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Abstract

We solve the question: which finite-dimensional irreducible orthogonal repre-
sentations of connected reductive complex Lie groups lift to the spin group?
We have found a criterion in terms of the highest weight of the representation,
essentially a polynomial in the highest weight, whose value is even if and only
if the corresponding representation lifts. The criterion is closely related to
the Dynkin Index of the representation. We deduce that the highest weights
of the lifting representations are periodic with a finite fundamental domain.

Further, we calculate these periods explicitly for a few low-rank groups.
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Chapter 1

Introduction

1.1 General Method

Let (¢,V) be an irreducible self-dual finite-dimensional complex representa-
tion of a connected reductive Lie group G. Then V admits a G-invariant
non-degenerate bilinear form B, unique up to scalars. In the case, when B
is symmetric, ¢ can be regarded as a homomorphism ¢ : G — SO(V'). Such
a ¢ is called an orthogonal representation. Further, if this representation of
G lifts to the spin group Spin(V') then it is called spinorial.

Here we restrict our study to complex reductive Lie groups. Consider

three basic questions:

1) Which irreducible representations of G are self-dual?
2) Which of those self-dual representations are orthogonal?

3) Which of those orthogonal representations are spinorial?

1



2 1.1. General Method

The spinoriality question is equivalent to completing the follwing diagram:

Spin(n, C)
P

zp/l
e p

G~—%30(n,C).

If we restrict our study to semi-simple complex Lie groups, we can get

answers in terms of the highest weight of the representation. A good refer-
ence for highest weight theory is [Serre(2001)]. The answer to the first two
questions are well-known. (See Sections [2.2| and [2.3] )
Spinoriality: The third question was posed by Dipendra Prasad and Di-
nakar Ramakrishnan in their paper [Prasad and Ramakrishnan(1995)]. We
present a solution to the third question for the case of general reductive
complex Lie groups.

Any irreducible orthogonal representation of a complex reductive group
G factors through G/(Z(G)°). The question of spinoriality in the case of the
reductive group G is the same as that for the semi-simple group G/(Z(G)°)
(see Section . Here we can use highest weight theory. We would like an
answer to the spinoriality question in terms of highest weights.

General Strategy: We focus on a complex semi-simple Lie group G.
Let ¢ : G — SO(N,C) be an orthogonal irreducible representation of G
of highest weight A\. Let ¢, denote the map induced by ¢ between their
fundamental groups. The lift exists if and only if the map ¢, is trivial. Thus
for simply connected groups all irreducible orthogonal representations are
spinorial.

Let T be a maximal torus of G. The map induced at the level of funda-
mental groups by the canonical injection of Tz into G is surjective. Thus, it
is enough to check whether the map ¢|z,, is trivial.

Let @ denote the additive subgroup of X, (7¢) (see [2.1)) generated by co-
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roots of T We know that @ < X.(T¢), and 71 (G) = X.(T¢)/Q. The map
b1y, takes v € X, (1) to pov € X, (Tson,c))- Since Tg; is a complex torus,
due to topological reasons, ¢|z,, is trivial if and only if (¢ o v). is trivial
for every co-character v of Ti;. The map (¢ o v), is trivial if and only if the
co-character ¢ o v lifts to Spin(N, C).

Thus the co-character ¢ o v lifts to the spin group, for every v, if the
representation ¢, is a spinorial. Thus we need a criterion for a given co-
character v, when the co-character ¢ o v lifts to the Spin group.

We have shown that ¢ o v is a lifting co-character if and only if

EN= > mwwy),
{ueP(d)|(p,v)>0}
is an even integer, where P(¢) is the set of weights appearing in the represen-
tation ¢, and my(p) is the multiplicity of x in ¢. This is similar to Lemma
3 in [Prasad and Ramakrishnan(1995)].

Now if we take an irreducible ¢ with highest weight A\, we have proved
F,(\)=Q’(1)/2 mod 2,

where

Qula) = > ma(p)a",

,LLEP¢
and my(u) is as above. It is easy to see that, for a self-dual representation

®x, we have

Qu(1) = > malp){p,v)*. (1.1)

HEP,
Now the whole task is to find out a nice expression for the RHS of Equa-
tion (|1.1). For that, let h be a Cartan subalgebra of g. As in [Goodman and
Wallach(2009)] we work with the C-algebra C[h*]. A typical element of this



4 1.1. General Method

algebra is of the form

o
Zaue,

HED*

where the sum is finite. We define

A(p) = Y sga(w)(e”™) € C[p7],
weW
where W is the Weyl group of G. Let % be the derivation of this algebra
defined by 2(e) = (p,v)e”. Let us define the augmentation map e by
= Y ges ¢g, where S C h* is a finite set. We put Ch(V?) =

e*. We have

(X pes cae’)
)

ZM€P¢ LN (/’L

3 (1)) = 153 OV ). (12

H€P¢

It remains to compute the RHS. To do this, we use the Weyl character

formula, which in the above notation is
AN+ p) = Ch(VH A(p).

Now we apply the derivation m + 2 times to both sides of the Weyl character
formula, where m is the number of positive roots of f in g. Suppose g is

simple, after some work we arrive at the satisfying answer

gy — V) A+ pP ~ |oP)
QU1 = iin g . (13)

To summarize, we have :

Theorem 1.1.1. Let G be a connected complex Lie group having a simple

Lie algebra g. Let T be its maximal torus. Then ¢y is spinorial if and only
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if the integer
(dim V) (J71) (1A + pI* — [pl*)
2-dimg

is even for every co-character v of T, where the norms correspond to the

Killing form on b and b*.

Observe that the terms other than |v|* in the theorem do not change
when we keep Lie algebra same and change the group, however observe that
lv|? = |dv(1)|?, and dv(1) which is a member of infinitesimal co-character
lattice which changes with the group. For example if m : G; — G5 is an
isogeny and suppose a maximal torus of G is 77 which maps to that of
Gy is say Ty under m, then the set S; = {dv(1) | v € X,.(T1)} is a subset
of So = {dv(1) | v € X.(T2)}. Thus a representation of G; which factors
through G5 is spinorial for G if it is spinorial for G9, but converse is not
true. For example take G; = SL(2,C) and Gy = PGL(2,C) and m(A) = A
mod Z(GL(2,C)). Then

S = { ,n e Z}
-n
, while
n/2 0
SQ = { ,n € Z}
0 —n/2
and

. 2y
Ulélsfl ords(|v]*) = 2

while that for Sy is 1. According to the Theorem 1.1.1 of the thesis, if we
take the highest weight j then according to section 6.2.1 of the thesis the

rest part is
JU+DEi+1)

€ 2.
6




6 1.1. General Method

So for SL(2,C) we have to check parity of

(2 +1)

2257+ 1)
2-6
which is always even hence it is always spinorial. For PGL(2, C) the parity

of
(27 +1)

2155+ 1)
2-6
matters which can be odd for example if j = 2 it is 5.
With some more work for general case i.e., for connected complex
semisimple Lie groups G whose Lie algebra g may not be simple, we have

the following theorem.

Theorem 1.1.2. Let G be a connected complex semisimple Lie groups whose
Lie algebra is g. Let g = @®gi, where each g; is simple. Then the Cartan
subalgebra by of g is the direct sum of the Cartan subalgebras b; of g;, and
we have h* = @hf. Therefore we can write A = ®N\;, p = Bp; and for an
infinitesimal cocharacter v = Gv;.

Then the representation ¢y is spinorial if and only if the integer

"1 ; )\ ; 2 ; 2
Q()_d V)\Z|V (1A + pil* = [pil*)
2dim g,
is even for every co-character v of Tq, where the norms correspond to the

Killing forms of g;.

Scholium 1.1.3. To determine the spinoriality of ¢ it is enough to deter-
mine the parity of Q" (1)/2 for the co-characters v which represent the gen-
erators of m(G) = X.(T)/Q which is finite, where X.(T') is the co-character
lattice and @Q is the co-root lattice of G. Thus problem reduces to checking

this criterion for finite number of co-characters.
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An important point is to note that the Q”(1)/2 is a polynomial in A.

There is a nice relation with the Dynkin invariant of the representation ¢, .
The Dynkin invariant of a morphism between simple Lie algebras, is defined
to be the ratio, W, where (, )4 denotes the normalized Killing form
such that (o, «a)q = 2, where « is any long root in the corresponding simple
Lie algebra. In fact, the Dynkin invariant is an non-negative integer. A good
reference for Dynkin Index is [Vinberg(1994)].

In our case, we assume that g is simple. We have the map ¢, : g — so(V).

The corresponding Dynkin invariant is

dim V* - (| + pf* — |p[*)
dimg- (o, @)

dyn(¢,) =

Y

where (,) is the Killing form.

Thus our criterion reduces to

Theorem 1.1.4. In the case where g is simple, the representation ¢y is

spinorial if and only if

(Oéa a)<V7 V) dyn(¢)x)
2

=0 mod 2,

for every co-character v.

Thus

F,(\) = (@ ), 2) dyn(é,) mod 2.

Here we obtain an integer valued function F,(\), whose parity determiness
whether ¢ o v is a lifting co-character. Hence we obtain ¢, : v — (F,())
mod 2). Since (@) is finite, our problem reduces to a finite problem of
determining whether the representative co-characters for the generators of
m(G) lift.

For n odd, it is easy to see that all of the irreducible orthogonal repre-
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sentations of GL(n, C) are spinorial.

For the reductive group G = GL(n, C), the associated semisimple group
is PGL(n,C). We have made some explicit calculation for the expression in
Equation for PGL(n, C) for n even.

We have also calculated the expression in Equation for the case
SO(m, C), which exhausts the case of classical groups.

We prove here that the adjoint representation is spinorial if and only if
half the sum of positive roots is an integral weight.

To treat compact Lie groups we simply complexify. There is a correspond-
ing compact Spin group which is the double cover of real orthogonal group.
We denote it by Spin(n,R). We have ¢ : G — SO(n,R) lifts to Spin(n, R)
& its complexification is spinorial (see Chapter [J] ).

A cone lattice is the intersection of a lattice and a cone with 0 as its vertex.
The highest weights corresponding to irreducible self-dual representations
and orthogonal representations form a cone lattice. We call them by P(G)
or Py(g) and Pyin(G) or Pun(g) respectively depending upon the context.
See Chapter

It is observed that the spinorial representations in general may not form
a cone lattice. But they are periodic in the sense that there are suitable
vectors p such that the representation corresponding to w is spinorial if and
only if the representation corresponding to w + p is spinorial.

This leads us to define:

Pgin(G) = {X € Porn | FL,(A) =0 mod 2Vv € X,(T)}

Papin(G) = {p € Port(G) | A € Pyun(G) & A p € P (G)}

Thus we have a chain Pgpin (G) C Porn(G) € Pua(G) C Pul(g).

Pspin(G) gives a kind of periodicity of the spinorial weights inside Py, (G).

Theorem 1.1.5. Periodicity Theorem The indezx [Pon(G) @ Popin(G)] is
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finite.

Thus we only have to determine the spinoriality for a finite set, the funda-
mental domain. And by periodicity we obtain the spinoriality for all the other

weights. Thus we have converted an infinite problem into a finite algorithm.

1.2 Determinantal Identity Method

Theorem (1.1.1) solves in principle our spinoriality question, but our Period-

icity Theorem leads to further questions
1) Determine precisely Pepin(G).

2) What proportion of othogonal irreducible representations of G are spino-

rial?

We pursue these questions for PGL(n,C) and SO(n,C), and have com-
plete answers for PGL(4),SO(3),S0(4) and SO(5). Our method is to use
determinantal identities such as the Jacobi-Trudy identity for the character
of the representations.

Using the "Determinantal Identity Method', we have determined Py, (G)
and found the proportion of spinorial weights explicitly for the groups
PGL(4),S0(3),S50(4),SO(5). By use of this method we have also found
explicit polynomials, whose variables are parameters of highest weight. If
the polynomial value at certain weight is even it is spinorial otherwise not.

For example GL(2,C) corresponds to the semi-simple group
SL(2,C)/Z = SO(3,C). The highest weight for SO(3, C) is parametrized by
a single integer n. All of the representations of SO(3,C) are self-dual and
orthogonal.

n(n —1)

Here F' turns out to be F,(n) = , which is a polynomial in
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n. Hence, F' is even, which is the criterion for spinoriality is given by the

equation

n=0or3 mod 4.

So, for example here, we can see that the representation with highest
weight n is spinorial if and only if the representation with highest weight
n + 4 is spinorial. Thus we have Pspin(SO(3,C)) = 4P, (SO(3, C)).

Now we discuss the "Determinantal Identity Method" for GL(n, C).
Strategy for GL(n)

The Weyl character formula for GL(n, C) gives

Trace(or((z1, o, ..., xy))) = Sa(z1, T2,y ..., ).

Here S, is the Schur polynomial and A is the highest weight of the repre-
sentation.

We have the Jacobi-Trudy identity which says
S)\(:L‘h Loy al‘n) - |H)\i+j—i|7

where the matrix in RHS has (4, j)th entry Hy,1;—;. Here H, are complete
symmetric polynomials. See page 455 [Fulton and Harris(1991)].

We have used here a slightly modified version of the same identity men-
tioned in page 131 [Prasad(2015)].

Here are a few results which we obtain by using the "Determinantal Iden-
tity Method". The group GL(2n,C) corresponds to the semi-simple group
PGL(2n,C).



Chapter 1. Introduction 11

Theorem 1.2.1. We have

Pspin(PGL(21)) 2 (28 (01 + @an-1), 28 (02 + @an_2), - - -,

2k+1

2k<wn71 + wn+1>7 wn>;

where w; are the fundamental weights of sly,.

We have Pgpin (SO(3,C)) = 4Pyn(s0(3,C)).
The representation of SO(4, C) of highest weight (z,y) is spinorial if and
only if
(1/6)1+z+y)2zx+2> —y—azy+y*) =0 mod 2.

We have Pgpin (SO(4)) = ((4,0),(0,4)) = 4 - Pon(so(4,C)).
The representation of SO(5,C) with highest weight A = (A1, A2) is spino-

rial if and only if

AL+ 3 A2 +2\
( A )—( 4 ):O mod 2.

We have Pgpin (SO(5,C)) = ((4,4), (4, —4)) = 8 - Pon(s0(5,C)).

Here is the summary of the thesis. Throughout the thesis the group un-
der consideration is a connected reductive complex Lie group. The second
chapter contains the definitions and the criteria for an irreducible represen-
tation of being self-dual and orthogonal in terms of their highest weight. The
third chapter starts with few lemmas useful for the strategy. It contains the
strategy for determining whether the orthogonal representation is spinorial.
The fourth chapter is the heart of the thesis. In this chapter we discuss the
method to obtain general criterion for the spinoriality of a representation.
The criterion is clearly in terms of the highest weight of the representation.
Also we discuss the relation of this criterion with the Dynkin index of the rep-

resentation. Chapter five contains definitions of certain free abelian groups
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that we associate to the Lie group under consideration or its Lie algebra. We
denote them by P (G), Portn(G), Pepin(G) and similarly for Lie algebra of G.
Then we have the periodicity theorem which tells that the highest weights
of the spinorial representations are periodic in the orthogonal weights and
the fundamental domain Ppn(G)/Pepin(G) is finite. In the sixth chapter
we discuss how representations of compact groups are related to their corre-
sponding complexification. We prove here that the question of spinoriality
of the representation of compact group G and its complexification are same.
Hence we have the answer for the compact groups also. The seventh chapter
contains the actual expression for the criterion of spinoriality for the classi-
cal groups. Here we also relate it to the Dynkin index of the representation.
This much is the first part of the thesis.

We give the name "Determinantal Identity Method" to the second part of
the thesis. In the tenth and eleventh chapter we use the determinantal iden-
tities for the Weyl character formula. In this part we deduce a determinantal
polynomial expression in the highest weight as the criterion for the spino-
riality for the groups GL(2n,C),SO(3,C),SO(4,C), SO(5,C). Using this
expression we have deduced some lower bounds for Pspi,(GL(2n,C)), also
we have calculated Pespin(SO(3)), Pspin(SO(4)), Pepin(SO(5)) and Pepin(GL(4))
exactly. The twelfth chapter is the summary of the entire thesis. The Last

chapter is Appendix which has some useful combinatorial lemmas.



Chapter 2

Preliminaries

Notation Throughout the thesis we denote the k x k diagonal matrix with

diagonal entries a1, as, - ,ar by a1 ® as & -+ D ay.

2.1 Definitions

Let G be a complex reductive Lie group with Lie algebra g.

We write a maximal Torus and a Cartan subalgebra of g by 7" and b
respectively. We write Ad for the adjoint Representation of G. Furthermore
we write a or 3 for the roots, R, for the set of positive roots, and R for the
root system. Next we write H, and R for the co-roots and the inverse root
system. The weights of a representation and the fundamental weights we
denote by u and w; respectively. Let ¢ be the irreducible representation and
A be its highest weight. The positive Weyl chamber we denote by Cy. Let W
be the Weyl group of T' with respect to GG. Let wy be its longest element with
respect to Cy. We denote the characters and the co-characters of maximal

torus by u and by v respectively and the set of characters by X*(7T') and the

13



14 2.1. Definitions

set of co-characters by X, (7).

We insist that reader should see any standard book on Lie group repre-
sentation theory for example |[Goodman and Wallach(2009)] for definitions
of the above mentioned concepts.

Let ¢ : G — GL(V) be a finite dimensional complex representation.

Definition 2.1.1. We call ¢ an orthogonal (symplectic represen) rep-
resentation if it preserves a non-degenerate symmetric (alternating) bilinear

form B, i.e, B(¢(g)v, dp(g)w) = B(v,w) for allv,w € V and for all g € G.

Since all the non-degenerate symmetric bilinear forms are equivalent for
the complex field, the complex orthogonal Lie group O(V') is unique up to
isomorphism. Further if G is connected, then ¢ can be realized as a map

from G to SO(V), i.e. , ¢: G — SO(V).

Definition 2.1.2. The universal covering Lie group of SO(N,C) (N > 1)
is called the complex spin group. We denote it by Spin(N,C) and the
covering map by p, i.e., p: Spin(N,C) — SO(N,C).

It is well-known that the fundamental group of SO(N, C) is Z/27Z. Hence,
the group Spin(N, C) is the double cover of the group SO(V, C) and its fun-
damental group is trivial. We can give a constructive definition of Spin(n, C)
as follows.

For this definition we refer |[Jacobson(1980)].

Let C be the complex field. Let V' be a finite dimensional vector space over C.
Let T'(V') be the tensor algebra of V. Let Qg be a non-degenerate quadratic
form on V. Define Clifford algebra C(V, Q) = — ®f(—vc)20(v) S
CT(V,Q) be the sub-algebra of C'(V, Qo) generated by elements of the form
u-v, where u,v € V. Define I'(V) = {z € C(V,Qy) | x is invertible and z-v-
r~! € VVu € V}. We define x : T'(V) — GL(V) by putting x(z)(v) =z - v -
7l Let TH(V) =T(V)NCT(V,Qp). Let x € TT(V) then z = vy - vy - - - gy,

Let
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where v; € V. We define map N : I't — F* by N(x) = [12", Qo(v;). Now
Spin group Spin(V, ()y) is defined as kernel of N.

Take V' = C™ with a non-degenerate quadratic form

Qzy,...,2n) = —(22 4+ - +22)

on it. Since all the non-degenerate quadratic forms on C" are equivalent, the
Clifford algebra is unique up to isomorphism.

According to page 309 Equation (20.31) of [Fulton and Harris(1991)]

Spln(V, Q) = {iwl s Wo -t WL | l{? - ZZ(),’UJZ' c Cm,Q(wz,wz) = —1}

Definition 2.1.3. An orthogonal representation is called spinorial if it lifts
to Spin(N, C). That is, if there exists a homomorphism of complex Lie groups
¥ : G — Spin(N, C) such that p o) = ¢.

Equivalently, the following diagram should commute :

Spin(V, C)

Let us denote the dual complex vector space of V' by V*.

Definition 2.1.4. Let ¢ : G — GL(V) be a complex representation of group
G. Then ¢* : G — GL(V*) defined as ¢*(g)(f)(z) = f(é(g~')x) for f € V*

is called the dual representation of ¢.

Definition 2.1.5. A representation of G which is isomorphic to its dual, is

called self-dual.

Definition 2.1.6. A polynomial f € Z[x,z7 '] satisfying the condition

f(x) = f(z7') is called Laurent-palindromic polynomial. The ring of
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Laurent palindromic polynomials is denoted by Z[x, z~]»™.

Equivalently the coefficient of z* in f is the same as the coefficient of 2~

for every i, for f to be a Laurent palindromic polynomial.

We define the degree of f € Z[x,z~1]*™ to be the largest of the degrees
of monomials appearing in f. We denote by Z[z,z~!]?™ the set of Laurent
polynomials of degree d.

Definition 2.1.7. Given a degree n Laurent-palindromic polynomial
ft) =apn(t"+t) +-+a(t+¢") + ao,
we define an operator W : Z[t, t ™™ — Z /27, by

U(f) = zn:iai mod 2.

Observe that W is a Z linear operator.

Definition 2.1.8. A polynomial of the form
ap+ay-T+ay '+ 4 a, "

is called palindromic if a; = a,_; for 0 <1 < n. We denote such polyno-
pal

mials by Z[x]

We denote the set of palindromic polynomials of degree d by Z[z]5*.

Definition 2.1.9. For f € Z[z|, such that
f(t) =ao+ait+ -+ ayt",

where a; € 7., we define Vg : Zx] — 727 by

qjd(f) = iiad_i mod 2.

