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Abstract

This thesis investigates the use of predictive modelling to improve decision-making for events

that are distributed over discrete space and occur in discrete time. We explore three main

statistical methods: Kernel Density Estimation (KDE), Bayesian methods, and Maximum

Likelihood Estimation (MLE), known for their e↵ectiveness in analyzing data and appli-

cability to continuous and discrete time scenarios. A key contribution is developing an

advanced KDE model that features adaptive bandwidth and weighted approaches for more

accurate density estimates. We focus our modelling approaches on coal production data

from various mines, we demonstrate how these predictive models can address uncertainties

and periodic trends in mine output. Accurately forecasting mine production can enhance

resource allocation and inventory management. The thesis further extends to prescriptive

analytics by incorporating mathematical optimization to allocate coal optimally from mines

to power plants. This involves formulating and solving a mathematical model with real-world

constraints to find the best allocation solution. By combining predictive and prescriptive an-

alytics, this research provides a comprehensive approach to solving complex problems in the

mining industry, aiming to improve resource allocation, inventory management, and overall

operational e�ciency. The findings have the potential to significantly impact the sectors

where future events can occur only in discrete space and time, leading to more informed and

data-driven decisions.
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Chapter 1

Introduction

Predictive modelling applies both statistical techniques and machine learning algorithms to

predict outcomes. It is often used to predict future events based on historical data, but it

can also be applied to any type of unknown event, regardless of when it occurred. For exam-

ple, predictive models are often used to detect crimes and identify suspects after the crime

has taken place. Predictive modelling involves formulating mathematical frameworks that

identify patterns and relationships within data, thereby enabling the prediction of outcomes.

Finally, various performance metrics are calculated to validate the accuracy and e↵ectiveness

of the predictive models.

Predictive modelling is relevant across a broad spectrum of industries, leaving virtually no

sector una↵ected by its applications. In the financial industry, it is instrumental for assess-

ing credit risk, forecasting market trends, and identifying fraudulent transactions, thereby

safeguarding financial stability (Khandani et al., 2010) (8). Healthcare benefits from predic-

tive models through disease outbreak prediction, patient outcome forecasting, contributing

significantly to public health and e�ciency (Ijaz et al.,2020) (9) . In agriculture, predictive

modelling aids farmers by forecasting crop yields, thereby facilitating more informed deci-

sions regarding resource allocation, irrigation, and pest management (Satpathi et al.,2023)

(10) Marketing and retail sectors utilize these models to decode consumer behaviour, opti-

mize pricing strategies, and enhance supply chain management, driving sales and customer

satisfaction .

Predictive Modelling and Probability Density estimation are very similar. While density
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estimation techniques often involve finding the parameters (e.g., mean, variance) of a prob-

ability distribution that best fit the observed data and capture its underlying uncertainty

and variability, The primary goal of predictive modelling is to predict new outcomes based

on patterns found in historical data by incorporating multiple and complex relationships

between variables and. For the scope of our thesis, we treat both of them the same and try

to estimate the underlying probability distribution of the data for prediction purposes.

This thesis focuses on three main statistical approaches: Kernel Density Estimation

(KDE), Bayesian methods, and Maximum Likelihood Estimation (MLE). These method-

ologies stand out for their robustness in capturing complex relationships within data and

their adaptability to continuous and discrete time scenarios. Kernel Density Estimation

is a nonparametric density estimation technique that o↵ers a flexible and data-driven ap-

proach to estimating the underlying distribution without making strong assumptions about

its shape.(Silverman, 1986)(1) (Wand and Jones, 1994)(2)

In recent years, there has been increasing use of Bayesian methods for density estimation

primarily because of their ability to handle complex data structures and incorporate prior

knowledge with observed data, enhancing model accuracy over time, a feature especially

beneficial in dynamic systems (Gelman et al., 1995) (11).MLE provides a framework for esti-

mating model parameters that maximize the likelihood of observing the given data, ensuring

precision in predictions

Central to the study is developing and applying a novel KDE model in discrete space and

time that incorporates adaptive bandwidth and assigned weights approaches, ensuring more

precise and contextually relevant density estimates. This model illustrates how we can blend

traditional statistical techniques with innovative adaptations, catering to the specificities of

real-world data.

We explore the theoretical framework of these techniques and examine their practical

implementations by considering a specific case of coal production from mines. These coal

mines are distributed spatially over discrete space, and we are trying to model their activity,

or the amount of coal they produce each day, which is also in discrete quantities. The

production patterns of mines are often complex, sometimes periodic and exhibit inherent

uncertainties, making it challenging to rely on traditional parametric models that assume

specific distributional forms. Accurate forecasting of mine production can aid in e�cient

planning, resource allocation, and decision-making processes. One can extend this study to
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several other types of data, which consist of events happening that are distributed in discrete

space and time.

The final component of this thesis involves mathematical optimization. After obtaining

probabilities of coal production from mines using predictive modelling techniques, the focus

shifts to prescriptive analytics and determining the e�cient allocation of coal from these

mines to di↵erent electricity-generating power plants. Mathematical optimization is a pow-

erful tool that allows finding the best solution to a problem, subject to various constraints

representing real-world limitations or requirements. In this case, the objective is to optimize

the allocation of coal from mines to power plants in the most e�cient manner possible.

The optimization problem is typically formulated as a mathematical model, often involv-

ing linear or nonlinear programming techniques. Various optimization algorithms and solvers

are then employed to find the optimal solution that maximizes or minimizes the objective

function while satisfying all the specified constraints. These algorithms may use techniques

such as simplex methods, interior point methods, or metaheuristics like genetic algorithms

or simulated annealing, depending on the complexity and nature of the problem. Our thesis

does not discuss the algorithms used to solve this optimisation problem.

By incorporating predicted coal production probabilities from the predictive modelling

component, the optimization model can account for uncertainties and variabilities in the

supply side. This can lead to more robust and reliable coal allocation plans that adapt to

potential disruptions or fluctuations in mine production. However, the optimisation model

is still simple and not subjected to complex constraints. A more robust framework involves

stochastic optimisation for handling uncertainties, which is beyond the scope of this thesis.

Ultimately, the mathematical optimization component of this thesis aims to facilitate

more e�cient resource allocation, improved inventory management, and better decision-

making processes in the mining industry by developing accurate and robust models that

consider both predictive analytics and prescriptive analytics.
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Chapter 2

Density Estimation

We introduce the basic preliminaries for understanding probability density estimation in

this chapter. This also describes the existing paramteric and non paramteric approaches for

density estiation.

2.1 Probability density functions

Definition 1(Probability Density Function): For a continuous random variable X, its prob-

ability density function (pdf) f(x) is characterized as the derivative of the cumulative dis-

tribution function (CDF) F (x), denoted by:

f(x) =
d

dx
F (x). (2.1)

Proposition 1: Given a pdf f(x) for a random variable X, the CDF F (x) can be

obtained through integration:

F (x) =

Z
x

�1
f(t) dt. (2.2)

Theorem 1 (Properties of pdf): The pdf f(x) of a random variable X satisfies the

following properties:
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1. Non-negativity: f(x) � 0 for all x.

2. Normalization:
R1
�1 f(x) dx = 1.

The probability that X falls within the interval a < X  b is found using f(x):

Pr(a < X  b) =

Z
b

a

f(x) dx = [F (x)]b
a
. (2.3)

2.2 The Empirical Distribution Function

Definition 2 (Empirical Distribution Function): The empirical distribution function

(EDF) for a sample X1, . . . , Xn is defined as:

F̂ (x) =
1

n

nX

i=1

I(Xi  x), (2.4)

where I is the indicator function, denoting 1 if Xi  x and 0 otherwise.

The EDF F̂ (x) serves as a non-parametric estimator of the CDF F (x), placing equal

weight 1
n
at each observation Xi. This estimator is pivotal in understanding the distribution

of data without assuming a specific underlying probability distribution.

The CDF F (x) encapsulates the entirety of a random variable’s probability structure,

applicable across both continuous and discrete scenarios. Unlike the PDF or PMF, which

are specific to the nature of the variable, the CDF remains a universal descriptor. Moreover,

there are cases where neither PDF nor PMF exist.

2.3 Density estimation Approaches

Suppose we have a set of observed data points X1, . . . , Xn which are assumed to be a sample

from an unknown probability density function. Density estimation is the problem of recon-

structing the probability density function using the given data points. There are two major

approaches towards it.
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1. Parametric Estimation

This approach assumes that the data is drawn from a known parametric family of

probability distributions. The underlying density of the data is then usually estimated

by the various known estimates of parameters.

2. Non-Parametric Estimation

The basic idea of the nonparametric approach is to use data to infer the underlying

distributions, and it does not assume any specific form of the distribution.

Nonparametric density estimation is a cornerstone of statistical analysis, providing a method

to estimate the underlying probability density function of a dataset without assuming a spe-

cific parametric form. Unlike parametric methods, which presuppose a particular distribu-

tion shape (e.g., normal, exponential), nonparametric methods adapt to the data’s intrinsic

structure. This flexibility makes them invaluable for exploratory data analysis, especially

when little is known about the data’s underlying distribution.

