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Abstract

The major theme of this thesis is the study on multiplicity results for frac-
tional elliptic equations and system of equations. The thesis is mainly divided
into three parts. In the first part, existence and multiplicity of positive solu-
tions for perturbed nonlocal scalar field equation with subcritical nonlinearity
and nonhomogeneous terms have been studied, and the global compactness
result has been proved. The second part deals with Fractional Hardy-Sobolev
equation involving critical nonlinearity and nonhomogeneous term. The exis-
tence of at least two positive solutions is obtained provided the corresponding
nonhomogeneous terms are small enough in the dual space norm. Besides
the profile decomposition for the Palais-Smale sequences of the associated
energy functional has been accomplished. Third part comprises of the study
of nonhomogeneous weakly coupled nonlocal system of equations with criti-
cal and subcritical nonlinearities. Firstly, the existence of a positive solution
exploiting the local geometry of the associated functional near the origin
is achieved. Then proving the global compactness result (which gives the
complete description of the associated Palais Smale sequences for the sys-
tem), the existence of two positive solutions is obtained under some suitable
conditions on the nonhomogeneous terms. In addition, considering the corre-
sponding homogeneous system, uniqueness for the ground state solution has

been proved.
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Notation

The following symbols will be used throughout the thesis.

R : the set of real numbers.

N : the set of natural numbers.

RY : N — fold cartesian product of R with itself.

B, : Ball in RN of radius r centered at origin.

B(x,r) : Ball in RN of radius r centered at x.

C(RY) : the set of continuous functions on RY.

C.(RN) : the set of continuous functions on RN with compact support.
CS°(RN) : the space of smooth functions from RY — R with compact support.
H3(RYN) = W*2(RY) . fractional Sobolev space.

H=(RN) : The dual space of H*(RN).

H*(RYN) : Homogeneous fractional Sobolev Space.

(H*(RN)) := The dual space of H*(RN)

A : the Laplace Operator defined by Au = YN %u for any function
u:RY = R, real valued measurable function.

(—A)® : the fractional-Laplacian Operator.

fB(w’R) udx : average integral of u over the ball of radius R centered at x.
| - [|x : Norm in the Banach space X.

S . Best Sobolev Constant.

2% : the fractional critical Sobolev exponent

2N
N-2s"

[J: end of a proof.
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Chapter 1

Introduction

The main objective of the thesis is to study existence and multiplicity of so-
lutions to various class of nonlocal elliptic equations and system of equations.
Over the last few decades fractional Laplace operator drew much attention
both in pure and applied mathematics point of view. The fractional Lapla-
cian and these types of operators arise in natural way in many different
contexts such as the thin obstacle problem, optimization, mathematical fi-
nance, phase transition, anomalous diffusion, crystal dislocation, soft thin
films, ultra relativistic limits of quantum mechanics, jump Lévy process in
probability theory, minimal surfaces, flame propagation, chemical reactions
of liquids, population dynamics etc. To know details about this topics one

might refer to [58], [41], [40] and references therein.

In contrast to classical differential operators, such as the Laplacian which
is defined for a C? function u as, —Au(x) = — X", g%?‘(m) whose value at
any point z, depends on the local behavior of function « in an arbitrarily
small neighborhood of z, where as to define (—A)*u (s € (0,1)), one needs

the information about w in the entire space RY.

The contents of the thesis is mostly divided into three parts. On the



CHAPTER 1. INTRODUCTION

first part we have dealt with existence and multiplicity results for a class of
nonlocal scalar field equation. Second part concerns about fractional Hardy-
Sobolev type equation and the last part discusses about elliptic system of
equations with fractional Laplacian.

Chapter 2 is devoted to the basic tools that are needed to study our prob-
lems. The contents of the thesis is mainly corresponds to a paper or preprint

as follows:

Part I:

o Bhakta, M.; Chakraborty, S.; Ganguly, D., FEzxistence and Multiplicity
of positive solutions of certain nonlocal scalar field equations, arXiv:

1910:07919 (To appear in Mathematische Nachrichten (2022)).
Part II:

o Bhakta, M.; Chakraborty, S.; Pucci, P.; Fractional Hardy-Sobolev equa-
tions with nonhomogeneous terms, Adv. Nonlinear Anal. 10 (2021), no.

1, 1086-1116.
Part III:

o Bhakta, M.; Chakraborty, S.; Pucci, P.; Nonhomogeneous systems in-
volving critical or subcritical nonlinearities, Differential Integral Equa-

tions 33 (2020), no. 7-8, 323-336.

o Bhakta, M.; Chakraborty, S.; Miyagaki, O. H.; Pucci, P.; Fractional
elliptic systems with critical nonlinearities, Nonlinearity 34 (2021), no.

11, 7540-7573.
The thesis is organized as follows:

o Chapter 2 consists of the background materials which are essential

to study critical points of the energy functional associated to non-local

2



equation. First we introduce the Fractional Sobolev spaces, Fractional
Laplace operator. Then we mention key differences between local and
nonlocal operators. Then we define the Lusternik-Schnirelmann Cate-
gory theory, Morrey Spaces, Fractional Hardy-Sobolev inequality. Con-
tents of this chapter is based on [10,93,105].

Chapter 3 corresponds to the existence and multiplicity of positive
solutions of nonlocal scalar field equation with subcritical nonlinearity

and with non-homogeneous term of the type

(=A)u +u = a(x)|u"'u+ f(z) in RY,

u>0 in RN, (P)
u € H¥(RY),
where s € (0,1) is fixed parameter, N > 2s, 1 < p < 2f —1:= %fgi,

0 <ae L®RY)and 0 # f € H*(RY) is a nonnegative functional
i.e., gs(f,u) s > 0 whenever u > 0.

We establish Palais-Smale decomposition of the functional associated
with the above equation. Using the decomposition, we prove that (P)
admits at least two positive solutions when a(x) > 1, a(x) — 1 as |z| —
oo and || f[|g-sww~y is small enough (but f # 0). Further, we establish
existence of three positive solutions to (P), under the condition that
a(r) < 1 with a(z) — 1 as |z| — oo and || f[| -~y is small enough
(but f # 0). Finally, we prove existence of a positive solution when f =
0 under certain asymptotic behavior on the function a. This chapter is

based on the paper [24].

Chapter 4 deals with existence and multiplicity of positive solutions

of the fractional Hardy-Sobolev equations with nonhomogeneous term

3



CHAPTER 1. INTRODUCTION

of the type

|u‘2;‘(t)—2u

(_A)Su - 7‘$1r2s = K(x)T + f(:L‘) in RN7 y
. (Efe.r)
u € H*(RY),

where N > 2s, s € (0,1),0 <t <2s < N and 2¥(¢) := 2](\7]:? Clearly,

2 < 25(t) < 255 = 2;. Here 0 < v < 7, where vy, is the best

Hardy constant in the fractional Hardy inequality

F2(N+28)

2
[ R do < [ 1ePT©Pa . = G

N |x|28 1

Here and throughout .% (u) denotes the Fourier transform of w.

In (E%, ), the functions K and f satisfy the properties :
(K) 0< K € O(RN), K(O) =1= hmm_mo K(l’)

(F) f # 0 is a nonnegative functional in the dual space H*(RN) of
H*(RN), i.e. whenever u is a nonnegative function in H*(RY)

then (Hs)/<f, U>H5 Z 0.

We establish the profile decomposition of the Palais-Smale sequence of
the functional associated to (Ej, ;). Further, if K > 1 and || f| s
is small enough (but f # 0), we establish existence of at least two
positive solutions to the above equation. This chapter is based on the

paper [27].

o Chapter 5 deals with existence, uniqueness/multiplicity of positive

solutions to the following nonlocal system of equations

«
—AYu+yu = ul*2ulv)® + f(z) inRY,
(—A)u+7y oz+6| | Fulv]” + f(2)
(—A)sv—i—yv:m|v|ﬁ_2v|u|o‘+g(x) in RY, (8a,5)
u, v >0 in RY,




where N > 2s, o, 6> 1, a+ [ < 2% 25 :=2N/(N —2s), f, g are non-
trivial nonnegative functionals in the dual space of H*(RN) if a+3 = 2
and of H*(RY) if a + 8 < 2%, whiley = 0 if a + 3 = 2% and v = 1 if
a+ B <2;

First via a minimization argument exploiting the local geometry of the
associated functional near the origin we prove the existence of one pos-
itive solution whose energy is negative provided the non-homogeneous
terms are small enough in the dual norm. This part is based on the
paper [26].

When v =0, a+ 3 = 27 and f = 0 = g, we show that the ground
state solution of (89.) is unigue. On the other hand, when f and g
are nontrivial nonnegative functionals with ker(f)=ker(g), then we es-
tablish the existence of at least two different positive solutions of (Sog)
provided that ||f||zs) and [|g[[zs) are small enough. Moreover, we
also provide a global compactness result, which gives a complete de-
scription of the Palais-Smale sequences of the above system. This part

of the chapter is based on the paper [25].
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Chapter 2

Nonlocal Framework and

Variational Tools

This chapter is devoted to the basic definitions and results regarding frac-
tional Sobolev spaces and fractional nonlocal operators that will be used
throughout the thesis. Almost every results presented in this chapter is well
known. First three sections of this chapter is written in the spirit of [93], [58].
On the last two sections we briefly discuss about Morrey space and fractional

Hardy-Sobolev inequality. Most of the proofs have been omitted.

2.1 Fourier transform of tempered distribu-

tions

First we introduce the notion of Fourier transform of a tempered distribu-
tion. We consider the Schwartz space consisting of C*(R") functions which,
together with all its derivatives of all orders, decrease to zero at infinity faster
than any power of |z|~'. More precisely, we define

S (RY) := {qﬁ € C®(R") : Vo, B € NY, sup |2*D"¢(x)| < oo},

z€RN

7



CHAPTER 2. NONLOCAL FRAMEWORK AND VARIATIONAL TOOLS

whose topology is generated by the seminorms {p;};en defined as:

pi(¢) = sup (1+ [z])” 3 [D%6(

zERN la|<j
where ¢ € . (RV).
For any ¢ € Z(RY), denoting the space variable z € RY and the fre-

quency variable ¢ € RY, the Fourier transform of ¢ is defined as

A

FoE) =06) = [ () e (2.1.1)
RN
We note that, for every ¢ € .Z(RY), we have #¢ € .Z(RY). The inverse

Fourier transform is given by

Flo(x) = / e2mTE G (£) dE. (2.1.2)
RN

It can be proved that the map ¢ — é is a continuous linear map of
< (RY) into itself with a continuous inverse and hence the Fourier transform
is a (topological) isomorphism of .7 (R") onto itself.

Now, let ./(RY) be the topological dual of .(R") and this space is
called the space of tempered distributions. If T € .#/(RY), the Fourier

transform of T can be defined as the tempered distribution given by

(FT,¢) = (T, Fo),
for every ¢ € .7 (RY), where (-,-) denotes the usual duality bracket between
S'(RY) and .7 (RY). We have for

e LRY), |oll2@yy = 10]l 2@y,
which leads us to the extension of the Fourier transform to another class of

functions :

Theorem 2.1.1. (Plancherel) There ezists a unique isometry & : L*(RY) —
L2(RN) which is surjective such that P(¢) = ¢, for every ¢ € . (RN).

The above formula will be used to establish the equivalence between the

fractional spaces H*(RN) and H*(R") (see Proposition 2.4.4).



2.2. Fractional Sobolev spaces

2.2 Fractional Sobolev spaces

Let 2 be an open, smooth set in RY and p € [1, +00). For any s > 0, we would
define the fractional Sobolev space W*P(Q2). If s > 1 is a positive integer,

W#P(2) denotes the classical Sobolev space equipped with the standard norm

lullwer) == > 1D,

0<|e<s

for every u € W*P(Q2). We are interested in the cases where s ¢ N. Now, for

a fixed s € (0,1), the Sobolev space W*?(2) is defined as:

WeP(Q) = {u € LP(Q) : M e LP(Q x Q)} (2.2.1)
|z —y|» ™"

endowed with the norm

P ’
|wllwsri) = </|u |pd£E—|—//Q . ‘:U— ‘Nﬂ;’ dz dy> , (2.2.2)

where the term

Wer) - (//M o |N+Sl|pd dy>’l’ (2.2.3)

is the Gagliardo seminorm of u. For s > 1, s ¢ N, we can write s = k + 7,

for 7 € (0,1). Then we define,
WeP(Q) = {u € WhP(Q) : D*u € W™P(Q) for any a such that |a| = /{:}

This space is equipped with the norm

1
P
[ullwr) = (HUH’SW + > 1Dl ) :

laf=m

for every u € W#P(Q)). The space W*P() is a well defined Banach space for

every s > 0.
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2.2.1 Embedding results

This subsection deals with the embeddings of fractional Sobolev spaces into
Lebesgue spaces. Some basic facts are recalled briefly. For details, see [58,

Sections 6 and 7|, [93, Section 1.2.1].

Proposition 2.2.1. Let Q be an open subset of RN and 1 < p < co. Then

the following assertions hold true:

(a) If 0 < s < s’ < 1, then the embedding
WeP(Q) — W*P(Q)
is continuous. Hence, there exists a constant C1(N,s,p) > 1 such that
[ullwer@) < CLN, s, p)l[ullyen ),
for any u € W*'»(Q).

(b) If 0 < s < 1 and Q is of class C% (that is, with the Lipschitz boundary)
and with bounded boundary 0S), then the embedding

WhP(Q) — WP(Q)
is continuous. Hence, there exists a constant Cy(N,s,p) > 1 such that
ullwsr@) < Co(N, s, p)||ullwir@,
for any u € WHP(Q).
(c) If 8 > s >1 and Q) is of class C™, then the embedding
WP(Q) — WP(Q)
18 continuous.

Proof. For proofs, see Proposition 2.1, Proposition 2.2 and Corollary 2.3
in [58]. ]

10



2.2. Fractional Sobolev spaces

Now let us recall some basic properties about continuous (compact) em-
beddings of the fractional Sobolev spaces W*? into Lebesgue spaces. We di-
vide our discussion in three different cases : (i) sp < N, (i) sp = N, (iii) sp >
N. Proofs of the following results can be found in [58, Sections 6-8].

Case 1: sp < N

Theorem 2.2.2. Let s € (0,1) and p € [l,400) such that sp < N.
Then there ezists a positive constant C' := C(N,p,s) such that, for any

uecW S’p(RN),
<C )|pdxd
HUHLPS (RN) |x |N+ps Y

where the exponent

«._ Np
ps - N —ps
is the so-called fractional critical exponent .  Consequently, the space

WeP(RN) is continuously embedded in LY(RYN) for any q € [p, pt]. Moreover,

the embedding W*P(RN) — L1 (RYN) is compact for every q € [p,p:).

loc

Definition 2.2.3 (Extension domain). For any s € (0,1) and any 1 <p <
0o, we say that an open set Q C RY is an extension domain for W*P(Q) if
there exists a positive constant C' = C(n,p, s,)) such that for every function
u € WP(Q) there exists i € W*P(RYN) with @(x) = u(z) for all z € Q and

| wer @y < Cllullwsr@)-
In an extension domain €2, the following embedding result holds:

Theorem 2.2.4. Let s € (0,1) and p € [1,400) such that sp < N. Let Q C
RY be an extension domain for W*P. Then there exists a positive constant

C :=C(N,p,s,Q) such that, for any u € WP(Q),
[ullLa() < Cllullwsr@),
for any q € [p,p%]; that is, the space W*P(Q) is continuously embedded in

11
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Li(Q) for any q € [p,pt]. If, in addition, S is bounded, then the space W*P((2)

is compactly embedded in L1(Q2) for any q € [1,p%).
Case 2: sp=N

Theorem 2.2.5. Let s € (0,1) and p € [l,+00) such that sp = N.
Then there exists a positive constant C := C(N,p,s) such that for any
u € WP(RY),

1l orry < Cllullwsr@ny,
for any q € [p, +00); that is, the space W*P(RY) is continuously embedded
in LY(RYN) for any q € [p, +00).

For an extension domain 2, the following embedding results hold:

Theorem 2.2.6. Let s € (0,1) and p € [1,400) such that sp = N. Let
Q C RY be an extension domain for WP(Q). Then there exists a positive

constant C' := C(N, p, s,)) such that, for any u € WP (),

[ullzay < Cllullwsr @),

for any q € [p,+00); that is, the space W*P(Q) is continuously embedded
in LY(Q) for any q € [p,+00). If, in addition, Q2 is bounded, then the space
W#P(Q) is compactly embedded in LI(Y) for any q € [1,+00).

Case 3: sp > N
We denote by C%*(£2) the space of Holder continuous functions endowed with

the standard norm

u(z) — uly
lullemaey = lulimie + sup LD ZUW]
z,YEQ, £y |$ - y|

Theorem 2.2.7. Let s € (0,1) and p € [1,+00) such that sp > N. Let Q be
a C% domain of RN. Then there exists a positive constant C' := C(N,p, s,2)
such that for any u € W*P(Q), we have,

[ullcow@) < Cllullwsr),

12



2.2. Fractional Sobolev spaces

with a == (sp— N)/p; that is, the space W*P(Q) is continuously embedded in
C%(Q).

As a consequence of Theorem 2.2.7, we have the following result.

Corollary 2.2.8. Let s € (0,1) and p € [1,400) such that sp > N. Let 2
be a C%' bounded domain of RN. Then the embedding

WP (Q) — C%P(Q)

is compact for every B < a, with a :== (sp — N)/p.

2.2.2 The Sobolev space H*(?)

This section is devoted to the case p = 2 where we deal its relation with the

fractional Laplacian. Let Q be an open subset of RY and denote
H(Q) := W*2(Q),

for any s € (0, 1). In this case, we note that the preceding fractional Sobolev
space turns out to be a Hilbert space. The inner product on H*(f2) is defined

by

<’LL,U>HS(Q) = /Qu(a:)v(x)d:c + //QXQ (u(z) _|Z(g>;(|§i/<+x21_ v<y))daz dy,

for any u,v € H*(§2) induces the norm given in (2.2.2) when p = 2. That is,

for every s € (0, 1), we have,
HYRY) := W (RY) = {u € L*(R") : [u]psz@y) < +o0}, (2.2.4)

where [-]yys2@ny is defined in (2.2.3).
Alternatively, we can also define the space H*(RY) via a Fourier trans-

form, that is, we define
H3(RY) = {u c L*(RY): / (1 + |y*)|Zu(y)Pdr < —|—oo}, (2.2.5)
RN

13
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for any s > 0 and
H*(RY) = {u S / (1+ [y|*)*|ZFuly)|Pde < +oo},
RN

for every s < 0.
The equivalence between the space H*(R"N) defined in (2.2.5) and the one

defined by the Gagliardo norm in (2.2.4) is given in Proposition 2.4.4.

Theorem 2.2.2 motivates us to define, the homogeneous fractional Sobolev

space is denoted by

TS )|2
H(RN)::{u€L2 (RM) //RQN |m— |N+2 drdy < 00 ¢,

which turns out to be a Hilbert space with the inner product

ot - [, HEHDEI=0) 1,

and corresponding Gagliardo norm is given by

1 1
Coe I Iule) =), \? s :
by = (S5 L 8 vy} = ([ st ae)

2.3 The Morrey Spaces

The contents of this section can be found in [31,94].
First we recall the definition of the homogeneous Morrey spaces L™7(RY),
introduced by Morrey as a refinement of the usual Lebesgue spaces. A mea-
surable function u : RY — R belongs to the Morrey space L™7(RY), with
r € [1,00) and v € [0, N] if and only if

el ey == sup m][ luf"dy < oo, (2.3.1)

R>0,z€RN B(x,R)

Note that if v = N then L""(RY) coincides with the usual Lebesgue space
L"(RY) for any r > 1 and similarly L™°(R") coincides with L>(RY). Also we

14



2.3. The Morrey Spaces

observe that L™ (RY) experiences same translation and dilation invariance as
in L% (RY) and therefore of H*(RN) if 1 = 8228 et (u)™" be the function
defined by

r

er = ().

By change of variable formula, one can see that the following equality holds

xo,T
[(w)™ |, wg2e, = lull , a52,,
LT " LT

for any r € [1,2%]. We recall a result from [94] which states

Theorem 2.3.1. [94, Theorem 1] For any 0 < 2s < N there exists a
constant C' depending only on N and s such that, for any 2/2% < 6 <1 and

forany 1 <r < 2%,

||U||L2;‘(RN) < ||u||%S(RN)||u||1LZ,€(N,2S)/2 for allw € H*(RY). (2.3.2)

Again, there exists a constant C' = C(N, s) such that
[ull Lrrev-20/2@ny < Cllul| 23 gy for all u € L% (RM), (2.3.3)

see Theorem 2.3.1 (also see [31, (A.2)]). For further discussion on Morrey
spaces, we refer the reader to [94].
Next we define the product space L>"V725(RY) x L2N=25(RY) in the stan-

dard way with

N

(s 0) | oo = ([lullFo@n) + 10l0@n))

and
1

||(u, U)||L2,N72SXL2,N72S = (||u||%2,N—23 + ||U||%2,N—2s) ’

Therefore, using Sobolev inequality and (2.3.3), it follows that
H® x H® « L% x L% —y [2N725 5 [2N=25 (2.3.4)
where the embeddings are continuous.

15



CHAPTER 2. NONLOCAL FRAMEWORK AND VARIATIONAL TOOLS

Lemma 2.3.2. For any 0 < s < N/2 there ezists a constant C' = C(N, s)
such that, for any 2/2% <6 <1 and for any 1 <r < 2}

1ty )l g2z w2 < Ol 0) e 0 01220 2020

for all (u,v) € H*(RN) x H*(RN).

Proof. Using Theorem 2.3.1,

1
s = (lullfas + lol3a:)*

< ||U||L2§+||U||L2;‘

< Cfllullfylull e + ol ol z5-e.]

< ClCu 0) e Nl 252+ 11ty 0) e 0012520

< O ) [loal ez + 0l o]

< Oy 0o [0ty 0252 e+ (01 ) g2
< 20 (uty 0) e 1 (01 02 0

2.4 The fractional Laplacian operator

A very popular non-local operator is given by the fractional Laplacian (—A)*
with s € (0,1). This operator and its generalization appear in many areas
of mathematics, like harmonic analysis, probability theory, potential theory,
quantum mechanics, statistical physics etc. This section deals with the defi-
nition of this operator and its properties. For more complete discussions and
comparisons regarding fractional Laplacian see [58], [40], [85].

Let s € (0,1) and define the fractional Laplacian operator (—A)* : . —

16



2.4. The fractional Laplacian operator

L*(RY) by
(=A)u(z) = C(N,s)P.V. /R i Wdy (2.4.1)
.= C(N,s) lim u(z) — uly) dy, zeRY,

e—0F RN\ B(z,¢) ‘513'— ‘N+2S
where B(z,¢) is the ball centered at € RY with radius € and C(N, s) is

the following (positive) normalization constant:

C(N,s) = (/RN de) h (2.4.2)

with & = (&,&), & € RY~1. The next proposition tells us that the singular
integral defined in (2.4.1) can be written as a weighted second-order differ-

ential quotient.

Proposition 2.4.1. Let s € (0,1). Then for any u € .,

— (—A)Su(x) — ;O(N, S) /RN U(ZL’ + y) +|;L|(]f+;sy) — 2U(ZU) dy, = RN.

(2.4.3)

For proof, see [93, Proposition 1.10].

Remark 2.4.2. The above expression in (2.4.3) discloses the fact that the
fractional Laplacian is a sort of second order difference operator, weighted by

a measure supported in RN with a polynomial decay, namely

A ula) = 5 [ dle)dut),

where §,(z,y) == u(r +vy) +ulr —y) — 2u(z), and du(y):= Iylf(i%

Remark 2.4.3. Let s € (0,1/2). Notice that for any u € . and for a fived

x € RN, we have that,
u(z) — u(y) / =yl
—Z 2 dy < C
/RN e—y = |x —ype Y
+ Nl [ s d
Ul| Loo (RN T wvaas Y
(=) RM\B(z,R) |T — Y[V T2

R 1 +o0o 1
C(/o pQSdva/R p28+1dp><+oo,

17
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CHAPTER 2. NONLOCAL FRAMEWORK AND VARIATIONAL TOOLS

where C' is a positive constant depending only on the dimension N and the

L~ norm of the function u. So, in the case s € (0,1/2), the integral
[ o,
Ry |z — Y[V
is not singular near the point x, so one can get rid of the P.V. in (2.4.1).

Proposition 2.4.4. Let s € (0,1) and C(N,s) be the constant defined in
(2.4.2). Then, for any u € H*(RY),

[u] s @ny = 2C(N, s) 7! /RN €)% | Fu(€)|dE. (2.4.4)

Moreover, H*(RY) = H(RV)

For proof, see [93, Corollary 1.15].

S

Now we show that the fractional Laplacian (—A)® can be viewed as a

pseudo-differential operator of symbol |£]?* (see [58, Section 3]).

Proposition 2.4.5. Let s € (0,1). Then, for any u € & (RY),
(=A)u(z) = Z7H ([ (Fu)(€))(2), @ € RY, (2.4.5)

where .F ! is the inverse Fourier transform defined in (2.1.2).

For proof, (see [93, Proposition 1.17]).
The following lemma ensures the relation between the fractional Laplacian

operator (—A)* and the fractional Sobolev space H*(R"Y) (see [58]).

Proposition 2.4.6. Let s € (0,1) and C(N,s) be the constant defined in
(2.4.2). Then, for any u € H*(RY),

[ulfrgy) = 2C(N, )7 [(=2)"2ullZ@)- (2.4.6)

For proof, see [93, Proposition 1.18].

18



2.4. The fractional Laplacian operator

2.4.1 Local vs Nonlocal operator

We list some major differences between the usual Laplacian and the fractional

Laplacian. For more details one might see [1], [40] and references therein.

e 1. Let u € C§°(R?) such that 0 < u(z) < 1 on R? and it satisfies

u =1 on B(xz, 5) and supp(u) C B(zo,7), 0 & B(z,7).

Consider the figure below

A

It is easy to see that (—A)u(0) = 0. In contrast we notice that,

u(y) — u(0) / 1
uly) = ull) 4y > L Ay >0
/]R2 |y |22 Blaosr/2) |YIFT2

and this gives (—A)*u(0) # 0.
The above example conveys a general message that the classical Lapla-
cian maps a C5°(RY) function to again a C§°(RY) function, which is

not the case for fractional Laplace operator.

o 2. Classical Laplacian on a function u does not require any integrability

assumption on u, whereas in order to define (—A)%u, one must assume,

lu(y)|
/]RN 71+ |y‘N+2s dy < 400,

which can be understood as a local integrability complemented by a

growth condition at infinity.
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CHAPTER 2. NONLOCAL FRAMEWORK AND VARIATIONAL TOOLS

3. (All functions are locally s-harmonic up to a small error) It is a very
well-known fact that, Harmonic functions are very rigid. For instance,
in dimension 1, they reduce to linear functions and in any dimension,
they never possess any local extrema. But the situation is completely
different for fractional harmonic functions. In fact, we can approxi-
mate every function f in C*(B;) by an s-harmonic function in B; that

vanishes outside a compact set. This was proved in [61].

o 4. (Harnack inequality) The classical Harnack inequality says that for
a nonnegative harmonic function on a ball, its oscillation can be con-
trolled on every compactly contained subset of the ball.

The same does not hold for s-harmonic functions. For Harnack in-
equality to hold in fractional case one must assume the solution to be
nonnegative on whole of RY, rather than on a given ball. For details

one might see [84].

e 5. (Growth from the boundary) Roughly, solution of Laplace equations
have "linear (i.e., Lipschitz) growth from the boundary', whereas for
s-harmonic function, we only have Holder growth from the boundary.

To understand this, consider v € C'(B;) which solves
Au=f in B;

u=0 ondB,

then we can show that

u(z)] < C(1 = |z])sup |f].
By

Notice that (1 — |z|) represents the distance of the point z € By from
the boundary 0B;.

In contrast, the function u(x) = (x,)7 is s-harmonic in the half space
{z, > 0}. But this function is only Holder continuous of exponent s

near the origin.
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2.5. Fractional Hardy-Sobolev inequality

e 6. (Regularity up to the boundary) Roughly, solutions of Laplace equa-
tions are "smooth up to the boundary", whereas one can expect at most
Holder continuity at the boundary for solutions of fractional Laplace
equation. For details regarding boundary regularity for the Dirichlet

problem for fractional Laplacian one might see [99].

2.5 Fractional Hardy-Sobolev inequality

We study about fractional Hardy equation and fractional Hardy-Sobolev
equation in some detail in Chapter 4. Fractional Hardy inequality states
that for s € (0,1) and N > 2s and for all u in H*(R") the following inequal-
ity holds:

ju(z)|” 5
’YN,S AN |l’|25 dx S ||u|| ‘S(RN)7

where vy s is the best Hardy constant, that is

lull2 g

¢ 1= inf
IN, s (RN )\{0} (fRN \u(i'UQ)Jz d:L‘)

|z

FQ(N-ZZS)

It has also been shown that vy s = 228 . Note that ~y s converges

FQ(NZQS)

N-2

2
5 ) , when s — 1. For more details

to the best classical Hardy constant (

regarding fractional Hardy inequality we refer [73].

Lemma 2.5.1. ( [75, Lemma 2.1]) For s € (0,1) and 0 <t < 2s < N, there

exists positive constants C1(N,s) and Co(N,s) such that

20 PHO) .
‘U| 2 s(mN
il dz < Cilullfemry  Yu € H(RT), (2.5.1)
where 2%(t) = % Moreover, if v < yn,s then
2
A e e R e e

Vu € H*(RY).
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Proof. Here we briefly sketch the proof. Note that, for ¢t = 0, (2.5.1) is
fractional Sobolev inequality and for ¢ = 2s, (2.5.1) is fractional Hardy in-
equality. So it is enough to consider the case 0 < t < 2s, for which 2%(¢) > 2.

Then we have

23 (t) S
/ [u dex = / —’u‘s|u
gy |T|t gy |7t
¢ 25—t
W |\ v\ B
< / dz /|u]8dx
gy |2]% RN

2% (¢
< Cllul%9..,.

2s

2s
t 2s—t7

For the first inequality we use Holder’s inequality with exponents =* and

whereas for the last inequality we have used fractional Sobolev inequality and
fractional Hardy inequality.

The proof of (2.5.2) follows directly from the above and Remark 4.0.2. [

2.6 The Lusternik-Schnirelman Category the-
ory

The following results due to Lusternik and Schnirelman will help us to find
critical points of abstract functional on Hilbert Manifolds, in connection with
the topological properties of the manifold. For detailed treatment on this

topic one might look at [9,10,105].

Definition 2.6.1. For a topological space M, a nonempty subset A of M is
said to be contractible in M if the inclusion map i : A — M is homotopic to
a constant p € M, namely there is map n € C’([O, 1] x A, M) such that for
somep e M

(i) n(0, u) =u forallu e A

() n(l, u) =p forallue A
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2.6. The Lusternik-Schnirelman Category theory

Definition 2.6.2. The (L-S) category of A with respect to M, denoted by
cat(A, M), is the least non-negative integer k such that A C UF_|A;, where
each A; (1 < i < k) is closed and contractible in M. We set cat((, M) =0
and cat(A, M) = +oco if there are no integers with the above property. We
write cat(M) to denote cat(M, M).

Remark 2.6.3. From the definition we see that for any A C M, cat(A, M) =
cat(A, M). Moreover, for A C M C M, since contractible closed sets in M

are also closed and contractible in M, we have, cat(A, M) > cat(A, M).

Example 1. Let SN~! denotes the unit sphere in RYN. Clearly, SN~ is not
contractible in itself. But we can consider, two closed hemispheres which
covers SN1 and contractible in SN, Thus cat(SN7') = 2. But if we
consider the closed unit disc in RN, that is closed and contractible in RY and

contains SN~1 as its boundary. Therefore, cat(SN=1 RN) = 1.

Example 2. We can prove that cat(T?) = 3, where T? = S' x S denotes
the two dimensional torus in R3. In general, cat(TY) = N + 1, where TV =

RN /ZN denotes the N-dimensional Torus.

The following fundamental properties of Lusternik-Schnirelman category,

can be found in [10] (also see Ambrosetti [9]).

Lemma 2.6.4. For A, B C M,

(1) if AC B, then cat(A, M) < cat(B, M);
(17)  cat(AU B, M) < cat(A, M) + cat(B, M);
(1ii) if A is closed and let n € C(A, M) be a deformation, then

cat(A, M) < cat(n(A), M).

Next we state the following property (see [9], also see [4, Proposition 2.4])

which will play a pivotal role to in the coming chapter.

23
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Proposition 2.6.5. Suppose M is a Hilbert manifold and ¥ € C'(M, R).
Assume that for co € R and k € N,

(i) W(x) satisfies (PS). for ¢ < c,

(ii) cat({x € M : W(z) < co}) > k.

Then V(x) has at least k critical points in {z € M : V(zx) < co}.

For definition and related discussions on (PS). see next chapter, Sec-

tion 3.2.

Lemma 2.6.6. ( [4, Lemma 2.5]) Let N > 1 and M be a topological space
and SN~1 denote the unit sphere in RY . Suppose the there exists two contin-
UOUS Mapping

F:SN"' M G:M— SV

such that G o F' is homotopic to the identity map Id : SN=1 — SN=1 namely

there is continuous map n : [0, 1] x SNt — SN=1 sych that

n(0, x) = (Go F)(z) forallz € SN

n(l, ) =z forallz € SN

Then cat(M) > 2.
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Chapter 3

Existence and Multiplicity of
Positive solutions of certain

Nonlocal Scalar Field Equations

In this chapter we study the existence and multiplicity of positive solutions

to the following fractional elliptic problem in R”:

(—=A)u +u = a(x)|uf'u+ f(z) in RY,

w>0 in RV (%)
u € H¥(RY),
where s € (0,1) is fixed parameter, N > 2s, 1 < p < 28 —1 := ]]\V”_rgj,

0<ae L®RY)and 0 £ f € H*(RY) is a nonnegative functional i.e.,

-+ (f,u) gy« > 0 whenever u > 0.

Definition 3.0.1 (Positive weak solution). We say u € H*(R"Y) is a
positive weak solution of (P) if u > 0 in RY and for every ¢ € H*(RY), we

have

//RQN (u() _&@2(&(2_ o) 4. dy+/RN wdz = /RN wodzt, o (F.0)

where g-«(.,.) s denotes the duality bracket between f and ¢.
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CHAPTER 3. EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS OF
CERTAIN NONLOCAL SCALAR FIELD EQUATIONS

In recent years, there has been a considerable interest in more general

version of nonlinear scalar field equation with fractional diffusion

(—=A)u+ V(z)u = g(z,u) in RY,
>0 in RY, (3.0.1)
u € H*(RY),
see for e.g., the papers ( [11,29,62,66,71,81,100]) and the references
quoted therein. In the physical context, equations of the type (3.0.1) arise

in the study of standing waves for the fractional Schrédinger equations and

fractional Klein-Gordon equations. First consider the fractional Schrodinger

equation
O s
i AV (V) )= gl ),
where ¢ = (z,t) is a complex valued function defined on RY x R.

