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Abstract

In 1960’s, W. G. Leavitt introduced a type of non-commutative algebras that are now called
Leavitt Algebras. In 2005, Gene Abrams and Gonzalo Aranda Pino introduced Leavitt path
algebras as a generalization of Leavitt algebras. It was also done by Pere Ara, Maria Moreno,
and Enrique Pardo simultaneously. In this thesis we explain K, and K; groups of Leavitt

path algebras, based on the studies of Gene Abrams, Pere Ara and Mercedes Siles Molina.
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Introduction

in 1960°s, W. G. Leavitt introduced an algebraic structure that are now called as Leavitt
algebras. Later in 2005, Gene Abrams and Gonzalo Aranda Pino introduced a broader
class of algebras called Leavitt path algebras(LPA). LPA are non-commutative graded graph
algebras. Grothendieck group(Ky) and Whitehead group(K;) are structures in K-theory.
Here we study K, and K; groups of Leavitt path algebras and an important relation between

them.
The layout of this thesis is as follows:

In chapter 1, we study basic definitions and results related to graphs and directed graphs.
This is a precursor to LPA in chapter 3. More details can be found in [1]. In chapter 2, we
study graded theory in detail. We study graded rings, graded modules and graded projective
modules, for more details refer [2]. In chapter 3, we study Leavitt path algebras that is a
precursor to chapter 7. The graded structure of LPA is also discussed here. For more details

on this topic, refer [4] and [2].

Let Ko(Li(E)) denote the group completion of the monoid V(Lk(£)). The monoid
V(Lk(F)) has some interesting properties. In chapter 4, we study some properties in classical
ring theory. In chapter 7 we check if the monoid V(L (FE)) satisfy these properties. More
details on classical ring theory can be referred from [3]. In chapter 5, we cover elementary
subgroups in detail. This is a precursor to the Kij-group that will be discussed in chapter
6. For more details, refer [5]. Chapter 6 is an introduction to K-theory. Here we discuss
Grothendieck group and Whitehead group. For more details, refer [6] and [5]. In chapter 7,
we prove refinement and separative properties of monoid Mg. We define Ky and K; of LPA.

For more details, refer [4].



Let E be a row-finite graph, then we show the relation

Ko(Lk(E)) = Coker((I. — Aw)"): € Z— Pz

vEReg(E) vEE"

Let E be a finite graph without sources, then we show the relation

Ky(Lx(E)) = (Coker((I, — Ag)") @ (Ker((I. — Ag)")

Let F and F be finite graphs without sinks or sources, and |Ey| = |Fy|. If Ko(Lk(FE)) =
Ko(Lk(F)), then we show the following relation

Ki(Lx(E)) = Ki(Lg(F))

We also show the Morita equivalence of Leavitt path algebras. Let E and F be fi-
nite graphs with £ =, F, we show that Morita equivalence of Lx(F) and Lk (F) exists,
Ly (FE) ~p Lg(F).



Chapter 1

Graph theory

In this chapter we study graphs, directed graphs, extended graph, and some properties of
graphs like adjacency matrix, incidence matrix, paths, trees, etc. The definitions and major
results in this chapter are referred from [1]. All graphs are self drawn and examples are self

written.

1.1 Graphs

A graph is a representation of n objects and relations between them. In this thesis, we study

algebra constructed from graphs.

Definition 1.1.1. A graph E = (E°, E',r) is a triple. Let E° be the set of vertices, and E*
be the set of edges. Here r : E' — EY is a relation that assigns two vertices to each edge.
These vertices are called endpoints of the edge. An edge with both vertices same is called a

loop, and edges with the same endpoints are called multiple edges.

Definition 1.1.2. A graph E without loops or multiple edges is called a simple graph. So
an edge e € E' in simple graph can be represented by its vertices as e = uv = vu, where
u,v € E°.



Example 1.1.3. A simple graph on 5 vertices :

Definition 1.1.4. A subgraph of a graph E = (E°, E*,r) is a graph F = (F°, F',r') such
that FO C E°, F1 C E' and r' = rp.

Definition 1.1.5. Let v € E°. Then the number of edges connected to v is called the degree
of v. In the graph in Example 1.1.3, x4 is of degree 3.

Definition 1.1.6. The complement E of a simple graph E is a simple graph with

E® = E°

E' = {ele ¢ E'}

Example 1.1.7. The complement of the graph in Example 1.1.3 is the graph

<
(3=

Definition 1.1.8. An independent set is a set of vertices with no edges between them. A

clique is a set of vertices with edges between each pair of vertices.
Definition 1.1.9. A bipartite graph is a graph whose vertex set is a union of two independent
sets.

Graphs are related to matrices, we can specify a graph using a matrix rather than listing

4



edges or drawing a graph. Matrix representations are powerful tools in computations related

to graphs.

Definition 1.1.10. An adjacency matric A of a loopless graph E with vertex set E° =
{v1,v2,..., 0.} s an n x n matriz with a;; as the number of edges between v; and v;. It is a

symmetric matriz with diagonal elements 0 for any loopless graph G.

Example 1.1.11. A graph and its adjacency matriz :

Q,\, Q,.'%
€2
S

€3
01 20
1 000
20 01
0010

Definition 1.1.12. Let E° = {vy,vq,...,v,,}, and E* = {e1,ey,...,e,}. Then the incidence
matriz M is an m x n matriz with m;; equal 1 if v; is an endpoint of e;, or else 0. The

incidence matriz of a graph may not be symmetric.

Example 1.1.13. Incidence matriz of graph in Ezample 1.1.11 :

1110
1 000
0111
0001

Definition 1.1.14. An isomorphism of graphs E = (E°,E',r) and F = (F°,F',7') is a
bijection f : E° — F° such that wv € E" iff f(u)f(v) € F' for u,v € E°. If graph E is

isomorphic to graph F, then we write E = F.
Example 1.1.15. The below two graphs are isomorphic with bijective funtion :

J 2 (v1,v2,v3,v4,v5,v6) = (%1, T4, T2, T5, T3, Te)

5
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Remark 1.1.16. If two graphs are isomorphic, then the adjacency matriz of one can be
transformed into another by placing the rows in a different order. Isomorphism relation is

an equivalence relation on the set of graphs and forms isomorphism classes of graphs.

Definition 1.1.17. A graph is called self-complementary if the complement of the graph is

1somorphic to the original graph.

Definition 1.1.18. Decomposition of a graph is a set of subgraphs such that each edge of

the original graph is present in exactly one subgraph in the set.
Definition 1.1.19. A path is a sequence of edges that joins sequence of distinct vertices.

Definition 1.1.20. A circle is a sequence of edges that forms a cycle, and only the first and

last vertexr is equal.

Example 1.1.21. A path and cycle on 5 vertices:

Definition 1.1.22. A walk in a graph E = (E°, E',r) is a sequence
Vo, €0, V1, €1, U2, ..., Ui, €, Ujt1

such that e; has endpoints v; and vy, for all j.

Definition 1.1.23. A trail is a walk without a repeated edge. A trail with endpoints u and v
is called a (u,v)—trail. If a trail or walk has the same vertex as endpoints, then it’s a closed

trail or walk.



Example 1.1.24. Consider a graph with siz vertices :

1. x1,e1,x4, €3, 5, €4, T3, €7, Tg, €7, T3, €2, Lo 1S a walk in the graph above.
2. 11,e1, %4, €3,Ts, €4, T3, €7, T, €6, T5 1S 4 T1, Ts— trail.

3. x5, x3, %6, x5 15 a cycle in the graph. As it is a simple graph only vertices need to be

listed in the sequence.
4. Ty,T¢,T5,T3, Ty IS a Ty, To— path.

Definition 1.1.25. The length of the trail, walk, cycle, or path is the number of edges in

the sequence.

Remark 1.1.26. The difference between a trail and a path is that edges cannot be repeated
in a trail, but in a path, vertices cannot be repeated. Path as a subgraph has 1-degree vertices

at the endpoints and all else are 2-degree vertices, this is not true for a trail.

Proposition 1.1.27. Every (u,v)—walk in a graph contains a (u, v)—path.

Proof. Consider a (u,v)—walk in a graph E, where (u,v) are vertices in E.
Case 1 : If the vertices do not repeat in the given walk, then the walk is a path.

Case 2 : If the vertices repeat in the walk, then deleting vertices and edges between the

repetition gives a path. This is a (u,v)—path contained in the (u, v)—walk. O

Definition 1.1.28. A graph is connected, if for all pairs of vertices (u,v) in the given graph,
there exist a (u,v)—path. The graph is disconnected if (u,v)—path do not exist for at least 1

pair.



Definition 1.1.29. The mazximal connected subgraphs in a graph are called its connected

components.

Remark 1.1.30. A connected graph only has 1 component but a disconnected graph has

more than one. A vertex of degree 0 is called isolated vertex.

Definition 1.1.31. If deleting an edge or a vertex increases the number of components, then

such a edge(vertez) is called cut-edge(cut-vertez).

Example 1.1.32. Consider the graph :
The graph has 3 components, xzxg is a cut edge, xg is a cut vertex and xg is an isolated

vertex.

Definition 1.1.33. Let T be a set of vertices, a T induced subgraph in graph E is the graph
with all vertices of set E° N'T together with the edges connecting them.

Definition 1.1.34. For graphs H and E, graph E is called H free if E does not have any

wnduced subgraphs isomorphic to H.

1.2 Directed graphs

We have looked at graphs whose edges have no direction. Graphs with directed edges are

called directed graphs.

Definition 1.2.1. A directed graph E(E°, E*,r, s) has two sets E and E*; and two relations
r and s. Let E° be the set of vertices, and E* be the set of edges. Here r and s are relations
from E' to E°. All edges in E' have direction. Here s(e;)= source vertez, and r(e;)= range

vertex; for e; € EL.



Definition 1.2.2. The source and range together are called the endpoints of the edge. A
loop is an edge with same endpoints and multiple edges have same source and range. A graph

18 called loopless if it does not have any loops.

Example 1.2.3. Directed graph with four vertices :

Yy @
€3

O
o

Here s(e1) = v, 8(e2) = v1,7(e2) = v3,7(€4) = v4, ete.

Definition 1.2.4. A path p = ejeqe;. .. e, is a sequence of edges such that r(e;) = s(e;41).
Here s(e1) is the source of p, r(em) the range, and m is the length. Vertex is considered to
be a path of length 0. The set of all paths in E is called Path(E).

Definition 1.2.5. In a directed graph there are four types of vertices; v with r=*(v) = ¢ are
called source, v with s™*(v) = ¢ is called a sink. If s7'(v) is infinite then it is called infinite
emitter and all vertices other than sink or infinite emitter are reqular. Here Source(E),
Sink(E), Inf(E) and Reg(E) are the set notations resp.

Definition 1.2.6. Let (E')* = {e*|e € E'}, then The extended graph is a directed graph
E(E°, EY, (EY)*,r,s,r".8"). Apart from the properties of directed graph, maps r' and s' acts
on (EY)*. Fore; € E'; define s'(ef) = r(e;), and r'(e}) = s(e;).

Definition 1.2.7. The edge e* is called a ghost edge, and p* of path p = ejeqses...e, is

defined as u* =elel_,---ej.

Example 1.2.8. The extended graph of graph in Example 1.2.3 :




Definition 1.2.9. A graph is called row-finite graph if s~(v) is finite for every v € E°,.

Definition 1.2.10. A directed graph is called simple if at most 1 edge gets mapped to 1

ordered pair. So a single loop is allowed but multiple edges are not allowed.

Cycle, trail, walk, subgraphs, complement, isomorphisms, and decomposition in directed
graphs are defined in similar manner as in graphs. The difference to be noted is that edge

uv and edge vu are different in the case of directed graphs, for u,v € V.
Definition 1.2.11. A graph is called acyclic if there are no cycles at any vertex.

Definition 1.2.12. The underlying graph of a directed graph is a graph obtained by removing
the arrows or treating the ordered pairs as unordered pairs. The underlying graph of a simple

graph may not be simple.

Definition 1.2.13. The adjacency matriz A(E) of a loopless directed graph E has a;; as
the number of edges from v; to vj. Adjacency matriz may not be symmetric as in the case of
graphs. Incidence matriz M(E) has mi; equal +1 if v; is the source and ms; equal —1 if v;

18 the range.

Example 1.2.14. The adjacency matriz and incidence matriz of a loopless directed graph :

R
OO
ﬁ
+1 -1 +1 0 0 0
-1 +41 0 -1 -1 +1

0 G =1 =&k 1 Y
o 0o 0o 0 0 -1

o O = O
o NS =
o o o =
o o = O

Definition 1.2.15. A directed graph is called strongly connected if for all ordered pairs (v,v")
there is a path from v to V', for v.v' € V. A directed graph is called weakly connected if its

underlying graph is a connected graph.

Definition 1.2.16. Let v be a vertex. The indegree d~(v) of v is the number of edges with

range v. The outdegree d*(v) is the number of edges with source v.

10



Definition 1.2.17. The split of a directed graph E(E°, E,r,s) is a non-directed bipartite
graph F with vertez sets VUV~ where F* = {vT|v € E°} and F~ = {v™|v € E°}. If there

is an edge from u to v in E, then F has an edge connecting u™ and v~ .

Example 1.2.18. A directed graph and its split :

Definition 1.2.19. The preorder < on the set E° is such that u < v if 3 a path p from
v = u; for u,v € E°.

Definition 1.2.20. The tree of a verter v is an induced subgraph of E(E°,E',r,s) :
Tw) :={u| u <v; u,v € E°%

For a subset A C E°

T(A) := | T(v)

veA

11



Example 1.2.21. Let G be a graph, and A = {vy,v5}. Then

G

12



Chapter 2

Graded rings and modules

In this chapter we study properties of graded rings, graded ideal, graded algebra, graded
modules and graded projective modules. This is a precursor to grading on LPA in Chapter
3. The definitions, major results and some examples in this chapter are referred from [2].

Few examples are self written.

2.1 Graded rings

In this section we study properties of graded rings.

Definition 2.1.1. Let I' be an abelian group, and R be a ring. Then R is called I graded
ring if we can write R = @;er R; where R; are subgroups of R with operation addition, and
Rg‘Rj - Ri+j:’ foralli,j €T.

