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h?Bb Bb iQ +2`iB7v i?�i i?Bb /Bbb2`i�iBQM 2MiBiH2/ a+?rBM;2` S�B` S`Q/m+iBQM �i 6BMBi2
h2KT2`�im`2 �M/ LQp2H �bi`QT?vbB+�H S`Q#2b QM JBHHB+?�`;2/ 62`KBQMb iQr�`/b i?2
T�`iB�H 7mH}HK2Mi Q7 i?2 "a@Ja /m�H /2;`22 T`Q;`�KK2 �i i?2 AM/B�M AMbiBimi2 Q7 a+B2M+2
1/m+�iBQM �M/ _2b2�`+?- SmM2 `2T`2b2Mib bim/vfrQ`F +�``B2/ Qmi #v J`mM�H S`�b?�Mi
EQ`r�` �i AM/B�M AMbiBimi2 Q7 a+B2M+2 1/m+�iBQM �M/ _2b2�`+? mM/2` i?2 bmT2`pBbBQM Q7 .`X
�`mM h?�H�TBHHBH- �bbBbi�Mi S`Q72bbQ`- .2T�`iK2Mi Q7 S?vbB+b - /m`BM; i?2 �+�/2KB+ v2�`
kyRd@kyR3X
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.2+H�`�iBQM

A ?2`2#v /2+H�`2 i?�i i?2 K�ii2` 2K#Q/B2/ BM i?2 `2TQ`i 2MiBiH2/ a+?rBM;2` S�B`
S`Q/m+iBQM �i 6BMBi2 h2KT2`�im`2 �M/ LQp2H �bi`QT?vbB+�H S`Q#2b QM JBHHB+?�`;2/
62`KBQMb �`2 i?2 `2bmHib Q7 i?2 rQ`F +�``B2/ Qmi #v K2 �i i?2 .2T�`iK2Mi Q7 S?vbB+b-
AM/B�M AMbiBimi2 Q7 a+B2M+2 1/m+�iBQM �M/ _2b2�`+?- SmM2- mM/2` i?2 bmT2`pBbBQM Q7 .`X
�`mM h?�H�TBHHBH �M/ i?2 b�K2 ?�b MQi #22M bm#KBii2/ 2Hb2r?2`2 7Q` �Mv Qi?2` /2;`22X

J`mM�H S`�b?�Mi EQ`r�`





�+FMQrH2/;K2Mib

A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2�`2 ;`�iBim/2 iQ Kv i?2Bb �/pBbQ` .`X �`mM h?�H�TBHHBH- 7Q`
?2HT- ;mB/�M+2 �M/ bmTTQ`iX �T�`i 7`QK T?vbB+b- A H2�`M2/ 7`QK ?BK iQ B/2MiB7v 2bb2M+2
�M/ +�p2i2b BM i?2 `2b2�+`? T`QD2+i �M/ iQ Tmi Qz #B�b2b �M/ #2 �M BM/2T2M/2Mi i?BMF2`X
A rQmH/ HBF2 i?�MF Kv h�* K2K2#2` .`X S`�b�/ am#`�K�MB�M 7Q` �;;`22BM; iQ #2 QM2
Q7 i?2 K2MiQ`b BM i?2bBb �/pBbQ`v +QKBi22 �M/ 2p�Hm�iBM; Kv KB/@v2�` `2TQ`i- T`2b2Mi�BQM
�M/ }M�H i?2bBbX A rQmH/ �HbQ HBF2 iQ i?�MF i?2 S?vbB+b /2T�`iK2Mi 7Q` T`QpB/BM; `2bQm`+2b
`2[mB`2/ 7Q` i?2 T`QD2+i rQ`FX A i?�MF .`X amMBH JmF?B- .`X L�K�#Bi� "�M2`D22 �M/ .`X
a�+?BM C�BM 7Q` i?2 r22FHv bi`BM; i?2Q`v +Hm# /Bb+mbbBQMbX A �HbQ bBM+2`2Hv 2ti2M/ Kv ;`�i@
Bim/2 iQr�`/b i?2 EoSu U#v i?2 .2T�`iK2Mi Q7 a+B2M+2 �M/ h2+?MQHQ;v- :Qp2`MK2Mi Q7
AM/B�V- 7Q` T`QpB/BM; }M�M+B�H bmTTQ`i i?`Qm;?Qmi Kv bim/v �i AAa1_ SmM2X A rQmH/ HBF2
iQ i?�MF .`X �MbQM >QQF 7Q` ?2HT7mH /Bb+mbbBQMbX A rQmH/ HBF2 iQ i?�MF Kv 7`2BM/b �M/
7�KBHv 7Q` i?2B` +QMbi�Mi bmTTQ`i i?`Qm;?Qmi i?Bb T`QD2+iX
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�#bi`�+i
a+?rBM;2` T�B` T`Q/m+iBQM Bb � MQM@T2`im`#�iBp2 �M/ MQM@HBM2�` T?2MQK2MQM BM Zm�M@

imK 1H2+i`QvM�KB+bX Ai Bb 2[m�HHv BMi2`2biBM; iQ i?2Q`2iB+�H �M/ 2tT2`BK2Mi�H T?vbB+b #2@
+�mb2 Q7 i?2 M2+2bbBiv Q7 bi`QM; 2H2+i`B+ }2H/ `2[mB`2/ iQ bim/v BiX J�Mv i?2Q`2iB+�H KQ/2Hb
?�p2 #22M /2p2HQT2/ iQ 2tTH�BM �M/ 2ti2M/ i?2 `2bmHi 7Q` MmK#2` Q7 T�B` T`Q/m+2/ 7`QK
a+�H�` Z1. �M/ Z1. p�+mmKX q2 mb2 qQ`H/HBM2 AMbi�MiQM K2i?Q/ iQ }M/ p�+mmK /2+�v
`�i2 7Q` b+�H�` Z1. �M/ Z1. p�+mmK BM T`2b2M+2 Q7 +QMbi�Mi 1H2+i`B+ }2H/ �M/ +QMbi�Mi
1H2+i`B+ }2H/ T�`�HH2H iQ J�;M2iB+ }2H/ �i x2`Q i2KT2`�im`2 BM r2�F }2H/ �T``QtBK�iBQM
�M/ r2�F +QmTHBM; HBKBiX q2 i?mb p2`B7v `2bmHib Q#i�BM2/ #v Qi?2` i?2Q`2iB+�H K2i?Q/b 7Q`
i?2b2 }2H/ +QM};m`�iBQMbX q2 2ti2M/ i?2 `2bmHi iQ }MBi2 i2KT2`�im`2 +�b2 BX2X r2 ;Bp2 �M
�M�HviB+�H 2tT`2bbBQM 7Q` a+�H�` Z1. �M/ Z1. p�+mmK /2+�v `�i2 BM T`2b2M+2 Q7 +QMbi�Mi
1H2+i`B+ }2H/ �M/ +QMbi�Mi 1H2+i`B+ }2H/ T�`�HH2H iQ K�;M2iB+ }2H/ �i bQK2 MQM@x2`Q i2K@
T2`�im`2 BM r2�F }2H/ �TT`QtBK�iBQM �M/ r2�F +QmTHBM; HBKBiX

a+?rBM;2` T�B` T`Q/m+iBQM Q7 2H2+i`QM@TQbBi`QM T�B`b `2[mB`2b +QMbi�Mi 2H2+i`B+ }2H/ Q7 i?2
Q`/2` Q7 1018V/mX h?Bb ?m;2 2H2+i`B+ }2H/ Bb MQi �+?B2p2/ BM H�#Q`�iQ`v iBHH MQrX aQK2 Q7
i?2 �bi`QMQKB+�H Q#D2+ib HBF2 J�;M2i�`b /Q T`Q/m+2 2H2+i`B+ }2H/ Q7 i?2 Q`/2` Q7 1014V/mX
J�Mv 2ti2MbBQMb Q7 i?2 bi�M/�`/ KQ/2H ;2M2`B+�HHv ;Bp2 `Bb2 iQ ?vTQi?2iB+�H JBHHB+?�`;2/
T�`iB+H2bX h?2b2 �`2 T�`iB+H2b rBi? 7`�+iBQM�H 2H2+i`B+ +?�`;2bX JBHHB+?�`;2/ T�`iB+H2b �`2
BMi2`biBM; 7`QK i?2 pB2rTQBMi Q7 +?�`;2 [m�MiBx�iBQM �M/ i?2v �`2 pB�#H2 /�`F K�ii2` +�M@
/B/�i2 iQQX

a+?rBM;2` T�B` T`Q/m+iBQM Q7 JBHHB+?�`;2/ T�`iB+H2 Bb TQbbB#H2 BM i?2 J�;M2i�` 2MpB`QMK2Mi
�M/ �z2+i i?2 K�;M2iB+ }2H/ 2pQHmiBQM Q7 K�;M2i�`X q2 T`QpB/2 MQp2H- KQ/2H BM/2T2M/2Mi
+QMbi`�BMib QM i?2b2 ?vTQi?2iB+�H T�`iB+H2b #�b2/ QM 1M2`;v HQbb �`;mK2Mi �M/ J�;M2iB+
}2H/ 2pQHmiBQM �`;mK2MiX q2 �HbQ b?Qr i?2 2z2+i Q7 KBHHB+?�`;2/ T�`iB+H2b QM i?2 #`�FBM;
BM/2t Q7 i?2 K�;M2i�`X

tB



tBB



*QMi2Mib

�#bi`�+i tB

R AMi`Q/m+iBQM j

RXR AMi`Q/m+iBQM iQ a+?rBM;2` S�B` S`Q/m+iBQM X X X X X X X X X X X X X X X X X X X j

RXk AMi`Q/m+iBQM iQ .�`F J�ii2` S?vbB+b X X X X X X X X X X X X X X X X X X X X X X 9

k a+?rBM;2` S�B` S`Q/m+iBQM BM a+�H�` 1H2+i`Q/vM�KB+b d

kXR w2`Q h2KT2`�im`2 *�b2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d

kXk 6BMBi2 h2KT2`�im`2 *�b2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk

kXj 6BM�H _2bmHi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jk

j a+?rBM;2` S�B` S`Q/m+iBQM BM aTBMQ` 1H2+i`Q/vM�KB+b j8

jXR w2`Q h2KT2`�im`2 *�b2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j8

jXk 6BMBi2 h2KT2`�im`2 *�b2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y

jXj 6BM�H _2bmHi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9j

9 JBHHB+?�`;2/ T�`iB+H2 98

9XR PM2 S�`�@T?QiQM JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 98

9Xk 1tBbiBM; *QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e

tBBB



9Xj hrQ S�`�@T?QiQM JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d

8 �bi`QT?vbB+�H S`Q#2b QM JBHHB+?�`;2/ S�`iB+H2b 7`QK L2mi`QM ai�`b 9N

8XR L2mi`QM ai�`b �M/ J�;M2i�`b X X X X X X X X X X X X X X X X X X X X X X X X X X 9N

8Xk L2r *QMbi`�BMib QM JBHHB+?�`;2/ S�`iB+H2 X X X X X X X X X X X X X X X X X X X X 8R

e *QM+HmbBQM �M/ PmiHQQF 8d

�TT2M/B+2b 8N

eXR JQ`b2 �M�HvbBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eR

tBp



GBbi Q7 6B;m`2b

kXR 6BMBi2 h2KT`�im`2 AMbi�MiQM aQHmiBQM 7Q` n ∈ Z− X X X X X X X X X X X X X X X X kj

kXk 6BMBi2 i2KT2`�im`2 AMbi�MiQM bQHmiBQM 7Q` n ∈ Z+ X X X X X X X X X X X X X X X ke

9XR 1tBbiBM; *QMbi`�BMib QM JBHHB+?�`;2/ T�`iB+2Hb X X X X X X X X X X X X X X X X X 9e

8XR � b+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 p�`BQmb `2H2p�Mi La `2;BQMbX X X X X X X X X 8y

8Xk *QMbi�BMib 7`QK 1M2`;v GQbb �`;m2KMi �M/ J�;M2iB+ 6B2H/ 1pQHmiBQM �`@
;m2KMi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89

8Xj 1z2+i Q7 J*S aSS QM i?2 "`�FBM; AM/2t Q7 J�;M2i�`b X X X X X X X X X X X X 8e

R



k



*?�Ti2` R

AMi`Q/m+iBQM

RXR AMi`Q/m+iBQM iQ a+?rBM;2` S�B` S`Q/m+iBQM

h?2 S?2MQK2MQM Q7 T�B` T`Q/m+iBQM 7`QK p�+mmK BM T`2b2M+2 Q7 +QMbi�Mi 1H2+i`B+ }2H/
Ui2`K2/ �b Ǵa+?rBM;2` S�B` S`Q/m+iBQMǴV r�b }`bi T`QTQb2/ #v 1mH2` �M/ >2Bb2M#2`; (R)
�M/ H�i2` 7Q`KmH�i2/ BM i?2 KQ/2`M H�M;m�;2 Q7 Zm�MimK 6B2H/ i?2Q`v #v a+?rBM;2` (k)
Ub22 (j) �#Qmi `2H�i2/ ?BbiQ`B+�H 7�+ibVX h?2 `�i2 �i x2`Q i2KT2`�im`2 ?�/ i?2 O(exp(−πm2/eE))
#2?�pBQ` b?QrBM; i?2 MQM@T2`im`#�iBp2 M�im`2 Q7 i?2 T`Q+2bb �M/ M2+2bbBiv Q7 ai`QM; 1H2+@
i`B+ }2H/ O(1018)V/m 7Q` i?2 Q#b2`p�iBQM Q7 S?2MQK2MQMX "2+�mb2 Q7 #Qi? i?2Q`2iB+�H U`2@
H�iBM; iQ MQM@T2`im`#�iBp2 +?�`�+i2`V �M/ S?2MQK2MQHQ;B+�H UT`Q#BM; �i bi`QM; }2H/bV BM@
i2`2bi Bi ?�b �TTHB+�iBQMb BM K�Mv �`2�b Q7 T?vbB+b (9)(8)(e)(d)X _2�+?BM; bm+? � ?B;? 2H2+i`B+
}2H/ Bb �M 2tT2`BK2Mi�H +?�HH2M;2X h?2`27Q`2 i?2`2 ?�p2 #22M b2p2`�H bim/B2b `2;�`/BM; i?2
2tT2`BK2Mi�H p2`B}+�iBQM Q7 a+?rBM;2` 2z2+i Ub22 (3)(N) 7Q` `2pB2rbVX �Hi?Qm;? i?2 bi`2M;i?
Q7 2H2+i`B+ }2H/ `2[mB`2/ Bb biBHH MQi `2�+?2/- #mi Bi rBHH #2 �++2bbB#H2 iQ bQK2 Q7 i?2 mT@
+QKBM; H�b2` 7�+BHBiB2b HBF2 1ti`2K2 GB;?i AM7`�bi`m+im`2 U1GAV �M/ 1m`QT2�M s@`�v 6`22
1H2+i`QM G�b2` U1m`QT2�M s61GVX

AM Q`/2` iQ bim/v T�B` T`Q/m+iBQM BM 2ti2`M�H }2H/ p�`BQmb i?2Q`2iB+�H K2i?Q/b ?�p2 #22M
/2p2HQT2/ @ a+?rBM;2`Ƕb T`QT2` iBK2 K2i?Q/ (k)- qE" i2+?MB[m2(Ry)- a+?`ƺ/BM;2`@6mM+iBQM�H
�TT`Q�+?(RR)- 7mM+iBQM�H i2+?MB[m2b(Rk)(Rj)- FBM2iB+ 2[m�iBQMb(R9)(R8)- p�`BQmb BMbi�MiQM
i2+?MB[m2b(Re)(Rd)- "Q`2H bmKK�iBQM (R3)- qQ`H/HBM2 MmK2`B+b(RN)- �M/ 2pQHmiBQM QT2`�iQ`
K2i?Q/ (ky)X

j



h?2 `2bmHi Q7 p�+mmK /2+�v `�i2 BM T`2b2M+2 Q7 +QMbi�Mi 1H2+i`QK�;M2iB+ }2H/ ?�b #22M 2t@
i2M/2/ iQ 6BMBi2 h2KT2`�im`2 �b r2HHX Z1. 2z2+iBp2 �+iBQM �i }MBi2 i2KT2`�im`2 BM T`2b@
2M+2 Q7 +QMbi�Mi J�;M2iB+ }2H/ ?�b #22M 7QmM/ }`bi #v .Bii`B+?(kR)X aBM+2 i?2M i?Bb ?�b
KQiBp�i2/ i?2 bim/v Q7 Z1. �M/ aZ1. �i }MBi2 i2KT2`�im`2 mM/2` p�`BQmb +QM};m`�iBQMb
Q7 2H2+i`QK�;M2iB+ }2H/b �M/ i?2`2#v i?2 a+?rBM;2` T�B` T`Q/m+iBQM �i }MBi2 i2KT2`�im`2-
r?B+? ?�b #22M �M Bbbm2 Q7 /2#�i2 /2T2M/BM; QM 7Q`K�HBbKb 2KTHQv2/(kk)(kj)(k9)(RR)(k8)X
h?2 Bbbm2 r�b `2bQHp2/ #v 2pQHmiBQM QT2`�iQ` 7Q`K�HBbK #v }M/BM; MQM@x2`Q i?2`K�H +Q`@
`2+iBQM iQ x2`Q i2KT2`�im`2 p�+mmK /2+�v `�i2 �i QM2@HQQT H2p2H BM +QMbi�Mi 1H2+i`B+ }2H/(ke)X
_2+2MiHv- qQ`H/HBM2 AMbi�MiQM 7Q`K�HBbK ?�b #22M mb2/ iQ +�H+mH�i2 �M�HviB+�H 2tT`2bbBQM
7Q` i?2 p�+mmK /2+�v `�i2 BM +QMbi�Mi 1H2+i`B+ }2H/ 7Q` a+�H�` T�`iB+H2b �i }MBi2 i2KT2`�@
im`2 r?B+? Bb �HbQ 2ti2M/2/ iQ �`#Bi`�`v +QmTHBM; BM r2�F 2ti2`M�H }2H/b(kd)(k3)X

h?2 qQ`H/HBM2 7Q`K�HBbK ?�b #22M p2`v TQr2`7mH iQQH 7Q` [m�MimK }2H/ i?2Q`v #Qi? �i
QM2@HQQT �M/ ?B;?2` HQQT r?B+? r�b mb2/ BM (kN)(jy) iQ +�H+mH�i2 ;�m;2 i?2Q`v �KTHBim/2bX
L�im`�HHv- i?2 qQ`H/HBM2 7Q`K�HBbK ?�b #22M mb2/ iQ `2T`Q/m+2 �M/ 2ti2M/ a+?rBM;2`Ƕb
`2bmHi #Qi? �i x2`Q i2KT2`�im`2(jR)(Re)(jk) 7Q` b+�H�` T�`iB+H2b BM T`2b2M+2 Q7 +QMbi�Mi 1H2+@
i`B+ #�+F;`QmM/ �M/ }MBi2 i2KT2`�im`2 7Q` b+�H�`b BM +QMbi�Mi 2H2+i`B+ #�+F;`QmM/(kd) �M/
�HbQ �i �`#Bi`�`v +QmTHBM; (k3)X q2 2ti2M/ i?2 qQ`H/HBM2 7Q`K�HBbK K2i?Q/ iQ +�H+mH�i2
o�+mmK /2+�v `�i2 7Q` #Qi? a+�H�` �M/ aTBMQ` BM T`2b2M+2 Q7 +QMbi�Mi 1H2+i`B+ }2H/ T�`@
�HH2H iQ J�;M2iB+ 6B2H/ �i x2`Q i2KT2`�im`2 i?mb /2`BpBM; `2bmHib �H`2�/v FMQrM BM i?2
HBi2`�im`2 (Rd)X q2 2ti2M/ i?2 `2bmHi iQ }MBi2 i2KT2`�im`2 7Q` #Qi? a+�H�`b �M/ aTBMQ` BM
T`2b2M+2 +QMbi�Mi E �M/ +QMbi�Mi E ! B }2H/ i?mb p2`B7vBM; i?2 `2bmHi Q7 (kd) 7Q` b+�H�` Tm`2
E +�b2X

RXk AMi`Q/m+iBQM iQ .�`F J�ii2` S?vbB+b

h?2 bi�M/�`/ KQ/2H Q7 T�`iB+H2 T?vbB+b ?�b #22M � KQbi bm++2bb7mH i?2Q`v r?Qb2 T`2/B+@
iBQMb ?�p2 #22M i2bi2/ 2tT2`BK2Mi�HHv rBi? ;QQ/ T`2+BbBQMX L2p2`i?2H2bb- Bi Bb BM+QKTH2i2
�b Bi +�M MQi 2tTH�BM T`2b2M+2 Q7 /�`F 2M2`;v- /�`F K�ii2`- M2mi`BMQ K�bb2b �M/ K�ii2`@
�MiBK�ii2` �bvKK2i`vX � ;QQ/ �KQmMi Q7 Q#b2`p�iBQM�H /�i� 7`QK �bi`QT?vbB+b �M/ +Qb@
KQHQ;v bm;;2bib ;`�pBi�iBQM�H BMi2`�+iBQM #2ir22M "�`vQMB+ K�ii2` �M/ MQM@HmKBMQmb K�i@
i2`X L�im`2 Q7 i?Bb Ǵ.�`F J�ii2`Ǵ Bb mMFMQrMX Ai Bb M�im`�H iQ #2HB2p2 i?�i i?2 M2r T�`iB@
+H2b i?�i +QmH/ �++QmMi 7Q` /�`F K�ii2` �TT2�` BM p�`BQmb i?2Q`B2b #2vQM/ bi�M/�`/ KQ/2H

9



Q7 T�`iB+H2 T?vbB+bX h?2 B/2MiB}+�iBQM Q7 i?2 M�im`2 Q7 i?2 /�`F K�ii2` rQmH/ �Mbr2` QM2
Q7 i?2 KQbi BKTQ`i�Mi QT2M [m2biBQM BM T?vbB+b �M/ rQmH/ ?2HT iQ #2ii2` mM/2`bi�M/ mMB@
p2`b2 �M/ Bib 2pQHmiBQMX

h?2 }`bi ?BMi 7Q` T`2b2M+2 Q7 /�`F K�ii2` +�K2 7`QK 6`Bix wrB+Fv(jj)X >2 Q#b2`p2/ mM2t@
T2+i2/Hv ?B;? p2HQ+BiB2b Q7 M2#mH�2 BM i?2 +QK� +Hmbi2` r?B+? #`Qm;?i ?BK iQ i?2 B/2� Q7
/�`F K�ii2`X AM RNd3- _m#BM 2i �HX(j9) 7QmM/ i?�i `Qi�iBQM p2HQ+BiB2b Q7 bi�`b BM ;�H�tB2b
bi�v +QMbi�Mi rBi? BM+`2�bBM; /Bbi�M+2 7`QK ;�H�+iB+ +2Mi2`bX h?Bb r�b +QMi`�/B+iQ`v iQ i?2
2tT2+i�iBQM 7`QK L2riQMB�M /vM�KB+b- �++Q`/BM; iQ r?B+? `Qi�iBQM p2HQ+BiB2b b?QmH/ 7�HH �b
/Bbi�M+2 BM+`2�b2b 7`QK ;�H�+iB+ +2Mi2`X h?Bb T`Q#H2K r�b `2bQHp2/ #v i?2 rQ`F Q7 Pbi`BF2`
�M/ S22#H2b (j8) r?Q bm;;2bi2/ i?2 T`2b2M+2 Q7 .�`F J�ii2` ?�HQ iQ 2tTH�BM BMbi�#BHBiB2b
BM i?2 KQ/2Hb Q7 ;�H�+iB+ /BbFX AM `2+2Mi iBK2b- t@`�v bT2+i`Qb+QTv Q7 ?Qi ;�b BM 2HHBTiB+�H
;�H�tB2b(je) �M/ ;`�pBi�iBQM�H H2MbBM; (jd) T`QpB/2b i?2 +QM}`K�iBQM Q7 /�`F K�ii2` ?v@
TQi?2bBbX 6m`i?2` 2pB/2M+2 7Q` i?2 /�`F K�ii2` +QK2b 7`QK +QbKQHQ;v �b Bi Bb `2[mB`2/ iQ
;2M2`�i2 /2MbBiv T2`im`#�iBQMb i?�i H2/ iQ H�`;2 b+�H2 bi`m+im`2b (j3) �M/ iQ �++QmMi 7Q`
#B;@#�M; Mm+H2QbvMi?2bBb (jN)X

AM Q`/2` iQ �++QmMi 7Q` �#Qp2 �bi`QT?vbB+�H Q#b2`p�iBQMb- KQ/B}2/ L2riQMB�M /vM�KB+b
KQ/2H UJPL.V (9y) �M/ Bib `2H�iBpBbiB+ 2ti2MbBQM h2o2b (9R) r2`2 T`QTQb2/X h?Qm;? i?2b2
bQHmiBQMb +Q``2+iHv /2b+`B#2/ i?2 `Qi�iBQM�H p2HQ+BiB2b K2�bm`2/ BM ;�H�tB2b #mi 7�BH2/ iQ /2@
b+`B#2 H�`;2 b+�H2 bi`m+im`2 �M/ *J" bi`m+im`2 +Q``2+iHv(9k)X J�bbBp2 �bi`QT?vbB+�H +QK@
T�+i ?�HQ Q#D2+i UJ�*>PbV @ �M �bi`QT?vbB+�H Q#D2+ib i?�i rQmH/ 2KBi p2`v H2bb Q` MQ
`�/B�iBQM r2`2 �HbQ i?Qm;?i Q7 �b TQbbB#H2 2tTH�M�iBQM Q7 /�`F K�ii2`X a2�`+?2b 7Q` i?2b2
Q#D2+ib mbBM; ;`�pBi�iBQM�H KB+`Q@H2MbBM; ?�p2 #22M T2`7Q`K2/(9j) b?QrBM; i?2v +QmH/ �+@
+QmMi 7Q` �i KQbi 20 T2`+2Mi Q7 /�`F K�ii2` BM Qm` ;�H�tvX � KQ/2H rBi? J�*>Pb �+@
+QmMiBM; 7Q` �HH i?2 /�`F K�ii2` r2`2 �HbQ `mH2/ Qmi (99)X S`BKQ`/B�H #H�+F ?QH2b �b �M 2t@
TH�M�iBQM 7Q` /�`F K�ii2` �#mM/�M+2 r�b �HbQ +QMbB/2`2/(98)(9e)X

