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Abstract

We derive the causality and unitarity constraints on dimension 6 and dimension 8 Gluon
field strength operators in the Standard Model Effective Field Theory (SMEFT). We use
the ‘amplitude analysis’ i.e. dispersion relation for 2 — 2 scattering in the forward limit,
to put bounds on the Wilson coefficients. We show that the dimension 6 operators can ex-
ist only in the presence of certain dimension 8 operators. It is interesting that the square
of the dimension 6 Wilson coefficients can be constrained in this case even at the tree
level. We also successfully rederive all these bounds using the classical causality argument
that demands that the speed of fluctuations about any non-trivial background should not
exceed the speed of light. We also point out some subtleties in the superluminality anal-
ysis regarding whether the low-frequency phase velocity can always be used as the rele-
vant quantity for Causality violation. We also explore Bell inequality violation for 2 — 2
scattering in Effective Field Theories (EFTs) of photons, gluons, and gravitons. Using
the CGLMP Bell parameter (I5), we show that, starting from an appropriate initial non-
product state, the Bell inequality can always be violated in the final state (i.e.,l; > 2) at
least for some scattering angle. For an initial product state, we demonstrate that abelian
gauge theories behave qualitatively differently than non-abelian gauge theories (or Grav-
ity) from the point of view of Bell violation in the final state: in the non-abelian case, Bell
violation (I > 2) is never possible within the validity of EFTs for weakly coupled UV
completions. Interestingly, we also find that, for a maximally entangled initial state, scat-
tering can reduce the degree of entanglement only for CP-violating theories. Thus Bell vio-
lation in 2 — 2 scattering can, in principle, be used to classify CP conserving vs violating

theories.
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Introduction

It is well known that dynamics at very high energy scales or short distances are irrelevant
to describe low energy or long distance phsyics, i.e. very different energy scales are ‘decou-
pled’ from each other. For example, we don’t need to know the fine details of nuclei to un-
derstand the properties of electronic energy levels in atoms. It’s mainly on this idea that
the framework of Effective Field Theory (EFT) is built (see [1, 2] for a review), in which
we are agnostic of the UV physics inaccessible to us and construct the Lagrangian for the
low energy (IR) theory in terms of some physical cut-off energy scale (A). The Lagrangian
for the EF'T, a priori, must contain all the possible operators consistent with the symme-
tries of the theory e.g., Lorentz invariance and gauge invariance, and the coefficients of
these operators can have arbitrary values. However, it has been shown in recent years that
sacred principles like relativistic Causality and Unitarity do impose non-trivial constraints
on these coefficients and carve out the allowed parameter space [3, 4]. This is interesting
also phenomenologically since it leads to enhanced statistical power for experiments sensi-
tive to these operators because one can incorporate IR consistency bounds into the prior

probability distribution.

One of the first attempts in this direction due to [5, 3] (which we refer to as the ‘ampli-
tude analysis’) exploits well-established fundamental principles like micro-causality (lead-
ing to analyticity [6, 7]) and unitarity of the S-matrix to constrain the EFT parameter
space. This involves using dispersion relations for 2 — 2 scattering amplitudes in the
forward limit. The ‘amplitude analysis’ has successfully given linear positivity bounds on
dimension 8 operators in a variety of theories but hasn’t had much success with dimen-
sion 6 operators' containing 4 fields; although, one can derive certain sum rules [9, 10, 11].

The reason for this lack of success is the fact that for such an operator, the scattering am-

1See recent developments made to constrain dim 6 operators using S-matrix Bootstrap methods [8].



plitude grows as the Mandelstam variable s at the tree level. However, in this thesis, we
show that it’s possible to constrain the square of the coefficient of dimension 6 operators
containing 3 gluon fields w.r.t those of dim 8 operators. Such an operator appears in the
SMEFT. Similar positivity bounds for the electroweak gauge bosons were obtained in [12].
A lot of effort has been focused on constraining the parameter space of SMEFT using var-
ious methods (see, for example, [12, 13, 14, 15, 16] and the references therein), since it is
and will be the main aim of present and future particle physics experiments to measure
these coefficients. Also, verifying whether the experimentally measured coefficients satisfy
our theoretical constraints allows us to test fundamental properties of the UV theory such
as locality and Lorentz invariance up to very high energies through experimental signa-

tures at accessible scales [16].

The other method often employed to put constraints on the Wilson coefficients is based on
the classical causality argument [3]. One demands that the propagation of perturbations
over any non-trivial background should respect causality i.e. the speed of signal propaga-
tion should not be superluminal [3, 4, 17, 18]. It is well known that if the wavefront veloc-
ity i.e. infinite frequency limit of the phase velocity is (sub)luminal then causality is pre-
served. Naively, one might conclude that it is not possible to put constraints on the EFT
coefficients since the EFT is valid, by definition, in the low-frequency regime i.e. w/A < 1.
However, one can instead consider signal velocity (for a precise definition, see [19]) which,
for non-dispersive mediums (the case of our interest), is equal to the group/phase velocity.
Thus, the low frequency group/phase velocity can be directly associated with causality ob-
viating the need to take the high-frequency limit. One can also use analyticity in the form
of the Kramers-Kronig relation [20], which, for dissipative backgrounds, demands that the
phase velocity cannot decrease with increasing frequency [20, 4]. Therefore, the superlu-
minal phase velocity in the EFT can be associated with causality violation. However, in
general, it is not very clear how one can determine the dispersive properties of the back-
ground medium, which is essential in the usefulness of the Kramers-Kronig relation. We

will discuss this in some more detail in section 2.2.

It is not always necessary that small superluminal low energy speed violates causality as
the observations detecting causality violation may turn out to be unmeasurable within the
valid regime of EFT [18, 21]. Therefore for generic EFTs, particularly gravitational ones,
scattering phase shift or time delay is perhaps a better probe to detect causality violations

22, 23]. However, for homogeneous backgrounds (as considered in this paper) signals can



be allowed to propagate over large distances, and in that case, even the small superlumi-
nality can be detected within the EFT regime. Therefore, using this method one can try
to rederive or even hope to improve the bounds on EFT coefficients obtained by the ‘am-

plitude analysis’.

We would like to stress that, a priori, it is unclear if the two methods always provide the
same constraints (or equivalently, whether using any one of them is enough to maximally
constrain the space of EFTs), as naively, they don’t seem to be related at all. One is purely
based on the classical causality of wave propagation and another on scattering amplitudes
which relies on Unitarity, and Froissart bound in addition to micro-causality (the two
methods could be somewhat related since the classical causality analysis secretly might

also depend on analyticity in the form of Kramers-Kronig relation [4] and unitarity (for

dissipative mediums) however, the connection is unclear, as we discuss in section 2.2).

For the classical causality /superluminality analysis, we also point out some subtleties that
arise when mass-like terms exist in the dispersion relation. We show, in the particular case
of the chiral Lagrangian, that this may lead to deviation from strict positivity. However,
in the case of gluonic operators, we demonstrate the mass-like terms can be removed by
choosing particular configurations of non-trivial background and polarization of pertur-
bation. This helps us derive constraints on the Wilson coefficients of gluonic operators by
demanding subluminal phase velocity as our measure for causality. We show that the su-
perluminality analysis for dim 6 and 8 gluonic operators, in a nontrivial way, reproduces all
bounds that we obtain from the ‘amplitude analysis’. This is the novel and main result of
our work. Finally, we mention a non-relativistic example following [24], where superlumi-
nality gives stronger bounds than the amplitude analysis. From the examples given in our
work, one can gather that one should use both analyses whenever possible in order to get

the maximum amount of information on an IR effective theory?.

Another quantum phenomenon that has recently caught the attention in the context of
EFTs is entanglement. Entanglement is a unique relationship between two or more parti-
cles, where their states are correlated in such a way that a measurement performed on one
particle instantly influences the other particle, regardless of the spatial separation between
them. This correlation poses a challenge to the principle of local realism, which asserts

that the properties of a state are determined by its local environment. In 1964 [26], John

2For fermions, it is unclear how one can implement the superluminality analysis. However, the ‘ampli-
tude analysis’ can still be carried out [25].



Bell derived a set of inequalities - commonly known as Bell inequalities - for the correlated
expectation values that must be satisfied by a local deterministic theory. However, quan-
tum mechanics predicts that the Bell inequalities can be violated for certain correlated
expectation values, which has also been experimentally verified [27, 28, 29, 30]. These ex-
periments have played a critical role in establishing quantum mechanics as a fundamental

theory of nature.

Entanglement can have significant implications for our understanding of spacetime and
information in quantum field theory (QFT) [31, 32]. However, very little is known and ex-
plored about the Bell inequalities in the context of QFT [33]. Recently, the interest has
been revived after it has been shown that the Bell inequalities can be violated experimen-
tally by the entangled top-quark pairs produced at the LHC [34, 35, 36, 37]. More work
along this line has shown that it is possible to experimentally measure Bell violation for

hyperons [38] and gauge bosons from Higgs boson decay [39, 40] as well.

These observations have motivated the study of entanglement in 2 — 2 scattering in high
energy physics [41, 42, 43], particularly in the context of Effective Field Theory (EFT)[44,
45, 46, 47]. The existence of higher dimensional operators in an EFT can modify the de-
gree of entanglement in the final scattered states, which might act as a possible probe of
new physics. If we experimentally observe Bell violation in 2 — 2 scattering for a particu-
lar initial state, then we can directly constrain the corresponding EFT by quantifying the
degree of entanglement in the final scattered state. However, a priori, it is not very clear
which initial state can be used to probe the quantum nature of the theory and demand

Bell violation.

In this work, we consider the CGLMP Bell parameter (I5) [48] as the measure of entan-
glement in the states (to our knowledge, this was used in the context of EFT first in [46]).
For local hidden variable theories, |I5] < 2, however, this inequality can be violated by
quantum theories as shown in section 3.1. Therefore, the CGLMP Bell parameter can be
used to distinguish between the local hidden variable theories and the quantum theories.
We consider the initial states for 2 — 2 scattering such that the CGLMP parameter cor-
responding to them (Iy;) satisfies |Iy;| < 2. In other words, the CGLMP parameter for the
initial state can, in principle, be explained by a local hidden variable theory, and it does
not call for a quantum mechanical origin. We use this condition with the motivation that

we want to probe the quantum nature of a theory only through the scattering process, i.e.,



whether unitary evolution can increase the degree of entanglement beyond I, = 2. We
then calculate the allowed EFT parameter space for which we can observe Bell violation at

some energy (within the validity of the EFT regime) and scattering angle.

In this thesis, we first give a brief overview of the concepts and tools used in the work.
We then present the main results obtained during the thesis which are mainly reproduced

from [49] and [50]. We finally conclude with summary of our results and future outlook.
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Chapter 1

Preliminaries

While numerous concepts from Quantum Field Theory (QFT) are relevant to this thesis,
it is impractical to summarize all of them in a single chapter. Nevertheless, this chapter
provides a review of some important concepts. For a more comprehensive understanding,

the primary sources are [51, 52

1.1 S-matrix and Scattering Amplitude

In quantum field theory, particles are treated as excitations of a field that pervades all of
space-time. When particles interact, they exchange energy and momentum, which causes
their behavior to change. The S-matrix describes this behavior change by relating the sys-

tem’s initial and final states. The S-matrix is defined as

<f| S |i>Heisenberg = <f7 OO|Z7 _OO>Schr6dinger (11)

In the Schrodinger picture representation, the states evolve in time, however, in the Heisen-
berg picture, we put all the evolution in an operator, leaving the states alone. When the
initial and final states are momentum eigenstates that we evolve from ¢t = —oo to t = oo,
the time evolution operator is given by the S-matrix. The S-matrix is defined assuming
that all the interactions that change the state happen in a finite time interval, i.e., the

states are free of interaction at asymptotic times, t = 4o00.

11



We can explicitly get the form of S-matrix by expanding the initial and final momentum
eigenstates in terms of creation (af(¢)) and annihilation (a,(t)) operators which create and
annihilate particles, respectively, with momentum p at time t¢. Since the fields can also be
written as a sum over creation and annihilation operators, we can express the S-matrix in
the form of fields. Under the assumption that all interactions happen in a finite interval,

we can write the S-matrix as

(p3 -+ pulS|p1p2) = [z [ d*ziem P (O + m2)] e [z [ d*z, e (O, + mQ)]

(1.2)
X QT {¢ (x1) ¢ (x2) ¢ (x3) -~ ¢ (24) }| ) ,

This is the LSZ reduction formula where |§2) is the ground state and time-ordering oper-
ation T'{...} indicates that all field operators should be ordered such that those at later
times are always on the left of those at earlier times. Now we need to calculate the time-
ordered correlation function of fields to get the elements of the S-matrix. By going to the
interaction picture, which is an intermediate representation of Schrodinger and Heisenberg
picture, the time-ordered correlation function of fields can be written in terms of time-

ordered correlation of free fields, free vacuum, and interaction term in the Lagrangian.

