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Abstract

This thesis explores the existence of higher-derivative theories beyond the Lanczos-Lovelock
models of gravity which are ghost-free in arbitrary backgrounds by having a second-order
equation of motion (which we shall refer to as ‘Lovelockian’). First, we review the instabilities
associated with generic higher-derivative theories of gravity and show that the Lanczos-
Lovelock models constitute the unique class of theories with polynomial contractions of the
curvature tensor with a second-order equation of motion. Next, we investigate the case of
Abelian gauge fields non-minimally coupled to gravity and demonstrate that there exists
theories at arbitrary order in derivatives (and arbitrary form degree of the Abelian gauge
field) which are Lovelockian. Furthermore, we analyze the flat-space expansion of theories
involving covariant derivatives of the curvature tensor, thereby providing justification for
a key assumption underlying an important result in the field. We conclude with a brief
overview of the recently proposed Generalized Quasi-Topological theories of gravity — which
propagate just the graviton mode in maximally symmetric backgrounds and discuss some of

the remarkable properties of these theories.

x1



xii



Contents

[Abstract]

(1 Stability of higher-derivative theories

[1.1  Ostrogradsky Instability] . . . . .

(1.2 Counting derivatives . . . .. ..

(1.4  Equation of motion vs. Linearized equation of motion| . . . . . . . . . . . ..

(1.4.1  Order of equation of motion| . . . . . . . . . . .. ... ... .....

[1.4.2  Order of linearized equation of motion| . . . . . . . . . ... ... ..

(.5 Further discussion on f(R) theories| . . . . . . . .. ... .. ... .. ....

(1.5.1 Equation of motion| . . . .

xi

14

14

15

17

17

18

23

27



[2.3.1 Equation of motion of Lovelock theories| . . . . . .. ... ... ...

[2.4  Uniqueness ot Lanczos-Lovelock Lagrangians| . . . . . . ... ... ... ...

[3 Beyond Lovelock theories|

[3.1 I-form gauge field| . . . . . . . . ...

[3.1.2  Equation of motion| . . . . . .. ... oL

[3.1.3 At arbitrary order in derivatives . . . . . . . . . . ... ... L.

[3.2  2-form gauge field| . . . . . ...

[3.3  n-form gauge field|. . . . . . ..o

8.4.1 Notationl . . . . . . . . . .

13.4.3 LA(1) Lagrangians in differential forms| . . . . . . .. ... ... ...

3.4.4 LA(n) Lagrangians in differential forms| . . . . . . ... ... ... ..

(3.4.5  List of Lovelock and LA(1) top-forms upto 6D . . . . . . . ... ...

[3.5.1 T'heories with a single covariant derivative of curvature tensor| . . . .

[3.5.2  Zumino property| . . . . . . ...

[3.5.3  Generalized Zumino property| . . . . . .. .. ...

(3.5.4  Analysis of (VF)" theories|. . . . . .. ... ... ... ...

[4  Generalized Quasi-Topological gravities — A Brief Overview|

[4.1 Einsteinian cubic gravity| . . . . . . . . ...

4.2 Generalized Quasi-Topological gravities| . . . . . . . . ... . ... ... ...

Xiv

41

42

42

47

49

52

58

59

59

60

61

62

62

68

68

72

75

78

81



(4.3 Classitying theories| . . . . . . . . . . . . . .. 87

[4.3.1 Einsteinian on maximally symmetric backgrounds| . . . . . . . . . .. 87
[4.3.2  Non-Einsteinian on maximally symmetric backgrounds| . . . . . . . . 88
M.3.3  Admits VoSS solutions . . . . . . . ..o oo 88
[> Appendix| 89

XV



Xvi



Introduction

The Einstein-Hilbert action leads to second-order coupled differential equations famously
known as the Einstein’s field equations. Although it has been successfully verified in wide
contexts, it is non-renormalizable — it takes an infinite number of counter-terms to absorb
ultraviolet divergences. This suggests that the Einstein—Hilbert action is likely only an ef-
fective description of gravity valid at low energies. To alleviate this problem, early works
[1-3] explored the scope of ‘higher-derivative theories of gravity’ in improving the ultraviolet
behaviour of gravitational interactions. These theories extend the Einstein-Hilbert action by
including additional terms involving higher powers of curvature invariants — such as R*' R,,,,
R? — and higher derivatives of the metric. Furthermore, higher-derivative terms arise from
quantum corrections in any ultraviolet complete theory of quantum gravity such as string
theory. Thus, the study of higher-derivative theories of gravity offers a promising avenue for

bridging the gap between classical and quantum descriptions of gravity.

Since these theories have a higher-derivative equation of motion, they generically suffer
from a number of instabilities and pathologies. These include the presence of ghost modes
— additional modes whose kinetic terms have the wrong sign, Ostrogradsky instability [4] ,
ill-defined initial value problem and possible violations of causality |5, 6]. Hence, it becomes
pertinent to investigate if there exists any ‘consistent’ theories which can avoid these prob-

lems.

As early as 1971, Lovelock [7] demonstrated that there exists a class of higher-derivative
theories at each curvature order — which subsequently came to known as the Lanczos-Lovelock
models of gravity — which have a second-order equation of motion, and hence they do not

suffer from the issues of having ghost modes or the Ostrogradsky instability. These theories



have a topological origin, related to the Euler characteristic of the manifold. Subsequently,
in 1976, Horndeski [8] put forward a model in four dimensions with the electromagnetic
field strength non-minimally coupled to gravity which also have a second-order equation of
motion. Recently, these theories have served as an interesting playground to understand the
role of higher-derivative terms in black hole thermodynamics, cosmology and astrophysical
phenomena. More recent works aim at finding new theories by requiring ghost-free behaviour
in certain specific backgrounds or by imposing that they admit specific spherically symmet-
ric solutions. This include the Einsteinian cubic gravity which is the unique theory in four
dimensions which is ghost-free in maximally symmetric backgrounds. Subsequently, a new
class of theories known as Generalized Quasi-Topological theories [9H12| was proposed — en-

capsulating the Lanczos-Lovelock theories as a special subset of this broader class.

The outline of the thesis is as follows: In Chapter [I| we study in detail the presence of
ghost modes in higher-derivative theories and demonstrate it with some examples. Subse-
quently, we shall discuss the Ostrogradsky instability which plagues such theories. Further,
we will look into the freedom of field redefinitions in an effective field theory of gravity.

In Chapter [2| we will discuss the structure of generic Lagrangians composed of contractions
of curvature tensor with the metric. With this insight, we shall construct the Lanczos-
Lovelock theories and provide a proof for the uniqueness of these models along with some
key observations which are omitted in the literature.

In Chapter 3, we aim to investigate if theories with an Abelian gauge field coupled to gravity
could be Lovelockian. We put forward a novel class of Lovelockian theories — at arbitrary or-
der in derivatives — for any form degree of the Abelian gauge field and recover the well-known
‘Horndeski gravity’ as a special case. Subsequently, we turn our attention to theories with
covariant derivatives of the curvature tensor and highlight the problems associated in the
effort to see whether such theories can have a second-order equation of motion. We provide
strong support to a previous work by analyzing the leading contribution of the flat-space
expansion of these theories.

In Chapter 4 we provide an overview of the recently proposed Generalized Quasi-Topological
theories of gravity and look into some of their interesting properties which calls for further

investigation of these models.



Chapter 1
Stability of higher-derivative theories

In this chapter, we will formally introduce higher-derivative theories of gravity and underline
the motivation behind studying such theories. Next, we will perform a detailed review of the
instabilities and pathologies associated with generic higher-derivative theories as commonly
mentioned in the literature. This chapter forms the foundation for all of the subsequent

discussion in the thesis.

1.1 Ostrogradsky Instability

Ostrogradsky instability ([4]) is the statement that there is a linear instability in the Hamil-
tonian associated with a Lagrangian which depend upon more than one time derivative such

that the higher derivatives cannot be eliminated by partial integration.

First, let us analyze a more familiar class of theories which just depend on a single time
derivative of a dynamical variable, i.e, it has the form L = L(q, ). Hence, the variation of

the action is given by,



Since at the end-points, dg = 0, the total derivative term vanishes. Now let us look at the

coefficient of d¢ in the second term,

oL 0%L 0%L
— | = il y 1.2
o <aq) 93031 " 9qq" (1.2)

Note that, only if the first term is non-zero, we would have a second-order equation of motion.

This is known as the ‘non-degeneracy condition’,

O*L

5795 70 (1.3)

Hence, if this condition is satisfied, we would have an equation of motion of the form,

G=f(g,9) (1.4)

which we can solve by providing two initial conditions, qq, ¢o.

Now, consider a Lagrangian which also depends on the second derivatives of the metric
and hence has the form L = L(q, ¢, §). Using this Lagrangian, the variation of the action is

given as,

0S = /dt z—séq — O (g—s) 5q + 07 <g—s> 0q + total derivatives (1.5)

Now let us look at the coefficient of d¢q in the last term in the above expression,

OL 0*L
i (ad) 230G g+ terms with ¢, ¢ and ¢ (1.6)

Clearly, the equation of motion for such a Lagrangian will have four time derivatives when

this Lagrangian is ‘non-degenerate’ in the sense,

0L
04 0q

# 0 (1.7)
In this case, we can solve the equation of motion, to get ¢ by providing 4 initial conditions,

Q<t) = Q(t7 qmq‘an.O; q0) (18)



Now, we want to construct the Hamiltonian corresponding to such a Lagrangian. Call the
canonical coordinates as X, Xs and the canonical momenta as Py, P,. Then the Legendre

transformation which takes us to the Hamiltonian is given as,
H=7) PXi~L(¢.4,q) (1.9)

The most intuitive choice for the first canonical coordinate X is ¢q. Since the other canonical
coordinate X5 couldn’t be a function of X7, the obvious choice is to take Xy = ¢. With these
choices, we must next decide what should be the corresponding canonical momenta such

that the Hamilton’s equations are satisfied, i.e,

OH :
= -h
%)[i; | (1.10)
0P, ‘
From [1.9] we have,
dH = (P;dX; + X;dP;) — dL
= Pidj+ Pydj+ X1 dP, + XodPy — dL
. - OL oL\ . oL\ . (1.11)
=Pdi+ Pdi+ XidP +XodPo — | — |dqg— | == | dg— | == ) dg
dq ofi oy
. . oL oL oL
=X1dP,+ XodP, — [ =— ) dX1 + |P— | = ) | dXo + | P, — [ = | | dg
dq aq ok}

In the second line, we have expressed d.X; in terms of the dynamical variable. In the fourth
line, we have re-expressed ¢ and ¢ as the canonical coordinates. Imposing that the Hamilton’s

equations of motion given by are satisfied, we have the following:

oL
h= (a‘q)

(1.12)



which implies that,

0q  dt \ 9 (1.13)
P oL
2 = 25
To summarize the above discussion,
oL d (0L
e Y oq (aq'> )
oL
Xo =4 P=— 1.15
2 =4q 2 BF: ( )
Now, we see that the non-degeneracy condition [1.7] implies that the equation
oL
— =P 1.16
5= P (1.16)

can be inverted to find ¢ as function of ¢ = X;,¢ = X5 and P, so we can write § =
q.(X17X27P2)-

Expressing the Hamiltonian of the theory by explicitly showing the dependence on the

canonical variables as,

H = P, §(X3) + P G(X1, Xo, ) — L(q(X1), ¢(X2), §(X1, Xo, %)) (1.17)

From the above, we see that the Hamiltonian is linear in P; and hence it is unbounded
below, which leads to the ‘instability’. Note that our only assumption in the above discus-
sion is the non-degeneracy of the Lagrangian. Hence, any non-degenerate Lagrangian which

contains second-order time derivatives and above is prone to the Ostrogradsky Instability.

(Note: The Legendre transformation in the familiar form, is used to eliminate ¢ and
write the Hamiltonian in terms of the canonical momenta p. In such a case, the relation
p = OL/0q should be satisfied. However, the transformation derived above does not satisfy

this relation as we still retain ¢ = @1 and ¢ = Q) in the Hamiltonian.)



Hence, we conclude that any Lagrangian which leads to higher order equation of motion

and is non-degenerate leads to the ‘Ostrogradsky’ instability.

1.2 Counting derivatives

In the subsequent discussions, we will need a particular scheme of counting the number of

derivatives in an action or in the corresponding equation of motion, based on its relevance:

e In the equation of motion, the number of derivatives refers to the order of the differential

equation. E.g. £,, = R, %, is still second-order in derivatives.

e In the action, it refers to the total number of derivatives appearing on any term. For
example, both R*”R,,,, and OR terms are considered at the four derivative order in an
action. This approach is justified because terms with different numbers of derivatives,

in this particular sense, are associated with distinct energy scales.

1.3 Ghost modes

When the equation of motion of a theory is higher-derivative, there arises some additional
modes which are massive. Further, one can show that some of these modes have the wrong
sign of the propagator, which leads to the Hamiltonian being unbounded below [ As a

simple example, consider a scalar field theory with the Lagrangian,

L=-08,60"¢+co0%

(1.18)
=¢(0+c0?) ¢

where c¢ is an arbitrary constant. From the above Lagrangian, we can read off the momentum

space propagator as,

1 1 1

I 1.19
—p2+0p4 P ( )

'However, this is not an issue for first-order theories, like Dirac’s



The contribution from the second pole comes with the wrong sign irrespective of the sign of
¢ — this is known as a ‘ghost’ mode in the theory. The mass of this ghost mode is given by
m = \/1_/0 This can be equivalently interpreted in the following way: Consider the same
scalar field theory example but now by expressing ¢ in terms of the mass m of the ghost

mode:

= _Loer- Lo
L= —5(0,0) = 5 00% (1.20)

Now, take another scalar field x and consider a new Lagrangian,
1 2 L o5 o
L= =300 + (0 (0"0) + 5mx (121)

This is equivalent to our original Lagrangian when y is integrated out using its equation of

motion,

1
Next, we diagonalize the new Lagrangian by defining a new scalar field v = ¢ — ¥,

L= (000 + 500 + gm*y’ (1.23)
In the above, we see that kinetic term in the of the field x has the wrong sign. This is the
characteristic property of ghost modes. It is also clear that y is the same massive mode from
our analysis of the momentum-space propagator of the theory. The only way to remove the
this ghost mode would be to take ¢ — 0, which makes the mass of the ghost mode (which
goes as y/1/c) infinite. Observe that the mass of a ghost is a function of the couplings in the
theory, which will help us constrain them later, by choosing these couplings to be such that
the masses of the ghost modes are infinite. In summary, higher derivative terms introduce

massive modes in our theory, some of which are ghost-like.

Having understood this problem of ghost modes in simple scalar field theories, we turn
to demonstrating it in gravity with the help of some simple higher-derivative terms. Before

adding any higher-derivative corrections, let us look at the structure of the propagator of



the Einstein-Hilbert action which gives rise to the massless spin-2 graviton.

S = /d4x V—gR (1.24)

To find the free propagator and analyze the kinetic term of the graviton, we expand the
Lagrangian at quadratic order in perturbation around flat space with g,, = 1. + hu..
We denote the trace of the peturbation as h = ¢g"”h,,. After explicitly calculating the
above Lagrangian at O(h?), one obtains (excluding boundary terms produced by partial

integration),

1 1 1 1
g — /d4:13 (§hm,mh0a o Eh hm,cw _ ZhochDhoéU + thh) (1.25)

Note that we still haven’t exploited the gauge freedom in our theory, which might help
us simplify terms in the above expression. Besides that, fixing the gauge is essential in path
integrals because they contain an integration over field configurations. Without gauge fixing,
we might integrate over multiple field configurations which corresponds to the same physical

configuration.

The linearized gauge transformation generated by an infinitesimal diffeomorphism parametrized

by a vector field £ can be expressed as,
hprv = by — & — & (1.26)

There exists a gauge choice known as the ‘de-Donder’ gauge which will be useful to simplify
1.25] This gauge condition is given by,

1
W, = Sh (1.27)

)

It resembles the ‘Lorenz’ gauge in electromagnetism and is also referred to by the same name

in the literature.



Imposing the de-Donder gauge, the action becomes quite simple,

1 1
S = —Z/d‘*x <ha"th - 5hmh) (1.28)

Now we can use the action in this form to find the free propagator for the theory. In field

theory, if the action for the free theory is given as,

S = /den(x)(’)(x,x') n(z") (1.29)

Then we know that the propagator for the theory is given by the inverse of O. In our case,

if we can write the action [1.28] as,
S = /d4x/d4x' hap() OYPH (2 — o) () (1.30)

Following [13], we can now show that O can be written as,

1
Owjaﬁ _ (Ipz/aﬁ _ énmjnaﬁ) O (54(I _ (L’/) (131)
where,
vaB 1 po v pBva
IH _ 5 (77 n"? + by ) (1.32)

is known as the ‘Identity tensor’.

