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Abstract

The Inverse Galois Problem asks whether every finite group occurs as the Galois group of
some field extension of the rational numbers, Q. This is still an unsolved problem. This
project explores various methods to try to answer this question, most notable among which

is the rigidity method.
In this project, the required theory is presented to arrive at the Rigidity Criterion which

is then applied to various finite simple groups, including the Mathieu groups, linear groups

and the Monster group, to show their occurrence as Galois groups over Q.
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Introduction

Field extensions F/Q which satisfy certain properties can be expressed as the splitting field
of a polynomial p(x) with coefficients in Q. We call such extension Galois extensions. To
such extensions, a group is associated, called the Galois group, denoted by Gal(E/Q). The
Galois group permutes the roots of the polynomial p(x). This is discussed in a little more

detail in the next chapter.

Now an interesting question that arises is if we can do the converse i.e. for a given group G, is
it possible to find such an extension with G as its Galois groups(up to a group isomorphism).

The objective of this project is to try to answer this question.

This question was first studied by Hilbert in the 19th century which lead to the very im-
portant Hilbert’s Irreducibility Theorem in his paper in 1892 [4]. A crucial breakthrough
came with a J. Thompson’s paper in 1984 [8], in which he developed the powerful rigidity
method using which he showed that the Monster group occurs as a Galois group over Q.
The method has been used to show the occurrence of various finite simple groups, including

all but 2 sporadic groups, as Galois groups over Q.

In this project, various important results are proved which finally lead to the powerful
rigidity criterion. The rigidity criterion provides a group theoretic method to check whether
a group is realisable over the rational numbers. With the help of Hilbert’s theorem, the

results can be extended to number fields i.e. the finite extensions of Q.

The proofs of these results will also show how various branches of mathematics come to-

gether in harmony.



Original Contribution: The thesis is for the most part a review of the known results
pertaining to the Inverse Galois Problem primarily based on [6] and [10]. However some new
examples have been discussed and certain details have been added in the proofs to fill in the

gaps and make the proofs more comprehensible and easier to understand for the reader.

Also the calculations for the rigidity verification for the groups Mis, Moo, Jo and Suz
have been done using C programs written by me and are shown in the Appendix along with

the outputs.



Chapter 1

Preliminaries

In this chapter, basic definitions and important results in Introductory Galois Theory have

been presented which will be found useful later.

1.1 Galois Extensions

Definition 1.1.1. An extension L/K is called algebraic if all elements of L are algebraic

over K, i.e. every element is a root of some polynomial with coefficients in K.

Examples: The extensions Q(v/2)/Q, C/R are algebraic while R/Q is not an algebraic

extensions.

Definition 1.1.2. An algebraic extension L/K is called normal if every irreducible poly-

nomaial over K with a root in L has all its roots in L.

Examples: The extensions Q(v/3)/Q, Q(i)/Q are normal while Q(v/2)/Q is not a

normal extension.

Definition 1.1.3. An polynomial f(x) € Klz| is called separable if it has distinct roots in
an algebraic closure of K. An extension L/K is called separable if all elements of L are

separable over K, i.e. their minimal polynomial over K is separable.
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Definition 1.1.4. An extension L/K is called Galois if it is both normal and separable.

Definition 1.1.5. Let L/K be a Galois extension. Then the set of automorphisms of L
which fix K element-wise form a group called the Galois group of L/K, denoted Gal(L/K)
or G(L/K).

Example: Consider the extension Q(v/2,w). This is a Galois extension and its Galois

group is isomorphic to the symmetric group Ss.

We now state a few important results from Galois theory whose proofs may be looked at

in any introductory book on Galois Theory like [7].

Theorem 1.1.1. Let L/K be a finite Galois extension. Then there exists o € L such that

L = Kla]. Such an element is called a primitive element of L.

Theorem 1.1.2. Artin’s Theorem. Let G be a finite group of automorphisms of a field
L with a fized field K. Then L/K is a Galois extension with G as its Galois group.

Theorem 1.1.3. Fundamental Theorem of Galois Theory. Let L/ K be a finite Galois
extension. Then there is a one to one correspondence between the intermediate fields E and
the subgroups H of Gal(L/K) given by E — Gal(L/E) on one side and H — L¥ on the
other side where LY is the fived field of H. In addition, the correspondence satisfies the
following

1. For subgroups Hy, Hy of Gal(L/K), Hy C Hy if and only if L2 C L1,

2. |Gal(L/K) : H] = [L" : K]

3. E/K is Galois if and only if Gal(L/FE) is a normal subgroup of Gal(L/K), in which case
Gal(F/K) = Gal(L/K)/Gal(L/E).



Chapter 2

Abelian Groups, Symmetric Groups

and Alternating Groups

In this chapter, it is shown with the help of some basic Galois theory and Hilbert’s theorem,

that all finite abelian groups, symmetric groups and alternating groups are realisable over

Q.

The proofs presented are primarily based on basic results in Galois Theory. The proof of

Dirichlet’s Theorem presented was put together by me using some hints in [3].

2.1 Abelian Groups

Lemma 2.1.1. Let L|k and K|k be two galois extensions such that LNK =k i.e. L|k and K|k
are linearly disjoint, then the galois group Gal(LK|k) is isomorphic to Gal(L|k) x Gal(K k).

Proof. We have the natural map p: Gal(LK|k) — Gal(L|k) x Gal(K|k) mapping
o+ (0 Ip,0 k). Clearly p is a group homomorphism with trivial kernel. Since the

extensions L|k and K|k have trivial intersection, p is onto.

The following result by Dirichlet is proved using elementary facts about cyclotomic polyno-

mials.(See [3] , 13.6, Ex. 14-17)



Dirichlet’s Theorem. For any n > 1, there exist infinitely many primes p satisfying
p =1 mod(n).

Proof. Let ®,, be the nth cyclotomic polynomial. Suppose p is a prime with p { n . Then
x™ — 1 is separable modulo p. Hence any root of ®, modulo p is a primitive root. If such a
root exists, then by Lagrange’s theorem for finite groups, we must have n|p — 1 ie. p =1
mod(n). So we show that there exist infinitely many primes such that each one of them
divides ®,,(a) for some integer a. To see this, suppose pi, pa, ..., px are the only such primes.
Now we have ®,(M) = b # 0 for some integers M and b. We note that the polynomial
f(z) = %Cbn(M + bp1ps...prz) has integer coefficients and f(I) = 1 mod(p;) for each i and
for all integers {. But there must be some integer N such that f(N) # £1. Therefore
there exists a prime ¢ different from each p;, such that ¢|®, (M + bpips...pxN), which is a
contradiction. Since there are only finitely many primes dividing n, we have infinitely many

primes p 1 n such that ®,(x) has a root modulo p. This completes the proof. ]

Theorem 2.1.2. FEvery finite abelian group is realisable over Q.

Proof. Let G be a finite abelian group. By structure theroem of finite abelian groups,
G= Hle Ch,, where C,. are cyclic groups of order n;. By Dirichlet’s theorem above, we can
Q) is cyclic
and has order p; — 1, so Q((,,) contains an extension L;|Q such that Gal(L;|Q) = C,,. Since
pis are distinct, 1I,4,L; N L; = Q. Then taking L = Hle L;, repeatedly applying Lemma
2.1.1, we see that Gal(L|Q) is isomorphic to G. O

choose distinct primes p;, such that for each i, p; = 1 mod(n;). Now Gal(Q((,)

2.2 Symmetric and Alternating Groups

We will now show that the symmetric groups S,, and the alternating groups A,, are realisable
over Q. In fact, these groups are realisable over any number field. We will use the following

theorem by Hilbert which we state without proof. For a proof see , Ch.1.

Hilbert’s Irreducibility Theorem Let K be a number field and f(¢, X) € K(¢)[X] be an
irreducible polynomial where t is an indeterminate. Then there exist infinitely many a € K

such that f(a, X) is well defined and irreducible over K. Moreover a can be chosen so that
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Gal(f(a, X)|K) = Gal(f(t, X)|K(1))

We shall need the following lemma which follows from elementary Galois theory.

Lemma 2.2.1. Let K be a field of characteristic zero and f be an irreducible polynomial
over K, then Gal(f|K) acts transitively on the roots of f. Moreover if, for every root o of
f, f(X) /(X —a) is irreducible over K(«), the Gal(f|K) acts doubly transitively on the roots

of f.

We now present a proof for S,, and A, being realisable over Q. The proof can be used
to show that S, and A, are realisable over any number field using Hilbert’s Irreducibility

Theorem.

Theorem 2.2.2. For all n € N, S, is realisable over Q.

Proof. Consider the polynomial f(t, X) = X" + tX + ¢. By Eisenstein’s criterion, f is
irreducible over Q(t). Let a be any root of f. We show that f (¢, X)/(X —«) is irreducible over
Q(t, ). Noting that t = —ﬁ—na, we have f(t,X)/(X —a) = X" 1 +aX" 2+ . +a" 1 — ffa'
Doing the substitution Y = a/X, we see by Eisenstein’s criterion that the polynomial
Y 14 B(Y" 2 4...4+Y +1) is irreducible over Q(8) where 8 = 1+a. Therefore f(t, X)/(X —a)
is irreducible over Q(¢, «) and by lemma 2, Gal(f|Q(t)) is a 2-transitive subgroup of .S,,.

Now let s =t +n"/(1 —n)"" !, we have

9(s, X) = f(t,X) = X"+ (s =n"/(L =n)" )X + (s =n"/1 —n"7")
The discriminant

d(g) = (=1)""2(1 = n)"'s(s — =

Now Gal(g(s, X)|C((s))) C Gal(g(s, X)|Q(s)) = Gal(f(t, X)|Q(s)). Also Gal(g(s, X)|C((s)))
is non trivial since d(g) is not a square in C((s)).