=1
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Observe that W, is also a Z- linear operator and the diagram :

Zlt, ™ 2 Z g (2.1)

AT

7)27

commutes, where the horizontal arrow is the multiplication by ¢¢.

2.2 Self-dual Representations

Let G be a connected complex Lie group. Let ¢ : G — GL(V') be a self-dual
representation. If after fixing a basis, ¢(g) = A, where A is a matrix, then

A is conjugate to tA71L.

Theorem 2.2.1. (Criterion for self-duality of an irreducible representation)
Let (¢, V) be an irreducible representation of a complex semi-simple Lie group
G with highest weight w. Let (¢*,V*) be its dual representation. Let wy be
the longest element of the Weyl group of G. Then ¢* has highest weight
—wo(w). Hence ¢ is self-dual, if and only if, w = —wy(w).

Proof. See Page 134 Chapter VIII section 7.5 Proposition 11 [Bourbaki(2005)].
[

Theorem 2.2.2. Let (¢,V) be an irreducible self-dual representation of a
complex Lie group G. Then it is either orthogonal or symplectic but not

both.

Proof. See Page 135 Chapter VIII section 7.5 Proposition 12 [Bourbaki(2005)].
[l
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2.3 Orthogonal Representations

Let G be a connected complex semi-simple Lie group and let g be its Lie

algebra.

Theorem 2.3.1. Criterion for an irreducible self-dual representation to be
orthogonal : Let (¢,V) be a self-dual irreducible representation of G with
highest weight w. Let H, denote the co-root to root c. Then let m be the

integer Y aer, (@, Ha), where Ry denotes the set of positive roots.

1) If m is even then ¢ is orthogonal.
2) If m is odd then ¢ is symplectic.

Proof. See Page 135 Chapter VIII section 7.5 Proposition 12 [Bourbaki(2005)].
0



Chapter 3
Determining Spinoriality

For setting up a strategy to determining spinoriality we first see the general
criterion for lifting any group homomorphism ¢ : H — G to a cover of
G. Next we observe that inclusion of maximal torus induces surjection at
the level of the fundamental groups. Thirdly we quote the isomorphism of

fundamental group and the quotient of co-character lattice by co-root lattice.

3.1 Structural Lemmas

Let G be a complex Lie group. Let T' be a maximal torus of G. Let t C g
be the Lie algebra of T. Let exp : g — G denote the exponential map.
Let us denote Hom(7,C*) by X*(T'), and Hom(C*,T) by X.(T). For a
homomorphism f between two topological groups, let f, denote the map

between the fundamental groups, induced by f.

Lemma 3.1.1. Let G, G', H be connected complex Lie groups and ¢ : H —
G be a homomorphism. Let a : G' — G be a cover. Then ¢ can be lifted to
G’ if and only if the image of ¢. in m (G) is contained in the image of .

19
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Equivalently the following diagram should exist

Vel
J aNe)

Proof. Tt follows from the lifting theorem in algebraic topology, that there is
a unique continuous topological lift 1, which takes identity of H to identity
of G'. We will prove that v is a group homomorphism. Let * denote the
multiplication in any group. We have ¢(g; * g2) = ¢(g1) * ¢(g2). So we get
aotp(gi*ge) = ap(gi)*aip(ge). Hence ai(gig2)Y(g1) '(g2) ") = 1. The
image of the map p : Hx H — G’ given by (g1, g2) — ¥(g1%92)¥(g1) 11 (g2)
is connected, since H is connected. The kernel of « is discrete, as it is a
covering map. Thus, we get (¥(g1 + g2)(g1) " (g2) ") = 1. Hence 9(g *
g2) = ¥(g1)¥(g2). Thus ¢ is, in fact, a group homomorphism.

[

Theorem 3.1.2. Let ¢ the inclusion map ¢ : T — G, then v, is surjective.

Proof. See page 67 Theorem 2 c¢) in [Serre(2001)]. Let G be a complex
reductive Lie group and T be a maximal complex torus of G. Let K be
a maximal compact subgroup of G and Tk be its maximal compact torus

which is also contained in Tg.

TGL>G

g

T -2 K

According to page 257 Theorem 2.2 part 3 of |[Helgason(1978)], G is dif-
feomorphic to R? x K for some positive integer d. Hence i4, is surjective.

According to page 223 Theorem (7.1) of [Brocker and tom Dieck(2013)] the
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injection of compact maximal torus in a compact group induces a surjection
between fundamental groups. Thus 13, is surjective. We have 14 013 = i1 019,

thus iy, 013, = i1, 019,. Thus iy, is surjective and hence the proof.

O

Theorem 3.1.3. We have m(G) = X,(T)/Q, where Q is the sublattice of
X.(T) generated by the co-roots of T.

Proof. See page 67 Theorem 2 c¢) in [Serre(2001)]. It says that m(G) is
isomorphic to I'/@, where I' is the kernel of the map expl|t : t — T, which
takes x € t to exp(2miz) € T. Now X,.(T) = I via the map v — dv(1),
where dv is the derivative of the map v : C* — T. From the commutativity

of following diagram we get that dv(1) € T.

x_Y .7

Texp [t
t

Q

6271-12

dv
—

a—
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3.2 Strategy

Let f. denote the induced map at the level of m; by f. Theorem (3.1.2
states that if ¢ : T" — G is the inclusion of a maximal complex torus T’
into G then i, is surjective. Lemma says a lift exists if and only if

image of ¢, C image of p,.

Spin(N,C) .
penl
G~%S0(N,C)

Since Spin(V') is simply connected, the image of p, is trivial. Hence the
lift exists if and only if the image of ¢, is trivial, which is true if and only if
the map ¢, is trivial.

Now ¢, : m(G) — m(SO(N,C)) is trivial if and only if ¢|,, : m(T) —
m1(SO(N, C)) is trivial. We know that m(G) = X.(T)/Q.,by Lemma [3.1.3|
where @ is the lattice generated by co-root. The map ¢|;, takes v € X, (T) to
pov e X.(Tson,c))- Since T is a complex torus, due to topological reasons,
¢|r, is trivial if and only if (¢ o v), is trivial for every co-character v of T
(¢ o v), is trivial if and only if the co-character ¢ o v lifts to a co-character
of Spin(N, C) by Lemma [3.1.1]

Thus ¢ o v should be a lifting co-character for every v if ¢ is a lifting
representation. Thus we need a criterion for given v, when is ¢ o v a lifting
co-character.

Here we obtain an integer valued function F,()) (see [3.2.3), if whose
parity is even then ¢ o v is lifting co-character and non-lifting otherwise.
Since 71 (SO(N, C)) is Z/27Z, if the image ¢ o v is non-lifting, it corresponds
to the non-trivial element in Z/27Z. Hence we obtain ¢, which takes v to

F,(A\) mod 2. Since the fundamental group is finite, our problem becomes
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a finite problem of checking whether the representative co-characters for the

generators of 7y, are lifting.

Lemma 3.2.1. Let V = C™. Then take the maximal torus of SO(V)

it if m =2k,
_ 1,1 -1
T\/—IL‘l@JZQ@"'@ZL‘k@ZEI @ZEQ @@xk—l@
vt @1 ifm=2k+1,

where each x; € C*. Then V = &V, &%, V! ® Vi, where V;, V! and Vy are

)

1 and 1 respectively.

the common eigenspaces of Ty corresponding to x;, x

Let v be a co-character of Ty . If

Z—ak me — 2/€,
I/(Z) = 291@2,92@. . .@Zﬁk@z—ﬁ@z—ﬁg@_ . '@Z_gkil@
@l ifm=2k+1,

put Sy ={i|60; >0}, So={i|0; =0}, and S_ ={i | 0; <0}. Then

> 6+ > (—6;)=0 mod 2,

i€S+ IES_
if and only if v lifts to Spin(V').

Proof. Here our main reference will be Section 6.3 in the revised edition
of [Goodman and Wallach(2009)] . Lemma 6.3.4 says that we can parametrize
the maximal torus of Spin(V') by wy, ws, ..., w;, where w; are a set of coor-

dinate functions. Then Theorem 6.3.5 says that

R R R RN B A B Al s R I it dimV = 2k,
plwy,wa, ... wy) =
2R 0RO 00 D2, ifdimV =2k+1,
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where
22 _ wiwy ... W1
1 w; 3 )
and
w
2o
Wi;—1
for 2 < ¢ <.

Let us assume that m = 2[. Now suppose
v(2) e e s WL R Bl

Then we have to solve the system

wy
and
= ;
Wi—1
for 2 < ¢ <.
So we get

_ —0j41
w; =wyz U,

for1<j<I1—1.
Finally putting (3.2) in the expression (3.1)) for 2% we get

l
20 = w?z’ 2z,

Thus we have

l
22z b — wl2.

(3.1)

(3.2)
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Therefore w; is an integer power of z if and only if

is even.

Now it is easy to see that

l

Z@iE Z@i—i—z&i—i—z&iz 29i+ Z(—@i) mod 2.

=1 €S 1€Sp 1€S_ €S 1€S_

Hence

> b6+ > (—6;) =0 mod 2,

€S+ 1€S_
if and only if v lifts to Spin(V/).

A similar proof holds when m is odd. n

Lemma 3.2.2. Let T be a maximal torus of G. Let v : C* — T be a
co-character. Let ¢ be an orthogonal irreducible finite-dimensional represen-

tation of G. Then
Trace(¢p o v(t)) = ag(t™ +t%) + ag_ (T + 4D + - fay(t7F + 1) + ao,

where t' occur as the weights of the representation ¢ o v of C* with multi-
plicities a;. We define Wy(v) = ¥(Trace(¢ o v)) (see Definition [2.1.7). The
co-character ¢ o v lifts to the spin group if and only if

d
Uy(v)=> k-ar,=0 mod 2.
k=1

Proof. First we will prove that the Trace(¢ o v(t)) has the form given above.
Let A = @(t1,te,...,tn) = X1 D x2 D -+ B xn be the matrix of repre-

sentation, where y; are the weights of T under ¢. Since ¢ is self-dual, A is



26 3.2. Strategy

conjugate to TA™!, Then TA™' = x{ '@ x3' @ --- @ x5 . Thus if a character
x occurs k times, as one of the y;s, then x~! should also occur % times. Ob-
serve that Trace(¢ o v(t)) = Si_; x; o v(t). The character x; o v(t) = t* for
some e € Z. So t¢ and t~¢ occur the same number of times in trace(¢ o v(t)),
which proves the first claim.

Now we prove the second assertion. From the above, it follows that ¢/

occurs the same number of times as t 7 in the trace. Hence it follows that
Trace(¢ o v(t)) = aa(t® +t7%) + ag1 (1" + ) + -+ ar(t +t7") + ao,

where a; is the multiplicity of ¢ in the trace polynomial. Thus we have

¢(V(t)) — (td EB t*d)@ad EB (tdfl @ t*(d*l))@ad—l EB . EB (t EB t*l)@al @ 1@(10.

With reference to Lemma [3.2.1

o0+ > (—0:)

i€Sy i€S_

is the sum of positive numbers occurring as powers of ¢. Since a; are non-

negative, we have

29,+ Z(—Hz)zdad+(d—1)ad_1++1a1

i€Sy i€S_

Therefore by Lemma [3.2.1, v is spinorial if and only if

d
Zi-aiz() mod 2.

=1
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Proposition 3.2.3. Let G be a complex semi-simple Lie group with mazimal
torus T'. Let (¢,V) be a finite-dimensional holomorphic irreducible orthog-
onal representation of G of highest weight \. Let v be a co-character of T.
Then ¢ o v lifts to the spin group if and only if

F,(\) = > m A, v),
{neP(¢)|(n,v)>0}
is even. Here P(¢) denotes the set of weights appearing in ¢ and m(u, \)
is the multiplicity of the weight v in ¢, and (,) is the pairing between the

characters and the co-characters.

Proof. The representation ¢ is spinorial if and only if Vv : C* — T'| ¢pov lifts
to Spin(N,C). We can assume that ¢(7") C Ty, where Ty is the maximal
torus mentioned in the Lemma 3.2,

Let v be a co-character of T'. Since ¢ is self-dual, m(u, \) = m(—p, A).
Let us denote the set {© € P(¢) | (1, v) > 0} by B and the set {u € P(¢) |
(u,v) = 0} by By. Furthermore

N\ Om(p,A — ) M,
S((t) = @yen ()" @ (1)) @, 1.

Then by Lemma the sum of the positive indices of ¢ in the co-character
¢ovof Ty is

S O;— > 0= > mu,N{pv).

€Sy €S {rneB}

Hence the proof. n

Proposition 3.2.4. Let F,(\) be as in Proposition[3.2.5. Then
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Proof. Now

Fw(V)<)\) - Z m(:ua )‘) <:u7 w(V>>
{ueP($)|{p,w(v))>0}

= > mp, A) (s wv))dww) (1),

HEP(P)

(where 6, () = 1 if (i, v) > 0 and 0 otherwise)

= > mw (), N(w ™ (1), ¥)dwey s (since (w(p), w(v)) = (p,v))
reEP(9)

(put 1 = w(s)
= > m, N v)up) (w(n))

WEP(})

= 2. m )W v)ow (1), (since (w(p), w(v)) = (1, v))

WEP(P)

= F,(\).

]

Lemma 3.2.5. Let G be a complex semisimple group. Let T be a mazimal
torus and v be a co-character of T'. Let ¢ be an irreducible orthogonal repre-
sentation of G with highest weight \. Let Wy(v) and F,()\) be defined as in
Lemma 322 and Lemmal3.2.3. Then

Uy(v) = F,(N) mod 2.

Proof. The co-character ¢ o v lifts if and only if U,(r) =0 mod 2. And a
similar statement for W4(v) replaced with F, () holds. Hence ¥ 4(v) = F,()\)
mod 2. O
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The Main Theorem

Let G be a connected complex Lie group having a semi-simple Lie algebra
g. Let Tg be a maximal torus of G. In this chapter, we derive a formula
for determining the spinoriality of an irreducible orthogonal representation
of G. That formula gives an integer which is when even, we can say that the

representation is spinorial, otherwise not.

4.1 Discussion

Let ¢, be an irreducible orthogonal finite-dimensional representation of G,
with highest weight \. Let T" be a maximal torus of G. Let us denote the
Lie algebra of T" by h and its dual by bh*. Let v be a co-character of T

Notation: We use (, ) for the Killing form and the same for the canonical
pairing between characters and co-characters depending on the context.

Let @), = © o v, where O is the Weyl character formula. It is clear that
Q, : C* = C and Q,(t) € Z[t,t']. The reason is that, the Weyl character
formula is the sum of the characters of T" and the co-domain of the pairing
between the characters and the co-characters of T' is Z. More concretely

Qu(a) = 3 ep, ma(p)a™), where my () is the multiplicity of weight p in

29
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oy and P, is the set of weights appearing in ¢,. From Lemma [3.2.2] @, is
palindromic. Thus, Q,(t) = aq(t? -+t~ +ag_ (¢t D)+ Fag (t+Ht )+
ag. Hence Q, € Z[t,t7']*™. From the discussion above the same lemma, we
can conclude that ¢, is spinorial if and only if Wy(v) = ¢ k- ap = 0

mod 2, for every v.

Lemma 4.1.1. The polynomial Q,(t) can be uniquely written in the form

P(t)+P(t™"), where P € Z[t] up to a constant term which may lie in (1/2)Z.

Proof. Since Q,(t) is palindromic, it is of the form aq(t? +t9) 4+ aq_1 (t31 +
=4 4 b ay(t+t7Y)) + ap where a; € Z. We can choose P(t) uniquely as
adtd + ad,ltd_l + -+ Cllt + (a0/2) ]

Lemma 4.1.2. We have Q},(1)/2 = V,(v) mod 2, where ¥y is as in Lemma
[3.2.9. Hence ¢y is spinorial if and only if Q)(1)/2 =0 mod 2 for every co-

character v.

Proof. Using Lemma we can write Q,(t) = P(t) + P(¢t™') uniquely.
Thus we are interested in P'(1) = Wy, (v) = 3% | i-a; mod 2, where d is the
degree of @), (see Definition [2.1.6]).

Q (t)=P'(t)— P'(t )t 2 (4.1)

Differentiating again we get

Qut) =P"(t) = (=2t °P'(t71) —t*P"(t™1)).

v

Hence we have

Qy(1) = 2(P'(1) + P"(1)).
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Since P € Z[t] up to a constant, P”(1) is always an even integer. Hence

Q,(1)/2=P'(1) = Uy, (v) mod 2.

Proposition 4.1.3. The polynomial Q! attains the following value at 1:

Qu(1) = > ma(p)(n,v)?,
HE Py
where Py denotes the set of weights appearing in ¢y and my(u) is the multi-

plicity of the weight p in ¢y.

Proof. Observe that
Qu(t) = Y ma(u)t®,

HEPy

and

Qi (t) = > ma(p)(p, )t~ (4.2)

HE Py

Moreover we have

Qu(t) = > ma()(u,v)((p,v) — D=2,

HEPy

and

Q,(1) = > ma()(p,v). (4.3)

HEPy

By Equation (4.1]

Q,(1) = P'(1) = P'(1) = 0, (4.4)



32 4.1. Discussion

thus we get

Now let C[h*] denote the vector space whose basis is the set of weights,
where we denote an element 3 € h* by e®. We define et - e = A5 it
becomes a C-algebra. We define an operator 2 : C[h*] — C[h*], by defining
it on e’ by 2(e”) = (8,v)e?, and extending it linearly on C[h*]. It is easy

to check that 2 is a derivation on C[h*].

We define
Ch(VY) = Y ma(p)e”.

HEPy

We define € : Clh*] — C[b*] by

€ (Z Cﬁ@ﬁ) = > ¢z

Beb* Beb*

where the sum is finite. It is easy to see that ¢ : C[h*] — C is a ring
homomorphism.

Now the expression we would like to calculate is

Q1) = Z m () (1, V)Q =¢€ ((861/)2 Ch(VA)> .

ne Py

By the Weyl character formula we know that

A\ + p) = Ch(VH A(p),
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where

Alp) = >~ sgn(w)(e”™),

weWw
and p is half the sum of positive roots.
It is well-known that A(p) = [1sep, (€7/? — e7#/2).
We discuss a method of obtaining an expression for @/(1) which is same
as

QU = T i = (™). 6

4.2 Calculation of Q/(1)

Let m = |Ry|, where R, denotes the set of positive roots in the root system
corresponding to g.

Observe that

L= gyt

for all f,g € C[h*], i.e., aﬁ is a derivation on C[h*].

Now we have the Liebniz rule

" (n\ OF o
st 0= (ar e o

: v)!
Theorem 4.2.1.

QU =)

_2pavsm)@ )" L v
(m + 2)UIT% (Bi, v)) o 4 7

W —

where m is as above, and 5; € R, .
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Proof. We have
A\ + p) = Ch(VMA(p). (4.7)

If we apply operator € o (8‘9 ymFz On LHS of (4.7), we obtain

> sgn(w)(w(X + p),v)"

weW

On the other hand, if we apply € o7 )m+2 on the RHS of (4.7)), and apply
, we get

K= (m+2)  0Alp), 9" Ch(V?)
2 (") G D (4.9

Now we concentrate on finding 6(6(15?/()6)).

Lemma 4.2.2. Let R be a complez algebra. Let D be a derivation on R (i.e.
D is linear and satisfies D(f -g) = f-D(g) + D(f)-g). Let f : R — C
be an algebra homomorphism on R and ri,72,...,7, be some m elements

satisfying f(r;) = 0. Then

0, 0<i<m-1

m! T2, f(D(ry)), i=m.

f(D"(rl Ty T)) =

Proof. We proceed by induction on m. If m = 1, then f(D°(ry)) = f(r;) =0
and the second assertion is trivial.

Let us assume the statement for m and prove it for m + 1. Since D is a
derivation, the Liebniz product rule is true for D. Also f is an algebra

homomorphism. Hence

f(D'(ry -7+ Tmi1)) Z ( ) F(DI(ry-ro - ) (D7 (rpy1)).
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Ifi <m—1, then 7 < m—1, and then all the terms in the summation of the
form f(D7(ry-ry- - 7,)) are 0, by induction. Hence f(D*(r;-r2 -+ 7pt1)) = 0.

If ¢ = m, then for 0 < j < m, f(D/(ry-72---7y)), which are the terms
in the summation, are 0, and when j = m =7 — j = 0, thus the last term in
the summation is f(D™(ry - o+ 7)) f(rm+1), which is 0, as f(r,41) = 0.
Hence f(D™(ry-ry---ryie1)) = 0. Hence we have the first assertion.

We would like to prove
m—+1

O™y ) = (m+ 1) l:[ f(D(ry)),

and we have

D™y rg - rgn)) = Y

=0

)

)f(Di(m-m ) (D ().

Thus by induction,
f(Di(ry-rg--+1y))=0,for 0<i<m—1.Ifi=m+1thenm+1—i=0

which implies f(D™'(r,,11)) = 0. For i = m, we get

(mﬂ: 1) FD™(ry 75 r) f(D(rns1)),

which by induction equals

m+1

(m +1)! l:[1 f(D(ri)).

