Option Pricing in a Regime Switching
Jump Diffusion Model

A Thesis

submitted to
Indian Institute of Science Education and Research Pune
in partial fulfillment of the requirements for the

BS-MS Dual Degree Programme

by

Omkar Manjarekar
20121055

\Gi

IISER PUNE

Indian Institute of Science Education and Research Pune
Dr. Homi Bhabha Road,
Pashan, Pune 411008, INDIA.

April, 2017

Supervisor: Dr. Anindya Goswami
(© Omkar Manjarekar 2017

All rights reserved






Certificate

This is to certify that this dissertation entitled ‘Option Pricing in a Regime Switching
Jump Diffusion Model ’, towards the partial fulfilment of the BS-MS dual degree
programme at the Indian Institute of Science Education and Research, Pune represents
study/work carried out by Omkar Manjarekar at Indian Institute of Science Education
and Research under the supervision of Dr. Anindya Goswami, Assistant Professor

Department of Mathematics, during the academic year 2016-2017.

Dr. Anindya Goswami

Committee:

Dr. Anindya Goswami

Prof. G. K. Basak






Declaration

I hereby declare that the matter embodied in the report entitled ‘Option Pricing in a
Regime Switching Jump Diffusion Model " are the results of the work carried out by me at
the Department of Mathematics, IISER Pune, under the supervision of Dr. Anindya

Goswami, and the same has not been submitted elsewhere for any other degree.

Omkar Manjarekar






Acknowledgments

I would like to thank all the people who have helped me in my fifth year project. First,
I thank my academic supervisor, Dr, Anindya Goswami, for being very helpful, supportive
and patient throughout my project. This thesis would not have been possible without him.
I am thankful to thank my TAC member Prof. G. K. Basak for his guidance.

I would also like to thank Department of mathematics, IISER-Pune. T am also thankful to

my family and my friends for being supportive throughout this year.

vii



viil



Abstract

There has been extensive literature available in the theory and practice of option valuation
following the pioneering work by Black and Scholes (1973). Contrary to subsequent empirical
evidence from the dynamics of financial assets, the Black-Scholes model assumed a constant
growth rate r and a constant deterministic volatility coefficient o. In subsequent studies, to
overcome the demerits of B-S-M model, various option valuation models have been proposed
and implemented in tune with realistic price dynamics. These include stochastic volatility
models, jump-diffusion models, regime-switching models etc. The market in these models is
incomplete where a perfect hedge may not be possible by a self-financing portfolio with a

pre-determined initial wealth.

In this thesis, we consider a regime-switching jump diffusion model of a financial market,
where an observed Euclidean space valued pure jump process drives the values of r and o.
Further, we assume the pure jump process as an age-dependent semi-Markov process. In
this, one has an opportunity to incorporate some memory effect of the market. In particular,
the knowledge of past stagnancy period can be fed into the option price formula to obtain
the price value. We show using Follmer Schweizer decomposition that the option price at
time t, satisfies a Cauchy problem involving a linear, parabolic, degenerate and non-local

integro-partial differential equation. We study the well-posedness of the Cauchy problem.

X






Contents

Abstract

1 Preliminaries

2 Introduction

3 Model Description

4 Arbitrage-free model

5 Option pricing
5.1 The Follmer-Schweizer decomposition . . . . . . . . .. ... ... ... ...

5.2 Derivation of F-S decomposition . . . . . . .. ... ...
6 Pricing equation

7 Conclusion

x1

ix

13

19

19

20

25

35



xii



Chapter 1

Preliminaries

I have referred [1], [7], [10], [12] to state following preliminaries

Definition 1.0.1. Let (E,E) be an Euclidean measurable space. Let Mp(E) be the set of all
integer-valued measures on (E,E). We associate Mp(E) with a o-algebra Mp(E), which is
the smallest o-algebra on Mp(E) that makes the maps A : Mp(E) — NU {0}, v — v(A)
measurable for all Borel sets A. Let i be a Radon measure on E£. A Poisson random measure
with mean measure p is a measurable function p : (0, F, P) — (Mp(E), Mp(E)) satisfying
the following properties:

1. For A€ & and k € N,

e—H(A) (WA)E
Plo:pl@)(A) =K = : L) — o (1.1)

2. For any m € N, if Ay, Ag, ..., Ay are mutually disjoint sets in &, then ©(A1), p(Az),

., 9(Ap) are independent random variables.

Theorem 1.0.1. Let z be of quadratic variation along (1,,) and F a twice continuously-
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differentiable function on R. Then the Ito formula

F(z) = Flao)+ / F(a )+ /MF"<xu_>d[x,x1u

S () — Flon ) — F'(ra ) Az, — %F”(mu)AxZ],

u<t

holds with .
/ Flaa )dny = lm S F(w) (s — ), (12)
0

n—o0
ti(ft)ETn

and the series in (1.2) is absolutely convergent.

Definition 1.0.2. Let X = (X% X1 ... X9 be a (d+ 1)—dimensional nonnegative semi-
martingale describing the prices of d+1 kinds of assets. We say a strategym = (7%, 7t ..., 7%)

is admissible if T € L*(X).

Definition 1.0.3. An admissible strateqgy m € L*(X) is said to be self-financing if the value
of the portfolio w, V™ = (V7)o defined by V¥ = S0 wi X} has a representation X[ =
t

X7+ /(WS,dXS).
0

Definition 1.0.4. For each a > 0 we set
[I,(X)={r € SF(X): X[ > —a,t € [0,T]}.

where SF(X) is a class of self-financing strategies.