Ai r�b �HbQ i?Qm;?i i?�i /�`F K�ii2` Bb K�/2 Qmi Q7 K�bbBp2 M2mi`�H T�`iB+H2 rBi? r2�F
b2H7 BMi2`�+iBQMX ai2`BH2 M2mi`BMQb r2`2 i?Qm;?i iQ #2 bm+? � pB�#H2 /�`F K�ii2` +�M/B@
/�i2 (9d)(93)X h?Bb T�`iB+H2b r2`2 +QMbi`�BM2/ #v t@`�v K2�bm`2K2Mib �M/ pB�#H2 QMHv BM
i?2 F2o `�M;2X "2+�mb2 Q7 i?2B` HQr K�bb �M/ BMi2`�+iBQM bi`2M;i? i?2v +�M MQi #2 T`Q#2/
#v /B`2+i /2i2+iBQM 2tT2`BK2MiX JQ/2Hb #2vQM/ bi�M/�`/ KQ/2H Q7 T�`iB+H2 T?vbB+b bm;@
;2bi2/ � pB�#H2 /�`F K�ii2` +�M/B/�i2 r?B+? Bb bi�#H2- M2mi`�H �M/ ?�p2 K�bb BM i?2 `�M;2
7`QK GeV iQ b2p2`�H TeV X h?Bb T�`iB+H2b �`2 i2`K2/ �b q2�FHv AMi2`�+iBM; J�bbBp2 S�`@
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iB+H2 UqAJSVX h?2b2 T�`iB+H2b +QmH/ �++QmMi 7Q` `B;?i `2HB+ �#mM/�M+2 Q7 /�`F K�ii2` BM
mMBp2`b2(9N)X .2bTBi2 i?2B` 2tT2`BK2Mi�H b2�`+?2b MQ mM�K#B;mQmb bB;M�H Q7 i?2B` T`2b2M+2
?�b #22M +QM}`K2/X h?2 M2mi`�HBMQ 7`QK amT2`bvKK2i`v KQ/2Hb �M/ ǶHB;?i E�Hmx� T�`iB@
+H2bǶ 7`QK KQ/2Hb BM 2ti`� /BK2MbBQM �`2 T�`iB+H2b 7mH}HHBM; T`QT2`iB2b Q7 qAJSUb22 (8y) 7Q`
`2pB2r QM qAJS �M/ +m``2Mi #QmM/bVX ǶamT2`?2�pv /�`F K�ii2`Ƕ �`2 TQbbB#H2 ǶMQM@qAJSǶ
/�`F K�ii2` +�M/B/�i2 T`QTQb2/ BM Q`/2` iQ 2tTH�BM i?2 Q`B;BM Q7 mHi`�@?B;? 2M2`;v +QbKB+
`�vb(8R)(8k)X

q2�FHv BMi2`�+iBM; bm#@2o T�`iB+H2b UqAaSV �`2 i?2 pB�#H2 /�`F K�ii2` +�M/B/�i2b rBi?
K�bb `�M;BM; 7`QK bm#@72KiQ@2o iQ ?mM/`2/b Q7 :2oX �tBQMb- �tBQM HBF2 S�`iB+H2b U�GSbV-
JBHHB@+?�`;2/ T�`iB+H2b- ?B//2M b2+iQ` T?QiQMb- +?�K2H2QMb- �M/ Qi?2` `2H�i2/ T�`iB+H2b �`2
T�`iB+H2b mM/2` qAaS +�i2;Q`v(8j)X �tBQMb �`2 Tb2m/Q@b+�H�` T�`iB+H2b i?�i bQHp2 bi`QM;
*S T`Q#H2KX h?2v �`2 Tb2m/Q@M�K#m ;QH/biQM2 #QbQMb Q7 S2++B@ZmBMM bvKK2i`vX h?2v
�`2 HB;?i �M/ ?�p2 TQbbB#H2 +QmTHBM;b rBi? T?QiQM- ;HmQMb �M/ bi�M/�`/ KQ/2H 72`KBQMbX
>B//2M b2+iQ` T?QiQMb A′ T?QiQMb �`2 K�bbBp2 p2+iQ` #QbQMb +QmTH2/ iQ Q`/BM�`v T?QiQM
rBi? FBM2iB+ KBtBM;X am#@2o /�`F T?QiQM +QmH/ #2 pB�#H2 /�`F K�ii2` +�M/B/�i2 Ua22 (89)
7Q` +m``2Mi #QmM/b �M/ 2tT2`BK2Mi�H T`Q#2bVX Ai Bb TQbbB#H2 iQ ?�p2 /�`F K�ii2` iQ #2 T�`i
Q7 ?B//2M b2+iQ` �M/ +QmTH2 iQ �M A′X � ?B//2M b2+iQ` +QmTH2/ iQ K�bbH2bb A′ rBHH ;Bp2 `Bb2
iQ KBHHB+?�`;2/ T�`iB+H2 r?B+? +�M #2 � pB�#H2 /�`F K�ii2` +�M/B/�i2(8j)X

AM +?�Ti2` 9 r2 rBHH `2pB2r QM2@T�`�@T?QiQM KQ/2H- �HQM; rBi? bQK2 Q7 i?2 T`2b2Mi +QM@
bi`�BMib QM KBHHB+?�`;2/ T�`iB+H2bX q2 rBHH �HbQ `2pB2r ?Qr bQK2 Q7 i?2 bi`BM;2Mi +QMbi`�BMib
+�M #2 2p�/2/ rBi? hrQ T�`�@T?QiQM KQ/2HX JBHHB@+?�`;2/ T�`iB+H2b �`Bb2 BM i?2 H�`;2 +H�bb
Q7 bi�M/�`/ KQ/2H 2ti2MbBQM(88)(8e)(8d)(83)(8N)X h?2v ?�p2 #22M bim/B2/ BM i?2 +QMi2ti Q7
Q#b2`p�iBQM�H �MQK�HB2b(ey)X aBM+2 KBHHB+?�`;2/ T�`iB+H2b +�M ?�p2 7`�+iBQM�H +?�`;2b ?2M+2
i?2v �`2 BMi`B;mBM; 7`QK i?2 pB2rTQBMi Q7 +?�`;2 [m�MiBx�iBQMX AM +?�Ti2` 8 r2ǶHH ;Bp2 �
#`B27 BMi`Q/m+iBQM iQ L2mi`QM bi�`b �M/ J�;M2i�`b �M/ rBHH T`QpB/2 MQp2H +QMbi`�BMib #�b2/
QM 2M2`;v@HQbb �`;mK2Mi �M/ K�;M2iB+ }2H/ 2pQHmiBQM �`;mK2MiX q2 rBHH �HbQ b?Qr i?2 27@
72+i Q7 JBHHB+?�`;2/ T�`iB+H2b QM i?2 #`�FBM; BM/2t Q7 M2mi`QM bi�`X

e



*?�Ti2` k

a+?rBM;2` S�B` S`Q/m+iBQM BM a+�H�`
1H2+i`Q/vM�KB+b

kXR w2`Q h2KT2`�im`2 *�b2

kXRXR PM2 GQQT 1z2+iBp2 �+iBQM

q2 r�Mi iQ +�H+mH�i2 i?2 T�B` T`Q/m+iBQM `�i2 7`QK p�+mmK K�/2 mMbi�#H2 #v T`2b2M+2
Q7 2ti2`M�H }2H/bX S`Q#�#BHBiv 7Q` p�+mmK iQ p�+mmK i`�MbBiBQM Bb ;Bp2M #v

∣∣〈0out |0in
〉∣∣2X

AM �#b2M+2 Q7 2ti2`M�H }2H/b- i?Bb Bb mMBivX "mi- �/B�#�iB+�HHv im`MBM; QM 2H2+i`B+ }2H/ rBHH
;Bp2 `Bb2 iQ 7�Hb2 p�+mmKX h?mb K�FBM; T`Q#�#BHBiv 7Q` T`Q/m+iBQM Q7 T�`iB+H2b MQM@x2`Q-
i?Bb rBHH #2 +?�`�+i2`Bx2/ BM i?2 BK�;BM�`v T�`i Q7 ;`QmM/ bi�i2 2M2`;v Q7 7�Hb2 p�+mmKX
AM T`2b2M+2 Q7 2ti2`M�H }2H/ bQm`+2/ #v TQi2MiB�H A- i?2 T`Q#�#BHBiv Q7 p�+mmK iQ p�+mmK
i`�MbBiBQM Bb ;Bp2M #v 〈

0out |0in

〉A
= exp(iWM(A)) UkXRV

i?2M-

S`Q#�#BHBiv Q7 p�+mmK /2+�v = 1− eiWM(A)e−iWM(A)

= 1− e2AKWM(A) = 2AK(WM(A))
UkXkV

d



S`Q#�#BHBiv Q7 p�+mmK /2+�v Bb MmK#2` bQ BM/2T2M/2Mi Q7 r?2i?2` r2 +�H+mH�i2 _>a BM
JBMFQr�bF�BM Q` 1m+HB/2�M +Q@Q`/BM�i2 q2 ?�p2 BM JBMFQr�bFB�M iBK2

eiWM
=
〈

0
∣∣e−iHT ∣∣0

〉
=
∫

DφDφ∗eiSM UkXjV

+QMp2`iBM; iQ 1m+HB/2�M iBK2 r2 ;2i

e−WE
=
∫

DφDφ∗e−SE UkX9V

>2M+2-
S`Q#�#BHBiv Q7 p�+mmK /2+�v = 2AK(WM(A)) = 2_2(WE(A)) UkX8V

Zm�MiBiv Q7 BMi2`2bi Bb T`Q#�#BHBiv Q7 p�+mmK /2+�v T2` mMBi bT�+2@iBK2 pQHmK2 UΓV

Γ = 2
_2(WE(A))

V3T
= 2AK

[
WE(A)

V E
4

]
UkXeV

r?2`2 r2 ?�p2 �bbmK2/ i?�i 2ti2`M�H }2H/b �b r2HH �b 7�Hb2 p�+mmK bi�i2 Bb ?QKQ;2M2QmbX
AM T`2b2M+2 Q7 }MBi2 i2KT2`�im`2- V E

4 rBHH #2 `2TH�+2/ #v V3β r?2`2 β Bb 2[m�H iQ BMp2`b2
i2KT2`�im`2X AM 1m+HB/2�M K2i`B+- i?2 `2H�iBQM #2ir22M WE �M/ a+�H�` Z1. �+iBQM S Ur?2`2
r2 ?�p2 /`QTT2/ bm#b+`BTi EV Bb ;Bp2M #v (eR)

exp(−WE(A)) =
∫

DφDφ∗ exp[−S] UkXdV

�M/
S =

∫
d4x(φ∗(−D2 +m2)φ)+ 1

4
F2

µν

Bb i?2 1m+HB/2�M �+iBQMX q?2`2 Dµ = (∂µ + ieAµ) �M/ Aµ = (A1,A2,A3,A4) bm+? i?�i A4 =

−iA0 Ur?2`2 QM i?2 JBMFQr�bFB�M bB/2 r2 ?�p2 mb2/ (1,−1,−1,−1) K2i`B+ +QMp2MiBQMV
�M/ Qi?2` +QKTQM2Mib �`2 b�K2 �b JBMFQr�bFB�M Aµ X h?2 1H2+i`QK�;M2iB+ }2H/ i2MbQ` Bb
Fµν = ∂µAν − ∂νAµ X AM Q`/2` iQ �``Bp2 �i ;Bp2M 2tT`2bbBQM Q7 1m+HB/2�M �+iBQM r2 ?�p2
mb2/ 7QHHQrBM; G�;`�M;B�M /2MbBiv QM i?2 JBMFQr�bFB�M bB/2,

L M = (∂µ − ieAµ)φ∗(∂ µ + ieAµ)φ −m2φ∗φ − 1
4

FµνFµν UkX3V

3



r?2`2 µ `mMb 7`QK y iQ j- r?2M +QMp2`i2/ iQ 1m+HB/2�M bB;M�im`2 rBHH HQQF HBF2

L E = (∂µ − ieAµ)φ∗(∂µ + ieAµ)φ +m2φ∗φ +
1
4

F2
µν UkXNV

r?2`2 µ `mMb 7`QK R iQ 9- bm+? i?�i A4 = −iA0X q2 mb2 bi22T2bi /2+2Mi �TT`QtBK�iBQM BM
_>a Q7 2[XUkXdV

S[φ ,φ∗] = S[φcl,φ∗
cl]+

∫ δ 2S
δφ(x)δφ ∗(y)

η(x)η∗(y)d4xd4y UkXRyV

q2 ?�p2 mb2/ KmHiB/BK2MbBQM�H i�vHQ` b2`B2b 2tT�MbBQMX h?2 7�+iQ`b HBF2 δ 2S/δφδφ �M/
δ 2S/δφ ∗δφ ∗ �`2 x2`QX h?2 (φcl,φ∗

cl) Bb i?2 bQHmiBQM r?B+? K�F2 δS/δφ �M/ δS/δφ ∗ p�MBb?X
h?2 η �M/ η∗ �`2 ~m+im�iBQMb �#Qmi +H�bbB+�H T�i?- p�MBb?BM; �i i?2 2M/ TQBMib Q7 T�i?X

lbBM; 2[XUkXdV �M/ UkXRyV- r2 ;2i

exp(−WE(A)) =
∫

DφDφ∗ exp[−S]

= exp(−S(φcl))
∫

Dη Dη∗ exp
(
−
∫

d4xd4y η(x)(−D2 +m2)η∗(y)
)

= (/2i(−D2 +m2))−1 exp(−S(φcl))N

= exp(−h`HM(−D2 +m2))exp(−S(φcl))N

UkXRRV

r?2`2 N Bb MQ`K�HBx�iBQM +QMbi�MiX q2 ?�p2 /Bb+`2iBx2/ i?2 BMi2;`�H BM i?2 2tTQM2Mi Q7
2[XUkXRRV- i?2M mbBM; i?2 KmHiB/BK2MbBQM�H p2`bBQM Q7 :�mbbB�M BMi2;`�H Qp2` +QKTH2t p�`B@
�#H2b ∫

dz1dz∗1 · · ·dzddz∗d exp
(
− z†Az

)
= (2π)d exp(−i`HMA) UkXRkV

r?B+? �bbmK2b i?�i A Bb � >2`KBiB�M QT2`�iQ` �M/ +�M #2 MQ`K�HBx2/ #v bQK2 mMBi�`v K�@
i`BtX h?Bb �bbmKTiBQM Bb p�HB/ 7Q` QT2`�iQ` (−D2 +m2)X 6`QK 2[XUkXRRV �M/ UkXeV- r2 r`Bi2

2AK(WE(A)/V E
4 ) = 2AK(h`HM(−D2 +m2)/V E

4 ) UkXRjV

r2 ?�p2 /`QTT2/ i?2 MQ`K�HBx�iBQM +QMbi�Mi N �M/ S(φcl) �b #Qi? Q7 i?2b2 /Q MQi ;Bp2
�Mv AK�;BM�`v +QMi`B#miBQMX

N



q2 mb2 K�i?2K�iB+�H B/2MiBiv U6`mHH�MBǶb AMi2;`�HV iQ bBKTHB7v 7m`i?2`

Tr(ln(P)) =−
∫ ∞

0

dT
T

Tr(exp(−PT )− exp(−T )) UkXR9V

A/2MiB7vBM; P BM i?2 �#Qp2 2tT`2bbBQM #v −D2+m2X q2 M2;H2+i b2+QM/ i2`K BM i?2 2[XUkXR9V
bBM+2 Bi /Q2b MQi +QMi`B#mi2 iQ i?2 BK�;BM�`v T�`iX aBM+2-

−
∫ ∞

0

dT
T

Tr(exp(−PT )) =−
∫ ∞

0

dT
T

∫
dx(
〈
x|exp(−PT )|x

〉
) UkXR8V

r2 +�M +QMp2`i 2[XUkXRjV iQ (Re)

WE(A) =−
∫ ∞

0

dT
T

exp [−m2T ]
∮
[dxµ ]exp

[
−
∫ T

0
dτ
[1

4
ẋ2 + ieAµ ẋµ]

]
UkXReV

*QMbB/2`BM; −D2+m2 =−(∂ + ieA)2+m2 �b >�KBHiQMB�M- i?2M i?2 G�;`�M;B�M +�M #2 +QK@
Tmi2/ �b 7QHHQrb, `2TH�+2 ∂ rBi? ip i?2M i`2�i p �b KQK2MimK p�`B�#H2- i?2 G�;`�M;B�M
i?2M +�M #2 Q#i�BM2/ #v G2;2M/`2 i`�Mb7Q`K BM i2`Kb Q7 ẋc `2TH�+BM; t rBi? −iτ - r2 ;2i

−
(

ẋ2

4
+ ieAẋ+m2

)
UkXRdV

>2M+2 r2 ;2i 2[XUkXReV �b i?2 }M�H 2tT`2bbBQM 7Q` R@HQQT 2z2+iBp2 �+iBQM 7Q` aZ1. +�b2X
q?2`2 xµ(τ) T�i? b?QmH/ b�iBb7v i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM x(0) = x(T )X

q2 bm#biBimi2 τ = T u-�M/ T → T/m2 BM 2[XUkXReV

WE(A) =−
∫ ∞

0

dT
T

exp [−T ]
∮
[dxµ ]exp

[
−
(m2

4T

∫ 1

0
duẋ2 + ie

∫ 1

0
duA.ẋ

)]
UkXR3V

r?2`2 xµ(u) T�i? b?QmH/ b�iBb7v i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM x(0) = x(1)X

q2 2p�Hm�i2 T BMi2;`�H }`bi r?B+? ;Bp2b JQ/B}2/ "2bb2H 7mM+iBQM Q7 b2+QM/ FBM/ K0(z) `2@
/m+BM; �#Qp2 2tT`2bbBQM iQ(Re)

WE(A) =−2
∫
[dxµ ]K0

(
m
(∫ 1

0
ẋ2dτ

)1/2
)

exp
(
− ie

∫ 1

0
duA.ẋ

)
UkXRNV

Ry



aBM+2 BM i?2 HBKBi z >> 1 i?2 JQ/B}2/ b2+QM/ "2bb2H 7mM+iBQM #2?�p2b �b

K0(z)≈
√

π
2m

exp(−z) UkXkyV

?2M+2 7Q` i?2 �TT`QtBK�iBQM m
√∫ 1

0 ẋ2 >> 1 Ur?B+? +Q``2bTQM/b iQ r2�F }2H/ HBKBi m2 >>

eEV 2[XUkXRNV `2/m+2b iQ

WE(A) =−
√

2π
m

∫
[dxµ ]

1
[
∫ 1

0 ẋ2 du]1/4
exp

[
−m

√
∫ 1

0
ẋ2du− ie

∫ 1

0
A.ẋdu

]
UkXkRV

�MQi?2` r�v iQ `2�+? �#Qp2 2[m�iBQM 7`QK 2[XUkXR3V Bb iQ T2`7Q`K b�//H2 TQBMi �TT`QtBK�@
iBQM iQ T BMi2;`�HX h?2 b�//H2 TQBMi Bb ;Bp2M #v

T0 =
m
2

(∫ 1

0
ẋ2 du

)1/2
UkXkkV

i?mb BM i?2 r2�F }2H/ HBKBi r2 ;2i 2[XUkXkRVX �b- �++Q`/BM; iQ b�//H2 TQBMi �TT`QtBK�iBQM,

∫
h(x)eMg(x)dx ≈

√
2π

M|g′′(x0)|
h(x0)eMg(x0) �b M → ∞ UkXkjV

r?2`2 x0 Bb i?2 b�//H2 TQBMiX

q2 +QMbB/2` i2`Kb BM i?2 2tTQM2Mi Q7 2[XUkXkRV �b −S2z- i?2 1mH2`@G�;`�M;2 2[m�iBQM Bb
;Bp2M #v(ek)

mẍµ = ie

√
∫ 1

0
du ẋ2 Fµν ẋν UkXk9V

"2+�mb2 Q7 i?2 �MiBbvKK2i`B+ T`QT2`iv Q7 Fµν r2 ;2i ẋ2 = +QMbi�Mi = a2X q?2`2 a =

2mpπ/eE- �b r2 rBHH b22 H�i2`- Bb Q#i�BM2/ #v BKTQbBM; T2`BQ/B+ #QmM/�`v +QM/BiBQM QM

RR



bQHmiBQM Q7 2[XUkXk9VX h?2 /2`Bp�iBQM Q7 2[XUkXk9V Bb T`2b2Mi2/ #2HQr

δS2z

δxa(p)
=

m

2
√∫ 1

0 du ẋ2

δ (
∫ 1

0 du ẋ2)

δxa(p)
+ ie

∫ 1

0

δAµ(x)
δxa(p)

ẋµ(u)du+ ie
∫ 1

0
duAµ

δ ẋµ(u)
δxa(p)

=
m√∫ 1

0 du ẋ2

∫ 1

0
du ẋµ

δ ẋµ(u)
δxa(p)

+ ie
∫ 1

0
du

∂Aµ(x(u))
∂xν(u)

δxν(u)
δxa(p)

ẋµ − ie
∫ 1

0
du

∂Aµ(x(u))
∂xν(u)

δxµ(u)
δxa(p)

ẋν

=− m√∫ 1
0 du ẋ2

ẍa + ieFaν ẋν

UkXk8V

SmiiBM; i?Bb 2[m�H iQ x2`Q ;Bp2b 1PJX

aQ }M�H 2tT`2bbBQM 7Q` QM2 HQQT 2z2+iBp2 �+iBQM rQmH/ #2 Q7 i?2 7Q`K

WE(A) =−
(2π

ma

)1/2
/2i
[( δ 2Se f f

δxν(u′)δxµ(u)

)∣∣∣∣
x̄

]−1/2
exp[−S2z(x̄)] UkXkeV

#mi �b Bb r2HH@FMQrM BM �M AMbi�MiQM +�H+mH�iBQM- BMi2;`�iBQM Qp2` x2`Q KQ/2b rBHH #2 `2@
TH�+2/ #v BMi2;`�iBQM Qp2` +QHH2+iBp2 +Q@Q`/BM�i2/ i?mb ;BpBM; bQK2 2ti`� 7�+iQ` �b r2ǶHH
b?Qr BM b2+iBQM kXRXjX AM i?2 �#Qp2 2[m�iBQM x̄ Bb bQHmiBQM iQ 1mH2`@G�;`�M;2 2[m�iBQM rBi?
�+iBQM S2zX h?2 /2i 7�+iQ` rBHH #2 2p�Hm�i2/ b2T�`�i2Hv BM i?2 b2+iBQMkXRXjX

kXRXk AMbi�MiQM aQHmiBQM

Ç 1H2+i`B+ 6B2H/ ,@

*QMbB/2` � 1J #�+F;`QmM/ +Q``2bTQM/BM; iQ i?2 iBK2@/2T2M/2Mi 1H2+i`B+ }2H/ TQBMi@
BM; BM x3 /B`2+iBQMX AM 1m+HB/2�M bT�+2 +?QQbBM; � ;�m;2 BM r?B+? MQM@x2`Q +QKTQ@
M2Mi Bb QMHv A3 r?B+? Bb 7mM+iBQM Q7 x4X AKTHvBM;

Fµ1 = Fµ2 = 0 F34 =−F43 = iE UkXkdV

?2M+2 1PJ 7Q` +QKTQM2Mi 1 �M/ 2 i?2M ;Bp2b

ẍ1 = ẍ2 = 0 UkXk3V

Rk



r?B+? 7`QK i?2 T2`BQ/B+ +QMbi`�BMib xµ(0) = xµ(1) BKTHB2b

ẋ1 = ẋ2 = 0 UkXkNV

?2M+2 7`QK +QM/BiBQM ẋ2 = a2 r2 ;2i ẋ2
3 + ẋ2

4 = a2X

PM i?2 Qi?2` ?�M/ 7Q` +QKTQM2Mib 3 �M/ 4- r2 ;2i

mẍ3 = ieaF34ẋ4 mẍ4 = ieaF43ẋ3 UkXjyV

�7i2` AMi2;`�iBM; }`bi 2[m�iBQM rX`Xi u r2 ;2i mẋ3 =−ieaA3 TmiiBM; i?Bb BM ẋ2
3 + ẋ2

4 =

a2 ;Bp2b

ẋ4 =

√(
a2 +

(eaA3

m

)2
)

UkXjRV

aQ ;Bp2M A3 QM2 +�M }M/ x4 �M/ �HbQ x3X

�+iBQM S2z +�M #2 bBKTHB}2/ 7m`i?2` iQ ;Bp2

S2z = ma+ ie
∫ 1

0
du A3(x4).ẋ3 =

m
a

∫ 1

0
du ẋ2

4 UkXjkV

6Q` i?2 +�b2 Q7 +QMbi�Mi 2H2+i`B+ }2H/ UEV #�+F;`QmM/ r2 i�F2 ;�m;2 A3 = −iEx4 +Q`@
`2bTQM/BM; iQ i?2 1H2+i`B+ }2H/ BM x3 /B`2+iBQMX �7i2` bm#biBimiBM; i?Bb ;�m;2 +?QB+2
BM 2[XUkXjRV ;Bp2b x4 �M/ mbBM; ẋ2

3 + ẋ2
4 = a2 r2 +�M }M/ x3X

x3 =
m
eE

cos
(eEau

m

)
x4 =

m
eE

sin
(eEau

m

)
UkXjjV

#v BKTQbBM; T2`BQ/B+ #QmM/�`v +QM/BiBQM x3(u) = x3(u+1) r2 }M/

a = 2π pR =
m2pπ

eE

h?mb i?2 i`�D2+iQ`v 7Q` T�`iB+H2b Bb ;Bp2M #v(ek)(Re)

x3 = Rcos(2pπu) x4 = Rsin(2pπu) UkXj9V

h?Bb `2T`2b2Mib +B`+H2 BM x3 − x4 TH�M2 rBi? `�/Bmb R = m/eEX �+iBQM S2z(x̄) +�M 2�bBHv
#2 +�H+mH�i2/ 7`QK 2[XUkXjkV,

S2z(x̄) =
m2 pπ

eE
UkXj8V

Rj



Ç 1H2+i`B+ }2H/ T�`�HH2H iQ J�;M2iB+ }2H/ ,@

6Q` i?2 +�b2 Q7 E ! B r?2`2 E �M/ B �`2 BM x3 /B`2+iBQMR - i?2 +QKTQM2Mib Q7 6B2H/
i2MbQ` rBHH #2