Hence the proof. O

Lemma 4.2.3. In the setting of Lemma if D*(r;) = ¢; - 1y, for some
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c; € C, for each i, then we have the following recurrence relation

f(Dm+2(7”1 “Tg Tm)) :<m;— 2>f(Dm_l(7’1 T Tm—l))f(D?)(Tm))

+ (m+2)f(D"™ (ry 1o 1)) f(D(1m)-

Thus we get a formula f(D™2(ry -ry---1ry)) equals

iém+2)> PO 7o i) F (D (raneie) f (D (rmmia) -+ f (D)),

1=

—

which is the same as f(D™2(ry -ry---1,,)) equals

B

using Lemma [{.2.9

Proof. We have
f(DerQ(Tl Ty Tim)) :f(Dm+2(T1 Ty 1)) f(Tm)

+ (mzr 2>f(Dm+1(?“1 720 Tne)) f(D(r)
T (m; 2>f(Dm(T1 1y T ) (D ()

n (m; 2>f(Dm_1(7’1 -1y 1)) [ (D (1)),

as f(DI(ry-rg-+1p_1)) =0 for 0 < j < m — 2 from the lemma above. As
f(rm) = 0 and f(D*(r,,)) = f(c-rm) = ¢+ f(rm) = 0. Thus the first and
the third sum vanish in the above summation. Hence we get our recurrence

relation.

2 f:lf(D(ﬁ))f(D(m)) S (D)) J(D(ri ) f (D (rim-is2)) -+ F(D(rm)),
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Assuming the following induction formula for [ =m — 1

f(DH2(ry - 7g---1;)) equals

;ééz+2 F(Di(ry v i) F (D (ri—is)) f (D (ri—ig2)) - - - F(D(r)).

(4.10)

We want to prove f(D™"2(ry---r,,)) equals

m

2 ém : 2)> POy ) F (DX i) F (D i12)) -+ F(D ().

Writing terms for ¢ = 1 and ¢ = 2 to n, we want to prove

f(D™2(ry -+ -1,,)) is equal to

(m; 2>f<Dm_1(7"1 “Tro - 'Tm—1>>f<D3(Tm>> + (m + 2)f(D<Tm))X

\_/

(i o TGRS Tmz->>f<Df”<rmi+1>>f<D<rmi+2>>~-~f<D<rm1>>>.

Now taking j =i — 1, we want to prove f(D™2(ry---7,,)) is equal to

("5 2001 DD ) + (4 2) (D)

= 1>‘ m—j—1
(Z S D" v DD ) (D) f(D(Tm—l))> .
By putting [ = m — 1 in the Equation , we get
m+2 m+2 m—1 3
FOm 2 racra)) = (7 2 D ) F D)

+(m+2)f (D" (12 1)) f(D(rm)),

which is the recurrence relation that we got earlier.



38 4.2. Calculation of Q7(1)

For m =1, it is trivial to check that the formula holds. Hence by induc-
tion the proof follows. O

Lemma 4.2.4.

for0<i<m—1, and
I"AP)\ _ i Tria
( (00 ) = 110y

where [(3; runs over the set of positive roots.

Moreover

() - 2 s

Proof. Let us define
B(B) = P2 6—6/27

and define
C(B) = e¥* e P2,
Observe that

OB(6:) _ (ﬁz, Y) o
ov

C(Bi),

and

oC(Bi) _ (@, Y) o
ov

B(8:),
also we have

Alp) = ﬁ B(3).

Now in the setting of Lemma , we put D = -, which is a derivation,
r; = B(B;) and f = e. Thus the first assertion is obvious from Lemma m
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The second part of Lemma [£.2.2] says

() ()

=1

-l [T 5 ()

= m! ﬁ(ﬂi?”)?
=1

as €(C(B;)) = 2 for every i.

Now in the same setting of Lemma [4.2.2] we observe that azgfﬁi) =

)2
(Bzzl) B(f).
Thus we can apply Lemma [£.2.3] For applying this lemma we observe

that

(o) -5

and

) -

By plugging in this data in Equation [£.9] we get

€<aﬂggi1;1n<lp>>:<m+2>! (63 Bt

From Lemma [4.2.4) (4.8) reduces to

(LR () (25

) () (o).
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Here observe that € (82 (%};()‘Q/A)) is the thing we would like to know. We

‘ (%ﬁ;ﬁ) = m! (B0,

=1

have proved

We know that
e(Ch(V?)) = dim(V?).

We also have

(2Go) = (((;)) (¥ m(u)e“)) = 3 ) = Q1) = 0,

HE Py HE Py

from equation (4.3) and (4.4).

Thus we have

weWw

5 st + o =(" e (SR ) )
|

Therefore we have Q"(1) = ¢ (82 8;()‘2/*)) _

Swew sen(w)(w(A + p),v)m 2 _(1/3) dim(1 (m (6%1/)2)'
("3 %)mI(IT2 (85, v)) A

Hence the proof. n

Here on-wards, we take the bilinear form on the Cartan sub-algebra b to
be the Killing form, which is the bilinear form (X,Y) =3 cp{a, X) - {(a,Y)
by Page 226 of |[Bourbaki(2005)]. The form induced by the Killing form on b*,
is denoted by @ in chapter VI section 1 no. 12 page 184 of [Bourbaki(2002)].

Proposition 4.2.5. Let g be a semi-simple Lie algebra with a Cartan

subalgebra by and Weyl group W. For each positive integer k we define
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gk(uv V) - ZwEW sgn(w)(w(,u), V>k7 fO’f’ ne b* and v € b
Let g be simple. Then

(1) ge(p,v) =0 for0<k<m—1ork=m+1

m)

::IIBGR+(67P)IIBGR+
(8) gmia(p,v) = cgper, (1 B) Mper, (B, v) (1, 1) (Zper(B8,v)?),

(2) Gm(p,v) (B, 1) per, (B,v).

where (,) is according to the notation introduced in the section [{.1. ~We

calculate ¢y in the next lemma.

Proof. 1f the Weyl group W acts on a vector space V', then a function f €
sym(V™*) is called anti-W-invariant if f(w(v)) = sgn(w) f(v) Yo € V Yw € W.
Taking V' = bh* or h, and by Section 3.13 page 69 of [Humphreys(1990)] we
know that if a function f € sym(V*) is anti-W-invariant then it is divisible
by [ger, B'(8,z) in sym(V*), where B’ is a non-zero W-invariant bilinear
form. Furthermore the quotient is a W-invariant polynomial. If g is simple
then by Theorem 14.31 of [Fulton and Harris(1991)] h and h* is a irreducible
representation of W. Now B’ is a scalar multiple of the Killing form, because
the W-invariant bilinear forms corresponds to the set Homy, (V,V*). It is
one dimensional if V' is irreducible. Now the polynomial g; for each positive
integer k, is anti-W-invariant in both the variables. Hence it is divisible
by [ger, (1, 8Y). As (u, BY) = 2(u, B)/(B, B), the expression is divisible by
[Iser, (1, B), and also by [ger, (8,v). Since gi(u,v) is anti-W-invariant in
both the variables 1 and v, we get

gr(v) = frlpwv) - 11 (. 8) - 11 (B, v),

BERL BeERL

where (,) is the Killing form or the pairing between characters and co-
characters depending upon the context, and where f; is a W-invariant poly-

nomial in both the variables.
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When 0 < k < m — 1 the degrees of both sides cannot match unless f; is
identically 0, Hence gx(u,v) = 0.

For k = m + 1, since each entry (w(u), )™ is a degree m + 1 homo-
geneous polynomial in p and v, the degree of g,,11 is either m 4 1 in each
varaible otherwise it is identically 0. If g,,.1 = 0 we are through. Otherwise
we have the following argument. If we fix the variable v, then f,,.1(y,v)
should be a degree one W-invariant polynomial in the variable . By the
table of degrees of the basic invariants on page 59 of [Humphreys(1990)],
we know that there is no degree one W-invariant polynomial for simple Lie
algebras. Thus g,,,1 is identically 0.

For (3), we have the following argument.
Lemma 4.2.6. The polynomial g,,12 has degree m+ 2 in both the variables.

Proof. The LHS is a homogeneous polynomial in both p and v, hence it
is either of degree m + 2 or it is identically 0. If it is O then the LHS in
Theorem is non-negative as it is sum m(u, \)(u, v)? while the RHS is
strictly negative as one of ((;,v) # 0 as 3; spans the space and the pairing

is non-degenerate. This leads to a contradiction. O

Hence f,, 2 is a degree 2 W-invariant polynomial in both the variables.
As both the polynomials are homogeneous, f,,12 will be homogeneous. Any
quadratic invariant homogeneous polynomial is a quadratic form correspond-
ing to a symmetric bilinear form on h or h*. We know that a quadratic W-
invariant homogeneous polynomial corresponds to a W-invariant quadratic
form which in turn corresponds to a W invariant bilinear form. Again by
Theorem 14.31 of [Fulton and Harris(1991)| it should be the Killing form up
to scalars. Hence it is divisible by (u, i) and [v|* = (X 3er(8,v)?). Therefore

we conclude

gm+2<:u7 V) = Cg Hﬁ€R+ (M? 6) Hﬁ€R+ (67 V) (Nv M)(ZﬁGR(B7 V)2>'
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For (2), by a degree argument, it is clear that f,, should be a scalar c.

To find ¢ we again use the Weyl character formula, i.e.,

A(A+ p) = Ch(VH A(p),

where A1) = 3 ,cw sgn(w)e”(p).
This time we apply e(%) to both sides of above equation. Again apply-
ing the Leibniz rule to the RHS and using Lemma [4.2.4] we get

G A+ p,v) = e(Ch(V))e (W)

=dim(V*)-m!- ] (B,v).

BERL
By using the Weyl dimension formula we get
HﬁER (ﬁu A+ p)
gm()\+pay): - ~m! - (571/)'
HB€R+ (67 P) 5g+
m!
Hence we get f,, = c= ————— and (2) follows.
H56R+(5 . P)
Therefore, we conclude the proof of Proposition [4.2.5] O

We calculate ¢y in the next lemma.
Lemma 4.2.7. We have

. (m 4+ 2)!
i 48(HB€R+(p7 ﬂ)) ) (pa p)

Proof. Let us denote [[scg, (14, 8) by d, and []gep, (B, v) by d,,. Let us denote

(s, p1) by |pf? and Ygeg, (8,v)* by |v|>.
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Now we will use Exercise 7 ¢) on page 257 of [Bourbaki(2005)] which says

> (1, ) (ma(p)) = (1/24)(dim V) (A, A + 2p), (4.11)

pnepP

where P is the weight lattice of g. Let

Fp,v) = E;V sgn(w)(w(p), v)™ .

Since (, ) is non-degenerate, for every co-character v, we can define a weight
w, satisfying (p/,v) = (¢, ) Y/ € h*. Similarly for every weight p, we
can define a co-character v, satisfying (¢/,v,) = (¢, u) Vi' € b*. With this
notation, if we substitute v, in place of v in , we get

Q,,(1) = o oma() (i, v)* = D (1, p)*(ma(p)),

HEP) HE Py

which equals

= (1/24) dim(V*)(\, A + 2p),

by (@11).
On the other hand, by Theorem [.2.]]

" . 2F()‘+p7 VP)
@)= T 2, )

|Vp|2

2)'

— (1/3)(dim V) (1/4)(
From the lemma above, we get
FA 4 p,vp) = cgdaipdy, | X+ pl* |y,
Using the dimension formula we get

= ¢g(dim V)‘)dpdyp|)\ + p|2|1/p|2.
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Here
d”p - H (67 Vﬂ)
BERL
= (B, p)
BeERL
_ dp,
and

See Equation (16) on page 184, of [Bourbaki(2002)| for the third equality.

Combining all this we have

2¢,(dim VA d,d, | A + p|?|v,|? _
" _ 9 PV [ A 2
szp(]') - (m + 2)'dy (1/24)(dlmv )‘VP‘ )

2c,d,| N + pl?

= (@)l (24

- 1/24) .

Equating this with
= (1/24) dim(V*)(\, A + 2p),

we get
_ (m+2)!

= 18d,(p, p)’
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O
Theorem 4.2.8. If g is simple then

Q%D:(&mVﬂWﬁﬁz+m2—wﬂ_

Proof. For the formula, plug in the value of ¢4 in Theorem and use the

Weyl dimension formula. We get

Colrypdy| A + plPlvf dim VAj]?
((m +2)!1/2)d, 24
2
= (1/24)(dim V) (|v]?) ('A;'f' — 1)
(dim V) [v 2 (A + p|2 — [p]?)
24/p|? '

QU1 =

See page 257 exercise 7 d) of [Bourbaki(2005)] which says dim g = 24(p, p) if
g is simple. [

Hence we get the following theorem.

Theorem 4.2.9. Let ¢y be an irreducible orthogonal finite-dimensional rep-
resentation with highest weight A of a connected Lie group G having a simple

Lie algebra g. Then ¢y is spinorial if and only if the integer

Qu(1) _ (dim V) (w*)(IA+ p* = [pI*)

2 2(dim g)

is even for all co-characters v of T , where || is the killing norm and p is

half the sum of positive roots.

Now let g be semi-simple. Hence g = @ _,g;, where each g; is simple.
Then h = ®F_h;, where b is the Cartan subalgebra of g, and b; is a Cartan
subalgebra of g;. Let ¢, be a orthogonal irreducible representation of a

group G with Lie algebra g with highest weight . Let A = @®F_ | )\;, where
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N\ € br. Let u € b*, so u = @®F ,u;, where p; € b, Let p be half the sum
of the positive roots of g. Then p = @®F_,p;, where p; € b} be half the sum
of positive roots of g;. Let v be a co-character of the maximal torus of G
corresponding to h. Then v = @F_,1; where v; € h;. Let m be the number
of positive roots of g. Let m; be the number of positive roots of g;. Thus
m =" m;. Let Ry = {Ba, Bia, ., Bim, } be the positive roots of g; and
R, = UF | R;, is the set of positive roots of g. Let the Weyl group of b in g
be W. Then W = Wj x --- x Wy, where W; is the Weyl group of b; in g;.

Proposition 4.2.10. Let g, \, p, i, v, m and @;, N, pi, li, Vi, Mm; be as above.
Let gi be the functions described in Proposition[4.2.5. Then we have

k m+ 2
Gmr2(, V) :Z My 42, e T Gmy (1, 1)+ +* G2 (B Vi) *+ * Gy (ks Vi) -
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Proof. By definition we have g,,.2(u, v) is equal to

= > sgn(w){w(p),v)"",

weWw
= > sgn(w)(SF wi(m), By,
weW
k
=Y sgn(w Z w; (), vi)) ™2,
weWw i=1

Mw

= 3 senw S () T

weW =1 {(n;) €2 |3 ni=m+-2}

Now interchanging summations we get

) ( mee ) > Sgn(w)ﬁ<wi(m)%>m7

{(ni)ezk o|S ni=m2y N L RS wew i=1

s

{(n))€Z |3 ni=mt2p N k

Z;V Z;V Z;V [[l(sgn(wi)<wi(ui),w>”i)> ,
:Z Z ( m+ 2 >><

=1 {(ny)€zh | ni=mt2} \'L 7o TR

Z 1) (wr(pa), )™ - - E;V Sgn(wk)<wk(/~0k)ﬂ/k>nk) :
>

> ( e )ﬁgni(ﬂz‘a%‘)

=1 {(ni)ezh o[ mi=mt2y N1 TR =1

s @.
IIM?r HMw
— —

/\S/_\

Now since each g; is simple, we can apply Proposition to say that
Gn;(pisv;) = 0if 0 < n; < m; —1 or n; = m; + 1. Thus the k-tuples
(n;) € Z%, which contribute to the sum satisfy n; ¢ {0,1,...,m; —1,m; +1}
and Y n, = m+2 = (X m;) + 2. It is easy to see that this will happen if

and only if exactly one of n; = m; + 2 and n; = m; for j # i. Hence the
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proposition.

Proposition 4.2.11. If g, A\, p,v and g;, \;, p;, v; be as above, then

Q) =ity y, Do o)

=1

Proof. By Theorem

(Ov)?
- 2 wew Sgn(w)(w()\ + ,0)7 ,/)m+2 1 lm \ m
IR (Z

= 29m+2()\+p’y) _ 1 im (VA (ﬁla )
— e e = amey (S0

Q=S5

By Proposition 4.2.10, we have

k m+ 2
gm+2(#,7/):z my 42, grm(ﬂhyl)"'gm,-—&—Q(,uiaVi)"'gmk(ﬂk’ayk)-

Since each g; is simple, we can apply Proposition to obtain

Gm; (15, v5) = (511 o) H 1, Bi) T1(Bi, vi),
s Pi) 1= =1
and
49 ! mj m;
Gmy+2(1s Vi) = H?ljl((TZyj‘z p'))- (01 i) LI 115) TTBis v3) (g 115) (v, v5).
= s M 1 M) =1 =1

Let us define d;(u;) = I1,24 (Bj1, 1) and d;(v;) = T1,2 (Bj1, v;) and d(p) =
HB€R+(5,M) and d(v) = H5€R+(B,V). Observe that d(u) = Hf_ (1) and



50 4.2. Calculation of Q7(1)

d(v) =TI, d;(v)).
Then we get gmya(si, v)

k m+ 2 i
- !
Z<m1,...,mi+2,.,,7mk> (Hml.) m; + 2)! (H

‘MZ' |V1|2
%) | il

=1 1#1
k k 2
(m +2)! d;(p5) |l
= ~ 7 di(v .
; 2 ]1:11 d;(pj) i) 241 p;|?

Now we put u = A + p and use the Weyl dimension formula. Thus we get

gm+2(/\ + P)

- (m+2)! i +p3) ) oy it pilP Il
X (H 40) df(f)) 2l

i=1 j=1
Lo m+2)! [ i + pil*[vil?
= - dim V% d(v) ! nt
22 (U 21"

The representation V* is the external tensor product, i.e, V* = @;‘PZIV’\J',
where V% is the irreducible representation of g; of highest weight ;. Thus
dim V* = [T5_, dim V. Hence we get

(m +2)! A YN A+ il 2wl
V) L

i=1

gm+2(/\ + P)

Putting this expression in Equation (4.12)), we get Q(1)
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2(m + 2)! dim V2d(v) T PEREEE i (1) (5,408, 1)?)
2(m + 2)ld(v) a 24

Z Xi + pil?|vil? Z Z )

i=1 |pil? i=1 BER;,

dlm V’\ (

observe that > (8,v)* = |v;]>. Hence we get
BER;

" dlmv)\ i |2‘)‘ +p2|2 ‘pi|2

Qy(1) Z| e

Since g, is simple we have. 24|p;

|* = dim g;, So this equals

k |2 . 12 .12
— dimVAZ |V1| (|)‘z+pz| |pz| )

= dim gdi

Hence the proof.
O

Theorem 4.2.12. Let G be a connected complex semi-simple group with
complex Lie algebra g. Let Ty be a maximal torus of G. Let ¢y be an
irreducible orthogonal holomorphic representation with the highest weight .
Then let g = ®gi, where g; is simple, A = ®&N;, p = ®p; and v = Bv;, where

v € b. The representation ¢y is spinorial if and only if the integer

" 2 2
UL _ g VAZM (s + pil* = o)

2dim g,
is even for every co-character v of Tg.
Proof. Tt follows from the Lemma and Proposition [4.2.11] O

Scholium 4.2.13. To determine the spinoriality of ¢, it is enough to deter-
mine the parity of Q1(1)/2 for the co-characters v which represent the gen-
erators of m(G) = X.(T)/Q which is finite, where X,(T) is the co-character
lattice and Q) is the co-root lattice of G. Thus problem reduces to checking
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this criterion for finite number of co-characters.

Proof. The map X.(T) — m(G) LN m(SO(V)) is simply given by v
Q”(1)/2. Because whenever v is such that ¢ o v is lifting then it maps under
above map to 0 otherwise not, and the map v — QV(1)/2 does exactly
the same job. Now to check ¢, is trivial, we just have to check it on the

representative co-characters of generators of m(G). Hence the proof. O
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4.3 Relation with the Dynkin Index

Let g be a simple Lie algebra with a long root . We define a bilinear form

on g by
2(z,y)
(o, a)’

(];vy)d =

where (,) is the Killing form. In other words we normalize the Killing form
so that (a,a)q = 2. Let ¢ : g1 — g2 be a morphism of simple Lie algebras.

Then there exists a number dyn(¢) called Dynkin invariant, so that

(0(2), (y))a = dyn(¢)(z, y)a-

Definition 4.3.1. Dynkin Index: Let ¢ : g — sl(V') be a representation of
simple Lie algebra g, then the Dynkin invariant of ¢ is called the Dynkin

index of representation ¢. It is denoted by j.

By Proposition 2.5 Page 101 of [Vinberg(1994)] we can say that Dynkin
invariant is a non-negative integer. It is 0 if and only if ¢ is trivial.

Properties of Dynkin invariant

1) For two representations ¢; and ¢, of the same Lie algebra g, we have

dyn(¢1 @ ¢2) = dyn(¢1) + dyn(ez).
2)For three simple Lie algebras g1, go, g3 and the morphisms ¢ : g — go and

¢ : go — g3, we have dyn(¢ o ¢0) = dyn(¢) - dyn(v)).
Lemma 4.3.2. Let ¢ :s0(V) — sl(V) be the standard inclusion, then j, = 2.

Proof. A Cartan subalgebra of so(V) is

1B DT, D (—11) DD (—xy) if dimV is even ,
s0 =

1D D, D (1) D D (—x,) B0 if dimV is odd,
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where z; € C. Under the map ¢, it maps to the same matrix in sl(V).
The Killing form for by is Kq(X,Y) = 2m Trace(X - Y). The long root is
e; — eg, so if we normalize the Killing form as K[ (X,Y) = Trace(X -Y) =
>3 @y, then K(ey — ea,eq — ep) = 2. Similarly for b, the Killing form
is Ko (X,Y) = (m—2)-Trace(X,Y). Here the long root is again e; — es, s0

if we take the normalized Killing form to be
K. (X,Y) = (1/2) Trace(X - Y)
= (1/2)>_ iy + Y _(—xi)(—ws))
i=1 i=1
= Z LiYis
i=1

then K (e; — ez, €1 — e2) = 2. Since K| restricted to so(V) is 2K/, the

507

Dynkin index of ¢ is 2. [

Let my : g — sl(V) be an orthogonal representation. We may write
7y = tomh, where 7} : g — s0(V'). Thusdyn(r) = 2dyn(n) if dim V' # 1,2, 4,

as in these cases s0(V') is not simple.

