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Abstract

In this thesis, we are looking a differential equation with
time-varying delays and prove the uniqueness and exis-
tence of weighted pseudo compact almost automorphic
solution of the differential equation with certain assump-
tions and then we have done it’s stability analysis. In
proving the result, we use fixed point theorem and some
of the properties of a weighted pseudo-compact almost
automorphic function. We use some results and obtain
the result for the existence and uniqueness of weighted
pseudo-compact almost automorphic solutions for the
Nicholson model. In this thesis, we have also mentioned
weighted pseudo-compact almost automorphic functions’s
properties. We have also done it’s stability analysis.
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1 Introduction

In the past fourteen years, questions related to existence, unique-
ness, and properties of the solutions for time-delay differential equa-
tions have been looked by a lot of mathematicians. We can see time
delays in several population models because of several reasons such
as migration, maturity, etc. Large number of time delay population
models are based on delay differential equations. The qualitative
and quantitative analysis of time-delay population models have been
studied by many mathematicians.

In the theory of the dynamics of several biological and ecological
phenomena we can see that dynamics may be periodic with cer-
tain errors. This consideration arrives at the theory of almost peri-
odic (AP), almost automorphic (AA), compact almost automorphic,
weighted pseudo almost automorphic functions.

Weighted pseudo-compact almost automorphic functions are more
generalized than periodic, almost automorphic , pseudo almost au-
tomorphic, compact almost automorphic functions. It is much wider
than all other functions and it covers a larger range of dynamics. In
this thesis, our focus will be on these functions.

The purpose of the work is to validate the uniqueness and existence
of weighted positive pseudo compact almost automorphic solution
for delay differential equations and do it’s stability analysis.

The stability analysis of the solution is done by using Halanay’s in-
equality and the Lyapnov stability.

The explanation of the thesis are as follows: In the second section,
the literature of compact almost automorphic, weighted pseudo com-
pact almost automorphic functions and delay differential equation
is given. In the third section, we have given the application of
pseudo almost automotphic functions to solve abstract differential
equation. Then, we explain some model that is based on delay dif-
ferential equation . And we present the existence and uniqueness
of of pseudo compact almost automorphic solution of the Nicholson
Model and it’s stability analysis. The main result of the thesis is pre-
sented in the sixth section,i.e. the uniqueness and existence of the
weighted pseudo-compact almost automorphic solution of Nicholson
Model under some suitable assumptions. We also provide conditions
for the stability of the weighted pseudo compact almost automor-
phic solution using Lyapnov function. The seventh section contains
examples.

7



2 Preliminaries
2.1 Delay Differential Equation
Delay differential equation (DDEs) also known as time delay dif-
ferential equation, is differential equation in which the derivative of
the unknown function at a certain time is obtained in terms of the
values of the function at previous times.

Following are the notations for delay differential equations.

For ζ ≥ 0, we have C = C([−ζ, 0],R), that is the Banach space with
the norm

∥ψ∥ζ = sup
−ζ≤ϕ≤0

|ψ(ϕ)|,

where | · | is the absolute value in R. ∀ c ∈ R is identified in C with
the constant function ψ(ϕ) = c ∀ ϕ ∈ [−ζ, 0]. A general functional
differential equation is

ẋ(t) = g(t, xt)

with the functional g : R × C ⊃ B → R and xt corresponds to
the translation of a solution x(t) on the interval [t− ζ, t] to the in-
terval [−ζ, 0]; i.e., xt ∈ C is given by xt(ϕ) = x(t+ϕ) for ϕ ∈ [−ζ, 0].

A function x is said to be a solution of the above equation on [−ζ, P )
if ∃ P > 0 such that x ∈ C([−ζ, P ),R), (t, xt) ∈ B, and x(t) satisfies
above equation for t ∈ [0, P ).

∀ ψ ∈ C, x(t; 0, ψ) is a solution of above equation with initial value
ψ at 0 if ∃ an P > 0 such that x(t; 0, ψ) is a solution of above equa-
tion on [−ζ, P ) and x0(t; 0, ψ) = ψ.

We consider that the functional g is regular and continuous to make
sure the uniqueness and existence of the differential equation with
initial value ψ at 0.