Example 2.1.2. The polynomial ring R = K[X1, Xs,..., X,,] over a field K is graded with

(Xlegaz'--Xg” a1+a2+~-+an=é), zfzzO
0, ifi<0

Definition 2.1.3. The abelian group used for the grading is called grading group.

Definition 2.1.4. When the grading group is Z, then the ring is called Z— graded ring.

13



Example 2.1.5. The set of all Laurent polynomials over R with grading given by R;cg = RX?

is a Z—graded ring.

Definition 2.1.6. Let R, S be rings. Let M be an abelian group. If M is a left R—module,
and a right S—module, then M is called an R — S bimodule.

Definition 2.1.7. If the grading group is Zs = {0,1} the ring is called Zy—graded ring.

Example 2.1.8. R(X) with grading :
Ry = RX%, i is even

R, = RX",i is odd
Definition 2.1.9. An algebra over a ring R is a module M equipped with a bilinear product,
i.e.,
mm' eM = mm'e M
Example 2.1.10. The Laurent polynomials Z[X, X '] over Z, and C(complex numbers)

over C are both algebras.

Definition 2.1.11 (Graded algebra). Let A be an algebra over R. Then A is called graded
algebra if the underlying additive group of A can be written as a direct sum of abelian groups.
That is A = ®A; and A;A; C A;yy; fori,j €T

Definition 2.1.12. Let R = @®,;crR; be a I'—graded ring. Then the set of homogeneous
elements of R denoted by R"
R' =R

il

Definition 2.1.13. Let R = @,crR; be a ['—graded ring. Degree of an element a in R is
deg(a) =i ifa € R;.

Definition 2.1.14. Let R = @;crR;. Then I'r = {vy € T'|R, # 0} is called support of R.

Definition 2.1.15. Let f be a ring homomorphism f : A — B with the homomorphism
relations f(a)f(b) = f(ab) and f(a) + f(b) = f(a+b), for a,b € A. Then f is called a
I'—graded ring homomorphism of degree zero if f(A,) C By; V7.

Definition 2.1.16. Let R be a I'—graded ring, and S be a Q2—graded ring. Let f : R — S
be a ring homomorphism, and g : I' — Q be a group homomorphism. If f(R,) C Sy, then
f is called (T' — Q)—graded homomorphism.

14



Proposition 2.1.17. Let R be I'—graded ring and R = @ R;, then

1. 1z € Ry.
2. The abelian group Ry is a subring of R.
3. R, is a Ry—bimodule for all v € I

4. IfreR,, thenr™' € R_,.

Proof. 1. Assume 1g ¢ Ro, and let 1 = @r; where r; € R,;. Take b that is homogeneous
of deg v. Then 1 x b = b, i.e. @r; x b= 5. If any element of deg # 0 gets multiplies
with b its deg will change and the equality fails, so r; € Ry for all i # 0. Hence 1y is a

homogeneous element of Ry.

2. We know that 1,0 € Ry, and RyRy C Ry. Then Ry is an abelian group under addition,
Hence R is a subring of R.

3. We know that R,Ry € R, and RyR, C R,. We have already shown Ry is a ring,
hence R, is a bimodule.

4. Let b = @®b; be the inverse of r € R,. We know r x @b; = 1 and deg(1l) = 0. Then
b; = 0 for all i £ —~, if not the deg on both sides of equation will be different. Hence
rieR_..

]

We have discussed gradings on rings. We next consider the graded rings that can be
constructed from given graded ring. These include grading formed by considering subgroups,

quotients, homomorphisms, and localizations.

Definition 2.1.18. Let A be a subgroup of I', and R is a I'—graded ring. Then R is also a
A—graded ring. Here AsAy = Asy s property is satisfied as 6,6’ € A CT.

Definition 2.1.19. Let f be a group homomorphism from I' — A. We know that homo-
morphism preserve the operation f(y++') = f(¥)f(v'), for v,~ € T. Let 6 € A. Then the
A—grading on a I'—graded ring R is given by

Rs= P R,

YEF~1(5)

15



If f71(6) = ¢, then Rs = 0.

Definition 2.1.20. Let 2 be a normal subgroup of I'. For a given I'—graded ring R, the

R =P Ray,

el

quotient grading is given by

where

RQ—&—W = @Rw-}—?; w e

weN
The product rule is directly derived from I'—grading. Together with the sum given above, A
is T'/Q—graded ring.

Example 2.1.21. Consider Z — Z given by n — 3n map. Normal subgroup of this homo-
morphism is 3Z. We know that Laurent polynomial R[X] is a Z-graded ring, then it is a

Z/3Z— graded ring by
R; = @ Rinyi
where i = 0,1,2;n € Z, and R; = RX".
Definition 2.1.22. The localization of ring R by a multiplicative set S s the ring
SR ={r/s|r € R,s € S}

Definition 2.1.23. If R is a I'—graded ring, and S be graded subgroup of R. Then local-
ization ST'R is a T'—graded ring. We take all the homogeneous elements and divide it by

elements of S and then redistribute the new elements according to their degree. Here

(S7'R), = {r/s|r € R",s € S,deg(r/s) =~}

2.1.1 Strongly graded rings

In this section we discuss properties of strongly graded rings.

Definition 2.1.24. Lety,6 € I', and R be I'—graded ring. If RsR, = Rs..,, then R is called

a strongly graded ring.

Example 2.1.25. The Laurent polynomial over Z is strongly graded ring with the usual
grading.

16



Definition 2.1.26. For a graded ring, if there is an invertible element in every homogeneous

component, then it is called a crossed product ring.

Proposition 2.1.27. If R = &R, is a y—graded ring, then

1. R s strongly graded iff 1 € RyR_,, fory €T
2. If R is strongly graded, then support of R is T,

3. f: R — S is a graded homomorphism, and R s strongly graded then S 1is strongly
graded.

4. All crossed product rings are strongly graded.

Proof. 1. As R is strongly, then R,R_, = Ry 2 1. Conversely, As 1 € R,R_,, then
Ry=R,R_,Ry=R,R_,, and

Ryis = RoRys = RyR_yRy5 € R\ Rs

From the graded ring definition we get that RyR; C R,,s. This proves that R, Rs =
R, ;s and hence R is strongly graded ring.

2. From (1), we get that 1 € R,R_,. This implies R, has some element other than 0 for
all ¥ € I'. So the support of R =T

3. Let f be a graded homomorphism A — B which means f(A,) C B,. From (1) we get
14 € AA_,, therefore 15 € f(A,)f(A-,). Thus 15 € B,B_,, and again from (1),
ring B is a strongly graded ring.

-7

4. Crossed product rings contain at least one invertible element in R, for all v € I
We have proved that if an invertible element exist in R,, then it is in R_,. Hence

1 € R,R_., and from (1), we can conclude that it is a strongly graded ring.

|



2.2 Graded ideals

Ideals are subgroups of rings such that the product of an element of ideal and ring is contained
in the ideal. There are many theorems associated with ideals, and they help in a better
understanding of the rings. Graded ideals are important in the study of the properties of

graded rings.

Definition 2.2.1. Let R be a '—graded ring, and I be its ideal. An ideal I C R is called a
I'—graded ideal if

I-@unr,

vyel

The definition can also be stated as follows : if v € [ andx = Y_ 2" for ' € R", then ' € I.
Here 1,15 C 1,45 s satisfied as I, C R,.

Example 2.2.2. The ideal generated by polynomials of even degree in graded ring of poly-
nomials is a graded ideal as
I=¢X% icZ

Definition 2.2.3. For a graded ring R and ideal I, the quotient ring R/I is a graded ring
if I is a graded ideal. Here,

R/T =@ R,/(INR,)

el

Example 2.2.4. Ring K[X|/[X?] is graded ring, where K is a field and [X?| is ideal gen-
erated by X2.

Remark 2.2.5. If R is strongly graded(resp. crossed product), then R/I is also strongly
graded(resp. crossed product).

Remark 2.2.6. Let I be a two sided ideal. If R/I is a graded ring, then I is a graded ideal.

Definition 2.2.7. Let f be a I'—graded ring homomorphism from A — B, and Img(f) is a
graded subring of B. Then Ker(f) is graded by Remark 2.2.6.

Definition 2.2.8. Let I,.J be two graded ideals. An ideal P is called graded prime ideal if
1J C P implies that either I C P or J C P. When the given ring is commutative then
xy € P implies that x € P or y € P, for x,y € R".

18



Example 2.2.9. The ideal generated by X denoted by [X| in polynomial ring K[X] is a
graded prime ideal. Any element of (X| is of the form X(k+ kX +---). As X € [X], we
get [X] is a graded prime ideal.

Definition 2.2.10. Let I be a graded ideal. Ideal P is called graded semi prime if 1> C P
implies I C P.

Definition 2.2.11. An ideal I is called a graded maximal ideal if among the set of proper
graded ideals of A, I is mazimal. If there exists an ideal I such that M C I then I = M, for
proper graded ideal I, and graded maximal ideal M.

Example 2.2.12. The ideal generated by X and Y denoted by (X,Y) in the ring of polyno-
mials K| X,Y] is a graded mazimal ideal. As

K[X,Y]/(X,Y)=K

(X,Y) is the proper mazimal ideal.

Remark 2.2.13. A graded maximal ideal is a graded prime ideal, and the quotient of a

graded maximal ideal is a graded field.

Definition 2.2.14. the graded Jacobson radical, J9 (R) is the intersection of all graded
mazimal right ideals. It can also be defined as the intersection of all graded mazimal left
ideals. For a Z—graded ring, ideal J(R) C J7(R).

Definition 2.2.15. If R and {0} are the only graded ideal in a ring R, then R is graded

simple ring.

Example 2.2.16. The ring of complex numbers C is graded simple ring.

2.3 Graded modules

In this section we study properties of graded modules.

Definition 2.3.1. Let R be a I'—graded ring, and M be a R—module. Then M is called
I'—graded module if M = &M, where M, is an additive subgroup of M, and

R Mj; C My,
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for o,y €T.

Example 2.3.2. 1. Let K be a field. Let the grading of the ring K[X] be the as in
Example 2.1.2. Let the grading on X*K|[X] be

XK XSt 4 =1

0,if i <0

X*K[X]icz =

Then X2K|[X] is a Z—graded K[X]—module.

2. For any homogeneous element a of a graded ring A, the module aA is a graded module.

Definition 2.3.3. Let M, N be ['—graded R—modules. A homomorphism f : M — N is
called a graded homomorphism if
f(M,) C N,

For~veT.

Definition 2.3.4. Let M be I'—graded R—module, and € T'. Then d— shifted graded module
M (0) is the module M with the grading

M(5) = P M),

M(8)y = My,

Example 2.3.5. Let K be a field. Let X*K[X] be a 3—shifted Z—graded K[X]—module.
Then X?K is of deg —3, X*kX is of deg —2 and so on.

Definition 2.3.6. A submodule N of I'—graded R—module M is graded if
N =N n M),
¥
for~eTl.

Example 2.3.7. Let K be a field, and K[X] be Z—graded K—module. Then (X?3) graded
submodule of K[X].

Definition 2.3.8. If N is a graded submodule of M, then M/N is a graded factor module
with grading

M/N = @(M/N),
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(M/N)y = (M, + N)/N

Example 2.3.9. (1, X", X% X" ...) is graded factor module for the submodule in Example
i

In the case of graded modules, degree can be associated with homomorphisms. The

homomorphism that we already defined is of degree zero.

Definition 2.3.10. For I'—graded R—modules M and N, a graded homomorphism of degree
6 isamap f: M — N such that
f(iM’r) C Nyys

for 6,y €Tl.

Definition 2.3.11. Let Homg(M, N) be the group of homomorphisms from M to N. Let the
group operation be addition of functions, with identity being M — 0 € N. Let Homg(M, N)s
be the subgroup of graded homomorphisms of degree 9.

Theorem 2.3.12. For I'—graded R—modules M and N, if M is a finitely generated module
then the group Hompg(M, N) can be written as

Homg(M,N) = @ Homg(M, N),

~yel

Moreover Homg(M, M) ring is a I'—graded ring.

Proof. Refer Theorem 1.2.6 of [2] for detailed proof. O

Definition 2.3.13. The direct sum of I'—graded R—modules M;, fori € I is a graded module

with
(@ JMi)'y — @(ﬂ"fi)’r

1

Example 2.3.14. M = Z[X] & Z[X] has grading given by M; = (ZX* ® 0) ® (0 ® ZX?)
Definition 2.3.15. An R— module M s called free if M can be written as finite direct sum
of R, i.e.,

M=EPR

Definition 2.3.16. Let M be a free R—module, it is called a I'—graded free module if there

exists a basis of the module consisting of homogeneous elements.

21



Example 2.3.17. Consider the I'—graded R—module @, ,R(5;) for §; € I'. We take all
shifts of this module, and then direct sum of shifts. This module has a basis {e;} with 1 in

the ith position, and 0 elsewhere. This basis is homogeneous having degree —d; for e;. Thus

@B, R(4;) is a graded free module.

Definition 2.3.18. IfQ2 C I as groups, then I'—graded R—module M can is also a T /Q—graded
R—module.

M= QB Mq,.,

Q+yel /0
Moy = D Mass

ForweQ and~ el.

2.4 Graded projective modules

In this section we study graded projective modules as they are important part of graded

K-theory.

Definition 2.4.1. A module M is called stably free R—module if
MoR"=R"

Example 2.4.2. The kernel of any surjection g : R* — R™, where m < n 1is stably free as
Kerg B™= RY,

Remark 2.4.3. All free modules are stably free, and all stably free modules are projective

modules.

Definition 2.4.4. A sequence of R—modules of the form

f f2 fa

0 s M y N —I2, M ' 0

where Ker(fiy1) = Img(fi) for all i is called a short exact sequence.

Definition 2.4.5. If for the sequence in Definition 2.4.4 there exists a map g : M' — N

such that fsg = Idyy, then the sequence is called split exact sequence.

22



Example 2.4.6. Consider a short exact sequence :
O-M-—-MoeM =M =0

Let g: M' — M @& M’ be the injection map. As M @ M' — M’ is surjective, the composition

gives identity on M'. Hence it is a split exact sequence.

