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ABSTRACT

In this thesis we use the asymptotic symmetries of 3D (super)gravity theories to explore
the dual theories.

Using the Chern-Simons formulation of (2+1)D gravity we have constructed a two
dimensional theory dual to 3D asymptotically flat supergravity in presence of two su-
percharges with(out) internal R symmetry. In both cases, the dual theory is a chiral
Wess-Zumino-Witten type model. We then explore the symmetries of the dual theory
and find the most generic, so far unknown, quantum N = 2 superBMS3; symmetry under
which this is invariant. We have also commented on the phase space description of the
duals.

Next, we use similar techniques to understand the dual dynamics of 3D asymptotically
de-Sitter supergravity. We write down the Chern-Simons description of the bulk theory
using OSp(1]2,C) as the gauge group. Next we describe the holographic screen of 3D
de-Sitter and impose our boundary conditions. We finally end up with a super-Liouville
theory at the boundary as the holographic dual of the bulk supergravity theory.

Finally we use conformal field theory techniques to write a Matrix model partition
function with BMS; constraints. We start from the free field realisation of the algebra in
terms of a twisted S — v system and solve the constraints through it. We end up with
an eigenvalue representation of this partition function. Since BMSj; is the asymptotic
symmetry algebra of the pure gravity in 3D flat background, we expect this partition
function to illuminate our understanding of 3D holography. We comment on qualitative

properties of this partition function.
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Chapter 1

Asymptotic Symmetries and

Holography

1.1 Asymptotic symmetries in gauge and gravity theories

Ever since Emily Noether discovered the relation between symmetries and conserved

quantities, it has become one of the central themes of modern physics.

It was discovered long back that there exist non-trivial enhanced symmetries at the
asymptotic region of spacetime for gravitational theories. For asymptotically flat space-
times, Bondi, Metzner, Van der Burg and Sachs found that the boundary symmetry alge-
bra was not Poincaré algebra but rather an infinite dimensional algebra (later named BMS
algebra) which contained Poincaré algebra as its subgroup. Recently, similar symmetry
enhancement has also been found for gauge theories as well. These enhanced symmetries
or asymptotic symmetries have physical consequences and constrains the scattering ma-
trices of these theories. For instance, the ward identity of these symmetries is related to

soft theorems that constrain the S matrices’ infrared behavior.

Gauge theories have local degrees of freedom that arise from making the global sym-
metry of the system a function of spacetime points. To relate this system with its original
counterpart, we identify the states that differ by gauge transformations to be the same
physical state. Thus, it was expected that the gauged system’s final symmetry would be
the same as the initial global symmetry algebra. It turns out not to be the case. There
are essentially two types of gauge transformations one can perform. Trivial gauge trans-

formations are those that fall off fast enough at large distances. On the other hand, large
1



Chapter 1. Asymptotic Symmetries and Holography

gauge transformations are those allowed transformations that are non-zero at the bound-
ary of the spacetime. The latter one is not just the redundancy of description; instead, it
affects the physical state of the system. Thus the asymptotic symmetry group is described

as the quotient of all allowed gauge transformations by trivial gauge symmetries.

Because the asymptotic symmetries are defined at the boundary of spacetime, they
are heavily influenced by the boundary conditions imposed on the fields. For example,
the original BMS group was recently enhanced to extended BMS group by realising that
the original boundary conditions can be relaxed to allow for analytic singularities at the
null boundary of the spacetime. Thus it is important to mention the boundary conditions
along with the Lagrangian of the theory while describing asymptotic symmetries. From
the point of view of quantum field theories this makes sense. Since, the Hilbert Space of
a QFT is determined not only by the Lagrangian of the theory but also the boundary

conditions imposed on the fields.

In this thesis, we will firstly study asymptotic symmetries of supergravity theories in
(24+1) dimensions. Using the Chern-Simons formulation of gravity, we will first specify
the boundary conditions for such theories and then study the classical holographic dual
theories. These holographic duals will possess the asymptotic symmetry algebra of the
supergravity theory as its gauge symmetry. We will study these systems in asymptotically
flat and de-Sitter spacetimes. In the next part, we consider AdS space time and study
a possible implication of asymptotic symmetry. We analyse classical scattering in 4D
AdS-Schwarzschild spacetimes and study the soft gravitational radiation. We comment

on the relation between this soft radiation and asymptotic symmetries of AdS4.

1.2 Gravity in (241) dimensions

In Einstein’s theory of gravity, the dynamical field that governs the nature of gravitational
force is the metric. In other theories of gravity, for instance in supergravity, along with
metric, we also have other dynamical fields like gravitini etc. In 4D, it can be shown from
Einstein’s field equations that perturbations in gravitational field propagate as spin-2
massless excitations (gravitational waves). These excitations have two local degrees of
freedom encoded in their polarisation. This situation is quite different in the case of 241
dimensional theories.

A simple calculation shows, that in a D dimensional theory of gravity, the metric which
2



1.3. Supergravity in (241) dimensions

D(D+1)
2

is a symmetric D x D matrix has independent components. Now, Einstein’s
field equations are G, = 871G T}, and conservation of Stress-tensor puts D number of
constraints VT, = 0 = V#G,, = 0. Also, locally, one can change the co-ordinates
a# — x# 4+ ¢H(x), which means another D number of components can be fixed. Hence,
the physical degrees of freedom is given by

DD+1) _, o _ D(D-3)

5 . (1.2.1)

Putting D = 4 we get that there are 2 local degrees of freedom. Now, if we put D = 3,
we see that the above formula gives zero. This implies that pure gravity does not possess
any local d.o.f. in (2+1) dimensions.

This inference can also be reached more formally [1]. In (241) dimensions, the Riemann
curvature tensor can be decomposed in terms of the Ricci tensor and the Ricci scalar

only as the Weyl tensor vanishes identically. We may write

1
Ruvpo = GupBve + Guolup — Guplue — GuoRup — §<gupgw — GuoGuvp) R (1.2.2)

Putting this expression in Einstein’s equation we get
R, = 2Ag,, (1.2.3)

which implies constant curvature. That means, given the cosmological constant, the
local structure of spacetime is fixed. In particular, gravitational waves, which are local

excitations of the metric, are disallowed in (2+1) D.

1.3 Supergravity in (2+1) dimensions

In order to consider Supergravity, we add the action of gravitino field with pure Einstein-

Hilbert action. The gravitino field ¥* is spin-3/2 field and it’s action reads:

1 _
[SUQ = _5 /dgx\/geuypquuwp (134)

It can be shown that even after adding the gravitino part, the action does not possess
any local degrees of freedom. The equation of motion for 1, reads e*?9,1, = 0 which

implies a general solution ¢, = 0,¢. But local SUSY suggests that ¢ has the symmetry
3



Chapter 1. Asymptotic Symmetries and Holography

01, = O,€, where € is the SUSY parameter. This can be used to completely gauge away
the field ¢. Hence, on shell, the gravitino field contains no local degree of freedom in 241
dimensions.

The theory described above is a minimal supergravity theory. But in principle ex-
tended supergravity theories can also be discussed in 241 dimensions. These theories
have more than one gravitino fields and also have auxillary fields in them. A similar
counting of degrees of freedom shows that even extended SUGRA theories do not contain
any local physical degrees of freedom.

But this in no way means that gravity is trivial in this setting. Even without any
local excitations there are topological degrees of freedom. These arises from considering
geometries which are locally isometric but have different topological structures associ-
ated with them. Another non-triviality arises from considering the boundary conditions.
When we have a manifold with boundaries, the behaviour of fields at the boundary is an
extra condition that we impose. It can be shown that in (241) dimensions, with proper
boundary conditions, infinite degrees of freedom may reside at the boundary.

These subtleties make gravity at lower dimensions interesting. Since, all the degrees of
freedom (apart from the topological ones) in this system resides at the boundary, the
ideas of holography seems natural in this setting. In fact the works of [2] were a precur-
sor to AdS/CFT proposal by Maldacena [3]. Now, we will see that it is related to another
non-dynamical theory in 241D, the Chern-Simons(CS) theory. We will also briefly dis-
cuss how the asymptotic phase space of gravity translates into the CS language and how

the gauge symmetries of the theory becomes large diffeomorphism of gravity.

1.4 Vielbein and Spin Connection

In order to connect the theory of gravity with CS theory, we will use the vielbein formalism
of gravity. In Einstein’s gravity, the dynamical variable is the metric of spacetime g, ().
The metric is diffeomorphism covariant. We define a flat metric at every point through

the following formula:

G () = € (x)nape, () (1.4.5)

Thus the dynamical information of the metric is now encoded in the functions e# called

the vielbeins. The indices {u, v, ...} denote the curved space index whereas the indices

4



1.5. Brief Introduction to Chern-Simons theory

a

{a,b,..} denote the tangent space index. These new quantitites €y

are invertible every-
where and hence have non-zero determinant. Vielbeins can also be used to interchange
curved and tangent indices. This is particularly useful while doing QFT in curved space-
time since fields are usually defined according to their trasnformation properties in flat
spacetime. Vielbeins are not unique for a given metric. We can perform a local Lorentz

transformation in the tangent space which will transform the vielbeins but not the space-

time metric.

Vielbeins are also used for defining a basis for one forms. We can define the 1-form

a

et = eZdw“ which transforms like a vector under local lorentz transformations. Then a

co-vector A can be expanded as A = A,dz" = A,e” where A, = A,el.

A related concept is that of spin connections. To motivate it, notice that the 2-form de®
does not transform like a Lorentz vector under local transformations. To make a locally
Lorentz covariant quantity we may define 7% = de® + wie’. Deamnding T transforms in

the correct way, i.e. T% — AZT® we get the following transformation property for w:
w— A d+w)A (1.4.6)

where we have suppressed the indices. The components of the quantity wj are called
spin connections. Essentially, in the vielbein formalism, the vielbeins € play the role of
a metric and wgb play the role of Christoffel symbols. We can write the Einstein-Hilbert

action in vielbein formalism. In 3D, the action looks like:
a be A a b c
SEr = /eabc[e N R — 56 Ne Ne ] (147)

with the curvature tensor defined as R* = 1 (8Nw,’jc — QWi + [wgu,wﬁc]) dx# A dx?. A
plus point of writing the action in this form is that now it looks like the action of a gauge

theory. This fact is true for 3D gravity as we will see below.

1.5 Brief Introduction to Chern-Simons theory

Before discussing the relation between gravity and Chern-Simons(CS) theory let us briefly

recall some basic features of Chern-Simons gauge theory. It is a topological field theory

5



Chapter 1. Asymptotic Symmetries and Holography

and the action is given by:
2
Ses[A] = ;”/M Tr(ANdA+ZANANA) (1.5.8)

Where A = A,dz" is the 1 form gauge field for some gauge group G. The field strength
dA is defined in a similar way dA = 0, A,dz* A dz¥. The trace in the action is over the
generators {7} of the Lie algebra. Thus the action does not have any metric dependence,

so the theory is explicitly metric independent or topological.

To see the gauge invariance of the theory, we can transform the gauge field by A —

G~ 1'AG + G7'dG and observe that the action transforms as

5505 =Tr

g /M d[dG G‘lA]] (1.5.9)

which certainly vanishes locally. But this also highlights one important aspect. On a
manifold with boundary, the gauge transformation of the field A has non-trivial effects
at the boundary. As we know, these boundary terms play important role in defining

Noether Charges and we will see its implications in asymptotic symmetries.

Another important characteristic of the CS theory is its equations of motion. Varying

the action with respect to the field A we get,
F=dA+ANA=0 (1.5.10)

This shows that the field strength vanishes at every point and thus the solution is pure
gauge A = G~1dG. This also means that no local excitations exist for this theory, quite
similar to 3D gravity. All these results will be extremely crucial when we relate the CS

theory with gravity.

1.6 From Chern-Simons to (super)gravity

The relation between CS theory and pure gravity in 241 dimensions was discovered in [4]

for negative cosmological constant and later expanded by Witten [5].

To show the equivalence of these actions we start from (1.4.7) and interpret the fields
e? and w® as gauge fields. Since we are interpreting gravity as a gauge theory, it is

natural to assume that the local isometries of the theory of gravity will construct the

6



1.6. From Chern-Simons to (super)gravity

gauge group. Hence, for zero cosmological constant case, the gauge group would be
I150(2,1) and similarly for A < 0 the gauge group would be SO(2,2) and for A > 0 it’s
SO(3,1).

But we need to be careful. If we expand the "kinetic" term of the CS action with
A= AT,, we get
Shin = / A% A dAY T[T, T (1.6.11)
M

Thus in order to ensure that every component of the gauge field has a kinetic piece, we
need the matrix Tr[T,Ty] to be non-degenerate. This plays the role of metric in the
Lie Algebra vector space and the existence of such an invertible metric is crucial for
this formalism to work. Fortunately, for each of the algebras mentioned above, such a

non-degenerate bilinear form exists.

Let us see the example of A = 0 case first. For this the symmetry generators are the
translations P, and the Lorentz generators .J,,. But in 3D, we can write dual generators
for Lorentz transformations J* = %€“bCch, which puts them in the equal footing as P,.

This allows us to consider the most generic bilinear of the form,
W =aP,P* +bJ,J" + cP,J" (1.6.12)

Demanding it to be a quadratic casimir gives the solution a = c=0;b# 0ora =b =
0; ¢ # 0. The second one is non-degenerate and hence can be used to construct our
theory of gravity. From their structure it is quite natural to interpret the vielbeins as the
generators associated with translation and spin connections as the generators of Lorentz

transformation. Hence we choose our gauge field as
A=e"P, +wJ, (1.6.13)

where w® = €%®“w;, and see that we get (1.4.7) from (1.5.8). To reach the final step we
need to take Tr[P,.J,] = dap, this normalisation factor is fixed by demanding the resulting

action be equivalent to Einstein-Hilbert action.

For non-zero A, there are two ways of approaching. The isometry algebra can be

7



Chapter 1. Asymptotic Symmetries and Holography

written as
[Pa, Pb] = AEabCJC [Ja, Jb] = EabCJC [Pa, Jb] = GabcPC (1614)

and proceeding as above, with a similar bilinear form, we get EH action with the cosmo-
logical constant. The extra term is generated by the last piece of CS action because the
term ANANA~ AN[A Al and the commutator now contains an extra piece due to
non-zero A.

Interestingly, there is one other option for the case of non-zero A. The first Casimir
that we discarded for flat case actually becomes non-degenerate in the presence of a
cosmological constant. In this case, this becomes Tr[P, B, = Aay, Tr[JoJs] = dap and
gives rise to an action, that is different from 1.4.7. We will not persue this further here.

To extend the above discussion to supergravity is natural. We must now take the cor-
responding supergroup as the gauge group of the CS theory. The Chern-Simons field now
will also contain a component along the supercharges. The co-efficient of this component
will be gravitini field. For extended supergravity theories additional characteristics will

occur, we mention them in the relevant chapters later.

1.7 Diffeomorphism and Gauge symmetries in CS formalism

Since we can write the Einstein-Hilbert action (1.4.7) in Chern-Simons language, we
expect that the diffeomorphism invariance of the gravity action manifests as gauge in-

variance in this formalism. As we will see below, this is indeed true [5].

Indeed one can show that a generic ISO(2, 1) gauge transformation parametrized by

the element A = E*P, 4+ Q%J,, act on the gauge field as
0A, = =D\ = —(0,)+ [A,, A]). (1.7.15)
In terms of the gravity fields (ef;, w;;) the gauge transformation reads:

bet = —B,E" — €, — €y (1.7.16)

dwy = —0,0Q" — €w,p 80, (1.7.17)

which are the expected local Lorentz transformations generated by Q2% and local diffeo-

8



1.8. Asymptotic Phase space and symmetries

morphism transformations generated by E“. Recall that under a generic diffeomorphism
transformation x# — x# + V#, the fields (e}},w);) transforms as
0t =V (0yel — 0,€s) + 0,(VVel), dws = V¥ (9wt — Ouwl) + 0, (VVwi).  (1.7.18)

Thus for £ = e,V and turning off the local Lorentz transformation, we can show that

the difference between (1.7.16) and (1.7.18) is:
ocy — def = V¥ (Dyey — Dyel) — €"VViipe,, . (1.7.19)

The 1st term of the RHS of the above equation, the torsion, vanishes on-shell, while the
2nd term can be identified with a local Lorentz transformation with parameter Q" = wjV*
[6]. Thus we see that, on-shell, gauge transformation of Chern Simons theory is identical

to local Lorentz and diffeomorphism transformation of 3D Gravity.

1.8 Asymptotic Phase space and symmetries

Now that we have a relation between the action of CS theory and (super)gravity theories,
we can ask how to study the asymptotic symmetries of gravity theories in CS formalism.
Since, there are no local excitations in 3D gravity, all the dynamics are confined in the
boundary. This makes the study of asymptotic phase space of this theory extremely

crucial.

Generally, the asymptotic phase space is defined by putting boundary conditions on
the components of the metric. These conditions are not unique but they should be chosen
in a way that they allow for all physically interesting metrics satify them. But on the
other hand, they should not be too loose to allow for systems with unphysical behaviours.
We now review a particular set of conditions in asymptotically flat spacetime and explain

how to study asymptotic symmetries using CS theory.

