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Abstract

This project aims to write down the Plancherel formula for GL(2, F') where F' is a p-adic
field. The Plancherel formula for SL(2, F)) and PGL(2, F') are known, and we also have a
general form of the formula for a real reductive semisimple lie group. Thus, in this project
we aim to do the same for GL(2, F'). We do not arrive at the final formula, instead we give
an approach to the proof of this formula. This project details all the requirements such as,
its irreducible representations and their characters, as well as other possible ways to get to

the problem. We hope to solve the problem soon.
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Introduction

The Plancherel Theorem states that

Theorem. For a locally compact abelian group G, the fourier transform that takes functions
from LYG) N L2(G) to a subspace of L2(G) can be extended to the whole space, L2(G) as

an 1sometry.

This theorem is an important part of Fourier Analysis, as it is implicitly linked to the
fourier inversion theorem. The corresponding formula for the fourier inversion theorem,
by abuse of notation, is called the Plancherel formula. For example for the space of real

numbers, R, the fourier transform is

ft)= 7’ f(@)e " dx

where for a given t € R, w(x) = e gives an irreducible representation of R, and the

Plancherel formula is

f0)= o [ fioy

This is the inverse fourier transform evaluated at 0.

Although, the theorem is only about locally compact abelian groups, the result can be
shown for certain non-abelian groups such as GL(n, F'), SL(n, F) and PGL(n, F'), where F’
can be real or p-adic. In this project we look at the case of GL(2, F'), where F' is a p-adic
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field. The Plancherel formula for such a group G can be written as ,

)= [ exlpyin g

where, f € C°(G), e is the identity of G, and O, is the character distribution of G, that is,
Trace of the operator w(f) = [ f(g9)7(g)dg.
G

This is essentially the decomposition of the regular representation, whose character dis-

tribution is then evaluated at identity.

This project aims to get the Plancherel formula for GL(2, F'), where F is a p-adic field.
We try to get to this formula by decomposing its regular representation in terms of its
irreducible unitary representation. Thus, we study the representation theory for such a
group. The classification followed in this project is based on the work done by Bushnell and
Henniart in their book “The Local Langlands’ Conjecture for GL(2)”. We parametrize these

classifications exactly as given in the book.

Next we look at the character theory for such a group. The character distributions as
mentioned in (1), is also studied. The formalisation of these characters is described as given

in Jacquet and Langlands’ book, “Automorphic Forms on GL(2)”.

To prove this formula for GL(2), we study the proof of the formula for SL(2). This is read
from the paper by Sally and Shalika, “Plancerel Formula for SL(2) over a local field”. The
hope is to be able to emulate this proof for the case of GL(2). This is due to the similarities
in the classification of their representations. The parametrization of their classification is
similar to that seen for GL(2).

Although, there are many similarities between the two groups, they also have some
subtle differences which means that the proof for G = GL(2) might not be able to construct
similar situations as was possible for SL(2). Thus, we also look at the decomposition of
the regular representation of G, in terms of the regular representation of PGL(2, F') and its
G-equivariant spaces. We can then look at the Plancherel formula for PGL(2, F') as given
in Silberger’s book “PG Ly over the p-adics : its Representations, Spherical Functions, and

Fourier Analysis”, and try to write down the formula for G.

Thus, we hope to get to the Plancherel formula sometime soon.



Chapter 1
Preliminaries

This chapter is meant to clarify all the basic concepts, terms and definitions which would
be repeatedly used in this project. We first have a section on p-adic fields, which briefly
discusses the construction, and some important properties of p-adic fields. This leads to a
discussion on quadratic extensions of p-adic fields. Finally, we have a section on the definition

of direct sum of Hilbert spaces.

1.1 p-adic Fields

Fix a prime number p. We first define a function on Z such that, v,(n) = a where, a 4+ 1 is
the smallest integer such that n #Z 0(mod p®*!) whenever, n € Z and n # 0. Also, define,
v,(0) = 400. Observe that, for all m,n € Z,

L. v,(m - n) = v,(m) + vy(n)
2. vp(m 4+ n) > min{v,(m), v,(n)}.
Thus, v, is a valuation on the ring Z.
Now, consider an absolute value on Q, such that for every r € Q, x =, m,n € Z,

m
— |2 = pre(n)—vp(m)
|x|p ’ n ‘p p

3



Due to the properties of v,, we can easily check that |- |, is an absolute value and therefore
defines a metric on Q. It can also be checked that | |, is a non-archimedean absolute value.

This has some important consequences such as,

1. Va,y € Q, |z + y‘p < maX{L’”’pv ‘y’p}

2. Ve eZ, |z, <1

The p-adic field, Q, is the metric completion of Q with respect to the absolute value | - |,.
The ring of integers of such a field is Z, = {z € Q, | |z| < 1}, the unit disk in Q,. The space
p={zr €Q,||z] <1} is the unique prime ideal in the ring Z,. Here, p is a principal ideal,
p = (p). The field k = Z,/p = Z/pZ, is called the residue field of Q,. The set of units in
the ring of integers is the unit circle, U = {z € Z, | |z| = 1}.

A p-adic field F is a finite field extension of Q,. The ring of integers, of F' is defined in
the same manner, O = {z € F'| x| < 1}. Similarly we have the prime ideal and the unit
ringin O, P ={x € F | |z| <1} and Up = {x € F | |z| = 1}. Here, the prime ideal,
P = (w) is also a principal ideal, and the element w is called the prime element of F. The
residue field, kp = O/P is also an extension of the residue field of Q,. If F' is an extension
of degree n, then, kp = IF, where, ¢ = p". Here, we can define U, = 1 + P" as the compact
open subgroups of Ur, and we get the isomorphism, Ug /U, = O/P".