Suppose we assume
glx, pe”) = ePg(x,p), Vp, R, xcRY, (3.0.2)

and g : RY xR — R and g(z,.) is a continuous odd function and g(z,0) = 0.
Then one can look for standing wave solutions, i.e., 1 (z,t) = e“'u(x), which

led us to the following scalar field equation

(=A)*u+V(2)u = g(x,u) in RY. (3.0.3)

In context to fractional quantum mechanics, nonlinear fractional Schrodinger
equation has been proposed by Laskin in ( [86,87]) in modelling some quan-
tum mechanical phenomenon. In particular it arises in evaluating Feynman
path integral from the Brownian-like to the Lévy-like quantum mechanical

paths.
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One may also consider fractional nonlinear Klein-Gordon equation:

Vi + (=8) + (V(2) + w?)¥ = g(z, ),

where ¢ : RY xR — C and g satisfies (3.0.2). Then one can look for standing
wave solutions as before and once again this will led us to the equation of

type (3.0.3).

Equations of the type (3.0.3) with s = 1 arise in various other contexts
of physics, for example, the classical approximation in statistical mechanics,
constructive field theory, false vacuum in cosmology, nonlinear optics, laser
propagation etc (see [13,52,70,78]). They are also known as nonlinear Eu-
clidean scalar field equations (see [21,22]) which has been studied extensively
in the last few decades by many Mathematicians. We recall some of the works
without any claim of completeness the papers ( [15,21,22,57,59,111]) and the
references quoted therein. Much of the interest has centered on the existence
and multiplicity of solutions under various assumptions on the potential V'
and the nonlinearity g.

Also in the nonlocal case s € (0,1), several existence and multiplicity
results have been obtained for (3.0.3) using different variational techniques.
Felmer et al. [66] have studied the existence and the symmetry of positive
solutions to equation (3.0.3) with V' = 1 and involving a superlinear non-
linearity g(z,u) satisfying the Ambrosetti-Rabinowitz condition. Frank et
al. [71] have proved the uniqueness and nondegeneracy of positive ground
state solutions to equation (3.0.3) with V' =1 and g(z,u) = |u|’"'u where
p < 2% — 1. Using minimization on Nehari manifold, Secchi [100] have ob-
tained the existence of ground state solutions to equation (3.0.3) when the
nonlinearity is superlinear and subcritical, and the potential V' satisfies suit-
able assumptions as |x| — oo. Pucci et al. [97] established via Mountain
Pass Theorem and Ekeland’s variational principle, the existence of multiple

solutions for a Kirchhoff fractional Schrodinger equations involving a nonlin-

27
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earity satisfying the Ambrosetti-Rabinowitz condition, a positive potential
V' validating suitable assumptions, and in presence of a perturbation term.

We refer to [33,45,63,67,76] for further results related to (3.0.3).

Under the stated assumptions, problem (P) can be considered as a per-

turbation problem of the following homogeneous equation:

(—=A)'w+w=wP in RY,
w >0 inRY, (3.0.4)

w € H(RY).

In the seminal paper, Frank, Lenzmann and Silvestre in [71] proved that
(3.0.4) has a unique (up to a translation) ground state solution. Further, if
w is any positive solution of (3.0.4), then w is radially symmetric, strictly

decreasing and w € H**(RY) N C*(RY) and satisfies the decay property:

Cc! C

with some constant C' > 0 depending on N, p, s.

Our main question is whether positive solutions can still survive after a
perturbation of type (P). This question have been studied by several authors
in the local case s = 1. The homogeneous case, i.e., f(z) = 0 has been
studied extensively by Bahri-Li [15], Berestycki-Lions [21] and Ding-Ni [59].
On the other hand for the non homogeneous case, i.e., f(x) # 0 we refer the
works of Bahri-Berestycki [14], Tanaka [106] in the case of bounded domain
and Adachi-Tanaka [4], Jeanjean [83] and Zhu [113] in the case of entire RY
where existence and multiplicity of positive solutions were proved under some
assumptions on the potential function and nonhomogeneous term. We also
refer the work of Cao-Zhou [42] for the existence of positive solution with
more general nonlinearities. In the nonlocal case, there are very few papers

where the existence and the multiplicity of solutions for nonhomogeneous
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problem have been studied, we refer [19,53] for equations studied in bounded
domain and [12,31,82] for entire RY. We also refer [17,18] for closely related

problems.

In this article, drawing primary motivation from the above works, we
propose to establish the existence and the multiplicity of positive solutions
to the equation (P), under the effect of a small perturbation f € H~*(RY),

and suitable assumptions on the potential a.

We separate the following two cases:

e (A1): a(z)€(0,1] VzeRY, inf,pya(z) >0,
p({zx:a(x) #1}) >0, and a(x) — 1 as |z| — oo,

e (Ag): a(x)>1 VzeRY ae L*RY), up({z:a(z)+#£1})>0,

and a(x) — 1 as |z| = oo,

where p(X) denotes the Lebesgue measure of a set X.

3.1 Main Results

Now we state our main theorems

Theorem 3.1.1. Suppose a satisfies (A1) and
C

1—a(x) < T [ o2

VzeRY, (3.1.1)

for some up >p+1+ ﬁ Then there exists 09 > 0 such that for any
0% fe H*(RY) with f is a non-negative functional and || f| z-s@~y < o,

problem (P) admits at least three positive solutions.

Theorem 3.1.2. Let a satisfy (Ag), 0 £ f € H*(RY) is a nonnegative
functional and Sy be defined as in (3.2.24). Moreover, if

p+l
- _ 1
1Nl -y < C'pSf(p U where Cp = (plla|| g @yy) 71 (g)

p
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then (P) admits at least two positive solutions.

Remark 3.1.3. For the above two Theorems, it was necessary that || f1| g @)
sufficiently small but f #£ 0. In contrast, our next existence result holds in

the case when f = 0.

Theorem 3.1.4. Let f =0, 0 < a € L=(RY) and there exists ag > 0 such
that

Then, there exists a positive solution to (P) for every 1 < p < 2% — 1.

Like in the local case, it is well known that the Sobolev embedding

H(RY) — LP(RY) for2<p<

N —2s’

is not compact. Thus the variational functional associated with (P) fails to
satisfy the Palais-Smale (PS) condition. The lack of compactness becomes
clear when one looks at the special case (3.0.4). Solutions of (3.0.4) are
invariant under translation and therefore, it is not compact. Thus the stan-
dard variational technique can not be applied directly. The existence and
multiplicity results obtained in the local case were based on the careful anal-
ysis of the Palais-Smale level. However one of the major differences in the
nonlocal case s € (0,1) with the local case s = 1 is due to the difference in

Palais-Smale decomposition theorem.

In the case of s = 1, we see that Palais-Smale condition holds for 1:& ¥
(see Section 3.2 for the definitions) at level ¢ if ¢ can not be decomposed
as ¢ = I, (i) + kI o(w), where k > 1, @ is a solution of (P) and w is
the unique radial solution of (3.0.4) (with s = 1). But in the case of s €
(0,1), uniqueness of positive solution of (3.0.4) is not yet known, only the

uniqueness of ground state solution is known ( [71]). Therefore, studying
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the Palais-Smale decomposition theorem (see Proposition 3.2.1), we can not
exclude the possibility of breaking down of Palais-Smale condition at the
level ¢ for ¢ € (fa7f(u) + I o(w*), I, s (u) + 21:1,0(w*)), where w* is the unique
ground state solution of (3.0.4) and u is any positive solution of (P). Thus one
can not argue using Palais-Smale decomposition to obtain positive solutions
to (P) whose energy level is strictly greater than I, ;(u) + I; o(w*). For the
same reason, arguments of Bahri-Li [15] can not be adopted here to prove

Theorem 3.1.4 even if we assume lim,|_,o a(z) = 1.

It is worth mentioning about the novelty of the paper. In the local case
s = 1, solutions of (3.0.4) has exponential decay, where as for s € (0, 1),
solutions of (3.0.4) has polynomial decay of the rate |z|~N*2%). Thus it is
not at all straight forward to guess that the energy estimates would stay
in the desired level in the nonlocal case and hence deriving such estimates
require a very careful analysis. Due to this fact we are able to prove Theorem
3.1.1 under much weaker growth rate assumption of @ at infinity (see (3.1.1))

compared to the local case s = 1(see [4]), where it was assumed
1—a(r) < Cexp ( —(2+ §)|x|) for allz € RY,

for some constant § > 0, C' > 0.

Now let us briefly explain the methodology to obtain our results. To
prove Theorem 3.1.1, we establish existence of first positive solution as a
perturbation of 0 (which actually solves the problem for f = 0, without
the signed condition) via Mountain Pass theorem. We obtain the second
and third solutions of (P) using Lusternik-Schnirelman category where the
main problem lies in the breaking down of Palais-Smale condition at some
level ¢ and we have proved that below the level of breaking down of Palais
Smale condition there are two other critical points of the energy functional

associated to (P).
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To prove Theorem 3.1.2, we first decompose H*(RY) into three compo-
nents which are homeomorphic to the interior, boundary and the exterior of
the unit ball in H*(RY) respectively. Then using assumption (As), we prove
that the energy functional associated to (P) attains its infimum on one of the
components which serves as our first positive solution. The second positive
solution is obtained via a careful analysis on the (PS)-sequence associated to
the energy functional and we construct a min-max critical level v, where the

(PS) condition holds. That leads to the existence of second positive solution.

In order to prove Theorem 3.1.4, we first establish existence of a positive

solution uy to the following problem:

(—=A)u +u = a(z)|ufP'u in By,

u=0 in RY\ B,

where By, is the ball of radius k& centered at 0. Then we show ||ug||gs@m)
is uniformly bounded and there exists 0 < u € H*(R") such that up to a
subsequence u, — @ in H*(RY) and @ is a positive solution of (P). The
main difficulty in this proof lies in showing that u i.e., the weak limit of the

subsequence uy, is a nontrivial element in H*(RY).

This chapter is organised in the following way: In Section 3.2, we prove
the Palais-Smale decomposition theorem associated with the functional cor-
responding to (P). In Section 3.4, we establish existence of three positive
solutions of (P), namely Theorem 3.1.1. Section 3.3 deals with existence
of two positive solutions of (P) under the assumption (As), namely Theo-

rem 3.1.2. In section 3.5, we prove Theorem 3.1.4.
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3.2 Palais-Smale characterization

In this section we study the Palais-Smale sequences (in short, PS sequences)

of the functional associated to (P).

_ LUy
I, = dxd = d
s =5 |x_ o drdy g [ e

o [Pty B20)

D2 T
_— —fu, s P —
g M ®Y) =

a($)|u|p+1 dr — 5 (f, U’>Hsa

where 0 < a € L®(RY), a(r) = 1l as |z > ocoand 0 # f € H*(RY) is a
nonnegative functional i.e., ;. (f,u)ys > 0 whenever u > 0.

We say that the sequence u, € H*(RY) is a PS sequence for I, ; at level
Bif I, s (ug) — B and (L) (ur) — 0 in H=5(RY). It is easy to see that the
weak limit of a PS sequence solves (P) (with f = 0) except the positivity.

However the main difficulty is that the PS sequence may not converge
strongly and hence the weak limit can be zero even if § > 0. The main pur-
pose of this section is to classify PS sequences for the functional fa, 7. Clas-
sification of PS sequences has been done for various problems having lack of
compactness, to quote a few, we cite [16,20, 88]. We establish a classifica-

tion theorem for the PS sequences of (3.2.1) in the spirit of the above results.

Throughout this section we assume a(x) — 1 as |z| — oo.

Proposition 3.2.1. Let {uy} € H*(RN) be a PS sequence for I, ;. Then
there exists a subsequence (still denoted by uy) for which the following hold :
there exists an integer m > 0, sequences xﬁf for 1 <i < m, functions u, w;

for 1 <4 < m such that

(=AVa+u=a(@)|af"'a+f in RY (3.2.2)
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(—A)*w; +w; = wl in RY

(3.2.3)
w; € H(RY), w; #0
up — (714'2%('—952)) —0ask — o0
= . (3.2.4)
fmf(uk) — [_mf(ﬂ) + ZI_L()(U}?;) as k — oo
i=1
28| = oo, |zt — xl| = 0o ask — oo, forl <i#j<m, (3.2.5)

where we agree in the case m = 0, the above holds without w;, x%.
To prove the above proposition, we first need some auxiliary lemmas.

Lemma 3.2.2. Lett >0 and 2 < q < 2%, If {wy} is a bounded sequence in
H*(RN) and if

sup / lwg|dx — 0 as k — oo,
yeRN J B(y,t)

then wy — 0 in L™ (RY) for all v € (2,2%). In addition, if wy satisfies
(=A)*wy, + wy — a(@)|wg P oy — f — 0 in H5(RY), (3.2.6)
then wy, — 0 in H*(RY).

Proof. Choose k € (q,2%) arbitrarily. Therefore, using interpolation, we have

lwil|LxBy.e) < ”wkHlL;()\B(y,t))”wkHz?;(B(y,t)) < C”wkHlL;()\B(yJ))Hwk”;\{S(RN)a

where % = % + 24 Now, covering RY by balls of radius ¢, in such a way
that each point of RY is contained in at most Ny balls (for some positive

integer Ny), we find

(1-2%
[ iz < N0 sup ( / |wk|de) ™
RN yERN B(y,t)
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Therefore, the hypothesis of the lemmas implies wy — 0 in L*(RY) for all
Kk € (g,2%). This completes the lemma if ¢ = 2, otherwise, if ¢ > 2, then
again one can argue in similar way by choosing £ € (2,¢). In addition, if

(3.2.6) is satisfied, then we obtain

= o(1)||wg|

| - (=) w +wy, — a(@)|wP " wy, = f, wi) . He@yy, (3.2.7)

where .. (.,.) . denotes the duality bracket between H*(RY) and H*(RY).
Since {wy} is bounded in H*(RY), the RHS is o(1). On the other hand, for
the LHS we observe that since wy is bounded in H*(R") and w; — 0 in
LT (RN), for r € (2,2%), we must have wy — 0 in H*(RY) and consequently,
s+ (fy wi) 7o = o(1). Also, by first part, wy, — 0 in L (RY). Hence, (3.2.7)
yields wy, — 0 in H5(RY). O

Lemma 3.2.3. Let ¢ weakly converges to ¢ in H*(RY), then we have
alppP o —alolPte — 0 in HS(RY).

Proof. Defining vy, as ¢, — ¢, we see ¢p — 0 in H*(RY). In partic-
ular, {¢y} is bounded in H*(RY). Thus, up to a subsequence, v —

0 in LL (RN) forall 1 < ¢ < 2¢ and ¢, — 0 ae.. Consequently,

loc

ald + Yr|P~Hp + i) — a|dPrp — 0 a.e.. Therefore, using Vitali’s conver-
p+1

gence theorem, it follows a|¢ 4+ Y|P~ (¢ + ¢x) — alp|P'¢ — 0 in Llo? (RM).

We also observe that for every € > 0, there exists C. > 0 such that

p+1

alo+ 6+ de) — aléP 8| < elgn T+ ClplPt. (3:2.8)

Moreover, since ¢, — 0 in H*(RY) implies 1) is uniformly bounded in
LPTHRY) and the fact that |¢[PT! € LY(RY), it is easy to see from (3.2.8)

that given £ > 0, there exists R > 0 such that

/RN\B(O,R)

p+1

alé + PPN+ ) — alglrlg| | da < e (3.2.9)

35



CHAPTER 3. EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS OF
CERTAIN NONLOCAL SCALAR FIELD EQUATIONS

ptl
As aresult, alp+ [P (o +1Ur) —alg|P o — 0in L » (RY). Since H*(RY)
ptl
is continuously embedded in LP*(RY), which is the dual space of L » (RY),

it follows that ale + V[P~ (¢ + ¥r) — alpP ¢ — 0 in H*(RY). O

Lemma 3.2.4. For each cy > 0, there exists § > 0 such that if v € H*(RY)

solves

(—Av+v =P vinRY, ve HS(RY), (3.2.10)

and ||v|| gs@ny < co, [|v||p2@yy <0, then v = 0.

Proof. Taking v as a test function, it follows

A(p+1) (1= (p+1) 1-X)(p+1
[ —/R [Pt da < ol o)l Rﬁ < OO )| G R8T,
(3.2.11)

—f—l—— If (1-X)(p+1) > 2, ie,p>14%, then

where ) is such that
P-‘rl

(3.2.11) implies v = 0 as we can choose § small enough. Now if p < 1+ 3

Ap+1)
then (3.2.11) yields ||v| gs@y) < C§7 @2 . Therefore, choosing § > 0

small enough, we can conclude the lemma. O
Proof of Proposition 3.2.1:

Proof. We prove this proposition in the spirit of [16]. We divide the proof

into few steps.

Step 1: Using standard arguments it follows that any PS sequence for
I, s is bounded in H*(RY). More precisely,

_ 1
HeRN) 2 Lo p(ur) — m(fa,f),(uk)uk

1 1 9
= §—m ||uk|HS(]RN)
1
- 1—m s s k) s

Hence boundedness follows. Consequently, up to a subsequence u; — u in

lim 7, ¢(ug) 4+ o(1) + o(1)]ug]
k—o0
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H*(RN). Moreover, as (I, ) (up)v — 0ask — oo Vo € H*(RY), we have

(—A)up + up — a(@)|up Py, — f = & 50 in HERY). (3.2.12)

Step 2: From (3.2.12) we get by letting £ — o0,

//RZN e _|Zk£y;)|](vf28) — ) dzdy + /RN upv dx

—/ a(x) |uk|p_1ukvdx — g (f,0) g =0,
RN

for all v € H*(RY).

Claim 1: Weak limit u satisfies
(—AYu+u=a(x) uftu + finRY, ue H(RY).

Indeed, uy — u in H*(RY) implies,

I <“’f“>1“k£y>>|;vf;>—v<y>> e+ [ vt
7 //]R2N E _))y(,z(f;l — ) drdy + /RN wv dx.

Further using Lemma 3.2.3 we conclude

/ a(x) |upP tugy doz — a(x) |ulP~tuv dz.
RN

RN

In view of above the claim follows.

Step 3: In this step we show that u, — u is a PS sequence for l:ap at the
level limy o0 Lo f(ug) — Lo p(u) and up —u — 0 in H*(RV).

To see this, first we observe that using Brezis-Lieb lemma, we have

lug () — up(y)| // |u(z) —u(y))?
d dy — dzd
//R2N |z — |N+2s R2N !iC— !N”s Y

//RZ)N Uk_u ) |Evuf2;u)( )|2dxdy+0(1). (3.2.13)

/ |ug|* do — / lu|? do = / |uy, — ul® dz + o(1). (3.2.14)
RN RN RN
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/ a(x)|ug|PT do — / a(x)|ulPt dz = / a(x)|uy, — ulP dz + o(1).
RN RN RN
(3.2.15)

Further as up — u and f € H%(RY), we also have

s ur) o — s () g (3.2.16)

Using above, it follows that

_ 1
Lo(ur —w) = 5 (luellfpsvy = lullfeany)

([ e [ @l o)

— klim Lo s (ug) 4 s (fsu) o — Lap(u), as k — oo,
—00

= lim fa,f(uk) — ]_,wc(u).

k—o0

Next, note that (3.2.12) and Claim 1 implies
(= A (ugp—u) + (up—u) —a(@) (JupPtup — |ulPru) = — 0 in H5(RY).
Combining this with Lemma 3.2.3, we conclude I, s (up—u) — 0 in H—*(RY).

Hence Step 3 follows.

Step 4: Using Lemma 3.2.2 we have, either uz,—u — 0 in H*(RY), in that

case the proof is over or there exists a > 0, such that up to a subsequence

Qr(1) := supyeRN/ lup — u*dz > a > 0.
B(y,1)

Therefore we can find a sequence {y,} C RY such that

/ luy, — ul? dz > a. (3.2.17)
B(ykvl)

Let us define ux(x) := (ux — u)(yx + x), then using translation invariance
of H*(RY), it implies i, is also bounded in H*(R") and hence up to a subse-

quence converges weakly in H*(R”Y) to 4. Now we claim that @ # 0. Indeed
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Rellich compactness theorem yields H*(B(yx, 1)) — L*(B(yx, 1)) compactly
embedded and therefore (3.2.17) concludes the claim.
Also it follows from the fact uy —u — 0 in H*(R"Y) and (3.2.17) that

lyp| — 00 as k — oo.

Now define, vy := @y — . Note that, @, — @ implies vz — 0 in H*(RY).

Using this and Lemma 3.2.3, in the definition of I{ (vy,) yields
I o(v) = o(1) in H*(RY), (3.2.18)
ie., (—A)*vg + v — )P oy — 0 in H5(RY).
Step 5: In this step we show that
(=AYu+a=|af'a inRY, e HRY). (3.2.19)

To prove this step, it is enough to show that for arbitrarily chosen v €

Cs°(RY), the following holds:

(@, V) s any = / a7 da. (3.2.20)
RN
To show the above, let v € C3°(RY) be arbitrarily chosen. Since, @, — 4,
using Step 3, we estimate the inner product between @ and v as follows:
(@, 0) s gy = Jim <Uk>U>Hs(JRN)

o (ke — ) (z + ye) = (we = u)(y + o) ) (0(2) = v())
= lim [//IRZN | drdy

T — y|N+23

k—o0

+ [ =l + et >dx]
. l//RN ((ur = u)() = (e = w)()) (vl = &) = v(y = wr)) de dy

|ZE _ y|N+25

k—o0

/sz<uk —u)(z)v(r — yx) dx}

= Jm | a(@)l(w =) @)P e~ u)(@)o(r — ) de
= fim [ a(@+yo)la@)l ()l dr. (3.2.21)
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o) | (@) [P~ e ()0 () dx:/ P~ da.

RN

Claim 2: limk_m/

RN

To prove the claim, we estimate

‘/RN a(@ + yi) | (@) [P~ Vg (2)v(2) dx_/ (P de

RN
< ‘/ a(x+yk)(|akv’—lak—|a|p—1a)vdx+/ (a(x + ) — 1) [l i d
RN RN

= I+ J}.

Since |yx| — oo, |a[P"rav € LY(RY), a € L*(RY) and a(z) — 1 as |z| — oo,

using dominated convergence theorem, it follows that
. 1
kh_)rgo J. =0. (3.2.22)

On the other hand, since v has compact support, using Vitali’s convergence

theorem

lim I} < lim ||a||Loo(RN)/ ‘|ﬂk|p‘1ﬂk - |a|P—1ﬂ’|v|dI =0.
k—o0 k—o0 Supp v

Combining the above two estimates, Claim 2 holds. Using Claim 2, we

conclude Step 5 from (3.2.21).

Further, by Brezis-Lieb Lemma

) = F g, ] i) S
dxd dxd
I s = |x— |N+28 o

"Uk (y)P
dxd 0;
//RZN \a:— y[V+2s rdy = U;

/ |fbk|2d9€—/ |ﬂ|2dx—/ lug|? dzw — 0.
RN RN RN

In view of the above steps, if i, — @ does not converge to zero in H*(RY),

as k — oo.

we can repeat the procedure for the Palais-Smale (PS) sequence @y — 4 to

land in either of the two cases. If it converges to zero then we stop or else
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we repeat the process. But this process has to stop in finitely many steps
and we obtain @y, Us, ..., U, denotes the limit solution of (3.2.19) obtained

through the procedure, we have

n
> |%;|*dz < lim inf/ luy, — u|?d.
i—1 JRN k—oo  Jpn

Thus n can not go to infinity in view of Lemma 3.2.4. O

We end this section with the definition of some functions which will be

used throughout the rest of the paper. We define,

uwll%,. wll?,.
J(u) — || |H (RN) . Joo(u) — || |H (RN) -
([ a@lut@piar)™ ([ jutpac)™
RN RN
(3.2.23)
and Sy := inf Joo(10). (3.2.24)

weHs(RN\{0}

From [71], it is known that S; is achieved by unique ground state solution
w* of (3.0.4). Further w* is radially symmetric positive decreasing smooth

function satisfying (3.0.5).

3.3 Proof of Theorem 3.1.1

In this section we prove multiplicity of positive solutions to (P) when a
satisfies the assumption (Ay) in the spirit of [4] (also see [15], [5]). Define,

1 1

b 0T Lo a(z)u de — o (fu) e, (3.30)

Lo,y (u) [|ul %IS(RN) -

where f € H=*(R") is a nonnegative nontrivial functional. Clearly, if u is a

critical points of /, ¢, then u is solution to
(—A)u+u = a(x)ul + f(r) in RY,
’ (3.3.2)
u € H*(RY).
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Remark 3.3.1. If u is a weak solution of (3.3.2) and f is a nonnegative

functional, then taking v = u_ as a test function in (3.3.2), we obtain

— [l ey — //um [u+(y)u|£:c_)—yk|§;(szv)u(y)] dedy = o) e > 0.

This in turn impliesu_ = 0, i.e., u > 0. Therefore, using maximum principle

[56, Theorem 1.2], it follows that, u > 0 and hence u is a solution to (P).

We set

5= {ue H*(RY) : [Jullgs@v) =1} and Sy ={ueX:u, 0}

(3.3.3)
Define a modified functional J,  : Y, = Rby
Jof 1= max I, ¢(tv), (3.3.4)

where I, ¢ is defined as in (3.3.1). Set,

a= inf a(x) >0,
zeRN

a= sup a(r) = 1.
zeRN

From the definition of J, s, a straight forward computation yields

Juo(v) = a,o< ( /R ) a(x)vﬂﬂdx)_;lv) - (;—piJ ( /R ) a<x)vz+1dx>

(3.3.5)

Thus,
A 71T 0(0) < Jao(v) < Jao(v) < Jao(v) =a 7 1J50(v).

Further, as

Lio(tw™) =1 *
%ﬁ% 1,0( w ) 1,0(w )7

where w* is the unique (radial) ground state solution of (3.0.4), we obtain

2 2

a (1) 1170(’LU*) < in~f ,]a70(21) < @_ (p—1) Il,O<w*)' (336)

vEX 4
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Lemma 3.3.2. (i) Let u € H*(RY) and € € (0,1). Then there holds

1 1
(1_5)1%_57o(u)_%HfH%I—S(RN) <l f(u) <(1+€)la ,O(U)+2*€||f“%{—s(RN)-

1+e
(3.3.7)
(ii) Forv € ¥, and e € (0,1), there holds
o 1) 212 £+ 1 £2
(1=e)r= 1 Jao(v) =5 I f sy < Jay(v) < (T+€)P Voo (0) + 52 L f - vy -
(3.3.8)

(iii) In particular, there exists dy > 0 such that if || f| g-s@~) < do, then,

inf J, r(v) > 0.

VEX 4

Proof. Using Young inequality with £ > 0, we can write

1
e (el S W llrsqmy ull sy < S llullge ey + 52 1 ey

DO | ™

Applying the above inequality in the definition of I, s(u), we obtain (i). Using
(i) in the definition of .J, ;(v), we obtain

(1 =) o(v) = sl flEs@y) < Jasp(v) < (L +€) o o0(v) + oL F Il @y
Combining this with (3.3.5), we get (ii). Finally, substituting (3.3.6) into (ii)
yields (iii). O

Next, for v € iLr, we study properties of the function g : [0, c0o) — R
defined as

G(t) :== I, ¢(tv). (3.3.9)

Lemma 3.3.3. (i) For everyv € i+, the function g has at most two critical

points in [0, 00).

(i) If || fllg-s@~y < do (do is chosen as in Lemma 3.8.2), then for any

v € N, there exists a unique tq ;(v) > 0 such that

Lo g (ta s (0)v) = Jof(v),
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where J, ¢ is defined as in (3.3.4). Moreover, t, s(v) > 0 satisfies,

1 1
1, ) Pt e\ Tp-1
to,r(v) > p/ a(z)vt" da > [pS; : (3.3.10)
RN
and furthermore
1 (ta s (0)v) (v, v) < 0. (3.3.11)
(tit) If § has a critical point different from t, ¢(v), then it lies in

0, (L= )" Il |-

This lemma can be proved exactly in the same spirit of [4, Lemma 1.3].
We skip the details. Now we prove the existence of first positive solution in

the neighbourhood of 0.

3.3.1 Existence of first solution

The following proposition provides existence of first positive solution.

Proposition 3.3.4. Let dy be as in Lemma 3.3.3. Then there exists ry > 0
and dy € (0, dy] such that
(i) Lo (u) is strictly convez in B(r1) = {u € H*(RY) : ||u]
(%) If || fll -+ @~y < du, then

Hs(RN) < 7"1}.

]a7f(u) > 0.

HuHHS(RN):TI
Moreover, 1, has a unique critical point Weemin(a, f;) in B(ry) and it sat-

isfies,

Wioemin (@, f12) € B(r1)  and I, f(Woemin(a, ;) = ueigél)la,f(u). (3.3.12)
i.€., Uoemin(@, f;) is a positive solution to (P) satisfying (3.3.12).
Proof. We begin the proof of part (i).

I ¢ (w)(hy h) = ||| 7 vy — p/RN a(z)u?"h? dz (3.3.13)
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Since a < 1, using Holder inequality and Sobolev inequality, we estimate

the second term on the RHS as follows

p—1 2
pF1 p+1
/a(az)u’fthdx < (/ |u|p+1dx> </ |h|p+1dx>
RN RN RN
_p-1 _
< 51 T ST H|ull ey 1l ey
= 5 7 RN) ”h”H (RN

Thus substituting the above in (5.2.1) we obtain

Hs(RN)-

L@ ) 2 (1= 87 ullte, ) 1012

p+1

Therefore, I ;(u) is positive definite for u € B(ry), with r; = p~#- 182(” Y

and hence I, r(u) is strictly convex in B(r;). This completes the proof of part
(4).

(ii) Let [Ju[|grsny = 71, then we have

1
Iavf(u) - %||u|§{5(RN) B p‘:il'l/RN a( ) p+ dx_ 7S<f7u>H5
> g p+151 7"]13Jrl =11l fll sy
1 1 _ptl
= <2_p+151 oy 1>r%_rl|’f‘|H5(RN)

+1
. -1 = .
Since, ! = %Sl 2, we obtain

1 1
L(w)> (== —— )2 .
,f(u) sl <2 p(p+ 1)>’I"1 rl“fHH (RN)

Thus there exists d; € (0, dp] such that

inf [a,f(u) > 0, for 0 < ||f||Hfs(RN) < dl.

||u||HS(RN> =T1
Since I, f(u) is strictly convex in B(r;) and )y g, =m0 If(u) > 0 =
1, £(0), there exists a unique critical point wemin(a, f;x) of I, s in B(rq) and

it satisfies

Ia,f(ulocmm(a, f; ;C)) = inf Iayf(u) < [a7f(0) = O, (3314)

”u”Hs (RN) <ri
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where the last inequality is due to strict convexity of I, s in B(r1). Combining

this with Remark 3.3.1, we conclude the proof of the proposition. O

The next proposition characterises all the critical points of I, s in terms

of the functional J, ;.

Proposition 3.3.5. Let dy := min{d;, (1 — ;1))7“1} > 0, where dy, r1 be as in
Proposition 3.3.4 and suppose that 0 < || f||g-«@n~y < dg. Then,
(i) Jos € CY (X4, R) and
LW = ta ()1 ; (ta p(v)v)h (3.3.15)
forallh € T,5, = {h € H*R") | (h, v)gs@y) = 0}.
(i) v € ¥ is a critical point of J,;(v) iff taf(v)v € H(RN) is a critical
point of 1, r(u).

(11i) Moreover, the set of all critical points of 1, s(u) can be written as

{tas@)v|ve Sy, J,;(v) =0} U {tioemin(a, f;7)} (3.3.16)

Proof. (i) Let g be as defined in (3.3.9). Then, from Lemma 3.3.3, we have

§ (tar(v) = I ;(tas (@) () =0 and I ;(tas(0)v) (v, v) <O0.

ie., % I, ¢(tv) < 0. Therefore, by implicit function theorem (ap-
t:tayf(v)

plying implicit function theorem on the function, F : (0,00) x %, —

R, E(t,v) = I} ;(tv)(v) which is of class C'), we can see that t,s(v) €
CH(4, [0, 00)). Consequently, J, ;(v) = I, f(tas(v)v) € CHEy, R).
Further, as

I, +(tar(v)v)(v) =0, (3.3.17)
for h € T,%, :={h € H*(RN) | (h, V) grsny = 0}, we have
Ch = f;,f<ta,f<v>v>(ta,f<v>h FU(0), h>H5<RN)v)
b Oty ()4 (£ (0), ) oy L oy (0)0)(0)
by O (s ()0 (R).
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Hence (i) follows.

(ii) Applying (i), we have J; ((v) = 0 if and only if
I (ta())h=0 VheT2,. (3.3.18)

Since,

H*(RY) = Span{v} ® T,%,,
combining (3.3.17) and (3.3.18), (ii) follows.

(iii) Suppose that w € H*(RY) is a critical point of I, ;. Writting u = tv
with v € ¥, and ¢t > 0. By lemma 3.3.3, we have cither t = t, (v) or
1\ —
t < (1= ) Il @w)-

Thus either v € H*(RY) corresponds to a critical point of .J,; or,

HS(RN) - t S (1—%

-1
) dy < r;. By Proposition 3.3.4,

|

Hs(RN) = tHfU|
I, s(u) has a unique critical point in B(r1) and it iS Weemin(a, ;). Hence

the set of all critical points of J, f(v) is precisely (3.3.16). O

Next we study the Palais-Smale condition for J, ¢(v).

Proposition 3.3.6. Suppose 0 < || f| g-s@v) < da, where dy > 0 is as found
in Proposition 3.3.5. Then,

(i) Ja,5(v;) — 00 whenever distgs@ny(vy, %) 20, where
d?;StHs(RN)<'Uj, aibr) = lnf{H’UJ — ’LL”Hs(RN) Tu € E, Uy = O}
(i) Suppose that {v;}32, C >, satisfies as j — 0o

Ja,f(vj) = ¢, for some ¢ >0, (3.3.19)

||Jéyf(vj)] e, = sup{Jc/L’f(vj)h : he TU].XNLF, Al sy = 1} — 0.
(3.3.20)
Then there exists a subsequence, still we denote by {v;}, a critical point

up(z) € H*(RYN) of I, s(u), an integer | € NU{0} and | sequences of points

47



CHAPTER 3. EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS OF
CERTAIN NONLOCAL SCALAR FIELD EQUATIONS

{y](-l)},..., {yﬁl)} C RY, critical points w, € H*(RN) (k = 1,2,---1) of
(3.0.4) such that

1. |yf| =00 asj— oo, forallk=1,2,..., 1.

2. |yj(k) —y](-kl)] — 00 as j — oo for k # k.

L u@+dD wkle—yh)
o @)+ _y wi(@=y5) | s e

3.

vj(x) — 0 as j — 0.

Hs(RN)
4. Jap(vj) = Lo p(ug) + 22:1 I o(wy) as j — oo.