2.2 Definitions
2.2.1 Uniformly Persistent[1]: A delay differential equation ẋ =
g(t, xt) is known as uniformly persistent in C0 if ∀ solutions x(t, 0, ψ)
with ψ ∈ C0 are defined on [0,∞) and ∃ δ1 > 0 such that

lim inf
t→∞

x(t, 0, ψ) ≥ δ1 for ψ ∈ C0.
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2.2.2 Permanent [1]: The delay differential equation ẋ = g(t, xt)
is said to be permanent in C0 if ∀ solutions x(t, 0, ψ) with ψ ∈ C0

are defined on [0,∞) and ∃ positive constants δ1, δ2 such that, ∀
ψ ∈ C0, ∃ t0 = t0(ψ) for which

δ1 ≤ x(t, 0, ψ) ≤ δ2 for t ≥ t0.

2.2.3 Relatively Dense: A set P ⊂ R is called relatively dense in
R ∃ r > 0 such that ∀a ∈ R, [a, a+ r] ∩ P ̸= ∅.

2.2.4 Almost Periodic: A continuous function g : R → Y is called
almost periodic if ∀ δ > 0 ∃ a relatively dense set Q(δ, g) such that

sup
t∈R

|g(t+ ζ)− g(t)| < δ

∀ ζ ∈ Q(δ, g).

We can denote it by AP (Y ).

2.2.5 Almost Automorphic [1]: Suppose Y is a Banach space.
A function g(t) ∈ C(R, Y ) is known as almost automorphic if ∀
sequence of R (an), ∃ a subsequence (ank

) such that
j(t) := lim

k→∞
g(t+ ank

)

is well defined ∀ t ∈ R and
lim
k→∞

j(t− ank
) = g(t)

∀ t ∈ R.
We can denote it by AA.

2.2.6 Compact Almost Automorphic Function [1] Suppose
Y is a Banach space. A function g(t) ∈ C(R, Y ) is known to be
almost automorphic if ∀ sequence of ∀ (an), ∃ a subsequence (ank

)
such that

j(t) := lim
k→∞

g(t+ ank
)

is well defined for each t ∈ R and
lim
k→∞

j(t− ank
) = g(t)

for each t ∈ R.
If all of the above limits are uniformly maintained in compact sub-
sets of R, then g is known as compact almost automorphic.

We can denote it by KAA.

2.2.7 Bi-Almost Automorphic Function [1]: A function Q(t, s)
is known to be bi-almost automorphic, if ∀ sequence qn there is a
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subsequence qnk
and Q∗(t, q) such that

Q(t+ qnk
, q + qnk

)−Q∗(t, q) → 0 as n→ ∞,
and

Q∗(t− qnk
, q − qnk

)−Q(t, q) → 0 as n→ ∞.

We denote

PAA0(R, Y ) =

{
g(t) ∈ BC(R, Y ) : lim

s→+∞

1

2s

∫ s

−s

∥g(t)∥ dt = 0

}
.

Define:

PAA0(R×Y, Y ) =

{
ψ(t, y) ∈ BC(R× Y, Y ) : lim

s→∞

1

2s

∫ s

−s

∥ψ(t, y)∥dt = 0

}
uniformly for y in any bounded subset of Y.

Now, we define, for η ∈ V∞, define

PAA0(R×Y, η) :=
{
g ∈ BC(R× Y, Y ) : lim

t→∞
µ(t, η)−1

∫ t

−t

∥g(s)∥η(s) ds = 0

}
.

2.2.8 Pseudo Almost Automorphic [1]: A continuous function
g : R → Y is known as pseudo almost automorphic if we can decom-
posed it in terms of

g = g1 + g2

where g1 ∈ AA(R, Y )) and g2 ∈ PAA0(R, Y ).

We can denote it by PAA(R, Y ).

2.2.9 Pseudo Compact Almost Automorphic [1]: A continu-
ous function g : R → Y is known as pseudo compact almost auto-
morphic, if we can decompose it in terms of

g = g1 + g2
where g1 ∈ KAA(R, Y ) and g2 ∈ PAA0(R, Y ).

We can denote it by PKAA(R, Y ).