2.4 Non parametric Approaches

2.4.1 Histogram

The histogram is one of the most basic and intuitive methods for density estimation. It

involves partitioning the range of data into a set of contiguous intervals (or bins) and then

counting the number of data points that fall into each bin. Mathematically, the histogram

estimator f̂ is defined as:

f̂(x) =
1

nh

nX

i=1

I(x�Xi 2 [0, h)). (2.5)

Where: n is the number of data points, h is the width of the bins, I(·) is the indicator

function (which is 1 if the condition inside is true, and 0 otherwise), and Xi are the data

points. The choice of bin width h is crucial. A smaller h results in a ”spikier” histogram

that might capture noise, while a larger h might oversmooth the data.
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2.4.2 The Naive Estimator

The naive estimator is another simple method, which places a rectangular ”pulse” of width

2h and height 1
2nh centred at each data point. The mathematical formulation for the naive

estimator is:

f̂(x) =
1

2nh

nX

i=1

I(|x�Xi| < h). (2.6)

Where n is the number of data points, h is half the width of the rectangular pulse, I(·) is
the indicator function, and Xi are the data points. Like the histogram, the naive estimator’s

appearance is influenced by the choice of h. A smaller h may make the estimate too rough,

while a larger h may over smooth it.

2.4.3 The Nearest Neighbour Method

The nearest neighbour class of estimators represents an attempt to adapt the amount of

smoothing to the ”local” density of data. The degree of smoothing is controlled by an

integer k, which is considerably smaller than the sample size; typically k ⇡ n
1/2. Define the

distance d(x, y) between two points on the line to be |x� y| in the usual way, and for each

t define

d1(t) 6 d2(t) 6 . . . 6 da(t)

to be the distances, arranged in ascending order, from t to the points of the sample. The

kth nearest neighbour density estimate is then defined by

f̂(t) =
(k � 1)

2ndk(t)
.

2.4.4 The Kernel Estimator

The kernel estimator refines the idea behind the naive estimator by using a smooth, non-

negative function K (called the kernel) instead of a simple rectangular pulse. This results in

a smoother and more adaptable estimate. Mathematically, the kernel estimator f̂ is given

7



by:

f̂(x) =
1

nh

nX

i=1

K

✓
x�Xi

h

◆
. (2.7)

Where n is the number of data points, h is the bandwidth (which determines the width

or scale of the kernel), and K is the kernel function. The bandwidth h plays a crucial role:

a small h captures more granular details, potentially leading to overfitting, while a large h

may oversmooth the data and a↵ecting the estimation’s sensitivity to the data points. We

adopt Silverman’s rule of thumb for bandwidth selection, which is designed to minimize the

mean integrated squared error (MISE) of the density estimate.

Silverman’s Rule of Thumb

For a univariate density estimation, the optimal bandwidth h under the assumption that

the data points being analyzed are distributed approximately normally (i.e., they follow a

Gaussian distribution) is given by (Silverman, 1986)(1):

h =

✓
4�̂5

3n

◆ 1
5

⇡ 1.06�̂n� 1
5 . (2.8)

where: h is the bandwidth, �̂ is the standard deviation of the sample, n represents the size

of the sample (5). A bandwidth value h is more robust when it enhances the estimation for

distributions that exhibit significant skewness or have long tails. Such an improvement can

be achieved by empirical means, which involves substituting the standard deviation �̂ with

a parameter A as illustrated below:

A = min

 
ˆIQR

�̂
,

1

1.34

!
, (2.9)

where ˆIQR represents the estimated interquartile range.

The coe�cient typically set at 1.06 can be adjusted to 0.9 to refine the model further.
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Consequently, the revised bandwidth equation is:

h = 0.9min

 
ˆIQR

�̂
,

1

1.34

!
n
� 1

5 . (2.10)

This method, often referred to as the normal distribution approximation or the Gaussian

approximation, is synonymous with Silverman’s rule of thumb.This formula balances the

trade-o↵ between bias and variance in the estimation process, aiming for a density estimate

that is neither too smooth (underfitting) nor too rough (overfitting).
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Chapter 3

Bayesian Inference

Bayesian inference is a powerful statistical approach that provides a coherent framework for

incorporating prior knowledge and observed data to estimate unknown parameters or make

predictions. It is founded on Bayes’ theorem, a fundamental result in probability theory that

governs the process of updating beliefs based on evidence.

Before going into the specifics of Bayesian inference, it is essential to establish some

preliminary concepts and notation. Let ⇥ denote the parameter space and ✓ 2 ⇥ be the

unknown parameter(s) of interest. Furthermore, let X represent the sample space, and

x = (x1, x2, . . . , xn) 2 X n be the observed data consisting of n independent and identically

distributed (i.i.d.) samples from an underlying probability distribution f(x | ✓).

3.1 Bayesian Inference Components

The Bayesian inference framework comprises three fundamental components:

3.1.1 Prior Distribution

The prior distribution, denoted by ⇡(✓), encapsulates our a priori knowledge or beliefs about

the parameter(s) ✓ before observing any data. It quantifies the initial uncertainty or infor-

10



mation regarding the parameter(s) of interest. The choice of prior distribution can be based

on subjective beliefs, previous studies, or established conventions within the field.

3.1.2 Likelihood Function

The likelihood function, denoted by L(x | ✓), represents the probability of observing the

data x given the parameter(s) ✓. It is a function of ✓ and provides information about the

plausibility of di↵erent parameter values based on the observed data. The likelihood function

is typically derived from the assumed probability distribution f(x | ✓).

3.1.3 Posterior Distribution

The posterior distribution, denoted by ⇡(✓ | x), is the updated distribution of the parame-

ter(s) ✓ after incorporating the observed data x. It combines the prior knowledge encoded

in the prior distribution and the information from the data through the likelihood function.

3.2 Bayes’ Theorem

Bayes’ theorem lies at the heart of Bayesian inference and provides a principled way to

calculate the posterior distribution from the prior distribution and the likelihood function.

It is given by:

⇡(✓ | x) = L(x | ✓)⇡(✓)
m(x)

. (3.1)

where m(x) is the marginal distribution of the data, also known as the normalizing

constant, and is defined as:

m(x) =

Z

⇥

L(x | ✓)⇡(✓) d✓ . (3.2)
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The marginal distribution m(x) ensures that the posterior distribution ⇡(✓ | x) is a

proper probability density function that integrates to unity over the parameter space ⇥.

In the subsequent sections, we will explore various aspects of Bayesian inference, including

prior selection, conjugate priors, computational techniques for posterior estimation, and

applications in predictive modeling.

3.3 Derivation of the Posterior Distribution

The posterior distribution ⇡(✓ | x) can be derived using Bayes’ theorem by applying the

concept of ”Posterior / Likelihood ⇥ Prior.”

⇡(✓ | x) / L(✓ | x)⇡(✓) . (3.3)

This proportionality holds because the normalizing constant m(x) does not depend on ✓

and can be treated as a constant when updating the prior distribution using the likelihood

function.

To obtain the full posterior distribution, we need to normalize the right-hand side of the

above equation so that it integrates to 1 over the parameter space:

⇡(✓ | x) = L(✓ | x)⇡(✓)R
L(✓ | x)⇡(✓) d✓

. (3.4)

The denominator in the above equation is the marginal distribution m(x), which acts

as a normalizing constant to ensure that the posterior distribution is a valid probability

density function (PDF) or probability mass function (PMF), depending on the nature of the

parameter(s) ✓.

If the prior distribution and the likelihood function belong to the same family of distri-

butions (e.g., both are Normal distributions or both are Gamma distributions), the resulting

posterior distribution will also belong to that family. This property, known as conjugacy,

simplifies the calculation and interpretation of the posterior distribution.
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In cases where conjugacy does not hold, numerical methods or approximations may be

required to obtain the posterior distribution.

3.4 Bayesian Updating and Sequential Learning

Bayesian inference allows us to sequentially update the posterior distribution of a parameter

as new data becomes available. This process is a key aspect of Bayesian inference and is

particularly useful in scenarios where data comes in incrementally.

Initial Posterior with x1 Only:

Given the likelihood L(x1 | ✓) and a prior distribution ⇡(✓), the posterior distribution of ✓

after observing x1 alone is given by Bayes’ theorem:

⇡(✓ | x1) =
L(x1 | ✓)⇡(✓)

m(x1)
. (3.5)

where m(x1) is the marginal likelihood of x1, which can be calculated as:

m(x1) =

Z
L(x1 | ✓)⇡(✓) d✓. (3.6)

Update with x1, x2 Using the Previous Posterior:

Now, suppose you obtain an additional observation x2. You want to update your belief about

✓ using the new data x2 and the previous posterior ⇡(✓ | x1) as the new prior. Apply Bayes’

theorem again:

⇡(✓ | x1, x2) =
L(x2 | ✓, x1)⇡(✓ | x1)

m(x2 | x1)
. (3.7)

And m(x2 | x1), the marginal likelihood of x2 given x1, is calculated as:

m(x2 | x1) =

Z
L(x2 | ✓)⇡(✓ | x1) d✓. (3.8)

13



This procedure allows you to sequentially update the posterior distribution of ✓ as you

receive more data, using the posterior from the previous step as the prior for the next step.