Theorem 4.3.3. Let ¢y be the irreducible representation of g with highest
weight \ with g simple. Then

. dim V> -2 (\ X+ 2p)
Jox =

Y

dimg - (o, @)
where (,) is the Killing form and « is the longest root of g.
Proof. By Theorem 2.19 page 101 of [Vinberg(1994)|, we have

_dim VAN X +2p)g
B dim g '

j(b,\

Thus by definition of (, )4 the theorem follows. O
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95

Corollary 4.3.4. In the setting of the theorem above we have

Q1) _ (&) (v,v)dyn())

2 2 ’

where (,) denotes the Killing form and « is the longest root.
Proof. By Theorem [.2.9] we have

Qu(1) _ (dim V)] + p” — |p*)
2dimg

By the theorem above, we have

dim VA +2p) (o, ) - gy
dim g 2 .

Note that (A, A 4+ 2p) = A+ p|? — |p[®. Furthermore dyn(¢}) = (1/2)jg,

Combining all the three statements we get the above result.

]
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4.4 Spinoriality of the Adjoint Representa-

tion

Let G be a complex Lie group having a simple Lie algebra g. Let Ad be the
adjoint representation of G. Let T' be a maximal torus of G and X*(7T') be
the character group of T. Let p be half the sum of roots. We are proving
it for complex groups having a simple Lie algebra using our method in this

section.
Theorem 4.4.1. Ad is spinorial if and only if p € X*(T).
Proof. From Theorem [4.2.9] it is clear that Ad is spinorial if and only if

dim VA([A + p|* — |p*)|v[?
2dimg

=0 mod 2,

for every v, where A is the highest weight of Ad, i.e, the highest root. Since
for the adjoint representation V* = g, we deduce that Ad is spinorial if and

only if
A+ pl* = 1pl)|v]?
2

=0 mod 2.

By Exercise 8.7 (4) on page 195 of [Kirillov(2009)], we deduce that (A, A+
2p) = |\ + p|> — |p|* = 1, since A is the highest root.

Thus the condition for the spinoriality becomes % =0 mod 2 for every

Lemma 4.4.2. % is even for every co-character v if and only if p € X*(T).
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Proof.

M 1y2) Y gy

BER

= > (Bv)

BeER

= Z(B,V)Q—l—Q Z (Bi,v)(B;,v) mod 2

BERL {Bi,8;}CR+

= (> B,v)* mod?2

BeER

(2p,v)*> mod 2

4(p,v)* mod 2 (4.13)

v

If p € X*(T) then (p,v) € Z for all co-characters v, which means 5

27.

S

For the converse, we suppose that % is even for all co-characters of T

Since (2p,v) € Z then either (p,v) € Z or (p,v) = §, where a is an odd
integer. If (p,v) € Z for every co-character v of T', which means p € X*(7T)
due to perfect pairing of characters and co-characters. If (p,v) ¢ Z for some
v

v, then (p,v) = § where a is an odd integer. Due to Equation (4.13) %5~

4(a/2)? mod 2. Hence we get % = a* mod 2, which is a contradiction
since a is odd and we assumed that the LHS is even. Therefore the second

case cannot occur and we get p € X*(7T). O

Hence we conclude the proof of the Theorem [4.4.1]

[]

This reproves page 416 exercise 7b in [Bourbaki(2005)] for real compact

Lie groups after complexifying.
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4.4. Spinoriality of the Adjoint Representation




Chapter 5

Highest weight Lattices

In this section, we will study lattices of highest weights associated with the
representations of a semisimple Lie group or a Lie algebra. After definition
we study the relation amongst them. Let g be a semisimple Lie algebra. Now

fix a Cartan subalgebra b of g.

Definition 5.0.1. We define the weight lattice of a semisimple Lie algebra

g as

P(g) ={peb” | (p,Ha) € Z,Va € R},
where R is the set of roots and {H,, o € R} is the set of co-roots.
Let G be a group having Lie algebra g.

Definition 5.0.2. We define
P(G)={p € P(g) | p=d\ for some A € X*(T)},
where T is the maximal torus corresponding to b, X*(T') = Hom(T,C*) and

d\ € b* is the derivative of \.

The weight lattice for a semi-simple Lie algebra g is the set of weights

whose intersection with with each Weyl chamber gives the highest weights

99
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of irreducible finite dimensional representation of g. After fixing a positive

Weyl chamber Cj, we can define three lattices.

Definition 5.0.3. For a semisimple Lie algebra g we define

Pa(g) = {p € P|wo(p) = —p},

where wy is the longest element of the Weyl group. Similarly for G we put
Pu(G) = Pu(g) N P(G)

We know from Lemma that an irreducible representation of a
semisimple Lie group G or a semisimple Lie algebra g of highest weight
w is self-dual if and only if w = —wy(w) where wy is the longest element of
the Weyl group of G or g. This means that Py (Pq(G)) is the set of w in
P (P(Q)) satistying the linear equation (wy + I)(w) = 0. So Py (Psu(G)) is
a free abelian group because it is the intersection of the weight lattice and
the kernel of (wy + I). Note that Py(G) depends on the choice of wg, which

depends on the choice of a positive Weyl chamber.

Definition 5.0.4. For a semisimple Lie algebra g we define

Porth(g) = {w € Py | Z (w, Ha> =0 mod 2} ,

a€RL

where R, denotes the set of positive roots. For a semisimple group G, put
Porth(G> = Porth(Q) N P(G)

From Theorem [2.3.1] we know that a self-dual irreducible representation
with highest weight @ is real if and only if 3>, c g, (@, Hq) is even, where R is

the set of positive roots. We can think of @ + (X e, (@, Ha) mod 2) as a
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group homomorphism from Pi(g) or Paa(G) to Z/2Z. The kernel of this map
is denoted by P,n(g) or Poyn(G). The intersection of Py (Pown(G)) with Cy
are precisely the highest weights of the irreducible orthogonal representations

of g or G.
Definition 5.0.5. We define
Ppn(G) = {X € Py | F,(A\) =0 mod 2Vv € X,(T)}.

Note that A € (P, (G)N Weyl chamber < the representation with high-
est weight A is spinorial. Unlike the highest weights of self-dual represen-
tations or orthogonal representations, highest weights of spinorial represen-
tations need not form a subgroup. By which we mean Fg; (G) may not
a subgroup of Py, (G). Although the spinorial weights are in some sense

periodic.
Definition 5.0.6. We define
PSpiH<G) = {p S Porth(G) | A S Pépin<G) And A +p € Pépln(G)}

By this definition we mean that we collect the set of vectors p € Pon(G)
such that whenever A € P§; (G) then A +p € Py ;,(G). This means that if p
is such a vector and if A and A + p are elements of P, (G)N Weyl chamber,
then whenever A is spinorial, A 4+ p is also spinorial. We show further that
such non-zero vectors p always exist. By definition, Pspin(G) is a lattice and
the Theorem shows that the index [Poun(G) : Pspin(G)] is finite. In
this sense Pspin(G) captures the periodicity of the spinorial weights.

For any complex variable x and natural number 7 we define a polynomial

(m) 2 —1)(z—i+1)

? 2!
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Let S = Pon(G) ® Q. Let Py, (G) C S* be its dual lattice.
Write (P ovrti(c)) for the Z-algebra of polynomial maps from S to QQ that
take integer values on Pn(G). For example, let a € P, (G), and define

(a) € (Povr%(G)) by the prescription (3) A= <<°‘T’L)‘>) for A € S.

n

Proposition 5.0.7. The Z-algebra (POVNE(G)) is generated as an algebra by

(a"), where «; is a set of generators of Py (G) and n > 1.

n

Proof. See Proposition 2 in [Bourbaki(2005)] page 177. O

Proposition 5.0.8. Let f: S — Q be a polynomial map in (Povrti(a)). Then
there is a subgroup L < P, (G) of finite index so that for all X\ € Puyn(G)
and all ¢ € L we have f(A+¢) = f(A\) mod 2.

Proof. From the proposition above, we have generators ay,as,...,a, of
PY..(G) and integers ny, na, ..., n,, and a polynomial g € Z[xy, z9, - ,x,] so
that f =g ((g) o (g)) . Put k = max(ky, . .., k) where k; = [logan;] + 1.
Note that (ZZ)()\ + 2Fp) = (Z:)(/\) mod 2 for all A\, 4 € Pyn(G) by Lemma

12.1.2l Thus we can take L = 2% - P, (G). O

Lemma 5.0.9. Let A(z) be a polynomial in one variable with real coeffi-

cients. if A(Z>o) C Z, then A(Z) C Z.

Proof. Observe that (f) forms a basis of vector space of real polynomials.

Hence

where ¢; € R and m is some natural number. Observe that (gf ) takes integer

values on integer input. Hence if we prove ¢; € Z then we are done.
Lemma 5.0.10. The numbers c¢; are integers.

Proof. We will proceed by induction. The base case is easy, i.e., A(0) = ¢ is
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an integer. Let us assume co, ¢y, -+ ,¢;—1 are integers. Observe that A(j) =
S0 (i) + ¢ (g) is an integer. Thus ¢; = A(j) — 2, ¢ (i) is an integer.
Hence the proof. O

Therefore we conclude the proof of Lemma 5.0.9. n

Lemma 5.0.11. Let C' be a polyhedral cone in R™ with vertex 0, such that
Span(C') =R". Let L C R™ be a lattice and let P € L. Then the intersection
of C and P+ C' is again a cone of the form P'+ C for some point P'. Since
Span(C) = R™, (P’ + C) N L is nonempty. We join P to a point P" in
(PP+C)NL. Then P" — P and P+ Z>,-(P"—P)eCNL.

Proof. A polyhedral cone C, such that Span(C') = R™ can be defined in
two ways. Either C = {z = (v1,29,...,2,) | B2 > d}, where B is
a rank-n m X n real matrix, where m > n and d is a vector in R", or
C ={vy+ X, av; | a; > 0}, where the set {v; | 1 <i <r} spans R".

To prove that C' and P + C' have non-empty intersection we use the
second version of the definition. Let C' = {3, ayv; | a; € Rsp}, then
P+C={P+>_,au; | o € Rso}. We can write P = >/, f;v;. Choose
a; > —f; so that 27, (a; + Bi)v; € C N (P + C). Thus the intersection is
nonempty.

To prove that the intersection is a cone, we use the first definition.
For both C and P + C the matrix B is the same. For C, d = 0,
while for P4+ C, d = B-P. Let Y = B-P = (y1,%2,-.-,Yn). Let
Y’ = (max{0, v}, max{0,ys},...,max{0,y,}). Then the intersection is
given by the equation B-x > Y’. Hence it is a cone. Therefore it is equal to
P'+ " for some point P, and C" = C since B is the same.

Since Span(C' N (P + C)) = R™, the intersection of L with C' N (P + C)
is non empty.

Take a point P” in L N (P’ + C). Here we will use the second version
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of the definition. Since P” € P'+ C, we have P" € C and P" — P € C
Thus both P” and P"” — P are of the form !, a;v;, where a; € Rso. Hence
P+Z>o(P"— P) € C. Therefore P+ Z>,-(P"—P)e CN(P+C)NL. O

Proposition 5.0.12. Let C' be a polyhedral cone such that Span(C) = R",
and L be a lattice in R™. If f € Rlxy,xq,...,x,] takes integer values on

C N L, then f takes integer values on the whole of L.

Proof. Let P € L. We will show that f(P) € Z. By the lemma above, there
exists a point P” in C'N L such that P — P and P+ Z>,-(P"—P) e CNL.
Now we define a polynomial g € R[t] by g(t) = f(P”" +t- (P" — P)). Since
P" and P” — P both belong to C'N L, it is clear that g(Z>o) C Z. Hence by
Lemma 5.0.9 we have ¢g(Z) C Z. Thus g(—1) = f(P) € Z. Since the choice
of P was arbitrary, we conclude that f takes integer values on the whole of

L. [l

Theorem 5.0.13. [Periodicity Theorem] The index [Pon(G) : Popin(G)]

is finite.
Proof. Now observe that the expression

_ dim VA (A + pf” — [pI*)
B 2dimg

fV(A)

9

is a real polynomial in the variable A using the Weyl dimension formula.
From Theorem we can say that this polynomial takes integer values on
Porn(G) N Cy, where Cy is the Weyl chamber.

We have |[v]?/2 = Ygcg, (B,v)?. Thus |[v]*/2 is an integer valued func-
tion on X,(T). Since we are interested in only parity of f,, we may only
concentrate on min,ex, (1) ords(|v[?/2). The function ords(|v|*/2) achieves
its minimum for some v let us say for vy. So we have ¢, is spinorial if and

only if f,, () is even.
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Applying the proposition above we deduce that the polynomial f,, takes
integer values on the whole of P, (G). We can identify S ® R with a real
subspace say K of h* such that P,.,(G) maps identically to P, (G). Note
that since f,, is a polynomial on h*  f, |k is a polynomial in co-ordinates of
K and P,n(G) is a lattice in K. Thus f|x € (Povrtﬁ(G)). Thus by Proposition
[5.0.8] there exists a subgroup L of Po,(G) of finite index such that f(A+¢) =
f(A) mod 2 for every A € Pon(G) and £ € L. Thus L C Pguin(G). Hence
Portn(G) [ Pepin(G) 1s finite. O

Thus in order to determine the spinoriality of the representation of highest
weight A we only need to check it on the coset representatives of Pgi,(G) in

P,n(G), which are finite in number.
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Chapter 6

Applications

6.1 Preliminaries

6.1.1 Orthogonal Representations of GL(n)

In this section, we determine, which of the irreducible representations of
GL(n,C) are orthogonal. From page 268 Section (5.2) (vii) of [Brocker and
tom Dieck(2013)] we deduce that the self dual irreducible representations of
U(n) are real or orthogonal. Therefore all of the irreducible self-dual rep-
resentations of GL(n,C) are orthogonal, by complexification. Let Z denote
the centre of GL(n,C). Let T be the maximal torus of invertible diagonal
matrices in GL(n,C). Let 7" = T NSL(n,C). Let W be the Weyl group of T’
in GL(n,C). Now for the rest of the discussion we will use the conventions
and results of Section 5.5.4 of |[Goodman and Wallach(2009)].
Fora=a1®ay® - - Da, €T, define ¢; € X*(T) as ¢(a) = a;.

67
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We start from the irreducible representation (7, V') of highest weight

n
n= Z mi€;,
=1

where m; € Z, m; > my1.

Then

i
w; = Z €5,
j=1

are the fundamental weights of sl(n,C) for 1 <i <n — 1.

First let us restrict © to Z. We have 7(zl) = 22 ™ | by page 274
Theorem 5.5.22 [Goodman and Wallach(2009)]. As the representation is
self-dual, 7(2I) should be conjugate to 7 (m(21))~*. So Z acts trivially on V.

This forces
i=1

Now we restrict 7 to SL(n, C). It is still irreducible because GL(n,C) =
Z - SL(n,C), and Z acts trivially. By Section 5.5.4 of [Goodman and Wal-
lach(2009)], the corresponding highest weight is

n—1

Ko = Z(mz - mz‘+1)wz‘-
i=1

Recall from Theorem 7 is self dual if its highest weight w satisfies
w = —wp(w), where wy is the longest element of its Weyl group. Now the
Weyl group of SL(n,C) is the symmetric group S, and the longest element

in cycle notation is

(1L,n)2,n—-1)3,n—2)---(5,5+1), ifniseven,
Wy =

5
(L,n)(2,n—1)--- ("L —1,24 +1),  if nis odd.

See [Bourbaki(2002)] Chapter VI section 4 no. 7 XI. Hence wy(€;) = €,4+1—;-
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Observe that

wo(wj) = Wo (il 62')

= wo(€1) + wolez) + - - - + wo(e;)
=€, + €1+ + €nt1—j

=—(a+e+-Fe1) e te ot ot

since Y1 ; ¢; = 0, as we are now in SL(n, C).

Now if 7 is self-dual then gy should satisfy g = —wo(po). Thus we get

n—1 _

Ho = Z(mi — mjy1)w; = —wo(fio) Z — Myjy1)Tpj.
=1 :
Since w; are linearly independant, we get
My — Mgl = My — Mpip1 Vi <M.

Let n = 2k. Thus we put

mip — Mg = Mp—1 — Mp =Tk,

Mo — M3 = Mp—2 — Mp—1 = Tk—1,

M1 — Mg = M1 — Miy2 = T2

Note the condition »."'m; = 0 forces my + myy1 = 0. Hence we set

my = —myy1 = r1. Thus the highest weight corresponding to our orthogonal
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representation of GL(n,C) is of the form

(Tk—f—Tk_l+"'+T1,7’k_1+Tk_2+"'+7’1,...,7‘1,—T1,—T1—7‘2,
...,—7"1—7“2—"'—7”k),
where r1, 19, ..., 7, are nonnegative integer parameters.

6.1.2 Orthogonal Representations of SO(2n + 1)

Theorem 6.1.1. All of the irreducible representations of SO(2n +1,C) are

orthogonal.

Proof. From Proposition 26.26 of [Fulton and Harris(1991)] which says the
representation of highest weight aycoy + -+ + a,_1@,_1 + a,@,/2, where
a; € Z and w,; are fundamental weights of so(2n + 1,C), is orthogonal if
either a,, is even or n = 0 or 3 mod 4. Here w; = zg’zl gforl1<j<n-—1
and @, = (1/2)(3, €). Moreover 23.13 of [Fulton and Harris(1991)] says
that for representation of Lie algebra so(2n + 1, C) to be the differential of a
representation of the group SO(2n + 1), the highest weight vector should be
integral i.e. of the form Y b;¢; , where b; € Z. For that to happen 4 should
divide a,, then the representation is orthogonal since a,, is even. Thus all

the irreducible representations of SO(2n + 1, C) are orthogonal. [

6.1.3 Orthogonal Representations of SO(2n)

The fundamental representations here are wy = Zle €,for 1 <k <n-—2
The fundamental weight w,_1 = (1/2)(e; + -+ + €,-1 — €,), furthermore
wp, = (1/2)(e1 + -+ €n1 + €).
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Theorem 6.1.2. A representation of SO(2n,C) of highest weight w =
Z?;f a;; + Ap_1W,_1 + a,@, 1S orthogonal if and only if either n is odd

and a,_1 = a, or n is even and a,_1 + a, 1S even.

Proof. See Proposition 26.27 and Proposition 23.13 (iii) of [Fulton and Har-
ris(1991)). O
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6.2 Examples

6.2.1 Case PGL(2)

In this section we will determine the spinoriality of irreducible orthogonal
representations of G = PGL(2,C). The Lie algebra of PGL(2,C) is isomor-
phic to gl(2,C)/(Scalars) = sl(2,C). It is simple, and we denote it by g.

Hence cartan subalgebra of g is ¢

x
b

@9 ) = a — b, note that it is well defined. In fact

rdx

« is the single positive root as it is weight of the adjoint representation with
01

0 0

Hence p = (1/2)c. Any integral weight of h will be of the form na, where
y®o0
rdr

b
© , where a,b,x € C. We denote it by
x

h. Define a € h* bya<

eigenvector

n € Z. Now we choose the co-character v : y —

Since g is simple, our formula is

Qy(1) _ (dim EY(v*)(IA+ pl* — |pl*)
2 2 dim g '

For sl(2,C) the Killing form on b is 4 Trace(X - Y) = 4(z1y1 + 22y2)

where X = x1 @ x9,Y = y; @ y2. Hence on b* it is (1/4)(ziy; + x5ys), where

X* = zier + zher, Y™ = yieg + yseo. Here €; are projections on ¢'th factor.

Therefore we get
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Using the dimension formula,

(na+ (1/2)a, @)
((1/2)e, )

=2n+1.

dim(F) =

By definition of the Killing form, we get,

V] = (a,v)* + (—a,v)*

((1,=1) - (1,0))* + ((=1,1) - (1,0))*
2.

Substituting in the formula we get

hod)  (2n+1)-2-(1/2)(n% +n) _n(n+1)(2n+1)

2 2 dim(pgly(C)) 6 '

Since 2n + 1 is odd, ¢ is spinorial if and only if

1
”(n;)zo mod 2.
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6.2.2 Case PGL(n)

The group SL(n,C) is a finite cover of PGL(n, C), hence it has the same Lie
algebra as SL(n, C), which is simple. Therefore we can apply Theorem [4.2.9]
here. Let ¢, be an orthogonal irreducible finite-dimensional representation
of PGL(n, C) of highest weight A. For PGL(n,C), the Cartan subalgebra b
is 11 ® 22 ® -+ - @ ¥, such that 3" x; = 0. This is a subspace of hgy.c)-

hgi(n,0))
,1

Hence b* is A ERIE Recall that we want to calculate

(dim V) ([ (1A + ol — |pI?)
2dim g '

Lemma 6.2.1. If n is an odd natural number, then all of the irreducible

orthogonal finite-dimensional representations of PGL(n,C) are spinorial.

Proof. As m(PGL(n,C))) is Z/nZ, and 7 (SO(N,C)) is Z/27Z. The map
at the level of m; is trivial. Hence by Lemma [3.1.1] all the corresponding

representations are spinorial. 0

So the groups of interest are PGL(2n,C). The highest weight of an or-

thogonal irreducible representation is of the form

n n—1
A= (Zriazriv"'arl —|—7”2,7'1,—7’1,—7"1 —Te...,—
=1 =1 1

n
1=

from Subsection [G.1.1]
From page 218 of (vi) of proposition 6.2 of [Brocker and tom Dieck(2013)]

we get that half of sum of roots for PGL(2n,C) is
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Now we calculate

A+ o = [p]*.