1.2 Quadratic Extensions of a p-adic field

Hensel’s Lemma states that given a p-adic field, F', where p # 2, and a polynomial whose
coefficients lie in the ring of integers O such that it has a root in the residue field kr and
the derivative of the polynomial satisfies certain conditions, then the polynomial has a root
in O.

Also, any element of z € F'* can be written as © = @w” - y where, w is the prime element

of Fand y € Ur and n ranges over every integer. That is, F** =2 Z x Up.

These two properties of I’ give us that unless p = 2, we can say that the order of
F*/(F*)?is 4. We have that F*/(F*)? = {¢, w, eww, 1}, where ¢ is the representative of all
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square-free units, and w is the prime element, as defined above. Thus, there can be only 4

quadratic extensions possible for the p-adic field, F.

1.3 Direct Integral of Hilbert Spaces

Let (S, ;) be a measure space such that,

1. S = |J 00S; where S; are measurable subsets of S with p(.S;) < oco.
=0

2. There exists a function d, such that for A, B, measurable subsets of S, d(A, B) =
(A A B), and d satisfies the triangle inequality.

3. ((S, ), d) forms a seperable pseudo metric space.

Consider a family of Hilbert spaces such that for every s € S, we assign a Hilbert space,
H, to it. A section over such a family of Hilbert spaces is a map, that for each s takes a
value in Hy, v : s — v, where vy € H,. The family of Hilbert spaces , { Hy}scs, is said to be
measurable if there exists a set of sections, §, such that,

1. the map s +— (z(s),y(s))n, is measurable for all x,y € §.

2. If for some section z, the map, s +— (z(s),z(s))n, is measurable almost everywhere,
Vo € §, then z € §.

3. Hzn}nen, a sequence of sections such that, {z,(s) | n € N} = H, almost everywhere
in S.

Given a measurable family of Hilbert spaces, as above, x € § is said to be square

integrable if,

[ e snts) < o
S

We identify two sections x and y if ||z(s) — y(s)||g, = 0 almost everywhere on S. With

this identification, the set of all square - integrable sections in §, is called the direct integral
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of the family of Hilbert spaces, {H}ses-

Hz/%@@
S

On this space we set, for z,y € H,
(o) = [ (2(6).(s))mdn(s)
S

Under this inner product, H is a pre-Hilbert space.



Chapter 2

Representations of GL(2) over a
p-adic field

Let G denote GL(2, F) where F' is a p-adic field. The Plancherel formula for G is given
by an integration over the unitary representations of (G. Thus, in this chapter we give a
classification of all the irreducible representations of G as given in the works of Bushnell and

Henniart.

Definition. A smooth representation over this group would be, (mw,V') such that for any

vector v € V', there exists a compact open subgroup, K in G, which stabilises v.

Every abstract representation (7, V') of G, has a subspace V' such that 7 acts as a smooth
representation on it. A smooth representation is K-semisimple for every K, a compact open
subgroup of G. For G, these are the type of irreducible representations that we must look

at.

Consider, ¢ : G — C*, a 1-dimensional smooth representation of G or equivalently,
a continuous homomorphism from G to C*. The commutator group of GL(2, F') being
SL(2, F), implies, a map such as ¢ must factor through the determinant map and therefore,
every character of GG is of the form, ¢ = x o det, where x is a character of F'*. It can easily

be shown that the only possible finite dimensional representations of G are its characters.
To further classify the representations of GG, we look at their Jacquet modules. Let, N
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be the set of all upper triangular unipotent matrices in G.
N = {[égf],mGFX}

For an irreducible representation (7, V') of G, we define, V' (V) as the subspace of V' generated
by the vectors v — w(n)v for v € V and n € N. The Jacquet module of V is given by,
Vn = V/V(N). All characters of G have a non-trivial Jacquet module.

An irreducible smooth representation (m,V’) of G is called cuspidal, if Vy is zero. We
shall now look at the classification of representations of G' as a cuspidal or a non-cuspidal

representation.

2.1 Non-cuspidal representations

Let B be the set of upper triangular matrices in G and T' be the set of diagonal matrices in
G.
B={[eb]|a,de F*be F}

T={[8y] loyeF"}

For any b € B, there exists t € T' and n € N such that b = tn. Consider y, a character of T'.
Thus, x = x1 ® x2 where x; and y» are characters of F*. Such a character can be viewed

as a representation of B which is trivial on N.

As we discussed above, every character of G is non-cuspidal. To classify the rest, we

observe the following proposition.
Proposition 2.1.1. Let (7,V') be an irreducible smooth representation of G such that, Vi

1s non-trivial then, m is isomorphic to a G-subspace of [ndgx, where x 1s a character of T

Where, the induced representation is of the form,

IndS(y) = {f: G+ C| f(hg) = 65"*(R)x(h)f(g), h € B and 3 K a compact open
subgroup such that f(gz) = f(g) Vg€ G, Ve K}

where, §, (85) = %, is the modular character of B.



Thus to classify the non-cuspidal representations, we must look at which characters of
T give us an irreducible smooth representation of G when induced. This gives the following

Irreducibilty Criterion :

Theorem 2.1.2. Let x = x1 ® X2 be a character of T, and (x,V) = IndSy, then 7 is

reducible if and only if x1Xx5 " is either of the characters x v ||z||*!

