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Abstract

Discrete time crystals are an emerging research topic in quantum many-body physics and con-
densed matter. The concept of time translational symmetry breaking which governs discrete time
crystals is an interesting topic of study. The system under study is the Aubry-Andre-Harper model
which has been used along with discrete time crystal to involve some site-dependent quasiperiodic-
ity in the time crystal. The process of Floquet driving is done to evolve the states to different times.
Floquet driving technique is a widely used technique to study the dynamics of non-equilibrium sys-
tems. In the quasiperiodic time crystal, each spin is given a cosine modulated rotation(full-wave)
at each cycle of rotation. When each spin is given the same rotation of π , the initial state repeats
after two cycles and thus such a time crystal has time period twice that of the original system.
Another protocol, where individual spins of the system is subjected to different but fixed rotations
periodically, has been studied. Our initial results with this protocol shows certain signatures for
realizing time crystals. However, confirmation of the same will require further studies.

5



6 LIST OF TABLES



Chapter 1

Introduction

1.1 Floquet Theory

Initially developed by Gaston Floquet in the late nineteenth century within the framework of clas-
sical mechanics, floquet theory has interesting applications in a number of fields of physics(most
notably condensed matter physics and quantum mechanics). A strong framework for compre-
hending and influencing the behavior of systems driven periodically is provided by its varied and
exciting experimental possibilities. Floquet theory is a crucial tool in many areas of physics and
engineering for understanding periodic systems. It offers a strong foundation for understanding
how dynamical systems respond to periodic disturbances. Floquet engineered many-body sys-
tems have recently gained attention of the research community. There the interests are two-fold:
Firstly, novel many-body quantum phenomenon can be realized in such systems, e.g., time crystal,
and secondly, they pave the way for future quantum technologies, such as quantum sensing and
metrology. Periodically driven systems, with a Hamiltonian as in Eqn. 1.1 (which is a periodic
function of time), are known as Floquet quantum systems. Considering the Hamiltonian for the
system as follows:

H (t) = H (t+T) (1.1)

with time period T .

Floquet theory has exciting and varied experimental potential and can provide a strong frame-
work to comprehend and control the behavior of systems driven periodically. Various experimen-
tal prospects in the fields of topological phases of matter, quantum simulation, and light-matter

7



8 CHAPTER 1. INTRODUCTION

interactions can be studied via Floquet theory. Ultracold atoms in optical lattices is a key area of
story in atomic physics [1, 2, 3]. There is a growing focus on applying a time-periodic external
force on optical lattice atoms in order to control their behavior [4]. Some of the experimental
observations seen in these field are the observation of the Hofstadter Hamiltonian [5, 6] and the
observation of the topological Haldane model [7]. Also tunable gauge potentials have been seen
and used artificially[8, 9, 10]. Also, there has been observation of effective ferromagnetic domains.
In addition, in shaken optical lattices, there has been development of a roton-maxon dispersion for
a BoseEinstein condensate [11] are some of the recent experiments in this rapidly expanding field.
These experiments suggest that ultracold atoms in periodically driven optical lattices have great
potential for modelling a broad range of condensed-matter systems, including high-energy physics
models. This could lead to fresh insights into long-standing unanswered topics. The Floquet for-
malism is a theoretical tool that is widely employed in this recently developed topic. Researchers
who work with atoms and molecules in intense laser beams use Floquet theory. Furthermore,
driven optical cosine lattices seem to have great prospects in the field of Floquet engineering for
many years in the future [4].

One of main objectives of this project is to numerically implement the Floquet technique. The
developed technique is then applied to few-spin systems. In particular, we apply this method in
context of time crystal. We discuss the idea behind time crystal and several aspects related to it in
the following section.

1.2 Time Crystal

Modern physics revolves around the concept of symmetry and its spontaneous breakdown. Time
translation symmetry provides the foundation of both the repetition of patterns and the conserva-
tion of energy within a conventional dynamical framework. It is therefore reasonable to wonder
whether a closed quantum mechanical system could experience a spontaneous break in time trans-
lation symmetry [12]. Time crystals are based on the concept of time translational symmetry
breaking, as will be discussed further.

A short-review on time crystal related works: Frank Wilczek [12] first introduced the idea of
time crystal. He proposed that if the magnetic flux through interacting bosonic ring is selected
appropriately, the ring can transition from a ground state preparation, to a periodic motion over
time [12]. A no-go theorem [13, 14], on the other hand, subsequently revealed that such temporal
crystalline phase cannot be formed in equilibrium. Also, Sacha [15] initially suggested looking for
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time crystal dynamics in systems that are driven regularly [15]. In the Refs. [16, 17], the authors
studied many-body systems, further concretized this idea. The system may enter in to a many-body
localized (MBL) phase in presence of a strong disorder which, in turn, would prevent the system
from absorbing drive heat and reaching to a maximally mixed infinite temperature state. The sys-
tem can then oscillate in this MBL regime with a period that differs from that of the external drive.
In turn it prevents the system from thermalizing to the infinite-temperature state. This phase is re-
ferred to as a discrete (or Floquet) time crystal (DTC). Hence it sets it apart from Wilczek’s initial
idea [18].

DTCs have recently been experimentally realized in a number of physical substrates, e.g.,
trapped ions [19], spatial crystals of ammonium dihydrogen nitrogen-vacancy centers in diamond
[20] and phosphate NH4H2PO4 [21, 22]. These systems either had some randomness or they were
long-range interacting systems. While DTCs were realized in the MBL phase in [19], there was
not enough disorder to reach the MBL regime according to the studies conducted in [20, 21, 22].
A search for DTCs not covered by MBL was started as a result. It has been suggested that
driven many-body systems with no disorder, such as quenched two- or higher-dimensional short-
range Hamiltonians within a set-up of ultracold atoms with all-to-all interaction between the spins
[23, 24] and ultracold atoms bouncing on an oscillating mirror [25], exhibit DTC [18].

Discrete Time Crystal: Time crystals are based on the concept of spontaneous symmetry break-
ing. The breaking of spatial translational symmetry causes crystal formation [12, 26]. Similarly,
the breaking of time-translational symmetry is the cause for formation of time crystals. Time-
translational symmetry breaking is happens if an observable of the system is time-dependent in
thermal equilibrium. However, a thermal equilibrium state ρ = e−βH , is doesn’t depend on time
(as [ρ,H] = 0), and hence time-translational symmetry-breaking cannot occur [27].