Suppose V is the set of all functions η : R → (0,∞) which are
locally integrable and positive over R.
∀ t > 0, define

µ(t, η) :=

∫ t

−t

η(x) dx

∀ η ∈ V .
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Define
V∞ :=

{
η ∈ V : lim

t→∞
µ(t, η) = ∞

}
,

Vb :=

{
η ∈ V∞ : η is bounded and inf

x∈R
η(x) > 0

}
.

We have, Vb ⊂ V∞ ⊂ V .

Now, we define, for η ∈ V∞, define

PAA0(R, η) :=
{
g ∈ BC(R, Y ) : lim

t→∞
µ(t, η)−1

∫ t

−t

∥g(s)∥η(s) ds = 0

}
.

2.2.10 Weighted ergodic zero: Let η ∈ V∞. A set P ⊂ R is
known as weighted ergodic zero set if

lim
s→+∞

∫
[−s,s]∩P η(t) dt

µ(s, η)
= 0.

2.2.11 Weighted Pseudo Almost Automorphic[1]: A contin-
uous function g : R → Y is called weighted pseudo almost automor-
phic if we can decompose it in terms of

g = g1 + g2
where g1 ∈ AA(R, Y ) and g2 ∈ PAA0(R, η).
We can denote it by WPAA(R, Y ).

2.2.12 Weighted Pseudo Compact Almost Automorphic[1]:
A continuous function g : R → Y is known as weighted pseudo
compact almost automorphic if we can write it in terms of

g = g1 + g2
where g1 ∈ KAA(R, Y ) and g2 ∈ PAA0(R, η).
We can denote it by WPKAA(R, Y ) or PKAA(Y, η).

2.2.13 Weighted Pseudo Almost Periodic [1]: Let η ∈ V∞. A
function g ∈ BC(R, Y ) is known as weighted pseudo almost periodic
if we can write it in terms of g = h + l, where h ∈ AP (Y ) and
l ∈ PAA0(Y, η).

We denote it by PAP (Y, η).

2.2.14 Pseudo Almost Automorphic [1]: A continuous function
g : R × Y → Y is called pseudo almost automorphic if we can can
write it in terms of

g = g1 + g2

11



where g1 ∈ AA(R× Y, Y )) and g2 ∈ PAA0(R× Y, Y ).

We can denote it by PAA(R× Y, Y ).

2.2.15 Pseudo Compact Almost Automorphic[1]: A contin-
uous function g : R × Y → Y is called pseudo compact almost
automorphic, if we can decompose it in terms of

g = g1 + g2
where g1 ∈ KAA(R× Y, Y ) and g2 ∈ PAA0(R× Y,X).

We can denote it by PKAA(R× Y, Y ) .

2.2.16 Weighted Pseudo Almost Automorphic [1]: A con-
tinuous function g : R × Y → Y is called weighted pseudo almost
automorphic if we can decompose it in terms of

g = g1 + g2
where g1 ∈ AA(R× Y, Y ) and g2 ∈ PAA0(R× Y, η).

We can denote it by WPAA(R× Y, Y ).

2.2.17 Weighted Pseudo Compact Almost Automorphic [1]:
A continuous function g : R × Y → Y is called weighted pseudo
compact almost automorphic if we can decompose it in terms of

g = g1 + g2
where g1 ∈ KAA(R× Y, Y ) and g2 ∈ PAA0(R× Y, η).

We can denote it by WPKAA(R× Y, Y ) .

2.2.18 Weighted Pseudo Almost Periodic: Let η ∈ V∞. A
function g ∈ BC(R × Y, Y ) is known as weighted pseudo almost
periodic if it is written as g = l + f , where l ∈ AP (R × Y ) and
f ∈ PAA0(R× Y, η).

2.3 Properties and theorems of Weighted
Pseudo Compact Almost Automorphic
functions

Lemma 2.3.1 A function g is almost automorphic and uniformly
continuous iff g is compact almost automorphic.[1]

AP (R, Y ) ⊂ KAA(R, Y ) ⊂ AA(R, Y ).
PAP (R, Y ) ⊂ PKAA(R, Y ) ⊂ WPKAA(R, Y ).