<0 ‘T {% (1) -+~ Po (zn) el ) Ak |¢O]H 0>
O (T }o)

QT {¢ (x1) - & ()} Q) = (1.3)
The expansion of the r.h.s of the above equation gives n-point time-ordered correlation
function of free fields. Wick’s theorem tells us that it is given by a sum over all possible
ways in which all the fields in the correlation function can be contracted with each other.
For example, (0T {¢o (1) ¢o (x2)}]0) is given by the Dp(x1,29) = D;o which is the prop-
agator. These contractions can be represented by Feynman diagrams, where vertices rep-
resent points where the correlation function is evaluated, and the lines correspond to the
propagators. The denominator in eq™(1.3) cancels all the bubble diagrams, connected sub-
graphs that do not involve any external point, in the numerator. Moreover, the (J + m?

in the LSZ reduction formula cancels the propagator connecting the external vertex to an

internal vertex which allows us to take external lines to be on-shell one-particle states.

When there are no interactions, the S-matrix is simply given by the identity matrix 1,

therefore it can be written as

S=1+4iT

12



where 7, the transfer matrix, describes the deviation from free theory due to the inter-
actions. Since the momentum should be conserved in any interaction, we can write 7 =
(2m)464(>° p;) M. We usually refer to M when we talk about scattering amplitudes which

can be calculated from Feynman diagrams using the Feynman rules.

1.2 Unitarity

Unitarity has a lot of significant implications in Quantum Field Theory. Unitarity in a
very simple language means that the probabilities should add up to 1. The condition of
unitarity also forces the physical states in the Hilbert space to transform in unitary irre-
ducible representations of the Poincaré group. In Schrodinger picture, the unitarity de-

mands that the probability should be conserved,
(W:2|W;t) = (W;0[W; 0) (1.4)

Since |U;t) = S|¥;0) where S is the time evolution operator, e~

, we get S-matrix is a
unitary matrix and H is a Hermitian matrix. The unitarity of S-matrix, STS = 1 has a
very important implication known as Optical theorem, which relates the scattering ampli-

tude to the cross-section. We know the scattering matrix can be written as,
S=1+4T (1.5)

then unitarity implies that

(T —T)=T'T (1.6)

Also, (f|Ti) = (27)*%*(> p;)M(i — f) then using the completeness relation of the
Hilbert space 1 =Y [ dIlx |X) (X| we get the generalized optical theorem,

M = f) = M*(f = i) = iZ/dHX(27T)454(pi M= XIM(f = X) (L)

In perturbation theory, the above statement must hold at each order. However, the L.h.s of
the above equation have linear terms of amplitude, whereas the r.h.s of the above equation
have amplitude squared terms. This means that the optical theorem relates the amplitude

at a given order to that at lower order. Therefore, it can relate the loop contributions to

13



the tree-level contributions.

Now if the final state is the same as the initial state i.e., |[i) = |f) = |A), then the above
relation reduces to,
ImM(A — A) = 2Eculpi| Y | o(A — X) (1.8)
X

where we have used the formula for cross-section in the center-of-mass frame. This special
case is known as the optical theorem, which states that the imaginary part of the forward

scattering amplitude is proportional to the total scattering cross-section.

14



Chapter 2

Causality and Unitarity Constraints

on dimension 6 & 8 Gluonic operators
in the SMEFT

This chapter is largely produced from [49], which was one of the original works done dur-
ing the course of this thesis.

This chapter is mainly organized as follows: In section ??, we derive positivity constraints
on dim6 and dim 8 gluonic operators in SMEFT using the ‘amplitude analysis’ with an
overview of the method first. In section 2.2, we first discuss a few subtleties in the superlu-
minality analysis, followed by a demonstration that all the bounds can also be reproduced

by the superluminality analysis.

2.1 Positivity constraints from unitarity and analytic-
ity

In this section, we derive constraints on dimension 6 and dimension 8 Gluonic operators

of the SMEFT using dispersion relations for 2 — 2 scattering amplitude. Let us first re-

view how the ‘amplitude analysis’ works to put constraints on the Wilson coefficients of a
general EFT.

15



M2
X

AAAARAAAAAARAAAA O AAAPAAAAAAAARAAA
VYV V'V VVVV VVVVVVA

Figure 2.1: Analytic structure of A(s) in complex s plane. The contour is symmetric
about s = 2m? and go over branch cuts from —oo to 0 and 4m? to co.

2.1.1 Overview

In this section, we give a brief overview, following the discussion in the seminal paper [3],
of how the dispersion relations along with well-established principles like micro-causality
(leading to analyticity of S-matrix), unitarity, and locality, can help in constraining the
low-energy EFT parameters which from the IR side can have arbitrary values, to begin
with. We slightly modify the discussion in accordance with our work but the main under-

lying concepts are the same.

Let us consider s <> w symmetric 2 — 2 scattering amplitude, M(s,t) for a process in
which exchanged particles or particles inside a loop are of the same mass m (or massless as
would be the case in our work), in the forward limit i.e. initial and final states are exactly

same. We define A(s) = M(s,t)|;—o (forward limit) and take integral around contour as

[ ds  A(s)
T= fg —_— (2.1)

2mi (s — 2m?)3

shown in fig. 2.1

where m is the mass of the exchanged particles (or regularized mass for massless exchanged
particles), and A is the energy cut-off scale of EFT in consideration. It is possible that the

theory considered allows for the loops leading to branch cuts starting from —oo to 0 and

16



4m? to +oo. That is why we probe the s — 2m? limit instead of s — 0 (which would be
okay in case the branch cut doesn’t go through or extend up to 0).

Now we evaluate the integral (2.1); since limyyo0 A(s)/|s]* — 0 at infinity due to the
Froissart bound (more precisely, A(s) < s In%s) [53, 54], the integral over the arc at in-

finity vanishes and we are left just with the integral of discontinuity of A(s) across the

I_ L/ s DiscA(s)
cuts

211

branch cuts,

But the integral can also be evaluated in terms of the residues at the poles: at s = 2m?

and s = m?, 3m? (due to s-channel and u-channel in exchange diagrams). Thus, we get

%AH(S =om?)+ Y. resAls=s7) _ 2 / g5 DicALs). (2.2)
s>4m?

Ry (s* —2m?)3  2mi (s —2m?)3

In the above equation, we have mapped the integral over the negative branch cut to the
positive one using s <> u crossing symmetry. Now, DiscA(s) = 2iIm.A(s) and from optical
theorem (for which initial and final states are required to be identical), we have Im.A(s) =

s(s — 4m?)o(s) where o(s) is the total cross-section of the scattering,

— Am2
%A”(s _om?) + Z res(A(s = s* / \/ (s —4m?) (2.3)
s>4m?

- (s* —2m?)3 (s — 2m2
s*=m?2,3m?
For further analysis, we’ll take the s <> u symmetric A(s) to be of a particular form, which

we’ll be encountering in further sections.

We concern ourselves with operators only up to dimension 8 in the low-energy EFT and
also assume that it contains only 6 and 8 dimension operators in addition to 4-dimensional
terms. If the theory allows taking ¢ — 0 i.e. forward limit without causing any divergence
problem (which will be the case here) then we can write the s <> u symmetric forward

scattering amplitude at tree level as

m? 1
.A(S) =\ + bF A4 (018 + 01u + 03m4) (24)
i 1 53 n s2m? 4 sm* n mS
— | c c c c
A\ s 2 ’s —m?2 0 —m2 s —m?
1 u? u?m? um?* mb
+F —m?+C5u—mQ—i_cﬁu—m2+C7u—m2

17



Note: If we take the exchange particles to be massless, then it might not be possible to
take the forward limit, even with the regularized mass because we also need to put m — 0
at some stage, which is one of the main problems in performing this analysis for EFTs of
gravity. Then for the massless case, either the t-channel shouldn’t exist or the numerator
in the t-channel exchange contribution should converge to 0 faster than t in ¢ — 0 limit
avoiding the t-channel pole problem which would be the case for our EFT in considera-
tion.

Putting (2.4) in (2.3) we get,

2 (er+er) / s ¥/8(s = dm?)o (2.5)
A < dm? (s — 2m2)

The integrand in the r.h.s of the above equation is positive as the cross-section o(s) > 0,
which then makes the r.h.s manifestly positive. Therefore, the above equation shows that
the coefficient of the term which goes as s? upon taking m — 0 limit of A(s) (L.h.s of the
above equation) is positive. The same result can be obtained by using a different contour

as shown in appendix A.3.

2.1.2 Relative bounds on dim6 and dim8 operators

It is clear from the previous section that we cannot put any constraint on the contribu-

tion that grows slower than s2. This is because for the integral to vanish over the arc at

infinity, we need minimum n = 3 in j{ &
. (s —2m?)n

residue from terms growing less than s?, preventing us from constraining them. If we take

but then there is no contribution to the

n = 2 and even ignore the contribution from arcs at infinity, then we get the contribution
from dim 6 operators towards the residue in eq"(2.5). However, for n = 2 the integrand on
r.h.s of (2.5) takes form o(s)/s which makes the integral have a non-definitive sign. Thus,
the 1.h.s also have a non-definitive sign preventing us from constraining the Wilson coeffi-

cients using positivity arguments.

This is usually the case for dimension 6 operators containing four fields as their contribu-
tion to the tree level amplitude grows as s. However, if the dim6 operator also gives rise
to terms containing only three fields then one indeed gets an s? piece through exchange

diagrams. The constraint in this case, however, is on the square of the Wilson coefficient
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(and not on the sign). Also, dimension 8 operators containing four fields give contributions
at the same order (s?/A*) via contact diagrams. Thus, we produce relative bounds on dim
6 and dim 8 operators. Similar bounds for the electroweak gauge bosons were obtained in
[12].

Let us now apply the above analysis for dimensions 6 and 8 Gluonic operators in the SMEFT.
The independent Gluonic operators for SU(3) as mentioned in [55] and [56, 57] are given

in table 2.1. The Lagrangian at dimensions 6 and 8 takes the following form:

X3
Q €) fachzuGngzp Q (Ga Ga;w) ( Gbpa)
%) &) peGmaes | Q2 | (cn,Gom) ( o)
Qs (G, G™) (G,G™)
Q(4) ( a Gb;w) < bpc7>
Q (5) ( a Ga,ul/) Gb (oo
Q 6) Ga Gb;w) a Gbpo‘
Q4 (M) dabcddec Ga Gon u Gd Ger
Q 8) | jabe jdec (GZVGbW) (GﬁgGepa)
Q 9) | gabe gdec (GZ”GbW) (Ggaée/w)

Table 2.1: Dimension 6 and 8 gluonic operators in the SMEFT

Co

(6) —
L e

i
QGS ;LY = %@2&
where cg, ¢ and cg) are dimensionless Wilson coefficients and A is the UV cut-off for the
EFT. The above-mentioned dimension 6 operators have parts that contain three fields and
three derivatives, e.g., f%F ;”’F,fp FJ#in Q(Glg Also, dimension 8 operators have parts con-
taining four fields with four derivatives, e.g.,(Fg, F*) (F% F*7) in Qg’i Both kinds of
terms give s2/A* growth in the amplitude, the former via an exchange diagram and the
latter via a contact diagram. Therefore as discussed above, using the ‘amplitude analysis’
we can constrain squares of ¢ and ¢ relative to cg).
We calculate scattering amplitude for gg — gg, written explicitly as
|p1, €1, @; P2, €2,b) — |ps3, €3,d; py, €4, €) (where p’s are the momenta, €’s are polarizations and

Latin indices denote color of particles), at tree level getting contribution from Feynman
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Figure 2.2: Exchange diagrams (first three) get contribution just from dim6 operators ;
contact diagram gets contribution from both dim6 and dim8& but the dim6 contribution is
of order s/A? as explained in the text.

diagrams in fig. 2.2. To relate the imaginary part of amplitude to the cross-section (optical
theorem), one needs to take identical initial and final states; therefore, we consider a = d

and b = e for our calculations.