T
Definition 1.0.5. ¥, = {@D € Lo, Fr,P) : ¢ > /(ﬂs,dXS) for some strateqgy ™ €
0

I (X) },

where \I/+(X) = Uazona(X).
Definition 1.0.6. We say the propery NA, (NFLVR) holds if
Uy N LEL(Q, Fr, P) = {0}
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Definition 1.0.7. An option is a security(contract) issued by a firm, another financial com-
pany giving its buyer the right to buy or sell something of value on specified terms at a fized

instant or during a certain period of time in the future.

We distinguish options of two kinds: A buyer’s option(call option) which gives one the
right to buy and seller’s option(put option)) which gives one the right to sell.
Definition 1.0.8. A Cy-semigroup of operators T;>¢o on a Banach space V' is a map T :
R4 — BL(V), such that

L Tof=f VfeV,

2. Tizs=TioTs Vt,s>0, and

3NTf—fll = 0ast )0, forall f V.

Definition 1.0.9. Let Ti>¢ be a Cy-semigroup of operators. The domain of the infinitesimal

generator of the semigroup is defined as

Tix — ‘
D(A) := {x €V |lim i emsts}
t—0 t
and the infinitesimal generator of x is the operator A, defined such that

Az := lim Tiw —x
t—0 t

for all x € D(A).

Theorem 1.0.2. Let T; be a Cy semigroup and let A be its infintesimal generator. Then

1. Forz e X,
. 1 t+h
}lllir(l) E/t Tsxds = Tpx. (1.3)
2. Forz e X, fot T.xds € D(A) and
t
A(/ Tgxds) = Tix — x. (1.4)
0
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3. For x € D(A), Tix € D(A) and

d
E'ﬁx = AT,z = T, Ax. (1.5)
Theorem 1.0.3. Consider
d .
ESD(t) = Ap(t), with ¢(0) ==z. (1.6)

If A is infinitesimal generator of a Cy semigroup, T;, and x € D(A), then the Cauchy problem

has a solution

o(t) = Tex. (1.7)

Definition 1.0.10. Let A be the infinitesimal generator of a Cy semigroup T;. Let x € X
and f € L'((0,T); X). The function ¢ € C([0,T]; X) given by

¢
o(t) = Tx +/0 Ti—sf(s)ds, 0<t<T, (1.8)

1s called the mild solution of the initial value problem

do _

2= Ap(t) + (1), (0) =2 (19)

on [0,T].

Definition 1.0.11. A two parameter family of bounded linear operators U(t,s), 0 < s <

t<T, on X 1s called an evolution system if the following two conditions are satisfied:

U(s,s)=1,U(t,r)U(r,s) =U(t,s) for 0<s<t<T. (1.10)

(t,s) — U(t,s) is strongly continuous for 0 <s <t <T. (1.11)

Remark. If U(t, s) is evolution system associated with A(¢), then

0
2 5(19) = AU,
%U(t, s) = —U(t,s)A(s).
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Definition 1.0.12. Consider

W) _ Aot + 1), o(s) =2 (112)

where f € L'((0,T); X) and there exist an evolution system associated with {A(t)}eepo ).
The function ¢ € C([0,T]; X) given by

ot) = Ut )z + / U ()

is called the mild solution of (1.12).

Remark. Given a Cj semigroup 7y, defie U(t, s) = T;_s. Let A be the infinitesimal generator

of T, then %7}4 = —Tr_+A. To see this, consider for x € D(A),

T(h) —
h

-1
lim #TT%Q: = Tr_; lim x = Tr_sAx exists.
h h—s0

h—0
Theorem 1.0.4. Let f : [0,T] x X — X be continuous in t on [0,T] and uniformly Lipschitz
continuous on X. If A is the infinitesimal generator of a Cy semigroup T;, t > 0, on X then

for every x € X the initial value problem

dig—ff) = Ap(t) + f(t, p(t)), t>0 (1.13)
0(0) ==z (1.14)

has a unique mild solution ¢ € C([0,T] : X) which solves another integral equation as given

below

o(t) = Tox + /ﬁ_sf(s, ©(s))ds.

Definition 1.0.13. Let {X,};> be a time-homogeneous markov process in a polish spaces,
then the family of operators T > 0, defined by

Tif(z) = E(f(X)|Xo=2) V f continuous and bounded and x € S,

is a semigroup of operators on Cy(S).



Lemma 1.0.5. For any nonnegative c,

sup
s€(0,00)

<1+cs

)Sl—l—c.
1+s

Proof.

We write (0,00) = (0,1 U (1,00). We check supremum over (0,1] and (1,00) separately.

First we note that L+ m
sup “ < Col+e (1.15)
5€(0,1] 14 s 1

Again, since, 0 < % <1 for s € (1,00), we have

1+4+cs %4—0
sup ( )Z sup (l )

s€(1,00) 1+s s€(l,00) N +1
14+c¢c
< =1+4+c
—0+1

Thus

1+cs 1+cs 1+cs
sup ( ) = max < sup ( ), sup ( )>
s€(0,1) I+s s€(1,00) I+s



Chapter 2
Introduction

In 1973, Black, Scholes and Merton considered a mathematical model of asset price to
determine price of a European option on the underlying asset. This model, B-S-M model,

assumes the dynamics of stock price {S;}+>o follows a geometric Brownian motion, that is,
dSt = /.LStdt + UStth, SO > 0,

where {W;};>¢ is a standard Wiener process and the drift coefficient, u, and the volatility
coefficient, o, of the price are taken as positive constants. This model assumes risk-free rates
and volatility are constants which is not always true in reality. Because of such limitations,
various improved modified versions of this model are being studied and few years later, the
regime switching model, a modified version of B-S-M was introduced where 1 and o follow

either a Markov or a semi-Markov process. In particular the asset price is given by
dSt = u(Xt)Stdt + O'(Xt)Stth, SO > 0,

where X; is a Markov or a semi-Markov process. Later, jump diffusion was introduced to
deal with the discontinuity in stock price dynamics which is governed by a Markov or a

semi-Markov modulated jump diffusion model as given below

o0

dS; = S;— [M(Xt)dt + o (Xy)dW; + / n(z)N(dz,dt)|, (2.1)

—0o0



where N(dz,dt) is a Poisson random measure with intensity measure v(dz, dt), where v is a

finite Borel measure.