Lemma 2.3.2 Decomposition of pseudo compact almost automor-
phic function g = g1+g2, where g1 ∈ KAA(R, Y ) and g2 ∈ PAA0(R, Y ),

12



is unique; i.e., g = g1 ⊕ g2.

Proof. We know that g1(R) ⊂ g(R).
Assume that g = f1 + l1 and g = f2 + l2.
Then 0 = (f1 − f2) + (l1 − l2) ∈ PKAA(R, Y ), where (f1 − f2) ∈
KAA(R, Y ) and (l1 − l2) ∈ PAA0(R, Y ).
f1 − f2 = 0. Consequently, l1 − l2 = 0. □

Lemma 2.3.3 If g(·) ∈ PKAA(R,R), µ(·) ∈ KAA(R,R+)∩C1(R,R+),
and µ(t) ≤ µ∗ < 1, then t 7→ g(t− µ(t)) ∈ PKAA(R,R).

Proof. Since g(·) ∈ PKAA(R,R). So, we can write g(·) = g1(·) +
g2(·), where g1(·) ∈ KAA(R,R) and g2(·) ∈ PAA0(R,R).
It follows that

g(t− µ(t)) = g1(t− µ(t)) + g2(t− µ(t)).

Claim : g1(t− µ(t)) ∈ KAA(R,R).
Suppose (am)m is a sequence of R. Then ∃ a subsequence (a′m)m ⊂
(am)m, a function g1 : R → R, and a function µ : R → R+ such that

g1(t+ a′m) → g1(t), g1(t− a′m) → g1(t),
µ(t+ a′m) → µ(t), µ(t− a′m) → µ(t),

in which all the above convergences hold uniformly on compact sub-
sets of R.
Suppose P is a compact subset of R. Then ∃ a compact subset
PN ⊂ P and an integer N such that, ∀ t ∈ PN ,

sup
t∈P

|g1(t+ a′m − µ(t+ a′m))− g1(t− µ(t))| → 0 as n→ ∞.

Using the above argument, we can write
|g1(tm − am − µ(tm − a′m))− g1(a

′
m − µ(a′m))| → 0 as m→ ∞

for each t ∈ P .

We conclude that t 7→ g1(t− µ(t)) ∈ AA(R,R).
Claim t 7→ g1(t− µ(t)) is uniformly continuous.

If (b′m)m and (a′m)m are two sequences such that |b′m−a′m| → 0, then
using the uniform continuity of σ(·), we have

|b′m−µ(t′m)−a′m−µ(a′m)| ≤ |b′m−a′m|+|µ(b′m)−µ(a′m)| → 0 as m→ ∞.

Now, using uniform continuity of g1(·), we can write that
|g1(b′m − µ(b′m))− g1(a

′
m − µ(a′m))| → 0 as m→ ∞.

Therefore, t 7→ g1(t− µ(t)) is uniformly continuous.
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From previous lemma we can say that
t 7→ g1(t− µ(t)) ∈ KAA(R,R).

Claim : g2(t− µ(t)) ∈ PAA0(R,R).
Since, we have µ(·) ∈ KAA(R,R+) ∩C1(R,R+) and µ(t) ≤ µ∗ < 1.

Then, ∃ a positive constant, denoted as
µ+ := sup

a∈R
{µ(s)}.

We consider a = t− µ(t) and da = (1− µ(t)) dt, which implies

1

2T

∫ T

−T

|g2(t− µ(t))| dt = 1

2T

∫ T−µ(T )

−T−µ(−T )

|g2(a)|
1

1− µ(a)
da

≤ 1

1− µ∗
T + µ+

2(T + µ+)

∫ T+µ+

−T−µ+

|g2(a)| da.

From above and the fact that g2 ∈ PAA0(R,R), we get

lim
T→+∞

1

2T

∫ T

−T

|g2(t− µ(t))| dt = 0.