To verify the above statement,

1
h/ﬂ/ (Iuyaﬁ - 577wj77a/8) Dhaﬁ
1
_ a, vi uB, va uv, af
=5 ("0 0" = 0"'n™) hywBhag
%( 1 ) (1.33)

1
= h*O0hyg — FhBeh

as expected.

10



We know that in field theory, the inverse of O should satisfy the following relation by

definition,

/d4x" O —2")O 2" —2') = 6P(z — o) (1.34)

So for the O given by [I.31], we can write as,

1
. (Ipwaﬁ . 577#”77&6) Do—l (ZL‘ _ J;’) = Iﬁ“’po 54(1; — ZE,) (135)

afpo

If we assume an ansatz for O~ ! as,

O s (@ —2') = Quappo 0 (x — ') (1.36)

afpo

where Qup,0 1s @ tensor independent of the space-time coordinates (hence constructed from
the flat space metric). We can write in Fourier space as,

ra 1 vV, 14
_(_k2) ([ﬂ P — 577“ n B) Qaﬁpa =I* po (137)
We can verify that,
1 1
Qaﬂpa - ﬁ ]aﬁpa - 5770167];70 (138)
satisfies , and hence O;g oo 1.€, the propagator for the Lagrangian when 2% > 2/ is
given as,
—1 ’ d4k’ 1 e*ik'(zfxl)
Oab’pd (‘T - ) = W 5 (napnﬁcr + Naosp — naﬂnpa) T (139)

where we have expanded (Qup,,. From the above, we see that the propagator has a pole
at k = 0. This demonstrates that the Einstein-Hilbert action propagates just the massless
spin-2 graviton mode in flat space. Later in our notes, we will argue that any theory (whose
Lagrangian is a scalar density comprising solely of the metric and its derivatives) propagates
just the graviton mode in any arbitrary background if it has a second-order equation of

motion.

11



Now, consider the addition of the following higher-derivative term to the Einstein-Hilbert

action.
S = /de V=g (R+ aR?) (1.40)

where a is an arbitrary constant. This is the simplest case of a class of theories known as
‘f(R)’ theories, which comprises of polynomial in Ricci scalar corrections to the gravitational
action. First, we expand this Lagrangian at quadratic order in perturbation around a flat

background and then impose the de-Donder gauge,

1 D ao 1 ay \2
S = —Z/d x (h Ohay = 5hOh + a (h5) )
1 D ao 1 2
= _Z_l d”x | h Dhao‘ — §h|:|h + a hO%h (141)

1 1 1
= —1/d4$ <h<ao>Dh<ao> + <5 - 5) hOh + ah|:|2h>

where h.,p> denotes the traceless part of the metric perturbation, and we have decomposed
it as,
1

hag = heap> + laph (1.42)

Focusing just on the trace part of the action, we realize that it is identical to the higher
derivative scalar field theory example which we studied before, and hence one might hastily
conclude that this theory leads to massive ghost modes. However, we still have residual gauge
freedom of the metric which we can utilize. Here, one can choose the transverse-traceless
(TT) gauge (See, where h = 0 and hy; = 0. Having completely fixed the gauge,
which removes the trace degree of freedom, we see that — at order O(h?) — the contribution
of the higher-derivative correction vanishes, and the only contribution is from the Einstein-
Hilbert term. Hence, the theory is devoid of any ghost modes around flat space, even though
it has a higher-derivative equation of motion which come at O(h?). Note that this argument
easily extends to any theory with higher-derivative corrections as scalar polynomials of the

Ricci scalar — which are formally known as f(R) theories.

12



To emphasize, f(R) theories have the remarkable property that they do not propagate
any ghost modes in flat space even though they seem to have a higher-derivative equation
of motion. All the higher-derivatives are carried by the trace degree of freedom, which can

be removed utilizing the gauge freedom of the theory.

But what if we had a R + R, R"” theory instead? First, we expand this Lagrangian at
quadratic order in perturbation around a flat background and then impose the de-Donder

gauge:
S = ——1 d” h*°0hn,,, — —1 hOh + a W 0O%h
4 ‘r oo 2 [LIJ

1
— _Z /dD.I‘ (h<a0>|:|h<aa> + a h<(lU>D2h<aU> (143)

1 a
——hOh + — hO?h
SR> )

Here, even if we remove the trace mode by residual gauge freedom, the traceless components
still carry higher derivatives and we do not have sufficient gauge freedom in our theory to

eliminate them. Hence, such a theory has ghosts on a flat background.

In the discussions above, we have always taken a flat background and analysed the lin-
earized spectrum around that. A crucial observation is that the presence of absence of ghost
modes relies on the background around which we are linearising the theory. As an example,
if the higher-derivative corrections are of order Riem® (without any covariant derivatives of
the curvature tensor) and higher, around a flat background, they never contribute to the lin-
earized equations of motion. This is because, when we expand the Lagrangian to quadratic
order around a flat background, any of the curvature tensors (besides the two which are
linearized) evaluated on the background is zero. We can investigate the presence of ghost
modes only when a background is specified. Furthermore, the above examples also demon-
strate that even if the the full theory has a higher-order equation of motion, the linearized

equation of motion might be second-order, but the converse doesn’t hold.

One might ask if there’s a relation between the presence of ghost modes and Ostro-
gradsky instability. As we have emphasized before, the presence of ghosts depends on the
linearized action (at O(h?)), while the Ostrogradsky instability pertains to the entire theory.

However, one must first ask the question if it is possible to uniquely reconstruct the full

13



higher-derivative theory from the linearized action of that theory. A recent paper [14] argues
that this is not possible in flat space and the full reconstruction can only be made for just
the Einstein-Hilbert action. This suggests that one cannot comment on the Ostrogradsky

stability of the theory from the linearized action in some background.

A related point is that while a second-order linearized action does not guarantee that the
full equations of motion remain second-order on a generic background, the converse is true.
The discussions in this section provides us a physically motivated criterion based on which
we can classify theories. In the next section, we will discuss the subtleties associated with

such a classification scheme.

1.4 Equation of motion vs. Linearized equation of mo-

tion

The previous section elucidated the crucial point that the presence or absence of ghosts in
a theory depends on the background on which the modes propagate. Now, we will proceed

by proposing two criterion based on which we can classify models of gravity.

1.4.1 Order of equation of motion

If the equation of motion of a given theory is second order in derivatives, the linearized
equation of motion will be second order too around any arbitrary background. As we shall
prove soon in the next section, if the linearized equation of motion is second-order around
some background, then the theory only propagates the massless graviton (spin-2) around
that background. The unique class of theories with this property is the ‘Lanczos-Lovelock’

models, which we will study in the next chapter.

On the other hand, any Lagrangian which leads to a higher-order equation of motion,
may or may not propagate ghost modes, depending on the background around which it is

linearized.

14



1.4.2 Order of linearized equation of motion

For a generic Lagrangian comprised of the metric and its derivatives, if the linearized equation
of motion is second-order in derivatives in some specific background, it implies necessarily
that our theory propagates a single massless spin-2 mode — the graviton — on the background,
i.e, the theory is ‘Einsteinian’ on that specific background. To see this, consider the following

argument:

The linearized equation of motion, by definition, contains only a single metric pertur-
bation h,, in each term, which is contributed by a single linearized Riemann tensor, two
of whose indices are contracted by either (two) covariant derivatives or using (once) the
background metric. If we use covariant derivatives, the equation of motion will no longer
be second order. So going by the only option left — to contract indices with the background
metric — the only two covariant tensors we are left with are: RS,,) and QWR(”, where g refers
to the background metric and the superscript (1) denotes linearization in the perturbation
h,.. Hence, the most general expression of a second-order linearized equation of motion —

which is equated to zero — is given by,
Ew = c1 RY) + ¢2 g RY (1.44)

where ¢; and ¢y are constants. Since the Lagrangian is a diffeomorphsim invariant scalar, this

quantity must be divergence-free, i.e, V#&,, = 0 which relates the two coefficients. Using the

contracted Bianchi identity, we get ¢; = —2c¢o and hence the linearized equation of motion
reads,
Ew =1 GY) (1.45)

which propagates only a single massless spin-2 mode - as can be seen after fixing the gauge
— which we have already discussed before. Hence, there is an equivalence between having

second order linearized equation of motion and the spectrum being Einsteinian.

. 2nd order linearized equation of motion <= Einsteinian spectrum
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In the presence of higher derivative terms in the equation of motion, the linearized equa-

tion of motion will (after suitable gauge choices and redefinitions of h,, ) take the form,
K (D — ml) (D — mg) (D — m3) (D — mn) t<uy> =0 (14.6)

for massive or massless spin-2 modes — where ., ~ represents the traceless degrees of freedom

and,
Kk (O—m))(O—=my) (O —mf) ... (Q—ml)h=0 (1.47)

for the scalar modes which represent the trace degree of freedom. x represents the effective
gravitational constant of the theory, m; and m; are the masses of the modes such that atleast
one of the m;’s is zero if the theory has an Einstein gravity limit when the higher derivative
couplings vanish. The momentum space propagator for such a theory will necessarily have
multiple poles with the wrong sign, which represents ghost degrees of freedom. Hence, we

see that their exists another correspondence as,

. Higher order linearized equation of motion <= Ghost modes
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1.5 Further discussion on f(R) theories

In the previous section, we have seen that we can utilize the gauge freedom in GR to remove
the scalar degree of freedom which carries higher-derivatives in the equation of motion of
f(R) theories, and hence these theories do not propagate any ghost modes. An alternative
way to see this is by performing a conformal transformation which maps the theory to the
Einstein-Hilbert action with a minimally coupled scalar field. Let us proceed by first deriving

the equation of motion of these theories:

1.5.1 Equation of motion

The action for a general f(R) theory is given as,
S = /d4a:\/—_gf(R) (1.48)
Taking an arbitrary infinitesimal variation of the action with respect to the metric:
55 = / d'z (55/=9)F(R) + =35/ (R) (1.49)
We focus our attention on the second term in the above expression. Using the chain rule:

() o7 .
f'(R)SR

0f(R)

where we have defined df/0R = f'(R). Taking an infinitesimal variation of the Ricci scalar,

6R = 6(¢" Rs,)
(66" Ra, + g"6Rg, (1.51)
= (69" Rpy + 97 (6750 — 0T 30

Bria

An infinitesimal variation of the Christoffel symbol is given as:

1
5Faﬂu = §gaa(5gaﬂ;v + 09ov:5 — 09pu0) (1.52)
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Substituting the above expression in after contracting the indices as required, we have,

gﬁu (5Faﬂu;a - 5Faﬂa;u> = _5ga6;ab’ + gaUD(égaa) (1'53)

Finally, using the expressions [1.53] [1.51] and [1.50], we can write the variation of the action

[T29) s,

55 = / d'x (0v/=9)f (R) + V=9 f (R)Ra,09" — f'(R)VaV509°" + J'(R)gurV,,V*(59°7)
(1.54)

On using the relation 6\/—g = —(1/2)/—g9s.,0¢9", performing integration by parts twice

on the last two terms and ignoring the boundary terms:

5= [ atev=g <—%gguf(R> T J(R)Rs, — VY, f'(R) + gﬁyv“vuf%m) 5g™  (1.55)

From the above, we can finally write the equation of motion of a general f(R) theory as,

{F(R) Ray — 593, (R) ~ (Y59, — ga,0) f (R) =0 (1.56)

The last two terms have two covariant derivatives of f'(R) and hence contain terms with

four derivatives of the metric.

In the simple case of the Einstein-Hilbert action, where f(R) is linear in R, f'(R) is a

constant, so the last two terms vanishes and we get back the Einstein’s equations.

Having derived the equation of motion of generic f(R) theories, we proceed to investigate
whether they propagate any additional modes by making a conformal transformation to map

the action to that of Einstein-Hilbert with a minimally coupled scalar.

1.5.2 Conformal transformation to Einstein frame

The goal of the section will be to show that f(R) theories do not suffer from the Ostrograd-

sky instability by making a conformal transformation which demonstrates that the higher
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derivatives are carried by a single scalar degree of freedom. We shall show that on performing
the field redefinition, we can write the action as the Einstein-Hilbert action with a minimally

coupled scalar field. Let us perform this conformal transformation step-by-step |15] [16] [17].

We write the action for a general f(R) theory as,

S = /d4x\/—_gf(R) (1.57)

Let us introduce a scalar field y and write a new action as,

5= / 2y =g (F00) + OO (R X)) (1.58)

This action is ‘dynamically equivalent’ to the action for general f(R) theories in the
sense that it leads to the same equation of motion. To see this, consider the variation of the

action with respect to the scalar field y:

05 = [ V=g (00 = 0OR =) = 100) o =0 (159
which leads to the equation of motion by varying ¥,

" )R —=x)=0 (1.60)

Let us now assume that f”(x) # 0 for any y. This is an important condition which we shall
discuss below. This assumption leads to y = R. Now, if we vary the action [1.58| with respect
to the metric g"”, we get back the equation of motion but in terms of f(x) and f'(x).
Using the constraint x = R as we got above, it reproduces the equation of motion [1.56]

(Note: It might be tempting to substitute y = R back into the action in any of the proceed-

ing calculation, but it is an on-shell relation, and we will take care to not do so.)

Now let us define a scalar ¢ which depends on y as,

¢=f'(x) (1.61)
The condition f” # 0 implies that the above relation can be inverted to give x as a function
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of ¢. To see this:

9 _

=10 #0 (162

The above equation implies that f’ is injective if f’ is a smooth function, and in such a case,
we can invert to obtain y = x(¢).

Let us use this scalar ¢ to rewrite the action [1.58| as,

5= [ d'av=5(6R - V(o) (1.63)
where we have defined,

V(o) = x(0) & — f(x(¢)) (1.64)

(The above action is known as the ‘Jordan’ frame representation of f(R) theories).

Next, we perform a ‘conformal transformation’ (g,,, — §,,,) on our spacetime, which is given

by,
G = Vg, (1.65)

where ) is known as the conformal factor.

Under such a conformal transformation, the Ricci scalar (in 4D) transforms as,
R=Q2R+60(InQ)—65"V,(InQ)(V,InQ)) (1.66)
and the metric determinant transforms as,
V—g=0"%/-3 (1.67)

Substituting the above two relation in [1.63] we have,
S = /d%\/—g (ng 02 (R +60(nQ) — 6§V, (InQ)V,(In Q)) - Q—4V(¢)> (1.68)
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We make the choice of the conformal factor as,
¢ = QP (1.69)

and drop the second term in the above action as it is a total derivative term, which leads to

the action of the f(R) theory in the ‘Einstein frame’ as,

/d4x\/_ ((R— — 3"V ,(In )V (1n¢)) — V(f’)) (1.70)

¢

Let us re-define the scalar ¢ as ¢ in the following way:
$=V3Ine (1.71)
Substituting the above definition in [I.70, we can write the action as:
S = /d4:z:\/—_§ (R — %gaﬁva&vﬁ& — U(&)) (1.72)

where we defined U to be a function of ¢ as given below, by using [1.71|to express ¢ in terms

of gf;,

U@ = % (1.73)

Note that the above is the Einstein-Hilbert action with a minimally coupled scalar ¢. Hence,

the field equations corresponding to the above action is given as,

1 1 1
Rap = 59088 = 5Va0 V50 = 505V 0V 160 = = gap U(9) (1.74)

Taking the trace above to find R and then substituting the result back, we have,

- 1 ~ ~ 1
R,ul/ = §vu¢ VV¢ + éf]w/U(QS) (175)

We can verify that the right hand side of is indeed divergence-free with the help of the
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equation of motion obtained by varying ¢, given as,

V,Vio = 3%—? (1.76)

Hence, we see that the redefined field-equation [1.75| contains atmost two derivatives of

the metric g,,,. The scalar gzg provides the source terms, and its evolution is governed by [1.76}
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1.6 Field Redefinitions

In an effective field theory (EFT), one always has the freedom to redefine the metric to
achieve a desired change at a certain order in the perturbative expansion, and ignore the
effect of such a redefinition at all higher orders by truncation. We want to understand what
sort of terms one can add or remove from the theory by such field redefinitions. As we shall
see below, field redefinitions might introduce or eliminate additional poles in the theory. We
will investigate these ambiguities in this section and discuss whether this freedom bears any

physical significance for an EFT.