Below, we just present those terms that give s? contribution to A(s)! , for reasons men-

tioned above.

A(s) = M(s,1)]t-0 (2.6)
= {{Qfabcf“bc (¢ —cg) + 85 ((zél) — (2552)> +4(1 + 0) <cé3) — cé(;‘))
+ 8d*d®, ((:2(57) — (:é8> } X {]361 €y — 26 -pacy i’ 4 |ser €2 — 2 €1 - ey -p1|2}
- 2{9]“‘bcf“bC 2 —85%cY — a(1 4 69 [V — 8 d*eq, cés)} X {82|61]2|62\2}
I 4{9fabc]callcﬁcé — 459~ 9(1 4 6aby ) 4dabcdabcc(89)}
x &7 Red (€] €apiypo) (561 - € = 2 €1 - poc - 1)

+ (ELGZVPMP%)(SQ “€ — 2 €1 Paey 'pl)}l

It should be noted that a and b in the above expression are not contracted, they are colors
of incoming and outgoing particles whereas ¢ (color index) and Lorentz indices are con-
tracted. For the t-channel, we get 2% f* factor in the numerator which is zero for our
particular choice of colors, a = d and b = e. Therefore, there is no contribution from the

t-channel and we are allowed to take the forward limit without any divergence issues due

"'We took help of the FeynCalc [58, 59, 60] package to verify our calculation.

20



to the t-channel pole. This isn’t possible for massless theories like gravity where one gets

s?/t contribution from the t-channel.

For further analysis we work in the COM frame and we consider general complex polariza-

tions transverse to the momentum,

m={F,0,0,E}, po ={F,0,0,—E} (COM frame)
e1 =¢e3=1{0,0,6,0}, e =¢€4=1{0,7,6,0}

Substituting momenta and polarizations in 2.6 we get,

A(s) 4F (20%ct 4+ (1 + 60) e + 2d®d® Y (Jory + BO|* + |ay* + B6*[?) (2.7)
+ (207l + (14 0)el” + 2dd” V) ("6 — By + 06" — B P)
— (26°c) + (1 +6™)cl + 2d“bcd“bc(:8 )
X Re{(a’d = B'3)(ay" + B5) + (a°6" = 59" (a7 + 59)}
—9Z—if“bcf“bc colay + 88) = ch(a"8" = B9) 2 + [eolar” + B8*) — c(a’d — B7) ]

where Re(z) denotes the real part of z. From the above expression we can see that con-
tribution from L is always negative which means that if we don’t consider dimension 8

gluonic operators in our EFT then from dispersion relation, we’ll get

2
S / * Ok * ok * * / * *
055 £ co(ary + B8) = ("0 = B + fes(ar” + 557) = ch(a”d = B)I2] = 0

which could be satisfied for arbitrary polarizations only when ¢g = 0 = ¢f. It means that
dim 6 gluonic operators cannot exist without the presence of higher dimensional operators
in the SMEFT. In appendix A.2, we present another example of a dim6 operator, involv-
ing scalar and fermion, with a similar conclusion.

We get different expressions for A(s) (having s* dependence) for different polarizations
and colors leading to multiple constraints on linear combinations of coefficients e.g., for

a=d=1, b=e =2 and polarizations specified below we get the following expressions:
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V261 V26 A(s)/(s*/A%)

{0,1,4,0} | {0,1,—4,0} | (4ctY —9d?) + (4 — 9¢2)

{0,1,1,0} |{0,1,-1,0} 2(4cl") — 9¢2)
{0,1,1,0} | {0,1,1,0} 2(4c) — 9¢2)

{0,v2,0,0} | {0,1,1,0} | 4(cV + Y — ) — 9(cs — ¢)?

We can only constrain the s <> u symmetric 2 — 2 scattering amplitudes using the am-
plitude analysis. Therefore, we consider real polarizations or particular combinations of he-
licity amplitudes, such that the scattering amplitude is s <> u symmetric, to constrain the
Wilson coefficients. In table 2.2, we list all the different constraints we get on Wilson co-
efficients of dim6 and dim 8 operators from considering different colors and polarizations.
Our constraints when considered together are stronger than those presented in [16]. They
are also consistent with the expressions obtained for Wilson coefficients in [61] from dif-
ferent UV theories. The inclusion of the dimension 6 operators and the resulting new con-

straints are the novel results of this section.

V26 = {0,1,1,0} V2e = {0,1,1,0} V26 = {0,1,-1,0} V26, ={0,1,1,0}
Colors
Ve =1{0,1,1,0} | V2 =1{0,1,-1,0} VHAT Blex = HA+ B)ex =
" ' {0.vA+ VB.VA- VB,0} {0.VA+ VB VB -VA0}
2 ( 2 2 o 2 2 o)
a=1b=8 (és) + = 3% ) >0 (:(84> + chs) >0 4 < 94 5((7>> <c§1) + gcég)) > ((’és) + gcég)>
9, 9 9 9 2
a=1,b=2 (3) > 4(’6 4) > 4r6 4 (c;) 106> (r’f{l — 4("5) > (r’g) 5%‘0&)
1 9 . 1 9 5 1 9 1 9 5 1 2
a=1b=4| Y+ 2(’53) > Eré Dy 20‘538) > 166 2|4 ( 4 2657) e > ((5{1) + ng" - 1—6(2’62) > <c§‘> + 5(’?) - gcbq’)>

~ 16 2 166 2 2%

16
; 3 27 4 3 27 3 7 3 27 5 3 (9 27 2
a=4b=8| +5 N I R (e A <c( +d0 - GCé) <cé4) +c Ec{f) > (cg’) + 5(?5;)) - —c(;cg>
® >

1 1 1 1
a=b=1 |+’ + 24" >0 47+ + 247 >0 4<(1)+c<3)+3c(’)>< &+ + g

a=b=4 ()+c§3)+(8 >0 L(2)+c84)+c >0 4( +c(3>+c(7>)( +c(4>+cg>) (c(5)+(<6)+c(9))

Table 2.2: The table contains the constraints on dim6 and dim 8 operators’ Wilson coeffi-
cients obtained using the amplitude analysis. €; and e denote the polarizations of parti-
cles 1 and 2 respectively. The color of particle 1 is denoted by ‘a’ and that of particle 2 by
D A= 4200 + (14 5) e 4 2d00d 7Y — 9 fbe fab 2 B = 4(26%c + (14 6%)el” +
Qdabcdabccés)) o 9fabcfabccg2
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For future convenience, we will refer to a particular constraint in table 2.2 using notation

C'(i,j) where i refers to the row, and j to the column no. of the table; for example, C'(2,1)
9

refers to the constraint cg)') > ch.

The bounds in table 2.2 together significantly reduce the allowed parameter space of the

Wilson coefficients. Interestingly, from constraint C(2,1) and C(2,2) we can directly see

that for the existence of dim6 operators we need some specific dim8 operators to be present.

For example, for Qgg we need Qg’z to exist and for Qgg we need Q(Cﬁ. This aspect was ap-

preciated in the case of the electroweak bosons in [12]. More bounds involving dim 8 oper-

ators can be obtained by relaxing the elastic forward scattering limit as shown in [62].

2.2 Superluminality

We saw in the previous section that assuming an EFT to have a UV-completion that is
Lorentz invariant and unitary one gets positivity constraints on the Wilson coefficients us-
ing 2 — 2 forward scattering amplitudes. It is well known that one can also reproduce
some of these constraints by referring only to IR physics. It turns out that arbitrary values
or signs of these coefficients can lead to superluminal propagation of field fluctuations over
non-trivial backgrounds [3]. Therefore, instead of working with an S-matrix, we can work
with classical wave propagation to derive interesting bounds on the Wilson coefficients by
demanding the EFT to be compatible with causality. A priori, it is not absolutely clear
whether this analysis would give weaker or stronger bounds compared to the ‘amplitude

analysis’.

In this section, we first look at the classical causality /subluminality analysis more closely;
we investigate how this analysis is modified for massive fields. We then proceed to apply
this analysis to the Gluonic operators considered in sec. 2.1.2. Let us first briefly outline
how superluminality analysis can be used to put bounds on the Wilson coefficients by de-

manding that signal velocity cannot be superluminal.

Consider the following Goldstone Lagrangian,

L— %(8#)2 + 2 (0m)’ (2.8)
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Naively, it may seem that the 8-dimensional operator will not contribute to the free prop-
agation of perturbations as it is not a quadratic term. However, this is only true for trivial
backgrounds; for non-trivial backgrounds with non-vanishing derivatives one can get terms

quadratic in perturbations,

L 3%@%)2(0@2 (2.9)

where 7 is the background field. One has to be slightly careful in choosing a background
as it might happen that the background itself disallows wave-like (propagating) solutions
in which case it would not be possible to run this analysis. Therefore, we usually choose a
background whose scale of variation is much larger than that of field fluctuations, allowing

for wave-like solutions.

It is also important to point out that given a general dispersion relation, one cannot al-
ways directly demand phase or group velocity to be subluminal as it is well known in the
literature that they both can be superluminal while remaining in perfect agreement with
causality [63, 64, 65]. Instead, one usually demands the wavefront velocity be luminal.
However, as already mentioned in sec., one has the so-called Kramers-Kronig relation [66,

20] .
n(oo) =n(0) — g/0 d—wlmn(w) (2.10)

s w

where n(w) denotes the refractive index of the medium. For dissipative mediums, one has
Imn(w) > 0 which implies that the high frequency phase velocity is larger than the low
frequency one. And since the wavefront velocity - infinite frequency limit of phase velocity
- dictates the speed of information transfer, superluminal phase or group velocity can be
related to violation of causality. However, if the medium allows for exhibiting gain (e.g.,
in the case of a Laser) then one can get Imn(w) < 0 and in that case, the low-frequency

phase velocity cannot be a statement about causality.

The situation gets even more involved if we have a mass-like term in the equation of mo-

tion. For example, take the massive Klein-Gordon equation

¢ +m’p =0 (2.11)
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From the above eq™ we get the following dispersion relation and phase velocity,

m2

|k[?

w? = |k|* + m? ; vl =1+ (2.12)

In this case phase velocity is not a good object to consider since v,(co)=1 (preserving
causality) while being superluminal in the low energy limit (EFT regime). The group ve-

locity on the other hand is (sub)luminal

vy = —FL_ (2.13)

g —
\/ |k|? + m?

It was shown in [63] that it is the group velocity which is equal to the signal velocity for

Klein-Gordon modes with real mass.

2.2.1 Massive goldstone boson

Consider the following Lagrangian

~ Yomz 4 B omt - Lzez
L= 2(87T) —|—A4(87r) S Jm (2.14)

where J is what sources the background, with the following EOM

2
O (1 + 4635\#) + %(&,W)(@“@VW)(@HW) +m?r+J =0 (2.15)

The linearised EOM for the fluctuations { = 7 — my with 9,7y = C,,(constant) reads

8C3 v 40302
P+ 7 CMCr 00,6 — —

m2€+m?€=0 (2.16)

where we have assumed that the background terms on the l.h.s are canceled by the source
J. Taking Fourier transform we get,
803

kbt = == (C.F)

4c3C?
2_ (’}; m? + m? (2.17)
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If the mass term is absent then subluminality demands ¢; > 0 as obtained by [3]. As
mentioned in the above discussion, for a Klein-Gordon like dispersion relation it is the
group velocity that should be (sub)luminal since the group velocity is the signal velocity.
It might seem unclear whether this holds true here (since the dispersion relation is more
general here, and not exactly Klein-Gordon like). However, with the choice of a purely

space-like background, C,, = (0, 0,0, C(g)), the dispersion relation takes the following form,

w? = ak® +m” (2.18)
8esCly) 2 2 4esCly) : : :
where, a =1 — —z~ and m'* = m* | 1 + —z~ |. This form is very close to Klein-Gordon

since the parameter a is very close to unity; therefore, one can perform the analysis assum-

ing that the group velocity is signal velocity.

