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Abstract

This thesis attempts to abstract and generalize some key features of the composite fermion
(CF) wavefunctions. CF theory successfully explains the experimentally observed frac-
tional quantum Hall effect (FQHE) in the lowest Landau level. We present a short-range
strongly interacting model for 2D electron gas in a magnetic field. The model is exactly
solvable on the disk, and the eigenstates abstract several key features of the CF wavefunc-
tions. Exact diagonalization of the interaction shows that it produces FQHE at the Jain
sequence of filling fractions. Unlike parent Hamiltonians for Laughlin, Moore Read, Read
Rezayi, and projected 2/5 states, the model allows exact solutions for all charged excita-
tions, neutral modes, and incompressible states. The model interaction can be extended
to other geometries, and the low-energy spectrum shows the same qualitative features you
see in the disk. However, the disk eigenfunctions do not generalize to compact geometries
like the sphere and torus. Eigenfunctions in these geometries can nevertheless be written
for QPs of 1/m state.

In the second half, we study the properties of a generalization of CF states, namely
parton states. Parton states are seen as a candidate for many non-Abelian filling fractions
in FQHE, which require multiple Landau levels. Specifically, we study the real space
entanglement spectra (RSES) of these states using an efficient Monte Carlo method. By
computing the RSES of simple non-Abelian parton states, namely ®3, ®3 and ®3, we
verify that the edge-spectra of partons states of kind ®F are indeed given by highest-weight
representation of su(n); Kac-Moody algebra. Finally, we perform extensive benchmarks
of the accuracy of the Monte Carlo technique by comparing the RSESs of 2/5 CF state
computed using the efficient Monte Carlo method and brute force methods. We present
an approximate projection method that generalizes the Jain-Kamilla projection method,
allowing efficient computation of RSES of projected CF states for systems as large as 100
particles.
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Chapter 1

Introduction

The physics of complex many-body systems is best described in terms of emergent degrees
of freedom that depend on the scale at which we want to understand their behavior.
In weakly interacting systems, perturbation theory can typically be used to infer the
emergent structures. Quasiparticles of Fermi liquids and Cooper pairs in superconductors
are examples of such emergent degrees of freedom. The effective description of phenomena
in terms of them is enormously simpler and tractable when compared to the fundamental

degrees of freedom.

The fractional quantum Hall effect (FQHE) is a quintessential example of a many-body
phenomenon where the only microscopic energy scale in the system comes from the strong
interaction; perturbative approaches completely fail in the absence of small parameters. In
FQHE, a 2-dimensional system of strongly interacting electrons in a large magnetic field
B condenses to a diverse set of gapped quantum liquid ground states called Hall liquids,
exhibiting universal features independent of substrate.

Each of the FQH phases occurs near a characteristic electronic filling fraction v, which is
electron density written as a fraction of magnetic flux density. Despite the challenging,
strongly interacting nature of the problem, much progress has been made thanks to varia-
tional methods that rely on emergent particles. The occurrence of these ground states can
be explained in terms of weakly interacting emergent particles, called composite fermions
(CFs). These are the bound states of each electron with an even number of vortices of all
other electrons. FQHE of electrons is a manifestation of the integer quantum Hall effect
(IQHE) of these weakly-interacting composite fermions in a reduced magnetic field B*
different from the actual magnetic fields seen by the electrons. The IQH state of these
CF's hosts further emergent entities with qualitatively different properties: quasiparticles
in the IQH phases of CFs are anyons which, unlike fermions or bosons, follow fractional
exchange statistics [6, 7, 8, 9]. In addition to IQHE, the CFs can form other phases such
as Fermi sea (at v = 1/2p, where p is a positive integer), superconductors (at v = 5/2)
[10, 11, 12, 13] and Wigner crystals [14, 15, 16, 17, 18, 19, 20].

Composite fermions that experience an effective field B* are not merely a theoretical
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construct to describe FQHE; they have been experimentally observed by studying the
cyclotron orbits of FQH systems [21, 22, 23] where it was found that particles in FQH
system at v = 1/2 move under an effective magnetic field B*. Other signatures, for in-
stance, Fermi sea at half-filled Landau level [24, 25, 21, 22], Shubnikov de Haas oscillations
[26, 27] and most importantly, the ability to predict the filling fraction v at which FQHE
occurs to confirm the veracity and usefulness of CF description.

However, CFs are formed from strongly interacting electrons. A microscopic description
that starts from the electron will need to deal with the calculational difficulties ubiquitously
encountered in the study of all strongly interacting systems. In this thesis, we study an
effective simplified model interaction that describes the FQHE of electrons at the Jain

sequence of filling fractions given by v = where n, p are positive integers. Exact

n
2np+1
solutions are rare in most problems involvifl:grr strong interactions. Though the model
interaction is different from physically relevant Coulomb interaction, it is still an appealing
model as its exact eigenfunctions can be written, which share many key properties with
the actual CF wavefunctions. We also present refined special numerical methods which
allow efficient computation of the key characteristic property called Entanglement Spectra
of the CF wavefunctions and the more general parton states. Here, we begin by briefly

reviewing the necessary background on the quantum Hall effect.

This chapter is organized as follows. We first review the phenomenon of classical Hall
effect in Sec. 1.1. In Sec. 1.2, we introduce the integer quantum Hall effect and discuss
some conventional system geometries. In this section, we also explain the importance of
disorder in the observed phenomenon. Sec 1.3 introduces the fractional quantum Hall
effect and some important variational wavefunctions that successfully explain the effect
for different filling fractions. Finally, in Sec. 1.4, the idea of Haldane’s pseudopotentials is
reviewed, which is used to write the model interaction in Part I of the thesis.

1.1 Classical Hall effect

Before embarking on a description of the quantum Hall effect, a quick review of the classical
Hall effect will be helpful. The typical setup consists of free electrons in a rectangular sheet
in the xy-plane (see Fig. 1.1) such that a current I, flows in the z-direction. A constant
magnetic field B = Bé, is applied perpendicular to the system. The magnetic field induces
a voltage difference Vi along the direction perpendicular to the current, which is called
the Hall effect. A schematic of the Hall system is given below.

2
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/
y
/ Vi I,

Figure 1.1: Schematic of classical Hall effect

We can use the Drude model of electrons to study the system where elastic collisions of an
electron with the hard-core lattice points (which represent heavy ions in the background)
are effectively modeled as the addition of a linear dissipative term in the equation of
motion. The equation of motion of an electron in the system is thus given by

md—v =—e(E+vxB)— LW (1.1)
dt T

where m is the mass and charge —e is the charge of the electron; 7 is the relazation

time which represents average time between two successive collisions. At equilibrium, we

expect a steady current of electrons i.e. %’ = 0. The current density is given by J = —nev

where n is the density of electrons. Using Ohm’s law i.e. J = o E, we get the value for

conductivity o at steady current as

o4 1 —WRBT
il vy ( ) ) 12
B (A)B'T
TL627'

where oq. = "2 is the conductivity in absence of a magnetic field. Since resistivity p is
the inverse of conductivity, it can be checked using Eq. (1.2) that the transverse resistivity
in classical Hall system is linearly proportional to the magnetic field strength, given by

Pzy = RyB (13)

where coefficient of proportionality Ry = 1/ne is called the Hall coefficient. In materials
with multiple carriers, the Ry is modified systematically such that it can be used to
understand the carrier type and their densities [28, Ch. 6]. The linear resistivity remains
constant with B as shown in Fig. 1.4.

Moreover, advances in material synthesis methods allowed the construction of almost two-
dimensional samples, particularly in GaAs-AlGaAs heterostructures and, more recently,
in graphene. Access to extremely low temperatures and very large magnetic fields allowed
the quantum effects to appear in the picture. As we will see next, this results in the integer
quantum Hall effect (IQHE) phenomenon.
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Figure 1.2: In the classical Hall effect, the transverse resistivity p., of the system
increases linearly with the strength of magnetic field B. In contrast, the linear resis-
tivity p., remains invariant.

1.2 Quantum Hall effect

In 1980, von Klitzing used the high mobility GaAs-AlGaAs sample prepared by Dorda and
Pepper, to study the Hall effect in quantum regime [1]. The Metal-Oxide-Silicon device
used in the experiment was 400 um long and 50 um wide, under a magnetic field of B = 18
T and temperature around 1.8 K. In a thin sample, quantum effects become important
at low-temperature and high magnetic field. He found that, instead of increasing linearly,
the transverse resistivity p,, increases in steps as magnetic field strength is increased.

Between the jumps, p;, remains constant, as shown in the following figure,

k2 i=2

Figure 1.3: Quantized resistivity p,, increases in steps of h/e?v with magnetic
field B, where v € ZT (represented in the figure by i). Between the jumps, pg,
remains constant for a range of magnetic field strength, forming a plateau or step
like structure. In these plateau regions, the longitudinal resistivity p;, vanishes and
only shows sharp peaks when p,, changes value. [1]

This phenomenon of the quantized increment in the transverse resistivity p,, with mag-
netic field in steps of h/e?v where v € Z71, is called the integer quantum Hall effect (IQHE).
As the name suggest, it is a purely quantum phenomena which cannot be explained using
classical picture. Also, the effect is universal and independent of the microscopic details
of the system. Quantization of the Hall plateaus is accurate up to few parts in 10° [29].
This phenomenon can be fully understood as a combined effect of:

4
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1. Formation of Landau levels : In quantum limit, the kinetic energy of free electrons
in the presence of a magnetic field gets quantized into discrete energy levels which
are highly degenerate. These are called Landau levels.

2. Presence of disorder : Experimental samples always contain random disorder. Counter
intuitively, it is the disorder which ensures that the plateaus are quantized to such

high precision.

The quantization of Hall conductivity can also be understood from topological point of
view: the transverse conductance is given by o, = —%C’, where C' is called the Chern
number [30]. This Chern number is a topological quantum number and always takes an
integer value. Topological quantum numbers remain invariant under small changes in the
Hamiltonian, which makes the edge modes carrying the current topologically protected to
small disorders in the system.

1.2.1 Landau Quantization

Before we study the quantum picture of an electron in a magnetic field, let us remind
ourselves how a classically charged particle behaves in a magnetic field. The Lagrangian
of a free electron with charge —e and mass m, in presence of a magnetic field B = Vx A(r),

is given by

%)
z:%—ei«A (1.4)

where 7 is the position vector of electron and A = A(r). We can write the corresponding
Hamiltonian using the Legendre transformation, which is given by

_ _ L 2
H=r-p— L= 2m(p+eA) (1.5)

where p = m# — eA is the canonical momenta of the electron. Notice, in the presence of
magnetic field, canonical momentum p and mechanical momentum are related by m# =
p + eA and hence, are not equal. Poisson bracket for the components of this mechanical
momentum is given by

. ) 0A; 0A;
{mr;,mr;} = —e < 87"-] - 8r-> = —e€ji By (1.6)
i j

The Hamiltonian in Eq. (1.5) is converted to quantum mechanical picture by replacing
physical variables by corresponding operators:
H= 1 (p+ed) (1.7)
= — e .
2m P
where symbols with " represent the corresponding operators. System consists of a two-
dimensional plane where » = (z,y) with a magnetic field passing perpendicular to the
(z,y)-plane, given by V x A = Bé,. For simplicity, we will assume the the spin degree

5
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of freedom of electrons are frozen. Using Eq. (1.6), we can get the commutation relations
between the components of mechanical momentum # = p + efi, given by

[ 7y = —iehB (1.8)

We construct following ladder operators

. 1 ( )
a = T — LT
2¢hB Y
1
al = (Fy + ifty) (1.9)

which follow [a, a'] = 1. The Hamiltonian can be written in terms of these ladder operators

as

2
N T 1
= — =flwp (a'a+ = 1.10
H o B <a a+ 2) (1.10)
where wp = % is the cyclotron frequency.

Similar to the case of simple harmonic oscillator, we first define a vacuum state |0) which
obeys a|0) = 0. All other eigenstates |n) for n = 0,1,2,... can be generated using the

ladder operators.

atln) =vn+1|n+1) (1.11)

The state |n) has energy

E, =H|n) = hwp <n + ;) (1.12)

where n = 0,1,2,... labels the energy levels. Notice that the gap between the levels is
proportional to magnetic field strength B. These energy levels are called Landau levels. We
will see next that unlike simple harmonic oscillator, each Landau level is highly degenerate.

We can define a gauge-dependent operator w = p — eA. The new operator follows
[Ty, Ty| = iehB (1.13)
and its commutation with mechanical momentum is given by

(1.14)

- - . 0A, 04,
[T, Ty| = [my, Tz] = Leh< 3y + .
In the RHS of Eq. (1.14), the terms inside the parenthesis cancel each other if we use
symmetric gauge i.e. A = —%(r x B). Hence, in symmetric gauge, the operator 7
commutes with the Hamiltonian. We construct new ladder operators which are given by

’ 1
P i
2¢hB (Fa + i)
’ 1
bt = (1.15)

(=}
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which satisfy [3, BT] = 1. The complete Hilbert space is generated by repeated action of
a’ and b on the vacuum. If we define the ground state as |0,0) which satisfies @|0,0) =
b]0,0) = 0, the general state in the Hilbert space is |n, m) defined by

(bF)t(@h)”

¢n,m = |n,m> = |0,0> (1.16)
nlm!

where m = —n,—n+1,...,0,1,... and n=0,1,....

E

Shwp/2 0-60—0;00000— n=2
/IL,«,‘/;

377,(,;)3/2 : n=1
fzwl

hwp/2 n=0

cee=2-10 1 2 3 4 5

m

Figure 1.4: Schematic showing Landau orbitals (red circles) with their angular mo-
mentum indices along the z-axis and energies along the y-axis.

As the ladder operator b commutes with the Hamiltonian, energy of the system is indepen-
dent of index m. Thus, for nth Landau level, states |n,m) are degenerate for all possible

values of m. The value of degeneracy is fixed by system size.

Let us take a rectangular system with sides of lengths L, and L,. We choose to work in
Landau gauge i.e. A = xBé, (&, is the unit vector along y-axis) for which the Hamiltonian

in Eq. (1.7) is given by

~ 1 R . ~
=0 (92 + (py + e2B)?) (1.17)

In this gauge, Hamiltonian remains invariant under translation in the y-direction. Thus,
the eigenfunctions for the Hamiltonian are labeled by the y-momentum Ak and can be
written as ¥y (z,y) = e’ fi.(z). The function fy(z) satisfies hy fi(z) = € fr(z) where

p; 1 2
hy = == 4+ — (hk + exB) (1.18)

2m 2m

which can be rewritten as a displaced simple harmonic oscillator (SHO) as shown below

2
1
hi, = P —mw?, (z+ MQ)Q (1.19)

Co2m 2

where ¢ = \/h/eB is called magnetic length which is the characteristic length scale of the

7
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system. Eq. (1.19) resembles a quantum SHO centered at X = —k¢? and for each value of
y-momentum quantum number k, energy of the eigenstates is given by €, = hwp (n + %)
which does not depend on the value of k. f(z) are the known eigenfunctions of the
displaced SHO problem. The complete eigenfunctions (unnormalized) v, (z,y) for the
system are given by
_ _itky 2 —L($+k€2)2
wnk(x>y) =e€ HTL(:U + ke )6 262 (120)

where Hy,(x) is the nth Hermite polynomial and v,k (x, y) is the Landau orbital for electron

in nth LL with kth y-momentum state. The Gaussian factor implies the particle remains

localized in the z-direction around the mean position given by Xj, = —k¢?. If we assume a

periodic boundary condition along y-direction, which converts the rectangle into cylinder,
2mn

the allowed values of y-momentum gets constrained such that k = S, where n takes
Y

integer values.

Conventionally, for the study of any QH system, a few geometries are preferred. Geome-
tries with open boundaries like disk and cylinder are useful for the study of edge physics
whereas compact geometries like sphere and torus are better for the bulk study. A quick
review of these geometries and form of Landau orbitals is given below:

Spherical geometry : Unlike disk geometry, the sphere is a closed manifold; absence of

any edge makes it suitable for the study of bulk properties [31]. Perpendicular magnetic
field with 2Q flux quanta (h/e) is generated by placing a Dirac magnetic monopole of
strength @) at the center of sphere. The electronic wavefunction is only well-defined for in-
teger values of 2Q). Due to rotational symmetry, angular momentum [ and its z-component

m are good quantum numbers. Their allows values are

1=1Q,1Q1—1,... (1.21)
m=—l,—l+1,...,1—1,1 (1.22)

Different angular momentum sectors corresponding to quantum number [ are different Lan-
dau levels, with [ = |@| representing the LLL. The degeneracy of each LL is independent
of system size in spherical geometry, which is equal to 2|Q|+n+1 for nth LL. In spherical
geometry, Landau orbitals are given by monopole harmonics Y, (§2) where = (¢, 6)
[32, 33]. Conventionally, coordinates of the particle are written in spinor variable (u,v)

given by

u = cos(0/2)e?? (1.23)
v = sin(0/2)e"¢/? (1.24)

and the form of Yo, [31, 4] is given by
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Yoim = Ngim(—1)m M09 My @Fm «
-Q
—1)° ‘-Q I+Q *, M—=Q—s7, %, \s
s:O( 1) < s ) <l —m — S) (U U) (’LL U) (125)

where (i) is zero if either £ < 0 or k¥ < j and the normalization factor N, is given by

(20 + 1)(L — m)!(1 + m)! /2
(i - QI+ Q)!

Noim = (1.26)

Disk geometry :

In disk geometry, for symmetric gauge A = %B X r, unnormalized Landau orbitals are
given by

2
(=)™ n! AN r?
nm(T) = — | L = 1.27
Gnm(T) e R 27 (1.27)
where n = 0,1,2,... labels the Landau level and m = —n,—n+1,...,0,1,... is the an-

gular momentum quantum number of the electron in nth LL; LI (z) represents associated
Laguerre polynomial.

Torus geometry : Torus geometry is another example of a compact geometry, which can

be constructed if we enforce periodicity along the length of cylinder [34]. Thus, any planar
system with periodicity along two directions can be thought as a torus.

Ll = Lzéx‘l' LAéy
Ly = Lye,

A

Figure 1.5: A general torus generated by L; and Ly. The skewness La parametrizes
the deviation from a rectangular torus.

For symmetric gauge A = %B x r, unnormalized Landau orbitals [34, 35] for torus in the
Figure below are given by

Tyn
Oni(z,2) = e_g;#@ 9 Ni¢+2:—fv¢ Nyz
e V/n! Lo

N¢,T>] (1.28)

1
27

where 0 < k < Ny is a y-momentum and n = 0,1, ... is the LL-index. Here z = x + 1y is
the complex position vector (assuming B = —Bé,), 7 = —L1 /L9 and a;rc =20 (2+Z — 82)

202
is the ladder operator for LL index such that its action of the exponential pre-factor is

9
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already taken into account. For given complex numbers z and 7, Jacobi theta function
[36] is defined as

o

9 |:‘;‘] (Z|T) _ Z eiw(j+a)276L27r(j+a)(z+b) (1.29)
j=—o00

where a, b are rational numbers and j is an integer.

Now that we understand the quantum mechanical picture of free electron in a magnetic
field, we add an electric field to make it a Hall system. Specifically, we add a uniform
electric field E = Eé, in z-direction which gives us the following Hamiltonian

? Lo A £ N2

H= o (P2 + (py + e2B)?) + eEx (1.30)
Solving it by completing the square gives us another SHO which is centered now at X =
—ki? —eE/ mw% and the eigenvalues now depend on the k£ quantum number. For instance,

energies for LLL d.e.n = 0 are given by

1 1 (E\?
As we see, eigenvalues depend linearly on k& quantum number, which will tilt the Landau

levels. It can be checked that there is a net current in y-direction given by (J,) = eE/B.

Physically, the tilt in LLs is small. Hence fine tuning of chemical potential to keep it
between two LLs is not possible because as chemical potential reaches fiwp(n + %), when
nth LL is filled completely. If we add one extra electron it has to go to (n + 1)th LL
and the chemical potential will sharply jump to fwpg(n + 1 + %) Thus, the LLs alone do
not explain the formation of plateaus and the quantized values of pg, in the IQHE (see
Fig. 1.3). This is explained by the disorder in the system which localizes all the Landau
orbitals except one state (per LL), which is extended along the system. Next section gives
a sketch of the underlying physics.

1.2.2 Importance of disorder

In order to explain the formation of plateaus in the p,,, some amount of local disorder
V(r) is required. Presence of disorder breaks the degeneracy in the LL and the divergent
density of states in each LL broadens into finite width peaks, as shown in Fig. 1.6. Out
of all the orbitals in band of each LL, only one state (in the thermodynamic limit) can
transport current through the sample and all others are localized. States localize around
the local disorder which can be imagined as slow varying (VV (r) < %) forming hills
or valleys. States in the band drift along the equipotential lines of V', which form closed

loops as shown in Fig. 1.7.

10
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disorder

_—

E E

Figure 1.6: Landau levels have sharp density of states (blue in right panel), with all
the states in nth LL having exact energy hiwp(n + 1/2). Introducing the disorder
breaks this degeneracy and spreads the states in each LL into set of bands (shown
in red in the left panel).

Figure 1.7: Schematic showing a typical potential V' (x, y) where the loops with arrow
represent the drift of localized states along the equipotential contours. Direction of
drift along the hills (4+ve potential) and valleys (—ve potential) are opposite as
expect. Contours shown in bold represent the extended states which are present
near the middle of LL band (blue lines in left panel of Fig. 1.6) [2]

Somewhere in the middle of each LL band, one conducting state which is ertended along
the sample contributes to the current [37]. The existence of this extend state can be
understood using a percolation picture [2]. As we fill electrons in the system, states at the
lower end of the LL band are filled, which get localized on equipotential cureves around
the minima or valleys of the potential. As Fermi energy reaches center of the band, the
equipotential lines extend across the sample, transporting current. As we further increase
the energy, states are localized in equipotential contours around maxima or hills of the
potential. As long as the electrons at the fermi energy fill these localized states, the Hall
resistance remains fixed forming plateaus. Only when an electron is removed from the

extended state, we see a jump in the Hall resistance which explains the IQHE.

1.3 Fractional quantum Hall effect

In 1981, Tsui, Stormer and Gossard found additional plateaus at a set of fractional values
of filling fraction v by studying GaAs-AlGaAs heterojunctions with electron densities

11
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‘6._

10 20
MAGNETIC FIELD (Tesia)

Figure 1.8: In larger magnetic field and cleaner sample, transverse resistance pgy
increases in quantized steps with B, such that the values of p,, at plateaus is given
by h/ev where filling fraction v also takes fractional values. [3]

n = 1.1 x 10" to 1.4 x 10" cm? and mobility u = 8 x 10* to 10 x 10* cm?/V. The study
was conducted in higher magnetic field (~ 20 T) and much lower temperatures (around
0.42 K) and at filling fraction v < 1. This novel phenomena, where an excitation gap seems
to appear even at rational filling, is known as fractional Hall effect (FQHE) (see Fig. 1.8).
It appears that as electrons come close to each other due to large magnetic field, gaps open
up inside otherwise gapless Landau bands at a set of fractional fillings. Opening of these
gaps is attributed to Coulomb interaction between electrons. The Coulomb interaction

between two electrons is given by

e2

VCoulomb = (1-32)

47T|’l"1 — ’I"2|
This makes the system strongly-correlated and convetional methods like perturbation the-

ory cannot be used to study the model. Instead, as we shall see in the next section, an
indirect approach is taken to study the FQHE.

1.3.1 Laughlin’s states

In 1983, based on educated guesswork, Laughlin directly wrote trial wavefunctions repre-
senting the ground states at filling fraction of form v = 1/m, where m is an odd integer
[38]. Although Laughlin states are not exact eigenfunctions of the FQHE Hamiltonian
given by

Ne .92
s N
HFQHE = Z — + VCoulomb (133)

2m
(A

12
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but, for small number of particles, the Laughlin state has large overlaps with the exact
ground states of Hrque at that electron density.

Coulomb interaction is central which implies Viooutomb (71 —72) = Vooulomb (|71 —72|). Since
it is rotationally symmetric, it shares its eigenstates with angular momentum operator.
Using symmetric gauge i.e. A = %B x r makes the FQHE Hamiltonian rotationally
symmetric. It can be checked that in symmetric gauge, Landau orbitals in the lowest
Landau level (LLL) have following form (see Eq. (1.27))

Um(2) ~ Zme 1A 48, (1.34)

where m is the angular momentum of the state and z = x — 1y is coordinate of the particle
in complex form. Using the rotational symmetry of Hrqug, we can write a general two-
particle solution for it as

(2) ~ (21 + 2)M (21 — zg) eIl =46 (1.35)

where M and mye represent the center-of-mass and relative angular momentum of the
pair of particles, respectively.

Laughlin proposed that ground state at filling fraction 1/m is given by

N
Viym(2) = [ (2 = 2j)me i/ (1.36)
1<j
The wavefunction is anti-symmetric for odd values of m which is consistent for electrons
(fermions). It can be checked that the wavefunction returns correct filling fraction. More
impressively, the wavefunction has around 99% overlap with exact ground state for small
number of particles. It starts decreasing as number of particles are increased in the system.
Hence, instead of looking at these wavefunction as candidate for exact solutions, we should
think of them as describing the ‘universality’ class, which implies that Laughlin states have
same long wavelength properties of the excitations and topological order as that of the
exact ground state.

13
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1.3.2 Composite Fermion wavefunctions

N

/}oo :(_}/Jgg 3%*))0

4 © 1

(©)

Figure 1.9: Figure shows the map from the IQHE to the FQHE. Panel (a) shows
the IQHE with total flux represented by number of pointed arrows. Panel (b) shows
conversion of each electron into a composite fermion by attaching 2p = 2 flux.
Finally, spreading out the attached flux gives us the corresponding FQHE state (c¢)
of electron in a higher magnetic field. [4]

Jain’s composite fermion (CF) [39] wavefunctions describe FQHE of electrons at sequence
of filling fractions given by v = n/(2pn + 1), where n and p are positive integers, using a
picture of weakly interacting emergent particles. The emergent particle called composite
fermion is understood as a bound state of an electron and 2p flux quanta. Using CF
construction, FQHE for N, electrons in flux Ny at filling fraction v = n/(2pn + 1) can
be mapped to the integer quantum Hall effect (IQHE) of CFs in a reduced flux N 5 =
Ny — 2pN, at v* = n. This IQHE-to-FQHE map for 2p = 2 is schematically shown in
Fig. 1.9.

In disk geometry, the CF wavefunction for the electrons is obtained by multiplying the
IQHE state of CFs at filling fraction v*—represented by a Slater determinant ®,-—Dby
the Jastrow factor J2 = H;-\;k(zj — 21,)?P, which attaches 2p vortices to each particle.
The CFs inside the Slater determinant see a reduced magnetic field B* = B — 2ppoy.
The second term can be understood as the average berry phase arising from the vortices
on the other particles. The Jastrow factor also increases the relative angular momentum
of each pair of particles in the Slater determinant, denoted by m, by 2p units. The CF

wavefunction is given by

Vo = Pui®ys jg(zj — ), (1.37)
where Pri1, denotes projection into the lowest Landau level. The Jastrow factor J2P
suppresses the probability of 2 particles being too close to each other resulting in a screened
effective interaction. The operation of projection is motivated from the fact that in a high
magnetic field regime i.e. |B| — oo, most of the particles will be in the LLL. It can be
verified that, for 2p = m — 1 and v* = 1, CF state returns Laughlin wavefunction for
v=1/m.

14
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CF wavefunction in different geometries:

Spherical geometry : Composite fermion wavefunction generalizes to spherical geome-

try as follows

Vg = PLondo- 07 (1.38)

where the Slater determinant ®g+ corresponds to IQH state of CFs in a reduced magnetic
flux of 2Q* and the Jastrow factor is given by

& = [ [ (wiv; — vjur)™ (1.39)
i<k

and reduced flux is related to actual flux via 2Q* = 2Q — 2p(N — 1).

Cylinder geometry : Composite fermion wavefunction in cylinder geometry is given by

2mz; 27'ij 2p
U o« =P H <6L —e L > D« (1.40)

2pr*+1 -
1<)

where the Slater determinant ®,+ corresponds to IQH state of CFs in a filling fraction v*.
The number of orbitals in each LL are fixed by N, which is equivalent to fixing the length
of cylinder along the non-periodic direction.

Torus geometry : Composite fermion wavefunction on torus [40] is given by

2 ap -3, AtEl
v v =PLiL [FA(Zem)]| P TP e =i 28 Dy (1.41)

v= 2pr*+1

where Z.ym = ), z; and the Jastrow factor is given by

=110 [1a] (22

1<jJ

T) (1.42)

where the Jacobi theta functions [36] are defined as

o0

a . . 2 . .

9 [b] (Z’T) _ Z ewr(]-i-a) TeLQﬂ(]+a)(z+b) (1.43)
j=—o00

such that a, b are rational numbers and j is an integer. For the torus in Fig. 1.5, we have

T = —L1/Ly. Fi(Z.n) represents the center-of-mass dependent part of the filled lowest

Landau level [34], given by

/1
_ 2m 2 cm
Fl(Zcm) =1 |:271F+N€21:| < L2

7') (1.44)
where 6, and 6> determine the Hilbert space representations of translations along the
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periodic directions Ly and Lo, respectively.

1.3.3 Parton wavefunctions

Parton theory of FQHE was introduced by Jain as a generalization to the idea of composite
fermion [41]. In this theory, we imagine that each electron can be divided into k different
fictitious particles called partons. The final wavefunction is constructed by placing each
parton in an IQHE state ng where 8 = 1,2,...,k, given by

k
w2 = Py, [ | ®ns () (1.45)
B=1
Shorthand for a parton state can be denoted by a string (ninang ... ). Partons can see an
effective field that is antiparallel to that experienced by the electrons, in which case the
corresponding Slater state is denoted by &5 = ¢_,, = 7.

All k partons share the same coordinates as that of electrons i.e. zf = z; for all 5. Charge
of at excitation of each parton is related to charge of electron by eg = —ve/ng and the net
electronic filling fraction is given by v = [Zgzl ngl]_l in terms of the parton fillings. As

an example, 2/5 CF state can written as (211) parton state as \I/g/fg = \I/%}é = PLLLP2®?.