As a start, consider a metric redefinition of the form,
G — G +n(a Ry + bR g) (1.77)

where we have defined = k72 ~ [L]* and k = 87G/c*. We will consider the above
redefinition as a perturbation of the metric and hence only keep terms which are linear in
a and b. The factors of 7 in the perturbative terms are introduced to maintain the correct

dimensionality of the action.

Consider the Einstein-Hilbert action as,

1

S
2K

/de\/—_gR (1.78)

and hence the Lagrangian is given as,

1

Lpn = 5-(V=9 k) (1.79)

We want to find the change at linear order in perturbation of this Lagrangian due to the
redefinition In [1.77, we have only considered perturbative terms with 2-derivatives of

the metric. Hence, the first-order changes in the curvature tensor will be at 4-derivative order.
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For a small perturbation of the metric (6g*), the Lagrangian changes upto linear order

in perturbation as,

0(V=gR) = (6v/=g) R+ V=g0g"" Ry + /=g 9" 0 R (1.80)

Now, we notice that the last term can be written as a total derivative, as shown below, and

hence we can ignore it.

9?5 Rop = (gaﬂéf“aﬁ — g 5Fﬁaﬂ> (1.81)

B

Next, on using the relation d\/—g = (1/2) /—g ¢"*dg,.,, we have:

/ dPz 6(v/—gR) = / dPz /=g (%R g+ R“”) S G (1.82)

On replacing for 6g"”, we can write the integrand in the RHS of as:

1 D+2)b
(5 Ro™ + R””) O = (” %) R+ (a) R Ry, (1.83)

where D is the dimension of the spacetime. Let us assume that we start with an initial EFT

action given by,
1
S = % / de vV =g (R +n dy R2 +n ds RMVRMV +n ds R;WpaR;Wpa> + O(n2a27 772b2) (184)

where dy, dy and ds are constants. After performing the above-discussed field redefinition,
the EFT action will become:

a+b(D+2)

|
8= / 4Pz /=g (R + < : n dl) R? + 1 (a + d3) R™ Ry, + ds RW,,UR””””)

+O(n*a®, 1’0"
(1.85)
If we want to map this theory to GR, assuming d3 = 0 initially, we choose the coefficients
a and b such that the R*“R,, and R? terms vanish from the above action. Notice that

if d3 # 0 in the initial theory, we cannot use field redefinitions to map the theory to the

Einstein-Hilbert action.
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In we have only considered terms in the perturbation which contain second-order
in derivatives of the metric. Now, if we would like to see what terms we can remove with
field redefinitions at order Riem?®, we should consider the most general redefinition with four

derivatives:

9w = G + 17 (a1 B? g + a2 R Rpo g + a5 R,

+as RM'BR@ +ag RR,, + a7 g, OR + ag g, R

Rypan +a,0 R;w

o) (1.86)

afyo
With the above metric redefinition, we have,

1
(§R g“” + Rwl) (59”” =

+op? ((al(D +22) +a6) R4 (“2(D+ 2)2+ as +2aﬁ> RR™ R,W>

N (a3+a82(D+2)) RR.._ Rofor 4 <a7(D+2) +a4) ROR

2
+asR" R, R,*”" + a,R*OR,, + a5 R R °Rg,)

(1.87)

afory

pon

As an example, starting from R + d; R? + dy R?, theory, if we want to map it to the

Einstein-Hilbert action + corrections at order Riem*

and higher, we perform field redefin-
tions order-by-order. First, we remove the R? term using the redefinition m, However, this
produces corrections at order Riem® and higher. Then, we use the redefinition to set
all the terms at order Riem® (this includes new contributions from the previous redefinition
besides the R® term originally present) to zero. This can always be done as each scalar
invariant in the Lagrangian (containing a Ricci tensor or scalar), is accompanied by one
parameter from the redefinition, which is free, i.e, it doesn’t accompany any other scalar
invariant, as can be inferred from . In the above example, a; for R*, ay for RR* R,

and so on, are the free parameters referred to in the previous line.
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From the above discussion, we make the following observations:

1. No terms where the indices of the curvature tensors are contracted such that it does
not involve a Ricci tensor or scalar — can ever be introduced by field redefinitions. For
example, scalars such as R, """, RW,MRWV‘SRP 07 s are unaffected by field redefini-

tions.

2. One can always remove any term which includes a Ricci tensor or a Ricci scalar. For

example, " R,,,,, RR,, ,-?*"?° can be removed by field redefinitions

One particular reason why the field redefinitions we studied above are useful is as follows:
if a certain theory does not admit particular black hole solutions (say spherically symmetric
solutions like the Schwarzschild), one can try to use field redefinitions to arrive at a La-

grangian which does admit the particular solution.

However, consider the following thought. Suppose an EFT truncated at some energy
scale has a higher-derivative equation of motion and hence it has ghost-modes. Now one
performs appropriate field redefinitions to introduce or remove terms such that the theory
now has a second-order equation of motion. Does this mean that simply by making field

redefinitions one is able to fix the issue of ghosts in an EFT Lagrangian?

As we saw in the previous sections, the mass of a ghost mode depends inversely on the
coefficients of the higher-derivative terms present in the theory. Hence, in an EFT, this mass
lies beyond the regime of validity of the EFT and hence the presence or absence of ghosts
is not an issue one should be concerned with. An early argument in favour of string theory,
as first put forward in [18], suggested that the fact that the gravitational effective action of
bosonic string theory at fourth order in derivatives can be completed to the Gauss-Bonnet
Lagrangian, is a hint towards the theories’ consistency. However, later works pointed out
that the theory only predicts that the gravitational effective action must have the R, MJRO‘B'V‘S
term, while keeping the coefficients of the R, R* and R? terms ambiguous, which one can
manipulate through field redefinitions. However, as we discussed above, ghost modes do not

have any physical significance in an EFT and this is hence not an insightful analysis.
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Chapter 2

Lanczos-Lovelock models

In the previous chapter, we saw how higher-derivative extensions to GR generically lead to
the presence of ghost-like massive modes in the theory. This encourages us to investigate
if there exists theories with higher-derivative corrections which still have a second-order
equation of motion. In this chapter, we will show that this is indeed possible and this unique
class of theories is known as the ‘Lanczos-Lovelock models’ [19], |7] (henceforth referred to
as — the Lovelock models — as is common in the literature). But before that, we shall explore
some properties of Lagrangians composed of contractions of the curvature tensor with the
metric, as has been developed in [20], [21] and [22]. This insight into their structure will

enable us to construct the Lovelock models of gravity.

2.1 Relations on general Lagrangians

Consider a Lagrangian which is composed of the curvature tensor and its contractions with

the metric:

L=L(R",,, g*) (2.1)
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where we have taken (Raﬁm,gaﬁ ) (with the given index placement) as the independent

quantities. Let us define two quantities which we will use extensively below,

b W:( oL )
op OR™
177 g (2.2)

oL
Py—= 2=
ﬁ (agaﬁ ) RMDO’Y

From the above definitions, we notice that Pagg has all the symmetries of the curvature

tensor and P, is symmetric just like the metric.

Now, we proceed to prove an identity which will be quite significant in all of our subse-
quent discussion, especially in the construction of Lovelock theories. The identity is given

as,
P =0 (2.3)

Note that the above relation does not represent the equation of motion with respect to the

metric, as from one can see that the curvature tensor is held fixed while evaluating P,g.

For the proof, consider an infinitesimal change in the Lagrangian with (Ro‘ﬁw, g as

the independent variables which, by the chain rule, involves both the quantities in [2.2]

L L
dl = ( aaﬁ ) AR, + ( aaﬁ> dg®8
OR oy / g 99°" ) puv,, (2.4)

=P, dR*, + Pagdg®”

We would like to evaluate both sides of the above equation for 1-parameter class of diffeo-
morphisms which is given by: 2% — 2 + £%(z), where £ is an arbitrary vector field. We
evaluate the left hand side of 2.4] as,

Ll =E°VsL
= fu(PaﬁcmvﬂRaﬁav + Paﬁvﬂgaﬁ) (25>
_ o af
= f“Paﬁ "V,.R o

In the first line, we have used the fact that L is a scalar. In the second line, we have used
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the chain rule. Finally, in the third line, we have used the covariant constancy of the metric.

Next we express the right hand side of in terms of the Lie derivative as,
LeL =P, "LeRY |+ Pogleg® (2.6)
The Lie derivative on the metric is given as,
Leg™ = —voE? — Vige 2.7)
Evaluating the Lie derivative on the curvature tensor,

ﬁfRaﬁa’y = guvﬂRaﬁav - (VQSH)RHBUW - (vﬁfﬂ)Raﬂav + (VU&M)RQ/BMV + (v’ygu)Raﬁau
(2.8)

When contracted with P*#?7 (and using its symmetries), the last four terms cancel each

other. So, we are left with,
P, LR, =P,V R (2.9)
Combining the results [2.7] and 2.9]
LeL = 2PV &g+ P ¢V, R (2.10)
Comparing the two equations and [2.10] we finally get the relation:
PV =0 (2.11)

Since £° is an arbitrary vector field and the above relation holds at every point on the

manifold, we reach to the conclusion that,

P =0 (2.12)
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2.2 Equation of motion and Lovelock condition

Now, we finally proceed to study the equation of motion for our theory, utilizing all the

machinery we have developed above. With the Lagrangian [2.1], we have the following action,

S = /dDa: \/—gL(go‘ﬂ,Raﬁm) (2.13)

To find the equation of motion, let us take a variation of this action as,
4SS = /dD:U 0(vV/—9)L++/—goL
D oL B
= [abz v 897 + /=g

0gP

oL
OR_;

QO 1 (0%
) (OR*5) = 5vV/=9 905 09"

(e} o 1 «
— /d% V=9 Pag69° + /=g P 5 0(9" R%.5) — 5V =99a59 7

1
:i/f%ﬁﬁﬂfm5fﬁ+V—9PﬁwR%w@fﬁ+JﬂuﬂwwR%w)—§V—Q%WMW

(2.14)
We will need the following relation:
5Ra6cr'y - v0(6Fa57> - VV((SFCXBU) (2 15)
1 o :
= §VU(9 “(V098u + Vg — Vidgys)) — (0 43 7)
Now,
1
P,%7§R%s,, = B, (5%(9‘”"(%59@ + V309, — Vu&m))) — (0 ) 210
2.16
1
~ 35 proe (Vo(Vadgsu + Vogyu — V0ubgys)) — (0 4> 7)
The first term drops out since P*#97 is antisymmetric in 3 and p, leaving,
1
PPV RY, = = P77 (V(V0gy, — V,u0g45)) — (0 43 7) (2.17)

2

The two terms above are equal along with the corresponding antisymmetrised o <> 7, so we
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find:
Paﬂm(SRaﬁcw = 2P"7N ¥V 5(394,) (2.18)
We use the chain rule to free the dg,, term from the derivatives,

QPHBMVUV,BQQW) = QVU(PWMVB(;QW) - 2(VUPW{W>(V659W)
= QVU(PMBU'Yvﬂégw) - QVB(VUP“5075QW) + 2(VBVUPHBM) 5gw
(2.19)

We notice that the first two terms are total derivatives while the last term is a double
derivative of P77, Using the relation §ga.s = —gaugs.09"” to raise the indices on dgns and
substituting the result in 2.14] we finally obtain the equation of motion as:

1 1
Py " Ryyup = 5 9o L= 2V° VP,

acyf - QTaﬁ (220)

In the above equation of motion, only the last term contributes higher-derivatives of the
metric. Hence, if we want a theory with a second-order equation of motion, the last term
should either be second-order or zero. Choosing the latter constraint, we have the ‘Lovelock

condition’:
VP77 = (2.21)

Note that the above condition implies that P57 is divergence-free in all of its indices. The
Lanczos-Lovelock theories constitute the unique solutions which satisfies the above relation
— which we shall show in the next section. Another question which remains to be addressed

is whether there exists any theories which satisfies the more general condition:

V°V'P,,. s = all second order terms (2.22)

ooy
However, as we shall see in the subsequent sections, the above condition can never be satified

by any theory composed solely of the metric and its derivatives.

As a sanity check, we need to show that left hand side of [2.20] in the case of Lovelock
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theories, i.e, in the absence of the last term, is divergence-free. We need,

1
Va (PWPRﬂ o = 59° L) =0

. (2.23)
= Vo(P™MPR? ) = 59%'Val =0
Evaluating the left hand side of this expression, we have,
1 1 oL
v, ponvp RB _ - aﬁvaL _ pcwwvaRB _ - VPR
( ,uzlp) 29 oY 2 aRaa’yu aoyp (2 24)

1
_ pac ¥o] ao B8
= PTG R, — S PUTIYOR

aoyp

In the first line, we have used the fact that P“°* and ¢ are divergence-free.

Lowering the ( index, and taking P**?* common from both terms: (We also switch to

semi-colons for covariant derivatives for a short while to clearly express a few steps)

(670 1 oo 1 1
Pt (Rﬁcfw;a B §Raaw;ﬂ) = P (Rﬂaw;a + §Raaﬂv;u + §Raauﬁw>

= pe (Rﬁaw;a - Rﬁuaow)
=0

(2.25)

In the first line we have used the cyclic identity and in the second line, we used the symme-
tries of P*"*. Hence, we have explicitly verified that the left-hand side of is indeed
divergence-free, in the case of Lovelock Lagrangians. This is expected due to the diffeomor-
phism invariance of the action [2.13]

2.3 Construction of Lovelock theories

In this section, we will see how Lovelock theories can be constructed based on intuition gained
from the previous discussions. First, let us start with the simple case, i.e, for a Lagrangian
linear in the curvature tensor, where we trivially know the Einstein-Hilbert action to be

a second-order theory. If we construct it using the index placement R®®__ the result

76
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implies that all the indices must be contracted with Kronecker deltas only. The unique way

to do this is given by,

1

Ly = 2550” R, (2.26)
where,
Ohy = 0Roy — 0,0 (2.27)

Now, we come to case when the Lagrangian is quadratic in the curvature tensor. Let us

start with the most general such Lagrangian:

L=aR,;;R*"°4+bR,R" +cR* (2.28)

By

where a, b and ¢ are arbitrary coefficients. Starting from the above Lagrangian and differen-

tiating with respect to the curvature tensor, we have:

1
P =2a R, 5 + o (9*"R” — g"R* — g™ R"" + ¢P R*)

(2.29)
T (gorygﬂts . gaégﬁy)
On rearranging the above terms, we have,
afByd By 1 ad ad B 1 ary ay
PP = — (§bR +cg®R)+g (ébR +cg*"R)
1 1 (2.30)
+ 50 g7 R” — 50 g*°R% + 2a R*P°
Now, implementing the Lovelock condition [2.21}
1 1
VP — gﬁ”Va(ib R 4+ ag™R) + gﬁ‘sva(éb R 4 a g R)+
2.31)
1 1 (
50 gV R — 50 9°VaR" +2¢V ,R*°
From the Bianchi identity, we have the following relation,
VR = VYR — VR (2.32)
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Using this to simplify [2.30],

VaP*? = — g7V, ( bR* +ag*R)+¢"V., ( bR™ +ag™'R)

1 (2.33)
+ (§b+ 20) VIR — (§b+ 20) VO RPY

Notice that when b/2 = —2a, the first two terms vanish as V,G* = 0, where G is the
Einstein tensor. The last two terms vanish when —b/2 = 2¢. This represents the unique

solution which satisfies the Lovelock condition.

The above leads to the famous ‘Gauss-Bonnet’ Lagrangian (upto an overall constant

factor):

Leg = R7R ;. —4R*R,, + R? (2.34)

afory

The above discussion is valid in arbitrary dimensions. However, in 4D, the Gauss-Bonnet
term does not contribute to the equations of motion as it is a total-derivative in 4D. This
is given by the Chern-Gauss-Bonnet theorem [23], which shows that upon integration, the

Gauss-Bonnnet term leads to the Euler characteristic of the manifold.

Notice that the Gauss-Bonnet Lagrangian above can we written in the form,

L gass R, RS, (2.35)

22 nvpo

The ‘determinant tensor’ 5;‘115215: is defined as follows,

a1 a1 (o531
B "Bz B
Opian = det |05 852 0% .. (2.36)

It can be shown that this tensor is completely antisymmetric in the upper or lower row of

indices.