We now consider the propagation of perturbations along the z-axis, then the expression for

group velocity from eq®(2.17) reads,

o — dw B k + 8Cz;#(C'(O)W — 0(3)]{) (2 19)
= .
o \/k2 +m? — G 84 (Clow — Clgyh)? + 255 (Clow — Clg)h)

We choose the background to be varying only in the z-direction i.e. C), = (O, 0,0, C'(g)),

then demanding the group velocity to be subluminal gives

2 4e3C? 8c3C?
o <1+ : (3)> + 8 s (2.20)

k2 A4 A4

Taking the limit &£ > m, we can drop the second term in the parenthesis and get

2

m
ﬁ + 8cze > 0 (221)
where, 0 < & = CA(i) < 1. Finally, we get
m? [ k?
> — 2.22
“ 8¢ ( )

This is a ratio of two small positive quantities. Therefore, one does not get a strict posi-

tivity bound in this case from the superlumianlity analysis, unlike for the massless pions.
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However, the amplitude analysis still gives a strict positivity bound on c¢3 as it is unaf-

fected by the mass term.

2.2.2 Gluon field strength operators

We now attempt to derive constraints on the Wilson coefficients of the Gluonic operators
considered in sec. 2.1.2, using the superluminality analysis. As we will see below, here we
will not need to take recourse to the Kramers-Kronig relation because we will be able to

choose backgrounds where the dispersion relation takes the simplest form i.e it is non-

dispersive:
w = v|k| (2.23)

where v is a constant. In this case, phase and group velocities are the same and are equal
to the signal velocity. Due to the non-abelian nature of Lagrangian, here the calculations
are tedious and are given in Appendix A.1. Here, we just state the main results high-
lighting the key assumptions that went into the analysis. We’ll work with one higher-

dimensional operator at a time keeping the calculations and analysis easy to follow.

First, we’ll take dim &8 operator Qgﬁ = (GZVG‘““’) (GZUGZ’”") in addition to the four dimen-

sional term in the Lagrangian

D

= GG S (GG (GG
giving equation of motion,
]
— 0,GTP 4 A84 (2G5, (0uG“*)GIP + GO, G 9,GTP) (2.24)
_ a,Bv Ah afh 8C§;) bfja a,uv b,Bo AJ
=—gG"""Af gs 1 G, GYMGPPT AL

We expand A%* = A" + h®* where we choose background Ag* to be of a particular color
a’ with 0¥V A" = constant; such background also solves the equation of motion (2.24). We

look at the linearised equation of motion for the perturbation h%* of the same color ‘a’ as

27



that of the background,

1
320§; ) fa
A4 Opv

—0,0°h? + FP9,0Mh™ = 0 (2.25)
where color index ‘a’ is not contracted, and we’ll drop the color index for F§" terms which
should be assumed to have color ‘a’. Above eq™ when expanded in terms of plane waves
gives,

320&1)

Rkt = == (Fouwe’ k") (2.26)

When a similar procedure is done considering all 6 and 8 dimensional operators, we get

the following equation (color index ‘¢’ is contracted but not ‘a’),

32 ?
k}uk’u _ _F{ (Cél) 4 Cé?)) + daacdaaccg)) (FOWEVk#> (227)

~ 2
(24 )+ ) (B

(e )+ o d ) (Fop Foupe ek k) }

If we look at the perturbations of the same color as that of the background, then we are
effectively considering only the abelian part of our theory. Since there is no analog of dim
6 operators Q(Glg and Qgg in the abelian gauge theory, there is no contribution from dim
6 operators towards the wave propagation. However, we still see signs of the existence of
different gluon colors in the form of d*¢,d*** factors which give different values for different

colors in consideration.

By choosing particular background and polarization for the perturbation, we can get dif-
ferent bounds on Wilson coefficients cg) using dispersion relation (2.27). Consider the z-
axis along the direction of propagation of perturbation, perturbation of the same color

as that of background let say 1) with polarization, e = {0,1,1,0}/v/2. Choose the back-

ground such that only non-zero components of F* are F°' = —F1% and F?? = —F?0 (we
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have dropped 0 from F}"” to avoid confusion with time component), then we get

16 1 2
k Kkt = _F{ ( (1 )+Cé3)+ 3Cé )> CL)Q(F()l—f—FOQ) (228)
() 4 0 1 3 2
+ Cg +cg + o 3 (]{7 ) <F02 — F()l)
L
+ ( () + Cé6) + gCg > wk3 (Fog + F()l) <F02 — F()l) }
Now, if we take Fyp; = Foo then for perturbations to be causal we need
1
4 e+ 3c(7) >0 (2.29)

which is same as the constraint C(5,1) obtained in sec 2.1.2. Similarly by choosing dif-
ferent polarization and background, explicitly given in the table 2.3, we can reproduce
C(5,2) and C(5,3). Also, if instead of color 1 we choose color 4 for both background and
perturbations then we get C(6,1), C(6,2) and C(6,3).

Now to probe dim6 operators using superluminality analysis, we need to consider the
background and perturbations of different colors. This makes the analysis rather involved.
We’'ll first consider operator Qgg = f“bCGZ”GI;”GZ“ for which we have,

_ a auv 6abc av b, C
-——ZGWG“ I GG

giving equation of motion,

606

faB
—0.G7

ffbcaa (Gc,paGb,ﬁp) — —gsGa’ﬂyA};fafh fabc (fathb el BAh)

(2.30)

A25

We again expand A%* = Ag" + h™" where we choose background Ag* to be of particular
color ‘a’ with 0V A®* = constant, and look at the linearised equation of motion for pertur-

bation h** of different color ‘ f,
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—a, ( HFa8 | g, flai gvepis o g pliapia Agvﬁf) (2.31)
6¢ a a.00 aj Aa j ia 11 a

+ A_Qfob Oa (Fo ” (Hb’ﬂp + gsf* jAo’Bhf) + 95" ’BAOP)

. FS,BP(HI;),CV + gsfbajASphj,Oé + gsfbiahﬁ)Agﬂ))

= —g, (Hd,ﬁu + gsfdajAgﬁhj,V + gsfdiahi,ﬁAgﬂ/) Agyfdfa _ gSFél,ﬁVhZfafh
606
el
666
e

6c a,v c caj Aa j cia],i AQ a
0 [ (FUUFR(HET + g f 0 AR + g, b, AG7) A,

fdaa (fdthél7Vngf;ﬂhﬁ>

fdba <fdfa(Hb,up 4 gsfbajAg,l/hj,p 4 gsfbiahi,VAg,P)Féll;ﬂAgy>

In the above equation and the following equations, ‘f” and ‘a’ are not contracted but are

free color indices and we’ll again drop ‘a’ from FJ"” terms which should always be assumed

to have color ‘a’.

For further analysis, we take WKB approximation in which the scale of variation of background(r)
is much larger than that of perturbations (w™!). We also choose the background field to

be arbitrarily small, then at leading order in rw and Ay we get,

— 0a0°hTP + 29, fIP AT Oy WP — g, 70 Ay, 0° hPP (2.32)
6
2 17 (Fopad 0P 1 + F0,0°1,) = 0

To get the dispersion relation for perturbation of color ‘f’, we try to write the differential
equation just in terms of color ‘f’. So we assume a particular solution for perturbation of

some different color ‘0’ which satisfies the EOM,

_aahb,p + QQSfbgaAg,ahg,p _ gsfbgaAoy(Sozphg,u 4 %fbga (Fgaaphg + Féoaaahg) -0 (233)
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The above particular solution for other colors ‘b’ modifies the eq®(2.32) to

— 09y =g ffba paba (2A8‘A0ah9*5 - ;AO,,Aghg”’) (2.34)

606 ffbafgba <5FﬁpAa8 h9P AOVFP/Baphg,V + 5F0paAaa,3hg,ﬂ>

+3655 i AT f (B RS2 0,0,h% + B FE 0 0uhs + 250" F°0° 0,15

Since we have assumed a particular type of solution for other colors, we want to see how
that affects the perturbation of color ‘f’) so we try to write the differential equation just in
terms of perturbation of color ‘ f’ as mentioned before. But it is not possible to replace the
mass-like term (the term inside parenthesis in the first line) in the above equation unless
we have an explicit solution for perturbations of all color h9?. So, for now, we’ll assume
that we can choose a particular background Ag such that the mass-like term vanishes.
We’ll give below an explicit example of background and polarization of the perturbation

where this assumption is satisfied.

In the second and third lines of the eq"(2.34), when g # f we again substitute h? in terms
of other colors using the solution assumed eq™(2.33). But this gives terms of higher order
in Ag or O ( A4) which we can ignore w.r.t the terms where ¢ = f. Therefore only terms

with g = f survives at O ( A4) and leading order in Ay,

6
— 90, hIP =g ﬁ 8 pfba pfbe <5F05PA36ahf”’ — Ao, FPP0rntv + 5F0paA8“65hf”’> (2.35)

365 i s 1t 0 (P FG 0a0,, + B, F70° 0uh] + 2B F§°0°0,h] )

We expand the above equation in terms of waves with transverse polarization and consider
the spatial wave vector, K to be complex in general. We then get the following dispersion
relation,

2 712 c foar2 [ Bp 2
W? = [F[? + 365 (/") <F0 /cpeﬁ) (2.36)

where k denotes the real part of the spatial wave vector. After considering all dim6 and
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dim 8 operators we get the following dispersion relation,

ke ke
1

9 v e 2
:pfafcfaé [CG(FSL kue,) — cs(Fy 67{5@65)] (2.37)
4
M [(Z(chél) + (1+ 5“f)cé3> + Zdafcdafccé?)) (Fé“’kue,,)2

- 2
+ (209 + (14 64) el 4 2d97eq () <F§Bkza63>

—@W%9+Gﬂﬂwk9+ZWW%£UGW@@MEW%%H

where ‘ f’ denotes the color of perturbation and ‘a’ of the background. Note that the above
dispersion relation is only valid, assuming that mass-like term in the eq®(2.34) vanish. We
had a similar situation in the previous section where we had a mass-like term dependent
on the background field, which refrained us from getting a constraint on the Wilson co-
efficients of the theory. But in this case, since it depends on contracted four-vectors, it is
possible to make the mass-like term zero along with non-zero derivatives of background by

choosing an appropriate Aj.

We now try to get different constraints on Wilson coefficients by considering particular po-
larization and the background. Consider the perturbation with polarization e = {0,1,1,0}/ V2
and choose background of the form Ay, = £ {V/2t,t,—t,0} where E is some arbitrarily

small constant. Under this configuration, mass-like term in eq"(2.34) vanish and we get
following non-zero components of F),,, Fo1 = —Fyg and Fop = —Fy with Fyyy = —Fog,

which reduces the dispersion relation (2.37) to the following form,

72 32
bk = 1S () (B = g (e + 2070 L) ()" (R (2.38)

and for the perturbation to be causal (dictated by the phase velocity) we require,
9ﬂﬂﬂg%y—4@9+amﬁwgﬁ><o (2.39)

We can reproduce the C(1,2),C(2,2),C(3,2) and C(4,2) bounds of table 2.2 using the
above relation by choosing different colors for perturbations and background. The remain-
ing bounds of table 2.2 can also be reproduced by choosing different background and po-
larization configurations, details of which have been relegated to the appendix A.1. In the
table 2.3, we present all the bounds obtained on dim6 and 8 gluonic operators using the

superluminality analysis by considering different configurations of the background and per-
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turbation.

2.2.3 A Non-relativistic Example: Stronger bound from Super-

luminality

Since we got similar bounds from both superluminality and amplitude analysis, therefore,
one might think that this is always the case. Here, following [24] we present a counter-

example where superluminality gives a stronger bound. Consider the following Lagrangian

1 4 2
L= 5(0m)? = 57 + o

This Lagrangian emerges from the EFT of Inflation [67] Lagrangian in a particular limit
[24].

The 2 — 2 forward scattering amplitude at tree level is given by

2

S
A(s) = (ea — (2¢3)%) A (2.41)

Performing the ‘amplitude analysis’ gives the following bound
cy > (2¢3)? (2.42)

As a side remark, it is important to note that, due to subtleties related to spontaneously
broken Lorentz invariance, the derivation of the above bounds in [24] may not be com-
pletely rigorous, see [68] for a recent discussion.

Now, let us check what superluminality gives for this Lagrangian. We derive linearised

EOM for the fluctuations, ¢ = m + at, where « is a small quantity.

. 8ca - 8 .
£+ gag + ﬁoﬂg —PRe=0 (2.43)
Up to O(«) we have
. 8¢
£+ Fczf —0:£=0 (2.44)



then the phase velocity of the fluctuation is given by

9 8csar

vphase =1- A2 (245)

Since a can have any sign, therefore, the only way to preserve (sub)luminality is by taking
C3 = 0.