Thus, one needs to consider alternatives to strict thermal equilibrium. The state ρ maintains all
of the symmetries of the Hamiltonian, indicating that symmetry cannot be spontaneously disrupted.
The solution to this conundrum is well known for other symmetries: A system with spontaneously
broken symmetry can break ergodicity and correspondingly, the time span of the symmetry broken
state diverges with increasing system size. Hence, as ρ turns out to be non-physical in the ther-
modynamic limit. This implies an analogous phenomenon, where time required to reach a stable
steady state can be obtained in a finite time for time translation symmetry. The required time for
reaching the steady state varies exponentially with system size [27].
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We note that non-ergodicity happens at the level of eigenstates in a phase with a sponta-
neously broken symmetry. This helps to translate these ideas into a more practical concept. An
Ising ferromagnet, for instance, has ground states that preserve symmetry and can be written as
|±⟩ = |↑↑↑...⟩±|↓↓↓...⟩√

2
. Unitary time evolution cannot lead a short-range correlated initial quantum

state to such long-range correlated cat states in finite time due to prompt decoherence caused by the
coupling to the environment. However, the Ising symmetry is broken by the physical combinations
of |↑↑↑ ...⟩ and |↓↓↓ ...⟩ [27].

The different rates of the The states winding of the phases of different quantum states implies
that they must be superposed for the occurance of the oscillation during evolution in the Time
Translational Symmetry-Breaking (TTSB) scenario. Restating it differently, the two cat states |±⟩
requires distinct eigenvalues under the time-evolution operator in a time crystal. This is in contrast
to the Ising ferromagnet with degenerate eigenvalues. For the cat states, the time evolution operator
UF has eigenvalues eiω± . These cat states, although not physical, are invariant under time. Sub-
sequently, a physical state |↑↑↑ ...⟩ evolves as Un

F |↑↑↑ ...⟩ ∝ cos(ωn) |↑↑↑ ...⟩+ isin(ωn) |↓↓↓ ...⟩,
where ω = ω+−ω−

2 .

The existence of DTC in a variety of disordered Floquet systems has been proven by theo-
retical and numerical investigations. The first observation of time crystals was that of discrete
time crystals (DTC), which are also called floquet time crystals [28, 29]. A DTC occurs in a
periodically driven system with certain time period T . There operator A satisfies the condition:
A(t) = A(t + nT ), where n > 1 and n ∈ Z, which breaks the discrete time translational symmetry
[30].

Due to the periodic driving, energy conservation in a floquet system is no longer possible.
Therefore, a generic system will eventually absorb the energy from periodic drives and heat up to
an unlimited temperature in absence of local conservation constraints. Any local physical observ-
able after a long time is assumed to become featureless due to the thermalization of many-body
Floquet systems [31, 32, 33]. Emergent local integrals of motion in the many-body localization
(MBL) [34, 35] prevents heat absorption from the external drive. However, in order to examine the
behavior of discrete-time crystals, it is necessary to average the observable dynamics over many
disorder realization. This limits the effectiveness of discrete-time crystal experimental research
and necessitates greater quantum resources [36].



1.2. TIME CRYSTAL 11

In addition to DTCs stabilized by the MBL phase, another DTC phase, in the form of the prether-
mal phase, can also exists. In many cases, the Floquet dynamics can be thought to be governed
by the effective time-independent prethermal Hamiltonian. Beginning from symmetry-breaking
initial states of the prethermal Hamiltonian [37], the Floquet system can show DTC dynamics, and
thus producing prethermal DTCs [15, 36].

A state |ψ⟩ is said to have short-ranged correlations for a local operator Φ(x), if ⟨ψ|Φ(x)Φ(x′) |ψ⟩−
⟨ψ|Φ(x) |ψ⟩⟨ψ|Φ(x′) |ψ⟩ → 0 as |x− x′| → 0. Discrete time translational symmetry drives the
floquet systems at a frequency of Ω = 2π

T , where T is time period. U (t1, t2) is the time evolu-
tion operator from time t1 to time t2. TTSB occurs if for every t1 and every state |ψ(t1⟩, there
exists an operator Φ such that ⟨ψ (t1 +T )|Φ |ψ (t1 +T )⟩ ̸= ⟨ψ (t1)|Φ |ψ (t1)⟩ where |ψ (t1 +T)⟩ =
U (t1 +T, t1) |ψ (t1)⟩ [27].

TTSB is realized when the Floquet operator U f = U (T,0) eigenstates are devoid of short-
range correlations. The expected value of some observables in such a system is only invariant for
translations by nT for some n > 1, despite the fact that the time evolution is invariant under the
discrete time translational symmetry induced by the driving peridicity T . Stated otherwise, the
response time of the system is a fraction Ω

n of the initial driving frequency [27].



12 CHAPTER 1. INTRODUCTION



Chapter 2

Implementation of Floquet Technique

Theoretical concept behind Floquet dynamics: Floquet theory for time periodic Hamiltonian is
analogous to space periodic Hamiltonian, which is what is seen in Bloch theory. Similar to Bloch
waves in space, there is a basis for Schrodinger equation solutions that are periodic in time up to
a phase. The underlying mathematical concept of floquet theory below has been referred to from
Supplemental material of [38].

|ψα (t)⟩= e-iµα t |φα (t)⟩ (2.1)

The real quantities µα represent quasienergies or Floquet exponents and the states |φα (t)⟩ =
|φα (t +T)⟩ represent Floquet modes. The states |ψα (t)⟩ are referred to as Floquet states.

The time evolution operator, according to Floquet theory, can be written with the help of the floquet
modes as follows:

Û (t,0) = ∑
α

e−iµα t |φα (t)⟩⟨φα (0)| (2.2)

The time evolution operator, where δ t lies between 0 and T(where T is the time period of the
Hamiltonian), For some time t=nT + δ t, where n ∈ N can be written as follows:

Û (t,0) = Û (δ t,0)Ûn (T,0) (2.3)

Û (T,0) = ∑
α

e-iµα T |φα (0)⟩⟨φα (0)| (2.4)

13
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From this equation, we can conclude that |φα (0)⟩ are the eigenvectors of Û (T,0) and e-iµα T are
the eigenvalues.