The two cases discussed above suggests the following generalization to Lovelock La-
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grangians which are higher-order in curvature:

Ron5n

Ln _ 1 041,81012,32~~~an/3nR0'151 R0252

- 2_n 01010202 ...0,0n

(2.37)

a1f1 azf82 QnfBn

such that a general Lovelock Lagrangian upto nth order in the curvature tensor is given by,

L=) ¢ (2.38)
1=1

To verify that this is a correct generalization, we must verify that any Lagrangian given
by satisfies the Lovelock condition We have:

‘Daﬁad _ nédﬁ%ﬁz .-.anﬁnR0252a262 R0353 Rffn5n

000202 ... 0non

(2.39)

asf3 anfBn

where we have defined, The Lovelock condition implies that V,P*’ -5 = 0. To verify

this statement, proceed as:
af af...aifi po2d

VO‘P od v@(saé.,.o‘iéi R : 20’252

=n 8oy o Y R

=0

0393 Onln
R asfs " R anfn

;0
anfa] R b (2.40)

In the second line, we used the fact that the determinant tensor is completely antisymmetric
in both rows of indices. In the third line, we used the Bianchi identity V[#RO‘B 5 = 0. This

completes the above result.

At a given order in curvature, the Lanczos-Lovelock Lagrangian given by is trivial
below a certain dimension. If the dimension D is lower than the curvature order n, a certain
index value (out of 2n in either of the upper or lower row of indices) has to be repeated on

the determinant tensor, which gives zero.

Also, the nth curvature order Lovelock theory is topological (related to the Euler char-
acteristic of the manifold) for D = 2n — we will soon demonstrate this fact by analyzing the

equation of motion of the Lovelock theories.
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Hence, in terms of affecting the local dynamics of a given theory, the Lovelock theories are
only active for D > 2n. For example, the Gauss Bonnet Lagrangian is zero for D < 4. In 4D,
it is a total-derivative, hence it does not contribute to the equation of motion. However, it

can still evaluate to non-zero values and affect the global dynamics in non-trivial manifolds.

2.3.1 Equation of motion of Lovelock theories

The equation of motion of the Lovelock theories as given by [2.37] can be easily found from

the generic equation of motion [2.20] since the last term becomes zero. First, we calculate
Po‘g(s from [2.20

B _ " saBasfs..anfn poad nn
Paoé - 276:(5;;2622...035n 72 2&262 RU an Bn (241>
Using this in the equation of motion [2.37}
M caBazfs ...anfn pod 5 onbn 1 _
2_77‘6:(50?225220'62671 R ,yﬁROQ 20(252 e R anﬂn - 55,?.[/” — O (2.42)

On expanding the determinant tensor in the first term, it can be shown after a tedious

calculation that the above expression is equivalent to:

_ 1 ao P -~-Oén,3nR0151
2n+1 Y0101 ... Ondn

LR = (2.43)

azfy anfBn

Notice that now each row of the determinant tensor has 2n+ 1 indices. Hence, the expression
vanishes for D < 2n. Since, the Lovelock Lagrangian given by are zero for D < 2n, we

conclude that L,, is a total derivative at D = 2n.
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2.4 Uniqueness of Lanczos-Lovelock Lagrangians

In the previous sections, we have shown that the Lovelock theories indeed have a second-
order equation of motion and satisfy the Lovelock condition. But we had raised two question
during our discussion of the Lovelock condition Are the Lovelock theories unique in
having a second-order equation of motion? This question was first tackled by Lovelock [7]
in his seminal paper. In this section, we propose an alternative argument for the uniqueness

of Lovelock theories, which is more transparent and intuitive.

Consider a Lagrangian L composed of polynomial contractions of the Riemann tensor
and the metric, i.e, L = L(g*°, Ro‘ﬁw),

I = /471617252~~7n5n }%a151

az B2
a1Biaz2f2:anfBn Y101 R

LR R (2.44)

Y2d2 " Yn—10n—1 Ynbn

where the indices of A inherits all the symmetries of the curvature tensors. In addition, it
is symmetric under the collective exchange of indices (ay, 5;, 7, 6;) <> (¢, B;,7;,0;) for any

1,j. As we derived earlier, the equation of motion of such a theory is given by,
v 1 é
PouwpRs """ — 59asl = 2V,V°P, " =0 (2.45)

The condition that the equation of motion should be second-order is equivalent to requiring
that the last term is either second-order or zero. This leads to two important questions

which we raised:

1. Can VVVB P, 5 7 aver be non-zero and second-order?

2. What is the complete set of solutions of V,V? P.s 7= 0?7 Are they all exhausted by
the stronger condition V7P, 3 =07

On computing PaﬁmS for the Lagrangian , we obtain

P 6 — nA'Yé'Y?(SQ“"‘/nén Ra2,82

o477,71[37171
o aBosf--omBn vody - IR

RO (2.46)

Yn—10n—1 Ynbn
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For the Lovelock condition, taking the covariant divergence of the above expression, we
arrive at,

vAp 675 _ n(n _ 1) A757252-"7n5n vﬂRazﬂQ

BB . Ranflﬁnfl Ranﬁn (247)

7262 o 'Yn—l(sn—l 'Ynén

Consider the leading order non-trivial term in the flat-space expansion (g,, = . + hyw) of
the above expression, which occurs at order A"~ !:

aﬁp(n—l) v _ n(n . 1) A767252""Yn5n 85Ra262

PO —10n— Hon B
8 aBas - Bn REn R® (2.48)

’7252 T Yn—10n—1 'Ynén

where “(hat) refers to the corresponding linearized quantity. Notice that aﬂp(n*”aﬁ”‘; is

either third order in derivatives or zero. If is non-trivial or not a total derivative, it
implies that does not vanish unless some identity satisfied by the Riemann tensor is
utilized. Let us clarify this statement. Any choice of the tensor A possesses symmetries,
beyond the symmetries imposed by contracting with the curvature tensors (it must have the
additional symmetries since such a choice picks out one of out of multiple distinct way to
contract n Riemann tensors to form a scalar). These additional symmetries must also be
obeyed by the part consisting of the curvature tensors in [2.48| as all of the indices of the
curvature tensors are contracted with A. We want to choose the additional symmetries of A
such that they lead to a vanishing identity on the curvature tensors in [2.48, without making
the Lagrangian trivial.

Since [2.48 has a derivative of a curvature tensor, we must utilize it in the identity we seek
to use, as otherwise any identities involving only indices on the curvature tensor will make
even trivial. Immediately, one can see that by making  antisymmetric with the indices
as and fs, the Bianchi identity can be utilized, and the expression vanishes. However, since
[ could be any one of the f3; positions of the A tensor in [2.44] and the choice of having
Vgon R, 5.5

antisymmetric for any i) implies that (;, ay, f) is completely antisymmetrized for any i, k.

was also arbitrary, antisymmetrizing § with as and S (and that oy, 8; are

Hence, the entire lower row of indices of A is antisymmetrised by imposing 5, as and [y to

(”_1)a5 =0 is equivalent to avp(n_l)aﬁ * =0

be antisymmetrized. Since the condition 9° P
due to the symmetries of P, the above arguments similarly requires the entire upper row of
indices being antisymmetrised. In any dimension, the unique tensor which has the above

properties is the determinant tensor, which leads us to the Lanczos-Lovelock Lagrangians
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given as,

L = V1017202 Yndn o181 Ra252

anﬁn
— Yai1frazfaanfn 761 R

(2.49)

Y2 62 : Tn 677,

Whenever the cyclic identity is utilized on a curvature tensor to make vanish, the
Lagrangian also becomes trivial. This is expected as the cyclic identity does not involve
any derivatives of the curvature tensors. Hence the symmetries which act on the curvature
tensors in to make the expression vanish using the cyclic identity on one or multiple

curvature tensors, will similarly act in [2.44] making it vanish too.

Since the cyclic and the Bianchi identity are the only two properties of the Riemann
tensor which were left to be considered (remember that we had already considered the sym-

metry/antisymmetries of the indices of the curvature tensor while defining the A tensor),

from the above arguments, we conclude that [2.49|is the unique solution to VPP, P 7 = .

Now, we are interested in whether the more general condition V'V” P.s 7 = 0 leads to
solutions distinct from the above class. We claim that the answer is no, and demonstrate
it by showing that V* P.g 70 £ () implies that v, VA P.g 7 £ (. To see this, let us explicitly

compute the latter quantity,

afazBa-anfn Yn—10n—1 YnOn

V., VIP, 7% =n(n — 1)A]520% o ((vyvﬁm%m) ... R RO"Pn

+(7’L _ 2)(V'BPLM'BQ,MQ)(VWROBBS%%) o Ran_lﬁn_l'yn_lén_lRanﬁn'ynén>
(2.50)

Again, consider the leading order non-trivial term in the flat-space expansion of the above

expression, which occurs at order h"~!

aﬁyaﬁp("*l)aﬂ Y6 — n(n . 1>A’Y57252""Yn5n <<8’Y8,8R012/32 Ranﬁn

afaz Bz -anfn

) N .Ranflﬁnfl

Y202 Yn—10n—1 Ynbn

+<n _ 2) (aﬂﬁimﬂz—yng)(a'yRa363—y353> o R@Ocnﬂﬁnﬂ’yn_l(sn_lRan5n7n6n>
(2.51)

The first line contains four-derivative terms in the metric while the second line has three.
The assumption Vﬁpaﬁ'y‘S # 0 (which leads to 85P("71)aﬁ75 # 0 in flat space) implies that
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the above expression cannot vanish. This is because, as before, the only way both the lines
above can vanish is through the Bianchi identity. Based closely on our previous arguments,
this leads to the Lovelock solution [2.49, which satisfies VﬁPaB 7= 0, hence violating the

assumption.

From the above analysis and [2.51] we readily see that 9,0” P(n_l)a 5 7% can never be second-

order, as unless its trivial, it necessarily contains third and fourth derivative terms. In general

spacetimes, this translates to the fact that V., V” P.s " s always either a higher-derivative

term or zero, which answers the first question we raised.
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Chapter 3

Beyond Lovelock theories

Till now, we have studied theories which are purely composed of the metric and its derivatives
— or equivalently those formed by contractions of the curvature tensor and the metric. In
nature, gravity is coupled to various matter fields, including Abelian and non-Abelian gauge
fields which may have arbitrary form degree and spins. Such couplings are not just theo-
retical possibilities but are known to arise in complete frameworks like string theory. These
theories generically contain higher-derivative corrections to gravity coupled to gauge fields,

often originating from integrating out additional modes from the underlying quantum theory.

However, the questions remains, analogous to the pure gravity case, as to which of these
theories are natural — one of the criterion being the absence of ghost modes. As we saw
in the previous chapters, this is ensured if the theory has second-order equation of mo-
tions. In this chapter, we will explore how Abelian gauge fields of arbitrary form degree
can non-minimally couple to gravity to have second-order equations of motion in arbitrary
backgrounds. Further, we will investigate if there exists Lovelockian theories which involve

covariant derivatives of the curvature tensor or Abelian gauge fields.

We will start by investigating the case with an Abelian gauge field strength of form degree
2 — which we shall take as the electromagnetic (EM) field strength F),, = 0, A, — 0, A, (with

A, as the vector potential) — at fourth order in derivatives.
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3.1 1-form gauge field

3.1.1 At fourth order in derivatives

At fourth order in derivatives, the most general Lagrangian (barring terms with covariant
derivatives of the field strengths, which we shall study in a later section) with the EM field

strength non-minimally coupled to gravity can be written as,

S = / dPx\/—g <a1 Rupys R 4+ ay Rag R + a3 R
(3.1)

+as FP FYRogos + a5 Fy"F* Ry, + ag F*° Fog R + L(F, VF))
where L(F, VF) represents terms purely composed of contractions of the field strength and
its covariant derivatives with the metric. We will set aside such terms for now and analyze
their contribution of such terms in a later section.
The electromagnetic field tensor F),, satisfies a Bianchi identity,

ViaEsy =0 (3.2)
The equation of motion with respect to the vector potential A, can be written as,

V'K, =0 (3.3)

where

Ko = < 8‘;2) (3.4)

Let us calculate this quantity for each of the three coupling terms in the above Lagrangian

and look specifically at the higher derivative contributions.
Ko =2V* (a1 030 F"° Ragys + a3 005 FagR + a2 004 F", R,,) (3.5)

Therefore, the higher-derivative terms in the above occurs when V acts on the curvature
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tensors. We procced by evaluating just the higher-derivative contributions:

V#K g = 4as FP°NPRyys + dag Flio VR + 2a5 002 F*, VFR,,
— day F(V, Rsy — VsRos) + dag Fu VPR + 2as (FH”(V“RU,)) . FU”(V“RM)))
— day F°(V, Rsy — V5Rys) + dag Fui V'R + 205 F, " (VW Ryy,)) — a5 F,*(V,R)
— day F°(V,Rsy — VsR5) + 4ag Fl., V'R + a5{FW (VIR — V,,R“U)} + F* (V,R)
(3.6)
In the second line and third lines, we have used the Bianchi identity and the contracted

Bianchi identity. Comparing the first and third term, and the second and fourth term, we

get the relations

4@4 + a5 = 0 (3 7)
4&6 +as = 0 ‘
or equivalently.
1
a4 = Qg = —ZCL5 (38)

Finally, with the constraint 3.8 we conclude that the following Lagrangian has a second-order

equation of motion with respect to the EM vector potential,
L=FYF"R.55—4F F"R,, + FPF.5R (3.9)

Now, let us look into the equation of motion with respect to the metric and analyze the
higher-derivative contribution, so that we can verify that is indeed the correct constraint.

To begin with, remember the identity from the previous section,

1
OR 505 = Ruﬁ'y(s 0Ypa + 5(59045;,6’7 — 09850y — 09ar;p5 + 098yia8 — Rnayéégnﬁ - Rnﬁy(ségan)
(3.10)

The first four terms in brackets with two derivatives of dg,, are the only ones which may

lead to the higher derivative terms in the equation of motion (from here onwards we shall
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use — to denote exclusively the higher derivative contribution):
85 oy L 185 oy
FPEY0R 5.5 — iF F*7(8gas8y — 09psiar — 09ar;5 + 09By3as) (3.11)

The covariant derivatives in the second and third terms are antisymmetrised by contraction
with the F' indices, and hence do not lead to any higher derivative term. Using integration

by parts on the first and fourth terms, we have,
FPFSR 5.5 — 2(—F "N gV, FP7 — FP7N 3V F ™) 09, (3.12)

Notice that the term in the brackets is symmetric in p and o as expected.

Now let us look at the F'*7F ﬂv R,s term. We will use the following identity which we

derived in the previous section,

1
5R0¢"f = 5966 chﬁfycs + 5(5‘9&6;57 - 9666955§a7 - D(aga’Y) + 59,67;6118 - Rna’yﬁ 69775 - Rn’y 690477)
(3.13)

In the above expression, only the first four terms, after integration by parts, lead to higher

derivative contribution. On grouping them based on similar contractions, we have,

FF 6R,,

1 o wo Y af w o o Y wo 78 nle 1l o

~5 H(v v, FROYEY, 4 FOO(V,V Fg)}+{(v Y, E ) 4 (V,VEF )Fa} (3.14)
= 20" (V¥ F) Fy + {~(OF) 7y — F'OF, }dg,

Note that in the above expression, one is free to exchange the order of covariant derivatives
in any of the terms, as such a change only requires an extra term with a Riemann tensor
and no covariant derivatives. The grouped terms in parenthesis are similar upto such an

exchange. Also, each group of terms is symmetric in g and o as expected.
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Let us use the Bianchi identity in the first term in the second curly brackets,

(V,V7F, )P
— (—DFQ" - VWV(;F”) ol (3.15)
=F0OF? — (V, Vo F7) FH

Similarly, by exchanging indices pu and o, we can write the other term in the second curly

brackets as,
(V,.V*F ) F° = FoPOF" — (V, Ve F")F? (3.16)

The O terms in and are the same as those in the third curly brackets in but

with opposite sign, hence they cancel out. Hence we arrive at,

FF6R,,
1 o [TCAN niak af JT% nles o\ o wy\ of
= 5 LV By 4 VT E) | — (VA Vo) P 4 (9P )F - (3.17)

— 20" (Vo Vo FYE 69,0

Finally, we see that the second curly brackets in [3.17|is the same as [3.12| upto some overall

factor. This gives us our first constraint,
4@4 + a5 = 0 (318)

To eliminate the rest of the terms in , let us turn our attention to F*’F,3R. Repeating
the same steps as we have done earlier, the terms from d R which may lead to higher-derivative

contributions are,

SR = VOV gas — g°°0(6gas) (3.19)
So,
F*°F,46R (3.20)
o (V(“V")(FQBFQB) - g““D(F“ﬁFa5)>6gW (3.21)
2 (V(“V")(Fo‘ﬁ)Faﬂ - gWD(FO"B)Fa5> SGuo (3.22)
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Now, using the Bianchi identity, we try to simplify both the terms to express them similar

to the remaining terms from [3.17 We see that,
FP(VUVIE,) = 2(VeVWHFIP)F g (3.23)
and,
Fe0F,, =2 F*(VV ,F,) (3.24)
Substituting the above relations back in [3.22], we have,
F*F,5(0R) (3.25)
— {2{(V°‘V“F”/3)Fa5 + (vavaFﬂﬁ)Faﬁ} —4.g" FON NV o F9) | 69,0 (3.26)

Remarkably, the curly bracket above is the same as the first curly bracket of and the

terms having ¢g"” are also identical. We can cancel both of them by having the constraint,
as + 4@6 =0 (327)

Hence, combining [3.18| and [3.27], we again arrive at the same conclusion as we had from the
equation of motion with respect to A,,. Now let us explicitly write this coupling terms (upto

an overall constant) as,

Lrrp = Ryp s F*PF° —4F% F ;R + F*"F,4R (3.28)

aBy

In d dimensions, the above can be equivalently written as,

0oT RN FP Fls = A(d — 4)/(—4 F®, Fo R* + F* F,, R+ F*" F*° Ry 0p) (3.29)

nvpo

The Lagrangian above was first presented in by Horndeski [8] in 1976, along with a proof
of its uniqueness in four dimnensions. Hence, it is known as the ‘Horndeski theory’ in the

literature.