If an investor is getting profit without investing anything and any possibility of loss,
we say that such market allows an arbitrage which is a sign of lack of equilibrium in the
market. So it is important to verify whether a model is arbitrage free under a class of
admissible strategies. The equivalence between NA, and the existence of an Equivalent
Local Martingale Measure. NA_, i.e, The NFLVR property is a refinement of No Arbitrage.
No Free Lunch with Vanishing Risk (NFLVR) condition is stronger than No Arbitrage (NA)

condition. It has transparent criterion of the absence of arbitrage.

If the market is incomplete, then there are infinitely many equivalent local martingales. So
the locally risk minimizing price approach by Follmer and Schweizer is considered. This kind
of work is done in [?]. In this approach, one expects to obtain price function of a European

option as solution to a system of parabolic Integro-PDEs with appropriate conditions.

The rest of this thesis is arranged in the following manner. In chapter 3, we describe
the semi-Markov modulated jump diffusion model and prove that this model has a strong
solution. In chapter 4, the NFLVR property of this model is established. The pricing
approach is described in chapter 5. In chapter 6, the Cauchy problem is solved.



Chapter 3
Model Description

Let (92, F,{F:}+>0, P) be a complete filtered probability space where the filtration satisfies
the usual hypothesis and xy = {1,2,3,...,k} be a finite set. With some fixed partial ordering
<, consider X := {(i,7) € x*|i # j}. For each y > 0, let A;;(y) be consecutive right-open
and left-closed intervals of length \;;(y) starting from origin. Here A : x2 x (0,00) — (0, 00)

is a continuously differentiable function with

sup Z Aij(y) < oo,

y€(0,00) G

v
lim A;(y) = oo, where A;(y) := / ZAZ-]-(U) dv
0

e i
and the diagonal elements are defined as A;;(y) := — >, Aij (y).

We define h: y x Ry xR — R as

Wiy, z) =Y (G = i)la,m)(2)

j#i

and g: x X Ry x R — R as

9(i,y,2) =y Y 1a,)(2).

J#i

Existence-uniqueness of a stong solution to (3.1)-(3.2) is proved in Theorem 2.1.3 of [9].



The solution X = {X;}+>¢ is shown as a semi-Markov process with instantaneous transition

rate A.

Let {7, },>1 be the increasing sequence of transition times of X. We also define the
holding times 7, := T,, — T,,_; for all n > 1. Also define n(t) := max{n : T,, < t}. Hence
Thwy St < Ty and Y, =1 — T, ).

We define a monotonic increasing non-negative function F : [0,00) — [0,1] as F(yli) :=
1 — e %) where A;(y) is as in page 11. Since A;(y) is twice continuously differentiable
function of y, thus, F(yli) is also twice continuously differentiable a.e.. Let f(yli) := £ F(yi)

y
be the derivative. We also define p;;(y), such that

Aij (y)
— i (y)

piy) = (5275 ), A (3.1)
This makes sure that [p;;(y)] is a probability matrix for all y. It can be shown that F(y|i) is
the conditional c.d.f of the holding time of X and p;;(y) is the conditional probability that

X transits to j given that it is at ¢ for a duration of y.

We consider a market having two types of securities, one is riskless asset called money
market account and other one is risky asset called stock. Let r; = r(X;) be the spot interest
rate and {B;}¢>0 be the price of one unit of a riskless asset at time ¢, By = 1. Then we
have B; = elorude Now let S = {St}+>0 be the price of risky asset which is governed by a

semi-Markov modulated jump diffusion model as given below

o0

dS; = Sy | pdt + o dWy + / n(z)N(dz, dt)], (3.2)

—0o0

where Sy > 0 is positive, y; the drift term, o; the volatility coefficient, n : R — R is bounded
above, continuous and n(z) > —1, W; is a standard Wiener process and N(dz,dt) is a
Poisson random measure with intensity measure v(dz)dt, where v is a finite Borel measure.
We assume p; := pu(X;) and 0 := o(X;) # 0, where X} is as (3.1)-(3.2). We also assume that
W, X and N(dz,dt) are independent and adapted to the filtration F;.

Theorem 3.0.1. The SDE (3.4) has a strong solution which is given by

S, = Soexp(/ot(uu _ %ai)dqu/ot auqu—i—/Ot/Haln(l—i—n(zl))]\f(dzl,dt)). (3.3)

10



Proof. We assume that the SDE has a solution, {S;};>0, with the stopping time 7 = min{¢ €
[0,00) | S¢ < 0}. By assuming this we first show the uniqueness. Applying [t6 Lemma on
In S; for 0 <t < 7 we get,

as; _1ds%,

dln St = St_ 9 St2_

+ ln St — ln St—

1
= ,ut,dt + Ut,th — 50'152_dt -+ In St —1In St,
1
= (pe— — 503_)dt + o dW;+1InS; —In S;_

1
= (i — 502 )t + o dW,+ In(1 + / ()N (dzr, db)

R

1
= (- — 503_)dt + o dW, + / In(1 + n(z1))N(dz, dt).
R

We integrate both sides from 0 to ¢ A 7 to get

tAT
tAT 1 tAT
In Sipnr —In Sy = / (fy — 503_)du +/ OudW,, + / / In(1+ f(21))N(dz,dt).
0 0 R
0

t
Under the assumptions, / / In(1 + n(21))N(dz1,dt) has finite expectation for any finite
R
0
stopping time t.

