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Abstract

Balanced truncation (BT) is one of the oldest, most popular model reduction techniques
that offers a way to construct stable, balanced, reduced order matrices that preserve the
original system’s dominant Hankel singular values. It also provides a priori H,, bounds for
the reduced order model. BT has been refined over the years and has been extended to mild
nonlinear systems as well. Data-driven balancing or quadrature-based balanced truncation is
one variant of BT that aims to approximate the Hankel singular values of the original system

in a purely non-intrusive fashion using samples of the system kernels and their derivatives.

In this thesis, we first define balanced truncation for a new class of systems - bilinear
systems with quadratic output (BQO). The gramians (and kernels) are first defined for these
systems, which are vital for the BT algorithm. Finally, we introduce truncated Gramians

and use them to implement a quick, approximate balanced truncation algorithm.

The second section of this thesis involves extending the data-driven balancing method
(Quad BT) to two nonlinear classes of systems - linear systems with quadratic output (LQO)
and quadratic-bilinear systems (QB). The recipe for Quad BT remains the same as that for
the linear case. We construct a quadrature-based approximation of the gramians (or trun-
cated gramians in the QB case) and replace the intrusive terms in BT with these quadrature-
based approximations. Finally, we show that these approximate matrices can be expressed
as data matrices with entries corresponding to samples of the system kernels or derivatives
of the kernels. In addition to the theory, we propose schemes to improve the computational

viability of these methods.

The theory developed in this thesis has been put to the test with numerical experiments

on benchmark datasets.
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Chapter 1

Introduction

Dynamical systems are integral tools in modelling, simulating and studying a wide range of
physical processes ranging from the simulation of molecular dynamics to climate prediction.
With growing scientific advancements there is an increased demand for the need to solve
larger, more complex dynamical systems. Most real-world systems have an exceedingly large
number of variables making them difficult to solve numerically. Thus, there is a need for
reduced models which serve as smaller surrogate models while maintaining the input-output
mapping and other essential features of the larger model. To be more precise, we hope that
the responses of the reduced and original system (full system) to the same input u(t) are
uniformly close over all choices of u. In addition, we hope that our reduced model is able
to retain properties like stability, and passivity while also having a similar structure as that
of the original system. For example, the reduced model of a spring balance system (linear)
should be linear. Naturally, it is not possible to expect the reduced system to be able to
preserve all these properties at once but depending on the task and quantity of interest,

different approaches have been developed over the years.

The Loewner framework [1] is a data-driven structure-preserving interpolatory framework
based on Lagrange rational interpolation. It is based on interpolating the transfer function
(input-output map in frequency domain) at points of interest. The framework has been
extended to structured nonlinear systems in Ref. [2 [3]. The AAA algorithm Ref. [4] [5] is
a data-driven algorithm that approximates functions with rational functions. It involves

selecting interpolation points in a greedy fashion and performing rational interpolation until



the original function is well approximated. AAA has proved to be a useful tool in obtaining
ROMs for linear time-invariant systems. The RKFIT algorithm Ref. [6] also approximates

a general function with a rational one, but by constructing Krylov subspaces.

In this thesis, we will be working with two projection-based methods - Balanced trunca-
tion [7] and its data-driven variant Quadrature-based Balanced Truncation [8]. We look at
extending these two methods to more general classes of systems. We also present numerical

experiments with our proposed algorithms in the respective chapters.

1.1 Problem formulation

Suppose we are given a dynamical system X,, given by the following set of differential equa-

tions -

where x € R"y € R™ and u € RP. We want to find a reduced order model which has the

same structure as 3,, with dimension k£ << n. In other words, find ¥,

I
~,

Xk (Xk, u)xk + g(Xk, u)u

Sf h(Xk, ll)Xk

where x € R¥, 3 € R™ and u € R? subject to problem related constraints. For example, the
Balanced truncation algorithm provides us with 33, which preserves stability and the Hankel
singular values of the original system while also providing error bounds in the H., norm.

More details can be found in Sec. 2.8

In this thesis, we focus on the special case of time invariant systems i.e. systems where
f, g, h are independent of ¢t. For simplicity, we will only consider the case where m = p =1,
the single input, single output (SISO) case. The different classes of systems we will be con-
sidering are linear systems, linear systems with quadratic output (LQO), bilinear systems
with quadratic output (BQO) and quadratic bilinear systems (QB). A detailed discussion of

these systems will be given in the relevant sections but a rough definition of these systems
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can be found in Fig.

LQO systems 30 BQO systems XBQO

x = Ax + Bu «— x=Ax+ Nxu + Bu

y = Cx + x' Mx y = Cx + x' Mx
Linear systems Bilinear systems 3P Quadratic bilinear systems 2®P
x=Ax+Bu x=Ax+Nxu+Bu«— x=Ax+ Nxu+ H(x ®x) + Bu
y = Cx y = Cx y = Cx

Figure 1.1: Classification of systems

1.2 Outline of the thesis

In Chap. |2, we introduce some of the preliminary definitions that form the basis of the work
in the other sections. We begin by defining relevant norms in Sec. and useful matrix
operations in Sec. 2.2l This is followed by defining linear time-invariant systems which is
used to introduce the concepts of kernels (Sec. , reachability, observability (Sec. and
gramians(Sec. . These are then used to define the energies of a state in Sec. which
motivates the balanced truncation algorithm. Sec. describes the balanced truncation
algorithm in detail. We discuss projection-based methods, the mathematical formulation
of BT, the BT algorithm and some numerical examples that show the performance of BT
with the ‘heat’ benchmark model. Sec. introduces the data-driven Quad BT algorithm
for linear systems. We present the Quad BT algorithm, some error bounds for the ROM
obtained by Quad BT and some numerical results to demonstrate the performance of Quad
BT on the iss1R benchmark model.

In Chap. [3, we motivate the need for a reduction method specifically for bilinear systems
with quadratic output. Sec. presents a method using lifting methods and highlights
the problems with this naive approach. We begin working towards BT for BQO systems
by deriving the expression for the kernels of the BQO systems in Sec. [3.2] and the BQO
gramians in Sec. [3.3] We also derive the gramians using the adjoint system of the BQO
system in Sec. and notice that the two methods lead to the same definition. Following

5



this, we present the balanced truncation algorithm for BQO systems in Sec. and some
numerical results of our algorithm on the burgers bilinear benchmark model in Sec. [3.6] We

propose the BT algorithm using truncated gramians in Sec. [3.7]

In Chap/] we extend the Quadrature-based balanced truncation method to linear systems
with quadratic output. The first section defines the kernels and gramians for LQO
systems. We then proceed to approximate the intrusive terms in balanced truncation with
quadrature terms (data matrices) and present the Quad BT algorithm in Sec. In Sec.
we address some of the computational issues of the method and propose ways to get around
them. Sec. shows the extension to the MIMO case and Sec. compares the performance
of Quad BT with BT on the iss1R dataset.

Chap. 5| is the main contribution of this thesis wherein we extend Quad BT to quadratic
bilinear systems. First, we enumerate the kernels of QB systems (Sec. using the Volterra
series representation. This is followed by defining the gramians and truncated gramians for
QB systems (Sec. . Having laid the groundwork, we define the quadrature-based gramians
(Sec. and show that the key terms appearing in QuadBT can be replaced by data-based
matrices (Sec. which ultimately gives us the Quad BT algorithm for QB systems. We
offer suggestions and tricks to improve the computational feasibility of our algorithm in
Sec. [5.5] Finally, we provide some numerical tests that evaluate the performance of the

algorithm in Sec.

1.3 Original Contribution

LQO systems 3XHQ0 BQO systems B0
BT defined in [9] — BT defined in Chap.
QBT defined in Chap. [4]

Linear systems X Bilinear systems X1 Quadratic bilinear systems 38
BT defined in [7{] ——— BT defined in [I0] —— BT defined in [12]
QBT defined in [§] QBT defined in [11] QBT defined in Chap.

Figure 1.2: Summary of the contributions of this thesis and how they fit in the literature



Fig. summarises the type of systems we study in this thesis. Chapters [3 ] and
contain the three original contributions of this thesis. In Chap. [3| we define the kernels, and
gramians of BQO systems and present the balanced truncation algorithm for the first time.
We also suggest the use of truncated Gramians for faster implementation of BT to obtain
ROMs. In Chap. [4] we derive the extension of Quad BT to LQO systems. We also show the

efficiency of the suggested algorithm with some numerical examples.

Chap. [p|is the main contribution of the thesis where we derive the extension of Quad BT
to QB systems. In Sec.[5.1] we propose a notation to enumerate the QB kernels and use these
kernels in deriving the results of Sec. 5.4 As far as the author knows, such enumeration
of the QB kernels has not been stated explicitly in the literature. Thm. [5.4.1], [5.4.2], [5.4.3]
}5.4.4] and [5.4.5| are the main results of the thesis and form the basis of the new Quad BT

algorithm presented in Algo. [6]






Chapter 2

Preliminaries

In this chapter, we introduce some important definitions of system theory and model order
reduction. Most of the definitions and results in this section can be found in Ref. [13] 14,
15], 16, [17]

2.1 Norms

In this section we introduce some of the norms that will be relevant for future discussions.

Definition 2.1.1. The H-Infinity norm ||H||w of the linear system H is defined as the

supremum of the largest singular number of its transfer function over the imaginary axis:

[Hlloo = sUp Omax (H (jw)),

weR

Definition 2.1.2. The Frobenius norm of a matriz A (denoted by |Al|r) is defined as
[A[lr = V/tr(A*A)

where A* denotes the complex conjugate of the matriz A.

Definition 2.1.3. The 2-norm of a matriz A is defined as

HAH2 =V Amam(A*A)

9



2.2 Matrix operations

In this section we introduce some of the matrix operations that become important in the
study of nonlinear dynamical systems. We begin by defining the vectorization and Kronecker

product for matrices.

Definition 2.2.1. [15] Let X = [x1,...,Xp] € RV and Y = [y1,...,y,| € RP*7.

X1 1Y ... 1, Y
vec(X) = : eR"™ XY = : : c RrPXma

X 1Y .. TomY

Proposition 2.2.1. [75] Let A € R™™ B € RP*9,.C € R™" D € R™* and E € R™.
Then the following equalities hold

a) vec(ACE) = (ET ® A) vec(C),
b) (A B)(C®D)=(AC)® (BD).

Definition 2.2.2. [10] Let X' € R™"™*" be q three-dimensional tensor which is described
by the matrices X' e R™" j e {1,2,...,n} (the so-called frontal slices). Then, the
mode- (1 matricizations (for p € {1,2,3} ) are given by

X(l) —X = [ Xiens Xéens o X;flens } ’ X(Q) _ |: (Xiens )T (Xgens )T o (X;Slens )T :| :
T
X®) = [ vec (Xiems ) vee (X&) .. vec (Xfens)

Property 1. Given vectors u,v,w € R" and consider H € R™"* qs the 1-matricization of

a tensor H. Then we have,
w Huev)=u HYPvew) (2.1)
where H? is the 2-matricization of H.

10



2.3 Linear Time Invariant systems

Linear time invariant systems are the simplest class of systems and hence are the perfect

starting place to begin our study.

Definition 2.3.1. An LTI system X is a dynamical system given by the following set of

differential equations -

y(t) = Cx(1), (2.2)

where A € R B € R™?, C € R™™, u(t) € R?,x(t) € R" and y(t) € R™. The dimension
of the system is defined as the dimension of the LTI system i.e. dim(X) = dim(x) = n.

The linear system X is stable if all the eigenvalues of A are in the left half plane i.e. if the
system has stable dynamics for u = 0. The expression of the output can be easily calculated
by solving Eq. [2.2] Let us denote the solution of Eq.[2.2] at time ¢, from initial point xq with

input u, as ¢(t;xp; u). Then we have,

t
d(t; xp; 1) = A0, +/ AU Bu(s)ds.

t
Otft()

— eA(t_tO)xo + / eATBu(t — 7)drT,
0

t—to
= / eA'Bu(t — 7)dr  (assuming x = 0)
0

y(t) = /Ot—to h(t)u(t — 7)dr (where we denote h(t) = Ce'B). (2.3)

In fact, Eq. shows that the output of the LTI system can be expressed as a convolution
of h and u.

2.4 Input-Output representation of dynamical systems

Def. is not the only way to define a linear time-invariant system. As seen in Eq.[2.3] the

LTT system can be characterised as a function or operator that gives output y(¢) for input

11



u(t). Note that the kernel h(t) of the LTI system describes the impulse response of the
system ¥ i.e. the system has output h(¢) for u(t) =1 at ¢ = 0 and u(t) = 0 otherwise. In

the nonlinear case, we can write the output of the nonlinear system as a linear combination

of multiple kernels (see Sec. and [5.1]).

Definition 2.4.1. The input-output mapping of a dynamical system can be expressed using
kernels h which act on delayed versions of the input u(t) to give the output y(t). In the
linear case, we have Ejq. and more generally in the nonlinear case we can express the

output as,

y(t) = /Oth(t)u(t —ty)dt, + /Ot /Otl h(ty, to)u(t — t)u(ty — ty)dtadty + ...

The kernels allow us to express the system in an input-output representation in the
time domain. Similarly, we can define transfer functions which serve as the input-output
transform in the frequency domain. Before defining the transfer function we must define the

Laplace transform of a function f(¢).

Definition 2.4.2. Laplace transform(LT) of a function f(t) is defined as

L(f)(s)=F(s)= [ [f(t)e™dt
-
(assuming the integral converges). The Laplace transform allows us to transform a differen-

tial equation into an algebraic one.

Definition 2.4.3. The transfer function H(s) of a system is defined as the ratio of the
Laplace transform of the output signal to that of the input signal.

The transfer function is the Laplace transform of the linear kernel for LTI systems. We have

the expression,

H(s) = C(sI— A)"'B.