Usually, the floquet operator( which is the time-ordered time evolution operator for one time
period) is calculated in Floquet systems. It is calculated as follows:

Û (T,0) = T e−i
∫ T

0 H(t)dt (2.5)

where T is the time-ordering operator.
On taking discrete time-steps instead of continuous ones, it can be written as:

Û (T,0) = T e−i∑
T
0 H(t)dt (2.6)

Û (T,0) = T

(
T

∏
0

e−iH(t)dt

)
(2.7)

The state after multiple cycles of time period for the initial state |ψ (0)⟩ is as follows:

|ψ (nT )⟩= Ûn (T,0) |ψ (0)⟩ (2.8)

where n is the number of cycles of the time period, which are called Floquet cycles.

Numerical implementation and proof-of-concept: The above mentioned Floquet theory is re-
quired in the main system to go through the cycles of time period of the system. For this Floquet
technique needs to be first developed and implemented. Floquet technique has been implemented
In order to verify the accuracy of the technique developed. Some results from [39], which consider
a periodically driven Ising spin chain with a transverse magnetic field, have been reproduced.

From the above mention Floquet theory, Floquet theory on spin-half Ising chain model system
was implemented. The model we are dealing with is Ising spin-half chain model with the Hamil-
tonian as follows [39]:

H =
−Jt

2

N

∑
j=1

σ
j

x σ
j+1

x − (h0 +h1 sin(ωt))
2

N

∑
j=1

σ
j

z (2.9)
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where Jt is the exchange coupling constant, h0 is the DC magnetic field strength. This is a very
well studied model in condensed matter physics. For h1=0 case, this model has two distinct quan-
tum phases: Ferromagnetic Phase and Paramagnetic Phase. The critical point of phase transition
occurs at J=h0. If J> h0 it is ferromagnetic phase and it is paramagnetic phase when J < h0. In this
model periodic boundary conditions are assumed.

In Eq. 2.9, the parameters are taken as follows: ω=1, h0=1, h1=1.5, Jt=1. The fidelity is calcu-
lated as follows:

Fid = ⟨ψ (0)|ψ (t)⟩ (2.10)

|ψ (t)⟩=Un |ψ (0)⟩ (2.11)

Here n is the floquet cycle and U is the floquet operator. The floquet operator in this case is:

U = T

(
2π

∏
0

(
eiHdte−iHV dt

))
(2.12)

In Eq. 2.12, the exponential terms are multiplied for each time-step from 0 to 2π in a time-ordered
fashion. The HV Hamiltonian is the Hamiltonian in Eq. 2.9 with h0 + dh in place of h0, where
dh=0.001. To calculate quantum fisher information(QFI), the floquet operator has been calculated
as in Eqn. 2.12. QFI is a measure of sensitivity of the system. The quantum fisher information is
calculated as [40]:

FQ = 8
(1−Fid)

dh2 (2.13)

The plots of quantum fisher information(QFI) vs time are in Fig. 2.1(a) and Fig. 2.1(b). Both
are the same plots but for different time. The plots are as follows:
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(a) (b)

Figure 2.1: QFI vs time: System size N=6, ω=1, h0=1, h1=1.5, Jt=1 in Eq. 2.9 . Time step taken
is 0.001. (a) is plot till time=50000 and (b) is plot till time =1000. In (a), the black-line is the plot
with time-evolution and purple points are with floquet driving. In (b), the purple line is with time
evolution and the purple dots are with floquet driving.

In both these plots, there is a plot of a line and some points. The points plotted, are the val-
ues of quantum fisher information at that time which have been obtained via floquet technique
described above in this section. These points appear at regular intervals which is the time period
of the system which is 2π in this case(as ω=1). The lines which have been plotted is the quantum
fisher information obtained without floquet theory by calculating time evolution operator at each
step and proceeding with the method.

In both the plots, only one colur is visible as both the lines and points overlap each other. This
indicates that floquet theory implemented is in agreement with time evolution operations and is
correct. Also the Fig. 2.1(a) has nature similar to ”Figure 2(a)” in [39] paper. The quantum fisher
information is observed to be periodically repeating and is getting stabilised after some time which
is similar in nature to [39].

In [39], they have mentioned that QFI vs time should be of the form x2 for small time. On fit-
ting Fig. 2.1(b) in gnuplot, QFI ∝ (time)1.99. So very close to desired result was obtained. Thus
floquet technique has been developed and has been used in the system to obtain results over differ-
ent cycles.



Chapter 3

Floquet driven time crystals under Stark
and quasi-periodic modulations

In this chapter, we will apply the developed Floquet technique in the context of Time crystal.
Particularly, we shall study Ising spin chain subjected to an additional a) Stark Term, and b) quasi-
periodic modulation. A QMB system with short-range interaction enters in to a localized phase in
the zero-field limit in presence of a Stark term in the thermodynamic limit, whereas localization
happens at a finite strength under quasi-periodically modulation.

As discussed in the introduction, localization is an essential criteria for realizing time crys-
tals in the short-range systems. Although not explicitly proven, certain additional criterion have
been identified which are necessary for stable time crystalline nature. We categorically mention
them here: i) Time translational symmetry breaking is required for time crystal to exist. In this,
for the Hamiltonian H(t+T)=H(t), any observable O(t+T)̸=O(t). Rather O(t+nT)=O(t) for some
n >1. ii)The time crystal should be robust under small perturbations(ε). iii)For the existence of
time crystal, observation of energy pairs has been found out to be necessary. The eigen-energies of
the floquet Hamiltonian should come in pairs with a fixed energy difference. iv)Presence of some
disorder or localization(localization like the quasi term in AAH model) is necessary as a starting
driving force to the system. v) Large pool of initial states should satisfy the above conditions, that
is, the time crystal behaviour should be followed by most of the initial states. Thus the system
should not change irrespective of whichever initial state is chosen.

Now , in the following, we discuss time crystal in the presence of the Stark term.