Now, up to O(a?) we have

.. &c az ..
£+ AA‘Q §-0%=0 (2.46)
The phase velocity is given by
8cia?
,Uzthase =1- A4 (247)

(Sub)luminality demands, ¢4 > 0. Therefore, superluminality in this particular case gives a

stronger bound than the ‘amplitude analysis’.
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V2e ={0,1,1,0} V2e ={0,1,1,0}
Colors
Aoy = E{\2(x +y),z +y,—(x +y),0} Aoy = B{V2t,t,—t,0}
. 3 2 5y 2
a=1f=28 cé(f) + gcg) >0 cél) + gcf) >0
39 9
a=1,f= PSS icg > 10’62
1 9 1 9
1 f—4 FOENURGLE Wilw 9
a=Lf AR R T LIS T
3 3 27 4 3 8 27 /
a=4,f=8 c;)+§c >16é cé)+2é)>ﬁbz
1 1
a=f=1 “)+c§;‘)+3c8 >0 “)+c§4)+3 9>0
a=f=4 ()—H‘gf)—&-(‘ >0 ()—H’g)—}—(’ >0
V2e=1{0,1,-1,0} V2e=1{0,1,1,0}
Colors
Ao, = E{\/2(D+ B)t,(v'D + VB)t, (VD — VB)t,0} | Ay, = E{\/2(D + B)t, (VD + VB)t,(vVB — vVD)t,0}
5 | 2 2 5 2 @\
a=1f=8 4 Céd) + q(; ) (g) + cég) > cg’) + 765(;))
3 3 3
3 9 9 6 9 2
a=1,f=2 4(53)71 71(;&2 > cé)fi(:gcg
1 9 9 o 1 2
Cohsed (0 3 ’T6>< D5 > (o g et
, 3. 27 27 3 27 \?
a=4,f=8 4 (cé) 2% " 16 > ( 1662) > (c((’) + 56(9) - §660£j>
1 1
a=f= 4(< I Cs <<2> oy 3;)) <<>+C<>+3Cé>
e — . 2
a=f=4 4 (C;U +c 4 Cf;')) (cg) +dY 4 (:5;8)) > ((‘,g’) +c¥ 4 (’,ég))

Table 2.3: The table contains the constraints on dim6 and dim8& operators’ Wilson coef-
ficients obtained using the superluminality analysis. Ao, and e represent the background
field and polarization of the perturbation, respectively. The color of the background is de-
noted by ‘a’ and that of perturbation by ‘fr. D= 4(2(5“%5(31) +(1+ (5‘“’) ) 4 2dbed®, (7))
9fabcfabccg; B = 4(25abcé2 (1 + 5ab) + Qdabcdab ) _ 9fabcfal:jc

35



36



Chapter 3

Bell violation in 2 — 2 scattering in

photon, gluon and graviton EFT's

This chapter is largely produced from [50], which was one of the original works done dur-
ing the course of this thesis. The chapter is mainly organized as follows: In section 3.1, we
give a brief overview of the CGLMP Bell parameter and its validity. In section 3.2, we ex-
plore the possibility of Bell violation in photons, gluons, and graviton EFTs. Section 3.3

discusses CP violation from the point of view of Bell violation.

3.1 CGLMP Bell parameter

We will first briefly overview the CGLMP inequality and the corresponding Bell parame-
ter for qubits following [48]. Let us suppose there are two parties, Alice (A) and Bob (B),
with a qubit state each. Alice can carry out two possible measurements, A; or A,, and
Bob can carry out two possible measurements, By or By. Each measurement can have only
two possible outcomes: Ay, As, By, Bo = 0, 1. For a local hidden variable theory, the qubit
system can be described by 16 probabilities ¢;x, where (j, k) are Alice’s local variables
and (I, m) are Bob’s local variables. The pair (j, k) represents that measurement A; has
outcome j and measurement A, has outcome k; and (I, m) represents that the measure-
ment B; has outcome [ and measurement By has outcome m. Since c¢ji,, are probabilities,

they are positive (¢jg, > 0) and sum to one (ijlm Cikim = 1>. The joint probabilities
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P(A; = j, B, = m) then take the following form P(A; = j, By = m) = Y, Cjtim and
similarly for P(A, = j, By =1), P(Ay = k,B; =) and P(Ay = k, B = m). Using the joint
probabilities, we define the probability P(A, = B, + k) that the measurements A, and B,
have outcomes that differ by &£ modulo 2 :

1
P(Ag=By+k) =) P(A,=j,B,=j+k mod 2) (3.1)
7=0

The CGLMP inequality® is a combination of the above probabilities defined as:

I, =+[P(Ay=DB))+ P(By=As+ 1) + P(Ay = Bs) + P(By = A})] (3.2)

For a local hidden variable theory, we can have any three probabilities with a + sign in the
above expression satisfied along with one with a — sign (or vice versa). Therefore, for such
theories —2 < [, < 2. However, for a quantum mechanical theory, I5 can be greater than
2, as shown below.

Consider the following normalized quantum state of entangled qubits (in |0) ®|0) and |1) ®
|1) basis),

W) = Z pom [1) 4 ® M) (3:3)
\/ Zm o [Hm[? m=0
The measurements by Alice and Bob are carried out in three steps [48, 70]. First, a vari-
able phase, €'?*(™) for Alice and e**(™ for Bob, which depends on the measurement being
carried out is given to each state |m) using phase shifters which are at the disposal of the
observer. Thus the state becomes

1
1 )
V) = D e et ) | @ |m) (3-4)

1 2 Him®
Zm:()llum| m=0

where ¢1(m) = Taym, ¢ga(m) = Taam, pi(m) = wfim and po(m) = wPham with ay = 0,

ay =1/2, 1 =1/4 and 5, = —1/4. These are the optimal measurement settings for which

one gets the maximum value of I, for an entangled quantum state in Schmidt basis [48].

Then each party carries out a discrete Fourier transform to get the state to the following

IFor the qubit case, the CGLMP inequality is equivalent to the CHSH inequality [69].
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[ — ff/%@m[Qm<>+¢mm»+WMk—nﬂrmA®uw (3.5)

2/ ol ? i

The final step is for Alice to measure the projection of the state along the k basis and for

Bob to measure along the [ basis. Thus the joint probabilities are:

2
1

P(As=h,By=1) = ———
42 o |l

(3.6)

Z m €XP {mm (aa +k+ B — )]

We can also get the above joint probabilities in one step if we consider the operators A,

and By to have the following non-degenerate eigenvectors, respectively [46],

7 Z 11 a (3.7)

YPli)e, (3.8)

where X](f,? = exp (imj (k + ag)) ,Yﬁ) = exp (imj (=l + Bp)) with a, and S, defined as

before. Then we get the following joint probabilities,
P (Au=k.By=1) = (U] (K4, © Dy a0l @0 (k) 0) (3.9)

which when evaluated is same as eq"(3.6).

Using eq"(3.6) and eq"(3.1), we can calculate I, for generic p,,, which is given by

2V2 (pogs; + paptg)
Zin:O |t |2

I =

(3.10)

When [, is extremized w.r.t p,,, we get —2Vv/2 < I, < 2v/2. The I, = 2v/2 corresponds
to the maximally entangled state, |¥) = (|0) ® |0) + 1) ® |1)) /+/2. Thus for a quantum
mechanical theory, |I5| can be greater than 2, whereas |I5| is always less than or equal to
2 for a local hidden variable theory. In the rest of the paper, we will denote |m) ® |n) as
|m, n) for convenience.

Note that if we consider |¥) to be a generic superposition in |0,0), |0,1), |1,0) and |1,1)
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basis,

m,n) (3.11)

1
“Il> = Z Hm,n

m,n=0

then we get the following expression for Iy,

_ 2v/2 (oortyy + Bt 0)
V Zomnco it nl?

I (3.12)

However, now we get [y = 0 for certain maximally entangled states, |¥) = (]0,1) +
11,0))/v/2 and |¥) = (|0,0) + 4|1,1))/v/2. Therefore, I, is a good order parameter for
entanglement only if one considers |0,0) and |1, 1) as the basis and real coefficients py and
1. For this purpose, we go to |0,0) and |1, 1) basis before calculating I and only consider

CP-conserving theories as they have real amplitudes.

3.2 Bell inequality in 2 — 2 scattering

Since Bell inequalities can be used to distinguish between local hidden variable theories
and quantum theories, we try to probe the quantum nature of different EFTs using 2 — 2
scattering and Bell inequalities. For this purpose, we relate the CGLMP Bell parameter I,
to the 2 — 2 scattering helicity amplitudes, which can be easily calculated.

Consider |py, hy,m1;pa, ho,ms) and |ps, hg, ms; pa, ha, m4) to be the basis for initial and
final states, respectively, for the scattering process. Here, h; represents the helicity of the
particles, which can take values h = 41, —1 for photons and gluons, and h = +2,—2 for
gravitons; and m,; represents the other quantum numbers, like color for gluons. We sum
over the other quantum numbers for final states, ms and my, so that the final states are
entangled only in Hilbert space spanned by helicity states. It would also be interesting
to study the entanglement in other quantum numbers, however, one has to consider the
appropriate CGLMP Bell parameter, I [48].

Now, the final states can be represented as |ps, hg; ps, hs). We denote the helicity scatter-
ing amplitudes as MZ‘I’Z‘; (mq, ma, s,t,u) where we take initial states to be incoming and
final states to be outgoing and s,t,u are the usual Mandelstam variables. In the rest of the

paper, we use 1 in place of h = +1,+2 and 0 in place of h = —1, —2, for convenience.
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Consider the initial state to be a generic superposition in the |0,0) and |1, 1) helicity basis,
V) = Dlico1 Ni li,masi,mg). We have suppressed p; here and in the rest of the paper

to make the notation less clumsy. Any state can be written in this basis by the Schmidt
decomposition theorem, as also shown in the appendix. We consider the initial states such
that the CGLMP parameter corresponding to them (/y;) satisfies |Iy;| < 2 as we want to
probe quantum nature of the theory only through the scattering process. We then identify
fmn = D o1 AMG" in eq?(3.11) i.e. we take | W) to be the final state of our scattering
process. We convert the final state to |0,0) and |1, 1) basis by the Schmidt decomposition

method and calculate Io; for different theories and initial states using eq®(3.10). )
From now on, we will use the parameterization \j — cos and A\; — sin# for convenience.

We consider the scattering of identical particles and assume parity symmetry. Then for
photons, gluons, and gravitons scattering (cases that we will be considering), there are to-
tal 16 helicity scattering amplitudes for each set of additional quantum numbers m; and
my (they represent colors for gluons and do not exist for photons and gravitons). Note
that we sum over mgz and m, while calculating amplitudes, as already mentioned. How-
ever, due to parity symmetry, there are only five distinct scattering amplitudes in the
COM frame [71], denoted as

(s, tu),  Ps(s,t,u) EMijg(s,t,u) (3.13)

where we have suppressed the m; dependence of helicity amplitudes. If we don’t have
quantum numbers other than h;’s i.e. m;’s do not exist, as is the case for photons and

gravitons, then due to crossing symmetry, ®3 and &4 can be related to ®; as,
D3(s,t,u) = Pi(u,t,s), DPu(s,t,u) =D(t,s,u),

This leads to only three independent helicity amplitudes, ®;, ®5 and ®5. All the helicity

scattering amplitudes for CP conserving theories can be denoted as,

Myp My Mgy Moy By D5 By D,
MYy My Mgy Mgy | _ | @5 @4 @ @ 15
My Mip Mgy Mg, O; B D, s
MY ML MG Mgy O, D5 Dy Py
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We work in mostly minus signature, 7, = (+, —, —, —) throughout our work.