In this thesis, we will mainly focus on working with the time domain description - kernels
but we briefly introduce the frequency domain description for completeness. It is worth
noting that most of the methods introduced in subsequent chapters can be extended to the

frequency domain as well.

12



2.5 Reachability and Observability

The concept of reachability provides a measure of how easy it is to reach a state from the zero
state. Analogous to reachability, we also have the concept of observability which describes
how easy it is to distinguish a state from a zero state. Many reduction techniques utilise
the reachable and observable spaces of a system to construct reduced models. First, let us

define the reachable and observable states and sub-spaces for LTI systems.

Definition 2.5.1. Given a linear system X, a state X is reachable from the zero state if

there exists a time T < oo and an input function U(t), of finite norm (||u)|* < oo, where
[@)? = (u,u) = [ uT(t)u(t)dt ), such that X = ¢(T;0; 7).

Definition 2.5.2. The reachable subspace X" C X of X is the set containing all reachable
states of 3.

Definition 2.5.3. A state x € X is unobservable if y(t) = Co¢(t;X;0) = 0 for all t > 0,
i.e., if X is indistinguishable from the zero state for allt > 0. X is (completely) observable
Zmewbs — {0}

Definition 2.5.4. A stable LTI system X that is both reachable and observable is called a

minimal system.

We can go one step further and define the reachable (observable) energies for a state but

before that, we define the infinite time reachability and observability gramians.

2.6 Infinite time Gramians

Two key quantities in the study of dynamical systems are the reachability and observability

infinite time gramians, simply referred to as Gramians.

Definition 2.6.1. Given a stable LTI system X, the reachability gramian P and the observ-
ability gramian Q for 3 are defined as,

P = / ABBTeA Mt (2.4)
0
Q= /O eACTCeMdt. (2.5)

13



The definition of the gramians is realization dependent i.e. the gramians vary with change
in coordinates of the original system. To see this, consider a realization ¥ = (A,B, C)
with gramians P, Q and a transform T acting on X giving a transformed system X, =
(TAT-!, TB,CT™'). The gramians of X7 - Py, Qr are given by,

Pr= / TeA'BBTeA ' T dt,
0
= TPT"'.
Qr = / T TeACTCeAT 4,
0

=T 'QT .

Even though the gramians are realization dependent, the eigenvalues of the product PQ
are preserved under such an equivalence transformation i.e. Ap,q, = Arpqr-! = Apq-
These system invariants are called the Hankel singular values and are used in choosing the

truncation index for balanced truncation introduced in Sec. 2.8

Definition 2.6.2. The Hankel singular values (o1, ...,0,) of a stable LTI system % are
defined as the square roots of the eigenvalues of the product PQ, where P and Q are the
gramians of . Assuming the eigenvalues (A, ..., \,) of PQ are arranged in descending
order such that Ay > Xy > ... \,, we have

O-k:\/)\_k-

The definition of the gramians given in Defn. however is difficult to work with in
practice since it involves calculating indefinite integrals. Luckily Prop. below offers us
a way out. It states that P and Q satisfy linear Lyapunov equations which can be solved

efficiently to obtain the Gramians.

Proposition 2.6.1. The gramians of a stable LTI system 3 satisfy the following Lyapunov

equations,

AP +PAT +BB' =0,
ATQ+QA+C'C=0.

14



The solutions P and Q are symmetric positive-semidefinite matrices and in the case that
3} is minimal, the gramians are symmetric positive definite. We can also compute square
factors L, U € R™" (using Cholesky factorization) so that P = UU' and Q = LLT. We

make use of this factorization extensively throughout the thesis.

Remark 2.6.1. The Lyapunov equations given in Prop. are linear matriz equations

and hence have unique solutions when the system is stable.

2.7 Energy associated with a state

Building on the concepts introduced in Sec. 2.5 we also have two energies associated with a

state - reachable and observation energy.

Definition 2.7.1. [13] The reachable energy of a state x, is the minimal energy input which
steers the system to the desired state (not necessarily in finite time) from the zero state.
Assuming stability and (complete) reachability, this minimal energy is given in terms of the

reachability gramian as x P~1x,.

Definition 2.7.2. [13] Similarly, the observation energy produced by the state X, is equal
to the largest energy output produced when the system is left at state x, and decays to the
zero state. Assuming stability and (complete) observability, this mazimal energy is similarly

dependent on the observability gramian and is equal to x. Ox,.

The energies associated with the state quantify how reachable and observable a state is.
Intuitively, a state with low observation energy means that the state releases less energy
when decaying to the zero state thereby making it difficult to observe. Similarly, a state
with high reachability energy is one that requires high energy to reach from the zero state

and hence is difficult to reach.

2.8 Balanced Truncation

Balanced truncation (BT) is one of the oldest, most popular model order reduction techniques

that allow one to obtain ‘balanced’ lower order models of a system (Ref. [7]). It is within
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the framework of projection-based methods. This method has been developed and improved
over the years - see [I8, [19, 20} 21].

2.8.1 Motivation

The core idea of balanced truncation is centred on the two energies mentioned in Sec. 2.7
We want our ROM to retain important states and disregard the less important ones. In other
words, remove states that are difficult to observe (low observation energy) and states that
are difficult to reach (high reachability energy). This brings us to our first dilemma - the
two energies are not compatible in general! States with low observation energy might have
small reachability energy and vice versa. To see this consider the case where the eigenvector
(say v) of P with the highest eigenvalue is the eigenvector of Q with the lowest eigenvalue.
Pick a point x4 along v. In this case, the reachability energy for x, is low making the state
easy to reach but the observability energy is also low, making the state difficult to observe.
The solution to this problem is to pick a coordinate transform that makes the two quantities

compatible. Mathematically, this problem equates to simultaneous diagonalization of P and

Q.

Proposition 2.8.1. For a reachable, observable, stable LTI system 3, there exists a linear
transformation T such that TPT'T = T-TQT ! = S = diag(oy, 09, ...,0,).

Proof. Since P is positive semi-definite, compute the Cholesky factors P = UUT and find
the eigenvalue decomposition of UTQU = KS'/?K". Now T = S/?K"U! is the desired
transformation. It can be checked that TPTT = T-TQT! = S.

Remark 2.8.1. The construction of the balancing transformation given in Prop. 18
not very practical since the singular values of P are often very small, thereby making the

calculation of UL ill-conditioned.

Definition 2.8.1. A reachable, observable stable LTI system X is said to be balanced if
P = Q and principle axis balanced if P = Q = diag(o1,...,0,). The transform T that

transforms X to a balanced system is called a balancing transformation.
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2.8.2 Relation to projection-based methods

Before mentioning the balanced truncation algorithm, we introduce the framework behind
projection-based methods for LTI systems. The general idea is to construct projection matri-
ces YV € R™" W € R™" and use them to project the system matrices A, B, C to a subspace
of dimension r. The projection matrices are constructed by choosing V such that x ~ VX,
and forcing the condition that W L (Vx, — AVx, — Bu). This gives us,

wTve T T
OVVI Vx, WAAVXT—FV\;Bu,

y =CV x,
Cr
such that ||y — y|| is sufficiently small. The balanced truncation algorithm fits into this
framework and the projection matrices V and W are calculated from the square root factors

of the Gramians as shown in Algorithm [1}

Remark 2.8.2. The W'V term need not be orthogonal in general but is true by construction

in Balanced truncation.

2.8.3 Mathematical formulation

Given a balanced realization 3 = (A, B, C) with gramian P = diag(oy,...,0,), partition

the system

A11 A12
A21 A22

B,
B,

Cy
C,

Py
P,

A: B: ,C: P:

? ?

where A;; € R™" B, € R™™ R, € RP*" P, € R™".

Definition 2.8.2. Let 3; = (Aj;, B, Ci), 1 € {1,2} be defined as the reduced systems ob-

tained by balanced truncation.

Remark 2.8.3. The reduced system 31 is a usually a good approrimation of 3 if o, >> 0,.41.

We present the balanced truncation algorithm below. Note that we don’t explicitly compute

the balancing transformation like in Prop. but perform the balancing and reduction in
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one step. This sidesteps the numerical errors and difficulties in computing the ill-conditioned

matrices in Prop.

Algorithm 1 Balanced Truncation for LTI systems
Given: LTI system given by matrices A € R**" B € R"*™, and C € RP*™.

Output: BT reduced-system: A, € R™*" B, € R™™ C, € RP*".

1. Compute the Lyapunov factors U, L € R™*" for P,Q and pick a truncation index, r.

2. Compute the SVD of the matrix LU, partitioned as follows

o[z ][5 ][]
2

where S; € R™" and S, € R(r—m)x(n=7)
3. Construct the model reduction bases W, = Llefl/2 and V, = UY18II/2

4. The reduced-order system matrices are given by

A, = WTAV, = 8727 (LTAU) Y,S;7"?,
B, = W/B = 8;"/?Z] (L'B),C, = CV, = (CU)Y,S; /2

Although balanced truncation does not ensure optimality of the ROM in a norm, it offers
prior error bounds in H. norm as shown below in Thm. 2.8.2] It is easy to see that since
we are merely truncating the matrices, the ROM continues to be stable if 3 is stable and
the HSVs of 3; are a subset of 3. This is important since many other MOR methods do

not preserve the stability of the original system.

Theorem 2.8.2. Given the reachable, observable, and stable (poles in the open left half
plane) continuous-time system X, the reduced-order systems ¥;,1 = 1,2, obtained by balanced
truncation have the following properties:

e 3, is balanced and has no poles in the open right half plane.

o Let the distinct singular values of 3 be o; with multiplicities m;, 1 = 1,...,q. Let

31 have singular values o;,1 = 1,...,k, with the multiplicity m;,e = 1,...,k, k < q.
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The Hoo-norm of the difference between the full-order system 3 and the reduced-order
system 1 1s upper bounded by twice the sum of the neglected Hankel singular values,

multiplicities not included:

19 = Sl <200+ +0,).

2.8.4 Numerical example

We show the performance of balanced truncation with the [heat] model which is a benchmark
single-input single-output (SISO) LTI model with dimension 200. The Hankel singular values
of this model quickly decay to machine precision (= 107'%) as can be seen in Fig. We
pick truncation index r = 20 since the singular values that are neglected are of machine
precision. We follow the steps mentioned in Algorithm 2| and plot the Hankel singular values
of the ROM in Fig. 2.1 As it turns out the original system with n = 200 can be well
approximated by a surrogate model with dimension 20. The absolute error of the FOM and
ROM response to input signal u(t) = 5sin(rt/5)e "% is of the order 1071,

Decay of the HSV for FOM and ROM

-
o
o

HSV (log scale)
S
3

10-20
Index
Response of FOM and ROM to input u(t) = 5sin(rt/5)e""/%
T N T T T T T T T T
004 / 0\ ——FOM ||
2 / \ ROM
= 0.02 / \ N\ .
S / -
/ " N\ y ~ N P
0= | ! ! N L, S
0 5 10 15 20 25 30 35 40 45 50
Time

Figure 2.1: Comparison of the Hankel singular values (top) and output responses (bottom)
of the FOM and ROM
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2.9 Quadrature based Balanced truncation

In the previous sections, we mentioned balanced truncation as a technique for obtaining
reduced-order models for linear systems. A drawback with this method is the fact that it
requires access to the system matrices A, B, ..., which are often not available for real-world
systems. Quadrature-based balanced truncation is a data-driven method [8, [11] that aims
at constructing reduced order models similar to those obtained by balanced truncation but
constructed purely from data without knowledge about the system matrices. Data, in this
case, corresponds to samples of the system kernels (in the time domain) or samples of the
transfer function (in the frequency domain). In this section, we summarise the general idea
and framework behind the method.

2.9.1 Quad BT for LTI systems

The computation of P and Q in classical BT is intrusive since it entails solving the Lyapunov
equations (Prop. involving the system matrices. The core idea of Quad BT is to
replace the system gramians P, Q with quadrature-based approximations of the integrals.
By replacing P and Q with quadrature based approximations - ﬁ, Q we can approximate the
terms LTU,LTAU,LTB, CU appearing in Step 4 of Algo. [I] with LTU,LTAU,L™B,CU
where ﬁ, L are the square root factors of the quadrature approximations of P and O. Finally,
it is shown that these quadrature-based matrices can be expressed exactly as samples of the

kernels of the LTI system. We describe each of the steps in detail in the sections below.

2.9.2 Approximating P,Q

We begin by using quadrature approximation of the integral definitions of P,Q given in
Def. to construct P and Q respectively. The symmetric structure of P and Q allows

us to construct their square root factors U and L as shown below.
P = / A" BBTeA dr = UUT (2.6)
0

Q= /0 A CTCeAldt = LL. (2.7)
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Np Ng
PrP =) plefBB e =UUT Qm~Q=) ¢ “CTCer =LL,
i=1

=1

U~ ﬁ = [pleA‘”B .. .IONPGA“NPB} L~ f; = |:¢1€ATW10T .. ¢Nq€ATqu CT .

Here p;,w; and p;, ¢; are the quadrature nodes and associated quadrature weights for P and
Q respectively. N, and N, denote the total number of quadrature nodes/points being used.

In general, using higher nodes NV,,, N, results in better approximations to P, Q.

2.9.3 Replacing intrusive BT terms with data matrices

The key terms appearing in balanced truncation namely, LT U, LT AU,L"B, CU are ap-
proximated by replacing L and U with L and U. We then show that the elements of the
matrices H = inJ, M = iTAfJ, h=L"B and g = CU can be expressed as samples of
the kernels of the system.