17
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3.1 Stark Many-Body Localization induced time crystal

This section is a revisit to old work on time crystal on the foundation of which my project is based.
This section essentially discusses certain results that have been reproduced from the Ref. [36]. We
take a clean floquet Hamiltonian(without strong disorder). This represents a non-trivial Discrete
Time crystal phase where any initial state can be taken. Many body localization(MBL) is crucial
for stabilizing this inherently dynamical phase. In one-dimensional (1D) systems, quantum sys-
tems may enter MBL phases when there is enough random disorder, quasiperiodic potential, or
linear Zeeman field. The disorder due to linear Zeeman field is known as Stark MBL. Stark MBL
[36] has been used to build a clean many-body Floquet system to stabilize the discrete time crys-
talline nature. The model considered is as follows [36]:

H1 =
N

∑
j=1

X j (3.1)

H2 = Jz

N

∑
j=1

( j+1)Z jZ j+1 + W
N

∑
j=1

jZ j (3.2)

UF = e−iH2e−i( π

2 −ε)H1 (3.3)

where

X =

(
0 1
1 0

)
and

Z =

(
1 0
0 −1

)

are the σx and σz Pauli matrices respectively. The system has periodic boundary conditions.

The H2 Hamiltonian in Eqn. 3.2, has one linear zz interaction. For stabilizing the discrete time
crystal, there is also one linear Zeeman field. This term represents the Stark many-body local-
ization. Both the linear Zeeman field and the Stark MBL are supposed to be suppressed by the
perturbation ε . Therefore, in order to stabilize the MBL phase, some nonuniform interaction is
required.
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The Hamiltonian H1 in Eqn. 3.1 is the kick or rotation given to the system in each cycle.
The ε term represents the imperfection or perturbation given to the system. For the system to be
a discrete time crystal, it should robust with perturbation. For ε=0, the term :e−i( π

2 −ε)H1 becomes
e−i( π

2 )H1 . The obtained term denotes rotation about X-axis by angle π and hence the term is re-
sponsible for rotation of the spins. This in turn becomes Π jX j.

If |+z⟩ is one of the product state out of the 2N(N is the system size) product states then
|−z⟩=Π jX j |+z⟩ that is it represents the state with all the spins of |z⟩ flipped. For ε=0, we get ”cat
states” which are are the quasi-eigenstates of U0

F [36].

U0
F |±⟩=±e

−i(H2|z⟩+H2|−z)⟩
2 |±⟩ (3.4)

Here H2 |+z⟩ represents the eigenvalue(energy) that comes when H2 acts on |+z⟩. Same represen-
tation has been used for |−z⟩. The quasi-eigenstates can be written as follows [36]:

|±⟩= 1√
2

(
e
−iH2|z⟩

2 |z⟩± e
−iH2|−z⟩

2 |−z⟩
)

(3.5)

These |+⟩ and |−⟩ states form a π-pair as the quasi-energy difference between these two states
comes as π . If the quasi-energy of the |+⟩ state is denoted as εF , then quasi-energy of |−⟩ state
will be π − εF . Product states can be written as a linear combination of the π-pairs as follows[36]:

|±z⟩= 1√
2

e
iH2|±z⟩

2 (|+⟩± |−⟩) (3.6)

At ε=0 limit, a trivial subharmonic response is observed as follows [36]:

U2
F |+z⟩=UF |−z⟩= |+z⟩ (3.7)

Physical observables like fidelity or magnetization(⟨mz (t)⟩) repeat after every two cycles for ε=0.
Thus their time periods are double of the driving frequency and thus time translation symmetry is
breaking. ε=0 is a trivial case. For a non-trivial discrete time crystal ε ̸=0 is taken.
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In the paper[36] they have calculated and checked the properties for fidelity as follows:

Fn = | ⟨ψi|Un
F |ψi⟩ |2 (3.8)

here |ψi⟩ is the initial state and n is the Floquet cycle.
They have calculated the state averaged fidelity as follows [36]:

Fn =
1

2N ∑
z
| ⟨z|Un

F |z⟩ |2 (3.9)

(a) (b)

Figure 3.1: State averaged-fidelity vs Floquet Cycles : System size N=3, Jz= π

2N =0.52 , W=5,
ε=0.05 in Eq. 3.2.(a) is plot of state-averaged fidelity vs floquet cycles for 100 cycles and (b) is
plot of state-averaged fidelity vs floquet cycles for 10000 cycles. In (a) the purple line is for even
cycles wheras the black line is for odd cycles. In (b), the orange lines are for odd cycles and the
purple lines are for even cycles.This is reproduced from [36]

In Figure 3.1(a), the state averaged-fidelity goes from 1 back to 1 and this time period is called
the beating time comes as 66 which matches with the paper[36]. Also in 3.1(b) the time period for
which the state-averaged fidelity for even cycles goes to from 1 to 0 is another time period which
comes as 8000. There is a time period in the paper [36] which is double this , that is 16000 which
matches the result here.

Plots of FFT vs ω are made next. This is basically the plot of fast fourier transform of the
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fidelity for the state |1010101⟩ vs frequency. Also, I have done plots of overlap vs quasi-energy
which are the plots of energy pairs. The eigenenergies of the eigenstates of UF are the quasi-
energies as described above. The |±⟩ are the eigenstates of UF . Overlap is calculated by calculating
the fidelity of all the eigenstates of UF with the initial state as follows:

Overlap = | ⟨±|ψ⟩ |2 (3.10)

where ψ is the initial state.

(a) (b)

Figure 3.2: FFT and Energy pairs for Stark Localization: System size N=7, Jz= π

2N =0.224 , W=5,
ε=0.05.(a)Plot of fourier transform of of fidelity vs frequency for the state |1010101⟩ for the Hamil-
tonian in Eqn. 3.2 and (b) is plot of overlap vs quasienergy for the initial state |1010101⟩ that is
the plot of energy pairs

In Fig.3.2(b), it is seen that 2 prominent energy pairs are formed. These energy pairs nave
an energy difference close to π . The other states also form energy pairs but are not as prominent
as these 2 pairs. From this we can deduce that for, time crystal nature to exist, energy pairs are
necessary.

In Fig. 3.2(a), peaks are seen very close to 0, 2π and π . There also smaller peaks at 3.13 and
3.15. The figure shows that the system has become localized to a certain frequency. For attaining
time crystal nature, peaks should be attained at only few frequencies. If a lot of peaks are observed
at different frequencies, then it is not a time crystal.
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Next we will discuss about time crystal with quasi-periodic modulation due to Aubry-Andre-
Harper model.