Let ) :={w € Q: 7(w) < oo}, P(£4) > 0. By letting t — oo we obtain that S;y_ > 0.
But for w € € S;,) < 0. So jump is the only reason for getting n(z) < —1 for some z
which is contradiction to the assumption to the assumption on 7. Hence 7 = oo P a.s. Thus,
Sy > 0 P for all ¢t € (0, 00).

From above expression, S = {S;}:>0 is an adapted and r.c.l.l. process and it is determined

uniquely. Hence the uniqueness. O

It is evident that (S, X,Y) := {(St, X4, Y:) }i>0 is a strong Markov process. Dynkin’s
formula states that if A is the infinitesimal generator of (S, X,Y), then ¢(S;, X;,Y;) —
(S0, Xo, Yo) — fot Ap(Sy—, Xy, Y, )du is martingale with respect to F; for any ¢ € C°. By

11



denoting the above martingale by {M;}:>o, we get
t
SD(Sta Xta }/;f) - 50(507 X07 }/0> + / A(;O(Su—y Xu—a Yu—)du + Mt'
0

It is derived in [8] that

Ap(s,i,y) Z[M(@)Sg + 102(@) 28822 + aa @(S,uy)]
[ZM (8,4,0) — w(smy)ﬂ

J#

# [ [ets ). 00) = el i)wlaz)]. 5.4

In Section 4, we would consider the following PDE with an appropriate terminal condition

%0 At (1) — (i) + Br(0))s 2

+ /R [p(t,s(1+1(2)),4,y) — @(t, 5,4,9)] (Ba(i) — Vv =r(i)p(t,s,i,y).  (3.5)

where (i) and (2(i) do not depend on ¢ and are yet to be chosen.

12



Chapter 4
Arbitrage-free model

We say that a market allows an arbitrage, if it enables an investor to get profit without
investing anything and any possibility of loss. It is a sign of lack of equilibrium in the
market. So we need to check whether this model is arbitrage free (NA) under a reasonably
large class of admissible strategies. Sec VII. 2c. Theorem 2 of [12] asserts that the existance
of an equivalent local martingale measure (ELMM) implies no free lunch with vanishing
risk (NFLVR). In the NFLVR sense arbitrage free market scenario, the nonnegative limit of
contingent claims, those can be super replicated by zero capital self financing strategies which
ensures portfolio remain bounded below uniformly in ¢ and sample point w, is essentially zero.
So this model to be arbitrage free, it is sufficient to show that there exist an ELMM for this

model.

We would need the following lemma for proving Theorem 4.0.3.

Lemma 4.0.1. Let Z = {Z;;t € [0,T]} be an adapted process which is defined as follows

t 1 [t t t

Zy :exp{/ G dW,, — —/ qﬁidu—l—/ /lnF(z,u)N(dz,du) —/ /[F(z,u) — 1jv(dz)du},
0 2 Jo o Jr o Jr

(4.1)

¢ ={o;t € 10,7} and T’ = {T'(-,t);t € [0,T]} are previsible process and Borel previsible

process such that E[f(f ¢?du] < oo and T' > 0, respectively. Then Z is a positive local

martingale under P with Zy = 1.
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Proof. From (4.1), it is obvious that Z > 0 with Z; = 1. We derive the following

AZ =

— Zy_
= exp{ /O Gud W, — % /0 t $2du + /0 t /R D(z,u) — 1v(dz)du} expf /[0 , /R In (2, u)N(dz, du)}
— exp{ /0 t ¢uqu—% /0 t Sdu + /0 t /R D(2,u) — 1v(dz)du} exp{ /[0 i /R In (2, u)N(dz, du)}

7| /R (D= 1) — 1)N(d= {1})]

We define y; := [ ¢udW, — 1 [ 62du+ [) [ InT(z,u)N(dz, du) — [ [, (D(z,u) —1)v(dz)du
and apply Itd formula on Z; = exp{y;} to get,

t 1
Zt—ZO:/ Zudyu+2/Z iyl S [Z —Z—Zu/

RlnF(z,u)N(dZ, {U})}

Zt—l_/Z pudV, — / u_gzﬁdqu/ /lanuN(dzdu)
/ / (2 ) — 1)(d=)du] + 1/ 2o SRdu

+ Z / —1—InT(z, u))N(dz, {u})
Zy =1+ /0 ZupudW, + /0 T /R [T(z,u) — 1]N(dz, du) (4.2)

where N(dz,du) := N(dz, du) — v(dz)du.
From the last equation we can see that Z is a P—local martingale. O

Now we’ll state Lemma 3.2 of [6] which will also be useful for proving next theorem.

Lemma 4.0.2. Let Q be defined on Fr by 75 49 — 7. Then the process W, =W, — fg Oudu
1s a Weiner process under (Q and

t
/ / [F(z,u) - 1} (N(dz, du) — F(z,u)u(dz)du)
o Jr
s a Q—martingale with respect to its natural filtration which implies that the compensator

14



measure of N(dz,dt) under Q is given by v(dz,dt) := ['(z,t)v(dz)dt.

Lemma 4.0.2 implies that M (dz, du) := N(dz, du)—(dz, du) is the compensated Poisson

random measure with respect to the measure Q).

We apply Ito formula on S} = %i = exp{— fg rydu}S;, where S; is the discounted stock

price to obtain

t t
dsy :exp{ — / Tudu}dSt — S exp{ — / Tudu}rt_dt
0 0
t
=exp { — / rudu} [dSt — St,rt,dt]
0

t
= exp { — / rudu} [St_ (ut_dt + o dW, + /Rn(z)N(dz, dt)) — St_rt_dt]
0

=[p— — re_ ] S;_dt + oy S{_dW, + S} / n(z)N(dz,dt).
R

Using Lemma 4.0.2 we can rewrite the above SDE as below

dS; =[m- —ri-]S;_dt + 0, S;_ [th + ¢p_dt] + / Sy n(z) [M(dz, dt) + v(dz, dt)]
R
=[pe — re + o + / n(z)T(z, t)v(dz)] S;_dt + S¥ o, dW,
R
+ / Sy n(z)M(dz, dt). (4.3)
R
where M (dz, dt) = N(dz,dt) — i(dz,dt) = N(dz,dt) — T'(z,t)v(dz, dt).