These irreducible induced representations are called the principal series representations
of G.

The above theorem does not mention the uniqueness of these induced representations.
Therefore, we must look at the conditions under which they are distinct. Let x and & be two

characters of T'. By Frobenius Reciprocity, we can say that
Homg (Indjx, Ind55¢) 2= Home ((Indy) . €)

also,
0— x¥ — (Indgx)N —x —0

and thus, Ind§y and Ind%¢ are distinct if and only if € # x or x*, where w = [ 3] and x®
is defined as the character x*(g) = x(wgw™1).

Thus we have a distinct classification for the principal series representations.

Following this, we must also look at the G-subspaces of the induced representations which
are reducible. Observe that dg as a character of B is trivial on N, therefore, we can also
look at it as a character of T. We find that

0 — 1g — Ind$oy/> — Stg — 0
The irreducible G-quotient of Indgé}g/ % is called the Steinberg representation . From the
above short exact sequence we can see that any Indggbé}g/ 2, where ¢ is a character of F'*, has
an irreducible G-quotient, ¢.Sts. The Steinberg representation and its twists are called the

special representations.

From the definition of g and the Irreducibility Criterion, we can see that the above
representations exhaust all the possible reducible representations of the form Indgx such

that x is a character of T. Thus, we have classified all non-cuspidal representations of G.



2.2 Cuspidal Representations

Consider the following rings in G.

Definition 2.2.1. A chain order 3 is a ring with an integer, ey, associated with it such that,

there exists g € G for which

gUg~t =

For such a i, we write its Jacobson radical as 8 = rad 4. For every 4, P = I = UII,

for some II, the prime element of 4. For example,
rad M=wM, radJ=(245)3J

where, w is a prime element of F. We define, [ = [1"4U = UII™ for any n > 0. The units
of the ring are defined as ,
Uy = Uy = U~

Ui=1+8"n>1
For example, Upyy = GL(2,0) and Uy = I, where [ is the Iwahori subgroup.

I={[2Y] such that a,d € Up,c € P and d € O}

Fix a character, ¥ € F, such that ¢ # 1 and Y|lp = 1 but ¢¥|p # 1, that is ¥ is of level
1. We can define 14 as a character of A = M(2, F') such that, ¢a(z) = ¥(traz) where
try denotes the trace map. Similarly, for any a € A we can also define the character,

atha(x) = a(ax) = h(tra(az)). The map a — abs gives an isomorphism A = A.

With such a fixed character, we now have the following isomorphism.
Proposition 2.2.1. Let 3 be a chain order with radical 3. Let n be any integer, then
PP — (UG /UGT)

a+ P = Paalug
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is an isomorphism, where ¥4 () = Ya(a(z — 1)) and (UF/UGT") is the set of all characters

of U} which are trivial on U{f“.

This isomorphism leads to the definition of a stratum.

Definition 2.2.2. A stratum is a triple (8, n,a) such that L is a chain order with radical

B, n is an integer and a € P~".

This strata is equivalent to identifying a character, 14, of U which is trivial on U;}H
corresponding to the coset a + P~ according to the isomorphism in the above proposition
(2.2.1). Thus, we say that two strata, (4, n,a;) and (4, n,as) are equivalent if and only if

a; = az(mod P 1).
Next we distinguish the fundamental strata.

Definition 2.2.3. Let (4, n,a) be a stratum and radical of 4 is P. It is called fundamental if
the coset a+SB1~™ contains no nilpotent elements of A. Equivalently, there exists an integer
r > 1 such that a” € B,

Let (m, V) be an irreducible smooth representation of G. A stratum, (4, n,a) such that
n > 1 is said to be contained in 7, if 7 contains the corresponding character 14, of U{.
Distinguishing the fundamental strata was important as except for certain conditions on 7, an
irreducible smooth representation will always contain a fundamental strata. The exceptions
lie at the point when 7 contains the trivial character of Ug,. In which case we can easily
classify the possible cuspidal representations as c—Ind(Z;KA, where K = GL(2,0), Z is the
center of G, and A is a representation of Z K which contains A, a representation of K inflated

from an irreducible cuspidal representation of GL(2, k), k being the residue field of F.

Next, we try to classify the fundamental strata and try to distinguish an irreducible

representation in terms of which type fundamental strata it contains.

Consider the strata (4, n,a) such that eq = 1. Then, a € P~ and P~" = w "4, since
ey = 1 and P is a G-conjugate of the radical of 9. Therefore, there exists some, ag € U
such that a = w"ag. We define f,(t) as the characteristic polynomial of the image of ag
in 4/P = M (2, k) where k is the residue field of F'. This characteristic polynomial remains

the same for a; = ay(mod PBL7).

11



Using the above, we classify the fundamental strata into the following:

Definition 2.2.4. Let (M, n,a) be a fundamental strata,

1. if eq = 2 and n is odd, then the strata is ramified simple
2. if e = 1 and f,(t) is irreducible in k[t], then the strata is unramified simple.
3. if e =1 and f,(t) has distinct roots in k, then the strata is split

4. ifeq =1 and f,(t) has a repeated root in k>, then the strata is essentially scalar.

It can be shown that an irreducible smooth cuspidal representation either contains only
a simple strata or is a twist of a representation that contains a simple strata. Whereas, the
principal series representations either contain only the fundamental split strata or are a twist

of one which does.
Thus, to classify the cuspidal representations we look at simple strata.