1.4 Haldane’s pseudopotentials

Any interaction of V(|71 —72|) in a rotationally symmetric system can be written in angular
momentum basis. In the disk, we denote the state of two electrons that occupy the nith
and noth LLs and have a relative angular momentum m,, and center of mass angular
momentum M by |ning; Mmye). It is evident that the state labeled by these quantum
numbers, if allowed by symmetry, is unique. It can be generated by exact diagonalization
of a rotationally invariant interaction in the appropriate Hilbert space. In fact, given the
wave function for the minimum relative angular momentum pair for a given n; and ns,
the states may be generated by repeated application of (£; £ 22). More specifically, we

write
Ining; Mmeg) = (31 + 20)M (21 — 22)™|(n1, —n1) (n2, —n2 + Gnyny)) (1.46)

where Z; represents the position operator of ith particle and |(n1, —n1)(n2, —n2+0n,n,)) =
|ni, —n1) ® |na, —mg + dp,n,) is the two-particle state (see Eq. 1.16) with the minimum

relative angular momentum and zero center of mass momentum.

Any rotationally symmetric interaction V(|7 —72|) can be characterized by the generalized
Haldane’s pseudopotentials [31], given by
Vn1n2;n’1n’2

i = (n)nb; Mmua|V (|71 — 7])|ning; Mmya) (1.47)
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The pseudopotential does not depend on M, but, in general, has matrix elements involving
LL transitions. Relative angular momentum m,. takes even and odd values for bosons
and fermions, respectively. In LLL, eigenvalues of V(|71 — r2|) in this basis are given by

<M7 mrel‘ V |M7 mre1>

V., = 1.48
el <M7 Mrel |M7 mre1> ( )
Any two-particle central potential can be written in terms of pseudopotentials as
V = Z Vmielfpm;el (149)
ml

rel

!/

ro) (ml | @ Icom is the projector in m!  th relative angular momentum.

where P,y = |m
The following figure shows the pseudopotentials of Coulomb interaction in LLL for a few

small relative angular momentum values.

o
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Figure 1.10: The Haldane pseudopotentials Vi, (in the units of e?/elp) for
Coulomb interaction corresponding to different relative angular momentum myq
quantum numbers of two-particles in LLL. Pseudopotentials at even mye are for
bosons. [5]

We can design a general interaction by tuning the values of these pseudopotentials [31].
The V(r) corresponding to such toy interactions is rarely physical. This idea can be
generalized to n-body interactions with rotational symmetry [42].

On the spherical geometry, the rotational and translation symmetry maps to full SO(3)
rotational symmetry. Here |l1,l2, L, L,) is the unique two-particle state of total angular
momentum quantum number L and z-component angular momentum L, constructed from
two particles in LL given by n1 = [1—Q and no = lo—Q LLs. With this, the matrix element
of interactin V' between the two-particle states |(I}, m}), (15, m})) and |(l1,m1), (I2, m2)) is

given by
I1,le ~L, L L,L.
O d2) U ) VL Ot ) 1,ma) €t i 12, (1.50)
where C(]Zﬁ:n)(lg,mg) is the Clebsch Gordan coefficient and pseudopotentials VLll’lQ are given
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<l17 l27 La LZ| % |l17 12, La LZ>
<l17l2; La LZ |l17 l27 La LZ>

v = (1.51)

By carefully inspecting the Laughlin wavefunction for filling fraction 1/m, Haldane realized
that all two particles in the wavefunction have relative angular momentum m.e > m.
Based on this, he constructed a toy interaction with pseudopotentials where

T (1.52)

0 My =m
This implies that only those pairs of particles are penalized with energy cost with relative
angular momentum my < m. Since these angular momentum modes are missing in the
Laughlin state by construction, it becomes a unique zero-energy eigenstate of this toy
interaction. Similarly, the idea of pseudopotential has been generalized to write Parent

Hamiltonians for other variational wavefunctions.

1.5 Structure of the thesis

The thesis is structured as follows. In Chapter 2, we introduce the strong short-range
model interaction for rotationally symmetric systems, namely disk, and sphere. We present
the low-energy spectra of the model Hamiltonian for spherical geometry, which looks iden-
tical to the spectra of the non-interacting system. We also show that the ground state cor-
responding to different species of FQHE adiabatically connects to the ground state of LLL
projected Coulomb interaction. Chapter 3 introduces the exact eigenfunction of the model
interaction for the disk geometry. Although disk eigenfunction cannot be directly gener-
alized for spherical geometry, a simplification of eigenfunctions for QPs (quasi-particles)
of 1/3 can be written. We numerically verify that these exactly match the ED ground
state. The explicit form of the eigenfunction allows us to study various properties of the
excitations, like fractional charge and exchange statistics.

In the next two chapters, we present the study of this model interaction in torus and
cylinder geometries which are not rotationally symmetric. We introduce notations and
symmetries associated with the torus geometry in Chapter 4. The calculation of matrix-
element for torus and cylinder is also discussed. Chapter 5 explains how model interaction
written for rotationally symmetric geometry can be extended to torus and cylinder. We
present the low-energy spectra of the model interaction for both torus and cylinder geome-
try. Apart from the characteristic topological degeneracy in torus spectra, the low-energy
spectra in both geometries come out to be identical to spectra of non-interacting systems.
We generalize the exact eigenfunctions for the case of the cylinder. Eigenfunctions could
not be directly generalized for the case of a torus, but similar to the spherical case, we
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could write eigenfunctions for the QPs of the 1/3 state.

In Chapter 6, we study an efficient numerical method based on Monte Carlo techniques for
the computation of the real-space entanglement spectra of a class of FQHE wavefunctions.
This method allows us to study systems as large as ~ 100 particles in a much shorter time
than the direct methods. We use this method to efficiently compute the RSES of a set of
simple parton states, namely gb%, qﬁ% and ¢3, which show non-Abelian excitations. Using
the RSES of these parton states, we verify that the RSES of parton states of type ¢* has a
one-to-one correspondence with highest weight representations of su(n)y, affine Lie algebra.
To verify that this efficient method produces correct entanglement spectra, in Chapter 7,
we compare the RSES of projected and unprojected 2/5 CF state for small system sizes.
We verify that the efficient method based on the Monte-Carlo technique produces correct
spectra. Analytically, it becomes cumbersome to find the exact LLL projection of FQHE
states for a large number of particles, limiting the usage of this method to smaller systems
only. We circumvent this problem by introducing an efficient approximate LLL projection
method based on the Jain-Kamilla projection of CF states. We show that the RSES
computed using this approximation for the case of projected 2/3 CF state has identical
counting to the RSES of the exactly projected state. Since this approximation allows
the usage of the Monte Carlo method, RSES of the projected CF state for a much larger
system size can be computed in a time which are orders of magnitude faster.

Finally, we list down the conclusion of our study and provide possible directions for further
studies in the Conclusion Chapter.
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A Model Interaction for FQHE
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Chapter 2

An Exactly Solvable Model (I)

Exact diagonalization

Strong correlations give rise to exciting phenomena of fundamental interest in all areas
of physics. One such phenomenon is the topological phases of matter with exotic emer-
gent properties. Hence, models of strongly correlated systems that can be exactly solved
are of particular importance. In this thesis, we consider the phenomenon of fractional
quantum Hall effect (FQHE) [43], namely quantization of Hall resistance at Ry = h/fe?
where f is a fraction, that occurs when two-dimensional (2D) electrons are subject to a
strong magnetic field. Close to a hundred fractions have been experimentally observed
in various 2D electron systems in semiconductor quantum wells and graphene. Several
themes in contemporary condensed matter physics, such as fractional charge [38] and
fractional statistics [44], composite fermions [39], non-Fermi liquids [45], topological su-
perconductivity with Majorana particles [10, 46], and proposals for topological quantum
computation [7], have originated in the context of FQHE.

Theoretical investigations of FQHE begin with the Hamiltonian of 2D electrons in a mag-
netic field:

N fr N
H= ;2 - Zk; i — ), (2.1)

where 7t; = p; + %E(f]) is the kinetic momentum, A(7) = (B/2)(—y,z,0) is the vector
potential producing a magnetic field B in the +z direction, my is the electron band mass, N
is the number of electrons, and V is the interaction between the electrons. The traditional
practice since the early works [38, 31] has been to consider the limit where the interaction
energy is weak compared to the cyclotron energy, i.e., k = Vo /hw. — 0, where Vo = €2 /¢ef
is the Coulomb interaction scale, € being the dielectric constant of the host material. The
reason the system becomes strongly correlated is that, in this limit, electrons are confined
to the lowest LL (LLL), leaving the interaction as the only energy scale in the problem.
The problem with Coulomb interaction is not exactly solvable. Haldane introduced [31]
a model interaction that obtains the Laughlin wave function at v = 1/3 as the exact
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ground state (GS). Other model interactions have been designed for several known trial
wave functions [47, 48, 49, 50, 51, 52, 53, 54, 55, 56]. These models, however, are not fully
solvable, in that each model produces incompressibility only at one fraction, and only the

zero energy solutions are known.

In this chapter, we introduce a model interaction that can be solved exactly for all eigen-
states at arbitrary filling factors v < 1/2p and yields FQHE at all fractions of the form
n/(2pn + 1), where n and p are integers. Specifically, we will discuss the construction of
matrix elements of the model interaction and its exact diagonalization spectrum in the
current chapter. We will also discuss interesting topological features of exact diagonal-
ization ground states of the model interaction. We will keep the discussion of its exact
eigenfunctions for the next chapter.

A fundamental departure from the previous approaches is that we consider the opposite
limit where the interaction is infinitely strong compared to the cyclotron energy, leaving
the cyclotron energy as the only energy scale in the problem. The role of the interaction
is to impose a nontrivial constraint on the allowed (finite energy) space of many-particle

wave functions, which is responsible for FQHE within our model.

This chapter is organized as follows. We first introduce the model interaction on disk
geometry in Sec. 2.1. In Sec. 2.2, we discuss the matrix element calculation of the Coulomb
and the model interaction on a spherical geometry. We present exact diagonalization
spectra of the model interaction for various systems in Sec 2.3. In Sec. 2.4, we present
the study of adiabatic connection between the exact diagonalization ground states of
model interaction and the ground of (lowest Landau level projected) Coulomb interaction.
We compare the model interaction with Trugman-Kivelson Hamiltonian, that is another
important short-range interaction in FQHE, in Sec. 2.5. Finally, we conclude our results
in Sec. 2.6.

2.1 The Model Hamiltonian

In this section, we will introduce a model interaction that is motivated by the composite
fermion (CF) wavefunctions (see Sec. 1.3.2). Constructing a model interaction V so that
the CF wavefunctions are zero-interaction energy eigenstates of Hamiltonian H = Hgg+V
is challenging due to several reasons, one of which is that multiplication with the Jastrow
factor scatters particles in different LLs. Although LL occupation of the CF wavefunction
after the multiplication of Jastrow factor cannot be known, we know that the Jastrow
factor increases the relative angular momentum of each pair of particles by 2p. We use
this information to write a strong short-range interaction in terms of pseudopotentials
such that its zero-energy eigenfunctions, which are very similar to CF wavefunctions in
construction, can be written on disk geometry. We assume fully spin-polarized electrons in
the disk geometry; generalization to spinful electrons or bosons is straightforward. Next,
we will describe how the interaction is constructed.
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In the disk geometry, for two electrons in the nth and n/th LLs, the smallest value of m¢|
is —n —n’ 4 0y . We increase mye of each pair by 2p, motivated by the Jastrow factor
in CF wavefunction, but in a manner that preserves their LL indices. In the resulting
state, the smallest m,q for a pair with one electron in the nth and the other in n’th LLs is
—n—n' 48, +2p. In other words, pairs with —n—n/ 40,y < Myt < —1—n1' 40y, 7 +2p
will be absent. This information motivates us to construct an interaction that imposes an
energy penalty on these pairs:

0o —n—n'+6,, s +2p—1
~ /
V= Z Z Vit in, n's myer) (n, n's myel | (2.2)
n<n’/=0

Myel=—n—n'406, 1

Here |n,n’;m.q) represents the state of a pair of electrons from the nth and n'th LLs,
with relative angular momentum m. anfl/ = (n,n/; mrel|V\n, n’; myer) is the interaction
energy of this pair, a generalization of the Haldane pseudopotentials including intra- as well
as inter-LL pairs. Our model interaction preserves LLs, and thus keeps only the diagonal
pseudopotentials Vi,!1*"'"* = V"2, (Note that pairs with certain mye’s may not be
allowed due to exchange symmetry; the corresponding terms are automatically absent in
the Hamiltonian. For ease of notation, we have suppressed the center-of-mass degree of
freedom, which does not affect the pseudopotentials.) The above interaction conserves
the number of electrons in each LL (denoted N, for the nth LL) and therefore, kinetic
energy. Each eigenstate is labeled by the total angular momentum mggta) = > My, and
LL occupation (Ng, N1, Na,...). To describe the low-energy physics of a given fraction at
v = v*/(2pr* + 1), terms containing only a finite number of LLs need to be kept in the
above summation; this restricted interaction is thus local.

Although the interaction given in Eq. (2.2) is for the disk geometry, we can also write it
for the sphere. Since exact diagonalization is more straightforward in spherical geometry
due to its compactness, we describe the construction of interaction matrix elements on a

sphere in the next section.

2.2 Matrix elements in the spherical geometry

A general two-particle interaction between particles on a sphere can be written as follows

[e’e] A lo
T T
Z Z Z Clima Clamy V12;1’2’Cl’zm’zcl’lm’1 (2.3)

ll,lgz‘Q| mi=—Il1 mo=—lo

where V2,179 is a shorthand for the matrix element of the interactions between two-particle
states ie

V12;1’2’ = <(l17m1)7 (l27m2)“7|( /17m/1)7 ( /27m/2)> (2'4)

where [(l1,m1), (l2, m2)) is a two-particle state on sphere with particles occupying m; and
my angular momentum states in the LLs [; and ls respectively.
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2.2. MATRIX ELEMENTS IN THE SPHERICAL GEOMETRY

We can fully characterize any two-particle interaction by its matrix elements. In the
remainder of this section, we first describe the calculation of the matrix elements for the
Coulomb interaction [57], as well as for our model interaction for electrons residing on the
surface of a sphere.

2.2.1 Coulomb interaction

The Coulomb interaction between particles on the surface of a sphere is 1/r where r is the
chord distance |r, — rp| between the positions r, = (04, ¢,) and ro = (0, ¢p). The radius
of the sphere is R = /@ in units of the magnetic length ¢ = \/hc/eB, B = 2Q®y /47 R?
is the field strength on the surface of the sphere, and 2@Q) is the (integer) number of flux
quanta emanating from a monopole placed at the center of the sphere. Eigenstates of the
single particle Hamiltonian 72 /2my, in this geometry are called the monopole spherical
harmonics Y, [32, 33]. The quantity [ = |Q| + n is the angular momentum of the
orbitals in the nth LL (n =0,1,...) and m = —I,—l+1,...[ labels the degenerate states
in the nth LL.

The Coulomb potential can be expanded in terms of the Legendre polynomials as

1

1 oo
o N} ZZ;B(COSQ),

where 6 is the angle subtended by r, and r; at the origin. The Legendre Polynomial
can be expressed in terms of the monopole spherical harmonics (Eq. 14.30.9 of Ref. [58])

resulting in the expression

l

; fZQl_H ;l Yoim (@) Youn (). (2.5)

Here the arguments a and b of the monopole Harmonics are a short-hand notation to
represent the coordinates (6,,¢q) and (0, ¢p). The matrix element (Eq. 2.4) of the
Coulomb interaction between a pair of (antisymmetrized) two-particle fermionic states
|(l1,m1)(l2, m2)) and [(I3, m})(l5, m5)) is given by

(1ym))(ymd) (Imb)(Uym?)) (U,mb)(1ymh) (Uymy)(Ihmb)
Vizwe = Vi iams) ~ Virmoema) T Viema)@ime) ~ Viiama)@rm:) (2:6)

where

(lymy)(lym5)

Vitems) (ams) = / Youm1 (@) YG1m, OV (1) You m: (@) Yqumy, (b)dQ0adS 2. (2.7)

Theorems 1 and 3 from Ref [33] can be used to evaluate the integrals involved in terms of
V( 1my)(lymy)
(lim1)(lgmz) *

Wigner 3j symbols, yielding the following expression for
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Sou S @0+ 1)@+ 1)@ + 1)(2 + 1)(—1)P et

=0 m=—I
Iy l 1 lo 1 L 1 lo 1 1 (2.8)
—-m1 —m m —my m Mgy -Q 0 @ -Q 0 @ '

where v; = 1/4/Q. The series can be summed numerically to obtain the Coulomb matrix
elements. The series terminates at sufficiently large [ as the Wigner 3j-symbols are nonzero
only for those arguments that satisfy certain constraints (Sec 34.2 of Ref [58]).

2.2.2 Model interaction

We obtain the matrix elements (Eq. 2.4) of the model interaction introduced in this
chapter by sandwiching the interaction shown in Eq. (2.2) between two-particle states.
For convenience, we reproduce full details of the interaction here

00 2Q+l1+12—51112

L
Vo= Y 3 ST VR < i la, L L) (1o, L L] (2.9)

11<l2=0 L:2Q+l1+l2—5lll2—2p+1 L,=—L

Here |l1,13, L, L,) is the unique two-particle state of total angular momentum quantum
number L and z-component angular momentum L, constructed from two particles in LLs
indexed by n; = l; — Q@ and ng = ls — Q. With this, the matrix element (Eq. 2.4) between
the two-particle states | (1}, m}), (I5, mb)) and [(I1,m1), (l2, m2)) is given by

S iy i Vi Ot il (2.10)

(liyma)(l2,ma) ™ (Ir,m]) (I2,mb)

where O is the Clebsch Gordan coefficient.

(I, ml)(l2»m2)

2.3 Exact spectrum of Model interaction on sphere

For diagonalization studies, we find it convenient to employ Haldane’s spherical geome-
try [31], where N electrons move on a sphere with a total radial magnetic flux of 2Qdy,
where 2@ is an integer. The single-particle orbitals in the nth LL have angular momentum
I =|Q| + n. The eigenstates are labeled by the total angular momentum L. The relative
pair angular momentum M of the disk geometry corresponds to pair angular momentum
L =2Q — M on the sphere. The interaction [Eq.(2.2)] therefore translates to

2Q+n+n'=0d,, ./

V=2 > Vi n,n's Ly (n,n' < L), (2.11)

<n’=0 L=2Q+n+n'—-4, ,—2p+1
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2.3. EXACT SPECTRUM OF MODEL INTERACTION ON SPHERE

According to the standard CF theory the interacting system (NN, 2Q) of electrons relates
to a noninteracting system (NV,2Q*) of CFs with @* = Q — p(N — 1). We specialize to
2p = 2 below. We will now consider the strong interaction limit Vﬁ’n/ Jhwe. — o0, so
all eigenstates with nonzero interaction energy are projected out. The collection of wave
functions that (i) have zero interaction energy and (ii) are eigenstates of the kinetic energy
will be referred to as the V., wave functions.

201

2Q=16N=6 | 21 20=16N=7| 4 20=17N=¢
0 20 0 10 0 10
L L L

Figure 2.1: Spectra of the model Hamiltonian for representative systems in the
spherical geometry, with IV particles in 2Q) flux quanta. All nonzero pseudopotentials
[Eq. (2.11)] are set to V' " — 90hw,, and the Hilbert space is restricted to the three
lowest LLs. The energy F is in units of hw., measured relative to the zero point
energy Nhw./2. L is the total orbital angular momentum. Orange markers show
the Vy states with zero interaction energy. (Each orange dash may represent many
degenerate eigenstates.) Black dashes show eigenstates with nonzero interaction
energies; these will be pushed to infinity in the limit V;' M Jhwe — 0. (a)—(c)
Spectra for systems at v = 1/3, 2/5, and 3/7; for v = 3/7 the spectrum has no
orange-colored excited states, as we have kept only the three lowest LLs in our
study. (d)—(f) Spectra for N and 2@ for which the GS is not incompressible. Panel
(a) shows only a subset of the higher energy states due to difficulty in diagonalization
of Hamiltonians with large degeneracies. The slight broadening of the orange bands
is a finite size effect, resulting from the fact that for finite systems in the spherical
geometry, the inter-LL gap depends slightly on the LL index.

We have performed exact diagonalization of this Hamiltonian for many systems (N, 2Q)) =
(5,12), (5,11), (6,11), (6,12), (6, 15), (6,16), (7,16), (8,16), (9,16), (8,17), and (7,18) in
the Hilbert space restricted to the three lowest LLs. In many cases the full Hilbert space
is too large to perform efficient numerical calculations, but the calculation is possible
because diagonalization can be performed in each (Ny, N1, N3) sector separately. The
resulting spectra are shown in Fig. 2.1. In our calculations, we have set all nonzero
pseudopotentials to unity and Aw. = 0.05. The states with zero interaction energy (in the
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Vso-sector) are highlighted in orange. The high-energy parts of the spectra in Fig. 2.1 also
show states outside the Voo-sector (black dashes), which will be pushed to infinity in the
strong interaction limit i.e. V™ /hw, — oc.

The states in the V,.-sector display IQHE-like structure of bands of states separated by
~ hw. (~ is needed because the LL spacing in the spherical geometry is not exactly fuw.
for finite systems [59]). In fact, for each case, including those shown in Fig. 2.1, the
spectrum is identical to that for N noninteracting electrons at flux Q* = Q — p(N — 1).
The restriction to three LLs is purely for feasibility of numerics and is not a limitation for
the ansatz solutions. We have tested close to 200 different (Ny, N1, No, 2Q)) systems (see
3.3), and in each case the dimension of the V4 space in the exact spectrum matches that
of noninteracting fermions at (Ng, N1, Na, 2Q*).

241~ 21
191 - 161
m 14 - 111
O 6
41° 14
231 20
189 - 151
= 104

Sh -ao
8{=zz=zIii:zs 5
3_':':"' | 01

2Q0=12N =6

0 5 10 15
L

Figure 2.2: Spectra for our model interaction for different (N, 2Q) systems on the
sphere. Orange markers indicate eigenstates with zero interaction energies. hw is
set to 1 and all non-zero pseudopotentials are set to 20. The black dashes show
eigenstates that have nonzero interaction energy, i.e. are outside the V., sector.

Figure 2.2 shows additional representative spectra, all evaluated within the Hilbert space
of the lowest 3 LLs. All nonzero pseudopotentials of the interaction are set to 20 in units
of fw. = 1. The zero interaction energy states (i.e. the states belonging to Vso-sector) are
indicated using orange markers and the remaining states are indicated with gray markers;
the latter will be pushed to infinity in strong interaction limit. Panel (a) shows the system
(N,2Q) = (6,11), which maps into noninteracting fermion system (N, 2Q*) = (6, 1). Here,
the spectrum contains a single incompressible ground state with (Ny, N1, N2) = (2,4,0),
followed by neutral excitations at fuw. at L = 1,2,3,4 in the (Ny, N1, Na) = (2,3, 1) sector.
Panel (b) shows the spectrum of (N, 2Q)) = (5, 11), which maps into (N, 2Q*) = (5, 3). The
ground state corresponds to (Ng, N1, Na) = (4,1,0), i.e. describes a single quasiparticle of
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the 1/3 state. The angular momentum of this quasiparticle is predicted to be L = 5/2.
Panel (c) shows the spectrum of (N, 2Q) = (6,12), which maps into (N,2Q*) = (6,2). The
ground state sector, with (Ng, N1, N2) = (3, 3,0), has two quasiholes of the 2/5 state, each
carrying an angular momentum of [ = 2. Addition of their angular momentum produces
low energy states at total L = 1,3, precisely as seen in panel (c). Panel (d) shows the
(N,2Q) = (5,12) which corresponds to the one filled LL state (NV,2Q*) = (5,4). In all
cases low energy states show same structure as what is expected in the LLL Coulomb

spectrum.

Thus, we have energies not just for the incompressible GSs but also for their quasiholes
(QHs), quasiparticles (QPs), neutral excitations, and, in fact, all V, eigenstates. The
exact mapping to noninteracting fermions at filling * is lost if we set some of the V' n
in Eq. (2.11) to zero or include additional pseudopotentials; in particular, the inter-LL
pseudopotentials are necessary.

2.4 Topological properties

While k¥ = Vio/hw, was small in the early experiments [43], FQHE is routinely seen for
Kk ~ 5 —T7in p-doped GaAs [60] and ZnO quantum wells [61] and is seen to survive even
up to £ ~ 40 in high-quality AlAs quantum wells [62]. The limit of strong interactions
is thus not entirely unphysical for FQHE. While intention of our model is not to produce
a quantitative theory of experiments for large k, we now show that it shares topological
features with the FQHE of Coulomb electrons in the LLL.

Our theory reproduces the prominent qualitative features of the phenomenology, namely
gapped states at v = n/(2pn + 1) and, by extension to the n — oo limit, the compressible
Fermi sealike states [45] at v = 1/2p. Many topological properties follow from the counting
of lowest energy excitations, which our model produces exactly. The fractional charge of
magnitude e* = e/(2pn + 1) for the QPs and QHs follows from the presence of gap at
v =n/(2pn + 1) but can also be deduced from the mapping into 2Q* = 2Q — 2p(N — 1)
[4]. We have confirmed fractional charge by explicit evaluation in finite-size systems (see
Sec. 3.4.1). The one-to-one correspondence with IQHE implies that the excitations obey
Abelian braid statistics, because the wave function &<, and thus also ¥¢, is uniquely
determined by specifying the positions of the QPs or QHs. The edge physics of the FQHE
state v = n/(2pn + 1) is analogous to that of the IQHE state at v* = n, described by
n chiral edge modes. Real space or momentum space entanglement spectra should also
reflect these edge modes [63], but the currently accessible system sizes are insufficient
to reveal the characteristic features (except for v = 1/3) [64, 65]. Another topological
quantity is the shift S, or the orbital spin [66], defined by the relation 2Q = v™!N — §
for the flux where FQHE states occur in the spherical geometry. Our model produces the
same shift, S = n + 2p, as the standard CF theory.

We next ask whether a path exists in the space of Hamiltonians that takes the gapped
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states of the model to those of the LLL Coulomb Hamiltonian without gap closing. This
parameter space is large, consisting of the cyclotron energy and many pseudopotentials,
leaving us with many different paths to consider. If we simply increase the cyclotron energy
while retaining the model interaction, the orange states in Fig. 2.1 will float up, resulting
in many level crossings. (The only exceptions are the GS and QH states at v = 1/3,
which are already in the LLL, and also ground states of the V) pseudopotential; these
remain ground states throughout.) However, a more general interaction will convert the
level crossings into anticrossings, for any finite system, thus opening a gap everywhere.
We ask if we can identify a path where the gap remains robust throughout. We have
studied the evolution of the GS, the QP state and the QH state as the Hamiltonian is
continuously deformed from our model to the Coulomb interaction with large cyclotron
energy for v = 1/3 and v = 2/5.

We will show how the model Hamiltonian (in the spherical geometry) evolves as the
Hamiltonian is continuously changed to the LLL Coulomb Hamiltonian along a particular
path in the parameter space. Each row of the figure shows the evolution of the spectrum
within a single total angular momentum sector. The Hamiltonian is parametrized by two

parameters A and 3 as follows

. 8 7l . .
H = L 1-— 2.12
(8.3 = 7. ; o (1= 2V + AVcoutom (2.12)

3

where V is the model Hamiltonian and VCoulomb is the Coulomb Hamiltonian. All energies
are quoted in units of €2/(ef). Nonzero pseudopotentials of the model Hamiltonian are all
set to 1.
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Figure 2.3: Adiabatic connection between the model and Coulomb Hamiltonian at

v =2/5. The Hamiltonian is defined by H = 2= Y% | Q"Ti + (1 =NV + AVcoulomb,
where all energies are in units of e€2/ef, V is our model interaction in which all
nonzero pseudopotentials are set to unity, and Vioulomb i the Coulomb interaction.
Panel (a) shows the lowest two energies (green, orange) in the L = 0 sector in a
system with an incompressible GS as the Hamiltonian is varied. On the left side, the
interaction Hamiltonian is varied (parametrized by \) from the model interaction to
the Coulomb interaction, keeping S = 0.05. On the right side, the cyclotron energy
(parametrized by ) is sent to a large value (8 = 2), with the interaction fixed at
its Coulomb value. All energies are measured relative to the GS energy. The darker
(lighter) shade line shows the data for N = 6 (8) particles. For N = 8, evolution in
only the initial half was calculated. Panels (b) and (c) correspond to the evolution of
a single QP and a single QH state of 2/5 that occur at angular momenta 5/2 and 2.
In all cases, the gap is seen to remain finite throughout. In row (a), at small A, the
simplest excitation in the L = 0 corresponds to two particle-hole pairs whose energy
above ground state is given by 25(1+1/Q); the deviation from 2/ arises because, in
the spherical geometry, the LL separation has a finite size deviation from Aw,.. The
dimensions of the Hilbert space in the relevant L and L, sectors are shown on the
figures, denoted dimy, and dimy , respectively.

Figure 2.3 shows the evolution of the incompressible GS, the single QP state, and the
single QH state at filling factor v = 2/5 along the following path: we first vary parameters
to go from our model interaction continuously to Coulomb (left side), and then increase
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Tuw. (right side). The GS, single QP and single QH states of the model evolve continuously
into the corresponding LLL Coulomb states.

Fig. 2.4 shows how low-energy neutral excitation states in the model adiabatically connect
to that of LLL projected Coulomb interaction at filling fraction » = 2/5. Adiabatic
continuity for the low-energy states is seen in all cases; the qualitatively different behavior
for L = 1 (note the different energy scale for this row), for which the states are pushed to
very high energies, captures the absence of a low-energy neutral mode in the LLL Coulomb
spectrum.
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Figure 2.4: Demonstration of adiabatic continuity between the ground state and
the low energy neutral excitations of the model Hamiltonian and the lowest Landau
level Coulomb Hamiltonian for N = 6 particles at v = 2/5.