In 3D, the oldest set of boundary conditions on the metric was given by Brown and
Henneaux [2] for asymptotically AdSs spacetimes. The flat limit of these conditions were

studied by Barnich et al [7,8]. They take the 3D analogue of BMS ansatz

ds* = eQBKdu2 — 2e* dudr + r*(d¢ — Udu)? (1.8.20)
r
9



Chapter 1. Asymptotic Symmetries and Holography

which was originally put forward in 4 dimensions [9]. The fall off conditions are then
specified as the large u behaviour of the functions V, 5, U all of which are at this point

arbitrary function of the co-ordinates {u,r, ¢}. The chosen fall-off are
=0(1); B=0(1/r); U=0(1/r?) (1.8.21)

Deamnding that these also satisfy Einstein’s equation gives the form of the asymptotic

metric for our case

ds® = Mdu® — 2dudr + 2N dudg + r*d¢* (1.8.22)

Where M, N are two arbitrary functions of {u, ¢} that span the asymptotic phase space.
Then the asymptotic symmetries would be the infinitesimal transformations that keep

the above form of the metric unchanged. Thus we solve for the asymptotic killing vector

field £ that satisfies

Legrr =0 Legrg =0  Legyy =0

LeGur = o(1/r) LeGuu = o(1) LeGup = o(1) (1.8.23)

This vector field equipped with a modified Lie bracket gives the BMS3 algebra.

The above computation can be equivalently done in CS formalism. In this case the
conditions on the metric components need to be translated into boundary conditions for
the field A. For this we need to find out the vielbeins and spin connections associated
with the asymptotic metric (1.8.22). But Chern-Simons theory is a gauge theory and
hence we need to impose an extra condition on A to fix the gauge. Inspired by WZW
model, [10] chose the gauge 0sA, = 0. This implies that the field A can be expanded as
A = h='dh+ h~'ah where h contains all the r dependence and a is just a function of u, ¢

co-ordinates. Thus we can write the boundary conditions just in terms of a which looks

like:

a= (A;du + j;/dab)Po +duP; + A;dqﬁjo +doJy (1.8.24)

To find the asymptotic symmetries, we need to find the gauge transformations that leave
the form of the field A at the boundary as above. Under a gauge transformation the field
A transforms like

§A =d\+ AN (1.8.25)
10
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putting the above form into this equation yields the correct form of A\. The conserved

charge corresponding to these transformations can be found following
SQIN = / Tr[\, 64, (1.8.26)

The Poisson bracket associated with this charge 9y, Q[ o] = {Q[M], Q[ 2]} gives again
the BMS3 algebra. This equivanlence is more than just a formal one. It helps us use the
machinery of gauge theories [11] to explore the gravity systems. As we will see in this
thesis, this also helps us find classical holographic duals for (super)gravity theories.
Although, the above example shows the asymptotic symmetry analysis of pure gravity
theory, for supergravity, its very similar. Here along with the metric, we also need to
specify the boundary conditions for the gravitini fields and other fields appearing in
extended supergravity theories. Omne consistent way of doing it is to start with the
bosonic configuration (which must definitely be included in asymptotic phase space) and
then act on it by the exact symmetries of the full supergravity theory. This in principle
produces the most generic field A consistent with the boundary conditions of the bosonic

sector.

1.9 A brief Review of literature

In this section we present a lightning review of the works done in (super-)gravity in
(241)D. This will help put this work in the broader context and also hint at the possible
roads that lay open for future research in lower dimensional gravity.

In [12, 13] the authors discussed solutions of Einstein’s equations with particle source
in (2+1)D with zero and non-zero cosmological constants, respectively. They found
that the presence of particles imply conical singularities at their position and there’s
a limit on the total mass supported by the spacetime. Following these [14] wrote down
exact non-perturbative scattering amplitudes which were shown to be analogous with
Aharonov-Bohm effect in gauge theories [15].

A new direction of research started with the seminal work of Brown and Henneaux [2].
They studied the asymptotic symmetries of pure gravity system with negative cosmolog-
ical constant and found that the symmetry algebra enhances to Virasoro algebra at the
boundary. Since Virasoro algebra is also the symmetry algebra of 2D CFTs, this work in-

dicated a close connection between gravity in 3D with a gauge theory at lower dimension.
11
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In this sense, [2] was precursor to AdS/CFT and holography in general. More interest-
ingly, they studied only the classical charges and their Poisson brackets but the resulting

algebra was centrally extended and the central charge was related to AdS radius.

Almost at the same time a new formalism for studying gravity at (2+1)D was devel-
oped in [4,5]. These works showed that Einstein’s gravity action in 241D can be rewritten
as a Chern-Simons theory with a suitable gauge group. This was the first realisation of
gravity as a gauge theory where the vielbeins and spin connections acted as gauge fields.
This gave a new handle on gravitational problems as they can now be recast as a problem
in CS gauge theory and studied. In particular, the asymptotic symmetries of gravity can

now be studied by studying the large gauge trasformations in gauge theory [16].

One of the most fascinating discoveries in these context was [17, 18] which showed
that Black holes exist in (2+1)D with negative cosmological constant. Since we have
already mentioned that all solutions of pure gravity in (24+1)D has constant curvature
everywhere, it was unexpected that a solution analogous to black holes would be found
there. In fact these BTZ black holes are smooth manifolds and at r=0 they possess a
‘causal singularity’ rather than a curvature singularity. Geometrically these solutions are
quotients of global AdS3 spacetime with discrete subgroups of it’s isometry group. This
discovery showed that the phase space of gravity is extremely rich and non-trivial in 241
D. Later [19] calculated the microscopic entropy for these Black holes and showed that

it follows Bekenstein-Hawking area law.

The main focus of this thesis is asymptotic dynamics in 241 dimensional gravity
which started from the works of [16]. Starting from the boundary conditions of [2]
they used the Chern-Simons formalism and showed that the dynamics is described by
a Liouville theory. This connection uses the reduction of Chern-Simons theory to Wess-
Zumino-Witten (WZW) theory under suitable boundary conditions [20,21]. Then further
imposing constraints it reduced to Liouville action. This connection was further persued
and quickly generalised to the case of supergravity [22,23]. In [10], the author showed the
connection between global charges in Chern-Simons theory and the asymptotic symmetry

group of AdSs3 using the methods of [24].

The Brown-Henneaux boundary conditions are by no means unique, many different
sets of boundary conditions were proposed subsequently, for example [25,26]. All these

were shown to be special cases of a most generic set of boundary conditions [27]. The
12
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interpretation of these conditions as asymptotic charges are of extreme physical interest.

Most of the above work are early development in the area of (2+1) dimensional gravity
and are naturally restricted to negative cosmological constant case. It was already known
that an infinite dimensional algebra sits at the boundary of 3+1 dimensional flat spaces
[9,28]. The problem of asymptotic symmetry of 241 D flat space was first considered
in [29]. They started with the asymptotic algebra of [30] and chalked out the phase space
of allowed metrics. They also found the central charge of the extended charge algebra
and analogues of BTZ black holes were cosmological horizons [7]. These ideas extended
the realm of AdS/CFT to a newer field of holography, namely Flat space holography (or
BMS/CFT correspondence) [31].

The dual theory of pure gravity in the case for flat spaces turned out to be a flat limit
of Liouville theory [32]. The dynamics for minimal supergravity was discussed in [33]. It
was also realised that the cosmological horizons can also be endowed with ‘soft hairs’ by
means of boundary conditions there [34].

One of the most exciting direction of research in three dimensional gravity is to com-
pute the exact partition function of pure gravity including quantum corrections. Taking
into account all the known contributions [35], such a computation [36,37] revealed caveats.
There are negative densities of states and the spectrum seems to be continuous but finite.
The resolution of these problems is yet to be determined and some newer proposals are
being actively persued [38,39].

We end our short and lightning review of the literature here. Of course this review
mainly focused on the works directly related to the content of this thesis and mentioned
only a few other avenues in the vast field of 24+1 dimensional gravity. There are lots
and lots of interesting work that has been going on and that sheds new lights into the
properties of gravity in lower dimensions. This review was just an attempt to motivate

the works of this thesis.
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Chapter 2

Some Properties of constrained

WZW models

2.1 Wess-Zumino-Novikov-Witten Model

The gauge theory that we are going to relate our 3D (super)gravity theory to is a partic-
ular type of non-linear sigma model (NLSM) called Wess-Zumino-Novikov-Witten Model
(or WZW model).

A general NLSM generically has fields that map the spacetime to a target manifold.
The fields of the theory act as co-ordinates of the target manifold. In particular we can
choose a 2D flat space (with co-ordinates x*) and choose the target space to be the group

manifold of some (semisimple) Lie group G. The action of NLSM then takes the form,
S, = / dz"Tr[9,90" g ] (2.1.1)

where it is evident that the T'r of the generators plays the role of the target space metric.
For the above theory to be a 2D CFT, we expect that there will be a holomorphic and
anti-holomorphic conserved current, in line with the holomorphic factorization of 2D
CFTs. It turns out not to be the case. The current j, = g~ '0,g, can be factorized but
those are not separately conserved.

To remedy the situation, it is required to add a 3D term to the above action. This

new action is the WZW action

Swaw = Sy + / TrG-1dG, (G1dG)? (2.1.2)
3Jv
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where G is the extension of the field g to the 3D manifold V| which is bounded by the
compactification of the 2D space where the NLSM was defined. But we immediately see
a potential ambiguity, since a compact 2D surface can be the boundary of two different
3D bulks. It can be shown, that if we choose k above to be integer, then this ambiguity
can be eliminated at the level of partition function of the theory.

This new theory has two conserved currents which are given by

J(z) =0.997"  J(2) =g 'Oz (2.1.3)

The existence of these separate currents also implies that the general solution of the field

g can be written as

9(2,2) = f(2) f(2)- (2.1.4)

2.2 Sugawara Construction

The currents above (2.1.3) can be expanded in the lie algebra basis as

J(z) =D JU2)ta (2.2.5)

where {t,} are the generators. On the other hand, the fields are also spin 1 primaries

and hence admits a Laurent series expansion. Thus,

JUz) =Y 2T (2.2.6)

By studying the transformation properties of J(z) it can be shown that the above modes
J? satisfy the commutation relation of the sort

[J& T8 ) = fTC .+ kg™ Snm. (2.2.7)

n»“m

This is an affine Lie algebra of level k and it’s called the current algebra of the theory.

@ appearing in the central term is a bilinear form related to the metric of the gauge

g
group. The structure constant appearing in the above commutators are the ones of the
lie algebra G.

Provided that the theory has currents of conformal weight 1, we can construct the

stress-tensor of the theory through Sugawara Construction. A generic Lie algebra can
16
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support a Sugawara construction, provided that the algebra has an invariant, invertible
metric [40]. Since, this is also the requirement for the CS action to have (super)gravity

correspondence, our cases of interest falls under this category.

If we assume that the Lie algebra [T%,T°] = f2T*° has a invariant bilinear Q% which

is symmetric and invertible, it must satisfy
feQed 4 fedQet — 0 Qo = 0°. (2.2.8)

The associativity properties of (2.2.7) requires that the metric g also satisfies such a

property, thus ¢?° = a2, a being an arbitrary constant.

Once we have these, the prescription of Sugawara construction suggests that we write

our stress tensor as a quadratic sum
T(2) = kap : J*(2)J°(2) : . (2.2.9)

To determine the matrix &, we demand that the currents J*(z) are conformal primaries

of weight 1. This fixes the OPE of the current with the above stress tensor as

J*(w) N 0J%(w)

T(z)J* ~ . 2.2.10
@)~ o (22.10)
This OPE leads to two constraint equations
faeb’ibc + f(wb’ibe =0
2kkang” + Kpaf2 4 = 0. (2.2.11)

Solving these yields k% = [Q%, [ being an arbitrary number. The constant a now is fixed

in terms of [ as a = 1/(2kl).

Thus we see that the bilinears of current formed by a contraction with the metric,
gives the stress tensor of the theory. This idea will be crucial in recovering the stress
tensor of the holographic dual of our theory and proving that the theory is invariant

under the asymptotic symmetry group of bulk (super)gravity theory.
17
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2.3 Constrained dynamical systems

The main feature of a gauge theory is the existence of constraints. In a gauge theory
formulation, by definition, there are more degrees of freedom than the physical system.
Hence, some of the degrees of freedom of the theory are related to others by the means
of constraint relations.

To understand how constraints work, let’s start with the Lagrangian formulation of clas-

sical mechanics. Here the equation of motion takes the following form:

d oL, oL

()5 = 2.3.12
dt(ﬁqn) oqn 0 (2:3.12)

Where L£(qy, ¢,) is the Lagrangian and {g,, ¢, } are the generalised positions and velocities
respectively, which depend on the time parameter t. Writing the above equation in terms
of derivatives of ¢,s and ¢,s only we get [11]:

(PE L (PE 0L
I Oim0dn’ ™ 0gmOin’  Ogn

0 (2.3.13)

Thus it is obvious from the above equation that if we want to find the acceleration of

the particle uniquely in terms of the (generalised) position and velocity of the particle,

2L
94m Odn

then the matrix ( ) = M must be invertible. The cases where it fails to do so, the
accelerations are no longer uniquely determined.

The matrix M also appears in the Hamiltonian formulation of classical mechanics. We
define the momentum of a particle by the relation p, = %. Thus if we want to write
the velocities uniquely as a function of position and momentum of the particle, we end
up demanding again that the matrix M is invertible.

When M is non-invertible, we understand that all the the velocities (or momentum) of
the system are not independent. There exists some relations between them and thus the

actual degrees of freedom are less than the ones we started with. These are the systems

that have gauge degrees of freedom.

We will be working in Hamiltonian formalism where the phase space is spanned by {g,, p, }

variables (n € 1,...IN). Since in a gauge system all these are not independent, there exists
18
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some relations between them of the form:

$a(q,p) =0 (2.3.14)

where @ € 1,..M and M < N. These equations then define a (2N — M) dimensional
submanifold in the phase space, known as the primary constraint surface. Since, all
physical quantities must respect the constraints, they must be defined only in this surface.
Thus, for example, the Hamiltonian can be extended arbitrarily outside of this surface by
a transformation H — H + ¢*(p, q)¢,. Using this property, we can write an improve our
Hamiltonian so that the Legendre transformation matrix M defined above is invertible.

The new Hamiltonian is defined as
Hnew - Hccm + ua¢a (2315)

where H.,, is the canonical Hamiltonian defined by the usual Legendre transformation of
the Lagrangian. The u® variables are Lagrange multipliers that impose the constraints.

With this Hamiltonian the equations of motion now looks like:
A={A Hyewltrs ={A Hypp +u{A, ¢4} p5 (2.3.16)

where A(q,p) is some physical variable and the Poisson bracket is defined as usual.
Now an obvious requirement of consistency is that the constraints should be preserved in
the time evolution. So, if we choose one of the constraints ¢, as the variable A in (2.3.16)

we must get:

ba=0 = {Ga, H}pp +u"{da, s} pp =0 (2.3.17)

In principle this demand can put additional constraints between the variables (q,p).
These are called Secondary Constraints as they are consequences of equations of motion
unlike the original (primary) constraints. We must keep on checking whether all the
constraints(both primary and secondary) in our theory satisfy $q = 0 and if not, we must
add new constraints that come from the resulting e.o.m. Doing so, we’ll finally end up

with a full set of constraints.

19



Chapter 2. Some Properties of constrained WZW models

2.3.1 First and Second class Constraints

The set of constraints are fundamentally classified into two categories: First and Second
class constraints. As we’ll see below, first class constraints ’generate’ gauge transforma-
tions while the second class constraints ’arise’ from gauge fixation.

In general the first class functions are those that commute with all the constraints. By
commute, we mean that the Poisson bracket with the constraints are zero on the con-
straint surface. We consider primary constraints that are First class!. Now for a given
function A, the dynamics is governed by (2.3.16) where ¢® are now first class constraints.
But the new Hamiltonian depends on the Lagrange multipliers {u*} and choice of differ-
ent {u} should not alter the final physical state of the system. Using (2.3.15 and 2.3.16),

the difference can be written as

where {ugisr} are the difference between two sets of transformation parameters. The
above equation clearly indicates that the first class constraints generate a transformation
0A that’s not physical, i.e. a gauge transformation. It can be shown that the Poisson

bracket of two such primary first class constraint also gives rise to gauge transformation.

On the other hand second class constraints are different and they have non-vanishing

Poisson brackets with other constraints

{Gar oo} = My (2.3.19)

It can be shown that transformations generated by them can take the state of the
system outside of the constraint surface. They have no physical significance. It is often
thought of as arising from the gauge fixation of some underlying first class constraint.
Dirac [42] realised that in order to accommodate the second class constraints, the Hamil-
tonian formalism needed some modifications. He introduced Dirac Brackets which are

generalisations of Poisson Brackets as

{f,9Yps = {f.g}re — {f, 0y M*{g, &4} (23.20)

!Secondary First class constraints are little subtle. See for instance, [41]
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where M is the inverse of the matrix in (2.3.19). It can be shown that Dirac Brackets
satisfy all the properties of Poisson Bracket such as anti-symmetry and Jacobi identity.
Additionally, the Dirac bracket of any physical quantity with constraints is zero.

In the next chapter we will see how these concepts play important role in analysing
the holographic dual WZW theory. We will need to define the operators of the theory in

a way that respects the constraints imposed on them.
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Chapter 3

N =2 Super-BM S35 invariant

holographic dual theory

3.1 Introduction and Summary

Our discussions in the previous chapter concludes that in the absence of a cosmological
constant, all solutions of pure gravity are locally isomorphic to Minkowski spacetime 17,,,.
This feature does not make 3D gravity trivial as a large variety of gravitational solutions
exists whenever global topological structures are considered. If the global topology con-
sists of non-contractible cycles, the global solution differs from 7, ( [1] and references
there in). It is known that 3D gravity solutions with non-trivial topology correspond to
stress-energy tensors of a two dimensional theory. These two dimensional theories are
usually referred as dual theory. The existence of a dual is more evident in the Chern-
Simons formulation of 3D gravity [4,6]. The dual theory, in general a (chiral) Wess-
Zumino-Witten model [43](that we shall introduce in the next paragraph), is defined on
a closed spatial section and is obtained by solving the constraints in the Chern-Simons
theory [21,44,45]. In particular ordinary asymptotically flat 3D gravity can be under-
stood as a IS50(2,1) Chern-Simons gauge theory with flat boundary condition at null
infinity where the Chern-Simons level £ is identified with Newton’s constant. Here the
spatial section is a plane and the choice of boundary conditions is crucial in determining

the dual theory.