For both the unramified and ramified simple strata (4, n,a), E = Fl[a] is a quadratic

n+1)/2]

extension. Consider, J, = F XUL[l( . This is a subgroup of G which is compact modulo Z

and is also the maximal subgroup that normalises 14 4, the character of U associated with

the given strata.

Theorem 2.2.2. For a given simple strata (4, n,a), let A be an irreducible representation

of J, such that A|U['n/2]+1 contains ¥4 . Then, the representation,
U
A = c-[ndi/\

18 1rreducible and cuspidal.

Here, the compact induction of A from J, to G is defined as,

c-Ind§ (A) = {f : G~ C | f(hg) = A(h)f(g) h € J and 3 K a compact open subgroup
such that f(gz) = f(9) Vg € G, ¥V x € K and Suppf is compact in H\G}.

The above theorem, describes an irreducible cuspidal representation which can be iden-

tified by three parameters - a simple strata (4, n,a), its associated subgroup, J,, and a
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representation of J, which contains the character associated with the given strata. Using

this, we define objects called cuspidal types in order to try and parametrize every irreducible
cuspidal representation of G.

Definition 2.2.5. A cuspidal type is a triple (4, J, \) where i is a chain order, J a subgroup
of G which is compact modulo Z and A is an irreducible representation of J such that one

of the following happens:

1. =M, J=2ZK = ZUy and Ny, is inflated from an irreducible cuspidal represen-
tation of the group GL(2, k)

2. (M, n,a) is a simple stratum, J = J, as defined above and A is an irreducible represen-
tation of J such that A|[§LU/2]+1 contains Y4 4

3. There exists (U, J, Nog) such that it satisfies either of the above two conditions and
A = Ay ® x o det for some character x of F*

Each cuspidal type, (4,7, a) gives an irreducible cuspidal representation, my = c—nd?A.

Theorem 2.2.3. The map between the conjugacy classes of cuspidal types and the equiva-

lence classes of irreducible cuspidal representations of G.
(U, J,A) — c-Ind5A

s a bijection.

Thus, all the cuspidal representations of G' are classified by their cuspidal types. These
are also called the supercuspidal representations of G.

13
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Chapter 3

Characters of Irreducible
Representations of GL(2, F)

The Plancherel formula for G will be of the form (1). Here the integrand is called the
character distribution of an irreducible unitary representation (7,V’) of G. As we shall see
in this chapter, the character distribution can be determined by a function over GG which is
dependent only on 7. By abuse of notation, we call this function the character of 7. We

study this integrand and the correspoding character in this chapter.

3.1 The Character as a Locally Integrable Function

Let (7, V) be a smooth representation of G and K be some compact open subgroup of G.
The subspace VE = {v € V | m(k)v = v Vk € K}, is the set of all K-fixed vectors in V.

Definition. A smooth representation (7, V') of G is said to be admissible if for every compact

open subgroup K, the subspace VE is of finite dimension.

Using the classification of representations in the previous chapter, we can prove that

every irreducible representation of GG is admissible. Given such an irreducible representation
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(m, V) of G and a function f € C°(G), consider the operator,

The representation 7 being admissible implies that 7(f) is a finite rank operator. Therefore,
Tr(mw(f)), the trace of w(f) exists and is a continuous functional on C°(G). There exists a

locally integrable function x,(g) defined almost everywhere on G, such that,

Tr(n(f)) = / £(9)xx(9)dg.
G

This is a result of Godemont and Harishchandra for irreducible unitary representations of
semisimple Lie groups. For the purposes of this project, we shall prove this result for G, as
given in the works of Jacquet and Langlands, Automorphic Forms on GL(2). For both the
cuspidal and non-cuspidal representations, we shall prove that such a y, exists by giving an

explicit form for the function.

3.2 Character of Non-cuspidal Representations

We have classified all the non-cuspidal representations of GG into three different types - the
characters of G, the principle series representations and the special representations. The
principal series representations are the induced representations of characters of T, inflated to
B, which satisfy certain conditions. That is, the principal series can be written as Indg 11 @ o
where p1 and po are characters of F'*. The special representations are twists of the Steinberg

representation, which is the G-quotient of Indg@lg/ 2,

0 — 1g — Ind%63/> — St — 0.
Therefore the character of Stg can be written as xsie = Xy 4512 — 1.
ndpop

Thus, by looking at characters of representations of the form Ind%; ® ps where p; and

= Xu,ue, We can describe the characters of all

« :
pi2 are characters of [, that is X146, @,

non-cuspidal representations.
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A regular element of the group G is any element with distinct eigenvalues. Let G be the
set of all regular elements of G and let H be the set of all elements of G which have eigen
values that do not lie in F'. These are the two subsets of G for which we shall define the

values of the characters. Both these subsets are open in G and G is dense in G

A Cartan subgroup is the centralizer of a regular element in GG. These subgroups are
either the subgroup T, the set of all diagonal elements in G, or an isomorphism of the
multiplicative group of a quadratic extension E over F'. Observe that G is the union of all
G-conjugates of every Cartan subgroup in G. Also, G — H is the set of all G-conjugates of
T.