It is well-known that the Killing form for by, is 2(2n) Trace(X,Y), i.e.,
An ", 2y, We induce the Killing form on h*. It is easy to see that if
we choose representatives pu = (p1, fto, .-, f2,) + C- (1,1,...,1) and v =
(71,72, - 5720) + C - (1,1,...,1) of the space h*, such that > u; = 0 and
> = 0, then the induced Killing form will be just 1/(4n) > py;.

Hence we have,

n

|)\+p’2_|p|2:(1/(4n)).2. 2((§Tj)+2i2_1) _<2i2—1>

)

The following is the calculation for dim(V?*). The positive roots for
PGL(n,C) are ¢; — €¢; where ¢ < j. We will use the Weyl dimension for-
mula. Suppose p = (pu1, fo, - - ., fl2n) € h*.

We refer to page 337 section 7.1.2 examples |Goodman and Wal-
lach(2009)].

dimv = [ MTHFTIZC

1<i<j<n J—

For calculating |v|? , we choose v to be,

V:z»—)(2@0@0@--~@0)+C'(1,1,"' 71)'
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So basically v = (1,0,0,...,0), hence

acER

= Z (€ — €55 V)2
1<i#j<2n

=2(2n —1).

It is easy to see that the lattice spanned by the Weyl conjugates of v form a
spanning set for the co-character lattice. At the level of 7 the image of a co-
character is trivial if and only if the image of its Weyl conjugates are trivial.
Hence it is enough to check the formula for this particular co-character v.
Of course dim(sly,(C)) = (2n)* — 1.
Recall Equation [6.1] for definition of \;.

Theorem 6.2.2. ¢ is spinorial, if and only if,

9 9 \<isien j—i 1 4n? — 1 2n
C (M) Bl 2 - e
\<isi<n j—1 2n(2n + 1)

1S even.

Relation with the Dynkin index

Since we are considering A,,_;, we have that m (G) = Z/mZ.

Here all the roots have same length. Let us denote the Killing form on b or

b* by (). Let
ng = (1/2)(a, ) (v, v),

where « is the longest root and v is a co-character that corresponds to a

Qm_1 (Ai—xm—z‘)wn—l) L (i) + 25—
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generator of m;(G). Here both the lattices, the co-character lattice and the
co-root lattice, are free abelian groups. Let Y, 1 < i < n — 1 be the
simple co-roots. Then v = (1/m) X1 a;8), for some a; € Z and where
ged(ay, ag,, -+ ,a,-1,m) = 1. Note that, here we are not saying that we can
choose a; arbitary. The choice of a; depends on G. Let 3 be the co-root

corresponding to the root (5;. By the usual identification

(BY BV):< 28, 2B >: 461, 55)
i P (B, B:)" (B B5) ) (B Bi)(By, )

Note that (a, ) = (5;, 3;) for 1 <1< n—1.

Now
() =((1/m) 3 s, (1/m) 3 0B
; —(51,5]) equation
((Z“Z wz,m) . (Z L w,,m(ﬁ],ﬁj))) (b eauat )'
Hence,

_ iz ((nzl 20 ) (ggén aay ((B/jz,’//fj)))) (6.3)

as (o, ) = (B;, B;) for 1 <i<n—1.

Since ((66] b 53) is the (4, 7)™ entry of the Cartan matrix, clearly

ng = —2at(]a,
m

where a is the (n — 1) x (1) column matrix with " entry a; and C' is the

Cartan matrix of the root system A,,_;.
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Calculation of ng for PGL(n, C)
Here we calculate ng for PGL(n, C) and 7 (PGL(n,C)) = Z/nZ and m = n.
The Cartan subalgebra for PGL(n, C) is

CoCao---aC
Clela ---al1)

Here the co-character lattice is
Z®LZ®---®Z+ (Clela---d1)).

Let
=000 1 &---00+Clala---al).
~—~—

ith place
The co-roots are €¢; — ¢;. We claim that €; is the co-character corresponding
to a generator m (PGL(n,C))). It is easy to see that

n—1 n—2 1
(€1 —€2) + (62_63)+"'+g<6n71_6n)-

€1 —
n

Thus a; = n — 4. Since ged(1,2,...,n — 1,n) = 1, € corresponds to a
generator of m (PGL(n,C)). If C is the Cartan matrix for A,_;, then it is
well known that C;;) = 2 and C;i41) = Ciy15) = —1 and the rest of the

entries are 0. Hence from Equation (6.3)) the calculation of ng is as follows :
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e (Er-Eeey)

=2 (=1~ (1/2)(n~2)(n ~ 1))

=20 (1) - @/2)(n - 2)
—

Thus ng = (n—1)/n for PGL(n,C)). Thus we have prooved the following

theorem.

Theorem 6.2.3. For the group PGL(n,C), the irreducible representation ¢

s spinorial if and only if

n—1

~dyn(¢) =0 mod 2.

6.2.3 Case SO(2n+1)

Here we discuss only cases n > 2. Let ¢, be the representation SO(2n+1, C)
of highest weight \. From Subsection [6.1.2] we know that all the irreducible
finite-dimensional representations are orthogonal. The Cartan subalgebra b
is the subalgebra o1 ®xo @ - B2, B (—x1) B (—22) B -+ D (—x,,) B 0. We
refer to page 337, Section 7.1.2, examples [Goodman and Wallach(2009)| for



80 6.2. Examples

the formula of dim VA, Here p = Y7, pse;, where p; = n — i + (1/2). Let
A =Y \i€;, where \; > ;11 > 0. Then

dimv = [ <(>\i+pi)2_()\j+Pj>2> I (AHL/%)‘

2 _ 2 ,
1<i<j<n Pi — Pj 1<i<n Pi

The Killing form on the Lie algebra so(2n + 1,C) is

K(X,Y)=(2n+1—2)Trace(XY)

= (2n — 1) Trace(XY),

where X, Y € s0(2n+ 1,C). So on b,
(X, X)=22n-1)>_ 7).

Hence the ged of all |v]? is 2(2n — 1).

dim(so(2n +1,C)) = 2n+1)*> — 2n + 1)

=(2n)(2n +1).
Let p € b* such that =3 p€;. Then the induced Killing norm is exactly

1 2
2(%—1)2’”'

Theorem 6.2.4. ¢ is spinorial if and only if

@',;2<1>: ( 1 <<Ai+pi>2—uj+pj>2> N (Aﬁpi)) (<Z?‘21.<?§$f£:+_1(fi)2)>’

2 _ o ,
1<i<j<n Pi — Pj 1<i<n Pi

1S even.

Relation with the Dynkin index
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From Corollary [£.3.4] we know that

Q1) (@, )(,) dyn(o)
2 2 7
where (,) is the Killing form. If

dv(t) = (z1t) @ - B (xpt) ® (—x1t) D -+ B (—x,t) DO,

where x; € Z, then

and

1 2 2
B 1
(2n—1)

It is easy to see now that

fo;(l) = dyn(¢) (i xf) )

i=1

where dyn(¢) is the Dynkin invariant of ¢ : g — so(dim V, C).

This expression is even for all v if and only if dyn(¢) is even. Thus

Theorem 6.2.5. The irreducible representation ¢ of SO(2n+1,C) is spino-

rial if and only if dyn(¢) is even.
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6.2.4 Case SO(2n)

We know from subsection that the irreducible representation of

SO(2n,C) of highest weight w = "2 a;@; + ap_1@n_1 + a,@, (Where
a; € 7Z) is orthogonal if and only if either n is odd and a,_; = a, or n

is even and a,_1 + a, is even. The Cartan subalgebra b is the subalgebra
T D xe D Dy, ® (1) D (—29) ® -+ B (—x,). Here the fundamen-
tal weights are w;, = Zle €, for 1 < k < n — 2. The fundamental weight
wWno1 = (1/2)(e1+- - -+€,_1—€,), furthermore w,, = (1/2)(e1+- - -+€,_1+€,).
We refer to page 337 section 7.1.2 examples |[Goodman and Wallach(2009)]
for dim V*. Here p = 30 | pse; with p; = n — 4. Let

)\ :()\1, )\2, ey >\n>
=(a1+as+ - an—o+ (1/2)(an-1+ ay), a0+ az+ -+ + an—2 + (1/2)(an—1 + an),

s+ (1/2)(an1 + an), (1/2)(an_1 + an), (1/2)(@n — an_1)).

Then

11 (i +pi)? = (N + Pj)Q.

5 2
1<i<j<n Pi — Pj

dimV* =

It is well-known that the Killing norm on the Lie algebra so(2n,C) is (2n —
2) Trace(XY), for X, Y € so0(2n,C). Thus on b,

(X, X)=2(2n-2) (Z x§> :
i=1
Hence the ged of all |v|? is 2(2n — 2).

dim(s0(2n, C)) = (2n)% — 2n

=(2n)(2n —1).
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Let p© € b* such that p = >, u;e;. Then the Killing form is exactly

1 n
2@n=2) S g

Theorem 6.2.6. ¢ is spinorial, if and only if,

Q1) (Ai +pi)* = (N +p))° im1 (N + pi)* = p)
2 ( 1 ) ( 2(2n)(2n — 1) )

2 2
1<i<j<n Pi = Pj
18 even.

Relation with the Dynkin index
From Corollary we know that

Qu1) _ (a0)(v,v) dyn(¢)
2 2 ’

where (,) is the Killing form. If
dv(t) = (x1t) ® -+ B (xpt) & (—x1t) B -+ - D (—xut),

where z; € Z, then

and

(a,a) = (61 — €9,€1 — 62)
1 2 2
= m(l +(=1)7)
B 1
C(2n—-2)
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It is easy to see now that

Q0 .
W _ ayno) (Y12,
i—1
where dyn(¢) is the Dynkin invariant for ¢ : g — so(dim V, C). This expres-

sion is even for all v if and only if dyn(¢) is even.

Theorem 6.2.7. The irreducible representation ¢ of SO(2n,C) is spinorial
if and only if dyn(¢) is even.



Chapter 7

Reductive Lie Groups

7.1 Reductive case

Lemma 7.1.1. Let G be a complex reductive Lie group and let ¢ be an
orthogonal irreducible representation of G i.e. ¢ : G — SO(N,C). Then
¢ factors through G/Z(G)° (which is semi-simple), where Z(G)° is the con-
nected component of the center of G containing the identity. Let us denote
this representation of G/Z(G)° by ¢'. Then ¢ is spinorial if and only if ¢ is

spinorial. The following diagram sheds more light on this lemma.

Spin(N, C) .

P
Y- l
- P

G——G/Z2(G)° —2+SO(N,C)

Proof. Since the representation is irreducible, by Schur’s lemma, the center
of G maps to the scalar matrices in SO(N), which are +1. Since Z(G)° is
connected, its image is the identity, so ¢ factors through G/Z(G)°.

For the second statement, denote the natural map G — G/Z(G)° by m. One
direction is clear: if ¢’ lifts to ¢’, then ¢ lifts to ¢’ om. For the converse, if ¢

85
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lifts to ¢ then observe that if a € Z(G)°, then ¢(a) = 1. Thus 1(a) maps to
the fiber above 1 which is 2 points, because the spin group is a double cover
of SO(N, C). Since this is true for every a € Z(G)° and Z(G)° is connected,
Y(a) =1 for Va € Z(G)°. Hence 9 factors through G/Z(G)°. O

If we have a reductive Lie group G then G/Z(G)° is semisimple hence the
problem reduces to solving semisimple case.
For example determining spinorial representations of GL(n,C) is equiva-

lent to determining spinorial representations of PGL(n, C).



Chapter 8

Determinantal Identity Method

Theorem (1.1.1) solves in principle our spinoriality question, but our Period-

icity Theorem leads to further questions :

1) Determine precisely Pspin(G).

2) What proportion of othogonal irreducible representations of G are spino-

rial?

We pursue these questions for PGL(n,C) and SO(n,C), and have com-
plete answers for PGL(4), SO(3),S0(4),SO(5). Our method is to apply de-
terminantal identities such as the Jacobi-Trudy identity to the character of
the representations. This method is useful because the expressions appearing
in the determinantal formula are binomial coefficients, and so the periodicity
of their parities is well-known.

In this section we describe our alternative method which is especially
useful for finding Pgpin(G). Here we use the determinantal identities for
calculating the Weyl character formula which involve complete symmetric

polynomials.

87
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Definition 8.0.1. The polynomial of the form 32, w,...uw.)| S wi=n, T1 ¥3° - -y
where the w; are non-negative integers is called the complete symmetric poly-

nomial of degree n in k variables . We denote it by H,(x1,...,xx).

We use the fact that the Weyl character formula is the Schur Polynomial
for the series of groups GL(n,C). The Schur polynomial can be expressed as
a determinant of a matrix whose entries are complete symmetric polynomials
in the variable A, i.e., the highest weight. This determinantal identity is called
the Jacobi-Trudy identity. We have made extensive use of this identity to
arrive at some polynomial expressions which establish the relation between
Pspin(PGL(n)) and Poyen(PGL(R)).

For SO(3),SO(5) we use similar determinantal Weyl character formulas

for doing the same job. For SO(4) the method is different.
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8.1 Case GL(n,C)

8.1.1 Notation

Recall that we choose the maximal torus of GL(n, C) to be the set of diagonal
matrices in GL(n,C) i.e. t =t & to B -+ D t,, where t; € C*. We denote it

by TaL(n,c)-

Let v; be the co-character of Ty, ), defined as

vt)=1@---1® t @l &---®1.
~—

i’th place

8.1.2 Preliminaries

From Section the highest weight of an orthogonal irreducible represen-
tation of GL(2n,C) is of the form

Ao =(Tn 4T+ 1, F g T, T, =T, T — T,
...,—Tl—T’Q—"'—Tn),
where 71, 79,..., 7, are non negative integer parameters. Put d = >"" ; r;.

From the Weyl character formula we find that, the trace of the image of
the diagonal matrix t = t; @ty @ - - - D to, in GL(2n, C) of the representation
having highest weight A = (A1, A, ..., Ag,) is the Schur polynomial:

B ’t;\i+2n—i|

Sx(t1,ta, ... toy) = W € Clty, ..., tan), (8.1)
J

where |a(i, j)| denotes the determinant of the 2n X 2n matrix having entry

a(i,7) at the (i,7)"" place. See page 399 and page 77 Theorem 6.3(3) of [Ful-
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tton and Harris(1991)].

The j* column of the matrix in the numerator of Equation (8.1)) is

A1+2n—1
t;

A2+2n—2
tj2
A2n
tj2
By factoring tj_d common from the 5% column for each j, we obtain

Sa(ti o, ton) = (titg -+ ton) ™4 Syuw (trs Lo, - - - s ton),

where

Anew = (2<7an+rn71 + "'+T1)>Tn+2(rn71+"'+r1);
Pnt o1+ 202+ 1) oy e 4 20,

Tn+rn—1+"'+T27rn+rn—1+"'+T37-"70)'

Henceforth we will write A1, Ao, ..., Ao, for the components of \,e. Note

that
)\new - 7an(w2nfl +w1) +rn—1 (w2n72 +’LTJ2) R o ) (wn+1 + wnfl) + 27'1 (wn)7

where the w;’s are the fundamental weights of sly, i.e.,

@i =(1,1,...,1,0,0,...,0),

4 times 2n — ¢ times

for1 <i<2n—1.
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8.1.3 Case GL(4,C) and GL(2n,C)

We will state the theorems first and give their proofs later.

Theorem 8.1.1. The orthogonal irreducible representation ¢ of GL(2n, C)
(or PGL(2n,C) ) of highest weight

(rn+Tpa+ - +r, g+ o+ 4ry,...,r,—r,—T — Te,

B Bl R A B

is spinorial if and only if

d, (Alzf_nz_l) ()\12-;2_713—1) e 1
det @2 02;12?2_2) (/\2;;2?;2) S =0 mod 2.
d2n (2/7\12—n2> (2;\12_"3) e 1
Here
di = (d+1) ()\iQ—nij-lQn) N ((AZ — d)Q; i+ 2n> B ()\Z- —1 —2|—n2n + 1)7

where d =371 | r; and recall that \; for 1 <11 < 2n are components of Ape-

Theorem 8.1.2. The spinoriality of the representation of GL(2n,C) corre-
sponding to the above mentioned highest weight \ is periodic in each r; of

period 2%, where k = [log, 2n] + 1. Hence,
(2k(w1+w2n,1), 2’%@24-@271,2), Ce ,Qk(wn,1+wn+1), 2k+1wn) g Pspin(PGL<2n, C))

Theorem 8.1.3. The irreducible representation of GL(4, C) with the highest

weight (r + s,r,—r,—r — s) (where r and s are non-negative integers) is
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spinorial if and only if

c1+by+cy-by+c3-b35=0 mod 2.

Here
. 2r+s+2)(s+1)(2r+1)
1 — 2 )
2r+s+2)(s+1)(2r+2s+3)
Cy = C3 = )
2
and
2r+2s+3 r+s+3 2r+2s+4
blz(’l"‘l‘S‘l‘l) 3 + 4 - 4 )

2r +s+2 r -+ 2 2r+s+3
bp=(r+s+1) 3 + 4] 4 ;

() (D)(7)

Theorem 8.1.4. The spinoriality of the irreducible representation of GL(4, C)
of highest weight (r+s,r, —r, —r—s) is periodic in r with period 4 and periodic

in s with period 8, where r,s € Z>q. Thus
Pspin(PGL(4, (C)) = <8W2, 8(@1 -+ W3)> = 8Porth(5[(47 C))

The proportion of non-spinorial weights is 1/4.

Proof of Theorem[8.1.1] : The co-characters v; represent the generators of
m(GL(2n,C)). Let ¢, be the representation with highest weight A. Now
by Scholium [4.2.13] in order to determine the spinoriality of the represen-
tation ¢, it is enough to check the parity of @7 (1)/2 for each i. Moreover
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Qr(1)/2 = Vyu(v) = F,(A\) mod 2, from Lemma and Lemma (4.1.2]
Since F,)(A) = F,(\) by Proposition and all of the co-characters v;

are Weyl conjugate, it is enough to check the parity for only one of the

co-characters v;, let us say the parity of Wy (v2,).

Let
Bu(t) = S\(1,1,...,1,£) = Trace(6(vn(t))). (8.2)
———
2n—1 times
and
AN(t) = Saen (1,1, 1 8) =98\ (1,1, ..., 1,t) = t“By(2). (8.3)
—— ——

2n — 1 times 2n — 1 times

We will make use of the Jacobi-Trudy identity page 455 [Fulton and
Harris(1991)], which says that in the 2n x 2n case

H), (X2n) Hy41(X2n) -+ Hyyp20-1(X2n)
Sx(x1, g, ..., Tep) = det Hyo1(Xan) Ha (xzn) o Hawvans(Xon)
Hy,,—ont1(X2n) Hy,,—2n42(X2n) -+ Hy,,(X2n)
where A = (A1, Ao, ..., Aoy) and x3 = (21, 2o, ..., T;).

We will use a slightly modified identity, see page 131 of [Prasad(2015)].

The polynomial Sy(x1, zo,. .., T2,) equals
H)\l (X2n) H)\1+1<X2n—1) H,\1+2n—1(X1)
H,, _1(Xan Hy, (X2n— coo Hyyqon—2(x
dot ro—1(X2n) o (X2n-1) ot2n—2(X1) C(84)

HAgn—2n+l(x2n) HAgn—2n+2(X2n—1) H,\2n(X1)
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Since Ax(t) = Sy (1, 1,...,1,t), we set (x1,Z9,...,Top 1,T2,) =

(1,1,...,1,t) in Equation (8.4).

Hy(1,1,...,1,1) Hyi(1,1,...,1)
Hy, (11, 1.1 Hy,(1,1,....1
H>\2n*2n+1(1717"'71>t) H)\zn*2n+2<1717"'71)

H, =0forn<0.
Hy=1.

The proof of the following is elementary combinatorics.

Lemma 8.1.5. (1) Hy(1,1,...,1,t) = X0, (" o8 =%)ee.
—_————

p—1 times

(2) Hy(1,1,...,1,1) = ("7,

p—1
p times

Thus, Ax(t) is equal to

Hy (L1, 1,1) () (e
Hy1 (1,1, 1,0) (Mr2n?) (i
det
H,\2n_2n+1(1, 1,....1, t) (,\Qn—ngE;Qn—z) (/\Qn—Q;L:-f;-Qn—L’)

Our convention is

<Z>:0 for a<b and (8)21.

Lemma 8.1.6. The degree of Ax(t) is 2(X1 ;) = 2d.

HAH*anl(l)
H)y,y2n-2(1)

H>\2n(1)

1
(8.5)

(8.6)

Proof. Observe here that among all A;, \a—1,A3—2,..., A9, —2n+1, \; is the

largest integer as \; is a non-increasing sequence. Hence H),(1,1,...

7]‘7t)
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has the highest degree which is A\; = 2(3> r;) = 2d among the first column
entries, if we expand this determinant along the first column. Therefore if the
coefficient of Hy,(1,1,...,1,¢) is nonzero then the degree of A,(¢) is 2d. The
coefficient of H), is of the form mentioned in Lemma [I2.1.3]in the Appendix.

