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Abstract

We prove an algebraicity result for all the critical values of L-functions for
GL3 x GL; over a totally real field, and a CM field separately. These L-
functions are attached to a cohomological cuspidal automorphic representa-
tion of GL3 having cohomology with respect to a general coefficient system
and an algebraic Hecke character of GL;. This is derived from the theory of
Rankin—Selberg L-functions attached to pairs of automorphic representations
on GLj3 X GLs. Our results are a generalization and refinement of the results
of Mahnkopf [26] and Geroldinger [14]. The resulting expressions for criti-
cal values of the Rankin-Selberg L-functions are compatible with Deligne’s
conjecture. As an application, we obtain algebraicity results for symmetric

square L-functions.
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Statement of Originality

The main results of this thesis which constitute original research are Theo-
rems 1.2 and 1.3. This leads to Corollaries 1.4 and 1.5.

Sections 4.2.2 and 5.4; Propositions 4.6, 4.19 and 4.20; Lemma 5.20 as well
as Theorem 5.11 are original subsidiary results that are required to prove the

main results. As an application, main theorem helps to prove Theorem 1.6.
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Chapter 1

Introduction

1.1 History and motivation of the problem.

There has been a long history involving special values of automorphic L-
functions for GL, x GL,,, where the special values are written as algebraic
multiples of complex invariants defined by means of representation theory
and cohomological tools. More precisely, given a cuspidal automorphic rep-
resentation II on a reductive algebraic group G, there have been attempts to

answer the following questions:

o What are the interesting integers s = m to consider for L(s,I1)?

e What can we say about algebraicity properties of L(m,I1)?

This work is related to a conjecture of Deligne on special values of motivic
L-functions. The statement of the conjecture is as follows (see Deligne [11,

Conj. 2.8)):

Conjecture 1.1 Let M be a pure motive over Q with coefficients in a num-
ber field Q(M). It asserts that the critical values at s = m € Z of the
L—function attached to Motive M can be described, upto multiplication by el-
ements in a number field Q(M), in terms of geometric motivic periods ¢=(M)

and certain explicit power of (2mi) as follows:
L(m, M) ~gry (2mi) 4™ 0™ (M),
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In 1998, Mahnkopf [26] started looking at the problem of proving an al-
gebraicity result for all critical values of Rankin—Selberg L-functions on
GL3 x GL; over a number field F. In his paper, he proved the algebraicity
of the critical values of the L-function attached to a cuspidal automorphic
representation of GL3 over Q having cohomology with respect to constant
coefficients. Later in 2015, his student Geroldinger [14], generalized his work
to arbitrary cohomological weights (1, u2, p3) of GL3 over Q and also proved
a functional equation for p—adic automorphic L-functions. This thesis deals
with proving an algebraicity result for the special values of L-functions for

GL3 x GL; in the following two situations:

1. Over a totally real field having cohomology with general coefficients

= (1, po, f13);

2. Over a CM field (totally imaginary quadratic field over a totally real
field) having cohomology with coefficients p = (u*, u*) where p* =

(p1, pra, pi3) and pi* = (pi, ps, p3) such that py = p3 and also p is a
“parallel” weight.

Such results can be proved by giving a cohomological interpretation to an

integral representing a critical L-value.

1.2 Statements of the theorems.

Algebraicity results for all critical values of certain Rankin-Selberg L-functions
for GL3 x GL; over a number field F' derives from the theory of L-functions
attached to pairs of automorphic representations on GL3 x GLjy. Once we
have L-functions on GL3 x GLs, we adapt general techniques and methods
of Raghuram’s paper [29] to prove the main theorems. To describe the the-
orems in greater detail, we need some notations. Suppose A is the ring of

adeles of F'. Given a regular algebraic cuspidal automorphic representation



IT of GL3(AFr), one knows from Clozel [9] that there is a pure dominant in-
tegral weight p such that II has a nontrivial contribution to the cohomology
of some locally symmetric space of GL3 with coefficients coming from the
finite-dimensional representation with highest weight u. We denote this as
I1 € Coh(G3, ), for u € X (T3), where T3 is the diagonal torus of Gi3 = GLs.
Let II = Il ® II; be the usual decomposition of II into its archimedean part
[ and its finite part II;. One knows that its rationality field Q(II) is
a number field and that II is defined over this number field. For a given
weight (1, the representation M, is defined over a number field Q(x), and by
Clozel [9], it is known that cuspidal cohomology has a Q(pu)-structure; hence
the realization of Iy as a Hecke-summand in cuspidal cohomology in low-
est possible degree has a Q(II)-structure. On the other hand, the Whittaker
model W(IIy) of the finite part of the representation admits a Q(II)-structure.
Following Raghuram-Shahidi [33], on comparing these two Q(II)-structures,
certain periods p(II) € C* were defined and studied; here e = (€,)ves,
is a collection of signs indexed by the set S, of real places of F. For any
o € Aut(C), one knows that ?II € Coh(G, %) and one can define periods
simultaneously for all °II. Henceforth, let ;4 € X (73) stand for a dominant
integral pure weight and consider II € Coh(Gjs, ). The statement of the

theorems are as follows:

Theorem 1.2 (F' is totally real) Let IT € Coh(Gs, ) with ey, = 1 for all
v € Sy (see Proposition 3.9 for the definition of en, ), and let u € Xy (T3)
such that for each p = (ty)vesa,, o = (M, 0, —n,) with n, a non-negative
integer. Put n = min{n,}. Let x : F*\Ar — C* be a character of finite
order, and define Q(x) := Q({values of x}). Suppose that m € 7Z is critical
for Ly(s, 11 ® x), the finite part of the standard degree-3 L-function attached
to 11 and x. Then

c {1 —nepy ., =3, =15 2,4,... neyt, if x 1is totally even,
m
{1 —npaqy-..,—4,—2,0; 1,3,... 0.}, ifx is totally odd,
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n+1

5 ] = the largest even positive integer less than or equal to

where Nng, = 2 [
n+1, andn,g =2 [%} +1 = the largest odd positive integer less than or equal
ton+ 1. (If x is even at one place and odd at another place then there are
no critical points.) Fix a quadratic totally odd character & once and for all

(which will be relevant only when x is totally odd). Consider the four cases:

Case la. y is totally even and m € {2,4,- -+ ,ney }.

Define QF (1) := p™(I1)L;(—1,I1)" . There exists a nonzero complex
number PL (11, m) depending only the weight u and the critical point m
such that

Lim I ®x) =gy Lol m) Q1) G(x)?,

where, by Rgi,y), we mean up to an element of the number field which
is the compositum of the rationality fields Q(I1) and Q(x); and G(x) is
the Gaufl sum of x.

Case 1b. y is totally even and m € {1 — ney, -+, —3,—1}.
Define Q}f (1) := pn(I1)L;(2,11)"'. There exists a nonzero complex

number P%(u,m) such that

Ly(m, @ x) ~guy Pl m) 4 () G(x).

Case 2a. y is totally odd and m € {1,3, -+ ;nea}-
Define Q. (I1) := p(I1) L (0, II® &) . There exists a nonzero complex

number P2 (y1,m) such that
Lp(m, 1@ x) ~omy P (p.m)Q, (1) G(x)*G(§),

where G(§) is the Gauf sum of €.



Case 2b. y is totally odd and m € {1 — neq,- -, —4,—2,0}.
Define Q (I) := p(I) L (1, II® &)L, There exists a nonzero complex

number P (u,m) such that
Ly(m, 1@ ) ~omy Palp,m)Q (1) G(x).

Moreover, in each of the cases, the ratio of the L-value on the left hand side

divided by all the quantities in the right hand side is equivariant for the action

of Aut(C).

This theorem has appeared in the article [31]. For FF' = Q, p =0 and m = 1,
the case 2a above is the main rationality result in Mahnkopf [26]; and for
F = Q and general pu, a weak form of the above theorem is implicit in the
construction of the p-adic L-functions in Geroldinger [14]. Let’s mention in
passing that if n = 0 and y is totally even, then there are no critical points.
Now we come to CM case where the shape of the main theorem is similar to

the totally real case but the input data is different and more complicated.

Theorem 1.3 (F is a CM field) Let IT € Coh(Gs,u) with p € X (T3).
We suppose that p is a parallel weight, that is, = (b )ves.. ,

Ho = (nla 07 Ng; —Na, 07 _n1>

with ny a non-negative integer and ny a non-positive integer. (See Section 2.1
for the definition of Seo.) Furthermore, let x : F*\Ay — C* be an algebraic
Hecke character also of parallel weight such that

e = T ()

’L)GSoo

for some t € Z. For integers a and b, let
la, b :={m € Z | a<m <b}.

Suppose that m € Z is critical for L;(s,I1®x), the finite part of the standard
degree-3 L-function attached to 11 and x. Then

b}



o fort strictly positive,
[2+n1—t,t—n1—1] Zf 0§7’L1§t-2,
me[t—ny, ng+1—1 if t<mn; <2t—1,
[1 -, ﬂ Zf ny > 2t;

if ny =t — 1 then there are no critical points;

e fort strictly negative,

[2—n2+t, ng—l—t] Zf t—{—QSHQSO,
m € [ng—t,1+t—n2] ’Lf 2t+1§n2§t,
[1+1t, —t] if  ng <2t

if no =t—+ 1, there are no critical points.

(Ift = 0, that is, x is finite order character, then there are no critical points.)

Furthermore, fix once and for all the unitary algebraic Hecke character ¢ of
2

parallel weight such that ¢ (2) = ( - ) . Consider the cases:

||

Case 1. t is strictly positive, no < —2t, ny > 1 and
[2+n1—t,t—n1—1] Zf nlgt—Q,
meQ[t—ny, ng+1—1 if t<mn;<2t-—1,

[1—t, ¢ if ny > 2t.
Define QF (IT) := p(I1)L#(0,1I®¢) . Then there exists nonzero complex
numbers Pt (u,m) (depending only the weight p and the critical point
Y

m) and ¢ (dpx ™) (depending on characters x and ¢) such that

Ly(m,II®X) ~ouiye Pr(mm) (I cH(ox) G(x)* G(9),

where, by ~Rg(,y.¢), we mean up to an element of the number field which

is the compositum of the rationality fields Q(I1), Q(x) and Q(¢); and
G(x)(resp. G(¢)) is the Gaufy sum of x (resp. ¢).



Case 2. t is strictly negative, ny > —2t, ny < —1 and
[Q—Tlg—f-t, ng—l—t] Zf t+2§n27
me | [ng—t, 1+t—ny if 2t4+1<ny<t,
1+t —t] if na <2t
Define Q~(II) := p(I1) L¢(1,I1 @ ¢~)~1. There exists nonzero complex
numbers P_(p,m) and ¢*(x¢) such that

Ly(m,II® x) ~orye Pal,m) Q7 (I et (x¢) G(x) G(9) 77

Moreover, in each of the cases, the ratio of the L-value on the left hand side

divided by all the quantities in the right hand side is equivariant for the action

of Aut(C).

This theorem will appear in the forthcoming article [35], in which author will
address the general p situation. For a cuspidal automorphic representation
of GL3(Afr) which is regular conjugate self-dual, cohomological, the above

theorem is contained in the main rationality results of Jie Lin’s thesis [25].

The proof of theorems, following [26], is based on an integral representation
for the value L ¢(m, IIx x), which we derive from the Rankin-Selberg theory of
L-functions for GL3x GLy, by taking IT on GL3 and an induced representation
Y(x1,x2) on GLy. Furthermore, assume that the representations are such
that s = 1/2 is critical for the Rankin-Selberg L-function attached to IT x
X(x1, x2)- We note that

L(s, 1T x X(x1,x2)) = L(s +1/2,1T® x1)L(s — 1/2,I1 ® x2).

Using results from [26] and [30], we can arrange for the data dy, ds, x? and
in totally real case (Proposition 4.19) and for the data oy, 09, 1 and x5 in
CM case (Proposition 4.20) so as to afford an interpretation of the critical L-
value L(%, IT x 3(x1, x2)) as a Poincaré pairing between the pull-back to GLy

of a cuspidal cohomology class J7; ., for IT and an Eisenstein cohomology class
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V%, for X(x1, x2) (see Theorem 5.11). Now we freeze one of the characters
X1, X2, and let the other vary, to capture all the critical values L(m, [I®x). In
Section 5.4, for the each of the cases above in both the theorems, we express
L(m,II @ x) in terms of certain periods and the Poincaré pairing of 97
and %, from which we deduce the required algebraicity result in Sections
6.2 and 6.3.

Let’s now briefly address the compatibility of algebraicity results with mo-
tivic periods and motivic L-functions. Let M be a pure motive over QQ with
coefficients in a number field Q(M). Suppose M is critical, then a celebrated
conjecture of Deligne [11, Conjecture 2.8] relates the critical values of its
L-function L(s, M) to certain periods that arise out of a comparison of the
Betti and de Rham realizations of the motive. One expects a cohomologi-
cal cuspidal automorphic representation II to correspond to a motive M (I1);
one of the properties of this correspondence is that the standard L-function
L(s,1I) is the motivic L-function L(s, M(II)) up to a shift in the s-variable;
see Clozel [9, Section 4]. With the current state of technology, it seems
impossible to compare our periods p¢(IT) with Deligne’s periods ¢* (M (II)).
Be that as it may, one can still claim that Theorems 1.2 and 1.3 are com-
patible with Deligne’s conjecture by considering the behavior of L-values
under twisting by characters. Blasius [2] and Panchishkin [28] have indepen-
dently studied the behavior of ¢*(M(II)) upon twisting the motive M (IT)
by a Dirichlet character (more generally by Artin motives). Using Deligne’s
conjecture, they predict the behavior of critical values of motivic L-functions
upon twisting by algebraic Hecke characters. This takes the following form
in case of Theorem 1.2 which we state only when the twisting character is a

totally even finite order Dirichlet character:

Corollary 1.4 (F is totally real) Let I1 € Coh(Gs, i) and x : F*\Aj — C~

be of finite order and which is totally even. If the critical point m is to the



right of the center of symmetry then
Lym,I®x) ~ Ly(m,I)G(x)?

but if the critical point m s to the left of the center of symmetry then we

have

Lf(m7H®X) ~ Lf(m’H)g(X)'

In both the cases the ratio is Aut(C)-equivariant.

From the above relation between critical values for twisted L-functions with
the corresponding values of the untwisted L-functions we may claim that our
result is compatible with Deligne’s conjecture. See also [32, Section 7] where
such relations for twisted critical values are conjectured for symmetric power
L-functions of a modular form.

Analogously it takes the following form in case of Theorem 1.3 where the
twisting character is a unitary algebraic Hecke character, which is enough to

state for a particular sub-case of each case:

Corollary 1.5 (Fis CM field) Let I1 € Coh(G3, ) and x : F*\Ay — C*
be a unitary algebraic Hecke character, defined as in Theorem 1.3. Also fix a
unitary Hecke character ¢ as stated in Theorem 1.3. Ift > 1; ny > 1; ny <

—2t and the critical point m satisfies 1 —t < m <t then

Lim I@x)  LimII®9¢)
G(x)? G(¢)?
but if t < —1; ny > —=2t; ny < —1 and the critical point m 1is such that

1+t <m < —t then we have

LimT®yx) _ LimIee!)
G(x) G(o)t

In both the cases the ratio is Aut(C)-equivariant.

cctox ),

- (x¢).

Q

The above corollary suggests a factorization of the periods of y¢ in terms

of the periods of y and of ¢, possibly giving a symmetric form to the above

9



equations.

The proof of both the corollaries follows by taking ratio of L-values:
Li(m,II®x) and L;(m,II®n) where n is the trivial character when F is to-
tally real or 7 is a fixed unitary algebraic Hecke character when F is CM field.

Finally, as an application let’s discuss the case of symmetric square L-
functions for GL,. For a totally real case Theorem 1.2 applies to the sym-
metric square L-function L(s, Sym?yp, ) attached to a holomorphic cuspidal
Hilbert modular form ¢, twisted by a finite order Dirichilet character y. See
Section 6.4. Furthermore, for a CM field case we wish to apply Theorem 1.3
to obtain a rationality result for all the critical values of the symmetric—square
L-function L(s,Sym?(r), ) attached to cohomological cuspidal automorphic
representation 7, twisted by a unitary Hecke character x. This leads us to

the following theorem:

Theorem 1.6 Let 7 € Coh(Go, p) with p € X (1), a ‘parallel’ dominant
integral weight such that for each v € So, w, = (a,—a; a,—a) for some
a > 1. Let x be a unitary algebraic Hecke character of a CM field such that
Xoo(2) = (2/|2]) 72" for some t > 0. Assume that a > t. Suppose a character
@ 1s same as defined in Theorem 1.3. Then the critical set consists of integers

m € [1 —t, t| and furthermore,

Lg(m,Sym®(7) ® x)

R Poe(Sym? (1)), m) QF (Sym?*(m)) ¢ (éx 1) G(x)* G(9).

The proof of the above theorem is given in Section 6.4.

In Chapter 2, we give a dictionary of terminologies which will be needed
later to develop the theory. The reader may quickly skim through this chap-
ter to acquaint himself/herself with the notations and cohomological groups

we deal with.

10



In Chapter 3, we begin with a cuspidal automorphic representation on GL3
and an induced representation on GLs and study their cohomological nature.
In Section 3.2 we see the general form of an algebraic Hecke character, which
later helps in finding the critical values of L-function and defining the in-
duced representation. Furthermore, Sections 3.3 and 3.4 deal with cuspidal

cohomology on GLj3 and Eisentein cohomology on GLsy respectively.

In Chapter 4, we study the analytic interpretation of L-function on GL3 X
GL;. In Section 4.1, we attach an L-function to a pair of representations on
GL3 x GLy, using Rakin—Selberg integrals. In Section 4.2 we calculate the
critical set for L-functions on GLj3 X GL; in terms of weights associated to
representations. Furthermore, we arrange everything for the compatibility of

weight systems in Section 4.3.

In Chapter 5, we study the cohomological interpretation of Rankin-Selberg
integral, using tools available in chapter 3 and then prove the main identity
which relates the L-value with the global pairing of cohomology classes. Fi-
nally in Chapter 6, we give the Galois equivariant version of both the main
theorems followed by an application to the symmetric square L-functions,
by thinking of the L-function on GLj3 x GL; as the standard L-function of
the symmetric-square—which is a cohomological cuspidal representation of

Gs—twisted by an algebraic Hecke character .