Definition 2.4.7 (Projective module). A module over a ring R is called projective if it

satisfies any of the following five equivalent definitions.

1. An R—module P is called projective if 3 another R—module () such that P & Q is a

free module.

2. A module P 1s called projective if for every surjective module homomorphism g : N —
M and module homomorphism f : P — M, there exist a lifting map h : P — N such
that gh = f.

3. A module P is projective iff every short exact sequence of the form 0 — A —- B —
P — 0 splits. i.e., for surjective homomorphism g : B — P, there exist homomorphism
h: P — B such that hg = Idp.

4. If there are two sets {f; € Hom(P, R)}, and {a; € P} fori € I such that for any x € P,
only finite f;(x) are non-zero. And x =Y fi(x)a;, then P is projective R—module.

5. Let M — M’ be surjective homomorphism of modules. A module P is projective iff
Hom(P, M) — Hom(P, M') is surjective.

Example 2.4.8. 1. Module R™ as a R—module is projective.

2. As Z)2Z ® Z/3ZL = L[6Z, the module Z/2Z as Z]/6Z—module is projective. This is a

projective module which is not a free module.

Definition 2.4.9. Let M, N and P be graded modules. Module P is called graded projective

of in the diagram
P
B

N2 M

f,g and h are graded module homomorphisms and gh = f.
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Definition 2.4.10. A category is a set of objects and maps. Objects can be groups, rings,

graphs, etc; and maps be homomorphisms, functions, etc.
Example 2.4.11. Category with groups as objects, and group homomorphisms as maps.

Definition 2.4.12. A subcategory C' of category C is a category whose objects and maps are
from C. A full subcategory is a subcategory with all maps in C for objects in C'.

Definition 2.4.13. A covariant functor is map between categories that sends objects to

objects and morphisms to morphisms. Let f : X — Y be a morphism in A for objects
X,Y € A. Then for functor F : A — B,

1. F(f): F(X) = F(Y).
2. F(Idx) = Idpx).
3. F(f.g)=F(f)-F(g).

Definition 2.4.14. An exact functor is a functor that preserves short exact sequences. If
F: A— B is a functor, let

ijl f2 f3 fa

0 M N M 0
be an exact sequence for M, N,M' € A. Then

1s an exact sequence in B.

Example 2.4.15. Let Homg,_r(P,_) be an exact functor from category of graded modules
Gr— R to the category of abelian groups Homeg,_g(P, ). Here P is a given graded projective
module and _ represents any graded module. Fxactness of the functor will be proved in
Proposition 2.4.18.

Lemma 2.4.16. Let M, N, and P be graded R—modules with module homomorphisms f, g, and h

as :



Here f = gh and [ is a graded homomorphism. If g(resp. h) is a graded homomorphism,
then there exists graded homomorphism h' (resp. ¢') such that f = gh'(resp. f = ¢'h).

Proof. Let g : P — M be a I'—graded homomorphism. Define a map A’ : N — P such that

for a homogeneous element n of degree ~,

Here h(n). is the component of the image of h with degree . Linear extension of map to a

general element n € N is

K(n) =S H(n,)
Y
Here A’ is a graded homomorphism and we have to show f = gh’. For n € N,
gh'(n) = g(h(n),) = (gh(n)), = f(n), = f(n)

By comparing degree of elements on both sides, g and f are graded homomorphisms and

n € N,. For general element n € IV, let
gh'(n) = g(3_h(n)y) =) _ f(n), = f(n)
¥ W

Hence 3 graded homomorphism A’ such that f = gh’. Similarly we can prove the case when

h is given to be graded. O

Lemma 2.4.17 (Splitting lemma). A short exact sequence

0 f1 . M f2 N fa | M fa | 0

1s split if any of the following equivalent conditions are satisfied

1. (Right split) 3 a map g : N — M such that f3g = Idp.
2. (Left split) 3 @ map h : M" — N such that foh = Idyy.

3. (Direct sum) We have isomorphism of modules N = M & M.
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Proposition 2.4.18. Let P be a I'—graded R—module. Then the following conditions are

equivalent.
1. P is graded and projective.
2. P is graded projective.
3. The functor Homg,_r(P,_) is an exact functor in Gr — R.
4. The exact sequence of graded homomorphisms

h f2

0 s M s N P 0

splits via a graded homomorphism.

5. The module P is graded isomorphic to direct summand of a graded free R—modules.

Proof. (1) = (2). Given P is graded and projective, consider the diagram :

6k

I M

24—

Where N, M are graded modules. Let f and g be graded homomorphisms. Here P is
projective module, and A is a module homomorphism such that gh = f. From Lemma

2.4.16, 3 graded homomorphism A’ such that gh’ = f. Hence P is graded projective.
(2) = (3). Let

0— N LN LN —0

be an exact sequence of graded modules N’, N and N”; and graded homomorphisms f, g.

To show that the below sequence is exact.
0 —— Homg,_r(P,N') = Homg,_r(P,N) —£— Homg,_r(P,N") —— 0

Let o € Homg,—r(P, N'), and



ffla) =0 = fa =0and as f # 0, a = 0. Hence f* is injective. For g €
Homg,—g(P,N"), consider the diagram

N
[
h

B "
P-4 N

As P is projective, 3 h such that gh = 3. From Lemma 2.4.16, 3 graded homomorphism A’
such that gh’ = 3. So for all 8 € Homg,—r(P,N"), 3 h' € Homg,—r(P,N). Hence g* is

surjective. Therefore the sequence is exact and Homg,_g(P, ) is an exact functor in Gr — A.
(3) = (4). Let the exact sequence of graded homomorphisms be

1 f2

0 M N P 0

As Home,_g(P, ) is an exact functor in Gr—R, the map Homg,_g(P,N) — Homg,_r(P, P)
is surjective. For Idp € Homg,_gr(P, P),3 g € Homg,_gr(P, N) such that

fg.g = Idp

g is a graded homomorphism, and hence the exact sequence splits via a graded homomor-

phism.

(4) = (5). Consider the sequence

0 — Ker(g) — @PR(-56;) <> P > 0

Where @ R(9;) is a graded free R—module with basis {e; }. Let the homogeneous generating
set of graded projective module P be {p;}, with deg(p;) = (J;). Let

q: @R(M(s?) — P
€; — i

g is a surjective and Id : Ker(g) — € R(—0;) is injective map. Therefore the sequence
is exact. The exact sequence splits. From Lemma 2.4.17, 3 h : P — @ R(—0;) such that
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gh = Idp, and module isomorphism

f: P@ Ker(g) — @R(éi)
(p, k) = h(p) + Kk
As h is a graded homomorphism, f is also a graded isomorphism. Therefore
P @ Ker(g) Zar @ R(-46;)
Hence P is graded isomorphic to direct summand of a graded free R—modules.

(5) = (1). Graded free modules are free modules. Then P is direct summand of free
module. From Definition 2.4.7, P is projective. P is given to be graded. Hence P is graded

and projective. ]

Theorem 2.4.19 (The dual basis lemma). Let P be a I'—graded R—module. P is graded
projective iff 3 p; € P" with deg(p;) = 6; and f; € Homg,_g(P, R(—6;)) such that

1. For any p € P, f;(p) =0 for all but finite .

2. Foranyp € P, Y. filp)p; = p-

Proof. Module P is graded projective. Then consider the split exact sequence

0 » Q @D R(-d;) — P 0
And the splitting map ¢ : P — €D R(—0;), such that
wp = 1dp
Let 7; be the projection map :
i+ @ R(=8;) — R(—6;)

Let {e;} be the standard homogeneous basis of @ R(—4¢;). Let p; = w(e;), and f; = m;¢.
Then,
Zm(a)ei =aq;a € @R(A(L)
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Here deg(p;) = 0; as 7w is graded homomorphism, and deg((e;) = d;. Then 7; and ¢ are
graded homomorphisms. Hence f; € Homg,_r(P, R(—4d;)). Here,

fi(p) = mg(p) =0
For all but finite i; p € P.

D fiopi = 3 mio@)pi = 3 n(e)mo(p) = D w(emi(@(p))) = 7(D_eimi((p) = 7o(p) = p

For converse, consider the exact sequence

0 —— Ker(n) — @ R(—0;) —— P

(=]

Let {p;, fi} be the dual basis. Let
m: @ R(-8)—> P
m{a} Y pia;
¢: P — P R(-4)
¢:p—{fi(p)}

Here w¢ =Idp, and the exact sequence splits via a graded homomorphism. Hence P is a

graded projective module. O
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Chapter 3

Leavitt path algebras

The purpose of this chapter is to look into recent work done on Leavitt path algebras(LPA)
and Cohn path algebras(CPA). The definitions and major results in this chapter are referred
from [4]. For vector spaces, the number of elements in the different bases of the same

structure is the same. We call this property the invariant basis number(IBN) property.

Definition 3.0.1. IBN property states that if R™ and R™ are two free R—modules that are

wsomorphic, then m =n. This is true for R—modules over fields, Z., polynomaial rings, etc.

We see that for commutative rings, the IBN property is always present. However, many

structures do not have this property. Leavitt path algebras are one of them.

Theorem 3.0.2. Let V' be infinite-dimensional vector space over R, and S be the set of

linear transformations from V-— V. Then S™ = S™.

Proof. Linear transformations are represented as matrices, so the elements of S are matrices.
As V is infinite-dimensional, matrices are also infinite-dimensional. The first step of the proof
is to show that S = S2. Let

f:S—=5%x8

Let the forward map be f : M — (MY}, MY5), and the inverse map be g : (M, M) —
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ﬂflel + ﬂfQXg Here,

1000 0000
0000 1000
0100 0000

Yi= 1[0 0 0 0 Y,= |0 100
0010 0000
0000 0010
100000 -] 010000 -]
001000 000100

X,=[000010 X,=[0 00001
000000 000000

Here M, M, and M, are matrices in S. From calculation, we see that fg = Is and gf = Igys.

This proves that S = S?. Assume m > n,
Sm ~ SmfZSQ ~ SmeS o Smf[iSQ o~ Sn

Hence S™ = S™. ]

3.1 Leavitt Path Algebras(LPA)

There are rings such that R is isomorphic to R™ but not isomorphic to R" if n < m. A

common example is Leavitt algebras.

Definition 3.1.1. A ring R has module type (1,n) if n € N is the lowest positive integer
such that R' is isomorphic to R™.

Example 3.1.2. The ring end(V') is of module type (1,2).

Definition 3.1.3. Let K be a field. Then Leavitt algebra of type (1,n) denoted by Ly (1,n)
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is the K—algebra

KX, %,... ., X, Y1, Y, Y/ D XY = 1,Y:X; = 61,1 < 4,5 < ]

Proposition 3.1.4. Algebra Ly (1,n) is isomorphic to Li(1,n)".

Proof. Consider the row matrix X = (X, Xy, ..., X,) and column matrix ¥ = (Y1, Y5,...,Y,).
Let
X LK(]_,TL) — LK(]--, ?’L)n

¥ . LK(l,TL)n — LK(L Tl)

By definition of Lg(1,n), we get XY = [1] and Y X = Id matrix. As both are identity
matrices, the isomorphism is proved. For m < n, > X;Y; # 1. Hence n is the least positive

integer for which the relation is true. O]

Remark 3.1.5. The algebra Ly (1,n) satisfies the universal property. If there is another

algebra R that has the property R* = R", then there exists an isomorphism between Ly (1,n)
and R.

Definition 3.1.6. The path algebra KE of directed graph E = (E°, E*,r,s) over field K is
the free algebra generated by E° U E'. It has the following relation between the generators :
1. vv' = §y v, for all v,v' € E°.
2. s(e)e=e=er(e), for alle € E*.
3. r(e) = v and s(e) = v'; where v is range of edge e, and V' is source of edge e.

Definition 3.1.7 (Basis). The paths(includes vertices also) in E form the basis of KE.
Multiplication operation 1s the product of paths :

uA, if r(p) = s(A)

0, otherwise

A =

Definition 3.1.8 (LPA). The Leavitt path algebras, Lx(E) of extended directed graph E =
(E°, E, (EY)*,r,s) is a free algebra on generators E° U E* U (EY)*. It has the following

relations on the set of generators :
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1. vV’ = &y v for v, v’ € E°.
2. s(e)e=e=er(e) fore e E".
3. r(e)e* = e* = e*s(e) for e* € (EV)*.
4. e*¢ = . r(e) fore,e € E.
5. V=D ise)= €€" for v € Reg(E).
Remark 3.1.9. The paths do not form the basis as in the case of KFE.

Definition 3.1.10. The spanning set of Li(E) :
{no*|r(p) = r(o); p, o € path(E)}

Path product between elements :

JU”AP*: ﬁfqvb =gl
(uo™)(Wp*) =  ps*p*, ifo =1k

0, otherwise

For p, A\, 0,0, p,k € Path(E). The given set spans the space. But the elements are not
linearly independent, and hence do not form a basis.
Few examples of commonly known algebras that are isomorphic to LPA.

Example 3.1.11. For Leavitt algebra Ly (1,n), consider the rose with n—petals R,,. It is a

graph with single vertex v, and n self-loops :

Proposition 3.1.12. We have isomorphism of algebras Li(1,n) = Li(Ry).
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Proof.

Li(1,n) = K[X1, X, ..., Xp, Y1, Ya, .., VoD XV = 1,YiX; = 61 for 1 < i, j < n]

mn
Li(Ra) = Kler,ea,... en €, 65,..., €] /€ = 8onov, Y eie] = v;Ve, ¢ € E]
1]

Let X; + e; and Y; — €. As v is the unit in Lx(R,) , it is obvious from the map that it is

an isomorphism. [

Example 3.1.13. For the Laurent polynomial ring K[X, X, consider the rose with 1—petal.
The K—algebra form :

Kle,e"]/[ee” = v, e*e = v]
Proposition 3.1.14. We have isomorphism of algebras K[ X, X '] = Kle, e*]/[ee* = v,e*e =
TJ] = LK(Rl)
Proof. Let X + e and X!+ e*. Since v is the identity in this case also, the isomorphism

is established easily. ]

Example 3.1.15. For M,(K)(n x n matriz over K ), consider n—line graph A,. This is a

graph with n vertices and n — 1 edges; and they all together form a straight line :

Proposition 3.1.16. We have isomorphism of algebras M, (K) = Li(A,)-

Proof. Let
~ = [UjVj = Oy, 0, Vi, €58 = Ocr ;7 (€5), €ie] = Vi

Lt Av) =K [0i; U655 w5 Tnsi@isBhss sy B8] 7€5 s v3Bo_q ) B

Let the matrix with 1 in the i5™ position and rest all 0 be denoted by f;; in M, (K). Let
¢: Lk(A,) = M, (K)

v; = fii Bo— fiind e; = fir1
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Then

L. é(ﬁivj) = fi,ifjJ = 5fi.1,fj.jf‘i,'i b= @(501,%“"‘3)'
2. ¢(elei) = firrifiirr = firrivr = o(r(e;) = d(vi + 1) firr,ifj 41 = 0.