Figure 2.5 shows the same for v = 1/3. The left panels show the change in the spectrum as
A is changed from 0 to 1 with 8 = 0.05. At the left end, the Hamiltonian f[(ﬁ =0.05,\ =
0) represents a system with a small cyclotron gap of 0.05 and particles interacting via the
model Hamiltonian V. At the right end of the left panels, H (8 =0.05, A = 1) represents
the Hamiltonian of the system with the same cyclotron gap but instead interacting via
the Coulomb interaction. The right panels show the spectral transformation as (3 is varied
from 0.05 to 2 keeping A = 1. At the rightmost end, on account of the relatively large
cyclotron energy, particles predominantly reside in the LLL.
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Figure 2.5: Demonstration of adiabatic connectivity of GS (top), single QH (middle)
and single QP (bottom) states of our model Hamiltonian and the those of the LLL
Coulomb Hamiltonian for a finite system near v = 1/3. The form of Hamiltonian is
H=p5 Zjvzl (7%?/27711,)/(7%)0) + (1 = A)V 4 AVeoulomb. Three LLs were included in
the calculation. The left panels show the change in the spectra as A changes from
0 to 1 keeping 8 = 0.05 and the right panels show the variation as 8 changes from
0.05 to 2. Note that the single QP and single QH states have an angular momentum
of L =N/2+ 1 and N/2 respectively. All the energies are relative to the GS in the
corresponding system.

For v = 1/3, single quasihole state occurs with an angular momentum of L = N/2 in a
system with 2Q) = 3N — 2. This state is again identical to the single QH state of the
Laughlin state and we do find that along the path that we have studied, the single QH
of the model and Coulomb interactions are connected without gap closing (middle panel
of Fig 2.5). Most importantly, the single QP of the model which occurs with angular
momentum L = N/2 + 1 in a system 2Q = 3N — 4 is also adiabatically connected to the
corresponding state of the Coulomb Hamiltonian (Fig 2.5, bottom).

Fig. 2.6 shows the adiabatic continuity between neutral excitations states of model in-
teraction and LLL Coulomb interaction at v = 1/3. Different rows shows the spectra in
different L sectors. The ground state of the model Hamiltonian adiabatically connects to
ground state for LLL Coulomb Hamiltonian. The same is true from neutral excitations,

with the exception of level-crossing at L = 2.
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Figure 2.6: Demonstration of adiabatic connectivity of low energy eigenstates of our
model Hamiltonian and the those of the LLL Coulomb Hamiltonian for a six particle
system at v = 1/3.

The spectrum of the model interaction closely match the spectrum of the Coulomb in-
teraction for particles strictly confined to the LLL, which occurs to the limit of infinite
cyclotron gaps (Fig 2.7 (bottom)). The uniform ground state of the model Hamiltonian
(L = 0 sector shown in the top) at 2Q = 3N — 3 is identical to the Laughlin state, and we
expect that it is adiabatically connected to the Coulomb Hamiltonian. We do find that
along the path that we have chosen, the two are indeed connected without gap closing
(Fig 2.5 top). As discussed below, the simplest low energy states namely single QH and
QP states also appear to be adiabatically connected to each other (Fig 2.7).

For the largest systems at v = 1/3 and 2/5 that we could diagonalize, the physics of
the model and the LLL Coulomb Hamiltonian are adiabatically connected. Nonetheless,
as with all numerical results, we cannot definitively assert that adiabatic continuity will
survive in the thermodynamic limit.
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Figure 2.7: Low energy spectra of the Hamiltonians H (S = 0.05, A = 0) (top) and
H(B = 2.0,\ = 1) (bottom, dashes) for a systen of N = 6 particles and 2Q) = 15,
at v = 1/3. Dots in the bottom figure represent the LLL Coulomb spectrum. For

simplicity the subleading 1/@Q dependent part of the cylotron energy on the sphere
was omitted in the top panel.

2.5 Comparison to Trugman-Kivelson Hamiltonian

Trugman and Kivelson [47] (TK) introduced the interaction

Vrk(r) = V25(r), (2.13)

which obtains Laughlin’s wave function as the unique solution at ¥ = 1/3 in the LLL
Hilbert space. Interestingly, if one sets the lowest two LLs degenerate while sending the
remaining higher LLs to infinity, then the unprojected Jain state at v = 2/5:

N

vih =[] (i — 2)* ®2({z:}), (2.14)

1<j=1
where ®9({z;}) is the spin polarized integer quantum Hall state at filling fraction v = 2,

appears as the unique zero-energy ground state for the TK interaction [48, 49, 50]. This

state occurs at flux 2QQ = 5N/2 — 4 on the sphere. It is interesting to ask in what sense
the TK interaction is different from the one considered here.

On the sphere, the TK interaction can be expanded in spherical Harmonics as (compare
with Eq. 2.5)

V26(xy — 1) ZZ My (@)Y (0) (2.15)

1=0 m=-1

where we have expanded the Dirac delta function in monopole spherical harmonics (Eq.
1.17.25 of Ref [58]). The matrix elements of the TK Hamiltonian can be found in a manner
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similar to that for the Coulomb Hamiltonian and have the same form as Eq. 2.6 and Eq.
2.8 but with v, = —=I(l + 1)(21 + 1) /47 Q.

It is interesting to ask in what way the TK Hamiltonian is different from ours. To address
this, we consider the system of particles living in the Hilbert space of the two lowest LLs.
Our model Hamiltonian introduced in this chapter

1. imposes an energy penalty on all two-particle states of relative angular momenta
L =2@Q+1 and 2@Q on the sphere; and on the unique multiplet of two-particle states
of angular momenta 2¢) — 1 in the LLL.

2. It is an LL conserving Hamiltonian.

Like our model Hamiltonian, the TK Hamiltonian also

1. imposes an energy penalty on all states in the L = 2Q) 4+ 1 and 2Q sectors.

2. In the L = 2Q) — 1 sector, however, it imposes a penalty on a particular two-particle
multiplet in the three dimensional (multiplet) space of the L = 2@Q) — 1 states. This
multiplet is a linear combination of two-particles states in multiple LLs. That makes

TK Hamiltonian LL non-conserving.

The “forbidden” two-particle multiplet of the TK Hamiltonian in the L = 2(Q)—1 sector can
be inferred from numerically studying the two-particle spectrum of the TK Hamiltonian,

using the matrix elements evaluated as described above.
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Figure 2.8: Spectra for the Trugman-Kivelson interaction for several (IV, 2Q)) systems
(same as in Fig. 2.2) obtained by exact diagonalization. Only two lowest Landau
levels are included, which are assumed to be degenerate. Zero energy states are
shown in orange. The energy is quoted in arbitrary units (set by the TK interaction),
but all four plots are in the same units.
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Figure 2.8 depicts spectra for the TK Hamiltonian for the same (N,2@)) systems as in
Fig. 2.2. Only the two lowest LLs (taken as degenerate) are included in the diagonalization.
The unique zero energy state occurring in the panel (a) is identical to the Jain unprojected
wave function in Eq. 2.14. The zero energy states in the remaining panels are highly
degenerate; their counting matches with that of the corresponding (N,2Q*) system of
non-interacting fermions with the lowest two LLs taken as degenerate.

When compared to the TK Hamiltonian, the model interaction produces identical low-
energy spectra to the corresponding non-interacting system, not just for filling fraction
2/5 but all Jain sequence of filling fractions. Thus, it works for systems with an arbitrary
number of LLs, not just the lowest two. The choice to work with the lowest 3 LLs in our

calculations is purely for numerical feasibility.
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2.6 Conclusion

In summary, we introduce an exactly solvable model for a strongly correlated system of
electrons in a magnetic field. An appealing aspect of this model is that it exactly imple-
ments the physics of “noninteracting CFs,” in that the spectrum of strongly interacting
electrons at v = v*/(2pr* 4+ 1) matches that of noninteracting fermions at v*. For fi-
nite systems, the exact diagonalization ground states of the model interaction for various
systems adiabatically connect to the corresponding ground states of the LLL projected
Coulomb interaction. Due to the sharp increase in the Hilbert space dimension, we could
not perform a finite-size scaling study of this adiabatic gap. Without this check, we can-
not conclude that the model and the LLL projected Coulomb interactions are in the same
topological class.

Although the interaction is presented employing the relative angular momentum quantum
numbers, which require rotational symmetry, the interaction is local, and its physics is
expected to be independent of the boundary conditions in the thermodynamic limit. Gen-
eralization to the torus geometry [67, 34, 68, 40] is a natural question in this context and
will be addressed in Chapter 5. The wave functions in this chapter can be extended to
accommodate an anisotropic electron mass [69, 70]; construction of a suitable anisotropic
interaction for these states is an interesting open question.
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Chapter 3

An Exactly Solvable Model (II) :
Study of exact eigenfunctions

In the previous chapter, we introduced a model interaction that describes FQHE at the
Jain sequence of filling fraction and claimed that it is exactly solvable. In this chapter,
we will introduce the form of exact zero-energy eigenfunctions for model interaction on
disk geometry. Using numerical methods, we explicitly count and verify that the disk
eigenfunctions span the entire V., space, which is the eigenspace of parent Hamiltonian in
the strong interaction limit i.e. V' — oco. Although we cannot directly generalize the disk
eigenfunctions for spherical geometry, we could construct eigenfunctions for quasiparticles
of filling fractions 1/m using an alternate method. In addition, we show that the excita-
tions generated in the eigenfunctions have correct fractional charges and exhibit expected

fractional statistics.

This chapter is organized as follows. In Sec. 3.1, we introduce the idea of guiding cen-
ter coordinates in the quantum Hall effect. Sec. 3.2 explains the construction of exact
eigenfunctions on disk geometry using the guiding center coordinates. This section also
describes how disk eigenfunctions can be generalized to spherical geometry, where guiding
center coordinates are not well defined. In Sec. 3.3, by explicit counting using numerical
methods, we verify that these eigenfunctions indeed span the complete V4, space. Study of
topological features like fractional charge and berry phase of charged excitations of exact
eigenfunctions are studied in Sec. 3.4. Conclusion of the chapter is presented in Sec. 3.5.

3.1 Guiding center coordinates

While explaining Landau quantization, we defined a constant of motion for IQHE Hamil-

tonian (Eq. 1.15), which in position coordinates is given by
7 =% —iV2la, (3.1)
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This is called the guiding center coordinate. Action of this operator changes a state
without altering its energy, indicating that it affects degrees of freedom different from
those captured by the energy ladder operators. Z and a together satisfy the following

commutation relations

A~ ~

la,a") = 1; [a, 2] = [a', Z) = 0; (21, 2] = 2¢° (3.2)
The space in which this algebra acts is spanned by the energy states of the form

@h" (z/vaey
Vol Vsl

where |0,0) is annihilated by both @ and ZT. This state has an energy (n + 1/2)hw,. and
angular momentum m = s —n. The LL index n =0,1,2... and the angular momentum

In,s —n) = |0,0);n,s=0,1,...00 (3.3)

m = —n,—n+1,...00 are eigenvalues of the LL index operator 7 = a'a and the angular
momentum operator m = ZZT /2¢% — 7. The guiding center coordinates Z and ZT act as

raising and lowering operators for the angular momentum.

The discussion so far is gauge independent. Guiding center coordinate Z can be written in
real space representation once a choice for the gauge A has been made. In the symmetric
gauge A = B(—y, z)/2, the guiding center coordinate is given by

2 .
Z:é—ix/ﬂd:é—i%(ﬁx—éﬁy)E:U i

— (0, — i0,) = % — 2029; (3.4)

3.2 YV, wave functions

As defined in Sec. 2.3, zero interaction energy eigenstates of the model interaction in
limit V2" /hw, — oo, are referred to as the V,, wave functions. We will describe the
construction of Vo, wave functions in disk geometry first. In the spherical geometry,
where guiding-center coordinate is not well-defined, we show an alternate method for
constructing V., eigenfunctions.

3.2.1 On disk geometry

The physics of the model interaction (Eq. (2.2)) motivates the following construction of
Voo wave functions. We denote by ®“ the distinct kinetic energy eigenstates, labeled by
«, of noninteracting fermions; these are simple Slater determinants. To construct the Vi
states, we must increase the relative angular momentum of each pair by 2p units in a
LL-conserving manner. The standard composite fermionization through multiplication by
T?P({z}) = [1jck(z — 2)?P does not conserve the LL index as position operators z; may
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scatter particle to different LLs. Instead consider:

v =1](Z - 21> x @° (3.5)
i<k

where Z = % — i(#, — i#,)/h is the guiding center coordinate. That U® is a V., state
follows from two facts:

1. Unlike the position coordinate operators Z, the guiding center coordinate operator
7 does not have matrix elements that scatter between LLs. As a result, 7 conserves

the LL indices of the particles. ¥® thus has the same kinetic energy as <.

2. The angular momentum operator for a single particle [Eq.(1.16)] can be written as
m o= 221 /2 — n, n being the LL index. The guiding center coordinate acts as a
raising operator for 7 due to the commutation relation [, Z] = Z. Thus Z raises
the single-particle angular momentum. In the symmetric gauge, the guiding center
coordinate has a real space representation of 7=z /2 —205. For a pair of particles,
Zl — 22 does not change the center-of-mass angular momenta, because it commutes
with the center of mass (21 +22)/2 and its angular momentum. The Jastrow operator
T2 =11 i< (Z;— Z1,)? thus increases the relative angular momentum of every
pair of particles by 2p.

Because ¥% does not contain pairs with relative angular momenta for which 1% imposes a
penalty, U* has zero interaction energy.

The action of the Jastrow operator increases the largest occupied single-particle angular
momentum by 2p(NN —1) such that the state @ at v* produces a state U at v = v* /(2pr*+
1) [39, 4]. We next make the conjecture that the states in Eq. (3.5) provide a complete
basis for the V4, space. This conjecture implies that the excitation spectrum of our model
Hamiltonian at any filling v = v*/(2pr* +1) is identical to that of noninteracting fermions
at filling v*. Extensive diagonalization studies, discussed below, provide a compelling and
nontrivial confirmation of the completeness of U¢. As a corollary, our model produces
FQHE at v = n/(2pn + 1), in analogy with the IQHE at v* = n.

3.2.2 On spherical geometry

Even though the exact eigenfunctions for the model interaction on the disk geometry can
be written in a compact form, given in Eq. (3.5), these do not immediately generalize
to the case of the spherical geometry as guiding center coordinates are not well defined
in all geometries. In this section we describe a form of the ansatz that is equivalent to
Eq. (3.5) for the special case of quasiparticles of 1/3. The alternate form presented here
has the advantage of generalizing to other geometries. In this section, we restrict to the
case where all particles are in the lowest two LLs i.e.n = 0, 1 as is appropriate when
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considering quasiparticles of 1/3. We present the steps to get the alternate form of ansatz
here.

On disk, the single particle state with angular momentum m in nth LL has the form
b (2, 2) = Fm(z,2) e 12/ (3.6)

where F), (2, Z) is a polynomial of z and Z. Highest power of Z in F}, ,,(z, Z) is equal to
the LL-index n. The action of the guiding center coordinate Z = z /2 — 20?05 on the single
particle states ¢, ,,’s can be reduced to the action of an operator on Fj, ,,:

Zénm(2,2) = (2/2 = 20%05) Fpm(z,2) e PP = 7128 (2 _0029) F, 0 (2,2) (3.7)

In the remaining calculations we will omit the exponential factor from the expressions.
We will now consider the state describing N QPs of 1/3 given by,

W = T ({(2)) 8y,

where the <I)N QPs

when, for each occupied Landau orbital in the Slater determinant ®,~ with LL index n and

contains IV particles in LL1. Any ansatz state is called a proper state

momentum state k, kth momentum Landau orbitals in all lower LLs are also filled [40].

N—-QPs

Hence, quasiparticle states are proper states. In a determinant ®; corresponding

2nd

to a proper state, the orbitals in the LL can be written as FLm(zi,EZ-) = z"% for

N-— QPS

all 4, without affecting the Slater determinant @ Hereafter we will use this as the

definition of Fi ,,(2;, Z;). The terms excluded in F} ,,, do not contribute to the determinant.

N QPS will at most be linear in z;’s, for

Since all particles in ® are in the lowest two LLs ®
each 7. This implies that we only need to expand the Jastrow factor J 2({2 }) up to linear

terms in 05’s:

T zne " =112 - ZyPey

1<j
‘72 {Z} 62 Zazzazlj2 {Z}) N Qps

=IJ[- zeQagiazi} NP 72((2}) (3.8)

Here J({z}) = [[;<;(2 — #;) is the Jastrow factor of normal position coordinates. Note
that in the last expression the derivatives 0.,’s act only on the Jastrow factor J2({z}) and

N QPS

0z, acts only on the Slater determinant ®; For instance, the above expression acts

tr1v1ally on lowest Landau level states of the Slater Determinant:

[1—20%0.,0:] 2" T*({2}) = 2] T*({2}) (3.9)
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When there are states from the second LL in the Slater determinant it acts as
[1—20%0,,0:] Z2" T*({=}) = [& — 20°0.,) 2" T*({z}) = Poazi2"T*({z})  (3.10)

where Prr1 =1 — Prrr is the projection to the second LL. Combining these results, the
ansatz simplifies to the following expression for the case of N quasiparticles of 1/3.

T {Z:i}) o) = )W 72 ({z}) (3.11)

where the Slater determinant Cf'II\I_QPS is constructed by replacing all LL.1 Landau or-
bitals F1 (2, Z), inside @II\I_QPS by Fim(z,2) — FLm(z,Z — 2/20,). Here the operator
Fl,m(z, z — 20%0,) represents LLL projection of the LL1 Landau orbital F} ,,(z, ) con-
structed by replacing Z — 2¢29,. A normal ordering is required such that all Z are moved
to the left before making the replacement z — 2¢20, where it is understood that the
derivatives do not act on the exponentials (see Sec. 5.14.4 of Ref. [4]). The exact eigen-
function given in Eq. (3.5) can be rewritten in this way for neutral excitations of 1/3 as
well, as long as the Slater determinant state ®{' is a proper state.

This implies, that ansatz in Eq. (3.5) for N QPs of 1/3 can be written as

Wyt = 8T () (3.12)

The operator @T_QPS which acts on J2({z}) can be constructed by replacing any LL1
orbitals F} ,, inside (Pll\I_QPS with G‘Lm =Fim— Flym such that the operator @IF_QPS in

last expression of Eq. (3.12) is given by

Foo(21) Fo0(22) e Foo(zn,)
Fo1(21) Fo1(22) . Foa(zn.,)
(i)II\I*QPS — F(),Nd’;—l(zl) FO7N:7;—1(Z2) - FO,N;—l(ZNe) (313)
GLml (217 82’1) Gl,ml (227 821) e Gl,m1 (ZN57 82]\75)
Gl,mN (Zlaazl) C?l,mN (ZZaazl) cee CA;l,mN(ZNeyazNe)

The operator FLm is defined such that
FimFor = Pris [FimFox (3.14)

where Prrr, is the LLL projection operator. It should be noted that the derivatives 0,’s
do not act on the exponential factor. The operator él,m can be better understood as

GrmFor = [Fl,m - Fl,m:| Fox

= FimFor — Prin [FimFo k] = Pria [F1mFo k] (3.15)
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Although, it is not as easy to see that the alternate form of U® defined in Eq. (3.12) are
zero-energy eigenfunctions of the model interaction, these can be numerically evaluated
for small systems. Upon comparison with exact diagonalization spectrum of the model
Hamiltonian given in Eq. (2.2) on the disk, we could explicitly verify that these are the
right eigenfunctions.

More importantly, the expression in Eq. (3.12) can be written for sphere as well:

N—QPs _ 2N-QP ~ 9

Uy =y (YQ*lm — Yor1im — Y5*1m> J (3.16)

where monopole harmonics Yy, represent single-particle Landau orbitals with angular

momentum m in nth LL, in flux given by 2¢Q). For a given LLL state Yo, the operator
Yé* 1m 18 defined using )

YiimYaor = Prir [YoumYoor] (3.17)

The explicit form of Yénm is given in Appendix J of Ref. [4]. Again, we could explicitly
compare this with ED eigenfunctions for small systems and verify that the ansatz in
Eq. (3.16) gives correct eigenfunctions. In summary, Eq. (3.12) and (3.16) describe QPs
of the 1/3 state on disk and sphere geometries.

3.3 Counting of V., states

In this section we present results comparing the number of numerically obtained zero
energy Voo states (N, 2@Q) with the dimension of the Hilbert space of the corresponding
noninteracting system at (N, 2Q™*), with 2Q* = 2Q —2p(N —1). All exact diagonalizations
are performed in the space of the lowest three LLs.

Z.]\i j:l(Zi - Zj)Qp on the slater determinant

states @ with a fixed number of particles (No, N1, N2) in each LL. Maximum angular

Vs states are constructed by acting j =11

momenta of the particles in the slater determinant is less than that in the corresponding
Vs state as the Jastrow factor J adds an angular momentum of 2p(N — 1) for each

particle.
While the states constructed in this manner definitely belong to the V., sector, one can

ask:

1. Do different rearrangements of particles in a given LL occupation sector (Ng, N1, No
--+) produce linearly independent V., states? This seems likely, as the resulting
states are very complex, but we do not have an analytic proof.

2. Are there other V., states that are not captured by this construction? We have
failed to find such states, but rigorously speaking, we cannot rule out this possibility

a priori.

We have conjectured that the states obtained in this fashion are all linearly independent
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No,Ni,Na [20 =11 [2Q =12 |[ No, N1, N2 [ 2Q = 11 | 2Q = 12
0,0,5 6 12 2,0,3 35 76
0,1,4 41 74 21,2 103 222
0,23 80 146 2,21 79 178
0,3,2 56 108 2,3,0 17 40
04,1 14 31 3,0,2 13 36
0,5,0 1 3 31,1 23 64
1,04 29 56 3,2,0 9 26
1,1,3 130 246 40,1 1 5
1,22 165 322 41,0 1 5
13,1 70 147 5,0,0 0 1
1,4,0 9 21

Table 3.1: The number of independent L, = 1/2 zero interaction energy (Voo)
eigenstates in exact-diagonalization spectra for many different (Ny, N1, Na) sectors
for several values of 2(). The total number of particles is N = 5. In every single
case, the number of numerically obtained zero interaction energy eigenstates matches
exactly with the number of slater determinant states for noninteracting electrons in
the (Ny, N1, Na) sector at 2Q* =2Q — 2(N —1).

and provide a complete basis for the Vo, space. In other words, in the spherical geometry,
the Vo eigenstates in exact diagonalization spectrum of (N, 2@Q)) have an exact one-to-
one correspondence with the eigenstates of noninteracting fermions at (IV,2Q*), with
2Q* = 2Q — 2p(N — 1). Alternatively: (i) all V states are of this form (or linear
combinations of them), and (ii) Vs states constructed from different slater determinant
states are linearly independent, i.e.the action of J does not not annihilate any wave

function.

L?, L., Ng, N1, Ny form good quantum numbers of the eigenstates of the model Hamilto-
nian. In the tables, we have have presented the comparison of the number of V., states at
each (Ng, N1, N3) with the total number of non-interacting electronic eigenstates at 2Q*.
We provide convincing numerical evidence for this conjecture by explicitly diagonalizing
our model interaction in various (Np, N1, N2) sectors at several values of 2@Q) to obtain their
zero interaction energy eigenstates. The results are shown in the tables 3.1, 3.2 and 3.3.
In every case the number matches the number of different slater determinant states at 2Q*
in the (Ng, N1, N3) sector. Only the number of the L, = 0 states is shown. In addition to
the cases shown in the tables, the expected counting is obtained for the (N,2Q) = (9, 16)
system, where only a single Vo, state occurs in the sector (Nyg = 1, N; = 3, Ny = 5),
corresponding to the v = 3/7 ground state. The one-to-one correspondence is seen for all
cases we have studied.
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No,Ni,No [[2Q=11 12 15 | 16 |[ No,Ni,No [[2Q=11] 12 | 15 | 16

6,0,0 0 0 1 1 |[222 14 74 | 1372 | 2662
5,10 0 0 6 | 19 |/303 0 5 | 186 | 393
420 0 0 | 44 | 108 || 05,1 0 1 | 48 | 102
5,0,1 0 0] 6 | 21 |[1,32 18 74 | 1086 | 2054
3,3,0 0 2 [ 106 | 236 || 2,1,3 12 61 | 1028 | 1971
41,1 0 0 | 106 | 265 || 0,4,2 3 13 | 236 | 452
2,4,0 1 3 100 [ 210 || 1.2,3 34 118 | 1396 | 2556
3,21 0 10 | 452 | 978 || 2,04 3 13 | 236 | 452
1,0,2 0 0 | 59 | 143 |[ 0,3,3 12 40 | 470 | 858
1,5,0 0 134 74 |[1,14 18 61 | 708 | 1292
2,31 1 28 | 656 | 1328 || 0,2,4 14 40 | 410 | 728
3,12 0 13 [ 550 | 1165 || 1,05 2 9 | 114 | 214
0,6,0 0 0 4 | 8 |[015 4 13 | 146 | 264
1,4,1 2 15 [ 334 | 674 |[ 0,0,6 1 1 | 18 | 32

Table 3.2: The number of independent L, = 0 zero interaction energy (Vo) eigen-
states in exact-diagonalization spectra for many different (Ny, N1, N3) sectors for
several values of 2Q). The total number of particles is N = 6. In every single case,
the number of numerically obtained zero interaction energy eigenstates matches ex-
actly with the number of slater determinant states for noninteracting electrons in
the (No, N1, N2) sector at 2Q* = 2Q — 2(N — 1).

| No, N1, Ny [ 2Q =16 || No, N1, N2 | 2Q =16 |

7,0,0 0 0,25 210
0,70 1 3,0,4 108
0,0,7 1 15,1 91

6,1,0 0 0,43 236
6,0,1 0 0,3,4 344
1,6,0 5 1,15 356
0,6,1 7 121 91

1,0,6 38 41,2 114
0,1,6 52 24,1 236
5,20 3 14,2 520
5,0,2 1 3,3,1 236
2,50 26 2,14 700
0,5,2 63 1,24 1016
4,30 21 3,13 482
51,1 7 13,3 1136
2,0,5 108 3,22 628
34,0 40 2,32 1022
4,03 38 2,23 1372

Table 3.3: The number of independent L, = 0 zero interaction energy (Vo) eigen-
states in exact-diagonalization spectra for different (Ng, N1, N3) sectors within the
(N,2Q) = (7,16) system. In every single case, the number of numerically ob-
tained zero interaction energy eigenstates matches exactly with the number of

slater determinant states of noninteracting electrons in the (Np, N1, N2) sector at
2Q" =2Q —2(N —1).
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In the Fig 3.1, Fig 3.2 and Fig 3.3 we have shown a comparison of the noninteracting
spectrum at 2Q* and model Hamiltonian spectrum at 2Q). The degeneracy of each orange
dash (V state) is shown next to it. The degeneracy indicates the number of independent
states with a given energy and and given angular momentum L. In these plots L, is fixed
at 0 and (Ng, N1, Na2) can take any value. In all cases we find that the degenaracies in
the spectra match identically. Zero energy space dimensions were computed using Krylov-
Schur algorithm [71] and setting large Krylov subspace dimensions.
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Figure 3.1: (top): The spectrum of N = 8 non-interacting electrons at flux 2Q* = 3
in the Hilbert space of three LLs, with the cyclotron energy set to hw = 1. (bottom)
The spectrum of the model Hamiltonian for N = 8 electrons at flux 2Q) = 17 in the
Hilbert space of three LLs, with the cyclotron energy set to fuw = 1. All interaction
pseudopotentials are set to 20. Orange dashes show V., states, and the black dots
show the finite interaction energy states. The numbers next to the orange dashes
show the degeneracy of each line. The flux values are related by 2Q* = 2Q—2(N—1).
In every case, the degeneracies in the two spectra match.
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Figure 3.2: Similar comparison for a system of size N = 7. Bottom panel shows the
spectrum of the model interaction at 2¢) = 16 and the top panel shows the spectrum
of non-interacting electrons at 2Q* = 2Q — 2(N — 1) = 4.
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Figure 3.3: Similar comparison for a system of size N = 6. Bottom panel shows the
spectrum of the model interaction at 2¢) = 16 and the top panel shows the spectrum
of non-interacting electrons at 2Q* = 2Q — 2(N — 1) = 6.

3.4 Topological properties

Many topological properties follow from counting the low energy levels, which we know
precisely for our model through its one-to-one correspondence with the noninteracting
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Figure 3.4: Radial density p(r) of exact eigenfunction \II}/_SQP corresponding to 1

QP of 1/3 for different values of a (see Eq. 3.18). The QP is at angular momentum
state m = 0 in LLI.

problem of electrons at an effective filling factor. We discuss these in some detail in this

section.

3.4.1 Fractional charge

As reviewed in Ref. [4], the fractional charge for the quasiparticle (quasihole) can be ob-
tained from an analogy to the noninteracting system. Essentially, one asks the question:
How many quasiparticles (quasiholes) are created when one adds a single electron to (re-
moves a single electron from) the system? Following verbatim the discussion in Ref. [4],

o1



3.4. TOPOLOGICAL PROPERTIES

2pn + 1 quasiparticles are created when one electron is added to the system, thus pro-
ducing a charge of magnitude e* = 1/(2pn + 1), in units of the electron charge, for each
quasiparticle.