3.2 Time Crystal under quasi-periodic modulation

The main goal of the project is to try the Aubry-Andre-Harper model [41] along with the Discrete
Time Crystal and see whether it remains a time crystal and to look at its properties. The AAH
model has been implemented in the time crystal by adding quasi-periodic terms in place of inter-
actions.

Localization in Aubry-Andre-Harper: Long-range periodicity intermediate between regular
periodic crystals and disordered systems is often shown by aperiodic ordered one-dimensional
lattices. Anomalous transport processes in a variety of range of condensed-matter systems, ultra-
cold atoms, photonic, and acoustic systems, among other classical and quantum systems can be
investigated via such lattices [41, 42, 43, 44]. Unique properties such as mobility edges, limited
modulation of on-site potential showing localization transitions, eigenstates which are multifractal
and critical spectra are seen due to quasiperiodicity[41].

The Aubry-Andre-Harper model is an undriven one-dimensional lattice with aperiodic order [45,
46, 47]. The Hamiltonian exhibits a Cantor-set energy spectrum with a phase transition from ex-
ponentially confined states( pure point spectrum) to extended states( completely continuous spec-
trum) as the amplitude of the on-site quasi-periodic potential is decreased below a threshold value,
[41, 48].

The localized and delocalized phases are separated by a distinct phase boundary. All the eigen-
states transition from exponentially confined to spatially expanded states wen the strength of dis-
order crosses some threshold value. There may be more intriguing outcomes when the drives
become entrenched. Resonantly localized states in the various bands of the AAH model transform
and link into extended states with the help of weak space-quasiperiodic and time-periodic drives.
On the other hand, the states that do not satisfy the resonant condition stay localized and are not
transformed by these drives [49]. It is possible to convert extended states into deep confined states
without significant spatial disorder by altering the driving field’s amplitude [50, 51, 52, 53, 54].
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The fermionic operator representation of the AAH modelis as follows [53, 55, 56]:

H = J ∑
i

(
ˆci+1

†ĉi +H.c.
)
+V ∑

i
cos(2πωi) ĉi

†ĉi (3.11)

Here V is the potential ω is some irrational number and J is the interaction strength. The operators
ĉi

† and ĉi are the fermionic creation and annhilation operators at the ith site respectively. There is
a quasi-periodic term in the system given by the cosine term. The second term of Eq.3.11 is the
quasirandom disorder which is the change in on-site energy. This disorder is caused as the poten-
tial is incommensurable and is defined by the ratio of the periodicities of the lattice[53, 55, 56].

In the thermodynamic limit, for Eqn. 3.11, phase transition happens at V/J = 2 from delocalized
phase to localized phase for almost all irrational lattice periodicity ratio. All single-particle eigen-
states are are spatially localized and extended in momentum space wheras the states are spatially
expanded and locally confined in momentum space for V/J < 2 [53].

Time crystal with AAH: The model we are dealing with is quasi-periodic time crystal(or time
crystal with AAH). The first Hamiltonian H2 taken is as follows:

H2 = Jz

N

∑
j=1

cos(2πω2 j)Z jZ j+1 +W
N

∑
j=1

cos(2πω1 j)Z j (3.12)

In this Hamiltonian, the goal is to observe the effect of different values of ε on the system and to
check whether there are any limitations to its value.

For ε=0:

UF = e−iH2e−i( π

2 )H1 (3.13)

In Fig. 3.3(b), it can be seen that there is only one prominent π energy pair. This satisfies the
criteria for time crystal. In Fig. 3.3(a), there is only a single peak which occurs at π . There is no
other peak anywhere. The case of ε=0 is a very trivial case. When ε=0, it means no perturbation is
given to the spins. Thus it is a trivial case. Due to this reason only a single peak at π is observed in
the FFT. For ε=0, the operator UF has eigenstates which are the ”cat states” which can be written
as linear combination of 2 oppositely oriented product(|z⟩ and |−z⟩) states. Hence it will give just
one energy pair.
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(a) (b)

Figure 3.3: Fidelity and energy pairs for ε=0: System size N=7, Jz= π

2N =0.224, W=5, ε=0,

ω1=
√

5−1
2 , ω2=

√
11−1
2 .(a) The plot is the fourier transform of fidelity vs frequency for the state

|1010101⟩ for the Hamiltonian in Eqn. 3.12 (b)Plot of overlap vs quasienergy for the initial state
|1010101⟩ that is the plot of energy pairs.

For ε=0.05:
UF = e−iH2e−i( π

2 −0.05)H1 (3.14)

2 prominent energy pairs each with energy difference π can be observed in Fig.3.4(b). In Fig.
3.4(a), peaks are observed close to 0, π and 2π . Smaller peaks are seen at 3.12 and 3.16. As
discussed in Stark localization, this system seems to be localized, having peaks at few frequencies.

When ε=0.05, it means a small perturbation is given to the spins. Thus it is a non-trivial case.
Energy pairs exist. Thus it satisfies condition of time crystal. There are peaks at 0, π , 2π and
smaller peaks around π . Hence it is a time crystal. For ε=0.05, the eigenstates of the operator UF

can be expressed as some linear combination of some of the product states. Hence it gives more
than one energy pair in contrast to ε=0.

For ε=0.1:
UF = e−iH2e−i( π

2 −0.1)H1 (3.15)
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(a) (b)

Figure 3.4: Fidelity and energy pairs for ε=0.05: System size N=7, Jz= π

2N =0.224 , W=5, ε=0.05,

ω1=
√

5−1
2 , ω2=

√
11−1
2 .(a) The plot is the fourier transform of fidelity vs frequency for the state

|1010101⟩ for the Hamiltonian in Eqn. 3.12 (b)Plot of overlap vs quasienergy for the initial state
|1010101⟩ that is the plot of energy pairs.

(a) (b)

Figure 3.5: Fidelity and energy pairs for ε=0.1: System size N=7, Jz= π

2N =0.224, W=5, ε=0.1,

ω1=
√

5−1
2 , ω2=

√
11−1
2 .(a) The plot is the fourier transform of fidelity vs frequency for the state

|1010101⟩ for the Hamiltonian in Eqn. 3.12 (b)Plot of overlap vs quasienergy for the initial state
|1010101⟩ that is the plot of energy pairs.