F12 =−F21 = B; F34 =−F43 = iE UkXjeV

am#biBimiBM; i?Bb BM 2[XUkXk9V r2 ;2i

mẍ1 = ieaBẋ2 mẍ2 =−ieaBẋ1

mẍ3 =−eaEẋ4 mẍ4 = eaEẋ3
UkXjdV

q2 MQi2 7`QK �#Qp2 i?�i i?2 2[m�iBQMb 7Q` x1,x2 �M/ x3,x4 �`2 /2+QmTH2/ �M/ i?2 b2i
Q7 2[m�iBQMb 7Q` x3,x4 �`2 b�K2 �b i?�i 7Q` +QMbi�Mi 2H2+i`B+ }2H/ +�b2 2[XUkXjyVX h?2
b2i Q7 2[m�iBQMb 7Q` x1,x2 +�b2 ;Bp2 `Bb2 iQ ?vT2`#QHB+ bQHmiBQM r?B+? 7�BHb iQ b�iBb7v
T2`BQ/B+ #QmM/�`v +QM/BiBQMb xµ(0) = xµ(1) ?2M+2 i?2 QMHv bQHmiBQM 7Q` x1 �M/ x2 Bb
i`BpB�H bQHmiBQMX h?Bb bm;;2bi i?�i i?2 x̄(u) Bb b�K2 �b i?�i 7Q` i?2 +�b2 Q7 +QMbi�Mi
2H2+i`B+ }2H/ 2[XUkXj9VX >2M+2 S2z `2K�BMb b�K2 �b ;Bp2M #v 2[XUkXj8VX

kXRXj PM2@HQQT S`2@7�+iQ`

Ç 1H2+i`B+ +�b2,@

q2 /2}M2 QT2`�iQ` Mµν �b (ek)(kd)

Mµν :=
δ 2S2z

δxν(u′)δxµ(u)
=−

[
mδµν√∫

ẋ2 du
d2

du2 − ieFµν
d

du

]
δ (u−u′)−

mẍµ(u)ẍν(u′)
[
∫

ẋ2 du]3/2 UkXj3V

R� p2`v BKTQ`i�Mi TQBMi iQ MQi2 Bb i?�i i?2 [m�MiBiv Q7 BMi2`2bi@ i?2 p�+mmK /2+�v `�i2 T2` mMBi bT�+2@
iBK2 pQHmK2 UΓV Bb `2H�iBpBbiB+�HHv BMp�`B�Mi r?BH2 QM i?2 Qi?2` ?�M/ �b r2ǶHH b22 BM b2+iBQMkXj Qm` }M�H
2tT`2bbBQM rBHH MQiX h?2 `2�bQM 7Q` i?Bb Bb #2+�mb2 r2 ?�p2 �H`2�/v +?Qb2M � 7`�K2 BM r?B+? E �M/ B �`2
T�`�HH2H@r?B+? Bb bQ +�HH2/ i?2 +2Mi2` Q7 }2H/ 7`�K2(ej)X 6Q` � ;2M2`�H E⃗ �M/ B⃗ QM2 +�M �Hr�vb ;Q iQ � bm+?
i?�i 7`�K2 E⃗ �M/ B⃗ BM i?�i 7`�K2 Bb T�`�HH2HX :Bp2M � ;2M2`�H E⃗ �M/ B⃗ bm+? 7`�K2 KQp2b rBi? p2HQ+Biv
p2+iQ`

V⃗
1+ |V |2 =

E⃗ × B⃗
|E|2 + |B|2

h?2 E �M/ B BM i?Bb M2r 7`�K2 +�M MQr #2 7QmM/ #v GQ`2Mix i`�Mb7Q`KBM; iQ i?2 ;Bp2M 7`�K2X

R9



.2`Bp�iBQM Bb �b T`2b2Mi2/ #2HQr,

∫
d4q

δ 2S2zη(q)
δxa(p)δxb(q)

=

∫
d4q

δ 2

[
m
√∫ 1

0 ẋ2du+ ie
∫ 1

0 A.ẋdu

]
η(q)

δxa(p)δxb(q)

=

∫
d4q

δ
δxa(p)

[
−mẍb(q)√∫ 1

0 ẋ2du
+ iFbµ ẋµ(q)

]
η(q)

=

∫
d4q

−m√∫ 1
0 ẋ2du

d2

dq2 (δ (q− p)δ a
b )η(q)−

∫
d4q

mẍa(p)ẍb(q)(√∫ 1
0 ẋ2du

)3 η(q)

+

∫
d4q

[
i∂aFbµ ẋµδ (q− p)+ iFba

d
dq

δ (p−q)
]
η(q)

UkXjNV

6Q` i?2 +�b2 Q7 +QMbi�Mi }2H/b i?Bb- �7i2` `2H�#2HBM; BM/B+2b- r2 ;2i Mµν �b ;Bp2M BM
2[XUkXj3VX 6Q` i?2 +�b2 Q7 2H2+i`B+ }2H/ QMHv- bm#biBimiBM; AMbi�MiQM bQHmiBQM 2[XUkXj9V-
r2 ;2i,

Mµν =

[
− eE

2pπ
d2

du2 δµν + ieFµν
d

du

]
δ (u−u′)− 2pπeE

R2 x̄µ(u)x̄ν(u′) UkX9yV

q?2`2 r2 /2MQi2/ x̄ iQ #2 i?2 bQHmiBQM 7QmM/ BM 2[XUkXj9VX q2 r�Mi iQ +�H+mH�i2
/2i′[M] r?2`2 Ƕ Qp2`?2�/ `2T`2b2Mib #�``BM; x2`Q KQ/2bX q2 mb2 K�i`Bt /2i2`KBM�Mi
H2KK� r?B+? bi�i2b,

/2i(A+PQT ) = /2iU�V
(
1+QT A−1P

)
UkX9RV

>2M+2 /2i2`KBM�Mi 2[XUkX9yV `2/m+2b iQ(kd)

/2i′[M] = /2i′[L]
[
1−2pπ eE

R2

∫ ∫
dudu′x̄µ(u)(L−1)µν x̄ν(u′)

]
(−2pπeE) UkX9kV

h?2 H�bi 7�+iQ` Q7 −2pπeE ?�b #22M 7�+iQ`2/ Qmi bBM+2 Bi Bb i?2 QMHv M2;�iBp2 2B;2M@
p�Hm2 Q7 K�i`Bt M rBi? 2B;2Mp2+iQ` x̄µ(u′)/R +Q``2bTQM/BM; iQ +?�M;BM; i?2 HQQT `�@
/BmbX

h?2`2 �`2 BM iQi�H }p2 x2`Q KQ/2b 7Q` Lµν , 6Qm` Q7 r?B+? +Q``2bTQM/b iQ i`�MbH�iBQM

R8



Q7 HQQT rBi? 1B;2Mp2+iQ`b

[1,0,0,0], [0,1,0,0], [0,0,1,0], [0,0,0,1] UkX9jV

h?2`2 Bb R x2`Q KQ/2 +Q``2bTQM/BM; iQ u@i`�MbH�iBQM rBi? 1B;2Mp2+iQ` Q7 1
p

dx̄µ

du X h?2b2
x2`Q KQ/2b Kmbi #2 �++QmMi2/ 7Q` #v `2TH�+BM; BMi2;`�iBQM Qp2` dci iQ du �M/ d4xX
q?BH2 /QBM; i?Bb C�+Q#B�M 7�+iQ`b Kmbi #2 i�F2M BMiQ �++QmMiX 6Q` i?2 +�b2 Q7 T`QT2`
iBK2 i`�MbH�iBQM i?Bb ;Bp2b � 7�+iQ` Q7 2πR/(2π)1/2- r?B+? Bb Q#i�BM2/ #v `2TH�+BM; BM@
i2;`�iBQM Qp2` dc0/(2π)1/2 rBi? Jdu/(2π)1/2 i?2 C�+Q#B�M J im`Mb Qmi iQ #2 2πRX 6Q`
i?2 +�b2 Q7 HQQT i`�MbH�iBQMb i?2 BMi2;`�iBQM Qp2` dc1dc2dc3dc4/(2π)2 rBi? V E

4 U6Qm`
oQHmK2VX

L2ti- r2 M22/ iQ }M/ i?2 2B;2Mp�Hm2b �M/ 2B;2Mp2+iQ`b +Q``2bTQM/BM; iQ K�i`Bt L
r?B+? �`2 �b ;Bp2M #2HQr (ek)

L =

⎡

⎢⎢⎢⎢⎣

− eE
2pπ

d2

du2 0 0 0
0 − eE

2pπ
d2

du2 0 0
0 0 − eE

2pπ
d2

du2 −eE d
du

0 0 eE d
du − eE

2pπ
d2

du2

⎤

⎥⎥⎥⎥⎦
UkX99V

h?2 2B;2Mp�Hm2b �`2 2πeE(n2/p−n) rBi? +Q``2bTQM/BM; 2B;2Mp2+iQ` Q7

(0,0,cos(2nπu),sin(2nπu)) (0,0,sin(2nπu),−cos(2nπu)) UkX98V

�M/ 2πeE(n2/p+n) rBi? +Q``2bTQM/BM; 2B;2Mp2+iQ` Q7

(0,0,sin(2nπu),cos(2nπu)) (0,0,cos(2nπu),−sin(2nπu)) UkX9eV

r?2`2 n `mMb 7`QK 1 iQ ∞X h?2`2 �`2 2B;2Mp�Hm2b �M/ 2B;2Mp2+iQ`b +Q``2bTQM/BM; iQ
i`BpB�H T�`ib Q7 K�i`Bt UR@kV r?B+? �`2 ;Bp2M #v

(cos(2πnu),0,0,0), (sin(2πnu),0,0,0), (0,cos(2πnu),0,0), (0,sin(2πnu),0,0) UkX9dV

rBi? 2B;2Mp�Hm2 Q7 2πeEn2/p r?2`2 n `mMb 7`QK 1,2, · · · ,∞X

Re



aBM+2 r2 r�Mi iQ +�H+mH�i2 /2i′[L] r?B+? Bb ;Bp2M #v

/2i′[L] = N ∏
n̸=0,p

(2πeE(n2/p−n))2 ∏
n̸=0

(2πeEn2/p)2 UkX93V

r?2`2 #Qi? 2B;2Mp�Hm2b �`2 i�F2M +�`2 Q7 #v i�FBM; T`Q/m+i Qp2` −∞ iQ ∞X h?2 MQ`@
K�HBx�iBQM 7�+iQ` N +QK2b 7`QK +QMp2`iBM; 62vMK�M T�i? BMi2;`�H 2[XUkXkRV iQ /2i2`@
KBM�Mi 2[XUkXkeV �M/ +�M #2 }t2/ #v mbBM; i?2 7QHHQrBM; B/2MiBiv(kd)

∫

x(0)=x(1)
Dxexp

[
−
∫ m2

4T0
ẋ2 du

]
= N−1/2

(
/2i′

[(
− m2

2T0

d2

du2

)])−1/2
=
( m2

4πT0

)2
UkX9NV

Q#i�BM2/ #v +QKT�`BM; Bi rBi? i?2 7`22 T�`iB+H2 T`QT�;�iQ`

∫
Dx(t)exp

[ i
h̄

∫ m
2

ẋ2 dt
]
=
( m

2πih̄(t f − ti)

)1/2
exp
[ im(x f − xi)2

2h̄(t f − ti)

]
UkX8yV

lbBM; 2[XUkX9NV r2 ;2i

/2i′[L] =
(
(4πT0)2

m4

)2
∏n̸=0,p

(
2πeE(n2/p−n)

)2 ∏n̸=0(2πeEn2/p)2

/2i′[− m2d2

2T0du2 ]
UkX8RV

/2MQKBM�iQ` BM i?2 H�bi i2`K Bb Dmbi HBF2 i?2 i`BpB�H T�`i Q7 K�i`Bt L- ?2M+2 r2 ;2i

/2i′[L] =
((4πT0)2

m4

)2 1
(2pπeE)2 ∏

n̸=0,p

(
(n2/p−n)

)2

n4/p2 UkX8kV

h?2 BM}MBi2 T`Q/m+i +�M #2 r`Bii2M �b

∏
n̸=0,n̸=p

(
(n2/p−n)

)2

n4/p2 = ∏
n̸=0,n̸=p

(1− p
n
)2 UkX8jV

q2 mb2 7QHHQrBM; B/2MiBiv (e9) iQ ;2i BM}MBi2 T`Q/m+i

sin[π pz]
pπz

=
∞

∏
n=1

(
1− z2 p2

n2

)
UkX89V

Rd



r?B+? +QmH/ #2 `2r`Bii2M BM i?2 7QHHQrBM; r�v

sin[π pz]
pπz

=
∞

∏
n=1

(
1− z2 p2

n2

)

=
∞

∏
n=1

(
1− zp

n

)(
1+

zp
n

)

=
∞

∏
n=1

(
1− zp

n

) −∞

∏
n=−1

(
1− zp

n

)

=
∞

∏
n=−∞

(
1− zp

n

)

= (1− z)∏
n̸=p

(
1− zp

n

)

UkX88V

h?2M r2 +�M `2/m+2

lim
z→1

sin[π pz]
(1− z)pπz

= lim
z→1 ∏

n̸=p

(
1− zp

n

)

(−1)p+1 = ∏
n ̸=p

(
1− p

n

) UkX8eV

lbBM; i?Bb �M/ T0 = m2 pπ/eE r2 ;2i

/2i′[L] =
(8pπ3(−1)p+1

e3E3

)2
UkX8dV

h?2 QMHv T�`i `2K�BMBM; iQ +�H+mH�i2 Bb i?2 MQM@HQ+�H T�`i,

[
1−2pπ eE

R2

∫ ∫
dudu′x̄µ(u)(L′−1)µν x̄ν(u′)

]
UkX83V

r?B+? �b r2ǶHH b?Qr +QK2b Qmi #2 R(kd)X q?2`2 L′ Bb QMHv i?2 MQM@i`BpB�H T�`i Q7 K�@
i`Bt (3− 4)X h?2 :`22MǶb 7mM+iBQM

(
L′−1)

µν +�M #2 Q#i�BM2/ 7`QK i?2 bT2+i`�H `2T`2@
b2Mi�iBQM �++Q`/BM; iQ r?B+? L′−1 = QΛ−1Q−1 r?2`2 Q Bb i?2 K�i`Bt rBi? +QHmKM �b
2B;2Mp2+iQ`b Q7 L′ �M/ Λ Bb i?2 /B�;QM�H K�i`Bt rBi? 2B;2Mp�Hm2b �b /B�;QM�H 2Mi`B2b

(
L′−1)=

∞

∑
n̸=0
n̸=p

n=−∞

1
2πeE(n2/p−n)

(
cos(2πn(u−u′)) −sin(2πn(u−u′))
sin(2πn(u−u′)) cos(2πn(u−u′))

)
UkX8NV
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Ai +�M #2 +?2+F2/ 2�bBHv i?�i L′ �+iBM; QM L′−1 BM/22/ ;Bp2b I2×2δ (u− u′)X �b- r?2M
L′ �+ib QM L′−1 i?2 2B;2Mp�Hm2 2πeE(n2/p− n) TQTb Qmi +�M+2HBM; i?2 b�K2 7�+iQ` BM
i?2 /2MQKBM�iQ`X h?2 bmK Qp2` n 7`QK −∞ iQ ∞ ;Bp2b x2`Q BM i?2 Qz@/B�;QM�H T�`ib
�M/ i?2 B/2MiBiv iBK2b /2Hi� 7mM+iBQM BM i?2 /B�;QM�H T�`iX �M/ i?mb mbBM; x3 �M/ x4

�b 7QmM/ BM UkXj9V r2 ;2i
∫ 1

0
du
∫ 1

0
du′ x̄µ (u)

(
L′−1)

µν x̄ν
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u′
)
= 0. UkXeyV

h�FBM; BMiQ �++QmMi �HH i?2 TB2+2b U+QMi`B#miBQM 7`QK x2`Q 2B;2Mp�Hm2b- /2i′(L)- M2;�@
iBp2 2B;2Mp�Hm2- 7�+iQ` Q7 ± Bfk (e8)- −(2π/ma)1/2 BM 2[XUkXkeVV BMiQ �++QmMi r2 ;2i

P1
0,sc =V E

4 · (2π)1/2 m
eE

·−
(2π

ma

)1/2
· −i

2
· 1
(2π peE)1/2 ·

e3E3(−1)p+1

8π3 p

=
V E

4 e2E2i(−1)p+1

16π3 p2

UkXeRV

q?2`2 P1
0,sc Bb i?2 T`2@2tTQM2MiB�H 7�+iQ` 7Q` p�+mmK /2+�v `�i2 Q7 a+�H�`b �i x2`Q

i2KT2`�im`2 BM +QMbi�Mi E #�+F;`QmM/X h?2M i?2 2tT`2bbBQM 7Q` WE[A] Bb ;Bp2M #v

WE[A] =
∞

∑
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iV E
4 (−1)p+1e2E2

16π3 p2 exp

[
− m2 pπ

eE

]
UkXekV

>2M+2 7Q` b+�H�` +�b2 /2+�v `�i2 T2` mMBi bT�+2@iBK2 pQHmK2- ;Bp2M #v 2[XUkXeV- Bb (ee)

Γ1
0,sc =

∞

∑
p=1

(−1)p+1e2E2

8π3 p2 exp

[
− m2 pπ

eE

]
UkXejV

Ç 1H2+i`B+ }2H/ T�`�HH2H iQ J�;M2iB+ }2H/

h?2 QMHv +?�M;2 7`QK 2H2+i`B+ }2H/ +�b2 Bb i?�i L TB+Fb mT bQK2 Qz /B�;QM�H i2`K BM
µ,ν ∈ 1,2 #2+�mb2 i?Qb2 +QKTQM2Mib 7`QK Fµν �`2 MQM@x2`QX Ai Bb 2�bv iQ b22 i?�i-
r?B+? Bb �HbQ 2pB/2Mi 7`QK 2QK- i?�i i?2 1,2 T�`i Q7 K�i`Bt L Bb /2+QmTH2/ 7`QK 3,4
T�`iX aQ i?2 2B;2Mp�Hm2b �M/ 2B;2Mp2+iQ`b 7Q` 3,4 T�`i r?B+? r2 7QmM/ BM i?2 2H2+i`B+
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L =
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h?2 �//BiBQM�H 2B;2Mp�Hm2b �`2 2πeE
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p
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rBi? +Q``2bTQM/BM; 2B;2Mp2+iQ` Q7
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E + n2

p
)

rBi? +Q``2bTQM/BM; 2B;2Mp2+iQ` Q7
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AM #Qi? i?2 +�b2b n ∈ 1,2, · · · ,∞X
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∏
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∏
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∞

∏
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∏
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bBM+2 (e9)
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∞

∏
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UkXdRV
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K�FBM; i?2 i?2 +Q``2bTQM/BM; T�`i Q7 T`Q/m+i BM i?2 MQM@HQ+�H T�`i p�MBb?X �M/ �b
i?Qm;? x3 �M/ x4 7�+iQ`b �`2 MQM@i`BpB�H- i?2v �`2 �H`2�/v b?QrM iQ ;Bp2 i`BpB�H `2@
bmHi BM Dmbi 1H2+i`B+ }2H/ +�b2X h?2 /2+QmTHBM; #2ir22M 1,2 �M/ 3,4 +QKTQM2Mib TH�v
+`m+B�H `QH2 r?BH2 /QBM; i?BbX

aQ i?2 }M�H 2tT`2bbBQM Q7 S`2@2tTQM2MiB�H 7�+iQ`b �7i2` i�FBM; BMiQ �++QmMi U/2i′[L]-
M2;�iBp2 2B;2Mp�Hm2- +QMi`B#miBQM 7`QK x2`Q 2B;2Mp�Hm2b- 7�+iQ` Q7 ± Bfk- 7�+iQ` Q7
−(2π/ma)1/2 7`QK 2[XUkXkeV V,
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eE
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ma

)1/2
· −i

2
· 1
(2π peE)1/2 ·
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0,sc Bb i?2 T`2@2tTQM2MiB�H 7�+iQ` 7Q` p�+mmK /2+�v `�i2 Q7 a+�H�`b �i x2`Q

i2KT2`�im`2 BM +QMbi�Mi E #�+F;`QmM/X h?2M i?2 2tT`2bbBQM 7Q` WE[A] Bb ;Bp2M #v

WE[A] =
∞
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exp
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eE
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>2M+2 /2+�v `�i2 T2` mMBi bT�+2@iBK2 pQHmK2 7Q` b+�H�` BM E ! B +�b2- �++Q`/BM; iQ
2[XUkXeV- Bb (Rd)
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0,sc =
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exp
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− m2 pπ
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r?B+? `2/m+2b iQ 2[XUkXejV BM i?2 HBKBi B → 0X

kR



kXk 6BMBi2 h2KT2`�im`2 *�b2

kXkXR AMbi�MiQM bQHmiBQM �M/ 2tTQM2MiB�H 7�+iQ`b T ̸= 0

Ç 1H2+i`B+ 6B2H/

6Q` +�H+mH�iBM; }MBi2 i2KT2`�im`2 p�+mmK /2+�v `�i2 7Q` b+�H�` T�`iB+H2b BM T`2b@
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∫ ∞
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= ∑
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6B;m`2 kXR, 6BMBi2 i2KT2`�im`2 AMbi�MiQM bQHmiBQMb b�iBb7vBM; T2`BQ/B+ #QmM/�`v +QM/B@
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n �b 7QHHQrb

sin
(θn

2

)
=

nβ
2R

=
nTc

T
; n ∈ Z+ UkX3dV

6Q` i?2 HQM;2` T�i? UT�i? II+V- bm#i2M/BM; �M;H2 2π − θn �i i?2 +2Mi2`- ϑ =

2π(p+1)−θn Bb i?2 iQi�H �M;H2 bm#i2M/2/ r?2`2 p �`2 i?2 MmK#2` Q7 rBM/BM;bX
h?Bb bQHmiBQM rBHH +QMi`B#mi2 iQ i?2 T�B` T`Q/m+iBQM `�i2X 1[m�iBQM 7Q` i?2 i?Bb
bQHmiBQM Ux̄h,II+V Bb ;Bp2M #v,

x3(u) = Rcos(ϑu+π +θn/2) x4(u) = Rsin(ϑu+π +θn/2) UkX33V

r2 bm#biBimi2 i?Bb bQHmiBQM BM S2z(x)- 7Q` ;�m;2 A3 = −iEx4- r?B+? +Q``2bTQM/b
iQ +QM};m`�iBQM r?2`2 +QMbi�Mi E Bb BM x3 /B`2+iBQM- r2 ;2i

S2z(x̄h,II+) = mRϑ −mR
ϑ
2
− m2

2eE
sin(θn)

=
m2

2eE

[
2π(p+1)−2arcsin

(nTc

T
)]

− nm
2T

√
1− n2T 2

c
T 2

UkX3NV

r?2`2 Tc = eE/2m �M/ R Bb i?2 `�/Bmb Q7 +B`+mH�` AMbi�MiQMX h?2 `2H�iBQM #2@
ir22M θn �M/ n 7Q` i?Bb bQHmiBQM Bb b�K2 �b 2[XUkX3dVX

k8



6B;m`2 kXk, 6BMBi2 i2KT2`�im`2 AMbi�MiQM bQHmiBQMb b�iBb7vBM; T2`BQ/B+ #QmM/�`v +QM/B@
iBQM 2[XUkX3jV �`2 b?QrMX � b2+iQ` Q7 +B`+H2 bm#i2M/BM; �M;H2 θn U6B;X I+V +QMi`B#mi2 iQ 7`22
2M2`;v- r?BH2 i?2 QM2 rBi? 2π − θn U6B;X II+V iQ i?2 a+?rBM;2` T�B` T`Q/m+iBQMX AM #Qi?
};m`2b nβ Bb b2T�`�iBQM �HQM; x4 #2ir22M 2M/TQBMib Q7 i?2 T�i?X R Bb i?2 `�/Bmb Q7 +B`+H2
r?B+? 7Q`Kb i?2 bQHmiBQM �i x2`Q i2KT2`�im`2X

h?2 bQHmiBQMb x̄h,II− �M/ x̄h,II+ +QMi`B#miBM; iQ i?2 p�+mmK /2+�v `�i2 ;�p2 b�K2 2t@
T`2bbBQM 7Q` 2tTQM2MiB�H 7�+iQ`X q2 rBHH b22 BM i?2 H�i2` b2+iBQM i?�i i?2 +QMi`B#m@
iBQM iQ T`2@2tTQM2MiB�H 7�+iQ` Q7 p�+mmK /2+�v `�i2 2tT`2bbBQM rBHH �HbQ #2 b�K2 7Q`
#Qi? bQHmiBQMbX >2M+2- bmK Qp2` n ∈ Z BM 2[XUkXd8V rBHH #2 `2TH�+2/ #v irB+2 bmK Qp2`
n ∈ Z+X >2M+2 7`QK MQr QM r2 rBHH +QMbB/2` bQHmiBQM x̄h,II+ BM i?2 2[XUkX33V 7Q` i?2
+�H+mH�iBQM Tm`TQb2X aBKBH�`Hv- i?2 bQHmiBQMb x̄h,I− �M/ x̄h,I+ +QMi`B#miBM; iQ i?2 7`22
2M2`;v Q7 i?2 +`2�i2/ T�B` rBHH +QMi`B#mi2 b�K2X >2M+2 7`QK MQr QM r2 rBHH +QMbB/2`
bQHmiBQM x̄h,I+ BM i?2 2[XUkX39V 7Q` i?2 +�H+mH�iBQM Tm`TQb2X

Ç 1H2+i`B+ 6B2H/ T�`�HH2H iQ J�;M2iB+ 6B2H/

*H2�`Hv 7Q` +QMbi�Mi 1H2+i`B+ }2H/ T�`�HH2H iQ +QMbi�Mi J�;M2iB+ }2H/ +�b2 i?2 S2z(x̄h,I+)

�M/ S2z(x̄h,II+) `2K�BMb b�K2- �b i?2`2 �`2 MQ MQM@i`BpB�H bQHmiBQM 7Q` x1 �M/ x2 b�iBb@
7vBM; T2`BQ/B+ #QmM/�`v +QM/BiBQMX >2M+2- 2tTQM2MiB�H 7�+iQ` Q7 +Q``2+iBQM iQ i?2
b+�H�` /2+�v `�i2 2tT`2bbBQM �i }MBi2 i2KT2`�im`2 BM i?2 #�+F;`QmM/ Q7 +QMbi�Mi E
�M/ +QMbi�Mi E||B Bb exp(−S2z(x̄h,II+))X

ke



kXkXk S`2@2tTQM2MiB�H 7�+iQ` �i }MBi2 i2KT2`�im`2

Ç 1H2+i`B+ +�b2,@

aBKBH�` iQ i?2 +�b2 Q7 x2`Q@i2KT2`�im`2- T`2@2tTQM2MiB�H 7�+iQ` +�M #2 +�H+mH�i2/ mb@
BM; 2[XUkXj3VX 6Q` }MBi2 i2KT2`�im`2 +�b2- r2 bm#biBimi2 bQHmiBQM UkX33V BM 2[XUkXj3V