It is well known that a generic Chern-Simons theory (with a compact gauge group

G) in presence of a boundary reduces to a Wess-Zumino-Witten (WZW) model [43] at
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the boundary. The W ZW model is constructed by adding a non-linear sigma model (of
matrix valued field g) in two dimensions 3 with a three-dimensional WZW term I'|G]|
that lives in V, such that X is the boundary of V' and G is the extension of the element
g to V [46]:

1

Iy zw = /E@“g,(?“(g_l» + kI[G], TI[G] = g/‘/<G_1dG’ (G71dG)?), (3.1.1)

4a?

where a and k are two constants. Although the model contains an explicit three dimen-
sional part, its variation is two dimensional. Thus W ZW model describes the dynamics
of two dimensional fields g. Such reductions have been mostly performed for asymptot-
ically AdS 3D gravity [16,23,47-53]. Reduction of 1SO(2,1) Chern-Simons to WZW
model was first studied in [54]. But we shall follow the route taken in [55], where the
dual WZW model has been constructed for flat ordinary 3D gravity. In this chapter other
than 1SO(2,1) gauge algebra, the boundary conditions suitable for flat asymptotics at
null infinity have been applied for the gauge field. As a result, the dual WZW model,
after gauge fixing , shows invariance under infinite dimensional quantum BMS3 algebra,
the asymptotic symmetry of flat 3D gravity.

In this chapter we shall use this construction for finding the dual of 3D asymptotically
flat Supergravity theories with two supercharges. We reported these results in [56]. Simi-
lar analysis has been done earlier for minimal supersymmetric extension of gravity in [57].
The two supercharges may rotate among themselves if an internal R—symmetry is present.
In our study both the scenarios, absence and presence of the internal R—symmetry, are
considered. The resultant dual for both cases corresponds to a richer chiral WZW model
at the boundary. We further study the symmetries of these duals. Imposing the con-
straints coming from appropriate boundary conditions at null infinity, we find that the
dual theory is invariant under most generic quantum N = 2 SuperBMS3; symmetry. In
presence of an R symmetry, the A/ = 2 SuperBMS3 algebra has three different kinds of
central extensions and is so far not reported in the literature. The phase space descrip-
tion can be found by a Hamiltonian reduction of the models and are expected to be a
generalised Liouville type theory [58].

The motivation behind our construction goes as follows : the dual theory for 3D
asymptotically flat (super)gravity at null infinity is important to establish its connection

with the corresponding AdSs results [59]. The presence of internal R— charges gives a
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wide handle on the system. They are also crucial for the study of flat space holography in
three dimensions. Most importantly these dual theories can be treated as a toy model for
cosmological scenarios [60] due to the existence of time-dependent cosmological solutions

that were found in [61].

Throughout the chapter, we are concerned with 3D supergravity. The chapter is
organised as follows: in section 3.2 we present the two different kinds of N' = 2 Su-
perPoincaré algebras and their invariant bilinears. We briefly mention the 3D N = 2
Supergravity theory and its asymptotic symmetry in section 3.3. Section 3.4 contains
essential details about construction of a 2D dual theory of 3D flat gravity. In section
3.5 we present the dual theory, i.e. N = 2 SuperPoincaré chiral WZW model. Later
in sections 3.6 and 3.7 we study symmetries of this model. In section 3.8 we present a
new N = 2 SuperBMS;3 algebra. The results require some heavy computations and to
maintain a correct flow we have presented only the important steps in the chapter. The
details have been presented in six appendices that are referred at the relevant junctions

in the main text.

3.2 N =2 SuperPoincaré algebra and Invariant Bilinears

In this chapter, we are interested in finding a two dimensional theory dual to N' = 2
Supergravity. As we shall see in details in later sections, to reach to our goal, we need
to begin with N' = 2 SuperPoincaré algebras, i.e. supersymmetric extension of Poincaré
algebra with two supercharges. In this section, we shall present two distinct versions of
this algebra and the invariant bilinears associated with them. These will be the building

blocks of our construction.

3.2.1 Two distinct N/ = 2 SuperPoincaré algebras

There are two different versions of N' = 2 SuperPoincaré algebras known in the literature
[59]. First one given as ,
1

[Jm Jb] = 6tzchCa [Jay Q};Q] = §<Fa)gg}j’2, (322)

[Jas Po] = €anelP", [P, Qiﬁ] =0
[Paa Pb] = 07 {QL7 JB} - _§<CF)36P05”7
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Here J,, P,(a = 0, 1,2) are the Poincare generators and Q, are two distinct i = 1,2 two
component o« = +1, —1 spinors which play the role of the two fermionic generators of the
algebra. The above algebra (3.2.2) is known as N' = (1,1) SuperPoincaré algebra. The

other algebra is richer and it looks as ,

[Ja, Jb] = EachC [Ja, Pb] = Gabcpc (323)
[Ja, Qu) = 5(T*)3Q5 Q4. T] = €7@,
{Qfx? Q]B} = _%5ij<cra)aﬁpa + Ca,BGijZ-

As in the previous case, J,, P, are Poincare generators and @, are two fermionic genera-
tors and various indices are running over same values. The important difference compared
to the last case is that the two fermionic generators transform under a spinor represen-
tation of an internal R-symmetry generator 7. As shown in [59], the above algebra is
interesting due to the presence of a central term Z. This is known as ' = (2,0) Su-
perPoincaré algebra. Our conventions are presented in A. In this chapter, we shall work
with both these algebras. For the first one (3.2.2), our results are a trivial extension
of [33], whereas for the second one (3.2.3), we get new physics , as we shall present in

next sections.

3.2.2 Most Generic Non-degenerate Invariant Bilinears

In the context of the present chapter, an algebra is physically interesting when one can
define a non-degenerate invariant bilinear or the quadratic Casimir for it. In the context
of both the N' = 2 SuperPoincaré algebras that we have written in the last section, the
bilinears exist. Below we present the detailed computation for ' = (2,0) case.

For computing the bilinear, we begin with the most general quadratic combination of the

generators as,
C? = an® PPy + bn™ JoJy + en™ PoJy + ;CPQLQY% + eCP e QLQ%L + fTZ + gTT + hZ Z,

where a, b, c,d;, e, f, g, h are constants that we need to determine. For it to be a Casimir,
it must commute with every generators of the algebra. An explicit computation shows

that commutators of C? with @Q°, J., P, do not vanish while others are identically zero.
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Equating the four non vanishing ones to zero we get ,
b=e=g=0, c=d; =ds.

This shows that the coefficients are fixed up to an overall factor and we fix it! by choosing
¢ = 1. This procedure does not put any constraint on the coefficients a and h. Thus their
values can be taken to be arbitrary.

In this chapter, we wish to write down Supergravity theories invariant under N' = (2,0)
and N' = (1,1) SuperPoincaré algebra. For that purpose, we need to compute the
supertrace elements between various generators. The supertrace elements can be thought
of as the elements of the inverse metric in the space of algebra. Thus, taking inverse we

get the supertrace elements as,
<JouB>=nw <Johh>=pa <QLQi>=0"Chs <T,Z>=-1 <T.T>=p

The arbitrariness in coefficients a and h manifests itself in arbitrariness of supertraces
in (J,, Jp) and (7, T) which are related by a = i, h = iﬂ One point to notice that,
even for either or both of ;4 =t = 0, the supertrace matrix is non degenerate and hence
will give us a valid theory, as the one considered in [61]> On the contrary we can not set

the off diagonal elements in the first and last two blocks to zero as that will make the

determinant of this matrix vanishing and hence it will be degenerate.

For the N' = (1, 1) case, we do not have the internal generators 7', Z and thus redoing

the whole calculation for only the remaining generators we get ,
<JoPy>=na < Joy>=pne < QL Q4 >=0"Cap.

We shall use these supertraces in the next section.

Tt can be fixed by demanding that the bosonic Chern-Simons action reduces rightly to Einstein-
Hilbert action, as we shall see in the next section.

2In [62], both of u = i were considered to be identical, but as it is clear from above analysis they are
independent.
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Chapter 3. N = 2 Super-BM S3 invariant holographic dual theory

3.3 3-dimensional N/ = 2 Supergravity and its asymptotic sym-
metry

In this section, we shall study some aspects of 3-dimensional supergravity theories invari-
ant under the above two symmetry algebras (3.2.2) and (3.2.3). As described in introduc-
tion (Sec. 1.6) 3-dimensional (super)gravity theories can be formulated as Chern-Simons
theories with suitable gauge groups.

For our purpose, we shall consider the gauge groups to be N' = (1,1) and N' = (2,0)
SuperPoincaré groups. The 3-manifold will be flat with null boundary and we shall iden-
tify the level k£ with Newton’s constant as k = é. For N/ = (1, 1), the basis elements
{T,} are J,, P,, Q! satisfying algebra (3.2.2) and for A" = (2, 0), the basis elements {7}
are J,, P, Q',, T, Z satisfying algebra (3.2.3). The Chern-Simons field A in each case is

expanded in the basis as follows:

Apgy = €"Po 4+ 0% J, + U3 Q) (3.3.4)

Apg) =" Py + 0" J, + 2QL + BT + CZ (3.3.5)

Using the supertrace elements as obtained in the last section we get the corresponding

supergravity actions and they are respectively given as,

k ap ~ T0
== / (26 By + pL(G) — UV 07] (3.3.6)
and
o _ ko “R L(,) — VevU? — 2BdC + iBdB 3.3.7
iy = 4 [2e" Ry + pL(@,) — WV} — + [1BdB] (3.3.7)

where @% = w® + e, for some constant v and \iﬂﬁ is the Majorana conjugate gravitino
. The curvature two form ]-A?,a, Lorentz Chern-Simons three form L, and the covariant

derivative of the gravitino appearing in (3.3.7) are respectively defined as,

. 1 o~
R, =dud, + §eabcwbwc
. 1
L, =00did, + geabcwawbwc (3.3.8)
1 3
VU? =qu’ + 5@%1;? (T)5 + BUel.
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3.3.  3-dimensional N = 2 Supergravity and its asymptotic symmetry

It was first noticed in [63] that the shift in the spin connection is needed in order to for-
mulate a general class of theories which are invariant under local lorentz transformations
and gives linear equations of motion for the fields e* and w®. It is worth mentioning
that A/ = 2 supergravity as discussed in [61] is recovered by setting u = g = v = 0.
Action (3.3.6) is recovered from action (3.3.7) when we set the internal symmetry field
parameters B, C to zero. This aspect holds true for all computations and final results
of this chapter. Thus for the rest of the chapter, to describe our results, we shall work
in details for N' = (2,0) group and the corresponding supergravity action (3.3.7). For
completion, we shall also present the results for N' = (1,1) case side by side. Appendix

A(Part 3) contains computational details for this case.

3.3.1 N =2 Super-BMS; Algebra

It is well known by now that both pure gravity and supergravity theories enjoy an infinite
dimensional symmetry enhancement at null infinity (see [61,64,65] for N’ = 2 case). The
asymptotic symmetry group is N' = 2 Super-BMS3 group, which is an extension of BMS;
with supercharges. To get to this symmetry algebra in the Chern-Simons formulation of
gravity, we need to find out a proper fall off (at null infinity) condition on the Chern-
Simons gauge field. The equation of motion(1.5.10) implies that locally the solutions
of a Chern-Simons field are pure gauge A = G~'dG, where G is a local group element.

Writing the equation of motions in terms of the field parameters of (3.3.7), we get

1= 1

do+0? =0, (de)l+ [, e]) + v — 5\11;\11?5;] =0 (3.3.9)
. 1 ..

dv? + (0,)% + B\pfeaz =0, dC = 5619\1/3\1;]5005, dB = 0 (3.3.10)

Where the first two equations were written after contracting the original equations with
$(I'*) and defining & = 10T, and e = 3¢°T',. The solution to these equations can be

found with a bit of algebra. The @ and B equations easily solve as,

&= NA1tdA B =dB. (3.3.11)

Coming to the spinor equations, as they are coupled, we use Jordan Decomposition

method to decouple them. Defining new variables as G' = 1(¥; —iVs,) and G* = (¥ +
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iWs,) we get the new equations to be:
dg, +1BG; +wG, =0, dGs —iBGs + wGy =0, (3.3.12)
whose solutions are given as,
g, = e_iBA_ldm, Gy = eiBA_ldng. (3.3.13)

Thus the R—symmetry parameter field acts like a phase to the fermions. Using above

results the rest of the equations of motion can be solved to give,

C = — i(Madns — faadn® + dC) (3.3.14)

1 - 1 1 — 1
e=- A_1[§(771d772 + idﬁﬂhI) + §(n2d771 + §d77_17721) + db]A. (3.3.15)

Notice that in both of the above expressions of C' and e, the phase factors cancel among
themselves. Here A is an arbitrary SL(2, R) group element of unit determinant. B, C' are
SL(2, R) scalars, n;,i = 1,2 are Grassmann-valued SL(2, R) spinors and b is a traceless
2 x 2 matrix. All these are local functions of three space time coordinates u, ¢, r. Imple-
menting the radial gauge condition, the above solutions of various field parameters can

be further decomposed as?,

A= Au, ¢)C(u,r)
B = a(u,¢)+a(u,r), C=cu,¢)+é(u,r)+ dodd, — dy\dy
m = e(\di(u,7) +di(u,d)), 12 =e (Nda(u,r) + do(u, ¢)) (3.3.16)

]_ = —= = —=
b = ME(u,r)\7 — 5(d1c12A—1 + Adadi 1) — = (dadi A1 + Adydo]) + F(u, ¢),

1
2
where ((u,70) = a(u,r0) = &(u,r0) = di(u,m0) = do(u,70) = F(u,m0) = 0. At the
boundary, these are neither functions of r nor of u and must not have any dynamics. Here
we see that, even onshell, the system contains arbitrary local functions A, F’, a, ¢, dy, dy of

time u (and ¢). This is a common feature of a gauge theory (like for example Chern-

3the decomposition can be obtained as, 9B, = 0 = B = a(u, ¢) + a(u,r) and for Opwr =0 = A =
A(u, ¢)¢(u, 7). Similarly, for the fermionic fields, demanding 9,G;} = 0 we find:
dple " PAT10,m] = 0 = e 0, (A1) = dy (u, ) (where r — dependence of A is captured in d,)
= 1 = €Ay (u,7) + di(u, $)). Similarly we can find for other fields.
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3.3.  3-dimensional N = 2 Supergravity and its asymptotic symmetry

Simons theory) that the boundary conditions and equations of motion do not uniquely fix
the time (u) evolution of all dynamical variable. Rather a general solution of equations
of motion contains arbitrary functions of time as residual degrees of freedom of the gauge
system. We are looking for the theory that determines the dynamics of these residual

degrees A\, F,a,c,dy,ds.

Finally for N/ = 2 supergravity, as proposed in [61], the asymptotic fall of condition
on the r—independent part of the gauge field gauge field looks like

=V2[J; + (P - ?22) (j + QkTZ) z/;ZQz ZT - ?TZ]dqﬁ
(3.3.17)
8
+[V2P, + 22+ k(P - ?22)130]@1

where various fields P, J, Z, 1,1; are functions of u, ¢ only. These are the residual de-
gree of freedoms and will be in correspondence to A, F, a, ¢, d;, ds as introduced above in
(3.3.16). A technical point to note is , although 3D spacetimes can have a non trivial
boundary we will not consider the holonomy terms in the following. Consequently the
resulting action principle at the boundary only captures the asymptotic symmetries of
the original gravitational theory. Computing the conserved charges [66], it can be shown

that the asymptotic symmetry of this system is given as,

(M, i) = (0= m) My + 0%k S0, [Jny Jn] = (0= m) T ( )
My, Ri] = —4mSpim,  [Jns Boal = —mBoims  [Jns Sl = —mSpim  (3.3.19)
( )
( )

[Rna Sm] =nk 5n+m,07 3.3.20
[Ty Gpa) = (Z - m) ims (1=1,2) 3.3.21
[Rnag ] - n+m7 [R’rug?n] = - q?H_m (3322)
{gylm g2 } - n+m + 2/{371, 6n+m 0 + (n - m)Sn+m (3323)

This is the quantum symmetry algebra of N' = (2,0) theory as given in [61] presented in

a diagonal basis for fermionic generators.
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Figure 3.1: 3D Flat Space co-ordinates on a penrose diagram. The null boundary is
spanned by {u, ¢} co-ordinates.

3.4 The Boundary Theory

We are interested in constructing the two dimensional field theory that governs the dy-
namics of the 3D residual gauge degrees of freedom. We shall regard this as the dual
theory to 3D asymptotically flat N' = 2 supergravity and in this section, we shall briefly
sketch this construction. Since we are interested in supergravity theories on a 3D mani-
fold with a boundary, we need to add suitable boundary terms to the supergravity action
to ensure validity of variational principle. An alternate way to look at the scenario comes
from the Chern-Simons formulation of gravity. Presence of a boundary implies a non triv-
ial fall-off conditions on the gauge fields as given in (3.3.17). Hence a boundary term is
required to add to the action in order to make solutions with the prescribed asymptotic to
be a true extrema of the action under the variational principle. For this purpose, we split
the constraints coming from the boundary gauge field into two parts : (a) constraints that
relate the u and ¢ components of the gauge field and (b) constraints that various fields of
the u component of the gauge field have to satisfy. It has been shown long back (in the
context of asymptotically AdS theories) in [21,44,45] that pure Chern-Simons theory on

a manifold with a boundary is equivalent to a 2-dimensional chiral Wess-Zumino-Witten
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3.5. N = 2 SuperPoincaré Wess-Zumino-Witten model

theory living on that boundary under conditions analogous to (a). In general, decom-
posing the gauge field A(u, ¢,r) in time and space components as A = duA, + A, the

Hamiltonian form of the Chern-Simons action(1.5.8) can be written as,

L o .
Inld] = — / (A, Adu) + 2(duA,,dA + A2), (3.4.24)

T
upto total derivatives*. Since the fields and their derivatives do not go to zero at the
boundary, for a well defined variational principle to work, we need to add —%dud (Ay,6A)

to the Hamiltonian action. Thus the complete 2D dual theory that contains all dynamical

d.o.fs of 3D gravity is governed by
k . ~
I =InlA] - 5- / dud(A,, 5A),_,,. (3.4.25)
T

Furthermore expressing A = G~1dG for some group element G(u,r, ¢), the above action

can be written as,

73 -1 -1 _ﬁ Fr—1 173, ﬁ
Ivzw = 4 [)Mdud¢<a 0,6, G 0,G) = 5 /8  dud(G™0,G,5G71AG) + TG

T
(3.4.26)
where I'[G] is the three dimensional Wess-Zumino term introduced in (3.1.1).