Theorem 2.9.1. Let U and L be defined as in Eqn. then we have,

H = pioshy (1 +wj), for 1<i <N, & 1<j<N,
M = p;d;h) (i +w;), for 1 <i< N, & 1<j <N,
fl:(lﬁjh1<wj)7 fOTlS]SNq

g = pihy (), for 1<k <N,

The theorem above gives us a strategy to derive a reduced-order model using substitutes for
the intrusive terms in balanced truncation. We summarise the Quad BT algorithm for LTI
systems in Algo. 2] and note that we only require samples of the kernels and their derivatives

to obtain the reduced-order model.
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Algorithm 2 Quadrature based Balanced Truncation for LTI systems

Input: Samples of h; and h} quadrature weights pi,...,pn,, @1, ...

My - ,uNp,wl,. .. ,(,LJNq
Output: The reduced order matrices A, B,, C,

,®n, and nodes

1. Construct the data matrices ]ﬁl, I\7JI, H, g using the appropriate quadrature nodes p;, ¢;

as per Thm. 4.2.1)/4.2.2f and [4.2.3] Choose an appropriate truncation index r while

ensuring that » < min(N,, N,).

2. Compute SVD of L and partition the matrices as follows,

(2 2] [* 4 ][ %]

where Zl S RN‘IXT, ZQ S RNqX(Nq*T), gl e R™",
S2 c R(Nq—r)x(Np—r)’ Yil' c R™M and Y;I' € R(Np—)xNp

3. Compute the reduced matrices as follows

A, =S;PZIMY,S;? B, =S;/?Z/h

C.=g'Y/ S

2.9.4 Error bounds for Quad BT

In Ref. [§], the authors provide some error bounds on the singular values of the ROM. They

show that for sufficiently large and well-chosen quadrature nodes, the singular values of the

FOM are well approximated by those of the ROM.

Proposition 2.9.2. [8] Suppose the quadratures in (3.1) and (8.3) produce approximations
P and Q to P and Q, respectively, that satisfy |Q — Q||p < %amin(Q) and |P — P||p <

l%(samin(P) for some 6 € (0,1), where omin(-) denotes the smallest singular value. Then there

exist isometries ¥, € CNex™ and v, € CNax™ guch that

|

L'EU - ¥, (L"EU) U}

- < 20|[E[l2|ILl2[[U]l

22



Let 0y > 09 > --- > 0, denote singular values of L'EU (i.e., Hankel singular values of
(2.1)), and let 61 > G4 > -+ > &, denote the singular values of L*EU. Then,

(Z (0% — 5k)2> < 20| B2 L[|2[[U]l2

k=1

The proposition above holds not only for linear systems but also for other systems like the
ones mentioned in Chap. [l and Chap. [f

2.9.5 Numerical examples

In this section, we show the performance of the Quad BT algorithm on a benchmark dataset.
The first system we use for testing is the International Space Station benchmark (referred
to as [isslr]) [22] modelling the 1r component of the International Space Station. It has a
system dimension of 270, an input dimension of 3 and an output dimension of 3. We only
consider the first component of the input and output to obtain a SISO linear system. In
Fig. , we show the output response of the FOM, ROM obtained by BT (r = 30) and
ROM (r = 30) obtained by Quad BT to input u(t) = 5(cos(5nt) + sin(127t) exp(—0.4t)).
The absolute errors of the outputs are comparable and of the order 107%. Fig. on the
other hand, shows the Hankel singular values of the three systems. We notice that the QBT

ROM closely approximates the true HSVs nearly as well as balanced truncation.
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Figure 2.2: Comparison of the output responses of the FOM and ROM for iss1R system(top)

and comparison of the absolute error between the ROM and FOM for balanced truncation
and QBT
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Figure 2.3: Comparison of the Hankel singular values (top) and output responses (bottom)
of the FOM and ROM for iss1R system
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Chapter 3

BT for bilinear systems with
quadratic output (BQO)

Bilinear control systems are an important class of systems with a wide range of applications
in many fields of applied sciences. For example, bilinear systems represent surrogates for
virtually any class of nonlinear systems with analytic nonlinearities. In this chapter, we focus
on bilinear systems with quadratic terms in their output - bilinear systems with quadratic
output (BQO). A BQO system XBR0 is given by

-
—~
~
SN—
I

Ax(t) + Nx(t)u(t) + Bu(t)
y(t) = Cx(t) + x(t) T Mx(t) (3.1)

where M € R™" A € R™" B € R C € R N € R™" u(t) € R?,x(t) € R" and
y(t) € R. In the literature, the term ‘bilinear systems’ refers to BQO systems with M = 0.
BQO systems (with M # 0) are important when we are interested in studying some form of
energies of a bilinear system. Note that, without loss of generality, we can assume M to be
a symmetric matrix. This follows by observing that replacing x ' Mx with Xwa does
not change the output of the system. Even though there have been many studies on bilinear
systems (with linear output), the theory for BQO systems hasn’t been explored enough (see
Ref. [23]). The naive approach would be to transform these BQO systems into bilinear
systems with linear output (as shown in Sec. using lifting transforms. This would allow

us to study BQO systems using classical methods for bilinear systems. However, enforcing
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the bilinear structure comes at the expense of having a higher state dimension of the lifted
bilinear system. As an alternative, we derive an extension of the classic balanced truncation
algorithm for BQO systems. We begin by using the Volterra series representation for BQO
systems (Sec. to define the Gramians of BQO systems (Sec. . Moreover, we use the

newly defined Gramians to present the balanced truncation algorithm for BQO systems in

Sec. B.A

3.1 Lifting BQO systems to bilinear system with linear
output

The system XB2° can be lifted to a bilinear system 3P by lifting transforms. The x" Mx
term appearing in the expression for y can be written as K(x ® x) where K = vec(M)'.

Now introduce the variable z = (x ® x). Then we have,

Z=XRXRX+XRX
= (Ax + Nxu+ Bu) ® x + x ® (Ax + Nxu + Bu)
= AL+, oA)(xox)+ NI, +L,oN)(x@x)u+ (BI, +I,®B)xu
=(A®IL,+1L,®A)z+(N®L +I,@N)zu+ (B® I, + I, ® B)xu
= Az + Nzu + Bxu.

Define the new system X7 as,

e [=l a2 o w [N 0 )ao[B]ecfe ]
V1 0 A B N 0
We have the state equations of X® given below,
- A 0 X n N 0 X n B
X = _ _ u u
0 A z B N z 0

s [ex][]]
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Note here that u and y are the same as in 3PRC. The lifted system XP has the same
input-output response but different state dynamics and dimensions. The gramians P? and

QP of P satisfy the linear matrix equations,
AP + PPAT 1 NPP’N" +BB' =0 A'Q° +QPA+N'Q’N+C'C=0

The lifted bilinear system has dimension n+n? if the dimension of the original system was n.
This is bad news especially when n becomes large. This highlights the need for an algorithm
to obtain reduced-order models specifically for BQO systems. With this motivation in mind,
we proceed by defining the Gramians for BQO systems and build towards formulating the

balanced truncation algorithm for BQO systems.

3.2 Kernels of BQO systems

Consider a bilinear system XB. The idea is to rewrite the bilinear system as a sum of infinite
subsystems. We consider inputs of the form au(t) where « is an arbitrary scalar. Since the
system P is analytic, we can write the solution as a power series in o, x(t) = >, | a*x (1),
where x;(t) denotes the k-th sublevel of the system. The solution of the system with input

au(t) is now given by

X(t) =) oF%(t) (3.2)

= Ax(t) + aBu(t) + aNx(t)u(t)

=A (i ozkxk(t)> + aBu(t) + aN <§: akxk(t)> u(t) (3.3)

k=1

Since the choice of « is arbitrary, we must have that the terms corresponding to o* in Eq.
and Eq. are equal for all values of k. Using this, we obtain x(t) = > .-, xx(t) with the
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equations for x; given by -

x1(t) = Axy(t) + Bu(t)

Xi(t) = Axp(t) + Nxgp_1(t)u(t) for k> 1

Let z(t) = e A!x(t). Then computing 2(t) we get,
3(t) = —Ae Ax(t) + e A%(t)

For k = 1, we have x, (t) = [}

o e Bu(r)dr. For k> 1,

7, (T) = —e ATAXL(T) + e AT [Axp(T) + Nxp_y (7)u(7)]
zi(t) = /0 e ATNxy_ (T)u(r)dr

xa(t) = /0 AN, (7)u(r)dr

Summing up the x; terms we get,

t 0 t
x(t) :/o eA(t_T)Bu(T)dT—i—Z/O €A(t_T)NXk_1(7')u(T)dT
k=2
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Using this expression to solve for y gives us,

y(t) = C3oxlt) + 303 xilt) M)

i=1 j=1

= / CeA'Budt + / Ce*"'NeA2Budt + / / / CeAMNeA2Ne 3 Budt + . . .
¢ =0 t1=0 Jta=0 Jt3=0

=0 t1=0 J ity

+ / / BT eA '!MeA2Budt + / / / BTeA U MeALNeABudt + . . .
t1=0 Jt2=0 t1=0 Jto=0 Jt3=0

+ /OO /OO /OO BTeA 0N A 2MeABBudt + ...
t1=0 Jta=0 Jt3=0

o0 o0 o0 o0 - -
+---+/ / / / A UNT . NTeA iMeA+ N ... NeAt" Budt + . . .
t1=0 t;=0 Jt;41=0 ti+;=0

(3.4)

Notation 3.2.1. For ease of notation, instead of denoting the dt; in the integrals, we just

write dt. We represent the input factors in the kernels with u.

In Eq. we can see that we have an infinite number of kernels as is the case for nonlinear
systems. Even though we represent the input terms by u, there are actually multiple u(t —
t1),u(t —ty),... terms appearing in the expression. The key takeaway from the equation is

the kernels since we will define the gramians using the structure of these kernels.

Remark 3.2.1. We notice that setting M = 0 recovers the kernels of the bilinear system
(terms in the black box) and similarly, setting N = C = 0 recovers the kernels of the LQO

system (term in the brown boz).
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3.3 Gramians of BQO system

Let PP and QP represent the Gramians of the bilinear system X% = (A, B, C,N) which

satisfy the following equations,
AP? + PPAT + NP’N" + BB’ =0
ATQP+QPA+N'QPN+C'C=0

The expression in Eq. can provide us with some insight into what the definition for the

BQO Gramians should be. Since the state equation is the same as in the bilinear case, the
reachability Gramian P for the BQO system and the bilinear system P? match i.e. P = P5.

Definition 3.3.1. [10] The reachability Gramian P for the BQO system (and bilinear sys-
tem) is defined as

P =P = Z P,
k=1
where
P, (t) = A1 B,
].Sk(tl, . ,tk) = GAtkNPkfl.

The Gramian satisfies the matrixz equation

AP +PAT - NPN' +BB' =0

We define the observability Gramian of the BQO system Q as follows.

Definition 3.3.2. Let QF be the bilinear observability Gramian which satisfies
ATQB i QBA 4 NTQBN + CTC — O
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and Q;; be defined as

Ql,j = €ATtM1§j (fO’f’i = 1)
Qi,j = GATtNTQZ‘_Lj (fO’f’i > 1)

o0 o0 . R
0 0

Then observability Gramian Q is given by Q = QP + > 77, > Qij-

Remark 3.3.1. The Q term can be expressed as a sum of the QP term, which corresponds
to the bilinear Gramian and the newly defined Q;; terms. Each Q;; term corresponds to the

contribution arising from xiTij.

The definitions of these Gramian components are inspired by the kernels appearing in the
expression for y in Eq. Now just like in the linear case, we want to express these
Gramians as the solution of matrix equations. But first, we notice that for i = j = 1 the Qq

component corresponds to the LQO Gramian and satisfies the following Lyapunov equation,
ATQu +QuA +MP M =0

We divide the rest of the components into two cases, (i = 1,7 > 1) and (: > 1,5 > 1).

Proposition 3.3.1. Suppose we have a stable BQO system X, the Gramian components Qy;
for j > 2 in Defn. satisfy the following Lyapunov equations,

ATQi; + QA+ MP,M =0

Proof. We begin with the case (i = 1), Qy; for j > 2. We make use of the fact that A has
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negative eigenvalues (X is stable) and hence eA! approaches 0 as t — co.

ATQU + QUA = AT/ eATthPjMeAtldtl

t1=0

+ / eATIMP; MeAt Adt
t

=0
= / d(e™ 'MP;Me™?)
t=0

— | T'MP; M|
t=0

= -MP,M O

Now let’s consider the ¢ > 1 case,

Proposition 3.3.2. Suppose we have a stable BQO system X, the Gramian components Q;;
for i > 2 in Defn. satisfy the following Lyapunov equations

ATQ;+ QA+ N'Qi ;N =0

Proof. The expression for Q;; is given by,
Qz] = / €ATtNTQi,LjN€Atdt
t=0
Now we follow the same procedure as in Prop. and make use of the stability of 3.
ATQij + QZJA = AT / €ATt1NTQZ’_LjN€At1dt1
t1=0
+ / BATtl NTQZ‘_LJ‘NGAtlAdtl
t1=0
= / d(eATthTQZ‘_LjNeAtl)
t

1=0

T 00
— |:€A tNTQi—l,jNeAt Ly

- —NTQZ',L]‘N D

Corollary 3.3.3. Suppose we have a stable BQO system X, the observability and reachability
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Gramians P, Q satisfy the following Lyapunov equations

AP +PA"T + NPN' +BB' =0 (3.5)
ATQ+QA+MPM +N'QN+C'C=0 (3.6)

Remark 3.3.2. We notice that setting N = 0 recovers the Lyapunov equation for the LQO

Gramian. Similarly, setting M = 0 recovers the matrix equations for the bilinear Gramians.

Theorem 3.3.4. Let reachability Gramian P and observability Gramian Q solve Eq.
and|[3.6. Then, we have the following results

(a) If x € ker(P), then x is unreachable.
(b) If P > 0 and the state x € ker(Q), then x is unobservable.