3. f?;,i+1 i+1i = Jii = o(v;).

Hence all the equality’s are established and it is an isomorphism. O

3.2 Cohn Path Algebras(CPA)

Definition 3.2.1. The Cohn path algebra, Cx(E) of directed graph E = (E°, E*, (EY)*,r, s)
is a free algebra on generators E° U E* U (EY)* with the following relations on the set of

generators :
1. v’ = 8, v, for allv,v’' € EY.
2. s(e)e =e=er(e), for all e € E*.
8. r(e)e* = e* = e*s(e), for all e* € (E')*.

4. e*¢ = 8. or(e), for alle,e € EL.

Definition 3.2.2 (Basis). A basis of Cx(FE) :

B = {uo*|r(p) = r(a); p, 0 € path(E)}

The set forms the basis of Cx(E). The product of paths is as defined in Definition 3.1.10.

This is a linearly independent spanning set, and hence a basis of Cx(E).

Proposition 3.2.3. Let E be a directed graph and I be the ideal generated by the elements
of the form {v — 3" )=, €€*|v € Reg(E)}. Then Lx(E) = Ck(E)/I as K—algebras.

Proof. Quotient of Cx(F) with relation v — ee” gives the fifth condition of Ly (F)

e|s(e)=v

s Z ee*|v € Reg(FE)

els(e)=v
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Hence all condition of LPA is satisfied and Ly (FE) = Cx(E)/I. O

Rather than generating ideal by taking all v € Reg(E), consider X C Reg(E). Let I*
be ideal of Cx(E) generated by {v — > ee*lv € X} where X C Reg(FE).

e|s(e)=v

Definition 3.2.4. Relative Cohn path algebra is Cohn path algebra, Cy (E) of directed graph
E relative to X, where X C Reg(E). It is the quotient K —algebra Cx(E)/I**.

Definition 3.2.5. The basis of relative Cohn path algebra, Cx (E) :
B = B\DeY(e)'w'lr(Y) = r(u) = v € X}

Where e¢ € {e?,¢e3,...ev} = s 1 (v) and B = {Ap*|r(A = r(u); 4, A € path(E))}

n

From Proposition 3.2.3 we can get the basis of LPA of graph.
Definition 3.2.6 (Basis). Let X = Reg(E), then basis of Li(E) :

B' = B\A}(e))u'[r(N) = r() = v € Reg(E)}

3.3 Grading on LPA

Every path algebra has a natural Z—graded structure, which assign’s deg(path) = length of

path. The Z—grading on Leavitt path algebra can also be defined in similar way.

Definition 3.3.1. Let Lx(FE) of a graph E with generators {v,e,e*|v € E°. e € E'} be
Leavitt path algebra over field K. Let deg(v) = 0,deg(e) = 1, and deg(e*) = —1. Here e* is
ghost edge of the edge e. For a path = ejeqses---e,, the deg(p) = deg(e;) +deg(es) +-- -+
deg(en). Then

Lk(E) = @ Lk (E)n

neL
Li(E)n ={Y _ kX |deg(u;) — deg(N;) = n; pi, Ai € Path(E), k; € K}
This gives Lg(FE) a Z—graded structure.
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Example 3.3.2. Consider the infinite line graph E = (Ey, £y, EY)

-------- OO0

Forn € Z, the Z—grading on Lk(E) :

Lx(E), = {Z kieae - - 'eipff?pe:(p—l) T ez(p-—q)lp —g=n;k € K}

Definition 3.3.3. The Lk (FE) is also Zo—graded module :

Lg(E)y = {Z ki Al |deg(p;) — deg(X;) = even; u;, A; € Path(E), k; € K}

Li(E)1 =D kipi Xl |deg(p;) — deg(\i) = odd; p;, \; € Path(E), k; € K}
Example 3.3.4. For the graph in Fxample 3.3.2, the Zyo—grading :

Lig(E) = {Z ki€i1€ia - - - €ip€i€ip_1) " " " €i(p—q)|P — 9 = even; k; € K'}

LK(E)l = {Z kieﬂez-g...eipe;"pe:(p_l) s Er(p,_q)‘p —q= Odd; k; € K}

Definition 3.3.5. Let R be a ring, and a € R. If there is an isomorphism from R to the

corner ring alRa, then the isomorphism is called corner isomorphism.

Definition 3.3.6. Let p be an idempotent in R. Let ¢ : R — pRp be a corner isomorphism.

Then the corner skew Laurent polynomial ring is R[t+,t—, ¢| where
Rity,t—, ¢l = {tr i+ r o+ +t_r_ +ro+rity - +1ith }

Here r_,, € poR, 1, € Rpn, po = 1, and p, = ¢"(po). Multiplication in the ring has the

following identities,
fede =1 el =p ri_. = t_¢(r) tor =o(r)ts

Lemma 3.3.7. Let R = @®;R; be a Z—graded ring. Let t, € Ry, and t- € R_; such
that t_t,. = 1. Then there exists a corner isomorphism o : Ry — t t_Rgt.t_ given by
a:rtyrt. and R = Rofty,t—;ql.
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Proof. For detailed proof refer Lemma 2.4 of [8]. O

Proposition 3.3.8. The algebra Ly (E) = Li(E)olts,t—; 0| for a finite graph E with no

source verter.

Proof. Let E° = {v),vq,...,v,} be the vertex set of the graph E. Then for each i choose
and an edge e; with r(e;) = v;. Lett, = e;+ey+---+e,,andt_ =ef+es+---+ €.
Then ty € Lg(E)1, t- € Lg(E)-1 and t_ty = 1. From Lemma 3.3.7, we get Lg(FE) =
Ly (E)olty,t_;¢]. With ¢ : L (F)g — tyt_Lg(FE)ot t_ given by ¢p: a — t at_. O]

Definition 3.3.9. An idempotent e € R is called full idempotent if ReR = R.

Proposition 3.3.10. Let Ry be a ring with identity, and R = Rg[t,,t_; @] be corner skew
Laurent polynomial ring. Then R is strongly graded iff ¢(1) is full idempotent.

Proof. Refer Proposition 1 of [7] for detailed proof. O]

Lemma 3.3.11. FElement t t_ in Proposition 3.5.8 is a full idempotent iff E does not have

sinks.

Proof. Refer Theorem 2 of [7] for detailed proof. O

Theorem 3.3.12. Let E be a finite graph. Then Ly (E) is strongly graded iff E does not

have sinks.

Proof. We first show for the case when E has no source vertex. From Proposition 3.3.8,

Lk (FE) can be written as
Lk(E) = Lg(E)o[ts,t-; 9]

Here ¢(1) = t,t_, and t,t_ is a full idempotent from Lemma 3.3.11. Lg(E), is a ring with
identity, and by Proposition 3.3.10 Lk (E) is strongly graded iff E does not have source or

sink.

We now show for the case when E has source vertices. Let ' = E — u where u is a
source vertex. We prove that Ly (E’) is strongly graded iff Ly (FE) is strongly graded. Graph

homomorphism E’ — E induces a natural inclusion algebra homomorphism
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ligm) = Zw € Ev;=u+ Z vi = U+ g (e
v;€E0

Here 11, () € Lx(E") oL (E") - € Lx(E)nLg(E)—p.

As a is an edge whose range is contained in £’, then
r(a) € Lg(E" 1Lk (E")_(n-1)
Since @ € Lx(E)1, o* € Lx(E)_1, Lg(E')n, C Lg(E)n, we get

u = Z o:?“(a)a* = LK(E)ILK(E’)n—ILK(E’)—(n—l)LK(E)—l c LK(E)RLK(E)_R

s(la)=u

Therefore 1,,.(r) = u + le) € Lx(E)yLk(E)_p, and Lg(FE) is strongly graded. For
converse, as Ly (FE) is strongly graded, and Lk (E’) is a subalgebra of Lk (E). Then Lk (E’)
is strongly graded. Hence Ly (E') is strongly graded iff Ly (FE) is strongly graded. By
induction we can bring the case of E with n sources to the first case of E without any

sources. Hence Lk (E) is strongly graded iff E does not have sinks. O
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Chapter 4

Classical ring theory

Here we discuss some important properties of general rings like exchange property, refinement
property, separative rings, cancellation property and uniqueness of n — th root which will be
used for the main result in Chapter 7. The definitions and major results in this chapter are

referred from [3].

4.1 Exchange rings

Definition 4.1.1. An R—module M is said to have exchange property, if there are decom-

positions
A=MoN=@A
i€l
Here N, A and A; are R—modules. Let M' = M |, and i € I is the indexing set. Then A can

be written as

A=M P (®ier4)
Here Al C A; is a submodule.

Definition 4.1.2. An R—module M is said to have finite exchange property if the indexing
set I is finite.

Definition 4.1.3. An R—module M is said to have m—exchange property if the cardinality

of the indexing set I is < m.
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Definition 4.1.4. A ring R is called an exchange ring if R satisfies the exchange property

as an R—module.

Example 4.1.5. The set of real numbers R over R is an exchange ring. Let

A=R69N=EBA,;

Here R is a field. Let A =R™, and A; = R. Then

R"=RoN=(PR

Here A can be written as A = RP(Pn—1R) and R,0 C R. Hence R is an exchange ring.

Lemma 4.1.6. Let n € N. Let By, By, ..., B, be subalgebra of algebra B, and B = By X
By x --- X B,.The algebra B has m—exchange property iff B;(1 < i < n) has m—exchange
property.

Proof. Refer Lemma 3.10 of [9] for detailed proof. O
Lemma 4.1.7. If R is exchange ring then all finitely generated modules of R have exchange

property.

Proof. Let M be finitely generated module of R. Let {xy, xa,...,2,} be the generating set,
then M = xR+ 23R+ ---+x,R. As M has finite generating set, consider component wise
multiplication in M. Hence M is an R—algebra. Algebra 1R = R. Here R has exchange
property. Then from Lemma 4.1.6, algebra M has exchange property. O

Definition 4.1.8. Let R be a ring with identity. Then R is regular ring if for any element
a € R, there exists b such that aba = a.

Example 4.1.9. Any field F is reqular, take b= a™!.

Definition 4.1.10. The modules P and ) over R are said to be stably isomorphic to each
other if there exists n,m € N such that

PeR"=ZQ@®R™
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Definition 4.1.11. For a ring R, let F'P(R) denote the set of finitely generated modules

over R.

Definition 4.1.12. For a ring R, let V(R) be the monoid of stably isomorphism classes of
finitely generated projective modules . Let [P]+[Q] = [P $ Q] be the operation in the monoid
V(R), for P,Q € FP(R).

Lemma 4.1.13. A ring R is an exchange ring iff for any x € R there exists idempotent
e € R such thate € Rx and1 —e € R(1 — x).

Proof. Refer Theorem 2.1 of [10] for detailed proof. O

4.2 Refinement property

Definition 4.2.1. Let A;, Ay, By, B, € FP(R). The set FP(R) has refinement property if
for A1 @ Ay = By @ B, then there exists Aij,1 < i, <2 such that

A = An @ Ap
Bj = Alj ] Agj

Definition 4.2.2. Let a,b,c,d € monoid M. Then M is called refinement monoid if for
a+b=c+d, there exists decompositions ¢ = x+ ' and d = y+y', such that a = x +vy and
b=x"+1v.

Example 4.2.3. Every abelian group G is refinement monoid. For a+b = c+ d in G,

assume ¢ > a. Let

w=n. o =eae u=0 9 =4d
Then we getc=z+z',d=y+y,a=z+y, andb=2"+7v .
Definition 4.2.4. A ring R is called a refinement ring if FP(R) has refinement property.

Example 4.2.5. Real numbers R is a refinement ring as it is a field. All finitely generated
projective modules are free for a field. Then the monoid is isomorphic to Z which is an

abelian group. From Ezample 4.2.3, module FP(R) has refinement property.
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Definition 4.2.6. A refinement matriz is a matriz for writing down refinements in a

monoid. The elements in the border are sum of each row or column.
Example 4.2.7. The refinement matrixz for the case in Definition 4.2.2 :

a b
cfxz o
d\y v

Theorem 4.2.8. Let R be an exchange ring and Ay, Ay, By, Bs, Ajj(1 <i,5 <2) €
FP(R). If Ay & Ay = By & By, then there exists decompositions Ay = Ay & Ao, and
AQ = AQ] S5 AQQ. S’U.Ch that Bl — All S5, AQ]; and BQ = AlQ 37, AQQ.

Proof. Let P = A, & Ay = B, @& By. From Lemma 4.1.7, we know that if R is an exchange
ring, then all elements of F'P(R) have exchange property. Let B; have exchange property,
then

PEB @B = (A1 G An) 0B =A@ A

Here Ay C Ay, and Ay C As. Then
B1® By = (A11 & A1) & Be

By cancellation, we get B; = (A;;® Ag;). As Ajy C Ay, and A; € FP(R); we have Aj; C A
such that A;; & Aj2 = A;. Similarly there exists Az C Aj such that Ay & Az = Az, Then

P=A @A) = (A1 D Ap) & (A B Ag) = (A1 D Az) & (A2 @ Ago)

We already shown B; = (A1 @ A21). Hence P = By & (A2 @ A) = By @ B;. And by

cancellation we get By = (A5 & Ays). Hence the theorem is proved. O
Corollary 4.2.9. For a exchange ring R, monoid V(R) is a refinement monoid.
Proof. In the proof of Theorem 4.2.8, use isomorphism classes of modules [A,], [A3], [B],

[Ba], [Ai;](1 L4, <2)eV(R). Andas [P]@ Q] = [P® Q] € V(R) for P,Q € FP(R), the

proof follows. Hence monoid V(R) is a refinement monoid. ]
Proposition 4.2.10. Let M be refinement monoid, and a+c¢ =b+c for a,b,c € M. Then
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1. There exists decompositions a = a; + as, b = by +bs, and ¢ = ¢; + ¢o; such that a; = by,

anda2+02:bz+02=c.