The charge can also be obtained from the density profile. Let us go back to the exact
eigenfunction on disk corresponding to 1 QP of 1/3, discussed in Sec. 3.2.2. In Eq. 3.10,

we insert a parameter « as follows
[z, — (1 — @)20%0.,] 2" T*({=}) (3.18)

such that tuning « = 0 — 1 takes the QP from completely projected in LLL to entirely

residing in 2nd LL; o = 0.5 of course corresponds to the exact eigenfunction. Figure 3.4

N-QP
of\Ill/3 S

in LL1, for different values of «.

shows the density p(r) (see Eq. 3.12) with 1 QP at angular momentum m = 0

We consider here the single quasiparticle state of 2/5 for N = 9, which occurs for a system
with 2QQ = 18 at an angular momentum of L = 3. When placed in an L, = L state,
the excess charge is maximally moved to one of the poles of the system. The net charge

accumulated due to the quasiparticle can be calculated as the saturation value (at large
) of

0
Q6) = /O [0(8') — p()] 2 sin zde (3.19)

where 6 is the polar angle, p(x) is the local charge density at a polar angle = (which will
be azimuthally symmetric, ie independent of azimuthal angle ¢) and p(7) is density at the

south pole.
g 0.3 1 QPat1/3
=z
T 0.2
S 1 QPat 2/5
x
RS 0.14
L —(N,2Q) = (8,20)
()
= 0.0 (14,7)
e —(18,9)
1 o1
S
< 1 QH at 2/5
_02.
0 1 2 3
6 (rad)

Figure 3.5: Cumulative charge inside a region defined by angle 6 for a QP and a QH
of the 2/5 FQH state and for a QP of the 1/3 FQH state. The plot shows excess
charge near the north pole (measured relative to the density at the south pole) in
a system where there is a single QP /QH placed in a highest weight (L, = L) state,
corresponding to the QP /QH located at the north pole. In all cases we find that the
magnitude of the net charge in the around the north pole is 1/(2pr* + 1) in units of
the electron charge.
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Fig 3.5 shows the result for () indicating that the total charge accumulated around
the pole is 1/5 as expected. Similar analysis of the QH of 2/5 shows its charge to be
1/5 in magnitude again. The single QH state of 1/3 in our model is identical to that of
the Laughlin quasihole state and therefore has a charge of 1/3. The single quasiparticle
is found to have a charge of 1/3 as shown by the blue line of the figure, evaluated for a
system of N = 8 electrons at 2Q = 20.

3.4.2 Fractional statistics

The one-to-one analogy between our solutions and the integer quantum Hall states implies
that QP /QH excitations of our solutions will also obey Abelian statistics. This implication
follows because, just as for the integer quantum Hall state, specifying the positions pro-

duces a unique wave function, and thus, any braidings may only produce a phase factor.
Furthermore, general arguments discussed in Ref. [4] also fix the value of the statistics.

3.4.3 Edge states

The counting of edge excitations of the n/(2pn + 1) states in our model is identical to
that of the v* = n integer quantum Hall state. This implies that the edge excitations for
our model system are exactly described in terms of n chiral bosonic modes, which is also
believed to be the case for the lowest Landau level FQH states at these filling factors.

3.4.4 Computation of Berry Phase using Monte Carlo

Figure 3.6: Schematic for Berry phase calculation of a quasi-hole (center) and quasi-
particle pair on a disk.

Berry phase for a wavefunction ¢ ({z},n) along a closed path I" in parameter space of 7

is given by
Y(T,n) = i/rdn <¢({z}777)|£7|¢({z}777)> (3.20)

For a circular path, n = ]77]6*59, hence dn = —indf. The berry phase is then given by

ACn) =i [ 46 (L=} )l g 0L} ) (321)
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Figure 3.7: Berry phase «(n) for anstaz eigenfunction (Eq. (5.2)) which contains a
coherent state QP at radius n and a QH at the center. We see that the v(n) saturates
to the expected value of —1/3 as distance n of QP is increased from the center.

We studied the Berry phase associated to charged excitations of model interaction at 1/3
filling on a disk. We know that (see Eq. (3.5)) the exact eigenfunction of model interaction
at 1/3 is given by

Vs =112 - 21)* x @¢ (3.22)
<k

where « labels the type of excitation. The Slater determinant for a QP at center and

another at radius 7 is given by

$0,0(21) $o,0(22) doo(z3) .. ¢oolan)
q)OQ,SiQP({Z}): doN—2(z1) Pon—2(z2) Pon—2(z3) ... ¢on-2(2N) (3.23)

0y P(z) Gy Tlm) b P(a) - g5 TPl

S A O (VRN AR CY

where ¢, ,, are the Landau orbital in disk (see Sec. 1.27) and (ﬁff’h_qp(z) is the coherent

state wavefunction projected in 2nd LL, given by

G5 (2) = Priad(z = n)Pria = Puet | D Snm()Snm(n)

n,m

= 2 2
o N 02 zn 27 nl 94
((z=7)(n — 2) + 205-) exp <%QB* w1, (3.24)

Pria

- 1
47r€23*
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where the coherent state QP is centered at position 1. All single particle states in the
Slater determinant ®“ in Eq. (3.5) will use the modified magnetic length /%, = é(l—sz/),
which for v = 1/3 is ZQB* = 1/3823. As a side note, it is important to point that single
particle states in the Slater determinant of the exact eigenfunction see the actual magnetic
field B, instead of a reduced field B* like the CFs. This implies, the area of Hall droplet
represented by ®“ in the exact eigenfunction is contracted by a factor of (1 — 2pr) when
compared to the CF state. Multiplication with the modified Jastrow factor results in
expansion of this area by exactly 1/(1 —2pr). This increases the flux through the system,
giving us the correct magnetic length ¢p and filling fraction v.

3.5 Conclusion

In Chapter 2, we had introduced a model interaction which, as the electron density is
changed, produces incompressible states at Jain filling fractions of the form n/(2pn+1) and
allows exact eigenfunctions not just for the incompressible and quasihole states but also the
quasiparticle and neutral excitations. In this chapter, we present the exact zero-interaction
(ZIE) energy eigenfunctions of the model interaction in disk geometry. Using extensive
numerical checks, we verify that these eigenfunction, which are closely related to the CF
wavefunctions, form a linearly independent complete basis for the ZIE eigenspace, V., of
the model interaction. Although direct generalization of disk eigenfunctions to spherical
geometry fails, we could write exact eigenfunctions for QPs of 1/m. Exactness of these
eigenfunctions was numerically verified by comparing them with the exact diagonalization
eigenstates.

The exact eigenfunctions of model interaction capture many important features of CF
wavefunctions. We numerically verified that the QP and QH excitations of these ansatz
wavefunctions at given filling fraction indeed produce the correct fractional charge. In
addition, by Monte Carlo computation of the Berry phase between the QP-QH pair of exact
eigenfunction we verify that the charged excitations follow correct fractional statistics. We
found that Berry phase associated to QP-QP converges much slower due to finite spread
in the densities of the QP of exact eigenfunction (see panel corresponding to o = 0.5 in
Fig. 3.4).
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Chapter 4

Review of Quantum Hall systems
on Torus and Cylinder geometry

The choice of system geometry in quantum Hall (QH) systems depends on the nature of
the study we are interested in. While geometries with open boundaries, like a disk or
a plane, allow the analysis of edge physics, closed geometries, like a sphere or a torus,
are better suited for studying bulk properties. In addition to that, the ground states in
FQHE are not unique on surfaces with non-trivial topology like torus. To be precise,
at filling fraction v = p/q, the number of degenerate ground states must be multiple of
q [67]. Thus, by studying the model interaction on a torus, we can verify whether it
gives correct degeneracy. Also, torus geometry is suitable for studying a non-dissipative
viscous response in Hall fluids, called Hall viscosity, as we can simulate a constant strain

by shearing the torus [72].

This chapter reviews the basic ideas necessary to study the quantum Hall effect on periodic
geometries, namely torus and cylinder. In addition to the discrete translation symmetry
inherent in the boundary conditions, emergent many-body translation symmetries can be

constructed in torus for QH systems.

This chapter is organized as follows. Sec. 4.1 reviews the basic single particle symme-
tries in QH systems on torus geometry and its Landau orbitals. Sec. 4.2 describes other
many-body translation symmetries in torus geometry, which are helpful in the exact diago-
nalization of the model interaction. Sec. 4.3 introduces similar ideas for cylinder geometry.
Finally, the matrix element of any rotationally symmetric two-particle interaction on torus
geometry is calculated in Sec. 4.4. Matrix elements for the cylinder geometry turn out to

be of the same form.

o7



4.1. QUANTUM HALL EFFECT ON TORUS GEOMETRY

Ly =Lyé,+ Laé,
A Ly = Lyé,

Figure 4.1: A general torus generated by Ly and Lo. The skewness LA parameterizes
the deviation from a rectangular torus.

4.1 Quantum Hall effect on Torus geometry

We consider a quantum Hall system of N, electrons with —e charge in the presence of
magnetic field B = —Bé, on a torus. A torus represents a system with periodic boundary
conditions along lattice vectors Ly and Lo, as shown in Fig. 4.1. A two-dimensional vector
a in quantum Hall systems is conventionally represented as a complex number given by
a = az + iay. Using this, we can parameterize the torus in Fig. 4.1 by L; = 7L2, where
Ly =Ly +iLa, Ly = iLy and 7 = —Ly/Ly. Unless represented by boldface symbol, all
vectors will be treated as complex numbers henceforth.

The periodicity in torus geometry implies that all observables of the system must remain
invariant under lattice translations of type L., = mLqi + nLo where m, n € Z. Although
this looks similar to Bloch electrons, the kinetic energy of a charged particle in a magnetic
field does not commute with standard lattice translations. Instead, we use magnetic

translation operators introduced in the following section.

4.1.1 Magnetic Translsation Operators

In a system of charged particles in a magnetic field, the normal spatial translations T'(a) =

ehaP generated by canonical momenta p = —ihV do not commute with the kinetic energy
Hyg. For N, electrons in a magnetic field B = —Bé,, the kinetic energy is given by
1 &
Hyp = I1? 4.1
KB =5 - ; i (4.1)

where the quantity IT; = p, +eA(r;) is defined as the kinetic momenta for the i*" electron.
The electron mass is m. and the gauge field A(r) satisfies V x A(r) = —Bé,. Instead we
have another operator K, called guiding-center momentum, given by

K:H—g(ézxr) (4.2)
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which commutes with Hixg. Guiding-center momentum K is the generator of translations
in the presence of magnetic field, which are called magnetic translation operators (MTOs)
defined as t(a) = en* K [73]. MTO for a sum of two vectors a and b is given by

t(a + b) = eznt= (@Dt (q)t(b) (4.3)

which implies that unlike normal translations, MTOs generally do not commute. Using
Eq. (4.3), it can be shown that states will remain invariant under translations by lattice
vectors t;(L1) and t;(Ls) only if the number of flux quanta through the unit cell — given
by Ny = |L1 x La|/27¢* — is an integer.

MTOs for lattice translations L,,, commute with any Hamiltonian H = Hgg + V(r) as
long as the interaction is also periodic in torus i.e. V(v + Ly,;,) = V(7). This implies that
the many-body eigenstates 1), ({7}) of the Hamiltonian H will also be the eigenstates of
MTOs, such that

ti(Ly)a({r})) = o ({r}) (4.4)

where {r;} = {ri,72,...,7xn.} and t;(L;) only acts on the i*! particle. Using Eq. (4.3)
and (4.4), it can be checked that

ti( Lo )a({r}) = ePmnipo ({r}) (4.5)

such that 67, = mmnNy, + mbi + nbdj. Since these eigenstates are anti-symmetric (sym-
5

X3
mn —

metric for bosons), #’s in the eigenvalues are independent of particle index i.e. e
eifnn — oifmn

4.1.2 Single-particle Hilbert space

For symmetric gauge A(r) = Zr x é,, an MTO t;(a), is related to the corresponding
normal translation operator T;j(a), by following relation

i

ti(a) = e 3z (@ P(g) (4.6)

In this gauge, the Landau orbital for a particle in LLL with momentum k on a torus (see
Fig. 4.1), is given by

224122 k0
bok(2,2) =€ ;[‘2‘ 19|:N¢+27rN¢:| (]\Ifjbz

91
br 2

N¢T> (4.7)

where 0 < k < N, denotes y-momentum, z is the position and 7 = —L;/Lo. The orbitals
are written in terms of Jacobi theta functions [36], which are defined as

e}

9 [Z] (2|7) = Z im(i+a)?T ji2m(j+a) (2+b) (4.8)
j=—o00
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such that a, b are rational numbers and j is an integer. Ladder operator for LL-index in
symmetric gauge are given by al = /2¢ (5/462 — 82). For convenience, we can separate
out its action on the exponential pre-factor as follows

; 2242 2242 ;
a'e 22 = ¢ 202 a,f

(4.9)

such that a} = /2 (221;22 — 82) is the effective ladder operator for LL index which does

not act on the exponential pre-factor. Landau orbitals for higher LLs can then be written
as

Ty\n 0
bz, ) = e~ L0 o [ (G2

NG L

where LL-index n = 0,1,2,... and so on. Using Eq. (4.6) and the following properties of

Ner)| (4.10)

1
27

Jacobi theta functions, given by
9 M (2 £ 1|7) = eFi2may M (2|7)
9 M (2 7|r) = e~inlr£2=+bly M (2|7) (4.11)

it can be checked that Landau orbital ¢, ;(z, Z) are the eigenstates of lattice translations
t;(Ly) and t;(Ls) with eigenvalues %1 and e, respectively. The Hilbert space repre-
sentation of the MTOs t;(L1) and t;(L2) is labeled by the choice of #; and 6y values,
respectively.

Next we will see that, the single-particle lattice translation symmetry in a QH system on
torus geometry gives rise to other useful many-body translation symmetries. Hamiltoni-
ans of much larger dimensions can be exactly diagonalized in symmetry blocks of these
translation operators. We will see in the next chapter that the characteristic degeneracy
in FQH spectra in torus can be better understood using the quantum numbers of these
many-body operators.

4.2 Many-body Symmetries on torus

For a QH system on torus, two many-body translation operators can be defined as

tem (@) = th‘ (a)
fi(a) =t; <(NN_1)“> 1;[itj (-5) (4.12)

where t; and t¢,, are named relative and center-of-mass translation operators, respectively.
The action of these operators is schematically shown in Fig. 4.2. In order to preserve the
Hilbert space representation fixed by (61,62), tem (a) and #; (@) need to commute with
discrete lattice translations t;(L1) and tj(L2), Vi, j. Since we want the eigenfunctions to
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tem (CL)

Figure 4.2: Schematic for center-of-mass (left) and relative (right) many-body trans-
lations on torus, represented by tcpy, (@) and #; (a), respectively. While ¢, (a) trans-
lates all particles by same vector a, relative translation #; (a) translates ith particle
by (Ne — 1)a/N, and the rest are translated by —a/N..

be simultaneously labeled with quantum numbers of ; (a) and t, (@), following conditions
are required:

It turns out that apart from the first condition, other two are not true Va,b. Hence, we

form a maximally commuting subset of these operators by restricting the translations.

For a system of N. = pN particles in Ny = ¢N flux quanta, where N = gcd(Ne, Ny), this

maximally commuting subset is given by

T Lmn L
U {tz’ (me,n) 7tcm <W> ‘ 0 <r< q} (413)
No

m,n

Although this gives us infinite number of quantum numbers, these quantum numbers are
fully determined by the eigenvalues of #; (pL1), t; (pL2) and tewm (L2/Ny).

4.2.1 Eigenfunctions of Many-body translation operators

Many-body basis states can be written as |[{k;}) = |k1,ke,...,kn,) such that |k) =
¢n (2, Z) defined in Eq. (4.10); the LL-indices n’s, are suppressed for brevity. It is easy to
check that many-body basis states |{k;}) are already eigenfunctions of tem (L2/Ny) with
quantum number Ky = >, k;j(mod Ny), such that

tem (L2/Ng) [{k;}, K2) = 2752/Ne | {k;}, ) (4.14)

61



4.3. CYLINDER GEOMETRY

If we denote a basis state in a given Ko-sector by |{k;}, K2), the action of ¢; (pL1) is given
by

ti(pLy) [{k;}, K2) = [{(kj + ¢) mod Ny}, Ko) (4.15)

Although #;(pL1) increments k; for each particle by ¢, the state remains in the same Ko-
sector. Eigenfunctions for #;(pL;) are constructed by linearly combining states from a
given Ks-sector as

N, i
’f(l, K2> = Z ei2ﬂ_K1j/N ’{(lﬁ?z + jq) mod N¢}, K2> (4.16)
j=0
Eigenvalues of ¢;(pL1) are given by e~i2K1/N where K can take values from 0,1, ..., N—1.

We first exact diagonalize the Hamiltonian in a fixed Ks-sector. In order to label the
eigenfunctions with K| quantum numbers, we explicitly construct the #;(pL1) operator
using Eq. (4.15), and compute its expectation value for the eigestates. K; and K, can
be used to label the eigenfunctions of Hamiltonian invariant under lattice translations of

torus.

4.3 Cylinder geometry

Any geometry with periodicity along one of the direction can be treated as a cylinder.
Fig. 4.3 shows a cylinder with length L along the periodic direction.

L

Figure 4.3: Schematic of cylinder geometry with period L

Single-particle states for cylinder are given by

1 27k 1/z 2r0. \> 27l T

where L is the length of circumference. Length of the cylinder fixed by putting a cut-off
on k values such that it can only take Ny consecutive values in each LL with kyin = 0 and

Fmax = Ny — 1.
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4.4 Calculation of Matrix elements

4.4.1 For torus

In this section, we show the calculation of matrix elements of the model interaction on
torus. We will restrict to a rectangular torus with Ly/Ly = iL,/L, and Ln = 0. The

matrix elements of an interaction V' (|7|) on torus can be written using its Fourier transform

V(lql) as

nin2—nsn. 1 * * k k
‘/}1;233'3]'3 ! :L$Ly Z V(q) // drydrsy [¢n17j1 (r1)¢n27j2 (Tz) - d)m,jl (T2)¢n2,j2 (Tl)]
q

X [¢n37j3 (1) naja(T2) — Py js (T2) Py s (r1)] ela(ri=r) (4.18)

where the form of single-particle orbitals on torus ¢, ;, is given in Eq. (4.10) and the

summation is over reciprocal vectors q of torus lattice vectors, given by g = 27 [L%, Liy},
such that s,t € Z. We define

r1—7T2

(n1, j1;n2, ja| €9 ) N3, j3; N, ja) =

=/ drl@%,jl(Tl)ﬁf’:@,jg(T2)€Lq'(rl_r2)d7“2¢23,j3(7°1)¢7*z4,j4(7°2) (4.19)

where |n1, j1; ne, j2) is a two-particle state for particles in LL ny and ng with momentum
J1 and jo, respectively. Note that, this two-particle state does not represent an antisym-
metrized state.

In Sec. 5.1, we provide the details for construction of the model interaction for torus. The
model interaction on torus is written such that calculation of intra and inter-LL matrix
elements uses different forms of V' (|q|). For nth LL, the intra-LL matrix element is given
by

_ 1 PN\ _w?
%??2—@2]’4 :LzLy Z V(Q) |:£n ( 9 ):| e 2 X
S,tEZL
BT (ji—ja)  BE(Ga—ja)  FEE(h—dz) | BT (ja—g3)
x |e Mo —e Mo —e e +e e (4.20)

where L, is nth Laguerre polynomial and the form of V(q) = V""" ""(q) for intra-LL
matrix elements is given in Eq. (5.3). Using the notation defined in Eq. (4.19), inter-LL

matrix element for LLs n and n’ can be written as

IV |
Viija—jaja :Laij Z Vig)x (4.21)
{(n, g’ ol 57 [ fgin )+ (0, o, | ) s i)

(r1—mr2

- <n/7j2; n)jl‘ eiq~(1‘1—7‘2) }naj3;n/7j4> - <n7j1; n,aj2} eiq ) ‘n/7j4; naj3>}
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where the explicit form of terms inside the parenthesis is following

; 242 202\ i2ms (i _s
(n, jisn’, ol clarr=rs) I, js;n’, ja) =Ln, (q) L, <q>e N (J1734)

2 2
(0, goimy o | €4 |0 s, g =Ly <q22€2> L, <q22£2>e%7;3(j2j3)
(', o ] €D g i) :@5)26512\;;5 b=
(n, g1, ja| €2 0 Gy, gis) :((15)26512\;;(3'2—3'4) (4.22)

4.4.2 For cylinder

On a cylinder with length L along periodic y-direction, the Fourier transform of an inter-
action V given by

]- . -, -, 2k [~ ~
V= E ’ da. V iqz(21—22) L0=T7 (Y1—92) 4.93
such that y-momentum is quantized as ¢, = 2%’“, where k is integer. Similar to torus,

Landau orbitals given in Eq. (4.17) can be used to calculate the matrix-elements of V
in cylinder geometry. It can be checked that the form of matrix-element Vﬁ;fﬁ;;;i”‘* for
cylinder comes out to be identical to torus matrix-elements, for both inter and intra-LL

cases.
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Chapter 5

Torus geometry eigenfunctions of
an interacting multi-Landau level

Hamiltonian

In this chapter, we complete the calculations in Chapter 2 and 3, which focused on the disk
and spherical geometry, by studying the spectra and the eigenfunctions of the Hamiltonian
in torus and cylinder geometries. We motivate structure of the Hamiltonian in the torus
using the analogy with the multilayer model. Direct generalization of disk eigenfunction to
the torus is not possible as the function do not satisfy the necessary boundary conditions.
Nonetheless, an alternative ansatz can be written for the torus and the sphere which
describes the ground state and charged excitations at Laughlin filling fraction 1/(2p + 1).
For the case of cylinder, an ansatz can be constructed by direct generalization of the disk

ansatz.

This chapter is organized as follows. The model interaction for torus is given in Sec. 5.1. In
Sec. 5.2, we extend the known disk eigenfunctions to the cylinder geometry. We show that,
although these eigenfunctions do not extend to the torus, alternate ansatz eigenfunctions
on torus can be constructed nevertheless for low-energy quasi-particle (QP) and some
neutral excitations of v = 1/3. Numerical results are presented in Sec. 5.3 where various
features of low-energy spectra of the model interaction for torus and cylinder are discussed.

Finally, we summarize our results in Sec. 5.4.

Notations — In the chapter, unless we mention otherwise, we use symmetric gauge A(r) =
%r X €, corresponding to a magnetic field B = —Bé,. The magnetic length is defined
as { = \/W and the magnetic flux is counted in the units of flux quanta ¢g = hc/e.
When positions are represented in complex form, we use the convention z = x + iy. For
calculations in the disk geometry, angular momentum k takes values in 0,1,2,... in all
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LLs. For given complex numbers z and 7, Jacobi theta function [36] is defined as

o0

9 [Zi| (2’7_> _ Z eiw(n-‘ra)?'rei%r(n-i-a)(z-i—b) (5'1)

n=—oo

where a, b are rational numbers and n is an integer.

5.1 Model Interaction on Torus

The model interaction (Eq. 2.2) described in Chapter 2 was originally written in terms
of pseudo-potentials for rotationally symmetric systems like a disk, which means that it
assigns energy to a pair of particles based on their relative angular momentum given by m.
The natural way to map the interaction into the torus geometry is to first reconstruct the
real space form V(r) of the interaction (or its Fourier transform V(g)). The interaction
matrix elements on the torus can be calculated from V(7). Unfortunately, the interaction
shown in Eq. (2.2) is unlikely to be diagonal in the real-space representation. This is
indicated by the fact that the projection of the interaction into each LL has the same

number of non-zero psueodpotentials.

We can nevertheless define torus matrix elements of an interaction that produces the same
features in the following way. We construct a different real space form for different terms
of the interaction in Eq. (2.2). For instance, for 2p = 2, the interaction within the nth LL
imposes an energy cost for the state |n,n;m =1) = (aJ{)"(a;)”(bJ{ - b;) |0,0), which is a
two particle state where both particles are in nth LL with relative momentum m = 1, and
a; and b; are ith-particle ladder operators for LL and angular momentum respectively. We
seek an interaction whose Fourier transform V' (|q|) satisfies

/dq V(|q))(n,n;m|e!T T2 |n nim) = 6, 1. (5.2)

The expectation value (n, n;m|e/d1=72)|n_n;m) can be evaluated to be (n|e1|n) (nfeA2|n)
(m|B|m) where 7; are the position operators, A; = %(qazT + ga;), B = (40?2 ¢iath]. ciathy
and b, = (by — by)/+/2 is the ladder operator for relative angular momentum. Here the
reciprocal vector is written as a complex number ¢ = ¢, + igy (note that, this is unrelated
from parameter ¢ for FQH system defined in the previous section). A solution is found to

be
nn—nn o »szl(q2£2)
m=1 (Q) - <n|€A1|TL> <n|€A2]n> (53)

where L,, is the mth Laguerre polynomial. The two particle interaction matrix elements
on the torus for this component of the interaction can be calculated from the real space
form V(r) = [dqV(|q|) ¢! ("1=72). We find that all LL dependent information vanishes
when the matrix elements are computed; so we get identical interaction matrix elements

between momentum states of the torus in every LL.
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The inter-LL interactions (again assuming 2p = 2) associates an energy cost whenever
particles in two different LLs have a relative angular momentum m = 0 or 1 in the disk
ie for states [n,n’,;m =1) = ((a{)"(ag)”/ + (a{)”/(ag)")(bi — b;) |0,0) and |n,n’,m = 0) =
((ai)"(a%)”/ - (aJ{)"/ (a%)”) |0,0). Here the solutions for V(g) can be taken to be

an_nlz—n3n4 (C]) _ £m:1(q2€2)(5n1n35n2n4 + 5”17145712713)
" (n1]edIng) (naled|ng)

Lm=0 (q2€2) (5711713 Onang = OnyngOnong )
(n1]et|ng) (naled|na)

Vn1n2 n3ng (

q) =
Again this leads to an interaction where matrix elements in the momentum space are

independent of the LLs. Explicit form of the final matrix elements are given in the next

section.

The general form of torus matrix elements is given in Sec. 4.4. For the case of inter-LL
term, we use V(q) = V""" (q) + V""" 7™ (¢). Putting the corresponding form of

V(q) given in Sec. 5.1, intra and inter-LL matrix elements are given by

nn—nmn 292
‘/;1]2 —J3J4 LL Ze 2z 'Cl( 5)

S,teEZ

(e”“(ﬁ SIS ACEDNINE SUEINE J4)> (5.4)
and
i21s 2ms
Vi = e [t + e (0T S0
stEZ
27s (s i27s
—(L1(¢22) — Lo(g*?)) (e Ny i) Wy “)ﬂ (5.5)

Both intra and inter-LL matrix elements are independs of LL-indices.

Cylinder geometry : For calculation of cylinder matrix elements, we use the same form
of V(q) which was used in the case of torus geometry.

5.2 Exact Eigenfunctions

As was argued in Sec 3.2, exact eigenfunctions of the model Hamiltonian can be con-
structed on the disk geometry. In this section, we first show how to generalize these
eigenfunctions to the cylinder geometry. We then discuss the sphere and torus geometries
and show that similar generalization does not work in these cases. Eigenfunctions can
nevertheless be written down for low-energy QP type excitations of FQH system at filling
1/3 for both the geometries.
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5.2.1 Generalizing disk eigenfunctions to cylinder

The unprojected CF state on the cylinder is given by

2mz; ﬁ 2p
Uy =11 <e L —eL > D, - (5.6)

where L is the length along the periodic direction of cylinder, and ®,~ is the Slater
determinant state with Landau orbitals in reduced flux N;f. For the Landau gauge A =
—xBé,, the single-particle state ¢, ;(r) with momentum k in nth LL, is given by

ot = (515 ) o [ (5 21)
x H, (Wk _ a:) (5.7

where A is normalization, H,, is the nth Hermite polynomial and % is the momentum

quantum number which takes value in 0,1,..., Ny — 1.

In the spirit of the eigenfunction to our model Hamiltonian in the disk geometry, we
replace the coordinates in the Jastrow factor with the guiding-center coordinates, to get

27r2i 2"Zj 2p
U e = (eL—e z ) D, (5.8)

For the given gauge, the action of Z on ¢n.k(2) is manifested through

nZ; 2x2
T psl(z) = e 22 GG (2) (5.9)

Although multiplication with Jastrow factor changes the momentum state of orbitals in
®,-, it does not change their LL-index. Thus, it is easy to see from Eq. (5.9), just like
Slater determinant ®,-, the ansatz W, is also an eigenfunction of the kinetic energy.
Kinetic energy of the state ¥, is identical to that of ®,+, as in the case of disk geometry.

It is not straightforward to see that the ansatz defined in Eq. (5.8) is a zero-energy eigen-
function of the model interaction in the cylinder geometry, however, for a few QPs at filling
v = 1/3, we numerically verified that the eigenfunctions in Eq. (5.8) match exactly with
the ED eigenfunctions of the model interaction. Also, as will be shown in the Sec. 5.3.2,
the counting of low energy states match that the 1 QH spectrum, as one would expect
from the ansatz in Eq. (5.8).

5.2.2 Attempt to generalize disk eigenfunctions to torus

Motivated by the exact eigenfunctions in the disk and cylinder geometry, we consider
similar construction of the ansatz on the torus by replacing the coordinates in the Jastrow
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factor of the unprojected CF states, [40, 34] with the guiding-center coordinates. For the

torus geometry, the resulting ansatz is given by

2 2
Zi‘HZi|

U e = [RZa)] T2 BT (5.10)

7') (5.11)

is the Jastrow factor of guiding-center coordinates. In section, we will write J2P({Z}) as

where

s =T [] (252

1<j

J for brevity. Zem = > Z; is the center-of-mass of guiding-centers and ®,+ is the Slater
determinant of Landau orbitals defined in Eq. (4.10) at flux Nj instead of Ny. For the

A

torus in Fig. 4.1, we have 7 = —L1/Ls. Fj(Z) represents the center-of-mass dependent

T> (5.12)

where 6; and 62 determine the Hilbert space representations of MTOs ¢;(L;) and t;(L2)
respectively (see Sec. 4.1.1). In what follows, we show that the generalization of Eq. (5.10)

part of the filled lowest Landau level, [34] given by

. 02 Ne=17 [ 7
Fl(Zcm):79|:2ﬂ+ 3 :|< cm

+8eL ]\ Lo

01
27

does not yield an eigenfunction of t;(L1) and is, therefore, not a valid eigenfunction.