3.2.1 Euler-Heisenberg

Let’s consider the following EFT Lagrangian for photons up to dim 8,

1 v €1 v C2 v
L=—FuF"+ F(F“ EF.)°+ F(F“ F.)? (3.16)
For the case of photons, we don’t have to worry about the other quantum numbers, m,

and msy, and the low energy amplitudes &, ®5, and &5 can be written as

Dy (s, t,u) = gos® (3.17)
Dy(s,t,u) = fo (s* +* +u?)
O5(s,t,u) =0

up to O (1/A%) [71, 72], where go = 8(cy + ¢o)/A* and fo = 8(c; — ¢z) /A,

For a generic initial state, |¢)), = cos@|0,0) + sinf |1, 1), we get the following final state
after 2 — 2 scattering,

W) =cos B(Mq( [0, 0) + Mg [1,1) + Mg [0, 1) + Mg [1,0)) (3.18)
sin (M} [0,0) + My |1, 1) + M7 0, 1) + M7 [1,0))

Using eq"(3.15) and eq"(3.17), the final state can be written as
|U) = (sinf ®; + cosf Do) |1,1) + (sinh &y +sind d4) |0, 0) (3.19)

Since the above final state is already in |0,0) and |1, 1) basis, we can directly calculate the

corresponding CGLMP Bell parameter Io; using eq"(3.10),

2v2 (20, P, + (P2 + ®3) sin 20)

|P1]2 + | D)% + 201 Py sin 20
B 2v/2 (sin 20 + 4f2(1 + y + v2)?sin 20 + 4f (1 + y + x2))
- 1+4f2(14x +x?)? +4f (1 + x + x?) sin 20

Ly = (3.20)
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where f = fy/go and —1 < x = t/s < 0 for physical t and s. Also, cos¢s = 1 + 2y where

¢ is the scattering angle.

We extremize Iry w.r.t 6 and x with the constraint |Iy;| < 2. We find that one can observe
Bell violation, i.e., [Iof| > 2, for some scattering angle (or equivalently x) for all values

of fo and gy except for fo = 0 or go = 0. In other words, for any non-zero values of f,
and go, one can observe Bell violation at some scattering angle if 1), is chosen appropri-
ately. Since we are interested in exploring the possibility of Bell violation due to the quan-
tum evolution of the initial state dictated by the theory, we take the initial state whose
CGLMP Bell parameter (/y;) is less than 2, i.e., it can, in principle, also be described by a
local hidden variable theory.

For f, = 0 or g, = 0, the maximum value for I5; is equal to 2, with the constraint |I5;| <
2, which lies on the boundary of Bell inequality. Therefore, for |c;| = |co, there is no Bell

violation for any value of x and |I5;| < 2.

Product initial state: If we take the product state |1,1)) to be the initial state in 2 — 2
scattering (i.e. # = 7/2 in 1), = cos#10,0) 4 sinf |1,1)), instead of the general state with
the constraint |Iy;| < 2, then we get the following Io;

8vV2f 292 (X* + x + 1)

Ly = I3 =
T T A1)+ g

(3.21)

For this particular initial state, we observe Bell violation for some scattering angle, given

ﬂ—1<

5 >

fo
92

- 2(\/§3+ 1)

fo

g2

~ 02071 < |22| < 1.6095 (3.22)

Interestingly, the QED 1-loop answer for ‘g—z) ~~ 0.2727 [73, 74, 75] lies inside the above
range. Note that a similar exercise was done in [46] by demanding Bell violation for all

scattering angles, which leads to a slightly different range for | fa/gs|.

For |f2/g2| outside the above range (3.22), we don’t observe Bell violation for any scatter-
ing angle because here we have fixed § = 7/2 in the initial state. If we allow € to vary,
then we can observe Bell violation for all non-zero f and gs, as shown above (eq®(3.20)

and the following paragraph).
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If one performs an experiment with the product initial state and observes Bell violation

at some scattering scale, then the constraints in eq”(3.22) must hold true. However, we

do not find any clear theoretical motivation to demand Bell violation in 2 — 2 scattering
with product state as the initial state, as explored by [46]. In fact, on the contrary, we will
show that for a product initial state, there is no Bell violation at any scattering angle for

EFT of gluons (non-abelian), with a weakly coupled UV completion.

3.2.2 EFT for gluons

Now let’s consider the following lagrangian containing only the CP conserving operator for
EFT of gluons upto dim 6,

= —ZGZVG“W g GGGy (3.23)

For the above Lagrangian, we get the following helicity amplitudes up to O(1/A?) for pro-

cess |p1, €1,a; P2, €2,0) — |p3, €3, d; pa, €4, €)

My (5 t,u,a,b,d,e) = 29 (f“d’fdce — g face fhed) (3.24)

(t2 vy ) 4C18 (tfacdfbce o ufacefbcd)
(o N (-

M (S t,u,a, b d e) = 2g (facedeb ufacbfecd>

/\/l (s t,u,a,b,d,e) = —12g A2f‘wad06

./\/lo7 (8 t u,a, b d 6) = 29 (faCdfbce tfacefdcb)
M (S t u, a, b d 6) = 6g ( faCdfbce +tfacefbcd)
where a, b, ¢, d, and e represent the color of particles and ¢ is summed over.
We sum over the colors of final states, d and e, which makes the final state entangled only
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in the helicity basis. Then the amplitudes reduce to the following forms,

2
_ 28 ace rbed . _ 4C18 ace rbed
(I)l(87 i u) - _29 a ( §de f f ) ) q)2<87 t, u) - _129 A2 < 2 - f f > (325)
_ U ace rbed . _ 2 3 ace pbed
(1)3(87t,U) - _29 ? <§de f f ) 3 q)4(87t7u) - _29 a (%6 f f )

C1S
D (s, u) = —6g 5 (Z f““"f“d>
d,e

For the generic initial state, |¢), = cos#|0,0) +sin#|1,1), we get the following CGLMP
Bell parameter corresponding to the final state (details of which have been relegated to the

appendix),
2v/2 (2B, Dy + (D3 + B2) sin 20 — 202(1 + sin 26))
|®1[2 + [D2]2 + 20, Py sin 20 + 202(1 + sin 20)

Ly = (3.26)

For the above ®;, ®; and ®5 we get the following oy,

03 48c uts® + (4s* + 144cFu?t?) sin 20 — T2¢2u*t?(1 + sin 20)
48¢) s?ut sin 26 + 4s* + 144cPut? + T2¢2u?t2(1 + sin 26)
93 sin20 — 12¢) x(1 + x) + 182 x*(1 + x)*(sin 26 — 1)
1 —12¢)x(1 4 x) sin 26 + 18c¢Zx2(1 + x)?(sin 20 + 3)

Ly = (3.27)

where ¢] = g?c;s/A?. We observe Bell violation for some x and 6 (with the constraint
|I5;| < 2) given

. 2v/2 2v/2
¢ € (—oo,—m> U (—m,oo> \ {0} (3.28)

Since ¢} = g?c;s/A? and s < A? within the validity of the EFT regime, we finally get
c1 €R \ 0 (329)

For any ¢; except 0, we can choose appropriate s so that ¢} lies in the range (3.28).There-
fore, for all values of ¢; except 0, Bell inequalities can be violated at some scattering angle

for some initial state with |Iy;| < 2.

Product initial state: Now, if we take the product state |1,1) to be the initial state, we
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get the following oy,

_2\/5120’9((1 + x) + 18¢Zx* (1 + x)?
1+ 542x2(1 + x)?

Ly = (3.30)

We observe Bell violation for some Y if,

—4v2+2y20 4 V2) ~ —0.265 (3.31)

3(3-2)

/

and since s < A? and g ~ O(1), ¢; has to be at least of O(1). However, the value of ¢; is
expected to be of much smaller order for weakly coupled theories; for example, for weakly
coupled UV completion with heavy fermions, one typically gets ¢; of O(107%) as shown in
[73]. Thus, we don’t expect to observe Bell violation by the non-abelian gauge theory in

2 — 2 scattering for the product state as the initial state.

It is interesting that this is qualitatively different from the abelian case of QED, where it
is possible to observe Bell violation for the product initial state. This qualitative difference
between abelian and non-abelian gauge theory is mainly due to the contribution from the
kinetic term of non-abelian gauge theory towards the MHV amplitude. This contribution

doesn’t allow the cancellation of energy scale A in I5¢.

This also shows that Bell violation (for product initial state) cannot be promoted to a
principle to constrain EFTs and the QED value satisfying the constraint (3.22) is perhaps

just a coincidence.

3.2.3 Bell inequality for RF?

Now we consider 2 — 2 scattering of photons, including the graviton exchange. We use the

following curvature conventions for the calculations,

1
T = 59 10ugvo + ooy = oG] (3.32)
RY,, =00, — 0,10, + 0Ty, —T0, I, R, =R, (3.33)
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Consider the following EFT action for photon coupled to gravity,

~

— / dizy—g [——R—ZF/fV 5 R PP+ (P E, ) 4+ ZH(FYE, )]
(3.34)

where k = 2/M,,. Taking the gravity to be perturbative i.e. g,, = 1, + kh,., we get the

A4(

following helicity amplitudes at tree level,

K2 4
Mii(s,t,u) = &y = gos? + E {(aQ + _t> (s +ut) + 6as] (3.35)
’ u
2
/\/l1 Vs, t,u) = By = fo(s? + 2+ u?) — 16 2 (s® + ¢* + ) — 3astu]
ak? 5
Mlo(stu) (DE’:_F [s* + t + u® + 3astu]

where fy and gy are same as defined in eq®(3.17) and a = &/A%.

For the spinor QED UV completion, A = m, (mass of electron) and for s < m? we have
[76]

—et 11et —e?
2= a0 T ot O 360meme (3:36)
The Iy is same as eq”(3.26) for a generic initial state: cos#10,0) +sinf |1, 1),
2v/2 (20, @y + (B2 + d2) sin 20 — 2P2(1 + sin 20))
Ly = (3.37)

|®1[2 + [D2]2 + 20, Dy sin 20 + 202(1 + sin 20)

After calculating I5; for the above amplitudes and Wilson coefficients, we observe Bell vio-

lation for all values of (e*M})/m? for some scattering angle and 6.

Product initial state: Taking the product state as the initial state, we observe Bell vio-

lation if,
M,
> f(s/My) (3.38)
Me
where f is some function of s/My which increases with decreasing s/Mp,). For example,

f(s/ M) ~ 195 for s = M2 and it increases to f(s/My) ~ 1946 for s = 0.01M;.

The above constraint (3.38) is similar to the Weak Gravity Conjecture (WGC) (e/m >
O(1)/My) [77] for f ~ O(1), as noted by [46]. However, within the validity of the EFT
regime, s < A? < M, f is of a much higher order than O(1) and therefore cannot be
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compared to WGC. If we experimentally observe Bell violation for product initial state,
then we get much stronger constraints on the charge-to-mass ratio of fermions coupled to
photons than imposed by WGC.

3.2.4 Gravity

Consider the following action for gravity, including the corrections to Einstein’s gravity

S — / oy <R+ 3&11&2 ) (3.39)
where R? = R R\ 7RO‘

Again taking gravity to be perturbative g,, = 7, + Kh,,, we get the following helicity
amplitudes for 2 — 2 scattering of gravitons [78]

2
Miﬁ(s,t,u) = d, = K?s < f68 ut) (3.40)
)
./\/ll Vs, t,u) = Py = Zﬁfﬁstu
1
My 0(5 t,u) =Py = glfﬁstu

where [ = B/A4. For a generic initial state, cos6(0,0) 4+ sinf |1, 1), we have the following

form of Ir¢
2v/2 (20,05 + (B2 + B32) sin 20 — 2P2(1 4+ sin 20))
|(I)1|2 + |q)2’2 + 2@1@2 sin 26 + 2@%(1 + sin 20)

Ly = (3.41)

In this case, as well, we observe Bell violation, i.e., |Iyf| > 2 for all values of the Wilson

coefficient /3 for some y and 6 (with the constraint || < 2).

Product initial state: For the product initial state, we observe Bell violation at some
scattering angle if 1.379 < |3]s? < 46.417. Since s < A? within the validity of EFT regime,
B must be of a much higher order than O(1). If one considers s ~ A2, then § must be
of O(1) to observe Bell violation; however, then one has to consider higher-dimensional
operators as their contributions also become significant. This is similar to the case of non-

abelian gauge theory in section (3.2.2).
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3.3 CP conserving vs CP violating

In this section, we are not trying to probe the quantum nature of theory but to see if we
can differentiate between CP-conserving and CP-violating theories using entanglement

and 2 — 2 scattering. The CP-violating terms in the Lagrangian of a theory give imagi-
nary contributions to the helicity amplitudes which lead to complex coefficients in the final
state. Since the CGLMP Bell parameter is not a good measure of entanglement in states
with complex coefficients, we will use another parameter, concurrence (A), for this pur-
pose. Concurrence is defined as A = 2 |pugop11 — po1fto| for a normalized state, |¥) =
tmn |m,n). The A = 1 corresponds to a maximally entangled state, whereas A = 0 corre-

sponds to a product state.