11



Chapter 2

Preliminaries

2.1 Notations and Definitions

N,Z,Q and R denote the set of natural numbers, integers, rational

numbers, and real numbers, respectively.

C denotes the field of complex numbers; for z € C, $(z) will denote its

real part, |z| its absolute value and Z its complex conjugate.
For integers a and b, define [a, b] :={m € Z | a < m < b}.
1 stands for trivial character.

The base field. Let F' be a number field of degree dp = [F': Q] with
ring of integers O = Op. For any place v we write F, for the topo-
logical completion of F' at v. Let S, be the set of archimedean places
of F. Let Sy := S, U S,, where S, (resp., S.) is the set of real (resp.,
complex) places. Let e = Hom(F, C) be the set of all embeddings of F
as a field into C. There is a canonical surjective map ep — S, which
is a bijection on the real embeddings and real places, and identifies a
pair of complex conjugate embeddings {¢,,z,} with the complex place
v. For each v € S,, we fix an isomorphism F, = R which is canonical.
Similarly for v € S, we fix F,, = C given by (say) ¢,; this choice is

not canonical. Let r; = |S,| = number of real places and ry = |S.| =

12



number of complex places; hence drp = 1 + 2r5.
In particular, if we separate the case of totally real and totally imagi-

nary number fields (or CM fields) then:

1. F is totally real. In this case S, = 5, and hence dp = 7.

2. F is CM field. A number field F' is a CM field if it is a totally
imaginary quadratic extension F'/F, where the base field Fj is
totally real. Put [Fy : Q] = dyp. Then dp = [F : Q] = 2dp.
Furthermore, in this case S, = S. and hence dp = 2ry. This

implies o = d.

Moreover, if v ¢ S, and p denotes the prime ideal of O corresponding
to v, then we let F}, the completion of F' at p, and O, the ring of integers
of F,. Sometimes, F}, is used for F}, and similarly O, for O,. The unique
maximal ideal of O, is pO, and is generated by a uniformizer w,. Let

D denote the absolute different of F', that is,
D' ={z € F: Trp(z0) C Z}.

For any prime ideal p of F' define r, > 0 by: Dp = H;3 p™. Let Ap
stand for its adele ring, with Ap; and A the ring of finite adeles and
group of ideles, respectively. For brevity, Ag will be denoted by A, and
similarly, A* for Ag.

We let || ||r: Ax — R-o be the adelic norm of F' defined by

[EE . A

v—finite ramified VESso

Lie groups. The algebraic group GL,,/F will be denoted as G,,, and
we put G, = Rp)g(G,,). An F-group will be denoted by an underline
and the corresponding Q-group via Weil restriction of scalars will be

denoted without the underline; hence for any Q-algebra A the group
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of A-points of G,, is G,(A) = G,(A®¢g F). Let B, = T,U, stand
for the standard Borel subgroup of G,, of all upper triangular matrices,

where U, is the unipotent radical of B,, and T, the diagonal torus.

The center of GG, will be denoted by Z,. These groups define the
corresponding Q-groups G,, O B, = T,,U,, D Z,. Observe that Z, is
not Q-split, and we let S,, be the maximal Q-split torus in Z,,; we have

S, =2 G,, over Q.
Note that the field F' at infinity is

FOO::F®R:HFL2HR>< H(C.

LEER vESy vESe

Then the group at infinity is

Gnoo = Gn(R) = ] GLu(F,) = [ GLu(R) x J] GLA(C).

VESeo vESy vES.
We have the center Z,(R) = [],cq R* x]],cq C*, where each copy of

R* (resp., C*) consists of nonzero scalar matrices in the corresponding
copy of GL,(R) (resp., GL,(C)). The subgroup S, (R) of Z,(R) denotes
the split component of center consisting of R* diagonally embedded in
[Tes R* x [[,eq. C*. Furthermore, suppose Cp o0 := [],cq O(n) %
[I,cs, U(n) be the maximal compact subgroup of G, (R). Put

Koo = Sn(R)C 0

>~ RX (H o(n) x I U(n))

’UGST UESC

=~ RX (H o) x ] U(n))
vES, VES,

= Sn(]R)OOn,ooa

where S,,(R)? denotes the topological connected component of the iden-
tity of the split component S,(R). Let K7  be the topological con-
nected component of K, . Hence

Ky = S(R)°Ch =R (H SO(n) x H U(n)) :

vESy vES,
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For any topological group &, we will let 75(®) := &/&° stand for the

group of connected components. We will identify

m0(Goo) = mo(Knoo) =[] {1} = [ {2} x [T {+}.

VESeo VES, vES,

Furthermore, we identify mo(G,(R)) inside G,(R) via the ¢/ s where
the matrix 6, = diag(—1,1,...,1) represents the nontrivial element in

O(n)/SO(n). The character group of my(K, ~) is denoted by ﬂo(/Kn\m).

M,, denotes an irreducible finite dimensional complex representation

of G, o With highest weight p.

Fix a global measure dg on G, (A), which is a product of local measures
dg,. The local measures are normalized as follows: For a finite place v,
if O, is the ring of integers of F,, then we assume that Vol(G,(0,)) = 1,
and at infinity assume that Vol(Cy ) =1

Lie algebras. For a real Lie group GG, we denote its Lie algebra by
g" and the complexified Lie algebra by g, i.e., g = g° ®g C. Thus, for
example, if G is the Lie group GL,(R) then g° = gl,,(R) and g = g, (C).
Let g o and &, . denoting the complexified Lie algebras of G}, o, and

K, , respectively.

Let ¢ : GL,_1 — GL, be the map g — (?;). Then ¢ induces a
map at the level of local and global groups and between appropriate
symmetric spaces of G,,_1 and G, all of which will also be denoted by
¢ again; we hope that this will cause no confusion. The pullback (of a
subset, a function, a differential form, or a cohomology class) via ¢ will

be denoted by ¢*.

We fix, once and for all, a non-trivial, continuous, additive character
Y F\ Ap — C*. We assume that 1, : F,” — C* is unramified for

all finite places v. That is, if O = Hp p™ the product running over
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all prime ideals p C O, then the conductor of the local character v, is

O,, i.e., 1, is trivial on O, and non-trivial on p;*O,.

Gaufl sums of Adelic characters. For a Dirichlet character y mod-
ulo an integer N, following Shimura [39], we define its Gaufl sum g(x)
as the Gaufl sum of its associated primitive character, say yg of con-
ductor ¢, where g(xo) = S25_¢ xo(a) €*™/¢. For a Hecke character & of
F, by which we mean a continuous homomorphism £ : F*\ Ay — C*,
following Weil [44, Chapter VII, Section 7|, we define the Gaul sum
of £ as follows: We let ¢ stand for the conductor ideal of {;. Let
Y = (Yo)usoo € A} be such that ord,(y,) = —ord,(c). The Gauf} sum of

¢ is defined as
g(ffvwfay) = H g(fvawvayv)v

vF£00

where the local Gaufl sum G(&,,1,,v,) is defined as

G(60 ) = [ &) 00l

For almost all v, where everything in sight is unramified, we have
G(&, Yy, yy) = 1, and for all v we have G(&,, ¥y, y,) # 0. Note that,
unlike Weil, we do not normalize the Gaufl sum to make it have abso-
lute value one and we do not have any factor at infinity. Suppressing
the dependence on ¢ and y, we denote G(&y,¢¢,y) simply by G(&f) or
even G(§).

Locally symmetric spaces. (See [16, Section 1.1].) Let K; be an
open-compact subgroup of G, (Af). Let us write K; = Hp K, where
each K, is an open compact subgroup of G,(Q,) and for almost all p

we have K, =[], GLn(O,). Define the double-coset space
For brevity, let K = K} . Ky, and define

X = Gu(A)/K = Gu(R)/K ., x Gu(A))K,
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ie., X is the product of the symmetric space G,(R)/K)  with a
totally disconnected space; any connected component of X is of the
form X, = Gn(R)"(go0; 95) Ky /K where g = (gooi g5) € Gu(A) with
Joo € m(Gn(R)) C Gn(R). The stabilizer of X, inside G,(Q) is
Ty = {y € Go(Q) : v € Go(R)° N gsKsg;'}. Any connected com-
ponent of S, (Ky) is of the form I'y)\ Xy = Ty \ G,(R)° /K] .. However,
'y does not act freely on X, since S, oo C K, . Indeed, the stabilizer
of every point in X, contains a congruence subgroup A of S, (Op); this
A is independent of the point in X, but the congruence conditions on
A depend on K;. The group I'y = I'y/A acts freely on X, and the
quotient T'y \ X, is a locally symmetric space. We will abuse terminol-
ogy and sometimes refer to S, (Ky) as a locally symmetric space of G,,

with level structure K.

Similarly, define

where C) _ is the connected component of the identity of the maximal
compact subgroup C,, », of G,,(R). We get a canonical fibration ¢ given
by:

Sn(Kf) = GH(Q)\Gn(A)/ngme
l¢
Sn(Kf) = GH(Q)\GH(A)/Kg,ooKf'

Automorphic representations. An irreducible representation of
Gn(A) = GL,(Ap) is said to be automorphic, following Borel-Jacquet
[4], if it is isomorphic to an irreducible subquotient of the representation
of G,,(A) on its space of automorphic forms. We say an automorphic
representation is cuspidal if it is a subrepresentation of the represen-
tation of G, (A) on the space of cusp forms Acusp(Gn(Q)\Gr(A)) =
Acusp(GL, (F)\GL,,(AF)). Let V; be the subspace of cusp forms re-
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alizing a cuspidal automorphic representation 7. For an automorphic
representation m of G,,(A), we have m = T ® 7y, where 7 is a rep-
resentation of Gy, o and 7y = ®,¢g. T, is a representation of G, (Ay).

The central character of m will be denoted w;,.

e Rationality field of n. Given 7, suppose V is the representation
space of 7y , any o € Aut(C) defines a representation 77 on V ®&cCy
where G,,(Ay) acts on the first factor. Let S(mf) be the subgroup of
Aut(C) consisting of all o such that 7¢ ~ 7. Define the rationality
field Q(m¢) of ¢ as the subfield of C fixed by S(7¢); we denote this as
Q(m) = Q(rry) = C5). (See [32] for details.)

e The finite part of a global L-function attached to a representation m
is denoted by L(s,m) and for any place v the local L-factor at v is
denoted by L(s,m,).

2.2 Various Cohomologies

e Relative Lie algebra cohomology. (See Borel-Wallach [5] for de-
tails.) If V is a g—module, and g € N, then

C?= Cg; V) = Homp(Ag, V),

and d : C7 — Ot is defined as

df (zo, . .., x4) = Z(—Uﬂ‘mj fl@o, ... 25, .. 1)

k A A
+Z VIR F ([, oh), Tos - oy By e ooy Ty oo, Tg).
i<k

Here a hat over an argument means that it is omitted. An elementary
calculation shows that d intertwines the action of g, and that d? = 0.
Furthermore, to x € g there is associated an endomorphism 6, of C?

and a linear map i, : C? — C97! defined by
O )(x1,...,x Zf (1, .. [z, x), o zg) F o fo, .., xy),
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(fo)(l'l, Ce ,I'qfl) = f(.’lf, T1,y... ,I'qfl).

Let C?(g,t,V) be the subspace of C'%(g, V') consisting of the elements
annihilated by the maps i, and 6, for all z € ¢. Then CY(g,¢,V) is

stable under the map d and we have
C(g, & V) = Home(N(g/¥), V),

where the action of £ on AY(g/#) is induced by the adjoint representa-

tion.

The cohomology groups of complex CY(g, € V) are the relative lie al-
gebra cohomology groups H%(g, K; V) of g mod ¢, with coefficients in
V', where K is the connected subgroup such that Lie(K) = £. We are
interested in the cohomology groups: H®(gn.c0, Ky o3 V).

Observe that if Ky is a normal subgroup of K, since K acts on the
space Hom(A®(g/€), V), this implies K/K, acts Hom(A®*(g/¢), V)Xo =
Hompg,(A*(g/€), V). Here K° is a topological connected component of
K

Sheaf cohomology. (Reference: see Harder-Raghuram [17]) Given
a dominant-integral weight p € X*(7,,) and the associated repre-
sentation M, g, where E is an extension of Q(u), we get a sheaf
M .5 of E—vector spaces on symmetric space Sg, (/) as follows: Let
7 : Gu(A)/K) K; — Sn(Kj) be the canonical projection. For any

open subset U of S, (K) define the sections over U by:

M, (U) :={s: 7 (U) = M, | s is locally constant, and
s(yu) = pu(7)s(u); Vv € Go(Q),u € 71 (U)},

where p, is the finite dimensional representation of G,,(R) with highest
weight p. This defines a sheaf of complex vector spaces on S, (Ky).
Note that even if M, g # 0 it is possible that the sheaf MVM,E = 0.
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(See Harder [16, 1.1.3].) Indeed, ./K/lvu,E = 0 unless the central character
of p, has the infinity type of an algebraic Hecke character of F'. We

are interested in the sheaf cohomology groups

H* (S0 (Ky), MyE).

It is convenient to pass to the limit over all open-compact subgroups K

and let H'(SH,M#,E) = lim H‘(Sn(Kf),/T/l/u,E). There is an action

of mo(Gro0) X Gr(Ay) on H®(S,, //\/lva), and the cohomology of S,,(K )

is obtained by taking invariants under Ky, i.e.,
H*(Su(K), My5) = H*(S0, M,,5) 7.

Working at a transcendental level, i.e., taking £ = C, we can compute
the above sheaf cohomology via the de Rham complex, and then rein-
terpreting the de Rham complex in terms of the complex computing

relative Lie algebra cohomology, we get the isomorphism:

—

H* (S, My) = H* (8n,00 K)o CF(Ga(Q\Gn(A)) @ M,.).

With level structure K it takes the form:

H*(Sn(Kp), My) = H*(gn,o0, K 03 C(Ga(@N\G(A)™ @ M,).

We will also consider the cohomology groups H ’(S’n(K 1), M,).

Cuspidal cohomology. The inclusion

Coup(Gn(QN\Gn(A)) = C=(Gn(Q)\Gn(A))

of the space of smooth cusp forms in the space of all smooth functions
induces, via results of Borel [3], an injection in cohomology; this defines

cuspidal cohomology:

H iy (Su(Kp), My) = H(gn, K o3 Congy (Gr(Q)\Ga(A)) ™ @ M,,).

cusp n,007 ~ cusp
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Using the usual decomposition of the space of cusp forms into a di-
rect sum of cuspidal automorphic representations, we get the following

fundamental decomposition of mo(Gp ) X Gy (Af)-modules:
H(:usp(srw MM) = @ H.(gn7 K2,OO’ HOO ® MN) ® Hf
I

We say that II contributes to the cuspidal cohomology of G, with
coefficients in M, if II has a nonzero contribution to the above decom-
position. Equivalently, if II is a cuspidal automorphic representation
whose representation at infinity I1 after twisting by M, has nontrivial
relative Lie algebra cohomology, i.e., H*(g,, Kgm; I ® M,,) # 0 for

some . In this situation, we write I € Coh(G,,, ). It is well known

(see [9]) that only pure weights support cuspidal cohomology.
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Chapter 3

Representation Theory and
Cohomology

3.1 Finite dimensional representations

Consider T, oo = [[,cg. Tn(Fy). Let X*(T,,) = X*(T,,») be the group of all
algebraic characters of T), -, and let X7(7,,) = X(T,.») be the subset of
X*(Ty,00) which are dominant integral with respect to Borel subgroup B,.

A weight p € X (T, ) is described as follows: = (py)ves,,, where

e For v € S, we have p, = (ud, ..., pu2), pt € Z, u¥ > ... > u?, and the
character p1, sends ¢t = diag(ty,...,t,) € T,,(F,) to [[, tfly.

e If v € S, then p, is the pair (u*, u™), with p* = (uy, -, po), ue €
Lypy > -+ > s likewise p™ = (pf*, -+ ) and py” > - > s

the character pu, is given by sending
t = diag(z1,- -+, 2,) € T, (F,) to ﬁ 2
i=1
where Z; is the complex conjugate of z;.
Furthermore, if there is an integer w(u) such that
(1) Forv e S, and 1 <4 <n we have puf + pb_, .1 = w(pu);
(2) For v e S.and 1 <i <n we have uf* + pi_, = w(p),
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then we call such a weight p a pure weight and call w(u) the purity weight of p.
We denote the set of dominant integral pure weights as X (T,,) = X (Th.00)-

Furthermore, take an integer b and integers a; > as > - -+ > a, such that
aj + an—jy1 = b;

now for each v € Sy put p, = (a1,--- ,a,); then u is pure with w(u) = b.
Such a weight is called a parallel weight.

For p € X*(T},), we define (p,, M, c) an irreducible finite dimensional
complex representation of G, o with highest weight p as follows: Since
Groo = [hes, GLn(R) X [],cq. GLA(C), it is clear that

(Pua Mu) = <®vpuv7 ®UMM)

such that for v € S,, (®yp,,, ®yM,, ) being the irreducible finite dimensional
representation of GL,,(R) of highest weight p,,, and v € Se, (Q,p4,, @ M,.,)
is the complex representation of the real algebraic group G(F,) = GL,(C)
defined as p,, (9) = puw (9) ® puw (g); here py (resp., pum) is the irreducible
representation M., (resp., Mz ) of the complex group GL,,(C) with highest
weight p'v (resp., u™).

3.2 Algebraic Hecke Characters

(See Weil [43] for more details.) Recall A is the adele ring of ', and [p = A}
is the group of ideles of F'. Let E be the group of all units € in F' and
Cr = 1p/F* denotes the idele class group of F'.

Definition. A Hecke character is a continuous homomorphism
X : ]IF/FX — C*.

Recall the norm map || || of an idele o € I which is defined as

Lo ll= T lowle,

(%
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where all the valuations are normalized valuations. Then Ip/F* — R is
a surjective homomorphism with kernel =: °I. Clearly F* C °Ip. We have

the following exact sequence
0 — Ip/F" — Ip/F* — RY — 0.