We have g(s, X) = X" —n"/(1 —n)" X 4+ (—n"/1 — n" H)mod(s). After scaling X by
(1—n)/n, we have the polynomial X" —nX+(n—1), which has 1 double root and n—2 simple
roots in C. By Hensel’s Lemma [1], g(s, X) has n — 2 roots in C((s)), so Gal(g(s, X)|C((s))
acts by permuting the other two roots. Therefore Gal(f(t, X)|Q(t)) is a 2-transitive sub-
group of S, containing a transposition. Hence Gal(f(t,X)|Q(t)) = S,. Now by Hilbert’s
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Irreducibility Theorem, S,, is realisable over Q. O

Theorem 2.2.3. For alln € N, A,, is realisable over Q.

Proof. Let f(t,X) be as in Theorem 2.2.2. The discriminant of f is (—1)""=1/2¢m=1[(1 —
n)"t 4+ n"].

For n odd, set u = /(—1)""=D/2[(1 — n)"~1t + n"]. Defining L as the splitting field of
f(t, X) over Q(t), we get a quadratic sub-extension Q(u)|Q(¢). Then using Theorem 2, we
see that Gal(L|Q(u)) = Gal(L|Q(t))/Gal(Q(u)|Q(t)) = A,.

For n even, set s = 1/t and consider the polynomial h(s,X) = f(1/s,X). Then
d(h) = (—=1)"=D2[(1 — n)"=! 4 pns]/s™
Letting v = /(—1)"("=D/2[(1 — n)n~1 4 nns], similar to the case n odd, we get Gal(L|Q(v)) =

A,,. Hilbert’s Irreducibility Theorem now gives us Galois realisation of A, over Q. [




Chapter 3

Riemann’s Existence Theorem -

Topological Version

Rigidity method relies crucially on the Riemann’s Existence Theorem. The theorem guar-
antees the existence of Galois realisations of finite groups over the field C(z). This chapter
introduces some necessary definitions and results from algebraic topology , which finally help
in proving a topological version of the Riemann’s Existence Theorem .

This chapter is primarily based on the theory developed in [10] and some basic results from
introductory Algebraic Topology. A few examples have been added to illustrate the defini-

tions and results.

3.1 Homotopy and The Fundamental Group

Let X be a topological space and p, g be two points in X. Then a path in X from p to q is a
continuous map 7: [0, 1] — X such that 7(0) = p and (1) = ¢q. Two such paths v, and 7,
are homotopic if there is a continuous map F': [0, 1] x [0, 1] — X such that F(0,t) = 7o(?),
F(1,t) = y(t) Vt € [0,1] and Vs € [0,1], F(s,0) = p and F(s,1) = ¢. This defines an
equivalence relation.

The product of two paths o and /3 such that a(1) = 5(0), is defined as

pa(t) = a(2t), if t € [0,1/2] and Ba(t) = B(2t — 1), otherwise

The inverse path of v is defined as vy, with v71(t) = (1 —t) Vt € [0, 1]. The above product
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also induces a product on the equivalence classes of paths. Let 7(X,p) be the set of all
equivalence classes of loops in X at p(i.e. the paths which both end and start at p). 7(X,p)
forms a group with this product and [y]™' = [y~!]. This group is known as the fundamental
group of X at p.

A topological manifold is a space that is Hausdorff, second countable and locally euclidean.

From now on, we assume X is a topological manifold.

A covering of X is a surjective map f: Y — X such that for each point p € X, there
is a neighbourhood U of p for which f~1(U) is a disjoint union of open subsets of Y, each of
which is mapped by f, homeomorphically onto U. A simple example of a covering is the map
f: R+~ S defined by f(t) = e*™, where the circle S* is the subset of complex numbers of

modulus equal to 1.

For a path v in X, a path 7 in Y is called a lift of v if f o7y = . We recall a few results
from algebraic topology [5].

Theorem 3.1.1. Let f: Y — X be a covering and v a path in X starting at p. Then for
each y € f~1(p), there exists a unique lift of gamma in'Y with starting point y. Moreover,

lift of two homotopic paths are homotopic if they have the same starting point.

The Fundamental group (X, p) has a natural action on the fiber f~1(p) in the following
way: For [y] € m(X,p) and y € Y, we define [7]y as the end point of the unique lift of ~ in

Y beginning at y. For a connected space X, the action is transitive iff Y is connected.

Lemma 3.1.2. Let f: Y — X be a covering where X is connected. LetA be a connected
component of Y. Then f restricts to a covering from A to X and if f~*(p) is contained in
A, then A=Y 1i.e. Y is connected.

Lemma 3.1.3. Let f;: Y; — X be two coverings, © = 1,2 with Y, Ys connected. Let y; € Y;
such that f;(y;) = p for each i. Suppose for each [y] € n(X,p), [7]

3.2 (Galois Coverings

Definition 3.2.1. Two coverings f1: Y1 — X and fo: Yo — X are called equivalent if there
exists a homeomorphism «: Y, — Yy such that fooa = f1. Also if Y1 = Yy =Y and
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fi = fa = f, then such a homeomorphism is called a deck transformation of f. The set of

deck transformations, under composition, forms a group denoted by Deck(f).

Deck(f) has a natural action on the fibres f~!(p) for each p € X defined just by mapping
x to h(x) for any h € Deck(f) and z € f~'(p). It is easily seen that this action commutes
with the action of 7(X,p) on f~1(p).

Lemma 3.2.1. Let f: Y — X be a covering and Y connected. Then if a deck transformation
fizes a point y in'Y, the it is equal to the identity map on'Y . Also if a subgroup G of Deck(f)
acts transitively on a fibre of f, then G = Deck(f).

The deck transformation group of the covering of S* defined earlier can be shown to be
isomorphic to the group of integers with addition. The group has a generator h which maps
x to x 4+ 1 for each x € R. This group acts transitively on the fibres of the covering. Hence

it is a Galois covering.

If X is connected, then each fibre has the same cardinality and is called the degree of f.
This is clear by noting that the cardinality of fibres is locally constant in X.

Definition 3.2.2. A covering f: Y — X is called a Galois covering if Y is connected and
Deck(f) acts transitively on the fibres of f.
The degree of a Galois covering f is equal to the cardinality of Deck(f). This can be

shown by defining an obvious bijection from Deck(f) to a fibre f~(p).

Proposition 3.2.2. Let f: Y — X be a Galois covering and y € Y, p € X. There exists a
unique surjective homomorphism ®,: w(X,p) — Deck(f) such that V[v] € n(X,p), ®,([7])

maps Y|y to y.

3.3 Coverings of the Punctured Sphere

Let P! be the Riemann sphere and P be a finite subset of P'. Let f: R — P!\ P, a finite
galois covering and D = B(p,r) be an open disc disjoint from P and D* = D\ P. Now
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define the map,
kp: D* — K(r)
_ 3.1
2|—>{ le p # 00 (3.1)
z P=0

where K(r) is the unit disc in C minus the origin.

Let E be a connected component of f~!(D*), and define fp = k,0 f|,. This defines a
covering f|, : E — K(r). E is called a circular component of level » over p. Let 0 <7 < r.
There is a bijection between circular components E of level r and circular components E of
level 7 over p since there is exactly one component ECE , and f5 is the restriction of fg
to E. Hence we can define an equivalence relation on the set of circular components over

p:E~FEif ECFE or E'C E. The equivalence classes are called the ideal points of R over
p.

Lemma 3.3.1. The group Deck (f) permutes the components E of f~' (D*) transitively. Let
Hpg is the stabiliser of E in H := Deck(f), then the restriction to E defines an isomorphism
Hy — Deck (fE)

Proof. H acts on f~!' (D*) and permutes the components E. Let h € H. Since the circular
components are pairwise disjoint, if A maps one point of E to E’, some other component,
then h maps all of E' to E’. This implies that if h a p € E into F, then h € Hp . Let p* € D*
and Fp = f~'(p*) N E, a fiber of the f|,. H acts transitively on the fiber f~*(p*), any two
points of Fr can be mapped into each other by some h € H. We have just seen that this
means h € Hg. Thus Hp acts transitively on Fz. That the homomorphism Hz — Deck (fg)

given by restriction to E follows now from Lemma 3.2.1. O

The group Hpg is cyclic of size e, where e is the degree of fg, since it is isomorphic to
the deck transformation group of a punctured disc in C. This deck transformation group has
a unique element o with the following property: For each homeomorphism ¢ : £ — K (7"1/ e)
with ¢ = f we have p o 07! = (., where (. = exp(2my/—1/e). This o generates Deck
(f) and is called the distinguished generator. Let hg be the distinguished generator of Hp

corresponding to 0. The hg’s are all conjugates to each other and lie in a conjugacy class C,.

Let f : R — PN\P be a finite Galois covering. Let R be the disjoint union of R and
all ideal points over all p € P. Define a topology on R by V C R is open if V N R is open in
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R and the following holds: for each ideal point 7 € V' there is an £ € m with £ C V. Then
R is a connected compact Hausdorff space [10].

Moreover we can extend f : R — P!\ P to a continuous surjective map f : R — P! by setting
f(m) = p where 7 is an ideal point over p and each a € Deck(f) also extends uniquely to a

homeomorphism @ : R — R such that foa = f.

3.3.1 Ramification Type

Let p1,...,pn € C distinct and set S = C\ {p1,...,pn}. It is possible to choose a point such
that the straight line between this point and the p; hit no other p;. Let ¢y € S be such a
point. Can write p; = go+ p;e™i. Relabel the p; so that the v; are increasing. Here of course v;
represents the angle the line from ¢ to p; makes with the real line. Now divide the complex
plane up, into connected components S;, with rays, M, ..., M, emanating from ¢y such that
each p; lies in S;. Let D; be a disc about p; entirely contained within .S;. Define paths ~;
starting from g, travelling along the straight line from ¢q to p; until it hits the boundary of
D;, traversing the boundary once clockwise, and travelling back to gy along this same line.
It can be shown that the classes [7;]’s generate the fundamental group 7(.5, qp). We will need
the following result to finally prove the topological version of Riemann’s Existence Theorem.

The proof is quite long and may be looked at in [10].

Theorem 3.3.2. Let S = C\{p1,...,pn}. Let G be a group with generators ¢i,...,Gn.
Then 3 a Galois covering f : R — S, an isomorphism 6 : Deck(f) — G and a point
b e f~1(q) such that the composition of 0 with the surjection @y : 7, (S, q) — Deck(f) in
Proposition 3.2.2 maps [y;] to g; for i = 1,...,n. Now G = Deck(f). If G is finite then
f:R—=P\{pi,...,pn, 0} is a finite Galois covering, and the associated conjugacy classes
C; = C,, and Cx of G are such that g; € C; and (g; - - -gn)f1 €Cyx fori=1,...,n.