To verify the boundary conditions of the ansatz, we calculate the action of the MTOs on
each piece of the ansatz one-by-one. A MTO, t;(a), can be written in terms of normal

translation operators, T;(a), in the symmetric gauge as

ti(a) = e 22 (@I T (q) (5.13)

The guiding-center coordinate, Z;, transform under t;(a) like normal position coordinates

(z) transform under T;(a). The action of t;(L2) on various pieces of the ansatz is given as

~

ti(La) Fi(Zem)t! (La) = €% Fy (Zem) (5.14)
ti(L2)Jt](L2) = T (5.15)

The action of MTOs on functions of normal position coordinates can be calculated using
Eq. (5.13), which gives us

> 21'2‘H2i|2 0 7 z?+|2i\2
ti(L2) |e 22 P | =€ |e 22 Qe (5.16)
By putting them together, we get
ti(Lo)W o =20 . (5.17)
2pr*+1 2pr*+1

where o = (2p + 1). This implies that ¥ is an eigenfunction of ¢;(L2). Now we consider
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the action of t;(L1) on the ansatz W. It is easy to check that

~ . . L2ﬂZcm ~

(L) Fy (Zem)th (L) = e e L2 Fy(Zem) (5.18)

o i (No—1 _ i27%cm i2nNeZ;
ti(L1)JTtH(Ly) = e WNem D™ 70 " e T (5.19)

and
ti(L1> e 202 ‘1),/*:| =
A . i4m NeZi Z,L zi2+|zi\2
et eLZTK’chTe_422 e 202 ‘I)u*] (5.20)

By combining these results together, the action of ¢;(L1) on the ansatz is found to be

. idmpNe A,_ .
LD e =eofe L FHy (5.21)

2pr*+1 2pr*+1

Since the action of ¢;(L1) on ansatz results in a factor which contains the guiding-center
operator Z;, the ansatz is not an eigenfunction of t;(L1) and hence not a valid state on
torus. Using Eq. (5.18)-(5.20) it can be verified that, similar factor will arise even if we
use F1(Zepm) with normal center-of-mass coordinate instead, in the ansatz. In summary,
this implies that the ansatz obtained by straightforward generalization of Eq. (3.5) valid
on disk and Eq. (5.8) valid on cylinder, does not yield an eigenfunction on torus.

5.2.3 Exact Eigenfunction for QPs of v = 1/3

As shown in the previous section the disk ansatz Eq. (3.5) does not generalize to the torus.
It is also not possible to generalize it to spherical geometry as the form of the guiding-
center coordinate is not known for sphere. In this section, we show that for a subset of
states namely quasiparticles of the 1/3 state, the ansatz can be written in a simplified form,
which generalizes to sphere and torus geometries. For the disk and the spherical geometry
we could verify that the results from the ED of the Hamiltonian (Sec. 2.1) match with the
form of the eigenfunction presented here. Finally, we show that a similar generalization

leads to a valid state on torus, as it satisfies the periodic boundary conditions.

Ansatz for torus geometry

Motivated by the applicability of ansatz in Eq. (3.11) to the spherical geometry, in this
section we ask whether it also gives a valid state on torus. For N QPs on v = 1/3 with
N, particles in Ny flux quanta, the analogue of Eq. (3.11) in torus geometry is

Ne _2 2
Zi ¢ 2 +lzg

W =T [RZan) DY ({15, 90)) T2 (5.22)
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where Zeym = >, z; and J({z}) is the Jastrow factor, given by

Ne

g =TI0 [} (1.2

1<j

T> (5.23)

All states inside the determinant D ({ rk, gj}) see reduced flux N = Ny — 2N, and the
corresponding magnetic length is given by ¢*, defined as (£*)% = €2N¢/N$. For N QPs in
2LL, the operator ﬁll\I_QPS ({ fE, gg}) is defined as

f3(z1) folz) .. f(zn,)
fo(z1) folz) ... fo(zn,)
=157 ) £ ) e B ) (5.24)
91" (z1,21) g1 (20,22) ... ' (2nes 2N,)
(e a) 91 (22, 2) o 01 (2Nas 2N,

where fF(z) and ff(z,z) represent the single particle wave functions in LLL and LL1

N:;T)

82} f(2) (5.25)

respectively, and are defined as [40]

* P * (z)
éf(z) - [Nd) 912 N¢] <2

27

Z+z

fE(z,2) = V2rr [2(6)2 -

The operator §9(z,2) = fi(z,2) — f(z,%) is analogous to the G operator defined in
Eq.(3.13). The operator ff(z, Z) is defined as

fl(z,2) = V20 [~200, f{(2) + (1 — 2v) f(2)8.] (5.26)
which implies that §7(z, z) is given by

\/iN*E* Z+z
S B ORL SO HOLE

91(z,2)

such that g ff = Proa [fL1E].

Now we show that the state defined in Eq. (5.22) satisfies the periodic boundary conditions.
We calculate the action of MTOs ¢;(L1) and ¢;(L2) on different parts of the ansatz. First,
the action on the exponential factor is given by
_ZiZ?sz‘IQ _EiZ%HZHQ
ti(Lg)e 202 =e 202 (5.27)

T 23 +z12 ~ AN Ak
ti(Ly)e” a2 = oo (7T ) = (5.28)
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Their action on Fj(Zcy,) is given by

ti(Lo) Fy (Zem)t! (La) = €2 Fy(Zem) (5.29)
. . (27 Zcm
(L) FyL (Zem)th (L) = €™ e L2 Fy(Zem) (5.30)

Since the Slater determinant ﬁlN_QPS ({ fF, gg ) contains operators, the action of MTOs

(2

is rather calculated on the combined piece i.e. f)lN_QPS ({ Z.k , g;?}) NED

In the expansion of the Slater determinant, the ith particle can either be in LLL, in which
case it will be represented by some state f(]fj (z;), or it can be in second LL, where it
will be an operator g7’ (z;). The operators gy’ (z;)’s commute with each other for different
particles. Since, the single particle MTO, t;(a), only affects the ith particle, we only need
to check the action on fécj (2)J?% and §¥ (2;)J?, which are given by

ti(Lo) fo7 (2) T2 = €2 29 (2) T2 (5.31)
ti(L2)gy () T° = g () T? (5.32)

Using Egs. (5.27), (5.29), (5.31) and (5.32), we get

ti(Lo)U e = eB%20 . (5.33)

2pr*+1 2pr*+1

Similarly, the action of ¢;(L;) is given by

ti(Ll)f(])CJ (Zz)j2 _ €L91 eL7r(2—N¢)Te Lo (Ngzi 2Zcm)féfa (Zl)jz (5'34)
) . . i2m o ) i4m A(N, — 1 .
tz(Ll)ggJ (Zz)jQ _ 6L91 eL71'(2—]V¢)7'e I, (Ngzi—2Zcm) ggj (ZZ) _ Lam (L; ) g] (ZZ) j2

(5.35)

where A = \/§N;€* /Ng. There are two terms which could cause the boundary conditions
to not be satisfied: First, in the Eq. (5.35), we get an addition term —i4m A(N, — 1) f{(2:)/ L2
along with §7(z;) inside the square bracket. Secondly, if there are more that 1 QPs in the

idnZem
system, g{(z;)’s for other QPs will act on the factor e T2 and produce further terms.
These are equivalent to replacing §¥ (z;) for the ith particle with ¢ (z;) + a fgj (z;) and

97 (21,)’s for k # i with g7 (z1,) +bf (2) in the Slater determinant D ({ff, 93 ), where a

and b are constants for a given problem. Since all the LLL states fgj ’s are filled, the terms
of kind afy’ (z;) and bfy’ () can be removed without affecting the determinant ﬁlN_QPS.

Putting everything together from Egs. (5.28), (5.30), (5.34) and (5.35), we get

ti(L)Y L« =By . (5.36)

2pr*+1 2pr*+1

which means that it satisfies the torus boundary conditions. Note that we have shown
that the wave function in Eq. (5.22) is a valid torus state. The state is an eigenfunction of
kinetic energy Hkg, however we have not been able to check that the state is a zero energy
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eigenfunction of the model interaction on torus. Hence this is a conjecture supported by the
validity of ansatz expression in the disk and more importantly in the spherical geometry.

5.3 Numerical Results

In Chapter 2, we explored the spectra of the model Hamiltonian in the spherical geometry
and explicitly demonstrated the correspondence between spectrum of the model Hamilto-
nian and the IQH spectrum. In this chapter, we compute the same in torus and cylinder

geometries.

First, we present and discuss the features low-energy spectra for the model interaction
on the torus geometry. In the results shown below, we consider different Hall liquids
are labeled by (Ng, N.) configurations. The eigenfunctions are labeled using K5 and K,
which are quantum numbers associated to MTOS tem (L2/Ny) and ;(pL1) (Sec. 4.2). The
following results are for a square torus where |L1| = |Ls| and La = 0, which implies 7 = i.

5.3.1 Spectra on the torus geometry

The CF wave functions [39] describe FQHE systems at Jain sequence filling fraction v =
n/(2pn + 1) by mapping the interacting system of N, electrons, in flux Ny (in the units
of flux quanta ¢g = 27h/e), to a non-interacting system of CFs in a reduced flux given by
N;f = N4 — 2pN,. While in Chapter 2, we showed that in spherical geometry there is a
one-to-one correspondence between IQH and model Hamiltonian spectra, in this section
we will show that a similar map exists for torus geometry as well, but instead there is a
one-to-(2pn + 1) mapping present in the IQH and FQH spectra for the torus geometry.

From the spectra shown presented in the subsequent section, we infer the following key
results. For a system with N, = pN particles in Ny = ¢N flux quanta, where N =
gced(Ng, Ne), the low-energy spectra of the model Hamiltonian, in a given (K1, Ky)-sector,
is identical to the (fﬁ, KI)-sector spectra of a non-interacting system in a reduced flux
Ng, where K3 and K1 are related by

Ko=Kl+rN r=01,...,¢-1 (5.37)

where Ky € [0,Ny); Ki € [0, Nj) is the quantum number corresponding to tem(L2/Nj)
for the IQHE system. We show this equivalence between spectra in several cases below.
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Figure 5.1: Panel (a) shows the spectrum for a non-interacting system (IQH) at
integer filling factor v* = 2, with N, = 6 particles in flux N; = 3. Pair of quantum

numbers (K7, K2) label each state along the z-axis. Spectrum in each (K7, K3)-
sector is represented by a different marker. In addition, different colors are assigned
for unique degeneracy patterns along the y-axis. Spectra with red and blue markers
have degeneracy pattern of (1,1,2,4,2,1,1) and (1,2, 3,2, 1), respectively. The state
with energy E/hwp = 3 represents the incompressible ground state at integer filling
factor v* = 2 whereas states with E/hwp = 4 contain a single neutral excitation.
Panel (b) shows the spectra for ZIE eigenspace of the model interaction (FQH) for
system with N, = 6 particles in flux Ny = 15 at v = p/q = 2/5. The states are
labeled with quantum numbers (K 1, K) along the z-axis and are represented by the
same markers used for the (K7, KI)-sector of IQH spectrum if Ky and K satisfy
Eq. (5.37). We see that, apart from the 5-fold topological degeneracy, the spectra
is identical to the IQH spectra. Panel (¢) shows the same spectra using a different
arrangement of (f( 1, K2) along the z-axis where the 1-to-5 correspondence with IQH
spectra in panel (a) is more evident. Here definitions of r, ¢ are same as in Eq. (5.37).
Panels (d) and (e) show maps of IQH spectra (black) in two different (K7, K7)-
sectors, representing 2 unique degeneracy patterns present in the full spectra. This
is juxtaposed with the spectrum of the FQH system at corresponding (IN(l,Kg)—
sectors satisfying Eq. (5.37). 74



TORUS GEOMETRY EIGENFUNCTIONS OF AN INTERACTING MULTI-LANDAU LEVEL HAMILTONIAN

Incompressible state at v = 2/5: In Fig. 5.1, in panels (a) and (b), we show the
spectra of non-interacting system at v* = 2 with low-energy spectra of model interaction
at v = 2/5, respectively. FQH and IQH systems have N, = 6 particles in flux Ny = 15 and
N; = 3, respectively. Each marker represents an eigenfunction (or eigenfunctions, when
degenerate) with its energy shown along y-axis. The sectors which these eigenfunction (or
eigenfunctions) belong to are represented by a unique combination of quantum numbers
(f(l,KQI) and (K1, K3), along the z-axis, for IQH and FQH system respectively. For
clarity, eigenfunctions in (f(l, K1)-sectors are color-coded according to their degeneracy
pattern along the energy axis.

For instance, the spectra for sector (K7, K1) = (0,0) of IQH has a degeneracy pattern of
(1,1,2,4,2,1,1) at energies F/hwp = (3,4,5,6,7,8,9). We have shown all sectors with
this pattern in red color. The same degeneracy pattern is seen in the model Hamilto-
nian spectrum, in (K7 = 0, Ky)-sectors where the Kj-values are given by 0,3,6,9,12, as
expected from Eq. (5.37). There can be more than one (K7, K%)-sectors with the same
degeneracy pattern. Eq. (5.37) suggests that FQH states in each (K, K3)-sector can be
uniquely labeled by (K1, K4 7). All FQH states labeled with same (K, K) have the
same spectrum and 7 takes values in 0,1,...,¢ — 1. In panel (c) of Fig. 5.1, the choice of
z-axis ensures that sectors with same K; and KQI appear together, allowing us to clearly
see the 1-to-5 correspondence. Fig. 5.1 (c,d) show the spectra at one (R’l,K{)—sector of
IQH together with the spectrum at sector (K, KI+7rN)forr=0,1,...,¢— 1. We note
that these sectors have identical spectrum validating the relation in Eq. (5.37).

Incompressible state at v = 1/3: Fig. 5.2 shows the mapping between (K7, K3)-
sectors in IQH spectra and ¢ = 3 different (K7, K»)-sectors in the FQH for 1/3 state.
There are four panels, one for each (.f( 1, KI)-sector of IQH spectra representing a unique
degeneracy-pattern present in the full IQH spectra (Fig. 5.4). All of these map to ¢ = 3
different Ko-sectors in FQH, which follow Eq. 5.37. Results for v = 3/7 are given in
Fig. 5.3.
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Figure 5.2: Plot showing the IQH-to-FQH mapping in low-energy spectra for IQH
system (black) with (Nj, Ne) = (6, 6), at filling fraction v* = 1, to the corresponding
FQH spectra (orange) with (Ng, N.) = (18,6) at v = 1/3. The full IQH spectra
consists of four different degeneracy patterns, and each panel shows their mapping to
the corresponding Ks-sectors for FQH system: (a) in K1 = 0 sector, IQH spectra for
K1 = 0 sector maps to those with Ky = 0,6, 12 sectors in FQH system. Panels (b)
and (c) show similar maps for other unique spectra in given sectors. Panel (d) shows
map of spectra which contains zero-energy state corresponding to the incompressible
ground state of v = 1/3. Full spectrum is shown in Fig. 5.4.
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Figure 5.3: Map for low-energy spectra of non-interacting system (black) for
(Nj:Ne) = (2,6), at v* = 3 to the corresponding spectra of interacting (blue)
system for (Ng, Ne) = (14,6) at v = 3/7. The map clearly shows a 7-fold degen-
eracy. Since our calculations are restricted to lowest 3 LLs, only 3/7 ground states
are present in the spectra.
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Figure 5.4: In panel (a), we show the spectrum of model interaction for system on
the torus with the configuration (Ng, Ne) = (18,6) corresponding to filling fraction
v = 1/3, where the states are labeled by a pair of quantum numbers (K1, K») along
the z-axis and the y-axis represents their energy which is rescaled such that hwg — 1.
In this panel, we see that the spectrum of the interacting system (FQH) has a clear
gap, which separates the spectrum of the ZIE eigenspace of the interaction, from the
finite interaction energy states. The states with finite interaction energy are higher
in the spectra, and only a few of them are visible in the given energy range. These
states do not map to the spectra of non-interacting (IQH) system and hence are
not of our interest. In panel (b), we show the spectrum of IQH system at v* = 1
for configuration (Nj, Ne) = (6,6). The states in a given (K1, Kl)-sector of the
IQH spectra are color coded for each unique degeneracy pattern. For instance, the
eigenfunctions in red have a degeneracy of (1,6,12,6,1) from low to high energy
bands. For system with N./Ng = p/q where p, q are coprime, each (K1, K1)-sector
of IQH system is mapped to ¢ different sectors of FQH, such that (K;, K») =
(I%l,KQI + 7 x ged(Ne, Ng)) where » = 0,1,...,¢ — 1. This 3-fold multiplicity in
FQH spectrum relative to the IQH spectra is demonstrated in the panel (c).
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For charged excitations of v =1/3, 2/5: The 1-to-¢ mapping between corresponding
sectors in the IQH and FQH spectra also holds for quasi particles (QPs) and quasi-holes
(QHs) of filling fractions v = 1/3 and 2/5. The spectra are given in Fig. 5.5.

(a) K =0 (b) K =0

611 1 1 1L 1 1
515 L 15 52 2 2
é“ 4 150 50 50 4 [105 105 105
~ > g0 T & - e e
= 3120 20 50 sy 175 175
2 |15 15 15 2105 105 105
1|1 1 1 121 21 21

0 0L 1 1
0 0 ... 19 0 0 18

(c) K1 =0 (d) Ki=0

NE 11 L L1
9{- - . 4
|3 3 3 U
3 8" 22 4l 1010
S O SO [ G
10 10 10

613 30 3] 47 - -

;13 33

314 4 4

511 L1, L1
0 0---16 0 012

K3 K, Kj K,

Figure 5.5: Plot shows the maps between IQH specta and FQH spectra for single
charged excitations (QP/QH) at fillings ¥ = 1/3 and 2/5. Since gcd(Ng, Ne) = 1
for all these cases, FQH spectra shows ¢ = Ny fold degeneracy. (a) Spectrum for
a system hosting a single QP of IQH at v* = 1 for No = 7 and flux Nj = 6
maps to the corresponding FQH spectra at v = 1/3 with flux Ny = 20. The dots
(...) along the z-axis indicate that the FQH system has identical spectra for all
intermediate Ko values. Panel b) shows the similar map in system hosting a single
QH instead of a QP where IQH spectra for N, = 6 and flux N:; =7 at v* =1,
maps to the corresponding FQH spectra at v = 1/3 with N, = 19. Panels (¢) and
(d) show similar mapping for a single QP and QH between FQH at v = 2/5 with
configurations (Ny = 17, N, = 7) and (Ng = 13, N, = 5) to the corresponding IQH
spectra for configurations (Nj = 3, Ne = 7) and (N = 3, Ne = 5), respectively.

Panels (a) and (b), show the IQH-FQH map for the spectra of a single QP and QH at
FQH filling v = 1/3, respectively. Similarly, panels (¢) and (d), give the maps for a single
QP and QH at FQH filling v = 2/5, respectively. Since ged(Ng, Ne) = 1 in all of these
cases, there is only one degeneracy pattern in the IQH spectra, hence only one map for
any representative (f( 1, KI)-sector of the IQH spectra is sufficient. As the panel shows, in
all four cases, each IQH KZ-sector maps to Ny Ka-sectors of FQH. Since ged(Ng, Ne) =1
in all of these cases, all (f( 1, KQI )-sectors in IQH spectra have identical degeneracy pattern
[67].
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5.3.2 Spectra on cylinder geometry

In cylinder geometry, the single particle state is labeled by linear momentum k& due to
translation invariance along circumference of size L. Unlike torus, the cylinder does not
have any non-trivial many-body translation symmetries, hence the spectra of model in-
teraction is only indexed by Kigtal = >, ki where k; € [0, Ng) and Ny is the maximum
number of orbitals in each LL. The minimum and maximum values of k; are kpi, = 0 and

Fomax = Ng — 1.
Ny =15 N. =5
09— ————————
éﬁ _________________________
S % oI oooooooTTToToTTTTTTTo
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Ktotal
Ng=15 N, =6
9. _____________
N e
() _________________
e
R
5l - ____
3 125 812141614128 5 2 1
34 38 492 46 50
Ktotal

Figure 5.6: Spectra for the model Hamiltonian in cylinder geometry, for FQH sys-
tems at filling v = 1/3 (panel (a)) and 2/5 (panel (b)). The z-axis labels the Kiotal
quantum number, and energy E/hwp is along the y-axis. Lowest 3 LLs are used
in these calculations. Panel (a) shows the spectrum for system with Ny = 15 and
N, = 5. The numbers above states with F/hwp = 0 represent their degeneracy.
The state at Kool = 30 corresponds to the incompressible ground state at filling
v = 1/3 and other states are its QH/edge and center-of-mass excitations. States at
higher energy correspond to neutral excitations of 1/3. Similarly, panel (b) shows
the spectrum for system with Ny = 15 and N, = 6. Here the state at Kioal = 36
with F/hwp = 3 is the ground state for v = 2/5.

In the top panel of Fig. 5.6, we show the spectrum for system with N, = 5 in flux Ny = 15,
at filling fraction v = 1/3. The eigenfunction with zero energy at Koo = 30 corresponds
to the incompressible ground state of 1/3. At the same energy, the eigenfunctions at higher
Kiotal are the quasi-hole/edge excitations as well as center-of-mass excitations where the
numbers represent the degeneracy at a given Kiga-value. The counting at small momenta
match that of the edge excitation of v = 1/3. At large momenta the counting deviates

due to finite system size. The states in the higher energy bands are the neutral excitations
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of v = 1/3. Similarly, the lower panel shows the spectra of state at v = 2/5 filling, with
N, = 6 at flux Ny = 15. Here the incompressible ground state with energy F//hwp = 3 is at
Kiotal = 36. Again, the same energy band shows QH/edge and center-of mass excitations
at larger Kiota) values, and the higher energy band hosts neutral excitations of the 2/5
FQH state.

5.4 Conclusion

In this chapter, we extend the ideas presented in Chapter 2 and 3 to torus and cylinder
geometries. The model Hamiltonian (Sec. 2.1) introduced in there was written in the disk
geometry and studied in the disk and spherical geometries. The Hamiltonian has some
appealing features - a single Hamiltonian produces incompressible states at all Jain filling
fractions of the form n/(2pn + 1) and allows exact eigenfunctions for the incompressible
states, quasihole states, quasiparticle and neutral excitations. The spectrum of the sys-
tem at filling fraction n/(2pn+ 1) has a one-to-one correspondence with the IQH states at
filling fraction n. Only the low relative angular momentum sectors appeared in the Hamil-
tonian, so we expected that the interaction must be short ranged and that the qualitative
results obtained in the disk/spherical geometry should extend to other geometries as well.
The interaction presented is not diagonal in position representation and therefore usual
approaches to mapping the Hamiltonian from disk geometry to torus/cylinder geometry
do not work. Nevertheless, we could construct a Hamiltonian that is motivated by the
disk Hamiltonian and has qualitatively the same structure.

The Hamiltonian can be interpreted as that of a multilayer model where different layers
have different chemical potentials but each layer is treated as a different LL of same
particles. The eigenfunctions of the Hamiltonian when written in the momentum Fock
space is then similar to that of a multilayer model. The real space wave functions for
multi-Landau level eigenfunctions can be written in a compact form on the disk geometry.

We showed that the structure of this wave function generalizes in a natural way to the
cylinder geometry but not to the torus or spherical geometry. On the torus geometry,
we showed that the generalization fails to have the right boundary condition. However
we could construct the low energy QP excitations of the Laughlin 1/(2p + 1) state in
the spherical geometry (Eq. (3.16)); by generalizing a simplified form (Eq. (3.12)) of the
general eigenfunction on the disk. On the disk, cylinder and spherical geometry we could
verify the eigenfunction by comparing with the numerical (ED) results. This wave function
when generalized to the torus geometry produces a wave function (Eq. (5.22)) with the
correct boundary conditions and expected total kinetic energy. We conjecture that this is
also an eigenfunction of the full interacting Hamiltonian. Explicit verification of the result
is challenging due to difficulty in explicit evaluation of the wave function.

The model interaction captures some key features of the FQH phases and excitations at
the Jain sequence filling fractions and produces exact eigenfunctions with wave functions
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closely similar in structure to the CF excitations. We could ask if a similar model in-
teraction can be written which describes more complex FQH liquids. Interestingly the
ideas can be generalized, as shown in Ref [74], to the case of the Moore Read states and
allows construction of exact low energy eigenfunctions analogous to the structure of the
bipartite composite fermion excitations [75, 76, 77]. Degeneracy on the torus geometry
of the Moore Read states have a non-Abelian component in addition to what is expected
from the ¢ fold degeneracy due to the center of mass translations. It is interesting ask
how this degeneracy will be manifested in a torus geometry generalization of the results
in Ref. [74].
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Chapter 6

Entanglement Spectra of Partons

The entanglement spectrum (ES) serves as a useful probe of the topological properties of
FQH states [63]. It has been argued that the ES has a one-to-one correspondence with the
low-energy edge spectrum providing a natural way to understand the edge theory [63, 78,
79]. Exact analytical calculation of ES can be done for Slater determinant states including
the IQH states [80]. Direct numerical calculation of ES of correlated FQH states requires
a numerical calculation of the reduced density matrix. The dimension of this matrix grows
exponentially with subsystem size, making it infeasible to evaluate the spectra for large
systems.

However, for trial wave functions that can be written as a product of Slater determinants
(or LLL-projections of that product), the ES across a rotationally symmetric real-space
cut can be evaluated in a computationally efficient manner [65, 81]. Such wave functions
include the Jain CF wave functions as well the more general set of parton states. In the
parton theory, which is a generalization of composite fermion theory of FQHE, the electron
is envisaged as being made of k partons, each of which goes into an IQH ground state at
filling fraction ng [41], where /8 labels the parton species. The LLL-projected k-parton
state, labeled by a sequence of integers (ny,ng,-- - ,ny), has the general formgeos

k
w2 = Prpp [ éns ({2i))s (6.1)
f=1

where 2z, = x4 + 1y, is the complex representation of the two-dimensional coordinate of
the ¢*® electron, ¢, is the Slater determinant wave function of N particles that completely
fill the lowest n LLs and Pprr projects the state into the LLL, as is appropriate in the

*
Ing|"
Since each of the partons have the same density as the parent electrons and all the partons

large magnetic field limit, i.e., B — oo . For negative ng, the state is taken to be

are exposed to the external magnetic field, the B parton is associated with a charge of
(—e)v/ng, where —e is the charge of the electron. The constraint that the charges of the
partons should add up to that of electron relates the electronic filling v to the parton

filling as v = [Zﬁ ngl] _1.
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The Laughlin wave function [38] wlf/aégp}ff) = ¢! at filling v = 1/(2p+ 1) can be viewed
as a parton wave function where 2p 41 partons, each form a ng = 1 IQH state. The Jain
CF wave functions w}]z?i/rbpmil) = PLLLqﬁ?pqSim at filling v = ny/(2pn1 £ 1) for positive
integers n1, p are states with 2p+1 partons, where 2p of them are at filling ng = 1 and one
of them is at filling +n;. The edge theory of such a state is described by n; bosons [82].
The low energy edge modes, as well as the entanglement spectrum [63], show that the
state counting can be interpreted as generated by n; bosonic fields. More generally, edge
theory of parton states of the form (nj,ns,...,ng) which are Abelian, i.e., where none of
the ng’s that are greater than one repeat, are described by ¢ = 2,3 ng — (k — 1) bosons.
This can be seen by noting that each IQH state ng is made of ng bosonic edge modes,
yielding in total ZB ng bosonic edge modes. However, the density fluctuations of the
k-partons should be identified which results in a set of & — 1 constraints. It manifests in
a reduction of the number of bosonic degrees of freedom at the edge by k£ — 1, leading to
above-mentioned value of chiral central charge c. This procedure of gluing the unphysical
partons back into the physical electrons is already implemented in the wave function
of Eq. (6.1) by identifying the coordinates of the different species of partons with the
electronic coordinate, i.e., setting zg = z4 V3 (each parton IQH wave function is made up
of all the electrons).

This motivates us to consider the edge structure for the simplest non-Abelian parton
states which contain repeating ng’s with ng > 2. The edge spectrum of a quantum Hall
system generically depends on the confinement potential and the details of the electronic
interactions. A simple approach to access the universal properties of the edge is to look
at the entanglement spectrum of the bulk state [63]. In this chapter, we consider the
entanglement spectra of states (22) = ¢3, (222) = ¢3, and (33) = ¢2 which represents
states at filling fractions v = 1, 2/3, and 3/2 respectively. States ¢3 and ¢2 are bosonic
whereas @3 represents a fermionic parton state. Unlike the states with non-repeating ng’s
where the edge theories are made of multiple bosons, the edge theories of ¢¥ are described
by, edge currents that satisfy an su(n); Kac-Moody algebra, and a u(1) boson [83] yielding
a central charge of k(n? —1)/(k +n) + 1 (Eq 15.61 of Ref. [84]). Up to a u(1) boson, the
edge theory of these states is identical to that of the k-cluster Read-Rezayi states [42]. The
momentum-space entanglement spectrum of the Read-Rezayi states has been previously
studied in Ref. [85]. We mention here that a formalism has recently been developed to
rigorously study certain unprojected parton states such as qﬁ% and ¢§’ [54, 86].

The real-space entanglement spectra (RSES) of the parton wave functions have been ef-
ficiently evaluated for the case of Jain CF states, thanks to an idea originally introduced
in Ref. [65]. The algorithm in general applies to wave functions that can be written as
the product of Slater determinants or their LLL-projections, and thus can also be used to
evaluate the RSES of certain parton states. In this chapter, we employ the algorithm to
unprojected and projected partons states, as well as a few of their bulk excited states and
explicitly demonstrate a one-to-one correspondence of the RSES with representations of

their edge current algebra.
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The chapter is organized as follows. Numerical details of the RSES computation are
explained at length in Sec. 6.1. There we provide details of the RSES computation
algorithm for parton states and discuss the prescription used for LLL-projection. In that
section, we also present the calculation of edge current algebra of ¢* parton states using
representations of su(n); Kac-Moody algebra. All the results of the chapter are presented
in Sec. 6.2. First, RSES for three parton states which are unprojected ¢3, ¢3 and ¢3
are presented. We also present the RSES for parton states ¢2 and ¢3 when they have a
quasihole excitation. RSES of LLL-projected [¢2¢2]? is also provided. Edge spectra for
unprojected ¢2, 3, and qb% are presented which is computed by exact diagonalization of
the overlap matrix sectors where LL occupation number is restricted. Finally, we conclude

the chapter with a summary of our findings in Sec. 6.3.