Proof. (i) Using (3.3.8) and (3.3.5), for any ¢ € (0, 1), we have
pt

1 1
Jur(g) 2 (1= ag(0)) = oI 3r-sqany

2
ptl -

p—1 1
> (=R ([ ot as) - ey

Since, dist(v;, 0%,) — 0 implies (v;), — 0 in H*(RN). Therefore, (v;); —

0 in LPTHRY). Consequently,

| el s

< ||a||Lm(RN)/ (0,7 d = 0 ais j — 00,
RN

Therefore,
Jaj(vj) —> 00 as  distys@ny(v;, 9%,) — 0.

Hence (i) follows.

(ii) From (3.3.10) and (3.3.15) we have,

1
/ !/
a,f(ta,f(vj)vj)HH_s(RN) = m”Ja,f<Uj>|T:ji+

_% p-1 / J
< (s 17250l 5. = 0

We also have, I, (t, (v;)vj) = Jus(v;) — c as j — oo. Applying Palais-
Smale result for /, s(u) (Proposition 3.2.1 ), we conclude (ii). O
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As a consequence to the above Proposition 3.3.6, we have,

Corollary 3.3.7. Suppose that 0 < ||f||g-smn) < d2, where dy > 0 is as
found in Proposition 3.3.5. Then J, ; satisfies (PS). at level

c < Ia,f (ulocmin(aa f7 .CL’)) + [170(11)*),
where w* is the unique ground state solution of (3.0.4).

Here we say that J, (v) satisfies (PS),. if and only if for any sequence
{v;} C %, satisfying (3.3.19) and (3.3.20) has a strongly convergent subse-
quence in H*(RYM).

Proof. By (3.3.14),
]a,f(ulocmin(aa f; ZL‘)) < 0. (3321)

On the other hand, from (3.3.16) we see that apart from weemin(a, f; ), all
critical points of I, s corresponds to a critical point J, . So, if u; is a critical
point of I, s, there exists v; € 3. such that Lo f(ur) = Jop(v1) > 0 (here we

have used (iii) of Lemma 3.3.2). Hence,

uy € H*(R™) is a critical point of I, f .
(3.3.22)
Consequently, Ia,f (ulocmin(aa f’ ‘T)) + 11,0<w>k) S Ia,f(u()) + 22:1 ]1,0(wi)7 for

[a,f (ulocmin(a7 f; .Z')) = inf {Ia,f(u0>

any critical point ug of I,y and | > 1, where w* is the unique positive
ground state solution of (3.0.4) and w; are positive solutions of (3.0.4). From
Proposition 3.3.6, we know that if PS sequence for J, ; breaks down at level
¢, then ¢ must be of the form I, r(ug) + Sy I o(w;), where ug is any critical
point of I, y and | € NU{0}. Thus, if I = 0 and uy = Woemin(a, f; x), then
applying (3.3.21) to the Proposition 3.3.6(ii)(4), we have lim; , J, ¢(v;) =
I, f(Uioemin(a, f;2)) < 0. On the other hand, from Lemma 3.3.2(iii) we have
lim; o Jur(v;) > 0, which gives a contradiction. Therefore, I = 0 and

Uy = Uoemin(a, f; ) can not happen together. Now, if [ = 0 and uy #
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Wioemin (@, f;x), then from Proposition 3.3.6(ii)(3), it follows v; — - in

[luoll

H*(RY). Hence the Palais-Smale condition at level c is satisfied. Thus
the lowest level of breaking down of (PS). is 1o f(Woeemin(a, f;2)) + 11 o(w*).

Hence the corollary follows. O]

3.3.2 Existence of second and third solution

In this subsection, our main aim is to show the existence of second and third
positive solution. To this aim we shall use Lusternik-Schnirelman Category
theory and a careful analysis of Palais-Smale sequence to prove multiplicity

result. We use the following notation.

Jog < ={veX, | Joslv) <c}, (3.3.23)

for ¢ € R. As explained before in order to find the critical points of J, ¢(v),

we show for a sufficiently small € > 0,
C&t( [Ja.r < Lo f(Woemin(a, f12)) + 11, o(w™) — 6}) > 2, (3.3.24)
where cat denotes Lusternik-Schnirelman Category.
Now we prove a very delicate energy estimate which plays a pivotal role

in the proof of existence of critical points.

Proposition 3.3.8. Let a be as in Theorem 3.1.1 and f be a nonnegative
nontrivial functional in H=*(RN) with || f||g-s@~) < da, where dy > 0 is as

found in Proposition 3.3.5. Then there exists Ry > 0 such that

Ia,f(ulocmin(aa f7 x) + tw*(x - y)) < Ia,f(ulocmin(a> f7 .’L')) + [1,0(w*)7 (3325)

for all |y > Ry and t > 0. Here w* is the unique ground state solution of

(3.0.4).
Proof. Tt is easy to see that
Ia,f (ulocmin<a; fa $) + tw*(m - y)) — Ia,f(ulocmin(a7 f,.’lf)) < 07 ast — 07
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which follows from the continuity of I, ;. It also follows
Iy (ulocmm(a, fiz) +tw*(z — y)) — —00, as t— 00.

From these two facts, there exist m, M with 0 < m < M such that

Ia,f(ulocmin(a7 fvx) + tw*(x - fl/)) < Ia,f(ulocmin(av fvx)) + Il, 0(11)*)

for all t € (0,m) U (M, 00).

In view of above it is enough to prove (3.3.25) for all ¢ € [m, M]. We can

write

]a,f (ulocmin(aa fa ZE) + tw*(x - y))
2

- ;Hulocmin(av fia) +tw(x — y)’ Hs(RN)

1
Cp+1)es
_ H_S<f, (ulocmm(a, fiz) +tw*(z — y))>
1 12

- §||ulocmm(a7 f,17)| ?JS(]RN) + §||w*|

CL(.%') (ulocmm<a7 f; 3:) + tw*(x - y)>p+1 dz

Hs

%IS(RN) + t<ul0cmin(a7 f; I’), w*(ZL‘ - y)>HS(RN)
1 e

Cp+ 1w a () (Utoemin(a, f32) )" dz — p+1 /RN a(z)w*(z — y)P™ dz

— pj—l - a(w){(ulocmm(a, fix) +tw(z —y))P

- (ulocmin(aa f7 x))erl - tp+1w* (.T - y)p+1}dx

— (s (tomin(a, f2) + tw* (@ —y))) . (3.3.26)

Also we have for all h € H*(RY),

0= I:z’f (ulocmin<a7 fa l’)) (h) = <ulocmin(a'> f; JZ), h)HS(]RN)
— [RN a(2) (Woemin (@, f;2))Phde — ;- (f, h) ys,

which in turn implies

(toemin (@, f52), ) rogun) = / () (tromin (@, f:2)Phd + o (f, B .

RN
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Now by setting h = tw*(z — y) in above expression, we obtain

t<ulocmin(aa fa 27), w*(a: - y)>H5(]RN) = tfRN (I([L’) (ulocmin(aa fa :lj))p'w*(aj - y) de’

+t H*5<fa w*(z — y)>H5'

Thus using above and the rearranging the terms in (3.3.26) we have

[a,f (ulocmin(aa fa [lﬁ') + tw*($ - y)) = la,f (ulocmin(aa f7 ZL’)) + [170(tw*)

1 * +1
+ o /RN (1 — a(a:))w (x —y)P"de

_Iﬁ a(x){<ulocmin(aa f; l‘) + tw* (ZL’ - y))p+1 - (Ulocmin(a’ f; x))p—i-l
RN

_t(p + 1)(ulocmin(a; f7 a?))pw* (ZE — y) — thrlw*(g; —_ y)P+1} dx

= L g (toemin(a, f;2)) + To(tw?) + (I) = (I1),  (3.3.27)
where
tp—i—l i i1
(1) := ) /RN (1—a(x))w (z — )P da
and
(II) := ﬁ . a(x){(ulocmm(a, fix) + tw*(z — y))p+1 — (Wioemin(a, f;x))PH?

—t(p + 1) (woemin(a, f; ) Pw*(z — y) — " w* (z - y)p+1} da.

Therefore the proof will be completed if we can show I < II. To this aim let

us recall a standard fact from calculus. The following inequalities hold true
o (s+t)yPtt— Pl P+l — (p4-1)sPt > 0 for all (s, t) € [0, o0) X [0, 00).

« For any r >,0 we can find a constant A(r) > 0 such that

(s + )Pt — P 4Pt (p 4 1)sPt > A(r)t?

for all (s, t) € [r, 00) x [0, 00).

52



3.3. Proof of Theorem 3.1.1

The proof of the above inequalities follows directly using Taylor’s theorem

on the function ¥ (z) = 2Pt — (z — s)P*1. In particular,

s+ )~ v(s) = () + S0 (0,

where s < £ < s+t. It's easy to see that ¢”(£) > 0 and thus the 1st inequality

follows. For the 2nd inequality, a simple computation yields

) p(p+ 1)t if p>2
VO o+ -1,

22-p

it 1<p<?2

Using the above inequality (/) can be estimated as follows : setting

7 1= MiNjg|<1 Uoemin(a, f;2) >0, A := A(r), we have

1 m?aA
1) > —— a(z)At*(w*)?(x — y) da > = / w*)(z —y)da
2 g [ a@arefe -y S8R [ e )
> OmQaA/ dz > széAM*Z(NHs) (3.3.28)
T op+l S (Tt —y[VPE2 T op+d ’

where in the last inequality we have used the fact that for |z| < 1, there

exists R > 0 with |y| > R, such that
14 |z — gy V2~ fy| V29, (3.3.29)

On the other hand,

tp+1

- | /RN (1 — a(x))w*(x — )P da

- 1 / C C, p+l1 =
T p+ 1 gy 14 |xpN+29) | 1 4 |z — y|NF2s

(1)

p+1
< thfjf de . (3.3.30)
T opF 1l Jey (L4 [z (1 4 |z — y N2 )P
. dx C’
Claim: en (L + [2]fV+29) (1 4 [a — y|V+2s)p+ < [y N+ 296+ D) for [y|

large enough.
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Using the claim, first we complete the proof. Clearly combining the above
claim with (3.3.28), it immediately follows that there exists Ry > R > 0 large

enough such that
(I) < (I1) for |y| > Ry,

as p+ 1 > 2. Hence (3.3.25) follows from (3.3.27).
Therefore, we are left to prove the claim.

Note that, to prove the claim, it is enough to show that

|y|(p+1)(N+23)
/]RN (1 + |x|M(N+25))<1 + |ZL‘ _ y|N+25)p+1 dz < C(N7 M; @7p)~

Therefore we estimate LHS of the above inequality:

|y|(p+1)(N+23) d
/RN (1 + [2[FO+29) (1 4 [ — |V r2oypit

|x — |(p+1)(N+28)
< / Y dz
= Jry (14 [z[rOVF2)) (1 + |z — y[NH2s)ptt

=J1
| |(p+1)(N+28)
+/ v dx .
ry (14 |z[rNF29)) (1 + [ — y[NF2s)prd
=Js
Clearly,
dx
Jl < AN 14 ‘x’H(N—I-Qs) = C(N:M)>

since pu > ﬁ On the other hand, using (3.3.29), we estimate

|| (P (N+25)
J2 S /RNH—M“(NJFZS)dx:C(N’M’p),

since p > (p+ 1) + ﬁ (by hypothesis of the proposition). Combining
the above estimates, claim follows. Hence we conclude the proof of the

Proposition. 0

We further need several preparatory lemmas and propositions along with
the key energy estimate (3.3.25) to prove existence of second and third pos-

itive solution. The results below are along the line of [4,15].
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We begin with the properties of the functional J, under the condition

(A1)

Lemma 3.3.9. Let a be as in Theorem 3.1.1 and w* is unique ground state
solution of (3.0.4). Then there holds

(i) infyes, Jap(v) = Tio(w?).

(i) inf,cs, Jao(v) is not attained.

(iii) Joo(v) satisfies (PS). for ¢ € (—oo, I o(w*)).

Proof. (i) Using (3.3.6), we have inf,ex, Joo(v) > I1o(w*).
Define w;(z) = w*(z + le), where e is an unit vector in RY. Using

wy

Lemma 3.3.3, corresponding to w; = € Z+ there exists an unique

”wl ||H5(JRN)

ta0(w;) such that

Ja,O <u}l) = Ia,O (ta,()(wl)u)l> :
||wl| Hs(RN) ||7~Ul| Hs(RN)

Now let us compute

w ) t2 ()

15 ()

%S(RN)—HANG(I)(wz)p+1d$-

-

2]

Ia,(] (ta,O (TI)[)

Hs(RN)
Moreover from direct computation, we find an explicit form of ¢, o(w;) which

is given by

—_

L +

*E - w* . —

tao(wy) = / a(z)w!d = I ) | 1 () |
RN [[w*|[ o1 (ravy

the last limit follows since a(z) — 1 as |x| — oo. Hence,

S

[y

2(p+1)
Ja0(wy) l_“’o,l | w* || s may | =1
| 2 ”w*”LP+1(RN)
(p+1)?
T { " -y }(p” oy
p+ 1 ”'LU*HLZH—I(RN) ||w ’Z;,_IthN)

1 1 .
~ (5 537 ) 1l ey = ol
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Hence (i) follows.

(ii) Let us assume on the contrary that there exists v, € X, such that

Juo(v0) = inf,cs. Ja0(v) = I1 o(w*). Define, the Nehari manifold N as
N = {ue H(RY): ((I0) (), u) = 0} .

From a straight forward computation, it is easy to see that there exists ¢,, > 0

such that ¢,,v9 € N. Further, observe that for any v € N, it holds

_p—1 2 p—1 25
L1o(v) = m He(RN) 2 msf ’

where S; is as defined in (3.2.24). therefore, it follows from Remark 3.4.5

0]

that I; o(v) > I o(w*) for all v € N. Moreover w € N and hence
11}161:{[]1’0(1]) = IL()(U) )
Therefore,

Il,O(w*) = Ja,o(Uo)

i= maxy0la0(tvo) > La0(tu,vo)

= ey~ 2 [ @)
2 ED " p+1 Jaw
tzo 2 t;zuj(—)i_l p+1
= 7||Uo| Hs(RN) — P+ 1 RN(UO)+ dz
ti’;l p+1
o [ el s
5—%—1 "
= hoftwo) + 2 [ (1= alo) ()" da
i
> Lo(w") + =2 / (1 — a(z))(v)7 " da. (3.3.31)
p+1Jgy

The above inequality and (A1) implies

p+l
;:0_1 /RN(l — a(x))(vo)? " dz = 0. (3.3.32)

Therefore
(vo)y =0 in{z cRY :a(x) #1}. (3.3.33)
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Moreover, substituting (3.3.32) into (3.3.31), we see that inequality in
(3.3.31) becomes an equality there. Therefore,

Hj\lff [1’()(1}) = [1’0(11)*) = [1’0(151)0’(}0).

Thus t,,vp is a constraint critical point of I; . Therefore using Lagrange
multiplier and maximum principle (as before) we conclude that t,,v9 > 0
which in turn implies vy > 0 in RY. This contradicts (3.3.33). Hence (ii)
holds.

(iii) From Proposition 3.3.4, we know that w,emin(a, f;x) is the unique
critical point of I, s in B(ry). Therefore, wjpemin(a,0;2) = 0. Consequently,
it follows from Corollary 3.3.7 that Palais-Smale condition for J, ( is satisfied
at the level ¢ < I o(w*).

This completes the proof. n

The following property of J,o(v) is important to obtain multiplicity of
solutions of (P)

Lemma 3.3.10. (Center of mass)
Let a be as in Theorem 3.1.1. Then there exists a constant 69 > 0 such that

if Jao(v) < I o(w*) + &g, then

/R |yt da # 0. (3.3.34)

v |zl
Proof. Suppose the conclusion is not true. Then there exists a sequence

{v,} C ¥, such that

Jao(va) < Iio(w") + L and / o PP 5 )
x

Since, by Lemma 3.3.9, we have inf .5 J,0(v) = I19(w*) and the infimum is

not attained, applying Ekeland’s variational principle, there exists v, C iLr
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such that

n—o0

Hs@RN) — 7 0

[vn, — Tn|
Ja,O(ﬁn) S Ja,O(Un) = Il,O<w*) + %
2 o(Tn) == 0in H5(RY).
Therefore, {v,,} is a Palais Smale sequence for J,o at the level I;o(w*).

Applying Proposition 3.3.6, we get {y,} C R" such that |y,| = oo and

|w*(z = yn) |l s @) H (RN)
Therefore,
w*(z — Yn -
Vp — T ( ) < vn — nl| s @y
HU) (‘T - yn)”HS(RN) Hs(RN)
H'I.U (‘CE - y’ﬂ)‘ Hs(RN) Hs(RN)

Therefore the above yields

X +1 x w*(z — yn) !
o(1) = — v, [P de = — dz +0(1)
R[] ry 2]\l (2 = o)l =)

1
= T / |x i yn‘ |w* (z) [P daz 2222 e for some e € SV
”wHHS(RN) RN [T T Yn
Hence we arrive at a contradiction. O

Lemma 3.3.11. ( [4, Lemma 2.5]) Let N > 1 and M be a topological space
and SN~ denote the unit sphere in RN . Suppose the there exists two contin-

uous mapping

F: SN 1M G:M— SV

such that G o F is homotopic to the identity map Id : SN=1 — SN namely

there is continuous map n : [0, 1] x SNt — SN=1 such that

n(0, ) = (Go F)(z) for allz € SN

n(l, x) =z for all x € SN
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Then cat(M) > 2.

In view of the above lemma, our next goal will be to construct two map-

pings:

F SN_l — [Ja,f < Ia,f(ulocmin(aa f’ [E)) + ]170(’LU*) - 8] )

G : [Ja,f S Ia,f(ulocmin<a; fu x)) + Il,O<w*) - 5] — SN?I;
so that G o F' is homotopic to the identity.

Proposition 3.3.12. Let a be as in Theorem 3.1.1 and dy > 0 and Ry > 0
be as found in Proposition 3.3.5 and Proposition 3.3.8 respectively. Then
there exists ds € (0, dy] and Ry > Ry, such that for any 0 < || f||g-s@~) < ds
and for any ly| > Ry, there exists a unique t = t(f,y) > 0 in a neighbourhood

of 1 satisfying

* Ulocmin Cl,f;l’ + tw* r—y
ulocmin(aa f; (L’) + tw ([L‘ — y) ta,f( ( ) ( ) )

||ulocmin(aa f’ ZE) + tw*(x - y)| Hs(RN)
ulocmin(aa fa 1;) + tw* (‘T B y)
Hulocmin(aa f7 il') + tw*('x - y)‘

Hs(RN)
Moreover,

{y eRY : Jy| > Ri} = (0, 00);  y = i(f,y)

is continuous. Here w* is the unique ground state solution of (3.0.4).

Proof. Using implicit function theorem, the proof follows exactly in the same

spirit of [4, Proposition 2.6]. We skip the details. O

Let us define Fir : SV~ — 3, in the following way:

_ ulocmin<a7 fa l’) + t(fv Ry)w*(a: - Ry)
||ulocmin(a'7 .f7 :U) + t(fv Ry)w*(:x - Ry)|

for || fllg-s@~y < d3 and R > Ry.

Fr(y)

HS(]RN)7

In Proposition 3.3.8, we have noticed that for |y| > Ry, (3.3.25) holds for
all t > 0. For |y| > Ry, we choose t = t(f,y) such that (3.3.35) holds.
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Therefore,

J < Uioemin (@, f; ) + tW*<‘T - y) )
a,f |

X
’ulocmin(au fa QJ) + tw*(a: - y)HHS(RN)

- [a,f(ulocmin(aa f7 x) + tw*(ﬂc - y))

< Ia,f(ulocmin(aa f7 l‘)) + Il,O(w*)-

Proposition 3.3.13. ( [4, Proposition 2.7]) Let d3 and Ry be as found in
Proposition 3.3.12. Then, for 0 < ||f||g—s@~) < d3 and R > Ry, there exists
g0 = €o(R) > 0 such that

Fr(SY™Y) C [Juy < Luf(woemin(a, f;2)) 4+ Lo(w*) — eo(R)],
where the notation [J, 5 < c| is meant in the sense of (3.3.23).
Proof. By construction, we have,
Fr(SN1 C [Ja.r < Lo f(Wioemin(a, f;2)) + I o(w")].
Since, F'(SV~1) is compact, the conclusion holds. O
Thus we construct a mapping
Fr: SN — [Jaf < Lo f(Uioemin(a, fi2)) + I o(w") — eo(R)]

Now we will construct GG. For the construction of G the following lemma is

important.

Lemma 3.3.14. There exists dy € (0, ds] such that if || f|| gr-smny < da, then
[Ja.f < La,f(Uioemin(a, f;2)) + Tio(w")] C [Jao < Tro(w™) +do]  (3.3.35)

where §y > 0 is given in lemma (3.3.10).

Proof. From (3.3.8), we have for any ¢ € (0, 1)

pt+l

_br> 1 ~
Jao(v) < (1—g) -1 (Ja,f(v) + 2€||f||12qs(RN)> forallv e, (3.3.36)
From (3.3.21), we also have I, (Uoemin(a, f;2)) < 0.
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Therefore, if v € [J,f < Lo f(Woemin(a, f;7)) + L1 0(w*)] then J, f(v) <
I o(w*). Consequently, from (3.3.36), we have

p+1

. L1
ralo) < (1= 2758 (gl + Lo |

for all v € [J,, r < Iy (Woemin(a, f;2)) + L1 o(w*)]. Since ¢ € (0,1) is arbi-

trary, we have
v € [Jao < T10(w") + o] for sufficiently small || f| g—s@n).

Hence the lemma follows. O

Now we can define, G : [Jo; < Lo t(Uoemin(a, f;2)) + Iio(w*)] — SV

by
/ ﬁ|v|p+1dx
G(v) = ’ o

R
/ ﬁh}\p“dx
RN

which is well defined thanks to Lemma 3.3.10 and Lemma 3.3.14. Moreover,

Y

we will prove that these constructions F' and G serves our purpose.

Proposition 3.3.15. For a sufficiently large R > Ry and for sufficiently

small || f|| -« @y > 0,
GoFp:SN-1 5 gh-1
is homotopic to identity.

Proof. This proof follows in the same spirit as in [4, Proposition 2.4]. We
skip the details. O

We are now in a position to state our main result in this subsection:

Proposition 3.3.16. For sufficiently large R > Ry,
it Ung < FgCunemn(o, f50)) + o) = u()] ) = 2
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Proof. Combining Lemma 3.3.11 and Proposition 3.3.15, this proof follows.
O

The above proposition led us to the following multiplicity results.

Theorem 3.3.17. Let a be as in Theorem 3.1.1. Then there exists ds > 0
such that if ||f||g-s@~yy < ds and f is nonnegative nontrivial functional in

H=5(RY), then J,; has at least two critical points in

[Ja,f < [a,f(ulocmin(aa f7 l’)) + [170(10*)] .

Proof. From Corollary 3.3.7, we know (PS). is satisfied for J,; when
¢ € (—00, Ly, f(Woemin(a, f;2)) + L1 o(w*)). Hence the theorem follows from

Proposition 3.3.16 and Proposition 2.6.5. O]

Proof of Theorem 3.1.1 concluded:

Proof. We set the first positive solution as u; := weemin(a, f, ) which was

found in Proposition 3.3.4. Further, (3.3.21) implies
Lo, (Woemin(a, f;2)) < 0.
By Theorem 3.3.17, J, s has at least two critical points vy, v in
[Jo.f < Lo f(Woemin(a, f;2)) 4+ I o(w")].

Using Proposition 3.3.5(iii), ug = t4 f(v2)ve and ug = t, f(vs)vs are the
2nd and 3rd positive solutions of (P). Further, by Lemma 3.3.2(iii), 0 <
Jaf(0;) = 14 s(u;), i = 2, 3. Hence

0 < Lo p(ui) < Iog(ur) + Lip(w®), i=2,3.

Hence uq, ug, us are distinct and (P) has at least 3 distinct solutions. ]
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3.4 Proof of Theorem 3.1.2

In this section we prove Theorem 3.1.2. To this aim we first establish
existence of two positive critical points of I, s (see (3.3.1)) in the spirit
of [83]. Towards that, we partition H*(RY) into three disjoint sets. Let,
g: H*(RY) — R be defined by

g(u) = ullfgs@my = pllall @y 1l 7 .

Now, we define
Uy={uc H*\®"):u=0 or g(u)>0}, U,:={ucH®RY):g(u) <D0},

U= {ue H*®")\ {0} : g(u) = 0}.

Remark 3.4.1. Since p > 1, using Sobolev inequality, it is easy to see that

||| grs vy and ||ul| po+1wy are bounded away from 0, for all w € U.

We define,

co = ilrjlffa,f(u) and ¢ = irUlf I (u). (3.4.1)

p+1

Remark 3.4.2. Foranyt > 0, g(tu) = t*||u| HS(RN)—tpHpHaHLoo(RN | o (&N

Moreover g(0) = 0 and t — g(tu) is a strictly concave function, we have
for any u € H*(RY) with |jul
such that tu € U. On the other hand, for any uw € U, it holds g(tu) =

(12 — tP1) ||u| %IS(RN)‘ This implies

gsryy = 1, there exists unique t = t(u)

tu e Uy forall t€(0,1) and tu€ Uy forall t>1.

Lemma 3.4.3. Assume C,, is defined as in Theorem 3.1.2. Then there holds,

p+1
Hs(RN) Z Cp512(p_l) V ue U,

22 ul
p

where Sy is as defined in (3.2.24).
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_2

L I ||Zt(1RN) .

Proof. w € U implies, ||ulzr+1@yy = ——. Therefore, combining
(Pllall oo ) ) P

this with the definition of Si, we have

_2
; sl
Hs(RN) Z 512 ||U,||Lp+1(RN) = 5’12 T YueU.

(pl|a|| oo mvy) P*T

[l

Therefore, for all u € U, we have

p+1
52(17 1) ptl

2(p—1)
Hs(RN) = —— = C Sy
(pllal|poe@ny) =T P~

Hence the lemma follows. O]

i

Lemma 3.4.4. Assume C,, is defined as in Theorem 3.1.2 and

B — g } S0, (342)

inf {C’ || ul

u€Hs (RN)z ||u||Lp+l(RN):1

Then ¢y < c¢1, where ¢y and ¢; are defined as in (3.4.1).

Proof. Define,

||a||Loo RY)
ey — 2l ) = e (o), w € HARY).

(3.4.3)

T(w) = 5l

Step 1: In this step we prove that there exists a > 0 such that

d -

From the definition of .J, we have

d 1
ST = ey — Noll e [l sy = -+ )

Therefore, using the definition of U and the value of C,, we have for u € U

d -1
gl = =l

dt Hs(RN) — H—S<f7 U>Hs

_1
= (pllalloe@n) 7T Collullipsny = g+ {f, )y
1

[l ®Y) \ "'
- (n i Colll

Hs(RN) — -5 ) s
Lr+1(RN)

2p

o (RN
= CPT) — H-s <f7 U>Hs- (344)

[l 7ot (RN)
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Further, (3.4.2) implies there exists d > 0 such that

2p

||u||Lp+l(]RN):1

Now,

[[wll g =
(345) < CPT H—s<f, u>HS > d, Hu’|Lp+1(RN) =1

HUHLP+1 (RN)

|||<“

H(RN) s
T s (o) e > dl|u| oy, w € H(RY)\ {0}

CP
a2 vy
Hence, plugging back the above estimate into (3.4.4) and using Remark
(3.4.1) we complete the proof of Step 1.

Step 2: Let u, be a minimizing sequence for I, y on U, i.e., I, f(u,) = ¢

%{S(]RN) pllal] Lo mry |25 v)- Therefore, for large n

and ||u,|

o) Lgln) 2 Tu) > (3=

2 p(p+ ]_) HS(RN)_HfHH_S(RN)||unHHs(RN).

This implies that {J(u,)} is a bounded sequence and |[u| gs@~) and
|n | Lp+1 Ry are bounded.

Claim: ¢y < 0.

Indeed, to prove the claim, it’s enough to show that there exists v € Uy
such that I, f(v) < 0. Note that, thanks to Remark 3.4.2, we can choose
w € U such that ,.(f,u)y. > 0. Therefore,

pllallpe@yy 77!
2 p+1

L g (tu) < E[|ull 75 oy

1 —t - (fiu) s <O.

for t << 1. Also by Remark 3.4.2, tu € U;. Hence the claim follows.

Thanks to the above claim, I, ¢(u,) < 0 for large n. Consequently,

1 1
0>I(l n > - T~ n25 - —s y Un ER
) > (5= s Yl = o
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This in turn implies ,—.(f, u,) s > 0 for all large n (since p > 1). Conse-
quently, %j (tu,) < 0 for ¢t > 0 small enough. Thus, by Step 1, there exists
t, € (0,1) such that %j (t,u,) = 0. Moreover, t,, is unique since,

2

73 (t0) = ull s @ —pllal oyt lull s gry = A= Dllull @) > 0,
for all uw € U, for all t € [0, 1).
Step 3: In this step we show that
lim inf{J(u,) = J (o)} > 0. (3.4.6)

We observe that, J(u,) — J(tau,) = /tl jt{j(tun)}dt and that for all
n € N, there is &, > 0 such that ¢, € (0, 1 —2¢,) and %j(tun) > « for
te[l—¢&,, 1.
To establish (3.4.6), it is enough to show that &, > 0 can be chosen in-

dependent of n € N. But this is true since, 4 .J(tu,)|,~; > « and for the

) dt

boundedness of {u,},

— 1
?IS(RN) - pHa“LOO(RN)tp 1||un||1£—;+1(RN)

[[en

<C,

_ ](1 ) ey

for alln > 1 and t € [0, 1].

Step 4: From the definition of I, ; and J, it immediately follows that
o g(tu) > %j(tu) for all u € H*(RY) and for all t > 0. Hence,

1 d 1 d - B 5
I p(up)—1Io f(thuy,) = / a(]mf(tun)) d¢ > / aJ(tun) dt = J(un)—J(tauy)
tn tn

Since, {u,} € U is a minimizing sequence for I, ¢, and t,,u,, € Uy, we conclude

using (3.4.6) that

cop = ulélél I, f(u) < grel[fjla’f(u) = .
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Next, we introduce the problem at infinity associated to (3.3.2):
(-AYu+u=1ui in RY, (3.4.7)
and the corresponding functional I : H*(RY) — R defined by

1 2 1 p+1
. - — dz.
H®Y) ~ ) /RN Uy azx

IL(](U) = 5

[l
Define,

X;:={ue H*RY)\ {0} : (I10)(u) =0}, S®:= inf Iy.0. (3.4.8)

Remark 3.4.5. Clearly I)o(u) = 2{%431)”“”25(11&% on Xi. From (3.2.24),
pt+l pt1
we also have [[ulf.@ny > S{™" on Xi. Therefore, S% > gE2587" > 0.

Further, it’s known from [71] that Sy is achieved by unique positive radial

ground state solution w* of (3.0.4). Therefore,

p—1 25

Tolw’) =50y

™)

Hence S is achieved by w*.

Proposition 3.4.6. Assume (3.4.2) holds. Then 1, has a critical point

ug € Uy with I, f(ug) = co. In particular, uy is a positive weak solution to

(P)-

Proof. We decompose the proof into few steps.

Step 1: ¢y > —oc.
Since I, f(u) > J(u), where J is defined as in (3.4.3), in order to prove
Step 1, it is enough to show that J is bounded from below. From definition

of Uy, it immediately follows that

J(u) > [3 = 2] llul

p(p+1)

%IS(RN) - ||fHH—S(RN)Hu||HS(RN) for allu € Ul. (349)

As RHS is quadratic function in [[ul| zs @), J is bounded from below. Hence

Step 1 follows.
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Step 2: In this step we show that there exists a bounded PS sequence
{un,} C Uy for I, 5 at level c.

Let {u,} C U, such that I, ;(u,) — co. Since I, s(u) > J(u) from
(3.4.9), it follows that {u,} is a bounded sequence. Since by Lemma 3.4.4,
co < c1, without restriction we can assume u,, € U;. Therefore, by Ekeland’s
variational principle from {u,}, we can extract a PS sequence in U; for I, ;

at level ¢g. We again call it by {u,}. That completes the proof of Step 2.

Step 3: In this step we show that there exists ug € U; such that u,, — ug
in H*(R"Y).

Applying Proposition 3.2.1, it follows
Up —up — »_w'(z —ak) — 0 in HRY) (3.4.10)
i=1

for some ug with (7, ¢)'(up) = 0 and some appropriate w’, {z%}. To prove
Step 3, we need to show that m = 0. We argue by method of contradiction.
Suppose there is w' # 0 (i € {1,2,---,m}) such that (I;,)'(w’) = 0. i.e,

w13 S(RN) = Jan (W' )P dz. Therefore,

; 1
%TS(RN) - pHa”LOO(RN)||wzl|12—;-1(RN)

o) = Ju
= [ e = plallsy [t ds
RN RN

< w1 s (1 = pllall e gy) < 0.

The last inequality follows from the fact that p > 1 and ||a||pe@yy > 1.
Now from Remark 3.4.5, I o(w") > S* > 0 for all 1 < ¢ < m. Therefore,
Lo p(un) = Lo p(uo) + 21 I o(w;) implies I, ¢(ug) < ¢o. This in turn implies,
up ¢ Uy. Therefore, g(ug) < 0.

Now we evaluate, g(uo + Y wi(r — x%)) Since u, € U;, we have
g(u,) > 0. Therefore, applying uniform continuity of g, we obtain from
(3.4.10) that

0< lirlzgicgfg(un) = hﬂ&lfg(im + ilwz(x — x;)) (3.4.11)
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On the other hand, since |a%| — oo, |z}, — 2l — 0o, for 1 <i# j<m
the supports of ug(-) and w'(- —z!)) are going increasingly far away as n — oo

and we get

lim g(ugdwi(e—13)) = gluo)+ lim zg< — )) = gl g,

=1 i=1

where the last equality is due to the fact that ¢ is invariant under translation
in RY. Now since g(ug) < 0 and g(w?) < 0, for i < i # j < m, we get a
contradiction to (3.4.11). Hence Step 3 follows.

Step 4: From the previous steps we conclude that I, f(up) = ¢y and
(1s,7) (up) = 0. Therefore, ug is a weak solution to (3.3.2). Combining this
with Remark 3.3.1, we conclude the proof of the proposition. O

Proposition 3.4.7. Assume (3.4.2) holds. Then I, s has a second critical

point vg # ug. In particular, vy is a positive solution to (P).

Proof. Let uy be the critical point obtained in Proposition 3.4.6 and w* be
as in Remark 3.4.5. Set, w(x) := w* (f)
Claim 1: ug + w; € U, for t > 0 large enough.

Indeed, as p > 1 and ||a| e myy > 1,

guo +we) < luollrs@y + llwellfrs ey + 2 (o, we) s

—-p (HUOHLerl(RN) + HthLp+1 RN))

< (T o)llwellrs @y + (1+ C(e))[luoll

He(RN)

P (HUOHZL_il RN) + ”wt||Lp+1 RN)) )
where to get the last inequality, we have used Young’s inequality with € > 0.