The above action has an explicit 2D part and a 3D part I'(G). But the variation of
this action purely lives in 2 dimensions spanned by u, ¢ (See Figure 3.1). The action
(3.4.26) reduces to the so called chiral Wess-Zumino-Witten model that is dual to a 3D
Chern-Simons theory with a boundary. In the subsequent sections, we shall construct
such a Wess-Zumino-Witten model and study its symmetry properties. As we shall see,
after incorporating the radial gauge fixing conditions, the dynamics will only depend on

two dimensional fields.

3.5 N =2 SuperPoincaré Wess-Zumino-Witten model

Following the prescription outlined in the last section, we first write down (a) type of

constraints on the asymptotic gauge field (3.3.17), relating its v and ¢ components as ,

€l = wj, w’ =0, i =0, B, =0, — 4By = C,,. (3.5.27)

4look at appendix A (Part 2) for details.
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The u component of the gauge field (3.3.17) is further constrained and we shall come back
to this point later. Under these constraints (3.5.27) the surface term at the boundary
looks like:

k

k s 5
Loy = =5 / Aud(Ay 0A) s = == [ dudolufns + 4By (3:5.28)

where the ¢— total derivative has been set to zero. Using the field parameters as defined

in (3.3.7) and the supertrace elements the total action (3.4.26) can be expressed as:

[(2 0) [/dUd¢ eqﬁwau + Wqﬁeau + Iqubwau + ’QD
— ByCy — CyBy — Wiway — 4B’ By + [iByBy |1y
1
+ 6/[36abce“wbwc + peapewwlw’ + 2w “(CT, )agklfawﬁ + 33@0“@050&56 d

(3.5.29)

As has been discussed in section 3.3, in an onshell gauge systems, there are left over
residual degrees of freedom. To get the theory (action) that describes the dynamics of
these degrees of freedom, we first evaluate the above action on the solutions of equations

of motions obtained in section 3.3 as:

I (50 =i [/duchbTr[QuA TAATTA — 2(m 'y + m2'1i1) + 223(771772 nom1) — 2(A7TA")? — (B )2

1 ! / Yy — BT -
—4AA” ( (it + 1 T) + 5 (na7fs + ) + ) + 2iBC" + pB'B] + g“ | Triaan 1)3]]

(3.5.30)

Let us briefly mention the origin of various terms appearing in (3.5.30). The terms
in (3.5.29) proportional to u, fi directly reduces to their counterpart in (3.5.30) onshell
whereas the term SBwf‘z/zf C,p€e” gives rise to a 2D piece which added with the three
other boundary pieces —ByC,, — CyB, — 4B?By gives the terms ZiB(ﬁlangl — any ) —
4(B’ )2—1—22'1% C’. In a similar way, the bulk terms 3eg.e%wlw® onshell gives a 2D piece which
clubbed with boundary terms efwa, + wieq, gives —4AAT ( (mny + momI) + (ng’r_]i +
mnsl) + ). Finally 2w®(CT,)as P8 7 just vanishes onshell up to total derivatives. The

terms proportional to I in (3.5.30) actually give zero contributions.

Further using the gauge decomposed forms of the solutions as in (3.3.16) and neglect-
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3.5. N = 2 SuperPoincaré Wess-Zumino-Witten model

ing total derivatives in u, ¢, the above action rightly simplifies to,

1(270) :4];_{ /dUdng’l“p/,L/\_l)\/)\_l)\ — Q(Cilldg + ngdl) — 2ia’(ci1d2 — Cigd.l + /.\)\_l(dgdl — dldg))

—4(a)? = 20\ Hdydy + dody + 2F") — 2(ATIN)? + 2iad + jia'a)

+ 2: / Tr[(dAA‘1)3]}, (3.5.31)

It is interesting to note that the dependence on (,a, ¢, d;,ds, E drops from the two di-
mensional part of the last expression. One can easily check that the variation of action
(3.5.31) is purely two dimensional ®. This is the chiral Wess-Zumino-Witten (WZW)
model dual to 3D asymptotically flat N = (2,0) Supergravity and is one of the main
results of this chapter. Similarly the chiral WZW model dual to 3D asymptotically flat

N = (1,1) Supergravity takes the following form,

k , 1, L : 1 &

Iny = %{ /dud¢ Tr22A 1o/ + 3 STNTT — (VAT AT — 3 ST
=1 i=1

+ g / Tr(dAA1)3}, (3.5.32)

where various fields are defined in the appendix A (Part 3).
To further analyse the dynamics of the above two dimensional theory (3.5.31), let us

first write down the equations of motion of various fields. They are given as,

eom of F' AN =0 (3.5.33)
eom ofc : (@) =0 (3.5.34)
eom ofd, : dl F (AT —id (dy + do AN = 0 (3.5.35)
eom ofds : ci'l +di (AT + ia’(dil +d A =0 (3.5.36)
eom ofa : ¢ — (JldQ — dody + )'\)\71<d2d_1 — dydy)) + 4ia” =0 (3.5.37)
eom of\ : a— (XN Ha+aM ) +20007) =0 (3.5.38)

where we have defined & = 2F’ +d2(J1,+ia'J1) + dl(dgl — m'cig). The above equations

5In particular the variation of the last 3D term is given as

16 [ Tr[(dAA—)3]
3 5Ag

— [()\—1)/}\)\—1 _ ()\—1)~)\/)\—1]6

e
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are simplified versions of original equations of motion, where for simplifying one equation
we have iteratively used other ones. For example, in the last equation the p term drops
off with a careful calculation and use of the first equation Similarly,we have used the ¢
eom in deriving the final eom of a. This eliminates the p dependent piece . Thus we see
that the final forms of eom do not contain any of the unfixed supertrace elements p or
i1. Hence the solutions of these fields will also be independent of these parameters. The

generic solutions of these equations are given as,

A= T1(u)k() (3.5.39)
a = a(u) + az(¢) (3.5.40)
di = e7 (¢ (u) + V() (3.5.41)
dy = e 7(¢7 (u) + 7 (9)) (3.5.42)
e =5 =GP 4 ey (u) + es(0) — il (3.5.43)
F = tlap(¢) + 6p(u) — un's " — ;(g@@(” + VG (3.5.44)

where they further decompose into individual functions of u and ¢. As it turns out, this
chiral WZW model is invariant under rich symmetries. In the next subsection, we shall

study these symmetries and their consequences.

3.6 Symmetries of The Chiral WZW Model

3.6.1 Global Symmetry

The Chiral WZW model (3.5.30) that we derived in the last section in invariant under a

set of global symmetries. Various fields enjoy a coordinate u, ¢ dependent transformation
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under these symmetries and they are given as,

a—a+Ap); c—c—4ivA; dy — e dy;  dy — ey
c—c+C(9)

A= AN o) F— F+ur0'0)A!

F— F+AN(p)A
dy = dy +ADy(¢); c¢—c+Di(o)N'dy; F — F— ;dgﬁl(gb))\_l

- 1 -
do = dy + ADa(0); ¢ = = Da(@)A"Mdy; F = F = SdiDy(9)A 7

In each of the above expressions, the fields that are not written remain unchanged under
that corresponding symmetry transformation. Thus, we find that there are six finite
symmetry transformations, generated by scalar parameters A(¢),C(¢), matrix valued
parameters 0(¢), N(¢) and spinor parameters D;(¢), Da(¢).

One possible way to get to these symmetry transformations is to look for the sym-
metries of the solutions given in (3.5.39)%. We have presented relevant details of the
computations in appendix A (Part 4). Once we obtain these transformations, they can
be proved to be symmetries of the action as well.

Next we look for the Noether currents corresponding to the above symmetries. For
this purpose, we need the infinitesimal versions of the above symmetry transformations

that are as follows,

daa = A(Q):; Oac= —4iud'; Gady = —iAdy; Gady = iAd, (3.6.45)
dcc = C(9) (3.6.46)
Sod = —XO(¢); GgF = +urO'\? (3.6.47)
ONF = AN(p)A (3.6.48)
Spidi = ADy(¢); Opic = Di(¢)N\"dy;  6p1 F = —;d2D1(¢))\_1 (3.6.49)
Spady = ADy(0):  Gpac = —Da()\"Ady:  GpoF = —;dng(qb))\_l. (3.6.50)

Here we have used same A(¢),C(¢), N(¢), D1(¢), D2(¢) as infinitesimal transformation

parameters and ©(¢) is the infinitesimal parameter for 6 transformation as 0(¢) = I +

6We are thankful to Prof. Glenn Barnich for clarifying this point to us.
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O(¢). For a theory S[p;] = [ L(¢;,0,¢:), the Noether current associated to a global

symmetry generated by parameter € is given as,

oL
The=—" 6.0, — KV, 9,K"=5.L.
50,00 Z

The current is conserved i.e. 9,J". = 0 onshell. From this definition there is a clear

ambiguity in the identification of current, as
J~ J* 9,8 4T (3.6.51)

where S* is any antisymmetric tensor in its indices and T* is a possible vector that
is onshell divergenceless. Both the currents will generate the same symmetry for the

system. Below we present the currents corresponding to above symmetries (3.6.45),

JZ = (ngTT[Qﬂa/ + QiC/ — 8ua” + Q’i(CZQIdl — d_l,dz - Z.CL/(CZle + d_ldz))]A = (Sg[(—QA)(—A)]
7

Ji = 5{;;%[%@@] — Qe(—iC)], Qo= _’;‘7‘;

Jb = 55£TTT[{A—1@A + 2u( AN — pATINY] = dh2Tr Q7O

Jh = 6S£TTT[—4)\‘1XN] = 0)2Tr[QF (—N%)] (3.6.52)
Jp, = 58(—7]:)TT[(J1/A +id'di\)Dy] = Tr[Q%2 DY]

Jh, = 55‘(—5‘?)%[@% —id'dy\)Dy] = Tr[QS DY,

where N(¢) and ©(¢) are infinitesimal SL(2,R) matrices which can be further expanded
in the basis of I' matrices as N(¢) = N%(¢)[', and ©(¢) = ©%(¢)I',. The details of the
above computations can be found in appendix A (Part 4). Here we have chosen S T#
for certain transformations, as we want the current to be non zero only along the time
u component. This way we directly get the canonical generators of the corresponding
transformation. From these currents, one can find the corresponding current algebra using
the usual procedure [66]. Alternate way to get to the same algebra is, in Hamiltonian
formalism, the computation of the Dirac bracket algebra of the canonical generators of
the symmetries using the relation below,

b, J0 = {J2, I} pB

€17 Y €2
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The Dirac brackets calculated are given below:

{@F (), ()
{QF(¢), Q5 (¢)

{@5<¢>,Q;f (¢)

{ }DB { QC(¢)} BZO
DB:{ @G2 ()}, =
R CAGROAC) —eabc@ 856~ 0) ~ a6 — &)

)

J

J b

F o = canQL(9)8(6 — o) + naba¢5<¢ &)
{@%) @A<¢/)}DB = {Ql(¢),Q%},, =0 (3.6.53)
QM (¢ Q"(¢’)} =T a>ii@ﬁ (0)3(6 — &)

bow = 5 (CEQE ()56~ &)

H} {@C<¢>, QS ()}, ={Q°), Q§2(¢’)}DB =0

b = 5000 = ), {Q10LQY)},, = 5080~ &)

}op =~ (D)6 — ), {QF(0), Q1)) , = iQF(@)3(6 — &)

J

k k
—(CT")apQL0(¢ — ¢') — - 2300 ( — @) + ia';CaB(S(fb —¢),

DB

here we have used £Co(A*N)5 = (CT*)oyTr[[o(A*N)]. This is the same affine ex-
tended N = (2,0) SuperPoincaré algebra after a change of basis for the fermionic gener-

ators as,

QL(6) = 5(Q9(0) + QF(0)), Q6) = 5 (@ (9) — Q2 (0)).

In this new basis the fermionic Dirac Brackets take the form:

(Q4(6), Q46 b = — 50 (6)Cus (6~ &)
(Q4(0), Q4 o5 = 5 (CT*)usQE ()36 — ) — oCos (6~ o)
(L6 s ~ QLA ). G0 Q@) = ~CWo— &

[QU0), QM) = 5 TQHO — &), {Q10), QA},, = 5 TG — o).

The above modified Dirac brackets along with bosonic ones in (3.6.53) reproduce the
exact affine extended N' = (2,0) SuperPoincaré algebra that we started with in (3.2.3).

Thus, we see that the global symmetry of the chiral WZW theory is exactly same as
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that of the dual 3D Supergravity. Similarly for A/ = (1,1) case we get following affine

extension,
(QF0). Q4 (hos = 0
(QF(0). QLN os = @l (636~ ) — oo (6~ o)
(QU(0).Qos = 0 (i=12)
QUL W ps = @IS0~ 6)+ Eonud' (6~ o)
{QU6). QU s = HQTu(O)S(6~ ) (=12
(QL0), Qo = T3 (CT)as@E(6)5(6 — &) — 2-Cas (6 — )]

The explicit derivation of various canonical generators for N' = (1,1) case has been

provided in appendix A (Part 3).

3.6.2 Gauge Symmetry

Other than the above global symmetry, the chairal WZW model (3.5.30) is also invariant
under a gauge symmetry. The gauge transformations of various fields can be obtained
from the Polyakov-Wiegmann identities and for an arbitrary gauge transformation pa-

rameter Y (u), the transformations are given as follows :
Au) = Z(u)A,  di(u) = S(u)d;(u)  F(u) = S(u)FS(u) ™, (3.6.54)

while a(u), ¢(u) remains invariant. This makes the dynamics of this system constrained
and we need to take into account its implications in defining the conserved charges of the

theory. We shall come back to this issue in the next section.

3.7 Enhanced Symmetries of N = 2 SuperPoincaré Wess-Zumino-

Witten theory

In order to get an infinite dimensional mode algebra from the above current algebra
usual conformal field theory techniques of [67] can be used after a slight modification.
We implement the modified Sugawara construction following [57] to get the stress-tensor.

In this case, we are looking for four bosonic generators and two fermionic generators.
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These can be achieved by defining the followings:

H = QIQ0 +47.Q°Q°

J = —p7QIQY —27QIQI + 7 CopQR Q! 4270707 — 7Q7Q7  (37.55)
G' = T(@QF +vV207Q%) +2i1QF Q%
G* = L(@QQF +V207Q%) — 21,07 Q°

along with Q4 and Q¢ defined in the last section. Here H,.J are both weight two bosonic
generators and J corresponds to the stress-tensor. Q4, Q¢ are two weight one bosonic
generators and G', G2 are two weight 3/2 fermionic generators. The values of the relative
coefficients in the bilinear of currents are fixed by demanding that the Dirac brack-
ets of stress mode J with other bosonic generators should be proportional to them i.e.
{J(9),RQ(¢")} ~ Q(¢) for each current mode Q(¢p). We refer the readers to appendix A

(Part 5) for computational details.

There is a subtle point to note here. The chiral WZW model that we are studying
is a gauge theory. Thus, in the usual Hamiltonian formulation, we must study it as
a constrained system. The constraints arise from the imposed boundary (asymptotic)
value of the radial gauge fixed Chern-Simons field, a = g~'dg, as given in (3.3.17). We
have already taken into account part of the constraints (type (a)) for constructing the
corresponding WZW model. The remaining constraints(type (b)) on the gauge field

paIaIIlelelS are
N 2 ) + 24 2
wd)—\/_, W, = 07 wi —_w —O; €¢—6¢_0_

These conditions, that need to be imposed only at the boundary, manifest themselves
through constraints on the fields of the WZW model (3.5.31). This is because, at the
boundary we can as well identify the onshell CS gauge field parameters @, 2, e of

(3.3.11),(3.3.13),(3.3.14) with the WZW fields A, d;,ds, & of (3.3.16)7. Thus the con-

at the boundary, the non dynamical functions (of u,r) can get absorbed into the WZW fields.
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straints on fields are:

()\_IA/)I _ \/5 (/\—1)\/)2 -0
A, +id AN dy) T = (W —id' A dy) T =0

LG ye!
(A 1§A)1 - ()\ 15)\)2 - O

The above constraints can as well be expressed in terms of the canonical generators of
(3.6.52)as,
P k P
QF =V2-, QY =0
2m
k
Ql = —\/§’QL, J=0 (3.7.56)
™

Qh-:O? Qizo

Let us denote the above constraints as {®;},] = 1, - - 6 respectively as presented above.
They collectively define the constrained hypersurface. It can be easily verified that,
four out of these six constraints, denoted as {7,} = {®1, 3, P4, Ps},p = 1,---4 have a
vanishing Dirac brackets with all of {®;} on the constrained hypersurface ®. Thus {v,}
are the firstclass constraints and they generate the gauge symmetry that we presented
in subsection 3.6.2. We know that in a constrained system, one needs to usually modify
the canonical generators (conserved charges) such that they commute with the first class
constraints on the constraint hypersurface (defined by first class ones) as otherwise they
are not gauge invariant (and hence are not physical observable). The charges defined
in(3.7.55) fail to satisfy this property, as we have shown in appendix A (Part 5). Thus
we need to further modify them using (3.6.51), such that the resultant charges are true
observables of the theory. The required minimal shifts in generators that achieve the

above requirements are given by:
H=H+0,Q5; JT=J-0,Q; G =¢"+,Q%

Finally we compute the Dirac brackets of these new gauge invariant canonical generators

8L, ds} = {QL,QJ} # 0, as there is a central term.
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3.7. Enhanced Symmetries of N = 2 SuperPoincaré Wess-Zumino-Witten theory

and they are given as”,

(T(6),. T} ps = (T(0) + T ()86 — &) — pa-046(6 — &)

(H(8), T (8 ) ko = (H(6) + H($))0u5(6 — &) — 50866 — )

(H(6), A kop =0, (H(0),Q(¢)} oy = 4Q°(6)060(6 — 9)
(T(6), Q") os = Q1(6)20(6 — &), {T(8), Q) ko = Q7(6)20(6 — &)
{7(9),Q%(¢")}pp = Q*(0)0s0(¢ — ¢') (3.7.57)

(@61, Qu)},, = maudlo—0), {QY6).QY)},, = ool o)

DB 27
(T(0), 66 o = (61(6) + 5630~ &), (i=1.2)
{H(9),G'(¢)}pp =0, (i=1,2)
{G'(0),Q*(¢)}pr = —iG (9)5(0 — &), {G*(9),Q™ (&)} pr = iG*(8)d(¢ — &)

{G"(0),G*(¢)} B = H(¢)d(¢ — ') — ifﬁﬁ(cb —¢') = 2(Q%(¢) + Q(¢))d' (¢ — &)

The above Dirac brackets are expected to be the ones of the physical observables H, 7, g, Q4 Q¢
of the reduced two dimensional Super Liouville theory that is classically equivalent to the

3D Supergravity. Such a structure was found in a subsequent paper [58].