In Fig. 3.5(b), it can be seen that there is no prominent π energy pair. In this case, π energy
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pairs don’t exist .This does not satisfy the criteria for time crystal. In Fig. 3.5(a), there are multiple
frequencies and hence this phase is not localized and not a time crystal. The time crystal phase has
diluted.

When ε=0.1, it is a very large perturbation. Hence the system is unable to maintain its time crystal
phase. I have also checked for negative values of ε and it behaves symmetrically that is 0.05 and
-0.05 give the same result. This is obvious as perturbation in any direction is symmetric. Also i
have checked for values like 0.03 which gives a time crystal phase in between 0 and 0.05. Also for
ε=0.5, the time crystal phase is too diltuted with frequencies everywhere and a totally delocalized
phase. Thus a small value of ε is necessary. A value close to 0 gives good results. Taking ε=0
gives trivial results. So as to get non-trivial results, ε=0.05 is taken for all cases.

We have seen that quasi-term in both the terms works but we would like to work with quasi-
term in only one of the terms if possible to obtain a time crystal for such a system.The next model
considered, which is the main focus of our study,is as follows:

H1 =
N

∑
j=1

X j (3.16)

H2 = Jz

N

∑
j=1

cos(2πω j)Z jZ j+1 +W
N

∑
j=1

Z j (3.17)

UF = e−iH2e−i( π

2 −ε)H1 (3.18)

Here X j and Z j are the Pauli matrices at the jth site. Eqn. 3.17 has periodic boundary condi-
tions. The ω term in the H2 Hamiltonian represents some irrational number.

In this, the term e−i( π

2 −ε)H1 is for rotation of spins. For ε=0, the term :e−i( π

2 −ε)H1 becomes Π jX j.
Thus it will only keep flipping the spins every cycle. For example:
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Table 3.1: State with cycles

Cycle Spin state(for 7spin system)
Initial state ↓↑↑↑↓↑↓

After 1st cycle ↑↓↓↓↑↓↑
After 2nd cycle ↓↑↑↑↓↑↓
After 3rd cycle ↑↓↓↓↑↓↑
After 4th cycle ↓↑↑↑↓↑↓

This continues with every cycle.Thus the spins come back to their original orientation after
every 2 cycles. The same was the case for the Stark localization model in section 3.1. Also I
have checked the magnetization (computationally) to verify this. For example for the same state
mentioned above, magnetization(measured along Z) mz is as follows:

Table 3.2: Magnetization with cycles

Cycle Spin state(for 7spin system) mz

Initial state ↓↑↑↑↓↑↓ +1

After 1st cycle ↑↓↓↓↑↓↑ -1

After 2nd cycle ↓↑↑↑↓↑↓ +1

After 3rd cycle ↑↓↓↓↑↓↑ -1

After 4th cycle ↓↑↑↑↓↑↓ +1

This continues with every cycle. Thus the system is breaking the discrete time translational
symmetry and its repeating its structure after every 2 cycles or 2 time periods. Also π energy pairs
exist for all the states. Thus it satisfies requirements for being a time crystal.

The magnetization for each spin for this system under perturbation of ε=0.05 is shown below.
In this magnetization is calculated via the pauli Z matrix(mz).
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Table 3.3: Magnetization for each spin

Cycle 1st Spin 2nd Spin 3rd Spin 4th Spin 5th Spin 6th Spin 7th Spin
Initial -1 +1 -1 +1 -1 +1 -1

After 1 cycle +0.995 -0.995 0,995 -0.995 0.995 -0.995 +0.995

After 2 cycles -0.998 +0.997 -0.998 +0.999 -0.999 +0.999 -0.997

After 3 cycles +0.992 -0.992 0.992 -0.992 +0.992 -0.992 +0.992

After 4 cycles -0.995 +0.988 -0.992 +0.997 -0.998 +0.998 -0.991

After 5 cycles +0.986 -0.988 +0.986 -0.987 +0.989 -0.989 +0.986

After 6 cycles -0.989 +0.975 -0.982 +0.993 -0.997 0.997 -0.979

Here, the magnetizations are very close to +1 or -1 and that arises due to the perturbation. In
absence of perturbation, it will be either +1 or -1.

(a) (b)

Figure 3.6: State averaged-fidelity vs Floquet Cycles for quasi-periodic : System size N=3,
Jz= π

2N =0.52 , W=5, ε=0.05 in Eq. 3.19.(a) is plot of state-averaged fidelity vs floquet cycles for
1000 cycles and (b) is plot of state-averaged fidelity vs floquet cycles for 100000 cycles. In (a) the
purple line is for even cycles wheras the black line is for odd cycles. In (b), the orange lines are
for odd cycles and the purple lines are for even cycles.

In Fig.3.6(a), it can be seen that for even cycles, the values are all 1 and for odd cycles, they
are all 0. In Fig.3.6 (b), it can be seen that that both the even and odd cycles start oscillating. But
this oscillation is different from that of Stark localization. This is so because of the cosine site
dependence of the AAH model.
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(a) (b)

(c) (d)

Figure 3.7: Quasi in interaction term: System size N=7, Jz= π

2N , W=5, ω=
√

5−1
2 .(a) The plot is the

fourier transform of fidelity vs frequency for the state |1010101⟩ for the Hamiltonian in Eqn. 3.19
for ε=0(b)Plot of overlap vs quasienergy for the initial state |1010101⟩ that is the plot of energy
pairs for ε=0. (c) The plot is the fourier transform of fidelity vs frequency for the state |1010101⟩
for the Hamiltonian in Eqn. 3.19 for ε=0.05. (d)Plot of overlap vs quasienergy for the initial state
|1010101⟩ that is the plot of energy pairs for ε=0.05.

The Fig.3.7 are the FFT and energy pair plots for Eqn. 3.17 for ε=0 and ε=0.05 in Eqn. 3.18.
In Fig. 3.7(a), there is a single peak which occurs at π . Also in Fig. 3.7(b), only one prominent
energy pair is seen. Thus this is exhibiting the properties of the trivial case. Also these properties
are in accordance with the conditions for time crystal.
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In 3.7(c), some small peaks are seen around π , 0 and 2π in addition to the large peak at π . This
is due to the small perturbation of ε=0.05. This exhibits very good time crystal nature irrespective
of perturbation. Also in 3.7(d), there are 2 prominent energy pairs which satisfies the condition for
time crystal.