Proposition 3.2.1. Let ui, po be characters of F*. We define, X, . to be the function
which is 0 on éﬂ H, undefined on G — G and equal to

ab |12
b b —_—
{r1(a)pa(b) + pa(b)p2(a)} @a—0b)y?
on an element which lies in some G-conjugate of T, that is on the space G — H, with eigen
values a and b. Then, X, u 1S continuous on G. Ifrn = [ndg,ul ® o then for every
fecx(@),

Tr(n(f)) = / N (9)F(9)do.

G

Proof. Consider the integral,

/ Xowa (9)(9)lg. (3.1)

G

Since X, u, 18 0 outside T', we can show that this is the same as the integral,

1/
2
T

where, the measure dg is the quotient of the measure on G by that on 7. Observe that, x,, ..

depends only on eigen values and therefore is a class function. Also, a = [& 9] is conjugate

(a —b)?
ab

/Xulm(glozg)dg da
G

to S =[49]. Thus, we can expand and simplify the above integral to say that (3.1) is equal
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to,

21/2
(a— /fglag dg ¢ dov.

\G

[ m@no)

The integral over T\G can be further written as an integral over GL(2,0) x N,

/ul(a)MQ( ) 2 / f(k rank)dk dn } do. (3.2)

T GL(2,0)xN

1/2

Observe that G = B - GL(2,0). A locally constant function ¢ in the vector space
Ind% (1 ®@p2), is determined by its values on K = GL(2, O), since $(zg) = pu1(a) 2 (D) !%‘1/2 ®(9)
for every g € G and x = [¢§] € B. Such a function, ¢ can also be regarded as a function
over the compact open subgroup K. Therefore, the following can be seen as an integral

operator with kernel F'(k1, k2), on the space of functions over K.

(k) /gbklg dg—/gbkg /fk Lanky) (@) pa (b ‘b( da dn S dk,

all/2

2 da dn

ﬂ%b% /ﬂM%MmeM®

TxN

It is easy to check that the range of such an operator also lies in the space Indgul @ po.

Thus, it is enough to calculate the trace of the integral operator to get T'(rm(f)). The trace

/ F(k, k)dk

K

of the integral operator is given by,

which, when expanded, is the same as (3.2)

Thus, we have that for a principal series representation m = Indg,ul ® 2, the character

18



is defined on G
1/2

{pa(a)pz(b) + p1(0)p2(b)} | %552
0 when g € é’ﬂ H

when g € G — H

Xpr iz (9) =

Similarly for the Steinberg representation, xsi. is defined on G as follows,

llall o]l ~
W -1 when q € G —H

XSte = ~
¢ —1 when g € G H

All the characters of the special representations can be written as twists of the above char-

acter.

3.3 Characters of Cuspidal Representations

Let (m,V) be a cuspidal representation. We can always define a Hermitian form on V.
Consider some ¥ € V, the smooth dual of V', such that © # 0, then we can define the integral

(o1, 03) = / (n(g)on, ) (2, 7(9)5)dg.

This forms a Hermitian form on V. We shall use this to show the existence of y, in the

following proposition.

Proposition 3.3.1. There exists a locally integrable function, x. which is defined and con-
tinuous on G\ J H such that

Tr(n(f)) = / \a(9)(9)dg.

G

Proof. Let w, be the central character of w. If |w,| # 1, then there exists some ¢, a
character of F'* such that # = ¢ ® 7 has a central character |w;| = 1, that is 7 is unitary.

Then, if both characters exist, xz(g9) = ¢(det(g))xr. Therefore, we only need to look at
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unitary cuspidal representations. Let

Consider some orthonormal basis of V', {v;}. Then we can define,
Qij = (Qui, v)).

7 being an admissible representation, () is a finite rank operator, therefore, only finitely

many of the @);;’s are non-zero.

Consider u € V such that under the Hermitian form on V, (u,u) = 1, that is a unit

length vector in V. Now we look at the following equations
(m(9) ' Qm(g)u,u) = (Qm(g)u, 7(g)u) (3.3)
(Q(g)u. m(g)u) = > (Qm(g)u,v;)(vi, 7 ZZ 9)u, v:)Qji(v5, m(g)u)

i
Since there are only finitely many @);;’s which are non-zero, therefore, the above series is a

finite sum and we can look at the following integration,
[ oy @nto g = Y Qi [ (o)) wi (g
Z\G & Z\G

7 being unitary implies it is also square integrable, therefore the integral on the right con-

verges. We can also apply Schur’s Orthogonality relations to get,
ZQU UMU] ZQ%Z VN ( (f))

where d(m) is the formal degree of m. Also, the expression on the right of (3.3) can be

expanded to,

/G F(1)(w(g™ hg)u, w)dh.

Therefore, ﬁTT(’/’T(f)) =/ {f f(h)(w(g_lhg)u,u)dh} dg. The integral over Z\G is the
76 \a
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limit of integrals over compact subsets of Z\G. Any element z € G can be written as

where, g; and go are elements of K = GL(2,0) and p < q. We define, T, as the set of all
elements of G such that ¢ — p < r. This is the inverse image of a compact subset T)of Z\G.
The above integral is the limit of the integral

1 [ 1ate gy wyan o dg

e

as r approaches infinity. 7’ being compact implies that the above integral converges abso-

lutely. Therefore,

/f(h) /(ﬂ(glhg)u,u)dg dh.

T
Set, ¢,(h) = [(m(g 'hg)u,u)dg. The proposition now boils down to showing that the limit
Xr(h) = d(m) lim ¢,.(h) exists.
r—00
Since 7 is an irreducible unitary representation, there exists a conjugate linear map
A :V — V such that (vi,v3) = (v1, Avy). Therefore, the functions (7(g)u,u) are also

matrix coefficients. 7 being cuspidal implies that it is also y-cuspidal, that is, every matrix

coefficient is compactly supported mod Z, and thus, so is (7(g)u, u).