We wish to choose I' and ¢ such that the discounted price is a martingale under Q). It is

possible only when the drift term in (4.3) is zero. Thus we have

Wy — Ty + 0Py + /Rn(z)f‘(z, tyv(dz) = 0. (4.4)

Hence we get one equation with two unknowns, i.e. ¢, and I'(z,t). Hence (4.4) leads to
many different possibilities corresponding to the pair (¢,T'). We would like to select one

which satisfies an additional relation such that (4.2) can be represented as

15



Az, =V, Z; (oy_dW; + /Rn(z)]v(dz, dt)). (4.5)

Now comparing (4.2) and (4.5), we get
¢r = Vi0(Xy)

and
Un(z) =T(z,t) — 1.

Now by substituting above in (4.4), we get

Wit === [ )1+ W)l

:n_m_ﬁjgww@—/ﬁ%@%mmy

R
Taking ¥, terms together,
ot + [P ed) = - = [ nwld),
R R

Therefore ¥, can be written as

i ()
! of + Jan?(2)v(dz)

which suggests

I'(z,t) =
(4.6)

o + [xn*(2)v(dz)

In view of conditions in Lemma 4.0.1 also need I'(z,¢) > 0. Thus, in view of (4.6), we require

following condition which we assume to be satisfied by the model parameters.

Assumption Al:

r(i) — p(i) = Jgn(z)v(dz)

o2(i) + [ P2 () (d2) n(z) > ~1.

16



Now we substitute (4.6) in (4.3), drift term becomes zero and we get

Sf—SS‘:/S* dW—i—//S* M(dz, du).

By Lemma 4.0.2, this becomes local martingale under ). Thus we have proved the following

theorem.

Theorem 4.0.3. Let ¢; and I'(z,t) be as in (4.6). Under (Al), the Probability measure @

as defined in Lemma 4.0.2 is an equivalent local martingale measure.

We reemphasise that the existence of an equivalent local martingale measure implies that
this market model has NFLVR property.
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Chapter 5

Option pricing

5.1 The Follmer-Schweizer decomposition

Let & and £; be the number of units invested in assets with prices S; and B; respectively at

time t. The value of the resulting portfolio at time ¢ is given by
Vi = &St + By

An admissible strategy is defined as a predictable process 7 = {m = (§,¢),0 <t < T}

which satisfies the following conditions

o T
(i) fo &d(S): < oo,
(i) E(e?) < oo,
In [3], it is shown that if market is arbitrage free, then existence of an optimal strategy to
hedge a contingent claim H with finite variance is equivalent to the existence of Follmer
Schweizer decomposition of H* := B;'H, the discounted claim. The F-S decomposition of
H* is given by
T
H* = H, +/ ¢l asy + L
0

where Hy € L?(Q, F,, P), L' = {LI" }o<;<7 is a square integrable martingale starting with
zero and orthogonal to the martingale part of S;, and £#° = {¢/I"} satisfies (i). In [3], it is
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further asserted that the optimal strategy m = (&, &) is given by
éut = é’H*’
t
V= H0+/ &udS; + L,
0

€t 1= V;t* - ftSt*7

and B;V;* amounts to the locally risk minimizing price of the claim H at time ¢. Hence
Follmer Schweizer decomposition is important for the pricing and hedging problems in an

incomplete market.

5.2 Derivation of F-S decomposition

In order to price a call option, we take H = (Sp — K)*. We now consider the Cauchy

problem given by (3.8) with a terminal condition ¢(7, s,4,y) = (s — K)*.

For the time being, we assume that the Cauchy problem has a unique classical solution and we

denote that by ¢. Define ¢, := (¢, Sy, Xt, Y;) and we are looking for & which is predictable,

such that L = {L;}>¢ with L; := fo [ —&dS. *} becomes square integrable P—martingale
and orthogonal to M := {fo ouSEdW, + fo o Sin(z)N(du, dz)} , the martingale part of
S*.

AL, =d() = &dS;

t

Oy 0
(S50 = G SAWe + [ = o = (X)) 58 = (e — 186

<%) /( (t,S;(1+n(z)), Xy, Yy) — So(tast’XﬁY;f))y(dZ)

_ o(t, Si(1+n(2), X, Ys) — o(t, Si, Xi, Y2)
&S / )]+ /R ( L

- gts;n(z))zv(dz, dt) + B%d]\/it. (5.1)

where M, = I3 Je (0(t, Sy Xy + h(X, Vi, 2), Ve — g( X0, Vi, 2)) — @(t, Si, X, Y2)) §(dt, dz). The
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martingale part of L is equal to

t
)
/0 [(St*ata—f 0,51 dWit

/ (Qp(tv St<1 =+ 77(2))7Xta YVi) - @(tv St= Xt7 Y:f)
R B,

. 1 —~
- &Sjn(z))]\f(dz, dt) + —-d; .

t

Now we are looking for a & := {& }s>0 such that L becomes orthogonal to M, i.e., (L, M), =

0 V t, where (,) denotes conditional quadratic covariation.

We note that

— 0
d[L, M, =S;%07 (52 — &)t

* Qp(ta St(l—i_n(Z))?XtaY;) _gp(ta St>Xt7Y;t)
+ S ( .
R t

0(z) — &SA(2) ) N(dz, db).