3.3 Prospects of Quasi-periodic time crystal Under controlled
rotations of the local Spins

We explored a new driving protocol, where instead of rotating all the spins by a fixed angle, a
controlled rotations of the local spins at specific set of angles has been explored. In the initial case,
each spin was given the same rotation angle π

2 in each cycle. Initially, the UF operator had the π

2

term along with H1, which is responsible for the rotation of each spin. The angle and H1 is constant
for all spins. Hence same rotation is applied to each spin.Instead of this, I have given each spin a
different rotation. For this I have done the following cases.

In the first two cases, the angle of rotation has been linearly distributed wheras in the 3rd and 4th

case, the angles of rotation have been distributed according to cosine modulation.From previous
sections, the Hamiltonian H2 selected is as follows:

H2 = Jz

N

∑
j=1

cos(2πω j)Z jZ j+1 +W
N

∑
j=1

Z j (3.19)

In this section, I have plotted FFT of state-averaged fidelity as in Eqn. 3.9, that is it includes dy-
namics of all states, to get an idea whether time crystal nature is applicable to all states.

In the previous cases, each spin was given the same rotation angle π

2 in each cycle. In Eqn. 3.18,
the π

2 term along with H1 is responsible for the rotation of each spin. The angle and H1 is constant
for all spins. Hence same rotation is applied to each spin. Instead of this, I have given each spin a
different rotation. For this I have done the following cases.
Here instead of Eqn. 3.1, the Hamiltonian H1 becomes as follows:

H1 =
N

∑
j=1

θ jX j (3.20)



3.3. PROSPECTS OF QUASI-PERIODIC TIME CRYSTAL UNDER CONTROLLED ROTATIONS OF THE LOCAL SPINS31

where θ j is the angle the jth spin is rotated in every cycle.

Hence UF becomes:
UF = e−iH2e−iH1 (3.21)

Here, in case of perturbation, that is ε=0.05, θ j becomes θ j − ε .

Case 1:
Giving each spin different rotation starting from π

2 to -π

2 with equal divisions of angle between
each spin.

In this case, the rotation angle given to each spin is site dependent as follows:

θ j =
π

2
− ( j−1)π

(N −1)
(3.22)

where j represents the jth site and N represents the system size.

(a) (b)

Figure 3.8: Fidelity fourier transform for π

2 to -π
2 with equal divisions: System size N=7, Jz=0.5 ,

W=1, ε=0.05, ω=
√

5−1
2 . The plot is the fourier transform of state-averaged fidelity vs frequency

for the Hamiltonian in Eqn. 3.19. (a) is the plot for ε=0 and (b) is the plot for ε=0.05

Figure. 3.8(a), is the plot of when ε=0 and Figure. 3.8(b) is of when ε=0.05. In both these
cases, there is a peak at π and some small disturbances at other frequencies. The disturbances
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are more for ε=0.05 case as compare to ε=0. The state-averaged-fidelity is showing localization
at a single peak(that is at frequency π). Hence most of the states must also be localized at that
frequency. Hence this system forms a time crystal.

Case 2: Giving each spin different rotation starting from π

2 to 0 and back to π

2 with equal divi-
sions of angle between each spin.
In this case, the rotation angle given to each spin is site dependent as follows:

θ j =


π

2 - (i-1)π
(N-1) , i ≤ N-1

2 +1

( j−1)π
(N-1) - π

2 , i > N-1
2 +1

where j represents the jth site and N represents the system size.

(a) (b)

Figure 3.9: Fidelity fourier transform for π

2 to π

2 with equal divisions: System size N=7, Jz=0.5 ,

W=1, ε=0.05, ω=
√

5−1
2 . The plot is the fourier transform of state-averaged fidelity vs frequency

for the Hamiltonian in Eqn. 3.19. (a) is the plot for ε=0 and (b) is the plot for ε=0.05

Figure. 3.9(a), is the plot of when ε=0 and Figure. 3.9(b) is of when ε=0.05. In both these
cases, there is a peak at π and some small disturbances at other frequencies. The disturbances
are more for ε=0.05 case as compare to ε=0. The state-averaged-fidelity is showing localization
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at a single peak(that is at frequency π). Hence most of the states must also be localized at that
frequency. Hence this system forms a time crystal. This system is giving similar results as that
of the first case except that, for the ε=0.05 case, there are more disturbances. this means that this
system is more susceptiple and unstable with perturbation.

Case 3: Giving each spin different rotation starting from π

2 to -π

2 using cosine modulation (wave
modulation) for each spin. This is half wave modulation.
In this case, the rotation angle given to each spin is site dependent as follows:

θ j =
π

2
cos
(

π
( j−1)
(N-1)

)
(3.23)

where j represents the jth site and N is the system size.

(a) (b)

Figure 3.10: Half-wave modulation: Rotation starting from π

2 to -π

2 using cosine modulation.

System size N=7, Jz=0.5 , W=1, ε=0.05, ω=
√

5−1
2 . The plot is the fourier transform of state-

averaged fidelity vs frequency for the Hamiltonian in Eqn. 3.19. (a) is the plot for ε=0 and (b) is
the plot for ε=0.05

Figure. 3.10(a), is the plot of when ε=0 and Figure. 3.10(b) is of when ε=0.05. In both these
cases, there is a peak at π and some small disturbances at other frequencies. The state-averaged-
fidelity is showing localization at a single peak(that is at frequency π). Hence most of the states
must also be localized at that frequency. Hence this system forms a time crystal. Here, there isn’t
much difference between the ε=0 and ε=0.05 case. Thus this system is very stable even with per-
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turbation. Also this case is much cleaner than than the first 2 cases as it has lesser disturbances
than those cases.

Case 4: Giving each spin different rotation starting from π

2 to π

2 using cosine modulation (wave
modulation) for each spin. This is full wave modulation.
In this case, the rotation angle given to each spin is site dependent as follows:

θ j =
π

2
cos
(

2π
( j−1)
(N-1)

)
(3.24)

where j represents the jth site and N is the system size.