This process demonstrates the recursive nature of Bayesian updating, where the posterior

from previous data becomes the prior for the next update.

3.5 Known Families of Distributions

In Bayesian inference, certain families of distributions play an important role due to their

mathematical properties and the ease of computation they provide. These families of dis-

tributions are known as conjugate prior distributions. When the prior distribution and the

likelihood function belong to the same family of distributions, the resulting posterior dis-

tribution will also belong to that family, simplifying the calculation and interpretation of

the posterior distribution. Some commonly used conjugate prior distributions and their

corresponding likelihood functions are as follows:

3.5.1 Normal-Normal Conjugate Family

Suppose the likelihood function is a Normal (Gaussian) distribution with known variance

�
2, and the prior distribution on the mean µ is also a Normal distribution. In that case, the

posterior distribution for µ will also be a Normal distribution.

3.5.2 Gamma-Poisson Conjugate Family

Suppose the likelihood function is a Poisson distribution, and the prior distribution on the

rate parameter � is a Gamma distribution. In that case, the posterior distribution for �

will also be a Gamma distribution.This will also work incase of likelihood is Exponential

distribution.

14



Table 3.1: Some common prior -likelihood conjugate pairs
Prior Likelihood Posterior Prameters

Gamma(�;↵, �) Exponential(x;�)

p(�) = �
↵

�(↵)�
↵�1

e
���

p(x) = �e
��x; x 2 [0,1) ↵ + n, � +

P
n

i=1 xi

Gamma(�;↵, �) Poisson(x;�)

p(�) = �
↵

�(↵)�
↵�1

e
���

p(x) = �
x
e
��

x! ; x 2 {0, 1, ...} ↵ +
P

n

i=1 xi, � + n

Beta(✓; a, b) Bernoulli(x; ✓)

p(✓) = C✓
a�1(1� ✓)b�1

p(x = 1) = ✓ = 1� p(x = 0); a+
P

n

i=1 xi,

C = �(a+b)
�(a)�(b) x 2 {0, 1} b+ n�

P
n

i=1 xi

Normal(µ;µ0, �
2
0) Normal(x;µ, �2)

p(µ) = 1p
2⇡�2

0

e
� (µ�µ0)

2

2�2
0 p(x) = 1p

2⇡�2
e
� (x�µ)2

2�2 ; x 2 R µn =
µ0
�2
0
+

Pn
i=1 xi
�2

1
�2
0
+ n

�2
, �

2
n
=
⇣

1
�2
0
+ n

�2

⌘�1

In all cases in the table, the data is assumed to consist of n points x1, ..., xn.

3.5.3 Beta-Binomial Conjugate Family

If the likelihood function is a Binomial distribution, and the prior distribution on the success

probability p is a Beta distribution, then the posterior distribution for p will also be a Beta

distribution.

These conjugate families simplify the calculations required to obtain the posterior distri-

bution, as the posterior distribution can be derived analytically and often has a closed-form

expression. This property makes Bayesian inference more tractable in many practical situa-

tions.

However, it is important to note that conjugacy is not always necessary for Bayesian

inference. In cases where the prior distribution and the likelihood function do not belong

to a conjugate family, numerical methods or approximations may be required to obtain the

posterior distribution.
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Chapter 4

Clustering

Sometimes, when estimating the underlying probability distribution of events distributed

over spatial and time coordinates, it might not be easy to estimate future events with higher

accuracy by employing a single probability distribution function for the entire dataset, es-

pecially when dealing with large datasets. Therefore, for ease of modelling purposes, we try

to individually group the spatially distributed observations into di↵erent clusters using some

algorithm and then estimate the underlying probability function confined to that particular

cluster.

This is particularly helpful in our case, where we can group the mines into various clusters

using their latitude and longitudes and then estimate the probability distribution individually

in those clusters. We employ the K-means algorithm for our clustering purposes, which is

described in detail in this chapter.

4.1 K-means Clustering Algorithm

In the K-means approach, we classify n spatial points representing mines, denoted by {xi}ni=1

in R2. The objective is to identify k central points, or centroids denoted by {cj}kj=1, that

minimize the cumulative distance from each mine to its closest centroid. (6) These centroids,

alongside their corresponding clusters {�j}kj=1, are chosen so that each cluster {�j}kj=1 are

mutually disjoint and
S

k

j=1 �j = [n]. The total distances is expressed as :
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f(cj,�j) =
kX

j=1

X

i2�j

d(xi, cj). (4.1)

This function is known as the K-means cost function, and it depends on the centroids

and their clusters. The term d(x, y) represents a distance metric, quantifying the similarity

between two points x and y. For distance measurement, we use the Euclidean distance

between two points in our case. For any two points xi and xj, with coordinates (xi1, xi2),

and (xj1, xj2) ,the Euclidean distance between them is given by:

d(xi, xj) =

 
dX

l=1

(xil � xjl)
2

! 1
2

. (4.2)

The K-Means algorithm aims to minimize the within-cluster sum of squares (WCSS),

which is the sum of squared Euclidean distances between each mine and its nearest centroid.

The objective function J to be minimized is:

J =
kX

j=1

X

i2�j

kxi � cjk2. (4.3)

where: k denotes the number of clusters, �j represents the set of points, specifically mines,

that are assigned to the jth cluster, xi signifies the position of the ith mine, cj indicates the

centroid of the jth cluster, and k · k corresponds to the Euclidean norm.

The algorithm proceeds through iterative steps, denoted by t, as follows:

1. Initialization: k initial centroids, {c(0)
j
}k
j=1, are chosen, typically at random from the

set of mine locations.

2. Assignment: The clusters at any iteration t are defined by a collection of sets �(t)
j
,

each corresponding to a cluster j, with j ranging from 1 to k. A cluster �(t)
j

is essentially

a subset of the mine locations which are closer to the centroid c
(t)
j

of cluster j than to

any other centroid c
(t)
k

where k is di↵erent from j. This is formalized by:

�(t)
j

:= {i : kxi � c
(t)
j
k  kxi � c

(t)
k
k, 8k 6= j}. (4.4)
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where c
(t)
l

is the centroid of cluster l at iteration t.

3. Update: The centroids are dynamic, recalculated at each iteration to reflect the cur-

rent assignment of mine locations to clusters. The recalculation aims to minimize the

within-cluster sum of squared Euclidean distances, and by definition for cluster j at

iteration t, the new centroid c
(t+1)
j

is updated as:

c
(t+1)
j

:= arg min
cj2Rd

X

i2�(t)
j

kxi � cjk2. (4.5)

where �(t)
j

is the set of mines assigned to centroid cj during iteration t. This minimizer

has a closed-form solution as proved below, which is exactly the sample mean of data

points in �(t)
j
, i.e.,

c
(t+1)
j

=
1

|�(t)
j
|

X

i2�(t)
j

xi. (4.6)

Each �(t)
j

can be visualized as a Voronoi cell in a Voronoi diagram, representing all the

mine locations that are closer to the centroid c
(t)
j

than to any other centroid.

The K-means algorithm proceeds through several such iterations of assignment and up-

dates until the centroids {c(t)
j
} stabilize, indicating that further iterations do not yield sig-

nificant changes in the assignment of mines to clusters. The stability of centroids indicates

convergence of the algorithm.

Lemma 1 : The optimal centroid for each cluster in the K-means algorithm is the sample

mean of all points within the cluster.

Proof :Let’s denote a cluster at iteration t as �(t)
j
, and the corresponding centroid as c(t)

j
.

Given the K-means objective function:

J =
kX

j=1

X

i2�j

kxi � cjk2 (4.7)

We seek to find the c
(t+1)
j

that minimizes J for the set of points {xi}
i2�(t)

j
.
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Consider the cost function of assigning a set of points to a centroid z:

cost(C; z) =
X

x2C

kx� zk2 (4.8)

The task is to find a z that minimizes this cost. The derivative of the cost function with

respect to z is:
@

@z
cost(C; z) =

@

@z

X

x2C

kx� zk2 = �2
X

x2C

(x� z) (4.9)

Setting the derivative equal to zero for optimality:

�2
X

x2C

(x� z) = 0 )
X

x2C

x = |C| · z (4.10)

Solving for z:

z =
1

|C|
X

x2C

x (4.11)

This indicates that the cost is minimized when z is the mean of all points in C. Translating

this result to our cluster �(t)
j
, we get that the new centroid c

(t+1)
j

, which minimizes the within-

cluster sum of squares, is the mean of the points in the cluster:

c
(t+1)
j

=
1

|�(t)
j
|

X

i2�(t)
j

xi. (4.12)

4.1.1 The Elbow Method

As we have discussed in the K-means algorithm for the initialisation step, we need to mention

the number of clusters beforehand, according to which the algorithm will divide the data

points into the specified number of clusters. The Elbow Method is a widely used heuristic

in k-means clustering to determine the optimal number of clusters k for a given dataset.(7)

The method involves running the clustering algorithm for a range of k values and com-

puting the within-cluster sum of squares (WCSS) for each value of k. A plot of WCSS versus

the number of clusters typically reveals a sharp decrease in WCSS as k increases, but this
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rate of decrease slows down significantly after a certain point, creating an ”elbow” in the

graph. The optimal number of clusters is often considered at this elbow point, where the

reduction in WCSS starts diminishing. Mathematically, one might seek the point k at which

the second derivative of the WCSS with respect to k is maximized, indicating a maximum

curvature on the plot, or more informally, where the rate of decrease shifts from being rapid

to more gradual.