6.1 Numerical details

6.1.1 RSES for parton states

The key computational simplification in the computation of RSES arises from the specific
structure of the parton wave functions (Eq. (6.1)), which allows us to identify a small set
of states whose span contains all the eigenstates of the reduced density matrix with non-
zero eigenvalues. The dimension of this subspace does not scale with the subsystem size.
The task then reduces to evaluating the matrix elements of the reduced density matrix
between these special sets of states. The simple structure of these basis states allows us to
explicitly evaluate these matrix elements using Monte Carlo methods. The method makes
it possible to efficiently obtain the ES in a few dominant angular momentum sectors in large
systems with hundreds of particles. In comparison, exact diagonalization can compute the
momentum-space ES for about 20 particles [87]. Infinite DMRG methods can produce the
momentum-space ES for a nominally infinite system if the parent Hamiltonian is known.

The latter is not true for the general parton states or the general Jain CF states [88].

The method presented here was introduced in Ref. [89] and has been previously employed
to obtain scaling properties of the entanglement Hamiltonian for the Jain CF states [81].
Here we provide details of the method and point out the changes needed when specializing

to the case of parton states.

6.1.2 Construction of entanglement wave functions

We will work in a disk geometry with a rotationally symmetric cut, shown schematically
in Fig. 6.1. Since the full state has a fixed total number of particles IV, the reduced density
matrix is block diagonal in (N4, Np) sectors, where N4 and Ng = N — N4 are the particles
in the subsystem A and B on the two sides of the real-space cut. We will work in one of
these blocks where N4, p are close to the expected number of particles in that subsystem
(v/27 times the area in units of the magnetic length ¢ = \/hc/(eB)). We assume ¢ = 1
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in our calculations. Due to rotational symmetry, the eigenstates of the reduced density
matrix can be labeled by the angular momentum eigenvalues. The entanglement spectrum
is obtained as the negative logarithm of the eigenvalues of the angular momentum blocks
of the reduced density matrix plotted as a function of the angular momenta.
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Figure 6.1: A rotationally symmetric real-space cut on disk geometry dividing the
full system into A and B subsystems.

Now we proceed to give details of the method. Any Slater determinant wave function of N
particles occupying angular momentum orbitals (k1, ke, k3 ..., knx) can be expanded as an
antisymmetrization of the product of smaller Slater determinants of N4 and Np particles

as follows:

Sky..ky (2) = Z €(o) Sk0(1)~~~kJ(NA) (Za) Ska-(NA+1)"'ko-(N) (Zp) (6.2)
ceP

where Z4 = (z1,...,2n,) and Zp = (2N ,41,--.,2N); P is the set of (N!/N4!Np!) per-
mutations of the ordered set (1,...,N) such that first N4 and the last Np entries of the
P(1,...,N) are in an increasing order, and €(o) is the sign for a permutation represented

by o.

Each orbital k; refers to a pair of quantum numbers (n;, m;) namely the LL-index n and
angular momentum quantum-number m. In the disk geometry, these orbitals have the

form (up to normalization):

myrm |Z|2 Lz
Mnm(2) = 2™ Ly A (6.3)

where L™(z) is the associated Laguerre polynomial. To keep track of the signs of permu-

tations, we will associate some order within the set of orbitals.

The product of two Slater determinants Sy; and Sg where M = (my,ma,...,my) and
R = (r1,r9,...,7N) can be written as (using Eq. (6.2))

= Z NENZA)ER (Z). (6.4)

Here A goes over all (N!/N4!Ng!)? possible ways to split the ordered set M into two
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disjoint ordered sets M4 and Mp and the ordered set R into two disjoint ordered sets
R4 and Rp. Here M4 and R4 have sizes N4 and Mp and Rp have sizes Ng. The sign
€(A) is the sign of the permutation that takes the set (M, R) into (M4, Mp, Ra, Rp). The
entanglement wave functions (EWFs), &, are defined as

g)f\l = SMA (ZA)SRA (ZA)7
& = Smp(Z8) Sk (Z). (6.5)
The generalization to the case where the product consists of more than two Slater deter-

minants is straightforward. The product Sy;1S5y2 ... Spe can be written in the form of
Eq. (6.4) where the EWF's are given by

q q
& =115, (2a), & =T Suss, (Zn) (6.6)
i=1 =1

Here ) corresponds to one of the (N!/N4!Ng!)? ways to split every M? into disjoint ordered
subsets Mix and MfB of sizes N4 and Np.

If a wave function ¢ contains more than one copy of the same Slater determinant (for
instance, the unprojected Jain CF states qb%p ¢n), then different splittings A\ can result in
the same EWFs. To clarify this, consider a 10-particle state ¢? which contains the two
copies of the Slater determinant ¢1 = S(12,3...9) (all orbitals are in the LLL so the LL
indices have been suppressed). Here M = M? = (0,1,2...,9). Two distinct splittings,
given by

M} =(0,1,2,3,5), M} = (4,6,7,8,9)
M3 = (0,1,2,4,5), M3 = (3,6,7,8,9)

and

M} =(0,1,2,4,5), M} = (3,6,7,8,9)
M3 =(0,1,2,3,5), M% = (4,6,7,8,9)

result in the same EWF's 53\4 and 55 . This allows simplification of Eq. (6.4) to

P = Zsi &MNZa)eP (Zp) (6.7)

where i indexes the distinct EWF's and s; is the sum of () for all splittings A that result
in the same EWFs ¢, ¢5.

6.1.3 Diagonalizing L?-blocks of p,4

The RSES can be calculated by diagonalizing the reduced density matrix obtained as p4 =
ij Sk ‘§f> <§5|§JB> <§;€4’. Exhaustive enumeration of all splittings A\ of the resulting
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EWFs is computationally infeasible. However, we are typically interested only in the
specific small angular momentum sectors. To calculate a block of reduced density matrix
p4a in a fixed L?—sector, we only need to consider a restricted sum of only those EWFs
which have the desired angular momentum. This is given by

Zws] (€P1el) (& (6.8)

where L4 = ", Mi{tOt, and Mi{mt is total momenta of A subsystem for the i*" splitting.
For clarity, consider the case of the ¢7 wave function. In a given (N4, Np)-sector of pa,
there are no EWFs with L2 less than L . = N4(Na — 1) but for angular momenta

z, min
0,1,2 and 3 above L% the numbers of distinct EWF's are 1,2,5 and 10 respectively.

z,min’

A
It can be shown that the non-zero eigenvalues of pfﬁ are the same as those of the following
finite-dimensional matrix:

M =3 sysil€ 16 EP 1ER) (6.9)

If the set of the EWF's are overcomplete, then M has excess zero eigenvalues compared to
A
pf( . The excess zero eigenvalues do not affect the entanglement spectra.

The matrix elements of M can be evaluated in terms of the overlaps between the EWFs:

(e = /A ENZa)EMZ4)dZ
(€P|EP) = /B €7 (Zp)eP (25)dZp (6.10)

Standard Metropolis Monte Carlo methods can be used to estimate these overlaps up to
a proportionality constant. For given N4, we choose one of the EWFs with smallest L4
value, &', as the sampling wave function to estimate the overlap ratio <§3\4|§/’f> J{EgHED.
For computing <§f\§5>/<§§|§69>, we use &P, which is complementary EWF to &, Since
we use the same sampling wave function for all the L 4 sector, we get the overlap matrix
M upto a multiplicative factor of ]{64564\_2. This also implies that the entire entanglement
spectrum can be obtained up to an overall vertical shift.

Lastly, we would like to point out that the above algorithm and its justification also
generalize if the product of determinants is replaced by an LLL-projection of the same
product wave function. The EWFs should, in this case, be replaced with the corresponding
LLL-projected counterparts.
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6.1.4 Approximation in LLL-projection

The algorithm described in Sec. 6.1.3 is exact up to statistical uncertainty from the Monte
Carlo estimations of the matrix elements. The main set of results presented in this chapter
is for the unprojected parton states. For these states, the algorithm provides a faithful
estimator for the entanglement spectra. However, approximations are needed when cal-
culating the spectra for the projected parton states. In this section, we describe the
approximate projection which we used to obtain the LLL. EWFs.

In this chapter we consider the ES of the projected wave function of the following form

VI =P (6302~ (Pris [#362))°

[Waa]?. (6.11)

The wave functions on either side of the ~ sign in Eq. (6.11) differ in the details of how
the LLL-projection is implemented. We expect such details to not affect the universality
class of the phase described by the wave functions [90, 91]. Only the form given on the
rightmost side of Eq. (6.11) is amenable to a numerical evaluation for large system sizes
and thus this is the form that will be used in this chapter.

Projecting state to LLL in the disk geometry is equivalent to replacing any z by 20, in
the Slater determinant after taking all the terms with z to the right hand side of the Z
(the derivatives do not act on the Gaussian part of the wave function) [92], i.e.,

VY = (62 ({22 — 20.}) 03] (6.12)

Same replacements need to be applied in the EWFs to obtain their LLL-projections.
Getting the exact analytical form of the LLL-projected state is not feasible beyond the
case of ~ 10 particles. To make progress, we consider an approximate projection scheme

where we replace z; by the following.

Yoo
5oy (6.13)
J#i

Zi—Zj

For the Jain composite wave functions, this is a highly reliable way to perform the LLL-
projections [4]. This has also been used in the case of parton wave functions previously [93,
94]. We employ the same approximation to the case of the EWFs here. This produces wave
function in the LLL with correlations similar to that of the unprojected wave functions.
Thus, in general, we have our approximate projected parton state as

m

mlm

N
@Z)Z/[m(n“)] = |¢1 X ¢n 2,2 = Z
J#i

6.14
Zi — Zj ( )

which is used for RSES calculation.
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6.1.5 Edge counting from edge current algebra representations

The parton states considered in this chapter namely [qSi‘an]k have edge mode currents
carrying a representation of the su(n)g xu(1) algebra. Algorithms discussed in the previous
sections calculate the entanglement spectra reflecting the edge spectra of the states. To
compare the entanglement spectra with the counting expected from the current algebra, in
this section, we summarize the construction of the representations of the su(n); algebra,
which has the form

[T b =20 FTf  + klSism 000,b- (6.15)

Here the indices I,m € Z, 1 < a,b < dim(su(n)) and ¢ are the structure factors for
the su(n) Lie algebra. We provide a simplified picture of the construction, presented in
parallel with ideas from the more familiar case of the highest weight representations of
the su(2) algebra. Further details on these ideas can be found in Chapters 13 and 14 of
Ref. [84].

As in the case of su(2), the highest weight representations are labeled by the quantum
numbers of the highest weight state, and the remaining basis states in the representation
can be obtained by repeated action of ladder operators. The dominant highest weight
representations of 5u(n)j are labeled by the Dynkin labels 7 = [(©), u™, ..., 1] of the
highest weight state |hw). Here r is the dimension of the maximal commuting sub-algebra
of su(n)g, and 1(D’s are non-negative integers that add up to k. Thus the highest weight
representations of su(2)s (for which r» = 1) are labeled by Dynkin labels [1, 1], [2,0] and
[0, 2].

Having discussed the highest weight states, we now discuss the ladder operators. The
ladder operators arise from identifying linear combinations of {J2} that form su(2) sub-
algebras of su(n)g. There are r 4+ 1 independent ladder operators {Ey, E ... E,} that can
be constructed (See Sec 13.1.3 and 14.1.4 of Ref. [84]). An infinite tower of basis states is
generated by the ladder operators acting on the highest weight state. The action of a ladder
operator on a basis state reduces the Dynkin label of the state by a fixed integral vector;
each ladder operator E; is labeled by this integral vector &;. These integral directions
are determined by details of the algebra encoded in f®°. For 5u(2); these are given by
dp = [2,—2] and &1 = [—2,2]. (See Sec. 14.1.7 of Ref. [84]).

Repeated action of E; on |hw) = |fi) creates an su(2) multiplet. The dimension of this
multiplet is p() + 1; thus each E; can act on the state 1) times producing basis states
7), EMi), B2|f), ..., B |f@) with Dynkin labels /i, i — @, i — 2@ . .. i — pDd@;. Any state
]X> obtained by action of one of the ladder operators, say F;, on any basis state is a highest
weight state for the remaining r ladder operators Ej, (j # i), and the corresponding
multiplets have dimensions A) + 1. Note that when referring to the Dynkin labels of the
highest weight state characterizing the representation we use the symbol p; the symbol A
is used to refer to a general state in the representation.

We illustrate this for the special case of su(2)2. The ideas are summarized in Fig. 6.2 where
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Dynkin Label A(¥)

Figure 6.2: Representation of su(2), generated from the highest weight state with
Dynkin label [1,1] (red dot). Other states in the representation are generated by
action of ladder operators Ey and E7. Action of Fy on any state is represented by a
diagonal arrow and the horizontal arrows show the action of Fq. Arrows with same
colors are used to illustrate successive application of either ladder operators to form
an su(2) multiplet.

we show the representation generated from the highest weight state fi = [1, 1] shown in the
figure with a red dot. The action of F; is indicated by a horizontal arrow. This generates
an su(2) multiplet of dimension x() + 1 = 2. The action of the Ey ladder operator is
indicated by a diagonal arrow going down to the lower left. This creates a multiplet of
dimension p(® +1 = 2.

The state E1|f) is a highest weight state for Ey. It has a Dynkin label [3, —1] and thus is
the highest weight state of a dimension 4 su(2) multiplet generated by Ey (indicated by
the sequence of states connected by the green arrows). The state Ep|ii) has a Dynkin label
[—1,3] and is the highest weight state of a dimension 4 su(2) multiplet generated by E;
(indicated by the sequence of states connected by the red arrows). The Dynkin label [1, 1]
can be created by two paths in the diagram representing the states Fy Ey|ji) and EoE1|f).
Whether they are distinct states or linearly dependent is decided by the commutation
relation between E; and Ej, encoded in the structure constants f2¢. In general, when a
Dynkin label can be arrived at by multiple paths in the diagram, the multiplicity of that
Dynkin label is determined by the number of linearly dependent combinations of E;’s that
reach there starting from |iZ), which in turn is determined by the commutation relations
between the ladder operators.

Getting the multiplicities, taking into account all commutation relations can be difficult;
thankfully the multiplicities can be obtained directly using the Freudenthal Recursion
formula (See Eq 14.136 of Ref. [84]). The formula allowed us to evaluate the multiplicities
using simple computational combinatorics. The multiplicities are shown in Fig. 6.2 as an
integer above the dot.
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6.1. NUMERICAL DETAILS

The coordinates of the dots in the Fig. 6.2 are chosen as follows. The x-axis represents
A0 (note that the Dynkin label A1) is automatically determined as k — /\(0)) and the y
coordinate called the “grade” is determined by the number of actions of Ey required to
reach the state. We empirically identify the Ey with angular momentum raising operator
in the edge spectrum. Thus the y-coordinate is identified as angular momentum in the
spectrum, which means the total number of states at angular momenta 0, 1, 2 are 2, 6, 12

respectively.

The edge current algebra is su(n), x u(1). The multiplicities at the angular momenta L, =
0,1,2... for the u; boson is given by the integer partitions of L., namely 1,1,2,3,5...
(See Sec 14.4.3 of Ref. [84]). The total multiplicity is given by the convolution M(L) =
Zf\:{:o Mgi(ny, (M) My(1)(L — m) considering all possible ways of partitioning the angular

momenta.

6.1.6 Representations of 5u(2),, su(2); and su(3); Kac-Moody algebra

A complete summary of root systems of affine extensions of su(2) and su(3) can be found
in Ref. [84] (Also see explicit tables in Ref. [95]). We used these ideas to construct the
explicit multiplicities for the cases we are interested in. The representation of su(2)s and
su(2)s are given in Fig. 6.3 and 6.4 respectively.

For su(2) affine algebra, the simple roots in the Dynkin label basis are given by Fy = [2, —2]
and E, = [—2,2]. In case of 5u(2)2, the possible highest weights are [2,0], [1, 1] and [0, 2].
Following the procedure described, we get their highest weight representations (Fig. 6.3).
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[46] [24] [02] [20] [4-2] [6-4] [86] [46] [24] [02] [20] [42] [6-4] [86] 571 [35] 131 [L11 [BA] [53] (75 19771

Figure 6.3: Representations of su(2)s for all three highest weight states given by
Dynkin label [0, 2] (left), [2,0] (middle) and [1,1]. Dynkin labels for each state are
labeled along the x-axis. The number above each marker shows the multiplicity of
the state whereas the number inside the parenthesis shows the multiplicity corre-
sponding to su(2)2 x u(1).

Similarly for su(2)s, the possible highest weights are [3,0], [2,1], [1,2] and [0,3]. The
highest weight representations are presented in Fig. 6.4.

94



ENTANGLEMENT SPECTRA OF PARTONS

p w1 1 101
(@) Do o W (b) P
1(2) 2(3) 2(3) 1(2) 1(1) 1(2) 1(1)
. . . . . . .
1) 36) 509 59 36 1) 20 360 20 1)
. . . . . . . . . . .
23)  6(14) 921 921)  6(14) 203) ) 23)  509) 614 59)  20) 1)
L] L] . L] L] . L] . L] L] L] L] .
1) 59) 12(32) 1848) 1818) 12(32) 5(9)  1(1) 1) 509)  9en 1262 92l 59) 1)
. . . . . . . . . . . . . . .
23)  9@1) 21(66) 31(99) 31(99) 21(66) 9(21)  2(3) 36)  921)  1848) 21(66) 1848) 921  3(6)
- . . . . . . . . . . . . . .
1) 5(9)  18(48) 39(135) 55(199) 55(199) 39(135) 18(48) 5(9)  1(1) 1) 6(14)  18(48) 31(99) 39(135) 31(99) 18(48) 6(14)  1(1)
L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
[-691 [47] [25] [03] [21] [4-1] [6-3] [8-5] [10-7] [129] [-58] [-36] [-14] [1L2] [30] [5-2] [7-4] [9-6] [11-8]
11 11 101 11 101
(© o w0 (@) o 0 oW
1(1) 2(3) 2(3) 1(1) (1) 23) 3(4) 23) (1)
. . . . . . . . .
1) 3(4) 5(9) 509) 3(4) 1) 2(3) 509) 6(11) 509) 23)
. . . L] . . . . L] L] L]
23) 611 1022) 1022) 6(11)  2(3) ) 509) 1022 1328 1022) 509 1)
- . . . . - . . . . . . .
1(1) 509)  13(28) 20(51) 20(51) 13(28)  5(9) 1(1) 3(4)  1022) 20(51) 24(63) 20(51) 10(22)  3(4)
. . . . . . . . . . . . . . .
23)  1022) 24(63) 36(108) 36(108) 24(63) 1022)  2(3) 1) 6(11)  20(51) 36(108) 44(134) 36(108) 20(51) 6(11)  1(1)
. . . . L] . . . L] . . . . L] . . .
59)  20(51) 44(134) 64(220) 64(220) 44(134) 2051)  5(9) 23)  13(28) 36(108) 64(220) 76(269) 64(220) 36(108) 13(28)  2(3)
. . . . . . . . . . . . . . . . .
471 [251 [03] [211 [@4-1] [6-31 [8-5] [10,7] [58] [36] [14] [121 [30] [5-21 [74] [9-6] [118]

Figure 6.4: Representations of su(2)s for all possible highest weight states given by
Dynkin label: (a) [0,3], (b) [3,0], (c¢) [2,1] and (d) [1,2]. Dynkin labels for each
state are labeled along the z-axis. The number inside the parenthesis shows the
multiplicity corresponding to su(2)s x u(1).

Figure 6.5 shows the representation of su(3)s for highest weight state given by Dynkin
label [2,0,0]. In these figures, multiplicity Mg(y), for each Dynkin label is shown above
the dot whereas the full multiplicity M(L) is given in the parenthesis. Other highest
weight representations are presented in Figs. 6.6 — 6.8.
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Figure 6.5: Representation of 5u(3)y characterized by the highest weight state with
Dynkin label [2,0,0]. In each panel, which is labeled by the grade quantum number,
action of £ and Fs changes the Dynkin label without changing the grade. Highest
weight state with Dynkin label [2,0,0] has u™®), u(®) = 0, hence action of F; and
FE5 annihilates the state. Therefore only one state exists for grade = 0 which is
represented by the blue marker in the top left panel. The number above each marker
represents the multiplicity of the state whereas the number inside the parentheses
corresponds to the same after adding 1 boson. Since p(®) = 2, Ey can act twice to
produce states with Dynkin labels [0,1, 1] and [—2,2,2] which have grade 1 and 2
respectively. In the top right panel, we get six new Dynkin labels after £1 and F»
act on [0, 1, 1]. If we think of grade as Lf quantum number in RSES, representation
in each panel can be mapped to RSES in different L4 sectors. The arrows give
combined multiplicities (with 1 boson) of states spanned by the gray boxes. It turns
out that these combined multiplicities are one-to-one mapped with the counting in

#3 RSES, shown in Fig. 6.12 (middle panel).
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For su(3) affine algebra, the simple roots are Ey = [2,

_17 _]-]7

Ey [—1,2,—1] and

Ey = [-1,-1,2]. For su(3)s the possible highest weights are [2,0,0], [0,2,0], [0,0,2],
[1,1,0], [1,0,1] and [0,1,1]. Figs. 6.6, 6.7, and 6.8 show the representation of su(3)y for
different highest weight states:
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Figure 6.6: Representation of su(3)y for highest weight state given by Dynkin label
[0,0,2]. This representation is identical to that for highest weight state given by
Dynkin label [0,2,0], but with a rotation. Each panel shows a particlular slice of
the full representation labeled by grade quantum number.
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Figure 6.7: Representation of 5u(3)y for highest weight state given by Dynkin label
[1,1,0]. This representation is identical to that for highest weight state given by
Dynkin label [1,0,1], but with a rotation. Each panel shows a particlular slice of
the full representation labeled by the grade quantum number.
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Figure 6.8: Representation of su(3)y for highest weight state given by Dynkin label
[0,1,1]. Each panel shows a particlular slice of the full representation labeled by the
grade quantum number. Action of F; and Es on [0, 1, 1] state creates large number
of states in grade = 0.

6.2 Results

In this section, we present the numerically obtained RSES for three different parton states
as well as for their quasihole excitations. We compare the structure of RSES with the
representations of the corresponding edge current algebra. It is found that the RSES
contains multiple distinct branches. This is true for Jain CF states as well where it has
been found that the different branches can be associated with the different number of
composite fermions occupying the different Lambda levels [96]. We can attribute a similar
origin to the different branches in RSES of these partons as well. For this, we find the
number of linearly independent edge states after fixing the number of particles in the

different LLs in each parton.
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6.2. RESULTS

6.2.1 Real-space entanglement spectra of parton states

Fig. 6.9 shows the RSES of the ¢2 state across a rotationally symmetric cut (schematically
shown in Fig. 6.1). The left panel shows the RSES corresponding to a block of the reduced
density matrix with N4 = 40 and the right panel is for the block with N4 = 41. RSES is
qualitatively unchanged when Np is varied without changing N4. For other nearby N4
sectors, the RSES is qualitatively the same as the ones shown here - depending on the
parity (odd/even) of Ny.

The density matrix p4 within an N4 block is itself block diagonal in angular momentum
sectors. The z-axis shows the angular momentum eigenvalues (L4) of different blocks.
The y-axis shows the (negative logarithm of) eigenvalues of that block of the reduced

density matrix.
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Figure 6.9: RSES of the parton wave function unprojected ¢3. The two different
panels show the RSES in two different blocks of p4 corresponding to N4 = Np = 40
(left) and N4 = 41, Np = 40 (right). Entanglement energies e are the negative
logarithm of eigenvalues corresponding to Lf—blocks of p4 in a given (Ny4, Np)-
block. Each marker thus is labeled by its L4 quantum number on z-axis which is

shifted such that Lﬁmin = 0. The number next to clusters of markers represents the

number of eigenvalues in that cluster. Total number of distinct EWFs in any given
LA-block is shown just above the top axis.

In the expansion shown in Eq. (6.4), the EWF .ff with the smallest angular momentum
corresponds to that in which all the N4 particles in each parton compactly occupy the
smallest single-particle angular momentum states. All possible compact LL configurations
for ¢2 are shown in Fig. 6.10. In the case of ¢2 with odd Ny, the lowest angular momentum
is obtained when both the partons have (N4 — 1)/2 particles in the LLL and (N4 + 1)/2
in the 2nd LL. This is the only state with this angular momentum. When N4 is even,
there are three distinct EWFs, all with an angular momentum equal to the lowest angular
momentum. There are no EWFs with L below these angular momenta, and hence the

RSES contains no states for L4 < L?min' The LZ values across the z-axis in these figures
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A

are relative to this minimum angular momentum L7 ; .

(a) Unprojected ¢3; odd N4

*-0--0--0--0--0--0------ X *-0--0--0--0--0--0------  ----. LLL

(b) Unprojected ¢3; even N4
X

@0 - @O0 @ - O
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X L

(C) Unprojected ¢§ with 1 gh;even Ny

X--0--0-0--0--0--0------ X &-0--0--0--0--0--0------

X-0--0-0--0--0--0------ >< -0 -0 - O

Figure 6.10: Schematic diagram showing all compact LL configurations for unpro-
jected @3 in even and odd N4 sectors. Different partons are represented with dif-

ferent colors. For (a) odd Ny, there is only one configuration with Lfmin whereas

for (b) even N4, three distinct LL configurations are possible. We also 7study RSES
for parton states with one quasihole excitation. (c) Shows two possible compact LL

configurations for unprojected ¢3 with one quasihole in LLL, when N4 is even.

The entanglement energies in the RSES appear in several nearly-degenerate clusters. In
Fig. 6.9, the number of entanglement energies in a cluster is shown right next to the
cluster. The total number of distinct EWFs with a given L4 (and N4) obtained by simple
enumeration (as described in Sec. 6.1.3) increases quite rapidly with L4. This number is
shown just above the top axis of each panel. The total number of entanglement energies
in each L4 sector is much less than the number of EWFs. This is due to the extensive
number of linear dependencies between the EWFs. As discussed in Sec. 6.1.3, these linear
dependencies are reflected as 0 eigenvalues of the matrix M.

In general, the total number of the EWF's, total number of linear dependencies, and the
total number of entanglement energies in each L‘Z4 sector grow rapidly with L?- Due to the
proliferation of EWFs, reliable numerical calculation of the matrix M is possible only up
to Lf ~ 5. These sectors were sufficient to make a comparison with the representations
of the current algebra. Quad-precision arithmetic in C codes reliably estimates M in
systems as large as 80 particles. Statistical uncertainties in the estimated eigenvalues can
be inferred by considering the results of many independent Monte Carlo trials. These error

bars are typically comparable to the width of the marker and therefore are not shown.

The y-axes of the RSES plots are shifted by an arbitrary constant. This is because the
matrix M and therefore its eigenvalues can be calculated only up to a proportionality
constant in the Monte Carlo techniques (see Sec 6.1.3). This factor depends only on the
Monte Carlo sampling distribution. Since the same distribution is used for all LZ sectors
within a single plot, the different L? sectors are shifted by the same amount. For the
calculations presented in each plot, the Monte Carlo sampling wave function was chosen
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to be equal to the square of the absolute value of one of the EWFs with angular momentum

Lfmin. Since the sampling function is different across different plots (for instance the two

panels in Fig. 6.9), the ES in different plots are shifted by different constants.

The radius of the circular cut, (Fig. 6.1) was chosen to be approximately equal to the
radius of EWF with the most compact configuration i.e. with a total angular momentum
LA ..

z,min

compact configuration is approximately V4. Hence the radius of the cut was chosen as
V2N4 (in magnetic length units).

For example, in the case of ¢3, the largest single-particle momenta of the most

RSES of ¢3: Fig. 6.9 shows the RSES of unprojected ¢3 where the left and right panels
correspond to even and odd N4-blocks respectively. Across different L‘Z4 sectors, the
clusters in entanglement energies appear as distinct branches. Different arrangement of
these branches give the RSES a particular structure. RSES of unprojected ¢3 for even
and odd N4 consist of different arrangements of two distinct branches (1,2,6,13,...) and
(1,3,8,18...) as shown in Fig. 6.9. The counting and structure of RSES for even N4
exactly matches to the su(2)2 x u(1) representation corresponding to Dynkin label [0, 2]
whereas for odd N4, it matches with representation corresponding to Dynkin label [2, 0]
(left and middle panels in Fig. 6.3).

Unprojected 4)3 Unprojected ¢>§
Na =30, Ng =30 Na =31, Ng =30
4 12 56 188 618 1804 1 4 19 76 257 808
23 1—3= = 1 13 9§ £
14 32E
19 g B 7 21
2 = = = 3 9 =
511 — 4 2 Bz =82
- = 5 =2 3 6=
3 = E = 3 14 95
1y = g 2= 1 2 =8 = =
1 3= 8 B -1 g 2_%=
n—- - 32 3 = B B
6 14 — _—= = = =
1 2 —_— = é =
1 3 gé L = =
-1 - -9
0 1 2 5 0 1 2 3 4 5
L L

Figure 6.11: RSES of unprojected ¢3 for Ny = N = 30 (left) and N4 = 31, Ng =
30 (right) blocks of p4. Number of distinct EWFs for LA-sectors are much larger
than that for ¢2 parton state, and hence spread in clusters in more, partly due to
numerical errors.

RSES of ¢3: The RSES of unprojected ¢3 is shown in Fig. 6.11 with the left panel showing
the spectrum for (N4 = 30, Np = 30) sector and right panel for (Ng = 31, Ng = 30).
Similar to the case of ¢%, we find that the RSES arrangement of unprojected ¢3 only
depends on the parity (even or odd) of N4. These arrangement consists of two distinct
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branches which have counting (1,2,6,14,32,66,...) and (1,3,9,21,48,99,...). We find
that the RSES arrangement for even N4 exactly matches the highest weight representation
of 5u(2)3 x u(1) corresponding to Dynkin label [0, 3] and the representation corresponding
to Dynkin label [3,0] matches spectrum for odd N4 (Fig. 6.4).