(a) (b)

Figure 3.11: Full-wave modulation: Rotation starting from π

2 to π

2 using cosine modulation. Sys-

tem size N=7, Jz=0.5 , W=1, ε=0.05, ω=
√

5−1
2 . The plot is the fourier transform of state-averaged

fidelity vs frequency for the Hamiltonian in Eqn. 3.19. (a) is the plot for ε=0 and (b) is the plot for
ε=0.05

Figure. 3.11(a), is the plot of when ε=0 and Figure. 3.11(b) is of when ε=0.05. In both these
cases, there is a peak at π and some small disturbances at other frequencies. The state-averaged-
fidelity is showing localization at a single peak(that is at frequency π). Hence most of the states
must also be localized at that frequency. Hence this system forms a time crystal. Here, there isn’t
much difference between the ε=0 and ε=0.05 case. Thus this system is very stable even with per-
turbation. This case is very similar to Case3 and is much cleaner than than the first 2 cases as it
has lesser disturbances than the first 2 cases. The peak at π has lower amplitude here as compared
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to Case3.

The main aim is to find time crystal for AAH model and to give each spin a different rotation
by cosine modulated rotation to the spin as discussed in Case 3 and Case 4 above. The next section
involves the discussion of the dynamics for Case4 , that is full-wave modulation.

Case study for full-wave modulation:Firstly, I have plotted average fidelity vs floquet cycles
for the first 200 cyles. I have done this for system size 5. I have taken Jz =0.5 , W=1 and ε=0.05.
The plot for this is in Figure 3.12(a). As can be seen in the plot, the state average fidelity for odd
cycles is 0 wheras for even cycles it is greater than 0.Figure 3.12(b) is the plot of state averages
fidelity vs Floquet cycles for 10000 cycles. I have done this for system size 5. I have taken Jz =0.5
, W=1 and ε=0.05. In this, we can see than as time progresses, the state-averaged fidelity for even
Floquet cycles decreases wheras the state-averaged fidelity for odd Floquet cycles increases upto
some point and then both start oscillating.

(a) (b)

Figure 3.12: Full-wave:State averaged-fidelity vs Floquet Cycles : System size N=5, Jz=0.5 , W=1,
ε=0.05 in Eqn.3.2 for (a) and (b). (a) is plot of state-averaged fidelity vs floquet cycles for 100
cycles and (b) is plot of state-averaged fidelity vs floquet cycles for 10000 cycles.In (a) the purple
line is for even cycles wheras the black line is for odd cycles. In (b), the orange lines are for odd
cycles and the purple lines are for even cycles.

In Fig 3.12(a) and (b) which are the results of our model, there are no observable time periods.
For the 100 cycle plot, the state-averaged fidelity is oscillating but not reaching 1 again. Also in (b)
plot, it seems like both the even and odd cycles are stabilising without crossing each other. Thus
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there is a chance this model does not form a time crystal.

To verify whether the system forms a time crystal or not, further analysis needs to be done.
The analyses that can be done are looking at energy pairs for a large amount of initial states. Also
looking into the fidelity of individual states.

Next, analysing the dynamics and the energy pairs for the individual states of the system to confirm
whether it surely doesn’t exhibit time crystal behaviour.

(a) (d)

Figure 3.13: Dynamics and energy pairs for full-wave modulation: System size N=7, Jz=0.5 ,
W=1, ε=0 in Eqn.3.19 . (a) and (b) are the plot for the state |1010101⟩. (a) is the plot of the fast
fourier transform of fidelity vs floquet cycles for the particular initial state. (b) is the energy pair
plot for their initial states.

Here 0 represents ↑ and 1 represents ↓ in the intial state.

For both this initial stats, we can see that energy pairs exist. Thus it satisfies condition for time
crystal. But for the fourier transform of the fidelity, there are multiple peaks a t various frequencies.
Hence the state is not localized at any particuar frequency and this has a lot of disturbances. Hence
this does not represent time crystal nature. The presence of energy pairs and multiple frequencies
are seen in almost all the states.

It was seen in Fig. 3.11 that the system was localized with few disturbances. We had thus assumed
that the system forms a time crystal. The peak at π that occurs in 3.11 is due to the cumulative
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peaks at π from all the states. The reason for this peak at π even without time crystal nature needs
to be explored further.

Thus our system which is the Hamiltonian in Eqn. 3.19 with each spin having a cosine mod-
ulated full-wave rotation cannot be classified as a time crystal. The other kinds of rotation as in
Section 3.3 give similar results to full-wave rotation and do not exhibit time crystal nature.
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Chapter 4

Conclusion

The project had various goals including developing a few Quantum Many Body(QMB) techniques.
The first techniques developed and used were the Exact diagonalization and the Lanczos technique
for diagonalizing small or medium size adiabatic QMB systems and their time extensions. The
next goal was to implement the techniques for Floquet driving, where a QMB system is period-
ically disturbed. The other objective was to learn various aspects related to time crystal and to
reproduce certain results from the existing literature. One more goal was to realize time crystal in
the AAH(Aubry-Andre-Harper) model. In addition, the goal was to design a new protocol within
the AAH setup for realizing time crystal. When we provide controlled spin-modulation and imple-
ment the protocol there are indications of time crystalline nature although not quite robust.

In the protocol implemented, a time crystal in the AAH model is taken with a full-wave mod-
ulated rotation given to the spins. Various models have been tried to obtain a good time crystal
with the AAH model. In those trials, it was found that there is a limitation on the value of ε which
should not be very large(not greater than 0.05).

In the quasiperiodic time crystal, when each spin is given the same rotation of π , the initial
state repeats after two cycles and thus such a time crystal has a time period twice that of the orig-
inal system. The other protocol, where individual spins of the system are subjected to different
but fixed rotations periodically, where each spin is given a cosine modulated rotation(full-wave)
at each cycle of rotation has been studied. In this case, certain initial results showed signatures
for realizing time crystals. The state-averaged fidelity results for the full-wave modulation showed
good results with less disturbance and time crystal behaviour was expected. But for few of the in-
dividual state fidelity observed, proper time crystal behaviour was not seen. Thus, further analysis

39
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of more states and further studies need to be done to confirm whether time crystal is obtained or not.

Further works are going on for refining the protocol and remodelling the set-up. The work is
going on with higher dimensional spins for realizing time crystal. Also, the efforts are going on
for engineering time-crystals where the subharmonic frequencies can be tuned on demand.
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