Mµν :=
δ 2S

δxν(u′)δxµ(u)

∣∣∣
x̄h,II+

=−
[eEδµν

ϑ
d2

du2 −ieFµν
d

du

]
δ (u−u′)−

ϑeEx̄h,II+
µ (u)x̄h,II+

ν (u′)
R2

UkXNyV
mbBM; i?2 K�i`Bt /2i2`KBM�Mi H2KK� 2[XkX9R- r2 ;2i

/2i′[M] = /2i′[L]
[
1−ϑ eE

R2

∫ ∫
dudu′x̄h,II+

µ (u)(L−1)µν x̄h,II+
ν (u′)

]
UkXNRV

r?2`2 K�i`Bt L UmbBM; 2[XUkXjeVV Bb ;Bp2M #v,

L =

⎡

⎢⎢⎢⎢⎣

− eE
ϑ

d2

du2 0 0 0
0 − eE

ϑ
d2

du2 0 0
0 0 − eE

ϑ
d2

du2 −eE d
du

0 0 eE d
du − eE

ϑ
d2

du2

⎤

⎥⎥⎥⎥⎦
UkXNkV

6Q` +�H+mH�iBM; /2i′[L]- r2 mb2 i`B+F ;Bp2M BM (eN)- �++Q`/BM; iQ r?B+?
∣∣∣∣∣
/2i′[L]
/2i′[L̄]

∣∣∣∣∣=

∣∣∣∣∣
∏λα

∏λ̄α

∣∣∣∣∣=

∣∣∣∣∣
/2iηρ

ν (1)
/2i η̄ρ

ν (1)

∣∣∣∣∣ UkXNjV

r?2`2 L̄ Bb i?2 K�i`Bt K�/2 Qmi Q7 L 2t+Hm/BM; �HH i?2 MQM@/B�;QM�H i2`KbX λα �M/
λ̄α �`2 i?2 2B;2Mp�Hm2b Q7 L �M/ L̄ `2bT2+iBp2HvX aBM+2 i?2 2B;2M@bT2+i`mK 7Q` L Bb mM@
FMQrMc r2 mb2 b2+QM/ 2[m�HBiv BM i?2 �#Qp2 2[m�iBQM iQ +�H+mH�i2 /2i′[L]X h?2 K�i`Bt
ηρ

ν (u) �M/ η̄ρ
ν (u) b�iBb7v 7QHHQrBM; b2i Q7 2[m�iBQMb,

Lµνηρ
ν (u) = 0; ηρ

ν (0) = 0; η̇ρ
ν (0) = δ ρ

ν

L̄µν η̄ρ
ν (u) = 0; η̄ρ

ν (0) = 0; ˙̄ηρ
ν (0) = δ ρ

ν
UkXN9V

6Q` +QMbi�Mi E +�b2- i?2 η K�i`Bt rBi? �TT`QT`B�i2 #QmM/�`v +QM/BiBQM im`Mb Qmi iQ

kd



#2

η =

⎡

⎢⎢⎢⎢⎣

u 0 0 0
0 u 0 0
0 0 sinϑu

ϑ
(−1+cosϑu)

ϑ
0 0 (1−cosϑu)

ϑ
sinϑu

ϑ

⎤

⎥⎥⎥⎥⎦
UkXN8V

i?2 /2i[η(1)] = 2(1− cosϑ)/ϑ 2- r?B+? Bb �Hr�vb TQbBiBp2X h?2 η̄ K�i`Bt im`Mb Qmi
iQ #2 uI4×4- ?2M+2 i?2 /2i[η̄(1)] = 1X q2 +�H+mH�i2 (N/2i′[L̄])−1/2 #v bm#biBimiBM;
T0 = mRϑ/2 BM 2[XUkX9NVX aQ r2 ;2i-

(N/2i′[L])−1/2 = (N/2i′[L̄])−1/2

√
ϑ 2

2(1− cos[ϑ ])

= (−1)p
( eE

2πϑ

)2
√

ϑ 2

2(1− cos[ϑ ])

UkXNeV

7�+iQ` Q7 (−1)p Bb i?2 JQ`b2 BM/2t +Q``2bTQM/BM; iQ i?2 bQHmiBQM 2[XUkX33V �b rBHH #2
b?QrM BM �TT2M/Bt (kd)(jk)X

q2 biBHH M22/ iQ �++QmMi 7Q` MQM@HQ+�H T�`i Q7 2[XUkXNRV
[
1−ϑ eE

R2

∫ ∫
dudu′x̄h,II+

µ (u)(L−1)µν x̄h,II+
ν (u′)

]
=
[
1−ϑ eE

R2

∫ ∫
dudu′x̄h,II+

µ (u)Gµν x̄h,II+
ν (u′)

]

r?2`2 Gµν Bb ;`22M 7mM+iBQM b�iBb7vBM; 7QHHQrBM; 2[m�iBQM rBi? .B`B+?H2i #QmM/�`v
+QM/BiBQM

LµρGρν(u−u′) = δµνδ (u−u′) UkXNdV

#2+�mb2 Q7 L33 = L44 �M/ L43 = −L34- r2ǶHH ;2i G33 = G44 �M/ G43 = −G34X 1t�+i
2tT`2bbBQM 7Q` G33 �M/ G43 �b ;Bp2M BM (kd) Bb

G33 =
1

2eE

[
−sin

(
ϑ |u−u′|

)
+ sin

(
ϑu′
)
+ sin(ϑu)−

4sin
(ϑ

2 u
)

sin
(ϑ

2 u′
)

cos
(ϑ

2 (u−u′)
)

tan
(ϑ

2
)

]

G43 =
1

2eE

[
sgn
(
u−u′

)(
cos
(
ϑ |u−u′|

)
−1
)
+ cos

(
ϑu′
)
− cos(ϑu)

]

− 1
2eE

[
sin(ϑ (u−u′))+ sin(ϑu′)− sin(ϑu)

tan
(ϑ

2
)

]

UkXN3V

k3



i?2 MQM@HQ+�H T�`i ;Bp2b
[
1− ϑeE

R2

∫ ∫
dudu′x̄h,II+

µ Gµν(u−u′)x̄h,II+
ν (u′)

]
=

ϑ
2

cot
(ϑ

2

)
UkXNNV

h?Bb [m�MiBiv Bb M2;�iBp2 7Q` 0 < θn < π i?mb ;BpBM; 2ti`� M2;�iBp2 KQ/2 7Q` HQM;2`
T�i?b UT�i? II+V ?2M+2 +QMi`B#miBM; iQ /2+�v `�i2X am#biBimiBM; x̄h,II− BM i?2 TH�+2 Q7
x̄h,II+ rBHH ;Bp2 b�K2 �Mbr2` i?mb +QMi`B#miBM; iQ /2+�v `�i2 2tT`2bbBQMX am#biBimiBM;
x̄h,I+ BM i?2 TH�+2 Q7 x̄h,II+ BM �#Qp2 2[m�iBQM rBHH `2TH�+2 ϑ ′ BM i?2 TH�+2 Q7 ϑ BM i?2
�Mbr2`X

[
1− ϑeE

R2

∫ ∫
dudu′x̄h,I+

µ Gµν(u−u′)x̄h,I+
ν (u′)

]
=

ϑ ′

2
cot
(ϑ ′

2

)
UkXRyyV

h?Bb rBHH #2 TQbBiBp2 7Q` 0 < θn < π i?mb +QMi`B#mi2 iQ 7`22 2M2`;v Q7 T`Q/m+2/ T�B`bX
h?2 b�K2 ?QH/b i`m2 7Q` bQHmiBQM x̄h,I− r?B+? rBHH +QMi`B#mi2 iQ 7`22 2M2`;v Q7 +`2�i2/
T�B`X

lbBM; 2[XUkXNRV r2 ;2i

(/2i′M)−1/2 = (/2i′L)−1/2
(

2
ϑ cot(ϑ/2)

)1/2

= (−1)p( eE
2πϑ

)2

√
ϑ 2

2(1− cos[ϑ ])

(
2

ϑ cot(ϑ/2)

)1/2

= (−1)p
( eE

2πϑ

)2
√

ϑ
sin(ϑ)

UkXRyRV

q2 i�F2 BMiQ �++QmMi �HH i?2 i2`Kb BM i?2 2[XUkXkeV 2t+2Ti i?2 2tTQM2MiB�H 7�+iQ`X
h?2 T`2@2tTQM2MiB�H 7�+iQ` Bb ;Bp2M #v U1ti`� 7�+iQ` Q7 ±i/2 b?QmH/ �HbQ BM+Hm/2/ �b
r2 �`2 BMi2;`�iBM; Qp2` QMHv QM2 ?�H7 Q7 i?2 :�mbbB�M T2�F BM i?2 BK�;BM�`v /B`2+@
iBQM r?2`2 i?2 Qp2`�HH bB;M /2T2M/b QM i?2 /B`2+iBQM BM r?B+? �M�HviB+ +QMiBMm�iBQM
Bb T2`7Q`K2/(e8)X 1ti`� 7�+iQ`

∫
d4x = V3β b?QmH/ �HbQ #2 BM+Hm/2/- QrBM; iQ i`�MbH�@

iBQM�H BMp�`B�M+2XV

P1
h,sc =

i
2
·V3β · (/2i′M)−1/2 ·

(2π
ma

)1/2

=
i
2
·V3β · (−1)p( eE

2πϑ
)2

√
ϑ

sin(ϑ)
·
(2π

ma

)1/2 UkXRykV

kN



mbBM; 2[XUkX3dV r2 ;2i

sin(ϑ) = sin(−θn) =−nβ
R

√[
1−
(nβeE

2m

)2]
UkXRyjV

r2 rBHH `2KQp2 i?2 M2;�iBp2 bB;M- bBM+2 Bi ?�b �H`2�/v #22M i�F2M +�`2 #v KmHiBTHB+�@
iBQM #v ±i/2 7�+iQ`X >2M+2

P1
h,sc = (−1)p iV3β

2
(eE)2

(2π)3/2(nmβ )1/2ϑ 2

[
1−
(nβeE

2m

)2]−1/4
UkXRy9V

Ç 1 T�`�HH2H ",@

aBKBH�` iQ i?2 +�b2 Q7 x2`Q@i2KT2`�im`2- T`2@2tTQM2MiB�H 7�+iQ` +�M #2 +�H+mH�i2/ mb@
BM; 2[XUkXj3VX 6Q` }MBi2 i2KT2`�im`2 +�b2- r2 bm#biBimi2 bQHmiBQM UkX3RV BM 2[XUkXj3V

Mµν :=
δ 2S

δxν(u′)δxµ(u)

∣∣∣
x̄h,II+

=−
[eEδµν

ϑ
d2

du2 −ieFµν
d

du

]
δ (u−u′)−

ϑeEx̄h,II+
µ (u)x̄h,II+

ν (u′)
R2

UkXRy8V
mbBM; i?2 K�i`Bt /2i2`KBM�Mi H2KK�- r2 ;2i

/2i′[M] = /2i′[L]
[
1−ϑ eE

R2

∫ ∫
dudu′x̄h,II+

µ (u)(L−1)µν x̄h,II+
ν (u′)

]
UkXRyeV

r?2`2 K�i`Bt L UmbBM; 2[XUkXjeVV Bb ;Bp2M #v,

L =

⎡

⎢⎢⎢⎢⎣

− eE
ϑ

d2

du2 ieB d
du 0 0

−ieB d
du − eE

ϑ
d2

du2 0 0
0 0 − eE

ϑ
d2

du2 −eE d
du

0 0 eE d
du − eE

ϑ
d2

du2

⎤

⎥⎥⎥⎥⎦
UkXRydV

6Q` +�H+mH�iBM; /2i′[L]- r2 mb2 i`B+F ;Bp2M BM (eN)- �++Q`/BM; iQ r?B+?
∣∣∣∣∣
/2i′[L]
/2i′[L̄]

∣∣∣∣∣=

∣∣∣∣∣
∏λα

∏λ̄α

∣∣∣∣∣=

∣∣∣∣∣
/2iηρ

ν (1)
/2i η̄ρ

ν (1)

∣∣∣∣∣ UkXRy3V

r?2`2 L̄ Bb i?2 K�i`Bt K�/2 Qmi Q7 L 2t+Hm/BM; �HH i?2 MQM@/B�;QM�H i2`KbX λα �M/
λ̄α �`2 i?2 2B;2Mp�Hm2b Q7 L �M/ L̄ `2bT2+iBp2HvX aBM+2 i?2 2B;2M@bT2+i`mK 7Q` L Bb mM@
FMQrM r2 mb2 b2+QM/ 2[m�HBiv BM i?2 �#Qp2 2[m�iBQM iQ +�H+mH�i2 /2i′[L]X h?2 K�i`Bt

jy



ηρ
ν (u) �M/ η̄ρ

ν (u) b�iBb7v 7QHHQrBM; b2i Q7 2[m�iBQMb,

Lµνηρ
ν (u) = 0; ηρ

ν (0) = 0; η̇ρ
ν (0) = δ ρ

ν

L̄µν η̄ρ
ν (u) = 0; η̄ρ

ν (0) = 0; ˙̄ηρ
ν (0) = δ ρ

ν
UkXRyNV

6Q` +QMbi�Mi E ! B +�b2- i?2 η K�i`Bt rBi? �TT`QT`B�i2 #QmM/�`v +QM/BiBQM im`Mb Qmi
iQ #2

η =

⎡

⎢⎢⎢⎢⎢⎣

E
ϑB sinh

(Bϑu
E
) iE

ϑB

(
cosh

(Bϑu
E
)
−1
)

0 0
iE
ϑB

(
1− cosh

(Bϑu
E
)) E

ϑB sinh
(Bϑu

E
)

0 0

0 0 sinϑu
ϑ

(−1+cosϑu)
ϑ

0 0 (1−cosϑu)
ϑ

sinϑu
ϑ

⎤

⎥⎥⎥⎥⎥⎦
UkXRRyV

i?2 /2i[η(1)] = 4E2

ϑ 4B2 (cosh(Bϑ/E)− 1)(1− cosϑ)- r?B+? Bb �Hr�vb TQbBiBp2X h?2 η̄
K�i`Bt im`Mb Qmi iQ #2 uI4×4- ?2M+2 i?2 /2i[η̄(1)] = 1X q2 +�H+mH�i2 (N/2i′[L̄])−1/2 #v
bm#biBimiBM; T0 = mRϑ/2 BM 2[XUkX9NVX aQ r2 ;2i-

(N/2i′[L])−1/2 = (N/2i′[L̄])−1/2

√
ϑ 2

2(1− cos[ϑ ])

√
ϑ 2B2

2E2(cosh(Bϑ/E)−1)

= (−1)p
( eE

2πϑ

)2
√

ϑ 2

2(1− cos[ϑ ])

√
ϑ 2B2

2E2(cosh(Bϑ/E)−1)

UkXRRRV

7�+iQ` Q7 (−1)p Bb i?2 JQ`b2 BM/2t +Q``2bTQM/BM; iQ i?2 bQHmiBQM 2[XUkX33V r?B+? rBHH
#2 b?QrM BM i?2 �TT2M/BtX

q2 biBHH M22/ iQ �++QmMi 7Q` MQM@HQ+�H T�`i Q7 2[XUkXRyeV
[
1−ϑ eE

R2

∫ ∫
dudu′xh,II+

µ (u)(L−1)µν xh,II+
ν (u′)

]
=
[
1−ϑ eE

R2

∫ ∫
dudu′x̄h,II+

µ (u)Gµν x̄h,II+
ν (u′)

]

UkXRRkV
aBM+2 x1 �M/ x2 /Q2b MQi ?�p2 � MQM@i`BpB�H bQHmiBQM b�iBb7vBM; i?2 #QmM/�`v +QM/B@
iBQM- i?2 +QK#BM�iBQM +QMi�BMBM; G11,G12,G21,G22 �`2 �HH i`BpB�HX h?2 QMHv `2K�BMBM;
i2`Kb G33,G34,G43,G44 `2K�BMb b�K2 �b BM i?2 +�b2 Q7 +QMbi�Mi E 2[XUkXN3VX >2M+2-
i?2 +QMi`B#miBQM 7Q` MQM@HQ+�H T�`i- BM i?2 +QMbi�Mi E ! B +�b2- `2K�BMb mM�z2+i2/
+QKT�`2/ iQ +QMbi�Mi E +�b2X h?2 +QMi`B#miBQM 7`QK MQM@HQ+�H T�`i Bb (kd)

ϑ
2

cot
(ϑ

2

)
UkXRRjV

jR



�b K2MiBQM2/ BM i?2 2�`HB2` +�b2X i?Bb [m�MiBiv Bb K�MB72biHv M2;�iBp2 i?mb ;BpBM;
2ti`� M2;�iBp2 KQ/2 7Q` HQM;2` T�i?b UT�i? II±V ?2M+2 +QMi`B#miBM; iQ /2+�v `�i2X
am#biBimiBM; ϑ ′ BM i?2 TH�+2 Q7 ϑ ;Bp2b MQM@HQ+�H T�`i 7Q` b?Q`i2` T�i?b UT�i? I±V
BM };XkXR- r?B+? rBHH #2 �Hr�vb TQbBiBp2 i?mb +QMi`B#mi2 iQ 7`22 2M2`;v Q7 T`Q/m+2/
T�B`bX h?2 QMHv �//BiBQM�H KQ/B}+�iBQM BM +QKT�`BbQM iQ +QMbi�Mi 2H2+i`B+ }2H/ +�b2
Bb i?2 H�bi i2`K BM 2[XUkXRRRVX "v i�FBM; i?�i i2`K BMiQ �++QmMi- r2 ;2i i?2 T`2@
2tTQM2MiB�H 7�+iQ` 7Q` E ! B +�b2 7Q` }MBi2 i2KT2`�im`2

P1"
h,sc = P1

h,sc ·

√
ϑ 2B2

2E2(cosh(Bϑ/E)−1)

= (−1)p iV3β
2

(eE)2

(2π)3/2(nmβ )1/2ϑ 2

[
1−
(nβeE

2m

)2]−1/4
·

√
ϑ 2B2

2E2(cosh(Bϑ/E)−1)

= (−1)p iV3β
4

e2EB
(2π)3/2(nmβ )1/2ϑ sinh

(ϑB
2E
)
[
1−
(nβeE

2m

)2]−1/4

UkXRR9V

kXj 6BM�H _2bmHi

kXjXR w2`Q h2KT2`�im`2

�b �H`2�/v K2MiBQM2/ BM b2+iBQM R- i?2 a+?rBM;2` T�B` T`Q/m+iBQM `�i2 Q7 b+�H�` BM +QMbi�Mi
2H2+i`B+ #�+F;`QmM/ Bb UkXejV �b �H`2�/v 7QmM/ BM (ee)- �M/ /2`Bp2/ mbBM; qQ`H/HBM2 AMbi�M@
iQM K2i?Q/ BM (ek)

Γ1
0,sc =

∞

∑
p=1

(−1)p+1e2E2

8π3 p2 exp

[
− m2 pπ

eE

]
UkXRR8V

�M/ 7Q` i?2 #�+F;`QmM/ Q7 +QMbi�Mi 2H2+i`B+ }2H/ T�`�HH2H iQ K�;M2iB+ }2H/ Bb UkXd9VX

Γ1"
0,sc =

∞

∑
p=1

(−1)p+1e2EB
8π2 psinh(pπB/E)

exp
[
− m2 pπ

eE

]
UkXRReV

h?Bb `2bmHi r�b /2`Bp2/ BM (Rd) r?B+? r2 /2`Bp2/ ?2`2 mbBM; rQ`H/HBM2 AMbi�MiQM 7Q`K�HBbK(Re)X
h?Bb `2/m+2b iQ Γ1

0,sc BM i?2 B → 0 HBKBiX

jk



kXjXk 6BMBi2 h2KT2`�im`2

a+?rBM;2` T�B` T`Q/m+iBQM `�i2 �i }MBi2 i2KT2`�im`2 T BM i?2 #�+F;`QmM/ Q7 +QMbi�Mi 2H2+@
i`B+ }2H/ E Bb ;Bp2M #v (kd)

Γ1
sc = Γ1

0,sc +Γ1
h,sc UkXRRdV

r?2`2 Γ1
h,sc UmbBM; 2[XUkX3NV-UkXRy9V �M/ UkXeVVBb ;Bp2M #v,

Γ1
h,sc =

∞

∑
p=0

nmax

∑
n=1

2(−1)p (eE)2

(2π)3/2(nmβ )1/2ϑ 2

[
1−
(nβeE

2m

)2]−1/4

exp

[
− m2

2eE

[
2π(p+1)−2arcsin

(nTc

T
)]

+
nm
2T

√
1− n2T 2

c
T 2

] UkXRR3V

r?2`2 nmax = ⌊2R/β⌋ �M/

ϑ = 2π(p+1)−θn = 2π(p+1)−2arcsin
(nTc

T

)
UkXRRNV

h?Bb `2bmHi r�b }`bi /2`Bp2/ #v (kd)X Ai Bb 2�bv iQ MQi2 i?�i Γ1
sc = Γ1

0,sc 7Q` T = 0- bBM+2 7Q`
T < Tc i?2`2 �`2 MQ i?2`K�H +Q``2+iBQMb �b AMbi�MiQM bQHmiBQM /Q2b MQi 2tBbiX

a+?rBM;2` T�B` T`Q/m+iBQM `�i2 �i }MBi2 i2KT2`�im`2 T BM i?2 #�+F;`QmM/ Q7 +QMbi�Mi 2H2+@
i`B+ }2H/ E T�`�HH2H iQ K�;M2iB+ }2H/ B Bb

Γ1"
sc = Γ1"

0,sc +Γ1"
h,sc UkXRkyV

r?2`2 Γ1"
h,sc UmbBM; UkX3NV-UkXRR9V �M/UkXeVV Bb ;Bp2M #v,

Γ1"
h,sc =

∞

∑
p=0

nmax

∑
n=1

(−1)p e2EB
(2π)3/2(nmβ )1/2ϑ sinh

(ϑB
2E
)
[
1−
(nβeE

2m

)2]−1/4

exp

[
− m2

2eE

[
2π(p+1)−2arcsin

(nTc

T
)]

+
nm
2T

√
1− n2T 2

c
T 2

] UkXRkRV

jj



r?2`2 nmax = ⌊2R/β⌋ �M/

ϑ = 2π(p+1)−θn = 2π(p+1)−2arcsin
(nTc

T

)
UkXRkkV

AM i?2 HBKBi Q7 B → 0- Γ1"
sc `2/m+2b iQ Γ1

scX aBM+2 BM i?2 B → 0 HBKBi

sinh
(ϑB

2E

)
→ ϑB

2E
UkXRkjV

i?mb Γ1"
h,sc → Γ1

h,scX h?Bb Bb i?2 M2r `2bmHi r2 /2`Bp2/ mbBM; qQ`H/HBM2 AMbi�MiQM 7Q`K�HBbKX
Ai Bb 2�bv iQ MQi2 i?�i Γ1"

sc = Γ1"
0,sc 7Q` T = 0- bBM+2 7Q` T < Tc i?2`2 �`2 MQ i?2`K�H +Q``2+@

iBQMbX

j9



*?�Ti2` j

a+?rBM;2` S�B` S`Q/m+iBQM BM aTBMQ`
1H2+i`Q/vM�KB+b

jXR w2`Q h2KT2`�im`2 *�b2

jXRXR PM2 GQQT 1z2+iBp2 �+iBQM

AM 1m+HB/2�M K2i`B+- i?2 `2H�iBQM #2ir22M WE(A) �M/ Z1. �+iBQM S Bb ;Bp2M #v

exp(−WE(A)) =
∫

DψDψ̄ exp[−S] UjXRV

q?2`2
S =

∫
d4x ψ̄( /D+m)ψ +

1
4

F2
µν UjXkV

rBi? /D = γµ
E Dµ = γµ

E (∂µ + ieAµ)- �M/ ψ̄ = ψ†γ4
EX q2 ?�p2 /2}M2/ Aµ = (A1,A2,A3,A4) bm+?

i?�i A4 = −iA0 �M/ Qi?2` +QKTQM2Mib �`2 b�K2 �b JBMFQr�bFB�M Aµ X h?2 1H2+i`QK�;@
M2iB+ }2H/ i2MbQ` Bb Fµν = ∂µAν − ∂νAµ X h?2 γµ

E �`2 1m+HB/2�M ;�KK� K�i`B+2b b�iBb7vBM;
7QHHQrBM; �H;2#`�

{γµ
E ,γ

ν
E}= 2δ µν γ5

E =−γ1
Eγ2

Eγ3
Eγ4

E {γ5
E,γ

µ
E }= 0 UjXjV

j8



q2 +?QQb2 7QHHQrBM; b2i Q7 ;�KK� K�i`B+2b

γ4
E = γ0

M γ i
E =−iγ i

M UjX9V

r?2`2 γ0
M �M/ γ i

M �`2 ;�KK� K�i`B+2b b�iBb7vBM; *HBzQ`/ �H;2#`�X 6Q` i?2 b�F2 Q7 bBKTHB+Biv
r2 rBHH /`QT bm#b+`BTi E 7`QK i?2 1m+HB/2�M ;�KK� K�i`B+2bX

q2 mb2 bi22T2bi /2+2Mi �TT`QtBK�iBQM BM _>a Q7 2[XUjXRV

S[ψ, ψ̄] = S[ψcl, ψ̄cl]+
∫ δ 2S

δψ(y)δψ̄(x)
η̄(x)η(y)d4xd4y UjX8V

r2 ?�p2 mb2/ KmHiB/BK2MbBQM�H i�vHQ` 2tT�MbBQM Qp2` :`�bbK�M p�`B�#H2b η �M/ η̄ X h?2
(ψcl, ψ̄cl) Bb � bQHmiBQM r?B+? K�F2 δS/δψ �M/ δS/δψ̄ p�MBb?X mbBM; 2[XUjXRV �M/ UjX8V- r2
;2i

exp(−WE(A)) =
∫

DψDψ̄ exp[−S]

= exp(−S(ψcl))N (/2i( /D+m))
UjXeV

�b �`;m2/ BM b+�H�` Z1. +�b2- i?2 7�+iQ` Q7 N �M/ exp(−S(ψcl)) +�M #2 /`QTT2/X q2
?�p2 mb2/ i?2 7Q`KmH� T�i? BMi2;`�H Qp2` :`�bbK�M p�`B�#H2