□

Lemma 2.3.4 Suppose g and l is in KAA(R,R). Then the product
g · l is also in KAA(R,R).
Proof. Suppose (am)m is a sequence such that ∃ functions g : R →
R and l : R → R satisfying

g(t+ am) → g′(t), g′(t− am) → g(t),
l(t+ am) → l′(t), l′(t− am) → l(t),

as m → ∞, where all the above convergences maintain uniformly
on compact subsets of R.
Suppose P is a compact subset of R. Then, ∀ t ∈ P , we have

|g(t+ am)l(t+ am)− g′(t)l′(t)|
≤ |g(t+ am)l(t+ am)− g′(t)l(t+ am)|+ |g′(t)l(t+ am)− g′(t)l′(t)|

≤ ∥l∥∞|g(t+ am)− g′(t)|+ ∥g∥∞|l(t+ am)− l′(t)|.
It follows that g(t+ am)l(t+ am) → g′(t)l′(t) uniformly on P .

Similarly, we will show that
g(t− am)l(t− am) → g′(t)l′(t)

uniformly on any compact interval [x, y].

We conclude that
t 7→ (l · g)(t) = g(t)l(t) ∈ KAA(R,R).

□
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Lemma 2.3.5 Suppose g : R+ → R+ is a Lipschitz continuous
function, i.e.,

|g(x)− g(y)| ≤ Lg|x− y|, x, y ∈ [0,+∞).

Then g(u(t)) ∈ PKAA(R,R+), provided u(t) = u1(t) + u2(t) ∈
PKAA(R,R+), where u1(t) ∈ AA(R,R+) and u2(t) ∈ PAA(R,R+).

Proof. Since u = u1 + u2 ∈ PKAA(R,R+), the function g(u(t))
can be decomposed as

g(u(t)) = g(u1(t)) + [g(u(t))− g(u1(t))].

Denote
Q1(t) = g(u1(t)),

Q2(t) = g(u(t))− g(u1(t)).

Claim:Q1(t) ∈ KAA(R,R+).

Since u1 ∈ KAA(R,R+), ∃ a function u∗1 and a subsequence {smi
}

∀ sequence {sm} such that
u1(t+ smi

)− u∗1(t) → 0 and u∗1(t− smi
)− u1(t) → 0 as n→ ∞.

Denote Q∗
1(t) = g(u∗1(t)), then

Q1(t+smi
)−Q∗

1(t) = g(u1(t+smi
))−g(u∗1(t)) ≤ Lg|u1(t+smi

)−u∗1(t)|.
Thus

Q1(t+ smi
)−Q∗

1(t) → 0 as i→ ∞.

Similarly, we can prove that
Q∗

1(t− smi
)−Q1(t) → 0 as i→ ∞.

Q1 is uniformly continuous, since |sm − tm| → 0 as m→ ∞, then

|Q1(sm)−Q1(tm)| = |g(u1(sm))−g(u1(tm))| ≤ Lg|u1(sm)−u1(tm)| → 0
as n→ ∞
due to the uniform continuity of u1.

Claim: Q2(t) ∈ PAA0(R,R+).

We can see that:
1

2T

∫ T

−T

Q2(t) dt =
1

2T

∫ T

−T

|[g(u(t))− g(u1(t))]| dt

≤ Lg

2T

∫ T

−T

|[u(t)− u1(t)]| dt =
Lg

2T

∫ T

−T

|u2(t)| dt,

and since u2(t) ∈ PAA0(R,R+), the claim follows. This completes
the proof.□

Lemma 2.3.6 If the functions f : R → R and g : R → R belong to

15



PKAA(R) and L1(R), respectively, then g∗f belongs to PKAA(R).

Proof. Since f ∈ PKAA(R,R), we have (g ∗ f)(t) = (g ∗ f1)(t) +
(g ∗ f2)(t), where f1 ∈ KAA(R,R) and f2 ∈ PAA0(R,R).
Claim g ∗ f1 ∈ KAA(R,R) .
Since f1 ∈ KAA(R,R), ∃ f ∗

1 and a subsequence {sni
} for each se-

quence {si} such that
f1(t+ sni

)− f ∗
1 (t) → 0 and f ∗

1 (t− sni
)− f1(t) → 0

as n→ ∞.

Denote v1(t) := (g ∗ f1)(t) =
∫∞
−∞ g(t − s)f1(s) ds and v∗1(t) =∫∞

−∞ g(t− s)f ∗
1 (s) ds.