Hence

_ B
d(L, 1), :S;%f(a—f —g)dt

* gp(t, St(l"{'n(z))’Xth;) _Sp(tvstaXtaY;f)
+ S ( o
R t

n(z) — &anQ(z))V(dz)dt.

Thus (L, M), = 0, if

5:203(8_90) + S:/R ((p(t, St(l +77(2))7Xt,Y2) _ SD(t?St’Xt’Y;)>T](Z)V<dZ)

aS Bt
= S0k, + S / n*v(dz) holds.
R

Therefore, (L, M), =0V ¢ if £ is chosen as

S:”?(%f) + fR <Gp(tvst(1+77(Z))7XBZQ)_‘P(tvstaXhYt)>n<z)y(dz)

Si (o2 + J Pv(d2)

Vit € [0,T]. (5.2)

& =

Thus we have proved that the above choice of ¢ makes martingale part of L orthogonal to M,
irrespective of the choice of ;(-) and 55(- ). However, we have not yet established existence

of a particular pair (81(-), 32(-)) for which L is a square integrable martingale. Since W, N
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and M are martingales, to ensure that L is a local martingale, dt term in (5.1) should be

Z€ero, 1.e.,

(= e — BUXNSLE (g — r)S7Ed

7
= [ ettt + (a1 X ¥ — e, 0 ) 2O u(an) — st [ ewta) = o

R

That follows if we have

& — 10)S; + 5 / n(2)v(dz)

= (= 11— BT SE — [ (ol 501+ 1), X ¥) - ol 50 X0 v 2T )

R B,
(5.3)

Using the expression of & as in (5.2), the above can be rewritten as
0

52‘20'? (Mt — 7+ / n(Z)V(dz)) e

R 83

*

+ %(ut e+ /Rn(«Z)v(dZU A(¢<t,5t(1+n(Z>),Xtvﬁ> = (t: 5 X, Vi) n(2)v(d2)
= 520 = XD (ot + [ vta)) 92

— —(of +/R?72(Z)V(d2))/R(<P(t7 Se(1+n(2)), Xo, Yy) = @(t, 51, X0, Y1) (B2(X) — D)v(dz).

We rearrange the terms to get

5:2 (o (e = et [ nIwd) = = ri) [ eIt
+ B P () + o) = (=)o 5 (0,50 X, Y0
o [ (=t [w@)ne)+ (o + [ 07) (Gaxo - 1)

X (90@, S(1+n(2)), X0, Yy) — o(t, Sy, X, Yt))u(dz).

The above identity holds true irrespective of the function ¢ if g; and (5 are such that both

sides are zero. A direct calculation shows that such £, and [, exist and are given by
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(1) — 1) — fun(2)0(d2) fy P0(d2) — 0(0)? fun(2)v(d2)
o(i)? + fR n?(z)v(dz)
(7(0) — r(0)) fu 2 (2)(dz) — fon(2w(d=) (o) + [, n2(2)(d2)
o(i)? + fR n?(z)v(dz)
() = () fur(pidz)
=TGR L (wld) JRCZEE!

I (Z) =

and . _
(i) — (6 + [ n(2)r(d2))n(2))
o(i)? + [pn*(2)v(dz) '
We put these values of 5; and (2 in (5.3) to get £ which is adapted, such that L becomes
P—martingale and orthogonal to the martingale part of S*. [

Ba(i) =1 —
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Chapter 6
Pricing equation

Consider the initial boundary value problem (3.8) with terminal condition ¢(T')(s,i,y) =
K (s) where T is the maturity time, K is Lipschitz continuous in s. In this chapter, we aim to
establish the existence and uniqueness of a classical solution of the Cauchy problem. To this
end, we would first rewrite the Cauchy problem in a manner, suitable for applying general
theory of abstract Cauchy problems. Then we establish the existence and uniqueness of the

continuous mild solution in Theorem 6.0.2. For this, we now introduce another SDE

d§t = §t (T(Xt) —+ /61 (Xt)dt + O'(Xt>th),

where {W; }1>0 is the Brownian motion and {X;}:>¢ is as in (3.1)-(3.2). In the similar line of
Theorem 3.0.1, with considerably less effort one can show that the above SDE has a strong
positive continuous solution and the solution S = {§t}t20 along with X and Y jointly is

strong markov. We call the generator of { (§t, X, Vi) b0 by A and it is given by

Apls.4) = SE0s.0) + (r0) + 520) 52 + 55°0%() 52 + 3N 0) ((5..0) = (s 0).
J#
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We can rewrite (3.8) by substituting the expression of A as

. W Op . .
%2 %4 0+ )52 4 L +;Aw P(1,5.0,0) = o(t,5,1.1)

4 / Lot 5(1 4+ 1(2))iry) — o(t, 5,1, )] (Boli))dw = (i)

Hence, using the expression of A in the above equation, we have the following Cauchy

problem

P Ap+Bp=R
or T T e m L (6.1)

o(T) =K

where By(t, s,i,y) f]R [ (t,s(1+n(z2)),i,y) — @(t,57i>y)] (B2(i))(dz) and Rep(t,s,i,y) =
r(0)e(t, s, i,y).

A typical expression of K , as in the case of call option takes the form K(s,i,y) = (s— K;)™,
where K is the strike price. Here K need not be in D(ﬁ) So the classical solution is not

assured. We define

Vi={p:(0,00) x x x (0,T) %RlsupM < o0},
8,0,y 1+s
clearly (V,||-|lv) is a normed linear space where |||y := sup,,, |“0(15J:sy)| Furthermore,

(V,|l- [lv) is a Banach space consisting continuous functions with at most linear growth.
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We define 3, := max; |32(7)| and using Lemma 1.0.5 with ¢ = 1 + n(2) > 0 for each z,

i [ A5

1+s

[1Bellv = sup
$,3,y€(0,00) X x x (0,T)

‘/ 1+51+S ))gotsl—i—n( )., y)‘ ‘(p(t,s,i,y)

= ‘62 1+ s(1+n(2)) 1+s ’”(dz)}
<B sw | / [+ 7Dl + lelv]v(d)

= s el [ [ G-+ n)via)]

R

= Bollollv (3v(R) + / ndv) < oo, (6.2)

since v is a finite measure and 7 is a bounded function. Hence || B||y < E(?)V(R) + / ndu).