∏
i

∫
dθ ∗

i dθie−θ∗
i Bθi = /2iB UjXdV

q2 +�M r`Bi2
/2i[ /D+m] = /2i(γ5)/2i[ /D+m]/2i(γ5) = /2i(− /D+m) UjX3V

i?mb r2 ;2i-

/2i( /D+m) = /2i1/2(− /D2
+m2) = /2i1/2(−D2 +

1
2

eσµνFµν +m2) UjXNV

r?2`2 D2 = (∂ + ieA)2 �M/ σµν = − i
2 [γµ ,γν ] r?2`2 γµ �`2 1m+HB/2�M ;�KK� K�i`B+2b /2@

}M2/ �#Qp2X

je



lbBM; �#Qp2 K�i?2K�iB+�H B/2MiBiB2b- r2 ;2i

−WE(A) =
1
2

h`HM[−D2 +m2 +
1
2

eσµνFµν ] UjXRyV

r2 mb2 6`mHH�MBǶb BMi2;`�H

h`(ln(P)) =−
∫ ∞

0

dT
T

h`(exp(−PT )− exp(−T )) UjXRRV

iQ bBKTHB7v 7m`i?2` U/`QTTBM; i?2 b2+QM/ i2`K �b Bi rBHH MQi +QMi`B#mi2 iQ BK�;BM�`v T�`iV

WE(A) =
1
2

∫ ∞

0

dT
T

h`
[

exp
[
−T

[
−D2 +

1
2

eσµνFµν +m2
]]]

UjXRkV

r?B+? +QmH/ #2 r`Bii2M �b

WE(A) =
1
2

∫ ∞

0

dT
T

exp [−m2T ]
∮
[dxµ ]exp

[
−
∫ T

0
dτ
[1

4
ẋ2 + ieAµ ẋµ

]]
i`
[

exp
[
− 1

2
Teσ µνFµν

]]

UjXRjV
6Q` i?2 +�b2 Q7 E ! B- i?2 H�bi i2`K +�M #2 r`Bii2M �b 4cos[eET ]cosh[eBT ] i?mb r2 ;2i U�7@
i2` bm#biBimiBM; τ = T u- �M/ T → T/m2V

WE(A)= 2
∫ ∞

0

dT
T

exp [−T ]
∮
[dxµ ]exp

[
−
(m2

4T

∫ 1

0
duẋ2+ie

∫ 1

0
duA.ẋ

)]
cos[eET/m2]cosh[eBT/m2]

UjXR9V

q2 T2`7Q`K T BMi2;`�H mbBM; b�//H2 TQBMi �TT`QtBK�iBQMX aBM+2 i?2 +Qb i2`K BM i?2 2tTQ@
M2MiB�H 7Q`K ;Bp2b BK�;BM�`v T�`i- ?2M+2 Bi /Q2b MQi KQ/B7v i?2 b�//H2 TQBMi(Re)X lM/2`
i?2 HBKBi Q7 eB << m2 i?2 +Qb? i2`K /Q2b MQi KQ/B7v i?2 b�//H2 TQBMi +QKT�`2/ iQ b+�H�`
+�b2X >2M+2 i?2 b�//H2 TQBMi 7Q` i?2 T BMi2;`�H im`Mb Qmi iQ #2

T0 =
m
2

(∫ 1

0
ẋ2 du

)1/2
UjXR8V

>2M+2- BM i?2 r2�F }2H/ HBKBi@eE << m2- i?2 QM2@HQQT 2z2+iBp2 �+iBQM 7Q` aTBMQ` Bb ;Bp2M
#v

WE(A)= 2
√

2π
m

∫
[dxµ ]

1
[
∫ 1

0 ẋ2 du]1/4
exp
[
−m

√
∫ 1

0
ẋ2du − ie

∫ 1

0
A.ẋdu

]
cos
[eET0

m2

]
cosh

[eBT0

m2

]

UjXReV

jd



*QMbB/2`BM; i2`Kb BM i?2 2tTQM2MiB�H �b −S2z(x) rBi? 1mH2`@G�;`�M;2 2[m�iBQM b�K2 �b
a+�H�` +�b2 2[XUkXk9V UQMHv BM i?2 r2�F }2H/ HBKBiV

mẍµ = ie

√
∫ 1

0
du ẋ2 Fµν ẋν UjXRdV

aQ }M�H 2tT`2bbBQM 7Q` QM2@HQQT 2z2+iBp2 �+iBQM 7Q` aTBMQ` rBHH HQQF HBF2

WE(A) = 2
(2π

ma

)1/2
/2i
[( δ 2Se f f

δxν(u′)δxµ(u)

)∣∣∣∣
x̄

]−1/2
exp[−S2z(x̄)]cos

(eET0

m2

)
cosh

(eBT0

m2

)

UjXR3V
#mi �b Bb r2HH@FMQrM BM �M AMbi�MiQM +�H+mH�iBQM- BMi2;`�iBQM Qp2` x2`Q KQ/2b rBHH #2 `2@
TH�+2/ #v BMi2;`�iBQM Qp2` +QHH2+iBp2 +Q@Q`/BM�i2b i?mb ;BpBM; bQK2 2ti`� 7�+iQ` �b r2Ƕp2
b?QrM BM b2+iBQM kXRXjX q?2`2 x̄ Bb bQHmiBQM iQ 1mH2`@G�;`�M;2 2[m�iBQM rBi? �+iBQM S2zX
h?2 /2i 7�+iQ` rBHH #2 2p�Hm�i2/ b2T�`�i2Hv BM i?2 7QHHQrBM; b2+iBQMbX

jXRXk AMbi�MiQM aQHmiBQM

Ç 1H2+i`B+ 6B2H/ ,@

h?2 bQHmiBQM iQ 2[XUjXRdV �`2 �H`2�/v 7QmM/ BM i?2 b2+iBQMkXRXkX h?2 bQHmiBQM Bb ;Bp2M
#v

x3 = Rcos(2pπu) x4 = Rsin(2pπu) UjXRNV

h?Bb `2T`2b2Mib +B`+H2 BM x3 − x4 TH�M2 rBi? `�/Bmb R = m/eEX �+iBQM S2z(x̄) �b �H`2�/v
2p�Hm�i2/ BM 2[XUkXj8V

S2z =
m2 pπ

eE
UjXkyV

:Bp2M i?2 bQHmiBQM- r2 �HbQ ;2i a = 2pπR �M/ T0 = ma/2 = m2 pπ/eEX h?2 2ti`�
7�+iQ` BM aTBMQ` PM2@HQQT 2z2+iBp2 �+iBQM r?B+? Bb

cos(eET0/m2)cosh(eBT0/m2)
B=0−−→ (−1)p UjXkRV

Ç 1H2+i`B+ }2H/ T�`�HH2H iQ J�;M2iB+ }2H/ ,@

6Q` i?2 +�b2 Q7 E ! B r?2`2 E �M/ B �`2 BM x3 /B`2+iBQM- i?2 +QKTQM2Mib Q7 6B2H/ i2M@
bQ` rBHH #2 F12 = −F21 = B �M/ F34 = −F43 = iEX �b r2 �`;m2/ BM i?2 +�b2 Q7 b+�H�`
BM b2+iBQMkXRXk- i?2`2 �`2 MQ MQM@i`BpB�H bQHmiBQM BM x1 − x2 /B`2+iBQMX h?Bb bm;;2bi

j3



i?�i i?2 x̄(u) Bb b�K2 �b i?�i 7Q` i?2 +�b2 Q7 +QMbi�Mi 2H2+i`B+ }2H/ 2[XUjXRNVX >2M+2
S2z `2K�BMb b�K2 �b ;Bp2M #v 2[XUjXkyVX h?2 2ti`� 7�+iQ` BM aTBMQ` PM2@HQQT 2z2+iBp2
�+iBQM r?B+? Bb

cos(eET0/m2)cosh(eBT0/m2)→ (−1)p cosh(pπB/E) UjXkkV

bBM+2 T0 = ma/2 = m2 pπ/eEX

jXRXj PM2@HQQT S`2@7�+iQ`

Ç 1H2+i`B+ +�b2

�b r2 �`;m2/ BM b2+iBQMjXRXR- mM/2` i?2 r2�F }2H/ �TT`QtBK�iBQM UeE << m2- eB <<

m2V i?2 S2z(x) /Q2b MQi +?�M;2 �b +QKT�`2/ iQ b+�H�` +�b2X >2M+2- BM i?Bb �TT`QtBK�@
iBQM i?2 QT2`�iQ` M BM UkXj3V �HbQ /Q2b MQi +?�M;2 MQ` /Q2b i?2 detM �b +QKT�`2/ iQ
i?2 b+�H�` +�b2X >2M+2 mbBM; 2[XUkXeRV-

P1
0,sp =−2 ·P1

0,sc

=−2 ·
V E

4 e2E2i(−1)p+1

16π3 p2

UjXkjV

h?2 QMHv 2ti`� 7�+iQ` @k M22/ iQ #2 i�F2M BMiQ �++QmMi BM i?2 T`2@2tTQM2MiB�H 7�+iQ`
+QKT�`2/ iQ b+�H�` +�b2 U+QKT�`BM; 2[XUjXR3V �M/ UkXkeVVX

h?2M- QM2@HQQT 2z2+iBp2 �+iBQM Bb ;Bp2M #v

WE =
∞

∑
p=1

P1
0,sp · (−1)p exp(−S2z(x̄))

= 2
∞

∑
p=1

·
V E

4 e2E2i
16π3 p2 · exp(−S2z(x̄))

=
∞

∑
p=1

iV E
4 e2E2

8π3 p2 exp

[
− m2 pπ

eE

]
UjXk9V

>2M+2 mbBM; 2[XUkXeV-

Γ1
0,sp =

∞

∑
p=1

e2E2

4π3 p2 exp
[
− m2 pπ

eE

]
UjXk8V

Ç 1H2+i`B+ }2H/ T�`�HH2H iQ K�;M2iB+ }2H/ +�b2

jN



�b �`;m2/ �#Qp2 i?2 /2iM /Q2b MQi +?�M;2 �b +QKT�`2/ iQ b+�H�` +�b2- ?2M+2 mbBM;
UkXdkV

P1"
0,sp =−2 ·P1"

0,sc

=−2 ·
V E

4 (−1)p+1e2E2i
16π3 p2

pπB
E sinh(pπB/E)

UjXkeV

h?2M- QM2@HQQT 2z2+iBp2 �+iBQM Bb ;Bp2M #v

WE =
∞

∑
p=1

P1"
0,sp · (−1)p exp(−S2z(x̄))cosh(pπB/E)

= 2
∞

∑
p=1

·
V E

4 (−1)2pe2E2i
16π3 p2

pπB
E sinh(pπB/E)

· exp(−S2z(x̄))cosh(pπB/E)

=
∞

∑
p=1

iV E
4 e2EB
8π2 p

exp

[
− m2 pπ

eE

]
coth[pπB/E]

UjXkdV

>2M+2 mbBM; 2[XUkXeV- 7Q` i?2 aTBMQ` +�b2 BM i?2 #�+F;`QmM/ Q7 +QMbi�Mi 2H2+i`B+ }2H/
T�`�HH2H iQ +QMbi�Mi K�;M2iB+ }2H/ i?2 /2+�v `�i2 2tT`2bbBQM Bb ;Bp2M #v (Rd)

Γ1"
0,sp =

∞

∑
p=1

e2EBcoth(pπB/E)
4π2 p

exp
[
− m2 pπ

eE

]
UjXk3V

r?B+? r2 `2@/2`Bp2/ ?2`2 mbBM; qQ`H/HBM2 AMbi�MiQM K2i?Q/X h?Bb `2/m+2b iQ 2[XUjXk8V
BM i?2 HBKBi B → 0X

jXk 6BMBi2 h2KT2`�im`2 *�b2

jXkXR AMbi�MiQM bQHmiBQM �M/ 2tTQM2MiB�H 7�+iQ`b T ̸= 0

Ç 1H2+i`B+ 6B2H/ 6Q` +�H+mH�iBM; }MBi2 i2KT2`�im`2 p�+mmK /2+�v `�i2 7Q` aTBMQ` Z1.
T�`iB+H2b BM T`2b2M+2 Q7 +QMbi�Mi 2H2+i`QK�;M2iB+ }2H/- r2 M22/ iQ +�H+mH�i2 AK�;B@
M�`v T�`i Q7 1m+HB/2�M 2z2+iBp2 �+iBQM Q7 Z1. T2` mMBi 7Qm` pQHmK2X a�K2 �b BM i?2
+�b2 Q7 x2`Q i2KT2`�im`2 QM2 +�M r`Bi2UjXR3V - #mi rBi? �M �//BiBQM�H +QM/BiBQM i?�i
x4(0) ≡ x4(0)+ nβ (ed)X h?2 QM2@HQQT 2z2+iBp2 �+iBQM 7Q` aTBMQ` �i }MBi2 i2KT2`�im`2
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Bb ;Bp2M #v

WE(A) = ∑
n∈Z

1
2

∫ ∞

0

dT
T

∫
dx
〈
x
∣∣exp(−T (−D2 +

1
2

eσµνFµν))
∣∣x+nβ ê4

〉
e−m2T

= ∑
n∈Z

2
√

2π
m

∫

x4(0)≡x4(0)+nβ
x(0)=x(1)

[dxµ ]
1

[
∫ 1

0 ẋ2 du]1/4
exp

[
−m

√
∫ 1

0
ẋ2du− ie

∫ 1

0
A.ẋdu

]

cos
[eET0

m2

]
cosh

[eBT0

m2

]

UjXkNV

r?2`2 BM �//BiBQM iQ b�iBb7v xµ(0) = xµ(1) �b BM i?2 +�b2 Q7 x2`Q i2KT2`�im`2- xµ

b?QmH/ b�iBb7v �M �//BiBQM�H +QMbi`�BMi Q7 T2`BQ/B+Biv BM x4 /B`2+iBQMX

�b �`;m2/ BM x2`Q i2KT2`�im`2 +�b2- i�FBM; 2tTQM2Mi BM i?2 2[XUjXkNV �b −S2z(x)-
i?2M BM i?2 r2�F }2H/ HBKBi r2 ;2i 2[m�iBQM Q7 KQiBQM �b UjXRdVX � TQBMi iQ MQi2
i?�i BM 2[XUjXkNV- i?2 +�b2 Q7 n = 0 ?�b �H`2�/v #22M 2p�Hm�i2/ BM i?2 x2`Q i2KT2`@
�im`2 +�b2X >2M+2 QMHv `2K�BMBM; T�`i Bb i?�i Q7 n ̸= 0 r?B+? rQmH/ +QMi`B#mi2 iQ }@
MBi2 i2KT2`�im`2 +Q``2+iBQM iQ p�+mmK /2+�v `�i2 2tT`2bbBQMX 6Q` }M/BM; }MBi2 i2K@
T2`�im`2 AMbi�MiQM bQHmiBQM- r2 M22/ iQ }M/ bQHmiBQM Q7 2[m�iBQM Q7 KQiBQM 2[XUjXRdV
r?2`2 bQHmiBQM Bb T2`BQ/B+ BM x4 /B`2+iBQM rBi? T2`BQ/ nβ X am+? bQHmiBQM iQ ;Bp2M
2[m�iBQM Q7 KQiBQM- r2 ?�p2 7QmM/ BM i?2 +�b2 Q7 b+�H�`X

h?2`2 �`2 irQ bQHmiBQMb 7Q` n ∈ Z+ @ S�i? I+ �M/ S�i? II+ �b `2T`2b2Mi2/ BM kXkX h?2
T�i? I+ ;Bp2M #v bQHmiBQM 2[XUkX39V +QMi`B#mi2 iQ 7`22 2M2`;v Q7 i?2 +`2�i2/ T�B`X h?2
T�i? II+ ;Bp2M #v bQHmiBQM 2[XUkX33V +QMi`B#mi2b iQ i?2 p�+mmK /2+�v `�i2 2tT`2b@
bBQMX h?2`2 �`2 irQ bQHmiBQMb 7Q` n ∈ Z− @ S�i? I− �M/ S�i? II− �b `2T`2b2Mi2/ BM
kXRX h?2 T�i? I− ;Bp2M #v bQHmiBQM 2[XUkXddV +QMi`B#mi2 iQ 7`22 2M2`;v Q7 i?2 +`2�i2/
T�B`X h?2 T�i? II− ;Bp2M #v bQHmiBQM 2[XUkX3RV +QMi`B#mi2b iQ i?2 p�+mmK /2+�v `�i2
2tT`2bbBQMX �b K2MiBQM2/ BM i?2 b+�H�` +�b2 +QMi`B#miBQM 7`QK II+ �M/ II− Bb b�K2 BM
i?2 p�+mmK /2+�v `�i2 2tT`2bbBQMX >2M+2 bmK Qp2` n ∈Z BM 2[XUjXkNV rBHH #2 `2TH�+2/
#v irB+2 bmK Qp2` n ∈ Z+X

h?2 +QMi`B#miBQM 7`QK 2tTQM2MiB�H i2`Kb 7Q` i?2 +�b2 Q7 +QMbi�Mi E +�b2 Bb ;Bp2M #v

exp(−S2z(x̄h,II+))cos(eET0/m2) UjXjyV
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bm#biBimiBM; S2z(x̄h,II+) 7`QK 2[XUkX3NV �M/ mbBM; T0 = ma/2 = mRϑ/2 r2 ;2i

exp
(
− m2

2eE

[
2π(p+1)−2arcsin

(nTc

T
)]

+
nm
2T

√
1− n2T 2

c
T 2

)
cos
(ϑ

2

)
UjXjRV

Ç 1H2+i`B+ }2H/ T�`�HH2H iQ K�;M2iB+ }2H/,@

6Q` i?2 +�b2 Q7 E ! B i?2 2[m�iBQM Q7 KQiBQM /Q2b MQi +?�M;2 �M/ ?2M+2 MQ` i?2
S2z(x̄h,II+)X h?2 +QMi`B#miBQM 7`QK 2tTQM2MiB�H i2`Kb 7Q` i?2 +�b2 Q7 +QMbi�Mi E ! B
+�b2 Bb ;Bp2M #v

exp(−S2z(x̄h,II+))cos(eET0/m2)cosh(eBT0/m2) UjXjkV

bm#biBimiBM; S2z(x̄h,II+) 7`QK 2[XUkX3NV �M/ mbBM; T0 = ma/2 = mRϑ/2 r2 ;2i

exp
(
− m2

2eE

[
2π(p+1)−2arcsin

(nTc

T
)]

+
nm
2T

√
1− n2T 2

c
T 2

)
cos
(ϑ

2

)
cosh

(Bϑ
2E

)
UjXjjV

jXkXk S`2@2tTQM2MiB�H 7�+iQ` �i }MBi2 i2KT2`�im`2

Ç 1H2+i`B+ +�b2,@

�b �`;m2/ BM x2`Q i2KT2`�im`2 aTBMQ` +�b2- bBM+2 S2z /Q2b MQi +?�M;2 ?2M+2 BM i?2
r2�F }2H/ HBKBi UeE << m2,eB << m2V r2 ;2i /2i′M b�K2 �b BM i?2 +�b2 Q7 b+�H�`
+�b2X >2M+2 mbBM; 2[XUkXRy9V

P1
h,sp =−2P1

h,sc

=−2 · (−1)p iV3β
2

(eE)2

(2π)3/2(nmβ )1/2ϑ 2

[
1−
(nβeE

2m

)2]−1/4 UjXj9V

q2 Dmbi M22/ iQ i�F2 BMiQ �++QmMi i?2 2ti`� 7�+iQ` Q7 −2 �b i?�i Bb i?2 QMHv 2ti`�
7�+iQ` �`Bb2b BM i?2 T`2@2tTQM2MiB�H 7�+iQ` Q7 bTBMQ` �b +QKT�`2/ iQ b+�H�`X

Ç 1H2+i`B+ }2H/ T�`�HH2H iQ K�;M2iB+ }2H/,@

6Q` i?2 bBKBH�` `2�bQMb K2MiBQM2/ BM E +�b2- i?2 /2i′M 7Q` bTBMQ` E ! B +�b2 /Q2b MQi

9k



+?�M;2 �b +QKT�`2/ iQ b+�H�` E ! B +�b2X lbBM; 2[XUkXRR9V-

P1"
h,sp =−2P1"

h,sc

=−2 · (−1)p iV3β
4

e2EB
(2π)3/2(nmβ )1/2ϑ sinh

(ϑB
2E
)
[
1−
(nβeE

2m

)2]−1/4 UjXj8V

jXj 6BM�H _2bmHi

jXjXR w2`Q h2KT2`�im`2

�b �H`2�/v K2MiBQM2/ BM b2+iBQM kXR- i?2 a+?rBM;2` T�B` T`Q/m+iBQM `�i2 Q7 aTBMQ` BM +QM@
bi�Mi 2H2+i`B+ #�+F;`QmM/ Bb UjXk8V

Γ1
0,sp =

∞

∑
p=1

e2E2

4π3 p2 exp
[
− m2 pπ

eE

]
UjXjeV

h?Bb `2bmHi r�b /2`Bp2/ BM (dy)- r2 /2`Bp2/ Bi mbBM; qQ`H/HBM2 AMbi�MiQM 7Q`K�HBbKX

�M/ 7Q` i?2 #�+F;`QmM/ Q7 +QMbi�Mi 2H2+i`B+ }2H/ T�`�HH2H iQ K�;M2iB+ }2H/ Bb UjXk3V

Γ1"
0,sp =

∞

∑
p=1

e2EBcoth(pπB/E)
4π2 p

exp
[
− m2 pπ

eE

]
UjXjdV

r?B+? `2/m+2b iQ Γ1
0,sp BM i?2 B → 0 HBKBiX h?Bb `2bmHi r�b /2`Bp2/ BM (Rd)- r2 /2`Bp2/ Bi

mbBM; qQ`H/HBM2 AMbi�MiQM 7Q`K�HBbKX

jXjXk 6BMBi2 h2KT2`�im`2

a+?rBM;2` T�B` T`Q/m+iBQM `�i2 �i }MBi2 i2KT2`�im`2 T BM i?2 #�+F;`QmM/ Q7 +QMbi�Mi 2H2+@
i`B+ }2H/ E Bb

Γ1
sp = Γ1

0,sp +Γ1
h,sp UjXj3V

r?2`2 Γ1
h,sp UmbBM; 2[XUjXjRV-2[XUjXj9V �M/ 2[XUkXeVVBb ;Bp2M #v,
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Γ1
h,sp =

∞

∑
p=0

nmax

∑
n=1

4(−1)p+1 (eE)2

(2π)3/2(nmβ )1/2ϑ 2

[
1−
(nβeE

2m

)2]−1/4

exp

[
− m2

2eE

[
2π(p+1)−2arcsin

(nTc

T
)]

+
nm
2T

√
1− n2T 2

c
T 2

]
cos
(ϑ

2

)

UjXjNV
r?2`2 nmax = ⌊2R/β⌋ �M/

ϑ = 2π(p+1)−θn = 2π(p+1)−2arcsin
(nTc

T

)
UjX9yV

Ai Bb 2�bv iQ MQi2 i?�i Γ1
sp = Γ1

0,sp 7Q` T = 0- bBM+2 7Q` T < Tc i?2`2 �`2 MQ i?2`K�H +Q``2+@
iBQMbX a+?rBM;2` T�B` T`Q/m+iBQM `�i2 �i }MBi2 i2KT2`�im`2 T BM i?2 #�+F;`QmM/ Q7 +QM@
bi�Mi 2H2+i`B+ }2H/ E T�`�HH2H iQ K�;M2iB+ }2H/ B Bb

Γ1"
sp = Γ1"

0,sp +Γ1"
T UjX9RV

r?2`2 ΓEB
h,sp UmbBM; 2[XUjXjkV-2[XUjXj8V �M/ 2[XUkXeVVBb ;Bp2M #v,

Γ1"
h,sp =

∞

∑
p=0

nmax

∑
n=1

2(−1)p+1 e2EB
(2π)3/2(nmβ )1/2ϑ sinh

(ϑB
2E
)
[
1−
(nβeE

2m

)2]−1/4

exp

[
− m2

2eE

[
2π(p+1)−2arcsin

(nTc

T
)]

+
nm
2T

√
1− n2T 2

c
T 2

]
cos
(ϑ

2

)
cosh

(ϑB
2E

)

UjX9kV
r?2`2 nmax = ⌊2R/β⌋ �M/

ϑ = 2π(p+1)−θn = 2π(p+1)−2arcsin
(nTc

T

)
UjX9jV

AM i?2 HBKBi Q7 B → 0- Γ1"
sp `2/m+2b iQ Γ1

spX aBM+2 BM i?2 B → 0 HBKBi

sinh
(ϑB

2E

)
→ ϑB

2E
UjX99V

i?mb Γ1"
h,sp → Γ1

h,spX Ai Bb 2�bv iQ MQi2 i?�i Γ1"
sp = Γ1"

0,sp 7Q` T = 0- bBM+2 7Q` T < Tc i?2`2 �`2
MQ i?2`K�H +Q``2+iBQMbX
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*?�Ti2` 9

JBHHB+?�`;2/ T�`iB+H2

9XR PM2 S�`�@T?QiQM JQ/2H

JBHHB+?�`;2/ T�`iB+H2b +�M #2 �++QKKQ/�i2/ BM i?2 aJ Bib2H7- Q` i?`Qm;? FBM2iB+ KBtBM;
rBi? aJ bBM;H2i /�`F b2+iQ` U?2M+27Q`i? /2MQi2/ #v .VX AM i?2 bBKTH2bi KQ/2H- bBM;H2 U(1)D

K�bbH2bb ;�m;2 }2H/ AD
µ Bb FBM2iB+�HHv KBt2/ rBi? U(1)Y ;�m;2 }2H/ Bµ - i?2 G�;`�M;B�M

/2MbBiv 7Q` i?Bb KQ/2H Bb (88)

L ⊃ χ̄.

(
iγµ∂µ − e.γµA.

µ −mχ
)

χ. −
1
4

A.
αβ A. αβ − ξ

2
A.

αβ Bαβ U9XRV

r?2`2 χ. Bb � .B`�+ 72`KBQM BM i?2 /�`F b2+iQ`- Q7 K�bb mχ - +?�`;2/ mM/2` A.
α rBi? � +Qm@

THBM; −e.X Bα Bb i?2 ?vT2`+?�`;2 U(1)u ;�m;2 }2H/X ξ Bb FBM2iB+ KBtBM; T�`�K2i2`X 6B2H/
bi`2M;i?b �`2 /2}M2/ BM i?2 mbm�H r�v Xαβ ≡ ∂αXβ −∂β Xα X

q2 K�F2 }2H/ `2/2}MBiBQM AD
µ → AD

µ −ξ Bµ

L ⊃ χ̄.