2. Letec < a, and ¢ < b. Then 3 decompositions as in (1); such that ca < as, and ca < bs.

Proof. 1. Let b = by + be, and ¢ = ¢1 + 2. let by = a; and ¢; = a2. Then the refinement

matrix :

b ¢
af ap as
C bg Co
Hence a; = by, and as + co = by + ¢ = c.
2. Let a = a; + aq, ¢ < a, and assume as < by. Consider ¢y = ¢ + ¢” such that ¢ < o,
,and ¢ < ay. Let ay = d + ¢ for some d. Then from the decomposition in (1), we get
a=d+ (' +ay) b=d+ (' +by) c=c+c+c"
From (1), we get ¢ = as + ¢2, and ¢ = by + ¢2. Then
c=(az+c)+" c=(by+c)+"
By the new decomposition of a,b and ¢; we get a refinement matrix :

b c
a d as + ¢
c\ b+ o

' <as<as+¢

Then

" <ay<by<by+¢

Hence the proposition is proved. ]
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4.3 Separative property

Definition 4.3.1. A class S of modules is said to have separative property if for A, B € S,
AGAZAPB=EB®B — A=B

Definition 4.3.2. Ring R is said to be separative ring if the class of modules FP(R) has

separative property.

Definition 4.3.3. A monoid M is separative if for a,b € M,
at+ta=a+b=b+b = a=0b
Definition 4.3.4. A class S of modules is said to have cancellation property if for A, B € S,
AGC=2Be & —r ASB

Definition 4.3.5. A class S of modules satisfies uniqueness of n — th root if

EBA%GBB = A~B

Proposition 4.3.6. For a ring R, and A, B,C € FP(R), the following conditions are

equivalent :

1. R is a separative ring if A A=A B=B®B — A= B.
2. If2A=28 and 3A= 38 —» A= B.
3. LetneN. IfnA=nB, and (n+1)A=(n+1)B = A= B.

4. (Separative cancellation) Let C & D = kA, and C D' 2 IB; fork,leN. If Aa(C =
Ba&C, then A= B.

Proof. 1 = 2. Given 2A = 2B and 3A = 3B. Then
AAN2AG2A X 2A5 2B = 2(A® B)
AB=3B®B=3A0B=2A® (A B)
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And 4A =2 2(2A) =2 2(2B) =2 4B
—> 2(2A)=22A®(A® B)=2(A® B)

From (1), we get
2AZ A B

And its given that 2A = 2B. Hence by (1)

A= B

2 =3 Given nA = nbB and (n+1)A = (n+1)B. Then
M+ HAZXnAGAXnBAXnB®B=(n+1)B

For k£ > 1
m+1)AGkAY (n+1)BOLAXBd (nBd A)d (k—1)A
~“Be(nBeB)®(k—1)A2BaBasnBoA) & (k—2)A
~“B®nBekB)=(n+1)B& kB
= (n+1)A®kA=(n+1)Bd kB

So for all n’ > n, we have n"A = n'B. Let 2n — 2,3n — 3 > n, for n > 1. Then
n—1)A=2(n—1)B

3(n—1)A=3(n—1)B

From (2), we get
(n—1)A=(n—-1)B

Therefore by induction we can prove that 24 = 2B, and 3A = 3B. Hence by (2), we get

AZB
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3—=4.Given AeC=2B®dC,and C® D =kA;k € N. For r € N, let
(k+rA2rAekA=(r—-1)Ad (A C)® D
~(r—-1)AeBeCaeD=2(r-2)A¢Bo(AdC)eDX2rBakA

= rA®kA=rBokA (4.1)

Similarly by taking C & D' = kB, we get
rB& kB =2 rA® kB

Let r = k, then
2kA =2 2kB (4.2)
(2k+1)A=Z kA (k+1)A

Let r = 1 in Equation 4.1, then (k+ 1)AX B® kA
kA@ (k+1)A= (kAekA)@ B=2kBeB= (2k+1)B

= (2k+1)A = (2k+1)B

Combine this result with Equation 4.2. Then from (3), we get

A=B

4= 1Given AGAZAGB=ZB®B. Let C2 A= B, then A C=C® B. From (4),
we get

A=B
U

Definition 4.3.7. An ideal I is called separative ideal if the monoid V(I) has separative
property.

Definition 4.3.8. A class S of modules is called strongly separative if any of the following
conditions hold for A,B,C € S

1. Let C=nA forneN. fAeC=BaC — A=B.
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2 2A=2AB — A=>B.
3. Ap2C0=2BepC —= Ap(C=B.

Lemma 4.3.9. The class of separative exchange rings are closed under arbitrary direct

product, and direct limat.

Proof. Refer Proposition 2.2 of [3] for detailed proof. ]

Theorem 4.3.10 (Extension theorem). Let R be an exchange ring and I be an ideal of R.
Then R is separative ring iff I and R/I are separative.

Proof. Refer Theorem 4.2 of [3] for detailed proof. O
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Chapter 5
Elementary subgroup of GL,(R)

Here in this chapter we study elementary matrices, and properties associated with them.
The group K of a ring R, studied in the following chapter is constructed using elementary
matrices. Let R be a ring, and M,,(R) be ring of all n X n matrices with entries in R. The

definitions and major results in this chapter are referred from [5].

Definition 5.0.1. Let GL,(R) be the group of all n x n invertible matrices. The group

operation is matrixz multiplication and identity element is identity matriz Id,.

Definition 5.0.2. Let SL,(R) be the group of all n x n invertible matrices with determinant
1.

Definition 5.0.3. Let E,(R) be the group of all elementary matrices :
Bz‘j(A) =1+ /\E-ij; i 7& j, XE R

th

Where E;; is a matriz with 1 in the ij™" position and rest 0.

Proposition 5.0.4. We have the relation of groups E,(R) C SL,(R) € GL,(R).

Proof. All elementary matrices are invertible, and of det = 1. All elements of SL,(R) are

invertible matrices. O

Definition 5.0.5. The group GL,(R) can be embedded within GLpim(R) :

a 0
a
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Where o € GL,(R).
Definition 5.0.6. With the embedding defined in Definition 5.0.5, we can define groups :

GCL(R) = G GL.(R)

SL(R) = G SLn(R)

E(R) = | ] E.(R)

Definition 5.0.7. The commutator [E,(R), E,(R)| of En(R) is the subgroup with elements

{ei(Neij(p)e; (M) tei() ™ A p € R}
5.1 Properties of E,(R)

Definition 5.1.1. The inverse element in E,(R) :

Example 5.1.2. Let e15(4)! = ej2(—4) in E3(R)

=1d

- o o

0 1

1 0] =10
0 1 0
Definition 5.1.3. The splitting property in E,(R) states
eij(A +p) = eij(Mei; (1)

Example 5.1.4. Let ea3(6)ea3(3) = ea3(9) in E3(R)

o O e
o = O
— Oy O
o O =
o = O
= W O
I
o o =
o = O
o O
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Definition 5.1.5. Some properties of commutator are

1. [eij(A),en(p)) =1d; j#k, i #L
2. [eij(A), eje(p)] = ew(An); J # k.
3. [ej(N), eni(p)] = ex;(—pA); J # k.

Lemma 5.1.6. If o, 3 € GL,(R), then

_ [“ 0] _ [ﬁa 0] mod Ean(R)

af 0
0 3 0 I,

g L

Proof. Consider a ring R, and u,v € R*. Here R* is the set of invertible elements of R.

Then
1 oY (1 0] |1 v i=1 1 0
0 1 1 1] 10 1 —v 1

Multiply [u,v] diagonal matrix with J, then

uw 0 uv 0
el

This gives the first equality in lemma. Let v = w~! in Equation 5.1, then

-[p ]

Here 1,9 € E»(R), then [u,u™!] € E2(R). Therefore [v~lu,u™1v] € Ex(R).

v w0
0 wuwlv

d = e EQ(R)

uw 0

0 @

€ FE»(R)

vl 0 u 0
€ F»(R
a(R) = [0 u—ll [O v

=
v 0 u 0
0 u 0 v

If [u,v] is contained in some coset, then [v,u] is also contained in the same coset. From

€ E»(R)
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Equation 5.1,
u 0
0 v

v 0

g 1 mod E»(R) (5:2)

qu_ _L‘O_
0 1| o w

Here we took some random ring R, and u,v € R*. Let R = M,(R), and R* = GL,(R). Then
the equation is true for mod E»(M,(R)). But Ey(M,(R)) C Ey,(R). For o, € GL,(R),

Equation 5.2 becomes

af 0 fa O |Ba 0O
2 3 e

Hence the lemma is proved. ]

Lemma 5.1.7. For any ring R,

[GL(R), GL(R)] = E(R) = [E(R), E(R)]

Proof. First we show that F,(R) = [E.(R), E,(R)]. Write e;;()\) in the form aba™'b! :

eij(Ap) = ea(N)ex;(p)ew(X)  ew;(A)

Here i # j, i # k, and k # j. Then any element of E,(R) can be written as an element of
[En(R), E,(R)] for n > 3. For n = 2 take the embedding in n = 3, and the equation holds.
Then

En(R) € [En(R), En(R)]

It is obvious that [E,(R), E,(R)] C E,(R) for all n. Therefore

Ev(R) = [Eq(R), En(R)]
U Ea(R) = [J[En(R), Ea(R)]
E(R) = [E(R), E(R)] (5.3)

Next we show that [GL,(R),GL,(R)] C Es,(R) C E(R). Let a,5 € GL,(R). From

Lemma 5.1.6, we get
) e o mod Es,(R)
0 I 0 I
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lab’ 0] _ lﬁa O] € By (R)

0 I 0o I
afBa~1pt 0 € En(R)
0 I
Therefore
[GLn(R), GLa(R)] C E2n(R) C E(R)
[GL(R),GL(R)] € E(R)
And

E(R) = [E(R), E(R)] C [GL(R), GL(R)]
[GL(R), GL(R)] = E(R)

Combining Equation 5.3, we get
[GL(R),GL(R)] = E(R) = [E(R), E(R)]

Hence the lemma is proved. O]

5.2 SL,(R)— E,(R) relations

Proposition 5.2.1. If R is a euclidean ring, then SL,(R) = E,(R) for alln > 1.

Proof. We have to show that identity matrix can be transformed into any element in S, (R)

by elementary transformation. Let o € SL,(R) :

g 12 =+ Thn

21 T22 -+ Tan
Y —

n1 Th2 - Tnn

Elementary column transformation in E,(R) sends

Cn— Cp+aCp,
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Here m # n, a € R, and C}, = k' column. Similar transformation are defined in terms of
rows also. Assume 7 is the least in a. Here R is euclidean. By the euclidean algorithm,
and the above elementary transformation we can make the first column and row 0 except
for ryy. If r1 9 > 7114, let 2 = @7y ) + b by euclidean algorithm; x € R. Then by elementary

transformation Cy — Cy — (', we get

1,1 b --- Tin
2.1 Tt Tan
_'rn,l Sl Tn,n_

Here ;7 > b. Let ;3 = 2'b+ ', 2" € R. Repeating the same process, till we get 0 in place

of r1 5. Then

iy 0 Tin
!

Ta1 Top2 Tan
! !

Tn,l Tn,Q U rn:”

Continuing this manner for all elements except diagonal, by column and row transformation.
Then

A1
A
o= ?
An
By Lemma 5.1.6, there exist e € E,(R) such that
A1 AtAg - Ay
A2 1
e =
An 1

Here oo € SLp(R), then AAz2--- A, = 1. Hence resulting matrix is Id,. So by applying the

above multiplications in reverse, we can get any element of SL, (R) from I. Hence
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5.2.1 Cohn’s example

In this subsection we show that SL,(R) # En(R) for non euclidean rings. Consider R =
K[X,Y], where K is a field. We prove that

1+ XYy  X?
Es(R
_YQ 1— XY gé 2( )
Lemma 5.2.2. Group E>(R) is generated by
1
Ery=|" “|.rer
-1 0

Proof. Let ej2(r) and es(r) generate Eo(R). We can prove that these two elements can be
generated by E(r). Here E(r) € Fy(R) as

U

R T - 3
1 r —r 1 0 1
S T

E(r) =

For eya(r) and es (r) :

0 -1 0 (-1 0
S - 13
i 10 0 1 o1
[ Y ) — =
“ ro 1l [-1 0] |[-1 0
Hence the lemma is proved. O]

Definition 5.2.3. Inverse of E(r) :
0 -1
1 =
Definition 5.2.4. Let D, (R) be the set of n x n invertible diagonal matrices with entries in

R. Its elements are denoted by [r1,72,...,7n].
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Definition 5.2.5. Group E,(R) is normalized by D,(R) :
= [r7t,r5t r e (M), ra, - . ] = e4(r7 Ary)

['rl,'rg,...,rn]_leij()\)[rl,rg,...,rn}—['rl T,

Lemma 5.2.6. Let o € Dy(R)FEs(R), which is a subgroup of GLy(R). Then « is of the form

a=[a,bE(r)E(ry)---E(ry); ¢ R®U{0} forl<i<n

Proof. We check the below three identities.