Thus B is a bounded linear map.

Let f:[0,7]xV — V be continuous in ¢ and uniformly Lipschitz continuous on V. Theorem
1.0.4 (Theorem 1.2, Chapter 6 of [10]), states that the initial value problem

f)a_tt — Ap+ f(t,0(t), (6.3)

has a unique continuous mild solution which solves another integral equation as given below
t
o) =Tk + [ Tt pluw)dn (6.4)
0

where {T;}i>0 is the Cj semigroup generated by A.

First we aim to find out expression of mild solution like above for a terminal value

problem. To this end we change the direction of time variable. Let v =T — ¢ and define
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p(v) = (T = ). (6.5)

Thus ¢(7T') = K. Then from (6.5) and (6.3)

%() —%—f(T— ) = —Ap(T —v) = f(T —v,p(T - v))
= —A3(v) = (T = v, $(v)),
07 4 Apl) + F(T —v.3(0)) = 0
5o TP s (6.6)
B(T) =K.

From (6.5) and (6.4), we know that ¢, the mild solution to (6.6) satisfies,

P(v) = (T —v) = Tr_o K + / Tr—ouf (0, (T — u))du.

We change variable © = T' — u, inside the integral to obtain

v

50) = p(T —v) = Tr_ K + / T f(T — i, (i) (~1)da

— T K+ / Toof (T — i, (@) )da

v

Thus we have proved the following theorem.

Theorem 6.0.1. The Cauchy problem %—f + Ao+ f(t,p(t) =0, @(T)=K has a unique

continuous mild solution which solves

T

S(t) = To IS + / T, o(u))du, (6.7)

t
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provided f is continuous in t, on [0,T] and uniformly Lipschitz continuous on V.

It is easy to see that the Cauchy problem (6.1) is a special case of the above problem where

[t ¢) = (B = R)p(t),

where B and R are as in (6.1). Here we note that, using (6.2) since B and R are bounded

linear operators, f satisfies the conditions of Theorem 6.0.1.

Thus using (6.7), the mild solution to (6.1) can be written as the solution of the following

integral equation
T

o(t) = Tr K + / To (B = R)p(u)du. (6.8)

Hence we have proved the following theorem.

Theorem 6.0.2. The Cauchy problem (6.1) has a unique continuous mild solution and that
solves (6.8).

Having proved this, it remains to prove regularity of the mild solution to establish well-

posedness. Or in other words the Cauchy problem (6.1) has a classical solution if the following
holds.

Theorem 6.0.3. If ©(t) is continuous solution to (6.8), then, o(t)(s,i,y) is C* in s for

every t,1,y and (for every s,i) in the domain of Dy,, where D, ,0 is defined as

1 . ~
lim 7 <8(t +h,s, i,y +h) —0(, s, 1, y))

h—0

provided the limit exists.

We need the following lemma to prove the above theorem.

Lemma 6.0.4. For K : [0,00) — R Lipschitz, Tr_K is continuously differntiable in t and

-~

in D(A) for each t € [0,T].

Proof. Consider the following Cauchy problem

v -
-+ AV =0, U(T) =K. (6.9)
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We note that Tr_, K is the unique continuous mild solution of the above Cauchy problem.
Since, A is the generator of {§t, X, Yi}hiso, for all s > 0,7 € x,y € [0,¢], using the functions
F, f,p,n(t) as in Chapter 3,

Tr- oK (s,i,y) =E[K(57)|S; = s, X; = i, Y; =

=F E(K(§T)|§t7Xta Y;S7Tn(t)+1)|§t =s5,Xi=1,Y; = y}

—P(Tu1 > TIX, =1, Y = y) x

E|K(Sr)|S) = 5, X =1.Yi =y, Tu1 > 7]

—t

S

n E[K(§T)|§t =5, X, =i0,Y, =y, Tpyr =t + v} «

o\

ft— To) + v|i)
1 — F(y|z)

S ol O/K(x)a(x; s, i, T — t)dx

fly +vli)
+ / 1T F(uli) pij(y +v)x
0
/E[K(§T7XT,YT)|§1;+U =2,Y0 =0, Xypp = 7, Tn(t)+1 =t+v 04(13§ S, 1, v)dxdv
0

where x — a(z; s,1,v) is the probability density function of the lognormal random variable

2
Thus, for y < t, Tr_K(s,1,y) satisfies the following integral equation

ln/\/(lns + (r(i) + BG) — laz(i))v,a2(i)v>. Thus « is in the domain of A and is C! in ¢.

1— —t r
U(t,s,i,y) = +y| /K a(x;s,i, T —t)dz
0

N

t

[ fy+vli) vrz i -
+ - Fy szg y+v) | V(t+v,2,7,0)a(z;s,i,v)drd.
0

o

We note that right hand side is C' in y as f and p are C'. Again right hand side is also

C? in s variable as a is so. The first additive term is also C! in t. Finally we observe that
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on the right hand side ¥ (¢ + v, z, 7,0) is multiplied by C' function of v and then integrated
from 0 to T' — t. Therefore the integral on right hand side is C! in t as a consequence of
integration by parts. Thus left hand side is in D(ﬁ) and C* in t. O

Lemma 6.0.5. For any ¢y €V,

1. Tusth(s,4,y) is C* in s and in the domain of D, and

2. DyyTust(s,1,y) is continuous.

Proof. In a similar line of proof of earlier lemma, we can show that 7,_,1(s,1,y) satisfies

the following equation

1—Flu—t
U(t,s,i,y) = . <uF +y’ /@/} x,,u—t+y)a(r;s,i,u —t)dr
fy+v| [ .
+ —Fly pr y+v) [ V(t+v,x,j,0)a(z;s,i,v)drd. (6.10)
0 0
Part 1.