Definition 3.3.1. Let f : R — P\P be a finite Galois covering. Let H = Deck(f), and
for p € P, let C, be the associated conjugacy class of H. Let P' = {p e P: C, # {1}}. We

define the ramification type of f to be the class of the triple (H, P, (Cp)pep,

Theorem 3.3.3. Riemann’s Existence Theorem - Topological Version Let T =
[G, P, (Kp)pep] be a ramification type. Let r = |P| and label the elements of P as p1,...,pr.
Then there exists a finite Galois covering of P\ P of ramification type T if and only if there
exist generators gi, ..., g of G with g1--- g, =1 and g; € K,

13



Proof. Changing the coordinates, we can assume that co € P, and we label the elements
such that p, = oo. Now f : R — P!\P is a finite Galois covering of ramification type
T. Let qo € P'\P and paths 71,...,7_; as earlier. Let 7 = (v1-797_1)"". Consider
the fiber f~!(q), and fix some point b in this fiber. Then ®, : m (P'\P,q) — G is a
surjective homomorphism. Let g; :== @, ([y;]). Then the g; generate G and ¢; € C,, = C;
by Theorem 3.3.2. Finally, 71 -+ -7, = 1 by the definition of v,. Thus ¢g;---¢g, = 1 as @ is
a homomorphism. Conversely, suppose we have generators ¢i,...,¢g, of G with ¢g;---¢g, =1
and g; € K,,. By Theorem 3.3.2, there is a finite Galois covering f : R — P\ P and an
isomorphism between Deck(f) and G such that g; lies in the class of C,, associated to p;
fori=1,....,r —1. g, = (g1---gr—1)" " € Cs = C, . Hence Deck(f) = G, and C, = K,
Vp € P. Therefore we have a covering f of ramification type T. O]
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Chapter 4

Rigidity and Riemann’s Existence

Theorem - Algebraic Version

This chapter discusses finite Galois extensions of C'(x). The idea of branch point arises
and we arrive at an algebraic definition of ramification type and the algebraic version of

Riemann’s Existence Theorem. The idea of rigidity is introduced for the ramification types.

This chapter is also primarily based on [10] with some details added to the proofs. The
proof left to the reader in [10] has also been provided here and new example has been added

to illustrate the result.

4.1 Galois Extensions of Laurent Series Fields

Definition 4.1.1. Let k be a field. Then the set of formal series > ;-\ a;t’, where a; € k and
N € 7Z , forms a field with the obvious addition and multiplication operations. We denote it
by A. The subring of A comprising of > o=y a;t" with N > 0. is denoted by k[[t]].

Consider a polynomial F'(y) € k[[t]][y]. By going modulo ¢, we obtain a polynomial F(y)

over k. Then we have the following lemma.

Lemma 4.1.1. Let F(y) € k[[t]][y] be a monic polynomial such that Fy(y) factors as a

product of two coprime monic polynomials, g and h. The F also factors as a product of two
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monic polynomials G and H with Gy = g and Hy = h.

Let e be a natural number and A, be the field k((t'/¢)). The A is a subfield of A,. Let 7
be such that 7¢ = t. If k contains a primitive eth root of unity, the A./A is a cyclic extension.
The Galois group is generated by w which fixes £ and maps 7 to (.7 and w is called the
distinguished generator of G(A./A).

We first prove a useful lemma.

Lemma 4.1.2. Let k be an algebraically closed field of characteristic 0. Let F'(y) be a monic,

non-constant polynomial over k[[t]]. Then there exists e € N such that A, contains a root of
F.

Proof. Let F' be the polynomial of minimal degree for which the lemma is false. Clearly,
the degree n of F' is at least 2. By changing the variable, it can be assumed that the
coefficient of "~ = 0. Now we claim that Fy = y". Since k is algebraically closed I} is a
product of monic linear factors. Now if they are not all equal, then F factors a product of
two monic coprime polynomials. By Lemma 4.1.1, F' also factors as a product of two monic
polynomials, which contradicts the minimality of degree of F. So Fy = (y —a)™, with a € A.
Noting that char(k) is 0 and coefficient of y"~! is 0, we must have F, = y".

Now F = y" 1+ X\, 19" ' +...+ g with \;s in k[[t]]. Now there must be some s < n—2 such
that A\ # 0, otherwise F' = y™ has a root in A. Let mg be the lowest power of ¢t with non-zero
coefficient in A;. Then mg > 0. Let u be the minimum among all ms/(n — s). Express u as
d/e where d, e are positive integers. Consider the polynomial F* over Ae, F* = 7= F (1),
which also has degree n. It can be checked that all coefficients of F* lie in k[[7]] and that
F™* has non-zero constant term. So once again F* factors into monic polynomials of degree
less than n. By minimality of n, these factors have a root in some A,(7'/ e/). So F* has a

root in A, and consequently F' has a root in A... O

Now we can prove the following theorem.

Theorem 4.1.3. Let k be an algebraically closed field of characteristic 0 and A be a degree

e extension of A.. Then A = A(«) where « is an eth root of t. In particular A is isomorphic

to A,.

Proof. By primitive element theorem, A = A(f). The primitive element § has an

irreducible polynomial F(y). By the previous lemma F' has a root 7 in some A, which
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implies that A C A.. Clearly e divides €/, so by Galois correspondence there is a unique
subextension of degree e(since A, /A is cyclic). Therefore A = A(tV/¢). O

4.1.1 Branch Points

Let’s first fix a compatible system of primitive roots of unity ((.)een in k, an algebraically

closed field. The roots satisty the condition (], = (,, for all m,n positive integers.

Define P} to be kU {oc} and for each p € P}, let v, be the isomorphism from k(z) to
k(t) which fixes k and maps « to ¢ + p if p is not co and to 1/t otherwise.
Consider a finite Galois extension L/k(z) and G its Galois group.

Lemma 4.1.4. The isomorphism v, can be extended to an isomorphismv: L — L, for some

subfield L, of a finite Galois extension AJ/A. Moreover L, is invariant under the action of
Gal(A/A).

Proof. Let F be the irreducible polynomial of a primitive element « of L/k(z) and F,
the polynomial obtained by applying v, to the coefficients of F'. Let H be an irreducible
factor of F,, and A = Afy]/(H) be the extension obtained by adjoining the root of H to A.
Now F), has a root v in A, so v, naturally extends to an isomorphism from L = k(z)(a) to
L, = k(t)(y). Noting that the roots of F), generate L, and Gal(A/A) permutes them, we
see that L, is invariant under the action of Gal(A/A). O

Since G = Gal(A/A) leaves L, invariant, g, = v 'wv is an element of G. The question
now is what if we choose a different A and v. It turns out that the element g, remains in
the same conjugacy class regardless of these choices. We denote this class by C, which only

depends on L and p.

Definition 4.1.2. The ramification index of L at p is defined as the common order of the

elements in C,. We will denote it by er,, or simply e when the context is clear.

Definition 4.1.3. The points p in P} for which ey, > 1 are called the branch points of
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The following result follows now easily from the definitions of g, and C,.

Proposition 4.1.5. Let L/k(z) and L’/k(z) be finite Galois extensions of degree n. For
every point p in P, we have the Galois groups G, G’ resp. and the conjugacy classes of p,
Cyp, €}, resp. Now let o be an automorphism of k and m an integer satisfying a1(¢) = ¢
If a extends to an isomorphism A: L — L' fixing x, let \* be the induced group isomorphism

from G to G' via conjugation by X\. Then X\*(C,)™ = (’X(p).

4.2 Algebraic Riemann’s Existence Theorem

From now onwards we assume k is an algebraically closed subfield of C and the compatible

set of roots of unity is given by (, = exp(2mv/—1/n) for each n € N,

Definition 4.2.1. Let G be a group, P a finite subset of P!, and {Cp},ep be a collection of
conjugacy classes in G, together we have a tuple {G, P,{C}},ep}. We say two such tuples,
{G,P,{C,},ep} and {H,Q,{Cy}seq} are equivalent if P = Q) and there is an isomorphism
from G to H taking C, to C]; for each p € P. This is an equivalence relation and the

equivalence classes are called ramification types, denoted as |G, P,{C,}yep]

Now we can state the algebraic version of Riemann’s Existence Theorem. We will not go

into details of the proof, since it is quite involved. The proof can be found in [10].

Theorem 4.2.1. The Algebraic Riemann’s Existence Theorem
Let T =[G, P,{C,},ep| be a ramification type. Then there exists a finite galois extension
of type T over C(z) iff G has generators g1, gz, .., g such that g1g2..9. = 1 and g; € C,, for

each 1.

Note that this implies that every finite group occurs as a Galois group over C(x).

Definition 4.2.2. Let (C4,...,C}) be a tuple of conjugacy classed in a finite group G. We
say this tuple is rigid if

1. G has generators gy, ..., g, lying in the classes Cy,...,C, resp. such that their product is
equal to 1, and

2. For any other set of such generators gy, ..., g.., there exists a unique g € G which conjugates

each g; to g;.
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In the above definition, if we have an automorphism of GG instead of the element g, which

maps each g; to g}, we say that the tuple is weakly rigid.

Definition 4.2.3. A ramification type T = [G, P,{C}},ep] is called rigid(weakly rigid resp.)
if the classes (Cp)pep form a rigid(weakly rigid resp.) tuple.

4.2.1 Rigidity and Irreducible Characters

We prove a simple lemma will help in verifying rigidity of a tuple of conjugacy using the

character table of the group.

Lemma 4.2.2. Let x1, X2, .-, Xs be the iwrreducible characters of a finite group G. Let Cy,C5
and C5 be conjugacy classes in G with ¢; = |C;|. Then the number of triples (g1, g2, g3) €
01 X 02 X 03 with g19293 — 1 s

C1C2C3 Xz C'1 Xz CQ XZ(C3)
G| Z

Proof. For a character x of G, let o, be the corresponding representation. By Schur’s

lemma, for every g € G, there is a complex number w(g) such that

61 2 ) =0

heG

where the group action is via conjugacy.