Proof. (a) The proof for this part is the same as in the bilinear case given in Ref. [10]. (b)
The observability Gramian Q satisfies the equation,

ATQ+QA+MPM+N'QN +C'C =0. (3.7)
Let v € ker(Q), multiply the above equation by v from the right and v from the left.

v (ATQ+QAv+MPM+N'QN+C'C)v =0,
= v MPMv+v N'QNv+v'C'Cv =0,

Since the terms MPM, NTQN and C' C are positive semi-definite matrices, we have PMv =
0, QNv = 0 and Cv = 0. Multiply Eq. by v from the right,

ATQv+ QAv+MPMv+N'QNv+C'Cv =0
This gives us QAv = 0. Let q" € Im(Q) and x € ker(Q),

x(t) = Ax(t) + Bu(t) + Nx(t)u(t)
q'x(t) = q" Ax(t) + q' Nx(t)u(t)
=0 (Since QAx =0 and QNx = 0)

This implies that if x € ker(Q), then x € ker(Q). Thus a state in the kernel of Q remains

in the kernel. We assumed P > 0 which means the system is controllable and hence we can
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write x = Px,.

y(t) = Cx +x' Mx
= Cx + x) PMx
=0 (Since PMx =0, Cx =0 for x € ker(Q))

The output y(¢) is 0 whenever x € ker(Q) and a state in the kernel of Q continues to be in the

kernel. Thus, the state x is indistinguishable from the zero state making it unobservable. [J

3.4 Observability from the dual system

We defined the observability Gramian for the BQO system in the previous section. In this
section, we show that the Gramians can also be derived as the reachability Gramian of the

dual system. With this motivation in mind, consider a nonlinear system of the form

_ { x(t) = A(x, u, )x(t) + B(x,u, )u(t), 38)

+ B(x, u,
y(t) = C(x,u,t)x(t) + D(x,u,t)u(t), x(0) =0

We make use of the result mentioned in Ref. [24] to construct the state space realisation of
the dual system. In the BQO case we have, A(x,u,t) = A+Nu, B(x,u,t) =B, C(x,u,t) =
C+x'M and D(x,u,t) = 0.

Lemma 3.4.1. [2])] Consider the system given in Eq. with the initial condition x(0) = 0.
Assume that the input-output mapping is given by operator ¥.: Ly(2) — LE(QY). Then, the
state-space realization of the nonlinear Hilbert adjoint operator ¥* : LET™(Q) — L3(Q) is
given by
x(t) = A(x,u,t)x(t) + B(x,u, t)u(t),
Y= X4(t) = —AT(x,u,t)xq(t) — CT(x,u, t)uy(t),
ya(t) = BT (x,u,t)x4(t) + DT (x, u, t)uy(t),

where x4(t) € R, uy(t) € R?,x(0) = 0,x4(00) = 0 and y4(t) € R™ can be interpreted as the

dual state, dual input and dual output vectors of the system, respectively.
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The dual system is given by,

X(t) = (A +Nu(t)) xq(t) = (C + Mx(t))uy(t)
x4(t) = —(A +Nu(t))"x4(t) — CTug(t) — Mxuy(t),

= —ATxy(t) — NTu(t)xq(t) — CTugy(t) — Mx(t)ugy(t),
ya(t) =B xy(t)

Y=

Now, we solve for the x; and calculate the Volterra series representation. Using the Volterra
representation, we derive the reachability Gramians for the dual system which we realise

gives us the observability Gramians for the BQO systems.

Define the term z(t) as z(t) = e tx4(t). Then we have,

. T Ty
z2=ATe? 'x,+ e %y

T T T
= —e® 'NTuxy; —e® ‘CTuy — e® "Mxuy

(3.9)
Integrating z(t) backwards in time we get,
too toL too
z(t) :/ eA UNTU(U)Xd(U)dU—l-/ e “CTud(a)dU+/ e “Mx(o)ugy(o)do
(3.10)

We obtain the following expression for x4(t) using z(t) = e* ' 'x4(t) and performing a suitable

variable transform.

0 0
xq(t) = / A TN (T + 8)xg(T + ) dT + / A TCTuy(r +t) dr

J

= T ” r,
0
+ / ATTMX(T 4 Hug(r + 1) dr (3.11)
> T

There are three terms in the expression for x; and we examine them one by one. The term I'y
corresponds to the linear observability kernel, using this we obtain the Gramian component

- QP = fooo eA"'CTCeAldt. Let’s move on to the I's term. Substitute the expression for
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x(t 4+ 7) to get,

0 t+7
I3 = / A'™™M (/ AMBu(t + 7 — oy)ug(t + T)da) dr
0

o0

0 t+1 o1
+ / eA'TM ( / / ANeA2Buy(t 4 7). . . dm) dr
[e's] 0 0

Observing the trend we notice that the terms appearing in I's correspond to the Gramian
components Qq; for j > 1. Finally, we have the I'; term which can be simplified by replacing
the x,4(t + 7) with the expression in Eq. [3.11] This gives us,

J

0 70
I = / / ATTNTA N Xy (1 + t+ o) ult + 7). .. doydr

I

0 [0
+ / / eATTNTeAT‘“CTJud(T +t+oy)u(t + 7)doydr
o J oo I?].TQ

0 [0
+ / / eATTNTeATmMX(T + t)ug(T + t)u(t + 7)dodr

i

v~

I3

We notice a similar pattern as in Eq. the T'; 5 term corresponds to Q¥ Gramian compo-
nent and I'y 3 component gives us the Qg ; components for j > 1. Continuing this method of
substituting Eq. in Ty, .. gives us the components QF, Q. ; for j > 1. By summing
all the Gramian components we obtain the same expression as in Def. [3.3.2],

Q=) Q7 +> ) Q.
k=1

k=1 j=1

3.5 Balanced truncation for BQO systems

Now we follow the standard BT procedure. Calculate the low rank factors of P and Q as
P =UU' and Q = LL". Just like in the linear case, we construct projection matrices ¥, W
using the SVD of the term LTU. The form for the reduced terms for A, B, C, N remain the
same as in Ref. [10] - WTAY, WTB,CV, W NV, the final term M becomes V' MV. The

balanced truncation algorithm for BQO systems is stated below.
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Algorithm 3 Balanced Truncation for BQO systems

Input: LTI system given by matrices A € R"*" B € R"™™ and C € RP*" M € R"*" N €
Rnxn.
Output: BT reduced-system: A, € R™" B, € R™™ C, € RP*" M, € R"™*" N, € R™*".

1. Compute the Lyapunov factors U,L € R™*" for P,Q and pick a truncation index, r.

2. Compute the SVD of the matrix LU, partitioned as follows

o-lz 2] [* 4]
2

where S; € R™" and S, € R(r=—m)x(n-7)
3. Construct the model reduction bases W, = Llefl/2 and V, = UY18;1/2

4. The reduced-order system matrices are given by
A, =W AV, =S’z (LTAU) Y,$;"” L. =WV, =s""Z] (LTU)Y,s;"?

M, = VMV, =S$/’Y(UTMU)Y,S;"* N, =WNV, =S;"*Z] (LTNU) Y,S;"”
B, = W/B=s5,""7Z] (L'B), C, =CV, = (CU)Y;S; 2.

Remark 3.5.1. In BT for BQO systems, we only have to solve for matriz equations of
dimension n instead of n + n? like in the case we lift to a bilinear system. Moreover, since
the algorithm doesn’t require P and Q explicitly we can use low-rank approximations of the

square root factors for faster implementation.

Given a system 3BQO with positive definite Gramians P, Q > 0, we can always find a T
such that the Gramians of the transformed system is balanced (see Sec. [2.8). Now consider
the system ¥ = (A, B, C,N, M) is balanced and partition the system as follow:

A _ All A12 71\/[ _ 1\/Ill 1\/Il2 ,C _ C1 7
L A21 A22 ] M21 M22 C2
[N, Ny | S B

N=| " 2 p=|"" B=|_"']. (3.12)
i Nj; Ny ] Sa B,
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In balanced truncation, the subsystem EEQO = (Ay1,B4,Cq,Nyp, M) is the reduced order
model of 3PRC. Now assuming we start with a balanced system, we have that the system
3BQO gatisfies the observability Lyapunov equation for BQO systems in Eq. .

-
A A S1 n S1 A A .
A Ay Sa Sa A Ay C,
T
. M, My, S1 M, Mo N Ni1 Ny S1 Ni; N _0
Mj; Moy Sa Mj; My N2; Ng S No1 Ny

The block matrix representation gives us four matrix equations, but we are mostly interested

T
C,

&

C,

in the first equation, which involves terms from the upper left subsystem.

AlTlSl +S1A11 + M S1My; + MpSoMy + ClTCl + NlTlSan + NQTlS2N12 =0,
:>A1T151 +S1A; +M;1S1 My + ClTC1 + N1T131N11 = —(NlTQSQNm + M;5S5Ms,).
(3.13)

Similarly, for the reachability Gramian, we have that the reachability gramian satisfies

the Eq.
- T
A Ap S n S A Ap B, B,
Ag Ay Sa I So A Ay B, B

+ Nll N12 Sl
N21 N22 SQ

Using the block matrix representation in Eq. gives us four matrix equations, but
we are mostly interested in the first equation, which involves terms from the upper left

subsystem.

T
Nll N12 -0
N21 N22

AlTlSl +S1A; + CIC1 + NlTlS1N11 + NQTlSlez =0,
=A[S; +S1A;; +C/C, + N/|S|N;; = —(N[,S;Ny,). (3.14)
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We now try to find under what conditions our reduced order model is balanced i.e.
P. = Q, = S;. The reduced system is also a bilinear with quadratic output and hence its
Gramians must satisfy the BQO Gramian equations given in Eq. and [3.5]

ALQ + QA + M P My + N[ Q. Ny, + C{Cy =0 (3.15)
AP, +P, A/, +N,P.N/, + BB/ =0 (3.16)

Comparing Eq. [3.13] with Eq. and we notice that the solutions Q, and P,

are equal to S; only when Ni5,No; and My, are all zero. This is not true in general, so

the reduced model is not balanced. However, we notice that the matrices on the right-hand

side in Eq. [3.13] and [3.14] are symmetric positive semi-definite. This means that S; is a

generalised Gramian of the reduced system 3B and the reduced system is balanced in the

generalised sense as mentioned in Ref. [25].

3.6 Numerical results

In this section, we test the performance of the proposed BT algorithm for BQO systems
given in Algorithm [3] The benchmark model we consider is the Burgers bilinear model [26].
The model has a state dimension of 240 with a single input and a single output. As shown
below, we construct a reduced-order model with truncation index r = 18. The following
figure shows the output response of the FOM, ROM and FOM with M = 0 to the input
signal u(t) = 5(cos(2nt) + sin(127t)e%4) and the Hankel singular values of the FOM and
the ROM. We notice that the HSVs of the ROM match with the first 18 HSVs of FOM
and the output response of the ROM is similar to that of the FOM. The error between the
FOM and ROM is of the order 1. The absolute error can be made smaller by increasing
the truncation index but that comes at the expense of having to work with a larger reduced

model.

3.7 Truncated Gramians for BQO system

The solution of the matrix equations given in Eq.[3.5]and Eq. [3.6)involve using iterative meth-
ods like ADI solvers which can be difficult to solve efficiently. We propose using truncated
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FOM (blue) versus ROM (red) outputs versus FOM with linear output (yellow)
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Figure 3.1: Comparison of the output response and Hankel singular values of the FOM and
ROM obtained by BT

gramians as a means of avoiding such methods. We notice that the gramians in Def.
are defined in a recursive manner. Moreover, the matrix equation satisfied by Q;; depends
on Q;_1; or Pf depending on the value of 7. We can make use of this nestedness and define

the truncated gramians P, and Q, for the BQO system.
Definition 3.7.1. We define the truncated gramians P, and Q. as,

PT:P1—|—P2
Q. =Q7 +QF + Qi1 + Quz + Qa1 + Quo.

where the terms appearing on the RHS are as defined in Defn. [3.3.1 and Defn. [3.3.3.

Corollary 3.7.1. The truncated gramians satisfy the following equations,

AP, + P, AT+ NP,N"+BB" =0
ATQ. + QA+ CTC+NTQPN + M(P; + Py + Qi1 + Q12)M = 0.

We solve for the terms - P, Py, QP QP Q11, Qy2 in that order to ensure that we only
need to solve Lyapunov equations. Now we can proceed in the exact same way to construct

L, U from the truncated gramians Q, and P,.. The new algorithm for balanced truncation
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of BQO systems remains the same as in Algorithm [3| with the only difference being that we

construct the square root factors for P, and Q; instead of P and Q.

FOM (blue) versus ROM (red) outputs versus FOM with linear output (yellow)
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Figure 3.2: Comparison of the output response and Hankel singular values of the FOM and
ROM obtained by BT using truncated gramians

In Fig. [3.2] we use the balanced truncation algorithm using the truncated gramians to ob-
tain a reduced model of the heat transfer model mentioned in Ref. [23]. The state dimension
of the full-order model is 225. We plot the output response of the FOM and ROM to input
signal u(t) = 5(cos(2t) +sin(127t)e%4) in the upper plot and the Hankel singular values of
the FOM and ROM (r = 30) in the bottom plot. We only show the first 60 HSVs of the FOM
since we are only interested in the dominant HSVs and the latter HSVs are close to machine
precision. Despite the fact that we used an approximate gramian (truncated gramian), we
observe that the ROM has HSVs which closely match the 30 dominant singular values of the
original system. This example supports the idea of using appropriate truncated gramians to

avoid numerical issues encountered while solving the matrix equations Eq. and (3.6
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Chapter 4

Quad BT for LQO systems

We start by considering the extension of Quad BT to linear systems with quadratic output
(LQO). This class is a sub-case of the BQO systems discussed in Chap. |3| and is obtained
by setting N = 0 as shown in Eq. {.1] Thus, we will be using many of the results from the

previous chapter in this chapter without deriving them again for the LQO sub-case.

x(t) = Ax(t) + Bu(t)
Cx(t) + x(t) " Mx(t) (4.1)

«

P
~

N—
I

The state equations for these systems are linear, but the output expression is a quadratic form
in x. These systems arise in examples where one is interested in observing quantities like the
variance of a state from a reference level. This is the case in random vibration analysis [27]
and problems concerning the observation of quantities like energy or power. The problem
of MOR for LQO systems has been explored in the past. Lifting transforms have been
one approach to deal with these systems. Ref. [28, 29] use lifting to rewrite the (SISO)
LQO system as a (SIMO) linear system (with linear output). Following this, they employ
classical techniques like Balanced truncation and moment-matching methods on the lifted
linear system. However, lifting methods suffer from the problem of increasing the system
state dimension of the original system, making reduction tasks computationally demanding.
Ref. [9] introduces the balanced truncation (BT) algorithm specifically for LQO systems.
The BT algorithm is however intrusive i.e. it requires information on the system matrices.