(
iγµ∂µ − e.γµA.

µ +ξ e.γµBµ −mχ
)

χ. −
1
4

A.
αβ A. αβ U9XkV

q2 ?�p2 /`QTT2/ i?2 i2`Kb +QMi�BMBM; [m�/`�iB+ Q`/2` Q7 ξ X �b � +QMb2[m2M+2 Q7 }2H/ `2@
/2}MBiBQM- i?2 FBM2iB+ KBtBM; i2`K ?�b #22M 2HBKBM�i2/ �M/ χ. ;2i 2z2+iBp2Hv +QmTH2/ iQ
Bα rBi? +QmTHBM; ξ e.X aBM+2 ξ +�M #2 7`�+iBQM�H- i?2 +QmTHBM; +�M ?�p2 �`#Bi`�`v bK�HH
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6B;m`2 9XR, h?Bb };m`2 bmKK�`Bx2b bQK2 Q7 i?2 #QmM/b QM T�`�K2i2` bT�+2 Q7 JBHHB@
+?�`;2/ T�`iB+H2

p�Hm2bX �7i2` 1H2+i`Q@q2�F bvKK2i`v #`2�FBM;- χ. ;2i +QmTH2/ iQ U(1)Z1. T?QiQM rBi?
bK�HH- 7`�+iBQM�H 2H2+i`QK�;M2iB+ +?�`;2 Q7 K�;MBim/2 ξ e. cos(θw) r?2`2 θw Bb i?2 ai�M@
/�`/ JQ/2H r2�F KBtBM; �M;H2X >2M+2 ε BM mMBib Q7 2H2+i`B+ +?�`;2 #2+QK2b

ε ≡ ξ e.

e
cosθq U9XjV

9Xk 1tBbiBM; *QMbi`�BMib

J�Mv 2tT2`BK2Mi�H �M/ T?2MQK2MQHQ;B+�H �`;mK2Mib ?�p2 #22M T`QTQb2/ BM Q`/2` iQ Tmi
+QMbi`�BMib QM i?2 T�`�K2i2` bT�+2 Q7 JBHHB@+?�`;2/ T�`iB+H2bX .B`2+i H�#Q`�iQ`v b2�`+?2b
?�p2 #22M T2`7Q`K2/ BM �++2H2`�iQ`b(dR)- #2�K /mKT 2tT2`BK2Mi �i aG�*(dk) �M/ P`i?Q@
TQbBi`QMBmK /2+�vb (dj)X 6Q` Umχ < F2oV K�bb `�M;2 Q7 JBHHB+?�`;2/ T�`iB+H2b i?2 KQbi
`2H2p�Mi +QMbi`�BMib +QK2 7`QK bi2HH�` +QQHBM; �`;mK2Mib Ub22 6B;X9XkVX h?2 bi2HH�` 2M2`;v
HQbb /m2 iQ i?2 2KBbbBQM Q7 J*S T�B`b #v SH�bKQM UT?QiQM BM TH�bK�V /2+�v +�M Tmi +QM@
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bi`�BMib QM i?2b2 T�`iB+H2bX 6Q` BMbi�M+2- 2KBbbBQM Q7 J*S T�B`b #v SH�bKQM +�M /2H�v ?2@
HBmK ~�b? BM `2/@;B�Mib- �++2H2`�i2 i?2 ?2HBmK@#m`MBM; bi�;2 �M/ +QQHBM; Q7 r?Bi2 /r�`7bX
h?2b2 +QMbi`�BMib 2t+Hm/2 ε < 10−14 J*Sb (d9)(d8)X "mi- i?2b2 +QMbi`�BMib �`2 KQ/2H /2@
T2M/2Mi �M/ +�M #2 2p�/2/ (de)X

9Xj hrQ S�`�@T?QiQM JQ/2H

h?2 irQ T�`�@T?QiQM KQ/2H +�M 2p�/2 i?2 +QMbi`�BMib 7`QK _2/ ;B�Mib �M/ q?Bi2 .r�`7b(de)X
h?2 G�;`�M;B�M /2MbBiv 7Q` i?2 T?QiQM T�`i +�M #2 r`Bii2M bm++BM+iHv BM i?2 K�i`Bt MQi�@
iBQM �b 7QHHQrb,

L =−1
4

FT MFF +
1
2

AT MAA+ e∑
i

jiAi U9X9V

r?2`2 A ≡ (A0,A1,A2)T �M/ F = (F0,F1,F2)T X h?2 A0,A1,A2 �`2 BMi2`�+iBM; }2H/b #2+�mb2
BMi2`�+iBQM i2`K Bb /B�;QM�H BM �#Qp2 2[m�iBQM- bBM+2 QMHv i?2 BMi2`�+iBQM T?QiQM Bb +QmTH2/
/B`2+iHv iQ aJ T�`iB+H2bX h?2 FBM2iB+ K�i`Bt MF �M/ K�bb K�i`Bt MA Bb ;Bp2M #v

MF =

⎡

⎢⎣
1 ε ε
ε 1 0
ε 0 1

⎤

⎥⎦ MA =

⎡

⎢⎣
m2

0 0 0
0 m2

1 0
0 0 m2

2

⎤

⎥⎦

h?2 +m``2Mib j0 = 0- j1 = χ̄.γµ χ. �M/ j2 =−χ̄.γµ χ.X q2 ?�p2 b2i mMBi Q7 T�`�@+?�`;2 2[m�H
iQ mMBi 2H2+i`B+ +?�`;2 e- r2 �HbQ ?�p2 �bbB;M2/ QTTQbBi2 T�`�@+?�`;2b rX`Xi A1 �M/ A2 BX2X
+QmTHBM; rBi? A1 Bb i�F2M iQ #2 e �M/ i?�i rBi? A2 #2 −eX q2 M22/ iQ K�F2 MF /B�;QM�H
bm+? i?�i }`bi i2`K Q7 G�;`�M;B�M /2MbBiv rBHH #2 Q7 7Q`K −FT F/4X �7i2` i?Bb- QM2 M22/b
iQ /B�;QM�HBx2 K�bb K�i`Bt rBi? �M mMBi�`v i`�Mb7Q`K�iBQM i?�i K�BMi�BMb i?2 FBM2iB+ T�`i
+�MQMB+�H BM i?2 T`QT�;�iBM; }2H/ #�bBb ÃX h?2 r?QH2 `2bmHib BM A =UÃ rBi?

U =

⎡

⎢⎢⎢⎣

1 ε m2
1

m2
0−m2

1
ε m2

2
m2

0−m2
2

ε m2
0

m2
1−m2

0
1 0

ε m2
0

m2
2−m2

0
0 1

⎤

⎥⎥⎥⎦

� TQBMi iQ MQi2 i?�i r2 �`2 rQ`FBM; �i }`bi Q`/2` BM ε X LQr �/QTiBM; bT2+B�H +�b2 Q7 i?Bb
;2M2`�H KQ/2H r?2`2 QMHv QM2 T�`�@T?QiQM ?�b K�bb m1 ≡ µ ̸= 0- �M/ m2 = 0X q2 Q#b2`p2
i?�i mM/2` i?2 i`�Mb7Q`K�iBQM 7`QK BMi2`�+iBM; }2H/b #�bBb UAV iQ T`QT�;�iBM; }2H/ #�bBb
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UÃVX h?2 H�bi i2`K BM 2[m�iBQMU9X9V #2+QK2b

eχ̄.γµ χ.(A
µ
1 −Aµ

2 ) = eχ̄.γµ χ.(U10 −U20)Ã
µ
0 = εeχ̄.γµ χ.Ãµ

0
m2

1
m2

1 −m2
0

U9X8V

AM TH�bK� i?2 /BbT2`bBQM `2H�iBQM 7Q` T?QiQM Bb

k2 = w2
p =

4παne

me

r?2`2 ne �M/ me �`2 /2MbBiv �M/ K�bb Q7 2H2+i`QMbX h?2 K�bb Q7 T?QiQM Bb m0 = wp BM
TH�bK�X A7 m0 = wp >> m1 = µ i?2M (de)

qχ(k2 = w2
p)!

µ2

w2
p

qχ(k2 = 0) U9XeV

7Q` HQr 2M2`;v b+�H2 Q7 i?2 Q`/2` Q7 F2o BX2X wp ≈ F2o- r2 ;2i � bi`QM; /2+`2�b2 BM +?�`;2 Q7
χ BM TH�bK�X h?mb BM p�+mmK- +QMbi`�BMi QM ε +QKBM; 7`QK _2/ :B�Mib �M/ q?Bi2 .r�`7b
�`2 ;Bp2M #v ε < 10−7(dd)X
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*?�Ti2` 8

�bi`QT?vbB+�H S`Q#2b QM JBHHB+?�`;2/ S�`iB+H2b
7`QK L2mi`QM ai�`b

8XR L2mi`QM ai�`b �M/ J�;M2i�`b

L2mi`QM bi�`b �`2 2M/ T`Q/m+ib Q7 bmT2`MQp� +QHH�Tb2 Q7 p2`v K�bbBp2 bi�`b (d3- dN)X _�/BQ
TmHb�`b �M/ s@`�v TmHb�`b �`2 AbQH�i2/ M2mi`QM bi�`bX h?2 H�ii2` +QMbBbib Q7 irQ ;`QmTb @
bQ7i ;�KK� `2T2�i2`b Ua:_V �M/ �MQK�HQmb t@`�v TmHb�` U�sSVX _�/BQ TmHb�`b �`2 `Qi�@
iBQM�HHv TQr2`2/ r?BH2 a:_ �M/ �sSb �`2 J�;M2iB+�HHv TQr2`2/X h?Bb +QK2b 7`QK i?2
Q#b2`p�iBQM Q7 b?Q`i@HBp2/ #m`bi �+iBpBiB2b �M/ T2`bBbi2M+2 2KBbbBQM 7`QK i?2 s@`�v TmHb�`b-
�M/ i?2v �`2 2tTH�BM2/ mM/2` i?2 J�;M2i�` JQ/2H(3y)X h?mb BM J�;M2i�`- #m`bi �+iBpBiB2b
�M/ T2`bBbi2M+2 2KBbbBQM Bb TQr2`2/ #v bmT2`@bi`QM; K�;M2iB+ }2H/ U O(1015)VX

L2mi`QM bi�`b ULaV �`2 `Qi�iBM; Q#D2+ib rBi? ?B;? K�;M2iB+ }2H/ r?B+? H2�/ iQ ;2M2`�iBQM
Q7 ?B;? 2H2+i`B+ }2H/ QmibB/2 LaX A7 GQ`2Mix 7Q`+2 QM T�`iB+H2b T`2b2Mi QM bm`7�+2 2t+22/ i?2
;`�pBi�iBQM�H 7Q`+2- i?2b2 T�`iB+H2b ;2i 2ti`�+i2/ Qmi �M/ 7Q`K La K�;M2iQbT?2`2 ULaJVX
LaJ `Qi�i2b rBi? La mTiQ � /Bbi�M+2 /2}M2/ #v BK�;BM�`v bm`7�+2 FMQrM �b ǵGB;?i +vHBM@
/2`ǶX AMbB/2 M2mi`QM bi�` K�;M2iQbT?2`2- +?�`;2b `2+QM};m`2 i?2Kb2Hp2b iQ MmHHB7v 2H2+i`B+
}2H/ BM/m+2/ #v J�;M2iB+ }2H/- �M/ GQ`2Mix 7Q`+2 7`22 +QM/BiBQM Bb K�BMi�BM2/X h?Bb Bb i?2
:QH/`2B+?@CmHB�M KQ/2H(3R)X h?2 p�`BQmb `2;BQMb Q7 ivTB+�H L2mi`QM bi�` �`2 BHHmbi`�i2/ BM
6B;X8XR
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6B;m`2 8XR, � b+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 p�`BQmb `2H2p�Mi La `2;BQMbX

h?2 7Q`+2 7`22 bi�i2 Bb MQi K�BMi�BM2/ i?`Qm;?Qmi i?2 K�;M2iQbT?2`2 �M/ K�Mv KQ/2H
T`2/B+i i?2 2tBbi2M+2 Q7 p�+mmK ;�T `2;BQM r?2`2 i?2 TH�bK� /2MbBiv Bb HQr Q` p�MBb?BM;X
hrQ p�+mmK ;�Tb �`2 i?Qm;?i iQ #2 T`2b2Mi@QM2 Dmbi �#Qp2 TQH2b- i2`K2/ �b SQH�` :�T
US:V �M/ �MQi?2` M2�` i?2 HB;?i +vHBM/2`- � `2;BQM #2ir22M QT2M }2H/ HBM2b �M/ +HQb2/ }2H/
HBM2b- i2`K2/ �b Pmi2` ;�TX AM i?2b2 `2;BQMb 7Q`+2@7`22 +QM/BiBQM Bb MQi K�BMi�BM2/X AM i?2
S: `2;BQM H�`;2 2H2+i`B+ }2H/b UEPGV T�`�HH2H iQ K�;M2iB+ }2H/b �`2 T`2b2Mi- �M/ Bb ;Bp2M #v
2tT`2bbBQM (3k),

ES: =
1
2

ΩLaBLaRLa cos3[θ ] U8XRV

>2`2- BLa Bb i?2 TQH�` K�;M2iB+ }2H/ QM i?2 La bm`7�+2- RLa Bb i?2 La `�/Bmb �M/ θ Bb i?2
bi�`@+2Mi2`2/ TQH�` �M;H2X h�FBM; `2T`2b2Mi�iBp2 J�;M2i�` T�`�K2i2` p�Hm2b U/2MQi2/ ǵJǶV
`Qi�iBQM T2`BQ/ τJ = 10b2+- `�/Bmb RJ = 10EK- �M/ BJ = 1015:- QM2 ;2ib BM i?2 J: +�b2
EJ-S: = 1014ofKX

h?2 SQH�` ;�T `�/Bmb Bb �TT`QtBK�i2Hv ;Bp2M #v

RS: ≃ 150m(τLa/s)−
1
2 U8XkV

r?2`2 τLa Bb i?2 La `Qi�iBQM T2`BQ/X aT2+B�HBxBM; iQ J:b- rBi? τJ = 10s- QM2 Q#i�BMb

8y



RJ-S: ≃ 50mX h?2 T�B` 7Q`K�iBQM 7`QMi /2i2`KBM2b i?2 SQH�` ;�T bHQi rB/i? �M/ ?2B;?iX
�#Qp2 i?2 T�B` 7Q`K�iBQM 7`QMi `2;BQM 2H2+i`B+ }2H/b �`2 b?Q`i2M2/ Qmi #2+�mb2 Q7 i?2 b2+@
QM/�`v T�B` TH�bK� ;2ib 7Q`K2/X h?2 ivTB+�H T�B` 7Q`K�iBQM 7`QMi ?2B;?i U/Bbi�M+2 #2ir22M
TQH2 Q7 La �M/ bi�`iBM; TQBMi Q7 T�B` 7Q`K�iBQM 7`QMi b22 };X8XRV �M/ TQH�` ;�T bHQi rB/i?
7Q` J�;M2i�` Bb i�F2M iQ #2 RyK (3j)X qBi? i?2b2 /BK2MbBQMb �M/ �bbmKBM; |E⃗J-S:| Bb bB;@
MB}+�Mi BM i?2 bHQi@;�T �i H2�bi �HH i?2 r�v mTiQ � ?2B;?i O(2RLa)- r2 K�v 2biBK�i2 � `2H2@
p�Mi S: pQHmK2 UVS:Vc r?2`2 2H2+i`B+ }2H/b �`2 H�`;2X

VS: = 1.46∗1039m3 U8XjV

8Xk L2r *QMbi`�BMib QM JBHHB+?�`;2/ S�`iB+H2

a+?rBM;2` T�B` T`Q/m+iBQM UaSSV Bb � MQM@T2`im`#�iBp2 T`Q+2bb- BX2X aSS +�M MQi #2 b22M
�i �Mv Q`/2` BM T2`im`#�iBQM i?2Q`vX h?2 bB;M�im`2 Q7 MQM@T2`im`#�iBp2 #2?�pBQ` +�M #2
b22M BM i?2 /2+�v `�i2 2tT`2bbBQM 7Q` aSS ;Bp2M #v a+?rBM;2` (k)X

ΓE
aSS =

(eE)2

4π3 exp
[
− m2π

eE

]
U8X9V

h?Bb 2[m�iBQM ;Bp2b �p2`�;2 `�i2 Q7 2H2+i`QM@TQbBi`QM T�B`b T`Q/m+2/ T2` mMBi pQHmK2 r?2M
2ti2`M�H 2H2+i`B+ }2H/ Q7 K�;MBim/2 E Bb �TTHB2/X A7 i?2 +QmTHBM; +QMbi�Mi (e) Bb i�F2M iQ #2
bK�HH- i?Qm;? 2�+? i2`K BM h�vHQ` 2tT�MbBQM Q7 /2+�v `�i2 2tT`2bbBQM /Bp2`;2b- i?2 2tT`2b@
bBQM �b � r?QH2 +QMp2`;2b- bB;MB7vBM; MQM@T2`im`#�iBp2 #2?�pBQ`X

q?2M i?2 2tTQM2Mi Bb O(1)- i?2 2H2+i`B+ }2H/ ;Bp2b i?2 2tT`2bbBQM 7Q` +`BiB+�H 2H2+i`B+ }2H/
bi`2M;i? UEcrV- r?B+? Bb i?2 KBMBKmK 2H2+i`B+ }2H/ `2[mB`2/ iQ T`Q/m+2 bB;MB}+�Mi MmK#2`
Q7 T�B`bX AM +�b2 Q7 e+e−- i?2 Ecr = 1018ofKX �i i?2 iBK2 Q7 T�B` T`Q/m+iBQM- 2H2+i`QM@
TQbBi`QM T�B` �`2 T`Q/m+2/ �i � /Bbi�M+2 l0 = 2m/eE �b ;Bp2M #v 2M2`;v +QMb2`p�iBQMX

q?2M 2H2+i`B+ }2H/ Bb �++QKT�MB2/ #v T�`�HH2H K�;M2iB+ }2H/ UBV- i?2 /2+�v `�i2 2tT`2bbBQM
KQ/B}2bX 6Q` aTBMQ` 2H2+i`QM@TQbBi`QM T�B` T`Q/m+iBQM (39)-(38) Bi Bb ;Bp2M �b

ΓEB
aSS =

(e2EB)
(4π2)

coth
[πB

E

]
exp
[
− m2π

eE

]
U8X8V

6Q` b+�H�`b- �T�`i 7`QK Qp2`�HH 7�+iQ` Q7 1/2- i?2 coth(πB/E) 7�+iQ` Bb `2TH�+2/ #v (sinh(πB/E))−1
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7�+iQ`X >2M+2- 7Q` i?2 p�Hm2b BJ = 1015 G �M/ BM/m+2/ |E⃗J-S:|= 1014 Vm−1 i?2 T�B` T`Q/m+@
iBQM Q7 b+�H�` T�`iB+H2b Bb bmTT`2bb2/X >2M+2- i?2 #QmM/b r2 rBHH /2`Bp2 �`2 QMHv p�HB/ 7Q`
aTBMQ` T�`iB+H2bX

8XkXR 1M2`;v@GQbb �`;mK2Mi

h?2 `�i2 Q7 2M2`;v HQbb 7`QK J�;M2i�` �p2`�;2/ Qp2` HB72iBK2 Q7 J�;M2i�` TJ Bb ;Bp2M #v

∫
dV

[
d2E_G

dt dV
+

d2E χχ̄
aSS

dt dV

]
"
∫

dV
1

TJ

[
B⃗2

J

2µ0
+

ε0E⃗2
J-S:

2

]
. U8XeV

r?2`2 }`bi i2`K QM i?2 G>a Bb i?2 `�/B�iBQM HQbb TQr2`2/ #v J�;M2iB+ }2H/ 2M2`;vX h?2
b2+QM/ i2`K QM i?2 G>a [m�MiB}2b i?2 2M2`;v HQbb /m2 iQ χ.@aSSX h?Bb i2`K Bb ;Bp2M #v

d2E χχ̄
aSS

dt dV
= Γ1"

χχ̄ εe|E⃗J-S:|l0 +Γ1"
χχ̄ εe|E⃗ ′

J-S:|(l − l0) . U8XdV

>2`2- E⃗J-S: �M/ E⃗ ′
J-S: �`2 i?2 �p2`�;2 2H2+i`B+ }2H/ p�Hm2b Qp2` i?2 `2bT2+iBp2 /Bbi�M+2

`�M;2bX h?2 }`bi i2`K BM 1[X U8XdV Bb i?2 2M2`;v 2ti`�+i2/ T2` mMBi pQHmK2 T2` mMBi iBK2
7`QK i?2 E⃗J-S: }2H/ 7Q` aSSX l0 Bb i?2 BMi2`@K*S /Bbi�M+2 �i i?2 BMbi�Mi Q7 aSSX h?2 b2+@
QM/ i2`K BM 1[X U8XdV Bb i?2 bm#b2[m2Mi rQ`F i?�i K�v #2 /QM2 #v E⃗ ′

J-S: BM �++2H2`�iBM;
QM2 Q7 i?2 χ. T�`iB+H2b Qmi #v � /Bbi�M+2 l − l0X

AM (mχ ,ε) `2;BQMb r?2`2 BMi2`@K*S /�`F *QmHQK#B+ �ii`�+iBQM UF*QmHX
. ∼ e2

./l2
oV 2t+22/b

2ti2`M�H GQ`2Mix 7Q`+2 UF1 ∼ εe|E⃗J-S:|V- MQ K*Sb �++2H2`�i2 i?2 T�B`b rQmH/ BMbi2�/ �M@
MB?BH�i2 bQQM �7i2` aSSX h?mb- i?2 b2+QM/ i2`K BM 1[X U8XdV ;Bp2b MQ +QMi`B#miBQM BM i?2b2
`2;BQMb �M/ i?2 QMHv 2M2`;v 2ti`�+i2/ 7`QK i?2 1J }2H/ Bb iQ BMBiB�i2 χ.@aSSX AM Qi?2`
`2;BQMb r?2`2 F1 > F*QmHX

. - 2M2`;v Bb 2ti`�+i2/ 7`QK i?2 1J }2H/ #Qi? 7Q` aSS �M/ iQ bm#@
b2[m2MiHv �++2H2`�i2 K*Sb Qmi Q7 i?2 J�;M2i�`b TQH�` ;�T `2;BQMX

6Q` i?2 1H2+i`QK�;M2iB+ 2M2`;v biQ`2/ BM i?2 J�;M2i�`- r2 �bbmK2 i?�i KQbi Q7 Bi Bb rBi?BM
� /Bbi�M+2 Q7 RNS Q7 M2mi`QM bi�` J�;M2iQbT?2`2X h?2

∫
dV +�M #2 i�F2M iQ #2 VS:- �b

/Bb+mbb2/ 2�`HB2`X

�b �M 2biBK�i2 Q7 i?2 `�/B�iBQM HQbb +QKTQM2Mi- r2 i�F2 i?2 �p2`�;2 Q7 i?2 T2`bBbi2Mi [mB@
2b+2Mi s@`�v 2KBbbBQMb USZs_V 7`QK i?2 J: +�i�HQ; (3e) 7Q` �HH +m``2MiHv FMQrM J: +�M@

8k



/B/�i2bX h?Bb ;Bp2b

〈∫
dV d2E_G/dtdV

〉SZs_

J
= 4.3×1034 ergss−1 U8X3V

AM `2;BQMb r?2`2 F1 > F*QmHX
. �M/ χ.@aSS Q++m`b- QM2 ;2ib 7`QK 1[X U8XeV � #QmM/

ε " 10−12 (7Q` `2;BQMb rBi? F1 > F*QmHX
. ) . U8XNV

h?Bb Bb Q#i�BM2/ i�FBM; ivTB+�H J: p�Hm2b τJ = 10s- RJ = 10Km- TJ = 104 yrs �M/ BJ =

1015 G �M/ �bbmKBM; l = 20KmX AM `2;BQMb r?2`2 F1 < F*QmHX
. - i?2 QMHv 2M2`;v 2ti`�+i2/

7`QK i?2 1J }2H/ Bb iQ �+?B2p2 aSSX AM i?Bb bBim�iBQM #QmM/ Bb Q#i�BM2/ #v TmiiBM; l = l0
BM 1[X U8XdVX h?2 BMi2`@K*S /Bbi�M+2 l0 �i i?2 BMbi�Mi Q7 aSS Bb ;Bp2M #v (jR)

l0 =
2mχ

εe|E⃗J-S:|
. U8XRyV

h?Bb Bb p�HB/ 7Q` #Qi? bi`QM; +QmTHBM; �M/ H�`;2 }2H/b #v 2M2`;v +QMb2`p�iBQM �M/ bvKK2@
i`vX qBi? i?2b2 +QMbB/2`�iBQMb- 1[X U8XeV 7Q` F1 < F*QmHX

. ;Bp2b � #QmM/

ε2
( mχ

1eV

)
" 10−16 (7Q` `2;BQMb rBi? F1 < F*QmHX

. ) , U8XRRV

BM `2;BQMb r?2`2 χ.@aSS Bb mMbmTT`2bb2/X

LQi2 i?�i i?2b2 HBKBib QMHv /2T2M/ QM i?2 7�+i i?�i 72`KBQM K*Sb ?�p2 �M 2z2+iBp2 +Qm@
THBM; rBi? i?2 U(1)Z1. T?QiQMX �Mv KQ/2H /2T2M/2Mi +?�`;2 b+`22MBM; K2+?�MBbK BM
TH�bK� Bb �HbQ B``2H2p�Mi BM i?2 i?2 J�;M2i�` p�+mmK ;�T `2;BQMbX q2 ?�p2 M2;H2+i2/ �Mv
BM?QKQ;2M2BiB2b T`2b2Mi- r?B+? bmTTQ`i2/ #v i?2 7�+i i?�i i?2 K*S /2@"`Q;HB2 r�p2H2M;i?
Bb bK�HH �M/ r2HH rBi?BM i?2 SQH�` :�T `2;BQM(3d)X AM �//BiBQM r2 �HbQ ?�p2 l0 << 10m
TmiiBM; Bi r2HH rBi?BM i?2 TQH�` ;�T `2;BQM �i i?2 iBK2 Q7 aSSX

8XkXk J�;M2iB+ 6B2H/ 1pQHmiBQM �`;mK2Mi

AM i?Bb bm#b2+iBQM r2 rBHH b?Qr ?Qr /Q2b i?2 χ.@aSS �z2+i i?2 K�;M2iB+ }2H/ 2pQHmiBQM
�M/ bTBM /QrM `�i2 Q7 J�;M2i�`X q2 BM+Hm/2 P?KB+ �M/ >�HH /`B7i +QMi`B#miBQM BM i?2 /2@
+�v Q7 K�;M2iB+ }2H/ (33)(3N)- �HQM; rBi? TQi2MiB�H χ.@aSS +QMi`B#miBQM QM2 ?�b 7Q` K�;@
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FE < FDCoul.