Further, as w* solves (3.0.4), we have

_ th2s[w*]%{s _i_tNHw*H%Q(RN) and ||wt| inril(RN) = tN“w*| %JS(RN)’

[[we] ?fS(RN)
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where [-]gs denotes the seminorm in H*(RY). Therefore,

gluo +w) < (1+CE))uollzey) = plluoll7i )

w3 [(1+ )72 = ptN] + Y [Py [ (1 + €) — ]

Choose ¢ > 0 such that 1+ ¢ < p. Therefore, g(ug+w;) < 0 for ¢ to be large

enough. Hence the claim follows.

Claim 2: [, ;(ug 4+ w) < Iy ¢(uo) + L1 o(wy), Vit > 0.

Indeed, since ug, w; > 0, taking w; as the test function for (3.3.2) yields

(0, ) ey = [ ole)ioda + s,y

Therefore, using the above expression and the fact that a > 1, we obtain

H—s <f7 wt>H5

Lop(uo +wy) = ;Huo\ ?JS(RN) + §||wt’|?13(RN) + (uo, wt>Hs(RN)
_pj-l § a(x)(ug + wy)P dr — s (fou0) s — s (f,010) s
= I, f(uo) + L o(wy) + (uo, wt>Hs(RN) + j—l a(:c)uf)7+1 dx
+p~1Fl wi dx / ) (up + wy )P dz —
< og(uo) + Il,o(wt) +
pj—l a(x) [(p + Dwbw, + ul ™ + wl ™ — (ug + wt)p“] dz

< Lwc(uo) + ]170(10,5).

Hence the Claim follows.

Also, by direct computation, it follows
N-—2s tN tN

—5 [0 et e e Ll
H LR)p

||p+1
2

I o(wy) =
(3.4.12)
From (3.4.12), it is also easy to see that

sup Il,O(wt) = Il,O(wl) = Il,O(w*) =5,

t>0
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where the last equality is due to Remark 3.4.5. Combing this with Claim 2
yields
Imf(U() -+ wt) < Ia’f(U()) + S Vt>0. (3413)

Combining (3.4.12) with Claim 2, we have
I, p(uo +wy) < Inp(ug) for t large enough. (3.4.14)

Fix to > 0 large enough such that (3.4.14) and Claim 1 are satisfied.
Then we set

v := inf max I, (Z(t)>’

i€l te[0,1]

where
= {ieC([0,1), H*(RY)) :i(0) = ug, i(1) =g+ wy,}.

As ug € Uy and ug + wy, € Us, for every i € T', there exists t; € (0,1) such
that i(¢;) € U. Therefore,

max Lo p(i(t)) > Log(i(t)) > inf Los(w) = 1.

Thus, v > ¢; > ¢g = I, f(up). Here in the last inequality we have used

Lemma 3.4.4.

Claim 3: v < 5%, where S is as defined in (3.4.8).

It’s easy to see that limg o |lwe| gs@ny = 0. Thus, if we define i(t) =
Ug + Wity then limy o [|(£) — wol| vy = 0. Consequently, 7 € I'. Therefore,
using (3.4.13), we obtain

< (1)) = o0,
7 < max o (i(t)) mmax Lo f(uo + wyey) < o p(uo) + 5

Hence the claim follows.

Hence

Ia7f(u0) << Ia,f(UO) 4 5.
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Using Ekeland’s variational principle, there exists a PS sequence {u,}
for I, at level 4. Doing a standard computation yields {u,} is bounded
sequence. Since, by Remark 3.4.5, we have S* = [ o(w*), from Proposi-
tion 3.2.1 we can conclude that u, — vy, for some vy € H*(RY) such that
(Io,5) (v0) = 0 and I, ¢(vg) = 7. Further, as I, ((ug) < 7, we conclude
Vg # Ug.

(Io,7) (v0) = 0 = vy is a weak solution to (3.3.2). Combining this with

Remark 3.3.1, we conclude the proof of the proposition. O

p+l
Lemma 3.4.8. If || f| g—s@x) < CpSTP™", then (3.4.2) holds.

Proof. Using the given hypothesis, we can obtain & > 0 such that || f|| -+ g~y <
pt1

CpSf(p_l) — €. Therefore, using Lemma 3.4.3, we have

gL W < I flla-s@m llullgs @y
pt1
< |CpSEPTY — €] full sy
p—1
< [l Zs @y — ellull sy,

for all uw € U. Therefore,

2 ful
p

%IS(RN) - H*S(f, u)Hs > 8||u| HS(RN) VU/ E U

ie.,

inf [p_lHul
U p

%S(RN) - H—S<f7 U>H > €iI(}f ”uHHS(RN)-

Since, by Remark 3.4.1, we have |u|

me(®V) is bounded away from 0 on U,

the above expression implies

inf [p_l]|u|
vl

ES(RN) - H—s <f7 U>H5 > 0 (3415)
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On the other hand,

2p
p—1
Hs(RN)
pt+l
—1
HuHé’pH(RN)
2p
—1
||u||1sz(RN)
=

I

(342) <= C(C, —g-s{fiu)ge >0 for ||ul|ppriwyy =1

Cy — g {fiu)ys >0 for welU

Hquz;ll(RN)

= i@y = goo(fiu)y. >0 for uwel. — (3.4.16)

Clearly, (3.4.15) insures RHS of (3.4.16) holds. Hence the lemma follows. [

Proof of Theorem 3.1.2 completed:

Proof. Combining Proposition 3.4.6 and Proposition 3.4.7 with Lemma 3.4.8,
we conclude the proof of Theorem 3.1.2. O

3.5 Existence Result when f =0

In this section we aim to prove Theorem 3.1.4 in the spirit of [59]. For this
using Mountain pass theorem, we first attempt to solve the following problem

in the bounded domain with Dirichlet boundary condition:
(—=A)u +u = a(x)|ulP'u in By,
u>0 in By, (Pr)
u=0 in RY\ B,

where By, denotes the ball of radius k, centered at origin, 0 < a € L®(RY)

satisfies

lim a(z) =ap = inf a(x). (3.5.1)

|z|—o0 z€RN

Remark 3.5.1. Without loss of generality, we can assume a Z agy, since if
1

a = ag then u = ay " "w* is a solution of (P) (with f =0), where w* is the

73



CHAPTER 3. EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS OF
CERTAIN NONLOCAL SCALAR FIELD EQUATIONS

unique ground state solution of (3.0.4). In this case Theorem 3.1.4 follows

immediately.

We fix some notations first. Denote,
By :={uc H'RY):u=0in RV \ B}
i.e., F}, is the closure of C§°(By,) w.r.t. the norm in H*(RY). Therefore,
Ey CEyC--- C H(RY)

and Up>1 By is dense in H*(RY). We define I, as in (3.3.1) (taking f = 0
there) and let [ 570 denote the restriction of I, to the subspace Ej. Like
before using Remark 3.3.1, we can conclude that any nontrivial critical point

of I¥ ; is necessarily a positive solution of (Py).

Lemma 3.5.2. For each k > 1, Dirichlet problem (Py) admits a solution
ug. Moreover, {uy} is uniformly bounded in H*(R™) and so it contains a

subsequence that converges weakly to w > 0 in H*(RY).

Proof. For u € Fj,

1 1 )
Iio(u) = Lao(w) = Sllulljems) — P a(z)uf dx
1 1
> §||u| %IS(RN) - Pt 1||a||L°°(RN ||u||Lp+1(RN)

1 _
2 +1
Hs(RN) — JIm||a||L<>o(R1\’)S = [l 7 vy

vV

Sl

where S is as defined in (3.2.24). As Up>1 Ej, is dense in H*(RY),

1 1 - 1 s
Ioo(u) 2 5l gy = = lalliee S ey Y€ HRY).

Therefore, there exist 6, a > 0 such that
Lo(u)>a>0 on |ulgswny =0, u€e HRY).
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Now, choose uy € Ey with ||ug|| gs@~yy) > 0 and ug > 0. As p > 1, there exists
to > 0 such that

2 aotp+1

3 2
Lo o(tug) < §HUHHs(RN) T4l

/ ubtldz <0 Yt > t,.

Bi

If ty < 1, then we define e := ug otherwise, we define e := toug. Therefore,
0<ee€FE, |e|]| >6and I,o(te) < 0 for all £ > 1. We define I'y to be the
set of all continuous paths in Fj connecting 0 and e and I' be the set of all

continuous paths in H*(RY) connecting 0 and e. Set,

o= ;IGI{; max I, 0(u) (3.5.2)
and
= 7121% max I, 0(u). (3.5.3)

Observe that, I'y CT'y C --- C I' and this in turn implies
oy >y > >a>a>0. (3.5.4)

Moreover, since Uy>1 Ey, is dense in H* (RY), it is easy to check that oy — «
as k — o0o. Applying Mountain pass lemma, we obtain «y, is a critical point of
I¥,. Let ug € Ej be the critical point of I}, corresponding to ay. Therefore,
Loo(ur) = If o(ux) = ay, and (IF,)'(ug) = 0. In particular,

1 1 1
on = Eipue) = - (18 o = (5 = =l

2
H5(RN)-

Since oy < «aq, for all £ > 1, from the above expression we obtain {u} is
uniformly bounded in H*(R"). Hence there exists @ in H*(R") such that,
up to a subsequence, ux — @ in H*(RY). Moreover, I, o(ux) = ag, > @ > 0
implies wuy, is nontrivial. Therefore, taking (uy)_ as the test function in

(—A)’u+u = a(z)ul in By,
u=0 in RN\ B,
we obtain ug; > 0. Therefore, using maximum principle we have u; > 0 in

Bj.. Hence u > 0. O
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Lemma 3.5.3. Let u;, be a critical point of Ik, and w, — u in H*(RY).

Then u is a critical point of I,.

Proof. w, be a critical point of I, implies
(s Doy = [ ala)(w)ide =0 V€ B
k

Let ¢ € C3°(RY). Then ¢ € E}, for large k. Therefore, for large ,

(U, &) s (mvy — /N a(z)(ug)tode = 0. (3.5.5)

R
Since uy — w in H*(R") implies (ug, @) g= @~y — (U, ¢) =g~y and by Lemma
3.2.3, / a(z)(up)t pda — / z)u, ¢pdx, as k — oo. Therefore letting
RN

k — oo in (3.5.5), yields I} ,(u = 0. Since ¢ € C°(RY) is arbitrary, the

lemma follows. [

Thanks to Lemma 3.5.2 and Lemma 3.5.3, we are just left to show that

u # 0, in order to complete the proof of Theorem 3.1.4.

3.5.1 Comparison argument

For any arbitrarily fixed R > 0, define,

a(x) if |z| > R,
hr(z) = (3.5.6)
0 if |z|] <R.
We define the following Nehari manifolds:
Ni= {u € H®)\ {0} : [ulfym, = [ alo)ut da}
RN
and
Nai= {u € H®Y)\ {0} ulfyry = [ hle)el? da)
Set,
o = f loo(u) and  Sp:= inf In,o(u). (3.5.7)
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Lemma 3.5.4. o* < limp_, B%.

Proof. From the definition of I, , we have
2(p+1)

1 1
af = |z - —— inf/ a(z)ul ™ dx
2 p+1 N RN
He (RN) ] p

(1 1 ) . [ [|ul

= |=——— inf ;

2 p+4+1) mB@®V)\{0} ( fNa@)u]inx)pﬁ
R

Similarly,

1 1 Q(lel)
g = (_ ) . [ ||u||Hs &) 1 |
2 p+1) H®Y)\{0} ( [on b “dx)p“

Therefore, it is enough to prove

inf ]| = ) _ < }%im ( in [l s vy 1>.
Hs(RN)\{0} (fRN a(z) p+1dw) Pl —o0 \ Hs(RV)\{0} (f]RN hR(a:)u*Tld:B) pH1

Equivalently, it is enough to show

sup / a(z)udz > lim ( sup / a(x)uﬁ’fldx). (3.5.8)
RN R—o0 =1J|z|>R

”u”Hs(]RN>:1 HUHHSGRN)*I

From (3.5.1) we have lim||, a(z) = a9 = inf,cgy a(z). In view of Remark
3.5.1, we first note that, it is enough to consider the case when p({x € RY :
a(x) # ap}) > 0, where u(X) denotes the Lebesgue measure of a set X. In

this case, we

Claim:
sup / a(x)ude > M = sup / apu’ d. (3.5.9)
H“HHS<RN):1 RN Hu”HS<RN):1 RN

To see the claim, first we note that clearly, for each u € H*(R"™) with

||| rs vy = 1, we have

/a(a:)uﬁ“dx>/ apul ! da.
RN RN
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Therefore, the claim will be proved if we show that M is attained. For that,

let v, be a maximizing sequence, i.e.,

|vnll s @y = 1, /RN ao(vy,)7 da — M.

Using symmetric rearrangement technique, without loss of generality, we can
assume that v, is radially symmetric and symmetric decreasing (see [73]).
We denote by fad’d(RN ), the set of all radially symmetric and decreasing
functions in H*(RY). Using [28, Lemma 6.1], it is easy to see that

fad,d(RN) — LP*Y(RY)

is compact. Hence by standard argument, it follows that M is attained.
Therefore the claim follows.

Thanks to the above above claim, we have

sup / a(z)ude > sup / apu
RN RN

”u”Hs(IRN):l ”“”HS(]RN):l

1
> sup / agul da
|z|>R

||u||HS(]RN):1

. 1
> lim ( sup / agul” dx).
B0 \ Null ys vy =1/ |2|>R

(3.5.10)

Using the fact that lim,,o a(x) — ag, a straight forward computation yields

. 1 . 1
lim ( sup / aguly’ dx> = lim ( sup / a(x)ult dx).
R0 Ilu”Hs(RN):l \m|>R R—o0 ”u”HS(]RN):l ‘$|>R

Substituting the above equality into (3.5.10), we obtain (3.5.8). ]
Lemma 3.5.5. o < a*, where a and o are defined as in (3.5.2) and (3.5.7).

Proof. Let v € N be arbitrarily chosen and V' denote the 2-dimensional

subspace spanned by v and e, where e is as found in the proof of Lemma

3.5.2. Let V* := {av +be : a > 0,b > 0}. Let S be the circle on V
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3.5. Existence Result when f =0

with radius R large enough such that I,y < 0 on SN V™ (this follows since
p > 1 and standard compactness argument on V1) and v, e lie inside S. Let
l, :=={tv:t >0} and [, := {te : t > 0} intersect S at v; and v, respectively.
We define, 4 be the path that consists of the segment on [, with endpoints
0 and vy, the arc SN V™ (connecting v; and v9) and the segment on [, with
endpoints v, and e. Therefore, clearly ¥ € I' and v € 7.

Claim: maxyes [, 0(u) = I,0(v).

Indeed, a straight forward computation yields
v eN implies max Loo(tv) = I, 0(v).

Further, from the construction of 4 it follows I, o < 0 on the rest part of ¥
(since I,p < 0on SNVT and I,o(te) < 0 for ¢t > 1). Hence the claim follows.

The above claim immediately yields
a <max I, o(u) = I,0(v).
uey
On the other hand, as v € N was arbitrarily chosen, we obtain

< =a.
a< ;grla,o(v) o

Proof of Theorem 3.1.4

Proof. By Lemma 3.5.3 and Lemma 3.5.2, we know that « is a nonnegative
critical point of I, . Therefore, it’s enough to show that @ # 0 in H*(RY).
We prove this by method of contradiction. Suppose & = 0 in H*(RY).

Therefore, using Rellich compactness theorem, u;, — 0 in L2 (RN). Hence,

0<egp:= / a(z)(up) ' de — 0 as k — oo.
Br

It is easy to see that for each k, there exists unique ¢,z > 0 such that

tkﬁuk € NR, i.e.,
1 1
el = 5 [ o))
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Claim: {tx r}7>, is a bounded sequence.
To prove the claim, first we note that since wy, is critical point of [ f,o> we

have

||uk:|§{5(]RN):/ a(z)(w)i e = 5k+/ a(z) (up)? da
RN |z|>R

= ak—i-/ hg(x)(ug)? ™ de.
|z|>R

Further, p > 1 implies there exists § > 0 such that p+ 1 > 2+ §. Therefore,

it t, r > 1 then combining the above two expressions, we obtain

ety 1, / UGS /| )
x> x|>

> o / () (w2

Consequently,

B > (25— £2,) / )
xT|>

— @) / e
xT|>

= (tir — ter) (lunllrs vy — ex)- (3.5.11)

Further, note that e, — 0 and I} (u) = oy implies
HukH%s(Rw) = Q/RN a(z) (w2 dz + 20y > 20y, > 2a
(the last inequality follows from (3.5.4)). Therefore from (3.5.11), we have
th rER = o?(tzﬁg —t; ) for large k.

As a consequence, tygp — 1 as k — oo (for fixed R > 0). Hence the claim

holds.

Using the above claim, we have t; guy — 0 in H*(RY). Further, as uy

is critical point of I, implies [lug]/7. gy = fan a(z)(up)? ' de, a straight
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forward computation yields that max;>o I, 0(tug) = I o(ux). Therefore,

ap = Ioo(ur) > Luo(teruk)

Br thin '
9 2 3 p+
= Up|| 775 — a(x)(u dz
o B LN
thin
—— a(z) (u, )2 dz
P+ 1 /x|<R "
ton
— Tnoltinn) = 5[ ala) s
" P+1J<r i
> -t [ e,
Bop+1 Jer i
where in the last inequality we have used the fact that t; pur € Npr. As
p+1
before, ;’% | |<Ra(x)(u/yc){frldac — 0 as k — oo (keeping R > 0 fixed).

Thus, taking the limit & — oo yields a > (5, where « is as defined in
(3.5.2). Consequently, a > limg_, 5. Combining this with Lemma 3.5.5,
we obtain limpg o 85, < a*. This contradicts Lemma 3.5.4. Hence u # 0.
Therefore, u is a nontrivial nonnegative critical point of [, . Finally, thanks
to maximum principle [56, Theorem 1.2|, we get « is a positive solution to
(3.3.2) (with f = 0). Hence, @ is a positive solution to (P)(with f = 0). This
completes the proof. n

Remark 3.5.6. It is easy to note that if a(x) — 0 as |x| — oo at infinity,
once again some “compactness” exists and standard variational arguments

leads to the existence of positive solutions in this case.

Remark 3.5.7. If s > % and a : RY — [0, 00) is radial function satisfying

the growth condition

a(r) <C(1+7"), >0,

C>0 being a constant and | < (N —1)(p—1)/2, then proceeding in the spirit
of [59, Lemma 4.8], it follows that (3.5.5) admits a positive radial solution wy,

and ||wi|| gs@yy is uniformly bounded above. Therefore, up to a subsequence
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w, — w in H*RY) and w > 0. Neat, using the radial lemma [ [101],
Theorem 7.4(i)], it can be shown in the similar way as in [59, Corollary 4.8]
that w # 0 in H*(RY) i.e., (P) (with f = 0) admits a positive radial solution
in H*(RY). In this case, we do not need to assume any asymptotic behavior

of a at infinity.

Conclusion : In this chapter, we have considered nonlocal nonhomoge-
neous scalar field equation with subcritical nonlinearity multiplied by a pos-
itive, bounded coefficient function a whose asymptotic behavior is known.
Under the assumption a > 1 or a € (0, 1], we have obtained multiplicity
results under suitable condition on the nonhomogeneous term. While in the
homogeneous case we could prove existence of a positive solution under no
additional assumption on a except positivity, boundedness and asymptotic
behavior. Now, it might be interesting to consider the same question with

nonhomogeneous term and weak assumptions on a.
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Chapter 4

Fractional Hardy-Sobolev
equations with

nonhomogeneous terms

The chapter deals with the following fractional Hardy-Sobolev equation with
nonhomogeneous term

|u|2; (t) =2y,

(—A)'u — v = K@) m— + f(z) in RV, o
: (Ekry)
u € H*(RY),

where N > 2s, s € (0,1), 0 <t < 2s < N and 2%(t) := 2](5:? Clearly,

2 < 2:(t) < - =27 Here 0 < v < 7, wWhere vy, is the best Hardy

constant in the fractional Hardy inequality

2 FQ N+2s
e [ R < [ PI©R A6 =2

N |l”28 1

where F(u) denotes the Fourier transform of u. Moreover,

o= (Y57)
limyysi=|—5—1],

s—1 2
which is exactly the best Hardy constant in the classical case s = 1. For

the sharp Hardy inequalities in general fractional Sobolev spaces W*P(RY),
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1 < p < o0, as well as for historical comments in the case p = 2, we refer
the interested reader to [73] and the references therein. While for fractional
Hardy-Sobolev-Maz’ya inequality, we mention the recent contribution [90]
and for fractional Hardy inequality in Heisenberg group we refer to [6]. In

(Ef ), the functions K and f satisfy the properties:
(K) 0 < K € C(RY), K(0) =1 = limjy)00 K ().

(F) f # 0 is a nonnegative functional in the dual space H®(RN)Y of

H*(RYN), i.e. whenever u is a nonnegative function in H*(RY) then

(HS)’<f> U>HS >0

Using the Hardy inequality, it is easy to see that the operator L. ; := (—A)*—
|x|2s with 0 < v < vy is a positive operator. The request 7 < vy s is fairly
natural since we are looking for positive solutions. In this case the Hardy-
Sobolev inequality holds for L., which states that if 0 < ¢t < 2s < N,

then

C u(y)|? |ul®

Ns // N+2S dx dy—fy/ 5 dx
S . - g . (RN) o inf R2N |JI— | RN |I|
v5ts T Msts T

. 2
weHs (RV)\{0} 23 250
/ Jul*
ry |zff

is finite, strictly positive and achieved (see [74,75]). Observe that thanks

(4.0.1)

o [74], any minimizer for (4.0.1) leads (up to a constant) to a nonnegative

variational solution of the

s u R -
(_A> U= ’7|$‘25 = RS H (RN) (Eg,t,O)

If v =0 =t, then S, ;¢ reduces to the best Sobolev constant Sy, = .S which
is known to be achieved by Cy (1 + |z|2)~ "2 and any minimizer of S leads
(up to a constant) to a nonnegative solution of equation (E?, ) i.e., (E] )

with v =0 =1.
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Definition 4.0.1. (Positive weak solution) We say v € H*(RY) is a
positive weak solution of (Ef, ;) if u > 0in RY and for every ¢ € H*(RYN),

we have
Cn.s u(y))(¢(z) — 9(y)) ue
3 L R [
5(0)
K(a:)ud + (H*) <f ¢>Hs;
RN ||t

where () (.,.) g denotes the duality bracket between H*(RN) and its dual
H* (RN

Remark 4.0.2. For 0 < v < yn.,

1

Cn,s u(y)|? / Jul® 2
= daxdy — d
[Jwlly ( //IR2N \x— ‘N+2s rdy =7 e |72 T

defines a norm in H*(RY) which is equivalent to the standard norm in

H*(RY). In particular,

lll g < Mlully < flull g

The corresponding equivalent inner product (-, -), in the fractional homoge-

neous Hilbert space H*(R") is given by

O, (w(x) = u()) (v(z) = v(y)) w
(U, v), = - //RQN PR dxdy — ’y/RN e dx

Finally, for simplicity we endow in what follows the weighted Lebesgue space

25 (t) (T2 N tY i [u5® 4 1O
LEO(RN 2]~ with the norm ||ul| 22 Y(RN Jz|-1) <fRN B ) :

|[*

We are going to prove existence and multiplicity of positive solutions of
(Ef, ) in the spirit of [24,31]. Under the conditions on K and f stated
above, equation (E% , ;) can be regarded as a perturbation problem of the
homogeneous equation (E7,;,). It is known from [75] that when 0 < v <
Yns or {7 = 0and 0 <t < 2s}, then any nonnegative minimizer for S, ,

is positive, radially symmetric, radially decreasing, and approaches zero as
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|| — oo. The main question to be addressed is whether positive solution
can survive after a perturbation of type (Ej, ;) or not.

For v = 0 = ¢, this kind of question was recently studied by the first and
third author of the current paper in [31]. For Schrodinger operator (without
Hardy term), same type of questions were addressed in [24] with subcritical
nonlinearity. However for vy # 0 the presence of the Hardy potential requires
a new argument to dealt with. One of the key steps to prove the multiplicity
result is a careful analysis of the Palais-Smale level. Theorem 4.2.1 studies
the profile decomposition of any Palais-Smale sequence possessed by the un-
derlying functional associated to (E%, ;). We show that concentration takes
place along a single profile when ¢ > 0, while concentration takes place along
two different profiles when ¢ = 0. In the local case s =1, t =0 and f =0
Smets deals with the profile decomposition in [103]. In bounded domains and
again in the local case s = 1, paper [32] treats the case of all ¢ > 0. How-
ever, extension of the latter results in the nonlocal case s € (0,1) and in the
entire space RY is highly nontrivial and requires several delicate estimates

and techniques to deal with.

In local case s = 1, we refer [65,103], where authors have studied the
local version of (E7 o) in RY. In the nonlocal case, when the domain is a
bounded subset of RY, existence of positive solutions of (B, f) in © with
v =0 =t (i.e., without Hardy and Hardy-Sobolev terms) and Dirichlet
boundary condition has been proved in [102]. Existence of sign changing

solutions of
(—A)’u = |u|ﬁu+€f in Q, wu=0 in R\ Q,

where f > 0, f € L>(2) has been studied in [7] and existence of two positive
solutions have been established in [110] when f is a continuous function with
compact support in 2. In the nonlocal case, when the domain is the entire

space RY, but v = 0, we refer to [24, 31], where multiplicity of positive
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solutions have been studied in presence of a nonhomogeneous term.

There is a wide literature regarding problems involving the fractional
Hardy potential. Avoiding to disclose the discussion we refer to the following
(far from being complete) list of works and references therein [2,3,23,34, 60,
72,75]. In [60] Dipierro, et al. study the equation (Ef,,) (i.e., (E};) with
t = 0) and prove existence of a ground state solution, qualitative properties
of positive solutions and asymptotic behavior of solutions at both 0 and
infinity. In [36], the authors studied existence and asymptotic behavior of
p-Laplacian problems with Hardy potentials and critical nonlinearities on
general open subsets of Heisenberg groups. In [23], the authors deal with
the Green function for L, (0 < v < vn,) and show when the integral
representation of the weak solution is valid.

It is worth noting that solutions of (E7, ) do not belong to L=(RY) as
soon as v > 0, because of the singularity at zero. In fact solutions blow up at
origin (see [60,75]). For this reason, it seems more difficult to handle (£, ;)
in the general case using the fine analysis of blow up technique quoted above.

To the best of our knowledge, so far there has been no papers in the
literature, where existence and multiplicity of positive solutions of Hardy-
Sobolev type equations (with v # 0 and ¢ > 0) in RY, have been established
in the nonhomogeneous case f # 0. Also the profile decomposition in the
nonlocal case with the Hardy term is completely new and the proof is very
involved, delicate and complicated compared with the local case s = 1. The
proofs are not at all an easy adoption of the local case or the case v = 0.
The multiplicity results in this paper is new even in the local case s = 1, but

we leave the obvious changes, when s = 1, to the interested reader.

4.1 Main Results

Below we state the main result.

87
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Theorem 4.1.1. Assume that (F) and (K) are satisfied, with K > 1 in RN,
N-—t

Il ey < Ct\/q&ﬁ;%, where

L -(5=)
0= (w) (<2z<t> - 1>HKHL00<RN>) >

N —2t +2s
then
(i) Fort >0, equation (E}, ;) admits two positive solutions;

(ii) Fort = 0, equation (Ej, ;) admils a positive solution. In addition,

N
if [| K || oo vy < ( & )N_QS then (Ey, ;) admits two positive solutions.

SW,O,S

Remark 4.1.2. It is worth mentioning that S > S, o ; for any v > 0. To see
this, we denote by W the unique positive solution of (EY,,) and let W, ¢ be
a minimum energy positive solution (ground state solution) of (E7,,) with
t = 0. Then,

oo(Wao) < Ioo(W) < I o(W).

A straight forward computation yields that I, ,(W) = %S% and I} (W, ) =
N

~520.s- Consequently, S > S, ¢ for any v > 0. From this observation, it

immediately follows that if X' = 1, then (E7, ;) admits two positive solutions

for all ¢ > 0 under the given assumption (F) on f.

Note that the Hardy-Sobolev embedding H*(RY) < L=®(RY | |z|~*) for
any 0 <t < 2s is continuous, but not compact. This noncompactness of the
embedding even locally in any neighbourhood of zero leads to other additional
difficulties, and more importantly, to new phenomenon concerning the possi-
bility of blow up. Thus the variational functional associated to (7, ;) does
not satisfy the Palais-Smale condition, briefly called (PS) condition. The
lack of compactness of the functional associated to (E, ;) is due to a con-
centration phenomenon. We analyze this noncompactness in Theorem 4.2.1,
which is one of the most important theorems of the paper. Using this the-

orem we prove existence and multiplicity of positive solutions to (Ey, () in
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Theorem 4.1.1. For that first we decompose H*(RY) into three components
which are homeomorphic to the interior, boundary and the exterior of the
unit ball in H*(RY) respectively. Then we prove that the energy functional
associated to (Ej, ;) attains its infimum on one of the components which
serves as our first positive solution. The second positive solution is obtained
via a careful analysis on the (PS) sequences associated to the energy func-
tional and we construct a min-max critical level s, where the (PS) condition

holds.

This chapter has been organised in the following way. In Section 4.2,
we prove the Palais-Smale decomposition theorem associated with the func-
tional corresponding to (Ej, ;) (see Theorem 4.2.1). In Section 4.3, we show
existence of two positive solutions of (Ey , ;), namely Theorem 4.1.1. Last
section contains some basic estimates which are used in proving the Palais-

Smale characterization theorem in Section 4.2.

4.2 Palais-Smale decomposition

In this section we study the Palais-Smale sequences (in short, (PS) se-

quences) of the functional I} , , associated to (E}, ;)
- _ COns u(y)|® v [ uf
I} : dedy — = d
i // - |N+2s T / o= ™
2;(1)
K(x) de — gev (f, 1) s (4.2.1)
- 2() /RN j[* () "

Ll - g [ T
= —||lullz — x
2077 25(t) Jgw

where K and f satisfy (K) and (F) respectively.

lu

(Hs <f u>H57

We say that the sequence (u,), C H*(RY) is a (PS) sequence for I,
at level B if Ty f(u,) — B and (I, s) (up) — 0 in (H*)'. Tt is easy to see

that the weak limit of a (P.S) sequence solves (E}, ;) except the positivity.
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However the main difficulty is that the (PS) sequence may not converge
strongly and hence the weak limit can be zero even if f§ > (0. The main
purpose of this section is to classify (PS) sequences of the functional Ii]m f
Classification of (PS) sequences has been done for various problems having
lack of compactness, to quote a few, we cite [31,94,95] in the nonlocal case
with v = 0 = ¢, while in the local case [32,103] with Hardy potentials and
in [105] without Hardy potentials. We also refer to [108] for a more abstract
approach of the profile decomposition in general Hilbert spaces. We establish
a classification theorem for the (PS) sequences of (4.2.1) in the spirit of the
above results. In [31,94], the noncompactness is completely described by the

single blow up profile W, which is a solution of

(=AW = |[WE2W in RY, W e HRY). (EY40)

In [32,103] (the local case s = 1), the noncompactness are due to concentra-
tion occurring through two different profiles. Possibility of two different type
of profiles are still present for (E% , ;) in the case ¢ = 0.

Let t = 0 and let W be any solution of (E? ). Then, it can be easily

verified that any sequence of the form

_ N—2s — N—-2s

W (@) = K (y) T W (), (4.2.2)

T'n

is a (PS) sequence for 1_2(7070 ify, > y#0andr, = 0. Ify =0, then W ¥»
remains a (P.S) sequence for —f;/(,o,o provided that % — 00. Also W ¥n — ()

in H°*(RN) by [94, Lemma 3].

Further, let W,; be any solution of (EY,,) (where t > 0). Define a
sequence (Wf 29),, of the form

_ N-2s x
WiO(z) .= R, © “<FT)’ (4.2.3)

where R,, — 0. Then Wf{“o — 0in H*(RY) and (Wf{“o)n is a (PS) sequence

for I}, for t > 0.
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Theorem 4.2.1. Let (uy,), be a (PS) sequence for I_Z(’t’f at the level 8. Then
up to a subsequence, still denoted by (uy)n, the next properties hold.

If t = 0, then there exist ny, ny € N, ny sequences (RF), € RT (1 <
k < msy), ny sequences (11), C RT and (y}), C RN\ {0} (1 <j < mny) and
0<ue HS(]RN) such that

(i) _u+ZK ) W]T"y"—FZWk )0 4 o(1)

) ()@ =0

(i5)) RF—-0(1<k<mny) andr! —0(1<j<n)
i
(iv) either yl — yl € RY 0r]y\—>oocmd——>0(1<]<n1)

[yl
_ B 71 . _N72
(v) B= ?(,t,f(u)—i_ZK(yj) 28 100 +Zjlt0 +o(1)
=1
(vi) log(: ) + y"rjy" —2 00 fori#j
Rk
(vid) log(Rl> — o0 for k #1,

where o(1) — 0 in H*(RY) as n — oo, (W)™ ¥ and (Wk)EO are (PS)
sequences of the form (4.2.2) and (4.2.3) respectively, with W = W7 and
W, = WE,.

When t > 0, the same conclusions hold, with W7 =0 for all j.

In the case ny = 0, ny = 0 the above properties (i)—(vii) are valid without

w, W,, wa rd

Proof. We prove the theorem in several steps.
Step 1: Using standard arguments it follows that there exists M > 0 such
that

|lunlly < M for all n € N.
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More precisely, as n — 0o

B+ o(1) + o()l|unlly = Iiey p(un) —

(1
S \2 2

ﬂﬂwm—@_%%>%ﬂﬂ%ms

1
<
> (5 g Yol = (1= g ) W

As 2%(t) > 2, from the above estimate it follows that (u,), is bounded

),

|un|Hs-

in H°(RN). Consequently, there exists % in H*(RM) such that, up to a
subsequence, still denoted by (up)n, 4, — @ in H¥(RY) and u, — % a.e. in
RY. Moreover, as (Hs)/<(f](,t7f)’(un), U>Hs — 0as k — oo for all v € H*(RY),

then

(—A)u, — 7|§|7;5 — K(2)|un|* 920, — f — 0 in H*RY). (4.2.4)

Step 2: From (4.2.4), letting n — oo, we get

* —
‘U’TL 25 (t) 2unv

(Up, )y — /RN K(x)T dz — (gay ([ v) e — 0. (4.2.5)

As u, — u in H*(RYN), it is easy to see that (u,,v), — (u,v), for all

v € H*(RN).

25(1)-2 —12%(£)—2 -

Claim 1: [ K@) "0 g0 [ g da for all v €
. RN |z RN |z*
B (RY).

Indeed, u, — @ a.e. in R and

2% (£)—2 2 (t)—2
/ S L e U P o1 L e
RN || Br ||
2% () —2
N / K(I)\unl—tunv e
RN\Bp ||

(4.2.6)

On Bpr we will show the convergence using Vitali’s convergence theorem. For

1
2:() \ =@
dx) <

[

|v

that, given any € > 0, we choose 2 C Bpg such that (/
Q
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4.2. Palais-Smale decomposition

c T . Since ‘”l‘j;ﬂ is in L' (RY), the above choice makes
1K [y (MS, )20

sense. Therefore,

2% (8)—1 1

K| ( lu 2:.(t)d )3;@) ( 2z<t>d )2;(,:)
< oo (RN / - T / T
FEO g et Q Ifﬂlt

) <
2;(t)—2unv

Thus K MT is uniformly integrable in Bg. Therefore, using Vitali’s

|v]?