By using this Lemma, the coefficient equals

1 2n—1
2n—1 ~|( H aj) H (ai - aj)
i=1 v =1 1<i<j<2n—1

with a; = N1 —i+2n—1for 1 <4 < 2n — 1. Since the sequence \; is
non-increasing, the sequence q; is strictly decreasing, hence all a; are distinct.
Thus, the determinant which is the coefficient of H), is nonzero. Therefore,

the degree of Ay(t) is 2d. O

Let Pyq = Zlt]2q be the abelian group of polynomials of degree < 2d with
integer coefficients. For f(t) = ap + ait + -+ + a,t", we define Uy(f) =
Zle taq—; mod 2. Observe that \Ild : Pyy — 7Z/27 is Z-linear. Recall that

we have commutative digaram.

Zlt 4z (8.7)

b A

7.)27.

see Definition [2.1.6l and [2.1.8

Proposition 8.1.7. The polynomial Ax(t) is palindromic with degree 2d.

Further ¢y is spinorial if and only if

Uy(Ay) =0 mod 2.

Proof. From Equation (8.3) and Lemma it is clear that degree of B) is
d.
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By Lemma and Equation (8.2) it is clear that
B)\(t) — bd(td + t_d) + bd_l(td_l + t_(d_l)) 4t b07

where b; is the multiplicity of weight ¢/ in the representation ¢ o vy, of C*.

Hence
Ax(t) = t9By(t) = bg+ bg_1t + - + byt + bott + byt + 4 bt
is palindromic. Suppose Ay(t) = ag + a1t + - - - + azqt*?, then
a; = bg_; for 0 < i < d, (8.8)

agy; = b; for 0 < i < d. (8.9)

From Lemma m Uy(va,) = U(By) = X%, i - b;. From Equation
we conclude that Wy(vy,) = U(By) = X%, i - aq; = Ug(Ay). The diagram
sheds more light on the last equation, because By € Z[t,t~'|7’™ and
Ay € Z[t)5 and Ax(t) =t By(t).

We saw earlier that ¢ is spinorial if and only if W,(1s,) is even. In this
case Wy (o) = Wa(Ax(t)). Hence ¢ is spinorial if and only if Uy(Ax(t)) is

even. O

Lemma 8.1.8. We have

filt) a2 -+ an, ‘i’d(fl) iz -+ Ay
- t) a cee Qo ] a cee Qop
¥, | det f2( ) 22 2 _ det d(f2) 22 2
fn(t> Aop  **+ App i’d(fn) Aop  *+ Qpp
(8.10)

for polynomials f; € Poq and a;; € Z.
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Proof. Since W, is Z-linear the lemma follows. m

By Lemma m Ty(A(t)) is equal to

Uo(Hy (L1 1) (g2 () - 1
ror | Tl (L1 1) (s I 1
Wa(Hyyp2na1 (1,1, 1,1) (o) () o 1

Lemma 8.1.9. We have

Ta(H,(1L 1, 10) = (d+1)<q ;f; 1>+<q - dzp N 1>—<q ;p> € Z)2Z,

p—1 times

ford,q € Z>q and for p € N.

Proof. This is clear from|8.1.5( (1), [12.1.4]in the Appendix, and the definition

Of\i/d. ]

Thus,
~ A —1+2n (N —d)—142n Ni—1+2n+1
Uy(Hyip1(1,1,...,1,8)) = (d+1 — .
A e ) (i W) B (A

Hence we conclude the proof of
]

Proof of Theorem [8.1.2 1t is enough to prove that ¢; mod 2, where ¢;

are cofactors corresponding to H),_;;; in the matrix in Equation and d;
mod 2, where d; in the Theorem , are periodic in r; for 1 < j < n with
period 2% where k is the least integer such that 2n < 2% i.e., k = [logy n| + 2.
Periodicity of ¢; mod 2.
Recall that ¢; is the determinant of the (n — 1) x (n — 1) matrix whose

entries are of the form (’\"Z_ijzn) with suitable 1 < ,7 < 2n. Consider them



98 8.1. Case GL(n,C)

as functions of the r;. Observe that each )\; is a linear function in r; with a
non-negative integer coefficient. Thus by Lemma [12.1.2]in the Appendix, we
can say that parity of each of the matrix entries is periodic in each r; with
period 2¥. Hence each ¢; is periodic with period 2*.

Periodicity of d; mod 2.

d; = (d + 1)(,\2;1:211) + ((,\fdQ);Hzn) N (Aﬁi;nznﬂ) mod 2

The first term involves (d+1) = Y r; + 1 whose parity is periodic in each
r; of period 2*.

For the binomial coefficient, the upper index is A\; + (2n — 7). Since
2n — ¢ > 0, and since the r; take non-negative values, the upper index in
the first term is a natural number. Hence we can apply Lemma [12.1.2]in the
Appendix to the first term and see that it is periodic in each 7; of period 2*.

Let us now consider the second term. Observe here that if i > n then
A; — d is negative and is a degree one polynomial in each r; with coefficient
—1 or 0. The upper index in the second term here is (\; — d) — i + 2n which
is always strictly less than 2n. Hence the second term <(’\"7d2);”2") is 0 when
i > n. It is obviously periodic in each r; with period 2*.

If instead © < n then \; —d will be a degree one polynomial in each r; with
coefficient either 0 or 1. Since 2n —¢ > 0, and since the r; take non-negative
values, the upper index in the second term is a nonnegative. Hence we can

apply the Lucas theorem to the second term and say that it is periodic in

each 7; of period 2*.

For the third term, we can argue exactly the same way as in the first

term. Here we draw the same conclusion as in the case of the first term. O



Chapter 8. Determinantal Identity Method 99

Case GL(4,C)

We take 1 = r and 7 = s. Thus here d = r+s. Here A)(t) = Sy,...(1,1,1,%),
where A = (r+s,r, —r, —r —s), and hence Aoy, = (2r+2s,2r+s,,0). Here

we prove Theorem [8.1.3[ and [8.1.4}

Proof of Theorem [8.1.3. We have

Anew = (21 4+ 25,21 + s,5,0)

= s(wy + w3) + 2rw,,

where w; are fundamental weights of s((4,C) and d = r + s.

By Theorem putting in the values our determinant becomes

dy (2”;”3) 2r+2s+3 1 ]
ot | @ (57 2rts+2 1

d (S;1> s+1 1

0 0 0 1 |

So the determinant equals

U, 4 5(Ax) = crdy — cads + c3ds,
where

c1:(5+1)<27’+;+2> —(27~+s+2)<5‘;1>
(s+1)2r+s+2)2r+s+1) (2r+s+2)(s+1)s

2 a 2
(2r+s+2)(s+1)(2r+1)

2 Y
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similarly

2r+s+2)(s+1)(2r+2s+3)
Cy = C3 = 9 .

By Theorem [8.1.]

2r+2s+3 r+s+3 2r+2s+4
dlz(T+3+1) 3 + 4 - 4 )

2r+s+2 r+2 2r+s+3
dy=(r+s+1) 3 + i) 4 )

and

1 — 1 2
d3:(7“+s+1)<5_§ >+< 7“4—1— )—(SZ ) mod 2.

So the final expression becomes

h(r,s) =

. ((r+8+1)<2r+§8+3>+<r+i+3> - <2r+is+4)>
. ((T+8+1><2r+;+2)+<7~zz> B (27’—1—j+3>>
i ((T+S+1><s—gl> . (—r4—|— 1) - (sl—2>> mod 2.

Proof of Theorem[8.1.4 Let

W) = e, ((T+S+1)<2T+§S+3>+<T+Z+3> B <2r+is+4>>

. ((T+8+1><2r+;+2)+<r22> B (27’-|—j—|—3>>
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sfiesn () (7)) - (007)

where
o = 2r+s+2)(s+1)(2r+1)
2 )
and
(2r+s+2)(s+1)(2r + 25+ 3)
Cy = C3 = .

2

Proposition 8.1.10. The spinoriality of an orthogonal irreducible represen-
tation of GL(4,C) of highest weight (r+s,r, —r, —r —s) is periodic in r with

period 4 and periodic in s with period 8, i.e.,
1) h(r+4,s) = h(r,s) mod 2,
2) h(r,s+8) = h(r,s) mod 2.

Proof. By Lemma [12.1.2] in the Appendix and the lemma above, we deduce
that the expression h(r, s) is periodic in both s and r of period 8 since each
single term is such.

Some extra work is required in order to prove that it is periodic in r with
exact period 4.

To do that observe that the only problematic terms are (T+Z+3), (Tf)

and (_Tl). Other terms have 2r in the upper index so if we increase r by 4

then 27 increases by 8 which gives the same number mod 2 by Lemma [12.1.2
in the Appendix. Observe that (*Tl) is 0 as r is a non-negative number.
So the term we should concentrate on is ¢; (T+Z+3) + —cy (Tf) mod 2. Since
it is easy to observe that ¢; = ¢3 = ¢3 mod 2, We can concentrate on

<r+s+3> . (7«12) mod 2.

4

By Lemma [12.1.5] in the Appendix,

((r+4)4+3+3>_<(7’+i)+2> mod2—1+<r+i+3>—1_<7a12> mod 2,



102 8.1. Case GL(n,C)

r+s+3 r+2
( 4 )—( 4) mod 2.

Hence the expression h(r, s) is periodic in r with period 4 and periodic

which equals

in s with period 8. Hence the spinoriality of the representation of GL(4,C)
(or PGL(4, C)) with highest weight (r+ s,r, —r, —r — s) is periodic in r with

period 4 and periodic in s with period 8, due to Theorem [8.1.3] O]

Thus now we have proved P, (PGL(4,C)) O (8w, 8(w; + w3)). Now

we will prove that they are equal.
Lemma 8.1.11. We have Py, (PGL(4,C)) = (8wy, 8(w + ws)).

Proof. Recall that Aoy = (2r + 25,21 + 5,,0) = 2rwy + s(w; + w3). Thus

we get

Psd(PGL<4, (C)) :_> Pspin(PGL(47 (C)) 2 <8W27 8(@1 + W3)>

The group Py (PGL(4,C)) = ((w1+ws3), 2ws). Hence, Pspin(PGL(4,C))/(8wy, 8(w1+

w3)) is a subgroup of Py(PGL(4,C))/(8ws,8(w; + w3)), with the second
group isomorphic to Z/4Z & 7 /8Z.
Now we concentrate on the group A = Z/87 @ Z/47Z. In this group,

(4,0) = 4z or 2z or x where x can be one of the elements in S;, where

Sy = {(L O>’ (27 0)7 (37 0), (4’ 0)7 (57 O)v (6a 0)’ (77 0)7 (17 1)7 (37 1)7 (57 1)7

(7,1),(1,2),(3,2),(5,2),(7,2),(2,2), (6,2), (1,3),(3,3),(5,3),(7,3) }.

Furthermore (0,2) = x or 2z for every x € Sy, where

SQ = {(07 1)7 (47 1)? (07 2)? (07 3)7 (47 3>}
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Moreover (4,2) = x or 2z for every x € S3, where

53 - {(27 1)? (67 1)7 (47 2)7 (2? 3)7 (67 3)}

Now suppose H is a subgroup of A. Then it is easy to see that if (4,0) ¢ H
then none of the members of S; belong to H. A similar argument holds for
(0,2) and Sy and (4,2) and S5. Thus, if none of the members (4,0), (0,2)
and (4,2) belong to H then H N (S; U S, U S3) = 0. But observe that
A—(S1US;US;) ={(0,0)}. Hence H will be the trivial subgroup.

Thus r corresponds to Z/47Z and s corresponds to Z/8Z in A which is
isomorphic to Z/8Z & Z/4Z. So in order to prove

Pspin(PGL(4,C))/(872, 8(w1 + w3))

is trivial, we only need to show that none of (4,0), (0,2), (4,2) belong to this
group.

That is the same as proving (r,s) = (0,4), (2,0) and (2,4) do not belong
to Pspin(PGL(4, C)). Let h(r, s) be the expression which gives the spinoriality
of the representation of PGL(4, C) of highest weight (2r + 2s,2r + s, s,0).
Observe that h(1,1) is odd, while h(1,5) is even, hence (0,4) does not belong
to Pspin(PGL(4,C)). Also h(1,1) is odd, while h(3,1) is even, therefore (2,0)
does not belong to Pspin(PGL(4,C)). Moreover h(1,2) is odd, while h(3,6)
is even, thus (2,4) does not belong to Pgpin(PGL(4,C)).

Hence we conclude the proof of the lemma.

Therefore we conclude the proof of Theorem [8.1.4] ]
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8.1.4 The Adjoint Representation of GL(2n,C)

Introduction

In this subsection we prove that the adjoint representation of GL(2n,C) is

not spinorial for every n.

Discussion

By adjoint representation we mean the action of GL(2n, C) on the Lie algebra
s[(2n,C) by conjugation. This representation is irreducible as GL(2n,C) =
Z(GL(2n,C))-SL(2n, C) and scalars act trivially on s[(2n, C) and the adjoint
representation of SL(2n, C) on sl(2n, C) is irreducible. Since the Killing form
is invariant under this action, the representation is orthogonal. From Lemma
it follows that all self-dual representations, hence this representation
factors through PGL(2n, C).

A Short Proof

We would like to put a short proof of the fact that the adjoint representation
of GL(n, C) is spinorial if and only if n is odd.

Theorem 8.1.12. The adjoint representation of PGL(n,C) is spinorial if

and only if n is odd.

Proof. Let us denote the diagonal torus of SL(n, C) by T,,. Let us denote the
maximal torus of PGL(n, C) by T,, which is isomorphic to T}/, where by
tn, we denote the group of n'* roots of unity.

By Theorem for spinoriality of adjoint representation of a semi-
simple group, we have to just check whether p, which is half of sum of positive

roots belongs to Hom(7,,, C*). If it belongs, then the adjoint representation
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is spinorial otherwise not. The roots of SL(n,C) belong to Hom(T,, C*),
while the roots of PGL(n, C) belong to Hom(7,,, C*).

We have an exact sequence of abelian algebraic groups

1= py =T, — T, — 1.

Applying the contra-variant functor Hom(—,C*), we get an exact se-

quence
1 — Hom(T,,,C*) — Hom(7,,,C*) — Hom(u,,C*) — 1. (8.11)

Exactness of this sequence is easy to see. It is obviously exact at
Hom(T,,C*). To see the exactness at Hom(T,,C*), observe that f &
Hom(T,,,C*) if and only if f € T, and f vanishes on p, by definition of T},.
Let us denote the projection on the first coordinate of T, by e;. The map
e1 : T, — C* induces the identity on p,, which is a generator of Hom(s,,, C*)
and hence the second map is surjective. Hence the sequence is exact
at Hom(u,, C*).

The Lie algebra for SL(n, C) is the same as the Lie algebra for PGL(n, C).
The roots of the PGL(n,C) are obtained by applying the map m
Hom(T},,C*) — Hom(7,,,C*) to the roots of SL(n,C). The map m is ob-
tained by applying the functor Hom(—, C*) to the sequence T, — T,.

Let us denote the root ;1 ® --- ® x,, — :Ci:cf by &;;. Since this root is

trivial on fi,, it descends to a root of PGL(n,C). We denote it by a;.
By page 218 Proposition 6.2 vi of [Brocker and tom Dieck(2013)] the sum
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(here product) of positive roots is

x?—2z+1

R
[\&)
I
~.
&:j:

3
|

1 n
xi ( Since [z = 1) :

1 =1

..
I

Hence p = [["! 27~%, and so p € Hom(T,,,C*).

Since the sequence is exact, we only need to check whether the image
of p in Hom(p,, C*) is trivial.

It is easy to see that

n—1 .
The image of p is trivial < CT(IZizl (n—)) _ 1

< n divides (nz—: (n—1))

i=1

< n divides (n(n —1)/2)

< n is odd.

Jacobi-Trudy proof

Here is another proof using the Jacobi-Trudy identity.

We may view the above given representation of PGL(n, C) as a represen-
tation of SL(2n,C). Thus the weights for this representation are simply the
roots of SL(n,C) namely ¢; — €;. The simple roots are €¢; — €;41. Hence the
highest weight is €; — €5,,.

But since Y27, ¢; = 0 we get
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€1 — €2y = 261 + €2+ -+ + €21

Y ) ’

So the corresponding highest weight denoted by Apewy = @ = (2,1, 1,...,1,0).
| ——

2n—2 times
Here Z}Zl i-a1_; = ag mod 2, where the Schur polynomial with highest

weight @ is S (1,1,...,1,t) = ag + at + ast®.
————

2n—1 times

Theorem 8.1.13.

So(L,1,1,...,1,t) = (2n— 1)+ (2n — 1)* + (2n — 1)t%.
—,_J
2n—1 times
Proof. Using the following data
1)the Jacobi-Trudy identity ( [Fulton and Harris(1991)] page 455)
2)a slightly modified version of the Jacobi-Trudy identity ( [Prasad(2015)]

page 131)
3) the identity Hn(l,pliii;n.e.S7 1) = (n;le)
we see that S (1,1,...,1,%) is the determinant of the 2n x 2n matrix:
Hy(1,1,...,1,1) () (5rh) (>
1 (Gn2) Gzs) o ()
0 ) Gi) - (%)
0 ) G - (%) (8.12)

)
)
)
—_
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Let
Gy Gmy) - (7Y
A qer| G2 G () ]
(a2) (ans) ()
and let

() Gta) - ()
() () - ()

B=det] (573 (55)

2n—2 2n—3

2 2
(2n72) (2n73)
Then So(1,1,...,1,t) = Hy(1,1,...,1,t)A — B.

We use Lemma [12.1.3] to calculate the A and B by putting appropriate

values in a;.

[(2n—1)2n—2)---2[(2n—1—-2)(2n —1—3)---1](2n — 4)!(2n — 5)!--- 1!

A= (2n — 2)!(2n — 3)!I(2n — 4)!-- - 11

(2n —1)!(2n —3)!(2n —4)!--- 1!

(2n —2)!(2n —3)!(2n —4)!--- 1!

=2n—1,

and B = C/D, where

C=[2n+1)(2n—2)2n—3) - 1)[2n+1—-2)(2n+1—3)---3]
[(2n —2—2)(2n —2—3)---1](2n — 5)!--- 1!

D= (2n—-2)!(2n—3)!---11,
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and
B—C/D— [(2n 4+ 1)(2n —2)N][(2n — 1)(2n — 2) - - - 3](2n — H)!(2n — 5)! - - - 2!
(2n —2)!(2n — 3)!(2n — 4)! .- - 2!
_ (2n+1)(2n —1)(2n —2)
— 5 .
. o n n—a+p—2\ 1a
Using the formula H,,(1,1,---,1,¢) =>"_, ( p,’; )t
p—1 times
We get

2n 2n —1 2n — 2
Hy(1,1...,1,t) = t t2
(L, 1.1) <2n—2>+<2n—2> +<2n—2> ’
where Hs takes 2n variables.

Thus

So(1,1,...,1,1)

= A(Hy(1,1,...1,t)) — B

= (2n—1) (271(27;_2) +(2n— 1)t + t2> _ et 1)(2”2— 1)(2n —2)
=(2n—-1) <4n2 —ns %nQ —ns 2)> +(2n — 1%+ (2n — 1)

=(2n—1)+ (2n—1)*t+ (2n — 1)*.

Now we want ay mod 2 where S, = ag + a1t + ast>.
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Clearly ag = 2n — 1 = 1 mod 2. Hence the adjoint representation of

GL(2n,C) is not spinorial for any n.
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8.2 Orthogonal Groups of Low Rank

8.2.1 Case SO(3)

From Section we know that all the irreducible representations of
SO(3,C) are orthogonal.

The Main Proof

Theorem 8.2.1. An orthogonal irreducible representation of SO(3,C) of
highest weight n is spinorial if and only if n = 3 or 0 mod 4. Hence the

proportion of non-spinorial weights is 1/2.

Proof. The highest weight of a finite dimensional irreducible representation
of the group SO(3,C) is given by a single non-negative integer n. Let ¢, be
the irreducible representation with highest weight n. Let ©,, be its character.
We select the maximal torus in SO(3,C) to be x @ 27! & 1, where z € C*.
We take the cocharacter v:z — 2z @271 @ 1.

By page 409 Proposition 24.33 in [Fulton and Harris(1991)], we get
O, (v(z)) = Ku(z, 271, 1), where

Ky(z,2 7', 1) = Hy(z, 27 1) — Hy (2,271, 1).
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Observe that

Kn(x,x_l, 1) — Z relp—e2 _ Z Tl pTe2

e1t+ea<n e1+ea<n—2

D o

e1+ex=n e1+ex=n—1

R 5
(e1,e2)=(0,n),(1,n—1),...,(n,0) (e1,e2)=(0,n—1),(1,n—2),...,(n—1,0)

=@+ " 2"+ (T T T

:$7n+x7n+1+n_+xnfl+xn'

Now we apply Lemma to v. So the ¢, is spinorial if and only if

Uy, (v)=>i-1=0 mod 2.
i=1
We deduce that ¢,, is spinorial if and only if

(n+1)n

5 =0 mod 2,

Equivalently

n=0or3 mod 4.

8.2.2 Case SO(4)

Notation

We write ¢y, for the representation of SL(2, C) which is on the space Sym*V/,
where we have the standard representation on the space V = C2. We write

¢(m,n) for the representation ¢,, ® ¢, of the group SL(2,C) x SL(2,C). It
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is a standard fact that SL(2,C) x SL(2,C) is a double cover of SO(4, C). Let

B denote the non-degenerate bilinear form on M (2, C) defined as B(X,Y) =

-1
. The map m from SL(2,C) x

1 0
SL(2,C) to SO(4, C), given by action on M(2,C),

0
Trace(X -w - Y- w™), where w = {

m(g,h): X —g-X -h*

preserves B. It is easy to see that the representations ¢(m,n) which fac-

tor through SO(4, C) have to satisfy the condition that m + n is even. We

denote the factored representation by ¢(m,n).