FE
> F

D
Co
ul.

mCP-SPP
Suppressed

-10 -8 -6 -4 -2 0

-14
-12
-10
-8
-6
-4
-2
0

Log10[m/eV]

Lo
g 1
0[
ϵ]

6B;m`2 8Xk, :`�v �M/ .�`F ;`�v `2;BQM Bb i?2 2t+Hm/2/ `2;BQMX K*S@aSS bmTT`2bb2/ Bb i?2
`2;BQM r?2`2 Ecr > 1014ofK ?2M+2 T`Q/m+iBQM Q7 K*S T�B`b Bb 2tTQM2MiB�HHv bmTT`2bb2/X

M2iB+ }2H/ 2pQHmiBQM

dBJ(t)
dt

= −BJ(t)
τP

− B2
J(t)

BJ(0)τ>
− 3ε3e3Ω2

J(t)B2
J(t)l

8π2RJ
VS:

coth
[

2π
ΩJ(t)RJ

]
exp

[
−

2πm2
χ

εeΩJ(t)RJBJ(t)

]
. U8XRkV

+QMi`B#miBQM 7`QK M2mi`QM bi�` /vM�KQ- `2bTQMbB#H2 7Q` 2pQHmiBQM Q7 K�;M2iB+ }2H/ BM i?2
2�`Hv bi�;2b Q7 T`QiQ@M2mi`QM bi�` 7Q`K�iBQM Bb �bbmK2/ iQ #2 �#b2Mi(3y)X q2 ?�p2 �HbQ
M2;H2+i2/ i?2 �K#BTQH�` /BzmbBQM(3N)X BJ(0) Bb i?2 BMBiB�H K�;M2iB+ }2H/- r?B+? r2 i�F2
�b 1015 GX ΩJ(t) Bb i?2 J: �M;mH�` p2HQ+BivX VS: �b #27Q`2 Bb i?2 `2H2p�Mi S: pQHmK2X
6Q` i?2 P?KB+ �M/ >�HH /`B7i iBK2 +QMbi�Mib- r2 i�F2 τP = 106 yrs �M/ τ> = 104 yrs 7QH@
HQrBM; ivTB+�H p�Hm2b 7`QK HBi2`�im`2 (33- Ny)X h?2 iBK2 +QMbi�Mib τP �M/ τ> �`2 +QKTH2t
7mM+iBQM Q7 i2KT2`�im`2 �M/ /2MbBiv- #mi i?2 `2H2p�Mi #2?�pBQ` ?�b #22M b?QrM iQ #2 +�T@
im`2/ BM i?2b2 p�Hm2bX aBKBH�`Hv- i?2 BJ(t) Q7 i?2 �#Qp2 7Q`K [m�HBi�iBp2Hv `2T`Q/m+2 i?2
`2bmHib 7`QK KQ`2 +QKTH2t K�;M2iQ@i?2`K�H 2pQHmiBQM(3N)X q2 rBHH �HbQ M2;H2+i i?2 2z2+ib
Q7 iQ`QB/�H }2H/b- ;HBi+?2b- #m`bi �M/ ~�`2 2p2MibX

aBM+2 7Q` pB�#H2 (mχ ,ε) p�Hm2b- i?2 χ.@aSS b?QmH/ MQi Qp2`r?2HK i?2 +QMp2MiBQM�H BJ(t)
2pQHmiBQM BM i?2 J:X "�b2/ QM i?Bb �`;mK2Mi r2 +�M Qmi +QMbi`�BMi mbBM; 1[X U8XRkV �b
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7QHHQrb,

BJ(0)
τP

+
BJ(0)

τ>
>

3ε3e3Ω2
J(0)B2

J(0)l
8π2RJ

coth
[

2π
ΩJ(0)RJ

]

exp

[
−

2πm2
χ

εeΩJ(0)RJBJ(0)

]
VS: . U8XRjV

h?Bb ;Bp2b � +QMbi`�BMi

ε < 3.4×10−12 (7Q` `2;BQMb rBi? F1 > F*QmHX
. ) , U8XR9V

BM `2;BQMb r?2`2 F1 /QKBM�i2b �M/ χ.@aSS Q++m`bX AM `2;BQMb r?2`2 F*QmHX
. /QKBM�i2b- r2

b2i �b #27Q`2 l = l0(mχ ,ε,BJ(0),ΩJ(0)) BM U8XRjV- r?2`2 l0 Bb ;Bp2M #v BM 1[XU8XRyVX 6Q`
i?2b2 `2;BQMb- r2 ?�p2

ε2
( mχ

1eV

)
< 6.4 ×10−17 (7Q` `2;BQMb rBi? F1 < F*QmHX

. ) . U8XR8V

� TQBMi iQ MQi2 i?�i #QmM/b +QKBM; 7`QK 1[bX U8XeV �M/ U8XRjV �`2 +QKT�`�#H2X h?Bb K�F2b
b2Mb2 bBM+2 rBi?Qmi K*S aSS- i?2 P?KB+ �M/ >�HH i2`Kb H2�/ iQ BJ /BbbBT�iBQM- r?B+?
bm#b2[m2MiHv TQr2` T2`bBbi2Mi 2KBbbBQMbX h?mb- Qm` �`;mK2Mib #�b2/ QM J: 2M2`;2iB+b �`2
`2H�i2/ iQ i?Qb2 #�b2/ QM BJ(t) 2pQHmiBQMX h?2 +QKTH2i2 2t+HmbBQM `2;BQMb #�b2/ QM i?2b2
�`;mK2Mib 7`QK 1[bX U8XeV �M/ U8XRjV �`2 b?QrM BM 6B;X 8XkXRX q2 ?�p2 �bbmK2/ e. ∼ e 7Q`
i?2 +�H+mH�iBQM Q7 l0X

8XkXj 1z2+i QM "`�FBM; AM/2t

h?2 2z2+i Q7 χ.@aSS +�M #2 b22M BM ΩLa(t) r?B+? rBHH #2 2M+�TbmH�i2/ BM i?2 ǵ#`�FBM;@
BM/2tǶ Q7 L2mi`QM bi�`X 6Q` � `2H�iBQM Ω̇La(t) = −λ (t)Ωb

La(t)- i?2 i`m2 #`�FBM;@BM/2t Ubi`m2V
Bb ;Bp2M #v

bi`m2(t) =
ΩLa(t)Ω̈La(t)

Ω̇2
La(t)

= b+
λ̇ (t)ΩLa(t)
λ (t)Ω̇La(t)

. U8XReV

A7 λ (t) Bb � +QMbi�Mi- QM2 Q#i�BMb bi`m2 = bX 6Q` BMbi�M+2- � `Qi�iBM;- +QMbi�Mi K�;M2iB+
/BTQH2 ?�b bi`m2 = 3X AM ;2M2`�H- bi`m2 Bb iBK2 /2T2M/2Mi �b b22M 7`QK 1[X U8XReVX

�bbmKBM; � T`2/QKBM�MiHv /BTQH�` K�;M2iB+ }2H/ BM i?2 M2mi`QM bi�` 2ti2`BQ`- i?2 bTBM@
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1 10 102 103 104 105
t (Yrs)

0.1

0.25

0.5
0.75
1.

Δbtrue ratio

6B;m`2 8Xj, h?2 `�iBQ ∆b✟✟aSS
i`m2/∆baSS

i`m2 7Q` Mχ = 10−2 eV �M/ ε = 10−11 UbQHB/V- 10−12 U/�b?2/V
�M/ 10−13 U/Qii2/VX

/QrM /m2 iQ K�;M2iB+@#`�FBM; iQ`[m2 Bb ;Bp2M #v

ILa Ω̇La =−1/6Ω3
LaB2

LaR6
La sin2 α U8XRdV

r?2`2 ILa Bb KQK2Mi Q7 BM2`iB� Q7 M2mi`QM bi�` �M/ α Bb i?2 �M;H2 #2ir22M M2mi`QM bi�`
`Qi�iBQM �M/ K�;M2iB+ �t2bX qBi?Qmi HQbb Q7 ;2M2`�HBiv r2 i�F2 α = π/4 �M/ M2;H2+i i?2
iBK2 /2T2M/2M+2 ILa KB;?i ?�p2X aT2+B�HBxBM; iQ � J�;M2i�` �M/ �TT`QtBK�iBM; Bi iQ �
bTBMMBM; `B;B/ bT?2`2 rBi? IJ = 2

5MJR2
J- r2 ;2i

Ω̇J(t) =− 5
24

R4
J

MJ
B2

J(t)Ω3
J(t) . U8XR3V

q2 bQHp2 i?2 +QmTH2/ /Bz2`2MiB�H 2[m�iBQMb- 1[bX U8XRkV �M/ U8XR3V- 7Q` BJ(t) �M/ ΩJ(t)
Qp2` � iBK2@b+�H2 [1.0, 1× 105]yrsX "�b2/ QM i?2 bQHmiBQM r2 K�v +�H+mH�i2 bi`m2(t) 7Q` p�`B@
Qmb (mχ ,ε) p�Hm2bX

.2}M2 i?2 /2pB�iBQM Q7 bi`m2(t) 7`QK i?2 Tm`2 K�;M2iB+ /BTQH2 #`�FBM; BM/2t �b ∆bi`m2(t) ≡
bi`m2(t)−3X h?2 `�iBQ Q7 i?Bb [m�MiBiv- rBi?Qmi χ.@aSS U∆b✟✟aSS

i`m2 V iQ i?�i rBi? χ.@aSS U∆baSS
i`m2 V-

Bb b?QrM BM 6B;X 8XkXkX h?2 +m`p2b �`2 7Q` T�`�K2i`B+ p�Hm2b ε = {10−11,10−12,10−13} �M/
mχ = 10−2 eVX 6Q` i?2b2 p�Hm2b F1 > F*QmHX

. X h?2 `�iBQb ∆b✟✟aSS
i`m2/∆baSS

i`m2 /Bz2` 7`QK mMBiv �M/
7Q` H�`;2 ε p�Hm2b b?Qr �TT`2+B�#H2 iBK2 2pQHmiBQMX h?Bb i?2`27Q`2 T`QpB/2b � 7m`i?2` �p@
2Mm2 r?2`2 χ.@aSS 2z2+ib K�v #2 T`Q#2/X

8e



*?�Ti2` e

*QM+HmbBQM �M/ PmiHQQF

JBHHB+?�`;2/ T�`iB+H2b- � pB�#H2 /�`F K�ii2` +�M/B/�i2- �`2 BMi`B;mBM; #2+�mb2 Q7 i?2B` 7`�+@
iBQM�H +?�`;2bX h?2 KQbi bi`BM;2Mi +QM/BiBQM iBHH MQr r�b 7`QK bi2HH�` +QQHBM; �`;mK2MibX
"mi i?2b2 +QMbi`�BMib �b r�b b?QrM �`2 KQ/2H /2T2M/2Mi �M/ +QMbi`�BMib BM p�+mmK QM ε
+�M #2 #`Qm;?i /QrM iQ 10−7 BM bm#@E2o K�bb `�M;2X

AM i?Bb i?2bBb- r2 ?�p2 Q#i�BM2/ � MQp2H- KQ/2H@BM/2T2M/2Mi +QMbi`�BMib 7`QK i?2 MQM@
T2`im`#�iBp2 T`Q/m+iBQM Q7 i?2 JBHHB+?�`;2/ T�`iB+H2b BM J�;M2i�` 2MpB`QMK2MiX h?2 +QM@
bi`�BMi 7`QK i?2 2M2`;v@HQbb �`;mK2Mi 7Q` i?2 `2;BQM Q7 mχ − ε T�`�K2i2` bT�+2 r?2`2
FE > FCoul

D �`2 ε < 10−12 �M/ ε2 ( mχ
1eV
)

" 10−16 7Q` FE < FCoul
D `2;BQMX �TT`QtBK�i2Hv

bBKBH�` #QmM/b �`2 Q#i�BM2/ 7`QK i?2 K�;M2iB+ }2H/ 2pQHmiBQM �`;mK2MiX h?Bb Bb 2tT2+i2/
�b a+?rBM;2` T�B` T`Q/m+iBQM Q7 JBHHB+?�`;2/ T�`iB+H2 r�b �#b2Mi- i?2 P?KB+ �M/ >�HH i2`K
H2/ iQ i?2 BM /BbbBT�iBQM r?B+? TQr2` i?2 T2`bBbi2Mi 2KBbbBQMX q2 ?�p2 b?QrM i?�i /2@
T2M/BM; QM i?2 ε p�Hm2b � bB;MB}+�Mi +?�M;2 Bb b22M BM i?2 #`�FBM; BM/2t Q7 J�;M2i�`X q2
?�p2 M2;H2+i2/ i?2 J�;M2iQ@i?2`K�H 2pQHmiBQM Q7 iBK2 +QMbi�MibX q2 �HbQ M2;H2+i2/ i?2
2z2+ib Q7 iQ`QB/�H +QKTQM2Mib- ;HBi+?2b- ~�`2b r?B+? rQmH/ #2 M2+2bb�`v 7Q` i?2 KQ`2 +QK@
TH2i2 KQ/2HBM;X h?2 #�bB+ T`BM+BTH2 Bb i?�i Q7 �//BM; χ.@aSS i2`K BM i?2 BM(t) 2pQHmiBQMX

h?2 B/2� Q7 aSS Q7 JBHHB+?�`;2/ T�`iB+H2b +�M #2 2ti2M/2/ iQ JBHHB@K�;M2iB+�HHv +?�`;2/
T�`iB+H2b UKJ*SVX q2 �`2 i`vBM; iQ }M/ i?2 2z2+i Q7 aSS Q7 KJ*Sb QM i?2 #`�FBM; BM@
/2t Q7 J�;M2i�` �M/ QM i?2 +QMiBMmQmb ;`�pBi�iBQM�H r�p2b T`Q/m+2/ 7`QK L2mi`QM bi�`X

AM i?Bb i?2bBb r2 ?�p2 b?QrM mbBM; i?2 qQ`H/HBM2 AMbi�MiQM 7Q`K�HBbK i?2 T`2pBQmbHv Q#@

8d



i�BM2/ `2bmHib 7Q` p�+mmK /2+�v `�i2 7Q` a+�H�` Z1. �M/ Z1. p�+mmKX q2 p2`B}2/ i?2
`2bmHib 7Q` x2`Q i2KT2`�im`2- +QMbi�Mi 1H2+i`B+ +�b2 �M/ +QMbi�Mi 1H2+i`B+ 6B2H/ T�`�HH2H iQ
J�;M2iB+ 6B2H/ +�b2 7Q` #Qi? b+�H�` �M/ aTBMQ`X

qQ`H/HBM2 7Q`K�HBbK ?�b �M 2�bv ;2M2`�HBx�iBQM iQ }MBi2 i2KT2`�im`2 +�b2X q2 p2`B}2/ i?2
T`2pBQmbHv Q#i�BM2/ `2bmHi 7Q` b+�H�` Z1. p�+mmK /2+�v `�i2 BM +QMbi�Mi 1H2+i`B+ }2H/ �i
}MBi2 i2KT2`�im`2 X q2 Q#i�BM2/ � M2r `2bmHi 7Q` b+�H�` Z1. BM +QMbi�Mi 1H2+i`B+ }2H/
T�`�HH2H iQ J�;M2iB+ }2H/ #�+F;`QmM/X h?Bb `2bmHi BM/22/ `2/m+2/ iQ Tm`2 2H2+i`B+ }2H/
`2bmHi mM/2` B = 0 HBKBiX q2 Q#i�BM2/ �M �M�HviB+�H 2tT`2bbBQM 7Q` aTBMQ` Z1. p�+mmK
/2+�v `�i2 �i MQM@x2`Q i2KT2`�im`2 BM Tm`2 1H2+i`B+ �M/ E ! B }2H/X

q2 ?�p2 �bbmK2/ � +QMbi�Mi 1H2+i`B+ }2H/ �M/ +QMbi�Mi E ! B }2H/ +QM};m`�iBQMX h?2`2
�`2 K�Mv r�vb QM2 +�M 2ti2M/ i?Bb `2bmHi iQ K�F2 i?2K T`�+iB+�HHv `2H2p�MiX Ai r�b b?QrM
�i x2`Q i2KT2`�im`2 i?�i BM?QKQ;2M2BiB2b BM 1H2+i`B+ �M/ J�;M2iB+ }2H/ +�M 2M?�M+2 T�B`
T`Q/m+iBQM `�i2X �M�HviB+�H 7Q`KmH� 7Q` i?2 BM?QKQ;2M2Qmb }2H/ +QM};m`�iBQM �i }MBi2
i2KT2`�im`2 rQmH/ #2 � i2bi Q7 r?2i?2` i?Bb 2M?�M+2K2Mi ?QH/b �i MQM@x2`Q i2KT2`�im`2X
*�H+mH�iBM; T�B` T`Q/m+iBQM `�i2b 7Q` bT�iB�H �M/ i2KTQ`�H BM?QKQ;2M2Qmb 2H2+i`B+ �M/
K�;M2iB+ }2H/ rQmH/ ;Bp2 mb � r�v iQ i2bi i?Bb MQM@T2`im`#�iBp2 T?2MQK2MQM �i 7mim`2
H�b2` 7�+BHBiB2bX AM Qm` +�H+mH�iBQM r2 ?�p2 K�/2 �M �bbmKTiBQM Q7 r2�F }2H/ �M/ r2�F +Qm@
THBM;X Ai rQmH/ #2 � i?2Q`2iB+�H +?�HH2M;2 iQ b22 r?2i?2` i?Bb 7Q`KmH� ?QH/b i`m2 7Q` bi`QM;
}2H/ HBF2 BM i?2 +�b2 Q7 x2`Q i2KT2`�im`2 �M/ ?Qr +�M QM2 �++QmMi 7Q` bi`QM; +QmTHBM; BM
i?2 7Q`K�HBbKX
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eXR JQ`b2 �M�HvbBb

AM i?Bb b2+iBQM- r2 rBHH b?Qr ?Qr i?2 7�+iQ` Q7 (−1)p �HbQ i2`K2/ �b JQ`b2 BM/2t Q7 i?2
+H�bbB+�H T�i? �TT2�`b BM i?2 T`2@2tTQM2MiB�H 7�+iQ`bX h?2 +�mbiB+ Bb /2}M2b �b � 2Mp2HQT2
Q7 i`�D2+iQ`B2b Q#i�BM2/ #v }tBM; xµ(0) �M/ p�`vBM; ẋµ(0)X � 7Q+�H TQBMi Q7 i?2 +H�bbB+�H
T�i? Bb /2}M2/ �b +QMi�+i TQBMi #2ir22M T�i? �M/ +�mbiB+ bm`7�+2X h?2 +`mt Q7 JQ`b2
i?2Q`v Bb i?�i i?2 MmK#2` Q7 M2;�iBp2 2B;2Mp�Hm2b Q7 i?2 b2+QM/ p�`B�iBQM QT2`�iQ` �#Qmi
i?2 ;Bp2M +H�bbB+�H T�i? 2[m�Hb i?2 MmK#2` Q7 7Q+�H TQBMib bi`B+iHv #2ir22M i?2 2M/ TQBMib
+QmMi2/ rBi? i?2B` KmHiBTHB+BivX h?Bb MmK#2` �bbB;Mb JQ`b2 AM/2t iQ T�i?X AM `2p2`b2- B7
r2 +�M }M/ i?2 JQ`b2 BM/2t Q7 i?2 T�i? i?2 MmK#2` Q7 M2;�iBp2 2B;2Mp�Hm2b +�M #2 2p�Hm@
�i2/X h?Bb BM7Q`K�iBQM Bb +`m+B�H �b Bi rBHH #2 /2i2`KBMBM; TQBMi iQ /BbiBM;mBb? #2ir22M irQ
}MBi2 i2KT2`�im`2 AMbi�MiQM bQHmiBQMX

AM T`�+iB+2- i?2 JQ`b2 BM/2t Bb /2i2`KBM2/ #v +�H+mH�iBM; i?2 MmK#2` Q7 iBK2b 2B;2Mp�H@
m2b Q7 K�i`Bt η p�MBb?2b bi`B+iHv #2ir22M i?2 2M/TQBMibX h?Bb rQmH/ ;Bp2 i?2 MmK#2` Q7
M2;�iBp2 2B;2Mp�Hm2b Q7 QT2`�iQ` LX AM Q`/2`- iQ +�H+mH�i2 iQi�H MmK#2` Q7 M2;�iBp2 2B;2M@
p�Hm2b Q7 M- r2 M22/ iQ i�F2 BMiQ �++QmMi i?2 2ti`� M2;�iBp2 2B;2Mp�Hm2 +QKBM; 7`QK i?2
MQM@HQ+�H T�`i Q7 2[XUkXNRVX �b r2 7QmM/ BM }MBi2 i2KT2`�im`2 +�b2 i?2 MQM@HQ+�H T�`i ;�p2
2ti`� M2;�iBp2 2B;2Mp�Hm2 QMHv 7Q` i?2 +�b2 Q7 H�`;2` T�i?b �M/ MQi 7Q` i?2 bK�HH2` T�i?X

h?2 η K�i`Bt r2 7QmM/ 7Q` i?2 +�b2 +QMbi�Mi 1H2+i`B+ }2H/ +�b2 ?�b 7QHHQrBM; 1B;2Mp�Hm2b,

[u,u, i(−1+ cos(ϑu)− isin(ϑu)),−i(−1+ cos(ϑu)+ isin(ϑu))] UeXRV

h?2 }`bi irQ 2B;2Mp�Hm2b rBHH MQi p�MBb? 7Q` 0 < u < 1X q?2M2p2` i?2 i?B`/ 2B;2Mp�Hm2
p�MBb?- 7Qm`i? QM2 rBHH iQQX aBM+2 7Q` i?2 i?B`/ 2B;2Mp�Hm2 iQ #2 x2`Q #Qi? `2�H �M/ BK�;@
BM�`v T�`i Kmbi p�MBb? bBKmHi�M2QmbHv- ?2M+2 K�FBM; 7Qm`i? 2B;2Mp�Hm2 iQ p�MBb?X h?2
i?B`/ 2B;2Mp�Hm2 Bb x2`Q 7Q` 7QHHQrBM; u p�Hm2b bi`B+iHv #2ir22M 0 �M/ 1X

u =
2nπ

2π(p+1)−θn
n ∈ 1,2, · · · , p UeXkV

>2M+2- i?2 MmK#2` Q7 M2;�iBp2 2B;2Mp�Hm2b 7Q` L �`2 2pX >2M+2- 7Q` i?2 H�`;2` T�i?b iQi�H
MmK#2` Q7 M2;�iBp2 2B;2Mp�Hm2b �`2 2p+ 1X Ai +�M 2�bBHv #2 b22M i?�i 7Q` bK�HH T�i?b iQi�H
MmK#2` Q7 M2;�iBp2 2B;2Mp�Hm2b rBHH #2 2p QMHv i?2 +QKBM; 7`QK K�i`Bt LX >2M+2- 7Q` i?2

eR



#Qi? T�i?b i?2 7�+iQ` Q7 e−i2π p/2 = (−1)p Kmbi #2 i�F2M BMiQ �++QmMi(jk)-(eN)X PM2 Kmbi
MQi2 i?�i 2p2M B7 i?2 JQ`b2 BM/2t 7Q` i?2 HQM;2` T�i? Bb 2p+ 1- i?2 +QMi`B#miBQM 7Q` i?2
2ti`� M2;�iBp2 2B;2Mp�Hm2 +QKBM; 7`QK MQM@HQ+�H T�`i Bb �H`2�/v �++QmMi2/ 7Q` #v i 7�+iQ`
BM i?2 T`2@2tTQM2MiB�H 7�+iQ`X 6Q` i?2 +�b2 Q7 +QMbi�Mi E ! B +�b2 i?2 +QM+HmbBQMb- �b K2M@
iBQM2/ �#Qp2- rBHH MQi +?�M;2X �b i?2 2ti`� 2B;2Mp�Hm2b �TT2�`BM; 7Q` i?Bb +�b2 rBHH MQi #2
x2`Q 2t+2Ti �i i?2 2M/TQBMib Q7 i?2 T�i?X

ek



"B#HBQ;`�T?v

(R) qX >2Bb2M#2`; �M/ >X 1mH2`X 6QH;2`mM;2M �mb /2` /B`�+b+?2M i?2Q`B2 /2b TQbBi`QMbX
w2Bib+?`B7i 7Ƀ` S?vbBF- N3URRV,dR9Ĝdjk- LQp RNjeX

(k) CmHB�M a+?rBM;2`X PM ;�m;2 BMp�`B�M+2 �M/ p�+mmK TQH�`Bx�iBQMX S?vbX _2pX- 3k,ee9Ĝ
edN- CmM RN8RX

(j) :1_�G. oX .lLL1X h?2 ?2Bb2M#2`;Ĝ2mH2` 2z2+iBp2 �+iBQM, d8 v2�`b QMX AMi2`M�@
iBQM�H CQm`M�H Q7 JQ/2`M S?vbB+b �- kdUR8V,Rkeyyy9- kyRkX

(9) aX qX >�rFBM;X "H�+F ?QH2 2tTHQbBQMbX L�im`2- k93,jyĜjR- RNd9X

(8) G2QM�`/ S�`F2`X Zm�MiBx2/ }2H/b �M/ T�`iB+H2 +`2�iBQM BM 2tT�M/BM; mMBp2`b2bX BX
S?vbX _2pX- R3j,Ry8dĜRye3- CmH RNeNX

(e) �X *�b?2`- >X L2m#2`;2`- �M/ aX LmbbBMQpX *?`QKQ2H2+i`B+@~mt@im#2 KQ/2H Q7 T�`iB+H2
T`Q/m+iBQMX S?vbX _2pX .- ky,RdNĜR33- CmH RNdNX

(d) .KBi`B E?�`x22p �M/ EB`BHH hm+?BMX 6`QK +QHQ` ;H�bb +QM/2Mb�i2 iQ [m�`FĜ;HmQM
TH�bK� i?`Qm;? i?2 2p2Mi ?Q`BxQMX Lm+H2�` S?vbB+b �- d8jUjV,jRe Ĝ jj9- kyy8X