_2%()-1 1
< K| ooy Sy s ? (

convergence theorem, we can pass the limit in the 1st integral on RHS of
(4.2.6).

To estimate the integral now on Bf%, we first set v,, = u, — u. Then
v, — 0 in H*(RN). It is not difficult to see that for every e > 0 there exists
C. > 0 such that

|Un —2;(t)—2(vn+ﬂ)_|a 2%(t)—2 *(t)— 1+C |U 2% (t)— 1
Therefore,
2% (t)—2 25 () =2
‘/ K(x){ tn _ u}vdx
R

| 0[50 o] jaf*® o]
< ||K ||z —d C _
— || ||L (RN) -6/C |l‘|t .T+ &€ Be |x|t

2{(t)-1 1

lv

[ v, 2:(1) PHO)
<K || oy | € / B dz /
L 2 R

*

250\ 2:(0)
t
23()7 L
[ SN\ 250 25\ 25t
e / : /
e |7l e |aff
R
. 2*(t) .
>[ %“H( / ) + Cefja 35““( /
By By

1

250\ 2:(0)
- )

|2

|z
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[v]25®)

|[*

€ LYRY), given € > 0, we

Since (||vp]l4)n is uniformly bounded and

can choose R > 0 so large that

2% (1)—2 0% (1)—2-
‘/ K(m){mn n _ J0 u}v dz
R

/! x|

< eE.

This completes the proof of claim 1.
Hence (4.2.5) yields that u is a solution of (Ey, ;).
Step 3: Here we show that (u, — ), is a (PS) sequence for I}, , at the level

B — f}’ﬁf(ﬂ) To see this, first we observe that as n — oo,
lun = @5, = llunl3 = l1ull3 + o(1),

and by the Brézis-Lieb lemma as n — oo

25(t) 7725 ()
K(z) ar= [ k@™ 4o [ k@

RN |z[f RN ]t RN |z [*

’un — ,a’Q;(t)

Further as u, — u and f € H*(RN), we also have

(Hs)/<f, Un>Hs — (Hs)/<fa E>H3‘

Therefore, as n — oo

_ B _ 1 |un _azz(t)
Thaolitn =) = gl = = 5o [ Ko

2;(®)

1 9 1 [,
= - K

sllonlE - 5 [ K

1,1 ]2 i
—{2”““”2:@) / @IS o ) o)

P dx — (Hs)/<f, 'LLn>HS
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Further, as Hs)/<(fz<’t7f)’(ﬂ), U>HS = 0 for all v € H*(R"), we obtain

— gl2e@)-2 iy
Y v _ B _ |y, — u (uy, —u)v
oy Tica) (n = @) 0) = (= 0), = [ K (@) 7
|un 2:(t)_2unv
=G0l = [ K@ e (g
|| %O 20
— <<u7’l}>»y - - K(l’ ’x|t dIL‘ - (HS)/<f7 U>H$
|un 2:(75)—2/“” |’ZL 2:(15)—2@
K — 4.2.7
- ol a4
— gl2E®)-2 Sy
lun, — @ (u, — ) odz
k8
|un 2;(t)72un |'lj 2:(2‘,)721)
=o(1 K —
o+ [ ol -
_ |22 -7
B lun, — u (u, —u) oda
|z

We observe that

i,

2;(t)—2uk . |ﬂ|2;(t)_2ﬂ . |Un . ﬂ’Z;_Q(un . ﬂ)} ‘

02 + fu

< C<|un —u 20=2)y,, — u|>

Therefore, following the same method as in the proof of Claim 1 in Step 2,

we show that as n — oo

27 (t)—2 |25t —27 _ gl2@®)-2 -7
RN Xz

|z]* | z[f
(4.2.8)

for all v € H*(RY). Plugging this back into (4.2.7), we complete the proof
of Step 3.

Step 4: Define v, := u, — @. Then v, — 0 in H*(RY) and by Step 3, (v,)n
is a (PS) sequence for I}, o at the level § — I}, (). Thus,

sup [vally <€ and (v, 0y = | K(o) " 4z 4 o(1) (4.2.9)
neN RN |l’|
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asn — oo for all ¢ € H*(RY). Therefore, [vnll2 = [on K() [oa 22 dz+o(1).

|=[*

Thus, if [pn K(z) ‘U"| s( ! dz — 0, then we are done when k = [ = 0 and the

(PS) sequence (un) admlts a strongly convergent subsequence.
N— N-—-2s

If not, let 0 < § < 3‘25 IK || <y such that

lim sup K(:U)L

n—00 RN |.T|t

Up to a subsequence, let R,, > 0 be such that

e
/ K(x) —dr =94
Bg,, ||

and R,, being minimal with this property. Define

Therefore, [[wy, = [[v,]l, and
2 g 250
§= K(x) —dr= [ K(Ruz) — dz. (4.2.10)
B, || B, ]

Therefore, up to a subsequence

w, — win H*(RY) and w, — w a.e. in RY,

Let us now distinguish two cases w # 0 and w = 0.

Step 5: Assume that w # 0.
Since, w, — w # 0 and v, — 0, it follows that R,, — 0 as n — co. Next,

we show that w is a solution of (EY,,). Indeed, thanks to (4.2.9), for any
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4.2. Palais-Smale decomposition

¢ € CF(RN)

(1,6}, = Jim (wn, ),
i Qe ] (0nle) DO =) g, [ 28,

n—oo 9 |$_ |N+2$

. COns Rn Un R :L’) n<R ))(qﬁ(l’) - ¢<y>>
- 1}1—{20 5 //RQN z — y|N+s dady
_7/ s dz (4.2.11)
C One [ Ra 7 (0a(@) — 0 ) () — O())
= lm ]QV //RQN |z — y|N+es = o™ dady

N—-2s

R n@e(g)
,Y/RN dz

’$‘2s

’Un|2§(t)_2vn N-—2s

=l . K(x) ]! Fn* (b(Rn)
)= 2,,
= lim K(R,z) () dz
n—oo RN
|wn|2*(t)72 |w|2’sk(t)72

Y a.e. in RY since K € C(RY),

Clearly K(R,z)™—57—"¢ —

|=[*

with K(0) = 1, and w,, — w a.e. in RY. Further, arguing as in the proof

of Claim 1 in Step 2, we have K(R,z)!

wn‘2§(t)—2
|z[*
Therefore, as ¢ has compact support, using Vitali’s convergence theorem we

= ¢ is uniformly integrable.

obtain
2% (1) —2 26*(£)—2
lim [ K(Rpx) ot ) do = / [l P we g (42.12)
o0 JjN RN |*

Combining (4.2.12) along with (4.2.11), we conclude that w is a solution of

(B¢ 0)-
Define

Claim 2: (z,), is a (PS) sequence for I}, at the level § — I}, () —
fﬂo,o<w)-
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To prove the claim, set

Then
Zo(z) = wy(z) —w(z) and ||z, = lw, —w|l, = [[24]]5-

As K(0) = 1 and K is a continuous function, the Brézis-Lieb lemma and a

straight forward computation yield as n — oo

K ()

2:(t) *
) el g / o™
RN Eak RN t

1
K% (Rya)w, — w
a /RN |z[*

25()

dz 4+ o(1)

— apn]2s@)
— K(Rnx)—lwn w|

. o dz + o(1).

Therefore, using the above relations, as n — oo
/ K
2*
w2 ®
2 |wn
Hwn wl|3 — 2t / K(R o dx

1, 1 Jwn ()%
2 bl - 10l) - 22 /RN U

HO)

L y0(20) = Han2

Lo, 1 jo(a)[%
—— _ K N
sl — / (@) o

1 ) 1 ‘w‘%(t)
w2 - d 1
(2”“’”7 i) oo e ) o)

= I 10(va) = Lo o(w) + o(1)

=B - [th() IV o0(w) + o(1).

—2s

N-2s
Next, let ¢ € C5°(RY) be arbitrary and set ¢, (z) := Rn > ¢(R,z). This in
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turn implies that ||¢,|l, = ||¢]l, and ¢, — 0 in H*(RY). Therefore,

(H°) <([7<,t,0)/(zn): ¢>Hs

= (e d)y— | K d
<Z ¢>V RN (l’) |{L’|t Z
. 2
= (Zn, Pn)y — . K(R,x) o dz
|[wn, )72 (wy, — w) oy,
= (Wy, — W, Pp)y — . K(R,x) o dz
= (Wn, bn)y — | K(Rypzx) twncbn de
RN |z
w02y,
_ <<w,¢sn>7 - /RN BT (4.2.13)
w2 wé,
K(R,x)—1 d
+ [ R = DI
250=2q |25 ®—2¢y — — wl|%E®-2 —
}((Rnx)<| n Wy, — [w T;V |wn — w (wn 1U>>¢ndx
RN
(ny 8) = | K@) == do = (T (0),60)y, + L+ I

2% (t)—2

2% (1) —2
I ::/ (K(Rnx)—1)—tw" dx—l—/ (K(Rnx)—l)w da.
Br || o ||

Note that as |‘ € LY(RY), for € > 0 there exists R = R(g) > 0 such that

Jw|*O 2w,
‘/C 1)|x|t dzx
20 \ET [ | B0 \FD
gC(/ tdx) (/ nt dx)
e ry 7]
2\
<C / [
- ez
R

 OR
da 6]l <e.
On the other hand, as K € C(RY) and limyg| 00 K (2) = 1 implies that

t

K € L=(RY), applying the Hélder inequality followed by the Hardy-Sobolev
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inequality, it is easy to see that

2§(t)—2w¢n

[zt

(K(Rqx) 1) [w

is uniformly integrable. Therefore, using Vitali’s convergence theorem, we

get
2;()—2
/ (K(Rnx) - I)M dz = o(1).
Br

| z[f
Hence, I! = o(1) as n — oo.
Next, we aim to show that

2% (t)—2

|wy, Wy, — |w

2 = K(Rnx){

RN

= o(1).

2:(t)_2w — ’wn — w|2:(t)_2(wn — w) }

Indeed, this follows as in the proof of (4.2.8), since f]RN [9n 2 © der =

|=[*

Jen |¢||j:t) dz < oo. Hence, from (4.2.13) we conclude the proof of Claim

2.
Step 6: Assume that w = 0.

Let ¢ € Cgo(Bl), with 0 < ¢ < 1. Set ¢, (2) 1= [p(5)]*on(2). Clearly
(¥n)n is a bounded sequence in H*(RY). Thus,

o(1) = oy (i) (00), ) .

(t)-
= <Um ¢n>’y - K(Qf) ‘/Un : ‘ jvnwn dZL‘
RN x|
O, (n () = va(¥) (£% (2 vn () — (4 )n(y))
~ //RW lz — y|N+es dedy

dz — K(z)

[ RN |zt

[ Bt e

Cno [ (0n(Baz) = 0a(Ruy)) (9% (@)0n(Raz) — 02 (y)vn(Ruy) ) RE 2
T2 //RQN

2 2 N-2s U202 (o(2 ), ’
. / BR)FWR ] (¢ )wn)
RN

|| RN jz[*
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4.2. Palais-Smale decomposition

Therefore

Cna ([ (0n(Bo) = 0a(Rat)) (92 (@)0n(Ra) = 92 (y)vn( Ray) ) RY 2
Sk

o =y e

. 2
2(R, 2(p)RN-2s Un, 25(t)-2 2 Vo,
RN

BE o af 4z + ol1)
(4.2.14)
Now,
2
U (Rpz) |20~ 7)o (Ryz)) RY
RHS of (12.14) = [ K(R,2) 2" <T<It) () dz + o(1)
B Y

/ K () 502, (a)
-/

2% (t)—2
25 (1) 25(¢) 250
< < K(an)Zz(t)—QM dl‘) .
By ‘x|

2()  \ =@
x (/ a0 da;) +o(1) (4.2.15)
]RN

|zt

2
25 (1)—2

| |wn|2 ®)

N)< K(Rz) d ) 7 lwal? + o(1)
_ nL T W, 0
= Sm 5 ]t Ptnly

2

5% (1) 2s—t
25 (1) ON—t

HK LOO RN) ||
o S’yts

< |[pwnl2 4 o(1) (By the choice of § fixed in Step 4).

pwnl5 + o(1)

Claim 3: Asn — o
LHS of (4.2.14) = [|pw,|? + o(1). (4.2.16)
Indeed,

LHS of (4.2. 14)

_ Cws Un( — vn(Rny)> (@2(x)vn(Rn:L’) — 902(y)vn(Rny))Rff_23
//RQN dxdy

’x_y’N—i-Qs
2
_7/ [pwnl® |
RV 7]
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O (wn(@) = wa()) (P (@)wn(2) — G2(Y)wa(y))
N 2//RQN |z — y|N+2s
‘Spwn|2
-/, I o

Cna [ el — () wn(y)? / w2
dzdy — d
// |:r— |N+25 VT e

et = _))lm@ wl)
= lpwal® - ng(é] AW U@ ny) g (g2.17)

|z —y| N

dxdy

Now,

I e [ [ e[
R2N |ZL‘—y| z€By JyEB: z€By J yeBS zeBS JyeB

=0+ + 7.

Of course, J2 = J3 | as the integral is symmetric with respect to z and y.

2
reB; yGBl |x_ |
Wy (2)||wa (y)]
< C/ / | dxdy
r€eB, y€B1 ‘x_ ‘N+25 2
1
Wy, (x )2
dxdy | -
(Aa»éwﬁx—IM%Q
| 1
w 2
n{ dxdy) 4.2.18
</aceBl /yeBl |x - |N+28 2 ( )
|[wy, (z
dxdy
/:ceBl /y631 |x - |N+28 2

1
<C / _— dz) wy, (x)|?de
z€B; ( |z|<2 ‘Z|N+2S_2 ’ ( )|

< Cllwnl|Z2(p,) = o(1) (as w = 0 implies w, — 0 in L%OC(RN)).
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Furthermore,

/xEBl /ye Be | - (j/))ilvuff)wn(y) dzdy

< / / T / / (4.2.19)
z€By JyeB{n{|z—y|<1} zeB1 JyeB{n{|z—y|>1}

= I+ 57
where
1
2 2
72 < C(/ / —|wn(£l|2 — dydx) :
weB JyeBen{le—yi<1y [T — Y|V T2
1
wam)l? )2
dydx
(/:EEB1 /yeBCﬁ{lx yl<1y |z — y| V22
=CJ,-J;
Now,

1
< [ ([ e 0 oo < Clualis, = of0)
TEB; |z]<1 |2|

and

1 xr— n
Jz 2 / / {lz—y|<1} xN?i)JWQ( y)|? dyda
zeBy JyeBY |I_ | s
1 T— 1}(1' y)
</ ( [ Rl ) ) ay
yese \Jaep, [T —y[NFT2s72

1 T— 1}(3: y)
<[ ([ AL a ) dy
yeB> ( reB |l’ - y|N+28_2

< Cllwnl72(p,) < C".

Therefore, 2! = o(1) as n — oco. Moreover,

o 2
g _ / / () [wnWlle) = e g,
_ +2s
z€By JyeBin{|z—y|>1} [z —y

zeB1 JyeB{N{|z—y|>1} |.T - y|
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1
2 2
z€B1 JyeB{N{|z—y|>1} ’m_ ’
1
2 2
oo b
z€B1 JyeB{N{|z—y|>1} ’fE- ’
([ (] s @2 luntopac)
SC/ / dz)wna: dx)-
z€B) |z|>1 || NH2s
1
2s 2
([ ] e )
veBy Ja>1 |7+ 2] 2|
1
2 2
veby \Jry |7+ 2%

since |z| > 1 and |z| < 1 implies ‘|””|TV7;|29 < C. Therefore, using the Hardy

inequality, we obtain from the last of the above estimate that as n — oo

Tt < C"llwall 2y 1wl sy = o(1)-

Putting the above estimates together, we obtain from (4.2.19) that J2 = o(1)

as n — oco. This, along with (4.2.18), concludes the proof of Claim 3.

Combining Claim 3 with (4.2.15) yields
[own|ly = o(1) as n — oo. (4.2.20)

Substituting this into (4.2.16) and comparing with (4.2.14) yields as n — oo

2 25 (1)
K (Ry) 20 0o ) = o(1).
RN Ed
Therefore,
[ |20
K(R,z) ol dz =o0(1), forany 0<r<I1. (4.2.21)
B xr

But this contradicts (4.2.10) when ¢ > 0. Therefore, w = 0 cannot happen
in the case t > 0, i.e.,

t>0 = w#0.

Consequently, from now onwards, we restrict ourselves to the case t =0

and w = 0.
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Step 7: Let t = 0 and w = 0. First we consider the tight case, (v,), C
H;(Bg), for some fixed ball of radius R > 0 (where Hj(Bg) is the closure
of C5°(Bg) with respect to the H*(RY) norm). The remaining case will be

obtained by a splitting argument together with a Kelvin transform.

Therefore, in view of (4.2.10) and (4.2.21), using the concentration-
compactness principle in the tight case [89], it follows that in the sense of
measure,

K(R,z)

‘{\ |<1} ch O (4.2.22)

J

where z; € RV satisfies |2;| = 1. Let C' := max; C,, and define

Qn(r) := sup K(Rpx)|w,|* dz. (4.2.23)

yeRN J B,.(y)
Clearly, Q,(r) > C/2 for each r > 0 large enough. Moreover, (4.2.22) gives

hmmf@n( ) > g

Hence, there exist sequences (s,), C R and (g,), C RY such that s, — 0

and |g,| > 1/2 and
c_ sup/
2 qeRN J B

N—2s

Define 6,,(x) := sn 2 wy(spx + ¢,). Thus ||0,|, = [Jw,]|l, for any n € N.

K(R,x)w*dx = / K(R,z)w? dz. (4.2.24)
( ) Bsn(q"l)

sn \d

Consequently, up to a subsequence, there exists 6 € H $(RY) such that 6,, — ¢
in *(RN) and 6,, — 6 a.e. in RV,

First note that @ # 0. Otherwise, choosing ¢ € Cg° (Bl(x)), with 0 <
¢ < 1, for an arbitrary but fixed z € RY, and proceeding exactly as in
obtaining (4.2.20), we are able to show that 6, — 0 in LIQEC(RN). On the
other hand, from (4.2.24) it follows that

. C
K(s$pRpx + qn)0% dx = 5 > 0.
B1
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which leads to a contradiction. Thus, 6 # 0. Recall that

N—-2s N—2s

On(z) = sn? wy(spT +qn) = (san)(T)vn(snRHx + Ruqn).

Define r,, = s,R,, = o(1) and y, = R,q,. Hence, 7> < 2s,, = o(1) and, up

[yn

to a subsequence, ¥y, — y in RY. From Lemma 4.4.1, we deduce that

N

—2s
» W™ for some 7 > 0, a € RY,

0=K(y)
where W is a solution of (EY,,) and that n — 0Ou(z) = vu(z) —
K(y)ﬁwrnﬂy””"“(x) is a (PS) sequence for I}, o at level 8 — I}, ;(u) —
K(y)_Nz_fs I_l(?&o(W), where W is a solution of (EY,).

In summary, in both cases t > 0 and ¢ = 0, starting from a (P.S) sequence
(vn)n of fZ(,t,O we have found another (PS) sequence (0y,), of ]_?w,o at a strictly
lower level, with a fixed minimum amount of decrease. Since sup,, ||v, |, <

C < o0, the process should stop after finitely many steps.

Step 8: When ¢t = 0 we only dealt with the case (v,), C H$(Bg) for some
fixed R > 0. Now we are going to relax the assumption (v,), C Hg(Bg).
Let us define

f(k) :=lim inf/ K (2)|v,|* da.
Bit1\Bk

n—oo

We claim that f(k) = 0 for all but finitely many k’s.

Indeed, if f(k) > 0 for some k, then liminf,,_, ka+l\Bk K(2)|v,|* dz >
0. Therefore,
% dr > 0. (4.2.25)

lim inf / |vn,
n—oo
By +1\Bg

By Step 6, for any ¢ € Cg°(RY) as n — oo

252 2

2 2% . 2%
I ([ Katnan) ([ o) 2 w2 +o)
SUpP(») RN
>S’YOS< ’(Pwn 25)
RN
+o(1).
(4.2.26)
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Fix any € > 0 and choose ¢ € C$°(RY) such that ¢ = 1 in By \ By and
supp(¢) € Bii1+4e \ Br—ec and 0 < ¢ < 1. Define, ¢, () = ¢(R,z). Then

liminf/ | opw, [ de = liminf/ v, |?*dz > lim inf/ v, | dz > 0.
RN n—oo [on n—00 Brost\Be

n—oo

Now (4.2.26), with ¢ = ¢,,, yields as n — oo

/ K (x)
Bk+1+s\Bk75

~ N—2s N
Combining the above, as e > 0 is arbitrary, we obtain f(k) > || K H Lo (BN)970,5-
Therefore, since (v,,), is bounded in L (RN), it follows that f(k) = 0 for all

dl’ > ||K||L00 RN) 705+0(1)

but finitely many k’s and this completes the proof of the claim.

Now given such a k for which f (k) = 0, we take a cut-off function y €
Ce°(RY) such that x = 1 on By and x = 0 on Bf,, and 0 < xy < 1. We
shall show that both (xv,), and ((1 — X)Un) are (PS) sequences for Iy .

Indeed for h € C3°(RY) as n — oo

<vah>
— Up h(z) —h v
_ O // X@)va(w)) (h(x) = hy)) oy — - / xeuh

|.T—y|N+2S RN |x|2s

~ Cs va(z) = va(¥)) (X(2)h(x) = X(¥)h(y)) vn(xh)
_//RQN dxdy—fy/RN dx

|z — y| V2 ]2

, O // |x x y)@vii(?f)vn@) oy

 Cw, X)) h(y)vn ()
//sz dzdy (4.2.27)

|9:. _ |N+25

X)) h(x)on(y)
<Un7Xh + CNS //R2N ‘i[) _y‘N+2s dl’dy

- [ K@,

where I, //RQN ))h(x)vn(y) dxdy.

|l‘ _ |N+25

%2 vn(xh) dz + Cn L, + o(||h]]),
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Claim 4: I, = o(||h]|5) as n — oo.

Indeed,

I, < (//RQN ‘x_ ‘1\2@2 dxdy> (//RZN |x_ ’]\21222

Now,

n() dxdy)é.

XW)Poaly) 4o _ n
2N |x — y|N+28 4
R yEBk+1 ﬁEBkJrl yEBk+1 xe k+1 k+1 CCEB;C+1

=0+ +I.

Since v — 0 in H*(RY) implies v, — 0 in L2 (RY), we see that as n — oo

2,02
ol M0
yeBk+1 IEB}C+1 |‘(l7 - y|

<c / / "—(]‘22 dedy
YEBL 11 xEBk+1|$ - |

dx
YEBp41\ J z€By 1 N{|z—y|<1} |$ - y| z€By 1 N{|z—y|>1}

X(y)|*va(y)
= dxdy
YEBk 41 / ’37 - ’NJFQS

k+1

IN

k+1

< C”/ vl (y)dy = o(1);
YEBL41

108

(4.2.28)

dzx dx
C N+2s—2 + N+2s v
YEBr i1 EBC {le—y<1} [T — Yl z€Bf, N{|lz—y|>1} |z =y

(4.2.29)

(y)dy



4.2. Palais-Smale decomposition

X()*va(y)
= dxdy
/ B, /xeBkH ‘x_y‘N+25
X(@)[*va(y)
dydx
/xeBkH /yeB |a?— |N+28

k+1

k+1

¢ N{le—yl<1}

= PP+ 12

For estimating I>!, we choose € > 0 arbitrary and R >> k + 1 so that

2 2
I[31 / / X <x>UNS_y2) d dZC
z€By11 JyeB;_  N{|z—y|>1} |z —y]

k+1

v (y)

< / ( / ECAC) N N

2EBp41 y:lz—y|>1 |‘T - |N—"_25

valy)  |y|Nt )

< y)dy + / n dy | dz

/zeBk+1 ( Ben({le—y>1} Y|V [ — y[ N2

(4.2.30)
vy (y)

S ( N+23d dx

IEBk+1 | ‘

2 dy ¥
SC’”(O(l)—l—C(/ |Un|2 dy) 9(/;C |y|(N+23)N/23)N> <eforR>> k+17
R

R

since (vy), is uniformly bounded in L% (RY) and |y|(N*29N/2s ¢ L1({|y| >

1}). Moreover,

_ 2,2
oo ) YOPEW)
2€Bp41 JyeBe,  N{|z—y|<1} lz -y

k+1

1\90 y|<1 x y) ( )
= C/ / — N2 dydz
TEBL 11 yEBk+1

1, ;
C/ / de v2 (y)dy (4.2.31)
yEB;+1 LUEB]H_l |Q: - y|N+28_2

1, <1($7?J)
=C (/ SIS 2 da |2 (y)dy
— i |z — y|N+2s—2

<cm [ = o)
YEBj 12
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Combining (4.2.28)—(4.2.31), we obtain

<//sz Ix - |N)‘+22 ) dxd?J)é = o(1)

as n — oo. Similarly, it follows that

// XWER) 400\ < Illecans.
RN y|N+2s = (RN)

Hence Claim 4 is proved.

Therefore, using (4.2.27) and the fact that f(k) = 0, we obtain as n — oo

“2(xv,)h dz

e {(Tea) (ctm) ) g = (X, B /K

- /RN K (2){x = x* "} oa|* vk dz + o(||2]])

251

2
< CHKHLOOURN)(/ o 2de>
By4+1\Bk
= o([|h]]).

+o([[n)

This is the required inequality.

Now, as n — oo

K(z)|v,|*da = K(z)|xvn + (1 = x)v, [ da

RN RN

= [ K@+ [ K@)

v, % dx + o(1).
(4.2.32)
The last line in (4.2.32) follows from the fact that supp(x) C By and

supp(l — x) € RY \ By and all the remaining terms in the expansion of

% involves product of some powers of xv, and (1 — x)v,

[XUn + (1 = X)vn
whose support lies in By,1 \ By, but in the definition of y we have chosen
the same k for which f(k) =

We know that (v,), is a (PS) sequence of I} o, at the level 3 — ]_?(tf(ﬂ)
Hence, from (4.2.32) the level of the (P.S) sequence (vy,), of I o o is integrally
split between the two new (PS) sequences (xv,), and ((1 - X)vn)n.
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Let K denote the Kelvin transform in H*(RY) given by,

Ku(x) : !

= WU(‘I‘|_2$)

Therefore, it is known that (see [99]),

1
|$|N+25

(=) Ku(z) = (=A) u(|z] ).

Claim 5: [|K(u)|| gs@ry = [ull gsmy-
To prove the claim, first assume that u € C°(R”Y). Thus

C

—A)* < - -
(8)Ku(w)] < v

(4.2.33)

Therefore,

N

19€(0) e iy = / (=AY Ku() [ da

— /RN(—A)SfK(u(x))ﬂCu(x) dz (Using (4.2.33) and K(u) € H*(RY))
= [ e A el ) el )
_ /RN (—8)u())ux)da

= /RN |(—A)§u(:p)|2dx (as u e CSO(RN))

= ||ul %Is(RN)

Next for any u € H*(RY), let (uy), € C5°(RY) be such that u, — u in
H*(RY). Then
15 Cun) | izs vy = llmll e vy = ull o vy (4.2.34)

Thus,

13 Cun) = K Cum) | s vy = 1K (. = ) sz vy = [l = wmll oy | = 0-

,Mm—00

Hence, (K (u,)), is a Cauchy sequence in H*(RY), so there exists v € H*(RY)

such that X(u,) — v. Now, as u, — u a.e. in RY so K(u,) — K(u) a.e.

111



CHAPTER 4. FRACTIONAL HARDY-SOBOLEV EQUATIONS WITH
NONHOMOGENEOUS TERMS

in RY. Consequently, v = K(u). Therefore, passing the limit in (4.2.34), we
have || K (u)] fanyy for all u € H*(RM).

Hs(RN) = [ ul
Using Claim 5 along with standard change of variable, it is easy to see

that

% ()dz,

2
1
RN

o) = 5l =3 [ Fbar— o [
that is, I}, o X has the same expression as I}, except that K(z) has to
be replaced by K (|z|2z). Hence, Steps 5 and 7 can be applied to (fK((l -
X)%))n, since this sequence is now a (P.S) sequence for Iy o0 X in Hg(B%).
Using again either Step 5 or Step 7, we obtain the characterization of (fK((l —
X)Un))n and from that we deduce the characterization of ((1 — x)v,),; the
only point which needs to be taken care of K(W(%)) This is the concern
in Lemma 4.4.2.

Finally (vi) and (vii) follow as in [94, Theorem 4]. Thus the proof is
completed. O

We mention the proofs of Lemma 4.4.1 and Lemma 4.4.2 in the end of

this chapter, namely in Section 4.4.

4.3 Proof of the main Theorem 4.1.1

In this section we assume without further mentioning that all the assumptions
of Theorem 4.1.1 are satisfied. We first establish existence of two positive

critical points for the functional

1, o, 1 uZ
Ty = 5l = g | K@) o= (e

Clearly, if u is a critical point of I](yt’ s » then u solves

in RY
|z + /) ’ (4.3.1)
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Remark 4.3.1. If u is a weak solution of (4.3.1) and f is a nonnegative

functional in (RN, then taking v = u_ as a test function in (4.3.1), we

obtain
|ug (Y)u—(2) + up (2)u_(y)|
which in turn implies that u_ = 0, i.e., u > 0. Therefore, the maximum

principle [56, Theorem 1.2] yields that u is a positive solution to (4.3.1).

Hence u is a solution to (Ej, ().

To establish the existence of two critical points for Iy, ;, we first need to
prove some auxiliary results. Towards that, we partition H*(RY) into three
disjoint sets. Let v, : H*(RY) — R be defined by

25

x|t

lu

dx

) =l = (2500 = 1) 1K e, |

Y|

and set

2= {ue HRY) : u=0o0r yy(u) >0}, b:={uecHRY) : ¢y(u) <0},
2= {ue H*RY) : wi(u) =0},

Remark 4.3.2. If u € X, then

2= (20(t) 1) | K 1 /
Jully = (2O 1Kl =) |

Therefore, [lul|, and [|ul| 250 g |4+ are bounded away from 0 for all u € .

2:(®)

’u 2:2(1&)

dz < (2(6)=1) | K| o) S

v,t,8

2:(t)
: .

|z

Set
¢ =] ) t =1 7 >
o 1éltf Ty p(u), ¢ 1£1tf Ty p(u), t=>0. (4.3.2)

1

Remark 4.3.3. For any A > 0 and u € H*(RY)

23 (1)

|u

dzx.

x|t

) = Nl = X0 (25(0) = )| K e, |

RY |

Moreover, ¢;(0) = 0 and A — ¢,(Au) is a strictly concave function. Thus

for any u € H*(RY) with ||ull, = 1, there exists a unique A\ = A(u) such
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that Au € X'. Moreover, as ¥(Au) = ()\2 - )\2:(”)Hu||,2y for all u € X', then

Au € Xt for all A € (0,1) and Au € X for all A > 1.

Lemma 4.3.4. Assume that Cy is defined as in Theorem 4.1.1. Then

ds — 2t N-t
s ully 2 CSEE forall west, t20

Proof. Fix u € Xt. Then

2
25 ()
5

lu

E3

* _1
2:() dr 25 () _ |
| z[*

(L.

Combining this with the definition of S, ; ; yields

|u

(0= 1)K w) ™

L 2 2(t)
2% Ol z
D) s Jul?

|zt

1
= sk [
RN

e p—
(2§(t) - 1>||K||L°°(RN)

for all u € ¥'. From here using the definition of C;, we conclude the proof of

the lemma.

]

Lemma 4.3.5. Assume that t > 0, C; is given as in Theorem 4.1.1 and c},

¢t are defined as in (4.3.2). Further if

. N—-2t+2s
inf {CtHUny ot (Hs)/<f, U>H5} > 07

u€ i3 (RN)

HUHL%(’E)(RN,III*U

t
then ¢ < cj.

Proof. Define

= L Wl [
Ji(u) = =||ul|2 -

21(t)
¢ dl‘ - (Hs)/<f, u>HS

Step I: In this step we prove that there exists §; > 0 such that

th(pu)

>3, forall ueXt
dp

p=1
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Indeed, using the definition of 3! and the value of C;, we have for u € X¢

%0
=l = 1Ky [ do = gy

p=1

1 2
_ (1—2*@)_)@” . (135)

d -
dprt(pU)

4s 2
N42»2s 2t
U s—t
=G ”NH? = ey s w) g
|| 2s—t ( )
u

L2 R Ja| 1)
Furthermore, (4.3.3) implies that there exists d > 0 such that
N—2t+2s
inf {Ct||u||7 = eyl u>H} > d. (4.3.6)
ueHs(RV)

||u||L2§(t)(]RN,|z‘_z):

Observe that,

N42s—2t

el = [uf =
(436) e Ct éi:i - (Hs)/<f, u>HS Z d, o |I|t dl‘ - ]_,
el 2zt g -1
N+42s5—2t
25—
N U P
(HS)’<f7u>HS = ||U||L2;<t)(RN"x|,t),

-

w e HSRV)\ {o}.

Hence, plugging back the above estimate into (4.3.5) and using Remark 4.3.2,
we complete the proof of Step I.

Step II: Let (uj,), be a minimizing sequence for I}, , on X, that is,

£ [2:(t)
n

u
Traslut) = b and I = K amga (20 - 1) [ 20—

gy |zt

Therefore,

‘unHW

J
> (1 )Huznz T,
2 2()(2:(t) - 1)
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This implies that (J;(u,)), is bounded and (||u,]])n, (luh L2 @ a1y )
are bounded.
Claim: ¢} < 0 for all £ > 0.

To prove this claim, it is enough to show that there exists v* € ¥} such
that I, ((v") < 0. Note that, thanks to Remark 4.3.3, we can choose u’ € %'
such that . (f, u’) g > 0.

Therefore,

I?{,t,f(put) = D

2{(2;(t)—1)||K||Lw(RN) pz:(t)—z]/ w0

2 B 2;‘(1?) RN |37‘t

_p (Hs)/ <f, ut>Hs < O

for p << 1. Moreover, pu' € 3% by Remark 4.3.3. Hence the claim follows.

Thanks to the above claim, I3, ;(u;,) < 0 for large n. Consequently,

1 1
0> I}, (u) > <—
A T

))uuzui = (Fot

for large n. This in turn implies that .. (f,u}) g > 0 for n large enough.
Hence, d%jt(pufz) < 0 for p > 0 small enough. Thus, by Step I there exists
pt € (0,1) such that d%jt(pfbug) =0.

Moreover, it is easy to check that for all u! € X!, the map p — d%jt (pu') is
strictly increasing in [0, 1) and therefore, we can conclude that pf, is unique.
Step III: In this step we show that
lim inf {jt(ufl) — jt(pfbufl)} > 0. (4.3.7)

n—oo

We observe that Jy(ul) — Jy(phul) = /tl da;jt(pun)dp and that for all n € N
there exists & > 0 such that pf € ?6,1 — 2¢!) and d%jt(pu%) > 2 for
pell-&,1.