In this chapter, we attempt to extend the data-driven method - Quadrature-based balanced
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truncation (Quad BT) to LQO systems. The presence of the quadratic non-linearity in the
expression for y and not in x makes this case mild but a step towards extending Quad BT

to quadratic-bilinear systems.

4.1 Kernels and gramians for LQO systems

We note that since LQO systems are a sub-case of BQO systems with N = 0, we do not
repeat the details about the solutions, kernels or gramians of these systems in this section.
Instead, we simply present them as definitions. For more details on the derivation please
refer to Chap. [3] while setting N = 0.

Definition 4.1.1. The kernel functions for 3 are defined as follows

h,(7) = Ce*"B (4.2)
hy(r1,7) = K(eA"B ® ¢A™B) (4.3)
=B A " MeA™B, (4.4)

where K = (vec M)

It is worth mentioning that M can be assumed to be a symmetric matrix without loss of
generality. This follows by observing that replacing x " Mx with XT(NL‘;—MT)X doesn’t change
the output of the system. So we take the liberty of assuming M is symmetric for the rest of

the section.

Definition 4.1.2. The gramians for LQO system X are defined as

P = / ABBTeA Tdr = UUT (4.5)
0

Q, = /0 A 7CTCeAdr = LiL] . (4.6)

Q, = / A'MTPMeAtdt = LyL) (4.7)
0

Q=09+ (4.8)

where U and L = [Ly Ly| are the square root factors of the gramians P and Q respectively.
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Remark 4.1.1. Assuming that A has eigenvalues in the left half plane, the gramians P and

Q satisfy the following matriz equations,

AP+PAT+BB' =0
ATQ+QA+MPM+C'C=0

It is shown in Chap. [3] that we can use these gramians to define balanced truncation
for LQO systems. The square root terms U and L are calculated by taking the Cholesky
factors of the solutions of the gramian equations given in Eq. [£.1.1 We quickly summarise
the balanced truncation algorithm for LQO systems. We begin by calculating the SVD of
the product LTU and picking a truncation index r. The singular values of LU encode the

system’s Hankel singular values, just like in the LTI case.

LTUZ[Z1 ZQ][SIS”gl' (4.9)

The BT ROM is obtained by truncating the system and dropping off the smallest n — r
singular values. The matrices Y;,Z; and S; obtained by partitioning the SVD of LT U in
Eq. are then used to construct projection matrices V), = Llel_l/2 and W, = UYlsl_l/Q.

The reduced matrices are then given by,

A, =S’z (LTAU) Y,8; "7,
B, =S, "°z] (L'B),

C, = (CU)Y;S; "2,

M, = S;/*Y] (UTMU)Y,S; /%

(4.10)

In Quad BT, we deal with data-driven quantities - samples of the kernels and their derivatives
since we don’t have access to the matrices of the FOM. In the linear case we circumvented
this problem by approximating the gramians with quadrature-based approximations. We

proceed in the same way by approximating the square root factors U and L = [L; L] with
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quadrature points to get U and L = [I~41 Eg]

Np

UU' = Z (pie™B) (PiSA”jB)T = U= [p1e®B. .. py, e B]
=1
Nq

~ o~ T 5
LlLir — Z <¢j6AijCT> <¢jeATw]'CT> = :[J1 — [¢1€ATW10T o ¢quATqu C—I—]
j=1
Ny .
LQLT e Z (queATLUjMTU) <¢j€AijMTU> = L2 — [¢1€ATM1MTU o ¢Nq6ATquMTUi|
j=1

(4.11)

Recall the terms in Eq. . The terms S;, Y1, Z; are obtained from the SVD of LT U which
leaves us with 5 terms to deal with- LT U, LT AU, L"B, CU and U"'MU. In order to obtain
a reduced model in a non-intrusive fashion, we need to substitute these terms with data-
driven quantities. The obvious candidates are H= I~JTI~J, M = iTAfJ, h= iTB, g = CU
and K = U'TMU respectively which are constructed from the quadrature based approximate
gramians defined in Eq. 4.1} In the following section, we proceed to show that these
quadrature-based matrices can be exactly written as products of quadrature weights and

appropriate kernels (and their derivatives) of the LQO system.

4.2 Replacing intrusive terms with data matrices

In this section, we show some of the calculations to replace the quadrature-based matrices
IF]I, I\7JI, ﬁ, g with data entries (samples of kernels and their derivatives). We show some simple

examples to better explain the structure of these matrices. The first term we consider is the
]ﬁl = iTﬁ term.

Theorem 4.2.1. Let U and L be defined as in Eqn. define the matriz H= inJ', then

we have,

=TT 4.12
pi®ipha (pg, wi + i), for Ly U € RNaNpxNp, (4.12)

where 1 <14,k <N, ,1 <7 <N,

I = { pidihy (i +wj), for ]EITINJ € RNaxNo,
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Proof. The result follows by simply multiplying the terms in Eq.

Aw;  Ap;
pi¢;Ce™ie B € RWpNat+Ng)xNp

frg o | WU | | peiC
qupz-UTMeA‘”ﬂ' eAHiB

L;U

1,J
[ pidihy (i + wj)

Gipi | prho(p, wj + 1)

- ) ’L,]

Example 1. Let L and U be defined as in Fy. and N, = N, = 2 with unity weights.
Then using Thm. we have,

hy (g1 + wi) hy (2 + wi)

hy (11 + wo) hy (19 + wo)
7 — [ EI? ] _ | el 1) b, pe +wi)
L, U hy(p1, 1 +wa)  ha(p, pg + wy)
hy(pig, p1 +wi)  ha(pg, po + wi)
| ho(pg, pn +w2)  ho(pg, p2 + ws)

Theorem 4.2.2. Let U and L be defined as in FEqn. define the matrix M = iTAfJ,

then we have,

W — {pz% (1 ). for LT AU € RNV, (413

ngbjpk Bta (Nkawj + ,U«z‘), fOT i;Afj c RNpNgxNp

where 1 < i,k < N, ,1 <75 <N,.

Proof. The result follows by a simple multiplication of the terms in Eq.

pigihy (pi + wj)
pip;CAeAvierriB :
¢;p; U MAeA“ieAriB y Gioi | prBE (g, wj + i)

LIAU |
LJAU |

i?j

M e R(Nqu+Nq)><Np
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Example 2. Let L and U be defined as in Fy. and N, = N, = 2 with unity weights.
Then using Thm. we have,

[ %(“1"“”1) %(M-FM)
ah1 8h1
S (1 + wo) S (p2 + ws)
~ LTAU Ohy ohy
M = Nl — — Ota (’ul"ul_‘_wl) Oto (Mla“?“_wl)
L, AU ?9—};22(,“1, fi1 + wa) ?9_?22(,“1; o + w2)
%_E(MQ,M + wi) %(ug,u2+w1)
i 8_];?(#2,/11 + wy) %(uz,u2+w2) ]

Theorem 4.2.3. Let U and L be defined as in Eqn. define the matricesh = LB, g =
CU and K = UTMU then we have,

i { o;hy (w;), for L]B € RNexL,

B = 414
oiprha(pr, w;), for Ly B € RNaNpx1, (4.14)

g= { pihy (pi), for CU ¢ R>Np (4.15)
K= { piprha (i, ), for UT™MU € RN»xNp. (4.16)

where 1 < i,k < N,, 1 <j < N,.

Example 3. Let L and U be defined as in Eq. and N, = N, = 2 with unity weights.
Then using Thm. we have,

h; (wq)

hy (ws)
ho (p1, wi)
ho (p1, w2)
ha (2, wi)

( ) |

hy (fi2, wa

L/B
L/B

o _

r ho (g, 1) ho(pa, po)
h2(u2,M1) h2(ﬂ27ﬂ2)

Y

;8= [hi(p) hi(pue)]

Using Thm. 4.2.1] 4.2.2| and [4.2.3| we have replaced the intrusive terms appearing in the BT

algorithm by equivalent data-driven quantities. Finally, we provide the algorithm - Quad
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BT for linear systems with quadratic output.

Algorithm 4 Quadrature based Balanced Truncation for LQO systems

Input: Samples of h; , hy, h} and hj, quadrature weights py, ..., pn,, ¢1,. .., ¢n, and nodes
M- ,uNp,wl,. . e ,qu

Output: The reduced order matrices A, B,, C,, M,

1. Construct the data matrices ]ﬁ[, M, I~1, g, K using the appropriate quadrature nodes p;, ¢;

as per Thm. 4.2.1)/4.2.2f and [4.2.3] Choose an appropriate truncation index r while

ensuring that r < N,,.

2. Compute SVD of L and partition the matrices as follows,

o[z oa] | ||

where Z; € RWaptNo)xr § e R’ and Y] € R™M,

3. Compute the reduced matrices as follows

A, =S;"?ZTMY, S, B, =S;"*Zh
C, =g Y /S M, = SI*YKY,S; "

4.3 Computational Issues and Improvements

The size of the matrix LU in Quad BT for LQO systems scales as N, x (N,N, + N).
Assuming N, = N, = N, the size increases as a cubic in N making the method computa-
tionally demanding even for moderate systems. This problem is especially bad for systems
with oscillatory impulse responses because we need a large number of nodes to capture the
response. Even in the simpler linear case, we sometimes require N of order 100 to obtain
reasonable approximations. Such a high number of nodes is infeasible in the LQO case due
to the cubic scaling. This is especially a problem for approximating the second kernel re-
sponse since the number of nodes used in INJQ is multiplied by the number of nodes in U. We

address these issues by taking advantage of the fact that we have flexibility in the choice of
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the quadrature nodes and their number. We start by constructing two approximations of
U, - a coarse one (with n; nodes) and a fine one (with N, nodes) with n; << N, as shown

below.

U, ~ ﬁl = [pleA’“”B .. .preA’“‘NpB} ,
U, ~ U, = [p1e®B ... py, e B]

Now we use the coarse U in the expression for Ly as shown below.
T ATwoingTTT ATwyrn f T
Lo = [qﬁle MU, gy MO,

The advantage of doing this is that now the matrix L is of dimension Npx (Njni+N,). This
allows us to pick many more quadrature points to approximate the linear response since we
can choose N, such that N, ~ N/n, without affecting the order of the matrix. Moreover, it
offers us flexibility in the number of nodes used in the approximation of L,. This improved
approximation of the linear response however comes at the cost of compromising on the
approximation of the second kernel since we are using a low-quality approximation I~J’1
Using adaptive schemes to cleverly choose quadrature nodes might be a way to overcome

this and is an interesting avenue for future research.

Thus, for the QuadBT method, we have the following parameters that must be set
beforehand - N, Ny, Ng, n1, quadrature points and weights. For all the examples discussed,

we only consider equidistant nodes with unity weights for simplicity.

4.4 Extension to the MIMO case

The results in Thm. 4.2.1}}4.2.2| and [4.2.3] also hold in the multiple input multiple output
(MIMO) LQO case given by Eq. below.

x(t) = Ax(t) + Bu(t)
y1(t) x " (H)Mix(t)
: =Cx +
Yo(t) x ' (t)Myx(1)

(4.17)
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where u(t) € R™,y(t) € RP,M,; € R™" for 1 < i < m and the other terms are the same
as in the SISO case. Now, the kernels appearing in the theorems 4.2.1], [4.2.2] and [4.2.3] are

no longer scalar quantities but a matrix of dimension p x m. We present an example to
illustrate the structure of H in the MIMO case.

Example 4. Let L and U be defined as in Eq. and N, = N, = 2 with unity weights.

Then we have,

hy (g +wy) € RPX™ hy (o + wp) € RP*™
hy(pn +ws) € RP™ 0 hy (g + ws) € RP™
7 | el o) € R o, pp +w1) € R
hy(p1, 11+ wa) € RP™ hy (g, g + wy) € RPX™
hy(pig, pr1 +wi) € RP™ - hy(pg, g + wp) € RPX™
| ho(po, 11 4+ w2) € RP*™  hy(us, s + wy) € RPX™

The data matrices IF]I, M, g, h and K now have kernel blocks as their entries. The definition
of these matrices doesn’t change; the only difference is that their dimensions are scaled by
p or m as applicable. The other detail is that for each M; matrix, an appropriate K would
have to be constructed using Thm. [£.2.3] We proceed with the larger matrices with no
changes to Algorithm [4]

4.5 Numerical tests

In this section, we test the efficiency of the proposed Quad BT algorithm for LQO systems
given in Algorithm. 4] and compare it with that of classical balanced truncation for LQO
systems. The first system we use for testing is the International Space Station benchmark
(referred to as [isslr]) [22] modelling the 1r component of the International Space Station.
It has a system dimension of 270, an input dimension of 3 and an output dimension of 3.
We modify the system by constructing a tri-diagonal M matrix and using only the first
components of the input and output vectors to obtain a SISO LQO system. We construct
reduced matrices of order r = 30 using BT and QBT. We pick N, = N, = N; = 1000, n; = 30
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equidistant nodes with unity weights between [0,50] for the QBT ROM. Fig. shows the
performance of Quad BT (QBT) when compared with BT. We observe that the absolute
error of QBT ROM is comparable to that of the BT ROM.