Let C' be the image of this compact support in Z\G. If D is a compact subset of H, we
can say that for every h € D the set {g € G | m(¢g7'hg)u,u) # 0} has a compact image C"
in Z\G. Therefore, the integral,

/(W(glhg)u,u)dg = /(ﬂ(glhg)u, u)dg

Z2\G ol

is convergent for h € D. If r is large enough then ¢’ C 77 and thus,

Or(h) = / (n(g™ hg)u, w)dg

Z\G
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and the sequence {¢,} converges on H to the limit (d(7)) 'xx(h).

On the rest of G — H, which are all the G-conjugates of the diagonal matrices, we can
show that for a given compact subset in G — H there exists a constant ¢ and a bound M
determined by the compact subset such that, |¢.(h)] < ¢M for all r and for all such h in
that compact subset. This can be shown by using the fact that, any element of G can be

written as a product of an element from B and an element from K, and also h, a conjugate

(39 05

where hy € GL(2,0) = K. The point h belongs in a compact set if all the values z, a, b and

of T', can be written as,

(1 — g) are bounded above and below. Thus we look for the conditions on these bounds for

which the argument of the integral can be written as (g~ hg)u,u) where g € T, and h € T..

Under these conditions it is easy to show that the integral is bounded. Thus, ¢,(h)

converges over T and therefore over G |J H.

The character of an irreducible cuspidal representation (7, V') can be written as,

ﬁxw - / (g~ hg)u, u)dg

2\G

where, d(m) is the formal degree of 7, u is a vector of unit length corresponding to the

Hermitian form on V.

Thus, we have shown that for any irreducible representation (7, V) of G, there exists
a function defined almost everywhere on G, such that Tr(w(f)) = [ f(9)xx(g)dg. This is
G

called the character of .
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Chapter 4
The Plancherel Formula

In this chapter we try to put down the possible approaches to writing down the Plancherel
formula for G. The form of the Plancherel formula that we see in (1) is clearly a decompo-
sition of the regular representation of G, which is then evaluated at the identity. We can
try to prove this decomposition by comparing it to the Plancherel formula for SL(2, F'). We
can also make such a comparison between the Plancherel formula for SL(2, F') and that of
PGL(2, F) as well. Therefore, we look at the decompostion of the regular representation of

G in terms of the regular representation of G/Z as well.

4.1 A Direct Integral Decompostion

The regular representation of G is the action of the group on £2(G), the space of all square-

integrable functions over G.
£(6) =16 | [17(@)Pdg <
a

The Plancherel Formula is essentially a decomposition of £2(G) in terms of its irreducible
unitary representations. We can also try to obtain this decomposition by first decomposing

it in terms of the spaces £?(G/Z,w). In this section we try to prove that the following map
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is an isomorphism :

£2(G/7,w) —> / TG 7, w)dw

where we look at a direct sum of Hilbert spaces £*(G/Z,w) over the measure space Z, the

space of all unitary central characters of G.

LYHG[Z,w) = f:G = C| flgz) = flgw(z) Vg € G,z € Z and /\f(g)!2d9<oo

G/Z

Consider for f € C2°(G), the map

b f—>|lziw— |zw):g— /f(gz)w(z)ldz

To show that such a map, when extended to £*(G), is an G-invariant isomorphism, we
must first check if its well-defined.

For any f € C°(G) the map gives, x(w (g2') = ff g7 2)w(2)7tdz. On substituting 22’
for y, we get z(w)(gz") = w( f flgy)w(y)~tdy, since Z is uni-modular.

Thus, 7(w)(gz) = w(2)r(w)(g).

For z(w) to be an element of £?(G/Z,w), we must also check for square integrability.

2

/|x ng—/ /f gz)w(z) " dz|? d9</ /If gz)w(z)"Ydz | dg

G/Z G/Z Z G/Z \Z

Since, F' € C°(G), and thus compactly supported, therefore there are only finitely many
points on g € G/Z such that f(gz) # 0 for some z € Z. Also, w is unitary, therefore,

2

[@ras < [{ [1r@s | dg<oc

G/z G/Z Z

Thus, z(w) is an element of L2(G/Z,w).
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For x to be a section of the direct integral over Z,

/ o) P < oo.

We first check this for when f is a characteristic function of some compact open subgroup
of G. Let K = GL(2,0) and K,, = 1+ [}, 5. ]. Let x,, be the characteristic function of K,
that is y,, take values 1 over K,, and 0 elsewhere. This gives us z, = ®(x,), for some g € G

and some w € Z

2a(w)(g) = / Yolg2)w(2) "z

Z

We know that, Z being the set of all scalar matrices, Z = F*. Now we consider, w such that

w|ippn # 1. Here, 1 +P" = U, is a compact open subgroup of Z. Therefore we can write,

[tz a= [ Q/ Yulgzu)o(zu) du | dz

Z)Uy

Since, v € 1 +P" = U,, we have gzu € K, & gz € K, and X, being a characteristic
function we get, x,(gzu) = xn(g2).

2a(w)(g) = / Yal92)w(2) Q/ w(u) du | dz =0
Z/U, n

Since, [ w(u)'du =0 when w|y, # 1. Thus, z, is non-trivial only when w|y, = 1.
Un

Next, we look at the space S = {w € F* | w|y, = 1}. We know that Z = F* = 7Z x Up.