To establish (4.3.7), it is enough to show that & > 0 can be chosen

independently of n € N. This is possible, since d%jt(pufl) > 3, and (ul),
p=1
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is bounded, so that for all n and p € [0, 1]

t|2%(¢)
t12 _ (9 1K 2*t)2/ |uy,
= |[Jun |5 (() )H | Lo ol
:%—ﬁ@mmm

Step IV: From the definition of I}, ; and Jy, it immediately follows that

‘Jt dx

<C.

il (pu) > %jt(pu) for all u € H*(RY) and for all p > 0. Hence,
L d L d
Ieps ) @<mmz/@fwM®;z/ﬁmm@
t,f t,f " dp it f dp ]
= Jy(uh) — J(phul).

t

Since (uy,), C X' is a minimizing sequence for Iy, , on X' and pju;, € X,

then by (4.3.7)
t e T e Ty _
Co = %1; I 45(u) < 1§tf Iy (u) = ci.

]

Proposition 4.3.6. Assume that t > 0 and (4.3.3) holds. Then I}, ; has
a critical point u, € X7 with I, (u;) = cb. In particular, u; is a positive

solution to (Eg; ).

Proof. We divide the proof in few steps.
Step 1: In this step we show that ¢ > —oo.

From the definition of J; in (4.3.4), we have Ty p(u) > Ji(u). Therefore,
in order to prove Step 1, it is enough to show that J; is bounded from below.

From the definition of X},

. 1 1
J(u) > [ =— wll2=[£ Il zevllull, forall uwe Xt. (4.3.8
(u) Q2wmm%oﬂuyumnww L (135)

As the RHS is a quadratic function in |ju|,, then J; is bounded from below

and thus so is Iy, ;.

Step 2: In this step we show that there exists a bounded nonnegative (P.S)

sequence (uy,), C i for I}, . at the level ;. Let (uj,), C > such that

n
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I s s(ui,) — cg. Since Lemma 4.3.5 implies cj < cf, without any restriction

we can assume that (u,), C Xt Further, using Ekeland’s variational prin-

t
n

ciple, (u;,), admits a (PS) subsequence, still called (uy,),, in ¥ for Iy, ;
at the level ;. Moreover, as Iy, ;(u) > Ji(u), from (4.3.8) it follows that
(ul), is a bounded sequence in H*(RY). Therefore, up to a subsequence,
ul, — uy in H*(RY) and u!, — wu; a.e. in RY. In particular, (ul); — (u)4
and (ul)_ — (u;)_ a.e. in RY. Moreover, the fact that f is a nonnegative

functional gives as n — oo

0(1) = (Hs),<(Iz(,t,f)/<qu)7 <u2)—>H5

2) (ut 2;(t)-1 ut)
R@)e — W)= gy (08 )
< ()| - // o)) + () () 0) g,

< — | (uh) |12

This implies that (u,)- — 0 in H*(RY) and so (u,)- — 0 in a.e. in RV,
which in turn yields that (up)_ = 0, that is, ug > 0 a.e. in RY. Conse-
quently, without loss of generality, we can assume (u!), is a nonnegative

(PS) sequence. This completes the proof of Step 2.

Step 3: In this step we show that uf, — u, in H*(RY).

Applying Theorem 4.2.1, we get as n — oo

n1
uh =+ S K(y) T W v 4 Z (WE)ERO £ o(1), ift=0, (4.3.9)

j=1
and

ul, —ut—l—z D)0 4 0(1), ift >0, (4.3.10)

where (I, ;) (u) = 0, W is the unique positive solution of (EY ), where

Wk

¥k =1,2,---ny are positive ground state solutions of (EY,,) ( {ul} is

a (PS) sequence for I}, , implies WF, is a solution of (4.3.1), with f = 0,

and therefore by Remark (4.3.1), WF, is a nonnegative solution of (EY,)).
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Moreover, (y),, (r]), and (RF),, are some appropriate sequences with R¥ —
0 for each k =1, ng, i — 0, ;—j: — 0 and either ¥/ — 3’ or |yl | — oo and
for all j = 1,---n4q, are appropriate sequences. To prove Step 3, we need to
show that n; = 0 = ny. We prove this by the method of contradiction.
Suppose t = 0. The case t > 0 is comparatively easier and the proof of
that case will easily follow from arguments that we present in the case of

t =0. Also for ¢ > 0, one can argue as in [24, Proposition 3.1].

Thus, let us assume that ¢ = 0 and v, 4 u, in H*(RN). For simplicity

of notations, we denote u® by u,,.

Then either ny # 0 or ny # 0 or both ny, ny # 0in (5.5.9). Here we prove
the last case that is when n; and n, both are non zero. If one of them is
zero, that case is again comparatively easier and argument in that case will

follow from this case. First we observe that

wo( () W)

2

. N-—2 X N

- K(yj) - (28 - 1)||K||L°°(RN)K(yj> 2s W L2§(RN)

. 7& %
= K5 (Kl) = 25 = DI omeem) IS o
- N-—2s ‘W’2
—yK(y) = dr < 0.
1K (y’) /RN o 07
Similarly,
¢O<<W'$,O> ) Yo (W. 0) =W 0”2 (25 = DK poo o)W 0 L‘Z*(RN)

= (1= (25 = DK | em) ) [WE 12 < 0.

Theorem 4.2.1 gives

ni

. _N—
o(1)+cf = 0.7 (Un) — [}Y(,o,f(uo)‘*‘ZK(yj) 28 100 +Z[100
j=1
As K >0, I (W) = %[[W][%, > 0 and 7 o(Wy0) = %W, 0l > 0, from

the above expression we obtain Iy ¢(ug) < 3. This in turn yields vy ¢ %9
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and
Yo(uo) < 0. (4.3.11)

ni o o n2
Next, we evaluate 1y (uo + ZK(yJ)—N4§ W vh 4 Z(Wj,o)%’o)- Since
j=1 k=1

u, € XY, we have ¢g(u,) > 0. Therefore, the uniform continuity of 1y and

(5.5.9) imply

e CN—2s G
0< h%r_l)golf w()(un) = llggolf ’(po <U0 -+ Z K<y3>* T W Tmn Z(W$7O)RE,O> )
k=1

j=1

(4.3.12)

Since ug, W, W% >0forall k=1, ---,ny,

L . N-—2s i 72
¢0 (Uo —|— Z K(y])_ 4s W’f‘nyyn _|_ Z(W$7O)Rﬁ70>
k=1

J=1

2+ 2(uq, §<ij>RﬁvO>

k=1

S .- i\ N—2s J o
< ol + D IWEZ+ Y K (y7) =" wren 7
k=1 j=1

+2(u, Y. K () W) 42( BULALED K () Wity
j=1

k=1 j=1

n2
; i k
FOY (W0, (Why) )
ik=1,i#k

+ il: <K(yl)_N;s28 Wri“yiﬂ K(yj)_N;zs Wrzhy%>

Lj=1,1#j 7

L. m ' o o
2 3 () (W)

J=1

n
” 23
(- 1)HKHL<><>(RN)<||U0 %4 SO W,
k=1

23
25
N—-2s

< o(uo) + D bo(Who) + > o (K(yj)_ i Wrg“y%) + the above inner products.
k=1 =1

(4.3.13)

We now prove that all the five inner products in the RHS of (4.3.13) ap-
proaches 0 as n — co. As 74 — 0 and “;’—f‘: — 00, it follows that Wrhvn ()

in H*(RY) (see [94, Lemma 3]) and W™¥» — 0 a.e. in RY. Choosing R > 0
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large enough as n — oo

Y Y Y
Uo de < Uo d Uo d
|I’2s T = |x|2$ T+ |$‘25 x
RN Br ‘3}|>R

o 1 1
UOWT%,Q#L |U0|2 2 |W|2 2
Br |z|>R lz|>R |z + Tﬂ s

= o(1),

where in the 1st integral we have passed the limit using Vitali’s convergence

theorem via the Holder inequality, while in the 2nd integral simply using the

Hardy inequality. Therefore, as n — oo

N

<u07 K<yj>_

~

= o(1).

Since R¥ — 0 as n — oo, similarly we also have

RN

n2

—2 i i N2 i i quri,ny
= Wrn,yn> = K(y) = [<U0, Wrmyn>Hs_7/ o dx]

(4.3.14)

<“0’ Z(va,o)Rﬁ’% = o(1). (4.3.15)

k=1 7

Now,

<K(yl)—N4_s?‘S (ernay%) K(yj)—NZSQS (Wr%,y%)>
ol

N—2s . N—2s N—2s . N—2s

= Ky K () ) T ()

n

[, e (v -

‘.’L‘ _ y‘N+2s

W ()W (i)
— / n n dx]
]RN

|[E|23

N—2s . N-—2s N-—2s N-—2s

= K(y) " K@) ) )7
Xtﬂ=(W@»—W@»@w*ﬁ%wh_WWMgfﬁn

’LE _ y’NJrQs

W ()W ( TiLy+3Jj_fL—y¥L )
/ n dx]

N

_N-2s . N—2s WWw,
- KO TR (00, - [ ]

ot B
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where W, := (%)NEQSI/V(%x + ylnr%y%) Theorem 4.2.1 (vi) yields
! L _ i
r
log (ﬁ) + Lrj Inl 0.

Thus W,, — 0 in H*(R") (see [94, Lemma 3]). Hence, as n — 0o

<K(yl)_N4—szs (Wril,yfl>7 K(yj)_NAI_sQS (Wr%,yfl)> — 0(1). (4.3.16)
~
Similarly,
i \R:,0 E \REO\ __
(W35, (W) = o(1) (4.3.17)

as |log%\ — 0.
N

Finally, we estimate <(W$O)Rﬁ’0, Ky "5 W”%’y%> . First we note that
’ , , v

| log %ﬂ — oo implies that either % — 0 or R—% — 00. Suppose % — 0.
Then
k \RE0 3= 252 v
<(W'y,0) " 7K<y) =W >7
= K(y) 5 (R) T ()
REz—y}, REy—yl,
(Who(a) — Who(y)) (W (Fam) — ()
X N+2s dzdy
R2N |z —yl
Eyyl
W ()W (F)
- PEm—
RN ||
- Wk wm
. j _ N 525 k n '770
- K<y ) 4 l<W707W >HS(]RN) V/RN |l’|25 dx]’
. A
where W™ = (’%@)‘WW(%‘J The proof of Theorem 4.2.1 gives
R}, rd,

j J i . ;
;’é = 5’&2’1 for any j and k. As s/, — 0 and "R — 0, we have RE— 0. More-

i o iRk j ,
over, % — oo implies that % — 00. Thus |log ;—y + |y /RF| — oo,

Consequently by [94, Lemma 3], W™ — 0 in H*(RY). Hence, an argument
similar to (4.3.14) yields

((WE)RRO K ()55 W) = o(1). (4.3.18)

~
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On the other hand, if gil — oo then % — 0. Then similarly, we also show

that

= K(y')" = (W, W),

v

N—2s
REN " 725 yrrk
W Wwmr = (== W .
here W7 (#) = (sz) O\ RE/r,

< Tﬁb). Since g—f‘ — 0 and % — 00, again
applying [94, Lemma 3], we get W' — 0 in H*(RYN). Hence, in any case
(4.3.18) holds.

Combining (4.3.14)—(4.3.18) along with (4.3.13), we have

N

wo (uo + Z K(yj)_ 4;25 Wr%,y% + Z(W,ﬁ}o)R’lg’()) < 0.
=1 k=1

This contradicts (4.3.12). Therefore, ny = 0 and ny = 0 in (5.5.9). Hence,
U, — up in H¥(RN). Consequently, 1o (t,) — ¥o(ug), which in turn implies
that uy € X% But, since ¢ < ¢?, we concludeuy € ¥¢. Hence Step 3

follows. L

Proposition 4.3.7. Assume thatt > 0 and (4.3.3) holds. Then I}, ; has a

second critical point vy # u;. In particular, v, solves (Ey, ;).

Proof. Let t > 0 and let u; be the critical point of I}, ; obtained in Proposi-
tion 4.3.6. Let W, ; be a positive radial ground state solution of (E7,,). Set
wl (x) == W,4(2). Let Zo € RY be such that K(Zg) = || K|| @)
Claim 1: u; + K(fo)_N%szsw;’t € XL for 7 > 0 large enough.

Indeed, as || K||pee@myy > 1,0 <t < 2s and uy, w], > 0, using Cauchy’s
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inequality, with € > 0, we have

_ _ N-2s -
Uy <ut + K(zg)™ % w%t)
_\_N-2s
= [lue + K (o) ™% w], I3

2s -

— (2:(t) = 1) K (i) / ¥ KlZo) = i

RN |~75|t

2;(®)

dx

2s

_ \_DN—2s
< w2 + K (z0) ™=

g [0 . Nt/ 220
—(2%(t) — 1 d K s ot q
(200 ){4N|ﬂt SO R P

N N i £, - 1
< fluel3 + K (20) 5 ol I + 25 (20) 5 (G w13 + o)
N—t |W%t

2: (1) N
i

. |y o 2%(¢)

_ o _N-2s
w;tHg, + 2K (Z9)” ® ) (u, w%)v

2:(1)
L3O ®N Jaf 1)

]' *
= (1 ) el vy — (258 = 1)l

+IWolly [<1 o)V = (2:(1) - 1)K(!EO)_NQStTN_t}

<0 for 7> 0 large enough.

Therefore, u; + K (fo)_N%sw;t € X% for 7 > 0 large enough. Hence, Claim
1 follows.
Claim 2: I}, (ut + K(xo)_NzisQSw;’t) < Iy p(u) + I (K(mo)_NzstS w;t)

for all = > 0.

Indeed, as u;, w]; > 0 taking K(a‘co)’%w;t as the test function in (E}Q’f),

we get

201 -
_ _N-—2s T _ _ N-2s ut w, ,t
(u, K(Zo)™ % wl,), = K(To) & K(;U)Tt”dx

RN

_\_N-2s
+(Hs)/<f,K(ﬂ70) 4s w%t>H5. (4319)
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Therefore, using the above equality together with the fact that K > 1 yields

N2
Iz(,t,f (Ut + K(.To) 4s U}%t>

1 1 _ \_N-2s - _ \_N-2s -
= Sllll} + 5K @0) ™= flwl |5 + K (20) ™5 (w, 0] )y
L \ZO
1 (ut + K(xo)_lv‘lfw;,t>
555 Ju KO EL Ao~

N—-2s

= K(Zo)™ % ey {fs 0l 1)

_ _N-2s T _ _ N-2s r
= Ly glu) + Fyo (K @) 750, ) + K (@) 7w ),

1 u?;(t) K(io)—% / (wrt)Qz(t)
- K d ’Y? d
o / T TR0 o v

_N-—-2s T
< ey (ue) + Iy (K(l’o) 1s w’y,t)
25()-1, 7 2% (1)
_ _ N-—2s ut w. t 1 ut
+ K(%o)” & K(x) 72 dx + K(x) dz
RN |zt 2:(t) Jrv |z
_ _N-2s T 22(0
+—— — 1 dx — K(z)
2:(t) gy |zt 2:(t) Jrw Eak
N—2s e
<]th(ut)+[1t,o(K(930) is w”/t)
2:(t)-1 -
1 _ o\ N-2s Uy W, ¢
+ —— K(z) |2t K (x . —
5 L KooK —
K (3 2:(t)
2;(t) T 2*(t) Ut+ o 4s W
Uy o (W) ( t)
K 2s j— d
e TR f ’
_ y_N-2s
< Ty ) + T (K (30) 50, )
Hence the claim follows. As
T —2s T o 25(t
lw Il = T2l el 0 o ey = 7 W3,
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and 0 < t < 2s < N, it is easy to see using the definition of

N—2s

]17,t,0<K(J_:0)_ Ts w;7t> that

lim 17, (K(gzo)-Nisw;t) - —o (4.3.20)

T—00

Consequently, a straight forward computation yields that

N—2s 1

sup I}, <K(x0)N4825wT ) =1 (K(azo) s wg‘j;a"), where Tax = K(Zg)2s.

Wt
7>0 K

Therefore, substituting the value of 7.y in the definition of I7, , it is not

difficult to check that

_N-2s
sup Iﬂt,o (K(azo) s wy,t) = Iﬂt,o<Wv,t)-

7>0

Combining the above relation with Claim 2 and (5.5.3), we obtain

o (ut + K(IO)Ww;t> < Iy plug) + I7,0(W, ) forall 7> 0,
(4.3.21)

T s (ut + K(:EO)_NZsQSw;J < Ij,s(ug)  for 7 large enough.  (4.3.22)

Now, fix 79 > 0 large enough such that Claim 1 and (4.3.22) are satisfied.
Set

ke = inf max [y, (9(7”)),

€0, re(0,1]

where
Oy == {9 S C([O, 1], HS(RN)) 2 0(0) = uy, O(1) = up + K(xO)N‘“’QSw%}'

Asu, € Xt ut—l—K(iO)_%w% € Y for every 6 € O, there exists ry € (0, 1)
such that 6(ry) € X, Thus

: .t
max I (00r) = L f(00ra)) = inf, I, () = .

Hence,

ke > ¢ > g = Ty p(uy).
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Here in the last inequality we have used Lemma 4.3.5.

Claim 3: r; < Iy, ((ur) + I, o(W, 1)
N

Note that lim-_ [|w? |, = 0, thus if we define 6(r) := u, + K (Zg)~ & wiy,
then 6 € ©; and lim, ¢ ||0(r) — u||, = 0. Therefore by (4.3.21),

) v 7M T
i S 10 T (0(T)> = e L (ut (@) w%g)
< [;Y(,t,f(uﬂ + Iﬂtp(W%t):
that is,
I](’t’f(ut) < Ry < I?(,tf(ut) + 1) o(W,e) forall t > 0. (4.3.23)

Using Ekeland’s variational principle, there exists a (P.S) sequence (v'),, of
Iy s at level sy for all £ > 0. Since any (PS) for Iy, ; is bounded and
ke < Ty p(ug) + 17 o(W, 1), using Theorem 4.2.1, in the case of ¢t > 0, there
exists v, € H*(RY) such that ¢!, — v, in H*(RY), with Iy (v)) = Ky and
(I 4f) (ve) = 0. Moreover, Iy, ;(u;) < k; implies that u; # v;. Hence we

have proved the proposition for ¢t > 0.

Next let us assume that t = 0 so that we are in case (i7) of Theorem 4.1.1

and so

B S N—-2s
K (0) = | K | < ( . ) (4.3.24)
v,0,s

holds by assumption. Let W denote the unique positive solution of (EY,).
As W, is a minimum energy positive solution (ground state solution) of

(E4p), with t = 0, it follows that
INoo(Wio) < Il (W) < I?,O,O(W)7

where the last inequality is due to the fact that W > 0 and so fR N E%jdx > 0.
Since S and S, are achieved by W and W, o respectively, it is easy to

N
see that ||[W]| ) = S2 and [Wooll2 = S2,. On the other hand, as

2-
Hs(RN
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4o and 175 s(Wo o) = %||W,0ll2, we obtain HooWr0)
s 1,0,0\"~0 ~IWaoll5 P

Loo(W

( S)
N—2s N-—2s

I o0(Wao) < K(z9) = IRO,O(W) < K(x)” = I?,O,O(W) for all 2 € RY.

~—

= ~lIW]

M‘Z

°. This together with (4.3.24) yields

Combining the above inequality with (4.3.23) yields

. _ N-—2s
Ihﬂ@<w<mﬁﬁwmmkm %ﬁmmmﬁwwwqmwm}

Hence, again using Theorem 4.2.1 (as in the case t > 0), we can conclude
that the (PS) sequence (1), converges strongly to some vy € H*(RY), with
Iy o ¢ (vo) = ko and (I ;) (vo) = 0. As before, I}, ;(ug) < Ko implies that

ug # vg. Hence we have completed the proof for all ¢ > 0. O

N—t

Lemma 4.3.8. If || f|| gsy < Ci, /1 — 7545 ' then (4.3.3) holds.

Proof. By the given assumption, there exists € > 0 such that

S Nt
[ £l zey < Ciy 1= -~ Sﬁszt — €.

Combining this with Lemma 4.3.4, for all u* € 3¢, it holds

']

(Hs)/(f, ut)ys < ||f||(Hs)'
1

~y 2
< ]__ TS/
<(1-21) Wl

3
<a$wwmfw0—j) 'l

N,s

Hs(RN)

|ut||”/

1

4s — 2t v\ 2
< 0 = t12 _ 1— t )
_N_%+%mwve< 7M) Jall,

Hence,

nt [ e = ] 2 (1= ) i

inf | ——— Afou)gs| >e(1— inf ||u

uext [N — 2t + 2s a3\ e | = YN, uent v
Since ||ul|, is bounded away from 0 on ¥* by Remark 4.3.2, the above ex-

pression implies that

4s

pu ey L / 7| > 0. 43.2
uex {N 2t+2 lully = ><f7“>H} >0 (4.3.25)
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On the other hand,

N—2t+2s
_ Jufly
(433) Ct ’ 2’1(0 Z]1\7,225 - (Hs)/(f’ u>H5 > 07 fOl“ HUHLT;(t)(RN’kL"*t) = 1
wl“s s—2t
d
Jul, ™
— Ct Z N—2s (HS)’<f7 u>Hs > 0 fOI‘ u E Et
’u 25(t) d 4s—2t
/RN ‘th *
(4.3.26)
4s — 2t
m“um - (HS)’<f7 u) gy >0 forue X

Clearly, (5.5.16) ensures the RHS of (4.3.26) holds. The lemma now follows.
[

Proof of Theorem 4.1.1 completed. Combining Propositions 4.3.6 and 4.3.7
with Lemma 4.3.8, we conclude the proof of Theorem 4.1.1. O

4.4 Necessary Lemmas to complete the proof

of Proposition (4.2.1):

Lemma 4.4.1. Let (v,), € H*(RY) be a (PS) sequence for I 0, at the level

d. Assume that, there exist sequences (y,), — y € RY, r, — 0 € Rt U {0}
such that w,(x) =1 2 v, (ryz+y,) converges weakly in H*(RY) and a.e. to

N—2s
S

some w € H*(RN). If % — 00, then K(y) & w solves (EY ). Moreover,

. _N;Qs xr — yn
Zp = Uy — Tn w(

)

T'n

N—-2s — N—-2s

2s ]Ro,o(K(y) 4s

is a (PS) sequence for Iy at the level d — K (y)~ ).

Proof. Let (v,), € H*(RN) be a (PS) sequence for I} 00 at the level d and
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N—2s

¢ be an arbitrary C>°(RY) function. Put ¢,(x) :=rn 2 ¢(=). Thus,

n

(w, @) s = hm (wn,gb
e // (0le) ~ a0 = 606)

n—oo 9 |g(] — y|N+25
. Ons Un () = vn(y))(@n(7) — ¢n(y))
= lim 5 //szv | dazdy (4.4.1)

= gim oy [ O d:c+/ K ()|,
RN

w7 fo Tl

= lim [’y/ de—i—/ K(rnz + yn)|wy,
R RN

n—00 N |m_|_7n;1yn‘2s

% 20,0, do

22,0 dz| .

Since 7, y,| — oo, for each fixed ¢ we have

Wp®
lim T s
n=00 Jpn T 4 rty,|?s

z = 0.

Therefore, taking the limit as n — oo in (4.4.1), we obtain (—A)'w =

K(y)

2w, or equivalently K (y) % w solves (E? o). Moreover,

Wyw |wl|?
Y qp = [ Y da = o(1).
/RN T g / T g = oW

Therefore, proceeding as in Claim 2 of Step 5 in the proof of Theorem 4.2.1,

we obtain as n — 00

N-—2s 70 N—2s

f?(,o,o(zn) = 7{,070(%) —K(y) = I1,0,0<K<y) & w) +o(1).

To prove that (Hs)/<j2<,o,0(zn)a g0>Hs = o(||¢||), we proceed as in the proof of
Claim 2 of Step 5 in Theorem 4.2.1, the only additional estimate we need to

check is

WPn
—d = n s
| s = olle)

o(rnx + yn), |lenll = |l¢l|- This estimate follows from the

N—2s
where ¢, = r, >

Cauchy-Schwartz and the Holder inequalities. m

Lemma 4.4.2. Let X denote the Kelvin transform in RN, If (r,,),, € RTU{0}

and (yn)n C RY are sequences such that ‘%’;L' — oo and W is a positive
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solution of (EY ), then in the sense of H*(RN)-norm as n — oo

_N-2s Un

o 2 J<<W(w;gn)> :(rn|yn|_2)_Nz2SW<$ly|”_|;>+o(1). (4.4.2)

T |Yn

Proof. Let the assumptions and notation of the statement hold. Let W be a
positive solution of (E7 ). Then W(z) = Cy(1+ |z|2)~ "2 thanks to [46].
The H*(RY) norm is invariant under the scaling so that

N—2s

v (x) ::( T"P) 2 v( Tn|2x—l— y”|2) (4.4.3)

Y Yn Y

we can apply it to each side of (4.4.2) to check the convergence. The RHS of
(4.4.2) becomes W + o(1). The LHS of (4.4.2), after some algebraic compu-

tation, is transformed into

N—2s
2

70) = O (14 o)+ (1472l ) o)

[

As L%\ — 0, clearly W™ — W in H*(RY). Hence the proof is complete. []

Conclusion: In this chapter we consider, nonlocal Hardy-Sobolev equa-
tion with nonhomogeneous term in RY. Here the nonlinearity is multiplied
by a positive continuous coefficient function K > 1, whose asymptotic behav-
ior is known. First, we prove the profile decomposition of the PS sequences
for the associated energy functional. Then, using that we prove multiplic-
ity result for the equation under certain restrictions on the nonhomogeneous
term. It might be interesting to know whether we can prove multiplicity
results under weaker assumptions on the coefficient function K, say what
happens when K € (0, 1] or K is only positive and asymptotically converges
to 17
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Chapter 5

Fractional Elliptic Systems
with Critical or Subcritical

nonlinearities

In this chapter we study existence, uniqueness and multiplicity of positive

solutions to the following fractional nonhomogeneous elliptic system in RY
Q@

—AVu+yu = ——|u|*2uv|® + f(x) in RV,

(=A)u+7 a+ﬁ|‘ [0]” + f(x)

a0t = Ll o) mBY, 6L

u, v >0 in RV,

where N > 2s, o, f > 1, a+ 5 < 2%, 2% := 2N/(N — 2s), f, g are non-
trivial nonnegative functionals in the dual space of H*(RY) if o + 8 = 2¢

and of H*(RY) if a+f < 2%, whiley = 0if a+8 = 2f and v = 1 if a+ 3 < 2.

In the vectorial case, the natural solution space for (8], 5) is the Hilbert

space H*(RN) x H*(RY), equipped with the inner product

((,0),(6,8)) 1o e = (0, 0) i + (0,9)
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and the norm

1
I 0) e == (ulle + [0l )

when a+ 8 = 2%, while is H*(RY) x H*(R"™) equipped with the inner product

((w,0),(6,9)) ., = (,0) o + (0, 0) o + (u, B2 + (0, 9) 12,

HS$xHs

and the norm

1
2+ o)),

I, v)]

moxrs = ([l

if o+ <2}
In general, given any two Banach spaces X and Y, the product space

X x Y is endowed with the following product norm

1
@, 9y = (2l + wl})”.

For instance, LP(RY) x LP(R™) (p > 1) is equipped with the product norm

||(uvv)||LP(IR{N)xLP(RN) = (HUH%P(RI\’) + ||U||%P(RN))2'

When o + = 2¢

¥, we consider the corresponding weakly coupled Frac-

tional elliptic system
(—8)u = [ul*Pulol’ + f(x) mRY,

(—=A)v = 2€|v|5_2v|u|a +g(x) inRY, (ng)

uw, v >0 in RY.

It is well-known that u € H*(RY) implies u € L2 (RN) for any p € [2,2?].

loc

Definition 5.0.1 (Positive Weak Solution). When o + 3 = 2%

ER

we say
(u,v) € H*(RN) x H*(R") is a positive weak solution of (89.) if u, v >0 in
RN and

(e
Hsxfs 2% Jr

|u|a_2u|vlﬁ¢dx+2ﬁ* |v]6_2v|u|o‘wda:
N s RN

((u,v), (6,9))

+ (HS)/<f7 ¢>Hs + (Hs)/<g, ’l/})H5
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holds for every (¢,v) € H*(RN) x H*(RY), while if o + 3 < 2¢ a couple
(u,v) € H*(RY) x H*(RY) is said to be a positive weak solution of (8], 5) if

u, v > 0in RY and

<(U7 v), (¢, ¢)>HS><HS = Oziﬁ /RN |U|Q_QU|U|B¢dx+ af—ﬁ . |v|ﬁ_2v|u|°‘¢dx

+ H—5<f7 ¢>Hs + H—S<ga1/’>Hs

holds for every (¢,v) € H*(RY) x H*(RY).

Define
5 ol B
we s ®N)\{0} |[ull3: OB T e Hs (RN )\ {0} ull?
and
ul|%. + ||v|)
(u,w)eHs (RN )x H3(RN)\{(0,0)} /2%
[ el
RN
Sa,8) =
- [l + vll% .
f f < 2%,
(“7”)EHS(RN)IXHHS(RN)\{(QO)} 2/(a+B)’ if a+p s
( / |u|“|v|ﬁdx)
N

In the celebrated paper [46] Chen, Li and Ou prove that when a+ 5 = 2% the
Sobolev constant S,.3 = S is achieved by w, where w is the unique positive

solution (up to translations and dilations) of
(=A)*w =w® "1 in RY, we HRY). (5.0.1)

Indeed, any positive solution of the above equation is radially symmetric,
with respect to some point zg € RY, strictly decreasing in r = |z — x|, of

class C*(RY) and so of the explicit parametric form

N—2s
A 2
w(ac) = CN,s </\2+|93_IO|2> )
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for some A > 0. On the other hand, when 2 < a+ 8 < 2%, Frank, Lenzmann
and Silvestre in their celebrated paper [71] prove that S,4s is achieved by

unique (up to a translation) positive ground state solution w of
(—AYw+w=w""" inRY, we HRY).

Furthermore, w is radially symmetric, symmetric decreasing C*°(RY) func-
tion which satisfies the following decay property in RY

c! C

R < -
1+ |I|N+2S — w(:c) 14+ |x|N+2s’

with some constant C' > 0 depending on N, o+ (3, s.
Next, we recall a result from [64] ( [8] in the local case) which states the

relation between S, 3 and Sy 5.

Lemma 5.0.2. [6/, Lemma 5.1] In all cases a > 1, 5 > 1, with a+ [ < 2%,

_B_ —a
o= (5) 7+ (5) 7 e

Moreover, if w achieves Syip then (Bw,Cw) achieves S, g for all positive

constants B and C' such that B/C = \/a/.

it results

The scalar version of (80;) has been considered by Bhakta and Pucci
in [31], where they prove existence of at least two positive solutions. This
class of problems in the scalar and local cases, involving Sobolev critical
exponents was treated in the pioneering paper [39]. Then existence was
extended in [107] to multiplicity results. These kind of problems were studied
in several directions. Let us mention [43,44,91,104, 109] for more general
perturbations and [50] for existence of sign changing solutions. Versions for
systems were extended, for instance, in [37,79,80,112] and in the references
therein.

Elliptic systems arise in biological applications (e.g. population dynam-

ics) or physical applications (e.g. models of a nuclear reactor) and have
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drawn a lot of attentions (see [8,51,92,98] and references therein). For
systems in bounded domains with nonhomogeneous terms we refer to [35].
Problems involving the fractional Laplace operator appear in several areas
such as phase transitions, flames propagation, chemical reaction in liquids,
population dynamics, finance, etc., see for e.g. [41, 58].

In the nonlocal case, there are not so many papers, in which weakly cou-
pled systems of equations have been studied. We refer to [30,47,55,64,77,80],
where Dirichlet systems of equations in bounded domains have been treated.
For the nonlocal systems of equations in the entire space RY, we cite
[26,68,69] and the references therein. In the very recent work [26], we have
proved existence of one solution to (Sl,ﬁ) when f and g are nontrivial but
11l g7y and [|gl| 7+ are small enough. To the best of our knowledge, so far
there have been no papers in the literature, where uniqueness/multiplicity of
positive solutions have been established for (88;), with the fractional Lapla-
cian and the critical exponents in RY. The main results in the chapter are

new even in the local case s = 1.

5.1 Main Results

Our first result concerns about a general existence result for our Fractional

elliptic system with both critical and subcritical nonlinearity.

Theorem 5.1.1. (i) If a + f = 2%, and f, g are nontrivial nonnegative
functionals in the dual space H*(RN)Y of H*(RN) such that ker(f)= ker(g),
then system (85.) admits a nontrivial solution (u,v) such that u > 0 and v >
0, provided that 0 < max{||f| zsy, |9l (zsy} < d for some d > 0 sufficiently

small.

(17) If a + B < 2%, and f, g are nontrivial nonnegative functionals in

the dual space H*(RY) of H*(RYN) such that ker(f)=ker(g), then (8] ;)
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admits a nontrivial solution (u,v) such that u > 0 and v > 0, provided that

0 < max{|| f|| g+,

l9||z-s} < d for some d > 0 sufficiently small.

Furthermore, in both the cases (i) and (ii) if f = g, then the solution
(u,v) has the property that uw # v, whenever o # (. Finally, if « = [ but
f Z£ g, then u # v.

This is the main result proved in [26].

Definition 5.1.2 (Ground state solution of (85.)). We say that a pair
(u,v) € H*(RN) x H*(RN) is a ground state solution or least energy so-

lution for (Soz), with f =0 =g, if (u,v) is a minimizer of S .

Lemma 5.0.2 poses a natural question: are all the ground state solutions
of (89.), with f = 0 = g, of the form (Bw,Cw), where w is the unique
positive solution of (5.0.1)7

We answer this question affirmatively in our first main theorem which is

stated as below.

Theorem 5.1.3 (Uniqueness of ground state for homogeneous system). Let

(ug,v0) be a minimizer of S, 5. Then there exist T, B > 0 such that

(uo, v9) = (Bw, Cw), with C = Br, 7=

Ll

where w is the unique positive solution of (5.0.1).

The above result partially extends the uniqueness theorem due to Chen,
Li and Ou [46] from the scalar case (5.0.1) to the system (89.) with f =
0 = g. Theorem 5.1.3 proves the uniqueness of ground state solution of the
system (Soz) when f = 0 = g and also generalizes [64, Lemma 5.1], where
as in [46] uniqueness has been established among all positive solutions of
(5.0.1).

Our next main result is the multiplicity of solutions for the nonhomoge-
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neous system (85, ).

Theorem 5.1.4 (Multiplicity for nonhomogeneous system). Assume that
f, g are nontrivial nonnegative functionals in the dual space of HS(RN) with
ker(f) = ker(g) and

N 4s
. _y <C"S"4$7 h C = 2*_]_7
masc{ ||/ ey Ngll oy} < CoSieps where G <N+zs><s )

N

—2s
4s
Y

then (85.) admits at least two positive solutions.
Furthermore, if f = g, then the solution (u,v) of (ng) has the property
that u #Z v, whenever a # . Finally, if o = B but f # g, then u # v.