We take the maximal torus 7" in SL(2,C) x SL(2,C) to be

a O b 0
>< b)
0 a! 0 bt

where a,b € C*. We take the maximal torus 7" in SO(4, C) to be

T =

(s 0 0 0 |
- 0 20 0 0 |
0 0 z;' 0

0 0 0 x|

where z; € C* with basis of M(2,C) as

Xlz 7X2: 7X3:

0
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and i i
0 0 0 1
0 0 -1 0
B—
0 -1 0 O
10 0 0

The Main Theorems

From Section and Proposition 23.13 (iii) of [Fulton and Harris(1991)]

we infer that all the irreducible representations of SO(4, C) are orthogonal.

Theorem 8.2.2. The representation ¢p(m,n) of SO(4) i.e., of highest weight

m4n
2

n—m

(z,y) such that x = s,

and y = where m + n is even, as referred

above is spinorial if and only if
(1/24)(n 4+ 1)(3m* + 6m +n*+2n) =0 mod 2,
i.e.,
(1/6)1+x+y)2x+2> —y —2y+9°) =0 mod 2

Theorem 8.2.3. Ps,in(SO(4)) = ((4,4), (4, —4)) in variables (m,n), and
((4,0),(0,—4)) in variables (z,y). Hence Pspin(SO(4)) = 4 - Pon(s0(4)).

The proportion of non-spinorial representations is 3/8.

proof of Theorem[8.2.2. The action of T on M(2,C) wr.t. Xi, Xy, X3, Xy is

[ ab™!

Thus m(T') lies in T

0 0 0

0 ab 0 0

0 0 a7t 0
0 0 0 ba|
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Let vy the co-character of SL(2,C) x SL(2,C) defined as

a 0 al 0
v1(a) = X
0 at 0 a
Put L =mouwy,ie.,
(200 0 |
0O 1 0 0
Lyi(a) =
0O 01 O
(0 00 a?|

Observe that L; is a co-character of T.

Similarly for the co-character

a O a 0
ve(a) = X ,
0 at 0 at
put Lo =mouws,ie.,
(10 0 0]
0 a2 0 0
Ly(a) =
0 0 a2 0
I 0O 0 0 1 |

Observe that Ly is a co-character of T.

Let us also define the co-characters of T'
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Ly(a) =

o o O
o o = O
—_
(]

and

Ly(a) =
0 a!

0 0

o o o =

Let ¢ be an irreducible orthogonal representation of SO(4,C). The rep-
resentation ¢ = ¢ om is an irreducible representation of SL(2, C) x SL(2, C).
Observe that L, for i = 1,2 are representatives of generators of m(SO(4, C)).
By Scholium it is enough to check W, (L}) is even for ¢ = 1 and 2. But
L} and L are Weyl conjugate. Also W4(v) = F,(A) mod 2 by Lemma[3.2.5
Moreover by Proposition , Fu)(A) = F,()), it is enough to check the
parity of one of them say W,(L}). Observe that L;(a) = L(a?) for i = 1,2.
Thus we have ¢ o L;y(a) = ¢ o L’(a?). Therefore if we put z = a2, then
¢ o Li(a) = ¢o Li(z). Observe that ¢(Ly) = ¢(m(1y)) = ¢(1,). So we are in-
terested in ¢(13). In SL(2,C)xSL(2,C), 15(a) = (a®a™") x (a®a™"). Let the
underlying space for the standard representation of SL(2,C) be V' = (u,v).
Then a basis for Sym”*(V) is (u*, v v, w202, ... w1, v¥). The basis for
Sym™V @ Sym” is {u'v’ @ u™v*|1 < i,5 < m,1 < r,s <n}. We write the

basis of Sym™V ® Sym” in a array or matrix form
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um Q@ um umflv ® u™ um721}2 Qu --- " R U
m n—1 m—1 n—1 . . m n—1
u"@u" iy WMo Ut vt QU v
um ® un_2/U2 . e P Um ® un_QUQ
um®vn Um_l’U®Un Um®vn

The vectors u and v are eigenvectors of the maximal torus which is
wla) =a®a,
for the standard representation of SL(2,C). Their actions are given by
(a®a™) u=auy,

and

(a@a™)-v=av.

It is clear from above that u’v’/, where i + j = k, is a basis of eigenvectors
for the maximal torus a @ a~! for the representation Symk(V), where action

of a ®a~!is given by
(a®a™t) uv! = a"Tur.

The maximal torus of SL(2,C) x SL(2,C) is (a® a™') x (b® b~ '). Here a
basis of common eigenvectors is u‘t? ® u"v®, where i +j = m and r + s = n.

The action of element of maximal torus of the form
v(a,b) =(a®a™") x (b b7),

is given by

v(a,b) - u'v’ @ u'v® = a0 ut? @ uv’.
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Consider ¢(m,n)(v(a,a)) i.e ¢(m,n)((a)). We can see its action on the

basis of common eigenvectors in array form as follows.

qmtnym Q u™ am+n—2um—1v Q u™ .. av"my™ @y
am+nf2um ® unflv am+n74umflv ® unflv . CLnf2fm,Um ® unflv
am+n—4um ® un—2v2 . . an—4—mvm & un—2v2

a™ "M y™ Q@ v amefnumflv ® V™ . a~™m Y™ @ "

(8.13)

Now assume n < m. It is clear from the above that

¢(m,n)(Ly(a)) =¢(m, n)(va(a))
:am+n @ {am+n72}@2 D {am+n74}®3 o {am+n76}@4 DD
{am—n}ean-i-l D {am—n—2}®n+1 DD {an—m}€9n+l D {an—m—Z}EBn

D {an—m—4}®n—1 DD q ™

Here A" = A9 A@ --- @ A, where A appears k times on the diagonal. If

we put z = a?, we get

¢<m, TL) (LIQ(Z)) :Z(m+n)/2 D (z(m+n)/271)692 D (Z(m+n)/272)€93 oy (Z(m+n)/273)®4
DD (Z(m—n)/2>69n+1 D (Z(m—n)/Q—l)Gan—i—l DD (Z(n—m)/Q)EBn+1

® (Z(n—m)/2—1>€9n ® (Z(n—m)/Z—Q)@n—l D P Z(—n—m)/2'

O s(m.n) (Ls(2)) —p(min)/2 | g (mtn)/2-1 4 g (min)/2-2 | . (n)z(m,n)/gﬂ
+(n+1) {z(m_nw + /2l L z} +(n+1)

+(n+1) [2—1 e Z(n—m)/Q]
+ nz(n—m)/2—1 NN 3Z—(m+n)/2+2 + 22—(m+n)/2+1 + Z—(m+n)/2'
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This is a Laurent-palindromic polynomial (see Definition . Recall
Definition for the operator denoted by ¥ : Z[t]P* — Z on Laurent-
palindromic polynomials.

By Lemma we know that ¢(m,n) is spinorial if and only if
W (mn) (L) = ¥(Op(m,n)) =0 mod 2.

We now calculate W(0g(m,n))-

Lemma 8.2.4. Let n < m, then we have

U(Chymny) = (1/24)(1 +n)(6m + 3m®> +n® + 2n).



120 8.2. Orthogonal Groups of Low Rank

Proof.

Cligmy (2) =22 4 9 (mAm/2-1 L g mim/22 | (g lmm)/241
(1) [ ] (1)
F (1) [ 2 2] et
4Ryl /242 | mAm) /241 | (mtn)/2,
U(Chy(mmy) = (m+n)/24+2((m+n)/2=1)+3(m+n)/2—-2)+ -
+n((m+n)/2—(n—1))+

m+1)[(m—n)/2+(m+n)/2—-1)+ -+ 1]

= (lz:z((m—i- n)/2— (i— 1))) +
(n 4+ 1)(1/2)((m = m)/2+ 1)((m = )2
= (/212000 1) - 23 ()
(n+ 1)(1/2)((m = m)/2+ 1)((m = )2

<since éz — (1/2)n(n + 1))

= ((m+n)/2)(1/2)(n)(n+ 1) - 2(” g 1) n

(n+ 1)(1/2)((m —n)/2 +1)((m —n)/2)

(e )= (137))

= (1/24)(n + 1)(3m* + 6m + n® + 2n).

Hence the proof. O

For the case m < n, by symmetry, we just have to swap n and m in the

lemma above. So we deduce that ¢(m,n) (where m + n is even) is spinorial
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if and only if
(1/24)(n +1)(3m* +6m +n®>+2n) =0 mod 2 if n < m,

(1/24)(m 4+ 1)(3n* + 6n+m* +2m) =0 mod 2 otherwise.

Observe that

g(n,m) = (1/24)(n + 1)(3m? + 6m + n® + 2n) — (1/24)(m + 1)(3n* + 6n + m* + 2m)

= (1/24)((n —m)?® — 4)(n — m).

Since n + m is even , n — m will also be even. Let n — m = 2k for some

integer k. Then

g(n,m) = (1/24)(4k* — 4)(2k)
= (1/24)8(k — )k(k + 1)
= ((k = Dk(k+1))/3,

which is obviously an integer, moreover it is even since one of k — 1, k and

k + 1 has to be even. Hence g(m,n) =0 mod 2, therefore
(1/24)(n+1)(3m*+6m+n>+2n) = (1/24)(m~+1)(3n*+6n+m*+2m) mod 2,

for all (m,n) such that m + n is even. Thus it is enough to use the equation

in Lemma R.2.4
In fact s0(4, C) = sl(2,C) xsl(2,C). The highest weight (x,y) in the Weyl

chamber ((1,1),(1,—1)) of so(4) is related to (m,n) by relations = =%

n—m
P) .

and y = Since m + n is even, both x and y are integers. Hence

m = (x —y), and n = (x + y). Thus our formula becomes
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(1/6)(1 +x +y)(2x + 22 — y — 2y + 7).

This concludes the proof of Theorem [8.2.2] ]

Proof of Theorem [8.2.5. For the calculation of Pspi,, we show that

Lemma 8.2.5. The spinoriality of the representation of SO(4) is periodic
in its highest weight (m,n) with periods (4,4) and (4, —4).

Proof. Let f(m,n) = (1/24)(n + 1)(3m? + 6m + n® + 2n). Observe that
fm+4,n+4)— f(m,n) = (1/2)((m+n)*+12(m+n) +40). Since (m+n)
is even, this is an even number and therefore f(m + 4,n +4) = f(m,n)
mod 2. Therefore, it is (4,4) periodic.

Also observe that f(m+4,n—4)— f(m,n) = —(m—n)*/2—4(m—n)—10.
Since (m — n) is even, this is an even number and thus f(m +4,n — 4) =

f(m,n) mod 2. Hence, it is (4, -4) periodic.

Lemma 8.2.6. We have Pgpin(SO(4)) = ((4,4), (4, —4)).

Proof. 1t is clear from the above lemma that ((4,4), (4, —4)) < Pspin(SO(4)).
We would like to prove equality in this case. Let P be the weight lattice of
SO(4), which is the same as the (m,n) such that m + n is even. It is the
same as ((1,1),(1,—1)). So we have ((4,4), (4, —4)) < Pspin(SO(4)) < P.
Let A= P/{(4,4), (4, —4)). Let A’ = Psyn(SO(4))/((4,4), (4, —4)). Observe
that A < A. We are done if we prove A’ is trivial. Observe that A =
Z]AZ & Z/AZ. Suppose A’ is not trivial in A, it will contain some element
(a,b) # (0,0). Since it is a subgroup, it will contain (2a,2b), which can be
either (0,2) or (2,0) or (2,2) or (0,0). If (2a,2b) = (0,0) then (a,b) has to
be one of the four options above. Therefore if we prove that (0,2), (2,0) and

(2,2) does not belong to A’ then we are done.
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The elements (2,0), (0,2), (2,2) correspond to (2,2),(2,—2) and (2,0) in P.
Observe that f(1,1) = 1 mod 2 and f(3,3) = 0 mod 2. Thus (2,2) ¢
Pspin(SO(4)). Furthermore f(3,3) =0 mod 2 and f(5,1) =1 mod 2, Thus
(2,—=2) ¢ Pspin(SO(4)). Similarly f(1,1) =1 mod 2and f(3,1) =0 mod 2,
therefore (2,0) ¢ Pspin(SO(4)). Hence the proof. O

Thus we conclude the proof of Theorem [8.2.3]

8.2.3 Case SO(5)

In this subsection we determine the spinorial irreducible orthogonal repre-
sentations of SO(5,C) in terms of their highest weight. From Section [6.1.2)

we know that all the irreducible representations of SO(5, C) are orthogonal.

Theorem 8.2.7. The representation with highest weight X = (A1, \a) is
A +3 Ay + 2
4 4

Theorem 8.2.8. Ps,in(SO(5,C)) = ((4,4), (4, —4)) = 8Ptn(s0(5,C)). The

spinorial if and only if

1S even.

proportion of non-spinorial weights is 1/2.

Proof of Theorem [8.2.7. Here we apply the general strategy to group
01,]0
SO(5,C). We take the bilinear form to be | I, | 0 | 0 |, where I5 denotes

01011

the 2 x 2 identity matrix.
We fix our maximal torus of SO(5,C) to be 71 @z, @27 @y © 1, where
x; € C*. Let us denote this torus by 7.
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Let v4 be the co-character vy : C* — T defined as v (t) = t®& 1t ' H1d1.
Let v be the co-character v : C* — T defined as 1»(t) = 1®t® 1Pt 1 1.
The co-characters v and v, are representatives of generators of m; (SO(5, C)).
By Scholium to determine spinoriality of ¢, it is enough to check parity
of Q(1)/2 for v = vy and v,. Moreover Q1(1)/2 = V,4(v) = F,(\) mod 2,
from Lemma(3.2.5and Lemma [4.1.2] Since 14 and v, are Weyl conjugate and
F,(A) = Fu@)(A) by Lemma [3.2.4] we just want the parity of one of them,
let us say the parity of W,(1y).

Let us denote the irreducible representation with highest weight (A1, Ag)
by ¢. We use the determinantal Weyl character formula here (see page 409
Proposition 24.33 of [Fulton and Harris(1991)]). Let © denote the character

of the representation. Then

Ky (x)  Kya(x) + Ky -1(x)

O(z) = f(z1,x2) = det
K>\271<X) K/\Q(X) + K)\Q*Q(X)

where x = (21, 9, 27", 251, 1) and Ky(x) = Hg(x)— Hy_5(x). (See Definition
8.0.1)

Since we are only interested in W,(rv;) which equals W(O(r4(t))). We
would like an expression for O (v (t)) = (¢, 1) which equals

Ky, (6, 1,75 1,1) Ky (61,070 1,1 + Ky (8, 1,711, 1)
Ky, 1(t, 1,71 1,1) Ky (1,075 1,1) + Ky, o(t, 1,671, 1,1)

det

= (K, ) (Kx, + Kxy—2) — (Kxy—1) (K 41 + Ky, 1)
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Lemma 8.2.9. We have
-1 2 d —d 3 d—1 1-d
Ky(t,1,t7,1,1) = ) (t*+t7%) + 5 Tt
d+1 1 d—+2
t+t .
(3 e+ (73
Proof. By definition we have
Ka(t,1,t751,1) = Hy(t, 1,t71,1,1) — Hyo(t, 1,711, 1)
Also by definition we have
Hd(xl) T, X3, Ty, I5) - Zx?lx32x§é3x4a4x?5u

where a runs over the set = {(a1, s, a3,04,05) € Z2, | L ; = d}. Let
a; =71 and a; + ag = s then as + ay + a5 = d — s. The number of ways to

solve aip +ay+ a5 = d— s for ordered triple of non-negative integers as, oy, as

is (d_§+2) . Thus

d s B
Ha(t, 1,67, 1,1) = 3 3 e ) (d s+ 2)
s=0r=0 2
b d—s+2
— t2r—s< )

Similarly

d-2 s d—
mﬂm¢ﬂ@:22ﬁ<2ﬁ.

s=0r=0
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So,

Ka(t, 1,674 1,1) = dfitQH <<d_;+2> N (d;8>>

s=0r=0

S a3 e
o e :
rx )+ £()

r=0

This equals the sum

2
- (2) (" + 7t )

4 2 —d+2 —d+4 d—4 d—2
+{ly) |y (L= +t o T
5 3 —d+3 | ,—d+5 d—5 | 4d—3
)~ {5 (" +t e T )
6 4 —d44 | -d+6 d—6 | d—4
+ly) 1y e e A A o 2
7 5 —d45 | g—dtT d—7 | 4d—5
)~ |y (™ +t ot )
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The terms in between cancel, and it follows that

Ka(t. 1,67, 1,1) :@> (" + 1) + @) (4 + (;l) (t702 4 4472)

d+1\, d+ 2
+---+< ) )(t +t)+< ) )

as desired. O

Lemma 8.2.10. We have
Kyt 1,7 1)+ Ky o(t, 1,671 1,1) =t ot~ =4 € (Z/27)[t].

Proof. From the lemma above, we have

2 3 3 2
Kyt 1,t751.1) = = AR i1 4
d(7 ) y Ly ) <2> + <2> + + 2 + 2 )
and

2 3 3 2
K. ot 1 t_l 1.1) = t—d+2 t_d+3 .. td—3 td_2.

Adding we get

s () ()
A e (- Qe
€

From the fact that (l+2)

[\

) =12+ 1+ 1is odd, the lemma follows. |

Write O(v1(t))) = f(t,1) = apt" +ap 11" 1+ +art+ag+ait 14+
ap_1t7" + a,t7" for a; € Z>¢. From Lemma , we can conclude that
the representation ¢ with highest weight A = (Ay, A9) is spinorial if and only
if Uy(rn) =>"10a;-i=0 mod 2.
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Recall from Definitions[2.1.6|and [2.1.7] the definition of ¥ : Z[z, z7!]¥™ —

Z/27 is a Z-linear operator on the abelian group of Laurent-palindromic

polynomials.

Now we are interested in calculating Wy(v1) = W(f(¢,1)), where
f(t, 1) = (Kx) (K, + Ky—2) — (Kxy—1) (K41 + Ky —1). (8.14)
Lemma 8.2.11. We get
V(" +t "+t ot ) = n € Z)2Z.

Proof. Let E(t) = (t" +t ") (t* +tF~1 4. .. 4178 1-¢7F). We will make cases.

In the first case, let n > k. Then we have

U(E) = fz i:ii—"; i
=(1/2)(n+k)n+k+1)—(1/2)(n—k)(n—k—1)
=n(2k + 1)
=n € Z/27.

In second case, let n = k. Then

E@t)=t"+ "t 240 T

U(E) = sz = (1/2)(2n)(2n + 1) = n(2n + 1) = n(2k + 1) = n € Z,/2Z.

i=1
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In the third case, let n < k. Then

E = tvthggn kel ket oghen poghen=l g h R R

Moreover
n+k
U(E)= Y i mod?2
i=k—n+1
n+k k—n
= i= D

= (1/2)(n+k+D)(n+k) — (1/2)(k — n)(k —n+1)
= n(2k +1) € Z/2Z

=n € Z/27.

Lemma 8.2.12. Ford € Z>q and d' € Z>,, we have
U(Kq(t, 1,671 1,1) - (Ko (8, 1,671, 1,1) + Koo, 1,671, 1,1)))
) () e

Proof. From Lemma [8.2.10

Ko(t, 1,7 L D)+ Ky o(t, 1,675 1,1) = ¢4t et = € (2/22)[t).

From Lemma [8.2.9

2
Kq(t,1,671,1,1) :<2> (t* +td) + (3) A ) IR

+ <d;1>(t+t1)+ (d;LQ).
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So

U((Kq(t,1,t7 1, 1) (K (t, 1,75 1,1) + Kg_o(t, 1,71, 1,1)))

2 ! ! ! U
= <2>\D((td+t_d)(td T T )

w

+ <2>\IJ((td_1 F Y T T )

W

+ <2> \Ij((tdiz + t27d> (tdl + tdlfl + . + tl*d/ + t*d’))

d ]. U U / U
+< ; )\I:((t+t1)(td T et )

d 2 ! !’ ! !/
+ ( ; )\D((l)(td I N )
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[ e (o (1))
2 (ofee-0)+ (202
o) - enl) ()0
d+3(d”) () ()0
)

I I I
N 7 N /;\ A A A
VR
SH
S 4
(ON)]
~
co
VR

Lemma 8.2.13. We have
A +3 Ao+ 2
()= (") = () ezyoz
4 4
Proof. Apply ¥ to both sides of Equation (8.14)), to obtain

U(f(t, 1) = U(Ky, (t, 1,671, 1) (K, (¢, 1,75 1,1) + Ky, _o(t, 1,711, 1))

— U (K, 1(t, 1,75 1,1 (Kyaa (8, 1,675 1,1) + Ky (¢, 1,671 1, 1),
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Using Lemma we get

BE1) = ((Alj 3) N <A22+ 1) <A12+ 2>>
_ <>\2+2> B <A2+1) <A1+2>

4 2 2

_ (/\1; 3) _ <)‘?: 2) mod 2.

We already know that
U(f(t,1)) =0€Z/2Z

if and only if the representation with the highest weight A is spinorial. Hence

the representation with highest weight A = (A1, A2) is spinorial if and only if

AL+ 3 Ay + 2
— = 7./27.