_—

Therefore, S = {Z x (Up/Un)} = S* x (Ur/Uy) C {Z = F*}

Since, Ur is compact and U, is open, thus (Ur/U,,) is finite. Also, S! is compact, therefore
the space S is a compact space in Z. Thus, the section x is compactly supported over 7 and

the following integral is finite.

/ )= [ [ 1 [ gzt sy do < o

2 GlZ Z
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Therefore, we have shown that the map is well-defined for the characteristic functions

Xn-

For any f € C°(G) , one can write f in terms of the characteristic functions defined
above, y,. Since f is locally constant and compactly supported we can write it as a finite
sum, f = > ¢;xu, where, U; is a compact open subset of G and xy, its characteristic function.
Any compact open subset, U; contains some G translation of K, for a sufficiently large m;,
therefore we can write, f = > ¢;xy, K, Where, Xg. K, = giXk,,, and Xk,,, = Xm,, according

to our previous notation. Therefore, f = > ¢;giXm,

Thus, any function in C2°(G) can be written as a linear combination over G translations

of x,.

The map in question is clearly linear. All we need now is to check for G-invariance.
Suppose, ®(f) = z. Consider the action of some h € G on f, h.f(g) = f(gh). Then,

/ Flgh2)w(z) " dz = 2(w)(gh) = h.a(w)(g) = h.O(f)(w)

Thus, it is also G-invariant. Therefore, the map is well-defined over C°(G) and since C°(G)

is dense in £?(G), we can extend the map continuously over the rest of the space.

To show that ® is an isomorphism, we construct the inverse map. Consider a section
T € [ Z@E2(G /Z,w)dw. Such an z is said to be compactly supported if there exists a compact
subset W of Z such that ||z(w)|| = 0 if w ¢ W. Since [ [lz(w)|]Pdw < oo, thus, we can say
that x is a square integrable map from Z to C, that is, z € EQ(Z). If we assume x to be
compactly supported , then x € CSO(Z ), which is dense in £2(Z ). Therefore, we can define
a map on C>°(Z) and continuously extend it to the rest of £2(Z).

Consider, ¢ : x — f such that f(g) = [;x(w)(g)dw. This when extended to the rest of
Z and then composed with ® gives us that ® o p=1,and po® = 1.

Thus, we have that ® is an isomorphism.
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4.2 The Plancherel formula for SL(2)

The unitary representations of SL(2, F') have a similar classification to that of GL(2, F').
The finite dimensional representations are all the characters. Then there are the principal
series representations which in the case of SL(2, F') can be parametrized by one character
of F* instead of the pair of characters that we see in G = GL(2, F'). There are the special
representations which are the twists of the Steinberg representation, which is the same as in
(. Finally there are the cuspidal representations parametrized by three objects. A cuspidal
representation of SL(2,F) can be written as (h,V,1)), where V' = F[Vf] is a quadratic
extension of F', 1 is a character of Cjy, the set of all units of V', and h (the conductor of 1)
is the smallest integer such that v is trivial on C(gh) = 1+ P}, where Py is the prime ideal

in V. These parameters are the same as those for the cuspidal representations of G.

The above similarities between the classification of representations of both the groups
indicate that the Plancherel formula would also take similar structures in both cases. There-
fore, we study the Plancherel formula for SL(2, F') and the proof given for it as explained in

the works of Sally and Shalika in order to emulate it for G.

For the classification of the cuspidal representations of SL(2, F'), we characterize the
parameters mentioned above. Assuming F' is a p-adic field where p # 2, there are only three
possible quadratic extensions of F', V = F [\/5] where 0 = 7, ¢, eT. Here, 7 is a prime element
of I’ and € is a representative of the square free units of F'. The quadratic extension V' can
be seen as a multiplicative subgroup of GG. All such possible inclusions that intersect with
SL(2, F) are the Cy’s for the corresponding quadratic extensions. These are the compact
Cartan subgroups of SL(2, F'). The character 1 of Cjy is trivial on C?. To accommodate the
role of i and to limit the possible spaces that C} can represent, we must modify its definition
for different 6’s. Here, C" =1+ P! and Cl =1 + 7392“1, when 6 = 7, er. The conductor of

1, h, ranges from 1 to oo.

Remark 4.2.1. In the modification of the definition of Cl, we observe that this is also
reflected in the classification of cuspidal representations of G. V = F[\/€| being an unramified
extension is associated with an unramified simple strata (,n,a), which can have any value
for n. Whereas, V.= F[\/T] or V. = F[\/eT] are ramified extensions which are associated

with a ramified simple stratum where n is always odd.

As seen in the previous chapter, for any irreducible representation (7, V') of SL(2, F') and
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for some f € C°(SL(2, F)), we can write,

0,(f) = Tr(x(f)) = / £(9)0(g)dg.

G

For a cuspidal representation, (h,V, 1) we define, ©(f) = ©4(f). For the principal series
representation parameterized by a character pu € F*, we write this as ©,(f) and for the

Steinberg representation this is ©g(f)
The Plancherel Formula for SL(2, F') is given by the following.