RSES of ¢3: Figure 6.12 shows the RSES of unprojected ¢3 where the left, middle
and right panels show the RSES for (N4 = 29,Np = 29), (N4 = 30,Np = 31) and
(N4 = 31, Ng = 31) blocks respectively. Three different branches are present in the RSES
corresponding to (Ng = 29, Ng = 29) and (N4 = 31, Ng = 31)-sectors, with counting
(2,8,31,93,..), (1,4,17,54,..) and (1,6,24,78,..). For the case of (N4 = 30, Ng = 31),
we find branches with counting (1,3,14,45,..), (2,10,36,..), and (1,7,24,..). We use a
grey vertical line in Fig. 6.12 to represent which eigenvalues are clubbed together in the

counting.
Unprojected ¢>§ Unprojected ¢§ Unprojected </)§
Ny =29, Ng =29 N4 =30, Ng =31 Ny =31, Ng =31
6 36 204 837 1 9 72 325 1323 6 36 204 837
o = B | 4 — o= _
2 gz 1= = N IR I 5 T |
18 1 6= 24é ! 10; 36% 18 6= 24 = 79!
- 6=,= S| of g W0=TH - ~
15T =g e 3=MEUE =TT s
[ —— 18-= l 9 _ = 6= U=
w1 = R =38 | o1 -
6 1— 5 101= 6
of . 4= 7= T 6 sz 248 | 21— 4
L I 6= UE [ 1— 1= ~ | 1 6= 4=
—6 2= = |-14 —6 2= =
~10 — |18 1- 3= |4 1-
0 1 2 3 0 1 ) 3 0 1 2 3
LA LA LA

Figure 6.12: RSES of unprojected qb% for three blocks of py corresponding to N4 =
Np = 29 (left), Ny = 30, Ng = 31 (mid) and N4 = 31, Np = 31 (right). As
multiple branches emerge in close proximity to each other, we use a vertical (grey)
line to show which clusters are clubbed together. Total number of states in these
collections are shown next to the vertical lines.

Unlike the case of ¢3 and ¢3, comparing RSES of ¢3 to 5u(3)2 x u(1) representation is
not straightforward. Let us take an example of RSES for the (N4 = 30, Ng = 31) sector
(middle panel of Fig. 6.12). Total number of states at each angular momentum in the RSES
match the total number of states at the corresponding grade in Fig. 6.5. We empirically
find that the counting in the branches in the RSES is the sum total of counting along a
horizontal line in Fig. 6.5 (shaded gray boxes). In this sense, the spectrum for N4 = 30
matches the [2,0,0] representation of the su(3)2 x u(1) algebra. Other highest weight
representations of su(3)2 x u(1) are given in Figs. 6.6-6.8. We find that the N4 = 29 and
N4 = 31 RSES matches highest weight representations for [0,0,2] and [0,2,0] Dynkin
labels respectively, shown in Fig. 6.6. In all the cases that we tested, we find that the
aggregate number of states along a line matches exactly with the spectrum obtained from

103



6.2. RESULTS

the current algebra.

The finer structures in each cluster too resemble the counting in the states of individual
Dynkin labels. We point this out in the RSES of N4 = 29 shown in the left panel of
Fig. 6.12. For instance, at L, = 1, we find seven clusters with counting (1,4,6,8,6,4,1),
which can be associated with the total number of states along horizontal lines in the top
right panel (grade 1) of Fig. 6.6. The number 4 is obtained by adding three states with
Dynkin labels [0,0,2] and one state with Dynkin label [3,—3,2]. This 3+1 structure is
reflected in the RSES as indicated in the left panel of Fig. 6.12.

RSES of ¢3 and ¢3 with a quasihole: We also explore the RSES for ¢3 and ¢3 when
1 quasihole is added to the system at the origin (Fig. 6.13). Adding a quasihole at the
origin is equivalent to having the lowest angular momentum state in any one of the LLs
in one of the partons empty. Fig. 6.10 shows a schematic for LL occupation in the two
partons of ¢3 when the quasihole is in the lowest angular momentum state of the LLL.
We find that the RSES does not change if the quasihole is added to either LL.

The left panel of Fig. 6.13 shows the RSES for ¢3 with a quasihole and N4 = 31. We found
that the same RSES is produced for both odd and even N4. RSES for ¢3 with a quasihole
exactly matches with the [1, 1] highest weight representation of su(2)2 x u(1) (middle panel
in Fig. 6.9). RSES for ¢3 with a quasihole, for N4 = 30 (right panel in Fig. 6.13) matches
with with [1,2] highest weight representation of the su(2)s x u(1). RSES spectra changes
for N4 = 31 which maps exactly to [2,1] highest weight representation of su(2)3 x u(1).
The corresponding representations are shown in the bottom panels of Fig. 6.4.

Unprojected ¢§ with 1 QH
N4 =30, Ng =30

Unprojected ¢>§ with 1 QH
Ny =30, Ng =30

320 93 364 1250 2 12 46 148 418 1076
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1 — = 15 19
_ 8 -
13 ne 1B 1 03 S =
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9 = = 11 _ = 83__
3 = o — 19 41 I
1 = o B 8
o] L 63 1 3 .=
w ) n_*m ! nm_ = == 83__
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Figure 6.13: RSES of ¢3 (left) and ¢3 (right) where both parton states have a single
quasihole placed at m = 0 angular momentum state of LLL. Both panels show RSES
for Ny = Np = 30 block of p4.
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6.2.2 RSES for the projected state

Until now we discussed the RSES of unprojected parton states. A natural question is
whether the agreement between the RSES and the representations of the edge currents
continues to hold even after projection into the LLL. The algorithm that we have used for
the calculation extends also to the case of the projected parton states. The calculations
run slower due to the computational cost of projection. Moreover, an exact projection
into the LLL is not possible except in very small systems. We instead rely on approximate
projection as described in Sec. 6.1.4. To enable the use of the projection scheme, we

22

consider a projected state 17 /51)4 [see Eq. (6.11)] which is expected to also show the same

edge counting as ¢3.

We indeed find that even after the approximation, the RSES of LLL-projected 1/1%;51)4
state has the same structure ¢3 as shown in Fig. 6.14. Note that the number of the
EWFs (shown above the panels) in each L4 block is significantly larger than that for
unprojected ¢3 (Fig. 6.9). This is a result of the excitations associated with the additional
Slater determinants ¢ in the wave function. We find a larger spread in the clusters. An
exact match with RSES of unprojected ¢3 suggests that multiplication with factors of
¢1 and action of LLL-projection do not alter the topological features (fusion rules of the

non-trivial anyons are identical) of a parton state.

LLL projected [¢2¢ps]? LLL projected [¢2 2]
Na =30, Ng =30 Na =31, Ng =30
3 11 51 1 5 26 93 318 959
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1 3 = 6 29
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- T
_ 18 _
I L 3_8%= ~10 , 2 02 E
-5 - 14
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Figure 6.14: RSES of LLL-projected [¢p3¢2]? for two blocks of pa corresponding to
N4 = Np =30 (left) and N4 = 31, Ng = 30 (right). The projection is approximated
as described in Sec 6.1.4.
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6.2.3 Origin of the branches and edge overlap matrix

The branches in the entanglement spectra appear in the case of the edge spectrum of
composite fermion states as well [96, 65]. Each branch in that case could be associated
with states with a particular occupancy of the composite fermion Landau levels. In this
section, we ask whether a similar picture is true in the context of the parton states.

The entanglement spectrum contains states with different occupancy of the Landau levels
of each parton. A strategy to address the question could be to expand the Schmidt
eigenstates in the EWFs. Then identify the number of particles in each LL in the basis
states that contribute predominantly to each Schmidt eigenvector. This strategy does not
yield a clear answer as the EWF's are not all linearly independent.

We instead address the problem in the following way. We consider the states with a fixed
number of particles in each LL of each parton. We consider the excitations at the edge
of the system at each angular momentum. These are the same as the EWF's that we had
constructed earlier but with a specific Landau level occupancy of each parton. We consider
the overlap matrix of the edge states, O and plot the (negative logarithm of) eigenvalues
for different L.-blocks of O. The number of dominant eigenvalues is a measure of the
linearly independent states in the space of these states, i.e, the dimension of the space.

Interestingly, the number of dominant eigenvalues of O at different L, values reproduce the
same counting that we saw in the individual branches present in the RSES. The dominant
eigenvalues as a function of momentum are plotted in Figs. 6.15 and 6.16 for the case of ¢3

and ¢3 respectively, and further results are summarized in Tables 6.1 and 6.2 respectively.

Unprojected ¢§

Nip, =10, Nfp, = 10 Nip, =11, Nip, = 10;
NipL =10, Nfpp, = 10; NiL =9, Nip = 10;
57 5
31 13 29 = 5 77
2 6 = —
€ ntz = = 111 3 8 =
—1 - = 1= T E ;
—31 | =3 =
_K ; _E _
0 1 2 3 4 5 20 1 2 3 4 5
L, L,

Figure 6.15: Dominant eigenvalues of the overlap matrix O for two different Landau
level occupancies. Left panel shows the spectra when both partons have identical
LL occupation (Nprr, Nrri1) = (10,10). The right one is for when LL occupation
of one of the partons is (Npry, + 1, Npp1 — 1) and the other one has a configuration

(Nrrn, Nopni). The y-axis is the negative logarithm of eigenvalues of different L.-
blocks of O.

106



ENTANGLEMENT SPECTRA OF PARTONS

For ¢2: Figure 6.15 shows dominant eigenvalues of the overlap matrix against L, for two
different (Nppr, NpLi)-sectors. The left panel shows the case of (Nﬁ’LQL, Nﬁfl) = (10, 10)
(where superscript labels different partons). As shown in Table 6.1, as long as both the
partons have same LI occupation, the counting remains the same. The right panel shows
the case where (N, Nl,) = (11,9) and (N7;;, Nf;) = (10,10). This produces a
different branch. Similarly, we find that more generally whenever N}';; = N7;; + 1 and
N{p, = NP, — 1, we get the same counting (see Table 6.1). The counting that we see
in these two cases is in agreement with the individual branches seen in the ground state
RSES shown in Fig. 6.9.

(10,10) x (10, 10)
(11,9) x (11,9)
(12,8) x (12,8)
(11,10) x (11,10)

1,2,6,13,29,57

(11,9) x (10,10)
(12,8) x (11,9) 1,3,8,18,39,77
(12,9) x (11,10)

(10,104 ¢q) x (10, 10)
(11,9 +¢) x (11,9) | 1,3,8,19,41,83
(11,10 +q) x (11, 10)

Table 6.1: Different LL configurations for parton state ¢3 given by (Ni;, Nip,) X
(NI%LL, Nle) along with counting corresponding to the dominant spectra of its over-
lap matrix O. Here Ny, + g represents the quasihole addition to nth LL.

If we perform a similar calculation of the eigenvalues of the overlap matrix for cases
where there is a quasihole at the center, we obtain a counting that matches the individual
branches of the RSES shown in the right panel in Fig. 6.13). This counting is independent
of the number of the particles in each parton Landau level (Table 6.1). This is consistent
with the fact that only one type of branch appear in this RSES.

For ¢3: TFigure 6.16 shows the dominant eigenvalues of the overlap matrix for ¢3 in two
different LL occupation sectors. Counting matches the different branches present in the
¢3 RSES (Fig. 6.11). The spectra in the left panel corresponds to LL configuration where
all partons have same LL occupation (Nﬁfﬁg,]\fﬁfl’?’) = (10,10). We checked that the
counting remains same as long as all three partons have same LL occupation (Table 6.2).
Similarly, we get the second branch (right panel in Fig. 6.16) in the RSES of ¢3 when LL
occupation is such that NﬁLL = Nﬁf’L 4+ 1 and NﬁLl = szl —1.

RSES of ¢3 with the quasihole has two distinct branches given by counting (1, 3,9,22,51,...)
and (1,4,11,28,63,...) as shown in Fig. 6.13. We get the first branch from the dominant
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Unprojected ¢3
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Figure 6.16: Dominant eigenvalues of overlap matrix O of ¢3 for different Landau
level occupancies. Left panel shows spectra for a configuration when all three partons
have identical LL occupation (Nppy, Nppi). The right one is for a configuration
when two partons have same LL occupation (Nrrr, Npr1) and LL configuraion for
the third parton is given by (Nppp + 1, Nppp — 1). Two distinet counting we get in
these spectra match exactly to those of two distinct branches present in the RSES

of ¢3.

spectra corresponding to the LL configuration in which all three partons have the same
LL occupation but one parton has a quasihole in LL1 (see Table 6.2). We get the second
branch in configurations where NﬁLL = Nﬁf’L + 1 and Nﬁm = Nﬁf’l — 1 and the quasihole
is in one of the latter (indexed by 2, 3) partons.
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(10,10)3
(11,9)3 1,2,6,14,32,66
(11,10)3

(11,9) x (10,10)?

(12,8) x (11,9)? 1,3,9,21,48,99

(12,9) x (11,10)?
(10,10 + q) x (10,10)?

(11,9 + ) x (11,9)? 1,3,9,22,51,108
(11,10 + q) x (11,10)?
(11,9) x (10,10) x
(10,10 +q) 1,4,11,28,63,134

(12,8) x (11,9) x (11,9+¢)

(12,9) x (11,10) x
(11,10 + q)

Table 6.2: Different LL configurations for parton state ¢3 given by (NﬁLL, NﬁLl) X
(NAp s NELy) % (NP, Nfpp) along with counting corresponding to the dominant
spectra of its overlap matrix O. (N{;;,N{ | + q) represents the LL occupation
sector where a quasihole is added to LL1 of the ith parton.
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6.3 Conclusion

In this chapter, we have studied the RSES of a variety of unprojected parton states given
by ¢32, ¢3, and qﬁ% for bipartitions of systems with as many as 80 particles. The RSES
of qﬁ% and gZ)g’ was also computed when the parton states had quasihole excitations in the
bulk. We found that counting present in RSES for the unprojected parton wave function
of the form ¢* has a one-to-one mapping with the counting of states in the su(n); x u(1)
edge current algebra. RSES counting that matches with different representations of the
algebra could be realized by considering sectors of the reduced density matrix with odd
and even numbers of particles or by insertion of a quasihole.

We also studied RSES of LLL-projected [¢2¢2]? state with an approximate projection
scheme. We found that the RSES for this state has an identical structure as that of
unprojected ¢3 which suggests that both states are topologically equivalent (up to Abelian
anyons). Multiplication with ¢? and LLL-projection does not change the topological class
of a parton state (to be precise, multiplication by #? does not change the chiral central
charge but does alter other topological quantities like the shift and the charges of the
quasiparticles but these can be readily accounted for).

Finally, we computed the spectra of the overlap matrices corresponding to the edge ex-
citations of the parton states while restricting the number of particles in parton Landau
levels. The calculations indicate that the different branches seen in the RSES can be asso-
ciated with different Landau level occupancies of the partons. However, a more thorough
study is needed to consider a wider range of Landau-level occupancies to see how they are
embedded in the RSES. A careful study of the overlaps between the fixed Landau level
occupancy edge state space and the eigenspace of states formed by the individual branches
in the RSES can provide a more concrete demonstration of the connection between the
Landau level occupancies and the branches. The qualitative similarity in the branch struc-
ture of the RSES to the ones previously studied [81] for the Jain sequence states motivates
the question of whether these entanglement spectra as well can be associated with a local

entanglement Hamiltonian.
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Chapter 7

RSES of projected FQH states
using Monte Carlo

In the previous chapter, we saw that entanglement spectrum of the unprojected CF state
and parton states [39] can be efficiently obtained using Monte Carlo methods [65, 97].
The bottleneck in extending the same technique to the projected CF states (which are
energetically more favorable) is the difficulty in implementing the LLL projection. In a
large number of studies involving energetics of the CF states, an approximate method
introduced by Jain and Kamilla (JK) to perform lowest Landau level (LLL) projection
has been found to provide computationally efficient and reliable results [98, 99, 100].
Combining the JK projection with the MC methods for RSES evaluation involves further
approximations but this can be used for calculations in systems upto hundred particles [65,
81, 97]. Testing the approximations require comparison with computationally expensive
but exact RSES calculated using alternate methods. This is the goal of the chapter.

We identify cases where alternate exact methods can be employed to calculate RSES in
relatively large systems. For the fermionic Jain 2/5th state, the Trugman-Kivelson (TK)
Hamiltonian [47] can be diagonalized to produce an exact expansion of the unprojected CF
state. RSES of the state can be obtained using a generalization of the method presented
by Chandran et al. in Ref. [101] We use this to show that the MC method indeed produces
practically exact results for the RSES.

Construction of exact Hamiltonians for the projected state is an open problem [88], so a
similar strategy cannot be employed to test the RSES for the projected state. Instead we
consider the case of the bosonic Jain 2/3rd state, where we employ exact projection in
a manner that allows us to exactly compute the low momentum entanglement spectrum
in systems as large as NV = 24. We find that as system size increases the results from
approximate projection employed in the MC method approach the exact RSES, at least

in the low momentum sectors.

We emphasize that the results presented in this chapter is not a comparison of the RSES

111



of the exact projected CF states (¢¥px) and the RSES of the JK projected CF states
(k). Since the two states are nearly identical to each other, we expect their RSES to be
nearly the same. Instead what we are testing is the effect of the approximate projection
used while implementing the MC method for RSES calculation. The approximation in the
latter is similar in spirit to the JK projection but is not the same. Secondly, the results
presented compare the approximate results from MC estimates of RSES with the RSES of
the ¥gx. The comparison is done with ¥rx rather than with ¥jx because, using methods
described in Sec. 7.2.2, RSES of ¥gx can be computed exactly at least for small systems.
Doing the same for vk is harder.

This chapter is structured as follows. We begin by presenting the numerical techniques
involved. We present, in Sec 7.1, a strategy for a numerically exact computation of the
RSES of the unprojected Jain 2/5th state obtained from exact diagonalization of the TK
Hamiltonian. We will later use this to demonstrate that the RSES using MC method is
practically exact for the unprojected state. In Sec. 7.2, we give a summary of the method
for computing RSES of variational states by expanding them in terms of entanglement
wavefunctions (EWFs). The details of the method, originally introduced in Ref. [65], can
be found in Refs. [81, 97]. Section 7.2.2 provides the details for using this method with
exactly projected Jain 2/3rd state of bosons. We could use this to obtain numerically exact
RSES in systems up to size 24. Section 7.2.5 details the approximations that are made to
perform LLL projection of the EWFs, which makes accessing large systems possible. All
numerical results benchmarking the methods are given in Sec. 7.3, and finally we conclude
with Sec. 5.4.

Notations: All calculations in the chapter are performed for systems in the spherical
geometry where the single particle Landau orbitals for a particle in the nth LL and with
angular momentum m are the monopole harmonics, [32, 33, 31] given by

- 2Q +n
Yonm = Nonm(—1 Q+n—m, Q—m, Q+m n 2(n—s)|,,|2s 71
anm = Namn (1)@ 32 (1) (o B2 et r)

where v and v are given by u = cos(#/2)e**/? and v = sin(6/2)e*/2 in terms of coordi-
nates 0 < 0§ < w and 0 < ¢ < 27 on the sphere, and ) quantifies the strength of monopole
which produces a radial magnetic field of flux 2Q) in units of flux quanta ¢y = hc/e. The

normalization factor is given by

(2Q +2n +1) (Q+n—m)!(Q+n+m)!>1/2 7

N, nm —
@ ( Ar n!(2Q +n)!
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7.1 RSES of state expanded in Slater determinant basis

In this section, we describe the method to calculate RSES for fermionic quantum Hall

states which are expressed as linear combinations

Y(ry, ) =Y eaMa(ry, .., r) (7.3)
X

where the basis states M are Slater determinants of single particle momentum orbitals.
The coefficients cy’s can, for instance, be from exact diagonalization. The basis states My
are parametrized by the ordered list of occupied single particle orbitals A = (A1, Aa...)

and can be expanded as

N
Ma(r,.. o, 7N) = \/%' > e ] onn (i) (7.4)
' 0ESN i=1

where ¢y, (7;)’s are the normalized single particle Landau orbitals \; = (n;, m;) specified
by the LL-index n; and the angular momentum m;, and Sy is the set of all permutations of
(1,2,...,N). In the spherical geometry, the single particle orbitals are given by monopole

harmonics given in Eq. (7.1).

We present a method which enables us to compute RSES for states with particles occupying
different LLs. For a real-space cut which respects the rotational symmetry of the system,
angular momentum states (projected onto either subsystem) remain orthogonal to each
other as long as they are in same LL. However states with same angular momentum but
different LLs have non-zero overlap due to restricted limits of integration within each
subsystem. The method presented below extends the one given in Ref. [101] which works
for states restricted to the LLL, by incorporating non-orthogonal momentum states.

In this chapter, we will use this method to compute the RSES of unprojected Jain 2/5-
state, which we get as the ground state (using ED) of Trugman-Kivelson Hamiltonian [47]
projected into the lowest 2 LLs treated as degenerate.

Figure 7.1: Azimuthally symmetric cut for the spherical geometry.

For any wavefunction ¥ (ry,...,ry) for N particles, the density matrix is given by

_ Y(ry,. ., rN)Y(r, . Tly)
JIL Pri[(r, . rn) 2

113

p(rlla'wT/N;rla‘-arN) (75)



7.1. RSES OF STATE EXPANDED IN SLATER DETERMINANT BASIS

We partition the system into two subsystems A and B using an azimuthally symmetric
cut (Fig. 7.1) and consider the sector where region A contains N4 particles (and B has
Np = N — N4 particles). We use the following shorthands for collections of particle
coordinates R = (r1,...,rn), Ra = (r1,...,rn,) and R = ("N, 41,---,TN)-

The reduced density matrix for subsystem A is then given by

JpdRp p(RA, Rp; R, Rp)

R.R
pa(Rai Ra) = JadRA [z dRE p(RA, Rp; Ra, Rp)
1 N
_ ( > / ARy p(Ra, Ry Ry, Rp) (7.6)
p Na/) /B

where py, is the probability that subsystem A contains exactly N4 particles. Using
Egs. (7.3) and (7.4), we can rewrite the Eq. (7.6) as

s )

To simplify further, we will use the following property

NAINg!
:\/# > Mu(RA)M,(Rp). (7.8)
(i)

Here the Slater determinant of NV particles is expanded as anti-symmetrization of products

Z C)\C}\// dRBﬂ)‘MX (77)

A\

PNa

of Slater determinants corresponding to ordered set of orbitals g (of size N4) and v
(of size Np) such that the ordered combination of two is equal to A (this constraint is
represented by (u;v) = X). The sign corresponding to the permutation o, which makes
(Ao(1)s -+ s Aa(N)) = (H15- -+ UN4» UNA+1, - - - VN) 18 given by €, = €(o). This allows us
to rewrite py, as

pNa(Ra, Ra) = QuuMu(Ra) My (R) (7.9)

pou

where

Quu = pNA,,Z,; /dRB]-‘”(RB)]-"“ (Rp)

f#(RB) = Ep,uc(u;u)MV(RB) (7.10)

This integral contains the overlaps between the angular momentum states which are re-
stricted in B subsystem. As mentioned before, overlap between single particle momentum
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orbitals in subsystem B is non-zero only when they have same angular momentum. Hence,
only those ordered sets v, v’ contribute in the sum in Eq. (7.1) which have identical set of
angular momentum quantum numbers. Note that the LL-indices need not be the same.
The matrix @ in Eq. (7.10) can be numerically computed by summing over such ordered

sets v and v/'.

A

The reduced density matrix py, is block-diagonal in angular momentum. Its L{-sectors,
represented as py, 4 1s
pnaa(Ba Ra) = Mu(Ra)Quuw My (Ry). (7.11)

B

where we the restricted sum is over ordered sets u, p’ of size N4 which have the correct to-
tal angular momentum i.e. L,(pu) = L,(u') = L2. As the Slater determinant states M s
span the entire Hilbert space of A-subsystem, any eigenvector x of pn, with eigenvalue k

can be written as following linear combination
X(Ra) = auM,(Ra) (7.12)
"

where the basis M s are generally not orthogonal if they contain states from higher LLs

(n > 1). Using the eigenvalue equation, given by

/A AR p, (R, Ry)x(Roa) =hx(R)) (7.13)

and Eq. (7.12), it can be shown that a matrix M can be constructed such that it has
same set of non-zero eigenvalues as that of py,, where M = QP where () is defined in
Eq. (7.10) and P is given by

Py = /AdRA Mu(Rs)M,y(Ra) (7.14)

which is the overlap matrix (inside A) for EWFs, which can be computed using accurate

numerical integration.

The method allows exact computation of RSES for ED eigenstates of various parent QH
Hamiltonians where particles are allowed to occupy different LLs [31, 47, 54, 97]. Expo-
nential growth of dimension restricts the usage of this method to only smaller systems
(N < 10). Nonetheless, having exact RSES at disposal allows us to benchmark the MC
method. In the next section, we discuss an efficient RSES computation method based on
the Monte Carlo technique.
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7.2 RSES using Entanglement Wavefunctions

Many FQH phases are described by wavefucntions which have a product-of-Slater-determinants
form, for instance, the Jain CF states [39] and the partonic QH states [41]. An efficient al-
gorithm for RSES computation has already been studied for such QH states, using Monte
Carlo method in Ref. [65]. In this section we present a brief overview of the method for
unprojected CF states first followed by description of strategies to deal with projected
states.

7.2.1 RSES of unprojected CF states

The unprojected CF state for N-particles at filling fraction v = n/(np + 1) has the form

Uty (B) = [@1(R)]” @,(R) (7.15)
where ®,, is a Slater determinant state where IV particles completely fill n LLs. As before,
we assume a rotationally symmetric cut in real space which restricts N4 particles in region
A and Ngp = N — Ny4 in the B region. Using Eq. (7.8), one can rewrite the state as

Uil ) (R) = anti Y s (ji: ) € (RS (Rp) (7.16)
G0

where i and U are collections of p + 1 ordered sets of orbitals i = (p,l, ey My ,u*) and
U = (vi,...,vp,v"). Here p; and v; (for each ¢ = 1,...,p) are disjoint ordered sets
of orbitals, of length N4 and Np respectively, containing single particle orbitals from the
Slater determinant ®;. Similarly, u* and v* are disjoint ordered sets of lengths N4 and Np
made of occupied single-particle orbitals from ®,,. Integer valued combinatorical factors
s(pi; V) arise from considering the signs in Eq. 7.8. The entanglement wavefunctions

(EWFs) fg and ¢& are defined as
§i(Ra) =

¢8(Rp) =MZ.(Rp) (7.17)

fl
{1

where Mﬁ and MB are the Slater determinants where the set of orbitals p and v are
occupied by the particles in A and B.

The reduced density matrix of A is block diagonal with each block characterized by
(N4, Np) values. Calculation of a specific block

PN = TrBPNANG Uy i 1)) ) (1) PN AN (7.18)
involves projecting the state into a sector where first N4 particles are inside A subsystem
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and Np are in B. The operator Py, v, represents this projection. The projected state is

PNaNe Uiy (B) = Y 8 (8 9) €5 (Ra)ES (R) (7.19)

ﬁ'yl_;

Using Eq. (7.17), Eq. (7.19) and Eq. (7.18) one can write the reduced density matrix for
subsystem A with N4 as

vy = Y (s D)s(i's )

) (el (7.20)

&) (&

It can be shown that the non-zero eigenvalues of py, is same as that of a matrix M given
by
= B\e(it- ) (£A] ¢A
Mg s =Y s(d;B)s(fi; ¥) (£5] €ﬁ> <£§‘ ¢8) (7.21)

Note that the overlaps of EWFs appearing here are computed inside their respective
subsystems A and B. We can find eigenvalues of an L4 sector of py -, by using only those
EWFs which have angular momentum equal to L%, in Eq. (7.20). For every Ny, there is a
smallest possible relative momentum Lﬁ) for the N4 particles inside A. In the remaining

text, L2 will represent the angular momentum of an EWF ¢4 relative to L4,.

For small systems, these overlap matrices can be computed exactly for both unprojected
and projected CF states. For large systems, Monte Carlo methods are used to compute
RSES for unprojected states.

In following two sections, we describe RSES computation for the cases of exact projection,
and approximate projection using Monte Carlo methods, respectively.

7.2.2 RSES for Exactly Projected CF states

The methods described in Sec. 7.2 can be used to calculate the RSES of the projected CF

states as well:
ey (B) = anti > s (ji; ) [Procés (Ra)][Pronés (Rp)) (7.22)
.0

which imply that the only change needed is that EWF's in Eq. 7.17 should now be projected
to the LLL:
P Mp=(R) [Mu(R)” (7.23)

where Pr 11 represents the LLL projection. Note that the results so far are exact. The
exact RSES can be calculated if the LLL projection can be implemented exactly and if
the matrix M (Eq. 7.21) is exactly computed.

In the above expression, the ordered set pu* may contain orbitals from higher LLs whereas
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o contains orbitals in the LLL only. Exact LLL projection is implemented by elevating
the Slater determinant M, to an operator M w+ which acts on [M,]P. The operator
M u* 1s constructed by replacing each single particle orbitals ¢+ in the determinant Mj,
with an operator ¢+ [4] that acts on LLL single particle orbitals as defined below. In the
spherical geometry, where the single particle orbitals are Ygnm (Eq. (7.1)), the operator
that replaces this, acts on a LLL state Yo, as

7

Qnm

= NQQ/ b YQnm (ﬂ — Oy, U — 8v) b (7.24)

where :: Y :: represents a normal ordering where all # and v are moved to extreme right

before replacing them with the corresponding derivatives. The coefficient Ny is given

2(Q+Q")+1
bY 2@+t

It is computationally difficult to evaluate the projected state for large enough systems
to perform the comparisons that we intend to do. Hence, we will consider the simplest
non-trivial case namely that of n = 2,p = 1 which corresponds to a bosonic Jain state at
filling fraction 2/3. The EWFs (Eq. (7.17)) for this state can be written as

&i(Ra) =M. (RA)M, (Ra)

&8 (Rp) =M. (Rp) M, (Rp) (7.25)

v

where the ordered sets pu* and g, are N 4-sized subsets of orbitals in dy and D, respectively.
Similarly, v* and v, are Np-sized complements of subsets pu* and p, respectively. The
action of the operators éu;k (ri) a LLL state ¢, ;(r;), shown in Eq. (7.24), can be written
as

7 —_ v _
QZ)MI ¢M1,i = YQnimq;YQ’Om; -
= F(Qv Ql7 Mg, My, mi)YQ+Q/707mi+m; = F(M;k’ lu’l,i)(b%' (726)

where the coefficient F'(uu}, pu1 ;) for spherical geometry is given in Sec. 7.2.3. The projected
EWFs can be conveniently expanded in terms of symmetric many particle states given by

Na

- 1 R

Mé(RA)Mé(RA) =N Z (—1)"€ H Pap (Ti)Ppg ., (T0)
A pgesw, i—1

Na
H F(a(P);, &‘)] sym (%(P)l(m) o Dy(P)y, ("'NA))
=1

= > P

A PESNA

(7.27)

where ¢ (p), represents the state obtained from Qg@lP(i)qbﬁi as shown in Eq. (7.2.2). The
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symmetrization is defined as

sym (ox (1) -6, () = 3 [[onlrre) (7.28)

PESNA 7

We can expand all EWFs as linear combinations of orthogonal symmetrized basis states
using Eq. (7.27). Using these, we can exactly compute matrix M (Eq. (7.21)), without
using Monte Carlo methods as we obtain the EWF's as an expansion in orthogonal states.