Outputs of FOM (blue), ROM QBT (red) and ROM BT (yellow)

0.5r% . ] FOM
E; :‘: ,,?' i * QBT
RN R
g YR el A A
@) ¢ Me’ JQ‘E 3"‘ o ?',l ,‘ IR s H
i i
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time
w1073 Absolute error
1 T T T T T T T T T _QBT
5 17 || |—8T
2,
Zos
0 1 1 1 I 1 1 1 I 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time
Figure 4.1: Outputs of the FOM, ROM (QBT) and ROM (BT) to input u(t) = 5(cos(5nt) +

sin(127t)e04t)

4.5.1 How to choose N,, N, and quadrature rules?

There are no hard and fast rules on how to pick the number of quadrature points - N, V.
Since we are using quadrature approximations, the more nodes we pick the better! However,
we are limited by computational bottlenecks which is why one would have to use tricks like
the one mentioned in Sec. [£.3] Throughout this section, we use equidistant nodes with unity
weights (easiest quadrature rule). Using fancier quadrature rules might be a way to reduce
the number of quadrature points required to obtain good reduced models. Another useful
recipe in picking quadrature points would be to study the impulse response of the system
and note the time ¢, at which the response falls below a certain threshold. The quadrature

rule would then be employed between time 0 and t..
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4.5.2 Comparisons with Balanced truncation

In the following plots, we compare Quad BT with BT using the Hy error metric used in
Ref. [9]. The H, error between system H = (A, B, C, M) and H = (A, B, C, M) we use is,

|H — Hl|p, = \/tr <BTQB +BQB - 2BTZB),

where Q and Q are the observability Gramians for the systems H and I:I, respectively, and

Z is the cross-Gramian, which is the solution of

AZ+ZA +BB' =0.

Variation of H_2 error with number of quadrature points

—BT (r=30)
* QBT (r=30)
10%F :
[
o *
D
™
= 107 - :
*
* * T
10-2 ! ! ! !

400 600 800 1000 1200 1400
Number of nodes

Figure 4.2: Variation of the Hs error with the number of quadrature points in Quad BT

In Fig. we show the Hy error between the reduced order model and full order model
as a function of the number of quadrature points used in the Quad BT ROM. The blue
line serves as a reference which denotes the H, error of the ROM obtained from balanced
truncation. The value of the truncation index is set at r = 30 for all ROMs. We notice that
the performance of Quad BT (while setting n; = 30) is comparable to that of BT when we

choose a sufficient number of quadrature points.
In Fig. [4.3] we plot the Hs error comparison of the performance of BT and Quad BT
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Variation of H_2 error with truncation index

10° ;
i O QBT|
¥ BT |l

107 - ® ¥ 5

®

H2 error
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1072 ! | | | ' %
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Truncation index

Figure 4.3: Variation of the H, error with truncation order for BT and QuadBT

reduced models as a function of the truncation index r. Naturally, the Hy error decreases
as we increase the value of r both for BT and Quad BT. The QuadBT ROM performance
is comparable to that of BT in this case. In this case, we have used equidistant nodes with
unity nodes between [0,50] to construct the Quad BT ROM with parameters N, = N, =
N, = 1200,n; = 40.
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Chapter 5

Quad BT for quadratic bilinear
systems (QB)

Quadratic systems (QB) systems are denoted by the following equations,

(1) = Ax(t) + H(x(t) @ x(t)) + Y _ Nix(t)ug(t) + Bu(t),
y(t) = Cx(t).

where A € R B € R™?,C € R™" N, € R™" H € R u(t) € R?,x(t) € R* and
y(t) € R™. Considering H to be the 1-matricization (see Sec. of a tensor H € R™*™*",
it has been shown in Ref. [12, [16] that without loss of generality,

Hu®v)=H(v®u)Vv,ueR",

and this also leads to the equality H? = H® where H® and H® denote the 2-matricization
and 3-matricization of H respectively. In this chapter, we assume that the input is scalar
(p = 1) to make the calculations less tedious. Under such an assumption, we would have a
single bilinear term - N instead of multiple N, terms. The results shown in this chapter can
be easily extended to vector inputs. QB systems are an important class of systems since a

large class of nonlinear systems can be written in this form by lifting.

The theory for general nonlinear systems has been studied in Ref. [24] 30 31, 32]. How-
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ever, these methods are based on the calculation of the energy functionals which are often
difficult to compute. Lifting [33] offers a solution to this problem by allowing us to transform
nonlinear systems containing exponentials, trigonometric functions, and polynomial terms
into QB systems by introducing additional variables as shown in Example[5] The advantage
of such methods is that the ‘lifting’ is exact and involves no approximation of the original

system. In fact, the input-output response of the two systems are identical.

Example 5. Consider the scalar nonlinear system
x(t) = x(t)e* + u(t).
Define the variables y = e* and z = xe*. Then rewriting the system using y and z we get,

x=z+u
y =¢e%x =¢e*(z+ u)
=yz+yu
z = (X +xe*)x = e’z + 2z + e*u + zu

=yz+2" + (y +2)u

Thus, by introducing new variables y,z (lifting) we have written a nonlinear system as a QB

system.

There have been several methods developed for the reduction of QB systems, see [12] 134}, [35],
30]. The authors in Ref. [12] define the gramians and truncated gramians for QB systems and
introduce balanced truncation based on the truncated gramians. The method they propose

is intrusive and requires information on the state or the system matrices.

In this chapter, we formulate the data-driven Quad BT algorithm for QB systems. We
begin by deriving the QB kernels and enumerating them in Sec. Sec. summarises
some of the results from Ref. [I12] which we build on in Sec.|5.3|to define the quadrature-based
gramian approximations. In Sec.[5.4we replace the approximate gramian terms with samples
of the QB kernels (and their derivatives) and present the Quad BT algorithm for QB systems
in Alg. [0l We address some of the computational challenges of our proposed algorithm in
Sec. and demonstrate its performance on some benchmark datasets in Sec. [5.6]
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5.1 Kernels for QB systems

Consider a quadratic bilinear system X®B. The idea is to rewrite the bilinear system as a
sum of infinite subsystems. We consider the response to inputs of the form au(t) where «
is an arbitrary scalar. Since the system 9P is analytic, we can write the solution x(t) as
a power series in a, x(t) = >~ a*x,(t). Using these two statements, the solution is given
by

x(t) = Ax(t) + aBu(t) + aNx(t)u(t) + H(x(t) ® x(t))

Za Xk (t) = (Z akxk(t)> + aBu(t) + aN <Z o/“xk(t)> u(t)

=1 k=1

H (( aixz-(t)> ® (Z Oszj(t)>>

Since the choice of « is arbitrary, we must have that the terms corresponding to o must be
0 for all values of k. Then, by collecting the corresponding terms we have x(¢) = >~ xx(?)

with the equations for x; given by -

i (t) = Axp(t) + Nxgpor (Hu(t) + Y H(x(t) @ x,-4(t))  for (k> 1) (5.1)

=1

Let z(t) = e A'x(t). Then computing #(t) we get,
H(t) = —Ae™Mx(t) + e Mx(t)

For k = 1, we have x,(t) = [} eA®""Bu(r)dr. For k > 1,

k—1
Zk(T) _ _GATAXk(T) 4 AT [Axk(T) + ka_l(T)u(T) + Z H(Xi(T) X Xk_z‘(T))

i=1
t
Zk(t) _/ ATNXk 1 dT"‘Z/ ATH Xz ®Xk z( ))d
0
t
x5 (t) = / AT Ny ( dT+Z / ATH(x(7) © xp(7))dr
0
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Plugging in the expression for k = 2 we get,
t t1
Xg(t) = / eA(t_tl)N (/ eA(tl_tQ)BU.(tQ)dtQ) U(tl)dt1+
0 0
t t1 t1
/ Al K / eA(tl_tQ)Bu(tZ)dtg) ® < / eA(tl_t?’)Bu(tg)dtg)] dty
0 0 0
t t1
_ / / A1) NAB— By (1, u(ty) dhadt +
0o Jo
t t1 t1
/ / / €A(t7t1)H [eA(tlitQ)BU(tQ) (059 €A(t17t3)BU(t3)] dthtgdtl
o Jo Jo

t oty t ot phr
= / / h2N11(t1)U(t2)dt2dt1 + / / / h?(U(tQ) & ll(tg))dtgdtgdtl
0 JO 0 JO 0

Now we call the two kernels h)Y and h¥ for brevity. Before writing the kernels, we explicitly

write another term xs.

t t1 pl2
X3<t> = / eA(t_tl)N |:/ / eA(tl_tQ)NBA(tg_t?’)Bu (tg) u (tg) dtgdt2:| u (tl) dtl
0

AN / / / Al [eA2"8)Bu (1) @ eA27WBu (ty)] u (t)) dtsdtadtzdty

J
t r t1
/eA(t_tl)H (/ eA(tl_tZ)Bu(tQ)dtg)Q@/ / h2Nu(t3)u(t4)dt4dt3}
ot L Ot
+ / Al-tH ( / Alti—t2)Bu (t,) dtg) / / / hi(u(ty) ®u(t5>)dt4dt5dt3}
0
¢ t1
/eA(t—tl)H / / h)u(ts3)u t4))dt4dt3®</ eA(tl_t2)Bu(t2)dt2):|dt1
0

J

t "
A=) / / / h?(u(m) ® u(ts))dtsdtsdts ® (/ Alti—t2) By (t2) dt2)} dtq
LJ0 0 0 ’

Now the first two terms in the expression for x5 correspond to f(f eATINx, (7)u(7)dr term
while the last four correspond to the S ! fg AT H(x;(7) @ x,_i(7))d7. Now let’s enu-
merate all the kernels classified by the sublevels/subsystems they appear in. Each level

has contributions from the bilinear term and from the quadratic part (terms of the form

H(x; ® x;) where ¢ + j = k).This allows us to define the kernels recursively -

Definition 5.1.1. Consider the partition of the QB system into infinite subsystems like in
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Eq.[5.1. We define the set Sy, for each sublevel as follows,

81 = {GAtB}
Sy = {eANeB, eMH (2B ® e*'B)} and for k > 2,
S; = {eAthk,l, eAH(s; ® s;)}, where s, € Sp_1 & s; € S;,5; € S; such thati+j =k

The kernels for the QB system are then defined as -

K, = {Cc*'B)

Ky = {CeANerB, CerH(eA'B ® eA'B)}

K; = {CeA'NeANe B, CeA'NeMH (2B ® e'B), CeAH(eA'B ® Ce*NeA'B), ... }

K, = {CeAthk_l, o CeAtH(si ® S;), ... ywhere sy € Sy & s; € Si,5; €S, such thati+j =k

Notation 5.1.1. Define the set ' = {H(—,—),N}. We denote the kernel h,(gl """ e-1)
as the kernel associated with the kth subsystem with terms from T' occuring in the order

(M- - Yk—1) where v; € T. Some examples:

hy'"™N = CeA'NeA'NeA'B
hy ) = CeANeAH(eA'B @ ¢A'B)
h?(aN) _ CeAtH<6AtB ® eAtNeAtB)
hiI(H(_’N)’_) = CAH(AH(eA'B ® eA'NeA'B) ® eA'B)

Remark 5.1.1. The superscript in the kernel notation not only describes the nested structure
of the kernel but also allows one to calculate the number of arguments of the kernel. Number

of arguments of the kernel = number of Ns + 2xnumber of Hs + 1.

The kernels for level K are obtained by multiplying the elements of S, by C. The kernel
hE(H(_’N)’_) above shows the kind of kernels that arise due to the nested structure of x; in
Eq. p.1} The superscript basically contains the left-to-right order of N and H appearing in
the kernel. The notation ignores the A, B and C terms appearing in the kernel. The number

of kernels in sublevel £ grows quickly with & as shown below.

Remark 5.1.2. Let us denote the number of kernels at level k as ny. Then we have

k—1
Ng = Ng_1 + E n;ng_; where ny = 1,n9 = 2.
i=1
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5.2 Gramians for QB systems

The definitions of the reachability and observability gramians for QB systems were first given
in Ref. [12].

Definition 5.2.1. [12]We can define the gramians for QB systems as follows:

P1 (tl) = eAtlB
GAtzN (Im & ].51 (t1>)
el H [Py (t1) @Pig (o, ..., ti1) , Po (t1,t2) @ Piog (t3, ... tic1)

Pt ti) @ Py (tiy)]
N (L, ®Pi—1(ty,...,t1))] Vi >3

P (t1,12)
P;(ty,....t;)

Qi (t1) = A CT,
Qu (tr,t2) = e 2NT (I, ® Q1 (1)),

Qi (tr,.. . t;) = A HH [P (1) © Qiia (o, tia),

P (t, o ti) ® Qo (tis)]
NT (Im & Qi—l (t17 cee 7ti—1)>:| 7VZ Z 3.

Q=) Qi with Qi:/ / Qi (tr, . t) QF (tr, ... ;) dty - - - dt;.
i=1 0 0

These definitions are however difficult to work with since the associated Lyapunov equations
are quadratic in P and Q. Therefore, we define the truncated gramians for the system which

are easier to calculate.

Definition 5.2.2. [12] Truncated gramians of a QB system as the sum of the first three
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components of the QB system
3 =~ )
PT:ZP“ where Pl:/ Pl (tl,,tl)PlT(tl,,tz)dtldtz (52)
i=1 0

3 00
Qr =) Qi where Q;= / Qi (tr, ..., t:) QF (ty, ..., t;) dt, - - dt;, (5.3)
i=1 0

Proposition 5.2.1. The truncated gramians of the QB system P,, Q. satisfy the following

equations,

AP, +P;A" +HP, @ P)H' + NP,N" + BB' =0
ATQr+QrAT +HP(Q 2 Q)HPT+N'TQIN+C'C=0

Remark 5.2.1. The advantage of using truncated gramians is evident from Prop. [5.2.1].
Instead of having to solve a quadratic matrixz equation, we have to solve two linear equations
- first for Py (or Q1) followed by substituting it into the equation for Pr(or Qr).