Let us also present the enhanced symmetry for the N'= (1, 1) case here :

(H(6). 1)} ps = 0
(M), T os = (H(6) + HENI (6~ &) — 5-5(6 - &)
{H(¢),G'(¢")}pp = 0 (3.7.58)
(@7 os = () +T@NT6~ &)~ beo%5(p - o)
@6 s = (G(6)+ 366~ d)

(G'0). G os = GG~ &) — 5050~ ).

Here the physical observables H, 7, G’ of the reduced two dimensional Super Liouville
theory is dynamically equivalent to a 3D Supergravity with two supercharges but without

any internal R-symmetry.

ook at appendix A (Part 6)
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Chapter 3. N = 2 Super-BM S3 invariant holographic dual theory

3.8 A new N =2 SuperBMS; algebra

Finally we write the quantum algebra that corresponds to the above Dirac brackets

(3.7.58) and (3.7.57). For this purpose, we define The modes of the above fields as.

1 n _ 1 in,
M, = o [ doe™ W), = o= [doc™T(0),

1 A ~ 1 o
G = 5= [ oG @), G = - [ doe™G (),
Ro= o [doc™Q o), S.= - [dse™QC (o)

We further use the identification for bosonic and fermionic commutator brackets respec-

tively as

i{> }DB — [7] {7 }DB - {7 }

The non zero brackets of the algebra corresponding to (3.7.57) looks as,

(M, Jn] = (0 = m) My + 0k Snimo,  [Jny I = (0= M) T + 01 K G 0
(M, Rin] = =4mSpsm,  [Jn, Bin] = —mBpim,  [Jn, Sp] = —mSpsm

(R, Sm] =1k Sngmos  [Bn, Bn] =1 0k 0pymyo

[0, Gl = (Z - m) o (i=1,2) (3.8.59)
(R Gnd = Goims By Gl = =G
{Gn G2} = My + 2k0°6 o + (0 — ) Spim

This is a a new SuperBMS; algebra, so far not identified in the literature. Here the
central term for [J,, J,,] and [R,, R,,] are independent of each other. The closest one
that was formulated in [62,65] has both these central terms identical and the other one
obtained in [61] has zero central extension for both commutators. It is just that the most
generic boundary conditions for N' = 2 theory was not considered before. In our work, we
used the most general supertrace elements for the isometry algebra of the bulk and also
used relaxed boundary condition consistent with flat space. Hence, the algebra we get is
bigger than the ones previously discussed in the literature. When we say that the new
algebra cannot be arrived from contraction, we mean the following: Starting from N = 2

supergravity theory in AdS3 we cannot contract and end up at the A/ = (2, 0) super-BMS3
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algebra. Of course, it is possible to start from a theory with higher supersymmetry (say
N = 4 supergravity in AdS3) and use contraction to reach this algebra. We see that the
2D dual theory constructed in (3.5.31) has a richer quantum symmetry.

A similar analysis form (3.7.58) reproduces the N' = 2 SuperBMS; algebra that was

introduced in [68].
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Chapter 4

Supergravity in dS3 and holographic
dual

4.1 Structure of de-Sitter; spacetime

4.2 dS/CFT and holographic dual

Starting from the works of Brown and Henneaux [2] and taking a flat limit of the AdS;
spacetime, the boundary symmetry algebra of asymptotically flat spaces was found [7,29].
It was the (241)D analogue of BMS algebra originally discovered in [9,28]. Subsequent
work showed a flat limit of Liouville theory describes the dynamics of these spacetimes
[32]. The work in both AdS; and Flat spacetimes were extended to supergravity theories
[23,56,57,61,64,69-72]. Because of its strong resemblance to the negative cosmological
constant case, a BMS/CFT conjecture has recently been put forward in the same spirit
[31,73-75].

Strominger proposed the initial dS/CFT correspondence [76] as a natural generalisa-
tion of AAS/CFT to positive cosmological constant case. Even in the original work, a
big question centred on where the holographic dual should reside. A direct analytic ex-
tension of AdS/CFT ideas would suggest that the dual theory lives both in the past(Z™)
and future boundary(Z™*) of dS [77,78]. The reason for the worry is that de-Sitter space
has cosmological horizons, which means any static observer, for example, is not able to
access the whole space-time (See Figure 4.1). Another related problem with de-Sitter
spacetime is that with enough matter present, a spacetime which is de-Sitter in the far

past, may collapse in finite time and have no future dS-like structure at all. Thus if the
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Chapter 4. Supergravity in dS3 and holographic dual

Future Conformal Boundary

North Pole

South Pole

Past Conformal Boundary

Figure 4.1: Penrose diagram for de Sitter space. For a static observer at the south
pole, the blue region is the causal past and the yellow region is the causal future. The
overlapping region is the causal diamond for the observer.

holographic dual theory has part of it described on the future boundary, that theory will
become meaningless.

By an antipodal matching condition between Z* and Z~ Strominger was able to show
that the holographic description only at one of these is enough. Many other “screens”
for the dual were also proposed. But the situation, like many other problems, greatly
simplifies in (241)D as was shown in [79]. They showed that due to the property of radial
gauge choice, it is possible to bring the holographic dual theory in the static patch of
the observer itself. Although in principle this enables us to write a consistent boundary
theory at any radial slice, it is more natural to impose the boundary conditions to a slice
close to the horizon.

In this chapter, we generalize the above construction to minimal supergravity in a dSs
background while working in Eddington-Finkelstein coordinate. We extend the idea of
“asymptotically dS spacetime” to supergravity by giving consistent falloffs for gravitinis.
This extends the asymptotic symmetry group, which now lies in the radial slice discussed
above. Then, using hamiltonian reduction, we write the classical holographic dual for
this supergravity theory which turns out to be a Euclidean super-Liouville theory at the

boundary.
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4.3. de Sitter algebra and it’s supersymmetrization

This chapter is organized as follows: In section 2 we briefly review the minimal super-
algebra that has de-Sitter symmetry group as the bosonic subgroup. We write this algebra
in a suitable basis and discuss it’s supertraces which is essential to write the CS theory
corresponding to supergravity. In section 3, we find out the fall-off of metric and gravitini
fields and calculate the asymptotic symmetry algebra. Finally in section 4, we use the

constraints coming from the boundary conditions to write a 2D dual for the theory.

4.3 de Sitter algebra and it’s supersymmetrization

In a generic dimension d, the symmetry algebra of de Sitter space is given by so(d, 1). In
order to have a supersymmetric extension of this algebra, we must find a superalgebra
whose bosonic subalgebra is of the form so(d,1) @ g. For d = 3, we can use the homo-
morphism s0(3,1) ~ sly(C) in order to find the superalgebra. In his work Nahm [80]
classified all such algebras. In particular the superalgebra OSp(N|2,C) has the bosonic
subgroup sly(C) x so(N). Hence using the algebra OSp(1]2, C) we can construct minimal
de Sitter supergravity theory in (2+1)D.

The algebra OSp(1]2,C) in a particular basis looks like [81]:

[Ja’ Jb] — EabCJC; [Pa’ Jb] — EabCPC; [Pa,Pb] — _)\EabCJC
I8 Ul = =(0MUs Vol = =(0"aVs [P Ual = VAW@)Vs [P, Va] = =VA(0")2Us

a

(U, Usy = 2(0%ap) Py {Va, Vot = =2(0%0s)Ps {Ua, Vi} = 2V N (0%0s)Ja

It has six bosonic generators {P,, J,} with a = {0, 1,2} and four fermionic generators
{Uq, Vo } where o = {—,+}. The A parameter appearing in the algebra is inversely pro-
portional to radius of de Sitter space and A — 0 limit gives N’ = (1, 1) super-Poincaré

algebra as discussed, for example, in [56].

But in the above basis, the implementation of boundary conditions is difficult. It will be
much more convenient for us to go to a new basis which will make the sly(C) structure

of the algebra apparent. To do so, we define the following new combinations:

1 i 1 . ~
Ji = qUnt 5P Q= gralUa=iVa) Qa
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Chapter 4. Supergravity in dS3 and holographic dual

In this new basis the algebra looks like:

[J:7 Jlj_] = eng:—a [JJ_?QG] - _(O-a)g@ﬁv {QomQﬁ} = _i(aaea,@)Jj_a
oyl =ewls, e Qo =—(0"2Q5,  {Qa, Qs} =i(0"as)J,
[‘];r? Jlj] =0, [J(;ra @a] = [JgaQa] =0, {Qaa Qﬁ} = 0. (431)
010
In our conventions €y = 1 and the tangent space metric is given by 74, = 10 ol
001

The 0 matrices satisfy [0¢, 0%] = €0,

In the basis (4.3.1), we can define invariant bilinears of the algebra. In general, this
will be a one-parameter family but the parameter will be fixed by demanding that the
bosonic part of the CS action reduces to Einstein gravity action. The nonzero supertraces

are given by:

<J¢j_7 Jlj_> = Tab, <Qo¢7Q,3> = ic“ﬁ? <Ja_7 Jb_> = TNaB, <Qo¢a Qﬁ> = _iCOé,B' (432)

It must be mentioned that the algebra above actually admits one more invariant bilin-
ear which corresponds to an independent set of supertraces. But this choice does not

correspond to a nondegenerate metric as A — 0.

4.4 Writing the supergravity action

In the above basis we can expand the CS gauge field as:

A= (W +ivVAe)JF + AN +ix™)Q,
A= (w —ivVre?)J7 + A4 —ix®) Q. (4.4.3)
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Then the Einstein action can be written as a sum of CS actions of A and A.

Spr = —iS,[A] + iS,.[A] (4.4.4)

where S, [A] is the Chern-Simons action given by:

K

2
SH[A]ZQ/M<A/\dA+3A/\A/\A>

In terms of the component fields the equations of motion become

de® + g5’ + (0°€)ap (V" — x*x7) = 0

dw* + ;gaf(a}“wb —Ae®e) + 2V XA (0%€) g = 0

A’ — W (0®)e = VAe'x (0")h = 0

dx” — w (02 + Ve (0P = 0 (4.4.5)

this we present here just for completeness. For A — 0 limit these equations get decoupled

and a generic solution is possible [56].

4.5 Asymptotic symmetry of dS Supergravity

Since gravity is topological in (2+1)D, the boundary conditions play a pivotal role in
determining it’s behaviour. These conditions give the action a proper variation and also
introduce boundary degrees of freedom. So our main goal is to define consistent boundary
conditions for dS supergravity and then analyze the asymptotic symmetry algebra that

accompanies it.

4.5.1 Falloff for field A and A

We want to translate the boundary condition from the language of the metric and gravitini
field to the gauge field A and A. Let us briefly review (following [79]) the phase space of

asymptotically dS spacetimes and then extend it to supergravity.
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In Eddington-Finkelstein coordinates, the fall-off for metric is given by

2
ds?® = <§2 + 8GM(u, gb)) du® — 2dudr + 8GJ (u, ¢)du dg + r>d¢*. (4.5.6)
Putting this into Einstein’s equations yields 9,J = 9,M and 9, M = —%2(945\7 . Now we
do a coordinate transformation ¢t = u + il¢ and in this new coordinate, the equations

take the form: 0, (M +47) = 0 and 0_(M — £J) = 0. Hence the fields above can be

expanded as
M=Lo(t)+L(t) T =il(La(ty) - £L(t)) (45.7)

Now we may calculate the vielbeins and spin connections from the above metric. Our
tangent space metric is given under (4.3.1) and in that basis the gauge fields take the
form:

0 18G

Z‘]1+ +—L_(t_)J)dt_

l
v .1 _

Apos = (

C_Lbos == (

where we have already taken out the radial dependence from both A and A using the
relation apos = k71(r)(d + Apos)k(r). Since we'll work in a constant r slice, this reduced
form ap.s and ay.s are going to be our dynamical inputs. Also notice that our form is a

bit different from that of [79] because of the difference in conventions.

Having found out the fall off for the bosonic part, we want to extend it to the full
supergravity field [22]. The bosonic part contains the information of the physical met-
rics that should be included in the theory. In order to find the appropriate boundary
conditions for the fermionic fields as well, we take ap,s and ap.s and act the whole dS

supergroup on it. This generates new terms in the boundary and the full field looks like:

o=+ 5 i + 2 (Q
8= (L7~ SOL () + (L)@ Yt (45.9)
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The functions appearing in the expression 4.5.9 are assumed to have a smooth behaviour
at the boundary. Of these, the functions r~ and 7~ are Grassmann valued. The rest are
scalar.

The boundary condition on these fields can be divided into two categories. Namely,

(1) A, =0and 4, =0

7

(2&) aj, = aQy = 0; ay = 1 (2b) aj = ag, = 0; ay = _%

We’ll shortly see that these boundary conditions will reduce the boundary dual the-
ory first to a WZW action and then finally to a Liouville type theory.
But before that we’ll analyse the asymptotic symmetry algebra that leaves these condi-

tions invariant.

4.5.2 Asymptotic symmetry algebra

In order to obtain the asymptotic algebra we find the variation of the fields that keeps

the above structure intact. The generic variation of the field is given by:
5CL¢ =d)+ [CL¢, )\] (4510)

where )\ is the gauge transformation parameter. We expand it in terms of our generators

as:
A=E0I0 +0Qa

and then use our asymptotic field expression (4.5.9) to find the variations in (4.5.10).
Matching the coefficients on both sides, we see that not all parameters are independent

and are be related by:

& =—(Y

"= —(§")" +8GLE" +4GrT0.

0 =2(0%) —is8Gr ¢! (4.5.11)
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Thus the only independent parameters are &' and 7. Next, we will write the variations
of the fields appearing in the expression (4.5.9). In terms of independent parameters

these are given by:

5L = — (€)' + 2L (€) + LL(E) + er*)' +o6yer (15.12)
V2 o n 3 - +
or~ :z@(ﬁ )"+ 3" (& + (r)€t —z\/_,C 0 (4.5.13)

Now we can construct the conserved charge associated with the variations that preserve

the boundary condition [24]. In CS language this charge is given by:

K

0Q = - /()\, Sag) (4.5.14)

™

where the above integration is performed over a constant r slice. With our boundary

condition the expression reduces to

Q= / (€L +0tr) (4.5.15)

where the equivalence between the CS level and Newton’s constant was used. With this

charge the asymptotic symmetry algebra can be written as:

{QIM], QoY pB = 02,Q[M]

With this and the variations of fields given above, the algebra becomes:

{£00), £(6)} = 81G5'"(9 —0) = (L(0) + L(6))5'(0 — ¢)
(L(6),r(#)) =~ (6) + 57 ()5 (0~ 0) (4.5.16)

{r-w),r-(e')}:—\%ﬁ(ew(e—e') ﬁa"w o)
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In the barred sector, the story runs in parallel. The parameter relations are given by:

&=—("Y
€0 = (&Y +8G L& +4GF 0t
0~ =V2(0%) +i8GF ¢!

and with these, the variation of fields become:

w
|

—
|

0L, = —@(5 )" + 2£+(§ Y+ L (Y + 57”(6*)’ + 5(f*)’e+ (4.5.17)
—— \/§ n+\" 1 —\/ 1 . 1 +
o7 = —ig 5 (07) + SF(EY + (7)€ +zﬁ£+6 (4.5.18)

These then produce the asymptotic algebra of the barred sector. The classical poisson

brackets are given by:

{L£(6),L(0)} = —@5"'(9 0') — (L(O) + L)' (0 — ) (4.5.19)
{L£(6),7(0)} = —(7(0) +; ~(0))d' (0 -0 (4.5.20)

—— —— ! i / \/_Z 11
{7 (0),7 (8"} = +ﬁ£(9)5(9 —0) — <a? 6 —0) (4.5.21)

The results presented above are in terms of Poisson Brackets. To write the quantum
algebra we first express the fields in terms of their modes. The left and right movers are

identified differently
=Y e™L, and L(0) = e "L,.

This identification of modes takes care of the relative minus signs between the bosonic
part of the barred and unbarred algebra.