Figure 4.1: The Elbow Method: WCSS vs. Number of Clusters. The ”elbow” point is
indicated by the number of clusters beyond which the WCSS begins to decrease at a slower
rate.

However, as recent studies (Schubert 2023)(4) have shown, the Elbow method is both

subjective and unreliable, particularly in cases where there is no such ”clear elbow.” and

alternate heuristics such as the variance-ratio-criterion or the average silhouette width are

employed which is beyond the scope of this thesis.

20



Chapter 5

Maximum Likelihood Estimation

After the observed data points, which are distributed spatially, are grouped into various

clusters, we estimate the underlying probability distribution of each cluster separately. This

chapter describes our first statistical model to estimate the probability distribution using

the Maximum Likelihood Estimation approach.

Our proposed model that will be used for prediction purposes is structured into two main

components::

1. The first part of the model will forecast the number of supplies that will be produced for

each identified cluster each day based on data available for previous days.

2. The second part of the model will focus on the spatial distribution of the supplies within

each cluster.

5.1 Likelihood Fucntion

Definition 1:Likelihood Function : The likelihood function, represented as L(✓|x), is a

function of the parameter(s) ✓ given the data x (12). It is proportional to the probability

of the data given those parameter values. Specifically, for a sample of data points X =

(X1, . . . , Xn), the likelihood function given an observation x is expressed as:

L(✓|x) = f(x|✓). (5.1)
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where f(x|✓) is the joint probability distribution function (pdf) for continuous variables or

the probability mass function (pmf) for discrete variables.

For a discrete dataset, the likelihood function can be interpreted as the probability of

observing the data given specific values of ✓, such that L(✓|x) = P (X = x|✓). In the process

of comparing likelihoods for di↵erent parameter values, if we find that L(✓1|x) > L(✓2|x),
it suggests that the observed data is more likely under the parameter values ✓1 than under

✓2. This comparison forms the basis of the likelihood principle, which states that among the

considered parameter values, ✓1 is a better estimate for the true parameter value than ✓2.

When X1, . . . , Xn constitute a sample drawn independently and identically from a pop-

ulation characterized by a probability density function (pdf) or probability mass function

(pmf) f(x|✓1, . . . , ✓k), the likelihood function is defined by:

L(✓|x) = L(✓1, . . . , ✓k|x1, . . . , xn) =
nY

i=1

f(xi|✓1, . . . , ✓k). (5.2)

Definition 2:Maximum Likelihood Estimator : For each sample point x, let ✓̂(x)

denote the parameter value at which L(✓|x) attains its maximum as a function of ✓, with x

remaining constant. A maximum likelihood estimator of the parameter ✓ based on a sample

X is ✓̂(X).

So, suppose we try to find the maximum likelihood estimates of the number of supplies

given historical data from each identified cluster. In that case, we will be able to identify

the parameter values of the probability distribution from which the number of supplies is

coming from and hence the probability distribution of each cluster. Note that the number of

supplies from each cluster is a discrete dataset. Also, a preliminary analysis of the number

of supplies from each cluster reveals its periodic nature.

5.2 Proposed Model

Consider a cluster denoted by C, comprising of N mines. The observed discrete data rep-

resented as X1, X2, . . . , Xk captures the daily number of supplies from C, i.e. the number

of mines from cluster C that had production over a span of k days. We assume that each
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day’s daily production is independent of any other day, i.e. X1, X2, · · · , Xn are assumed to

be independent and identically distributed random variables.

Since the daily number of supplies from each cluster is a count data, we can assume this

follows a Poisson distribution, characterised by a parameter �i, which varies according to

the cluster. This variation embeds the model’s adaptability, expressed as:

Xi ⇠ Poisson(�i) with �i = �!�(!i), (5.3)

where � is an average rate parameter and the circular probability density function �, evalu-

ated at !i.

This ”circular Poisson model” is designed to handle data with a periodic structure. Tra-

ditional Poisson models are more linear and might not be the best fit for data that exhibits

cyclic patterns, such as events that occur more frequently at certain times of the day or

during specific seasons of the year.In this model, the intensity � can vary depending on the

position within the cycle, allowing it to capture variations in event frequencies as they change

over the course of the cycle.

5.2.1 Circular Probability Density Function

The probability density function (pdf) � is defined on the interval (0, 2⇡). For modelling

purposes, we employ the cardioid function as the circular pdf �(✓):

�(✓, ⇢) =
1 + 2⇢ cos(✓)

2⇡
, (5.4)

where ✓ is a phase term, and ⇢ denotes a modulation factor. This formulation allows the

model to capture and adapt to cyclical variations in mine production, informed by daily

observations. In our study, ! = 2⇡
u
, where u 2 {1, 2, 3, 4, . . . , 50}, and this range can be

extended up to 365 if necessary.

Cardioid function typically refers to a mathematical function that describes the shape

of a cardioid—a heart-shaped curve. The standard cardioid is described by the parametric

equations:

x(✓) = r(1� sin(✓)) cos(✓) (5.5)
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y(✓) = r(1� sin(✓)) sin(✓). (5.6)

Instead of using standard trigonometric functions (like sine and cosine) alone, the cardioid

function combines them in a specific way to o↵er a more flexible representation of cycles. This

flexibility can be especially beneficial when the cyclic patterns in the data aren’t perfectly

sinusoidal or when they exhibit certain asymmetries.

The expression �(! · i) indicates that the phase angle � at time i depends on the angu-

lar frequency ! and the specific time or position i. This allows the model to account for

variations in the phase as time progresses, making it possible to capture cyclic patterns that

change over time.

5.2.2 Likelihood Function

Since the number of supplies is iid Poisson random variables,the likelihood function is ex-

pressed as a product of the observed data points, leading to the following expression:

L(�i,!, ⇢|X1, X2, · · ·Xn) =
nY

i=1

Poisson(X1, X2, · · ·Xn;�i). (5.7)

with the Poisson parameter �i described as

�i = �!�(!i).

The expression is proportional to:

nY

i=1

�
xi
i
e
��i

xi!
/ �

P
xi

nY

i=1

(!�(!i))xi ⇥ e
��!⌃�(!i) (5.8)

where � is an average rate parameter, and n is the total number of days.

Our main objective is determining the Maximum Likelihood Estimators (MLE) for �

and ⇢. We seek these estimators within the set of possible values for !, specifically ! 2
�

2⇡
u

��u = (1, 2, . . . , 100)
 
. To determine the MLE of �, we can fix ! and perform the esti-

mation.
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Optimisation using Scipy’s Minimize Function

To obtain the optimal values of � and ⇢, we utilise the ‘minimise‘ function from Scipy’s

‘optimise‘ module. This function helps minimise the negative log-likelihood, aiding us in

finding the parameters’ Maximum Likelihood Estimates (MLE). The bounds ensure that �

is non-negative and ⇢ is between -1 and 1.

By employing the MLE approach and leveraging the Poisson distribution with a periodic

component, we can model the production of mines within a cluster and predict their future

output. This model assumes that the daily production follows a periodic pattern, which can

be captured by the circular probability density function �(✓, ⇢). The Maximum Likelihood

Estimators for the parameters are obtained through optimisation techniques, ensuring the

best fit for the observed data.

It’s important to note that this model assumes independence among the daily productions

within the cluster, which may or may not hold in practice. Additionally, choosing the cardioid

function as the circular pdf is a modelling assumption.

The Maximum Likelihood Estimate will give us the number of mines producing within

a particular cluster. Given this number, we are now interested in which specific mines will

have production within that cluster by spatial analysis. However, as we can see from the

results, this approach gives absurd results for the number of mines. Hence, we must devise

an alternative approach to obtain the number of mines before proceeding to spatial analysis.
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Chapter 6

Bayesian Model

In the previous chapter, we discussed the Maximum Likelihood Estimation (MLE) approach

for estimating the parameters of the circular Poisson model and essentially the number of

supplies from a given cluster that did not perform well. In this chapter, we describe our

second statistical modelling approach using Bayesian estimation techniques.

Let’s consider a cluster C containing N mines, and the observed data from these mines

is represented as X1, X2, . . . , Xn, where Xn denotes the number of mines supplied by cluster

C on day n.