Taking traces, we see that w(g) = x(g)/x(1). Now for any two elements g, ¢’ of G, we have

xlg)
Z = (1)Ux(9)

hEG

Proceeding similarly we get,

1 S olglglilg) = x(g1)x(g2)x(g3)

g1 92 *95°9g

|GI?

(hl,hz,h3)€G3
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Putting ¢’ = 1 and then taking traces we obtain,

1 h1 _ha hs X(91)x(92)x(g3)
—= > x(glghrgl) =
|G| (hl,hg,h3)€G3

The number of triples (g1, gs,g3) € G with g1gag3 = 1 is

m= Y elgl'gh?gs)
(hl,hQ,h3)€G3

where € = l—é' > verrr(c) X(1)x is the characteristic function of the identity element in G. So,

m=lc? Y x(91)x(92)x(gs)

xEIrr(G) X(1>

Now the number of triples (g1, g2, g3) € C1 X Cy x C5 with g1gag3 = 1 is

"7 CaloniCa(gs)lCals)]

where Ci denotes the centraliser and g;s are elements from C;s. Substituting |Cq| = |G|/

for each 7, we obtain the desired result. O

Let us consider an example to illustrate the use of the above formula. Consider the
Dihedral group D,, = (r,s|r, = s* = 1,srs = r~!). We only consider the case when n is
odd. Consider the classes C, Cs, C5 containing the elements r, sr, s respectively. Clearly
these three elements generate the group D,, and their product is equal to one. The orders
of the classes are ¢; = 2, co = ¢3 = n. Now using the character table for D,,, it can be easily

verified that )
c1e2¢3 x—~ Xi(C1)xi(C2)xi(Cs)
’Dn’ i=1 Xl(l)

=2n = |D,|
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Chapter 5

Descent and the Rigidity Criterion

In the last chapter, we saw that Riemann’s Existence Theorem ensures the the Galois reali-
sation of every finite group over the field C(z). Our goal now is to get a criterion for Galois

realisation of groups over Q. This goal is achieved by the Rational Rigidity Criterion.

This chapter is based on the rigidity theory developed in [10] with some gaps in the proofs

filled and new examples have been added to illustrate the use of the rigidity criterion.

5.1 Descent

In this section k is an algebraic closed subfield of the complex numbers, L/k(x) a finite
Galois extension of degree n and G = Gal(L/k(z). Let x be a subfield of k.

Definition 5.1.1. An extension K/k is called regular if the intersection of K with k = kK is

K.

Definition 5.1.2. We say L/k(z) is defined over k if there exists a subfield L, of L, Galois

over k(x), reqular over k such that [L, : k(x)] = [L : k(z)] = n.

Lemma 5.1.1. Let L be defined over k. Then

1. For a primitive element 0 of L. /k(x), L = k(z)(0). In fact L is now defined over every
field k' between k and k, with L. = £/'(z)(0)

2. Gal(L/k(x)) = Gal(L./k(x))

21



3. If G has a trivial center or k is algebraically closed, then L,; is the unique degree n Galois
extension of k(x) contained inside L, reqular over k.

4. If k is algebraically closed then, L/k(x) and L,/k(x) have the same ramification type.

Proof. 1. Let F(y) be the irreducible polynomial of § over x(x). F remains irreducible
over k' since the extension is regular over k. Hence L., = «/(z)(0) has degree n over x/(x)
and is regular over x/. It is also Galois over '(z) since all the roots of F' are contained in
L, C L. Also taking x' = k, we have L = k(x)(6).

2. That the restriction map from G to Gal(L,/k(z)) is injective follow from above. But
since the order of both groups is n, the map is In fact bijective, hence an isomorphism.

3. Let L, be another subfield of L satisfying Definition 5.1.2. Consider the subfield K of
L generated by L, and L. As both of them are Galois over k(z), K is also Galois over
k(z). Let k' be the algebraic closure of k in K. Then £’ and thus x'(z) are invariant under
Gal(K/k(x)), so k'(z) is Galois over k(z). Let 6 be a primitive element for L, /x(x). Then,
L, C K= |K:«k(x) > |&(x)(@): k' (x)] = n. Let v be a primitive element for K/x'(x).
Due to regularity, the minimal polynomial for v remains irreducible over k(z). Therefore
|K : k()] < n = |L/k(x)|. Therefore |K/k'(x)] = n. That is K = &'(x)(0). If k is
algebraically closed then ' = k. So K = k'(x)(0) = k(x)(0) = L, by definition of 0.

Now assume G has a trivial center. Since L, is regular over s, x'(z) N L, = r(x). Also,
L,andr'(x) generate K. So from Galois correspondence, Gal(K/k(z)) is the direct product of
Gal(K/L,) and G' = Gal(K/r/(z)). The same is true if replace Ly by L,. Since G has trivial
center and G’ = G, G also has trivial center. This implies that Gal(K/L,) = Gal(K/L,) =
centraliser of G’ in Gal(K/r(z)). By Galois correspondence L, = L,..

4. Let f be asin 1, p € kU {oo}, and v : L — A an extension of v, : k(z) — k(t),
where A is a finite Galois extension of A = k((¢))(from Lemma 4.1.4). Let ¢ = v(f). Then
v(k(x)) = K(t), hence v (L,) = k(t) (0'). Hence the restriction of v gives an embedding ¢ of
L, into A, := k((t)) (¢") . We can see that the restriction of the distinguished generator of
Gal(A/A) gives us the distinguished generator of Gal(A,/k((t))). This means that g; is the
restriction of g,. Therefore the restriction isomorphism from G to G maps the the classes of
p, Cp in G to the classes of p, CN’p in G. The branch points of L/k(z) and L, /k(z) are same.

Hence the extensions have the same ramification type. O]
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5.1.1 Descent from the algebraic closure

Let o be an automorphism of k. This extends to an automorphism of k(x) by fixing x.
Consider two finite Galois extensions L and L’ of k(x). An a-isomorphism \: L — L’
is an isomorphism which when restricted to k(z) is equal to a. Such A induces a group

isomorphism A* via conjugation by A.

Lemma 5.1.2. Let L/k(z) be a finite Galois extension and o and automorphism of k. Then
there exists a finite Galois extension L'/k(z) and an a-isomorphism from L to L'. Also if L

is defined over k, and « is identity on k, then we can take L' = L and \* = id.

Proof. We can write L = k(z)[y]/(F) for some irreducible polynomial F'. Now we extend
a to k(z)[y] by fixing = and y. Denote this map by f mapping to f*. Take L' = k(x)[y]/(F*).
Then the map f +— f* defines an isomorphism A from L to L'. Clearly L’ is a finite Galois
extension of k(z) and A is an a-isomorphism.
Now if L is defined over , by lemma 5.1.1 (1.), we can choose F such that L, = x(z)[y]/(F).
Also if restriction of « on k is identity, then F'* = F, and therefore L' = L. Let 6 be the
primitive element as in the previous lemma. Since A fixes all elements of L., A\*(¢)(0) = g(6)
for every g € G. Hence \* = id. O

We are interested in the descent from the algebraic closure, so from now onwards, we take
k = K, the algebraic closure of k in the complex numbers field. For this case we have the

following result.

Proposition 5.1.3. Let L/k(x) be a finite Galois extension whose Galois group G has trivial
center. Then L is defined over k iff for each o in Gal(k/k), there is an a-automorphism X,
of L such that \* is identity.

Proof. The only if part follows from the previous lemma. So assume that for every
a € Gal(k/k), there is an a-automorphism A, of L with A* = id. It is easy to see that L
is defined over some finite galois extension x; of k. So let L; = L, and a; be an arbitrary
element of Gal(k1/k) and extend it to «, an element of G(k/k. Choose A from the hypothesis.
Then A(L;) = Ly by lemma 5.1.1 (3.). The restriction A; of A to L; is an «aj-automorphism.
Since Gal(k1/k) = Gal(ki(z)/k(x)), we can extend A; to an element of Aut(L;/k(z)). This

implies that L; is Galois over k(x). Since A* is identity, the restriction A; is in the centraliser
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Cof Gy = Gal(L1/k1(z)) in H = Gal(L1/k(z)). Since oy was chosen arbitrarily, the natural
map from C to G(ki(x)/k(x)) = H/G, is surjective. This implies that H = CG,. C NGy is
trivial since it lies in the center of Gy, which is trivial by the hypothesis. Therefore H is a
direct product of C' and GG;. Now take L, as the fixed field of C' in L;, which is Galois over
x(x) with the Galois group isomorphic to H/C' = G; = G. Also since k() is the fixed field
of Gy, we have L, Nky(x) = k(x). Lk is regular over k since L, C Ly and L; is regular over

k1. So we have shown that L is defined over k. O

5.2 The Rational Rigidity Criterion

We saw that rigidity ensured the Galois realisation of finite groups over C(z). To do the
same for the field of rational numbers, we shall need some additional conditions. To go in

this direction, we first make the following definition of rationality.

Definition 5.2.1. Let T = [G, P,{C),},ep| be a ramification type and n be the size of G. We
say that T is k-rational if P C £ U {oco} and for every p € P and o € Gal(k/k), a(p) € P

and Cqp) = CJ" for some integer m satisfying o' (G,) = ¢

In the case of kK = Q, this is simplified to just demanding that the conjugacy classes are

. . m : .
rational, i.e. CJ" = C,, for every integer coprime to n.

We saw earlier the condition of k-rational type is necessary for L to be defined over k.

It turns out that it is also sufficient if the ramification type is rigid.

Theorem 5.2.1. Let L/k(x) be a finite Galois extension and & = k. If L has a rigid and

k-rational ramification type then L is defined over k.