This sequence splits. For example, two of the splittings are given by mapping
t € RY into the idéle which is ¢ at a particular real infinite place and 1
elsewhere, or by mapping t to t'/? at a particular complex infinite place and

1 elsewhere. This splitting gives
]IF/FX ~ O]IF/FX X Ri

It is a fundamental fact that “Tp/F is compact (Neukirch [27, Theorem V1.
1.6]). A continuous homomorphism of °Ir/F> into C* has compact image
and so lands in S'. Furthermore, any homomorphism R} — C* is of the
form o — |z|" for a complex number w = ¢ + ip. Putting these remarks

together, any Hecke character x can be uniquely factored as

X =x"® |’ (3.1)

where x° : Ip/F* — S is a unitary Hecke character and o € R.
The character at infinity of a Hecke character:

e Characters of R*. Any continuous homomorphism y : R* — C* is of the

form

) = sente) el = () lal®,
with f € {0, 1} and w € C. Such a character x is unitary if and only if
w =1y € 1R.

o Characters of C*. First let us note that for z = x + iy € C, its nor-
malized real absolute value is defined as |z| := |z|g = /2% + y? and its
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normalized complex absolute value is |z|c := |z|3 = 2? + y?. Any continuous

homomorphism y : C* — C* is of the form

X(2) = (W)f 212,

with f € Z and w € C. Such a character y is unitary if and only if
w =i € iR.

e Description of Xoo- For a Hecke character x, let xoo = X|px Where F —
I-. We want to describe this character explicitly. We will use the following
notations: A is any infinite place; A\ € S, p is any real place; p € 9,
and F), ~ R canonically, and ¢ is any complex place; ¢+ € S; and F, ~ C

non-canonically. Further |Zo|0 = H |z5|x for x4 € Fi is the product of

A
normalized valuations. Keep in mind that a Hecke character factorizes as
X = xX°® || ||7; see Equation (3.1). We can write the character at infinity yo

on T € F as

i % o
Noo () = (H (=) mw) Tocle,

AES

where f, € {0, 1}, f, € Z, p» € Rand 0 € R.

Using above description of x at infinity one can classify all finite order char-
acters (say x°): A character x° of C is of finite order if and only if it is 1
on the connected component of identity in Ig, that is, if and only if f, =0
for all complex places ¢, ¢, = 0 for all infinite places A, and ¢ = 0. This
implies, for example, a finite order character on R* will be either 1 or sgn

and a finite order character on C* is always 1.
After classifying finite order characters, we want to classify Hecke characters

X (given by Equation (3.1)): Following Weil, given f\ and o, a necessary and

sufficient condition for the existence of a character x is that there should be
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an integer m such that

I @/l =1 = ] /e =1, (3.2)

AESo AESso

for all e € E. The last equation is obtained by replacing m by 2m.

Clearly, if F'is a totally real number field, then Equation (3.2) always holds.
Further if F'is a CM field, that is, totally imaginary quadratic extension of
a totally real number field Fj, then, by Dirichlet’s theorem £™ is totally real
for every € € E because the group Ej of the units in Fj is of finite index in F
and take m to be that index. Hence Equation (3.2) holds on E for that value
of m and for arbitrary values of f,. It implies then for a CM field, character

Y exists.

Note: The above argument may not work in the case of totally imaginary
fields, i.e., for all € € E, €™ need not be totally real. For a totally imaginary
field F', it may happen that there does not exist any totally real field say
F, between F' and Q such that necessary condition Equation (3.2) holds.
For example take I’ = Q(\/§ + Z\/g) Its easy to check that F' is totally
imaginary number field of degree 4, which is not a CM field as Q(iv/6) is the
only proper subfield of F'. Hence we work with CM fields only.

We say that x is of type(A) if all the ¢, are 0 and o is rational. In order
for a field to have non-trivial characters of type(A), it is necessary and suffi-
cient that it should contain a totally imaginary quadratic extension Fj of its
maximal totally real subfield Fj, for example, F' is CM field with F' = F}.

Otherwise F' will have trivial characters.

A trivial algebraic Hecke character is a trivial character of type(A), which is

s

the form y , with x° of finite order and m an integer. If F is a totally

real number field, then F' will have only trivial algebraic Hecke characters.

26



Hence an algebraic Hecke character of a totally real field looks like
x=x"I"

with m € Z and x° a finite order Dirichlet character.

A non-trivial algebraic Hecke character is a non-trivial character of type(A)
for which 20 is an integer and f) = 20 (mod 2) for all A. Hence an algebraic

Hecke character of a CM field looks like

x=x"11° (3.3)

with a unitary character x! whose infinity part is

Xoo(@oo) = [ (@a/lzal) ™

A

such that f) = 20 (mod 2) for some f) € Z and o € %Z. According to Weil,

such characters are called characters of type(Ay).

Note. In this thesis, unless otherwise mention, for CM case we deal with
algebraic Hecke characters of type(Ay) with parallel weight. Hence under
this assumption, an algebraic Hecke character x of a CM field looks like:

x=x"11°,

with a unitary character x! whose infinity part is

Ko (eo) = [[ s/ loa) " = (L”)f

\ |Zoo|
such that f = 20 (mod 2) for some f € Z and o € 3Z.
Fact 3.4 If a character x of the idele class group Cg of the field F is of
type(Ao ), then the coefficients of the Hecke L-series associated with x lie in a

finite algebraic extension of Q; we denote this field as Q(x) and it is described

below.
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More facts:

e Assume that F has at least one real place. Define the signature e, of
an algebraic Hecke character x as follows: By the purity constraint,
with purity weight w, the character x° := x || || ™% is a character of

finite order. For v € S,., define

Exo = (_1)WX8(_1)-

Now put €, = (g4, Jves,. The signature is an r;-tuple of signs indexed by
real embeddings of F. This implies when F'is a CM field, no signature

appears because a finite order character of C* is always trivial.

e For each finite place v and any smooth character w, : ) — C*, define
the rationality field Q(w,) of w, as the field obtained by adjoining the
values of w, to Q. For an algebraic Hecke character y, we define its
rationality field Q(x) as the compositum of the fields Q(x,) for all finite
places v that are unramified for y. Then Q(x) is a number field, and
the field Q(x) need not contain the field F'.

Critical values of an algebraic Hecke character.

1. x is a finite order Dirichlet character. Let x be a Dirichlet character
mod m with x(—1) = (=1)?, where p € {0,1}. The following results
hold for the special values of L-function attached to x (see Neukirch
[27, Chapter 7] for details):

e For any integer k£ > 1, one has

Bk’,x

L= k) = ==, (3.5)
where By, is the generalized Bernoulli number.
e For k =p (mod 2), k£ > 1, one has
k=2 G(x) (27\" Bisx
L(k,x) = (-1)""2 222 [ == = .
(k) = ()27 X (2 2% (36)
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2. x is a unitary Hecke character of a CM field. Let x be an algebraic
—f
Hecke character of F* such that y.(200) = < 2 ) for f € Z and for

£

all zo, € C™. Using Section 3.2, it is clear that f = 0 (mod 2), that is,

f is an even integer. Put f = 2a; a € Z. Rewriting the character at

infinity we get:

Xoo(Zo0) = H (é_m)%

UESOO

_ H z;Za‘Zv|2a

'UESOO

= H Z 2t g s =y (2,95,%).

VESeo

Let L(s, x) be the Hecke L-function attached to character y. Then the

infinite part of L-value is

X) = H L(87Xv) =T (2(27T)F<8 + ‘a’))

’UGSC

Similarly the Hecke L-factor associated with yV

Loo(1—3s,x") HLl—SXv HQ(QW)F(I—S—H&D.

vES, vES,

An integer m is critical if for all v € S, the Gamma factors I'(s + |al)

and I'(1 — s + |a|) have no poles, that is,
m+la] >1; and 1—m+ |a| > 1.
On simplifying we get:

m € Z is critical if and only if {1 — |a| < m < |a|}. (3.7)

Fact 3.8 Blasius [2] proved that Deligne’s conjecture [11, Conjecture
2.8] (which relates critical values of a motivic L-function L(s, M) to

certain motivic periods) holds for a motive M(x) (of pure weight w)
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attached to an algebraic Hecke character x over CM fields. It is stated
as follows: If s is critical for the L-function attached to an algebraic

Hecke character x over a CM field F', then

Ly (s, x)
— 2 € Q(x) ®g C,
Ol 1°)
s[F : .
where ct(x || - ||I¥) = 2mi)” 2 "V (x). Here ¢t are the motivic

periods introduced by Deligne and Q(x) is a number field as in Fact
3.4. (See also [37].) Moreover M(x) has no (%,%) —classes unless F

2772

is totally real and hence using ([18], for example) ¢*(x) ~anx) ¢ (X)-

3.3 Cuspidal Cohomological representations
of GLg

Let p € Xy (T34) be a pure weight, and let II € Coh(Gs, ). The pur-
pose of this section is to first write down explicitly the representation Il

in terms of u. Since 11 = [] IT,, if we have local representations at

VESeo
hand then the problem of describing Il is a purely local one. This helps
in computing the set of critical points of Rankin-Selberg L-functions. Sec-
ondly, we study the connection of representation I, with cohomology groups
H* (83,00, 13

trivial cuspidal cohomology. This permits us to give a cohomological inter-

[l ® M,,), giving the possible degrees in which one has non-

,007

pretation to Rankin-Selberg L-functions. We begin by taking up real and

complex places separately. Before that we make the following observation:

3,007

e The group Ks o /K = (Z/2Z)™ acts on H*(g300, K i 1l @ M,,). We
consider certain isotypic components for this action. Consider an r; tuple of

signs indexed by the set S, of real places in S,,. Let

€ = (€u)ves, € {1, 5gn}" = (Ks00/K3..)"
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When F' is totally real field, II uniquely determines €, and when F' is a
CM field then no sign appears as F' has no real place. For later use let

H* (93,00, K3 o; oo ® M) (en1) be the corresponding isotypic component.

3,007

3.3.1 Cohomological representations of GL3(R)

We review some well known details that will be relevant later on. (See [29] for
more details and further references.) For any integer ¢ > 1, let D, stand for
the discrete series representation of GLy(R) with lowest non-negative SO(2)-

type given by the character (%9 59) y exp=(“*1)% and central character

a +— sgn(a)t.

Suppose p € X (T3) is a pure dominant integral weight written as y =

(Ho)vese With p, = (uf, p5, p3) and let w = pi + pg = 2u3 be the purity
weight of u. Note that w is an even integer. Let’s write it as w =: 2w°® = 2u3.

Suppose IT € Coh(Gj3, i), then it is clear that
@ || "€ Coh(Gy, p — we)
because
H (83,005 K3 o0; oo® || [[*" @M, @ (det) ™) = H* (95,00, K3 0 T @ M,.).

The purity weight of p—w?® is 0, and furthermore II®| |*° is a unitary cuspidal
representation. As far as L-functions (and their special values) are concerned,
v?) = L(s+w° ). We

we have not lost any information since L(s,[I® || |

will henceforth assume:

1. p is a pure dominant integral weight with purity weight 0; so pu =

(fto)ves., with p, = (n,,0,—n,) for a non-negative integer n,.

2. II € Coh(Gs, p), i.e., IT is a unitary cuspidal automorphic representa-
tion of GL3/F that has nontrivial cohomology with respect to M,,.

The following well-known proposition records some basic information about

the relative Lie algebra cohomology groups in this context.
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Proposition 3.9 Let u € X, (T3) be a pure dominant integral weight with
purity weight 0; we write p = (fy)ves., With f, = (ny,,0,—n,) for an integer
n, > 0. Put £, = 2n, + 2. Suppose I1 € Coh(Gs, ). Then for every v € Sy
we have

M, = Indg”"% (D, @en,),
where, Po1y is the standard parabolic subgroup of GL3(R) with Levi quotient
GLy(R) x GLi(R), and ep, is a quadratic character of R*. In terms of the
central character, we have er, (—1) = —wn, (—1). (We also write ey, = sgn®
with er, € {0,1}.)
Define b = 2dp = 2[F : Q]. The smallest degree o for which

H°(93,007K§,Oo; I, ® M,) # 0 is @ = bi = 2dp,

and in this degree, the cohomology group is one-dimensional. Further as a

Kgyoo/Kg,oo—module we denote the cohomology group by exy, which is a dp-tuple

of signs: (sgn'Tem) g .

3.3.2 Cohomological representations of GL3(C)

(See [29] for more details and further references.) Suppose I1 € Coh(G3, 1)
and u € X (T3) is a pure dominant integral weight written as 1 = (fty)ves.. -
We shall drop v from the notations for this section. Then, for each complex
place v, p is a pair (u*, u*), where ¢ is a complex embedding that has been
non-canonically chosen and fixed, and ¢ is the conjugate embedding; and
we have 3-tuples u' = (w1, po, u3) and p = (ui, us, 15) of integers. Let
W = pf + 3 = ps + po = pi + pq be the purity weight of p. Then

pt = (pua, pra, p3), and p" = (W — i3, W — fig, W — fiy).

Reduction of p: Let x be an algebraic Hecke character such that xo.(z) =
zMmzZ" for some m,n € Z. Before we proceed, we need to prove the existence

of character y. We have the following lemma:
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Lemma 3.10 For a fized v € S. and given integers m and n. There exist

an algebraic Hecke character x such that x(z) = 2M2z".

Proof. Take f :=n —m and o := ’”TJ“” From Section 3.2, given f € Z
and o € %Z, there exists a character of type(Ay) belonging to f which has

following shape:
x=x"1-1
such that f =20 (mod 2) and x': F*\ A} — C* with x (2) = (i)_f_
Then for each v € S,., we have
Xo(2) = (2/]2)) 7 |2*
= ||t

fH+20  f4+20
=272 72

_ Z_f/2+02f/2+0.

Clearly m = —% +o,and n = §+U. Then xo(z) = 2™z". Hence x is the re-

quired character. 0
Now using [29, Proposition 2.14],
I, = Indj 37 (22" @ 2227 @ 2%5%),

where (a1, ay, a3) = (1 + 1, o, 3 — 1); and (by, bo, b3) = (u5 — 1, 3, pi +1).
Then

3

LOO(S7HOO®XOO) ~ HF <S‘|‘

i=1

ai+bi+m+n ]ai—bi—i-m—n]
2 + 2 '

Ifm=n,

~ S
2 2

i a; + bz |a,~ — bz| (311)
wHF s+m + 5 + 5



Thus for the game to work we need to impose the following hypothesis:
Consider IT € Coh(G3,u) with p in X (T3 ) such that for each v € S,

po = p5. It is clear then that the representation II under a Tate twist,
& |- |[**€ Coh(Gs, p — p2)

because
H* (53,00, K3 o0 Vi ® || - [|12 @M, @ det™ @ det ")

= H* (85,00 K3 001 Vioe ® M,).

3,007

The purity weight of u — pg is 0, and furthermore II® || - ||#2 is a unitary
cuspidal representation. As far as L-functions (and their special values) are

concerned, we have not lost any information since
L(s, e [ [[*2) = L(s + p, IT).

Twisted Representation. Consider ‘Il = II® || |[*2 be a Tate twist of II
along with the condition that for each complex place v assume py = p3. Put

Y11 = p — pg. This gives us Il € Coh(G3, '), where 1, = (u*, ), such that
pt= (1 — pa, po — pa, pi3 — pig), and pf = (U] — py, ph — [5, fi3 — [is).

Then for each v € S. we have

tl’b: (n17 07 Na; —MNa, 07 _n1)7 (312)

with gy —pg =ny € ZT and puz—ps =ny € Z7, where Z" = {n € Z : n >0}
and Z-={ne€Z : n<O0}.
Henceforth we will assume:
1. p is a pure dominant integral weight with purity weight 0; so pu =
(to)ves,, With p, = (p*; ) = (n1y, 0, noy; —Nay, 0, —ny,) for a non-
negative integer ni, and a non-positive integer ns,. Furthermore, as-

sume g to be a parallel weight; so there exists
Mo = (/J’é)? /“Lg) = (nla 07 Ng; —Na, 07 _nl)
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such that for each v € Sy, 1, = Ho.

2. II € Coh(Gs, p), i.e., I is a unitary cuspidal automorphic representa-
tion of GL3/F that has nontrivial cohomology with respect to M,,,

The following well-known proposition records some basic information about

the relative Lie algebra cohomology groups in this context.

Proposition 3.13 Let u € X (T3) be a pure dominant integral ‘parallel’
weight with purity weight 0; we write g = (y)ves,, With

My = (nlv 07 Ng; —Na2, 07 _nl)
for integers ny > 0 > ng. Define the cuspidal parameters as:
a=(ay,az,a3):=(n1+1,0,ny—1)

b= (bl,bQ, bg) = (—n1 — 1, O, —ng + 1)

Suppose 11 € Coh(Gs, ). Then for every v € S. and corresponding to pa-

rameters a,b we have

I, := Ind 27 (291 2" ® 2222 @ 2 5),

where for integers a,b, z°z° is the character of C* which sends z to z%z°. It
15 well known that 11, is irreducible, essential tempered, and generic.

Define bl = 3d,. The smallest degree o for which
H.(g?),ooa Kg,ooa Hoo ® M,u) ;é 015 @= bg; = 3d0,

and in this degree, the cohomology group is one-dimensional, and since K3 o, =
Kg,oo is connected, To(K3 ) is trivial, and hence acts trivially on this coho-

mology group.
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3.4 Eisentein Cohomology for GL,

For i = 1,2, let x; : F*\ Ay — C* be algebraic Hecke characters. Then
according to Section 3.2, x;’s have the following shape:

e If F'is a totally real field, then

xi =l 1% 8

where x{, and x9 are of finite order and dy,dy € Z. Clearly for every
archimedean place v, X! is a quadratic character of R*. Thus we have
X2, = (sgn)¢v, for e;, € {0,1}.

e If F'is a CM field, then

"X

xi =|| -
for some o; € %Z and x; are the characters of parallel weight such that at

each infinite place v € S,

Xio(2) = (2/[21)7F,

with f; € Z and f; = 20; (mod 2).