The random variables Xn are assumed to follow a Poisson distribution with a rate pa-

rameter µn, which is defined as:

µn = µ!j�⇢j(!jn). (6.1)

Here, µ is the average rate parameter, !j and ⇢j are the circular frequency and modulation

factor, respectively, and �(✓, ⇢) is the circular probability density function (pdf) given by:

�(✓, ⇢) =
1 + 2⇢ cos(✓)

2⇡
. (6.2)
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6.1 Prior Distributions

The Bayesian approach requires specifying prior distributions for the model parameters. On

Day 1, the prior distributions are defined as:

⇡
(1)(µ,!, ⇢) / ⇡

(1)(µ)⇥ ⇡
(1)(!, ⇢) (6.3)

We assume the prior for µ follows a Gamma distribution.

⇡
(1)(µ|!, ⇢) ⇠ Gamma(⌫0, µ0) =

µ
⌫0
0 e

�µ0µµ
⌫0�1

�(⌫0)
. (6.4)

where ⌫0 and µ0 are the shape and rate parameters, respectively.

As mentioned in section 3.5, the gamma distribution is conjugate to the Poisson distri-

bution. Since we have a Poisson likelihood as the number of supplies is Poisson Random

Variables, a gamma prior for µ will ensure the posterior distribution for µ will also be gamma.

This conjugacy simplifies the computational process and makes Bayesian updates straight-

forward.The gamma distribution also ensures that estimates for µ remain positive. Given

that µ represents a rate; negative values wouldn’t make sense, so this property is desirable.

The priors for ! and ⇢ are discretized over a set of predefined pairs (!j, ⇢j), with equal

probabilities 1
k
:

⇡
(1)(!, ⇢) ⇠

(
(!1, ⇢1), (!2, ⇢2), . . . , (!k, ⇢k)

1
k

1
k

. . .
1
k

)
. (6.5)

In this discretization, a grid of 100 × 100 values is considered, with ⇢ varying from -1 to

1 and ! varying from 1 to 100.

Likelihood Function

The likelihood function for Day n is derived from the observed data Xn:

27



L(Xn | µ,!, ⇢) = µ
Xn
n

e
�µn

Xn!
. (6.6)

6.2 Posterior Distributions

Using the prior distributions and the likelihood function, the posterior distributions for Day

n are obtained as:

⇡(µ,!, ⇢ | Xn) / L(Xn | µ,!, ⇢)⇥ ⇡(µ | !, ⇢)⇥ ⇡(!, ⇢) (6.7)

Simplifying the posterior distributions separately for µ, !, and ⇢, we get:

⇡(µ | Xn,!j, ⇢j) / µ
Xne

�µ!j�⇢j (!jn)
e
��n�1(↵j)µµ

⌫n�1(↵j)�1 (6.8)

⇡(µ | Xn,!j, ⇢j) ! Gamma(⌫n,�n) (6.9)

where ⌫n(↵j) = ⌫n�1(↵j) +Xn and �n(↵j) = �n�1(↵j) + !j�⇢j(!jn).

For !j and ⇢j, the posterior distribution is given by:

⇡(!j, ⇢j | Xn) /


�(Xn + ⌫n�1(↵j))

(!j�⇢j(!jn) + �n�1(↵j))Xn+⌫n�1(↵j)

�
(!j�⇢j(!jn))Xn

Xn!

�n�1(↵j)⌫n�1(↵j)

�(⌫n�1(↵j))
p
(n�1)
j

.

(6.10)

Here, ↵j = (!j, ⇢j), and p
(n�1)
j

is the prior probability of the pair (!j, ⇢j) on Day (n� 1).

6.3 Updating Posterior Distributions

The posterior distributions for Day n become the prior distributions for Day (n + 1). The

updating process proceeds as follows:

28



⇡
(n)(µ,!, ⇢) / ⇡

(n)(µ|!, ⇢)⇥ ⇡
(n)(!, ⇢). (6.11)

where,

⇡
(n)(µ|!, ⇢) ⇠ Gamma(⌫n,�n). (6.12)

⇡
(n)(!, ⇢) ⇠

(
(!1, ⇢1), (!2, ⇢2), . . . (!k, ⇢k)

p
(n)
1 p

(n)
2 . . . p

(n)
k

)
. (6.13)

The updated probabilities p(n)
j

for the pairs (!j, ⇢j) are computed as:

p
(n)
j

=
CjP
k

i=1 Ci

. (6.14)

where Cj is a quantity proportional to the posterior distribution of (!j, ⇢j) on Day n.

Cj =


�(Xn + ⌫n�1(↵j))

(!j�⇢j(!jn) + �n�1(↵j))Xn+⌫n�1(↵j)

�
(!j�⇢j(!jn))Xn

Xn!

�n�1(↵j)⌫n�1(↵j)

�(⌫n�1(↵j))
p
(n�1)
j

. (6.15)

After the update, we obtain a single value of ⌫n and �n, p
(n)Vectors of length k .

6.4 Prediction

After updating the posterior distributions, predictions for future days can be made. The pre-

dictive distribution for Day (n+1) is obtained by integrating over the posterior distributions

of µ, !, and ⇢ from Day n:
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P (Xn+1 = l | Xn) =

Z 1

0

[µ!j�⇢j(!j(n+ 1))]Xn+1e
�µ!j�⇢j (!j(n+1))

Xn+1!
d⇡(µ,!, ⇢ | Xn). (6.16)

For a set of simulated values (µi,!i, ⇢i, i = 1, 2, . . . , Nsim) from the posterior distributions,

the predictive probability for Xn+1 = l can be approximated as:

mean (fµ (Xn+1 = l, [µi!i�⇢i(!i(n+ 1)), i = 1, 2, . . . , Nsim])) . (6.17)

where fµ denotes the Poisson probability mass function.

This Bayesian approach allows for the sequential updating of parameter distributions as

new data becomes available, providing a comprehensive probabilistic framework for mod-

elling and predicting the production of mines within clusters.

We verify the predictions obtained from the Bayesian approach with the actual data,

which does not give accurate predictions. We have tried the methods in which we first tried

to predict the counts from a particular cluster and then look for the spatial distribution

within the cluster. Since this idea of modelling is not proving very useful, let us try to

change our approach while building our next statistical model.
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Chapter 7

KDE Model

So far, we have continued with the approach of estimating the parameters of the number

of supplies each day first and then looking at the spatial distribution of supplies. In this

chapter, we will consider an alternative approach using the non-parametric approach of

Kernel Density Estimation, where we will structure the model in such a way that it will try

to predict on a certain day, which mine within a particular cluster will have the production

and then predict the number of supplies from that mine.

7.1 Multivariate Kernel Density

While describing the non-parametric approaches towards density estimation in section 2.4.4

we describe the univariate Kernel Density Estimator. This can be extended to a bivariate

setting to consider the longitude and latitude of the mines, as described in this section.

Bivariate kde at a point (sx, sy) based on sample data points {(xi, yi), i = 1, 2, . . . , N} can

be written as

f(sx, sy) =
1

N

NX

i=1

h1,h2(sx � xi, sy � yi), (7.1)

where h1,h2(·) is a suitably chosen bivariate kernel function Taking h1,h2(·) to be the
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standard Gaussian kernel, the spatial kde at any location with (longitude, latitude) coordi-

nates (sx, sy), based on N locations {(xi, yi), i = 1, 2, . . . , N)}, as

f(sx, sy) =
1

N

NX

i=1

⇢
1

h1


✓
sx � xi

h1

◆
1

h2


✓
sy � yi

h2

◆�
, (7.2)

where

(u) =
1p
2⇡

e
�u

2
/2

. (7.3)

We will use a ”rolling Kernel Density approach”, which considers previous production

history to predict the next day’s production. The KDE model aims to estimate the produc-

tion probability for each mine on a given day based on its location (latitude and longitude)

and past production history (represented by the assigned weights and bandwidths). The

KDE approach involves constructing a smooth, continuous probability distribution function

(PDF) from the observed data points (mine locations) by summing up kernel functions cen-

tred at each mine. Since we are interested in estimating the probability of production for

each mine, rather than the continuous pdf , we evaluate the KDE estimator at the location

of each mine (sx, sy) The kernel density estimator is defined as location with (longitude,

latitude) coordinates (sx, sy), on M di↵erent mines {(xi, yi), i = 1, 2, . . . ,M)}

f̂(sx, sy) =
MX

i=1

⇢


✓
sx � xi

hx

◆


✓
sy � yi

hy

◆�
. (7.4)

Where: f̂(x) is the estimated PDF at location x, h = (hlat, hlon) is the vector of band-

widths for latitude and longitude, K(·) is the kernel function,a Gaussian kernel

7.1.1 Adaptation for Latitude and Longitude

Given the geographical nature of our data (latitude and longitude), we extend the bandwidth

calculation to a bivariate setting, calculating separate bandwidths for each dimension. For

a bivariate KDE with variables x (latitude) and y (longitude), the bandwidth matrix H is
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defined as:

H =

"
h
2
x

0

0 h
2
y

#
(7.5)

where hx and hy are the bandwidths for latitude and longitude, respectively, calculated using

Silverman’s rule adapted for each dimension.