Theorem 5.1.3 and Theorem 5.1.4 are the main results of [25]. Theo-

rem 5.1.4 complements the mentioned work [26] on (89.).

The proof of the uniqueness Theorem 5.1.3 is inspired by some arguments
made in [49] and [96] (also see [48]). The main difference is that in our case
the nontrivial solution (u,v) has both components nontrivial, that is u # 0
and v # 0, and in the proof it was necessary to deal with a non symmetric
system.

To prove the multiplicity Theorem 5.1.4, the main difficulty is the lack of
compactness of the Sobolev space H*(RY) into the Lebesgue space L% (RV).
For this reason the functional associated to system (ng) may fail to satisfy
the Palais-Smale condition at some critical levels. To overcome this, it is
necessary to look for a nice energy range where the (P.S) condition holds in
order to use variational arguments. Classification of (PS) sequences associ-
ated with a scalar equation (local/nonlocal) has been done in many papers,
to quote a few, we cite [31,54,88,94,95,105]. To the best of our knowledge,
the (PS) decomposition associated to systems of equations has not been
studied much. We quote the recent work [96], where in the local case the
(PS) decomposition was done for systems of equations in bounded domains.

Again to the best of our knowledge, in both the local and nonlocal cases,
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Proposition 5.4.1 (see, Section (5.4)) is the first result where the (PS) de-
composition has been established for system of equations in the whole space
RYN. Next, to prove multiplicity of solutions, we decompose the space H S(RY)
into three disjoint components. The first solution is constructed using a min-
imization argument in one of the components. Another solution is obtained
by combining the Ekeland’s variational principle with a careful analysis of the
critical levels by using the homogeneous unique solution with some estimates
in a slightly larger Morrey space.

The chapter has been organized as follows. In Section (5.2), we prove
existence of one positive solution of the system (8], 5), namely Theorem 5.1.1.
In Section (5.3), we prove the uniqueness for the ground state solution of
the homogeneous system, namely Theorem 5.1.3. Section (5.4) deals with
the Palais-Smale decomposition associated with the functional of (88) In

Section (5.5), we prove Theorem 5.1.4.

Remark 5.1.5. Adapting the arguments in the proof of Theorem 5.1.3 and
Theorem 5.1.4, the results of uniqueness and multiplicity can be obtained for

the following system of equations:

a)

(CAyu+u= gl ol + f(@) R,
(A)yv+v=— f /3’”|ﬁ*2v|u|a +g(z) in RV, (5.1.1)
u, v >0 in RY,

where N > 2s, o, f > 1 and a+f < 2%, and f, g are nonnegative func-
tionals in the dual space of H*(RY) (see Theorem 5.1.1, for existence

of solutions). It is known that the scalar equation
(=A)u+u=|u/*P 2 in RY (5.1.2)

has a unique ground state solution (see [71]). If w denotes the unique

ground state solution of (5.1.2), then it can be shown that (rw,tw) is
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a ground state solution of (5.1.1) when f =0 = g and r/t = \/a//f.
Next, following an argument similar to Theorem 5.1.3, with obvious
modifications, it can be shown that any ground state solution of (5.1.1)

with f =0 = g is of the form (rw,tw) where r/t = \/a/f.

b)
(—8)w = Zea(w) u*ulo)’ + f(x) in R,
(—A)*v = f*b(x)lvlﬁ‘%lul“ + g(z) in RV, (5.1.3)
u, v >0 in RY,

where o, 8, f, g are as in (SO;) and the potentials a, b are continuous
functions in RY with a,b > 1 and a(z), b(z) — 1 as |z| — oo. See for

instance [31] in the scalar case.

c) One can also try to adopt the methodology of this paper in order
to study the system of equations involving the Hardy operator i.e.,
if (—A)® is replaced by the Hardy operator (—A)® — [z, Where
v € (0,7nvs) and vy is the best Hardy constant in the fractional
Hardy inequality. The multiplicity question in the scalar case was al-

ready solved for this problem in the recent paper [27].

Remark 5.1.6. Theorem 5.1.3 proves uniqueness of ground state solutions
of (88;) with f = 0 = g. Therefore, it is interesting to ask if any positive
solution of (83.) with f = 0 = g is of the form (rw,tw), where r/t = \/a/p

and w is the unique positive solution of (5.0.1).

5.2 Proof of Theorem 5.1.1

Before proving the main Theorem 5.1.1 let us present some auxiliary results.
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Lemma 5.2.1. There exists a positive constant C = C(«, 3,s, N) such that

1/2*
( / |u|“|v|ﬂdx) < Cll(u,v)]
RN

for all (u,v) € H¥(RY) x H*(RN), while if o + 3 < 2}

1/(a+B)
([ as) < cluo)

for all (u,v) € H*(RN) x H(RY).

when o+ 3 = 27

HesxHs

Hs(RN)x Hs (RN)

Proof. 1t easily follows from the definition of S,1s and the inequality
tIrl® < 14 + 7]+
for all (t,7) € R2 O
Finally we prove a short useful result
Lemma 5.2.2. In all cases a > 1, > 1, with a+ 5 < 2%,
S(a.B) > Satp
holds true.

Proof. If a > [, then using Lemma 5.0.2,

B —a
S(a,8) (oz)‘”ﬁ (oz)“*ﬁ <o¢>°‘+5 a—+p
D (L) () = (¢ > 1
Sa+8 B B 5 a

Similarly, if & < 8 then

B

_B8_ o __B_ _a _a -1
S(a,ﬁ) B g a+p g a+/3_ é at+p é a+5_ é a+p é
=) 6 -0) 0 -G )

Further, Si,,8) > 2S04 for a = 3. O
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We are finally in a position to prove the main result and we simply say

that a couple (u,v) is positive if both components are positive.

Proof of Theorem 5.1.4 — Part (i). Let o + 5 = 2%. We note that system
(89.) is variational and the underlying functional is

1 «
Hoxirs ~ o / [ul*[v]” de — ey S ) s = (aroy (95 V) g
s JRN

1
Ipau,0) = 5w, v)

which is well defined in H*(RY) x H*(RM) and of class C! (HS(]RN) X
HS(RN)). Moreover, if (u,v) is a solution of (85.), then (u,v) is a posi-
tive critical point of Iy, and vice versa.
Let us now introduce the auxiliary functional
2 1 a, B
froxire T o [ uGvyde = ey s @ gre = (arey (9, V) g
RN

s

1
Trglu,0) i= S (,v)

which is well defined in H*(RY) x H*(RM) and of class C' (HS(RN) X
HS(RN)), with second derivative. Indeed, for all (u,v), (¢,7) € H*(RN) x
H*(RYN)

Ty, 0) (660, (6.9)) = (6.0 — 2E D / w208 2 dr

_5(52*_1)/ uivﬁ_2 2d 2(15/ ug L) da,
RN
(5.2.1)

s

Using Holder’s and Sobolev’s inequalities, we estimate the second term on

the RHS as follows

2 a2 8
/RN w0 ¢?dx < (/RN |¢|2:dx> - </]RN lu 2zdx> : </]RN |v|23dx> -
< 57 522 ol g%
S (O] A [CRO1 .
In the inequality we have used the fact that ||ullg. < ||(u,v)| gsygs and

a+ [ = 2%. Similarly,

2% -2
}i;SXHS”(¢7 ,l/})| %JSXHS'

[ ut e ar <57 ¥ (o)
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Furthermore,

/u+ v ¢wdx<(/ |¢|2?dx)s</ |w!23dx>s
RN RN RN

o=t &

(/ ]u\%dx> ’ (/ |02:dx> ’
RN RN

B-1

S—= *_
< 5 @ Ty (s 011

HsxHs"

Thus, substituting the above three estimates in (5.2.1), we obtain
2
S 2 252

| (u,v) Hs_st{ (a—1)+p(B—-1) —I—aﬁ}) .

T (w,0)((6,9), (6,9)) > (1 _

S

N1y ) e e

Therefore, J{ (u,v) is positive definite for (u,v) in the ball centered at 0 and
of radius r in H*(RN) x H*(RY), where

2% 252y
r= 2 Sis,
<a2 + B+ af - 2:)

Hence J;, is strictly convex in B,. For (u,v) € H*(RY) x H*(RYN), with

H(u,v)] Hsxpgs =T
1 o B
Jrg(u,v) = 2”(“ olf3 Hexis — ? ujvydr — (HS)/<f7 ) s — (HS)’<97U>HS
RN
1 *
> (5-3 Sw )1 = (Ul + Dl el

| %
2(2 S( a 2>T2_(”f||<Hs>f+”9”<Hs>')7‘

2%

252 _ 23 = :
AS e = ms 2, we Obtaln

2%

S

1 1 S \?
> == 2 _ TS/ TsY! ) -
Twn) |3~ g ar—g (5o ) |7 Wl + o)
(5.2.2)
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We claim that
g 2r /2
W”) > 2. (5.2.3)

(a®+ B+ af — 2;‘)(3
By Lemma 5.2.2 and a + 8 = 2%, we have

(> + 3 +af - 2)) (Sf;’””)

N
’\"m *

> (2452 +af —20) S(g’ﬁ)

8
= |22 - 1) - af] <5> =,
Since 2% > 2, to prove (5.2.3) it is enough to show that

r -1 -] (5)

© *‘m

1
—>1.
o

Now,
B 258
X 2%

» ¥

ﬁ*
220~ 1) — af] <g> S;>1<:>2;(2;—1)—a5>5

1
=232, -1) > ap 1+[32§_61.

Since, o, # > 1 and a + 3 = 2}, we have

<28 < (O‘J;B)Q - %)2 <25 (28— 1).

1 1
+ B 28
o B 23

Hence the claim (5.2.3) follows.
Now, by (5.2.2) and (5.2.3) there exists a number d > 0 such that

af

’ )Hm Jfg(u,v) >0, provided that 0 < max{||f{| sy, l9ll sy} < d-
U V)| grs s =T

Furthermore, for (u,v) € H*(RY) x H*(RN), with v > 0 and v > 0,

< 0 for t > 0 small enough
(5.2.4)

Jg.q(tu, tv)
> ( for ¢t <0 small enough,

since f and g are nontrivial. Combining this along with the fact that Jy 4 is

strictly convex in B, and

Jf,g(u,v) >0= ijg(0,0),

(ws0)ll grs s prs =7
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we conclude that there exists a unique critical point (@, v) of Jy4 in B, such
that
Jpq(u,v) = inf Jpq(u,v) < Jpg(0,0) = 0.

llCws0) s s prs <7

Therefore, (u,v) is a nontrivial solution of

(—A)'u= Q*Ui Wi + f(x) in RV,
(—A)v = ivi_lu‘j‘r +g(z) inRY, (5.2.5)
u, v € HS(RY).

Since, f and g are nonnegative functionals, then taking (¢, ) = (u_,v_) as

a test function in (5.2.5), we obtain

o et m)*‘;‘iﬁs)“(y”dxdy—ufa_r?

—[la-II7

Hs
U4 (y)v-(z) + 04 (2)0-(y)]
dzd
//W e sy
~ U)o+ (9, 0-) g > 0.
This in turn implies u_ = 0 and v_ = 0, i.e., u > 0 and v > 0. Therefore,

(@, ) is nontrivial nonnegative solution of (83.).

Next we assert that (u,v) # (0,0) implies u # 0 and v # 0. Suppose
not, that is assume for instance that u # 0 but v = 0. Then taking the test
function (¢,v) = (u,0) we get

1l = oy (s ) -
Next, choose as test function (¢, ) = (0,u), so that

(H.s)/<g7 Q_L)HS =0.

= = 0, since ker(f) = ker(g) by assumption. This contradicts

the fact that (u,v) # (0,0). Similarly, we can show that if « = 0 then v = 0

too. Hence the assertion follows.
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Let us claim that @ > 0 and © > 0 in RY. To prove the claim, first we
note that taking the test function (¢,v) = (¢,0), where ¢ € H*(R") with

¢ > 0, we obtain

«

<ﬁ7 ¢>H5 aa_166¢dx+ (HS)’<f7 ¢>H5 Z 07

2: RN
as f is a nonnegative functional and u, v > 0. This implies u is a weak

supersolution to

(—A)°u=0.

Therefore, applying the maximum principle [56, Theorem 1.2 (i)}, with ¢ = 0
and p = 2 there, it follows that u > 0 in RY. Similarly, taking the test
function (¢,v) = (0,%), with ¢» € H*(RY) and ¢ > 0, yields o > 0 in RY.
This proves the claim.

The final assertion will be shown below by the method of contradiction.
Therefore, let us suppose u = v and divide the proof in the two cases covered
by the theorem.

First, we assume f = g but a # 3. Then, taking the test function
(6,9) = (&, —7) yields

1

—(a— ﬁ)/ u*Pdr = 0.
2: RN

This is impossible since « is positive in RY.
In the remaining case, we assume o = § but f # g and ker(f) =ker(g).
Then taking the test function (¢,v) = (¢, —¢), where ¢ € C(RY), we

obtain
(Hsy<f —9:¢)gs = 0.
This in turn implies f = g as ¢ € C°(RY) is arbitrary. This contradiction

completes the proof of Part (i).

Part (ii). The proof follows along the same lines as in Part (i), therefore

we just mention only the differences. It is easy to see that the associated
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functional corresponding to (8, 3) is now
1
2 «
el LA e T P T
Let us introduce the auxiliary functional as
- 1 1 N
Jﬁg(u? v) = 5“(“7 U)’ %‘ISXHS _m /]RN u—i-vf- dz— - <f? u>HS T H® <g7 U>H5?

which is well defined in H*(R™)x H*(R") and of class C"* (HS (RY)x H(RY)),

- 1
Ipg(u,v) = 5 |(u, v)]

with second derivative. Arguing as before, we obtain for all (u,v), (¢,%) €

H*(RN) x H*(RN)
J1 4w, 0)((6,0), (6,0))

Oé(Oé—l) a B
— 1@ D e — S [ s

a‘i‘ﬁ HSxHSs"

_atB
Sats atf—
> (1 — 20, ) 5 [ = 1) + BB — 1) + aﬁ}) N ICRDI
Therefore, .J % ,(u,v) is positive definite for (u,v) in the ball centered at 0 and

of radius r in H*(RY) x H*(RY), where

_ a+f atp2 Sz“‘“’ 3
a?+ B2+ aff — (a+ B) oth

Hence J;, is strictly convex in B,. Furthermore, for all (u,v) € H*(RY) x

H*(RYN), with || (u, v)|| gsxms =7,
| 1 Sois\ T
j > - a+6 2_ —s —s .
f.g(u,v) > 2 2+ +aB—(a+p) (S(cx,ﬁ)> ]7" (1 f |- + [lgll <)
(5.2.6)

Since S(a,3) > Sayp by Lemma 5.2.2, we have

S (a+B)/2
(®+ 5 +aB—(a+h)) (““’B))

Sa+p

> (a2 + 324+ af — (a+ 6))?0:’2)

— [(a+B)la+8-1)-af] (g)“i"o‘”.

«

148



5.3. Uniqueness for the homogeneous system

Therefore, to prove
Sias) (at+B)/2
[o? + 24+ af — (a+ 6)] (W ) > 2,
Sa+p

it is enough to show that

[(a—l—ﬁ)(a%—ﬂ—l)—aﬁ} (g)aﬂg;>1,

since o + 3 > 2. Actually, the above expression is equivalent to
1

L+ sa] :

Qats fais

As a, f > 1, a straight forward computation yields

<20¢6§(a+26)2<(04+5)(04+ﬁ—1).

(a+B)a+pB—-1)>ap

1
OéﬂllJraa

amﬁm

Therefore, (5.2.6) implies the existence of a number d > 0 such that

inf Jig(u,v) >0, provided that 0 < max{||f| s,

(w0l s xcms =r

|9llz-+} < d.

From here on, proceeding as in the proof of Part (i), with obvious changes,

we get the assertion.

]

5.3 Uniqueness for the homogeneous system

First we need an auxiliary lemma which will be used to prove Theorem 5.1.3.

Consider the following system with a parameter p > 0

(=A)u = plul*2u + %|u|a_2u|v|5 in RY,
(—A)%v b w|?2vful® in RY,

2
u, v >0 in RY.

Associated to (5.3.1), we define

2
w, V)%,
Spap = inf Gy ) e

(uy0)€FTs x F9\{(0,0)} ) 2/23°
(,u/ |u\28dx—|—/ ]u|a|v|5dx>
RN RN
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1472

Lemma 5.3.1. (i) Let h(7) := (TR
p+70)2%

0 such that for u € (0, up),

7 > 0. Then there exists py >

Spas = h(10)S,  where  h(ro) = minh(7).

Furthermore, 19 = 10(u, o, 5, N, s) > 0.
(it) For any r > 0, (rw,rmw) achieves S, o3, where w is the unique

positive solution of (5.0.1).

Proof. Let {(u,,v,)} be a minimizing sequence for S, ,3. Choose 7, >

0 such that [|vn| 25 gry = Talltnll g2 gry. Now set, z, = In. Therefore,
Tn
[wnll 25 gy = l|2nll 25 vy and applying Young’s inequality,
a * *
/ lup %] Pd < 2/ i 23dx+26*/ o Pda
RN s JRN s JRN
= / |[un, 2:da/;:/ |2 | dar.
RN RN
Hence,
[wnll. + [[onll %
Su,a,ﬁ"’O(l) = A 1 2/2;
(u/ |, 2~’5dx—|—/ |un|“]vn|5dx>
RN RN
N [
= 272
(e | wrere)
RN RN
7o llunll%,

* 277
<u/ |20 |%* da + Tf/ \un\o‘]znlﬁdx>
RN RN

1 [[un

/8 *
<N+Tn)2/25 (fRN |Un
N T 20|

(ju 4 7 )2/2% (fRN 2

2
Hs

2idz

)2/2§

2.
Hs

2idzx

>2/2;

1 2
%S > min h(7)S.
e+ rpr = b
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Note that h is a C' function with h(7) > 0 for all 7 > 0, h(T) — oo as
T — oo and h(T) — ,u_% as 7 — 0. Therefore, there exists 7y > 0 such
that min,~qh(7) = h(7y). Next, we claim that 79 > 0, if we choose p > 0
small enough. To prove the claim, first we note that h(0) = /f% and
h(1) = 2(1 + pu)~2/%. Therefore, we can choose iy > 0 small enough such
that for u € (0, po), h(0) > h(1). Thus, h can not attain global minimum at
0, if € (0, pp). Hence 15 > 0.

Consequently, S, o5+ 0(1) > h(19)S, and as o(1) — 0 as n — oo, we get
Spa,p > h(19)S. On the other hand, choosing (u,v) = (w, Tyw), we easily see
that S, .5 < h(79)S. Hence S, o5 = h(10)S.

Since 7y is the minimum point for A, clearly h'(m9) = 0. Thus 7 satisfies
T(MQ: +arf — 573_2) = 0.

But 79 > 0, and so 7y satisfies u2* + ar? — 87772 = 0. This proves (i).

(ii) Note that for (u,v) = (rw,rrow), an easy computation yields
2
(s ) o gy

2/25
<,u/ |u 2:dx—l—/ ]u\“|v|5dx>
RN RN

Hence using (i), we conclude that S, s is achieved by (rw, rrw). O

= h(Tg)S

Proof of Theorem 5.1.3

Proof. Suppose that (ug,v9) and w achieves S, g and S respectively. We are

going to prove that there are r,¢ > 0 such that
(ug, vo) = (rw, tw).

Claim.

« r
/ |U0|a|Uo|’B dz = Tat’B/ w® dzr, whenever - =
RN RN t

SIE
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b) There exists r > 0 such that

* * *
luo|® do = r? w* dz.
RN RN

Assuming the Claim for a while, first we complete the proof.

Indeed, fix r as found in claim b) and set ¢ = r\/8/a. Therefore, by

Lemma 5.0.2, (rw,tw) achieves S, . Consequently, (rw,tw) solves (85.)

with f =0 = g and

%T,a—2tﬁ - 1= 26*7.0675/3_2_ (533)

Now define (uy,v1) = (%, *2). Then, by Claim a) we have

1 Q ar®th
2 a2 — ol 18 dy —
el r2||u0”Hs 2:r2 /RN [tol*[vo]” dz 2:r2 /]RN [w

where for the last equality we have used (5.3.3). Similarly, it follows that

% dr = |Jwl..

ol = llewll-

Therefore

a3, = llwliFe = lloallFe (5.3.4)

Further, using Claim b) in the definition of u; yields

/ |u12:dx:/ |w
RN RN

Combining (5.3.4) and (5.3.5), by the uniqueness result in the scalar case,

% da. (5.3.5)

see [48], we conclude that
w1 = w, that is uy = rw.

Now we prove that v; = w. Indeed, by Claim a)

/2] B/23
/ lw|* dx:/ luy|*|vy[Pde < (/ |u1]2§dx> </ N 23dx>
RN RN RN RN
/2] B/23
= (/ |w|23dx> (/ ]Ul|28dx> .
RN RN
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Consequently, ||wl|;2r < [Jv1]|;2:. Combining this with (5.3.4) and the fact

that w achieves S, we obtain

STl e = ST wll e = wll or < Nloall o < S7V2||n]

He-

Hence the inequality becomes equality in the above expression, i.e., v;
achieves S. Again by the uniqueness result in the scalar case, we conclude
that

v1 = w, that is vy = tw.

This proves Theorem 5.1.3. Now we are going to prove the Claim. First, we

prove Claim a).
Consider the following problem with a parameter u > 0

(—A)*u = %‘jﬂuwuw in RV,

s

u,v>0 in RY.

Associated to (8,), define the following min-max problem

B(up) = inf max F,(tu, tv),
() (u,0)€FIs x E9\{(0,0)} >0 A )

where

1 M @
Euu,) = g0 0By~ 4 [ fullol?do

Note that there exists t, > 0 such that
max E, (tug, tv) = E,,(t,u0,t,00),
where t,, satisfies
H(p,t,) =0 and H(p,t):=C — puDt*2,

with
C' = ||(uo, vo)|

Hsx Hs

2 and D = / |ug|®|vol? da.
RN
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Since (uo, v) is a least energy solution of (85.) with f =0 =g,

H(1,1) =0, aatH(l,l) < 0 and H(p,t,) =0.

By the implicit function theorem ¢, is a C* function near of u = 1, and

(2]

. _?H o
p= * :
Z ;| ., (-2

By the Taylor formula around p = 1, we have
tu(p) = 1+ 4,(1) (e — 1) + O(|ln — 1)
Consequently,
tu(p) = 1+ 24,(1) (1 — 1) + O(|pe — 1]).

Further, as H(p,t,) = C' — pDt%™* = 0 and C' = D, we have t>72 = u~".

Therefore,
B3 < Byl ) = (5~ 5 oy
- ti%ll(u(),vo)l foserrs = 1 B(1)
= B() = gy B = )+ Olu—1F)

(5.3.6)

From the definition of B(1), a direct computation yields

s )1y s )1/(23‘2)

B(1) = _inf Ei(tu,tv), where = <
(u0)€H* X H\{(0,0)} Jan [ulo|v]Pdz

2 21/(2:-2)
I < 1t 0) e )
(uw)eF*xH\{(0,0)} N ( o |u|a|v|ﬂda:)2/ ’

s ;32_5( (10, v0) % e >2;/<2;—2)
2/2;
(fRN ’u0|a|7j0’6dx)

Substituting the above value of B(1) in (5.3.6) yields

_ 2 —
SN TN

D
= (5.3.7)
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Thus
B(u)— B |<-2+0(u-1) if p>1
(w) - 1( ) 2 (5.3.8)
a > -2 4 0(u—1]) if p<l.

D
The first inequality in (5.3.8) implies B'(1) < ~% and the second inequality

S

D
in (5.3.8) implies B'(1) > ——. Hence,

23
D 1
B(l)=—r=— [ [uo|*vo|’ da. (5.3.9)
28 28 RN

On the other hand, proceeding as in (5.3.7), we derive that

2 25/(25-2)
s = ot (e )
N 3772 (uo) e xH\{(0.0)} (fRN \u|a|v]ﬁdx)f

2*
s 1 w5

= ——S3"
N = F

Since, (rw,tw) (for any r,t > 0 with r/t = /a/f) is also a ground state
solution of (89.) with f = 0 = g, from the above expression of B(u), we

obtain

% da.

1 . 1P
B(p) = % 5 ro‘tﬁ/ lwl*dz = B'(1)= _7‘2* / |w
U2 RN s JRN

Comparing this with (5.3.9), we conclude that

RN RN

where 7,t > 0 are arbitrary with r/t = /a/8. This proves Claim a).

% de,

Let us turn to the proof of Claim b). Let ug be as in Lemma 5.3.1.
Consider the system (5.3.1) with ¢ € (0, yp) and define the following min-

max problem

B(u) = inf max E, (tu, tv),
(1) (u,0)€FIs x E9\{(0,0)} >0 4 )

155



CHAPTER 5. FRACTIONAL ELLIPTIC SYSTEMS WITH CRITICAL OR
SUBCRITICAL NONLINEARITIES

where

By(u,0) 1= (w0

2 K 2% 1 o
HS(RN)XHS(]RN) - 2:/RN ‘U/ sdx — ?;/RN |U‘ |U|B dz.

Note that there exists ¢, > 0 such that

max E,(tug, tvg) = E,,(tuo, tuvo),

where t,, satisfies
ﬁ(MJ t,u) =0 and j:[(/,l,’ t) =(C — (/JG + D)t2:72

with

C = ||(uo, vo)|

F G:/ lug|* dz  and D:/ || *|vo” dar.
RN RN

Since (uo, vp) is a ground state solution of (83.) with f =0 =g,

- o - . o .
AO.1)=C=D=0, ZH01)=~(2-2)D and 5 H(0,1)=-C,

evaluated at t = 1 and p = 0. By the implicit function theorem ¢, is a C*
function near of = 0, and

-
ol G

' |um0= —F—= |m0t=1= — .

The Taylor formula around p = 0 and ¢, = 1 yields

tu(p) = 1+ pt;, (0) + O(|ul?),

consequently,
20\ _ 2
tu(1) =1+ 2ut,(0) + O(|p]).
Now B(0) = B(1), where B(.) is as defined in the proof of Claim a). There-
~ sD
fore, B(0) = —.
ore, B( )~ N
Since H(u,t,) = C — (uG + D)t*72 =0, and C' = D using an argument

as before, it follows that
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B(p) < Epu(tyuo, tyve) = Z;ZC 1;‘2‘ (WG + D)
= ti‘sj? =12 B(0)
~ B0~ Gy B(0)+ Olluf)
= B(0) = 5:Gn-+ Ol
Then
B'(0) = Eﬁw = —QG: = —212 » |uo|* da. (5.3.10)

On the other hand, from the definition of B(yu), a straight forward computa-

tion yields

B(M) = . 1Ilf E (EUJE/U)’
(u)eFrsx N\ {00)} "
5 1/(25-2)
Where t~: ( H(u’ U)| - ) 7
p Jon lul®da + fon fulful?de
| I, o) r;/@m
pu— . s . s * 2/2;‘
N (u)ers xE:\{(0,0)} (1t o [l d + [ [ul*[v]?d)

Since by Lemma 5.3.1, S, o g is achieved by (rw, 7orw), an easy computation

~ s 14 \EE
Bp) =<\ 795 |u
N (u+19)%% RN

As a consequence,

» 1 1 2 25/(25-2)
B/(O) _ _2*< +6’7'0> / |w
s 70 RN

i (1 +T()2>1/(2§2)
T = 5 )

yields

Y dz.

% da.

Now set
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Therefore, B'(0) = . / |w
RN

5% % dz. Comparing this with (5.3.10) yields

/ luo|% daz = 7% / |w
RN RN

This proves Claim b). Thus, we conclude the proof of Theorem 5.1.3. O

% da.

5.4 The Palais-Smale decomposition

In this section we study the Palais-Smale sequences (in short, (PS) se-

quences) of the functional associated to (ng), namely,

1 (03
3o L 7101 Ay ) = g . )

) (5.4.1)
We say that the sequence {(up,v,)} € H*(RN) x H*(RY) is a (PS) sequence
for Iy, at level 3 if It 4(un,v,) — B and I} (un,v,) — 0 in (HS(RN) X
H* (RN ))/ It is easy to see that the weak limit of a (PS) sequence of Iy,

1
If,g(u, U) = 5”(“7 U)Hijsxys -

solves (89.) except the positivity.
However the main difficulty is that the (PS) sequence may not converge
strongly and hence the weak limit can be zero even if § > (0. The main

purpose of this section is to classify (PS) sequences for the functional I;,.

Proposition 5.4.1. Let {(u,,v,)} € H*(RN) x H(RY) be a (PS) se-
quence for Iy, at a level v. Then there exists a subsequence (still denoted by
{(tn,vn)}) for which the following hold :
there exist an integer k > 0, sequences {z'}, C RN, ri >0 for 1 <i <k,
pair of functions (u,v), (;,9;) € H*(RN) x H*(RN) for 1 <i < k such that
(u,v) satisfies (89.) without the signed restrictions and
(~A)@ = Sl al6)” nRY,
: (5.4.2)

B2 -
(—A)’y; = §|vi|ﬁ 20| ;| in RY,
S
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k o
(U, vn) = (u,v) + Z(ﬂz, ;) " 4 o(1),
i=1
N—2s

where (;, 0;)™ :=r~ "2 (al(x;y),@(x;y))

| | (5.4.3)
and o(1) = 0 in H*(RY) x H*(R"),

k
v = Ipg(u,v) + > Too(t, 0;) 4 o(1),

=1

rt — 0 and either 2! — ' € RN or |z’ | — 00, 1<i <k,

r
log <J> ‘ +
Tn

where in the case k = 0 the above expressions hold without (u;,v;), =, and

] (5.4.4)

— 0 fO?"Z#],lSZ,]Sk,

Tn

%

Tn-

Remark 5.4.2. From Proposition 5.4.1, we see that if {(u,,v,)} is any
nonnegative (PS) sequence for Iy, at level v, then {(u,,v,)} satisfies the
(PS) condition if v can not be decomposed as v = 54 (u, v)+3F_, Ino(i, ¥;),

where k > 1 and (@, 0;) is a solution of (5.4.2).

Before starting the proof of this proposition, we prove some lemmas which

will be used in proving Proposition 5.4.1.

Lemma 5.4.3. [38, Theorem 2| Let j : C — C be a continuous function
with j(0) = 0 and satisfy the following hypothesis that for every e > 0, there

exists two continuous functions . and . such that

§(@+b) = i(a)] < ep=(a) + v(b) Va,beC.
Further, let f, = f + g, be a sequence of measurable functions from RN to C
such that
(1) gn — 0 a.e.
(i) j(f) € L'(RY).
(11i) [on ©e (gn(:c)>d$ < C < o0, for some constant C, independent of €

and n.
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(W) [on Ve(f(x))dz < oo for all e > 0.
Then

/]RN l7(f +9gn) —J(f) —j(gn)|de — 0, as n — oc.

Lemma 5.4.4. Let o, 5 > 1. Then for every € > 0, there exists C. > 0 such

that

[+ al*ly + b1 = |2*[y]?| < e(2]° + |y**?) + Ce(la|**? + [p]*+7)
holds for all z, y, a, b € R.
Proof. Let € > 0 be arbitrary. Then there exists C. > 0 such that

o+ al*ly + 07 = [2]"yl” = |y +0"(Jo +al* —[2]) + |2|*(ly + " — [y]")

- e/2 a o
< 2+ ) (52 et + ot

it (St + )
< <{lel"l? + oplat)

+Cla bl + [yl + lalbl")
< e(laf" o ) + CUlJal + i),

where in the last inequality we have used Young’s inequality with different

. This completes the proof. O
Lemma 5.4.5. If u, — u and v, — v in HS(RN). Then

[ (jle ol = ol = fuo = e, = ol a2 = o)
RN

Proof. Define j : R> — R defined by j(z,y) = |7|%|y|®. Then j satisfies the

hypothesis of Lemma 5.4.3. Next considering

fn = (unavn)7 f = (uav)a gn = (un — U,V — U)a

we see that all the hypothesis of Lemma 5.4.3 are satisfied. Hence the lemma

follows from Lemma 5.4.3. O]
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Lemma 5.4.6. Let {(u,,v,)} weakly converge to (u,v) in H¥(RN) x H*(RN)

and pointwise a.e. in RN x RN, then
/ | 2|V d — / lu|*2ulv]’o dz  as n — 00,(5.4.5)
RN RN
/ un|*|0n] P00y dz — / lu|*|v| 20y dz as n — 00(5.4.6)
RN RN
for all (¢,v) € H*(RN) x H*(RN).
Proof. Set
M - maX{HunHLQ* ]RN)’ HUHHLQ* RN HUHLT‘(RN H ||L2 (]RN }

Using the Sobolev inequality we see that M is well-defined. Let ¢ € H*(RY)
and ¢ > 0 be arbitrary. Then, there exists R = R(¢) > 0 such that

1
(fB(QR)C |¢!2;dx) * < 5i. Note that,

[ (el 2o, = a2l do

R N [ TR
B(O,R) JB(O,R)

and using Holder inequality

[ (bl = fuf*ulof?)o da
B(0,R)°

(a=1)/23 B/2s 1/23
< ( / 22dx> ( / 2?dx> ( / y¢2§dx>
RN RN B(0,R)®
(a=1)/25 B/23 1/23
-I—(/ lu 23dx> (/ v 22dx> (/ | 2:dx>
RN RN B(0,R)°

< E&.
On the other hand, using Holder inequality as above, it is also easily checked

that (\un\a’zun\vnw — |u]a’2u\v\5)¢ is equi-integrable in B(0, R). Therefore,

applying Vitaly’s convergence theorem it follows that

Jim J - (el el = a2 ub]?)6 do = 0

Hence the lemma follows. O]
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Proof of Proposition 5.4.1:

Proof. We divide the proof into few steps.

Step 1: Using standard arguments it follows that (PS) sequences for Iy,

are bounded in H*(RY) x H*(RN). More precisely, as n — 0o

v+ 0(1) + o(1)|| (ttn, v)]

1
2 Iﬁg(umvn) - ?(HSXHS)’U},g(umUH)v(umvn»HSst

1 1
> (55 ) Il

HsxHs

HsxHs

1
= (1= 52) (Ul + Uy o)
11 ,
Z (2 - 22) ||(unavn)| Hsx Hs
1
(1= ) WPy Nl s o) e

This immediately implies that {(u,,v,)} is bounded in H*(RN) x H*(RN).
Consequently, up to a subsequence, (t,,v,) — (u,v) in H¥(RY) x H*(RN).

Further, go, oy (L7 g (tn, 0n), (9, ¥)) o gre — 0 implies

<(una7}n)> (9, ¢)>H5XHS - ;;/RN ‘un|a_2un‘vn‘f8gbda:
s

—or | Tl P vnlun| W dz = e, (F 0) g — (goy (9, ) e = (1)
28 RN

Passing to the limit using Lemma 5.4.6, we see that (u,v) satisfies (85.)
without signed restrictions.

Step 2: In this step we show that {(u, — u,v, —v)} is a (PS) sequence
for Ino at the level v — I (u,v)

To see this, first we observe that as n — oo

s +o(1).

