3.1. Let X be a topological space and let U be an open covering of X. For any sheaf of abelian groups F on X,
we define the p™ Cech cohomology group of F, with respect to the covering U, to be

HP (U, F) = hP(C(U, F))

Note: here h? (C(U, F)) is the p' cohomology object of the chain C(/, F) in the sense of chapter 8.

Lemma 5.3.2. Let X be a topological space and let U be an open covering of X. For any sheaf of abelian groups F on X
HO(U, F) 2 T(X, F)

Let V ¢ X be an open set and f : V — X denotes the inclusion map. Given (X, U, F) (where the symbols have their

usual meaning) we construct a new complex C(U, F) by setting

CPU,F)= T[] f« (F|ui0,...,ip)

ig<-<ip

and we define the coboundary map in the obvious way.

Theorem 5.3.3. For any sheaf of abelian groups on X, the complex C(U,F) is a resolution of F, i.e., there is a natural map
€ : F —> CY such that the sequence of sheaves

0—F—C—ct—...

is exact.

Proposition 5.3.4. Let X be a topological space, let U be an open covering, and let F be a fiasque sheaf of abelian groups on
X. Then for all p > 0 we have HY (U, F) = 0.

Proposition 5.3.5. Let X be a topological space, and U an open covering. Then for each p > O there is a natural map, functorial
in F,

HY(U,F) — HP (X, F)
Theorem 5.3.6. Let X be a noetherian separated scheme, let U be an open affine cover of X, and let F be a quasi-coherent sheaf
on X. Then for all p >0, the natural maps of proposition 10.2.11 give isomorphisms

AP(U,F) — HP (X, F)
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5.4 Ext Group and Sheaves

Let (X, Ox) be a ringed space. If F and F' are Ox-modules we denote by Hom(F,F") the group of Ox-module
homomorphisms and by Homgp (F, F') the morphisms of sheaves.

Definition 5.4.1. Let (X, Ox) be a ringed space, and let F be an Ox-module. We define the functors Ext'(F,-) as the right
derived functors of Hom(F,~), and Ext'(F,-) as the right derived functors of Homgy (F,-).

Lemma 5.4.2. If J is an injective object of Mod(X), then for any open subset U ¢ X, J i1 is an injective object of Mod(U).

Proposition 5.4.3. For any open subset U ¢ X and Ox-modules F,G we have
Exti(F,Dlu = Ext'(Flu, Ilu)
Proposition 5.4.4. For any GMod(X), we have:
o £xt°(0x,6) = 3.
o Exti(0x,G)=0 Vi>O0.
e Ext'(0x,G) = H(Ox,G), Vi>0.

Proposition 5.4.5. If 0 — F' — F — F"" — 0 is a short exact sequence in Mod(X), then for any G we have a long

exact sequence
0 — Hom(F",G) — Hom(F,G) — Hom(F',G)

— Ext'(F",G) — ExtY(F,G) — ...
and similarly for the Ext sheaves.

Proposition 5.4.6. Let X be a noetherian scheme, let F be a coherent sheaf on X, let G be any Ox-module, and let x € X be a

point. Then we have
Ext(F,G)x 2 Extlox(}'x,gx)

for any i > 0, where the right-hand side is Ext over the local ring Ox -
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