To account for the day-to-day variability in production patterns, these bandwidths are

recalculated daily using only the data available to that day separately for each cluster.,

ensuring that the model’s sensitivity adapts to the most recent trends.

7.1.2 Numerical Stability and Thresholding

In practice, we impose a lower limit on the bandwidth to avoid numerical issues that may

arise from extremely small bandwidth values, which could, in turn, lead to overfitting. If the

calculated bandwidth falls below a threshold hmin, we set the bandwidth to this threshold:

hx = max(hx, hmin), hy = max(hy, hmin). (7.6)

where hmin is typically chosen based on empirical observations of the dataset’s scale and

variance (e.g., hmin = 0.002 as mentioned).

7.2 Assigning Weights: First Approach

To incorporate the assigned weights wi, which represent the production history of each

mine, we modify the kernel density estimator by multiplying each kernel function with its

corresponding weight. The weights wi are derived from the normalized production counts of

each mine up to the current day. Let ni be the production count for mine i, which represents

the number of days the mine has had at least one production up to the current day. The

weight wi is calculated as

wi =
niP
M

k=1 nk

. (7.7)
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We can think of this method of assigning weights to each mine proportioning to the total

production. As evident here, the sum of all the weights for each day will add up to 1, i.e.
P

M

i=1 wi = 1. Therefore, the weighted kernel density estimator will be :

f̂(sx, sy) =
MX

i=1

wi

⇢


✓
sx � xi

hx

◆


✓
sy � yi

hy

◆�
. (7.8)

The values obtained from this estimator are then normalized to ensure that they sum up to

1, representing a valid PMF:

f(sx, sy) =
f̂(sx, sy)P
M

i=1 f̂(sx, sy)
. (7.9)

7.3 Assigning Weights: Second Approach

Instead of using the normalized production counts to assign weights, this approach considers

the periodic behaviours of production from each cluster. It incorporates the recency and

periodicity with which each mine has produced. Let N denote the total observed production

duration (in days) and let�t represent the inter-production intervals for a mine, i.e., intervals

between the days on which it has production. So �t can vary from 1 to N � 1 days.These

inter-production times are assumed to be independent and identically distributed (i.i.d.).

For example, if we consider 200 days as the total duration of production, then �t can

vary from 1 to 199. Say a mine has production on days 1, 25, 50, 100, and 200. Then �t

for this mine will be �t1 = 1, �t2 = 24, �t3 = 25, �t4 = 50, �t5 = 100. For simplicity, we

assume that all the mines have production on day 0, so �t1 = 1.

Now, for a given day n (which is less than N) and a cluster C, we obtain all such �t

for all the mines that belong to that cluster C. We denote this by X and we assign weights

to each �t. Even though the maximum value of �t in this case will be n, we will assign

weights to each �t for the complete duration, i.e., from 1 to N � 1, using this cluster-wise

data up to day n by kernel density estimation on this data. The bandwidth is calculated

using Silverman’s rule of thumb for this data and the expression is as follows, utilizing the

dataset X:
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!(�t) =
1

|X|
X

�t2X

K

✓
�t� x

h

◆
. (7.10)

where K represents the Gaussian kernel function.

The normalisation ensures that all the weights sum up to 1 .We extend this to all the

remaining clusters and perform this analysis each day up to N . Since there is new incoming

data each day, the bandwidth h and the weights for �t will be updated cluster-wise for each

day. Each day we are essentially populating a matrix of rows N � 1 and columns equal to

the number of clusters.

Now, we are going to assign weights w
0
i
to the mine. We first check which cluster the

mine belongs to, and then from the �t weight matrix, we give the weights corresponding to

the duration from the last production day to the next day. Let’s consider the same example

again where the mine has production on days 1, 25, 50, and 100, and on days 101 and 151,

we assign weights to the mine. First, we check which cluster this mine belongs to. We put

the weight as the value corresponding to �t = 1 for day 101 and �t = 51 for day 151 for

that mine. Therefore, the weight assigned to a mine is the weight !(�t) corresponding to

its inter-production time �t.

The kernel density estimator modified according to the new weights will be :

f̂(sx, sy) =
MX

i=1

w
0

i

⇢


✓
sx � xi

hx

◆


✓
sy � yi

hy

◆�
. (7.11)

The values obtained from this estimator are then normalized to ensure that they sum up to

1, representing a valid PMF:

f(sx, sy) =
f̂(sx, sy)P
M

i=1 f̂(sx, sy)
. (7.12)

Integrating !(�t) into the predictive model enhances its forecasting accuracy by aligning

more closely with the temporal production patterns capturing the periodic behaviours and

recency of production of mines.This methodology aligns with the inherent production pat-

terns observed within clusters and provides a robust framework for enhancing the predictive
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accuracy of production forecasts.

7.4 Adaptive Bandwidth: Third Approach

The adaptive bandwidth kernel density estimation (KDE) model adjusts the bandwidth for

each data point based on its local density value estimated by a preliminary fixed bandwidth

KDE. The adaptive process is guided by the principle that areas of higher density require a

smaller bandwidth, while sparser areas necessitate a larger bandwidth.

We use the second approach to obtain our preliminary KDE estimate.Given a prelim-

inary fixed bandwidth KDE estimate f̂p(xi, yi) using bandwidths hx and hy, the adaptive

bandwidth at each point (xi, yi) is proportional to:

ĥx,y(xi, yi) / f̂p(xi, yi)
�1/2 (7.13)

This adaptive bandwidth allows for local variation in density, providing an improved

representation of the underlying distribution of the data, which is particularly beneficial

when dealing with heterogeneous population densities. In practice, the refined bandwidths

hx(x, y) and hy(x, y) are computed as:

hx,adaptive(x, y) = ↵xf̂p(x, y)
�1/2

, hy,adaptive(x, y) = ↵yf̂p(x, y)
�1/2

. (7.14)

where ↵x and ↵y are constants, typically chosen as the median of the preliminary band-

widths divided by the square root of the corresponding preliminary kernel density estimates.

Utilizing these newly adjusted bandwidths, the final KDE value f̂Prop is recalculated to

provide an estimator as :

f̂(sx, sy) =
MX

i=1

w
0

i

⇢


✓
sx � xi

hx,adaptive

◆


✓
sy � yi

hy,adaptive

◆�
. (7.15)

The values obtained from this estimator are then normalized to ensure that they sum up to
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1, representing a valid PMF:

f(sx, sy) =
f̂(sx, sy)P
M

i=1 f̂(sx, sy)
. (7.16)

The normalized KDE values obtained represent the estimated pmf for the production of

each mine on the given day.

We employ logistic regression to model the probability of a mine having production on

the next day. This is treated as a binary classification problem, where the outcome yi for

mine i is 1 if there is production and 0 if there is no production. The logistic regression

model relates the log odds of the binary outcome to the predictor variable, which in this case

is the kernel density estimated value for each mine. Let pi denote the KDE value associated

with mine i.

log

✓
P (yi = 1)

1� P (yi = 1)

◆
= �0 + �1 · pi . (7.17)

Here, P (yi = 1) represents the probability that mine i will have production on the next

day, �0 and �1 are the model coe�cients to be estimated,

The probability of production can be derived from the log odds as:

P (yi = 1) =
exp(�0 + �1 · pi)

1 + exp(�0 + �1 · pi)
. (7.18)

To obtain a binary prediction from the model’s probability output, we introduce a cuto↵

value c:

ypred(i) =

8
<

:
1 if P (yi = 1) � c

0 if P (yi = 1) < c .

(7.19)

A common choice for the cuto↵ is 0.5, known as the logistic cuto↵. At this cuto↵ value,

the model classifies a mine as having production if the predicted probability exceeds 0.5, and

as having no production otherwise.
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The logistic cuto↵ can be derived by solving the logistic regression equation for the KDE

value at which P (yi = 1) = 0.5:

log

✓
0.5

1� 0.5

◆
= �0 + �1 · logistic cuto↵ (7.20)

0 = �0 + �1 · logistic cuto↵ (7.21)

logistic cuto↵ = ��0

�1
. (7.22)

This logistic cuto↵ value represents the KDE threshold at which the model predicts a

50% probability of having production on the next day for a given mine.

Multiple cuto↵ values (e.g., 1
No.OfMines

, 2
No.OfMines

, 3
No.OfMines

, mean(KDEnorm), Logistic

cuto↵) are explored to find the optimal threshold for classification. The model’s performance

is evaluated using accuracy, sensitivity (actual positive rate), and specificity ( negative rate)

and F score, which are calculated based on the predicted and actual production values for

each mine.

Sensitivity (True Positive Rate)

Sensitivity, or the true positive rate, measures the proportion of actual positives (mines with

production) that are correctly identified by the model. It is defined as:

Sensitivity =
True Positives

True Positives + False Negatives
. (7.23)

where True Positives are mines correctly predicted to have production, and False Nega-

tives are mines that produced but were not identified by the model.