Let f € CX(SL(2, F)), then

D= 3 Y wweu)
q 0=r,e,7e h=1 ¢§%:h

2
g —1 1
+2(q — 1)Oo(f) + / O,(f)du (4.1
(¢ —1)60(f) & ] Twr pw(fdp (4.1)
pneFX
where T'(y) is a function over F* which along with dyu gives the Plancherel measure for
the principal series representations. Also, u(1)) is the Plancherel measure for the cuspidal

representations.

To prove this formula, we first construct the above summation. This summation can be

written as a limit of the following distribution,

d
M) = D D > u)Ou(f) + 2(g — 1)Oo(f)

0=r,e,7e h=1 e
cond Y=h

¢ —1 1
| e 62

pEFX

Thus, what we must prove is that lim A4(f) = 2(‘122_1)]”(1) for every f € C°(SL(2, F)).

d—o0 q

Consider K, as defined in the previous section. For this section we redefine K, as the

28



subgroup of it that lies in SL(2, F') and its characteristic function as x,. We can show that,

Lemma 4.2.1. Ay(xm) = % whenever, d > m.

Now consider f € CX(SL(2, F)) and the distribution, A(f) = dlgglo Aq(f). This distri-
bution is supported on the unipotent elements of SL(2, f), that is for any f with support
that does not intersect with the unipotent elements, A(f) = 0. Also, for any g € G/Z,
g A(f) = Mgt f) = A(f) where, g7L.f(z) = f(g9.x) Vo € SL(2, F). In other words, A is
invariant under the adjoint action of G/Z where G and Z are defined as in the previous

sections. These properties make the computations easier as, we have the following theorem.

Theorem 4.2.2. If T is a distribution on (SL(2, F)—{1}) satisfying the following properties

1. T is supported on the unipotent elements of SL(2, F)

2. T is invariant under the adjoint action of G/Z
then, T is unique up to scalar multiples.

Now we define a distribution K (f) with the same properties as given in the hypothesis of
theorem (4.2.2). To prove (4.1) , the construction of K(f) is such that we have the following

corollary.

Corollary 4.2.3. If T is a distribution on SL(2, F') such that on SL(2, F)—{1}, T satisfies
the conditions given in theorem (4.2.2), then there exists ¢; and cy such that for every f €
C*(SL(2,F))

T(f) = aK(f) + c2f (1)

The construction of K is also such that K (xm — Xm+1) # 0 whereas, A(Xm — Xm+1) = 0.

Therefore, from corollary (4.2.3) and lemma (4.2.1), we have that for A, ¢; = 0 and ¢y =

Mjl). Therefore,
q

m]vu)

A(f) = .

This proves the Plancherel formula for SL(2, F).
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Chapter 5

Conclusion

We have seen the Plancherel Formula as well as its proof for SL(2, F') in the previous chapter.
One of the main differences between G and SL(2, F') is that the center of G is Z = F* is
not compact and does not have finite measure, whereas, the center of SL(2, F), given by
Zs = {[£°%] | © = £1}, is finite. This difference implies that certain integrals taken over
SL(2,F), may not converge over (G. Similarly, the Cartan subgroups over SL(2, F) are
compact whereas, for (G, they are isomprphic to the whole quadratic extension V = F [\/5]
and therefore, do not have finite measure. Due to such subgroups, certain functions over
G cannot be constructed in the same way as that for SL(2, F)). This may be solved by
considering G/Z instead of G. Thus, we look at the direct integral decomposition of £L*(G)

into £L*(G/Z,w), where w ranges over all the unitary representations of Z.

Next, we must calculate the Plancherel measure for each of the representations classified
in the previous chapters. We must attempt to construct the Plancherel formula by con-
structing distributions similar to A and K. We must also check for if Theorem(4.2.2) is valid

on G. When all these conditions align, only then we can try to construct a proof for G.

If these conditions are not possible to satisfy then we could try to look at the Plancherel
formula for PGL(2,G) as given in Silberger’s book ” PG Ly over the p-adics : its Represen-
tations, Spherical Functions, and Fourier Analysis”. This is essentially the decomposition
of £L2(G/Z,w) when w is trivial. We can try to obtain the Plancherel formula for G by the
direct integral decomposition of £2(G).
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Thus, we can try to follow the strategies formulated in this project to obtain and prove
the Plancherel formula for G = GL(2, F'), where F is a p-adic field. We hope to get to the

formula sometime soon.

32



Bibliography

1]

Bushnell, C. J. and Henniart, G.; The Local Langlands Conjecture for GL(2); Springer-
Verlag Berlin Heidelberg, 2006.

Neukirch, J.; Algebraic Number Theory; Springer-Verlag Berlin Heidelberg, 2010.

Wallach, N. R.; Real Reductive Groups Vol.-II, Chapter 14 - ” Abstract Representation
Theory”; Academic Press Inc., 1992.

Sally, P. J., Shalika, J.A.; The Plancherel Formula for SL(2) over a local field;
Proceedings of the National Academy of Sciences of the United States of America.
1969;63(3):661-667.

Sally, P. J., and J. A. Shalika.; Characters of the Discrete Series of Representations
of SL(2) over a Local Field.; Proceedings of the National Academy of Sciences of the
United States of America, vol. 61, no. 4, 1968, pp. 12311237.

Jacquet, H. and Langlands, R.; Automorphic Forms on GL(2); 1970

Gouvéa, F.; p-adic Numbers : An Introduction; Springer-Verlag, Berlin, 2nd edition,
1997.

Koblitz, N.;p-adic Numbers, p-adic Analysis, and Zeta Functions ; Springer-Verlag New
York, 2nd edition, 1984.

33