Hence we conclude the proof of Theorem [8.2.7] n

Proof of Theorem [8.2.8.
Lemma 8.2.14. We have ((4,4), (4, —4)) < Pspin(SO(5,C)).
Proof. This is an easy application of Lemma [[2.1.5 in the Appendix. O

Let us denote the weight lattice of SO(5,C) by P. We know from the
lemma above that ((4,4), (4, —4)) < Pspin(SO(5,C)) < P. Here P =Z X Z
since it has rank 2. Let us denote the quotient group P/{(4,4),(4,—4)) by
A and Pepin(SO(5,C))/((4,4), (4,—4)) by A’. Note that A’ is a subgroup of
A. If we prove that A’ is trivial we are done. Observe that A is isomorphic

to Z/87 @ 7 /AZ by identifying a representative as a(1,0) + b(1,1), where
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a € Z/8Z and b € 7 /47Z. Now we concentrate on the group A = Z /8237 /AZ.
In this group, (4,0) = 4z or 2z or z, where = can be one of the elements in

S1, where

51 =1{(1,0),(2,0),(3,0), (4,0),(5,0),(6,0), (7,0), (1, 1), (3,1), (5, 1),
(7,1),(1,2),(3,2), (5,2),(7,2),(2,2),(6,2), (1,3), (3,3), (5,3), (7, 3)}.

Furthermore (0,2) = z or 2z for every x € Sy, where
Sz ={(0,1),(4,1),(0,2),(0,3), (4,3)}.

Moreover (4,2) = z or 2z for every = € S5, where

53 - {(2’ 1)7 (67 1)7 (47 2)’ (27 3)7 (67 3)}

If H is a subgroup of A then (4,0) ¢ H which implies none of the members
of S; belong to H. A similar argument holds for (0,2) and Sy and (4,2) and
S3. Thus, if none of the members (4,0), (0,2) and (4,2) belong to H then
HN(S1US,US3) = 0. But observe that A\ (S;US;US3) = {(0,0)}. Hence
H will be the trivial subgroup.

Hence, for proving A’ is trivial it is enough to prove that

{(4,0),(0,2),(4,2)} N A" =10

The element (4,0) corresponds to 4(1,0) + 0(1,1) = (4,0) in P. The
element (0,2) corresponds to 0(1,0) + 2(1,1) = (2,2) in P. The element
(4,2) corresponds to 4(1,0) +2(1,1) = (6,2) in P. Let g(z,y) = (zf) -
(yf) mod 2. Observe that ¢g(2,1) = 1, while ¢g(6,1) = 0, hence (4,0) ¢
Pspin(SO(5,C)). Moreover ¢(8,2) = 1, while ¢(10,4) = 0, hence (2,2) ¢



134 8.2. Orthogonal Groups of Low Rank

Pspin(SO(5,C)). In addition ¢(35,5) = 0, while ¢g(41,7) = 1, hence (6,2) ¢
PSpin(SO(E)?C))‘
Hence Ps,in(SO(5,C)) = ((4,4), (4, —4)).



Chapter 9

Complexification of Compact

Lie Groups

Definition 9.0.1. complexification of a real Lie algebra g, is the com-

plex Lie algebra gc := g Qg C.

Definition 9.0.2. A continuous function f : G — C is called a represen-
tative function if f generates a finite dimensional G-subspace of continous
complex valued functions under the action (g- f)(z) = f(g~'x). Representa-

tive functions form a ring and it is denoted by A(G,C).
(see chapter 3 section 1 of |[Brocker and tom Dieck(2013)]).

Definition 9.0.3. Let G be a real Lie group. Then consider the group Gg¢
of all C-algebra homomorphisms A(G,C) — C and let i : G — Gg¢ be the
evaluation map (i(g))(f) = f(g). Then Gc is a complex analytic Lie group
and is called the complexification of G. It has a universal property that,
given any complex finite dimensional representation ¢, there exists a unique

holomorphic representation v of G¢ such that ¢ = 1 o .

(see chapter 3 section 8 of |[Brocker and tom Dieck(2013)]).
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It is well-known that the complexification of the unitary group U(n) is
GL(n,C), and that of SO(N) is SO(N, C), and that of Spin(/N) is Spin(V, C).
The group Spin(V, C) is also a double cover of SO(N, C). Hence, for complex
analytic groups an analogous question can be raised as follows : Which fi-
nite dimensional irreducible complex orthogonal representations of a complex

group G lift to Spin(NV,C)?

Lemma 9.0.4. Suppose we have a commutative diagram of semi-simple
complex groups Cy,Cy, Cs
Cs
Y
C1 —— (Y
which are complezifications of real compact semisimple groups Ky, Ko, K3
with the maps i; : K; — C; for j € {1,2,3}. Then we have a corresponding
commutative diagram

Ky

V J/
7
a

K{— K},

such that K] C C;, K] = K;, and ayic = «, Bic = B, Yic = 7-

Proof. Since Cj is the complexification of K, i;(K;) is a maximal compact
subgroup of C; (See Chapter 3 section 8 of [Brocker and tom Dieck(2013)]
). All maximal compact subgroups of a semisimple complex Lie group are
conjugate. Take K| = i;(K;). Since the image of K| under map « is a
compact subgroup of Cs, it will land inside some conjugate of i5(K3), which
is a maximal compact subgroup of C,. Call that conjugate subgroup K.
Similarly we can define Kj inside C3. Define 7 = 7|g;. Observe that, since
the C; are semisimple, they are the complexifications of the K. Furthermore

a1, 1, 71 are restrictions of «, 3, v. Hence ajc = a, fic =5, ic =v. O
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Lemma 9.0.5. Let K be a connected real compact Lie group. Let ¢ be an
orthogonal representation of K. Let K¢ be the complexification of K. As
complexification is a functor, let ¢c be the induced map between K¢ and
SO(N,C). Then, ¢ is spinorial if and only if ¢c is spinorial, i.e., lifts to
Spin(n, C).

Proof. 1f ¢ is a lift of ¢ to Spin(n,R), i.e., if we have the following commu-

tative diagram:

Spin(n, R)
()
b
K ——8S0(n,R)

then we have the commutative diagram:

Spin(n, C)
2
pc
Ke —%550(n,C).
Hence we have 1¢, which is a lift of ¢c.
For the other way around, let ¥)c be the lift of ¢¢. Let p and its com-
plexification pc be the covering maps for SO(N) and SO(N, C) respectively.

Consider the commutative diagram:

Spin(N,R) SN Spin(N, C)

bk

SO(N,R) —2-SO(N, C).

The map 77 is the standard injection of the real spin group into the complex
spin group. The map iy is the standard injection of real special orthogonal
group into the complex special orthogonal group. By the definition of pc,

the above diagram shows that the restriction of p¢ to the real spin group is
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the map p.

Observe that pc and p, both are double covers. Since one is the restriction
of the other, their kernels are the same, i.e., Ker (pc) = Ker (p) C Spin(V, R).
Hence, pc' (SO(N,R)) = Spin(N, R).
Since pc o Y|k = ¢c|k = ¢, the map ¢|k is a lift of ¢. ]

There is a close relation between the finite-dimensional holomorphic rep-
resentations of compact groups and finite-dimensional representations of their
complexification. From Lemma[9.0.4]it is clear that the complexification is a
functor from category of compact Lie groups to category of complex reduc-
tive Lie groups. Furthermore taking maximal compact subgroup is functor
in the reverse direction.

In fact the complexification of Lie algebra of compact group in the Lie
algebra sense is the complex Lie algebra of its complexification in the Lie
group sense. There is a one-one correspondence between finite-dimensional
representations of real Lie algebras and their complexification. Moreover it
takes irreducible representations to irreducible representations.

GL(n,C) is the complexification U(n). Thus from Lemma there
is one-one correspondence between the spinorial representations of GL(n, C)
and U(n). Similarly there is a one-one correspondence between spinorial
representations of SO(n,R) and SO(n,C). Furthermore self-dual represen-
tations of compact groups correspond to self-dual representations of their
complexification. Moreover there is a one-one correspondence between real
representations of compact groups and orthogonal representations of their
complexification.

We have basically figured out the spinoriality for complex groups, which
in turn gives the spinoriality for compact groups.

However we have some alternative methods to figure out the spinoriality
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for U(n) and SO(3,R), SO(4,R), SO(5,R), which we will present in the next
chapters.
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Chapter 10

Miscellaneous

10.1 Spinoriality of Representations restricted

to S, < GL(n,C)

In this chapter, we discuss the spinoriality of an orthogonal representation

of GL(n, C) restricted to the subgroup of permutation matrices, i.e. to S,.

Spin(m, C) .
v - X

~ - p

S, —— GL(n,C) —2SO(m, C)
Theorem 10.1.1. An orthogonal representation ¢ of GL(n,C) is spinorial

if and only if its restriction to S,, is spinorial.

Proof. 1t is trivial to see that if ¢ is spinorial then its restriction is spinorial.
Conversely suppose ¢ is non-spinorial. We shall prove that restriction of
¢ to S, is non-spinorial.

Let Q be the quadratic form defined as Q(z1, ..., zy) = —(22+---+22).
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See Chapter [2] for the definition of
Spin(m, C) = {£wy - wy - - - way, [ w; € C™, Q(wy, wy) = —1}.

We choose an orthogonal basis (eq,...,e,) of C™ w.r.t. @. Thus we get
relations in Spin(m,C) as e; - e; = —e; - ¢; and e = —1.
From these relations it is easy to see that the image of e;-e; € Spin(m, C)

in SO(m,C) is

lele-—a -1 @& -1 &l
~— ~—

i’th place j’th place

Now choose the transposition (1,2) in S,,. It corresponds to the matrix

0 11 0
A=11 0] 0
0 01,

where I,,_o is the (n —2) x (n — 2) identity matrix. Note that A is conjugate
to the matrix 1 ®--- @ 1@ —1.

Let us define a co-character v(t) = 1@ --- @ 1 dt. Let B(t) =
Trace(¢(v(t))). From arguments in Section it is easy to see that ¢ is
spinorial if and only if ¥(B(¢)) =0 mod 2.

By Lemma [3.2.2] B(t) = 4, a;(t' +t7%) + ap and ¥(B) = YL, a; - 4,
where a; is the multiplicity of #* as weight of representation ¢ o v of C*.

Since A is conjugate to v(—1), it is easy to see that the multiplicity of
—1 as an eigenvalue in ¢(v(—1)) is m = 2a; + 2az + ---. Thus § = ¥(B)
mod 2. Since ¢ is non-spinorial, ¥(B) is odd. Hence m/2 is odd.

Let the lift of ¢(v(—1)) in Spin(m,C) be y = +e;, - - - ¢;,,, because the

multiplicity of —1 is m. For the lift to be a homomorphism we require y* = 1,
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but by relations in the spin group it is easy to observe that y? = (—1)™m+1/2,
Since m /2 is odd and m is even y? = —1 which is a contradiction. Hence the
image of the transposition (1, 2) cannot be lifted to the spin group under the
representation 7.

Hence ¢ |s,= 7 is also non-spinorial. O]
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Chapter 11

Summary

In this section we summarize all the results.

(1)

Let GG be a connected complex semi-simple group with complex lie algebra
g. Let ¢, be an irreducible orthogonal holomorphic representation with
highest weight A\. Then with the notation that g = @®g;, where g; is
simple, A\ = @\;, p = ®p; and for an infinitesimal cocharacter v = Gy,
of the maximal torus of GG, the representation ¢, is spinorial if and only

if

Q1) Zk: [vil2(|Ni + il = |pil?) — 0 mod 2
=1

= dim V*
2 Y 2 dim g,
for a set of co-characters v, which represent the generators of 1 (G). (See

Theorem [4.2.12| and Scholium 4.2.13})

As a special case of above theorem in the above setting if g is simple

then ¢, is spinorial if and only if

(dim V) ([ ) (1A + pI* = 1p]*)
2(dim g)

=0 mod 2,

for a set of co-characters v which represent generators of m(G). (See

Theorem and Scholium {4.2.13])
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(3) The adjoint representation is spinorial if and only if half the sum of

positive roots is integral.(See Theorem {4.4.1{)

(4) When n is odd, all of the irreducible orthogonal finite-dimensional rep-

resentations of PGL(n, C) are spinorial. (See Lemma [6.2.1])

(5) For G = PGL(2n,C), the orthogonal irreducible finite-dimensional rep-

resentation of highest weight

n n—1
A= (ZT,;,ZTZ',...,Tl+7’2,T1,—7”1,—T1—7’2,...7—27’Z’>,
=1 i=1 :

is spinorial if and only if

1 <)\,~ N - i)_@;;l((( j=1mi) + 257 — (35)%)

j—i 2n(2n + 1)

1<i<j<n
(see Theorem [6.2.2))

or

(See Theorem [6.2.3])

(6) For G = SO(2n + 1,C), ¢, is spinorial if and only if

( 11 (()\MLPi)Q— ()\j+Pj)2) 11 ()\Hrpi)) ((2?21((>\¢+,01')2— (1))

1<i<j<n pi — p? 1<i<n  Pi 2-(2n)(2n + 1)

(see Theorem [6.2.4)) or,
dyn(¢) is even.

(See Theorem [6.2.5])

)EO mod 2,
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(7) For G = SO(2n,C), ¢, is spinorial if and only if

( N <Ai+pi>2—<xj+pj>2)< ?:1<<Az-+m>2—ﬂ?>>zo mod 2,

1<i<j<n p; — P 2(2n)(2n — 1)

(see Theorem [6.2.6] ), or
dyn(¢) is even,
(see Theorem [6.2.7)), where

A=A, e, ., )
:(a1 + (05} + - cAp—2 + (1/2)(0%71 -+ an),a2 -+ as + -+ Ap—2 + (1/2)(an,1 -+ Cln),

© 5 Op—2 Tt (1/2)(an—1 + an)a (1/2)(0%—1 + an)a (1/2)(an - an—l))a

and the condition is a,,_; = a,, when n is odd and a,,_1 + a,, is even when

n is even.

(8) For any connected complex reductive group, |Poyn(G)/ Pepin(G)] is finite.
(See Theorem [5.0.13] )

This is the summary of Determinantal identity method

(1) The representation of PGL(2n, C) of highest weight
A = rp(@on—1+ 1) + 11 (Wan—2+w@s)++ - - +7r2(wWpt1 +@n—1) +2r1(wy)

, where w; = (1,1,...,1,0,0,...,0) are fundamental weights of its Lie
—_————

itimes
algebra sl(2n, C)(where r; are non negative integers) is spinorial if and

only if
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d (,\1;;2_71271) (/\124;2?371) o1
det @ <)\22J;2_nz_2) (/\2;;2_713_2> o is even.
an (222112) (2;\12—n3) e 1

Here

di:(d+1)<Ai_Z+2n>+<(Ai—d)—Z+2n>_<Ai—z+2n+1

d?2
on —1 2n 2n > moc <,

where d = 321, r;. (See Theorem [8.1.1])

(2) The lattice Pspin(PGL(2n,C)) contains

(2 (w1 + wan_1), 2" (w9 + @an_2), - - -

k+1
,2

2k(wn71 + wnJrl) wn>a

where k is the smallest non-negative integer such that 2¥ > 2n (see

Theorem [8.1.2)).

(3) An orthogonal irreducible representation of SO(3, C) landing in SO(2n +
1,C) is spinorial if and only if n = 3 or 0 mod 4 (see Subsection |8.2.1)).

(4) We have Pspin(SO(3,C)) = 4Pyn(s0(3,C)) (clear from the above theo-

rem).

(5) The representation of SO(4,C)) having highest weight (z,y) is spinorial
if and only if (1/6)(1+ 2+ y)(2z+ 2> —y — 2y +3*) =0 mod 2 (see
Theorem [8.2.2)).

(6) We have Ps,in (SO(4)) = ((4,0), (0, —4)) = 4P,n(s0(4, C)) (see Theorem
8.2.3)).
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(7) The representation of SO(5,C) with the highest weight A = (A1, A2) is

spinorial if and only if

<A1+3> — <)\2+2> =0 mod 2,
4 4

(see Theorem3.2.7] ).

(8) Pspin(SO(5,C)) = ((4,4),(4,—4)) = 8 Pun(s0(5,C)) (see Theorem

Group g P(g) wo Pa(g)
PGL(2) | sl(C) (w1 = e1) (1,2) | wler) =e2=—€
so (€1)
PGL(4) | sl4(C) () = €1, (1, 4)(2, 3) (€1 + €,
wy = €1+ € €3 +e€1) =
, w3 = €1 + €3 + €3) (W, w1 + ws3)
= (€1,€2,€3)
SO4(C) | 504(C) | (w1 = (1/2)(e1 — €2) -1 same as
we = (1/2)(e1 + €2)) weight lattice
SO;(C) | s05(C) () =€ -1 same as
wy = (1/2)(e1 + €2)) weight lattice
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Poren(9) P, épin Papin
(2¢1) 2ne (8co1)
n=0or3 mod4

same as See the expression above (8(ww1 + w3),
self-dual lattice 8wwa)
aeq + beg {z-e14+y-e| (4ey,
(1/6)1+z+y)2x +2* —y —zy +9y*) =0 mod 2} 4és)
same as {(A\1,A2) | (Alj?’) - (’\212) =0 mod 2} (8ay,
weight lattice 8ws)

relation
Popin(G) = 4Porn(9)
PSpin(G) = 8Purtn(9)
PSpm(G) = 4Py:in(9)
PSpin(G) = 8Purtn(9)

Here the notations are as follows.

Group = The group under the consideration.

g = The Lie algebra of the group.

P(g) = The weight lattice corresponding to g.

wo = The longest element of the Weyl group.

P.(g) = The lattice of highest weights corresponding to self-dual irre-
ducible representation of g.

P,tn(g) = The lattice of highest weights corresponding to orthogonal
irreducible representations of g.

Pioin(G) = {\ € Porn | FL,(A) =0 mod 2Vv}

Papin(G) = {p € Porin(G) | A € Pipya(@) A +p € PG}

relation = The relation between Pespin(G) and Poyn(g).
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Appendix

12.1 Combinatorial Lemmas

Lemma 12.1.1. (Lucas Theorem)(see [Fine(1947)]) Let n = ay + 2a; +
2%2a9 + -+ 2Ma,, and r = by + 2b; + - - - + 2™b,,, then

n Aoy, Am—1 Am—2 Qo
= . . . d?2
()=o) (o) G o) o
where 0 < a;, b; < 1.
Observe that Lucas theorem is valid also when 0 < n < r.

Lemma 12.1.2. Fiz a natural number r.

1) Then (”t?k) = (:f) mod 2 for every natural number n, where k is the

least integer such that 2% > r.

2) If for all n, ("jp> = (7;) mod 2, then 2% divides p, where k is as above.

Hence if we fix r, then the sequence (f) mod 2 is periodic in n with exact

period 2F, where k is as above.
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Proof. The first part follows from the Lucas theorem. Let n and r be the
natural numbers and let a; and b; be as stated in the Lucas theorem. Let m
be the largest integer such that b,, = 1. Now observe that if we add 27 to n
where j is the smallest integer such that 27 is strictly greater than r, then it
will not affect ag, ay,...,a,. That is, the first (m + 1) digits in the binary
code of n will be exactly the same as the last (m + 1) digits of 2/ + n. Since
by = 0 for m+1 <[ < k adding 2/ will not affect the answer. Hence the
answer is periodic in n with period 27 where j is as above.

Furthermore for proving (2) using Lucas theorem it is easy to see that
(’") £ (T”:fl) mod 2. Hence 2/~! can not be a period of the sequence (:f)

T

mod 2. Hence 2/ is the exact period of the sequence (:) mod 2. O

Lemma 12.1.3. Let aq,...,a, be non-negative integers. Then we have

(aQ) . (H?ﬂ aj)(H1§i<j§n(ai - aj))'

e (=) - () :

Proof. The left hand side is a polynomial D = D(ay,...,a,) € Qlay, ..., a,]
n(n+ 1)
2
Similarly, if we put a; = a; in D we get 0, so (a; — a;) divides D. Therefore

of degree of Since D(ay,...a;—1,0,a;41,...,a,) = 0 each a;|D.

the product

P = (H aj) I (a—a),
j=1
divides the determinant. Its degree is also

Thus D = ¢ - P for some ¢ € Q. It only remains to calculate the ratio c.
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Furthermore we get D(n,n —1,...,1) = 1. On the other side
Pn,n—1,...;1)=nl(n—1)!--- 11,

hence
1

I !

Cc

]

Lemma 12.1.4. Let n and k be positive integers and c be any integer then

z”:i i+c —(n+1) n+c+1 N c+1\ (n+c+2
P k) k+1 k+2 k+2 )
Proof. The reader may verify this by induction, Otherwise we have the fol-

lowing proof:

LHS:iHcH)C?) —i(c+1)<izc>

n i+c+1 " (i4c
:;(k‘—i-l)( k1 >—(c+1);< " )

'S () ey ()

l=c+1

e[ ()Rl e[ 0) -5 6)
w1 - (] e [ ) - ()]
(e 2 )= (52))
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:(k+1)<n;rj;2> —(c+1)<n;rr;1> —[(k+1)—(l€+2)]<cil>

(since (c+1)<kj1> = (k+2)<;i;>>

:[(k+1)—(k:+2)]<n;ri;2>+(Zi;) +(n+1)<”2i?1>

(e (101 = e (T e (M)

1 2
(and since (n—l—c—i—2)<n;:_ic_j1L ) = (k+2)<n2j_—; >>

= RHS.

Lemma 12.1.5. Let t be a natural number then

t+4\ [t
<4 >:<4>+1 mod 2.

Proof. We apply Chu-Vandermonde’s identity (see page 156 Ex. 25 of
[Brualdi(1977)|) which is

() =500

Here x,y, r are positive integers.

On applying this we get

(5 me= ) E) G C) G ) ) oo
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Since (g), (;1), (‘11) are even, the lemma follows. n
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