Specificity (True Negative Rate)

Specificity, or the true negative rate, quantifies the proportion of actual negatives (mines

without production) correctly identified as such. It is calculated as:
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Specificity =
True Negatives

True Negatives + False Positives
. (7.24)

where True Negatives are mines correctly predicted to have no production, and False

Positives are mines predicted to produce but did not.

F-Score

The F-score is a harmonic mean of precision and sensitivity, o↵ering a balance between them.

It is particularly useful when the class distribution is imbalanced. The F-score is defined as:

F -score = 2 · Precision · Sensitivity
Precision + Sensitivity

. (7.25)

Where Precision (Positive Predictive Value) is the proportion of true positive predictions

in all positive predictions made by the model:

Precision =
True Positives

True Positives + False Positives
. (7.26)
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Chapter 8

Optimisation

We have discussed three statistical models to sample the probabilities of production from each

mine. Once we obtain the probabilities from the models, the next step involves optimizing the

allocation of resources. In our problem, this means allocating the amount of coal produced

from each mine to an electricity-generating power plant, considering the presence of railway

routes, the cost of transporting the coal between these two locations and other constraints.

This chapter describes the process of optimally allocating resources and our proposed model

for optimization.

Optimization is focused on finding the most favourable solution from a set of possi-

ble alternatives. Specifically, a mathematical optimization challenge involves determining a

function’s maximum or minimum value, known as the objective function, within the confines

of potential solutions, termed the feasible region. The feasible region is typically a subset of

Rn, the n-dimensional space of real numbers, and the objective function is a mapping from

Rn to R.

In this chapter, we concentrate on a subclass of optimization problems known as linear

programming problems (LPs). An LP is an optimization problem in Rn where the objective

function and constraints are linear. The objective function is expressed as:

c1x1 + c2x2 + · · ·+ cnxn. (8.1)
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Here, ci represents a real constant for dimension i (where i ranges from 1 to n).The

objective is to find this function’s maximum (in case of maximization problems) or minimum

(for minimization problems) value over the feasible region. The objective is to find the

vector x (composed of decision variables x1, x2, . . . , xn) within the feasible region that either

minimizes or maximizes the value of the objective function. The set of solutions defines the

feasible region for an LP to a finite number of linear constraints, which take the form of

inequalities and equalities:

ai1x1 + ai2x2 + · · ·+ ainxn  bi for i = 1, . . . , s. (8.2)

ai1x1 + ai2x2 + · · ·+ ainxn = bi for i = s+ 1, . . . ,m. (8.3)

In these expressions, each aij is a known coe�cient, and each bi is a constant that defines

the bounds of the feasible region for the respective constraint. The feasible set of the LP is

the vector x = (x1, x2, . . . , xn) that satisfies all the constraints.

Decision variables are the variables that will determine the solution to the linear pro-

gramming problem. They represent the unknowns the LP will solve for and are usually

denoted as x1, x2, . . . , xn. These variables must satisfy the constraints and are used to evalu-

ate the objective function. In the context of linear programs, decision variables are typically

required to be non-negative, represented as:

xj � 0 for j = 1, . . . , n. (8.4)

The optimal solution of an LP is the set of values for the decision variables that yield the

best (maximum or minimum) objective function value while simultaneously satisfying all of

the constraints.

8.1 Multiobjective Optimization

In many real-world optimization problems, multiple, often conflicting, objective functions

need to be optimized simultaneously. This scenario is known as multiobjective optimization.
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Instead of a single objective function, we have a vector-valued objective function F(x) =

(f1(x), f2(x), . . . , fk(x)), where x 2 Rn is the vector of decision variables, and each fi(x) is

an individual objective function to be minimized or maximized.

Unlike in single-objective optimization, where the solution is clearly defined by the opti-

mal value of the objective function, multiobjective optimization solutions are typically not

completely ordered. This leads to the concept of Pareto optimality, which is central to mul-

tiobjective problems. The goal in multiobjective optimization is to find the set of Pareto

optimal solutions, which are not dominated by any other feasible solution. A solution x⇤

is said to be Pareto optimal if there does not exist another feasible solution x such that

fi(x)  fi(x⇤) for all i = 1, 2, . . . , k, and fj(x) < fj(x⇤) for at least one j.

There are various methods to solve multiobjective optimization problems, including the

weighted approach and the epsilon constraint method. (Deb. K, 2014) (3)

8.1.1 Weighted Approach

In the weighted approach, the multiple objective functions are combined into a single objec-

tive function by assigning weights to each objective function and summing them up. The

resulting single-objective optimization problem is:

Minimize (or Maximize)
kX

i=1

wifi(x)

subject to x 2 S.

where wi � 0 are the weights for each objective function fi(x), satisfying
P

k

i=1 wi = 1 and

S is the feasible region defined by the constraints. . This approach assumes the objectives

are commensurate and can be meaningfully combined.

The weights wi represent the relative importance of each objective function. By varying

the weights, di↵erent Pareto optimal solutions can be obtained. However, this approach

has limitations, as it may not capture all Pareto optimal solutions, especially if the Pareto

frontier is non-convex, and the choice of weights can be subjective.
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8.1.2 Epsilon Constraint Method

The epsilon constraint method is another approach to solving multiobjective optimization

problems. In this method, one objective function is chosen as the primary objective, and the

other objective functions are converted into constraints by setting an upper bound (epsilon

level) for each function.

The problem formulation for the epsilon constraint method is:

Minimize (or Maximize) fp(x)

subject to fi(x)  ✏i, i = 1, 2, . . . , k, i 6= p

x 2 S.

where fp(x) is the primary objective function, ✏i are the upper bounds (epsilon levels) for

the other objective functions fi(x), and S is the feasible region defined by the constraints.

This method involves solving multiple optimization problems by varying the bounds,

✏i, thus tracing out the trade-o↵ surface, known as the Pareto frontier, which represents

non-dominated solutions. It is especially e↵ective when the objectives are incommensurate,

or the Pareto frontier is non-convex. The epsilon constraint method has the advantage of

generating Pareto optimal solutions in a systematic way, but it may require solving multiple

single-objective optimization problems to explore the Pareto frontier.

Each iteration yields a Pareto optimal solution, with di↵erent ✏i values producing di↵erent

points on the Pareto frontier. We should ensure that the values of ✏i are set such that the

feasible region S remains non-empty.

This method is beneficial when the objectives are incommensurable or when finding

solutions across the entire range of trade-o↵s among objectives is important. It is a versatile

approach that can reveal the nature of the trade-o↵s between objectives and is e↵ective even

when the Pareto frontier is non-convex.The choice of method from either these two depends

on the specific situation.
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8.2 Proposed Model

After the initial sampling, we obtained the probability of coal production at each mine by

using the proposed KDE model with the modified weights and adaptive bandwidth approach.

We define ”Supply Capacity” for each mine as the number of power-generating plants each

mine supplies on the day the mine is in production. We assume that if a mine has production

on a particular day, the supply capacity will equal the average of the last seven production

days of that mine. These supply capacities are actual true recorded values that our model

did not predict. The kde values multiplied by the average of the previous seven supply

capacities give the total amount of coal produced by the mine on production day.

Following the quantification of production, the subsequent step involves the distribution

of coal to power plants. For this model, it is assumed that each power plant possesses an

unlimited inventory capacity; essentially, they can receive an infinite supply of coal. The

infrastructure connecting the mines to the plants comprises predefined railway routes, with

each mine having established connections to a set number of power plants. Furthermore, the

transportation cost of shipping coal from a particular mine to a designated power plant is

predetermined and known.

Our objective is to facilitate equitable distribution of coal, ensuring that each power plant

maintains a minimum inventory equivalent to a supply of seven days(for instance). However,

this duration is adjustable based on specific requirements. The allocation of coal from each

mine to the power plants is thus optimized to minimize transportation costs while adhering

to the constraint of maintaining the requisite inventory levels.

The mathematical formulation of our model is articulated below, encompassing supply

and demand dynamics, transportation logistics, and inventory management principles.

Supplies Mines Probabilities Plants Existing Inventory

S1 M1 p1 – N1 a1

S2 M2 p2 (cij) N2 a2

S3 M3 p3 – N3 a3

N4 a4

The model utilizes the following notations for its formulation:
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• Mi: Mine i , Nj: Power plant j.

• Si: Supply Capacities from mine i.This discrete quantity specifies the average number

of plants each mine has supplied to in the last seven production days.

• pi: Probability of coal production at mine i a↵ecting the route to power plant j.

• aj: Existing inventory at power plant j.This is also a discrete quantity defined as the

number of days the plant has enough coal for electricity generation.

• cij: Cost of transporting coal from mine i to power plant j.

• vij: Binary indicator of the existence of a railway route from mine i to power plant j

(1 if a route exists, 0 otherwise).

• xij: Decision variable representing the quantity of coal transported from mine i to

power plant j.

• M : A su�ciently large number representing an upper bound in constraints where

needed.

• l and k: Variables representing the upper and lower bounds on the inventory levels

across all power plants.

• w1 and w2: Weights indicating the relative importance of equitable distribution and

transportation cost minimization in the objective function.