Eigenvalues of M give the numerically exact RSES for the LLL projected /3.

Exact projection can be performed on EWFs with N4 p ~ 12 allowing calculation of exact
RSES of the projected 2/3 state in systems of sizes upto N = Ny + Np ~ 24 particles. We
will now discuss possible approximations to the LLL projection of the EWFs which can
be used instead of the exact projection. We will first discuss the Jain Kamila projection
for the 2/3rd state to motivate the approximations used.

7.2.3 Coefficients for exact projection of 2/3 state on sphere

We saw in Sec. 7.2.2, computing the exact projection of bosonic 2/3 CF state requires
calculation of coefficients F'(«, ) arising when performing LLL projection on product of
single particle orbitals:

Poa(r)ds(r) = F(a, B)p,(r) (7.29)

Here ¢3 and ¢, are LLL orbitals whereas ¢, might occupy any arbitrary LL. For spherical
geometry, Landau orbitals are represented by monopole harmonics Yy p, m (u, v) [32, 33, 31].
On the sphere, LHS of Eq. (7.29) can be written as

PYQ,mm(u, U)YQ/707m/ (u, ’U) = }A/Q’n’m (U, U)YQ/707m/(u, U) (7.30)

where the operator YQ7n7m(u, v) is defined in Eq. (7.24). Explicit expansion of the above
expression produces a LLL orbital upto a proportionality constant:

}A/Q,n,m (’LL, U)YQ’,O,m’ (’LL, ’U) = F(Q7 Q/> n,m, m/)YQ-FQ’,O,m-i-m' (’LL, /U) (731)

where the coefficients F(«, 3) = F(Q,Q’',n,m,m’) are defined as

/ /
F(Q,Q",n,m,m') =
LLL NLLL
NQam NQ’,m/ _ O
NLLL n=
Q+Q’ m+m/

, nmNEFE,
_2Q+Q)+1) NenmNGH, (( 2041 ) (Q' —m') — (29H )(Q’+m’)) n=1

/ ! LLL — —
@e+Q)+2)! NSLE, o \NQ-mA+2 Q+1l-m

where normalization Ng ,n, is defined in Eq. (7.1) and normalization for state in LLL,

Né%, is given as

20Q
NELL — N, 7.32
,m Q,O,m X <Q + m> ( )

119



7.2. RSES USING ENTANGLEMENT WAVEFUNCTIONS

7.2.4 Jain-Kamilla projection

The LLL projected 2/3 state can be evaluated in an approximate way as 7 731/)2 The
LLL projected Jain state at filling fraction 2/5 can be evaluated, again in an approxnnate
way, using Jain Kamilla (JK) projection [99]. The latter is computationally efficient and
has been found to work well in variational studies [4]. The LLL projected EWFs can be
approximated in a similar manner. We give a short summary of the JK projection for the
2/5 state first.

The CF state at filling fraction 2/5 is given by
P ®y(R) [@1(R)]* = ®2(R)[®1(R))? (7.33)

which can be evaluated exactly by elevating the first factor to an operator as described
Sec. 7.2.2 but evaluating this explicitly is computationally expensive.

In the discussion below, we will only assume that @, is a Slater determinant where particles
occupy at most two Landau levels but not necessarily fully. ®; corresponds to LLL fully
occupied by N particles. [®1(R)]? appearing in the wavefunction above can be rewritten
as

N
R =c]] 7 (7.34)

where J; = H,]g;él (ujvg, — ugv;) and c is some constant. With this, the unprojected CF
state can be rewritten as

Uy (R) =@3(R) [91(R)]® = cDet [Y, HJZ,

where {Y;(£2;)} represents the single particle orbitals in the Slater determinant ®3. The
JK projection approximates the projection of this determinant as follows

PDet [Y;(;)J;] ~ Det [PY;(Q;)J;] = Det [Yi(Qj)Jj} (7.36)

where Y;’s are the operators defined in Eq. (7.24). This can be simplified further by
defining Y as
LY = Yi(Q))J;. (7.37)

For the case, where ®9 contains at most two lowest LLs (sufficient for our discussion),
Y; can be shown to have the same form as Eq. (7.24), but with the derivatives 9, 9, in
Yi(9;) replaced as follows:

a“J - Z
UiV — v]uk
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By, — Z o (7.38)

k — v]uk

In summary, putting Eq. 7.37 and Eq. 7.36 together, the projected state can be approxi-
mated as
By [@1(R)]” ~ [@1(R)]* Det | V()| (7.39)

7.2.5 Approximate projection for Monte Carlo method

The JK approximation relied on the possibility of writing the Jastrow Slater determinant
®; as a product of J; (Eq. 7.34). The Slater determinants MM,M appearing in the
EWFs (Eq. 7.25) do not have the same form as ®;. We discuss an approximation similar

in spirit to the JK projection but which applies to the EWFs.
The EWFs occuring in the case of the RSES calculations of the projected 2/3rd state
(Eq. (7.25)) can be written as

N = PMAMS = MAMS. (7.40)
The state ./\/l,gl is a Slater determinant of LLL orbitals:

Ny
M = cx anti[] J(ud ™ 0f ™) (7.41)

7 %
i=1

where ¢ is a constant, ¢ = (N — 1)/2, m; are the angular momenta of the single particle
orbitals occupied inside Mg. Factorizing out [], u?q, defining z = u/v, and using the

definition of Schur polynomial we get
lg—cx H zi — zj) x s({zi}) xHqu (7.42)
1<j=1

where s is some Schur polynomial determined by 3 and which has a small degree A ~ L‘Z4
relative to V4. Rewriting z in terms of u,v we get

Ny
N—Nag—A
Mg =t (5 [[w' (7.43)
=1
where
Nag Ny
(I)A = H H (uivj — ujv,;). (7.44)
i=1j=i+1

The function f is a polynomial in u, v of degree A.

We can approximate the projected state, just as we did in the case of JK projection for
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2/3 state:
Na

1 —~
A ArdA A N—-Ny—A
£~ aMa[q)l ]2f5 H“z 4 (7.45)

1 i=1
Since f has a small degree relative to other factors, we can ignore the action of the
derivatives inside M4 on f.

Decomposing [d)f]Q just as in the case of JK projection in terms of products of J; =
Hg:"l k#(uivk — ugv;), we can make approximations similar to that in Eq. (7.36). The

result is that we can replace the derivatives in M\é with the following

N—NA VE
O Ay
Uj k;éj UV — VUL

Oy, >y ————— (7.46)

UV — Vs uk
ki !

which is a modification of the prescription given in Eq. 7.38.

Similar approximations when made on ¢7 result in the following prescription

Ou; — Z W

N - N -
Bpy — L & > S (7.47)
(] Py UV — VUL

E— vjuk

In the above expressions, we have approximated N — A ~ N. The additional factors
appearing in the above prescription relative to the JK case (Eq. (7.38)) are associated
with the fact that €4 and ¢P have particles occupying only one hemisphere. The large
multiplicative factors of [ [, u; and [[; v; in ¢4 and €8 ensure that the net wavefunction is

still in the LLL Hilbert space, in spite of the reciprocal terms 1/u; and 1/v;.

The sequence of approximations made here is in spirit similar to the JK projection which do
produce reliable results in variational studies in the context of energetics. Nevertheless, the
approximations here go beyond JK projection and are being used in the context of RSES.
Approximate projections can generate spurious effects such as destroy linear dependencies
of trial functions, [102] which could in general change the counting of RSES. Therefore
these calculations based on such approximations need quantitative comparisons with exact
answers, which we do in the following section.

We consider other related, plausible approximations as well as results of the RSES calcu-
lated using them in Sec. 7.3.4. These produce results that show less agreement with the
exact RSES. One of these is methods is to define the projected EWFs by simply replacing
the derivatives using Eq. 7.38. Note that when this is plugged into the right handside of
EWF expansion (Eq. 7.25), this is not yield the JK projected CF state.
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7.3 Numerical Results

In this section we present the numerical results comparing the RSES computed using
different methods. To help keep track of which methods are being compared, we list them
here

1. For RSES of the unprojected state obtained by using the Slater determinant expan-
sion of the ground state of the TK Hamiltonian (Sec. 7.1), we use the name “unproj
ED” in the figures.

2. For RSES of the projected state obtained by using the Slater determinant expansion
of the LLL projected ground state of the TK Hamiltonian (Sec. 7.1), we use the
name “proj ED” in the figures.

3. For RSES of the unprojected state obtained by using Monte Carlo integrations of
the unprojected EWFs (Sec. 7.2.1), we use the name “unproj EWF MC ” in the
figures.

4. For RSES of the projected state obtained by using exact projection of the EWFs as
described in Sec. 7.2.2, we use the name “exact proj EWF” in the figures.

5. For RSES of the projected state obtained by using approximate projection (Sec.
7.2.5), we use the name “approx proj EWF MC” in the figures.

7.3.1 Exact results using EWFs method

In this section, we demonstrate that methods using EWF's indeed produce exact results.
This is expected as there were no approximations made in the scheme.

Figure 7.2 shows the RSES for unprojected (left panel) and projected (right panel) 2/5
CF state with V. = 8 and N4 = 4. The RSES is computed using two methods. We use the
method described in Sec. 7.1 to compute the exact RSES of the ground state of the TK
Hamiltonian obtained from ED. The second method uses MC integrations as described
in Sec. 7.2. As shown in the left panel, both methods produce exactly identical RSES.
Note that the Monte Carlo method introduces an overall vertical shift in the RSES. We
fix the shift by aligning both RSES such that lowest eigenvalue in the L4 = 0 sector is
equal to zero. The MC method costs a tiny fraction of the computational time and can
be extended to 100s of particles (even at this large system size, the bottleneck is not the

computational time but the numerical precision of the wavefunction evaluations).

In the right panel of Fig. 7.2, we present the RSES for the projected 2/5 state. Exact
results are obtained by using the method in Sec. 7.1 on the LLL projection of the ground
state of the TK Hamiltonian. Secondly, we compute the RSES by exactly projecting
the EWFs for the 2/5 CF state, as described in Sec. 7.2.2. As shown in the Fig. 7.2,
since projection of the EWFs can be performed exactly, the second method produces
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Figure 7.2: RSES for the unprojected (left panel) and projected (right panel) 2/5
CF state, for N = 8 and Ny = 4. The left panel compares the RSES computed
using methods in Sec. 7.1 which uses ED ground state of TK Hamiltonian (brown)
and the Monte Carlo from Sec. 7.2.1 (green), in given LZ-sectors. For small L%
values, both methods produce identical RSES (modulo an overall shift). In the right
panel, we compare the RSES of the exact projected 2/5 CF state computed using
method in Sec. 7.2.2 (red) with that of projected ground state of TK Hamiltonain,
which uses method given in Sec. 7.1 (yellow) for N = 8 and N4 = 4, in given L4-
sectors. Both methods produce identical RSES. All RSES are shifted so that the
least entanglement energy at L4 is equal to zero.

exact results. Since computation of exact projection is feasible only for small number of
particles, the methods work for small systems only.

7.3.2 Effect of projection on RSES

Here we compare the RSES of the projected and unprojected CF states in small systems,
where we can obtain results exactly without any artifact from approximate projections.
Calculation of exactly projected 2/5 CF state is not feasible for larger systems. However,
exact projection can be extended to larger systems (N ~ 24) for the case of 2/3 CF
state. We compare the RSES of the unprojected and (exact) projected CF state at 2/3
in Fig. 7.3. For the unprojected case we use a Monte Carlo method (which, as mentioned
earlier, is practically exact) whereas exact RSES for the projected state is computed using
the methods in Sec. 7.2.2. RSES pattern is different for even and odd values of N4 and
we present the two largest system sizes for each.

We see the RSES for the projected state shows the same counting as that of the unprojected
state, though the RSES of the projected states show larger spread in the eigenvalues
compared to that of the unprojected states. The numbers above the panels show the
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Figure 7.3: RSES for the unprojected (green) and exactly projected (red) bosonic 2/3
CF state. RSES for unprojected case is computed using Monte Carlo method from
Sec. 7.2 whereas for exactly projected case, we use method presented in Sec. 7.2.2.
RSES are shifted to make the mean entanglement energy equal to zero in L% = 0
sector. (a) and (c) show the RSES for even Ny values, given by N = 20, Ny = 10
and N = 24, N4 = 12 respectively whereas (b) and (d) show the same for odd N4
values, given by N =18, N4 =9 and N = 22, Ny = 11 respectively. The numbers
above the top axis of panel (a) and (b) represent the dimension of EWF's in each L}-
sector for even and odd value of N4, given the system is sufficiently large. Projected
states have larger spread in the RSES for each L% sectors compared to RSES of
unprojected state but the counting remains the same.

number of EWFs in each Lf sector. The number of entanglement eigenvalues are smaller
than that of the EWFs due to linear dependencies between them. The projection does
not add further linear dependencies resulting in the same counting in both cases.

7.3.3 RSES from approximate projection of EWFs

In this section, we compare the exact RSES and the RSES obtained by approximating
the LLL projection of the EWFs. As mentioned in the introduction, the comparison is
not between RSES of exact projected CF state and RSES of the JK projected CF state -
these two are likely to very similar to each other. The comparison is being made between
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the exact RSES and the RSES obtained after approximately projecting the EWFs.

Figure 7.4 shows the central result of this chapter comparing the RSES of exactly projected
(Sec. 7.2.2) and approximately projected (Sec. 7.2.5) 2/3 CF state for small systems. To
make the comparison easier, all RSES are shifted vertically to make mean entanglement
energy in Lf = 0 sector equal to zero.
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Figure 7.4: RSES for exactly projected (red) and approximately projected (blue)
bosonic 2/3 CF state. RSES for the exactly projected state is compute using method
in Sec. 7.2.2 and method in Sec. 7.2.5 is used for approximately projected state. Since
even and odd N4 have different RSES pattern, we compare them separately. RSES in
all LZA—sectors are shifted such that the mean entanglement energy at L? = 0 is equal
to zero. Panel (a) and (¢) show RSES comparison for system sizes N = 20, N4 = 10
and N = 24, Ny = 12 respectively. Panels (b) and (d) show similar comparisons for
system sizes N = 18, Ny =9 and N = 22, N4y = 11 respectively.

Panels (a)-(d) in Fig. 7.4 present a side-by-side comparison of RSES for approximately
projected and exactly projected 2/3 CF states for two largest systems where exact pro-
jection was feasible. Comparing the RSES for two different sizes, we see that the RSES
for approximately projected state is close. Similar results were obtained even for smaller
systems. Here too, the counting in different branches remain the same. It is noteworthy
that the approximate projection does not destroy linear dependencies; this can be inferred
from the identical counting in both cases.
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Figure 7.5: RSES for approximately projected (blue) and unprojected (green)
bosonic 2/3 CF for system sizes N = 90, Ng = 45 (left) and N = 100, Ny = 50
(right). The RSES are shifted to make the mean entanglement energy in L2 = 0
sector equal to zero. We see that, except for a larger spread, RSES for the projected
state is qualitatively identical to that of the unprojected state for large systems.

Finally, Fig. 7.5 shows the comparison between the unprojected and approximately pro-
jected 2/3 CF state for two large system sizes N = 90, N4 = 45 (left) and N =
100, N4 = 50 (right). Total number of EWFs in angular momentum-sectors given by L4 =
(0,1,2,3,4) for systems with even and odd N4 are (2, 6,20, 50,120) and (1,5, 15,40, 97) re-
spectively. Although the RSES for the projected state has a larger spread as was observed
in the case of smaller systems in Fig. 7.3, the branch structure is identical to that of the
unprojected state. Qualitatively, the RSES of QH state does not change after projection.

7.3.4 Other approximations for LLL projection

In this section, we present the results comparing RSES of bosonic Jain 2/3 state com-
puted using two different approximations for the LLL projection. First, we use the JK
method given in Sec. 7.2.4, where LLL projection is equivalent to following replacement

of derivatives

Ou; — Z o
By, — Z (7.48)

U4 k—vuk
k#j /

kE— Ujuk

in all operators ?Q’n,m, in Eq. (7.24). Fig. 7.6 shows the comparison of RSES generated
using this method with that of the exactly projected state. Both RSES are shifted to make
the mean entanglement energy in L2 = 0 sector equal to zero. Panel (a), (b) and (c) show
the trend of entanglement energies for the two methods with increasing system size, in
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given Lf—sectors. We see, with increasing system size, both RSES appear to converge
towards each other.
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Figure 7.6: RSES for exactly projected (red) and approximately projected (blue)
bosonic 2/3 CF state. RSES for the exactly projected state is compute using method
in Sec. 7.2.2 and method in Sec. 7.2.5 is used for approximately projected state. Since
even and odd N4 have different RSES pattern, we compare them separately. RSES in
all LA-sectors are shifted such that the mean entanglement energy at L2 = 0 is equal
to zero. Panel (a) shows the comparison of RSES for exactly and approximately
projected states in L? = 0 sector. We see a clear convergence in RSES with N4
here. Comparison in L7 = 0 sector is trivial for odd N4 values as there is only one
entanglement energy.

Panel (d) — (g) of Fig. 7.7 show RSES comparison for fixed system size, each one for
largest system sizes accessible for the exact projection. Compared to RSES (Fig. 7.4)
of the approximation given in Sec. 7.2.5, we see larger mismatch with RSES of exactly
projected state, which worsens in larger L{-sectors. It is also apparent that the mismatch

decreases with increasing system size.

For the second case, we approximate the projection of EWFs as

— 1 —~
¢ = PMGMf = MoMG ~ MSMQ[MQF (7.49)

This approximation leads to following replacement of derivatives, given by

N - N
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Figure 7.7: RSES for exactly projected (red) and approximately projected (blue)
bosonic 2/3 CF state. Panel (d) and (e) show RSES comparison for system sizes
N = 20, Ny = 10 and N = 24, Ny = 12 respectively. For same system size,
RSES for approximately projected state has more spread compared to RSES of the
exactly projected state. Panels (f) and (g) show similar comparisons for system sizes
N =18, Ny =9 and N = 22, Ny = 11 respectively.

for A-subsection and for £8, results in the following prescription
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Fig. 7.8 shows the similar comparison of resultant RSES with that of exactly projected Jain
2/3 state, for different system sizes. We notice that the RSES is significantly different than
that of exactly projected state, with no clear entanglement gaps even in small Lf—sectors.
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Figure 7.8: RSES for exactly projected (red) and approximately projected (blue)
bosonic 2/3 CF state. RSES for the exactly projected state is compute using method
in Sec. 7.2.2 and method in Sec. 7.2.5 is used for approximately projected state.
Panel (a) and (c) show RSES comparison for system sizes N = 20, Ny = 10 and
N = 24, Ny = 12 respectively. For same system size, RSES for approximately
projected state has no clear entanglement gaps and does not look similar to the
RSES of the exactly projected state. Panels (b) and (d) show similar comparisons
for system sizes N = 18, Ny =9 and N = 22, N4 = 11 respectively.
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7.4 Conclusion

In this chapter, we carefully analyzed the Monte Carlo methods for RSES calculations.
MC methods are useful to explore RSES of variational states in FQHE as they can be
used to study much larger systems (upto 100 particles) than what is possible with any
of the other methods (~ 10 particles). However when studying LLL projected CF states
MC method needs adhoc approximations. This chapter attempts to address the question
of the quality of these approximations. We present alternate methods with which exact
RSES can be computed in small systems and we used them to benchmark the MC results.

The MC method proceeds by working with EWFs which are those states in individual
subsystems which ‘entangle’ with the states in the complementary subsystem. These
EWFs are far fewer in number when compared to the full dimension of the individual
subsystems [102, 89, 65]. In case of Jain CF states and parton states [39, 41], EWFs can
be explicitly written down due to the specific structure of these functions. MC method
uses the fact that the density matrix can be compactly expressed in a basis of made of the
EWFs. In particular the eigenvalues of the density matrix is determined by the overlap
matrix of the EWFs.

Firstly, by comparing with the exact RSES of the unprojected Jain 2/5th state, we have
shown that the MC method, using a fraction of a computational cost, produces practically
exact results. Although this is expected, a quantitave verification is appealing. Compari-
son could be performed only in small systems, however we believe that the exact agreement

extends to large systems as well.

Progress can be made in the case of the RSES of projected states provided that suitable
approximation schemes can be devised. The EWFs have a structure different from the
Jain states. It is not obvious that the naive application of the JK projection which works
well in the Jain states would work for the EWFs. We present an approximation scheme
for the EWF's that is in the spirit of the JK projection. In quantitative comparisons with
the exact RSES of finite systems, the approximate method we presented works better than
the one obtained by a naive application of the JK projection (see Sec. 7.3.4).

The approximate projection allows MC methods to be used in systems as large as 100
particles. We find that the RSES of the projected 2/3rd state is very close to that of
the unprojected state. Independent of the quality of the approximations used for the
projection, we find that the counting of the RSES states remain robust. These suggest
that all these methods produce close to the correct projected state. Improved estimates
of the RSES neverthelss can help in quantitative analysis of the scaling properties of the
RSES.
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Chapter 8

Conclusion

Several characteristic features of FQHE in the LLL cane be understood in terms of CF
theory. In the first part of the thesis, we attempt to analyze a simplified model that
abstracts some key features of the CF wavefunctions. Second part of the thesis deal with
the study of RSES of parton states which generalizes the CF states.

The inverse problem of finding a parent Hamiltonian for LLL projected CF states has been
a challenging one. Our attempt at solving this problem lead us to the model interaction
presented in Ref. [103]. The model produces eigenstates that are very similar to CF state
but are actually distinct from them. More precisely, a strong short-range interaction is
presented for electrons in a magnetic field [103]. We write the model interaction in terms of
pseudopotentials, where the energy of a pair of particles depends on their relative angular
momentum. On the disk geometry, we can write the exact eigenstates for the QPs, QHs,
and neutral excitations, in addition to the incompressible FQH state at the Jain sequence

of filling fraction.

We extend the interaction to spherical geometry where the numerics are convenient. We
show that the low-energy spectra of model interaction for a spherical system at Jain
sequence of filling fractions i.e. ¥ =n/(2np+ 1) is identical to the spectra of IQH system
at v* = n. This correspondence is accurate, not only for incompressible states but their
charged and neutral excitations as well. Although the interaction requires rotational
symmetry, we argue that, since the model interaction is short-ranged, boundary conditions
in the torus and cylinder should not affect the local physics. This argument led us to extend
the model interaction to torus and cylinder geometries [104]. The complication of writing
matrix elements of the model interaction in torus and cylinder basis is solved using the
Fourier transform of the interaction on the disk. In both torus and cylinder geometries, the
low-energy spectra of the model interaction show a correspondence to the IQHE spectra
similar to what could be shown in the case of spherical geometry. In the torus case,
however, the spectra of model interaction for the system at filling v = n/(2np + 1) shows
the characteristic (2np + 1)-fold degeneracy, which is related to the topology of a torus.
Thus, the model interaction describes FQHE at the Jain sequence of filling fractions across
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many system geometries.

One key feature of this model interaction is that it is exactly solvable in the disk and
cylinder geometry [103]. Ansatz eigenfunctions written for disk can be directly generalized
to the cylinder geometry. However, similar generalization does not work for compact
geometry like a sphere and torus, the reasons for which are explained below.

Although the eigenfunctions of the model interaction were inspired by CF wavefunctions
and most of their properties, like fractional charge and statistics of charged excitations,
are identical, the two are qualitatively different. In exact eigenfunctions, the IQH state
is prepared in the actual magnetic field B, and the Jastrow factor is modified such that
guiding-center coordinates replace the position coordinates. The modified Jastrow factor
increases the relative angular momentum of each pair of particles by 2p without changing
their LL indices. The key difference is that the modified Jastrow factor increases the area
of the IQH Hall droplet instead of increasing the magnetic field. The resultant increment
in the flux quanta changes the filling fraction from v* to v. The increment in the area
might explain why the ansatz wavefunction in the disk does not generalize to the sphere

and torus geometry.

Unlike planar geometries, the concept of a guiding center is not well-defined on a sphere.
Instead, the sphere has two mutually commuting SU(2) algebras [59]. The first operator,
called guiding-center momentum L, forms ladder operators for angular momentum while
preserving the LL of the eigenstate. On the other hand, ladder operators associated to the
second operator, called cyclotron momentum S, change the flux quantum number as well
as LL index of the eigenstate. In order to generalize the disk eigenfunction on sphere, we
need to construct a Jastrow factor which increments the area of IQH Hall droplet without
scattering particles in LLs. In sphere, increase in size is equivalent to increment in the flux
which, as we saw, is always accompanied by a change in the LL index. This prohibits the
direct generalization of disk ansatz to spherical geometry. In torus, just like the sphere,
the direct generalization fails. This is because the resultant eigenfunction breaks boundary
conditions. However, we could still construct eigenstates for a few QPs of 1/3 in spherical
and torus geometry using simplifications in the disk ansatz [104].

Rotational symmetry can also be broken using mass anisotropy [69, 70]. Studying the
extension of model interaction, including such mass anisotropy, will be interesting. In
its current form, the model interaction describes FQHE at the Jain sequence of filling
fraction, which only hosts Abelian excitations. Naturally, possible extensions to the model
interaction which captures the physics of FQHE at non-Abelian states and parton states
make an exciting study [74]. This has been achieved for the specific case of Pfaffian and

its excitations.

In the second half of this thesis, we study properties of a generalization of the CF states
called parton states [97]. In particular, we investigate these states’ entanglement spec-
trum (ES), quantifying the entanglement between various system parts. Additionally, it
was argued in Ref. [63] that the ES of quantum Hall wavefunctions has a one-to-one cor-
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respondence with its edge spectra. In this thesis, we develop and generalize the Monte
Carlo technique introduced in Ref. [65, 81] to calculate the real-space entanglement spec-
tra (RSES). Direct calculation of entanglement spectra is numerically intensive, and we
can study only small systems (~ 24 particles). In addition, entanglement spectra are
sensitive to finite-size effects, so methods that allow the study of larger systems are de-
sired. We use the Monte Carlo method to calculate the RSES of simple non-Abelian
parton states, namely unprojected ®3, ®3 and <I>§ with a system as large as ~ 100 parti-
cles. Ref. [83] argues that the edge-spectra of parton state <I>f; is described by the highest
weight representation of su(n)x x u(1) affine Lie algebra. Since RSES and edge-spectra of
FQH states have a one-to-one correspondence, we present a non-trivial demonstration of
this correspondence by comparing the RSES of parton state ®* with the highest weight
representations of su(n)y affine Lie algebra.

To verify that the RSES computed using the MC method is indeed correct, we compare it
to the RSES of the direct but inefficient method for the unprojected and projected 2/5 CF
state [105]. Where the direct way takes hours or even days with hundreds of processors
for small systems (~ 20 particles) [101], the efficient method not only produces the correct
RSES for similar system sizes in a few minutes on a processor but much larger systems
with ~ 100 particles can also be studied (for the unprojected case). Unfortunately, oper-
ation of exact projection becomes exponentially cumbersome with an increasing number
of particles in higher LLs i.e., n > 0, which limits the application of the efficient MC
method for projected FQH states. Based on a technique given by Jain-Kamilla for LLL
projection [98, 99], we devise an approximate projection prescription that enables efficient
RSES computation of projected CF state for much larger systems (~ 100 particles). By
comparing the RSES of exactly and approximately projected 2/3 CF state, we verify that
the approximate method indeed produces qualitatively similar RSES. Thus, the approx-
imation presented here opens up a way to study RSES of projected CF states for much

more extensive system sizes.

In our study of entanglement spectra, we have only included CF states corresponding to
filling fractions v = n/(2pn + 1) where n, p are positive integers. There are FQH states
with filling fractions v = n/(2pn — 1) where the composite fermions are in a reduced field
B* which is antiparallel to the actual physical field B. Edge theory of such FQH state
predicts the presence of backward-moving neutral modes [106, 107, 108], which are seen
experimentally as well [109]. Our approximation for LLL projection in the computation
of RSES is based on the Jain-Kamilla projection method, which only works for CF states
with filling fractions v = n/(2pn + 1). This projection method can be generalized for CF
states with v = n/(2pn — 1), which have a negative effective magnetic field [100]. Since
RSES of FQH states has a one-to-one correspondence with its edge spectra, RSES for
CF states with counter-propagating edge modes is expected to have interesting features.
Thus, extending the approximation discussed in Ref. [105] for such CF states would be
particularly interesting, when applied to reverse flux attached states. Our current attempt
at doing this was made difficult by the poor efficiency of MC.
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Lastly, a word on the computational tool that was invaluable in our work. Most of the
exciting results in the study of model interaction would only be possible with the usage of
massively parallelized exact diagonalization routines available in PETSc [110] and SLEPc
libraries [111]. PETSc is a toolkit that collects classes and data structures for scalable
scientific problems like finding eigenpairs and solving partial differential equations. It
supports MPI and GPUs through CUDA, HIP, or OpenCL, as well as hybrid MPI-GPU
parallelism. SLEPc is a software library of PETSc for solving large-scale sparse eigenvalue
problems on parallel computers. Using these tools, we could explore the spectra of much
larger systems with dimensions too large to be tackled with standard methods. The code
allows reliable calculation of degenerate states, which were crucial in the study discussed
in Chapter 2. Extending these codes to matrix free Krylov methods can very useful in
tackling versatile problems related to FQHE and other quantum many-body systems.
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