The truncated gramians can be used to define balanced truncation for QB systems. The

procedure remains the same as in the LTI or BQO case and is summarised below.

Algorithm 5 Balanced truncation for QB systems using truncated gramians
Input: QB system given by matrices A, H, N, B, C and truncation order r

Output: BT ROM given by matrices A, ﬂ, N, B, C.

1. Determine low rank approximation of P, ~ UU" and Q, ~ LL".

2. Compute the SVD of the matrix LU, partitioned as follows

ot ]

where Z; € R S; € R™" and Y| € R™™.

3. Construct projection matrices W = LZ181_1/2 and V = UYlsl_l/2 to obtain, A =
WTAY, H=WTH(URU)(Y:S; *0Y.8;%), N=W'NY, B=W'B, C=CV
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5.3 Quadrature approximations of the gramians

Having defined the truncated gramians, we proceed by computing quadrature-based approx-
imations to each component in typical Quad BT spirit! Just like in the linear and LQO case,

the truncated QB gramians and their square root factors are approximated as -

Np
P = Z pfeA’”BBTeATM U, = [pleA’“B .. .pNPeA“Np B]
i=1
Np
Py = Z p?eA“iNUlUlTNTeAT’” U, = [pleA“lNUl . preA“NP NUl}
i=1
NP

ﬁ;; = Z eAH (731 & ﬁ1> H A w 63 = [pleA‘”H <61 ® 61) .. .preA“NPH <61 ® 61)}

=1

We replace the Uy terms in the definition for U, and Us with INJl to obtain INJQ and INJ3. We

follow this exact process for Q.

Ng

él — Z §b]2~€Aij CTCeij fll _ -¢1€ATw1 CT o ¢Nq6ATqu CT]
i=1 )
N, i
QQ == Z (bJQBATw‘j ].\I—r Q1N€ij LQ = gbleATw-j NTLl e ¢Nq6ATwN4 NTL1:|
J=1 i
N, i
Qs =Y ¢2er H® [731 ® Ql] HOTeAs Lo=[... geA T HO [Ul ® Ll} N ]
j=1 )
Finally we obtain the quadrature-based square root terms L and U -
I
O, —TLT = [ L, T, Ls ] L. (5.4)
Ly
S
P, —UU = [ U, U, U, ] U (5.5)
Uy
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5.4 Replacing intrusive terms with data matrices

Recall the terms in Eq. [3 The terms S;, Yy, Z; are obtained from the SVD of LT U. This
leaves us with the following terms to deal with - LTU, LTAU, L'NU, L'B, CU and
L"H(U ® U). In order to obtain a reduced model in a non-intrusive fashion, we need to
substitute these terms with data-driven quantities. The terms H = iTﬁ, M = fJTAfJ, N =
L'NU, h=L"B, g = CU and K = LTH(U ® U) are constructed from the quadrature
based approximate gramians defined in Eq. [1.11] In the following section, we proceed to
show that these quadrature-based matrices can be exactly written as products of quadrature
weights and appropriate kernels (and their derivatives) of the QB system. The first term we

consider is the H = LTU term.

Theorem 5.4.1. Let U and L be defined as in Eqn. and Eq. define the matriz
H= ETfL then we have,

,

Gipihy(w; + pj), for LJU,1<i< N, & 1<j <N,
Gip; hd (Wi + g, pg), for LUy 1 <i< N, & 1<j, k<N,
Gipj 5 (Wi + gy, i, i), for L{Us, 1 <i < N, & 1 <j, kI <N,
¢i ;i (wi, wi + ), for LyUy,1 <4, <N, ,1<k<N,
H =< ¢ iprnh ™ (Wi, w; + s ), for LU, 1 <4,j <N, ,1<k,I<N,
G Pty (Wi W+ e, 0, i) Jor LJUs 1 <i,j <N, ,1<k,l,m<N,
i jprshE (Wi, i, wi + ) T forLiU;,1<4,5 <N, ,1<k/I<N,
Gii Py (Wi, s w5+ ity o) T for LUs, 1 <45 < N, ,1 <k, l,m <N,
\ ¢i7jpk7l7m’nh§l(_7H)(wl',Mk,Wj + gy s ) T, for i;ﬁg, 1<i,j<N,,1<k,l,m,n<N,
(5.6)

H has the structure of a Hankel matriz (see [13]) and has a block structure,
EIﬁI flirfj-Q EIfjg
H=|LjU, LjU, LJU; | € RNatNG+NgNp)x (Np+N7+N7)

L;U, L]U, LjU,

Proof. This follows from the direct multiplication of the terms. The calculation for the
terms fJINJJ where 7, j < 2 are straightforward and shown in Ref. [§]. We focus on the terms

containing ig or 63 since they are slightly more involved. First, we consider the terms ifﬁg
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and i;ﬁg since they are simplest.

~T gbjCGAwl A ~ ~ A ~ ~
LTU; = | | [ple mH <U1®U1> .y, e H <U1®U1> }
= (,bl-pjkaeAwieA“jH(pkeA“"’B ® pieMB)
= [@ipj e (Wi + g, ok, f11)]
. . B ‘fJT NeAwl . . . .
LU, = ol ‘ ] [ oA H (U1 ® U1> . px, e H (U1 ® U1> }

= ¢;0;prCe* NeA“ A H(pe* B ® p,e™' B)

= ¢i,jﬂk,l,mh3N’H(wi, Wi + g, fr, Mm)]

We now reach the INJ;JNJ terms. The procedure for handling these terms is the same. We use
the properties of matricizations and transform the second matricization H® term to its first

matricization H using Eq. [}

¢1€ATW1 H®) [61 & fu} [

i;ﬁl = preB .. .preA“NPB
= pio; [pkeA“’“B Q QﬁieATwiCT}TH(Q)TeijeA,ulB
= P10, [eAT(“’jJr“l)B ® pkBTeAT“’“] HTqbleAT‘“lCT (Using property of H Eq.
= [¢1,3pk,lh£{ (wh M, Wy + Ml)T}
e e A ] _ N
L;—),FU2 = ' [ p1eANU; .. .preA“NPNUl }

A ATw,CT1T11(2)T Aw; A Apm
= p19;[pre B @ et @i ] H® eAvieAN A B
Let’s call this T

= po; [I‘T ® pkBTeAT“k} HTgbleAT“’lCT (Using property of H Eq.

H(—,N
= [¢i,jpk,l,mh3 ( )(C% [y W+ i1, fn)
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. ¢16ATM1 H®) [[le ® il] A - ~ A ~ ~
L,U; = . [ preH (U1®U1> —.pn et H <U1®U1> ]
_ Pl¢j [pkeA,LLkB ® ¢ieATwiCT]TH(2)T eijeA“lH(pmeA”mB ® pneA“"B)

Let’s c;ﬁ this T

= P19, [I‘T ® pkBTeAT“’“] HT@eATW’CT (Using property of H Eq.

H(—H
= [¢i,jﬂk,l,m,nh3 ( )<wia Mk, Wy + Uy foms ,U/n)T]
O

We move on the the LTAU term which can be approximated with derivatives of the QB
kernels. Unlike the linear case, we have partial derivatives of the kernels as elements of the

matrix I\7JI

Theorem 5.4.2. Let U and L be defined as in FEqn. and Eq. define the matriz
M = INJTAINJ, then we have,

gzﬁipj%%(wi—i-uj), forilTAﬁl,l <i<N,&1<j<N,
cbi/)j,k%(wi + g, pr), for LTAU,, 1 <i < N, & 1< j,k <N,
¢ipj,k,l¥(wi + 14, ks Hr), for L] AU3,1 <i < N, & 1< j,k,l <N,
¢z,jpk%h72(wi7wj + k), for Ly AU, 1 <0, j < N, 1<k <N,

M= rions 2 (i, w) + s ), for LJAU,, 1 <i,j < N, 1 < k1< N,
gbmpm,m%(wi,wj + Lo, fs fm) Jor LJAU;,1<i,j <N, , 1<k, l,m<N,
Qbi,jpk’l%(wz',ﬂk,w]‘ + )7, Jor LIAU,1<i,j <N, ,1<kIl<N,
1t 2 (w0 + ity o) for LIAU,, 1<, j < N, . 1< kl,m <N,

\ gbi,jpk’l,m’nwwi,uk,wj iy s wn) T, for LI AUs, 1< d,j < N, ,1<k,l,m,n<N,
(5.7)

M has the structure of a shifted Hankel matriz (see [13]) with the following block structure,

L/AU, LTAU, L/AU;
W= | LJAD, L;AD, LjAD, | € ROy
LjAU, LJAU, LJAU;

Proof. The calculations for M are exactly the same as in H but with an A term appearing

between the two terms. The M term is composed of derivatives of the kernels appearing in
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H. Just like H we only show the calculations for terms involving INJ3T and INJ?,.

L AU; =

| $1 :CeAWI ] A [ pleA’“H (61 & 61) ...,ONPGA”NPH (61 ® Iﬂjl) }

= ¢ip;pkC A A H(ppe B @ pre'B)

[ ohH
= Cbipj,lala_;(wi + [, P, Nz)}
I 1

EIAT, - [ HLT Nt ] A e B (0,00, e (0,00,) |

= ¢;0;ppCeA“ NeA“ AeA H(pe™' B @ p,et'B)

onVH
= [(bi,jpk,l,m%b<wia Wi+ [y H1, fom,)

o dreATe H@) [ﬁ @i]
L;AUl = ' _ ' ' A [ p1e®1B .. .preA“NpB ]
= pg;lore™* B ® qbieAT“iCT]TH(Q)TeijAeA’”B
= pio; [ATeAT(‘”jJF“l)B ® pkBTeAT“’“} H ¢ “'CT  (Using property of H Eq.
ohHl
= {@,jﬂk,za—t;(wi, Mk, Wi + Ml)T]
L dred e HO) [fj oL ] _ _
LIAT, = | | A A NT Ly, A NT |

= pl¢j [PkGA“’“B X @ieATwiCT]TH@)T eAw]- AGAMNeA'um:B/

~~
Let’s call this T’

= P19; [FT ® pkBTeAT“’“} HTgbleAT“’lCT (Using property of H Eq.

ony N

T
8253 (whﬂk’awj—i_,ula,um) ]

= [Cbi,jpw,m
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. preATn H<2>[ﬁ ®f,] L L
LIAT, = | & | P LA [ preAmH (U1 ® U1> - p, e (U1 ® U1> }
= pilpke™ B @ et T THOT Aeri A H (p,, e B @ p,e™B)

Let’s cglrl this T’

= P19, [I‘T ® pkBTeAT“’“] HTgbleATwlCT (Using property of H Eq.

ohg

— [¢173pk,l,m,n atS

(wia Mg, Wy + Ky foms MH)T]

Theorem 5.4.3. Let U and L be defined as in Eqn. and Eq. define the matrix
N = iTij, then we have,

(

7 'khNVNw’h iy MK ), OriTijQalSiSN &1§]7k§N
Pj.k3 Hj 1 q P
Gipjgeihy T (Wi, 11, bk, 10, for LINU3,1<i < N, & 1 <3, k1< N,
2,k 223 J ~1 - q p
(bi,jpkh:iN’N(wi?wj?Mk)? fOT’ L;—NUla 1 S Za] S Nq 71 S k S Np
N = i,5 Pk th’N’N Wiy W5 ks [0 ) or iTNﬁQJ 1 S Zaj S N, 71 S k7l S N,
WJ PR J 2 q p
4 'pklth’N’H Wi, Wiy Wiy 1y Hm ), or LTNU37 1 S Za] S N, 7]- S k7lam S N,
WJ IR, 4 J ~2 - q p
¢i,jpk7lh§l(_7N)(wi’/J’kﬂwjﬁ/“’l/l)T7 fOT LJNUla 1 S Za] S Nq 71 S kal S Np
¢i 'Pklth(i,NN) Wiy iy Wiy 1y hm Ta fOT’ f‘TNﬁ?a 1 < Za] < N, ,1 < k>l7m < N,
WJ RS, 4 J ~3 ~ q p
i 'pklmnhH(77NH) Wiy Uiy Wiy Bty Boms Un T: or LTNU37 1< 1, ] < N, 1< kalumvn <N,
(| PiiPhlmnily j 3 q p
(5.8)

N can also be written as a block matrices as follows,
L/NU, L/NU, L/NU;

N=| LINU, LINU, LINU; | € RONotN+NDx Nyt NG+
LINU, LJNU, L/NU;

Proof. The calculations for N are exactly the same as in H but with an N term appearing

between the two terms. Just like H we only show the calculations for terms involving f;3T
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and INJg.