The structure of the Lagrangian suggests the following generalization to arbitrary
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order in curvature and EM field strength,

I, — §HavL - HmVm 1101 ... Mnbn F bt pombm R9101

a1B1 ... amBm 0101 ... Opon ™ HIVL **0 T UmVUm

Onon
. Romon,

nén

161 °

We will soon show that indeed the above class of theories has a second-order equation of

motion, but before that we need to develop some formalism to demonstrate the same.

3.1.2 Equation of motion

In this section, we will derive the equation of motion of a Lagrangian composed of polyno-
mial contractions of the curvature tensor, the field strength tensor and the metric. Such a

Lagrangian can be schematically represented as,
L= LR ;,g°, Fap) (3.30)

Taking a variation of the action with respect to the metric, we have,

58S = /d% 6(v/—g) L ++/—gdL

oL . oL . 1 .
= /dD:r V=9 508 99" V0 s (OR "8) = 5V =9 95 09"
¥4
1
= /deE V=9 Pap69°” + V=g P, 6(g" R%.5) — 5V 9908 og°”
1
N /de V=9 Pap 09" + /=g P, s R%. (39" + Pwsaﬁ 97 (0R%,5) — oV 79 Yas 59"

(3.31)

Let us now evaluate how P°? is related to P*%7% and K. Using the method of evaluating
Lie derivatives in two ways for an arbitrary infinitesimal diffeomorphism z# — z# + £* (as

we have discussed in the second chapter), we have:
Ll =¢"9,L =P, ¢"V,RY o+ K"EOV  F, (3.32)

where we have used the chain rule to evaluate the covariant derivative on the Lagrangian.
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Next, we evaluate the Lie derivative in the second way:

Lel = PopLeg™ + Po " LR 5 + K" LeFy

Ly a8 W o a¢f v « <333>
= P,V R s+ KMEV  F,, — 2Pos(VOEP) + 2K (V%) Fy,

Note that in the last equation, we have used the fact that P4 LR 25 = Pag V‘Sf“VMRO“B »
2.8 On equatin and since the equality holds for arbitrary diffeomorphisms and
2.8 g y y

points on the manifold, we have:
Pos=K,"F 4 (3.34)

Contrast the above to the case when (R, g®?) were the independent variables. In that
case, we had an extra P, "’ Rg, ,, factor. However, in our case, this factor enters the equation
of motion as the second term in [3.31] Hence, assembling all the pieces together in the same

way as before, we finally arrive at the equation of motion:
y 1
Py R + KopFy" = 5 gasl — VNI Py s =0 (3.35)

where,

oL
PV(;“ﬁ:( . > (3.36)
OR"
aﬁ (gaBVFMU)

For the equation of motion with respect to A,

oL oF,
— D pv A
048 /d ’ (31%) (3(V[uf4u})>5(v[” )

= / dPz 2 (K"™) 6(V,Ay)

(3.37)

On integration by parts, this leads to the equation of motion V,K* = 0.
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3.1.3 At arbitrary order in derivatives

Having realized that it is indeed possible to construct a Lagrangian at fourth order in deriva-
tives, in which the curvature tensor is contracted with the EM field strength, we proceed
to generalize this result at arbitrary order in derivatives. It will be soon apparent that the

determinant tensor [2.36| continues to play a key role in constructing Lovelockian theories.

Claim: A scalar L composed of 2m antisymmetric EM field strength tensors F,,, the
metric and n curvature tensor [7,s+5, which can be written in the following way,

 CHIVL e b Vm 101 ... I On
L= 6041,31 o O Bm 01071 ... Opopn ™ H1VL Fﬂml’m

Feab | pomfm gy o RO (3.38)

mo1

is such that the corresponding equation of motions with respect to g"* and A, are second-

order in derivatives. In the above, 6?7 is the determinant tensor given as,

LVp ...
a1 a1 a1
5/31 5,32 5,33

a0 o a a

Bipa e = det |07 657 Ogr .. (3.39)

We will refer to the above class as ‘LA(1)’ — (L)ovelockian theories with (A)belian gauge

field of form degree (1) non-minimally coupled to gravity.

Proof: First, consider the equation of motion with respect to A, which is given by

VoK = 0[.4 For the given Lagrangian, this quantity can be written in two parts as,

8 _ HAVL .. fmVm 101 ... n0n
K% = m5a1,811...amﬁm911011...9nan
mMm 9 Onon
(0005 — 0080 ) Fpgwy - Fup,, FO0H L FOmPm AL RO
mpPm 010 Onon
+ (979" = 9" 9" ) Frsis Frigws wve Flupy, F L FOPm BRI o R
(3.40)

The first line comes from taking out an F),, for the partial derivative while the second line
comes from taking out an F*. Lets call the first line as K7 % and the second as K3 % so that

K% = K 4+ K% Now let us focus on the contribution to the equation of motion from K.
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Schematically, we can write it as,

af __ H1VT oo b Vm M101 ... Mndn
VO!Kl =m 5a151...am6m 0101 ...0n0n

(m — 1) (0,00 = 056 )V a(Frusn) Fugvs - Flpw, F0 L FOmPm RAOL 0 ROmon o

+ M Fpiguy Fugy - Fuu, (60,60 — 00,60 )W (F*10) L Fomfm Rho1 0 Ronon

10 Fypy gy o« By FO1 L PO (52 58— 52 58 YV (R™ Y .. R"n%%én]
(3.41)

Notice that in each line, the covariant derivative is contracted with one of the Kronecker
delta functions to become either V,, or Vg, . In the first two lines, this acts on F' and hence
leads to second order terms. In the third line, when it acts on the curvature tensor, the
term vanishes due to the Bianchi identity, enabled by the antisymmetrization of the indices

aq,M1,01 or B1,m1,01 by the determinant tensor.

It is clear that the above argument also holds in a similar way for VK3 # and hence, we

conclude that the equation of motion with respect to A, is second-order.

Now, we shall look at the equation of motion with respect to to the metric. Consider the

Lagrangian composed of the following independent variables,
L=L(RY ;,9°°, Fap) (3.42)

As we have derived before, the equation of motion corresponding to this Lagrangian is given
by which we restate here for convenience:

1
Py By + K opFg" = 59051 — 2V P, s =0 (3.43)

where,
oL
af _
ap (ga/ByF;W)
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Note that P,s,5 = gagggnPAfg. Notice that, just like theories with just the Riemann tensor
and its contractions, only the last term V#V¥P,,, 3 contributes higher derivative terms. So

let’s first calculate Pf‘; upto an overall constant factor,

ap HAVL o b Vi 0202 ... N On a1B1 amBm Y202 Onon
P = q gl om0 o o By OO L FOmPn R0 RO (3.45)

Taking the covariant derivatives, we can express the result schematically as,

§7(M§7u)}2ﬂau =

p GG QR0 Oy (7 gV L, FOP | pamfn Rl

a1B1 ... amBm VB 0202 ...0n0p * T UmVm

Onon
RO

n(s’n

262
+m Fupy oo Fpp (V, VO FOPY) L pombn 202 RO

+(n = 1) Fuy o Fpp, PO PP (7 VI R%2 ) RO

+(n = 1m (VYF.,) . Fp,, FOO L FOmPn (V) R%22 R
+(n = 1)m Fpp, oo Fyp,, (VY FOO) L pombn (7 R22 ) RO
+(n=1)(n = 2) Fu, .. Fyppy, FOP L FOmBn (W, R272 (VY RS
+m* (VY Fu) o Flp,, (Vg FO0) L Fombm 202 RS
+m(m — 1) Fuy oo Flp, (V@ FOP) (VO F0202) | pemfm o o RO

+ m(m - 1) (V(NFMIVI)(VV)F,UQVQ) F,Ume Falﬁl FOQ/BQ FamBmR92U2

on

Onon
) R

n(sn

n363

mVm n

Mndn

Onon
RO

(3.46)

1202

Let us analyze each of the contributions in the above equation. We see that the last three
terms are second-order in derivatives as they have a single covariant derivative of the EM
field strength. All the remaining terms contain higher-derivatives of either the metric —
through covariant derivatives of the curvature tensor — or the EM vector potential — through
two covariant derivatives of the EM field strength. However, due to the antisymmetrization
of indices by the determinant tensor, all of the higher-derivative contributions vanish by the

use of Bianchi identities: V|, F,5 = 0 and V[uRo‘ﬁ o = 0. Hence, the above equation of
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motion simplifies to,

V(uvy)Pu,BaM -

HAVL e iV Qi 262 .. N On, 2 (v
naoq,[‘h...amBmVBOQUz...Qan m* (V Fum) - Fyu

B mPBm O20 Onon
mVm (VM)FOH 1) ...Fa R 2 2,'7252 ...R v nn(s

n

)
+m(m —1) Fuppy oo Fyppo (V( FOP) (VY F2P2) L pombm gP202
+m(m —1) (V(MF#1V1>(VV)FH2V2) By

Onon
n2d2 *** R Mo

n

Fa1ﬁ1 Fazﬁ2 FozmﬂmR9202

mVm

Onon
mos - L

n

(3.47)

Hence, we see that the contribution from the last term in [3.35|is second-order for the La-

grangian given by [3.38] This concludes the proof of our claim.

In the above discussion, we have leveraged the fact that only the last term in the the
equation of motion - V(“V”)Pam,g — contributes higher-derivatives. In the case of
theories with just contractions of the curvature tensor with the metric, we have seen that
this term can never be second-order (see discussion below [2.51)) — it is either higher-derivative
or zero. The latter condition leads to the Lovelock class of theories. On the contrary, from the
above discussion we see that in the presence of EM field strength contracted with curvature

tensor, some of the terms become second-order [3.47| rather than being zero.

3.2 2-form gauge field

Now, as an extension of the last section, we will investigate if there exists theories with
Abelian gauge field strength of form degree 3 non-minimally coupled to gravity such that
the equation of motion is second-order in arbitrary backgrounds. This is an interesting case
to consider, since in string theory, the gravitational effective action contains an Abelian field
of form degree 2 known as the Kalb-Ramond field, which is coupled to the curvature tensor

and to a scalar field known as the dilaton.

Consider a form degree 2 Abelian gauge field B,,, which appears through the field
strength Hy,. = 3V (o By (of form degree 3). The field strength H,,, satisfies a Bianchi
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identity,

VigHauw) =0

(3.48)
- VBHQHV — Vanﬁ + qul,ga — VZ,ng =0

We will try to construct a Lagrangian at fourth order in derivatives with the fields mentioned

above, such that the equation of motion is second-order.

The most general action at fourth order in derivatives with a Lagrangian of the form
L= L(Raﬁw, g°", Hap,) can be written as,

S=a / d°z\/=ge™® [t R R, ,, + a2 R* Ry, + a3 R* + ay H/ H"™ R 4. s

uvpo

(3.49)
+as HPH® ;Rog + ag H* Hogo R + LY (H,VH) |

In the above action, LM (H,VH) denotes the terms which only contains contractions of the
H field, and its covariant derivatives — we will analyze such terms in the subsequent sections.
Note that terms of the form H™ aren’t of concern, since they always have a second-order

contribution to the equation of motion.

Our requirement of having a second-order equation of motion leads to the purely metric
terms to assume the Gauss-Bonnet form with a; = —4as = a3, as it is the unique theory
with four derivatives with the above property. Now, let us turn our attention to the coupling
terms between the metric and the B field. First, we will derive the equation of motion by
varying g,,, and choose the coefficients a; such that all higher derivative terms in the equation

of motion cancel each other.

Starting with the an%H"‘WRaﬁw term, from the identity , the first four terms in
brackets with two derivatives of g, are the only ones which may lead to the higher derivative
terms in the equation of motion,

(e 1 (o3
jgﬁﬁéffﬁ vaf%aﬂvé — §]¥ﬁ66}1n W(éga&57 __6gﬂ&a7 _’5ga7ﬁ5'+'595wa6) (3‘50)

The covariant derivatives in the second and third terms are antisymmetrised by contraction
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with the H indices, and hence do not lead to any higher derivative term. Using integration

by parts on the first and fourth terms, we have,
H P H™ SR, 55 — (—H"™N gV, HP 7 — HP °NV gV H™) 6, (3.51)

Notice that the term in the brackets is symmetric in g and o as expected.

Now let us look at the H*" H” -5 Flap term. We will use the identity (3.13, where only the

first two terms lead to higher derivatives. Grouping terms with similar contractions to get,

H*"H", 6 Resy
1 g (6% g g (0% ag
—3 {(V7 1)y - (0,9 1) b+ { (97 g JH o (V9 ), |
= 20 (VoY HO) I + {— (@) 1, — 100, 1] 5,
(3.52)

Note that in the above expression, one is free to exchange the order of covariant derivatives
in any of the terms, as such a change only requires an extra term with a Riemann tensor and
no covariant derivatives. The grouped terms in parenthesis are equal upto such an exchange.

Also, each group of terms is symmetric in p and o as expected.

Let us use the identity [3.48)in Eq. [3.52] in the first term in the second curly brackets,

(V,V7H" ) H""
—(DH,g" = Y,V H, 7 + VY HT, ) B (3.53)
=H""0H,," — 2(V,V,H,"")H""

So, by exchanging indices ¢ and o, we can write the other term in the second curly brackets

as,
(VHVLH g H = HOH, " — 2(V,V, Hy"" ) H" (3.54)

The O terms in and are the same as those in the third curly brackets in but
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with opposite sign, hence they cancel out. Hence we arrive at,

H*"H" 6 Ry
1
-3 [{(V”VVH“WG)HVW + Haﬂe(vawmng)} - 2{(V7V77H79”)H’79“ + (vvvnm@u)m;}

— 29" (VaV H " YH 5 18g,0
(3.55)

Finally, we see that the second curly brackets in is the same as (even upto the

sign). This gives us our first constraint,
ay + a5 = 0 (356)
To eliminate the rest of the terms in [3.55, let us turn our attention to H**YH,s, R.
Repeating the same steps as we have done earlier, we come to the identity So,

H*"H,5.0R (3.57)
= (vmvﬂ (H"H,5.) — ¢"0 (Haﬂaﬁaﬂg)> 8Guo (3.58)

Now, using we try to simplify both the terms to express them as the terms familiar with

us from above. We see that,
HP (VWVI) Hys,) = 3(VEVEHDP ) H,, (3.59)
and,

HeMOH,,, =3 H""(V'V oH,.) (3.60)
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Substituting the above relations back in we have,

H*""H,z3,(6R) (3.61)

— {3{(V“V“H"ﬁ7)}[am - (V“V"H“[’V)Ham} — 6" H*"(VV o H,0) 09,0 (3.62)

Remarkably, the curly bracket above is the same as the first curly bracket of and the

terms having g#? are also identical. We can cancel both of them by having the constraint,
as + 6(16 =0 (363)
Finally, with the constraints and |3.63], the action takes the form,

S(l) = / de V=g [al{R#VpgRuypo - 4R:W’R'uy + R2} + CL4{ HﬁBBHnaﬁ/Raﬁ'Y‘f

' (3.64)
— HY"H' ;R + H¥ o R |

We still haven’t looked at the equation of motion when varying with respect to B,, and

whether it is second order too with such a choice of coefficients. This equation of motion is

given by,
Vo P =0
L 3.65
where, P = < 0 ) ( )
aHaMO’ (Rpuauvguo')

Let us calculate the higher order terms in [3.65| contributed by each of the three terms with
coefficients a4, as and ag.
8 Tyné
For Hnﬁ H"™ Rys. 5,
apo apo 0 é
pPore = 25007 H'™ R, (3.66)

Note that in [3.65] the covariant derivative acting on the H will only produce a second
derivative term, while that acting on R will give a third derivative term. Focusing on only

terms of the latter kind, we have,
VP a{ IV, Ry = Ry 42 H Vo Bapng = Vo Raor (3.67)
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Note that all the terms above are antisymmetric in x and o as expected. We will later show
that the terms with the square brackets do not lead to any higher derivatives of the metric,

so let us ignore them in the meanwhile.