Define the globally induced representation

Ga(A _
Y (x1,x2) 1= Ind G20 O | 1722 [ 1772),

which decomposes into a restricted tensor product L(x1, x2) = @2 (X105 X2.0)5
where (1,4, X2,0) denotes the normalized parabolically induced representa-

tion Ind (2™ (x1.0l v/, X2l [o"/%) of GLa(F,). Let

Zf(Xh XZ) = ®vfooE(X1,va XQ,U)

and

Yoo (X15 X2) 1= @poc2(X 1,05 X2,0)
denote the finite and infinite part of X(x1, x2), respectively. For simplicity
of notations take X (1,4, X2.0) =t Vi, -
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3.4.1 Choice of )\ for non-zero cohomology

Let M, be a finite dimensional representation of Gg o, with highest inte-
gral dominant weight A = (\,)yes.. € X (T2) which decomposes as M =
®u|eo M, Where M, is the finite-dimensional irreducible representation of
GLy(F,) with highest weight A,. In this subsection for each fix v € S, we
want to find A\, in terms of parameters appear in the characters x; and y»
such that

H* (g0, K3 ,; Vi, @ M,,) # 0,

for some o € Z. We handle real and complex case separately:

Case 1. If v is a real place (The basic reference here is Harder [16]):

If we write A\, = (A1, Av2), With integers A, ; and A,1 > A, 2, then
My, = Sym™17*2(C?) ® det*?. Hence, the dimension of My, is
Ava — A2 + 1, and its central character is ¢ — t* 1T 2. We want to

find (Ay1, Ap2) in terms of dy, ds, €1, €2, such that
H.(927U7 KS,U; VX'U ® M)\’U) # O

This is well-known, and we follow [16], however we need to transcribe
his notation in terms of our notation. Take d € N and v € Z, and
define the finite-dimensional representation M (d, v) acting on the space

of homogeneous polynomials of degree d in two variables X, Y given by:

<(Z Z>P> (X, Y) = P(aX + ¢, bX +dY)(ad — be)”.

The dimension of M (d, v) is d+1, and it’s central character is t — t4+%”.
For m € Z, let &, denote the character of R* that sends t to .

Furthermore, for a pair of characters x;(i = 1,2) of R*, let

“Ind%(x1 ® x2)

denote the algebraic (un-normalized) parabolic induction of the char-

acter x1 ® xo of the Borel subgroup to GLs(R). Then we have (see [16,
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page 69])

C if ¢={0, 1}

Hlg(®), SOC): “afc,-ameJona, v) = { ¢ 5120

and similarly we have

H(gl,(R), SO(2); *Ind$(&1, ® € q_y1) @ M(d, v))

{(C if ¢ =1{1, 2}

0 otherwise.

Since the central characters of *Ind%(¢_, 4 ® £.,) ® M(d, v) and
nd% (&, ® € q__1) ® M(d, v) are trivial (a necessary condition for
non-vanishing of cohomology dictated by Wigner’s Lemma), we also
have H1(gly(R), SO(2); —) = H%(gl2(R), SO(2)R*; —) for the modules
above. Comparing M (d, v) with M, we get:

d= >\v,1 - )\v,27 V= )\U,Q'

Keeping later application in mind, we would like to arrange for V,, to
be *Ind% (&, @& g 1) = aIndg(fl_,\v,Q ® €_1-x,,) to get nontrivial
cohomology for ¢ = 1, 2. Using definitions, we get

GLo(Fy — a —
Vi = IndGa™ (vl 1V2, xeul 17Y2) = *IdS(x1al o xeul 7 -

v

Therefore, we would like to have:
[t1] B [to] 27 (sgn(t1)) ™ (sgn(ty) ) = t}_)\”vztz_l_)‘v,l’

which may be written as

[t £ ]2 (sgn(ty ) (sgn(t2) )2
= |t1 |1—>\U,2 (Sgn(tl))l_)‘”’Q ’t2|—1—)\ﬂ,1 (Sgn(tz))_l_&al'
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On comparing both sides we get:
)\v,l = —dg, )\v,l = €9y + 1 (mod 2)
)\v,g = —dl, )\v,2 = €19 + 1 (mod 2) . (314)

Case 2. If v is a complex place (See Harder [16] for reference):
If we write A\, = (i, A}) with A} = (A1, Av2), and AL = (Aj 1, A )
where ), j, and A ; are integers such that A,; > A2 and Aj; > A7 5.
Then

My, = M;, @ Mj,

= Sym™ 1 2 (C?) ® det™? ® Sym 12 (C2) @ det 2.

We want to find (A1, Ay 2) and (A 1, A; ) in terms of f1, fo, 01, 09 such
that

H*(g2,0, K33 Vy, ® My,) # 0.

Again we need to transcribe the notation of [16] in terms of our no-
tation. Take d € N and v € Z, and define the finite-dimensional
representation M (d,v) = M (dy,v1) ® M (ds, v9) where each M (d;, v;) is
the finite dimensional representation of GLy(R) acting on the space of

homogeneous polynomials of degree d; in two variables X, Y given by:

<< z Z ) P) (X, Y)=PlaX +cY, bX +dY)(ad — bc)"”
The dimension of M (d;,v;) is d; + 1, and its central character is ¢t —
tdit2i  For m,n € Z, let &(m,n) denote the character of C* that sends
z to 2™z". Furthermore, for a pair of characters y; (i = 1,2) of C*, let
aInd%(x1 ® x2) denote the algebraic (un-normalized) parabolic induc-

tion of the character x; ® xa of the Borel subgroup B(C) to GLy(C).
Then we have (see [16, page 74])

Hq(QIZ(C)a U(Q)va aIndg(g(lflﬂﬁdQ*l/Q)®€(*d1*1*V1,*V2))®M(d7 V))
_{C if ¢ € {0, 1},

0 otherwise,
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if d; = dy. (The cases that will be relevant to us later on, based on the
choices in Proposition 4.20, indeed satisfy the condition d; = ds.)

Comparing M(d, v) with M, we get:
di = Ao — A2, 1= A2,
and
dy =Ny q = Aoy V2 =Aps. (3.15)

Keeping this in mind, we would like to arrange for V,, to be

alndg (5(1—V1,—d2—l/2) ® 5(—d1—1—u1,—v2))

= *IndB(Ea-r,n a1 ) @Eai-1-27,)

to get nontrivial cohomology for ¢ = 1, 2. Using definitions, we get

GLa(Fy) a GL Fy
Vi = Indpg, 2 Fy) (leHv@ X2UHU<C ) ="Indp 2( )(X“’H”C’ X“H”C)

Therefore, we would like to have:

I N TP T Nt S VP IS G e
ol |t1 |7 Tl |ta| =t U T, Ty T e,

which may be written as

—fi+201 — fo+202
ZNTEgL g fit200 T s Jo4202 1 1-Apo

t, 2 2 T, 2 ty 2 =t A

A'u,l_l 7}\:72

bty

On comparing both sides we get:

)\v,l <% - 02) ) )\v,2 - (% - Ul) )

Ny = (1;1+01+1) o= (1—%—ag> (3.16)

Summarizing both cases, we have the following lemma:

and
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Lemma 3.17 For i = 1,2, let x; be algebraic Hecke characters of F'. Let
A € XT(Tyo0) be a dominant integral parallel weight written as A = (A, )ves., -
Suppose that X\ satisfies Equation (3.14) if F is totally real, and satisfies
Equation (3.16) if F is CM field. Then

Hq(gzoo,KS,oo; Yo(X1,X2) @M)) 0 <= q=1 or2.
This lemma leads to the following proposition:

Proposition 3.18 Assume the following hypothesis:
e For totally real field: Let y; = | .
of F' with d; € Z and x; finite-order character. Suppose that di > ds,

di X; be algebraic Hecke characters

and for v € Sy, suppose also that x5, = (sgn)%* for e, € {0,1} such that
e Z d; (mod 2). Let A € X (Ty) be the dominant integral ‘parallel” weight
determined by dy,dy as: X = (A\y)ves.,, where each A, = (—ds, —dy). Define
bl = dp.

e For CM field: Let y; = || .

oF)

X be algebraic Hecke characters of F
with o; € 37 and x} are the characters such that X}, (2e) = (200/|200|)
for some f; € Z with the property f; = 20; (mod 2). Further let X € X+ (T5)
be the dominant integral ‘parallel” weight determined by f1, fo, 01,09 as: A =

(Ao)ves., , where each A, = (X, AL); with

v

)\;:(%—Jg,%—al) and/\f,:(—(%—l—al -I—l),l—%—ag).

Define b = d,.
Then

H* (92,00, K9 103 Soo (X1, X2) @ M) # 0 <= b} < o <203,

Furthermore, in the extremal degrees of by and 2bL', the cohomology group is

one-dimensional.

Proof. The proof follows from Kiinneth formula for relative Lie algebra
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cohomology (and the details recalled above)

H* (82,00, K3 o3 Boo (X1, X2) ® M) (enr)
= D (R H (920 K2, 2 (X100 x20) © M, )(€0)

Yay,=e vES,

& H™ (82,0, K93 £ (x10s X20) @ M, )(1)).

’UGSC

g

3.4.2 Action of Kgyoo/Kg,oo on group cohomology

We need to determine the action of my(Ks ) on Lie algebra cohomology

groups H*(g2.cc, KS,OO; Yo (X15 X2) @ M)).

Case 1. F is totally real field. Let’s recall some standard conven-
tion: For a representation IT of GL, (in any suitable local or global
context) and for a real number ¢, we denote IT ® |.|* by TI(¢). Also,
we will abbreviate the normalized parabolically induced representation
Indgizﬂg@ (&my @ &my,) simply as &, X &y, Observe that, for v € Sy, we

have
Yo (X1 X2) = X10(1/2) X x20(—1/2)
=] " sgn(1/2) x | - | sgn®(—1/2)
= Ea, (sgn)(1/2) x £a, (sgn)(=1/2)
= &x,,(580)(1/2) x €y, (sgn) (—1/2).
Now, we need to determine the action of my(Ks,) on the cohomology

group H'(g2.00, K9 i Boo(X1, X2) ® M,). To this end, take two inte-

700;
gers a and b with a > b. Consider the following exact sequence of

(gly(R), O(2)RX)-modules:

a+b
2

0 — Dy pi1 ( ) — &a(1/2) x &(—1/2) — Myp — 0.
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Twisting by the sgn character, while noting that twisting commutes

with induction, we get

a+b

0 Dy yir ( ) s (sm)(1/2) X 6(sgm)(~1/2)

— M, ® sgn — 0.

Note that the discrete series representation D is invariant under twist-

ing by sgn character. For brevity, let v := (a, b); v¥ = (=b, —a);
V, = &u(sgn)(1/2) x &(sgn)(—1/2),

a+b
DVV = Da—b+1( 9 )7

and

M, =M, ®sgn.

The above exact sequence may then be written as

0 Dy —=V, M; 0.

Tensor this sequence by M,v = M}/, and apply H*(gly, SO(2)R};—)

to get the following long exact sequence:
0— H'(Dyv @ M) = H(V, @ Mv) = H' (M, @ M,v) —
— H'Y(Dyv @ M) = H'(V,, @ Myv) = H' (M, @ M,v) —
— H*(Dyv @ M) = H*(V, @ Myv) = HX (M, @ M,v) —
H*(Dyv @ Myv) = -+

Now, we make precise all the above cohomology groups as O(2)/SO(2)-
modules. Recall 1 stand for the trivial character, and let sgn the sign-
character of O(2)/SO(2) . For the finite-dimensional modules M ®

M,v, first of all, since H® = Hom, we easily see that
H (M, @ M,v) = sgn.
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Next, it follows from [42, Propsition 1.4], that
H2(M; ®MVV) =1,

and furthermore, one may see that HY (M, ® M,v) = 0 for ¢ ¢ {0, 2}.

For the discrete series representation, it is well-known that
HY(D,v @ M,v) =1 & sgn, and H/(D,v @ M,v) =0, if ¢ # 1.

Also, since V,, doesn’t contain a finite-dimensional sub-representation
we deduce H(V,, ® M,v) = 0, whence, H*(V,, ® M,v) sits in the short

exact sequence:
0— H' M, @ M) = H (D,v @ M) = HY(V, @ M,v) — 0.

Hence, as an O(2)/SO(2)-module we get
HYV, @ M,v) = 1.

Furthermore, if [D,v]™ denotes an eigenvector in H'(D,v ® M,v) for
the trivial action of O(2) , then we may take it’s image under * (the

map induced by the inclusion i in cohomology) as a generator [V, for
Hl(VZ, ® MVV) s i.e.,
i*[Dy]T =V, (3.19)

To complete the picture, since the dimension of the symmetric space is

2, we have H? = 0 for all ¢ > 3, and that
H*(V, @ M,v) 2 H* (M, @ M,v) = 1.

What we especially will want later is summarized in the following

lemma:

Lemma 3.20 For integers a > b, we have as an O(2)/SO(2)-module:
H'(gla(R), SO(2)R; (6-s(sgn)(1/2)xE-a(sgn)(—1/2))@M o)) = CL.
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Case 2. Fis a CM field. Since K3, = U(2)C*, it is connected. The
group mo(K>,) is trivial and hence it vacuously acts trivially on the

cohomology group H'(gly(C), U(2)C*; X (10, X20) @ My,).

On combining both the cases we return to the global situation and use the

above local details to get the following:

Proposition 3.21 Under the hypothesis of Proposition 3.18 we have: The
group mo(Ka,n0) acts trivially on Hbg(ggpo, Kgoo; Yoo (X1, X2) ® M,).

Proof. Similar to Proposition 3.18, the proof follows from Kiinneth formula

for relative Lie algebra cohomology and Lemma 3.20. O

3.4.3 Eisenstein cohomology classes corresponding to
(X1, X2)

This works exactly as in Mahnkopf [26, Section 1.1] with the additional
book-keeping of having to work over a totally real field or a CM field and a
general coefficient system offering no additional complications; so, we merely
record the details for later use. To begin, fix a generator [X(x1, X2)oo] = [Zoo]

of the one-dimensional
Hbg (QQ,OOa KS,QQ? EOO(Xla X2) ® M)\) = C[Zoo]

Tensoring by [X] and following it up by Eisenstein summation gives us a
map:

Fs o Bhaxe)y” — HY% (Sa(Ry), M). (3.22)

where Ry is any open-compact subgroup for which the Rg-invariants in
X(x1,x2)f, denoted as Z(Xl,xg)ff, is nonzero. (This is the map denoted
as ‘Eis’ on [26, page 96].) Furthermore, the map Fx is Aut(C)-equivariant.
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Chapter 4

Analytic Theory of L-functions

4.1 Rankin-Selberg L-functions for GL3 x GLs

4.1.1 Definition of Whittaker Model

Let (IL, V1) be a smooth cuspidal representation of GL3(Ag). Let ¢ € Vi1 be
a smooth cusp form. For each continuous additive character 1, we define a

—Fourier coefficient, or ¢y—Whittaker function of ¢ by
wl9) = wsule) = [ $(ngv(n)dn,
N3(F)\N3(Ap)

which satisfies wg(ng) = ¢¥(n)wy(g), for all n € N3(Ap).

Define W(IL,¢) = {wy4|¢ € Vii}. The group G3(A) acts on this space by
right translation and the map ¢ — w, intertwines the G3(A)-action. The
space W(IL, ) is called the Whittaker model of I1. We will be working with
Whittaker models and without any ado we will freely use standard results.

(See, for example, Bump [6, Chapters 3, 4] for reference.)

Theorem 4.1 (Global Whittaker Models). If Il = ®'Il, is a cuspidal

automorphic representation of GL3(Ag). Then

(1) there exists a unique Whittaker model W(II, ) for I1 with respect to a

non-trivial additive character 1.
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(2) (Local Whittaker Models.) For any place v of F, representation
1, of GL3(F,) has a unique space W(Il,,1,) of smooth functions such
that for all w € W(I1,, ),

1. w<ng) = wv(”)w(g)v Vn € N3(Fv)7g € GL3(FU>7
2. w(gk') = w(g) for all k' € K’ for some K' C GL3(O,).

(3) the global space decomposes as a restricted tensor product of local Whit-
taker models. That is, if ¢ = R,¢,, where ¢, is a spherical vector for
almost all v, then wy = [[wy, with wy, (k,) =1 for almost all v, where
k, = GL3(O,).

4.1.2 The global integral

We will apply the Rankin—Selberg theory of L-functions for GL3 x GLs to the
pair (I, %), where IT is a cuspidal automorphic representation of GL3(Af)
and ¥ = 3(x1, x2) the induced representation defined above. (See, for ex-
ample, [10, Lecture 5].) Take a cusp form ¢y € Vi, and recall that a cusp
form is a rapidly decreasing function. Let ¢, \, € X(x1, x2), and note that
©y1x, 18 & function on By (Q)\G2(A). To ensure G1(Q)-invariance we do an

Eisenstein summation:

E(fxix2:9,8) = Z |a* Oy x5 (79)-
YEB2(F)\GLa(F)

It’s well known ([16, page 80]) that E(yy, ., 9;s) converges for (s) > 0,
and has an analytic continuation to an entire function of s if x1 # x2. (In
all the cases that will be relevant to us later on, based on the choices in

Propositions 4.19 and 4.20, we will indeed have x; # x2.) Put

E(%cum)(g) = E(SOXLXQaga 0).

Consider the global period integral:

I(s,é11, E(yi x0)) = /G P o11(e(9)) E(x, 10 ) (9)|detg|* ™ 2dg. (4.2)
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This integral converges for all s € C since a cusp form has rapid decay
whereas an Eisenstein series slowly increases.

To see the Eulerian nature of the above period integral, we pass to the
Whitakker models of the representations. Fix a nontrivial additive character

Y Ap/F — C*, and suppose that

wn € W(H7¢), and wg € W<Z(X1ax2>71/})

are global Whittaker vectors corresponding to ¢ and E(py, y,), respectively.
Then

(VseC) s
I(s, b, E(prrna) S / o1 (1(9)) E(xaxa) (9) detg|* 2 dg,
G2(Q)\G2(A)

(R(3)0) wrr(¢(g))-
Na(A)\Ga2(A)

1
(/ E(90X17X2)(ng)¢(n)dn) \detg[sﬁdg,
No(F)\N2(A)

s 1
®(g>0) / win(1(g))ws(g)|detg| 3 dg.
N2 (A)\G2(A)

Now suppose ¢r and ¢, , are chosen so that wr and wg are pure tensors,

written as restricted tensors wy = ®'wp, and wg = @wg,, then we have
At
/ wn(u(g))ws(g)ldetg|"2dg
N2 (A)\G2(A)

1
-1/ wn, (1(g))we, (9.)|detg, |\ 2dg,
v N2(F11)\GL2(F11)

= Hv \II(S, va,wEv).
We need to compute the local integrals ¥(s, w,, wg, ), especially at ramified

places.