1. E(z)E(0)E(y) = —E(z +vy)

L R A L E
S

2. E(z)[a,b] = [b,a]E(b~1za)

z 1fla 0 |za b

-1 0[ [0 b |-a O

b 0| |b7'za 1|  |za b

0 al| =1 0| |-a 0

a 0| [b O] |b7'za 1

0 b |0 al|l -1 o0
3. If a € A*, then E(z)E(a)E(y) = E(x — aY)[a,a |E(y — a™!)

z 1| [za | [a 1 |ra—-1 =z y 1
-1 0[[-1 0] [-10 | -a -1]|-10

B _.ray_y—:r: ra—1
1 —ay —a

r 1
-1 0

- |
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z—at 1| la O ||ly—at 1| Jza—-1 a'||y—a' 1
—1 0[]0 atf| =1 o] | —a 0 -1 0

ray —y — raMll

1 —ay —a

— E(x)E(a)E(y) = B(x —a~)[a,a"|E(y — a™)

Consider « € Dy(R)Ey(R) :

a=[d, V]E(r)E(r;) - E(r,); i€ R
When r; € R*U {0} ( for 1 < i < n), we can use the above identities to get a smaller
expression for a. If r; = 0, then use first identity. If r; € R*, then use third identity. If two
elements of subgroup are multiplied, use second identity to bring diagonal matrix to the left

end. Hence
a=[a,b|E(r)E(rs)--- E(r,);r ¢ RPU{0}VI<i<n
Lemma 5.2.7. Let R = K[X,Y|, where K is a field. Let B € Dy(R)E3(R). Then

[

] = [u, v|E(r)E(ry) - - - E(ry)

Here u,v € R* = K* and r, ¢ K* U{0}V1 < i <n. Then deg(f) > deg(g).

Proof. Proof by induction. The diagonal matrix does not change the deg of terms as u,v €

R* = K*, so only other terms are considered for the proof. For r = 2,

1 1 To 1 i ?”1?"2"—1 T1
-1 0f|[-10f | -rn -1

The lemma is true for r = 2. Assume that the lemma is true for r = n. Let

=

8= B(r)E(rs) - E(ra) = [fl 91]

* ok
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Here deg(fy) > deg(g1). Forr=n+1

_ [fl 91] [?“m—l 1] B lfl?“nﬂ -0 fl]
8= -
* % -1 0 * *
Here rp+1 ¢ K, and deg(f1) > deg(g1). Therefore deg(firn+1 — g1) > deg(f1). Hence the

lemma is proved by mathematical induction. O]

Proposition 5.2.8. For R = K[X,Y], let

* Ok

o= lf g] € GL3(R)

Let deg(f) = deg(g), and f, g be linearly independent over K. Then o & Dy(R)Es(R).

Proof. Assume a € Dy(R)E»(R), then by Lemma 5.2.6
a = [a,b|E(r1)E(rg) -+ - E(ry)

Here r; ¢ R* U {0}V1 < i < n. Matrix [a, b] is not considered as u,v € K*. For n = 1,

E(r) = [ill é]

Here r; € K. As ry and 1 are not linearly independent, our assumption fails for this case.

For n = 2,
1 1 T9 1 T1T2 — 1 1
E(r)E = =

Here rir2 — 1 and ry are not linearly independent. Therefore our assumption fails for n = 2

case also. For n > 2,

o= [f 7| = B(r)B(rs) -+ E(r)
CYE(T’ )—l _ f g D =1 _ q _“f_;_grﬂ
" * ok 1 r, * *

Here f and g were given to be linearly independent. As r, € K, we get deg(g) = deg(—f +
grn). But r,—1 ¢ K. Then by Lemma 5.2.7, we get deg(g) > deg(—f + grn). This is a
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contradiction. So our assumption is wrong and a ¢ Dy (R)Ex(R). O

Theorem 5.2.9. Let R = K[X,Y], then SLy(R) # E»(R)

Proof. Let
1+ XYy  X?
-Y? 1-XY

O =

Let a € SLy(R), as det(a) = 1. Here deg(l + XY) = deg(X?). Here 1 + XY and X?
are linearly independent. Therefore by Proposition 5.2.8, we get a ¢ Da(R)F2(R). As
Id € Dy(R), we can conclude

a ¢ Es(R)

Hence SL;(R) # E»(R). O
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Chapter 6

KO and K1

In this chapter we study properties of group completion of a monoid, Grothendieck group(K)
and Whitehead group(K;). The definitions and major results in this chapter are referred
from [6] and [5].

6.1 Group completion

The Grothendieck group is calculated by group completion of a monoid.

Definition 6.1.1. A groupoid is a set of objects together with invertible maps between them.
If a.b € G, then there can be a map from a — b. If such a map exist then inverse of that

map also exist.

Definition 6.1.2. A semigroup is set of objects with binary operation between them. The bi-
nary operation is associative and closed. But commutativity, existence of inverse and identity

element are not necessary for a semigroup.

Example 6.1.3. {Z,min} is a semigroup where min is binary operation that takes a pair

to their minimum value. There is no identity element or inverse.

Definition 6.1.4. A monoid is set with a binary operation which is associative and closed.

There is an identity element but inverse may not exist.

63



Example 6.1.5. The set of natural numbers with addition operation {N U {0},+} is a

monoid.

Definition 6.1.6. Let a,b € M. A monoid homomorphism f: M — N, is a set map such
that f(a+b) = f(a) + f(b), and f(0) = 0.

Definition 6.1.7. A group is set together with associativity, closed binary operation, inverse

and identity element.
Example 6.1.8. The set of integers {Z,+} is a group.

Definition 6.1.9. A category is a set of objects and maps between these objects. Map

compositions are associative, and there exists an identity map from every object to itself.

Example 6.1.10. Consider the set of all groups with groups as objects, and group homo-

morphisms as maps. Group homomorphisms are associative, and identity map also exist.
A monoid with all inverse elements is a group. We can construct an abelian group from

an abelian monoid by adding the inverse of elements.

Definition 6.1.11. Let M be an abelian monoid. Then
M ={-m| me M}

MM ={m—n| mne M}

Definition 6.1.12. The group completion of an abelian monoid M is a abelian group M~'M
together with a monoid homomorphism [| : M — MM . This homomorphism is universal.
That is, if there is @ map f : M — A where A is any group, then 3f' : M~'M — A. Here
f([m]) = f'(m) for allm € M.

Definition 6.1.13 (Construction). Let m € monoid M. Consider the free group F(M)
generated by [m]. Let relation R(M) = [m + n] — [m] — [n]. Then

MM = F(M)/R(M)
Example 6.1.14. Let N={0,1,2,...}, then

F(N) = {..., = 3], =[2] = [1], = [2], (1], [0], [1], [2], (1] + [2], [3], - - -}
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R(N) ={...,[3] - [2] - [1], 1] + [2] = [3],-. .}
N™'N = F(N)/R(N) = Z

Remark 6.1.15. The map f': M~*M — N-'N is unique. Let map composition of M — N
and N — N7IN give M — N7'N. By universality of monoid homomorphism || : M —
M~YM, there exist a unique map from M—'M — N~'N.

Proposition 6.1.16. Let M be an abelian monoid, and MM be its group completion.
Then

1. Elements of M~*M are of the form [m| — [n], for m,n € M.

2. Element [m] = [n] in MM iff m+p=n+p, for somep € M.

3. Map M x M — M~'M that sends (m,n) — [m] — [n] is a surjection.

4. The group M—1M is M x M quotiented by (m,n) ~ (m + p,n + p).

Proof. 1. LetF(M) have elements of the form [m;] + [ma] + - -+ — [mg] — [mypya] — -+ .

Then M 'M is this modulo relation [m + n] — [m] — [n]. Hence M "M has elements
of the form

[mi+miza+---] = [mj+mjpa+---]; 4,5 €1
= fm] - [n]
Where m,n € M.
2. Let [m| = [n] in M~'M. Then [m] — [n] = 0. Let
0= [a +bi] — [a] — [b:] = > [cj + dj] — [e5] — [d]
Separating the positive and negative terms :

D lal + 1]+ D les+di] = lai+ b+ D o]+ [d] =p
Here [m| — [n] = 0. Let

m] = [n] = Z[ai +bi] = [ai] = [bi] - Z[Cj +dj] = [ej] = [d)]
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Separating the positive and negative terms :
]+ lail + [0 + D _lej + dil = [0l + ) _lai + b1 + ) [e] + [d]
i j i j

m+p=n+p

Conversely; as m + p = n + p, we get
[m +p] = [n+p]

[m] + [p] = [n] + [p]

Hence [m] = [n] in M~'M iff m+p=mn+p.

3. Let m,n € M. From (1), every element of M~!M is of the form [m] —[n]. Hence every
element has preimage (mn,n) for the map M x M — M~'M.

4. Let f: MxM — MM, defined by (m,n) — [m]—[n]. Here f((m,n)) = [m]—[n], and
f((m=+p,n+p)) = [m+p|—[n+p] = [m]—[n]. Therefore f((m,n)) = f((m+p,n+p)).
Then (m,n) ~ (m+p,n+p) in M x M. We considered for general element m,n,p € M.
Then Img(f) = M x M/ ~, where ~ is the relation (m,n) ~ (m + p,n + p) . From
(3), we get Img(f) = M~1M. Hence MM = M x M/ ~.

Definition 6.1.17. Monoid M is called cancellation monoid if for m,n,p e M :
m+p=n+p =— m=n

Corollary 6.1.18. Let M be an abelian monoid and MM be its group completion. Then
the map f: M — M™YM is injective iff M is a cancellation monoid.

Proof. Let m,n,p € M. Let m + p = n + p, then [m] = [n]. That is f(m) = f(n). As f is
an injective function, then m = n. Hence m + p = n + p implies m = n , and the monoid is

cancellation monoid.
Conversely, let f(m) = f(n). That is [m] = [n]. From Proposition 6.1.16 (2), we get
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[m|] = [n] in MM iff m +p = n + p. As the monoid is cancellation, we get m + p =

n+p = m =n. Hence f(m) = f(n) implies m = n, and f is an injective map. O

Definition 6.1.19. A submonoid L C M is cofinal if for m € M, 3 m' € M such that
m+m' € L.

Corollary 6.1.20. If L C M is cofinal, then

1. Group L L is a subgroup of M~'M.
2. Every element of M—'M s of the form [m] — [I]. Here m € M and [ € L.

3. If[m] = [m'] in M—'M, then m +1=m'+1. Herel € L.

Proof. 1. From Proposition 6.1.16 (1), every element of L™L is of the form [I] — [I]; for
some [,I' € L. L is a submonoid of M, then [,’ € M. Therefore [I| — [I']| € M~ M,
and L~'L is a subgroup of M~1M.

2. Every element of M~1M is of the form [m] — [n], for some m,n € M. Let L be cofinal.
Then for n we have n’ € M, and [ € L such that n +n' = [. Then

] = [l — [
m|—[n]|=[m] =[]+ [n]=[m]-[]; e M, leL

3. Let [m] = [m] in M~'M . By Proposition 6.1.16 (2), we get m +n = m’ + n for some
neM. Lesm+n+n"=m'"+n+n', forn’ € M. As L is cofinal we have n’ € M,
and [ € L such that n +n' = 1. Then

m+l=m'+1; €L

Hence the corollary is proved. ]

67



6.2 K, group

Definition 6.2.1. Let V(R) be the monoid of stably isomorphism classes of projective mod-
ules over ring R as in Definition 4.1.12. The Grothendieck group of ring R denoted by Kq(R)

is group completion of the monoid V(R) :

Theorem 6.2.2. The monoid map N — P(R) that maps n — R™ induces a group homo-
morphism Z — Ko(R).

1. The group homomorphism Z — Ky(R) is injective iff R satisfies invariant basis number
property(IBN).

2. Let R satisfies IBN. Then Ky(R) = 7 iff every finitely generated projective R—module
18 stably free.

Proof. 1. Let f : Z — Ky(R) and n,m € Z. Let R™ = R", then [R™| = [R"]. As f is
injective, we have f(m) = f(n) = m =n. That is [R™] = [R"] = m = n. Hence
R has IBN as R™" = R" = m =n.

Conversely, Let [R™| = [R"]. Then from Proposition 6.1.16 (2), [R™| = [R"] it R™ &

P=ZR"®P. Here P € V(R). Let P =0. Then by IBN, we get R" = R" — m=n
. Hence f is injective as [R™| = [R"] = m =n.

2. Let g: Ko(R) — Z with g([R"]) = n be an isomorphism. Let P be a finitely generated
projective R—module. Then [P] = [R"] for n € Z. From Definition 4.1.12, the
isomorphism in monoid is stably isomorphism. Therefore P ® R* = R™ @ R, for
k € Z. Hence P is stably free as P @ R* = Rk,

Conversely, Let P be stably free. Then P @ R™ = R". Here [P] + [R™] = [R"].
Therefore [P] = [R"] —[R™] = [R™*™™. Hence Ko(R) = Z as any element P is contained

in equivalence class [R™], for m € Z.
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6.3 K, group

Groups GL(R), SL(R), E(R) were explained in chapter 5. The K group is constructed using

these structures.

Definition 6.3.1. The Whitehead group of ring R denoted by Ky(R) is defined as
Ki(R) = GL(R)/[GL(R), GL(R)]
Definition 6.3.2. The group SK,(R) of ring R :
SK\(R) = SL(R)/E(R)

Lemma 6.3.3. The whitehead group K,(R) = SK,(R) ® R*

Proof. Consider the short exact sequence

Where the map K;(R) — R* is the determinant map, and SK;(R) — K1(R) is the embed-

ding. To show that the above sequence splits, take

fR*—%Kl(R)
u 0
1
u —
0 1

det o f gives identity on R*. Hence the sequence splits. Then by Splitting lemma 2.4.17,

Ki(R) = SK1(R) ® R

Proposition 6.3.4. If R is a euclidean ring, then
SKi(R)=0
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Proof. From Proposition 5.2.1; if R is a euclidean ring, then SL,(R) = E,(R). Here n > 1.
Hence

SK\(R) = SL(R)/E(R) = E(R)/E(R) = 0
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Chapter 7

Ky and K of LPA

LPA of a group was studied in Chapter 3. In this chapter we study properties of the monoid

Mg, Ky and K; of LPA. The definitions and major results in this chapter are referred from

[4].

Definition 7.0.1. A graph homomorphism f : E — F is set of two compatible homomor-

phisms
(f%, 1) : (B°, BY) = (F°, FY)

It satisfies the conditions :

1. rp(fi(e)) = fU're(e)), fore € E'.

2. sp(fi(e)) = f*(se(e))-

Definition 7.0.2. A graph homomorphism is called complete homomorphism if

1. The homomorphism f° is injective.

2. The homomorphism fsgl(v) s (v) = 55 (f°(v)) is a bijection.
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7.1 Direct limit

Definition 7.1.1. Let (I, <) be a directed set. Let A; be objects and f;; be corresponding
homomorphisms. Then (A;, fij; i < j € 1) is a directed system of objects if

1. fi; is an isomorphism on A;.
2. [fij is @ homomorphism from A; — A;.