Next, we need to quantise. While converting the Poisson brackets to commutators in the
dS case. This factor ensures that the central term in the Virasoro commutator matches

with the bosonic result in [79].
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4.6 Dual theory at the boundary

Now that we have analysed the asymptotic algebra, we want to write a classical dual of
the supergravity theory we are considering at the boundary of the spacetime. Now, since
we are working on the static patch of the dS spacetime, the boundary in this case will be
an r = const. hypersurface as r — oo in Eddington-Finkelstein coordinates.

Using a hamiltonian reduction of the CS theory at the bulk, we will first write a dual
WZW type theory at the boundary. This procedure uses the constraint (1) mentioned
earlier. Since this constraint essentially is same for pure gravity and supergravity, this

procedure goes through in exactly the same way. But we present it here anyway.

4.6.1 Dual WZW model at boundary

To see how the Chern-Simons action gives rise to super-WZW theory at the boundary we
employ the techniques discussed in [79]. In fact since the first constraint takes the same
form in pure gravity and supergravity, the reduction is exactly the same. Generically, the
relations between these two theories were discussed in [21].

To illustrate this let us expand the CS theory explicitly in terms of our coordinates.

Sk [A] = g /./\/l dr du d¢<AT<A¢ - A;) - Au(aTA¢ - 8¢A7“) + A¢(81"Au - AT) + 24, [A¢> Ar]>

(4.6.22)

Where the dots are derivatives w.r.t u and dashes are derivatives w.r.t ¢ variables. Now
integrating by parts and taking the ¢ boundary terms to be zero because of periodicity

the above action upto trivial boundary terms reduces to
Suld] = % / dr dudp(A, Ay — AgA, +24,F,) (4.6.23)
M

The field strength above is defined as Fy, = 0,4, —0,As+[As, A,]. Now we can compute
the variation of the above action. We see that apart from the terms proportional to
equations of motion (F = 0) we also get boundary terms proportional to fields. These

come from the commutator in the last term.

S, [A] = /M 5(A)(B.O.M) + k /8 | dudo(A,04,) (4.6.24)
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4.6. Dual theory at the boundary

At this point we can use our first set of boundary conditions A;, = 0 at r — oo. This
implies that at the boundary A, = A4. Thus the correct action must be supplemented
with an additional boundary term to have a well defined variational principle. The action

takes the form:

K

2
SH[A]:2/M<AAdA+3A/\AAA>+’;/@Mdudgz)(@

Now similarly the barred Chern-Simons theory will also be supplemented with a boundary

term. The final action takes the form:
Stpn = Spn +i% /8 | dudo(A? + 23) (4.6.25)

where Srgy is our notation for improved Einstein-Hilbert action, whose variation gives

us the correct equations of motion with our boundary conditions. Sgy is given by [4.4.4].

Since the field strength of the CS action is trivial the fields A and A can be expanded

as pure gauge
A=H'dH A=H'dH (4.6.26)

where H, H € SL(2,C). It’s important to understand that the boundary mentioned in
the above action isn’t the conformal boundary of de-Sitter but rather the boundary of
the static patch where we want to see the dual boundary theory. The authors of [79]
have shown that the idea of asymptotic symmetry can be extended to anywhere inside
the bulk in the case of (241)D pure gravity. It seems natural to put the boundary at the
boundary of causal diamond of the static observer.

We impose the radial gauge on H, H as we've done for the field A earlier. This decomposes
the field into H = h(u, ¢) k(r) where all the r dependence is now encapsulated in k. We
do a similar gauge choice for the barred sector H = h k.

With this decomposition the unbarred part of the action (alongwith it’s corresponding

boundary term) reduces to,

K

Sl =S [ [ o o0 + ; [ sramy)] (4.6.27)
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Chapter 4. Supergravity in dS3 and holographic dual

where 0, = 0, — %&b. This is a chiral WZW model. The barred part reduces similarly to
a WZW model of opposite chirality (with 0_ = 9, + §8¢)

Sdld) =% [/W@‘l(%ﬁ WO h) + ;/

M((H—ldH)?’)} (4.6.28)

To finally reduce these into a non-chiral WZW model, we define
G=H"'H and g=h"'h (4.6.29)

With this identification, the combination of the barred and unbarred CS theory boils
down to a non-chiral WZW model:

K

S =5[] (570 9970.0) + 5 [ (676 (4.6.30)

In the next section, we will impose the rest of the constraints on this action and reduce

this boundary dual to a Liouville theory.

4.6.2 Super-Liouville action at the boundary

Now that we've used the first set of boundary conditions to reduce the dual holographic
theory at the boundary into a WZW model [4.6.30], we want to implement the second
set of constraints.

To do so, we closely follow the construction of [82] and expand do gauss decomposition of
the elements of the supergroup close to identity. A generic element then can be written

as:
g=G"G"G~
where,

Gt = exp(aly + ¥, Q")
G~ = exp(yTo + ¥_Q") (4.6.31)
G = exp(¢ly)
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4.6. Dual theory at the boundary

In general the fields z,y, ¥4, ¢ will be functions of (r,u, ) but due to our gauge choice
at the boundary the r dependence is absent. With this form of of the element, we can
now calculate the currents of the WZW theory. The theory has 2 independent currents
given by:

J=g g J=—dgg" (4.6.32)

Now since in the previous section we’ve seen that ¢ = h~'h we can substitute this in the

above expression and get:

J=a—-glag J=a—gag* (4.6.33)

as a, = 0. Similarly for the barred sector J_ = a_. Thus the constraints on the fields can
be directly imposed on the components of currents of the theory as well. Using (4.6.31)

we now expand the current J in terms of the unbarred basis. We get

Iy =[e?(9,x) — \;56¢(8+w+)w+]Jf

?

+[—e?(0px)y + \/§ZJ€¢<8+¢+)¢+ - ;€¢/2(3+¢+)¢ + 019y

+1(043) = 040y = 5o WO, )b + (0105 )- 1§

+ [ Oua)u + RO,0) + O 1Qu

+[GeOu) + e PY(O02) + SO + (000 + (015)]Q
(4.6.34)
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In this expression, using the constraints above we find following relations:

? ?

e’ (0yw) \/56¢(3+¢+)¢+ =1

l
Yy = —§€¢/2<8+¢+)¢— —il(049)
Y- = —i\/§56¢/2(a+¢+)

Similarly, we expand the J current in barred basis and get the expression:

Jo=—[e?(0-y)]J
+ [~e0(0y) = 56?0y )ibs + 0-0)Jy

~[(0-) — (0-0)x — e (D Ly
1

- [ﬁe‘b(a_y)@h + €¢/2(a—¢—)](2+
C[(0-) j§e¢/%<a_w_> SOy + (0010 (46.35)

Then imposing the constraints here gives:

?

¢*(0-y) = ;
v = —ill0_6) ~ L (0_v )
Yy =iV 20e?*(O_1_) (4.6.36)

Thus we see that in the theory the fields x and y can be completely substituted by the
fields ¢, ¥, ¥ _ and the final action of the constrained theory will be written in terms of
these.

Now after substituting these [4.6.35,4.6.36] into the original action improved with the

boundary term, we get the Super-Liouville action at the boundary:

1 1
So=r [ [20,6)(0- 20 4 P ap_
b= [ RO0-0)+ 5+ e
+ 77/1_,_6_7,0_,_ ‘I— 1/)_8+77/}_]d:13+ d:L‘_ (4637)
This can be treated as the classical boundary dual of the bulk supergravity theory. This

theory is the supersymmetrized version of the theory found in [79].
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Chapter 5

A Matrix Model with BMSj

Constraints

5.1 Introduction

Although we are far from understanding the complete picture of quantum gravity, matrix
models have proven to be very successful in the study of 2D quantum gravity [83,84].
A one-dimensional Hermitian matrix model in the double-scaling limit describes a two-
dimensional string theory which can be interpreted as a Liouville theory coupled to ¢ =
1 matter [85]. This connection generated a huge interest in other possible relations
between gravity theories and matrix models. The 2D quantum gravity models are usually
formulated as conformal field theories, therefore, one natural direction is to look for a
CFT formulation of matrix models [86]. The connection between random matrix models
and conformal field theory (CFT) is bilateral. While matrix model techniques can be
useful for computing certain correlators in a conformal field theory, in some cases, the

techniques of CFT might be useful for solving matrix models.

A matrix model possesses an infinite number of symmetries, which gives rise to a
recursive relation between correlation functions through Loop equations [87]. The exis-
tence of infinite symmetries points to a possible integrability structure, which has been
extensively explored in the literature [88-91]. The partition function of matrix models
is known to play the role of tau-function of some integrable systems. Their underlying
integrability structure makes them exactly solvable and thus, an extremely important

tool in the study of lower-dimensional quantum field theories.
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Chapter 5. A Matrix Model with BMS; Constraints

The loop equations can be reformulated in terms of linear differential constraints on
the partition function, where the differential operators satisfy an infinite dimensional
algebra [92-95]. The most famous example is that of Hermitian one matrix model for
which the operators are known to satisfy the Virasoro algebra. The matrix model parti-
tion function can then be described as a solution to Virasoro-constraints. It is possible to
invert this relation and start from the Virasoro algebra (in fact any infinite dimensional
algebra) to write a corresponding matrix model partition function. A systematic ap-
proach was developed in [86,96] (see [97] for review). Their approach gives a formulation
of matrix models in terms of conformal field theory, where the constraints imposed on
the partition function are translated to conditions imposed on the correlators of a CFT.
Our case of interest in this chapter, is the BMS3 algebra that arises as the asymptotic
symmetry algebra of (2+1)-dimensional flat space-times [7,31]. We have already estab-
lished its extreme importance in understanding the behaviour of these algebras from the
context of flat space holography [31]. While this serves as an example of the method de-
veloped in [86], our bigger motivation is to look for a possible connection between matrix
models and higher-dimensional gravity theories. Given the success of matrix models in
the study of 2D gravity, we believe that a framework for higher-dimensional theories in
terms of matrix models might be useful. A matrix model possessing BMS3 invariance in
it’s partition function may help us explore the integrability structure that underlines it.
We start with a set of linear differential constraints, which we refer to as BMSs-constraints.
Assuming that those constraints describe the loop equations of a matrix model, we use
the free field realisation of BMS3 to write down a solution for those loop equations. The
contents of this paper are organised as follows: In section 5.2, we review the formulation
of loop equations for Hermitian one matrix model as Virasoro-constraints. In section 5.3,
we discuss the method of [86], to compute a matrix model partition function as a solution
to a set of infinite constraints. In section 5.3, we discuss about the BMS3 algebra and
its free field realisation. Finally, in section 5.4, we present our computations of a matrix
model partition function which satisfies BMS3 constraints. These results were reported

in [98]
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5.2. Loop equations

5.2 Loop equations

Loop equations are an infinite set of recursion relations among the correlation functions
of a matrix model that follow from the invariance of the matrix integral under a change

of integration variables [87].

5.2.1 The Hermitian one matrix model : Virasoro constraints

Consider an ensemble E of N x N Hermitian matrices, H € E. Invariance of the partition

function

zZ = / dHe TV ), (5.2.1)
E

under an infinitesimal change of integration variables H — H + eH" leads to the first

loop equation,
n—1

S (trH e H Y — ((rH™V/(H)) = 0. (5.2.2)

k=0
Higher loop equations can be obtained by considering more general change of variables,

or equivalently, from

)
3 / AH o ()it eV ) — o, (5.2.3)
1,7 1)

The case n = 1 with pu; = k, corresponds to (5.2.2). In general,

p1—1 n n n
ST (rH e M [ trHMY 4+ gy (trHP T T b HA
1=0 =2 =2 i—2
] (5.2.4)
= (teV/(H)H" ] trH").
i=2

The exact loop equations are difficult to solve for finite N. However, in the large-N
limit, these can be efficiently used to compute correlation functions, order by order in
1/N expansion [99]. They also admit a topological expansion and can be formulated as
topological recursion relations among the correlation functions [100, 101].

The Hermitian matrices can be diagonalized as
H — UAUT, (5.2.5)

where U are unitary matrices, and A = diag(A,---,Ay) is a diagonal matrix. The
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Chapter 5. A Matrix Model with BMS; Constraints

eigenvalues \; are real. In the eigenvalue basis, the matrix model reduces to an eigenvalue
integral,

zZ= / Hd)\ (A — X)2eV (D), (5.2.6)

1<z<j<N
with a normalization factor which depends on the volume of U (V). The integral measure,
dH remains invariant under the change of basis (5.2.5), and the most general form of

potential V(H) consistent with this invariance is
= - tH" (5.2.7)

Thus, (5.2.5) acts as gauge symmetry on the matrix model partition function having the
potential (5.2.7). The correlators can be obtained as derivatives of the partition function,

with respect to the parameters t,

(trHHF - trHF) = /dH 2o WIFH g Fi L b

o (5.2.8)

S
Ot,, - Ot,,

This relation can be used to rewrite loop equations as linear differential constraints,
L,Z=0 for n>-1, (5.2.9)

where
E kt,——— g . 5.2.10

The operators L,, satisfy a closed algebra,
[Lny L] = (n —m)Lyiim, (5.2.11)

which is similar to the Virasoro algebra, except that n, m > —1. Therefore, it is referred

to as “discrete Virasoro algebra". The constraints (5.2.9) along with

0
- Z=NZ, 2.12
oic (5.2.12)

are called the Virasoro constraints. The matrix model partition function is given by a

solution of these infinite set of constraint equations.
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Virasoro algebra is well-known to be the symmetry algebra of a two-dimensional
conformal field theory. Therefore, a formulation of matrix model partition function as
a solution to Virasoro constraints points to a connection between Hermitian one matrix

model and 2d CF'T, which we discuss in the next section.

5.3 From Infinite Dimensional Algebras to Matrix Models

In [86], a systematic approach was developed to construct solutions of Virasoro and
W-constraints [92], using the methods of conformal field theory. The approach can be
generalised to other set of constraints, provided, there exists a free field realisation of the
algebra satisfied by the corresponding differential operators.

The idea is to identify the operators, L,, with the modes of stress tensor, T}, of a conformal
field theory. The solution to differential constraints is then obtained as a correlator in
the CFT, and the annihilation of that correlator by L, is translated to the annihilation
of vacuum state by T,. Thus, finding an integral expression of the partition function

essentially involves two main steps:

(i) Finding a t-dependent “Hamiltonian" operator that relates L, with the modes of

stress tensor of a CF'T. The identification is expressed through
L,(N|ef'® = (N |, (5.3.13)

where (N| is a charged vacuum state of the theory.

(ii) Finding states |G) in the CFT, which are annihilated by 7,,, n > —1,

T,|G) = 0. (5.3.14)

Once we find H(t) and |G), the solution is given by
Z = (N]H0|q). (5.3.15)

The construction of operator H(t) is somewhat ad hoc. This Hamiltonian operator, in
general, does not have any relation to the CF'T Hamiltonian, since there is no obligation
for a CFT Hamiltonian to satisfy such a relation. However, the state |G) is well-known.

It is given by the action of an operator G which commutes with the stress tensor, on the
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uncharged vacuum state,

G) = Go), (5.3.16)

where

[1,,G]=0, n>-—1. (5.3.17)

Any function of the screening charges satisfy such a commutation relation. In a CFT,
screening charges are operators with non-zero “charge" under the conserved current but
zero conformal dimension. Thus, adding them to a correlation function will not change
their conformal behaviour, however, it will change their total charge.

To get this operator, we first need a dimension-1 primary field in our theory (say v with

hy = 1). Then define a non-local operator, A as

A:f@w@ (5.3.18)

One can show [T}, A] = §dz0(2""'(2)) = 0. Thus, the operator has zero conformal

dimension.

5.3.1 CFT formulation of Hermitian one matrix model

A free field realisation of the Virasoro algebra is given in terms of a free bosonic CFT.
To find a solution of the Virasoro constraints, we only need to consider the holomorphic

part of the theory. The mode expansion of the scalar field is given by

J_
¢(2) = o+ mologz + > ok ok, (5.3.19)
w0 F
where the modes satisfy
[Jn, Jm] = n5n+m70 3 [Qb(), 7T0] =1. (5320)

The stress tensor of the theory,

T(z) = ;[aqs(z)]? (5.3.21)
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admits a mode expansion

1
T(z) =) Tyz"% with T,=> JyJnt5 > Jadb (5.3.22)
nez E>0 2 a+l£)>:0n

In order to relate the above T, with L, given in (5.2.10), we first define vacuum states,

ml0) =0, J0) =0, k>0

(5.3.23)
(N|mo = N(N|, (N|J_x=0, k>0.
It follows from (5.3.22) and (5.3.23) that
T,00) =0, n>—1. (5.3.24)

One can check that (5.3.13) holds for (5.3.22) and (5.2.10) with

H(t) = \}5 Sty = \}5 f U(2)J(2), (5.3.25)

k>0

where

U(z) =Y 2", J(2) = 9¢(2). (5.3.26)

k>0
The next step is to find a state |G), annihilated by the stress tensor. In a scalar field

theory, the screening charges are defined as

Qs = 7{ eV, (5.3.27)

with charges +1 and —1, respectively. Any function of these charges satisfy (5.3.17), but
the correlator (5.3.15) is non-zero only when the charge conservation condition is satisfied
i.e. |G) carries the same charge as (N|. Therefore, if we choose Q4 to construct |G),
only a term with Qf will contribute, irrespective of the form of the function G(Q, ). For

example, we can take, G(Q,) = 9+, a solution to Virasoro constraints is then given by

1
Z = LNETOQ) ),
1 a1 N N _
= ﬁ<]\[| ceV2 fco U(z)J(2) . H% dz; : e\/ﬁ(]ﬁ(zl) . |0> (5328)
: i=1"Ci
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This correlator can be evaluated using the identity

(e e et ) =exp ) (AiA)) (5.3.29)

1<j

and the OPE of scalar fields,

(2)9(2') = log(z — ). (5.3.30)
Finally, we get
JR N
1= ’ 1<i<j<N

which is same as the eigenvalue integral representation (5.2.6) of Hermitian one matrix

model (5.2.1).