We consider § = —/4 in the initial state |¢), = cos€|0,0) +siné |1,1) i.e. it is maximally
entangled. We have the following helicity amplitudes after including CP-violating terms in
the theory,

Myy Myg Mgy Mgy O3 ;D Dy
My Miy Mgg Moo | _ | @ @4 D] @3
MY Myp Mg Mgy o5 b b, D
MPY MPT MG M D, D5 D5 Dy

Then we get the following final scattered state for the maximally entangled initial state,
(W) =(®] — 92)0,0) 4 (3 — 1) [1,1) + (5 — ©5) (|0, 1) +[1,0)) (3.42)

which has the concurrence (Ay),

_ 97 - Dy 4 (05 — OF)?| _ o7 - D, — 4(ImPs)?|
|PF — o] + |P5 — D52 | D] — ®y]2 + 4(ImPs)?

Ay (3.43)
In the case of CP conserving theories, we have real amplitudes; therefore, &5 = ®f and

A =1, i.e. the final state is maximally entangled. However, in general, we can have A < 1
for the CP-violating theories. Therefore, if one observes a non-maximally entangled final
state (A < 1) in 2 — 2 scattering with 1), = (]0,0) — |1,1))/v/2 as the initial state, then
the theory has CP-violating contributions. Note that this statement is true about the full
theory since we have used general amplitudes which are not limited to a certain order in
A.
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Chapter 4

Summary

4.1 Summary for causality and unitarity cosntraints

We have derived constraints on dim6 and dim 8 gluon field strength operators of SMEFT
using both the amplitude and superluminality analysis. This significantly reduces the pa-
rameter space of the Wilson coefficients. Interestingly, these bounds imply that dim6 oper-
ators can only exist in the presence of certain dim8 operators.

The amplitude analysis filters out terms growing as even power of s, s*® where n. > 1

(n = 1 in our case). It is because of this filtering property that one is not able to put any
bounds on the Wilson coefficients of dim6 operators comprising four fields, e.g. c¢?9,¢d"¢
as their contribution to the tree level scattering amplitude (forward limit) grow as s. But
for dim6 operators comprising of three fields, like some terms in Q(Glg and Qgg, one indeed
gets an s? dependence at tree level due to exchange diagrams. It is this feature that al-
lowed us to put constraints on the square of the Wilson coefficients of dim6 gluon field
strength operators in SMEFT. We obtained constraints on the magnitude of dim6 oper-
ators’ Wilson coefficients in terms of those of dim8 operators. In appendix A.2, we have
given another example of a dim 6 operator (containing 3 fields) whose magnitude can be

constrained in terms of dim 8 operators.

In the context of superluminality analysis, we have mentioned the subtleties involving the
relation between low-frequency phase velocity and causality. We showed, in the case of chi-

ral Lagrangian, that it is unclear if one gets a strict positivity bound from superluminality
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when the pion is considered to be massive. The reason for this is that the superluminality
analysis takes into account the contribution from operators of all dimensions (unlike the
‘amplitude analysis’). As we have argued in our work, the contribution of the dimension 4
operator (other than the kinetic term) to the dispersion relation of the perturbation makes
it unclear if one can use the phase velocity to dictate the superluminality of the pertur-
bation. However, in the case of the gluon field strength operators, we managed to get rid
of the mass-like terms in the dispersion relation by choosing specific background and po-
larization of the perturbation. This was possible because the mass-like term entirely de-
pended on four-vector contractions which could be made zero despite having a non-zero
field. We showed that interestingly and in a non-trivial way, the superluminality analysis
for gluonic operators in the SMEFT reproduces all the bounds obtained from the ‘ampli-

tude analysis’.

The above discussion might give the impression that the amplitude analysis always gives
similar or stronger bounds than the superluminality analysis. However, this is not always
true. In sec. 2.2.3, following [24], we showed an example of a non-relativistic theory (mo-
tivated by the EFT of inflation [67]) that the superluminality gives stronger constraints
than the ‘amplitude analysis’ in this case. Thus, we conclude that it is not clear which
of the two analyses will give stronger bounds for a particular theory. Hence, ideally, one
should perform both analyses in order to obtain the maximum amount of constraints on

an IR effective theory.

4.2 Summary for Bell violation in 2 — 2 scattering

We explored Bell violation for 2 — 2 scattering of photons, gluons and gravitons in the
context of EFTs using the CGLMP Bell parameter as the measure of entanglement. We
considered the initial state to be entangled in the Hilbert space spanned by the helicity
basis, such that the degree of entanglement can be described by a local hidden-variable
theory. This condition on the initial state can be described as the relation |Iy;| < 2, where
the I5; represents the CGLMP parameter. With this particular choice of the initial state,
the Bell inequality for the final state can be violated only due to the quantum nature of

the scattering amplitudes, which is dictated by the theory in consideration.
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We showed that starting from an appropriate initial state, 2 — 2 scattering of photons,
gluons, and gravitons could violate the Bell inequality (at least for some scattering angle)
for any non-zero value of CP-conserving higher dimensional operators in the corresponding
EFTs.

If one considers the initial state to be a product state, which is experimentally easier to
prepare, and observes Bell violation at some scattering angle, then the EFT parameter
space can be constrained. This was also shown by [46] for the QED case. However, a pri-
ori, one can not use this as a principle to constrain the EFTs as we have explicitly shown
using the example of the EFT of gluons. In the cases of EFTs for gluons, gravity, and pho-
tons including gravity, we observe Bell violation for the initial product state (say |1,1))

if the Wilson coefficients of higher dimensional operators are of at least O(1). In all these
cases, the leading operator (4-dim operator) contributes only to the MHV amplitude (®; =
MH), therefore one basis (|1,1)) has a significantly higher weight than the other (|0, 0))
(even after Schmidt decomposition). However, for a significant degree of entanglement in
the final state (Ioy > 2), we need the weights of both bases to be comparable. Thus, the
Wilson coefficient must be at least O(1), so that both the bases have comparable weights.
It is interesting that the non-abelian gauge theory (and gravity) is qualitatively different

from the abelian gauge theory even from the point of view of Bell violation.

We have also shown that if we consider the initial state in 2 — 2 scattering to be a partic-
ular maximally entangled state, then we can probe the CP-violating nature of the theory

using the degree of entanglement in final states.

In this work, we have explored the possibility of Bell violation by the unitary evolution of
qubits for different EFTs using 2 — 2 scattering. There is still much to explore on the
relationship between entanglement and EFTs. It would be interesting to explore Bell vio-
lation by states entangled with respect to quantum numbers other than helicity, like colors
for gluons, and if it can restrict the EFT parameter space. It would also be interesting to
investigate whether our results hold true even after considering more higher-dimensional

operators in the EFT, like dim 8 operators in the EFT of gluons.
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Appendix A

Subluminality

A.1 Details of the subluminality analysis for gluons

e For operator Q(GIZ = (Gu,G) (G5,G"7) we have,

(1)
= - LGLG O (GG (G, GP)

Applying Euler’s Lagrange equation,

L L
L )

“0(0.45) 045

for the above Lagrangian, we get EOM as,

(1)
— 0.GT 4 810\84 (2G5, (0aG™)GTP 4 Go, GHH 9,GT0) (A1)
- gSGa,,BVAhfafh 868 Sfbija Qe ,uI/Gb BUAJ

We expand A%* = Ag* + h** where we choose background Aj* of particular color

a’ having 0V A%* = constant, and look at the linearised equation of motion for per-
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turbation A** also of same color ‘a’, then we get

8!

—0u P 4 25 (26

A (0 H™ + 9o f 1 AG*H + g f* AR GEY (A.2)

Opv

+ Gl Gt 0 ) = 0

Opv

a
where f=a, Gf,, =

= 0,A5, — 0,AY, + g f A AG, and HS, = 0,h2 — O,h8

since Af is non zero only for particular ‘a’, Gg,,, = Fg,, = 0,45, — 0, A5, and is also
non-zero only for color index= ‘a’. From now we’ll stop writing color index for back-
ground for convenience as it is fixed to be ‘a’

8cl)

a,af3
-0, H + A4

(2Fuu 00 HO FY? + o F{0,HO7) =0 (A.3)

Since we are working in Lorentz gauge, 0,h% = 0 , then writing H*"" explicitly

(1) (1)
a1 8¢ v 32c a aw

—0,0"h™P (1 —r Fow F§ ) i Fow F§ 0a0" W = 0 (A.4)

h®H 1

Rescaling A" — and considering terms only up to O (—4),
(1 808 F F'LW) A
Opv
1)
32

—0,0°h™P + ij Fopu F350,0"h™ = 0 (A.5)

Taking the Fourier transform and multiplying the eq™ by normalized polarization of

perturbation: eg,

- 32¢ .
k? - egh®? = N Fou FyP gk k* A& (A.6)
Also, we can write hov = —e ﬁ“’pep considering polarization to be transverse and
therefore having components only in spatial direction (= €,e” = —1)
320 5
k* = Aj (Foue” k") (A7)
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Doing the above calculation for other operators gives eq™(2.27).

e For operator Qgg = f“bCGZ”GQPGZ“
. a apy Ce abc av b, c
= _ZGWG K 2f GGGt
we get EOM as,

606

6
_aaGf,aB + ffbca (Gc,paGb,Bp) — _gsGa,BuAIijfafh + %gsfabc (fathb,qui),BAlij)

(A.8)

We again expand A%* = A" + h®* where we choose background Ag" of particular
color ‘a’ with 0¥ A%* = constant, and look at the linearised equation of motion for
perturbation h®* of color f.

Then EOM takes the following form for color f,

= 0 (HI0 4 g f19 A5 17 g, fient A7) (A.9)

6
C6ffbaa (FG,P&(HI),B +gsfbajAa,ﬂhJ +gsszahz BA )

Fa ﬂP(Hba + gsfbajAa hi + gsszah;)Ag,aD
<Hd,61/ + gsfdajAgﬁth/ +gsfdiahi,,8A8,V> Agyfdfa . gng,ﬁuhZfafh

606
A2 9

6
C6 Sfdba (fdfa(Hb VP 4 s fba]Aa thp + s flnahl uAa p)F(?éIBASV>

fdaa (fdtha Ve ,th>

6C6

o0 f 1 (FYRG G + o f ) Ag 0 + g, f U, AR AR, )

For this, we work in WKB approximation where the scale of variation of background(r)

is much larger than that of perturbations (w™!), then at order g, g2, 1/A? and lead-
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ing order of rw in each of them,

= 0 (HI 4 g, [0 AT W + gl A3 (A.10)
6¢ a a.00 aj Aa j ia 7.1 a
+ A_fffb Oa (Fo ” (Hb’ﬁp + gsf* ]Ao’ﬁhf) + 95" ’BAOP)

. Fg,ﬂP(Hl;,a + gsfbajAgphj,a + gsfbiahi)Ag@))

— =g, (H"P 4 g, f" AR + g, fUh P AT ) Ag, f1

666

dac pdfa pa,vp rre,8 pa
ngf f FO Hp AOV

606 a a v ) a
+ ngfdb fdf Hb’ pF(?pBAOV +

In above eq" since we don’t know the relative order of g, and 1/A?, we ignore only
those terms which are definitely of less order than g, g2, 1/A? like g2/A%. Also, in
the above equation and all further equations ‘f” and ‘a’ are not contracted but are

considered particular color indices and we’ll also drop ‘a’ from background terms.