3. fjkofijzfika?“ingkGI.

Here objects can be group, monoids, rings, etc. Then the corresponding homomorphisms will

be group homomorphism, monoid homomorphism, ring homomorphism etc.

Definition 7.1.2. Pair (A, ¢;) is called direct limit of directed system (A;, fij; i <j€I)
of
A=| |Ai/ ~
¢i i Ai — A
Let z; € A; and z; € A;. Here x; ~ z; if fu(z:) = fix(x;) for some i,j < k € I.

Homomorphism ¢; sends x; — [x;], here [x;] is the equivalence class of x;.

Definition 7.1.3. Category G is a category whose objects are row-finite graphs, and mor-

phisms are complete graph homomorphisms.

Lemma 7.1.4. FEvery row-finite graph E is a limit in the category G of directed system of
finite graphs.

Proof. Consider a finite subgraph Gy = (G}, G}) of E = (E°, E'). Construct another sub-
graph Fy from Gy :
Fg = GgU {r(e)ls(e) € Go}

F} = Gyu{e|s(e) € Go}
Let fy : Fy — FE be the inclusion map. Map is injective as it is an inclusion map. Then

1

Sp, (V) = sgl(v)
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is a bijection, as all edges such that s(e¢) € Gq is contained in Fy. Hence fp is a complete
graph homomorphism. Row-finite graph F is the union of finite subgraphs of E. From
each finite subgraph G;, we can construct F; such that f; : F; — FE is a complete graph
homomorphism. Then UF; — E is also a complete graph homomorphism. Then consider

the directed system of finite graphs

Fy —— FyU Fy » UF;

For i e I. Let
E=JGc| R

And UF; — FE is a complete graph homomorphism. Then FE is the direct limit of the directed
system. Here
E = limUF; = lim F!

Where F/ = F1 U F5, U --- F;. Hence the lemma is proved. O

Proposition 7.1.5. Let f : E — F be a complete graph homomorphism. Then 3 canonical
algebra homomorphism L(f) : Lx(E) — Lk (F)

L(f) : (nva-+) = fOv1)fO(va) - - -
L(f): (erea---) = f(e)f" (e2) - -

This map preserves the five LPA relations.

Proof. 1. f()f(t)) = f(00") = [(Bpnrv) = 85y 0o f(v): for v,0" € EP.
2. Let f(s(e)e) = f(e) = f(er(e)); for all e € B,
F(se(e))fH(e) = fl(e) = fH(e) f'(rE(e))
From Definition 7.0.1, we get

se(fH(e)f'(e) = fi(e) = fHe)rr(f(e))



3. f(r(e)e*) = f(e*) = f(e*s(e)); for all e* € (E)*.
flre(e)fi(er) = fi(er) = f1(e")f°(sk(e))
From Definition 7.0.1, we get

re(f1(e)fH(€") = f1(e") = f1(e)sr(f(e))

1 FE@ 1) = f(e'€) = F(0ur 07(€)) = Spterserrr(f(€)); for all e, € Y.
5. f(v) = f(D gs(e)=v €€™); for v € Reg(E).

flv) = 3 e f(e)

e (sele)=F(v)

As sz'(v) = sz'(f°(v)) is a bijection for a complete homomorphism, no terms are
omitted. Then
fy= > f@fer

fe)lsp(fle))=F(v)

Therefore all five LPA relations are preserved. Hence the proposition is proved. ]

Lemma 7.1.6. The algebra Li(E) = lim;c; L (F;), where {F}} is directed family of finite

graphs with limit E. i.e. L commutes with direct limit.

Proof. Let ¢; : F; — E be complete graph homomorphisms of the directed system, and

¢i : Lg(F;) = Lg(F) be canonical algebra homomorphism. Let A be a K—algebra. Then

consider K —algebra homomorphisms :
8l - LK(E) — A
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Here ~; are compatible homomorphisms that satisfy LPA relations. Let

Y(di(v)) = %(v); v(di(e)) = vile); V(di(e”)) = 7ile")
If v preserves all relation of LPA, then the diagram below commutes.
E
F) = Ly(E)

e

RN

>

<7

(3
1

Lk

—_

:ﬁ. -2

1. for v,v" € E% choose ¢ such that v,v’ € F;. Then
Y(@i(0)1(#:(v) = (V) (V) = 8oy ey e (V) = éq(a(v));y(a(ul})’)f(a(v))
Here ;(v)vi(v") = 05, (0) () 7i(v) as 7, is compatible homomorphism. Therefore
YN (F) = by i)

Where f = a(v) Vii= a(v’).

2. For e € E', choose i such that e € F;. Let s(vi(e))yi(e) = vi(e) = yi(e)r(vi(e)).

1(@i(s(e))-v(9i(e)) = vi(s(e))vi(e) = s(vi(e))vi(e) = le)

s(v(di(e))) v (di(e)) = v(i(e))
s(y(FNr(f) = ()

Where f = ¢;(e). Similarly we can show that

Therefore



3. Forall e* € (E')*, choose i such that e € F;. Let r(y;(e))v(e)* = yi(e)* = vi(e)*s(yi(e)).
r(y (P ()" == r(vi(e)i(e)” = (e)* = (f)"

Where f = ¢;(e). Similarly

Therefore

4. For all e, e’ € E', choose i such that e, e’ € F}.

YIS = 85y i (V(F))
where f = ¢;(e)

5. Let
Yi(v) = Z Yi(e)yi(e)’

vi(e)ls(vi(e))="i(v)
As ~; is a complete homomorphism, all such e € F; for v € Reg(F). Here s;}(v) —
sz (¢i(v)) is a bijection for 4;. Then 3 g = ¢;(v) € Lx(E) such that

gy =% = Y, wmewmler= D, A

yi(e)ls(vi(e))=ri(v) YHs(v(FN)=(g)
Where f = ¢;(e) for each edge e. The number of terms do not change as it is a
bijection.
As 7 preserves all relation of LPA, Ly (F) is the direct limit of Ly (F;). ]
Definition 7.1.7. For a graph E let Mg be a monoid on the set of generators
{a.| v € E°}

with the following relation on generators

Oy = Z Qr(e)

ecEl|s(e)=v
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Lemma 7.1.8. Every complete graph homomorphism g : E — F induces a monoid homo-
morphism M, : Mg — Mp.

Proof. Let g: F — F
g:e—~ f
Let M, : Mg — My

M, :a.— ay

Then
ﬂ&rg(av) = Mg( Z ar(e))

ecFElls(e)=v
Ag(v) = Z Ar(g(e))
g(e)eF|g(s(e))=g(v)

As szp'(v) = s7'(g(v)) is a bijection, the number of terms remain same in Mp. Let g(v) = u,

then
aw= Y ay
fEFs(f)=u
Therefore the relation hold in Mg, and hence the lemma is proved. O

Lemma 7.1.9. Let E be a graph, and Mg be its monoid. Then the map A : E — Mg defined
by A : v — a, commute with direct limit. Also every monoid Mg of row-finite graphs is a

direct limit of monoids Mg of finite graphs.

Proof. Let (E;, 1ij; © < j € I) be a directed system of finite graphs and complete homomor-
phisms with direct limit (£, ;). Let (Mg,, ¥,;; @ < j € I) be the corresponding directed

system of monoids. Let M be a monoid. Consider

M,

N,

Mp 2 M

Here v; is the map corresponding to ;. Here 4; are compatible homomorphisms, that is

7i(a,,) have the monoid relation. Let

Y(@Wilay,)) = vi(ay)
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For a,,, choose j such that {r(v;)} C EY. As +; are compatible homomorphisms

Y@iaw) = vilaw) = D %ilawe) = D, 1@i(ane)

e|s(e)=v; els(e)=v;

Hence the relation holds for ~, and ; are compatible monoid homomorphisms. Therefore
(Mg, 1) is a direct limit and A commutes with direct limit. From Lemma 7.1.4, every row-
finite graph is a direct limit of finite graphs. Hence every monoid Mg of row-finite graphs is

a direct limit of monoids Mg of finite graphs. ]

7.2 Mp is a refinement monoid

Definition 7.2.1. Let F' be a free abelian group on generators :
{l‘z| T: € EO}

Definition 7.2.2. Let —; be binary relation on F :
Z i —¥q Z T+ I‘(Ij)
i=1 i#]
0 =1, 0

where r(x;) = Ze|5(e)=1j r(e). Leta— B ifa=) " x, and B =} . o+ r(z;).

Definition 7.2.3. Let o« — [ if there exists a finite string
a=q) > a1 1=

Definition 7.2.4. Let a,3 € F. Then o ~ (3 if there exists a sequence oy, g, .. ., oy such

that ag = a, o, = 3. Here for each i, either o; —1 i1 or a1 —1 ;. Let n be called the

length of the sequence.

Definition 7.2.5. The monoid Mg can be viewed as quotient of F' by congruence relation

~

Mg = F[ ~

Relation ~ as defined in Definition 7.2.4.
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Definition 7.2.6. The support of v in free abelian group F is the basis of v in F. Let
Y=z +x2+ -+ 28, then

supp(y) = {21,23,..., 24} C E°

Lemma 7.2.7. Assume o = oy + 9, and o — 3. Then 3 can be written as B = B1 + Ba;
where ay — 1, and oy — [s.

Proof. Let a —; 3. Then there exists x € supp(a), such that g = (o — z) + r(z). Let
a = a1 + ay. Then x € supp(ay), or = € supp(az). Assume = € supp(ay), then

Br=(n—z)+1(z), Bo= 00
Then

a1 =1 B, ap — o

If 2 € supp(as), then proof is similar. Let o« —; v —1 5. Then there exists 2’ such that
7= (1 — ) +r(2), 2 =0
Here oy —1 71, and as — 2. Repeat the process on 7, and ~2. There exist 2" such that

Br=(n-— z") + 1‘(39”), B2 =72

Here v, —; 1, and v — (5. Then a; — 1, and as — (5. By induction we can prove for

any length n. Hence the lemma is proved. O

Lemma 7.2.8 (Confluence lemma). Let a,3 # 0 in F. Then o ~ [ iff there is a v € F
such that o — =, and 3 — ~.

Proof. Let a ~ (3. Then there exists a sequence a = ag, a1,...,a, = 3. For each i either
a; = @4y, OF ;11 — ;. We prove by induction on n. For n =0, a = 8. Then take v = a.
Therefore the statement is true for n = 0. Assume that the statement is true for n —1. Then
there exists A such that ap — A, and a,—1 — A. For n; if 8 — a,_1, then the statement is
true. If a,,_; — 0, let

Q1= +a,_,
B=r(z)+ap,

79



Case 1: If z — A(x) , let
A= Az)+ X

Here x — A(x) and o/,_; — X'. Then there is a sequence such that
r(&)—3Alx)

Then
B=r(x)+a,_ ;= Az)+ XN =X

Case 2: If x = A(x), let

X=aN
Let
y=r(z)+ X
Then
B—=7, a—=y

Therefore the statement is true for all n, by induction. Hence o ~ [ implies 9 v € F' such

that o« — ~, and 3 — ~.

Conversely, asa - v — a~~. And § -y = B ~ 7. Therefore a ~ 3. Hence the

lemma is proved. O
Proposition 7.2.9. Let M be free abelian monoid. Then M has refinement property.
Proof. Let a, b € M. Let a = a; +as = by + by = b . Two elements are equal in a free

abelian monoid iff they have same number of terms, and one is permutations of generators

of the other. Then supp(a) = supp(b), and
supp(ar, az, by, ba) C supp(a)

Take c11, C12, €21, c22 € M such that supp(c;;) = supp(a;) N supp(b;); for 1 < 4,5 < 2. The

number of terms of each generator are equal, and therefore
ai=cin+co, bj=cj+c;1<54,5<2

Hence every free abelian monoid has refinement property. ]
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Theorem 7.2.10. Monoid Mg is refinement monoid for a row-finite graph E.

Proof. Let Mg = F/ ~. Consider «, 8 € Mg such that
a=oa;+ay~ B+ B=p
By Lemma 7.2.8, there exists v such that @« — v, and 5 — 7. And Lemma 7.2.7, we get
T=o+ay =B+ 5,

Where

As all elements are contained in the free abelian group F, which has refinement property.
Then there exists v;;(1 < ¢,7 < 2) such that

o =y +v2, Bi=75+7,; 1<4,5<2

Hence My is a refinement monoid. O

7.3 My is a separative monoid

Definition 7.3.1. We put an order < on monoid Mg :
a € supp(b) = a <b; a,b€ Mg

Definition 7.3.2. Let p € monoid M. Element p is prime if p < a1 + ay implies p < a; or

p < as. Monoid M 1is primely generated if all elements are sum of primes.

Lemma 7.3.3. Fvery finitely generated refinement monoid is primely generated

Proof. For detailed proof refer Corollary 6.8 of [11]. ]

Theorem 7.3.4 (Brookfield). Any primely generated refinement monoid 1s separative

Proof. For detailed proof refer Theorem 4.5 of [11]. O
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Theorem 7.3.5. The monoid Mg is a separative monoid for a row-finite graph E.

Proof. Assume that the graph F is finite. Then Mp is a finitely generated monoid. By
Lemma 7.3.3, Mg is a primely generated monoid. From Theorem 7.2.10, Mg is a refinement
monoid. Applying the Brookfield result 7.3.4, monoid Mg is a separative monoid. Let £’
be a row-finite graph. Any row-finite graph is a direct limit of finite graphs, and Mg is
direct limit of Mg. From Lemma 4.3.9, separativity is closed under direct limit. Hence for

a row-finite graph F’, monoid Mg is a separative monoid. O]

7.4 Ko(Lk(E))

Definition 7.4.1. The group Ko(Lk(E)) is the group completion of the monoid V(Lk(E))

Ko(Lk(E)) = G(V(Lk(E)))

Definition 7.4.2. Let vy, vs,...,v, be vertices of E. Then module Li(FE)v; is a finitely
generated projective left module of Ly (F).