[ é Cer A - A SO
LINU; = _ N [ preAmH (Ul ® U1) - pn, e H (U1 ® Ul) ]
= ¢ipjkaeA”iNeA’” H(pkeA’”“B ® pleA’“”B)
= _¢¢Pj,k,zh3N’H(wz‘> s ks HZ)}
. . B i'l’ NeAwl . . - .
LINU, = il . ] N [ preAnH (U1 ® U1> L pn, et H (U1 ® U1> }

= $;0,psCe* NI Ne H(p e B ® p,,e*'"B)

[ N,N,.H
- ¢i,jpk,l,mh4 ((A)i, Wiy tiey K1, Nm>T]

¢1€AT°J1 H® [61 ® E1i|

INJ;ijl = N [ pleA’“B - .preA‘LLNPB :|
= pdslpeet B @ gt O | THO TAYNeANB
= i, [ATeAT“’jNGATMB ® pkBTeAT“k] HTgbleATwlCT (Using property of H Eq.
= [Cbi,jpk,zh?(_’N) (Wi fi, Wiy Hd)T]
~ ~ ¢1€ATW1 H(Q) [61 X El} ~ ~
LINU, = | N [ peANU, -y, A N, }

= i, [pkeANkB ® gbieAT“”CT]THQ)T@ijNeA“lNeA”mB

~~
Let’s call this T’

= Pid; [I‘T ® pkBTeAT“’“} H ¢’ CT (Using property of H Eq. (1)

H(-,NN
= |:¢i,jpk,l7mh4 ( )(wia Hi, wja M, ,um)—l—]
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S ¢1€AT¢U1 H(Q) |:fjl ® El} A _ _ A _ 5
LINU, = | N [ preAmH <U1®U1> . p, e H <U1®U1> }
= nd; [pkeAHkB Q (bieATwiCT]TH(?)T cAw; NeA“lH(pmeA“mB ® pneA“"B)
Let’s c;ﬁ this '

= P, [FT ® pkBTeAT“’“} HTgbleAT“’lCT (Using property of H Eq.

H(f,NH)(

= |:¢i,jpk,l,m,nh4 Wiy Wiy Wiy 1y oms ,un)T]

Remark 5.4.1. In the case where we have an input vector (not scalar), each of the L' N, U

terms can be replaced in exactly the same way.

Theorem 5.4.4. Let U and L be defined as in Eqn. and Eq. define the matrix
K = LTH(U ® U), then we have,

Gipj—ihE (wi, 17, pr)

¢z‘ﬂj—lh§l(_’N) (i fas pres 1)

ipj—mh H(_’H)(wi,ug—,uk,uwm)

Gipjihy O (wi, pg, e 1)

LIHU®U) =S dipjmmhi ™ (i, g, o, 11, ) (5.9)
Gipj—nh }HNTﬂ(Wml%,ukduaMm,Mn)

Gipj-mh N, b 15 s 10, i)

dipj—nh H(HN (@i a5 By 12 Py )

dipj—ohy T (Wi g, s s fims fons o)

H7

Gii e D (wy, wj, g, M)

(bld IOk thH( N) ((.Ui, (.Uj, ,ulﬁ /1’17 Mm)
NH

¢l,jpk nh NH( )(w%wjuulﬂ?ﬂ“h:uma”n)

¢zgpk m (N, )(mejuukvﬂlaum)

T T e NHNN

LiHU @ U) =< ¢umenhy "N (w405t 11, fioms 1) (5.10)
NH N,H)

¢l,jpk oh Wi WJ,Mm/szaum,MmMo)

(bmpk nh Wi anukvﬂlv,umaﬂn)

¢szk O Wi w]muk)uhlummunuuo)

¢ka p wzawjaﬂk‘a,ul)ﬂmaﬂmﬂoaﬂp)

(
NH(H (
NH(H N) (

(

NH (H,H)
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(6 gomlty 7 (i, 0y, s s )
GijPr— nhH(H N )(Wi7wjaﬂkaﬂlaﬂmvﬂn)
N e (VAT TR TR T
GijPr— nhH(HN - )(w WJ?NkaMlaMm>Nn)
LiHU®U) = ¢immohs N (w5 w05, ey bty Hans s o) (5.11)
®ijPr—phs (H{NH), )(W Wy, My 1L fms [y oy Hp)
Gi jpk—ohi{(H(H )(Wz, Wiy My His Poms Fas Ho)
¢szk—th(H 7 @iy Wy i 1 Homs Hins Hos Hp)
Biipr—ghy T (i i i, i s o by 1)

\

The term K term can similarly be written as a block matrixz as follows,

L/H(U,®U) L/H(U,®U) L{H(U;® U)
K= | LJH(U,®U) LJH(U,®U) LJH(U;® U)
L/H(U;®U) LIH(U,®U) LIH(U;® U)

Proof. The calculation of the LTH(U ® U) and L] H(U ® U) terms are similar so we only

provide the steps for the former.

L H(U; ® Uy) = ¢;CeA“H(p;e* B ® pre*B)

= dipjphy' (wi, 1y, 1)
L /H(U, @ U,) = $:Ce* H(p;e B @ pppie Ne"B)

= dip; iy N (W, g, gy )
f‘IH(ﬁl & 63) - ¢iC€AwiH<pjeAN‘jB X pkplpmeAukH(eAMB, eAMmB))

H(—H
= ¢ipj—mh3 ( )(winuja,ukv:ulnum)

L/H(U,® U, = $:Ce* H(p;jpre™ Ne* B ® peB)

= ¢¢ijlh?(N’7) (Wi g, s f12)
flTH(fJg ® 62) = $;Ce i H(p;pre* NeM B @ pe" Neh'mB)

N,N
- ¢1p] m ( )(winuj’lj“ku:ulu,um)

fllTH(GQ ® 63) = (biCeA”ZH(pjpkeA“j NeAB @ peH (e B ® e B)

H(N,H)(

- ¢ipj—nh4 wia,ujnukmul?“mnun)
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L H(U; ® Uy) = ¢;Ce®H(p;prpie® H(eA" B, eA"B) @ p,,e'B)
= Gipjomhy ) (Wi, 107, s s L)

INJITH(INJg ® 62) = gbiCeAwiH(pj,okpleA“fH(eA”’“B, eA’“B) ® pmpneA“’”NeA“"B)

H(H,N
- ¢ipj—nh3 ( )(Wnﬂjaﬂmﬂlaﬂmaﬂn)

L H(U; ® Us) = 0:Ce H(p;pppe® H(eA* B, e B) ® ppe " H(e*" B ® e B))

H(H,H)(

= ¢ipj—oh3 Wiy gy Uk s o1y s Pn s Mo)

The calculation for ESTH(fJ ® fJ) is similar to that of i;f)} We show the calculation for

one of the terms, following the same procedure gives us the result in the theorem.

E;—H(ﬁl ® fjl) — |:pkBT€AT,uk ® ¢i6ATWiCT:| H(2)T eijgij(p[@AulB ® pmeAMmB)
Let’s c;ﬁ this I

— [T7 @ pBTer | HT et CT

H(H,—
= Qbi,jpkfmh:} ( )<wi7 Wiy Py 1, Hm)

Theorem 5.4.5. Let U and L be defined as in Eqn. and Eq. define the matriz
h=L"B and g§ = CU, then we have,

¢Zh1(wl) fOT' j:;l—B’ 1 S 7 S Nq
h=< ¢:0;hN(w;,w), for LJB,1<i,j <N, (5.12)
pihy () for CU;,1<i< N,
g =9 pipihy (pi, 117), for CU,,1 <i,j <N, (5.13)

pipiph S (i, g, i), for CUs, 1 < i, 5, k < N,

The matrices g and h can be written as,
L/B
h= | LJB | e RN 5[ 0O, €U, CU; | e RN
LB

71



Algorithm 6 Quadrature based Balanced Truncation for QB systems
Input: Samples of kernel functions for the QB system, quadrature weights

P1s- - PNys @1y - - O, and nodes gy, ..., pn,, W, - - -, WN,
Output: The reduced order matrices A, B,,C,,N,., H,

1. Construct the data matrices ]ﬁ[, M, 1~1, g, K using the appropriate quadrature nodes p;, ¢;
as per Thm.[5.4.1} [5.4.2] [5.4.3} |5.4.5|and [5.4.4. Choose an appropriate truncation index
r while ensuring that r» < min(N;’ + Nz? + Np, NqQNp + Nq2 + N,).

2. Compute SVD of L and partition the matrices as follows,

i-[z 2] > ][3]

where Z; € RViNe NG N xr §) ¢ Rrr and Y] € RGN +8p)

3. Compute the reduced matrices as follows
A, =S ZTMY, 82 B, =S;?Z/h
C, =gY,5; " N, = S;*Z/NY,s;'/*
H, =S; *Z]K(Y:S;"* © Y.8;"?)

5.5 Computational issues and improvements

The first practical issue we encounter is that the quality of the approximation obtained by
Quad BT depends on the number of quadrature nodes used to compute L and U. Unfortu-
nately, the size of the matrix H scales as N, N7. This is a computational issue since we have
to calculate the SVD of this matrix. A way out is to construct a lower order approximation

of ﬁl and use it in the expression for 62 and 63. In other words,

U, = U; = [p1e™ B...py, e B]
U, ~ fj’l = [pleA’“B o Py e B]
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where N, >> n;. The U, term is going to be a better approximation however, since INJ’I is

a smaller matrix it allows us to use more nodes in approximating ﬁz.
Np
Py= pleANPNT A M U, = [,oleA’“NU'I . .preA“NpNU’l}
i=1
Py = / eAH <751 ® ﬁ1> H'eA ' B3dt; Uy = [pleA’“H <INJ’1 ® I~J’1> ... pn, e H <INJ’1 ® INJ’IH
0

Now the advantage of this is that the dimension of the matrix H is (N, + Nyni+ Nyn?) (N, +
N,ny + Nyn?), which is actually quadratic in N - N,N, = N? just like the linear case! Of
course, we need to ensure that n; is of small order. In fact, we have a lot of flexibility in

choosing the number of nodes being used to approximate fjg and 63. For example,

P B ... p,, et B]

[pleA“lB e Py e B}
[ore
1€

U, =
677 1 —
ﬁQ = [p Aulejll Ce preA'LLNi{’ Nﬁll]
63 = |:p1€AM1H (fj/ll ® 6/11) e pNZ/)/eA#Nll;H <6/1/ ® ﬁ¥>:| .
As long as we ensure N, =~ N)n; ~ N,'n3, the runtime (practically) won’t be affected. This

allows us a way to include more quadrature nodes.

1/2

Another issue is that of computing the K term. Forming the Kronecker product (\?1 S, ®

Y. Sl_l/ 2) is a challenge even for moderate systems. The solution to this problem is by cleverly
using the symmetric properties of H. We have the term H, = s;ijK(?l S;1/2®Y1 8;1/2).
Let W = 51—1/2le and V = Yls;”?. Now we follow the procedure given in Ref. [37]:

1. Compute Y € R yia Y1) = WTH.
2. Compute Z € R™*"™" via Z2) = VT Y@,

3. Compute H, € R via HY = vTz6),

This allows to compute the product H, = WK(V ® V) in O(n?r) instead of O(n?).
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5.6 Numerical tests

In this section, we test the performance of our algorithm on two benchmark datasets - the

build dataset [22] and the burgers quadratic equation.

Comparison of the impulse response of the FOM and the ROMs

0.015
—FOM
— BT
g 001f QBT|
=
Q
2 0.005 -
&
¥
—_— 0 A _
, \,
=
-0.005 - .
_0.01 1 | | | | 1
0 2 4 6 8 10 12 14

Time

Figure 5.1: Comparing the impulse response of the FOM (build) with that of the ROM
obtained from BT and Quad BT

Fig. plots the impulse responses of the Quad BT ROM (r = 42) and the FOM (of
dimension 48). We also show the response of the BT ROM (r = 42) for comparison. The
oscillatory behaviour of the impulse response makes the ‘build’ system difficult to handle
despite the small dimension. However, by using the procedure mentioned in Sec. [5.5], we are

able to pick enough nodes to capture this oscillatory behaviour.

In Fig. [5.2] we plot the Hankel singular values of the build FOM, Quad BT ROM (r = 42)
and BT ROM (r = 42). The HSVs of the Quad BT ROM approximate that of the FOM
nearly as well as the BT ROM. In Fig.[5.3|we consider a discretization of the burgers quadratic
equation which yields a QB system of dimension 150. We construct ROM using Quad BT
and BT with truncation index r = 31 and observe that the Quad BT HSVs are close to
that of the FOM until a certain point but begin to deviate after the first 20 singular values.
However, the singular values that differ are of order 1071, Using more nodes with other
quadrature rules to approximate the gramians might be a way to improve on this. Balanced

truncation naturally outperforms Quad BT in this case, firstly because it is intrusive and we
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haven’t used a sufficient number of quadrature nodes.

HSVs for FOM(blue), ROM QuadBT(red), ROM BT(green)
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Figure 5.2: Comparing the HSVs of the FOM (build) with BT and Quad BT ROMs
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Chapter 6

Conclusion and outlook

In this thesis, we extended two popular model reduction frameworks to more general classes

of systems.

In chapter [3] we defined the gramians, kernels and balanced truncation for BQO systems.
We are close to proving a result connecting the definition of the gramians with the energy
functionals of the BQO system however, due to the unfinished nature of the work, it has not
been added to this thesis. In the future, we also hope to be able to provide certain apriori

H o, error bounds like in the linear case.

It would be an interesting question to study how many gramian components in the
truncated gramian definition are necessary for good approximation of the FOM. Naturally,
the more components we take, the better the approximation. For the few systems I studied,
it seems that a truncation index of 2 seems to be enough but this may not be true for slightly

more complicated systems.

In Chapter [d we extend the data-driven method Quad BT to linear systems with quadratic
output. We introduce a way to increase the computational speed of the algorithm by using
‘course’ Gramian approximations. A deeper study of this ‘turbo’ trick of Quad BT for
nonlinear systems would help us understand how to make our algorithm run fast while at
the same time giving good results. Using adaptive schemes to cleverly pick quadrature
nodes might be an alternative way out without having to work with coarse/low-quality

approximates.

7



Finally, in Chapter |5 we present the Quad BT algorithm for quadratic bilinear systems.
Due to the time complexity of the algorithm, using the turbo extension becomes even more
important than in the LQO case. Adaptive schemes might also provide a way out of this
problem. We do not have a clear understanding of how many nodes or what quadrature
scheme to pick. The practical aspects of the method need to be explored further especially
for the QB system case. It would also be interesting to see if Quad SPA [38], an algorithm also
based on quadrature-based approximations, can be extended to slightly nonlinear systems
just like Quad BT.
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