2e o), low—vll% = vl — 0]

e = ull o = [luan - = [lul
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Using this along with the fact that (u,,v,) = (u,v), f, g € (H*(RY)) and

Lemma 5.4.5 yields

Ioo(ty — u, v, — )

1 1
= gl == = [ o=l = o
s JRN

1 1 .
5( i]s) - 2:/RN ’Un’ ‘Un"gdm

N ’un’a|vn|/jdﬂf — (Hs)/<f, un)Hg - (Hs)/<g,'vn>Hs

1
2+ 5 leall. = o]

an e = Il

1
o)
+ ey W) g+ ey (95 0) e
+21: ox {|Un\°‘|’0n|5 — |u|*|v]? = |y — ul|®|v, — v|5} dz + o(1)
= Iy g(un,vn) — Iyg(u,v) +o(1).

Next, as (u, —u, v, —v) — (0,0) in H*(RN)x H*(R"), applying Lemma 5.4.6,

we obtain

(HSXHS)/<[(/)70(’U‘?’L — U,V — U)u (¢7 w>>HS><HS

= (= 00 = 0 GO e = 3 [ = 0l = ) — 0P
s JRN
_s |t — u|*|v, — 0[P (v, — v)p da
2% Jrn
— o(1). (5.4.7)

This completes Step 2.

Step 3: Rescaling of {(uy,v,)}, in the nontrivial case.
If (ty, vn) — (u,v) in H5(RN)x H*(RN), then the theorem is proved with
k = 0. Therefore, we assume (uy, v,) 4 (u,v) in H¥(RY) x H*(RN). Set,

Therefore, we are in the case where (@i, 7,) A= (0,0) in H*(RN) x H*(RN).
Since, by Step 2, {(@n,?,)} is a bounded (PS) sequence for Iy, we have
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15 o(Tn, D) (U, D) = 0(1). Therefore, up to a subsequence
2 = / ][5z
RN

e [
RN RN

Thus (i, 7,) /— (0,0) in L% (RY) x L% (RY). Consequently,

0 < [ (tn, 0|

2%
“d < ||(Tn, D) 1282

inf | (@, On)|| p2r s p2r =0 for some 6 > 0.
Hence, applying Lemma 2.3.2,

5 < OH(U,,“’U,”)‘ ?{aXHs”(unavn)”LQ (N=2s5) » 1,2,(N—2s) S C ||(Un,'Un)||L2 (N=2s) \ [,2,(N—2s))

that is,

H(an,6n)’|L2,(N—2s)XL2,(N—25) Z Cl for some Cl > 0.

Comparing the above inequality with (2.3.4) yields existence of some C' > 0
such that

C_’ S H(ﬁn, ’ﬁn)H%Q,(N—Qs)XLZ(N—Qs) S CY?I;

that is
C< swp RV (o )y <0
B(z,R)

RN, R>0

As a result, for every n € N, there exists x,, € RY and r,, > 0 such that

L
2n

\QI
=~V
o

[0
~—

(4 )y 2 i 50 - g —
B(Z'nﬂ"n)

—~ DO
ot

Now define

N—2s - N—2s
Up :=Tn 2 Up(Tp® +Xp), Up:=7rn? Op(rpx+ ).

In view of the scaling invariance of the H*(RY) norm and L% (RY) norm,
{(tin, D)} is a bounded sequence in H*(RN) x H*(RY) and up to a subse-

quence
(Ui, Tp) — (@,0)  in H¥RY)x H*(RY) and (tin, 0) — (@, 0) in L2 (RY)x L2 _(RY).
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Therefore, using change of variable, we observe from (5.4.8) that

0 < rn%/ (Jin|? + 172y
B(xn,rn)
= [ (P + @ P)d: — [ (P +]oP)de
B(0,1) B(0,1)

Hence (@, 0) # (0,0). Clearly, up to a subsequence, either z,, — zo € RY or
|2,| — oo. Further, as (i, 0,) — (@, 7) # (0,0) in H*(RY) x H*(RY) and
(i, Ty) — (0,0) in H*(RN) x H*(RN), we infer that 7, — 0.
Step 4: In this step we prove that (u,?) solves
(—A)*u = ;]u\o‘ 2a|o)” in RY,

° (5.4.9)
(A = £|a|a|@|ﬁ—2@ in RV,

To this aim, it is enough to show that for arbitrary (¢,v) € C®(RY) x
C>(RY) it holds

(67

(@, ) frs + (0, 9) e = 5 |u|“ 2u|v|%da:+/ |@|*|5|° 200 da.

Let o, € C®(RY) be arbitrary. As (i, 0,) — (@, 9) in H*(RY) x H*(RN),
using change of variables and Step 2, that is {(u,,?,)} is a (PS) sequence

for Iy, we deduce

(@, @) s + (0, V) prs
= lim ((ﬁn, @)Hs + (1:)n, ¢>H5>

// N2 Un X + fL‘n) - un(rny + x")) ((P(:L‘) _ QD(?/)) dzdy

‘i[) _ y‘N+2s

= lim
n—oo

{ﬁw n® (o + 20) = 0y + 2)) ($(2) — 0(y)

+ Ppia=> dady
iy // rn 52' ﬁn(x)—an(y))(w(ytfl) — (% ;f”))d |
= b BN |z — y| V2 rdy
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NQS

| Bul) = 5(y)) (v (=) = v (F)
—i-nll—{go %@W |x— |N+25n = dxdy
(5.4.10)
where
Gula) = 7 o(T) and ) =7 w(T),

Tn T'n

Again applying change of variable to (5.4.10) yields us

n—oo | 9*

RHS of (5.4.10) = lim lo‘/ |ﬁn|a—2&n|5n|%dx+€/ |ﬁn|a|5n|ﬁ_25n¢dx]

- ; @]~ 2u|v|5gpdx—i-/ |a|* |v|5 2pp du,

where the last equality is obtained by Lemma 5.4.6. This completes Step 4.

Now define,

T —x,

wy(x) == ﬂn(x)—r;¥ﬂ (

) and  z,(zr) = f)n(x)—n:%f) (x — xn) :

T'n

Step 5: In this step we show that {(w,, z,)} is a (PS) sequence for I
at the level v — Iy ,(u,v) — lyo(T, ).
To prove that, first we set

N—2s N—2s
Wy :=1n 2 wp(rpe+x,), and Z, :=rn? z,(rpx+ z,). (5.4.12)

Combining (5.4.11) and (5.4.12) yields

Wy =

n—fb, Zn =

e
S

n — U,

and from the scaling invariance in the norm of H*(RY) x H*(RN) gives

HsxHs — ||<ﬁn — 4, 2:]71 - f))’

[ (wn, 20) | s s = | (Wn, Z0)] HsxHs-
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A straight forward computation using the above equality, change of variables

and Lemma 5.4.5 yields

O 1.~ 1 a
Io,o(wm Zn) = §||Un - U| 12q + §||Un - "U’ 3{ - 2*/ \wn| |Zn|5d$
s JRN
1 = ~ = ~
= = (e = llall e 4+ 10all7 — 110)17. + o(1)
2
1 N .
=5 [ i = a5, - o) dx
s JRN
]- =~ =~ ]- ~ 9~
= 5ll(n, )] P 5@, o)l e frs

1 o
— [/ |an|a|@n|ﬁdx—/ |a|a|@|ﬂdx] + o(1)
25| Jrw RN

= To,0(tin, D) — Too(T, ) + o(1)
= [0,0(ﬂTH ?Njn) — 1070(’&, 6) + 0(1)

=y — I q(u,v) — Ipo(a,0) + o(1),

where in the last equality we have used Step 2. Now, to complete the proof of
Step 5, we left to show that (I} o(wy, 2,) (¢, ¥)) = 0 for all (¢, ) € C°(RY) x
Ce(RYN). Let (¢,v) € C(RY) x C=(RY) be arbitrary and set

N—2s N—2s

o(rpx 4+ ), Y i=rn? Y(rpr+x,).

Thus ¢, — 0 and ¢, — 0 in H*(RY) as 7, — 0. Observe that applying

change of variables,

((wn, 20), (12:0))

s x Es = <wn790>Hs + <Zn7w>HS

= <U~Jn7 90n>Hs + <§n7¢n>H5

= </&n - fL, (Pn>Hs + <'§n - ﬁawn>Hs-

Therefore,

(5,0(Wn, 20) (0, 9)) = (U — Uy pn) s + (VU — U, ¥
o = ~ =

5 | ey, — u|°‘_2(un — )]0, — i7|ﬁgondx
s JR

167



CHAPTER 5. FRACTIONAL ELLIPTIC SYSTEMS WITH CRITICAL OR
SUBCRITICAL NONLINEARITIES

where the last equality follows by change of variable and an argument similar
to Step 2. This concludes Step 5.

Now, starting from a (PS) sequence {(t,, 0,)} for Iy, we have extracted
another (PS) sequence {(wy, 2,)} at a level which is strictly lower than the

previous one, with a fixed minimum amount of decrease (as it is easy to check

s N
that Ipo(@, ) > N 25 )- On the other hand, as sup,, || (@, On)|| gsx s < C
(finite), this process should terminate after finitely many steps and the last

o

(PS) sequence strongly converges to 0. Further, ’log (:y)’ + |I"T"""%
oo fori # j, 1 <i,j < m (see [95, Theorem 1.2]). This completes the

proof.

5.5 Multiplicity in the nonhomogeneous case

In this section we aim to prove Theorem 5.1.4. For that first we would like

to establish existence of two positive critical points of the functional

1 o
?’{smﬁ]s T o /]RN u+v4ﬂ— dx — (HS)’<fa ) frs — (HS)/<977)>HS

’ (5.5.1)

1
Tpa(,0) = 5, v)

where f, g are nontrivial nonneagtive functionals on (H*(R))’ with ker(f) =

ker(g).

Remark 5.5.1. If (u,v) € H*(RY) x H*(R") is a nontrivial critical point

of Jy, then (u,v) solves

(—A)’u = %uflvﬁ + f(z) inRY,
5 (5.5.2)
u‘j‘rvi_l +g(z) inRY.

(—A) v = 27:
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Note that taking (¢,¢) = (u_,v_) as a test function in (5.5.2), we obtain

—l(u_,v H?><H9 //RQN uy(y |x_)‘|‘|$12(s z)u_(y)] dz dy
// el , _)+’§i2<s) -] dz dy

= (Hs)/<f7 u*)HS + (Hs)/(Q,U,)HS Z 0.

which in turn implies u_ = 0 and v_ = 0. Therefore u,v > 0 and (u,v) is a
solution of (89.) without strict positivity condition.

Next, we assert that (u,v) # (0,0) implies u # 0 and v # 0. Suppose
not, that is assume for instance that u # 0 but v = 0. Then taking (¢, 1) =

(u,0) as test function we get ||ul|?

HaRN) = sy (f,u) . Further choosing
(¢,%) = (0,u) as test function, we have (HS)/<g,u>H5 = 0. These together
with the hypothesis that ker(f)=ker(g) implies

;s = 0. This contradicts
(u,v) # (0,0). Similarly we can show that if v = 0 then v = 0 too. Hence
our assertion follows. Next, we claim that v > 0, and v > 0 in RY. Taking

(¢,0) as test function where ¢ > 0 in H*(R") we get,

<U ¢> a—lvﬁ¢ dl’ + (Hs)/(f, ¢>Hs Z 0

2*
This implies 0 < u € HS(RN) is a weak supersolution to (—A)*u = 0.
Therefore applying maximum principle [56, Theorem 1.2(2)], with ¢ = 0 and
p = 2 there, we obtain « > 0 in RY. Similarly we can show that v > 0 in

RY. Hence, if (u,v) is a critical point of J;, then (u,v) is a solution of (83.).

To prove, existence of two critical points for Jy 4, first we partition the
space H*(RY)x H*(RY) into three disjoint sets via the function ¥ : H*(RY)x
H*(RY) — R defined by

Y (u,v) = |[(u, )|

e — 2= D) [ Jul*fol? d.
RN

Set
Q1 == {(u,v) € H*RY) x H*(RY) : (u,v) = (0,0) or ¥(u,v) > 0},
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Qy == {(u,v) € H*RY) x H*(RY) : ¥(u,v) < 0},

Q= {(u,v) € H*RY) x H*R™)\ {(0,0)} : ¥(u,v) = 0}.
Put
co 1= 1611f Jpg(u,v), ¢ = i%f Jpg(u,v). (5.5.3)

Remark 5.5.2. Note that for all A > 0 and (u,v) € H*(RY) x H*(RN)

e R

RN
Moreover, ¥(0,0) = 0 and A — U(Au, A\v) is a strictly concave function in
R*. Thus for any (u,v) € H*(RY) x H*(RN) with ||(u,v)]|7s s = 1, there

U (A, M) = N[ (u, )|

exists a unique A (A depends on (u,v)) such that (Au, A\v) € Q. Moreover as

T(u, Av) = (A2 =A%)

(u, ) |30, o for all (u,v) € Q,

(Au, Av) € Q for all A € (0,1) and (Au, Av) € Qy for all A > 1.

Lemma 5.5.3. Assume Cy is defined as in Theorem 5.1.4 and cq and c¢q are

defined as in (5.5.3). Further, if

N+2s

HzSXHS - (HS)/<f7 U’>Hs - (Hs)/<g, 'U)Hs} > O, (554)

nf {co||<u,v>|
(u,0)EH® x H*,
fRN [u|®[v]? dz=1

then ¢y < cy.

Proof. Step 1: First we assert that, there exists § > 0 such that

d
— I (tu,tv)] >0 VY (u,v) € Q.
dt = 1

Doing a straight forward computation, it is easy to see that for any (u,v) € Q

d - 4s
— I, (tu, tv = U, V) |2 ire — i (o) re — (rev (G, V) 17
dt £ )t:1 N—G—QSH( MW re s (H)<f )i (H)<g )i
N+42s
[ Cus 0) 125 e
:C() H'xH N—2s _(HS)’<f7u>HS_(HS)’<g>U>HS

4s
([ et o)
RN
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Further, (5.5.4) implies there exists d > 0 such that

Ni2s
inf 3 Coll () g — ey U e — g (9 v>Hs} > d. (55.6)

(u,w)€HS x HS,
SoN [u|*|v|® dz=1

Now,

N+2s

s )72 e

(556) < CO H XHM - (HS)’<f7 u>Hs - (HS)/<97U>HS 2 d:
(Jaw lul*[o)? dz) "=

with / lu|*[v]? dz = 1.
RN

w, 0)1 7

U'?U HsstS

0 - N-2s (Hs)/<f7 U) frs — (HS)'<97 v) s
(fan lul*lv]? dz) "=

1/23
> d </ ][] dx) ,
RN

for all (u,v) € H*(RY) x H*(RM)\ {(0,0)}.

Observe that [ |u|*|v|? da is bounded away from 0 for all (u, v) € €. There-

fore, plugging back the above estimate into (5.5.5) proves Step 1.

Step 2: Let {(un,v,)} be a minimizing sequence for J;, on Q, i.e.,

Srongs = (26=1) [on [un]*|vy]? dz. Therefore,

J1.g(Un, vn) — c1 and || (g, vy,)|

for large n

1 1
1) > >1 >l-—-—
e o) 2 Tyl tn) 2 Tyglam ) 2 (3 = s e

2. .
HsxHs

= (Al zrsy + gl ey )N s o) s s

This implies that {17 4(u,,v,)} is a bounded sequence and {||(w, Un)|| gres s }
and {fRN || |00 ]® dx} are bounded.

Claim: ¢y < 0.

Observe that to prove the claim, it is sufficient to show that there exists

(u,v) € y such that Jyg(u,v) < 0. Using Remark 5.5.2, we can choose
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(u,v) € Q such that . (f,u) g + (gay(9,0) o > 0. Therefore,

28 —1 %2
Jrg(tu,tv) = t?[ R ] / ful o] dz
RN

S

—t (Hs)/<f, U)Hs - t(Hs)/<g,U>HS < 0,

for t << 1. Moreover, (tu,tv) € Q; by Remark 5.5.2. Hence the claim
follows.

Due to the above claim, Jf,(u,,v,) < 0 for large n. Consequently, for
large n

1 1
> -

2
Hs XHS_(HS)/<f7 Un>HS_(Hs)/<g, Un)HS'

This in turn implies (o) (f, wn) s + (g2y/{9; Un) = > 0 for all large n. Conse-
quently, %I f£.g(tun, tv,) < 0 for ¢ > 0 small enough. Thus, by Step 1, there
exists ¢, € (0,1) such that %1, (t,up,t,v,) = 0. Since for all (u,v) € €, the
function 41, (tu, tv) is strictly increasing in ¢ € [0,1), we can conclude that

t, is unique.

Step 3: In this step we show that

liminf{7y ,(un, vn) — If4(tntin, thvy)} > 0. (5.5.7)

n—0o0

Observe that 7 ,(ty, V) =154 (tntn, thvs) = /tl i{]ﬁg(tun, tv,)} dt and that
for all n € N there is &, > 0 such that ¢, € (0, 1—2¢,) and 41, (tu,) > 6/2
for t € [1 —&,, 1].

To establish (5.5.7), it is enough to show that &, > 0 can be chosen inde-
pendent of n € N. This is possible as %[f,g(tun, top)|i=1 > % fort € [1—¢&,,1]
and {(un,v,)} is bounded in H*(RY) x H*(RN), so that for all n € N and
t € [0,1]

d2
ﬁlﬁg(tun, to,)

it — 2= D2 [l do
RN

= 1=t [, va) [Fgesepe < C,

= |Hanv)
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for alln > 1 and t € [0, 1].
Step 4: From the definition of J;, and I, it immediately follows that
4 Jro(tu,tv) > L1p (tu,tv) for all (u,v) € HY(RN) x H¥(RYN) and for all

t > 0. Hence,

1
d
(U, v0) — g g(Entn, thvy) = /t %(Jﬁg(tun,tvn)) dt

Ld
> /tn alf,g(tun, tvn) dt
= vag(um vn) - If,g(tnum tnvn)~

Since {(un, v,)} C Qis a minimizing sequence for J; , on Q, and (¢, uy,, t,v,) €

)y, we conclude using (5.5.7) that

= inf J < inf J =c1.
o (u,g)lem £,g(t;0) (ugl)eg ro(t,v) =

O

Proposition 5.5.4. Assume that (5.5.4) holds. Then J;, has a critical point
(ug,vo) € U, with Js4(ug,vo) = co. In particular, (ug,vo) is a positive weak

solution to (85.).

Proof. We decompose the proof into few steps.

Step 1: ¢ > —oo0.

Since Jy4(u,v) > If4(u,v), it is enough to show that Iy, is bounded
from below. From the definition of €2y, it immediately follows that for all
(u,v) € Qy,

1 1
9 2*(2*_1)] ||(U7U)||§;sxys—(||f||(Hs)/+||9||(1‘{)/)||(UnaUn)|

(5.5.8)

o xS

As RHS is quadratic function in ||(u, v)|| gey s, L4 is bounded from below.

Hence Step 1 follows.

Step 2: In this step we show that there exists a bounded nonnegative

(PS) sequence {(un,v,)} C  for Jy, at level c.
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Let {(un,vn)} C Qi such that Jgy(u,,v,) — co. Since Lemma 5.5.3
implies that ¢y < c¢;, without restriction we can assume {(u,,v,)} C Q.
Further, using Ekeland’s variational principle from {(u,,v,)}, we can extract
a (PS) sequence in Qy for J;, at level co. We again call it by {(u,,v,)}.
Moreover, as Jfg(u,v) > If4(u,v), from (5.5.8) it follows that {(u,,v,)}
is a bounded sequence. Therefore, up to a subsequence (uy,,v,) — (ug, Vo)
in H*(RY) x H*(RN) and (u,,v,) — (uo,v0) a.e. in RN, In particular,
(un) = (uo)s, (vn)s = (v0)y and (un)- = (uo)-, (vn)- = (vo)- ace.
in RY. Moreover, as f, g are nonnegative functionals, a straight forward

computation yields

o(1) = goy (g (tmy vn), ((un) = (Un) ) prs s
= ((wn,vn), ((wn) =, (vn)=)) froscsys — (HS)’<f7 (un)=) s — (HS)’(ga (Vn)=) s
< =)= (va)) I

HsxHs*
Therefore, ((u)—, (va)-) — (0,0) in H*RY) x H*(RY), which in turn

implies up to a subsequence (u,)_ — 0 and (v,)_ — 0 a.e. in RY and thus
(ug)- = 0and (vg)_ = 0 a.e. in RY. Consequently, without loss of generality,
we can assume that {(u,,v,)} is a nonnegative sequence. This completes the

proof of Step 2.

Step 3: In this step we show that (u,, v,) — (ug, vo) in H¥(RY) x H*(RN)
and (ug, vg) € €.

Applying Proposition 5.4.1, we get

(U, Up) — < up, Vo) + i (aj,v;) r" ’””) — (0,0) in H*(RY) x H*RY).
~ (5.5.9)
with J}  (uo,v0) = 0, (@, 7;) is a nonnegative solution of (5.4.2) ({(un,vn)}
is a (PS) sequence for J;, implies (@;,?;) is a solution of (5.5.2), with f =
g = 0, and therefore by Remark (5.5.1), (u;,9;) is a nonnegative solution of

(5.4.2)), and {zZ} € RY, {ri} C RT are some appropriate sequences such
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that 77 "=% 0 and either 27 =% 27 or |27| =% oco. To prove Step 3, we
need to show that m = 0. Arguing by contradiction, suppose that j7 # 0 in
(5.5.9). Therefore,

PN - ~ o~ * ~ la|s~
(054 ) = 105000 e = 2 1) [ 05

= (2= 2011 (345, 5) o1

<0. (5.5.10)

From Proposition 5.4.1, we also have

Co = hm Jf’g(un, ’Un) = Jf’g(uO,U()) + Z J()’()(ﬂj, 17])

n—oo -
J=1

Since (j,7;) is a solution to (5.4.2), it is easy to see that Jyo(a;,v;) =

4s
Hesger Which in turn implies

e and Sagy <[y, 95)]
N

(@, 05|
Joo(ty,05) = (22’5). Consequently, Jy,(ug, v9) < co. Therefore, (ug,vo) &

Ql and

‘IJ(U(),U()) <0. (5511)

Next, we evaluate W | (uq, vo)+X72, (i, @j)’"%’xj . We observe that (u,, v,) €
Qy implies ¥(u,,v,) > 0. Combining this with the uniform continuity of ¥
and (5.5.9) yields

0 < liminf U (u,, v,) = hr{gglf\y((uo,vo) + 5 (ay, @j)rﬁwi). (5.5.12)

n—oo

Note that from Step 2, we already have ug, vg > 0. We also have (u;,0;) is
nonnegative for all j (see the paragraph after (5.5.9)) (since {(u,,v,)} is a

nonnegative sequence). Therefore, as o, 5 > 1,

175



CHAPTER 5. FRACTIONAL ELLIPTIC SYSTEMS WITH CRITICAL OR
SUBCRITICAL NONLINEARITIES

2
m m
o H(UO’UO)HH*Xm + Z(ﬂjﬁa)rmxn < Uo, Vo »Z Uy,f)y men>' .
J=1 s s s =1 HsxHs
moogg | mo )P
- (2: - 1)/ U + Z a;n7xn Vo + Z ﬂ;n’x" da’;
RY =1 =1
2
m . .
S H(UO,UO)’ QHSXHS —|— Z (a]’ ,D’j)7"5u$2L
7= o xH?
m m
+2 <u1~)r"’x" Ui, ;)™ >
J:l; 7y Uj ( 79 z) e B
m
. ,,7
+2 uo,vo ’Jz:; uj’vj ' >HS><He
([ ol + 3 [ 1 i e
R
= W(up,vo) + Z W((ﬂj, 17]-)7”51’%) + the above inner products. (5.5.13)
j=1

We now prove that all the inner products in the RHS of (5.5.13) ap-

. ) i J i J
proaches 0 as n — oo. As rJ "= 0, it follows that u;** — 0 and v — 0

in H*(RN) as n — oo (see [94, Lemma 3]). Therefore, (uo,uﬁ’%)gs =0
and (UO,U;’%@%)HS X0 forall j =1,---,m. Hence,
m
< o, vo), Y _(ij, ; 7""’””">  =o(l) asn — oc.
]:1 HsxHs
Next,

<(aj> 17]’)%’%7 (a% 6i)ril’w;> ) .
HS><HS

dxdy

J i
| 7, (2= :cn @j(y—jcn)) (@Z(w;w) _ @l(%))
+(r, - . ~——dzd
(rn) RZN |z — y|Nt2s ray
rl xtat —CC% ~ 7l x%—a}%
by (8(x) — () (B, (=) — 3 (gt
r i
" - o=y /
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- J - i i d
n RN |[L’ _ |N+23
— <’U/z7 ]>H5+<U“ _]>HS7
~n 7l % ~ (7T ot —ad ~n T} NEQS ~ (rh

Wher_e uj (IL‘) = (i) Uj (i:]j —+ TLTTN)’ and ?Jj ({L‘) = (i) V; (il‘ +

71;7;%). Further, we observe that using the following

i (]
10g<7’ >’+ Th — Tl o
Tn T;L

from Proposition 5.4.1, it is easy to see that @} — 0 and &* — 0 in H*(RV) x
H*(RN) as n — oo for each fixed i and j (see [94, Lemma 3]). Hence

J

<(ﬂja17j)r%’z”a(@ia@i)ri”xw. _=o(1).

Hex H

Substituting this back into (5.5.13) and using (5.5.10) and (5.5.11) gives a
contradiction to (5.5.12). Therefore, m = 0 in (5.5.9). Hence, (u,,v,) —
(ug,v0) in H*(RN) x H*(RYN). Consequently, ¥(uy,,v,) — ¥(ug,vp), which
in turn implies (ug,vo) € Q. But, since ¢y < ¢, we conclude (ug, vo) € Q.

Thus Step 3 follows.

Step 4: From the previous steps we see that Jy,(ug,v9) = ¢ and
J} ,(uo,v0) = 0. Therefore, (ug,vp) is a weak solution to (5.5.2). Combining

this with Remark 5.5.1, we end the proof of the proposition. O

Proposition 5.5.5. Assume that (5.5.4) holds. Then, Js, has a second
critical point (uy,v1) # (ug,vo), where (ug,vy) is the positive solution to
(89.) obtained in Proposition 5.5.4. In particular, (uy,v1) is a second positive

solution to (85.).

Proof. Let (ug,vg) be the critical point obtained in Proposition 5.5.4 and
(Bw,Cw) (with C' = B\/g) be a positive ground state solution of (5.4.2)
described as in Theorem 5.1.3. A standard computation yields that

N
Ipo(Bw,Cw) = % ap For t >0, define

w(x) == w(%), @(x) == Buwy(z), #(z) = Cuw,(x).
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Claim 1: (ug + Uy, vo + 0;) € Q9 for ¢t > 0 large enough.
Indeed, as (ug, v9) and (u, 0;) are positive and «, 8 > 1, using Young’s

inequality with € > 0, we have

\IJ(’U/[) + th, Vo + 6t)

= ||(uop + at)||§s + ||(vo + @t)||§;s —(2r-1) /N g + | * v + fit|5dx
R

< ||(U07vo)| %ISXHS + ||(ﬂt,17t)| ?'{Sst + 2<Uo,ut>ys + 2<U07Ut>gs

—(2,-1) </ [uo|*vo]” da +/ ARG dx>

RN RN
< (U4 )| (s 5) 30 sy + (14 C)l (10, 10) 2o e
—@ =) [ Jullde - @ - e B? [l
RN RN
N-2s * N pa

= Ol+@@#+0%t2-—@,—nt3<ﬁ)mm;

(1 + Co)ll(uo, v0) 1 Fyo g — (20 = 1) /N o] *[vo|*dx
R

< 0 fort > 0 large enough.

Hence the claim follows.

Claim 2: Jf?g (’LLO + ﬂt, U+1~}t> < Jﬁg(u(),vo) + JO,O(ﬂt,i}t) Vi>D0.
Indeed, since ug, vy, wy, B > 0, taking (@, 0;) as the test function for

(5.5.2) yields

. « - - B —1~
<(u0,vo), (ut,vt)> = 2*/ uS o iy da + o uSvy o, dz
HsxHS s JRN s JRN

+ oy o ) s+ oy (95 00 g
Consequently, using the above expression, we obtain

Tr.g (o + i, vo + )

=§||( 05 V0)|

—_

Lo I
beette & 1050+ ((t0,0), (70,7

HsxHs

-5 RN(uo + ) (vo 4+ 00)7 Az — oy (fy 10 + @) o — (g70y/(95 V0 + o) gy
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o 1 o 1 o~
= Jt4(uo,v0) + Joo(ts, 0r) + / uovg dx + / || |vt|ﬁdx
2: RN 2; ]RN

a S1.
+ / ug i, da + s ugv) oy da
2: RN 2: RN

1
~ 5r (UO + ﬂt)a('UO + ﬁt)ﬂ dz
25 RN

L 1
< Jf,g(uoyvo) + Jo,o(ut,vt) + 2*/

[ug‘vg + dff}f
s JRN

+ aug_lvgﬂt + Bug‘vg_l@t — (up + t¢)*(vo + @t)ﬁ dx
< Jy,4(uo, vo) + Jo,o(t, 0¢).

Hence the Claim follows.

Using the definition of #; and 7, it immediately follows
Jim JO,O(at,@t) = —o0, (5.5.14)

and

BQ 02 i
$up Joo (e, 00) = Joo(@w, B),  where tl:( Bjcﬁ ) |

Therefore, doing a straight forward computation and using Lemma 5.0.2, we

get that
. s (B*+C%)% x s N
sup Joo |, V) = ————F5=9% = —S52%.
t>g 0,0( t t) N(B"C'ﬁ)NZSL N B
Combining this with Claim 2 and (5.5.14) yields
i i § X
vag(uo + Uy, Vo + 'Ut) < Jﬁg(U(),?Jo) + NSO:/B Vit>0

(5.5.15)
and Jpq(wo + 1y, v9 + ) < Jyg(ug,vg) for t large enough.

Fix to > 0 large enough such that (5.5.15) and Claim 1 are satisfied.
Next, we set
= inf mas Jr (1(7)).

where
- {7 € C([O, 1], HS(RN)XHS(RN)) :7(0) = (ug, vo), ¥(1) = (U0+ﬂtoavo+@to)}'
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As (ug,v9) €  and (ug + Uy, Vo + Uty) € (o, for every v € T, there exists
r, € (0,1) such that v(r,) € Q. Therefore,

1 Jrg(1(r) 2 1o (1(r2)) = i0f g, 0) = 1

Thus, n > ¢ > ¢g = Jy4(uo,v9). Here in the last inequality we have used

Lemma 5.5.3.

. S N
Claim 3: Jy ,(uo, vo) <1 < Jrq(uo,v) + N 2%

Since limyo ||l s gy = 0, we also have limyo ||(%, 0¢) || s rs = 0.

Thus, if we define F(r) := (ug,v0) + (U, Ursy), then lim, o||5(r) —

(o, v0)|| rsxgs = 0. Consequently, ¥ € T'. Therefore, using (5.5.15), we

obtain

N

~ ~ - S =
n < max Jrg((r)) = max Jrg (o + trig, Vo + Urag) < Ja,s (o, vo) + 57 Sa

Hence Claim 3 follows.

Using Ekeland’s variational principle, there exists a (PS) sequence
{(un,vy,)} for Jg, at level . Arguing as before we see that {(u,,v,)} is
a bounded sequence. Further, since Claim 3 holds, from Proposition 5.4.1 we
conclude that (u,,v,) — (u1,v1), for some (uy,v1) € H¥(RN) x H3(RV)
such that Jt (ui,v1) = 0 and Jyg(ui,v1) = 1. On the other hand, as
Jg4(t0,v9) <, we conclude (ug, vo) # (ur, vy).

J} ,(ur,v1) = 0 = (u1,v1) is a weak solution to (5.5.2). Combining this
with Remark 5.5.1, we complete the proof of the proposition. O
Lemma 5.5.6. Let Cy be as defined in Theorem 5.1.4. If max{||f| ey llgll(gey} <

N
4s

CoSas, then (5.5.4) holds.

Proof. Assertion 1:

4s N
m”(uav)\ fexis = CoSas Y (u,v) € Q.
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To see this, we fix (u,v) € Q. Therefore, using the definition of S, 5 we have

1/22
1/2
HSXHS Z Sog/ﬁ (/ |u|a|1}|6 da’:)
RN

2/2*
G1/2 | (u, )] H/sigs

RS

[, )|

= [l(u, )]

HsxHs =

From here, using the definition of Y, the assertion follows.

Note that by the given hypothesis, there exists € > 0 such that

N
1 sy + gl ey < CoSazs — e

Combining this with the above Assertion 1, for all (u,v) € €2, it holds

(HS)'<f, u) s + (HS)'<9=U>HS < (||f||(Hs)/ + ||9H(Hs)/> [ (u,v)]

N
< (Cusit = ) N0l

4s
< gl 0) B = el v)

HsxHs

HsxHs-

Consequently,
. 4s 2 :
(ugl)iﬂ N+28||(U’U)| HsxHs — (HS)’<f7 U>HS - (HS)’<g’U>H5 > g(u}g)gg”(u?U”HSxHS'

Since ||(u,v)||jgsxps is bounded away from 0 on §2, the above expression

implies that

) 4s 2
(zfﬁfeg N 25H(u,v)| Frosctrs — (iey s Ware = ey {9, 0) e | > 0. (5.5.16)
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On the other hand,

N+2s
[(w, V)] 1725 s
(554) < O() HexH % - (Hs)/<f7 U>Hs - (H‘S)/<g7U>Hs >0
([ et as)
]RN
for / lu|*[v]? dz = 1
RN
I, )l
) HSXHS

<~ CD N—2s (HS)’<f7 u>Hg - (HS)’<97/U>HS >0

4s
(/ |u!°‘\v\ﬁ dx)
RN

4s
N + 2s

for (u,v) € Q

1w, v)]

?'{SXHS B (HS)’<f7 U>Hs - (HS)’<g7U>H5 >0

for (u,v) € Q. (5.5.17)

Clearly, (5.5.16) ensures that the RHS of (5.5.17) holds. The lemma now
follows. O

End of Proof of Theorem 5.1.4 Combining Propositions 5.5.4 and
5.5.5 with Lemmas 5.5.6 and 5.5.3, we complete the proof of Theorem 5.1.4.

Conclusion : In this chapter we consider nonlocal weakly coupled el-
liptic system of equations with both critical and subcritical nonlinearity and
with nonhomogeneous term in RY. First, we prove existence of one positive
solution for the system as a perturbation of 0. Then we consider the corre-
sponding homogeneous system with critical nonlinearity and prove unique-
ness for ground state solutions. Then characterizing the PS sequences for
the associated energy functional, we prove multiplicity result for the nonho-
mogeneous critical system under certain assumption on the nonhomogeneous
terms.

We could able to prove uniqueness for ground state solutions for the corre-

sponding critical system. It will be an interesting question if we can prove
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uniqueness/multiplicity of solutions for the homogeneous system with critical

nonlinearity.
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