We can take the difference between v1(t+sni
) and v∗1(t) and making

the substitution r = t− s, we obtain

v1(t+ tsi)− v∗1(t) =

∫ ∞

−∞
g(r)[f1(t− r − sni

)− f ∗
1 (t− r)] dr.

Since f1(t− r− sni
)−f ∗

1 (t− r) → 0 as n→ ∞ and g ∈ L1(R), DCT
implies v1(t+ sn)− v∗1(t) → 0 as n→ ∞.

Moreover, v1 is uniformly continuous. Since |tn−sn| → 0 as n→ ∞,
we get

v1(tn)− v1(sn) =

∫ ∞

−∞
g(r)[f1(r + tn)− f1(r + sn)] dr.

Since f1(r + tn)− f1(r + sn) → 0 as n→ ∞, DCT implies v1(tn)−
v1(sn) → 0 as n→ ∞.

g ∗ f2 ∈ PAA0(R,R)
Now, we show that g ∗ f2 ∈ PAA0(R,R),

lim
T→+∞

1

2T

∫ T

−T

|g ∗ f2(t)| dt = 0.

Using Fubini Theorem, we get
1

2T

∫ T

−T

|g ∗ f2(t)| dt ≤
1

2T

∫ T

−T

∫ ∞

−∞
|g(t− s)| |f2(s)| ds dt

=

∫ ∞

−∞
|g(ξ)|

(
1

2T

∫ T

−T

|f2(t− ξ)| dt
)
dξ.

Since f2 ∈ PAA0(R) and using invariance by translation of the
mean, we get
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1

2T

∫ T

−T

|f2(t− ξ)| dt→ 0 as T → ∞.

From g ∈ L1(R), we can verify DCT.
Hene, we can say that g ∗ f2 belongs to PAA0(R,R). □

Corollary 2.3.1 Suppose function f : R → R ∈ PKAA(R) and ∃
a bi-almost automorphic function l(s, t) such that:

|l(s, t)| ≤ ce−β(s−t), s ≥ t,

then the function ψ(s) =
∫ s

−∞ l(s, t)f(t) dt belongs to the class PKAA(R).

On V∞, we use the following equivalence relation ∼ introduced :

(µ1 ∼ µ2) ⇐⇒ µ2

µ1

∈ Vb.

Theorem 2.3.1 Let µ1, µ2 ∈ V∞. If µ1 ∼ µ2, thenWPAA(R, µ1) =
WPAA(R, µ2).

Proof. Let µ1 ∼ µ2. There exists (p, q) ∈ R2 such that
pµ1 ≤ µ2 ≤ qµ1.

Thus,
pµ(r, µ1) ≤ µ(r, µ2) ≤ qµ(r, µ1),

and
p

q

1

µ(r, µ1)

∫ r

−r

∥ψ(s)∥µ1(s) ds ≤
1

µ(r, µ2)

∫ r

−r

∥ψ(s)∥µ2(s) ds

≤ p

q

1

µ(r, µ1)

∫ r

−r

∥ψ(s)∥µ1(s) ds,

Hence proof. □

Lemma 2.3.7 Let g ∈ BC(R, Y ). Then g ∈ PAA0(R, η) where
η ∈ Ub if and only if for every ϵ > 0,

lim
r→∞

1

µ(r, η)
mes(Mr,ϵ(g)) = 0

where
Mr,ϵ(g) := {t ∈ [−r, r] | ∥g(t)∥ ≥ ϵ}.

Proof.Necessity
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With the help of contradiction, let ∃ ϵ0 > 0 such that

lim
r→∞

1

µ(r, η)
mes(Mr,ϵ0(g)) ̸= 0.

Then ∃ δ > 0 such that for every n ∈ N,
1

µ(rn, η)
mes(Mrn,ϵ0(g)) ≥ δ for some rn > n.