Proof. Since L/k(x) has a rigid type, G = Gal(L/k(x)) has a trivial center. Now we
want to apply Proposition 5.1.3 to L, so let o be an element of Gal(k/k). There exists
a finite Galois extension L'/k(z) and an a-isomorphism A from L to L'. Let G’ be its
Galois group, and C;,, C}, be corresponding conjugacy classed of p in G and G’ respectively.
By the hypothesis, ¢ = a(p) is in P. Now by Prop. 4.1.5 and s-rationality, we have
N(Cq) = X(C,p) = Cy, with m as in the Definition 5.2.1. So L’ has the same ramification

type as L. It follows easily from the definition that extensions of k(x) with the same rigid
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type must be isomorphic. Hence we have an isomorphism g from L’ to L which also respects
the conjugacy classes from the ramification type. Define y = uA, then x is an a-isomorphism.
Also, x*(Cy) = p*(X*(Cy)) = p*(C;) = Cy. Since the type is rigid and x* fixes all conjugacy
classes, there exists ¢ € G such that y* acts via conjugation by g. Now take ¢ = ¢g~'y. Then
¢* = id. So by Prop. 5.1.3. L is defined over k. n

It should be noted that ramification types are x-rational if and only if the conjugacy

classed C, are rational.

The following theorem is the most important step in our quest to find a rigidity criterion for

the rational numbers.

Theorem 5.2.2. Let T = |G, P,{C,},ep| be a rigid and r-rational type. Then there exists
a unique finite Galois extension L/C(x) of type T, defined over a purely transcendental
extension K(ty, ..., t,) of k and G occurs as a Galois group of a purely transcendental extension

of k, reqular over k.

. Proof. Since T is rigid, there is a unique finite Galois extension of type T, L/C(z). L is
now defined over some finitely generated extension of k, k1 = k(x1, T, ..., xs). Select a subset
t1,...,t, from the x;s which is maximal with respect to being algebraically independent. Then
k1 is a finite extension of kg = k(t,...,t,). Let k be the algebraic closure of ky. Then by
lemma 5.1.1, L is defined over k and L/k(x) has ramification type 7. Since every « in
Gal(k/ko) restricts to an element of Gal(k/k) and T is k-rational, it is also ko-rational.
Hence by Theorem 5.2.1, L, is defined over ko and consequently L is also defined over k.
Lemma 5.1.1. now implies that G = Gal(L/C(x) = Gal(L,/ko(z)). The last group is equal
to Gal(Ly,/k(t1, ..., t,,x). Since L, is regular over ko and kg is regular over k, it follows

that L, is regular over x. This completes the proof. O
From the above theorem, the following rigidity criteria immediately follow.

Theorem 5.2.3. Rational Rigidity Criterion
Let G be a finite group with a rigid and rational tuple of conjugacy classes (Cy, ..., C,). Then

G occurs reqularly over Q.

Theorem 5.2.4. Let G be a finite group with rigid tuple of conjugacy classes (Ch, ..., C,).
Then G is a Galois group over the field Q.
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Proof. In the case of Q®, rationality is trivial since every a in Gal(Q/Q%) fixes the

roots of unity, so we can take m = 1 and so (Cyp))" = C). O

Dihedral Group: Recall the example of Dihedral group D,, we did in the last chapter.
Again assume that n is odd. Clearly since n is odd, D,, has trivial center. We have generators
r, sr and s in the classes C, Cy and C3 resp. The number of triples (g1, g2, g3) € C1 X Cy x Cs
with ¢g1¢293 = 1 was calculated and found to be equal to the size of the group. Together this
implies that D, has a rigid tuple of conjugacy classes. So D,, is realisable over Q% when
n is odd. However the class of r is not rational, so the rational rigidity criterion cannot be

applied here.
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Chapter 6

Galois Realisations of Finite Simple

Groups

In this chapter we will apply the rigidity criteria proved in the last chapter to obtain Galois
realisations of various finite simple groups including the Projective Linear Groups, various

Sporadic groups and finally the Monster Group,s over the field of rational numbers.

This chapter is primarily based on the results in [6] and [10]. Some details have been
added for easier comprehension of the proofs.
We shall need the following simple lemma before proceeding. Its proof follows directly from

the definition of rigidity.

Lemma 6.0.1. Let G be a finite group with a tuple of conjugacy classes, (Cy,Cs,C3) and
generators gy, gs, g3 in Cp,Co, C3 resp. such that g1go93 = 1. Suppose G has a trivial center
and for every gy € Cy satisfying (g1g5)~" € Cs and G =< g1, g, >, there exists g € G, which
conjugates g1 into g1 and go into gy, then the tuple of conjugacy classes (Cy, Co, Cs) is rigid.

6.1 The Projective Linear Group PSLs(q)

We will first need to modify the rigidity criterion slightly to make it useful for groups with
non-trivial centers. Let G be a finite group with a tuple of conjugacy classes, (Cy, Cs, ..., C,.).

We say this tuple is quasi-rigid if it is weakly rigid and any automorphism of GG that fixes
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each C} is an inner automorphism. For quasi-rigid tuples we have the following result. The

proof is essentially the same as the rigid case.

Theorem 6.1.1. Let G be a finite group with a quasi-rigid and k-rational tuple of conjugacy
classes, (C1,Cs, ..., C,). Then G/Z(QG) occurs reqularly over k where Z(G) denotes the center
of G.

We now try to realise the PSLy(q) group over the fields Q and Q. We only consider
the case when ¢ is a power of an odd prime.
11 .
Lemma 6.1.2. Let U} = 01 and U € SLy(q) of trace 2, not upper triangular. Then

JA € SLy(q) such that A commutes with (Uy and conjugates U into a matriz of the form
1 0
c 1

b
Proof.  Consider U = (a

> € SLy(q) not upper triangular, so ¢ # 0. Let A =
c

1
< 77; ), which clearly centralises U;. Then

0
AUA — a-+mc *
B c *

1
Taking m = ¢ (1 —a), we get AUA™! = : ) . But, trace(U) = 2 = trace (AUA™!) =
c ¥

2 and AUA™! € SLy(q) = det (AUA™!) = 1. This implies

AUA™ = Lo
c 1

Lemma 6.1.3. There are ezactly two conjugacy classes of non-identity elements of SLy(q)

with trace 2, say Cy, Cy, where C is the class containing U;.

1 10
Proof. The non-identity elements in SLs(q) of trace 2 are of the form ( 0 1; ) , ( ) )
v

where u, v # 0 in F,. The claim is that these elements belong to C} if and only if v or —v are
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square in F,, respectively. Consider U € SLy(q) of trace 2. If U is upper triangular, then

u

1
it is of the form < 01 ) . If U is not upper triangular then by the previous lemma, it is

10
conjugate to some ) ) . We also see that
c

(L)) -6 )

This means that U is conjugate to a matrix of the form 01 in each case. Now we

need to see when a matrix of this form is conjugate to U;. Suppose B € SLy(q) is such that

1
BU,B~ = ( “)
0 1

Uj has eigenvalue 1 with corresponding eigenspace W = span{(1,0)}. Since B fixes this W,

B must be upper triangular. Since B has determinant equal to 1, this means that B is of

wo ok
the form . Now
0 wt
—1
wo* wo ok 1 w?
Ul =
0 wt 0 wt 0 1
This completes the proof. O

We will need the following result by Dickson for applying the quasi-rigidity criterion to

Lemma 6.1.4. Let q be a power of the odd prime p and F, = F,(c) for some ¢ # 0. Then
the following matrices generate SLy(q) except possibly when q¢ = 9.

(o1) ()

Lemma 6.1.5. Let q be as in the previous lemma. Let F, = F (1) with 7 # 2. Let C(7) be
T—1 1

~1
5 1 ) . Then we have the following two cases
7' —

the class of SLy(q) containing o3 := (
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1. If 2 — 7 is nonsquare in F, then (Cy,Cy, C(7)) is a quasi-rigid tuple in SLy(q) or
2. If 2 — 7 is a square in F, then (Cy,Cy,C(7)) is quasi-rigid tuple in SLy(q).

1 0
Proof. Let g1 = Uy, g0 = N By Lemma 6.1.3, go € C5 if 2 — 7 is nonsquare
T —_

in F, Cs, otherwise g, € €. We can easily check that

o) - ()

With this combined with Dickson’s result, we see that there exist generators g1, g2, g3 of the
group G = SLs(q), such that g; € C; for each i and their product is equal to 1. By modifying
Lemma 6.0.1 to include quasi-rigidity, it is enough to show that if 2 — 7 is nonsquare(resp.
square) in F, all g5 € Cy(resp.)Cy with gy¢5 of trace 7 and (g1, g5) = G are conjugate under

the centraliser of g; in G. Now g5, cannot be upper triangular since ¢, is upper triangular and

10
g1, gb generate G. Then by Lemma 6.1.2, ¢ is conjugate to ( ) ) under the centraliser
c

c
This finishes the proof. n

10
of g1 in G. Also it easily verified that ¢ = 7 — 2 by noting that ¢; ( . ) has trace 7.

Theorem 6.1.6. PSLy(q) occurs regularly over Q% for ¢ = p" for every odd prime p and

positive integer n.

Proof. For q # 9, we have quasi-rigid and Q®-rational tuple of conjugacy classes in the
group G = PSLy(q) as seen in the above lemma. Noting that Z(G) = {£1}, Theorem 6.1.1
proves the required result. For ¢ =9, we have PSLs(q) = Ag which as we have already seen

occurs regularly over Q. O]

Theorem 6.1.7. PSLy(p) occurs reqularly over Q for every prime p such that p % +1 mod
24.

Proof.  We only need to consider p > 5, since PSLy(3) = S5 and PSLy(3) = Ay. Let
7 # 1 € F, such that 2 — 7 is a non square. Then we have a quasi-rigid tuple (Cy, Cy, C(7))
in G = SLy(p). Since for any m # 0 mod (p), (C7",CF") is a permutation of (Cy,Cs),
(Cy, Cy, C (7)) is Q-rational iff C'(7)™ = C(7) for every such m.
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Now if 2(resp. 3) is non-square in F,, then take 7 = O(resp. 7 = —1). Then C(r) has
elements of order 4(resp. 3) which are conjugates to their inverses. Hence C'(7) is a rational
class. But 2 or 3 being non-square in [, is equivalent to p # £1 mod 24 (Using quadratic
reciprocity). O

6.2 Sporadic Groups

In this section we show that various sporadic groups have Galois realisations over Q. For
verifying rigidity, we shall use an Atlas by Conway[2]. The class names are taken from the

same Atlas. We first prove the following lemma for subgroups of index 2.