First we observe that %%(z;s,4,v) = 1O(In |z|)a(z; s, i,v). Since ¥ is in V' (continuous and

at most linear growth), using uniform integrability and tightness of

Sk

we conclude the differentiability of right side of (6.10) with respect to s. In a similar manner

|x|2 alz;s+ei,v)dr for e < 1,

existence of partial derivative with respect to s of any higher order can be shown successively.
Part 2.
We next check the applicability of D, , on the 1st additive term on right of (6.10).
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Since F'is C?, it is enough to check for
/Q/J(x, iyu—t+y)a(x;s,i,u—t)d.
0

D, , of above function is the limit of
1 r , . .
_[/@/)(x,z,u—t—i—y)(a(x;s,z,u—t—e) —a(m;s,z,u—t))]dm.
€
0

Due to continuous differentiability of the p.d.f. a(z;s,i,v), on v > 0, we can rewrite above

as

/1/1(x,i,u—t—l—y)g—j(a:,s,u—t—el)dx (6.11)
0

for some 0 < € (z, s,1,t) < €.

Again La(z;s,i,v) = a(z; s,4,v)0(In? |z|).

As 1 is at most of linear growth with respect to x, there exists ¢; and ¢, such that
(@, i,u—t+y)| <z + e,

thus, the modulus of integrand of (6.11) is bounded above by (c;z + ¢;) In?(|z|)e(x; 5,4, v)

whose integral with respect to x over [0, 00) is finite.
The finiteness is immediate, since « is p.d.f. of a random variable with finite variance
and since (c1x + ¢3) In? |z| < c32? + ¢4, for some c3, ¢4 Furthermore, one can also prove that

v — /(clx + ¢o) In? |z|a(w; 5,4, v)dw

0

is right continuous by considering a quotient as above. Hence, (6.11) converges as € — 0 to
o

oa

/1/1(33; i,u—1t+ y)a—(:v, S,4,u — t)dx which is a continuous function.
v

0

Thus, the first term is in the domain of D, , and the image of D, , is also continuous.
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Part 3.

Now we would check if the 2nd term is in the domain of D,,. Although the 2nd term is
more involved than the 1st one, but that can also be studied as before. Nevertheless one
should be careful that there is a double integral and one of the limits depends on ¢ variable.
Furthermore, the variable ¢ appears in the continuous function ¥ not in the form of t — y.
For all these reasons the analysis of the 2nd term is relatively longer. We call the second
term as B Then D, ,B is the limit of the following expression
u—t—

1 [ f Jly+v+eli)

iy + v+ € U(t+v+ex,d,0)alx;s,i,v)drdy
T DI / ( j,0)azss, i v)

€

0

[ fly+vli) 7 |
/ F Z.)Zp@](y—i—v (t+v,x,7,0)a(x; 8,4, v)drdy
0

0

After a suitable substitution, the above expression becomes

u—t 0o

/suppmy+v /‘I/t—l—vxj, 0)Bedxdv

0
/ Iy + U‘Z pij(y + v)/\I/(t +v,2,0)a(x;t, s,i,v)drdv (6.12)
1 . .
where (v, z, s,i,v) = - [%a(x; S,1,0 —€) — %a(z; s,i,v)]. Now due

to continuous differentiable of f, a, using Mean value theorem we can rewrite

O flytvte—ali) 0 fly+v+eli)
v 1+ F(y+€li) 0yl — F(y + ei)

< — ap(w; 8,4, 0 — 63)> + eG(v,x,8,1,y)

Be =a(z; 3,@',1})(

fy +vli)
1 — F(yli)

for some, €, €3, €3 smaller than e, where

Grm (- B« i)

We recall that a,(z; s,,v) = a(x, s,4,v)O(In? |z|). The expression in (6.12) has two additive
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terms. For showing convergence of first term, we need to use above expression for apply-
ing theorems on convergence of integrals such as dominated convergence theorem, Vitali’s
convergence theorem, etc. As ¥ is at most of linear growth and continuous, it would be

sufficient if we have the following results

(a) v+— /(clx + ¢3) In? |z|a(x; 5,4, v)dx is bounded and left continuous.

0

(b) |z|*a(z; s,i,v + €) is uniformly integrable and tight with respect to z for e < 1.

The result (a) is already established in Part 2. In order to prove (b), we recall here that a
family of normal random variables with bounded mean and variance is uniformly integrable
and tight. Therefore, (b) follows as here a product of a polynomial and a lognormal density

function appears.

Now we can show the convergence of 2nd term of (6.12). Clearly (a) implies boundedness of
v — /\If(t +v,x,7,0)a(x, s, i, c)dz,
0

which assures the desired convergence.

Thus, B is in D(D;,) and hence from Part 2 and Part 3
U e D(Dyy).

]

Proof of Theorem 6.0.3. The proof follows from Lemma (6.0.4) and Lemma (6.0.5). [
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Chapter 7

Conclusion

In this thesis, we have shown that there exists an equivalent local martingale measure for the
model described in chapter 3. This implies that the model is arbitrage free. The locally risk
minimizing price approach by Follmer and Schweizer was considered as market is incomplete.
Our main aim was to find price function of a European option. For this, we have established
the existence and uniqueness of a classical solution to a system of parabolic Integro-PDEs
with appropriate conditions in chapter 6. So we have obtained price function as a solution

of this Cauchy problem.
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