For H,.,sH pV‘SR"’),

VP =V, (26005 1, R

nys “Tp

(3.68)
—2H (Vo R) + 4{ H, " (Vo R) — H,* (V. R") }

Again, notice that the terms in the curly brackets in and are identical. This

again leads to the constraint a, + a5 = 0.

For H, s, H" R,

VP =V, (20000 H7R) (3.69)
— 12 H*V,R (3.70)

This is identical to the first term in and gives us the constraint as + 6ag = 0, as we
have already seen. From the above analysis, we conclude that the Lagrangian indeed

leads to second order equation of motion under the variation of both g,, and B,,.

Now, we just need to prove the claim that the terms with the square bracket in [3.67] do
not contribute any higher derivatives. To see this, consider them linearized on an arbitrary
background H,s, and G, and let us focus only on the terms which could potentially lead to

higher derivatives (below, 0 refers to the the linearized quantity),

Haevva((SRu@w) — (o)

10 (3.71)
— SV, (Vvvudqge VY90G — VoV B + vgv(,(sgw) —(u o)

Due to the antisymmetrisation with p and o, the second term drops out while the third term
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becomes second order in derivatives. Now, just consider the remaining terms,

HY VN 16900 + H* 'V VeV 6., — (11 5 0)

(3.72)
= — HN |,V V0000 + HOOV (Vg V500, — (1 4> o)

Hence, this antisymmetrisation of the covariant derivatives removes all higher than two

derivative terms. This concludes the proof.

Analogous to the last section, one can check that the interaction terms involving the the
B field and curvature tensors in can be equivalently expressed (upto overall constant
factors) as,

L = §Hvr 1161

a1$171 pbior
alﬁlVlelglfiplylplfir R

(3.73)

1161

The above result suggest the following generalization to arbitrary order in curvature and the
field strength as follows — just like the LA(1) case,

[ = §ravapPL - fimVmpm 7101 ... Mnbn
a1B1Y1 - OmBmYm 0101 ... Opop " T HIVIPL

H

HmVmPm

a1B1y amPmym pbio Onon
Hobm | RO R
(3.74)

Following closely the analysis in Section [3.I] one can easily check that the above theory
represent the LA(2) class.

3.3 n-form gauge field

The above results reveal a clear pattern through which we can obtain the LA(n) class of

theories for any n > 0. Consider an Abelian gauge field of form degree n given by A, ., .

~Hny

The field strength corresponding to this field is given as C, s, ... 1] = Vi Apiopis .. pnia) Which
has form degree n + 1. This field strength satisfies a Bianchi identity given by,

Vi Crirpiz o pinga] = 0 (3.75)

Then, the class of theories with the Abelian gauge field Ay, ,, .. 4,] non-minimally coupled

to gravity such that the equations of motion of the theory is second-order in arbitrary
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backgrounds — LA(n) — can be given as,

TS SRS LTI Y N
L=20:,"0% m) ) Cow @ .Cwm m
Vi Vg e R ] Y101 -..Ys0s S I S Ky THg T Hy
ngl)yél) ...1/7(L1+)1 Cuim)zxém) l’v(:i?l (376)
'7161 'Ys(ss
R a1fr " R asfs

We have successfully found the most general way to construct Lovelockian theories with an

Abelian gauge field contracted with the curvature tensor and the metric.
Scalar field (LA(0))

Following from the above discussion, we find that the class of Lovelockian theories — LA(0)
— constructed from contractions of the curvature tensor with the field strength of a scalar

field can be expressed as:

L=ahg e i (Vi) (Vipd) . (Vi 0) (V70) (V29) .. (VOmg) RWP RO
(3.77)

3.4 Lovelockian theories as differential forms

3.4.1 Notation

We shall denote forms using bold typsetting for clarity. The curvature two form is given as,
Ry = € € Rps dz® A dz” (3.78)

The electromagnetic field strength is a two form which is given as the exterior derivative of

a one form A

F = dA =20, A, da" Ndx” = F, dat A dx” (3.79)
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where F),,, is the antisymmetric field strength tensor given as,

Fl = 20,4, (3.80)

We can write the field strength tensor with two frame indices as,
Fo=¢€bey F (3.81)
Alternatively, the field strength can be expressed as a one-form as,

F,=¢'F,, di" (3.82)

3.4.2 Lovelock theories in differential forms

Claim: In d dimensions, any top form which can be written as below, is equivalent to a
Lanczos-Lovelock Lagrangian [2.37]

L=Ru A Roypy A oo ARapp, Ay Ay, A o Ay, €101 0nbngidp (3.83)

with d = 2n + p and n,p > 0. € denotes the Levi-Civita tensor.

Evaluating the wedges, we write the scalar Lagrangian corresponding to the above top

form as,

__HAVL - i Un Y1 Y
L =e e nRalbl,U«lVl Razbzuwz Ranbnunvnegl 11€927v2 -+ €gpyp

(3.84)

Ealbl ..apbpcidy ...cmdm g1 ... gp

Note that here any contractions between frame (Latin) indices can be replaced by co-ordinate
indices. As an example, for an arbitrary tensor A, in 2D, Aye® = ele] Ap,e® = Ag, .
Hence, from [3.84] we find,

— MIVL e Vn Y1 Yp Q1B - OB
L=e € ol ..fpralﬁlmw Razﬁ2#21/2 Ranﬂn#nvn

Ra1/51 Razﬁz Ranﬂn
o

H1v1 H2V2 MnVn

(3.85)
— MV il V1T
a1B1 ... 0 Y1 -
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Now, we use the identity that in d dimensions,

611 vls Js+1 ...gdeil s — 8! 6]s+1 - Jd (386)

kst1...kq ks+1 ... kg

Hence, we can finally write the Lagrangian as,

L = plgtipkmn poafy - poafa - Ronfn (3.87)

a1y ... anfBn Hiv1 pova HnVn

This concludes the proof of our claim.

3.4.3 LA(1) Lagrangians in differential forms

Claim: In d dimensions, any top form which can be written as below, is equivalent to a

LA(1) Lagrangian (3.38).

L :Ra1b1 A\ Ra252 FARVAN Ranbn (Fclle) A (FCQdQF) FANA (chde)

/\ e /\ e /\ /\ e Ealbl ...apbp cidy ... cmdm g1-.-92p
91 g2 9p

(3.88)

with d =2n +2m + p and n,m,p > 0.

Evaluating the wedges, we write the scalar Lagrangian corresponding to the above top

form as,

L — 6,ull’l e UnVn P101 ... POm Y1 -+ In

Ra1b1u1l/1 Ra2b2M2V2 Ranbnunl/n (F01d1 FP1U1)<F02d2Fp202) (chdemem) (389)

a1by ...anbp c1dy ... cmdm 91 -~ g2p
€9171€g272 -+ Cgp 7y €

On further simplifying by replacing contraction of frame indices with that of space-time
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indices, we find,

L = eM1V1 - BnVn P10 .. pmOm Y1 - Yp 604151 e QB 101 o MmO
Y1 ---Up

Ralﬂll»‘lVl Ranﬁn#nl’n (FT]151FP1U1) (anémemUm)

(3.90)
M1V o nVn P1OT1 oo PmOm Y1 --- Y,
=€ o . ' ? EOClﬁl ---anﬁnnl(sl ---777n67n'71 - Tp
nPn 0 mam
Ralﬁlyllq Ra g WnVUn (Fnl lelo'l) (Fn Fpmo'm>
On using the identity [3.86], we can finally write the Lagrangian as,
e UnVn e PmMmOm nHn 5 m(sm
L=plohg b sy prim gt RO (FME ) e (FTE, 5) (3.91)

This concludes the proof of our claim.

3.4.4 LA(n) Lagrangians in differential forms

From the above discussion, we can infer that a general LA(n) class of theories can be ex-
pressed as the following differential form in d dimensions:

L =R A Rugpy A oo ARy, (C

kil)kél) k£1+)1c) VAN (Ckgm)kém kgﬂc)

(3.92)

Neg Aeg, A ... Ae,, et KRS k) R RS™ LR g1 g2p
P

where C = C), ,,. dzt* NdxH A ... ANdxtttand d =25 + m(n+ 1) + p.

< Pn+1

3.4.5 List of Lovelock and LA(1) top-forms upto 6D

In this section, we will list all non-zero Lovelock and LA(1) top-forms upto 6D, which are
composed of the wedge product of the following quantities contracted with the € tensor: Ry,
F and F,;,. Note that F and F}; are always added in a pair as the latter requires two indices
to contract with the Levi-Civita tensor (hence requiring 2 additional dimensions), while the
former increases the form number by two, to maintain being the top form. Note that for the
prefactors, we utilize the identity
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In 2D

ab

1. egepe” = e"ey, =2

2. Rap €® 552}%“6 . = 2R : Topological and total-derivative in 2D

3. F, Fe® = 55;F°‘5FW =2F,, F* : EM kinetic term

In 3D

1. e epe e = e, = 6 : Constant

2. Ry e, €% = 5g§R“”a6 = 2 R : Einstein-Hilbert

3. FFype e = 600 FogF* =2 F* F,, : EM kinetic term
In 4D

1. e epe e e = e"P €00 = 24+ Constant
2. Ry e.eqe®d = 2 552}%0‘5 . = 4 R ¢ Einstein-Hilbert

3. RuyReqe™™™ = 65000 Ry R s = 4 (R R, 5 — 4 Rag R + R?)

nvpo
: Gauss-Bonnet, topological and total-derivative

4. FyFe.egetd = 252‘5FQBFW = 4F,, F" : EM kinetic term

B Fu F FyF el = §o00F s FWE sFr0 = 16 FME,, F PF,° + 8 F, Fpp F/ FP

nvpo
: EM self-interaction term

6. Roy FugF e = G000 BRI FP7F 5 = A(—4 F®, Fo R™ + FM Fu, R+ F'FRy0p)

uvpo
: LA(1) term with 4 derivatives

In 5D

1. e,epeceqey ¢bedf = e””p"‘sewmg = 120 : Constant
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2. Rype.eqepe®@ = 6 55;Ra5 w = 12 R : Einstein-Hilbert

3. Rap Rea ey el = o000 Rw’aﬁ Rpo'yé =4 (RaﬂvaRaﬁvé —4 RaﬂRaﬁ + RQ)

uvpo
: Gauss-Bonnet

4. FyyFeceqep etedf = 6 (SﬁfFaﬁF/“’ = 12 F*F,,, : EM kinetic term

B, Fu F FyFepetedf = §o00 i E F07 = 16 ™ F, F, P F, + 8 F, F, M Fr°

urpo
: EM self-interaction term

6. Rap FugFep e = §U00RM FroF s = A(—4 F, Foy R¥ 4+ FP E,, R FFPR,,.5)

L po
: LA(1) term with 4 derivatives

In 6D

1. e epe.eqe;e, e = ¢rvrodne o =720 : Constant
2. Rupe.ejepe, i = 24 5&‘;30‘5 w = 48 R : Einstein-Hilbert

3. RuyReaese e = 250000 RY g R” ;=8 (R*POR, 5 5—4 RopR* 4+ R?) : Gauss-

Bonnet

bedfg — saByébn puv po A
4. RabRCdegeacfg g 5p,up0')\7'R OZ,BR 'YLSR 7—977

: Cubic-Lovelock, topological and total-derivative
5. Iy Fecegere, etbedfs = 94 535}7@517“” = 48F"F,,, : EM kinetic term

6. FabFchFefeg Eabcdfg = 25a'875Fa5F“VF75FpU

nvpo
: EM quartic self-interaction term

7. FpF FgF Fp F etbedfs = 500000 puv p speo fy AT

UVPOAT
: EM hex self-interaction term

8. Ry FugFepe, ¢ = 200009 R  FroF, s = 8(—4 F, Fo, R+ FM F,, REFM™ FPR,,.5)

U po
: LA(1) term with 4 derivatives

— 00
9. Ry Req Fyg Feedls = 60000 R R (AT Fy,

: LA(1) term with 6 derivatives
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10. Ry Fug F Fyy F eabds = 0000 R o F s P Fy,

UV PO AT
: LA(1) term with 6 derivatives

From the above list, note two observations: First, we do not have any ‘new’ term in the
odd dimensions apart from the ones already introduced in lower dimensions which are then
extended to the odd dimension using e (However, note that even though Lovelock terms of
curvature order n can be first written in dimension 2n, they start affecting the equation of
motion from dimension 2n+1). Second, we have omitted writing terms with an odd number
of F'. This is because any such term vanishes due to antisymmetrization by the Levi-Civita

symbol. To demonstrate this using an example, consider,
Ry F FyFpetd (3.93)

On evaluating the wedge products and writing the scalar corresponding to the above La-

grangian, we have,
HUN1N2M3 AT010203
€ R)\T,uu F91771 F92772 F93773 € (394)

On exchanging (A, 7) and (u, ) we have,

7616203 Hrnin2n3
€ R F91n1 F92772 F93773 € (395)

UUAT

Note that in the above, we have’t yet relabelled any indices, we have just done two things:
i) performed the said interchange of indices on the curvature tensor and, ii) exchanged the

positions of the two epsilons. We now relabel indices to have,
01626 A
GRS R)\T,uu F91?71 F92772 F93713 eI (396>

Next, we perform the interchange of indices (6; <» n;) for i = (1,2, 3), which leads to a net

negative sign as there is an odd number of F'. To summarise,

Hrnin2n3 AT016203
€ RAT,ul/ F91771 F92772 F93713 €

3.97)
_ _uv610203 Atmmenz . pv010203 ATN1121M3 (
=€ R)\T;w F917]1 F92772 F93713 € =—¢ R/\r;w F77191 FT]292 Fn393 €
Now, relabelling (6; <> 7;) in the last expression, we find:
HUN1N273 AT010203
€ R/\T/U/ F91771 F92712 F‘93773 € =0 (398)
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As we saw, this result only relies on the no. of F' being odd, and the particular contraction

method we are investigating, and hence can be easily extended to any such form.

Also, to introduce additional F’s when increasing dimensions, we could have opted to
insert F, Fy, instead of F F),;,. Hence, we must try to see if both the approaches are equivalent.

To start with, consider a very simple example,
FpFe = e¢Pe” Fos F, (3.99)
and
F,Fpe = *Pe” F,, Fp, = €*e? F,3F,, (3.100)

Hence, we must see if €Pe#” ~ e (~ denotes equality upto overall constant factors) with

a, B and p, v antisymmetric.

Evaluating the former, we find:
Bl — guagvB _ gub gra (3.101)
while the latter gives,

e = ghogui _ gt gve wwith [a, B] and [, v] antisymmetrized

- _g[ulﬁglv}a

1
= 5 (guag’/ﬁ _ gﬂﬁg’/a)

1
= §Ea’86“V (3.102)

Following a similar analysis, it can be shown that the following LA(2) forms are also
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equivalent (upto overall constants):

HAVT «oo finVn P1 o P2m Y1 - Vp Q151 . QnBn M1 .. M2m
€ €
Y1 Yp

Ralﬁlﬂlyl Ranﬂn#nljn (FPIWIFPZnZ) (Fp2m71n2mlep2mn2m)

(3.103)
— ai...agn b1 ...bomcy ... c
= Ralag Ra2n71a2an1 ...Fb2m € ... €, € 142001 - 52m €1 - Cp
and
EHIVL o nVn P1 .. P2m Y1 - Tp 6a1,6’1 e QB N1 e M2m
Y1---Vp
Ralﬁlulm Ranﬁnunvn (Fplszmnz) (szn—wannzn—mzn) (3 104)

_ aj...aon b1 ...bomer...c
= Ralaz Ra2n71a2'n<F Fb1b2) (F Fb2m71b2m> €cp .- €, € " " ?