Lemma 6.2.1. Let G be a finite group with rationally rigid tuple of conjugacy classes
(C1,Cs,C3). Let H be an index 2 subgroup of G. Then H occurs reqularly over Q.

Proof. Take any distinct points pi,ps,p3 € Q. From these points and the conjugacy
classes obove, we obtain a Q-rational rigid ramification type 7. Then by Theorem 5.2.2,
there exists a purely transcendental extension kg = Q(t1,%s,...,t,) inside C and a finite
Galois extension L/C(x) of type T defined over k. The we have Gal(L,,/ro(z)) = G. By
Galois correspondence, H corresponds to a quadratic extension My of ko(x) contained in
L.,. Then we may write My = ro(z)(+/f), with f being a polynomial with all irreducible
factors appearing exactly once. Now let M = C(z)(v/f), which is a degree 2 extension of
C(x). From the proof of Lemma 4.1.4, we see that the branch points of M/C(z) are among
the same branch points of L/C(x) which are pj,ps and p3. Since the number of branch
points of quadratic extension must be even[10] and at least 2, M has exactly two branch
points, p1, po without any loss of generality. Hence f = a(x — p1)(x — p2) with a € kg. So
we have My = ro(z)(V/f) = rko(x)(Vf/(x — p2)) = ko(x)(2) with 22 = agf_—f;). Since this is
a linear fractional in x, we can solve for x as a rational function of z2. Hence My = ko(2).
Hence H = Gal(Ly,/My) = Gal(Ly,/ko(2)), hence H occurs regularly over kg. By Hilbert’s

Irreducibilty theorem H, occurs regularly over Q. O]
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6.2.1 Mathieu Groups

Mathieu Groups are a family of sporadic groups due to Mathieu, consisting of five groups
M1, My, My, Moz and Msy. The groups My, My and Mss are known to be realisable
over the field of rational numbers [6]. Below we use the rigidity criterion to prove this for

the groups Mis and Mas.

Proposition 6.2.2. (2C, 3A, 124) is a rationally rigid tuple in Aut(Ms).

Proof.  Using the character table for G = Aut(Mj3) in [2] and Lemma 4.2.2, we find
that the number of triples (g1, g2, g3) € 2C' x 3A x 12A with g19293 = 1 is equal to the size
of the group [See Appendix]. So now to show rigidity, it suffices to prove that any triple
(91,92,93) € 2C x 3A x 12A with g1g293 = 1 generates Aut(Mis). Assume to the contrary
that we have such a tuple generating a proper subgroup H. Now H must be contained in a
proper subgroup of G. Again using the information in the Atlas, we see that H must contain
elements from 3A and 6A. Using the permutation characters of the maximal subgroups, we
see that the only maximal subgroup containing these classes is M = Sy x S3. Hence H C M.
Considering the fact that g;¢g293 = 1, we must have CN M = ((2) x (1), (3) x (3), (4) x (3)),
where (2), (3), (4) denote the classes containing 2-cycles, 3-cycles and 4-cycles respectively.
The class (1) x (3) has centraliser of order 72 in M. Looking at the orders of centralisers of
classes in GG, we see that this class must fuse into 3B. Also clearly the class (3) x (3) fuses
into 3A. Now the remaining class in M (3) x (1), with order 3 elements can fuse into 34
or 3B. Depending on that the permutation character y of M in G, takes either the values
X(3A) =12, x(3B) = 5 or x(3A4) = 18, x(3B) = 1. In either case we have a contradiction
to the fact that x(34) = x(3B)(mod 3). Hence the classes 2C, 3A and 12A form a rigid
tuple in G. The rationality is easily checked using the second rows in the table given in the
atlas. O

Proposition 6.2.3. (2B, 4C, 11A) is a rationally rigid tuple in Aut(Mas).

Proof. ~ We do the same calculation as above for G = Aut(Ma,) and see the same
conclusion as before [See Appendix|. Again let H be as in the previous proposition. Since
H contains an element of order 11, the maximal subgroup M must have order divisible by
11. So from the atlas, we see that M = PGLy(11) = PSLy(11) : 2. Again looking at the

permutation character corresponding to M. we see that M can’t contain elements of the

32



class 2B. Hence H must not be contained in M. Therefore the classes 2B, 4C, 11A form a
rigid tuple in G. Just as before the rationality is easily verified using the atlas. This finishes
the proof. n

Theorem 6.2.4. The groups Mis and Msy are realisable over the field of rational numbers.

Proof.  From the atlas we see that for the groups G = My and My, Aut(G) = G.2
From the above two propositions we have rationally rigid tuples in Aut(G) and G is an index
2 subgroup of Aut(G) in each case. Now from Lemma 6.2.1, it follows that G is realisable
over Q. O

6.2.2 Leech Lattice Groups

The sporadic groups, Janko group J; and Suzuki group Suz can be described as stabilisers
of a set of vectors in the lattice known as the Leech Lattice. We show using the rigidity

criterion that these two groups occur as Galois groups over Q.

Proposition 6.2.5. (i.) (3A, 8C, 14A) is a rationally rigid tuple in Aut(Jy).
(ii.) (2C, 8D, 134) is a rationally rigid tuple in Aut(Suz).

Proof. Employing the same strategy as before, we verify the calculations [See Appendix]
and set H as the subgroup as before. In the case (i.), the maximal subgroup M must
have order divisible by 7, which means M is among the subgroups Us : 2 = G5(2) and
PGLy(7) x 2. But we can check from the character table that G(2) has no element of
order 14, so M is not G2(2). So H C PGLy(7) x 2. Consider the natural map from H to
PGLy(7) x2/Lo(7) =2 Zy X Zy. The map has kernel equal to HN Ly(7). Thus H/(H N Ly)7))
is a subgroup of Zy X Z5. Since H is generated by a triplet of elements from (3A4,8C, 14A),
H/(H N Ly)T7)) is isomorphic to Z;. Now by third isomorphism theorem for groups, we have
H.Ly(7)/Lo(7) = Zy. This implies that H C PGLy(7) or H C Lo(7) % 2, but from the atlas
we see that the first does not contain elements of order 14, while Ly(7) has no elements of

order 8. Hence H is not a proper subgroup of Aut(.Js).

In the case (ii.), the possible maximal subgroups with orders divisible by 13 are Go(4) : 2
and Ly(25) : 2. The latter must be Lo(25) : 25 since Ly(25).25 is non-split and L9(25) : 24

has order two elements which centralise an element of order 13 but the centralisers of 13
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elements have size 13, implying Lo(25) : 2; is not contained in Aut(Suz). But as can be seen
from the atlas, L2(25) : 2o has no element of order 8. So H C G2(4) : 2. Looking at the
permutation character of G3(4) in Aut(Suz) which vanishes on the class 8D, we see that 8D
is not contained in G5(4). So the rigidity follows. In both the cases rationality is verified

from the atlas easily. O]

Theorem 6.2.6. The groups Jo and Suz are realisable over the field of rational numbers.

From the above proposition, the automorphism groups of both these groups posses ra-
tionally rigid tuples of conjugacy classes. Moreover from the atlas, it is easily seen that the
groups lie as index 2 subgroups inside their respective automorphism groups. Hence using

Lemma 6.2.1, it follows that J, and Suz are realisable over the field of rational numbers.

6.2.3 The Monster Group M

Monster Group is the largest sporadic group. Its size is 246 . 320 . 5% . 76 . 112 . 133 . 17 -
19 -23-29 314147 59 - 71 . The biggest result that came from Thompson’s paper in
which he developed the rigidity criterion is the Galois realisation of the Monster Group M
over Q [8]. This results gives an indication of the power of the rigidity method.

Lemma 6.2.7. Suppose a finite group G is generated by three elements gy, g2 and g3 whose
orders p, q and r respectively, are pairwise coprime. Also let g1gogs = 1. Then G is perfect

i.e. G =[G,G]. Moreover G = {g,)¢

Proof. Consider the images of the generators in the quotient G/[G,G]. Now the order
o(g1) divides o(g1) = p. Also since g19293 = 1, 0(g1) also divides 0(g2g3) = ¢qr. Hence g; must
belong to |G, G] as the order of o(g;) is equal to one. Similarly it can be seen that g, and
gs also belong to [G, G]. Therefore G is generated by elements from [G,G] and G = |G, G].
Now let H = (g;)¢ and g», g3 be the images in the quotient G/H. Then ¢2¢ = g3" = gogz = 1.

Since ¢ and r are coprime, this means that ¢», g3 = 1. Hence H = G. O

Proposition 6.2.8. (24, 3B, 29A) is a rationally rigid tuple in the Monster Group M.

Proof. We follow the same method as before. Since the group M is simple , its center

is trivial. Therefore to show rigidity, we just choose one element each from the classes 2A,
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3B, 29A and show that they generate M. Suppose they generate proper subgroup H, which
must now lie in a maximal subgroup. But not all maximal subgroups of M are known. We
note that orders of the generators are pairwise coprime. So by the above lemma, H is a
perfect group. Now let L be a maximal normal subgroup of H. The previous lemma now
implies that 29 divides the order of the quotient S = H/L. Now using the classification
of finite simple groups, S is isomorphic to one of the groups among L2(29), Ly(59), Rv, F'ib,
and M. The elements in the class 2A are 3, 4, 5, 6-transpositions, so order of product of
any two elements in 2A can be at most 6. But the order 2 element classes in the groups
L5(29), L2(59) and Rv are not 3, 4, 5, 6-transpositions.

But H cannot be isomorphic to F'if,. This can be seen by looking at the character table and
noting that the character 196883, of M does not restrict to F'i},. Soif S = Fif,, then L # 1.
It can be checked that orders of 2, 3, 5 and 7 modulo 29 are 28, 28, 14 and 7 respectively
and that for every elementary abelian 2-group E inside M has order less than or equal to
224 Also note from the atlas that the centraliser of the elements of 29A in M has order 3.29.
Again using the atlas, all of above implies that H = 3.F'i%, or H = M.