Another way to look at the connection between Hermitian one matrix model and free

bosonic CFT, is to define a field [93]

O(2) = \/1§ S t2" — V2trlog <2—1H> ) (5.3.32)

such that the following contour integral, where C' encloses all the eigenvalues (A, - -+ Ay)

of H but not the point z,

%Cd’z, 1 (T(2")) =0, where T(Z)Z;[@¢(Z)]2> (5.3.33)

2miz — 2
gives the loop equation

1 1
2= N Z— A\

J

N1
+i:21z—)\

>

i,

ST ktAT =0 (5.3.34)
i k>0
This equation is just a reformulation of (5.2.2) in terms of eigenvalues, with the potential

given by (5.2.7). (5.2.8) allows one to represent (5.3.32) as

—k
St 4+ V2N logz — V2 Y 2 0 (5.3.35)

1
4) = - o
\/§k>0 k>0 kOt
Thus, {-2, %} can be thought of as creation and annihilation operators in the mode
Oty

expansion of a scalar field (5.3.19). It can be checked that the modes of the stress tensor
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evaluated using (5.3.35) are given by (5.2.10).

5.3.2 Conformal multi-matrix models

Having formulated the loop equations of Hermitian one matrix model as Virasoro con-
straints, one think of a generalisation to other set of constraints. There exists a class of
constraints called the W-constraints, whose solutions correspond to multi-matrix models.

For example, the solution of W, ,;-constraints,
WwWz=0 n>l-—a a=2---17+1, (5.3.36)

where W% satisfy W, -algebra, is given by an r-matrix integral [Mironov,Morozov,...],
with r being the rank of the algebra. The conformal field theory techniques applied to
solve the Virasoro constraints can be easily generalised to the case of WW-constraints. The
associated CFT is that of r free scalar fields. For r = 2 (SL(3) algebra), the differential

operators are given by

0 0 _ ) 2 82
W? = kt + k), — ) + ( — ) 5.3.37
,;) ( Ot “ Ot aJrzb:n ot 8tb Ot 0ty ( )
0 - 0 - 0
W3 = kty ltj———— — kty, ltj————— — 2kltyt;—
o2 o2 92
+2 kt — kt),— 2kt, 5.3.38
kz>0a+I;L+k < kataatb kataatb k@t 8tb> ( )
4 o? o?
+3 Z ( - T a7 ) 5
3,02, \ot,otot. 9t 0h,0t,

and the solution to Wj3-constraints is a two-matrix model,

v @) A (2) Ay A, y). 3.
N1'N2 H/d@ H/dy € (@) A(y) Az, y) (5.3.39)
Here, A(x) = [Ti<i<j<n, (¥; — x;) (similarly for y) is the Vandermonde factor and

Aa,y) = D) Ay) [T = vy)- (5.3.40)
2
A solution (5.3.15) can be constructed for any algebra of constraints, provided, the

following three conditions are fulfilled:
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e The algebra admits a free field realisation.

e One can find a vacuum annihilated by relevant generators in the corresponding field

theory.
e One can find a free field representation of the screening charges.

In this paper, we adopt this construction for the case of BMS3 algebra, which is the

asymptotic symmetry algebra of 3D flat spacetimes.

5.3.3 Free field realisation of BMS;

BMS; algebra is spanned by two spin-2 fields, 7, and M,, and their commutators are

given by

(T, Tr] = (n —m) Ty + %n(n2 —1)0n+m.0,
[T, Miy] = (1 — m) My + %n(n2 — )i, (5.3.41)

(M, M,,] = 0.

As it turns out, there exists a free field realisation of this algebra in terms of the g — ~
bosonic ghost CFT. It was shown [102] that a twisted ghost system with spin (2,-1) of
the fields, respectively, can realise the above algebra (5.3.41).

The bosonic f — system ( see [103] ) generically has a field § with spin A and v with
spin 1 — A and they satisfy the following OPE,

1

EE L (5.3.42)

7(2)B(w) ~ Blw)y(z) ~

while the OPE among the fields with themselves vanishes. Our interest lies in the case
where A = 2. For this system, the holomorphic parts of the primary fields can be expanded

as

B(z) =3 Bz A(z) = 3w, (5.3.43)

nez neZ

The stress tensor of the theory,

T(z) = —A: (2007 +(1— X) :1()0.5 : (5.3.44)
=—2:0(2)0,y: —:7(2)0,5: (for A = 2), (5.3.45)
70



5.4. A BMS; invariant Matrix Model

has the mode expansion

T(z) =Y T,=7"72 (5.3.46)
nez
with
o0 o0 1
T” = Z (Zn + m)ﬁ_m7m+n + Z (’I’L - m)’y—mﬁm—kn + 5 Z (2@ + b)ﬁa%} (5347)
m=0 m=0 a+b=n

a,b>0

From the OPE (5.3.42), it is clear that the above stress tensor satisfies the following

expansions:
T(2)T (w) ~ ;(2 E6w)4 + (iT_<Z))2 (aZT_(“:J) (5.3.48)
T(2)8(w) ~ (jﬂ_ (ZJ)V + (iﬂ_(ljj) (5.3.49)

This suggests that the modes of T'(z) and (z) satisfy an algebra that is almost like BMS3
except that the central charges are different. The central charges of BMS;3 (5.3.41) are
arbitrary, whereas in this system ¢; = 26 and ¢ = 0. To get around this problem, [102]

twisted the above stress tensor with

T(z) = T(2) — ad’y (5.3.50)

This twist introduces an arbitrary central charge of 12a in the OPE of T'(z) with 5(2).
So now we may say that the modes of the stress tensor gives the 7T,, generator whereas
the modes of the field £ acts as M,,. Of course, the ¢; central charge is still fixed to be
26. But we can change that by coupling this system with arbitrary chiral matter whose
stress tensor has some non-zero central charge. We ignore this extra complication for now
as whatever we derive with the twisted 5 — v system described above would go through

even in that case.

5.4 A BMS; invariant Matrix Model

We impose an infinite set of differential constraints

B'Z =0, n>-l,a=1,2. (5.4.51)
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such that the operators B? satisfy BMS3 algebra (5.3.41). The explicit form of these
operators is given in (5.4.53) and (5.4.54). We call these constraints the BMS3-constraints,
and claim that a solution of (5.4.51) gives a BMS; invariant matrix model partition
function. The constraints (5.4.51) should describe the loop equations of that matrix

model.

5.4.1 Loop equations

In order to define the differential operators corresponding to Loop equations, we first

observe that the OPE (5.3.42) gives the following relation between the modes:

(Vs Bin] = Onm.05 (5.4.52)

while the rest of the commutators vanish. Thus, the pair {vx, 5_x} behaves like creation
and annihilation operators of a simple harmonic oscillator (SHO) and can be equated
with {%, tr} for k> 0. A similar set of equivalence can be made for £ < 0 modes, with

another set of SHOs {72, 14 }.

Thus, the differential operators of relevance become

By =L, = > (2n+m)ty,

m=0 8tm+n m=0
1 0 0
- 2 b — 5.4.53
+ 2a§:n(a+ Vo o5, (5.4.53)
a,b>0
2 _ a
Bn = Mn = ﬁ, n > O, Mn = t_n, n < 0, (5454)
which satisfy
[Lm Lm] = ( - m)Ln+m7
[Lm Mm] = (n - m)Mn—l—m,

[M,, M, = 0. (5.4.55)

This is the classical version of BMS3 algebra. The matrix model partition function is

obtained as a solution to the constraints

L,Zn =0, and M,Zy =0 for n> -1, (5.4.56)
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where the suffix N of the partition function indicates the charge of the vacuum under the

U(1) current of the system,
j(z) = =B (5.4.57)

The rest of this paper is devoted to finding a solution to (5.4.56). To solve the above
constraints, we will use our knowledge of the free field realisation of the algebra. Our
objective would be to translate the constraints in terms of a CF'T correlator in the g —

model.

5.4.2 The ‘Hamiltonian’ function

The procedure to find the partition function that satisfies (5.4.56) involves two vital
steps [97]. Firstly, we find a “Hamiltonian" operator that relates the differential operators
with the modes of the operators of our CFT.

This relation is expressed in terms of the following expressions:
Ly (N|e®) = (N|fTt0T,  and M, (N|[eT®D = (N]eHED g, | (5.4.58)

The state (N| is a vacuum of the theory which is charged.

We propose the following operator:

H(t,t) =Y teve + Y b (5.4.59)
k>1 k>—1
Using (5.4.53), we have
B 0 0 _ 1
Ln<N|€H(t’t) = <N‘ (Z(Qn + p)tp7n+p + Z(p - n)tpﬁner + 5 Z ’Yaﬁb) )
p=0 p=0 a+b=n;a,b>0
(5.4.60)

whereas to work out the RHS of (5.4.58), we make use of the BCH formula
XY =Ye¥ +[X,Y], (5.4.61)

and also use the fact that the vacuum state (N| is annihilated by the modes f_j,v_j for
k > 0. It can be easily shown that the first equation of (5.4.58) is satisfied.

We also need to check the second equality in (5.4.58). This is relatively easy to check
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since the LHS gives
M, (N|e®D = (N|g,ef D, (5.4.62)

This result is also obtained from RHS quite straightforwardly as /3, commutes with the

Hamiltonian for n > 0 and hence, our choice of Hamiltonian function is justified.

5.4.3 Screening Charges

To complete our analysis, we now require a ket state |G) such that
T,.|G) =0 M,|G) =0 (5.4.63)

If such a state is found, then we may claim that the full partition function of the theory
is given by
Zy = (N|efTtD|G), (5.4.64)

which from the properties of (5.4.58) and (5.4.63) satisfies all our constraints.

Generic states, which commute with all positive modes of stress tensor (first equation
of (5.4.63)) are generated by Screening Operators. Unfortunately, for a § — 7 system of
spin (2,-1) we don’t have a spin 1 primary at hand. Hence, the construction of these
operators isn’t straightforward. For this we need to take an indirect route which we chalk

out below.

For a generic bosonic 5 —- system of dimension (A, 1 —\) the system has a background
charge (1—2\), which implies that our system has a background charge —3. The presence
of a background charge makes the U(1) symmetry anomalous and the current (5.4.57) is
no longer a primary of the theory.

To get a better handle in the theory, we fermionize the theory [103]. We take a free scalar
field, ¢ which satisfies the OPE

o(2)p(w) ~1In(z — w), (5.4.65)

and two fermionic fields, n and & such that n(z) and 0£(z) are primary fields of dimension

one. Their OPE is given by
1

(z —w)

n(2)§(w) ~
74
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Then in terms of these fields, we can write
B(z) = e ?D0E,  y(z) = e?Pn(z). (5.4.67)

This map gives us incredible advantage. Since, we know that free scalar fields have Vertex

operators

Valz, 2) = V20052, (5.4.68)

1 a2, Hence, we can construct dimension

which are primary operators with dimension
one primaries now, which in turn gives us our screening charges. Of course we also have
fermionic primaries in our theory. It turns out the relevant screening charges in this new

theory are

0, - j{ e O, = 7{ =2, (5.4.69)

as T,, and M,, both commute with them?. It also implies that we can take any function

of these charges acting on vacuum as our state |G).

5.4.4 The matrix model partition function

If we choose GG to be an exponential function, then we realise that charge conservation
of CFT correlators demand that only the N-th term of the exponential operator would

survive. Thus, the final partition function is given by

Zy = (N|efTtD|G),
1

- W<N|6H(t@(Q1)N1(Q2)NQ|0>, with N; + Ny = N.
IADY

To evaluate the above integral, we first write our Hamiltonian in terms of fields,

H(tD) = Yt + X 6= — f V(2)0() — § U()08(2), (5.4.70)

k>1 E>—1
where
Z k-1 Z k2
Viz) = tr—, Ul(z) = ts . (5.4.71)
=1 k—1 Pt k+2

n absence of a background charge. Otherwise hy, = a? — 2aga
2This is the reason we couldn’t use the fermionic screening operators. M, doesn’t commute with
them.
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Thus, in terms of fields our partition function becomes

1 N2
T — e~ $V(2)07(2)~§ U(2)95(2) j{ da; : e~ @) . ?{ du: - e 22Wi) . |0
A A AR H T L1, v e 0)

are

0B(2)e(2) ~ f(_zlz), (5.4.72)
M) ~ — 2L (5473

Finally, to evaluate the correlator, we use the identity of exponentiated operators (5.3.29).

Using these we get

(N—N1) 1

%memem“”Hf@””mmwmw“m)

where

X(ai) = V(w)y(w:) = Uw:)Bas),  Y(y;) = Vy)(y;) = Uly)Bly;) - (5:4.75)

N1 N2

Ax) =TT =), Aly) =11 —w), Al,y) =[I@—y)  (5.4.76)

i<k i<k i,J
This is our final result. It shows that the BMS3 constraints give rise to a two-matrix
model partition function written in terms of their eigenvalues. It may be interpreted as
an orthogonal matrix model and a quaternionic Hermitian model interacting through the

measure of the partition function.
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Chapter 6

Outlook and Future Directions

In Chapter 3 and 4, we have found the dual field theory to the supergravity theory in 3D
bulk. First we looked at asymptotically flat spacetimes in N/ = 2 Supergravity. We have
constructed the duals for both A/ = (1,1) and N’ = (2, 0) cases. The physical observables
dual to 3D graviton (and other supergravity fields) belong to a super Liouville like theory.
We found that for N' = (2,0) case the dual theory enjoys an infinite dimensional most
generic N' = 2 quantum SuperBMS3 symmetry that so far was not known. The symmetry
is a truncated version of N' = 4 SuperBMS; that we developed in [68]. One of the
interesting results here was the non-trivial central extensions for [J,, Jn,] and [R,, R,,]
commutators. These can not be derived from the AdS;3 case by taking a flat space limit

and hence is unique to flat space itself.

Next, we discussed the boundary behaviour of minimal supergravity theory in (241)D
with A > 0. We found how the asymptotic symmetries can be extended to the static
patch for this supergravity model and again ended up in a Liouville type theory. For a
Lorentzian signature de-Sitter space, the holographic dual is an Euclidean CFT, which
we found here as well. To analyze the symmetries of this dual super-Liouville theory is
something we want to persue in the future. Our understanding is that the currents of
this theory can be used to do a Sugawara construction which reproduces the asymptotic

symmetry algebra of the bulk dS spacetime.

The dual theories that we wrote down are not complete quantum holographic duals
of the gravity theory in the bulk. They are to be thought of as effective descriptions of
the bulk gravity at asymptotic boundaries. But since symmetries play a major role in

constraining the gravitational data, it is expected that analysing these duals may lead to
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understanding of 3D gravity observables.

Earlier in [68,102] a free field realisation of SuperBMS; algebras was presented. It
would be interesting to see how the theory constructed in this paper are related to those.
Another technically challenging problem would be to extend the above analysis for N’ = 4
[72,104] and N = 8 [71,105] Supergravity theories. With that, we shall have a complete
zoo of all 2D duals of all possible 3D Supergravities.

Another interesting problem to study is the quantum corrections to the asymptotic
algebras and the dual theory. For instance the work [106] found non-trivial corrections
to the central charges of the boundary algebra. It would be interesting to see these
corrections for the boundary theory presented here as well. The problem of considering
non trivial holonomies of the bulk gravity theory is also interesting.

In Chapter 5, we have found a matrix model partition function with BM S5 con-
straints. The BM S5 constraints are imposed through loop equations which suggests it
might also be possible to formulate a topological recursion relation. There has been some
recent works trying to understand the possible connections between BM S5 algebras and
integrability [107]. We believe further investigation of this partition function will shed
some light over this. BM S5 algebra is also linked with flat limits of Liouville theory [32]
and it would be interesting to understand the connection between this 2D gauge theory
and our resulting matrix model. We would also like to understand the links between the
correlation functions in the Matrix model and BMS3 invariant correlation functions of
the boundary gauge theory.

Another possible direction would be to understand Super-BMSj algebra in terms of matrix
models [33,56,61,71]. They appear as the asymptotic symmetry group of Supergravity
theories in 3D flat spacetimes. The non-trivial features resulting from fermionic con-
straints on a Matrix model partition function would be interesting to study. The free

field realisations required for this construction were discussed in [68].
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Appendix A

Details of Calculations

Part 1: Conventions and Identities

In this paper, we have mostly followed the conventions of [57]. The tangent space metric
Nap, @ = 0, 1,2 is flat and off-diagonal, given as

The space time coordinates are u, ¢, r with positive orientation in the bulk being dudgdr.
Accordingly the Levi-Civita symbol is chosen such that €0 = 1.

The three dimensional Dirac matrices satisfy usual commutation relation {I'y, Iy} = 214
. They also satisfy following useful identities:

Fan = ECLbCFC + nab]L (Fa)g<ra)g = 26?53 - 536;;

The explicit form of the Dirac matrices are chosen as,

0 1 00 1 0
Ty=+v2 . Ti=v2 . Iy= : (A.0.1)

All spinors in this work are Majorana and our convention for the majorana conjugate of
the fermions are different from [57] and is given as,

- 0 1
wai = ¢fcﬂa7 Caﬂ — 60&5 = Caﬂ =

-1 0

Here @ = 1, 2 is the internal index and C,g is the charge conjugation matrix that satisfies

CT=-C, CT,0'=—(T.)", CusCsy = b4,
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Appendix A. Details of Calculations

For any traceless 2 x 2 matrix A, it can be shown that CaﬁAg = (CT) o, ITr[[LA]
For computing the gauged action the three dimensional Fierz relation is useful and is
given as

1 1
n = —577(1 - 5(77F“C)Fa : (A.0.2)

Other useful identities are:

Yan=7Tatb,  Ylae=—ely1h, (A.0.3)

where ¢, n are Grassmannian one-forms, while € is a Grassmann parameter.