@ Lx(E)v; = Lg(E)

Lemma 7.4.3. Let E be a row-finite graph. Then Ly (E) is the directed union of Leavitt
path algebras of finite complete subgraphs of E.
Proof. Refer Corollary 1.6.16 of [4] for detailed proof. O]

Theorem 7.4.4. Let E be a row-finite graph. Then monoid V(Lg(F)) = Mg.

Proof. We first prove for the case of finite graph E. Consider the K —algebra By

By=[[ ¥

veRY

There are orthogonal idempotents p, = {0,0,...,1,...,0} with 1 in v™ position in By. Their
sum ) o Py = 1. Let Reg(E) = {v1,v2,...,vn}. Let Py = Bopy, and Q1 = @s(e)=v, Bopr(e)-
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Both P and @ are finitely generated projective modules over By. From [12]| page 38, we get

a construction by Bergman
By =By(i,i™t 1 P = Q)

Here B; is a By algebra adjoint an isomorphism i : P, — @Q;. Here P, = _®p, P, and

Q1= _®p, Q1. Let _= By. Then by examining the construction used, we get
By = Lg(X,)

Here X, is a graph with X} = E° and X{ = {e|e € E',s(e) = v1}. From definition of By,
we see that By = Ly (Xp). Here X, is a graph with X = E°, and X} = ¢. By [12] Theorem
5.2, we get that V(B,) = V(By)/[P] — [Q1]- Monoid V(B,) is generated by {a,}, where

= [Bopo]. Then V(B,) is generated by {a,} with relation a,, = @()=v, (). Repeat the
process again with By = By(i,i™' : P, 2 Q). Let P, = Bip,, and Q, = @, (e)=vs BoPr(e)- By

induction over all regular vertices, we get
By = Lig(Xg)

Here X,, is a graph with X° = E° and X! = {ele € E',s(e) = vy, v2,...,v,} = EL.
Therefore

B, = Lx(E)
By [12] Theorem 5.2, we get that V(B,,) = V(Bn-1)/[FPn] — [@n])-Then V(B,) is generated by
{a,} with relations a,, = @.(e)=v,8r(e), Quy = Ps(e)=v20r(e); - - - » Vo = Ps(e)=vnr(e)- But this is

the monoid Mpg. Hence

V(Lg(E)) &2 Mg

From Lemma 7.1.9, monoid Mg of row-finite graphs is a direct limit of monoids Mg of finite
graphs. Using Lemma 7.4.3, we can show that V(Lg(£)) commutes with direct limit. Hence
for a row-finite graph E’

V(Lk(E") = My

[

Definition 7.4.5. Let Ag be the adjacency matrix of graph E. Then A, is the matriz after

removing rows corresponding to sinks(zero rows). Matriz A,s may not be a square matriz.

Definition 7.4.6. Let Ijpo be the identity matriz with |E°| = m rows. Then I, is the

matrixz after removing rows corresponding to sinks.
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Definition 7.4.7. Let @ cpoZ be a group with generators z,.
Definition 7.4.8. Let T be a subgroup of &,cpoZ :

T = {2, — Z Zr(e)| v € Reg(E)}

e€s~1(v)

Theorem 7.4.9. We have isomorphism of groups Ko(Lk(E)) = @pepoZ/T

Proof. Let Ko(Lk(E)) 2 G(V(Lk(F))). From Theorem 7.4.4, we get V(Lg(E)) = Mg.

Here Mg is the free monoid on generators {a,} with relation a, = ) (e); for

ecs—1(v) Oy
v € Reg(E). Group completion of Mg is a group on generators {z,} with relation z, =

Zeés,l(t‘) Zp(e); for v € Reg(FE), z € Z. Hence
Ko(Lg(E)) = ®uepZ/T

O

Lemma 7.4.10. Let (I, — A,,)" be the transpose of matriz I,,, — A,s. Let Z, denote the

column matriz of generators z,. Then each row of matriz multiplication

(Ins - Ans)th = Zy — Z Zr(e)

e€s—1(v)

Proof. Matrix A, is the adjacency matrix with zero rows removed. Then i*" row of Af_

gives r(e), for s(e) = v;. Hence

(Ins - Ans)tZU = Zy — Z Zr(e)

ecs~L(v)
Theorem 7.4.11. Let E be a row-finite graph. Then
Ko(Lk(E)) = Coker((Ins — Ans)®)
Where

(ls—Aw)': B 2Pz

vEReg(E) vEE?
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Proof. From Lemma 7.4.10,

(Ins *Ans Z = Zy — Z Zr(e)

ecs—1(v)

Therefore the matrix (1,5 — A,;)" can be viewed as map from €, _p. o) L = @ ,crpo Z. The
image of generators is the generating set of Img((1,; — Ans)'). Then Img((1,s — A,s)t) is
generated by

> Z; v € Reg(E)}

ecs—1(v)
Then
Coker((Ins — Ans)') = @D Z/(2 — > 2e); v € Reg(E))
veED e€s~1(v)

From Theorem 7.4.9, we get Ko(Lx (E)) = BveroZ/ (20— ccs-1(v) 2r(e)| v € Reg(E)). Hence

Ko(Lk(E)) = Coker((Ins — Ans)?)

7.5 Ki(Lg(F))

Definition 7.5.1. Whitehead group of Lix(F):
Ky(Lk(E)) = GL(Lk(E))/|GL(Lk(E)), GL(Lk(E))]

Theorem 7.5.2. Let E be a finite graph without sources. Then Ki(Lk(E)) =

(Coker(Ins — Ans)') = [ K*—= [] K)EP(Ker((Ins — Ans))): € Z2— P 2)

vEReg(E) veE0 vEReg(E) veE?
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Proof. From [4] page 227, we get the exact sequence
Ki(R) =% Ki(R) — Ki(R[ty,t_;¢]) —2— Ko(R) — Ko(R)

Here R = Lk(FE)o. From Proposition 3.3.8, algebra Ly (E) = Lg(E)olt+,t—;¢]. From
the proof of [13] Theorem 5.10, we get that the Coker(l — ¢*) : Kyo(R) — Ky(R), and
Ker(l —¢*) : K4(R) — Ky(R) are

Coker((Is — Ans)): [ K = [] &

veE\Sink(E) veEY

Ker((I.—Aw)): @ z-EPz

vEE\Sink(E) veEY
As the graph is finite, E\Sink(E) = Reg(FE). Here K;(Lk(FE)) is an abelian group. From
the exact sequence
K\(Lk(E)) = Ker(p) & Img(p)

For an exact sequence Img(f;) = Ker(fir1). Then
Ker(p) = Img(j) = Ki(Lx (E)o)/Ker(1 - 6") = Coker(1 - ¢*) : Ko(R) = Ko(R)
Img(p) = Ker(1 - ¢°) : Ko(R) = Ko(R)
Then
Ky (Lig(1)) = (Coker(1 — ¢°) = Ko(R) — Ko(R) @) (Ker(1 - ¢°) - Ko(R) - Ko(R))

Hence K;(Lk(FE)) =

(Coker((I. — A)): [ K = [[ K)EPEer((L. - A)): B Z— P2

vEReg(E) veR? vEReg(E) ve R0
]
Proposition 7.5.3. Let E and F be finite graphs without sinks or sources. Let |Ey| = |Fy|.
If Ko(Lg(E)) = Ko(Lx(F)), then Ki(Lx(E)) = Ki(Lg(F)).

Proof. Let |Ey| = |Fo| = m. As the graphs do not have sinks, the matrices I,,; and A, are
square matrices. Let Ag be A,s of E, and Ar be A,s of F. Here I,s = I,,,. From Theorem
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7-4.11,
Coker((I,, — Ag)") = Ko(Lg(E)) = Ko(Lk(F)) = Coker((I,, — Arp)")

Graphs are finite without sinks or sources, hence E° = Reg(E) and F° = Reg(F). Here

(I, — Ag)" is viewed as a linear transformation from @, .z Z — B, o Z.

Coker((1 AAE @Z%@ZNCO}%@T’ QAF @Z%@Z

veEO veE? veF0 veF0

The Coker are isomorphic and the number of vertices are same. Then the img are isomor-

phic. As the number of vertices are same, the Ker are also isomorphic.

Ker(In —Ap)) : Pz P z=Ker((ln— Ar)): Pz Pz (71

veE0 veE? veEF0 veF?

Here the img of (I, — Ag)" and (I, — Ar)" are isomorphic. Then 3 matrices P and ) such
that P(I,, — Ag)'Q = (I,, — Ar)". Then

Coker((1, —AE HK*—> HK*NC‘okPr —AF HK*—> HK*

veE0 ve R0 veF0 veF0

By Theorem 7.5.2, Equation 7.1, and Equation 7.2 we get
Ki(Lk(E)) = Ki(Lk(F))

]

Theorem 7.5.4 (Purely infinite simplicity theorem). Lx(E) is purely infinite simple iff E

s simple and E contains a cycle.
Definition 7.5.5. Let E' =n, and F* =m. Then E =44 F, if
Ko(Lk(E)) = Ko(Lk(F))

and
det(I, — AY) = det(I, — A%)

Definition 7.5.6. Rings R and S are said to be Morita equivalent if the categories of left
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R—modules and left S—modules are equivalent. Its denoted by
R ~ M S

Lemma 7.5.7. Let E be a finite graph. Let Li(F) be purely infinite simple. Then 3 graph

E' with no sources such that
Lg(E) ~y Li(E')

Proof. Refer Corollary 1.5 of [14] for detailed proof. O

Lemma 7.5.8. Let E be a finite graph. Let Li(E) be purely infinite simple. Let v be a

source in E°. Then
E =4 (E\V)

Proof. Refer Lemma 1.24 of [14] for detailed proof. O

Definition 7.5.9. Let E = (E°, E'.r,s). Let v € E°. Let v*, f be new elements. Then

graph E, = (EY, El r,s) :
EY = EOU {v*}

E,=E U{f}
v ife=f
sg,(e) = ¢ v* if sple) =w

sg(e) otherwise
v* ife=Ff
re,(€) =
re(e) otherwise
Then E, is called expansion graph of E, and E is called contraction graph of E,,.

Definition 7.5.10. Let p = ejea---e,. Then e is called an exit for u, if s(e) = s(e;) and
e#e;, forl <i<n.
Theorem 7.5.11 (Simplicity theorem). Ly (E) is simple iff every cycle has an exit, and

there 3 a path from any vertex to any cycle or sink.
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Proposition 7.5.12. Let E be a finite graph. Let L (E) be simple. Let v € E°. Then

(B o Lo ()

Proof. Refer Proposition 1.8 of [14] for detailed proof. O

Definition 7.5.13. Let E = (E°, E',r,s). Consider all v such that r—'(v) is nonempty.
Partition the elements of r='(v) into disjoint nonempty subsets AV, A3, . .. ’A;(v)' Let this
partition be called P. Then graph E,(P) :

ET(’P)0 ={u|ve E% 1<i< m(v)} U{v r_l(v) = ¢}

E.(P)' = {e;| ve E°, 1 <j <m(s(e))} U{e| s(e) =€ Source(E)}

Fore e A:(e), let

sE.(p)(€5) = s(€);

se.(p)(e) = s(e)

re.p)(e;) = r(e)

rg,P)(€) = r(e):
Graph E.(P) is called in-split of E, and E is called in-amalgamation of E.(P).
Proposition 7.5.14. Let E be finite graph. Let E have no sinks or sources, and Lx(FE) be

simple. Let P be a partition as in Definition 7.5.13, and E.(P) be in-split graph of E. Then

LK(E) ~M LK(ET(P))

Proof. Refer Proposition 1.11 of [14] for detailed proof. O

Definition 7.5.15. Let E = (E°, E',r,s). Consider all v such that s~*(v) is nonempty.
Partition the elements of s~'(v) into disjoint nonempty subsets kY, K3, . .. » Bm(v) - Let this
partition be called P. Then graph E(P) :

E(P)°={v|veE’ 1<i<m@)}u{v| s'(v) = ¢}
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EJ(P) = {ej| ve E°, 1 <j<m(r(e)}U{e| r(e) € Sink(E)}

Fore € ﬁf(e), let

se,(p)(e;) = s(e)

s.P)(€) = s(e)s

re,P)(e;) =r(e);

re.p)(e) =r(e)
Graph E,(P) is called out-split of E, and E is called out-amalgamation of E,(P).
Proposition 7.5.16. Let E be finite graph. Let P be a partition as in Definition 7.5.15,

and E,(P) be out-split graph of E. Then

LK(E) ~M LK(ES(P))

Proof. Refer Proposition 1.14 of [14] for detailed proof. ]

Definition 7.5.17. A graph transformation is called standard if 1t is expansion, contraction,

in-split, in-amalgamation, out-split, or out-amalgamation.

Lemma 7.5.18. Let E and F be finite graphs. Let Lx(E) and Lk (F) be purely infinite
simple. Let E =44 F, |[E°| = n, and |F°| = m. Then 3 a sequence of standard graph

transformations from E to F.

Proof. Refer Corollary 1.22 of [14] for detailed proof. O

Theorem 7.5.19. Let L (E) and Li(F) be purely infinite simple, for finite graphs E and
F. Let E° =n and F* =m. Let E =44 F. Then Lg(E) and Lg(F) are Morita equivalent

to each other.
Lg(E) ~n Lg(F)

Proof. Let E and F be finite graphs. Let Lx(FE) and Lk (F) be purely infinite simple. From
Lemma 7.5.7, there 3 E' and F’ without sources such that

Lg(E) ~u Lr(E')
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LK(F) ~M LK(F’)

Consider that we get E’ from E by removing sources one by one. A source vertex is not part
of a cycle. By purely infinite simplicity theorem, Ly (E") is purely infinite simple. Then by

Lemma 7.5.8, each graph is =4, F in the sequence.
E =dof El

Similarly
I =det F'r

As F =4 F, then E' =4 F'. By Lemma 7.5.18, there exist a sequence of standard graph
transformation from E’ to F’. By Propositions 7.5.12, 7.5.14 and 7.5.16; each of these

transformations preserve Morita equivalence. Therefore
Ly(E') ~u Lx(F')
But LK(E) ~M LK(E’) and LK(F) ~M LK(F’) Hence

Lg(E) ~um Li(F)
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