4.1.3 Choice of local Whittaker vectors for induced
representations of GLs

For ¢ = 1,2, let x; be algebraic Hecke characters of F* \ Ay as defined in
Section 3.2. Fix a place v of F'. Let F, be the completion of F' at v, with
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the ring of integers O, and p, is its maximal ideal. Let ¢, = #O,/p, be the
cardinality of the residue field, and w, denote a fixed generator of p,. The
normalized valuation val on F, has the property that val(w,) = 1. For the

normalized absolute value we have |w,| = ¢;!. Recall ¥, := 3(x14, X20) :=

GLao(Fy 1/2
Indiy 25 (ol 152, X

the space

| o 1/ 2) is the induced representation of GLg(F,) on

V(X10s X20) = {f:GLa(F,) = C | f ((8?)9) = |ab’1|UX1U(a)X2U(b)f(g)}.

The action of GLa(F,) on V(x1y, X2v) is by right translations. Since it is
known that B(F,)Ny (F,) is dense in GLo(F,), any f € V(x1v, X2v) Is com-
pletely determined by its values on elements of the form (i ?) So we get
a model for ¥(x1,, x2,) Obtained by restricting functions in V' (x1,, X2v) t0
Ny (F,). We denote the space of functions on Ny (F,) ~ F, by V(X1v, X20) -
We recall some well-known facts about ‘new vectors’ in induced representa-

tions (see [7] and [36, Proposition 2.1.2]):

Proposition 4.3 Suppose the conductor of X is Cond(Xiw) = fy,, = Pi,
say. Then the conductor of ¥(X1v, X2v) = fso = Frafxe = Do, with n = nq+no.
For m > 0 we define

En(p™) = {(2%) € GL2(0y) : ¢ = 0,d = 1(p™)},

with the understanding that Ko (p°) = GLo(O,). Then, the space of Ko (p")-
invariant vectors in X(X1v, X2v) @5 one-dimensional, say Cf1V. Moreover,
this ‘new-vector’ as a function on N~ (F,) may be taken to be of the following

shape:

o If x1, and X2, are ramified, then
£ (a?)

_ (@) 272, i val(z) = na,
o, if val(z) # no.
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o [f x1, is unramified and xa, is ramified, then

fseW(;?)z{

X1o(@0) 2|y | 7272, if val(z) > ng,
07 Zf Val(l‘) < Nga.

o [f x1, is ramified and xo, is unramified, then
fnew( 1 (]) — le($)71X2u($)|$|72, Zf Val(ZL') S 07
oo, if val(z) > 0.

o If X1, and X2, are unramified, then we take )V = [P, the spherical
vector, i.e., the vector fized by GLy(O,), normalized such that fP(k,) =
1 for k, € GLy(O,).

Now we consider the new-vector f}°V in the local Whittaker model. For the
global additive character v, we will furthermore assume that the local 1, is
unramified, i.e., the largest fractional ideal on which 1, is trivial is O,. For
fo € V(X10s X20), the corresponding ¢, !-Whittaker function is given by the

integral:
wi9) =y uie) = [ i g)dn
N(Fy)
9 (1)) The map f, — wy, identifies the local induced represen-
tation X(X14, X20) With its Whittaker model W(X( X1y, X20), %, *). We have

where w, = (

the following lemma for new vectors stated in terms of the Whittaker models:

Lemma 4.4 The space of Ko (p™)—invariant vectors in W(Z(X1v, X20), ¥y 1)
is one-dimensional, and we may take as generator wy" = wWymew. Further-

more, there exists t* = diag(t,1) such that wi™(t*) # 0, for some t € F*.

Proof. First part of the lemma follows from [36, Proposition 2.12] and
second part follows from Kirillov theory (see, for example [12, Section 3]).

g

We would like to take a convenient ¢t* and compute the value wi™(¢*). To-

wards this, to begin, suppose v is a finite unramified place, i.e., ¥, admits
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a K,-fixed vector which is unique up to scalars; take w$, as the unique
K,-fixed vector such that wg, (1) = 1. On the other hand, wr is also a
K -fixed vector, and so there exists a C, € C* such that we = C, w3, ; then
C, = wyr(1). We have the well-known proposition ([8, Theorem 5.4], [38,
Chapter 5, page 352]):

Proposition 4.5 Suppose x1, and x2, are unramified characters, and fP is

the spherical vector in the induced representation ¥, then
Co = wpe(1) = L(2, X10Xay )

Let’s note that in the usual Casselman-Shalika formula, one sees the value
at s = 1 of a local L-function, but recall in our case that for X(x1, x2) the

inducing representation is x1(1/2) x x2(—1/2) which accounts for the L-value
at s = 2, since L(1, x1,(1/2)(x20(—1/2))71) = L(2, X10 X5y )-

Let Sy, be the set of finite places where x; is ramified; then put Sy, = S,,US,,.

Let v € Sy. Applying Lemma 4.4, we take for wi™ the unique Koy, (p™)-fixed

vector normalized such that w§™¥(¢*) = 1. Since the space of new-vectors is
new

one-dimensional, there exists A, € C* such that wpew = A,wg™. Hence,

Ay = wy, (3 (1)) The precise value of A, is given by the following

Proposition 4.6 Let f'*V be the new vector in the induced representation

>y as in Proposition 4.3. Then

00" Xao (@) GlX20), if Xau is ramified,
A, = wpe (§Y) =

Vol(O,), if X20 18 unramified.

Proof. Before we begin, let’s recall the following well-known fact about local

Gaufl sums: if the conductor of v, is O,, then

Uy (ag)x,(e)d™e
oy

_ {le(awff)Q(xv), ifval,(a) = —e,

0, otherwise,
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where e = cond(x,). Thus, by the definition of the Whittaker function we

have

we(50) = [ 7)) v
=[G D) wads = [ F(87) oo

Make the substitution z — tx, and use (¢ 7!) = (#," 71)(,1: ) to rewrite

the last integral as

e [ F(C3 2005 vty
=1t [ @) )l (St

= Z/ le )Xo ()22 [o f (L ) o () dae

neZ

Now to compute wsess ( & (1’) using the very last expression, we consider three

cases:

1. x1, and Y9, are both ramified. In this case, by Proposition 4.3, we
have f(,1.9) = 0 for all = such that val(z™') # n,. Hence only the

summand for n = —ny survives to get:

1
wfe“( ?) _/n2 o |x’v_2X1v(x>_1X2v(tx)X1v(x)|$|3wv(tx>dx

v

=3
- / |ZL'|U2 X2U<t$)@/)v(tl’)dl’ (pUt Tr = wv_n2y)
wy 20K

=3
= w22 / Naw (b ™2y o (b "2y [y ™ oy
or
TL2

— ol (™) [ vl ).
oy
Recall that on O), dy = d*y. Note that
/ X20 (Y)W, (o, 2 ty)d*y # 0 < val(w, ™t) = —ny & t € O)F.
of
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Put ty = z to get

n2

we=(69) = b vl [ vl )z

v

= ¢, X0 (@ ")G (X20).

. X1v is unramified and Y, is ramified. In this case, by Proposition

4.3, we have f(,1,9) =0, for n > —n,. Hence we get

wfgss(é (1))

— — —n —ng/2
S fepor [T (@) )10y ) | 2 () de

(now put x = wy);

= an,nz ‘Wv|;nin2/2X1v (wE”_m)sz (w:}) fovx X2v (ty)wv (twﬁy)dxy.

For the inner integral we have:
/ X2o (Y (wpty)d*y # 0 & val(wyt) = —no.
o

Let’s take t € O, then only the summand for n = —ny will be non-

zero, and we get:

. X1v is ramified and Y, is unramified. In this case, by Proposition

4.3, we have nonzero summands corresponding to n > 0:

W (59) = 3 [ el o) ) 0) a2 )

n>0 wn Oy

— Z/HOX X2v(t) Yy (tx)dx.

n>0
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Now we take t € O so that x2,(t) = 1 and ¥, (tx) = 1 for z € @O}
and n > 0; this gives:

Z/ dz = Vol(0,).

n>0 /#OL

For future reference, let’s define

Ap = ] A (4.7)

vESY

4.1.4 Integral representation of L(1,II x Z(x1, Xx2))

Let’s go back to the period integral in Equation (4.2) and its expression as

a product of the local zeta integrals involving Whittaker vectors:
I(S7 ¢H7 E(SOX17X2)) - H\I[(87wnv7wEv)' (48)

We now make a judicious choice of Whittaker vectors and compute the zeta

integrals as follows:

(1) If v ¢ Sy U S, take wr, = wi® which is the essential vector as in [21],

and wg, = wysr, then we have:

1
(s, wii ) = | W) (90 det(a)] g,
NQ(FU)\GLQ(FU)
L2 o)) / W (090 (90)
N2 (Fy)\GL2(Fy)
1
x |det(gy)]o 2dg,
= L(27 Xl'UXQ_vl)_lL(S7 H'U X E(th XQU))'
Let’s define
Ly = LSE (27X1X271>71 = H Lv<2a lexivl)fl- (4~9)

VESy

o4



(2) If v € Sy, take wg, = wynew, and let wy, be the unique Whittaker
function whose restriction to ¢(GLgy(F),)) is supported on the double
coset No(F,)t*Koi(cond(X,)), and on this double coset it’s given by
wi, (L(nt*k)) = P (n), for all n € Ny(F,) and all k € K¢ (cond(X,)).The

existence and uniqueness of wyy, follows from Kirillov theory ([1, Section

5]). So,
o1
(s, wger) = [ win, (1(g0)) 0 ggew (00)|det(g0) 32 g
No(Fy)\GL2(Fy)
1
= A, wir, (1(g0)) w3y (go)|det(gy) o 2 dgy
N2 (Fy)\GL2(Fy)
= A, Vol(Ky(cond(3,))).
Let’s define
Vs o= ] Vol(Kor(cond(£,))). (4.10)
vESy

(3) If v € S, let wy, and wg, be arbitrary nonzero vectors. (Later these

will be certain ‘cohomological vectors’.)

Let’s note that the function ¢,, ,, in the induced space X(x1, x2) is taken

accordingly:
Px1,x2 — Poo & P Yr = ®U¢Szfsp ®’U€SE frzl;lewa (411)
with ¢, some cohomogical vector. Similarly, the cusp form ¢r is chosen as:

O = Poo @ Of,  Of = Qugs. Gv, ¢y corresponds to wr,, (4.12)

with ¢, some cohomogical vector.

With the above choice of Whittaker vectors in Equation (4.8) becomes (after
multiplying and dividing by suitable local factors and after using the defini-
tions in Equations (4.7), (4.9) and (4.10)):
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[(57 (bH? E(@Xsz)) =

AZ‘VZ'LE . Lf(S)HXE(XhXQ))
HUESE L(S,HU X Z(XI’UJX2’U)) Lf(27X1X2_1)

H U, (s, wn,, ws,) -

UESOO

For the factors for v € S, suppose s = 1/2 is critical (as we will take a

little later on), then by definition of criticality, L(%, I1, x X,) is finite. Also

\IJ(S,'LUH,U ’wf'u )

RIS is holomorphic for all s € C, hence

qj(%7w1—[vawfu) = (M) |s:1/2 : L(%,HU X Zv)

Ly(s,I1yx3y)

is finite. Furthermore, the local L-factors are nonzero and the finite part of
a global L-function L¢(s,II x ¥(x1, x2)) has an analytic continuation for all

s. Hence we get, at s = %:

[(%a ¢H7 E(SOXhXQ))

As - Vs - Ly ' Lf(%>H X 3(x1,X2))

— \IIU l,w y?wu — M
| R E)Lsze,nxz) Li(2,x10 )

VESeo

Where, LSE(%,H X Z) = H’UESZ Lv(%anv X Z(lesz))-

(4.13)

4.2 Special values of L-functions on GL3 x GL;

4.2.1 Local Langlands correspondence for GL;(IF)

In this subsection, we recall the dictionary to attach an L-function to a
given irreducible admissible representation of GL3(F), F = R or C, using
Langlands classification. (See [24] for details and future reference.) It says
that there is a well-defined bijection between the set of all equivalence classes
of n-dimensional semisimple complex representations of Weil group of F,
denoted Wy, and the set of all equivalence classes of irreducible admissible

representations of GL,, (F). We will discuss real and complex case separately:
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F=R

The building blocks for irreducible admissible representations of GL3(R) are
the representations of GL;(R) and GL2(R). Thus the building blocks will
be:

1®] s or sgn®| |k~ for GL;(R),

and

D; ® |det|s ~ for GLy(R),

for some t € C.
On the other hand, the Weil group of R, denoted as Wkg, is the non split
extension of C* by Z/2Z given by

Wg = C* U jC*,

where j2 = —1 and jcj~! =é.
The one dimensional representations ¢ of Wx are parametrized by a sgn and

a complex parameter t as follows:
(+,1) : ¢(2) = |2[z and ¢(j) = +1,

(—1) 1 ¢(2) = |2[g and ¢(j) = —1.
Furthermore, the irreducible two dimensional semi-simple representation ¢
of Wg, up to equivalence, is classified by a pair (I, t) with [ € Z, [ > 1 and
2t e C.

Lemma 4.14 FEvery finite dimensional semi-simple representation ¢ of Wg
s fully reducible, and each irreducible representation has dimension one or

two.

Now let ¢ be an 3-dimensional semi simple complex representation of Wg. By
the above Lemma, ¢ is fully reducible, and on the one and two—dimensional

building blocks, the correspondence is given by
(+.1) — 1] g
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(=) — sen @) [g
(I, t) — D; ® |det]f.

To each finite dimensional semi-simple complex representation ¢ of the Weil

group of R, is associated a local L factor with certain nice properties. The

formula is:
(L<Sv ¢1)L(SJ ¢2)7 1f ¢ = (bl EB ¢2
77’(3“)/21“(57“), if ¢ (+,1)
L(s,¢) =
R/ (s it 6 (—1)
L
| 2(2m) (s+e+2) (s+t+1), if ¢ (1, 1),

F=C

For z € C, let [z] = z/|z|. The building blocks for irreducible addmissible
representations of GL3(C) are the representations of GL;(C) given by

2 — [o'|2lc,

where |z|c = 2Z and [ € Z,t € C.

On the other hand, the Weil group of C is given by W = C*. Since C* is
abelian, such a representation ¢ is diagonalizable and hence is the direct sum
of one-dimensional representations, each classified by a pair (I, ¢). Thus the

correspondence is given by
(1, t) — [2]"]2]"

The local L-factor corresponding to a one dimensional representation ¢ of
W(c is
s-i-t-‘r%

L(s,¢) = 2(2#)_( )F (S—l—t—i- %) cif o (1, t).

For ¢ reducible, L(s,¢) is the product of the L-factors of the irreducible

constituents of ¢.
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4.2.2 Critical set for L-functions

Consider the Rankin—-Selberg L-function L(s,II ® x) where II is a cuspidal

automorphic representation of GL3(Ar), and y is an algebraic Hecke char-
acter of F* \ A%.
Definition: We say an integer m is critical for L(s,II ® y) if both

Loo(8,Tloe ® Xoo) and Lo (1 — 5,11, @ x2)

are regular, that is, both the L-factors at infinity on either side of the func-
tional equation have no poles at s = m, where
Loo(sa Hoo ® Xoo) = H L’U<S7 HU ® XU)
VESs

We will find critical set for L(s,II ® x) separately for totally real field and
CM field.

F : totally real

In Section 3.3.1, we have seen that without loss of generality we can take I1
as follows: II € Coh(G3, 1) such that for each v € S,., u, = (n,, 0, —ny,);
with n, > 0. Further let x° be a finite order algebraic Hecke character. For
each v € S,, ¥ is character from R* to R* of finite order. Let us denote
) =gy, = (sgn)®™ with e,, € {0,1}.

Since F' is totally real number field, S, = S,. As in Proposition 3.9, for

each v € S, we have
GL3(R w w
1, = IndP<2f1()(]f§)(th|det| 2 @ en, |det|*/?),

where [y, = 2u) + 2 = 2n, 4+ 2, and w = 2ug = 0. Using these values we get

H'U ® Xv = Indg?ﬂz)(R)<D2nv+2 ® gHv€Xv)'

Reduction to the case of 1;, = 1: Take II € Coh(Gj3, i) as before, and

fix a nontrivial quadratic character n of F' such that n, = ey, for all v € S...
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(Such an 7 exists; consider the character attached to a quadratic extension
obtained by adjoining the square root of an element that is negative for
a prescribed set of embeddings—this element may be produced using weak-
approximation in F.) Then, II®n also has cohomology with respect to p, and
it is easy to see that e, g,, = 1. Furthermore, to study the critical values
of L(s,IT® x), it suffices to consider L(s, (II ®n) ® (x ®n)). Henceforth, we

will assume:
L. p= (f)veses o = (14,0, —n,) with n, > 0, and
2. II € Coh(Gs, ), and e, = 1 for all v € S..

Thus after the above reduction, we get for each v € S,
M, ® Xo = Indp 2" (Do, 42 @ 2, )-
Case 1. x, =1 for all v € §,.

This case may also be described as e,, = 0 for all v € S,. We have

I, ® Xv = Indg%1§§R) (D2nv+2 X ]]->

Now for each v € S, dual representation of a pair II ® y is given by
H1\]/®X’l\]/ :Hq\;/@))_(v :Hv®va

as discrete series representation is self-dual.
Using Section 4.2.1, by the local Langlands correspondence, the asso-
ciated L-factors are:

2ny+2 2n, + 2 _s
Loo(5, 1o ® Xo0) = [ ] (2(27r)‘(5+ Ealy (s—l— ”; ) : zr@))

’UEST

~ HF(3+nv+1)F(§>,

’UEST

1—
Lw(l—s,HZo@)XZO)%HF(l—s—l—nv—irl)F( S),

UGST
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where, by /, we mean up to nonzero constants and exponential func-
tions which are holomorphic and nonvanishing everywhere, and hence
irrelevant for computing the critical points.

It is known that for an integer m, I'(m) is finite if and only if m > 1,

ie., me{l,2,3,....}. Hence s = m is critical if for each v € S,
m+n,+1>1, 2>1; 2—m+n,>1, 52>1.