Lorentz gauge, d,h® = 0 implies

— 000uh?P — 29, 19 AL 0 WP + g, f19 Ao, 0PI (A.11)
g2 e pie (AQR — P AY) A

6
2 17 (Fopad 0P 1 + F# 0,001, )

6C6

+ e ( 19 ATF 0,0 — 9 FE* Ag,00 7

+ fbajAgFéBpaahg + fbajHj,l/pF()erAOV + fbacFépr;:ﬁAoy) =0

We can also choose the amplitude (max|Ag(z*)|) of the background to be arbitrary
small without affecting other quantities, which would make the terms of order A2

less relevant in comparison to terms of lower order,

— Da0uh?P 4 29, fIP AL D W™ — g, f70 Ay, 0P WOP (A.12)
6¢
o 17 (Fopad 07 W + B 0,0°}) = 0
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Now for also some other color ‘6" we’ll have similar wave equation,

— DD 4 29, [ AT DI — gy f49° Aoy 0P O (A.13)
6
o Y (B 0u0° g + FYT 0 0ahg) = 0

We consider the following solution of (A.13),

—O"D" + 29, [P AU RP — g f*0° Ao, 07 hY + %f"g“ (F70°hg + Fg70%hg) = 0
(A.14)
and substitute in (A.12),
—0%0ph!? =292 fIba faba (2A8A0ah9’5 — ;AOVAghg’”) (A.15)

6
g (5ES7A0uh5” — A, F{ P + 5 Fy0 A0 17 )

2
+ 36%]“ e foe (Foﬂ O R 0a0,h% + Fo Y7 9% 0,hs + 2F0F0°0,h )

Now we try to get the differential equation just in terms of perturbation of color ‘ f’
assuming that we can choose a particular background Ay such that mass term van-
ishes. Then in the above equation in second and third terms of r.h.s, we write hY in
terms of other colors. When g # f we get terms of higher order in Ay or O ( %) from
(A.13), therefore only g = f survives at O (ﬁ) and leading order in A.

6
_gaaahfﬁ :ggffbaffba <5F630A8caahf7p _ Ao,,FOpB@phf”’ + 5FopaA8‘05hf”’>
02 a a (o8} T QA (67 [ege}
36517 (F(f”FO 0n0,hf + FLF(7 00 00hf + 20 F aﬂaphg;)

Taking the Fourier transform and multiplying by normalized polarization of pertur-

bation color ‘f’ €g,

- 6 ~ - ~
Kk, (esh! ) —zg% fibagpfoac, (5F§PAgkahfvﬂ — Ao, FPP kPRI + 5F0paA8‘kﬁhf”’)
(A.16)
C2 a a o 7 (o) e 7 (67 o 7
365 /1 e (F()@pFO Kokl + FQ F Kk bl + 2F(° F kﬁkph{,“)
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We consider polarization to be transverse and since we can write h/* = —e” hf*e,,

we get

2
Kk, (1 - 36%( Froay2 s FP%BEU> - —ig%( F109)2e, (5F§PAgkaeP - AoyFé’ﬁk”e”>

(A.17)
+365 G (o2 (B By kakpenes,)

Considering k" to be complex in general then for the real part of dispersion relation

at leading order we get,
2
Kk, = 36 ( flbay2 (Ff%peﬁ) (A.18)

After considering all dim6 and dim 8 operators we’ll get following dispersion relation,

kY9 e a , ~a 2
m = I fol o B hu) = (P hacs)] (A.19)

4
—F[(Ztsafcél) + (1 + 69 4 2dofeqel (D) (F1 ke, )
2

+(25afcg 4 (14 69l 4 adefeqal ¢ )(F“Bk eﬁ>

— (20 + (1 + 69 + 2d%qod ) (Ft ke (ﬁgﬁkaeﬂ)}

where ‘ f” denotes the color of perturbation and ‘a’ of the background; given the
mass term in (A.15) vanish.

Consider the perturbation with polarization ¢ = {0,1,1,0}/v/2 and choose back-
ground of the form Ay, = E{v/2(x +y),z +y, — (v +y),0} where E is some arbitrary
small constant. Under this configuration, we have Ap,Afj = 0 and ¢*Ag, = 0 i.e.
mass-like term in eq"(A.15) vanish. For the chosen background, we get the follow-
ing non-zero components of F,,, Fy1 = —Fi, Fyo = —Fy and Fip = —F5 with
Foy = Foo = Fia/ V2, which reduces the dispersion relation (A.19) to the following

form,

72 32
b = 280l (o) = 7 (o + 20 el W) (A20)
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then by demanding perturbation to be causal, we get
059 e — 4 () + 20 @ ") < 0 (A.21)

Choosing different combinations of colors for perturbation and background leads to
constraints C(1,1), C(2,1), C(3,1), and C(4,1). Now, if we choose the background,
Ao, = E{y/2(D + B)t,(v/D +V/B)t, (VB — V/D)t,0} where,

D = 4(20%c{" + (1 + 6%)c{?) + 2dabedeb )y — g pabe pab 2.

B— 4(25abcé2) +(1+ 6ab)cé4) + Qdabcdabccgﬂ)) — g fabe fab /2

with perturbation of the same polarization as before, then the subluminality condi-

tion gives the following constraint,

—2VDB < 4(20°¢” + (1 4 6 + 2d°*d® o)) — 18 £ 4 o (A.22)

Similarly by choosing the background to be
Ao, = E{\/2(D + B)t,(v'D + V'B)t,(V'D — v/B)t,0} along with the polarization
e ={0,1,—1,0}/v/2, we get the following constraint

2VDB > 4(26%c” + (1 4 6)cl? 4 2d°vq® {7y — 18 f4b¢ £ ol (A.23)

Combining the above two constraints we can reproduce C(1,3), C(2,3), C(3,3) and
C(4,3).

A.2 An example with Scalar and Fermion

In this appendix, we consider another example of operators of dimensions 6 and 8 which,
when subjected to the ‘amplitude analysis’, get relative bounds on their Wilson coeffi-

cients. Consider the following Lagrangian,

C _ . C A \TPVZ
LO = 560,000 ;L) = i22(0"0,00,07" V6 — 8"0,¢07" 0, V¢)

where U represents a fermionic field and ¢ is a real scalar field. The second term in L(®)
has to be present for it to be hermitian. Note that, the operator L® (with ¢ identified as

61



the Higgs doublet, and the normal derivatives replaced by appropriate covariant deriva-
tives) can be written in terms of a linear combination of SMEFT operators of the Warsaw
basis up to total derivatives using the EOM (see eq(6.4) of [55]).

We calculate 2 — 2 scattering amplitude with two scalars and fermions of positive he-
1
licities, M(ofy" — of)), at tree level up to O <A4>' Since the dimension 6 operator

considered has 3 fields, we expect to get a contribution scaling like c2s? in the amplitude

M(s,t).

D2, + Da,+

Figure A.1: The first two exchange diagrams represent s and u-channel contributions, and
get contribution from L®). The third contact diagram gets contribution from L®).

The tree level amplitude gets contribution from the Feynman diagrams in figure A.1 and is

given by:

2

M5 off) == 5 {Te )1+ p)o- ()T + TP — po)o-(p2) ) (A24)

+ %{ — Uy (pa)prv- (P2)% + Uy (pa)prv- (p2)§
+ Uy (pa)pav-— (p2)§ — Uy (pa)p3v- (p2)g}

which using spinor helicity formalism (for detailed introduction check [79]) can be written

as:

M(offof) = 15 { S 1HUA2) + S14102) + J143)32) - SHs)(s2) ) (A29)

{0207 - 4s)s2) 7}

@8
A4
2
6
A4

2 2
We now take the forward limit to get A(s) = M(s,t)|—0 = % (208 - %) We don’t
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have to worry about t-channel pole divergence since the t-channel doesn’t exist for the

process considered. From positivity condition discussed in sec. 2.1.1, we get
deg > cf

This puts an upper bound on the magnitude of cg in terms of cg similar to what we ob-
tained for the gluonic operators. It also implies that the 6-dimensional operator that we
have considered in this example cannot exist on its own, it needs some other operator
which gives a positive contribution proportional to s? in A(s) to survive.

One might not have expected to get s* dependence from exchange diagrams as there are
only two derivatives present in L® (unlike the gluonic case which has three derivatives).
However, the fermion propagator has 1/p dependence instead of the 1/p* dependence for
gluons, and more importantly, spinors w and v have implicit momentum factors. These
momentum factors, in our case, manifest themselves in the form of Mandelstam variables

once we take forward limit, leading to s? dependence of exchange diagrams.

A.3 The arc variable

In sec 3.2, we derived the constraints by calculating the residue at lim,,2_,o(s ~ m?) — 0.
However, since QCD is confined at low energies it would be preferable to employ a method

that circumvents the need to calculate the residue at s ~ 0.

To do this, one can define the arc variable [80]

als) = /m ds' M(s) (A.26)

Lmio s

where Ny represents a counterclockwise semicircular path as shown in figure A.2. Also, the
Cauchy theorem implies that the integral over the contour C' = Ny+Ne+My, +M;, vanishes.

Moreover, due to the Froissart bound, the integral over the arc at infinity i.e. Ny, vanishes.

a(s) = — Md—s'M(sl) +/l d—S,M“/)} (A.27)

w83 , ™o 8P

Therefore,

Using crossing symmetry and real analyticity, M(s + i€) = M*(—s + i€), we can relate the
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Figure A.2: Contour C in s-complex plane where s represents some energy scale such that
chd < s << A.
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amplitude over [ to the amplitude over [,

o) = [TEM) [ D (A.28)

, TSP o TSP
_ / h d—S,I—Mf; ) _ / N d—s’,/—M*,gS/) _2 / h ds’—lm/\g(S/) (A.29)
s TS s Ti S T Js s
The optical theorem relates the imaginary part of amplitude to the cross-section, ImM(s’) =
sa(s),
2 [ ,o(s)
a(s) = 2 / a7 >0 (A.30)

We can systematically compute the arc variable, a(s), as an expansion in s using eq™(A.26)
withing the validity of the EFT regime. For amplitude of the form, M(s) = > _, cans™",
which is the case for gluon-gluon scattering, the arc variable is given by the Wilson coeffi-

cient, a(s) = ¢ > 0 i.e. the coefficient of s* in the amplitude is always positive.
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Appendix B

Bell violation

B.1 Schmidt decomposition

For a generic initial state, |¢)), = cos#0,0) 4+ sin#|1,1), we get the following final state

after 2 — 2 scattering

W) = cos B(Mg5[0,0) + Mg |1, 1) + Mg [0, 1) + Mg |1,0) (B.1)
sin (M7 10,0) + My [1,1) + M0, 1) + My] [1,0))

For CP conserving theories, we have

My Myg Mgy Mg Dy D;
Miy Mig Moo Moy | _ | @5 O
MY My Mg Mg G
MY MY M M ®, 5

Therefore, the normalized final state can be written as

Dy
P,
5

D5
5
D3

(sin 0Py + cos 0P1) |0, 0) + (sin 0P, + cos0Py) |1, 1) + (sin b + cos §)P5(|0, 1) + |1,0))

W) =

= Umn |m7 n>

67

V1|2 + || + 20, Py sin 20 + 22(1 + sin 26)

(B.2)



Now, we will use the Schmidt decomposition theorem [81] to convert the above state to

|0,0) and |1,1) basis. The coefficients fi,,,, can be written in the form of a matrix,

o — ( (sin @@y + cos P1)  (sinf + cos ) Ps

D)2 + |Dy|2 + 2B, P, sin 260 + 202(1 + sin 260
(sinf + cos0)®5  (sin 0P + cos HPy) >/\/’ 1?4 | Do 192 3( )

We then diagonalize the above matrix, i.e. find the eigenvalues of the matrix, which are

given by the roots of the following equation

5 (1 + D) (sinh + cos H) A
VP12 + o2 + 281 Dy sin 20 + 2D2(1 + sin 20)
DDy + (PF + P3) sin b cos§ — PZ(1 + sin 26)
(|12 + [@o]2 + 201Dy sin 20 + 2B2(1 + sin 26))

(B.3)

These eigenvalues are the new coefficients in [00) and |11) basis. We don’t need to explic-
itly calculate the roots of the above equation as the CGLMP depends just on their prod-

uct,

Ly = 4v2M\ (B.4)
— 95 20Dy + (D2 + 2) sin 20 — 2P2(1 + sin 260)
|®1[2 + |D2]2 + 20 Py sin 26 + 2B2(1 + sin 20)

One can easily see that in terms of ,,,, we have A\ Ay = pgopt11 — o1 pt10- Therefore, I5 can

now be directly written as

Iy = 4\@#001#11 - M01M120 (B.5)
Zm,n:O |I['Lm7n|
1

for a generic state, |U) = mezo tmn |, ) and real fiy,,.

The above result could have also been inferred by directly looking at another parame-

ter quantifying the degree of entanglement, concurrence (A), which is defined as A =

2 |poopt11 — to1pt1o] for a normalized state. This reduces to pgyuy; when one goes to |00) and
|11) basis as py; = 0 = pf,. Since the degree of entanglement doesn’t depend on the basis,
we can infer the relation between the coefficients in different basis as pgop11 — po1pt10 =

Hootty; which is same as we derived from Schmidt decomposition method.
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