Now if H = 3.F,,, then H = Cy(z) for x € 3A. Consider any triple u € 2A, v € 3B,
w € 29A with wvw = 1. Then we have another triple u,vz, x=lw with product equal to
1. since z commutes with all elements in H, we have o(vz) = 3 and o(z~'w) = 87. The
calculation from Lemma 4.2.2 for the tuples (24,3A,87A) and (2A4,3B,87A) gives us zero.
So vz must belong to the class 3C. Using the classification of finite simple groups, (v, z)
must contain at least 2 Suzuki elements, 2 Fischer elements and 2 Thompson elements [11].
Cy(vz) = 3 x E with E an elementary abelian 2-group. The character 196883, restricts
to3xFas (l+w+w)®@1, + (w+w) ®248, + (1 + w+ w) ® 4123, +1 ® 30628, +
1® 30875, + (w+ @) ® 61256, [11]. From the character table we have 196883,(3A4) = 728,
196883,(3B) = 53 and 196883,(3C") = —1. So the class 3A in E fuses to 3A in M, and
3B,3C in E fuse to 3B in M. But 196883,(xz) = —1 whenever z is in one of the classes
3A, 3B and 3C in E, so xz € 3C in M . Therefore every elementary abelian subgroup of
order 9 in M contains 0 or 6 Thompson elements. This means H # 3.F}, [11] which implies
that H must be the full Monster Group M and the tuple (2A, 3B, 29A) is rigid in M. The

rationality is seen easily from the table of M in the atlas. ]

Now the above proposition combined with the Rational Rigidity Criterion proves our

final result.

Theorem 6.2.9. The Monster Group M is realisable over the field of rational numbers Q.
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Chapter 7

Conclusion

The primary aim of this project was to understand the Inverse Galois Problem and explore
various methods to study the problem. It was seen how the Structure Theorem for Finite
Abelian groups made the problem quite trivial for the Finite Abelian groups. The Irre-
ducibility theorem due to Hilbert was a crucial step in making the problem a bit easier to
solve. In fact it allowed us to give explicit examples of polynomials with the symmetric and

alternating groups as their Galois groups.

With the help of homotopy theory, the ideas of ramification types were introduced by study-
ing the finite Galois coverings of punctured Riemann’s sphere. This led us to the crucial
topological variant of the Riemann’s Existence Theorem. Building up on this, the Galois
extensions of the Laurent series fields we examined and the idea of branch points was in-
troduced. These ideas helped in proving the algebraic variant of the Riemann’s Existence
Theorem which solved the Inverse Galois Problem over the field C(x).

Introducing the idea of rigid ramification types and rigid tuples of conjugacy classes, we
arrived at the powerful method, the Rigidity Criterion, to tackle the Inverse Galois Problem

over the rational numbers.
Finally various finite simple groups like the linear groups, Mathieu groups and the largest

sporadic group, the Monster group, were realised over the rational numbers using the Ra-

tional Rigidity Criterion with the aid of Conway’s Atlas [2].
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But the problem is still only partially solved. An important step towards solving the Inverse
Galois Problem was achieved by Shafarevich who proved that all finite solvable groups are

realisable over Q.

In the project, the connections between different areas of Mathematics like Topology, Ge-
ometry and Algebra were also observed. This was beautifully demonstrated by studying
the Reiemann’s Existence Theorem and arriving at an analogous algebriac variant of the

theorem.
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Appendix A

Codes

The C programs for the verification of rigidity are shown below.

A.l Mlg

/*Calucations for the group Aut(M12)x/

#include<stdio.h>

#include<math.h>

double rproduct(double rl, double iml, double r2, double im2); /* Product
of complex numbers Real Partx*/

double improduct (double rl, double iml, double r2, double im2); /* Product
of complex numbers imaginary Partx*/

double rdiv(double rl1l, double iml, double r2, double im2);/* Product of
complex numbers Real Partx/

double improduct(double rl, double iml, double r2, double im2);/* Product
of complex numbers Img Partx*/

double check(int a , int b, int c, double rchi[21][4], double imchi
[21]1[4], double centraliser[4]); /* Function for verifying the formula
*/

double rproduct(double rl, double iml, double r2, double im2)
{
double rp;

rp = rl*xr2-iml*xim2;
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42
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return rp;

double improduct (double rl, double iml, double r2, double im2)
{

double imp;

imp = rl*xim2+r2%*iml;

return imp;

double rdivision(double rl1l, double iml, double r2, double im2)

double rdiv = rixr2+iml*im2;

double mod2

rdiv = rdiv/mod?2;

r2*r2+im2*im2;

return rdiv;

double idivision(double rl1l, double iml, double r2, double im2)
{
double idiv

double mod2

r2*iml-r1*im2;

r2*r2+im2*im?2;
idiv = idiv/mod2;

return idiv;

double check(int a , int b, int c, double rchi[21][4], double imchi
[21]1[4], double centraliser [4]){
int i = 0, j =0, k=0, 1= 0;
double rflag 0;
double rflagil 0;
double imflag 0

for (i = 0; i < 21; i = i+1)
{

rflagl= rproduct(rchil[i][al,imchi[i][al, rproduct(rchili][b],
imchi[i][b], rchi[il[c], imchi[i][c]), improduct(rchil[i][b], imchil[i][Db
], rchil[il[c], imchil[il[c]));

rflagl = rflagil/rchili][0];

/*printf ("%1f, ", i, rflagl);*/
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rflag = rflag+rflagl;

imflag= imflag + improduct(rchili][al, imchi[i][al, rproduct(rchil
i][b], imchi[i][b], rchilillc], imchi[i][c]), improduct (rchili][b],
imchi[i][b], rchilill[cl, dimchil[ill[cl));

imflag = imflag/rchi[i] [0];

/*printf ("cumulative value is %1f\n", rflag); Verifying Steps if
needed */

3

double pr = (centraliser [0]*centraliser [0])/(centraliser [a]=*
centraliser[bl*centraliser[c]);

printf ("Pr is %1f\n", pr);

rflag = rflagx*pr;

return rflag;

int main(){

/*Img Parts of the character values on the classes 1A,3A,2C,12A
respectively */
double imchi [21][4];
/*Img Parts of the character values on the classes 1A,3A,2C,12A
respectively */
double rchil[21][4] = {{1,1,1,1},

{1,1,-1,-1%},

{22,4,0,0},

{32,-4,0,0},

{45,0,5,1%},

{45,0,-5,-1%},

{54,0,0,0},

{54,0,0,0%},

{56,1,5,-1},

{566,1,-5,1},

{110,2,0,0},

{66,3,6,0},

{66,3,-6,0},

{99,0,1,-1},

{99,0,-1,1},
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88

90

91

92

93

94

96

97

99

100

101

102

103

104

105

106

107

2

3

4

5

6

{120,3,0,0%},
{120,3,0,0},
{144,0,4,-1},
{144,0,-4,1},
{176,-4,4,1},
{176,-4,-4,-1}};

int i, j = 0;

for(i=0; i < 21; i = i+1)

{
for(j=0; j < 4; j = j+1)
{
imchi [i1[j] = 0;
}
}

double centraliser [4]

printf ("n(%d,%d,%d) is %1lf\n",

The output is shown below.

Pr is 116160.000000
n(1,2,3) is 190080.000000

A.2 M22

{190080,108,240,12}; /*Sizes of centralisers
of the classes 1A,3A,2C,12A respectively x/

1, 2, 3, check(1, 2, 3, rchi, imchi,

centraliser));/* This is the required number from the formula */

/*Calucations for the group Aut (M22)x*/

#tinclude<stdio.h>
#include<math.h>

double rproduct (double rl, double imil,

of complex numbers Real Partx*/

double improduct (double rl, double iml,

of complex numbers imaginary Partx*/

double rdiv(double rl, double imil,

complex numbers Real Partx*/

double r2,

42

double r2, double im2); /* Product

double r2, double im2); /* Product

double im2);/* Product of



7 double improduct (double rl, double iml, double r2, double im2);/* Product
of complex numbers Img Partx*/

¢ double check(int a , int b, int c, double rchi[21][4], double imchi
[21]1 [4], double centraliser[4]); /* Function for verifying the formula
*/

10 double rproduct(double rl, double iml, double r2, double im2)

11 {

12 double rp;

13 rp = ri*r2-iml*im2;
14 return rp;

15 }

158 double improduct (double rl, double iml, double r2, double im2)
10 {

20 double imp;

21 imp = rl*im2+r2%*iml;
22 return imp;

23 }

25 double rdivision(double rl, double iml, double r2, double im2)

26 {

27 double rdiv = rl*xr2+iml*xim2;
28 double mod2 = r2*r2+im2*im?2;
29 rdiv = rdiv/mod?2;

30 return rdiv;

1}

33 double idivision(double rl, double iml, double r2, double im2)

34 {

35 double idiv = r2*iml-rl1*im2;
36 double mod2 = r2*r2+im2*xim?2;
37 idiv = idiv/mod2;

38 return idiv;

39 }

40

41 double check(int a , int b, int c, double rchi[21][4], double imchi
[21][4], double centraliser [4]){

42 int i = 0, j =0, k=0, 1 = 0;

13 double rflag = O;
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66

67

68

69

double rflagl 0;
double imflag
for (1 = 0; i < 21; 1 = i+1)

{

rflagl= rproduct(rchil[i]([al,imchi[i][al, rproduct(rchili][b],
imchi [i][b], rchi[il[c], imchi[i][c]), improduct(rchil[i][b], imchil[i][Db
1, rchi[il[c], imchil[illcl));

rflagl = rflagil/rchili][0];

/*printf ("%1f, ", i, rflagl);=*/

rflag = rflag+rflagl;

imflag= imflag + improduct(rchil[i][al, imchi[i][al, rproduct(rchil
i][bl], imchi[i][b], rchilil[c], imchi[i][c]), improduct(rchil[i][b],
imchi [i][b], rchil[illcl, imchilillcl));

imflag = imflag/rchi[i] [0];