Part 2: Hamiltonian form of the CS action

In this appendix, we shall present the details of the Hamiltonian action and the bound-
ary term corresponding to a Chern-Simons theory on a 3 manifold with boundary. We
decompose the gauge field A(u,¢,r) as A = duA, + A. Thus we give a preference to
the time like u direction and other two directions are treated together. The reasoning
behind this decomposition is: in variational principle, in general we can not through out
the variations of derivatives of gauge fields along the spacelike directions. Next we can
decompose the field strength. Using A = du A, + A and d = du 9, + d, we get

dA = dud + d duA, + dA (A.0.4)
Therefore

< A, dA >

—< (du Ay + A), (duA + d dud, + dA) >

—<du Ay, dA >+ < A, duld > + < A, dduA, >

=< A, dud > +2 < du A,, dA > +total derivative term

where we have used

d < A, duA, > =< dA,duA, > — < A,dduA, >
—<,duA,,dA > — < A,dduA, >

using cyclic invariance of trace in the last step. o
Also we have, (AN A) = (duA, NA+ ANduA, + AN A). Therefore

< A3 > =< (du A, + A) A (dud, NA+ ANduA, + AN A) >
=< duA,NANA> + < ANduA NA >+ < ANANduA, >
=3 <dud,NANA>

Now collecting all the terms and putting in the CS action we get,

Iq[A] = 4];/ A, dud > +2 < dud,,dA + A2 > (A.0.5)
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Finally we present construction of the boundary term. Variation of the above Hamiltonian
form of the Chern-Simons action (A.0.5)s is given by

6Iy[A] = 4]; / 5(A, Adu) + 2(dudA,, dA + A2) + 2(duA,, d6 A + A2) (A.0.6)

§(A, Adu) = dudpdr Tr[—6A,0,Ay + 5 A0, A, — A,0,(5A,) + Agdu(6A,)]
dA = dpdr(0,As — 044,), A?=dodr(AzA, — A, Ay), dA+ A* = dodrF,y

Substituting all these expressions in (A.0.6), we get
k
Sluld] = - / dudddrTr|—0A,0,Ag + 5AgD A, — A,0u(5A,) + AyDu(0A,)]
™
k
+27 /dudqﬁd'rTr[Au@,,,((SAd)) — Au05(6A,) + Au(0AA, + Ay A, — A Ay — A6 Ay)]
™
k
T / duddrTr[§ Ay F, ) (A.0.7)
™
The colored terms can be manipulated to write them as a total derivative plus another
term. The total derivative terms from all the blue terms can be integrated out to give zero
at the boundary (as the variation of fields are zero at the boundary). The red colored term

gives a non-zero term at the boundary r = r¢ (marked green in the following expression).
All other terms combine to give the following variation of the action:

SIgld] = / dudodrTris A Frg) + / duddrTr[d AsFo] + / dudédrTr]5 A, F)
4+ / dudpdrTr|d,(Aud Ag)] — - / dud@drTr[a@(A,,,M,)] (A.0.8)
27 . ‘ 27 . ‘
The boundary term can be rewritten in form notation as — 5= [ dud(A,, 0 A) as
v / dud( Ay, §A) = / dudodrTr]0,(A,0Ay) — Dy(AuSA,)] (A.0.9)

Apart from the boundary term, §/y[A] = 0 = F,, =0, Fur =0, Fy4, = 0 which means

F=dA+ A*’=0

Part 3: Details of the Computations for Dual WZW theory of
N = (1,1) Supergravity

In this appendix, we shall briefly present an independent computation for the A" = (1, 1)
case. This is a simpler version of N' = (2, 0) case as we do not have any internal symmetry
generators T, Z. But in calculations, the exact behaviour of fields (their overall signs)
differ from the N' = (2,0) case and also the basis of fermionic generators are different.
Thus although the final result is mere a truncation of the N' = (2,0) one. The action is
given in (3.3.6). We begin with eoms as, Equations of motion:
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Appendix A. Details of Calculations

1—

¥ '),

o |
Mm

de +[@,e] = W'y -

1

e'(La)ge™,  (i=1,2)

D¢ai _

l\D\»—tﬁ

Solutions to equations of motion:

& = ALdA,
¢i — A—ldni

A € SL(2,R)
(i=1,2)

12 . . 12 .
e = A_I(Z Z?’]Zdﬁz ‘l— g Zdﬁlnlﬂ + db)A
i=1 i=1

(A.0.10)

(A.0.11)

(A.0.12)
(A.0.13)

(A.0.14)

Asymptotic form of the r-independent part of the gauge field in radial gauge:

A= (Mdu + 'quﬁ)Po + duP; + Md(ﬁt]o + doJy + Z 211#/4

Functional form of the solutions in radial gauge:

A = )\(U,Qﬁ)f(lb,?”) A

N = v'u,¢) + Au, $)p"*(u,r)
1 2

b = LP) — —

a(u Qs) 42 1 =1

+A(u, 9)B(u, 1)A (u, ¢)

1

Constraints on the asymptotic gauge field components:
Wy =€y, w, =0, Yt =0 =i-
Surface term at the boundary:
_ / dud(A,, 5A) = - / dudg wwag ="
2m 4T

Action in terms of gauge field components:

I /dudgb EgWau T Wiau + HWGWag — Z waudi |r="o

=1

6 / abceawbwc + e b b we + Z

Action on the solutions of equations of motion:

1 2

2
- / dud¢ T?“[2AA‘1(—411 20T HY) = (WA A AT AN =25 T
d =1

=1
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“(CTa)agt™v™)]

(A.0.15)

(A.0.16)
(A.0.17)

Z v (u, @)p" (u,1)A (u, 6) — 3 >0 () A (u, o) (u(A)D.18)

(A.0.19)

(A.0.20)

(A.0.21)

i/ﬁi]T:TO_}_% /TT(dAA_1)3)

(A.0.22)



Action after using gauge decomposed forms of the solutions:

I o, vt 3] = E(fdudg[2D\ e + 1522 AT — (VA2 4 AN = L2 5
+4 [ Tr(dAAY)?) (A.0.23)

Equations of motion:

(ANY = 0(A.0.24)
7+ 7 = 0(A.0.25)

. . 12
o/+o/M—1—M—1a’+ZZzﬁ + - ZM Wit — 9,(NATY) = 0(A.0.26)
i=1

Generic solutions of the equations of motion:

A= T(u)k(o) (A.0.27)
Vo= 7(G(u) + G(0)) (A.0.28)
a = 7(a(¢) +6(u) +ur'k — le Z C{Z;)T’I (A.0.29)

Symmetries of the solutions:

a — a+A(G)A! (A.0.30)
A — AO7H¢); a—a—ureleNT! (A.0.31)
‘ . . 1

v — '+ AT (¢p) (i=lor2); a—a-— Zl/lT AT (A.0.32)

Infinitesimal version of the symmetries:

S = Ao(p)A! (A.0.33)

SoA = —M(GA =027 Spa = —uNd'AT! (A.0.34)
1

st = MY (570z——11/ Rk (A.0.35)
1

50 = A (iyaz—ZuQWQ)\’l (A.0.36)

Currents corresponding to the above symmetries:

Jt = 55(E)Tr[a/\_1)\’]:25“a“Pa (A.0.37)
™

Ji = _EagTr[e(A—la’A— VY = ZA Lig' \)] = 2666°J, (A.0.38)
s

Jli = Qk(%fTr[y "\ = 04Q' 4" (i=1,2, i notsummed over) (A.0.39)
™

where o and 0 being SL(2,R) matrices are expanded in the basis of I matrices.
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Appendix A. Details of Calculations

Dirac brackets:

{Pa(9), Pa(¢))} = 0 (A.0.40)
(PO, BN} = eanP ()00~ ) — Somad (6~ &) (A.0.41)
{P0).QL()} = 0 (i=12) (A0.42)
(L0 D)) = eand 56— &)+ Monyd' (6~ o) (A.0.43)
(16, @40} = ;QTJA@&¢—¢)(%=L® (A.0.44)
{Qi(0), @4(¢)} = 5”[—;(OF“)QBP@(¢)6(¢—qs')—;Tcaﬁ(s'(gb—qy)] (A.0.45)

Bilinears for Sugawara construction:

2
H= PPy P =20 Potpht ZQl C°Qh, G =2V (RQLHVERQL) (i=12)
(A.0.46)
Remaining constraints on the gauge field:
w; =1, e}b = ei =0, 77/);_ = @Di‘ = (A.0.47)

Po(0) = 5= Do(9) = -5, QL=Q1=0 (A.0.48)

Shifted bilinears:
H=H+0sP,, P=P—0sha, G =G +2°19,Q" (A.0.49)

Poisson brackets:
{H(¢),H(¢)} = 0 (A.0.50)
{H(9), P(¢)} = (H(d)+H(¢)d' (0 —¢) — =0*6(¢p—¢)  (A.051)
{H(¢).6'(¢")} = 0 (A.0.52)
(P6).P(#)} = (Po)+P))5(6—0)— Loos(6—¢)  (A053)
(P0). G} = (G(0)+ 3G (056 — ) (A.054)
(G'0).0()) = FIAG)6— &)~ 2-0(6~ &) (A.0.55)
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Part 4: Currents corresponding to Global symmetries of WZW
theory

Here we present a procedure to get the ¢ dependent symmetries of the solutions with one
example. Let us look at the solution of A:

A =T1(u)k(p).

Multiplying the solution by an arbitrary ¢ dependent SL(2,C) field ! from right is
still a symmetry of the solution. In this new solution x is modified as xf. Since
appears in the solution of F', that solution also needs to be transformed accordingly. The
x dependent term in F is ~ —urk'xk~'77!. This for kK — k@ this piece transforms as
—ur (k07 (k0 = —urk' kT + wA(0710)AT!. Thus the field F' changes as
F — F +u\07'¢)\"1. A similar analysis for all possible symmetries of the solutions
yields the transformations presented in the first equation of section 3.6.1. One can then
easily derive the infinitesimal versions presented in (3.6.45).Below we present some details

of the current computations.

Noether current associated to a global symmetry generated by parameter € is given
as,

6L
Tle = <00 — KV, oK' =6.L. A.0.56
50,00 : (A.056)

Another useful way to get the current is to use

oL oL
o,J". = — — | 6.0;. A.0.57
7 (5(8#@) 5@) 5 (A.0.57)

We shall write the current such that it only has non-zero component in the u—direction.
For finding currents corresponding to C and N transformations, (A.0.57) is useful and
that directly gives us J&, Jy of (3.6.52). For the other four currents we need to use either
of (A.0.56), (A.0.57) and improvement terms S T,

First we look at the fermionic currents. For these, we do not require improvement
and (A.0.56) directly gives us currents in u—direction. In particular the for Jp , we get

k - - k - —
K" = (—?)TT[(dgl)\ — ’ia/d2>\)D1], K¢) = ?TT[ADICZQ + ZCL)\DldQ]
T 0
Finally for Jj, we need to take contribution from %56@ piece, that cancels the K¢

part and adds an equal contribution as K" in the final expression. Similarly we get Jp, .
For the current due to A transformation, direct evaluation with (A.0.56) gives

k (naA—8a'A).

4z

ju = f[(ﬂa,+2icl+2i(d2/d1—dl’dg—ia'(d2d1+d1d2)))A—ﬂaA'+8ua'A’], j¢ =
v

Here the fermion terms are traced among themselves. To get the final current in u—direction,
we need to add

v k [l i
SA[;L ] _ _Eguy(Sua/A . ,U/GA), €u¢ — 17 Tf: = 55’&@@/.

taking these improvement terms into account we finally get J% as given in (3.6.52).
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Appendix A. Details of Calculations

Finally for © transformation, using (A.0.57) we get

k k
J" = 27Tr[{x1m + AN = 2u( AN, T = 27Tr[9x1X]
™ ™
. Adding the required improvements terms are

LI _ k IS
sl = 5" TrluON X, T4 = Sjuz TriO(A'N)],

we finally get the expression for J§ as given in (3.6.52).

Part 5: Some important Dirac Brackets

In this appendix, we provide the nontrivial Dirac brackets between various currents and
current bilinears that are required for the results presented in the draft.

The non-trivial Dirac brackets of Sugawara modes with currents are given by:

{H().Ql(¢)} =-QF(6)5' (¢ — ¢ (A.0.58)
{H(0),Q"(¢)} = 1Q%(9)d' (6 — ¢) (A.0.59)
{P(6).Q1(¢)} = Ql(6)d (6 — &) (A.0.60)
{P(6).QF (¢} = QF(6)d'(6 - ¢) (A.0.61)
{P(6).Q5 ()} = Q5 (0)5'(6 — &) (A.0.62)
{P(),Q%(¢)} = Q%*(¢)3'(6 — &) (A.0.63)
{P().Q")} = Q)3 (6 — ¢) (A.0.64)
{P(6),Q°(¢)} = Q%()d' (6 — &) (A.0.65)
(60,5} = VaT Qb (6 - 0) (4.0.66)
{G1(6).Q%(¢)} = H(#)d(¢ — ¢) — Q5 (6)0' (6 — ¢') — 21Q°(¢)0' (6 — ¢')  (A.0.67)
{G1(9), Q4 (9)} = ~iG1(0)d(6 — &) (A.0.68)
{G2(6), QY (9)} = iGa(9)3(0 — &) (A.0.69)

With above equations we can try to calculate the PBs between different modes of stress
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tensor. For example:
(H(0), P6)} = { H(6), (-27)Q1Q% }
= (-2 [{H(9),Q1(#)} Q&) + Q1) {H(9), Q1 ()} QI (&)
= 22QL(0)QL (¢)960(6 — &)

FQI()95[Q7(6)3(6 — 6] — T05[QL(©)5(6 — QL (&)
k

FQ(O)Q(9)2:8(6 — &) — 1036 — QL ()QL (@)
= (H(@) + H(¢))2,8(6 — )

Qs (
= LQI(©)2:]QL ()00 — )] = L 91QL(6)3(6 — $)]QF (&)
= -Q, (
The Dirac Brackets of the above modes among themselves are given by:

{H(¢), H(¢)} = (A.0.70)
{H(¢), P(¢)} = (H(¢) + H(¢'))9s0(¢ — &) (A.0.71)
{P(¢), P(¢')} = (P(¢) + P(¢)050(¢ — &) (A.0.72)
{P(6).G" (&)} = (G'(¢) + G'(¢))0s0(6 — &) (A.0.73)
{H (), Q(¢)} = 4Q°(0)056(¢ — ¢') (A.0.74)
(Qe(6), Qul6)} = 50,66 — &) (A.0.75)
{P(¢),Q°(¢")} = Q°()950(¢ — ¢') (A.0.76)
{P(0),Q(¢")} = Q4 ($)Ds0(¢ — ) (A.0.77)
{Gi1(¢),Q%(¢)} = —iG1(¢)0(¢ — ¢') (A.0.78)
{G2(9), QA(¢)} = 1G2(0)d(¢ — ¢') (A.0.79)
(A.0.80)

The modes of Stress tensor as defined by above Sugawara construction do not commute
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Appendix A. Details of Calculations

with the First class constraints. In fact,

{H(¢),Q0 (¢} =

{H(9),Q3(6)} =~ <¢>6’<¢—¢’)=—x/5;6'<¢—¢’>
{H(¢), Q¢ (¢)} = {H($),Q7*(¢)} = 0

(P(0). QF ()} = Q)5 (6~ ) = V3,56~ &)

{P(). Q) = Q)6 — ) = VIl (6 — )
{P(6),Q7"*(¢)} = QG”( )8'(¢—¢) =0
{G2%(9). Q0 (¢)} =
{G22(8), Qi (¢)} = QF (¢ )Q12(¢) (60— ¢)
{g'). Q%)) = V2 ap 6’<¢ ¢) = f6’<¢—¢’>
{Q4(8), Q5 (¢)} = iQ% ()0 < ¢) =0
{Q4(¢),Q%*(¢)} = z@% )o(p—¢') =0

Part 6: An example of Super BMS3 current commutation

In this appendix we shall present how the shifted fermionic currents G*(¢), G2(¢') closes to
right SuperBMS;3 structure under anti-commutation. With these shifts the Dirac bracket
becomes:

{G'(9),G%(¢")} ={G"(¢) + 0,QF (), G*(¢') + 0 QF*(¢')}
={G'(9). 7, (QFQP + V2QF Q% +2iQ°QF)} + 0,{Q
+05{G" (), Q7 (¢)} + 0w 0,{QF (9), QF* (#)}

Now we can look at the RHS term by term. The first DB gives:
{6'(0), T(QFQF + V2QF Q% +21Q°Q) ()
=2 QF(6)1G1(0),Q5(¢)} + TV2QF (6)1G"(6),Q%(¢))} + 217G (6),

$(9),6%(¢)}

C ()}

Using the fact that we are on the constrained surface defined by (3.7.56), we see that the
first term above is 0 since Q%' (¢) = 0 on the surface. The last two terms combine to give:

) (@)} =H(P)d(p — &) —

Where we also needed to use QI (¢)0,0(¢ — ¢')

surface.

{6'(0). T(QF Q% + V2T Q% +2iQ° 20(Q°(6) + Q°(¢))8'(6 — &)

—95Q% (¢)d(¢ — ¢') on the constrained

Similarly the last rest of the terms of the first DB combine to give:

() + 006" (6), Q% () + 00 0,{Q% (6), Q2(¢)} = —~06(6 — )
98
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Thus we finally get:

(61(6). 6(6 ko = H(O)5(6 — ) — 0356 — ) — 21(Q°(0) + Q)T (6 — o)

Similar computations can be performed with other shifted currents to get the final
Dirac brackets. [12]
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