The formulation of our optimization model is as follows, with the dual objectives of

minimizing expected transportation costs and ensuring equitable coal distribution:

Minimize: w1(l � k) + w2

 
X

i

X

j

cijxij

!
. (8.5)

Subject to:

aj +
X

i

xij � k 8j, (8.6)
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aj +
X

i

xij  l 8j, (8.7)

X

j

xij  Si · pi 8i, (8.8)

xij  Mvij 8i, j. (8.9)

The objective function aims to balance transportation costs with the goal of maintain-

ing equitable inventory levels, represented by minimizing the range (l � k). Constraints (1)

and (2) ensure that each power plant’s inventory remains within specified bounds, promot-

ing reliability in supply without overstocking. Constraint (3) provides that the total coal

supplied by each mine does not exceed its production capacity, adjusted by the probability

of production. This ensures a realistic limitation on the amount of coal distributed from

each mine. Constraint (4) guarantees that coal shipments only occur along existing railway

routes, encapsulating logistical feasibility.

This comprehensive formulation allows for an optimal coal distribution strategy that

minimizes costs and supports reliable energy production, considering the realistic production

capacities and probabilities of each mine.

One may argue that since for the total amount of coal to be transported for each mine,

we are using the probabilities, and it may also happen that even if the probablity is high for a

particular mine on a day, production still might not happen. In those cases, the optimization

model will work poorly. Our optimization model only prescribes readiness for allocating coal

to organizations, but the event may or might not happen. This uncertainty can be reduced

by introducing more constraints to the model, such as chance constraints, which will make

the model more robust. This uncertainty can also be handled by stochastic optimization,

which is not discussed in the thesis.
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Chapter 9

Results

In this chapter, we describe the results obtained from applying three statistical approaches

we have discussed so far on the dataset.

9.1 Results of MLE

Using our modelling approach, we obtain the following maximum likelihood estimates for

the parameters.

cluster ! � ⇢ likelihood

0 0.055116 351.678573 -0.000880 123.823276

1 0.116355 611.589073 0.014100 892.010463

2 3.141593 3.415844 0.001448 282.298101

3 0.047600 384.561020 0.004485 532.378045

4 1.047198 6.374997 -0.028522 16.648253

Table 9.1: Optimization results of the maximum of likelihood and the corresponding values
of !,�, ⇢

The optimizer tries to vary !, and in the neighbourhood of the � and ⇢, it tries to max-

imize the log-likelihood. Sometimes minimizing the negative of log-likelihood is impossible
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for certain values of ! as the optimizer might encounter issues like getting stuck in local

minima, numerical instability, or reaching the maximum number of iterations.

The maximum likelihood estimates of the clusters are nowhere close to the actual supplies

from the clusters each day. For each cluster except cluster 4, the number of supplies daily

varies from 0-20, whereas for cluster 4, it varies from 0 to 1. We know that the maximum

likelihood estimate for a Poisson-independent and identically distributed sample converges

to the sample mean. So even if we consider the maximum sample means for each cluster it

is nowhere close to the MLE estimates obtained for clusters 0,1,3,4. It is very unlikely that

this model captures the underlying probability distribution of the dataset.

9.2 Bayesian Model Results

This snapshot of the output from the R code presents a comprehensive simulation of predicted

daily supplies to di↵erent clusters over an extended period, reflecting changes in supply

dynamics. This detailed distribution shows the predicted number of supplies for each day

simulated, spanning across 1000000 iterations.

We notice a decreasing trend of zero supplies. Initially, the number of days with zero

supplies was high, but there was a noticeable decrease over time however, the no of supplies

being 0 is still high. Considering the simulations of all the 320 days(not displayed here), we

conclude that the distribution of supplies has become more widespread over time. Initially,

the majority of predictions are concentrated around 0 to 3 supplies per day. As the model

progresses, we observe more days with higher supplies (4 supplies and above), indicating an

increase in the variability of supply distribution. The appearance of days with unusually

high supplies (e.g., 10 or more supplies) towards the later iterations might indicate special

events, anomalies, or perhaps errors in the prediction model. Their rare occurrence suggests

they are not the norm but rather exceptions. Comparing this with our true data for the

number of supplies, we see that the model doesn’t perform very well. Although it performs

better than MLE, it can still not accurately predict the number of supplies. Simulations

suggest that on most days the number of supplies will be zero, which is not the case. Cluster

0 has only three days in a span of 320 days, and no mine from it has production. The results

are similar for other clusters as well.
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Figure 9.1: predicted supplies for Cluster 0 .49



9.3 KDE results

After constructing the model based on the three approaches in the KDE model, We verify

the result obtained and check for accuracy, sensitivity, and specificity metrics. We also com-

pare them with the existing Machine learning classification algorithms for mine production.

For the Machine learning classifier, we treat this problem of production as a classification

problem, with 0 indicating no production and 1 indicating production. The algorithm works

by predicting the supplies of each mine for next day considering previous 10-day supplies.

We calculate the accuracy, sensitivity, and specificity for all the models on each day, which

are displayed in the table.

Mean Metrics: Accuracy Sensitivity Specificity Accuracy
(Last 120
days)

Sensitivity
(Last 120
days)

Specificity
(Last 120
days)

KDE Model 1
(Mean)

0.83 0.71 0.85 0.82 0.81 0.82

KDE new
weight(Mean)

0.88 0.67 0.91 0.89 0.78 0.90

KDE new weight
adaptive mean

0.87 0.76 0.88 0.88 0.82 0.89

Table 9.2: Mean of performance metrics over the whole duration and last 120 days.

We also compute the F-score of the three modelling approaches from these, which are

0.71,0.71,0.75 for KDE model 1,2,3, respectively, when they are calculated using the predic-

tion over the whole duration. When we consider the most recent 120 days, the F-scores are

0.81, 0.80, and 0.85, respectively. This shows that the KDE models are adapting to new

incoming data.

Results suggest that this model is significantly better than the MLE and Bayesian Ap-

proaches. While comparing with the Machine Learning Models, we notice that although this

model cannot beat the accuracy of those models, it can outperform them when considering

the sensitivity and specificity metrics.
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Figure 9.2: Comparison of accuracy, sensitivity, and specificity over time for Model 1
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Figure 9.3: Comparison of accuracy, sensitivity, and specificity over time for Model 2
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Figure 9.4: Comparison of accuracy,sensitivity and specificity over time for Model 3
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Figure 9.5: Comparison of accuracy, sensitivity, and specificity over time for KDE models
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Chapter 10

Conclusion and Future Work

The MLE approach yielded maximum likelihood estimates for cluster parameters that were

significantly divergent from actual data, suggesting a poor fit for capturing the underlying

probability distribution of the dataset. The expected number of supplies from clusters each

day varied widely from the MLE estimates, indicating the model’s limitations in accurately

predicting the true distribution of supplies.

In Bayesian modelling, despite noticing a decreasing trend in zero supplies over time,

the model did not accurately predict the distribution of supplies. The predicted days with

zero supplies remained high, and the distribution became more widespread, which, although

showing an increase in variability, still did not align well with actual data. The model

performed better than MLE but fell short in accurately forecasting supplies.

The KDE approach presented significant improvements over the MLE and Bayesian mod-

els regarding accuracy, sensitivity, and specificity metrics. This model was compared against

machine learning classification algorithms, showing superior sensitivity and specificity met-

rics, thus o↵ering a robust alternative. The introduction of an adaptive weighting mechanism

in the KDE model, based on the production history and periodic behaviours of mines, rep-

resents a methodological innovation.

By adapting the bandwidth based on local data density, the model o↵ers a more nuanced

and accurate density estimation, significantly improving predictive accuracy over traditional

fixed-bandwidth KDE models. The adaptive nature of the KDE model makes it particularly
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valuable in scenarios where data patterns and distributions are subject to change. This

adaptability ensures that predictive models remain relevant and accurate over time despite

fluctuations in underlying data trends.

The integration of these predictive models with optimization strategies o↵ers a compre-

hensive framework for managing coal distribution e↵ectively, with potential implications for

similar predictive tasks in discrete spatial and temporal settings and can be adapted to

various other sectors where forecasting discrete events is crucial, such as healthcare (e.g.,

predicting patient admissions), agriculture (e.g., crop yield forecasting), and urban planning

(e.g., tra�c flow prediction). Future e↵orts could focus on applying the models to a broader

range of datasets to validate and potentially improve model robustness.

The current models could be further refined to better handle uncertainties inherent in

predictive modelling. Techniques such as Bayesian hierarchical models, stochastic modelling,

or ensemble methods could provide more nuanced approaches to uncertainty quantification.

We could focus on developing stochastic optimization models and chance-constrained op-

timization frameworks tailored to the specifics of discrete event predictive modelling. This

includes selecting appropriate probability distributions for uncertain parameters, determin-

ing risk tolerance levels for chance constraints, and validating these models against real-world

data. By addressing the uncertainties inherent in forecasting and decision-making for dis-

crete events, these approaches o↵er a path toward more robust, reliable, and e↵ective models

for future research and application.
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