In this sectiom, we have thus shown that there exists a systematic scheme which not only
reproduces known invariants (like the Einstein-Hilbert and Gauss-Bonnet terms) but also
higher derivative couplings between gravity and gauge fields - such as LA(n) interactions.
It also sheds light on the fact that combinatorial constraints dictate the structure of such

top-forms at each dimension.
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3.5 Theories with covariant derivatives

Till now, we have only studied theories which do not involve any covariant derivatives of the
curvature tensor or field strengths in the Lagrangian. This naturally leads to the question

whether there exists any such Lovelockian theories, which we shall investigate in this section.

3.5.1 Theories with a single covariant derivative of curvature ten-

sor

Consider a Lagrangian which is composed of the metric, the curvature tensor and its covariant

derivative, with the following index placement,
L = L(gaﬁ, Ra/g,y(g, V'ﬂRa,B’y(S) (3105)

(For now, we work with a single covariant derivative, but later we shall generalize our dis-
cussion to theories with an arbitrary no. of derivatives on a curvature tensor). We can
decompose this Lagrangian into two parts: the terms which do not have any covariant

derivatives of the curvature tensor and those which do,
L=Lr+ Ly (3.106)

Since we already have performed the analysis of the equation of motion of the former part,
we will now focus only on the latter and take steps motivated by the former analysis. First,
we should establish the relation among the dependence of the metric to that on the curvature

tensor and its covariant derivative.

Taking (g7, Ry 5, VR 5) as the independent variables, we evaluate the Lie derivative

of the the Lagrangian under an arbitrary infinitesimal diffeomorphism x# — z# + £* in two
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different ways (just like we did in Section . First,

Ll ="V, L

oL ’ oL
Y VvV, P + ¢-
¢ (agaﬂ) (B py5:VnB%g5) ! ‘ <8Ra676)

VNR&B%

(gaﬂ :VnRaﬂ’ya)

a1, (3.107)
o (m) oo T
=P, V,R% s+ P","’V,V, R ;
where we have defined,
Py = ( oL )‘
99°F ) (R, s VR, o)
oL

paBys _ (8R0‘575> S (3.108)

oL
pna Bys _
(avnRaB,y(s )

In the second line, we used the chain rule. From brevity, here onwards we are goning to drop

(gaﬂrRa[g—yg)

the subscripts denoting which quantities are held constant, unless explicitly required. Next,
we can also evaluate the Lie derivative of the Lagrangian as,

LeL = PY¥Leg™ + P,PLRY s+ P17 LV R s (3.109)
Evaluating the first two Lie derivatives as before,

Pos Leg™ = Poag &'V ,,g°° — 2 P,s V&P

) ) ) (3.110)
P)ozﬂfy(g LfR By — Paﬁws 5# V#R Bo +2 ‘Paﬂrﬂs (Vpg ) Rp,B’yJ
Now,
0 ! 0 !
PP LeN Ry s = PP N VR s (3.111)
+ Pnoz 0 (vpgﬁ> VPRa,B’yJ + 2 Pnoz 0 (vpga) VWRP,Bws
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Substituting |3.111] and [3.110]in |3.109| and equating it to [3.107] we have,

(2P +2P,"° R g5+ P, " VuRops + 2 P17V R, ) (VHET) =0 (3.112)

Since the above equation holds for arbitrary £ and at arbitrary points on the manifold, the

term in the brackets vanishes and we finally arrive at the desired relation,
1
5 aBys 5
Puo— P, R 5 — §PU PN Rygys — P17 VR g5 =0 (3.113)

Let us proceed further to find the equation of motion of the theory. The action can be

expressed as (suppressing all dimensional factors),

= /deE vV —g (LR(gaﬁ, Raﬂ,ﬂg) ‘I’ Lv(gaﬁ, Raﬁ»y&; vnRa575)> (3114)

Since we have already analyzed the contribution from the Lz part in the previous sections,

we shall only focus on the Ly part. Therefore,

(SSV _/dD.T vV —géLv

OLv 0Ly

) o7+ (aRa

/ (5\/_)Lv+\/_( )53“575 (3.115)

Bd

OLv N
Ve (W) OVl 51

On performing integration by parts, we can write the above as,
D o 8Lv ozﬁ
5SV = d”x \/_ ——g;va 59“ + \/_ 8 043 g

(3.116)
0Ly c 0Ly

- SR"
OR, 5 ”a(vnRaW)> B

+tVv—yg (
Next, we can express the above more compactly as,

1
/ dPr /=g (—§ngv) 69" + /=g Papbg™® + /=g (P,7° =V, P".7°) 6R%, s
(3.117)
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On evaluating 0 R s and utilizing the symmetries of the P tensors, we have,

(Pa Bys vnpna ﬁwé) 5Ra675 -9 (Paﬁvﬁ - Vﬁpnaﬂvé) vaﬂégaa
= —2(Pops — V'Pupys ) VIV 59 (3.118)
= -2 Eaﬂ.y(s V”Vﬁégaé

where we have defined a new quantity E_ %7 as,

oLy _ 0Ly
aRaﬁ,ﬂs na(vnRaﬁ,ﬂs)

E P = (3.119)
Finally, on using [3.118| (to replace P,s) and [3.113| in the action [3.117, we arrive at the

equation of motion of the theory,

1
s+ PLOONR o5 — gLy — 2VOVP 5, = 0 (3.120)

1 «
P,"° Rygos + 5P, " VR 5

97 @ afy

Notice that if we take P, %% = 0 the above equation of motion becomes equivalent to m
as expected. Unlike 2.20] — where only the last term contributed higher-derivative terms in
the equation of motion — all the terms above have higher derivative contributions in the
equation of motion. This is because the Lagrangian itself now includes higher-derivative
terms. Hence, we realize that one cannot repeat our previous analysis which had lead us to
the Lovelock terms. This calls for more sophisticated approach to answering the question
whether there exists theories with covariant derivatives which have second-order equation of
motion. The question whether there exists any Lovelockian theories with covariant deriva-
tives of the curvature tensor was tackled in 24| using the framework of BRST cohomology.
One of the key assumptions made in this work was inspired from a special property of the
flat space expansion of Lovelock theories, which we will refer to as — Zumino’s property [25|.
In the next section, we will study in detail Zumino’s property and later, we will demonstrate
this this property should also hold for Lovelockian theories with covariant derivatives — if
they exist. The conclusion of [24] was that given this property holds, there exists no Love-

lockian theories with covariant derivatives of the curvature tensor.

Before concluding this section, we can easily see that if we started with a Lagrangian with
an arbitrary number of covariant derivatives on any curvature tensor, [3.120] will have some
additional terms — all of which will again contribute higher-derivative terms in the equation

of motion.
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3.5.2 Zumino property

As we saw previously, any Lovelock term can be written in terms of the curvature two-form

as,

L =Ry, Rayoy - Ra, s, €c, €cy ... €, 102 0nbrbzebncrea.cm (3.121)

m

The curvature two form in terms of the spin connection wg, = w4 da*, which is a one-form,

can be written as,
Rab = (dCU)ab + wg N Wep (3122)

From the above it follows that the infitesimal variation of the curvature two-form can be

represented as the covariant derivative of the variation of the spin connection,
Ry = D(dwap) (3.123)
where we have denoted the covariant derivative as D. From [3.122] it also follows that,
DR, =0 (3.124)

We want to investigate the perturbative expansion of in flat space. Consider the

linearized metric perturbation as,
Juv = N + h,uzz (3125)
First, let us find the variation of the vierbeins at linear order in h:

0Gu = (5(ewebynab)
= hyu, = 2¢€] (de, ) (3.126)

1
= §eg hyw = deq,,

Hence, de,, at linear order in h is generally a non-zero function of h.

Going forward, we will consider a torsion-free manifold with De, = 0.
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From [3.121] notice that if we consider its perturbative expansion around flat space, the first
non-zero contribution will be at order A™. This is because any curvature two-form evaluated
on flat background vanishes, hence at the leading non-zero order, one needs to account for

all of them. Hence, expanding around flat space, we find:

~ ~ A

L= Rap,) Rap,) - (Rayb,) € €0y ... €, €102 nbrbzbncicaem L o(pntly  (3.127)

m

where " represents the corresponding linearized quantity. Next, using [3.123| on the first

curvature two-form we have,

~ A~

L = D(@a) (Rays,) - (Rap,) €y €cy .. €, €1020n 0102 bncreaem o (pntly (3128)

m

On using the chain rule, the Bianchi identity [3.124] and the torsionless condition, we can

write the above as,

~ ~

L =d((0a) (Rags,) - (Ra,p,) €, €0, ... €, €102-anbrb2bncrezoemy L o(pntly (3 129)

Hence, we see that the leading order term in the expansion about flat space for any Love-
lock Lagrangian in arbitrary dimensions is a total derivative. This is the result by Zumino
[25], which we have reformulated in a way familiar to us with the previous discussions in
this note. This naturally leads to the question whether any theory (which has the form
L = L(Raﬁ 6 g*?), with a second-order equation of motion about flat-space has the above
property. Since the question now concerns an arbitray theory with a second-order equation

of motion, we will use a slightly different approach to answer this question.

Consider an arbitrary Lagrangian L = L(R*” ,5) at nth order in curvature (unlike the
previous discussion, we are not restricting our analysis to the Lovelock theories now). We

can represent its perturbative expansion in flat space, with g,, = 1,, + h as,
L=L,+ Ly1+ Lyio... (3.130)

where L;, denotes the term of order A*. In the above expansion, L,, denotes the leading order

non-trivial term in the expansion, which can be expressed in a compact way as,

Aoz bz 2 (9 Oy Ty ) (g Oy Pias) -+ (Ooay 1 Oz Ppir) (3.131)
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Here, A®1@2--#ibz--1v2 encodes all the information about the symmetries of the curvature
tensor and how they were contracted with each other. Let us understand how we got the

above expression. First, note that the linearized curvature tensor is given as,
R,uupa' = 80'8[,u.h1/]p - apa[p,hl/]o' (3132)

Hence, it exclusively contains second derivatives of the linearized metric as expected. Now,
for any non-zero contribution to the perturbative expansion around flat space, we should
consider atleast the linear order contribution from each curvature tensor, else when evaluated
on the background, they vanish. So, the leading non-zero order term L, is formed by taking
just the linear contribution from each curvature tensor (given by which leads to .

Now, the contribution to the equation of motion from [3.131]is obtained as,

oL oL
af  _ no\ _
Sn—l - <5ha,3) - auau (auayhaﬁ) (3133)

This is of order n — 1 in h as is denoted by the subscript of £. The above leads to higher

derivatives terms of the form
Sffl = AP (83 h)(83 h) (82h) (82h) + A8 (84 h)((92 h) (82h) (a%) (3.134)

Since these contributions are of the order n — 1, they cannot be cancelled by other contri-
butions to the equations coming from L,.1, L, 2 etc. as they will be atleast of the order n.
Thus if we impose that the equation of motion is second-order, then &£;_; must vanish. This
requires that Lj should be a total derivative. Hence, we have shown that the second-order
equation of motion implies that the leading order non-zero term in the perturbative expan-

sion around flat space should be non-zero.
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3.5.3 Generalized Zumino property

Consider a Lagrangian composed of the curvature tensor, its first covariant derivative and
their contractions with the metric, i.e, L = L(R, 5,5, V1R, p555 g°?). Tt can be schematically

written as follows,

L = Avvev2paifioidiazfaozde--anfnondn V%R VWR ...V.R (3'135)

1810101 g fB20202 0 Brnondan

where the A tensor inherits the symmetries of the curvature tensor. Additionally it is sym-
metric under the collective exchange of indices (v, o, i, 0i, ;) <> (v, ¢, B;,05,05). The

equation of motion of this theory is given by,

1 1
P, Rygs + 5P, " Ny Rops + Pl VyRyps — S guolv = 2V°V Euage = 0 (3.136)

2" 2
where,
OL OL
E P = -V (3.137)

First, let us establish several important observation for the equation of motion of such

Lagrangians. To start with, we state a trivial fact:

Observation 1. Any contribution to the equation of motion which has the following form,

A R...VOR. . . VOR. . VOR. VIR leZ (3.138)

which has atleast one curvature tensor with a single covariant derivative acting on it,
can never be second-order. In V™ n denotes the number of covariant derivatives on the

curvature tensor

Since only a single covariant derivative acts on the curvature tensor, it must necessarily
contain three derivatives of the metric unless it vanishes. It can’t ever be second-order —
there are only two identities on the curvature tensor we can utilize to further simplify the ex-

pression: the Bianchi and the cyclic identity. However, both of them will make the term zero.
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Now, consider a contribution to the equation of motion of the form,

AZZR..VPR...VIR..V?R pez (3139)

Such contributions are particularly important for us as they have even number of covariant
derivatives on each curvature tensor and can potentially lead to a second-order contribution

to the equation of motion by antisymmetrizing covariant derivatives.

Observation 2. For a Lovelockian theory, the leading order non-trivial term in the flat

space expansion of any contribution of the form [3.139]is either zero or higher derivative.

To see this, first consider that in flat space, the leading order non-trivial term is obtained
by replacing V in [3.139) with partial derivatives, and replacing the curvature tensors with

the linearized curvature tensor. This can be schematically written as,

A

AT ROPR.OWR.LOPR, pel (3.140)

where R denotes the linearized curvature tensor. Since partial derivatives commute, any an-
tisymmetrizations of covariant derivatives in [3.139] makes [3.140] zero. This shows that [3.140]

can never be made second-order in derivatives.

Now, let us look at the contribution to the equation of motion [3.136| coming from the
last term, i.e, —QV‘“VﬂEWBU. They are either of the form (with atleast one curva-
ture tensor having a single covariant derivative) or (with curvature tensors having an
even number of derivatives). Consider the flat space-expansion of these contributions with
Yuv = Muv + hy. With the definition of the E tensor in [3.137, we see that it is the only
term which contributes at order 2”1 in the flat space expansion (since obtaining E involves
differentiating with respect to to the curvature tensor and its derivatives) while all other

terms in the equation of motion |3.120| contributes at order h™.

Assume that there exists a Lagrangian of the form [3.135] which is Lovelockian. In that
case, the h"~! contribution in the flat space expansion which have the form must be
zero, as we have argued in the first observation. Next, the h"~! order contribution arising
from terms of the form [3.139] will have the form [3.140] By our second observation, this
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is never second-order and hence must vanish for a Lovelockian theory. What we have just
showed is that the contribution at order A"~! in the equation of motion for such a Love-
lockian theory must be zero. From this, we can conclude that the leading order non-trivial

contribution in the flat space expansion of such Lagrangians must be a total-derivative.

Now, with the above discussions in mind, we generalize our results as follows,

Observation 3. Consider any contribution to the equation of motion which has the following

form,

AT R..VOR...VOR. VOR. . VIR ez (3.141)

with atleast one curvature tensor having atleast one covariant derivative. Then, the leading
order non-trivial term in the flat space expansion of the above contribution is either higher-

derivative or zero.

If such a contribution has non-zero number of VR’s, then by our first claim, we see
that it must be zero for a Lovelockian theory. In the other case, by our assumption, it
has atleast one curvature tensor with greater than one covariant derivatives acting on it.
In general spacetimes, these covariant derivatives must be antisymmetrized to make the
contribution second-order. At the leading order non-trivial contribution in flat space, the
covariant derivatives are replaced by partial derivatives which commute and hence vanish

under antisymmetrization.

The contributions schematically written in [3.141| completely characterize terms in the
equation of motion from a general Lagrangian which has arbitrary derivatives of the curvature

tensor, i.e,
L= L(g“y, Raﬁ’\/57 VRaﬁ’y(57 V(Z)Rag,ﬂg Ce V(H)Rag,y(;) (3142)

Hence, we conclude that if a general Lagrangian with covariant derivatives of the curvature
tensor is Lovelockian, then the leading order non-trivial term in the flat space expansion

of the Lagrangian must be a total-derivative, so that its corresponding contribution to the
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equation of motion is zero, as we have argued above.

Hence, we have successfully demonstrated that Zumino’s property indeed holds for Love-
lockian theories with covariant derivatives of the curvature tensor — if they exist. However,
[24] showed that there exists no theories with covariant derivatives which satisfies the above

property — which demonstrates that there does not exist any such Lovelockian theories.