Now it is an easy exercise to see that:

Critical set for L(s,II X x) = {1 = ney, ..., —3,—=1,2,4, ..., Ny}
(4.15)
where,
n+1
ev — 2
2|

= the largest even positive integer less than or equal to n + 1,
and n = mingeg, {n,}.

Note that if n = 0 (this is the case, for example if © = 0, i.e., the case
of constant coefficients for the cohomology of GL3) then the critical set

is empty.

Case 2. x, =sgn for all v € §,.
It may also be described as e,, = 1 for all v € S... In this case we have
I, ® x = Indgésl(}gg) (Dop, 12 ®sgn) and again using Section 4.2.1 the

associated L-factors are:

1
Loo(8, 10 X Xoo) & HF(s+nv+1)F <S—£ ),

UEST

2—s
Loo(1—s,IIY V)~ 'l — »+ 1T .
(- = [L T enor (257)

’l)GS'r

Then an integer m is critical if the following holds:
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It is an easy exercise now to deduce that:

Critical set for L(s,IIxx) = {1l —n¢q,...,—2,0,1,3,..., 104}, (4.16)
where,
Nod = 2 [g} + 1 = the largest odd integer less than or equal to n+ 1.

Note that in this case, the critical set is always nonempty.

Case 3: There exist two places vy, v9 € S, such that €m,, = €y,, and
€Ly 7 Exuy-

Then in the expression for L. (s, 1, X Xs) We would have as a factor:
r (%) r (%) and it is easy to see that in this situation there are no
critical points; whence, we will not consider this case.

F: CM field

As in Proposition 3.13, let u € X (T3) be a “parallel” weight written as 1 =
(fy)ves., With g, = (n1,0,n9; —n9, 0, —ny) for integers ny, ny such that ny >
0 > ng, and suppose II € Coh(Gs, i1). Let x be an algebraic Hecke character
of F*\ Af of type(Ag) such that Xoo(200) = []yes. (ﬁ)f for some f € Z.
Comparing with the general form of an algebraic Hecke character, we get
f =0 (mod 2), that is, f is even. Put f = 2t for some ¢ € Z. Hence we have
Xool2) = 27121

For each v € S, we have
I, = Indjy 29 (2 e @ L@ 2 le ),
Then, on tensoring with y, we get

Hv (9 Xv = Indg]&é)(c)(zal gbl R Za22b2 ® Za32b3);
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with the cuspidal parameters
a_(a17a27a3) (n1+1_t ta n2_1_t)7

and

b= (bl,bg,bg) = (—n1 — 1—|—t, t, —nNo + 1 —|—t>

Again using Section 4.2.1, the associated local L-factor is:
L(s, 11, ® xy) = HLsz zbi

3 a; lai—b;i|
:HQ(QW) (+ ;Fb+ )F<S+ai+bi+|ai—bi|>

, 2 2
1=1

> a; +b;  |a; — by
~ F (2 K3 3 (2

H <s+ 5 + 5 )

2 2—2t — 2t
2 2
2ng — 2 — 2t
F(s—l——‘ e 5 ‘)

— T(s + [ny + 1 — t)0(s + [t (s + ny — 1 — ¢]),

where, by &, we mean up to nonzero constants and exponential functions.

Similarly, look at the dual representation

Y @ x/ = Ind B(Lg (2921 @ 227% © 292%):;
with the cuspidal parameters

c=(c1,09,03) = (—ng+ 14+t t, —ng — 1 +1),

and

d:<d1,d2,d3) :(ng—l—t, —t, 7’L1+1—t)

Now one can easily check that
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L(1— s, 11 ® X))
=L(1-s5IL,®x,) =T(1—s+|n+1—t)T'(1—s+|t))T(1—s+|ny—1—1|).

We will separate this into cases depending on whether ¢ is positive or negative.

Case 1: t >0 for all v € S,.

This implies ny — 1 — ¢t < 0 as ny is non-positive.

Case la. ny+1—¢t>0.

Using Section 4.2.1, the associated L-factors are:

Loo(8, Il ® Xoo) & H I(s+n+1 -t (s+t)['(s —ny+1+1),

vES,
and

LOO(l - S,HZO ® XYw)

A HF(1—5+n1+1—t)F(l—s+t)F(1—s—n2+1+t).
’UESC

By the definition of criticality of I' functions, an integer m € Z is

critical if the following inequalities hold for all v € S..:
m+nm+1—%t>1, m+t>1, m—-—-no+1+¢t>1;
and
l-m+n+1—-t>1, 1—-m+t>1, 1—-m—-ny+1+t>1.
On solving above inequalities we get:
m>1—t;m>t—ny, and m<t;m<1—1t+n;.
Consider following two cases:
o [fny <2t —1forall v € S.. Then it is easy to check that:
Critical set for L(s, 1T x x) = {m€Z|t—ny <m <n;+1-t}.
In this case critical set is non-empty only if n; > t.
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o If ny > 2t for all v. Again it is an easy exercise now to see that:
Critical set for L(s,II x x) = {meZ|1—-t<m <t}

Note that under the assumption ¢ is positive, the critical set is

always non-empty.

Case 1b. ny +1—t<O0forallv e S..
Recall no — 1 —1t < 0. For each v € S, the associated local L-factors is:

L(s, 1L, @ xo) ® (s =y — 1+ )T (s + )I'(s —ng + 1 + 1),
and
La-sIyox)~T(1—s—n -1+ (1—s+t)[(1—s—ng+1+%).
An integer m is critical if
m>{2+n; —t; 1 —t; ny—t},

and

m<{t—m;—1; t;t+1—ny}.

Hence it is easy to see that:
Critical set for L(s,II x x) = {me€Z|24+n —t<m<t—ny—1}.

Clearly it is non-empty only if ny <t — 2.

On summarizing Case 1 we get: If ¢ is strictly positive,

critical set for L(s,II x x)

24mn —t, t—my—1] if 0<n <t-—2,
= me[t—ny, ng+1—t if t<n;<2t—1, (4.17)
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Note that for ny =t — 1 there are no critical points.

Case 2: t <O forallv e S..

This implies ny +1 —¢ > 0 as ny is non-negative.

Case 2a. no — 1 —t < 0 for all v. The associated L-factors at infinity

are:

Loo($, T ® Xoo) & [ T(s+ 1m0+ 1= )T(s = )T(s —np + 1+ 1),

UES(;

and

~ [T -s+m+1-0l(1—s—H(1—s—ny+1+1).

’UESC

An integer m € Z is critical if for all v € S, the following inequalities

hold:
m4+nm+1—t>1, m—t>1 m—-—n+1+t>1;
and
l-m+n+1—t>1, 1—-m—-t>1, 1—-m—nys+14+t>1.
To simplify above inequalities we get:
m>1+t;m>ny—t, and m< —t; m <1+t —no.
Similar to case 1 consider the following two cases
o If 2t+1 < nyforall v e S. Then it is easy to conclude that:
Critical set for L(s,II x x) = {m € Z|na—t <m < 1+t—ny},

which is non-empty if and only if ny, <t for all v € S..
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o If ny < 2t for all v. Again it is an easy exercise now to see that:
Critical set for L(s,IIx x) = {meZ |1+t <m < —t}.
In this case critical set is always non-empty as ¢ > 0.

Case 2b. ny —1—t>0forall v € S,.
Recall ny +1 —¢ > 0. The associated local L-factors are:

L(s,Il, @ xo) =T(s+n+1 - (s—t)['(s+ny — 1 — 1),
and
Ll-sIyox))~T(1—s+n+1-t)[(1—s—t)(1—s+ny—1—1).

An integer m € Z is critical if for all v € S, the following inequalities
hold :
m>{—n1— 1+t 14+t 2+t—n};

and

m<{n+1—t; —1—t;ny—1—t}.
It is an easy exercise now to see that:
Critical set for L(s,II x x) = {m€Z|2+t—ny <m <ny—1—1t}.
Observe that critical set is non-empty only if t 4+ 2 < na.

On summarizing Case 2 we get: If ¢ is strictly negative,

critical set for L(s,II X x)

[2—n2—|—t, ng—l—t] if t—I—ZSTLQSO,
= meE{[ng—t, 1+t—ny if 2t+1<ny<t, (4.18)

Note that for no =t + 1 critical set is empty.
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Case 3: t = 0.

Then in the expression for L..(s,ITo X Xoo) and Le(1 — s, 1T x x¥) we
would have a factor: I'(s) and I'(1 — s) respectively and it is easy to see that
in this situation there are no critical points; whence, we will not consider this

case.

4.3 Interlacing of weights

Before stating our next proposition, let’s recall the following well-known
branching rule (a condition on the coefficients system) for finite-dimensional

representations:
HOHIGLQ((C)(M)\ & MN,C) 7& 0= p > \Y

where p > AY means p, = A\ for all v € S, and
1y = —Aoy = oy = — A1y = U3y if F'is totally real

flo = Ay =

v

1 > —A2 > flg > —A1 > i3]
WS AL D s> A > if Fis a CM field.

Proposition 4.19 (F is totally real) Let i and I be as in Remark 4.2.2,
and let x be a finite order character of Ax/F*. We fix once and for all, a
totally odd quadratic Hecke character & of F', and make the following choices

for Hecke characters x; =|| ||% X9, with integers d; and finite order characters

Xi -
Case 1. ¢,, =1 for allv € Sy.
Case la. m € {2,4,...,nev}, dy =m—1,dy = =1, X = x, and ¥ = 1;

put A, = (1,1 —m).
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Case 1b. m € {1 —ney,...,—3, -1}, dy =1, do=m, X? =1, and X3 = x;
put A, = (—m, —1).

Case 2. ¢,, =sgn for all v € S..

Case 2a. m € {1,3,...,noa}, di =m—1,dy =0, x¥ = x, and x5 = &; put
Ao = (0,1 —m).

Case 2b. m € {1 —ngq,...,—2,0},dy =0, dy =m, X =&, and X = x;
put A, = (—m,0).

Then, in all the above four cases, we have

1. L(3, 1T ® S(x1, x2)) is critical;

2. H' (gly, SO(2)RY; S(x1, x2)0 @ My,) = C1 as an O(2)/SO(2)-module;
3. =AY,

Proof. The proof is a routine check in each case and we will only briefly

present the key details:
Case l1la. For the L-value we see that
= L(m, 11 ® x)L(—1,1I),
and both the L-values on the right hand side are critical by Equation

(4.15). The induced representation may be written as

2(X1, X2)o = Em-1(5g0)(1/2) x E-1(sgn)(=1/2),

which has nontrivial cohomology with respect to A, = (1,1 — m); see
Proposition 3.18. Clearly A € X (T3). Further for interlacing condition
=AY we want:

n>m—1>0>-1>-n

which follows from the given range of critical set.
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Case 1b. For the L-value we have

L(3, T @ X(x1, x2)) = L(2, I L(m, 1T ® x),
and for the induced representation we have

E(X1, X2)v = €1(sgn)(1/2) X &m(sgn)(—1/2),

which has nontrivial cohomology with respect to A, = (—m, —1). One

can easily check that g = AV whichisn>1>0>m > —n.
Case 2a. For the L-value we have
L(3, T ® 3(x1, x2)) = L(m, T @ x)L(0,11 & €),
and for the induced representation we have
2(X1 X2)v = Em-1(sgn)(1/2) x (sgn)(—1/2),

which has nontrivial cohomology with respect to A, = (0,1 — m).

Clearly A € X (Ty) and p = \V.
Case 2b. For the L-value we have
L(3,T®%(x1,x2)) = L(1,TT® &) L(m, T ® ),

and for the induced representation we have

2(X1s X2)o = (380)(1/2) X & (sgn)(=1/2).

Proposition 4.20 (F is a CM field) Let IT € Coh(Gs, p) such that u =
(to)ves,, to = (n1, 0, mo;—ng, 0, —ny), with ny > 0 and ny < 0. Let x
be a character of F*\ A} such that Xoo(200) = [l ,cs. (20/]20]) 7> for some
t € Z. We fix once and for all, a unitary algebraic Hecke character ¢ of
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2
F with ‘parallel” weight such that ¢(z) = (%) , and make the following

|z

choice for Hecke characters
xi =Il- 17 X3,
Jor some o; € 37 and characters x} are such that xj,,(200) = [Tyes_ (z0/]20]) 7"

and f; = 20, (mod 2):

Case 1. t s strictly positive, that is, t > 0; ny > 1 and ny < —2t
Vv € Su. Also an integer m satisfies Equation (4.17). Choose x1 = ¢,

oy =—1, x4 =X, and 03 = m; put

A= ({t—m, 0; 1, 1 =t —m).

Case 2. t s strictly negative, i.e., t < 0; nyg < —1 and n; > —2t
Vv € Sy. Furthermore, an integer m satisfies Equation (4.18). Choose
X% =X, 01 =mMm— 17 X% = gb_l; and 02 = 1; put

=0, t—m+1; —t—m, —1).

Then, in all the cases, we have

1. L(3,TT® S(x1, x2)) is critical;
2. H' (gly, U(2)C*; X(X10, X20) ® My,) = C1l as an U(2)/SU(2)-module;
SN TR

Proof. The details of the proof in each case are as follows:

Case 1 Clearly xi = ¢ implies f; = —2 and x4 = x implies f, = 2t.
Then for the L-value we see that
L(3,T® %(x1,Xx2)) = L(1,TT® x1)L(0, T ® x2)
= L(1 + 01, T ® x1) L(03, TT & x3)
=L(0,I®¢)L(m,II® x),
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and both the L-values on the right hand side are critical by Equation
(4.17). Observe that [I®¢ is unitary and hence using [20], L(0, [I®¢) #

0. The induced representation may be written as

at.. 1GLa(C
Z(Xb)@)v = IndBQ(Z(c() )(5(1, -1) & f(—t+m—1, t+m—1))
which has nontrivial cohomology with respect to
A= (t—m, 0; 1, 1 =t —m);

see Proposition 3.18. Clearly for the sub-cases in critical set A &€

X*(T3). For the interlacing of weights we want
ng>0=>202>2m—1t2=>ny;

and

no <1—-1t—m<0<1<ny,

which immediately follows from the condition on n; and ns in terms of

L.

Case 2. Clearly from the above substitutions y! = x and xi = ¢!
we have f; = 2t and f; = 2. For the L-value we see that

L<%7H ® E(Xlax2)) = L(]- + 017H ® X%)L(O-QaH ® X%)
= L(m, @ x)L(1,Te¢™),

and both the L-values on the right hand side are critical by Equation
(4.18). Clearly II® ¢! is unitary and hence L(1,II® ¢~1) # 0 by [20].

The induced representation may be written as
S(x1, X2)v = “Ind52 (§(—tam p4m) ® E(-11))
which has nontrivial cohomology with respect to
Ao = (0, t—m~+1; —t —m, —1);
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again see Proposition 3.18. In this case also it is easy to check that

A € X*(Ty). For the interlacing of weights we want
np>m—t—12>202>02=ny;

and

ne < —1<0< —(t+m) <ny.

From the given conditions on n; and n, in terms of ¢ it is easy to check

that all the inequalities are satisfied.
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Chapter 5

Cohomological interpretation of
the integral

In this chapter, we interpret the period integral (s, ¢m, E(¢y, x,)) In terms
of Poincaré duality. More precisely, the vector wyy, will correspond to a coho-
mology class Uy, in degree bl (the bottom degree of the cuspidal range for
G'3) on a locally symmetric space denoted by Ss(K ) for GL3, and similarly
¢ € X(x1, x2); will correspond to a class ¥ in degree bl The class Oy,
after dividing by a certain period, has good rationality properties. Pull back
U1 along the proper map ¢ : Sy —» 95, and wedge (or cup) with ¥y, to give
a top degree class on S, with coefficients in a tensor product sheaf. Now if
s = 1/2 is critical which is the same as saying the constituent sheaves are
compatible (which is the case when the weights interlace: p = AY), then
we get a top-degree class on S, with constant coefficients. Apply Poincaré
duality, i.e., fix an orientation on S and integrate. One realizes then that
this is essentially the above period integral. Interpreting the integral, and
hence the L-value it represents, as a cohomological pairing permits us to
study arithmetic properties of such special values, since this pairing is Galois

equivariant. We now make all this precise.
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5.1 The cohomology classes

Recall from Propositions 3.9 and 3.13, given any II € Coh(G3, ) and for

the signature ep for II, the cohomology group
Hbg (93,007 Kg,oo’ HOO ® MM)(€H> 7& Oa

and is one-dimensional. Fix a basis [II.] of this one-dimensional space, and

this gives us the following comparison isomorphism (see [33]):
Fit, = Fitp i - W(T) — HY% (8300, K9 o0; Ve © M) (). (5.1)

The isomorphism iy, is a G3(Af)-equivariant map between irreducible mod-
ules, both of which have Q(II) structures that are unique up to homotheties;
we can adjust the map by a scalar—which is the period—so as to preserve ratio-
nal structures; for more details see [33]. There is a nonzero complex number

p(II) attached to the datum (IIy, ey, [II]) such that the normalized map,
Fi, = p™ (H)’l]-"nf
is Aut(C)-equivariant, i.e., the following diagram commutes

Fii, s W) —— H% (8300, K903 Vit @ My, c)(en)

3,007
Fony W) ——= HY% (9300, K i Vort © M) (en)-
The complex number p(I1) is well-defined up to multiplication by elements
of Q(II)*. The collection {p™(°II) : o € Aut(C)} is well-defined in (Q(IT) ®

C)*/Q(II)*. In terms of the un-normalized maps, we can write the above

commutative diagram as

ooFn, = (UIES’:([U(%)) Fori; 00,

Now define the cohomology class attached to the global Whittaker vector

wry, as,

f
1911’61_1 = ./T"Hf (wnf), and U7 = pen (H)_lﬁnﬂ_{. (52)

Hvel_[
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Let K; be an open compact subgroup of G3(Ay) which fixes wy, and such
that, X(x1, x2)s has vectors fixed under Ry := t*K;. Then

Oty € H (93,00, K oo; Vir T © M) (e

and via certain standard isomorphisms [33, Section 3.3], we may identify the
F — ~ ~
class in Hgﬁsp(53(Kf)7Mu)(Hf), where II; := II; ® ey is a representation

of G3(Af) ® mo(K3.). Furthermore, since cuspidal cohomology injects into

cohomology with compact support, we get ¥y o, € H(I;):I;(Sg(Kf), M,,).