/*printf ("cumulative value is %1f\n", rflag); Verifying Steps if
needed */

}

double pr = (centraliser [0]*centraliser [0])/(centraliser [a]*
centraliser [bl*centraliser[c]);

printf ("Pr is %1f\n", pr);

rflag = rflagx*pr;

return rflag;

int main () {

/*Img Parts of the character values on the classes 1A,11A,2B,4C
respectively */
double imchi [21][4];
/*Real Parts of the character values on the classes 1A,11A,2B,4C
respectively */
double rchi[21][4] = {{1,1,1,1},

{1,1,-1,-13},

{21,-1,7,-1},

{21,-1,-7,1},

{45,1,3,3},

{45,1,-3,-3},
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77 {45,1,3,3%},

78 {45,1,-3,-3},
79 {55,0,13,1},
80 {55,0,-13,-1},
81 {99,0,15,3},
82 {99,0,-15,-3},
83 {154,0,14,2},
84 {154,0,-14,-2},
85 {210,1,14,-2},
86 {210,1,-14,2},
87 {231,0,7,-1},
88 {231,0,-7,1},
89 {660,-1,0,0},

90 {385,0,21,-3%},
91 {385,0,-21,3}
92 };

93 int i, j = 0;

94 for(i=0; i < 21; i = i+1)

95 {

96 for(j=0; j < 4; j = j+1)
97 {

98 imchi[i]1[j] = 0;

99 }

100 }

102 double centraliser [4] {887040,11,2688,96}; /*Sizes of centralisers
of the classes 1A,11A,2B,4C respectively x/

103

104 printf ("n(%d,%d,%d) is %1f\n", 1, 2, 3, check(l, 2, 3, rchi, imchi,
centraliser)); /*This is the required number from the formulax/

105 F

106

The output is shown below.

Pr is 277200.000000
n(l1,2,3) is 887040.000000
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A3 ),

/*Calucations for the group Aut(J2)x*/

#include<stdio.h>

#include<math.h>

double rproduct(double rl, double iml, double r2, double im2); /* Product
of complex numbers Real Partx*/

double improduct (double rl, double iml, double r2, double im2); /* Product
of complex numbers imaginary Partx*/

double rdiv(double r1l, double iml, double r2, double im2);/* Product of
complex numbers Real Partx*/

double improduct (double rl, double iml, double r2, double im2);/* Product
of complex numbers Img Partx*/

double check(int a , int b, int c, double rchi[27][4], double imchi
[27]1 [4], double centraliser[4]); /* Function for verifying the formula
*/

double rproduct(double rl, double iml, double r2, double im2)

{
double rp;
rp = ri*r2-iml*im2;
return rp;

b

s double improduct (double rl, double iml, double r2, double im2)

{
double imp;
imp = rl*im2+r2%*iml;
return imp;

}

double rdivision(double rl, double iml, double r2, double im2)
{

double rdiv
double mod2

rdiv = rdiv/mod?2;

ri*xr2+iml*im?2;

r2*xr2+im2*im?2 ;

return rdiv;

33 double idivision(double rl, double iml, double r2, double im2)
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double idiv = r2*iml-ri1*im2;
double mod2

idiv = idiv/mod2;

r2*xr2+im2*im?2 ;

return idiv;

double check(int a , int b, int ¢, double rchi[27][4], double imchi

[27][4], double centraliser [4]){
int i =0, j =0, k=0, 1 = 0;

double rflag = O;
double rflagl = 0;
double imflag = O0;

for (i = 0; i < 27; i = i+1)
{
rflagl= rproduct(rchil[i][al,imchi[i][al, rproduct(rchili][b],

imchi [i][b], rchi[il[c], imchi[i][c]), improduct(rchil[i][b], imchil[i][Db

1, rchi[il[c], imchil[illcl));
rflagl = rflagil/rchil[i][0];
/*printf ("%1f, ", i, rflagl);=*/
rflag = rflag+rflagl;

imflag= imflag + improduct(rchili][al, imchi[i][al, rproduct(rchil

iJ[b]l, imchil[i][bl, rchilillc], imchil[il[c]), improduct(rchilil]l[b],
imchi [i][b], rchil[illcl, imchil[i]l[c]));
imflag = imflag/rchi[i] [0];

/*printf ("cumulative value is %1f\n", rflag); Verifying Steps if

needed x*/

}

double pr = (centraliser [0]*centraliser [0])/(centraliser [a]*
centraliser [bl*centraliser[c]) ;

printf ("Pr is %1f\n", pr);

rflag = rflagx*pr;

return rflag;

int main () {
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68 /*Img Parts of the character values on the classes 1A,3A,8C,14A
respectively */

69 double imchi [27][4];

70 /*Real Parts of the character values on the classes 1A,3A,8C,14A
respectively */

71 double rchi[27]1[4] = {{1,1,1,1},

72 {1,1,-1,-1},

73 {28,10,0,0},

74 {42,6,0,0%},

75 {36,9,2,-1},

76 {36,9,-2,1},

77 {63,0,1,0%},

78 {63,0,-1,0},
79 {140,14,0,0},
80 {90,9,0,-1%},
81 {90,9,0,1%},

82 {126,-9,-2,0},
83 {126,-9,2,0},
84 {160,16,0,1},
85 {160,16,0,-1},
86 {175,-5,-1,0},
87 {175,-5,1,0},
88 {378,0,0,0},
89 {448,16,0,0},

90 {225,0,-1,1},

91 {225,0,1,-1},

92 {288,0,0,1},

93 {288,0,0,-1},

94 {300,-15,-2,-1},
95 {300,-15,2,1}%},
96 {336,-6,0,0%},

97 {336,-6,0,0%}

98 };

99 int i, j 0;

100 for(i=0; i < 27; i = i+1)

101 {

102 for(j=0; j < 4; j = j+1)
103 {

104 imchi[i][j] = 0;

105 }

106 ¥
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108

109

110

1

~

double centraliser[4] = {1209600,2160,32,14}; /*Sizes of centralisers
of the classes 1A,3A,8C,14A respectively x/

printf ("n(%d,%d,%d) is %1f\n", 1, 2, 3, check(l, 2, 3, rchi, imchi,

centraliser));/* This is the require number from the formula x*/

The output is shown below.

Pr is 1512000.000000
n(1,2,3) is 1209600.000000

A.4 Suz

/*Calucations for the group Aut(Suz)*/
/*Since the number of characters is too large, only the ones which are non
zero on the classes 8D and 13A are included in the calculations.*/
#include<stdio.h>
#include<math.h>
double rproduct(double rl, double iml, double r2, double im2); /* Product
of complex numbers Real Partx*/
double improduct(double rl, double iml, double r2, double im2); /* Product
of complex numbers imaginary Partx*/
double rdiv(double rl, double iml, double r2, double im2);/* Product of
complex numbers Real Partx/
double improduct (double rl, double iml, double r2, double im2);/* Product
of complex numbers Img Partx*/
double check(int a , int b, int ¢, double rchil[6][4], double imchi [6][4],

double centraliser [4]); /* Function for verifying the formulax/

double rproduct (double rl, double iml, double r2, double im2)

{
double rp;
rp = ri*xr2-iml*xim2;
return rp;

X
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34

35

36

double improduct (double rl, double iml, double r2, double im2)

{
double imp;
imp = ri1*im2+r2%*imi;
return imp;

X

double rdivision(double r1l, double iml, double r2, double im2)

{
double rdiv = ril*xr2+iml*xim2;
double mod2 = r2*r2+im2*im?2;
rdiv = rdiv/mod2;
return rdiv;

}

double idivision(double rl, double iml, double r2, double im2)

{
double idiv = r2*iml-ri1*im2;
double mod2 = r2*r2+im2*im?2;
idiv = idiv/mod2;
return idiv;

}

double check(int a , int b, int ¢, double rchi[6][4], double imchi [6][4],

double centraliser [4]){

int 1 = 0, j =0, k=20, 1 = 0;
double rflag = 0

double rflagl
double imflag

]
O O -

for (i = 0; i < 6; i = i+1)
{

rflagl= rproduct(rchi[i][a],imchi[i][a], rproduct(rchili][b],
imchi[i][b], rchil[il[c], imchi[i][c]), improduct(rchil[i][b], imchil[i][Db

1, rchilillcl, imchil[il[cl));
rflagl = rflagl/rchil[i][0];
/*printf (")1f, ", i, rflagl);x/
rflag = rflag+rflagl;

imflag= imflag + improduct(rchil[i]l[al,

20

imchi[i][al, rproduct(rchil



il[bl, imchi[il[bl, rchilillc]l, imchil[il[c]), improduct(rchil[il[b],
imchi[i]1[b]l, rchil[illcl, imchil[il[cl));

56 imflag = imflag/rchil[i] [0];

58 /*printf ("cumulative value is %1f\n", rflag); Verifying Steps if
needed */

59 }

6(

61 double pr = (centraliser [0]*centraliser [0])/(centraliser [a]*

centraliser [b]l*centraliser[c]);
62 printf ("Pr is %1f\n", pr);
63 rflag = rflag*pr;

64 return rflag;

69 int main () {

70 /*Img Parts of the character values on the classes 1A,2C,8D,13A
respectively x*/

71 double imchi [6][4];

72 /*Real Parts of the character values on the classes 1A,2C,8D,13A
respectively */

73 double rchil6][4] = {{1,1,1,1},

74 Ll p=dl p =0 5 il T g

75 {5940,90,10,-1%},

76 {5940,-90,-10, -1},

77 {133056,336,-16,1},
78 {133056,-336,16,1}
79 rg

80 int i, j = 0;

81 for(i=0; i < 6; i = i+1)

82 {

83 for(j=0; j < 4; j = j+1)
84 {

85 imchi [i][j] = O;

86 }

87 }

88

89 double centraliser[4] = {896690995200,2419200,46080,13}; /*Sizes of

centralisers of the classes 1A,2C,8D,13A respectively */

o1



printf ("n(%d,%d,%d) is %1f\n", 1, 2, 3, check(1l, 2,

3, rchi, imchi,
centraliser)) ;

/ *This is the required number from the formula x*/

The output is shown below.

Pr is 554827553280.000000
n(1,2,3) is 896690995199.999878
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