3.5.4 Analysis of (VF)" theories

In this section, we would like to investigate if there exists any theory of the form (VF)"™ which
can be Lovelockian. This is a particularly interesting since at first sight it seems analogous
to the Riem" theories — being composed of contraction of tensors with 2 derivatives. As we
have studied in detail, the latter admits a class of theories with a second-order equation of

motion — the Lovelock theories.

Consider such Lagrangians which are composed of contractions of the EM field strength
tensor F' and its first covariant derivatives, i.e, L = L(Fng, V,Fa3). They can be expressed

as:
L= A cafrasfaanfn V’Yl Falﬁl V'YQF042,32 T V’anFaznﬁzn (3'143)

where A is a constant tensor, which inherits the [a;, ;] (for all 7) antisymmetry of F. It is
also symmetric under the collective exchange of indices (v;, o, 3;) <> (75, @;, 8;) for 4,5 < 2p
and (o, ;) <> (o, pB;) for i, > 2p. Any theory which has a second-order equation of
motion in flat space is a possible candidate for being a Lovelockian theory, i.e, having a
second-order equation of motion in arbitrary backgrounds. Hence, we shall analyze if the
above Lagrangian can ever have a second-order equation of motion around a flat background.

In this case, the above Lagrangian simplifies to:

L= Az alﬁlagﬁynanﬁnaﬁ Falﬁlaszazﬁz T aQnFaQnﬁzn (3144)
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The equation of motion of a general theory of this form is given by,

30, (%) —0 (3.145)

Hence, the equation of motion of the Lagrangian in [3.144]is given by:

{1 — 1) AT 000 (50,0, Foy) - Oon g,
—1)(n—2
L nn=D(n-2)

2 A2 2p @B oo B (aﬁa’mFasz)(a’ya’YsFagﬂ3)av4Fa4ﬂ4 T a2nFozznﬁzn =0

(3.146)

which follows from:

(a(aaf'p am) = n AT 00 F - O P, o, (3.147)
In the equation of motion [3.146] the first line leads to terms with four derivatives of the
vector potential while the second line contributes terms with three derivatives of the vector
potential. There exists no second-order contribution to the equation of motion. Hence, any
such Lagrangian in flat space can never be Lovelockian. Notice that this is completely anal-
ogous to our analysis in the Generalized Zumino’s property section — this theory behaves like
the leading order non-trivial contribution in the flat space expansion of theories which are

composed exclusively of the contraction of curvature tensors and their covariant derivatives.

Now, consider the following trivial observation:

Observation. Any contribution to the equation of motion which has the following form,

A VR OPF . OF . 0V, ez (3.148)

with atleast one field strength having atleast one partial derivative — is either higher-

derivative or zero.

Next, consider any theory composed of arbitrary contractions of the field strength tensor

and its covariant derivatives, i.e,
L=L(NVyFo,VyVy,Fos, ...) (3.149)
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In flat space — with all the V replaced by 0 — all the terms in the equation of motion are of
the form [3.148] Hence, we come to conclusion that no generic theory of the form [3.149 can

ever be Lovelockian in flat space.

A straightforward corollary of the above discussion would be Lagrangians which are

composed of arbitrary contractions of higher than two covariant derivatives of a scalar field:
L=LVe, Va6, VeV, Vs, ...) (3.150)

Following the analysis we have done in this section, we can easily check that such theories

can also never be Lovelockian around flat space.
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Chapter 4

Generalized Quasi-Topological gravities

— A Brief Overview

In the previous chapters, we have mainly focused on theories whose equation of motion is
second-order, implying that the linearized equation of motion is second-order on any ar-
bitrary background — the theory never propagates any ghost-modes. What if we do not
want to be so restrictive, and try to identify theories which are ‘Einsteinian’ — just having
the spin-2 graviton mode — only around specific backgrounds. Assuming that the universe
is homogeneous and isotropic at large scales, one might be interested to construct theories
which are ghost-free around maximally symmetric backgrounds which includes de Sitter (dS)
and anti-de Sitter (AdS) spacetimes, besides flat space. In this chapter, we will study the
procedure to construct such theories and look into some of their remarkable properties. We
will review most results which are already known in the literature and try to create a map of
theories which are constructed with the motivation of being ghost-free in arbitrary or specific

backgrounds.

4.1 Einsteinian cubic gravity

First, we will review how one can construct theories at a certain order in derivatives which

are Einsteinian around maximally symmetric backgrounds:
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e Take the most general Lagrangian at a given order in curvature with arbitrary coeffi-

cients of each of the terms in the Lagrangian which we aim to fix.

e Linearize this theory around a maximally symmetric background with metric g,, and
curvature tensor R0 = 2M(Gupdvo — Guodup), Where A is related to the cosmological

constant.

e From the linearized equation of motion, identify the propagating modes of the theory.
Some of these modes will be massive and ghost-like. The mass of any mode will be a

function of the couplings present inside the Lagrangian and A

e Choose the coupling constants such that the mass of each mode — other than the spin-2
graviton — goes to infinity. This eliminates all ghost-like modes and gives us a class of

Lagrangians which is Einsteinian.

Going a step further, one can impose that the couplings are dimension-independent — which
implies that with the same couplings, the theory would be Einsteinian in any dimensions.
With this restriction, at cubic order in curvature, one attains the cubic Lovelock term along
with another term known as the ‘Einsteinian cubic gravity’ (ECG) (|26]) — which is non-

trivial in 4D — whose Lagrangian is given by,
Lice = Rupo R R" 5+ 12 Ryype R7°RY,’ =12 Ry 0o R R + 8 R, R Rl (4.1)

To emphasize, the above theory propagates only the spin-2 graviton in any dimensions (as en-
forced by its dimension-independent couplings) around maximally symmetric backgrounds.
We can extend the procedure described above to higher orders in curvature, but next we will
slightly digress from this discussion and look at a class of theories which are closely related
to the ECG we just studied.

4.2 Generalized Quasi-Topological gravities

In 2010, Myers et. al [9] first noted that in cubic order in curvature, a theory (without re-

quiring dimension independence of the couplings) which admits static, spherically symmetric
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solution satisfying ¢i+g,.» = —1 and characterized by a single function f(r), i.e,
ds* = —f(r)dt* + f(r)~t dr? + r?dQ? (4.2)

always has a second order linearized equation of motion, i.e, is Einsteinian around max-
imally symmetric backgrounds. These theories came to be known as ‘Quasi-topological’

(QT) gravity. The Lagrangian of the Quasi-topological theory is given by [9],

1 3(3D — 8)
Lor =R Rus,,R.5" aBs
or = B iy (et
—3(D = 2)R,4,sR*VR” + 3D R 5. sR*'R” (4.3)
. 303D -4 N 3D _,
+6(D —2)R, "R ;R* — TRB R R+ R )

However, the above Lagrangian is zero for D < 4. It turns out that this is not the unique La-
grangian (allowing dimension-dependent couplings) which is Einsteinian around maximally
symmetric backgrounds. There exists a broad class of theories known as ‘Generalized Quasi-
Topological theories’ or GQTs, which have the same property. Hence, let us look into the

precise definition of these theories [11]:

Consider a higher-derivative Lagrangian density of the form £ = L(Rus+s, 9*°) (composed
of the curvature tensor and its contractions with the metric), such that taking all the higher-
derivative couplings to zero reduces it to the Einstein-Hilbert action. In other words, it must

admit an Einstein gravity limit. Evaluate it on the following metric:
ds* = —N2(r)f(r)dt* + f(r)"" dr® 4 r2dQ? (4.4)
and define the Lagrangian Ly s as,
Ly, (r, LS (), f/(0), £ (), J AN (1), N'(r), N"(r), ... }) = N(r) 1772 L]g,, (4.5)

Call the expression obtained by evaluating L on with N =1 as L;. If the variation of
Ly with respect to f(r) vanishes ‘identically’, i.e,

oLy OL d [ 0L\ & [ 0L -
=5 or) i (o)~ = o
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Then, the following always holds,

e The theory admits solutions of the form [£.4] If L has a maximum of n derivatives of

the metric, then f(r) satisfies a differential equation of order < 2n + 2

e Such solutions coincide with the exterior field of a spherically symmetric mass distri-

bution, which is fully characterised by the mass of the body M.

e The theory only propagates the spin-2 graviton in maximally symmetric backgrounds.

Theories for which the solution of f(r) is given by an algebraic equation are known as
‘Quasi-topological’ (QT), gravities. Those theories which lead to a differential equation for

f(r) are known as ‘Generalized’ Quasi-Topological gravities (GQT).

Let us look into the proof of the first claim since it is quite illuminating for constructing

GQTs. First, consider the action with the Lagrangian evaluated on the ansatz [4.4]

S[N, f] = Q(DQ)/dt/erNyf (47)
The equations of motion of this theory are given by the variation of this action with respect
to to the metric as,

1 6L
V—g0g°°

Using the chain rule, one can write the ¢¢ and the rr component of the equation of motion

Eap (4.8)

as,
168 28
Qp_orP-26N  fN?2
1 ss&, (4.9)
+Ng7"7“

QD—27"D72§ N N f?

From the ansatz [4.4] notice that if we scale N — aN, it is equivalent to scaling ¢ the same
way. Hence, the action [4.7) also scales as S — .S,

SlaN, f] = Qp s / (adt) / dr Lys = a S[N, f] (4.10)
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This implies that we can write the Lagrangian as a homogeneous function in N of degree
one. The Lagrangian is composed of the functions f, N and their derivatives. As we defined
previously, setting N = 1 gives us L;. Accounting for these properties, we can express the

Lagrangian in the following form:
. N® NG)
LN,f:NLf—i-ZN(’)F}%—ZZTF-j—i— (4.11)
i i

In the above expression, N refers to the ith derivative of N with respect to r. We require
this Lagrangian to be such that the corresponding equations of motion admits solution with
N = 1 or some constant. Since all the terms except the first one contains derivatives of
N, their contribution to the equation of motion would also have these derivatives of N and
hence would vanish when we put N = 1. However, this is not the case for the first term —
unless Ly is a total derivative. This requirement is equivalent to the hypothesis 4.6 Say L;
can be expressed as total derivative as Ly = F7,, where Fp is some function of N and f.
Then,

SIN, f] = Qp_s / dt / dr N (FD + ZN1F> + O(N?/N?) (4.12)

From the above action notice that the condition §S/df = 0 is satisfied for N = 1 as all
terms in the corresponding equation of motion will have derivatives of N. Moving on to the
equation of motion with respect to N, we see that the only contribution — on setting N =1

— comes from the bracket in the first term above:

0.5 — i gp(i=1) /
sy = 0= <FD+Z(—1)Fi ) = (4.13)

Integrating this equation once, we have,

Fp+Y (-1)'FY =M (4.14)

where M is some constant. Now, let us look into the differential order of the above equation.

It must be atmost 2n+4 —1 = 2n+ 3 if we started with a Lagrangian which has 2n covariant
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derivatives. However, let us inspect the r component of the Bianchi identity V,&* = 0:

dj: + (% — % ft f’) EM+ % frEY —rfEY — sin*(0)rfEP =0 (4.15)
Since each term besides the first would generally have 2n + 4 derivatives, we infer from the
first term that &, must contain at most 2n + 3 derivatives, which gives us a (2n + 3)th order
differential equation for f. However, we reached by already integrating the entire equa-
tion of motion once — so it must have atmost 2n + 2 derivatives of the metric. This concludes
the proof of the first claim. The next two claims involve elaborate analytical proofs which

do not contribute conceptually, hence we shall not discuss them here.

All the discussion, we have had until now is enough to lay down the procedure of how

one can assemble a GQT at any curvature order,
e Take a general Lagrangian (admitting an Einstein gravity limit) with all possible scalar
contractions of the curvature tensor at some curvature order.
e Evaluate the Lagrangian on the metric

e Adjust the couplings of the Lagrangian such that it satisfies 6L;/0f =0
Then to find f(r) after obtaining the couplings from the above steps:
e Find Ly, ; using and then identify Fj, and F; by grouping terms having N, N

and so on.

e Assemble and solve the differential equation for f(r)

This concludes the discussion on the procedure to construct a GQT at any curvature order

and find the corresponding spherically symmetric vacuum solution to the same.

One remarkable property of GQTs [27] is that in the effective field theory regime, any
theory (without covariant derivatives of the curvature tensor) can be mapped to a GQT by
appropriate field redefinitions. As we saw before, any curvature scalar containing a Ricci

tensor or a Ricci scalar can be introduced or removed by a field redefinition. Call such terms
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as ‘reducible’. Call any curvature invariant which does not contain either the Ricci tensor
or scalar as 'irreducible’. Assume there for a given curvature order, there exists atleast one
GQT in any dimension. If one can show that all irreducible invariants when evaluated on the
metric 4.2 are identical to each other upto the evaluation of reducible terms on the same [27],
it implies that any theory can be mapped to a GQT, by our assumption that there exists
atleast a single GQT at each curvature order. This relies on the fact is that the evaluation
of a Lagrangian on which we call L in the discussions above, is what solely decides if
a theory is GQT or not.

At every curvature order n and D > 5, there exists n — 2 GQT densities and 1 unique
QT density [12]. In 4D, there exists no QT and a single GQT at each order in curvature,

which in cubic order is the Einsteinian cubic gravity.

4.3 Classifying theories

Having discussed a wide range of theories so far, each with their own requirements and
properties, let us create a map (of theories composed solely of the curvature tensor and its
contractions with the metric) to see how they are related to each other. We shall classify
theories in two broad categories, i) those which are Einsteinian on maximally symmetric

backgrounds, ii) those which admit vacuum spherically symmetric (VSSS) solutions.

4.3.1 Einsteinian on maximally symmetric backgrounds

° 1. GR
— Admits Schwarzschild black holes in all dimensions
2. Lanczos-Lovelock models

— Lovelock theories always satisfy the condition [28] and have dimension

independent couplings.

3. Einsteinian cubic gravity (ECG) [26] and same class of theories at higher order

in curvature |29).

— Have dimension independent couplings
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— ECG only admits solutions of the form in D=4 [29].

— Higher curvature theories of the same class (dimension independent couplings
and Einsteinian in maximally symmetric backgrounds) admits VSSS solutions

only in specific dimensions where they coincide with GQTs.
4. GQTs

— By construction they satisfy and have dimension-dependent couplings.

4.3.2 Non-Einsteinian on maximally symmetric backgrounds

e They might admit VSSS solutions of the form

— E.g. f(R) gravity: But the solution does not correspond to the exterior gravita-

tional field of a static spherically symmetric (SSS) source [11].

4.3.3 Admits VSSS solutions

o If they satisfy they are always Einsteinian [11] [12].

e f(R) gravity violates but admits a solution of the form which as stated above,

is unnatural.

If we neglect the fact that Lovelock theories have a topological origin unlike (G)QTs,

Lovelock is actually subset of (G)QTs. Hence, we have the following relations,

Satisfies (0L;/df =0) = GQT
Lovelock C QT ¢ GQT

ECG in 4D C GQT;

GQT C Admits VSSS solutions

(4.16)
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Chapter 5

Appendix

A: Transverse-traceless gauge

In linearized gravity, the transverse-traceless (TT) gauge corresponds to having hg; = 0 and
h = 0. Let us see in details the steps required to arrive at this gauge. The linearized gauge

transformations is given as,
h;w — h;w - augu - augu (51)
First, we impose the ‘de-Donder’ gauge, which is given as,
1
0" hyw = §8Mh (5.2)
This requires one to choose ¢ such that,
y 1
0¢, = 0"hy — §8Mh (5.3)

where h,, is the metric perturbation before the gauge transformation. This utilises 4 out
of the 8 gauge degrees of freedom available. Now, any further gauge transformations of the
form must satisfy which implies that 0O, = 0. We can use this residual freedom to
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set the trace of the metric to be zero,

W= h—20, =0
———>h+280§0—2@§z=0

s bt 2006 — 20, / Qi (hoi — D) = 0
s B+ 20060 — 2 / dt(Dihos — 0,0560) = 0
From 0O¢, = 0, we have,
0;0;¢0 = 090p&o

Using the de-Donder gauge, we can write,

1
a”h,,g - §aoh
1
— —aohoo + @hlo = 580h

1
= O;hio = dohoo + §3oh
Putting the expressions [5.5] and [5.6] in [5.4] we have,

1
h + 28050 - 2 / dt(aohoo + iaoh - 808050) - 0
= h+ 2(9050 — 2hog — h + 28050 =0

1
:ggzé/dthog

Hence, fixing £, in the above way is sufficient to eliminate the trace h'.

90

(5.5)

(5.7)
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