(3) �X .B SB�xx�- *X JmHH2`- EX wX >�ib�;Q`ibv�M- �M/ *X >X E2Bi2HX 1ti`2K2Hv ?B;?@
BMi2MbBiv H�b2` BMi2`�+iBQMb rBi? 7mM/�K2Mi�H [m�MimK bvbi2KbX _2pX JQ/X S?vbX-
39,RRdd- kyRkX

(N) :X oX .mMM2X L2r bi`QM;@}2H/ [2/ 2z2+ib �i 2ti`2K2 HB;?i BM7`�bi`m+im`2X h?2 1m`Q@
T2�M S?vbB+�H CQm`M�H .- 88UkV,jkd- 62# kyyNX

(Ry) 1X "`2xBM �M/ *X AixvFbQMX S�B` T`Q/m+iBQM BM p�+mmK #v �M �Hi2`M�iBM; }2H/X S?vbX
_2pX .- k,RRNRĜRRNN- P+i RNdyX

(RR) CQ�FBK >�HHBM �M/ S2` GBHD2M#2`;X 62`KBQMB+ �M/ #QbQMB+ T�B` +`2�iBQM BM �M 2ti2`M�H
2H2+i`B+ }2H/ �i }MBi2 i2KT2`�im`2 mbBM; i?2 7mM+iBQM�H b+?`ƺ/BM;2` `2T`2b2Mi�iBQMX
S?vbX _2pX .- 8k,RR8yĜRRe9- CmH RNN8X

(Rk) >XJX 6`B2/ �M/ _XSX qQQ/�`/X h?2 QM2 HQQT 2z2+iBp2 �+iBQM Q7 [2/ 7Q` � ;2M2`�H +H�bb
Q7 2H2+i`B+ }2H/bX S?vbB+b G2ii2`b "- 8k9URV,kjj Ĝ kjN- kyykX

ej



(Rj) CX �p�M- >X JX 6`B2/- �M/ uX :�#2HHBMBX LQMi`BpB�H ;2M2`�HBx�iBQMb Q7 i?2 b+?rBM;2`
T�B` T`Q/m+iBQM `2bmHiX S?vbX _2pX .- ed,yReyyj- C�M kyyjX

(R9) aX �X aKQHv�MbFv- :X _QTF2- aX JX a+?KB/i- .X "H�b+?F2- oX .X hQM22p- �M/ �X oX
S`QxQ`F2pB+?X .vM�KB+�H /2`Bp�iBQM Q7 � [m�MimK FBM2iB+ 2[m�iBQM 7Q` T�`iB+H2 T`Q@
/m+iBQM BM i?2 a+?rBM;2` K2+?�MBbKX RNNdX

(R8) aX JX a+?KB/i- .X "H�b+?F2- :X _QTF2- aX �X aKQHv�MbFv- �X oX S`QxQ`F2pB+?- �M/
oX .X hQM22pX � Zm�MimK FBM2iB+ 2[m�iBQM 7Q` T�`iB+H2 T`Q/m+iBQM BM i?2 a+?rBM;2`
K2+?�MBbKX AMiX CX JQ/X S?vbX- 1d,dyNĜdkk- RNN3X

(Re) :2`�H/ oX .mMM2 �M/ *?`BbiB�M a+?m#2`iX qQ`H/HBM2 BMbi�MiQMb �M/ T�B` T`Q/m+iBQM
BM BM?QKQ;2MQmb }2H/bX S?vbX _2pX .- dk,Ry8yy9- LQp kyy8X

(Rd) a�M; SvQ EBK �M/ .QM LX S�;2X a+?rBM;2` T�B` T`Q/m+iBQM BM 2H2+i`B+ �M/ K�;M2iB+
}2H/bX S?vbX _2pX .- dj,ye8yky- J�` kyyeX

(R3) :2`�H/ oX .mMM2 �M/ h?2Q/Q`2 JX >�HHX "Q`2H bmKK�iBQM Q7 i?2 /2`Bp�iBp2 2tT�MbBQM
�M/ 2z2+iBp2 �+iBQMbX S?vbX _2pX .- ey,ye8yyk- �m; RNNNX

(RN) >QH;2` :B2b �M/ EH�mb EHBM;KmHH2`X S�B` T`Q/m+iBQM BM BM?QKQ;2M2Qmb }2H/bX S?vbX
_2pX- .dk,ye8yyR- kyy8X

(ky) a�M; SvQ EBK- >vmM Evm G22- �M/ uQM;bmM; uQQMX 1z2+iBp2 �+iBQM Q7 [2/ BM 2H2+i`B+
}2H/ #�+F;`QmM/bX S?vbX _2pX .- d3,Ry8yRj- LQp kyy3X

(kR) q�Hi2` .Bii`B+?X 1z2+iBp2 H�;`�M;B�Mb �i }MBi2 i2KT2`�im`2X S?vbX _2pX .- RN,kj38Ĝ
kjNy- �T` RNdNX

(kk) JX GQ2r2 �M/ CX *X _QD�bX h?2`K�H 2z2+ib �M/ i?2 2z2+iBp2 �+iBQM Q7 [m�MimK 2H2+@
i`Q/vM�KB+bX S?vbX _2pX .- 9e,ke3NĜkeN9- a2T RNNkX

(kj) S2` 1HK7Q`b �M/ "Q@aim`2 aF�;2`bi�KX 1H2+i`QK�;M2iB+ }2H/b BM � i?2`K�H #�+F@
;`QmM/X S?vbB+b G2ii2`b "- j93URV,R9R Ĝ R93- RNN8X

(k9) �pBDBi EX :�M;mHv- S`2/?BK�M EX E�r- �M/ CBi2M/`� *X S�`BF?X h?2`K�H imMM2HBM; Q7
[[Ɖ T�B`b BM �@� +QHHBbBQMbX S?vbX _2pX *- 8R,kyNRĜkyN9- �T` RNN8X

(k8) >QH;2` :B2bX Z2/ 2z2+iBp2 �+iBQM �i }MBi2 i2KT2`�im`2X S?vbX _2pX .- ey,Ry8yyk- P+i
RNNNX

(ke) a�M; SvQ EBK- >vmM Evm G22- �M/ uQM;bmM; uQQMX LQMT2`im`#�iBp2 Z1. 1z2+iBp2
�+iBQM �i 6BMBi2 h2KT2`�im`2X S?vbX _2pX- .3k,yk8yRe- kyRyX

(kd) G2�M/`Q J2/BM� �M/ JB+?�2H *X P;BHpB2X a+?rBM;2` T�B` T`Q/m+iBQM �i }MBi2 i2KT2`�@
im`2X S?vbX _2pX .- N8,y8eyye- J�` kyRdX

e9



(k3) PHBp2` :QmH/ �M/ �`iim _�D�MiB2X h?2`K�H b+?rBM;2` T�B` T`Q/m+iBQM �i �`#Bi`�`v
+QmTHBM;X S?vbX _2pX .- Ne,ydeyyk- P+i kyRdX

(kN) wpB "2`M �M/ .�pB/ �X EQbQr2`X h?2 +QKTmi�iBQM Q7 HQQT �KTHBim/2b BM ;�m;2 i?2Q@
`B2bX Lm+H2�` S?vbB+b "- jdNUjV,98R Ĝ 8eR- RNNkX

(jy) J�ii?2r CX ai`�bbH2`X 6B2H/ i?2Q`v rBi?Qmi 72vMK�M /B�;`�Kb, PM2@HQQT 2z2+iBp2
�+iBQMbX Lm+H2�` S?vbB+b "- j38URV,R98 Ĝ R39- RNNkX

(jR) A�M EX �|2+F- P`H�M/Q �Hp�`2x- �M/ LB+?QH�b aX J�MiQMX S�B` T`Q/m+iBQM �i bi`QM;
+QmTHBM; BM r2�F 2ti2`M�H }2H/bX Lm+H2�` S?vbB+b "- RNdUjV,8yN Ĝ 8RN- RN3kX

(jk) :2`�H/ oX .mMM2- ZBM;@?�B q�M;- >QH;2` :B2b- �M/ *?`BbiB�M a+?m#2`iX qQ`H/HBM2
BMbi�MiQMbX AAX h?2 6Hm+im�iBQM T`27�+iQ`X S?vbX _2pX- .dj,ye8yk3- kyyeX

(jj) 6X wrB+FvX .B2 _Qip2`b+?B2#mM; pQM 2ti`�;�H�FiBb+?2M L2#2HMX >2Hp2iB+� S?vbB+�
�+i�- e,RRyĜRkd- RNjjX

(j9) oX *X _m#BM- LX h?QMM�`/- �M/ qX EX 6Q`/- C`X 1ti2M/2/ `Qi�iBQM +m`p2b Q7 ?B;?@
HmKBMQbBiv bTB`�H ;�H�tB2bX Ao @ avbi2K�iB+ /vM�KB+�H T`QT2`iB2b- a� i?`Qm;? a*X �TDH-
kk8,GRydĜGRRR- LQp2K#2` RNd3X

(j8) CX SX Pbi`BF2` �M/ SX CX 1X S22#H2bX � LmK2`B+�H aim/v Q7 i?2 ai�#BHBiv Q7 6H�ii2M2/
:�H�tB2b, Q`- +�M *QH/ :�H�tB2b am`pBp2\ �TD- R3e,9edĜ93y- .2+2K#2` RNdjX

(je) .X 6�#`B+�Mi- JX G2+�`- �M/ SX :Q`2Mbi2BMX s@`�v K2�bm`2K2Mib Q7 i?2 K�bb Q7 J3dX
�TD- k9R,88kĜ8ey- P+iQ#2` RN3yX

(jd) _B+?�`/ J�bb2v- h?QK�b EBi+?BM;- �M/ CQ?�M _B+?�`/X h?2 /�`F K�ii2` Q7 ;`�pBi�@
iBQM�H H2MbBM;X _2TiX S`Q;X S?vbX- dj,y3eNyR- kyRyX

(j3) CQ2H _X S`BK�+FX .�`F K�ii2` �M/ bi`m+im`2 7Q`K�iBQMX AM JB/`�b?� J�i?2K�iB+�2
BM C2`mb�H2K, qBMi2` a+?QQH BM .vM�KB+�H avbi2Kb C2`mb�H2K- Ab`�2H- C�Mm�`v Rk@Rd-
RNNd- RNNdX

(jN) E�`bi2M C2/�KxBF �M/ J�tBK SQbT2HQpX "B; "�M; Lm+H2QbvMi?2bBb �M/ S�`iB+H2 .�`F
J�ii2`X L2r CX S?vbX- RR,Ry8yk3- kyyNX

(9y) JX JBH;`QKX � KQ/B}+�iBQM Q7 i?2 L2riQMB�M /vM�KB+b �b � TQbbB#H2 �Hi2`M�iBp2 iQ
i?2 ?B//2M K�bb ?vTQi?2bBbX �TD- kdy,je8Ĝjdy- CmHv RN3jX

(9R) C�+Q# .X "2F2Mbi2BMX _2H�iBpBbiB+ ;`�pBi�iBQM i?2Q`v 7Q` i?2 JPL. T�`�/B;KX S?vbX
_2pX- .dy,y3j8yN- kyy9X (1``�imK, S?vbX _2pX.dR-yeNNyRUkyy8V)X

(9k) CX 1X 62Hi2MX JBH;`QKǶb `2pBbBQM Q7 L2riQMǶb H�rb @ .vM�KB+�H �M/ +QbKQHQ;B+�H +QM@
b2[m2M+2bX �TD- k3e,jĜe- LQp2K#2` RN39X

e8



(9j) "X S�+xvMbFBX :`�pBi�iBQM�H KB+`QH2MbBM; #v i?2 ;�H�+iB+ ?�HQX �TD- jy9,RĜ8- J�v
RN3eX

(99) *X �H+Q+F 2i �HX h?2 J�*>P T`QD2+i, JB+`QH2MbBM; `2bmHib 7`QK 8Xd v2�`b Q7 GJ*
Q#b2`p�iBQMbX �bi`QT?vbX CX- 89k,k3RĜjyd- kyyyX

(98) "X CX *�``- E�xmMQ`B EQ?`B- ummBiB a2M/Qm/�- �M/ CmMǶB+?B uQFQv�K�X L2r +QbKQHQ;@
B+�H +QMbi`�BMib QM T`BKQ`/B�H #H�+F ?QH2bX S?vbX _2pX- .3R,Ry9yRN- kyRyX

(9e) "2`M�`/ *�``- 6HQ`B�M Em?M2H- �M/ J�`Bi a�M/bi�/X S`BKQ`/B�H "H�+F >QH2b �b .�`F
J�ii2`X S?vbX _2pX- .N9U3V,y3j8y9- kyReX

(9d) EX LX �#�x�DB�M 2i �HX GB;?i ai2`BH2 L2mi`BMQb, � q?Bi2 S�T2`X kyRkX

(93) �H2t2v "Qv�`bFv- PH2; _m+?�vbFBv- �M/ JBF?�BH a?�TQb?MBFQpX h?2 _QH2 Q7 bi2`BH2
M2mi`BMQb BM +QbKQHQ;v �M/ �bi`QT?vbB+bX �MMX _2pX Lm+HX S�`iX a+BX- 8N,RNRĜkR9-
kyyNX

(9N) h2`2b� J�``Q/�M lM/�;QBiB� �M/ Gm/rB; _�m+?X .�`F K�ii2` /B`2+i@/2i2+iBQM 2tT2`B@
K2MibX CX S?vbX- :9jURV,yRjyyR- kyReX

(8y) G2bx2F _QbxFQrbFB- 1M`B+Q J�`B� a2bbQHQ- �M/ a2#�biB�M h`QD�MQrbFBX qAJS /�`F
K�ii2` +�M/B/�i2b �M/ b2�`+?2b @ +m``2Mi Bbbm2b �M/ 7mim`2 T`QbT2+ibX kyRdX

(8R) o�/BK EmxKBM �M/ A;Q` hF�+?2pX lHi`�?B;?@2M2`;v +QbKB+ `�vb- bmT2`?2�pv HQM;
HBpBM; T�`iB+H2b- �M/ K�ii2` +`2�iBQM �7i2` BM~�iBQMX C1hS G2iiX- e3,kdRĜkd8- RNN3X
(SBbK� w?X 1FbTX h2Q`X 6BxXe3-k88URNN3V)X

(8k) .�MB2H CX >X *?mM;- 1/r�`/ qX EQH#- �M/ �MiQMBQ _BQiiQX amT2`?2�pv /�`F K�ii2`X
S?vbX _2pX- .8N,ykj8yR- RNNNX

(8j) 6mM/�K2Mi�H S?vbB+b �i i?2 AMi2MbBiv 6`QMiB2`- kyRkX

(89) CQ2`; C�2+F2H �M/ �M/`2�b _BM;r�H/X h?2 GQr@1M2`;v 6`QMiB2` Q7 S�`iB+H2 S?vbB+bX
�MMX _2pX Lm+HX S�`iX a+BX- ey,9y8Ĝ9jd- kyRyX

(88) "Q# >QH/QKX a2�`+?BM; 7Q` ε *?�`;2b �M/ � L2r lURVX S?vbX G2iiX- "Rd3,e8Ĝdy-
RN3eX

(8e) aX �X �#2H �M/ "X qX a+?Q}2H/X "`�M2 �MiB@#`�M2 FBM2iB+ KBtBM;- KBHHB+?�`;2/ T�`iB@
+H2b �M/ alau #`2�FBM;X Lm+HX S?vbX- "e38,R8yĜRdy- kyy9X

(8d) aX �X �#2H- JX .X :QQ/b2HH- CX C�2+F2H- oX oX E?Qx2- �M/ �X _BM;r�H/X EBM2iB+ JBt@
BM; Q7 i?2 S?QiQM rBi? >B//2M lURVb BM ai`BM; S?2MQK2MQHQ;vX C>1S- yd,Rk9- kyy3X

(83) :X �H/�x�#�H- GmBb 1X A#�M2x- 6X Zm2p2/Q- �M/ �X JX l`�M;�X .@#`�M2b �i bBM;mH�`@
BiB2b, � "QiiQK mT �TT`Q�+? iQ i?2 bi`BM; 2K#2//BM; Q7 i?2 bi�M/�`/ KQ/2HX C>1S-
y3,yyk- kyyyX

ee



(8N) "`B�M "�i2HH �M/ hQMv :?2`;?2ii�X GQ+�HBx2/ lURV ;�m;2 }2H/b- KBHHB+?�`;2/ T�`iB+H2b-
�M/ ?QHQ;`�T?vX S?vbX _2pX- .dj,y98yRe- kyyeX

(ey) 1X w�p�iiBMB 2i �HX 1tT2`BK2Mi�H Q#b2`p�iBQM Q7 QTiB+�H `Qi�iBQM ;2M2`�i2/ BM p�+@
mmK #v � K�;M2iB+ }2H/X S?vbX _2pX G2iiX- Ne,RRy9ye- kyyeX (1``�imK, S?vbX _2pX
G2iiXNN-RkNNyRUkyydV)X

(eR) *?`BbiB�M a+?m#2`iX S2`im`#�iBp2 [m�MimK }2H/ i?2Q`v BM i?2 bi`BM; BMbTB`2/ 7Q`K�H@
BbKX S?vbX _2TiX- j88,djĜkj9- kyyRX

(ek) A�M EX �|2+F- P`H�M/Q �Hp�`2x- �M/ LB+?QH�b aX J�MiQMX S�B` T`Q/m+iBQM �i bi`QM;
+QmTHBM; BM r2�F 2ti2`M�H }2H/bX Lm+H2�` S?vbB+b "- RNdUjV,8yN Ĝ 8RN- RN3kX

(ej) _2KQ _m{MB- :`2;Q`v o2`2b?+?�;BM- �M/ a?2@a?2M; sm2X 1H2+i`QM@TQbBi`QM T�B`b BM
T?vbB+b �M/ �bi`QT?vbB+b, 7`QK ?2�pv Mm+H2B iQ #H�+F ?QH2bX S?vbX _2TiX- 93d,RĜR9y-
kyRyX

(e9) AX aX :`�/b?i2vM �M/ AX JX _vx?BFX h�#H2 Q7 BMi2;`�Hb- b2`B2b- �M/ T`Q/m+ibX 1Hb2@
pB2`f�+�/2KB+ S`2bb- �Kbi2`/�K- b2p2Mi? 2/BiBQM- kyydX h`�MbH�i2/ 7`QK i?2 _mb@
bB�M- h`�MbH�iBQM 2/Bi2/ �M/ rBi? � T`27�+2 #v �H�M C2z`2v �M/ .�MB2H wrBHHBM;2`-
qBi? QM2 *.@_PJ UqBM/Qrb- J�+BMiQb? �M/ lLAsVX

(e8) *m`iBb :X *�HH�M �M/ aB/M2v *QH2K�MX 6�i2 Q7 i?2 7�Hb2 p�+mmKX BBX }`bi [m�MimK
+Q``2+iBQMbX S?vbX _2pX .- Re,RdekĜRde3- a2T RNddX

(ee) CmHB�M a+?rBM;2`X PM ;�m;2 BMp�`B�M+2 �M/ p�+mmK TQH�`Bx�iBQMX S?vbX _2pX- 3k,ee9Ĝ
edN- CmM RN8RX

(ed) .X :X *X J+E2QM �M/ �X _2#?�MX h?2`K�H ;`22MǶb 7mM+iBQMb 7`QK [m�MimK@
K2+?�MB+�H T�i? BMi2;`�HbX S?vbX _2pX .- 9d,893dĜ89Nj- CmM RNNjX

(e3) 1`B+F CX q2BM#2`;X *H�bbB+�H bQHmiBQMb BM [m�MimK }2H/ i?2Q`vX *�K#`B/;2 JQMQ@
;`�T?b QM J�i?2K�iB+�H S?vbB+bX *�K#`B/;2 lMBp2`bBiv S`2bb- kyR8X

(eN) a G2pBi �M/ l aKBH�MbFvX � M2r �TT`Q�+? iQ ;�mbbB�M T�i? BMi2;`�Hb �M/ i?2 2p�Hm�@
iBQM Q7 i?2 b2KB+H�bbB+�H T`QT�;�iQ`X �MM�Hb Q7 S?vbB+b- RyjURV,RN3 Ĝ kyd- RNddX

(dy) a�M; SvQ EBK �M/ .QM LX S�;2X a+?rBM;2` T�B` T`Q/m+iBQM pB� BMbi�MiQMb BM �
bi`QM; 2H2+i`B+ }2H/X S?vbX _2pX- .e8,Ry8yyk- kyykX

(dR) aX .�pB/bQM- "X *�KT#2HH- �M/ .X "�BH2vX GBKBib QM T�`iB+H2b Q7 bK�HH 2H2+i`B+ +?�`;2X
S?vbX _2pX .- 9j,kjR9ĜkjkR- �T` RNNRX

(dk) �X �X S`BMx 2i �HX a2�`+? 7Q` KBHHB+?�`;2/ T�`iB+H2b �i aG�*X S?vbX _2pX G2iiX-
3R,RRd8ĜRRd3- RNN3X

ed



(dj) �X "�/2`ib+?2`- SX *`Bp2HHB- qX 62ib+?2`- lX :2M/QiiB- aX :MBM2MFQ- oX SQbiQ2p-
�X _m##B�- oX a�KQvH2MFQ- �M/ .X aBHHQmX �M AKT`Qp2/ GBKBi QM AMpBbB#H2 .2+�vb
Q7 SQbBi`QMBmKX S?vbX _2pX- .d8,yjkyy9- kyydX

(d9) a�+?� .�pB/bQM- ai22M >�MM2bi�/- �M/ :2Q`; _�z2HiX lT/�i2/ #QmM/b QM KBH@
HB+?�`;2/ T�`iB+H2bX C>1S- y8,yyj- kyyyX

(d8) a�+?� .�pB/bQM �M/ JB+?�2H S2bFBMX �bi`QT?vbB+�H #QmM/b QM KBHHB+?�`;2/ T�`iB+H2b
BM KQ/2Hb rBi? � T�`�T?QiQMX S?vbX _2pX .- 9N,kRR9ĜkRRd- 62# RNN9X

(de) 1/m�`/ J�bbQ �M/ C�pB2` _2/QM/QX *QKT�iB#BHBiv Q7 *�ah b2�`+? rBi? �tBQM@HBF2
BMi2`T`2i�iBQM Q7 SoG�a `2bmHibX S?vbX _2pX G2iiX- Nd,R8R3yk- kyyeX

(dd) ai2p2M �X �#2H- CQ2`; C�2+F2H- o�H2MiBM oX E?Qx2- �M/ �M/`2�b _BM;r�H/X AHHmKBM�i@
BM; i?2 >B//2M a2+iQ` Q7 ai`BM; h?2Q`v #v a?BMBM; GB;?i i?`Qm;? � J�;M2iB+ 6B2H/X
S?vbX G2iiX- "eee,eeĜdy- kyy3X

(d3) qX "��/2 �M/ 6X wrB+FvX *QbKB+ `�vb 7`QK bmT2`@MQp�2X S`Q+22/BM;b Q7 i?2 L�iBQM�H
�+�/2Kv Q7 a+B2M+2b- kyU8V,k8NĜkej- RNj9X

(dN) qX "��/2 �M/ 6X wrB+FvX PM bmT2`@MQp�2X S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7
a+B2M+2b- kyU8V,k89Ĝk8N- RNj9X

(3y) _X *X .mM+�M �M/ *X h?QKTbQMX 6Q`K�iBQM Q7 p2`v bi`QM;Hv K�;M2iBx2/ M2mi`QM
bi�`b @ AKTHB+�iBQMb 7Q` ;�KK�@`�v #m`bibX �TDH- jNk,GNĜGRj- CmM2 RNNkX

(3R) SX :QH/`2B+? �M/ qX >X CmHB�MX SmHb�` 1H2+i`Q/vM�KB+bX �TD- R8d,3eN- �m;mbi RNeNX

(3k) .X _X GQ`BK2` �M/ JX E`�K2`X >�M/#QQF Q7 SmHb�` �bi`QMQKvX P+iQ#2` kyRkX

(3j) �HB+2 EX >�`/BM; �M/ �H2t�M/2` :X JmbHBKQpX S�`iB+H2 �++2H2`�iBQM xQM2b �#Qp2 TmH@
b�` TQH�` +�Tb, 2H2+i`QM �M/ TQbBi`QM T�B` 7Q`K�iBQM 7`QMibX �bi`QT?vbX CX- 8y3,jk3-
RNN3X

(39) :1_�G. oX .lLL1X >1Aa1L"1_: 1lG1_ 1661*hAo1 G�:_�L:A�La, "�@
aA*a �L. 1sh1LaAPLa- T�;2b 998Ĝ8kkX qP_G. a*A1LhA6A*- kyRkX

(38) a�M; SvQ EBK �M/ .QM LX S�;2X a+?rBM;2` T�B` T`Q/m+iBQM BM 2H2+i`B+ �M/ K�;M2iB+
}2H/bX S?vbX _2pX .- dj,ye8yky- J�` kyyeX

(3e) aX �X PH�mb2M �M/ oX JX E�bTBX h?2 K+;BHH K�;M2i�` +�i�HQ;X h?2 �bi`QT?vbB+�H
CQm`M�H amTTH2K2Mi a2`B2b- kRkURV,e- kyR9X

(3d) oX AX _BimbX 1z2+iBp2 G�;`�M;2 7mM+iBQM Q7 BMi2Mb2 2H2+i`QK�;M2iB+ }2H/ BM Z1.X AM
6`QMiB2` i2bib Q7 Z1. �M/ T?vbB+b Q7 i?2 p�+mmKX S`Q+22/BM;b- qQ`Fb?QT- a�M/�MbFv-
"mH;�`B�- CmM2 N@R8- RNN3- T�;2b RRĜk3- RNN3X

e3



(33) SX :QH/`2B+? �M/ �X _2Bb2M2;;2`X J�;M2iB+ }2H/ /2+�v BM BbQH�i2/ M2mi`QM bi�`bX �TD-
jN8,k8yĜk83- �m;mbi RNNkX

(3N) EX :H�KT2/�FBb- .X AX CQM2b- �M/ GX a�Km2HbbQMX �K#BTQH�` /BzmbBQM BM bmT2`~mB/
M2mi`QM bi�`bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9RjUjV,kykRĜkyjy-
kyRRX

(Ny) .2#Q`�? LX �;mBH2`�- CQb2 �X SQMb- �M/ Cm�M �X JB`�HH2bX k. *QQHBM; Q7 J�;M2iBx2/
L2mi`QM ai�`bX �bi`QMX �bi`QT?vbX- 93e,k88ĜkdR- kyy3X

eN
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