On the other hand, recall the map in Equation (3.22):

Fx, E(XLXz)?f — Hbg(Sz(Rf),/\A/l/A),

f

which is Aut(C)-equivariant, that is, o o Fy, = Fox 0 0 for all ¢ € Aut(C).
Define the class
U5 = Fsley), (5-3)

where ¢y is defined in Equation (4.11). Using the canonical map ¢* (the
map induced by ¢ in cohomology)

HY (Sy(Ry), M) == H'E (S5(Ry), My)
we get ¢*y in Hbg(gg(Rf),Mv,\).
For the open compact subgroups Ky of GL3(Af) and Ry = *(K) of GLa(Ay),

the map ¢, being a proper map, induces a map between the cohomology with

compact supports:
v HY(S3(K ), M,) — HE(Sa(Ry), " M,).
Now consider the following diagram:
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W(TL;) X S(x1, Xa); —— HE (Sy(Kp), M) x HY (Sy(Ry), M)

l/L*qu*

HY (So(Ry), " M,) x HY (So(Ry), " M)

HE Y (8y(Ry), " M, x 6" M,y).

Numerical coincidence:

1. F is totally real: Using Propositions 3.9 and 3.18, we have bl" = 2dp

and bY" = dp. Then we have

bF—l-bF 2dr +dp = 3dp = 3

= dp dim(GLy(R)°/SO(2)) = dim(Sa(Ry)).

2. F is a CM field: Similarly using Propositions 4.20 and 3.18 in this

case we get

b§+b§:3do+d0:4d0:47’2

= dy dim(GLy(C)/U(2)) = dim(Sy(Ry)).

Hence in both the cases

Oiey A5 € HIEED (SR Y M, x ¢* M),

Compatibility of sheaves

We now assume the hypotheses of Proposition 4.19 for totally real case and of
Proposition 4.20 for CM case. The interlacing condition of weights u = A\,

gives the branching rule for finite-dimensional representations as
HomGLQ((C)(L*MM’ ./\/l)\v) 7& 0
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which gives a non-trivial pairing, (-,-) : t*M, x M) — C which in turn

induces a pairing at the level of sheaves:
() £ My x 6" My — C,
where C is the constant sheaf corresponding to C. Now by composing this

map with the A-map gives

dim 52 Rf

(.Y oA HS (Sa(Rp), ' M, x " My) —s HImSED (5 (R, ©),

5.2 The global pairing

We now have a top-degree class on an orientable manifold. We fix an ori-
entation, compatibly on all the connected components; this was called the
Harder-Mahnkopf cycle in [30, Section 3.2.3] (see also [29, Section 2.5.3.3]),

and defined therein as

Ch)=ms o [

z€QX\AX /Rxodet(Ry)

The action of §, = (—1,1) on this cycle C(Ry) is given by r; C(Ry) =
(—1)C(Ry). Here 6, € O(2)/SO(2) and this action is relevant only in the
totally real case; in the CM case since U(2) is connected, mo(K2,) is trivial.

We can define the global pairing as:
<19H €119 792> f = / L*ﬁH,en AN ¢*192 (54)
C(Ry)

To evaluate this global pairing, we will write the cohomology classes as differ-
ential forms, and as in [30, Section 3.2.5], but before we evaluate the global
pairing we will need to discuss an analogous pairing involving the (goe, K2 )-

classes at infinity.

78



The pairing at infinity

(See [29, Section 2.5.3.6].) Recall, that we have fixed [II,] a basis of the one-
dimensional space H% (g3 oo, K3 i1l ® My c)(en) , and similarly, we have
[So] generating the one-dimensional space H® (g0, K9 3 Eoo(X1,X2) ®
M c). Define

dy = dim(gn,c0/En,c0)-
To compute the pairing at infinity, we choose a basis {y; : 1 < j < df'} of
(92.00/82.00)* such that {y; : 1 < j < df — 1} is a basis of (g, /Lie(Ca o))"
Next, fix a basis {x; : 1 < i < df} of (g3.00/300)%, such that t*x; = y;
forall 1 < j < df —1, and *x; = 0if j > db¥. We further note that
YiAy2 A+ Aygr corresponds to a G (R)%-invariant measure on Sy(R;). Let
{mq} (resp., {mg}) be a Q-basis for M, (resp., M,).
The class [T1.o] is represented by a K9 _-invariant element in A% (g o0 /€3 00)*®
W(Ily) ® M,, ¢ which can be written as

M) = Y D % @ Weia @ Ma, (5.5)

=i <<ipp o

where weo j.0 € W(Ilso, thoo). Similarly, [Yoo] is represented by a K9 _ -invariant

element in
/\bg (92,oo/e2,oo>* ® Eoo(Xh XQ) 0% M)\
which we write as
El= D D ¥ ® s @mg. (5.6)
j=j1<'--<jb2F B

Let weojs € W(Zoo(X1, X2), ¥x') be the Whittaker vector corresponding to
Pooj,3- We now define a pairing at infinity by

(M), E]) = Z s(1,J) Z<mav Mp) Voo (1/2, Weo 0, Weo i 6), (5.7)

ij a,B
where s(i,j) € {0,—1,1} is defined by t*x; Ay; = s(i,j)y1 Ay2 A -+ A Yar-
Recall that the zeta integral at infinity Woo(1/2, Weo i 0s Weoj,5) is defined only
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after meromorphic continuation. However, the assumption that s = 1/2 is

critical ensures that they are all finite, hence ([I1], [Zac]) is finite.
Lemma 5.8 ([Il], [¥X]) # 0.

Proof. It is easy to see that

(M), [Sc]) = T (L], [Sa]);

VESoo
hence it is enough to prove non-vanishing locally for every v € S,,. We will

consider the totally real and CM cases separately:

o If F' is a totally real field: As in Section 3.4.2, for the discrete series

representation, it is well known that
H'(gl,, SO(2)RY; Dyv ® My) = C[D,]" & C[D,]™.

Recall from Equation (3.19) that [D,]™ maps to [¥,] under the map
denoted i* therein, and this map also kills [D,]~. One can conclude

that
(L], [Zu]) = (IL] [DA]F).
Now Kasten and Schmidt [22] have proved ([IL,],[D,]*) # 0, which

proves the lemma.

e [fF is CM field: Using Binyong Sun [41, Theorem C], after converting

to our notations, we have
H3(gl,(C), U(2)C*; 11, ® M, ®o,@M,) #0.
In other words
(L], [ow]) # 0,
where [0,] = H%(gl,(C), U(2)C*;0, ® M} ) is a generator of one-
dimensional cohomology group. Here o, € Coh(G3,v) with v = (v,)ves.,

such that if

Vy = (V17V2; Vikﬂ/;)
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then

o, = Indj 20 (2 21 @ 22 5),

where (a1,a2) = (11 + 3,02 — 3) and (b1, b)) = (V3 — 3,07 +3). On
comparing o, with our Go(F),)-representation (1., X2,) (see Section

3.4 for the definition of 3(x1,, X2v)) We get

20’1—f1+1 1 20'1—|—f1+1 % 1
—:V1+—; —:VZ__
2 2 2 2

and
20'2—f2—1 1 20’2—|—f2—1 *+1
—_— =y — — _— = U .
2 DY 2 LT

Simplifying these equations we get:

Vy = (Vlal/2; Vikal/;)

_ 200 — 1 209 — [a 201+f1_|_12<72+f2_1
2 ’ 2 ’ 2 ’ 2

= (—)\2,—>\1; —AZ,—X{)

— )\

This implies o, ® M,\j/v =0, @ M,y = X, ® M,,. Hence we get

(L], (%)) = ([IL], [ou]) # 0,

which proves the lemma. U

In both cases we are now justified in making the definition:

Pyo(p, \) = m (5.9)

5.3 L-value as a global pairing of cohomology
classes

Using Equations (5.1) and (5.5) we write:

191_[,61‘[ = Z Z Xi & ¢i,o¢ &Q Me,

1
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where the cusp form ¢;, in the ¢ -Whittaker model of I, looks like wy, ®
Woojio; Tecall from Equation (4.12) that wy, corresponds to ¢;. Similarly,

using Equations (3.22) and (5.6), we may write
9% = Y ¥ ®Ejs®my,
i B

where the Eisenstein series ) g is constructed by taking Eisenstein summa-
tion for the function ¢ ® ¢ j 5 in the full induced representation X(x1, x2),
with ¢ as is in Equation (4.11). We get the global pairing

Ot 30y = Yy Vs 3003 s ) fis ) 10(0(9)) By (9) dg
= vol(Ry) Z;j Za”ﬁ’ s(i,3){ma, m5>l(%7 Pias Ej )
The second equality is because of ¢, and ¢ are both Ry invariant, and also

by our normalization of measure in Section 2.1 that vol(SO(n)) = 1 and

vol(U(n)) = 1. Using Equation (4.13) we get:

(UL, V) o(Ry) =

1 . vol(Rf)As, - Vs - Ly, . Lf(%;H X 2(x1, X2))

POO(M7/\) LSE(%7H X E) Lf(27X1X2_1)
(5.10)

Dividing by the period p“(II) to get the rational class 9% now proves the

following;:

Theorem 5.11 Let I1 € Coh(Gs, p) with u € Xy (T3), and X(x1, x2) be the
induced representation of GLo(Ag) as in Section 3.4. Separate the cases as
follows:

F is totally real. Let A € X (1) be the dominant integral ‘parallel’” weight
determined by dy,ds, X7, X5 as: A = (Ay)ves,, where each \, = (—da, —dy)
such that e;,, # d; (mod 2), and

F is a CM field. Let A € X1 (Ty) be the dominant integral ‘parallel” weight
determined by 01,09, X1, X3 a8: A = (A )ves,, where each A, = (X, \!); with
A= (];—2—02, %—01), and N\, = (—(%+01 +1), 1—%—02).

v
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Assume that s = 1/2 is critical for L(s, 11 x 3(x1,x2)) and that g = \V.

Then there exist nonzero complex numbers Py (p1, A) and p(I1) such that

Ly(3, 1T % E(x1, x2))
Poo (11, A) p(I1) Ly (2, x1x3 ")
= (vol(Ry)Vx) - (Lg Ly (3.1 X X)) - Ay - (051 ., 95 o)

This already shows that the left hand side is algebraic. Moreover we can

study the action of the Galois group of Q on the quantities.

5.4 The main identity for the critical values
L¢(m,11® x)

I is totally real

Now recall the fact that the L-value at s = 1/2 attached to the pair of

representations (I1, X(x1, x2)) decomposes as
Lf(%? IT x E(Xla X2)) = Lf(17 I® Xl)Lf(07 I X2)
= Ly(1+di, T @ x7) Ly (d2, [T ® x3).
Now we consider the four cases as delineated in Proposition 4.19. Before
getting into details, let’s comment that, using Equation (3.5), in each case
the L-value L(2, x1x5 ') in the denominator of the left hand side of the above
theorem, which is the same as L(2+d; —do, xIx97!), is in fact a critical value

of a classical Dirichlet L-function of a finite order Hecke character of F' for

the choices of d; and x3, j = 1,2.
Case 1. y is even, that is, ,, = 1 for all v € S...

Case la. m € {2,4,...,no}. Take dy = m — 1, dy = —1, X! = x, and
x5 = 1. Put A\, = (1,1 —m). Then, Theorem 5.11 takes the form:
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Lf(m, II® X)
Poo () SGE(T) Lp (2 + m, X)

= (Vol(Ry)Vs) - (L Lsy (3, 1T x B)) - A - (91 ¢, 0% ) ery)s (5.12)

where the modified period is defined as
QHM) = pT(IN)Le(—1,1)7 (5.13)
Case 1b. m € {1 — ney,...,—3,—1}. Take d; = 1, dy = m, x¥ = 1, and

X3 = x. Put A\, = (—m, —1). In this case Theorem 5.11 takes the

form:

Ly(m, 11 ® x)
Poo(pt, m) F(IT) Lp(3 —m, x71)

= (Vol(Ry)Vz) - (Ly Lsy (3, 1T x 2)) - A (V1 0, 0% ) ery)s (5.14)
where the modified period is defined as
QF(IL) = p(I)Ly(2,10), (5.15)

Case 2. x is odd, that is, €,, = sgn for all v € S,. In this case, we fix once and

for all, a totally odd quadratic Hecke character & of F'.

Case 2a. m € {1,3,...,n0q}. Take d; =m—1,dy = 0, X! = x, and x = £.
Put A\, = (0,1 — m). Then Theorem 5.11 takes the form:

Ly(m, 11 ® x)
Poo(l% m) Q;(H) Lf<m + 17 Xgil)

— (VOl(R;)V&) - (Ls Ly (3, T x £)) - As - (051 1, 92) oy, (5.16)

where the modified period is defined as

Q () = p(I)Ls(0,T® &)1 (5.17)

r
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Case 2b. m € {1 — noq,...,—2,0}. Take d; = 0, do = m, xJ = &, and
X9 = x. Put A\, = (=m,0). Then, Theorem 5.11 takes the form:

Lf(m, II & X)
Poo(p,m) 4 () L (2 —m, Ex77)
= (Vol(Ry)Vs) - (L Lsy (3, 1T x 2)) - A (9 o, 05 ) ery)s (5.18)

where the modified period is defined as

Q (1) = p™(I)Ls(1,TT® &)~ (5.19)

F is CM field

Before getting into the details observe that, since there are no real places,
signature doesn’t appear in the period p(II) and V1 ,- Hence we denote it
as p(IT) and ¥ respectively. Furthermore we prove a lemma regarding the
criticality of the L-value L(2,x1x5 ") in the denominator of the left hand side

of the above theorem, which is the same as L(2 + o1 — 09, X} (x2)71).

Lemma 5.20 L(2 + 01 — 09, X1 (x3)7') is indeed a critical value of L-
function attached to the unitary algebraic Hecke character xi (x3)~' of F for
the choices of oj and xj, j = 1,2.
Proof. Consider the two cases as delineated in Proposition 4.19.
Case 1. Suppose t is totally positive, ny < —2¢ and n; > 1. Take
fi=—-2,00=—1, fo =2t, and o9 = m. Then the L-value
L(2 +o01 — 02, X%(X%)_l) = L(l —m, Xo)v

242t
with x° is such that x2 (z) = (ﬁ) . Now using Section 3.2, 1 —m
is critical for x° if

—t<1-m<1+t,
that is, —t < m < 1+4t. We check this condition for the following three

sub-cases:
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e For0<mn; <t—2 me€[2+mn; —t, t —ny —1]. This gives a

series of inequaities
—1<24n —t<m<t—nm—-1<t<1l+1t.
e Fort<n; <2t—1, m €[t —ny, ny +1—t]. This implies
—t<—-t+l<t—-m<m<m+1—t<t—1<t+1.

e For ny > 2t, m € [1 —t, t], which immediately gives —t < m <
1+t.

Hence in all the above sub-cases, 1 — m is critical for x°.

Case 2b. t is totally negative, n; > —2t and ny < —1. Take f; = 2t,
op=m —1, fo =2, and 09 = 1. Then the L-value

L(2+ 01— 02, x1(xz) ) = L(m, x°),

2-2t
with x° is such that x2 (z) = ( z ) . Again using Section 3.2, m is

]
critical for x° if

t<m<1-—t.

Again we need to check this condition for the following three sub-cases:

e Fort+2<ny, <0, me[2—ny+t, no —1—1t]. This gives a

series of inequalities
t<2—na+t<m<n,—1—-t<1-—-t.
e For 2t +1 <mny <t, mé€ [ny—t, 1 +t—ngy|. Thisimplies
t<t+l<n—t<m<l4+t—my<-—-t—-—1<1-—t.
e For ny <2t, m €[l +t, —t]|, which gives
t<l+t<m<—-t<1l-—1t.
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In all the above sub-cases, m is critical for x°.

Hence in each case the L-value L(2, x1x5, ') is in fact a critical value. O

Now recall the fact that the L-value at s = 1/2 attached to the pair of

representations (I1, X(x1, x2)) decomposes as

Li(5, 1T x B(x1,x2)) = L(1L, TT® x1) Ly (0, T ® x2)
- Lf(l + o1, II® X%)Lf(o—% II® X%)

Case 1. t is strictly positive, ny < —2t and ny > 1 for all v € S..

In this case, we fix once and for all, a unitary Hecke character ¢ of F
such that ¢ (2) = (%)2 An integer m satisfies Equation (4.17). Take
Xi=¢,01=—1,xa=xand oy = m;put A\, = (t—m, 0; 1, 1—t—m).
Then f; = —2 and f; = 2¢t. Hence Theorem 5.11 takes the form:

Lf(m,H®X) _
POO(:ua m) Q+<H) Lf(l —m, ¢X_1)

(VOURNVs) - (L Lisg (4,1 x 5)) - Ay - (05, 3)cmye (521
where the modified period is defined as

QF () = p(I)L;(0,TT® ¢)"". (5.22)

Case 2. t is negative, n; > —2t and ny < —1 for all v € S.

Observe that the inverse ¢! of above defined unitary Hecke character
of F satisfies ¢ 1(2) = <é>2 Also an integer m satisfies Equa-
tion (4.18). Take x1 = x, o1 = m—1, x4 = ¢!, and 09 = 1; put
A =(0,t—m+1; =t —m, —1). Then f; = 2t and fo = 2. Hence
Theorem 5.11 takes the form:
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Lf(m, II X X)
Poo(p, m) (M) Ly (m, x9)

(VOl(Rf)Vz) : (Lg LSE(%, II x Z)) . Ag . <1910—I, ﬁ%)c(R‘f), (523)

where the modified period is defined as

Q (1) = p(IL;(1,T®¢ ") (5.24)
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Chapter 6

Galois equivariance

6.1 The action of Aut(C)

We study Galois equivariance, i.e., behaviour under the action of o € Aut(C)
of all the quantities in the main identity for each of the four cases in both the
theorems. Let’s parse the Galois action on the various ingredients involved

in the main identities:

e The Poincaré duality pairing ( , ) is Galois-equivariant. (See, for example,

[30, Proposition 3.14].)

e The Galois action on the class Jp . . Due to our specific choice of finite

Whittaker vectors wry,, exactly as in [30, Proposition 3.15], we get

o a(G(ws,)) 40 o(G(x1X2)) 4
() = oot gey =TI e
g(wvzf) G x1°x2)
Furthermore, for Dirichlet characters y; and Yy, it’s well-known (see [39,

Lemma 8]) that
o ( G(xix2) ) _ G("x17x2)
g g

(x1)G(x2) ) G(°x1)G(“x2)”
Putting the above two together we get
U(rﬁlo'[,en> _ J<g(X1)g(X2>> 9° (61)

G(x1)G(x2) e
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e To understand the Galois action on the class 95, we begin with the function
¢y which is the finite part of ¢,,,, as defined in Equation (4.11). Let’s
denote ¢y also as @y, y,;- Now, o € Aut(C) acts on ¢y by acting on all its
local components. The action of Aut(C) on ¥, is given by acting on the
values of a function in the induced space (see [26, Section 1.1]). For the
local components of ¢, y,, (With notations suitably modified) we get for

the spherical vectors:

Ufsp(XIMXZv) - fSp(UXIvaUXQU)a

and from our choices of new vectors made in Proposition 4.3, we get for
v € Sy \ SXQI
7L (s Xao) = [ (OX10, TX20),

however, for v € S,,-the set of ramified primes for x., we get:

na/2
o rnew g QU2 new (o o
fo " (Xaws X2o) = (T/2>fv (“ X105 7 X20)-

v

Note that the quantity o(gn*’?)/qs** is +1. Putting these together we get

o(ar*"?)
v
US0X1f7X2f = H n2/2 Poxaf,xas
VESy, v
Since the Eisenstein map Fyx in Equation (3.22) is Aut(C)-equivariant, we

get
n2/2)

o03) = | ] "(f{—m o (6.2)

vESy, v

e Now we look at Galois action on the quantity Ayx. Recall from Equation

(4.7) that A, =] A, and the values of A, are computed in Proposition

vESy
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4.6. Now the volume of O,, by our choice of measures, is rational. We easily

deduce that

11 o(g:""*) ) o(9(x2))
A = . Aa . 63
J( 2) v, ;nz/? g(O'XQ) Y ( )
From Equations (6.2) and (6.3) we get
o 7(G(x2)) o
A ¥y = Aoy oy, A4
U( = E) g(UXZ) X Veoy (6 )

e The quantities Ly and Lg, (3,11 x ) are Galois equivariant as they are
finite products of local critical L-values; this follows from [30, Proposition

3.17).

e The volume terms vol(Ry) and V5 are rational numbers by our choice of

measures.

e Using Equation (3.6) we have, for a totally even Dirichlet character o of
F, and an even positive integer r, it’s well-known that we have the following
rationality result for the critical value L¢(r, o):

o Lo N _L(r%)
((QM)’“Q(@)) (27i)7G(%0) (6.5)

e Finally recall the Fact 3.8, we have an algebraicity result for the critical
value 7 of Ls(r, x) attached to the finite part of an algebraic Hecke character
x over a CM field, which can be rewritten as follows:

(( Ly(r,x) >: Li(r,7x) (6.6)

27T,l')rdoc+(x> (27T,l’>rdoc+ (UX)
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6.2 Proof of Theorem 1.2

Notice that for ¢ € Aut(C) applied to the pairing of the cohomology classes,
after using Galois-equivariance of the duality pairing, and after using Equa-
tions (6.1) and (6.4) we get

o(G(x1)9 (x2)*)

G(“x1)G("x2)?

Now keeping above Galois equivariant facts in mind, the details of the proof

o (<Q9lo_[7€l'l’ AZ ’19%>) = <Q9§H7€H’ Aoz 1922> (67)

in all the four cases are as follows:

Case la. On multiplying and dividing by the factor (272)*T™G(x),
rewrite Equation (5.12) as

Lf(m, 11 (%9 X)
B (p,m) GE(ING (x)

A Vy),

= (vol(Ry)Vz) - (L Lsy (3,11 x X)) - <M) (92

(2mi)2tmG(y) )
where PL (y,m) = (2mi)>T™ Py (u, m). Now apply o € Aut(C) to both
sides. The first three parentheses on the right hand side are Aut(C)-
equivariant as explained above. In this case we have G(x1) = G(x3) =
G(x) and G(x2) = G(x3) = G(1) = 1. Hence using Equation (6.7) we
get

o < Lf(m,H ®X> )
PL(p,m) QF(IDG(x)

= (vol(Ry)Ves) - (Los Lgy (1,711 x 7%)) - <

Li(24m,%x)
27i)2+mG(7x)

U(G(x
g(ox)

<792H LJETT? AUZ ‘72

which is the same as

( Li(m, T ® x) ) _ LimMex) oG
P (1, m) F(ID)G (x) PL(op,m) QF((I)G(7x)  G(ox)
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and which in turn may be rewritten as
” ( Li(m,II® x) ) B Li(m,°TI® )
Pl (p,m) (TG (x)? PL(7p,m) QF ((ING(7x)*

proving the Galois-equivariant version. This implies in particular that

Li(m, 1@ X) ~quiy) Paolp,m)Q} (1) G(x)?,

where ~g1,y) is a number field which is the compositum of the ratio-

nality fields Q(TT) and Q(x).

Case 1b Rewrite Equation (5.14) as

Li(m, 11 ® x)
PZ (11, m) " (TG (x)

Lf(2+m>X>)<l90 AE,&%)

(2mi)>-mG(x) )
where P2 (u,m) = (2mi)3™ Py (1, m). Now apply o € Aut(C) to both

— (vol(Ry)V) - (L Ly (3,11 x X)) (

sides. As in Case la, using the above remarks along with the facts

G(x1) = G(x3) = G(1) and G(x2) = G(x3) = G(x), applying o to the

pairing we get

o ( Lf(m, II® X) )
PZ (1, m) @ (IHG(x 1)

Lf(3 —m, UXfl) >
(2me)*tmG(7x )
a(G(x)?)

0% Avg 925) T X))
< Ier z E> g(o-X)Q

= (vol(Ry)Ves) - (Los Lgy (3,711 x 7)) - <

which is the same as

( Ly(m,1® x) ) _ Lymruecxh)  o(G()?)
P (p,m) Q (IG(x ) PL(p,m) QF(CIGx) G(7x)*

and which in turn may be rewritten as

o(pritmlion Y Linlem
PL(nm) Q7 (MG0) )~ PLEwm) OF (TG
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proving the Galois-equivariant version. This implies in particular that
Lp(m,11® X) ~auy FPa(pm) Q5 (1) G(x).

Case 2a Rewrite Equation (5.16) as

Lf(m, II & X)
Pl (p,m) Q- (IHG ()G ()~

= (vol(Ry)Vx) - (Lx Lgy (5, 1T x X)) - ( Lp(m+1,x¢67") )

(2mi)™ G ()G ()~
(Vs An U5),

where P32 (u,m) = (278)™ ! Py, (1, m). Clearly the first three parenthe-
ses on the right hand side are Aut(C)-equivariant as explained earlier.
Use Equation (6.7) and substitute the folloing: G(x1) = G(x3) = G(x)
and G(x2) = G(x35) = G(&). For o applied to the pairing of the coho-

mology classes we get

” ( Ly(m, 11 ® x) )
P2 (1,m) Q7 (IHG ()G () !

= (vol(Ry)Vos)- (Lew Lsy (3, T1 x 7%))- (( el 17%051))‘1) |

2 IGNG
e Ao 29006
Vot 420220 G0

which is the same as

o ( Lf(m7H®X> ) _ Lf(mﬂol_[@gX) . O’(Q(X)g(
P (p,m) Q- (IDG(X) P (0p,m) Q7 ((ING(7x)  G(7x

and which proves the theorem, since

~—

Q

—~
Q

Li(m,TT® x) ~ouy Pa(p,m)Q () G(x)*G(E).

Case 2b. Rewrite Equation (5.12) as
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Lf(m, II® X)
B (p,m) 7 (ING(E)G ()~

Ly2—m,&x7") )
(2mi)>~mG(§)G(x)—1
(e Az 05),

H,€H7

= (VOI(Rf)VE) . (LZ LSZ(%,H X E)) . (

where Pl (u,m) = (2m1)> ™ Py(u,m). Now apply ¢ € Aut(C) to
both sides. The first three parentheses on the right hand side are
Aut(C)-equivariant as explained earlier. Applying o to the pairing
of the cohomology classes, and using G(x1) = G(x]) = G(§) and
G(x2) = G(x3) = G(x) we get

0 (Ve Ax %)) = (Fon s Arn9op)

Hence

o ( Lf(m, I1 & X) >
P, m) @ (ING(E)G (x)

L(2—m,"x) ) ‘

= (vol(Ry)Vex)- (Lox Lsy (3, 71 x 7)) ((2m)2—mg(”£)g(”x)‘1

, . 0(G(O9(0)
Vot APl G g g
Since £ is quadratic, G(£)? = G(£?) = G(11) = 1. We get
( Li(m, I ® ) ) _ Lg(m, 711 ® 7x)
B (p,m) € (ING(x) P (p,m) Q7 ((ING(7x)

proving the Galois-equivariant version. This implies in particular that
Ly(m,I® x) iy Paolk,m) Q4 (I1) G(x).

This concludes the proof of Theorem 1.2.
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6.3 Proof of Theorem 1.3

The line of proof is exactly same for both the cases. The details are as follows:
Case 1. On multiplying and dividing by (27i)0=™c*(py 1), Equa-

tion (5.21) may be rewritten as

Lf(m7 I® X)
P (p,m) Q@+ (et (ox 1)

Lf(l _m,ﬁbX_l) )
2ot (o)
(U7, Az ),

= (VOl(Rf)VE) . (LZ LSZ(%,H X E)) . (

where Pt (p,m) = (2mi)3=™% P (1, m). Now apply ¢ € Aut(C) to
both sides. Using above facts, the first three parentheses on the right
hand side of the equation are Aut(C)-equivariant. Applying o to the
pairing of the cohomology classes, after using Galois-equivariance of

the duality pairing, as well as using Equations (6.1) and (6.4) we get

U<g(X1)g(X2)2)
G(ox1)G(“x2)?

In this case we have G(x1) = G(x1) = G(¢) and G(x2) = G(x3) = G(x).

Hence using the above substitutions we get

o ((Un, AnV5)) = (Woy, Ars Vo) (6.8)

o ( Lf(m, II X X) )
P (p,m) Q+ (et (ox 1)

Lf(l _m’aqbaxfl) )
(27Ti)(1_m)d00+(0¢ax_1)
a(G()G(x)*)
G(79)G(°x)*

= (vol(Ry)Ves): (Lo Lgy (3,711 x 7)) - (
(93, Aes 955

which is the same as
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o ( Lf(m, II X X) )
P (p,m) QF (et (ox 1)

L(m, 11 ® 7y) a(G(6)G(x)?)
PE(p,m) @ ((M)et(7¢7x 1) G(79)G(7x)*

Hence the Galois-equivariant version of Theorem 1.3 in Case 1 is as

follows:

” ( Li(m,11® x) )
P (p,m) () et (ox )G (x)*G ()
— Lf(ma NM® UX)
PEEp,m) QeI et (F¢ox1)G(7x)*G(“¢)

This implies in particular that

Ly(m, 1@ x) ~oaiye) ook, m) Q7 () ¢ (ox 1) G()* G(0),

where ~q11,y,¢) is @ number field which is the compositum of the ratio-

nality fields Q(IT), Q(x) and Q(¢).

Case 2. The proof is similar to Case 1. So let’s briefly present the
details. In this case multiply and divide by (27i)™%c*(y¢), Equation

(5.23) may be rewritten as

Lf(m, 11 X X)
By (i, m) Q- (M) ¢ (x¢)

= (V01<Rf)VE) : (LZ LSZ<%7H X E)) . ( Lf("”a)@) )

(2mi)mdoct (x )
(U, As %),

where P (p, m) = (2mi)™% P (1, m).

Now apply o € Aut(C) to both sides. The first three parentheses on
the right hand side are Aut(C)-equivariant as explained above. Further
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we have G(x1) = G(x1) = G(x) and G(x2) = G(x3) = G(¢™'). Using
these facts along with Equation (6.8) for Case 2 we get

o ( Lf(m, II® X) )
P (p,m) Q(IT) ¢t (x¢)

= (vl Vo) (Los L (515 79) -

Ly(m,7x7¢) >
(2md)(mdoct(7x7 )

g 7S
o AT G g

which is the same as

- ( Ly(m.11® y) )
P (psm) Q= (IT) c* (x¢)
Lilm, &%) o(G()9(6) )
Pl m) (e (76) - G(G(76)

which further may be rewritten as

o ( Ly(m, I ® x) )
P (1, m) Q- (I1) ¢ (x0) G ()G ()2
Lf(m7 711 & OX)
Po;(a/% m) Q- (UH) C+(”XG¢) g(ax>g(g¢),27

proving the Galois-equivariant version of Theorem 1.3 in Case 2. This

implies in particular that
Li(m,T® x) ~guye Pxlu,m)Q (1) e (xo) G(x) G(¢) 2.

This concludes the proof of Theorem 1.3.

98



6.4 Application: Symmetric square L-function

The purpose of this section is to put on record that Theorems 1.2 and 1.3
gives as an application, a rationality result for all the critical values of the
symmetric square L-functions. We will consider real and imaginary case

seperately:
F': totally real

Let ¢ be a primitive holomorphic cuspidal Hilbert modular form over F' of
weight (ki,...,kq), where d = dp. Suppose that all the k; have the same
parity, and that ¢ is not of CM-type. We want to apply Theorem. 1.2 to
get a rationality result for all the critical values of the symmetric square
L-function L(s,Sym?®p, x) attached to ¢, twisted by a finite order Dirichlet

character Yy.

We will work with the L-function L(s, Sym?ep, x) in the automorphic context.
Let TI(¢) be the cuspidal automorphic representation of GLy(Afg) attached
to ¢. By Gelbart-Jacquet [13] we know the existence of an isobaric auto-
morphic representation Sym?(II(p)) of GL3(Ar), defined as Sym?*(II(y)) =
®! Sym?(I1,(¢)), where Sym?(IL,()) is an irreducible admissible representa-
tion of GL3(F,) obtained via the local Langlands symmetric-square transfer
of I1,(¢). If ¢ is not of CM-type, i.e., II(¢) is not a dihedral representation
then it’s well-known that Sym*(II(¢)) is cuspidal. If L(s, Sym*(II(p)) ® x)
denotes the standard degree-3 L-function of Sym?(II(y)) twisted by x then
we have

L(s,Sym*p, x) = L(s — ko + 1, Sym*(II(¢)) ® x), (6.9)

where ko = min(k;). This may be seen as in the verification of [34, Theorem
1.4, (1)].
For convenience, let’s suppose that all the k; > 2 are even. Then II(yp) is

cohomological to the weight p = (p1;) where p; = ((k; —2)/2,—(k; — 2)/2).
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Following [29], we may verify that Sym?(II(¢)) € Coh(Gs; Sym? (1)) for the
weight Sym?(u) = (Sym?(y;)), where Sym?(p;) = (k; — 2,0,2 — kj).
In the notation of Theorem 1.2, we get n = min(n,;) = ko — 2. For the sake

of simplicity, let’s consider the case when Y is totally even. Then, the critical

set for L(s, Sym?*(II(¢)) ® x) is given by
(3 — koo, —1; 2,4,... ko — 2}
From Equation (6.9) we get that the critical set for L(s, Sym?¢p, x) is the set
(2,4, ko—2; ko+1,ko+3,...,2k — 3}.

This is to be interpreted as an empty set if kg = 2. If m is critical for
L(s,Sym®p, x), and is on the right of the center of symmetry, i.e., kg + 1 <
m < 2ky — 3 and m is odd, then Case l1la. of Theorem 1.2 takes the form:

L(m, Sym®p, X) Rg(ex) Fro(Sym? (1), m — ko + 1) QF (Sym*(IL()) G(x)*.
(6.10)
It’s an easy exercise to see that Q(Sym?(I1()), x) € Q(II(¢), x) = Q(, X)-
(See also statements (4) and (5) of [34, Theorem 1.4].) Moreover, we may

state this result in a Galois-equivariant manner.

A comparison of Equation (6.10) with the main result of Sturm [40] for the
critical values of the symmetric-square L-functions for an elliptic modular
form would lead us to speculate that our global period Q(Sym?(II(y)) is

related in some explicit way to the Petersson inner product (g, ¢).
F: CM field

Let 7 be a cohomological cuspidal automorphic representation of GLy/F with
purity weight w, that is, 7 € Coh(Gy, ) with u € X (Ty). Then for each
v € Se, py = (p, p*) , where p* = (a,b); u* = (a*, b*) such that a > b; a* > b*
and a + b* = b+ a* = w. By Gelbart-Jacquet [13] we know the existence

of an isobaric automorphic representation Sym?*(7w) of GLs(Ar), defined as

100



Sym?(r) = ®'Sym?(r,), where Sym?(m,) is an irreducible admissible rep-
resentation of GL3(F),) obtained via the local Langlands symmetric-square

transfer of 7,. Furthermore, following [29, Theorem 3.2],
Sym?(w) € Coh(Gs, Sym* (), (6.11)
with Sym?(u) = (Sym?(u)*, Sym?(p)?) ez, such that
Sym?(p)" = (2a, a+ b, 2b) and Sym*(u)" = (2a*, a* +b*, 2b%). (6.12)
Clearly the Sym?(u) € X (T3).

6.4.1 Proof of Theorem 1.6

By thinking of the symmetric square L-function on GL3 x GL; as the standard
L-function of the symmetric-square-twisted by an algebraic Hecke character

X, and after using Equations (6.11) and (6.12), we get
Sym?(7) € Coh(Gs5, Sym?(u)),

such that for each v € Sy, Sym*(u,) = (2a,0, —2a; 2a,0,—2a). In terms
of notations of Theorem 1.3, we get n; = 2a and ny = —2a. Under the
assumption that a > t, the critical set for L(s, Sym*(7) ® x) is given by
{1 —t <m <t}. Then Case 1 of Theorem 1.3 takes the form:
Ly(m. Sym?(x) )

Rosym?(m ) oo (Sym? (1)), m) @ (Sym? (7)) ¢ (ox ™) G(x)* G(¢),

where PX(Sym?(u)),m) = (27i)' "pu(Sym*(u), m) and QF(Sym?*(7)) =
p(Sym? (7)) L(0, Sym?(7) ® ¢)~!. Again its an easy exercise to see that

Q(Sym*(m)).x, ¢) € Q(, x, ¢).
This proves the theorem.
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