We get
1

µ(rn, η)

∫ rn

−rn

∥g(s)∥η(s) ds = 1

µ(rn, η)

∫
Mrn,ϵ0 (g)

∥g(s)∥η(s) ds

+
1

µ(rn, η)

∫
[−rn,rn]−Mrn,ϵ0 (f)

∥g(s)∥

≥ 1

µ(rn, η)

∫
Mrn,ϵ0 (f)

∥g(s)∥η(s) ds ≥

ϵ0
1

µ(rn, η)

∫
Mrn,ϵ0 (g)

η(s) ds ≥ ϵ0δγ,

where γ = infs∈R η(s). Contradiction of assumption.

Sufficient
Suppose

lim
r→∞

1

µ(r, η)
mes(Mr,ϵ(g)) = 0.

Then ∀ ϵ > 0, ∃ r0 > 0 such that ∀ r > r0,
1

µ(r, η)
mes(Mr,ϵ(g)) <

ϵ

KM
,

where M := supt∈R ∥g(t)∥ <∞
and K := supt∈R η(t) <∞.

Now we have
1

µ(r, η)

∫ r

−r

∥g(s)∥η(s) ds = 1

µ(r, η)

∫
Mr,ϵ(g)

∥g(s)∥η(s) ds

+

∫
[−r,r]−Mr,ϵ(g)

∥g(s)∥η(s) ds

≤MK
1

µ(r, η)
mes(Mr,ϵ(g)) + ϵ

1

µ(r, η)

∫
[−r,r]−Mr,ϵ(g)

η(s) ds

≤ 2ϵ.
which show that

lim
r→∞

1

µ(r, η)

∫ r

−r

∥g(s)∥η(s) ds = 0,

,i.e., g ∈ PAA0(R, η). □
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2.4 Completeness of Weighted Pseudo Com-
pact Almost Automorphic function

Theorem 2.4.1 ∀ g ∈ PAA(Y, η), ∃ a decomposition g = j0 + h0,
where j0 ∈ AA(Y ) and h0 ∈ PAA0(Y, η), such that

∥j0∥ ≤ ∥g∥.

Proof. Suppose g = j + h, where j ∈ AA(Y ) and h ∈ PAA0(Y, η).
Set

Cn =

{
t ∈ R : ∥j(t)∥ > ∥g∥+ 1

n

}
, n ∈ N.

Note that Cn ⊂
{
t ∈ R : ∥h(t)∥ ≥ 1

n

}
, it can be seen from previous

lemma that every Cn is a µ-ergodic zero set.

Define

jn(t) =

{
j(t), t /∈ Cn,(
∥g∥+ 1

n

)
· j(t)
∥j(t)∥ , t ∈ Cn.

Now, we prove that jn has the following properties:

∀ n ∈ N, jn is continuous on R
Suppose t0 ∈ R and ti → t0.
Proof of jn(ti) → jn(t0) is divided into three cases.

Case (i): Suppose ∥j(t0)∥ > ∥g∥+ 1
n
, then ∥j(ti)∥ > ∥g∥+ 1

n
for large

i since j is continuous, and thus ti ∈ Cn for large i. Also, t0 ∈ Cn.

Then, it gives

∥jn(ti)− jn(t0)∥ =

(
∥g∥+ 1

n

)
·
∥∥∥∥ j(ti)

∥j(ti)∥
− j(t0)

∥j(t0)∥

∥∥∥∥→ 0.

Case (ii): Suppose ∥j(t0)∥ < ∥g∥ + 1
n
, then ∥j(ti)∥ < ∥g∥ + 1

n
for

large i since j is continuous, and thus ti /∈ Cn for large i.

Also, here, t0 /∈ Cn. Then, it follows
∥jn(ti)− jn(t0)∥ = ∥j(ti)− j(t0)∥ → 0.

Case (iii): If ∥j(t0)∥ = ∥g∥ + 1
n
, then t0 /∈ Cn. We have ∥j(ti)∥ →

∥g∥+ 1
n
, we have

∥jn(ti)− jn(t0)∥ = ∥j(ti)− j(t0)∥ · [1− χCn(ti)] + (∥f∥

+
1

n
·
∥∥∥∥ j(ti)

∥j(ti)∥
− j(t0)

∥∥∥∥ · χCn(ti) → 0,

where χCn is the characteristic function on Cn, i.e., χCn(t) = 1 ∀
t ∈ Cn and χCn(t) = 0 ∀ t /∈ Cn.□
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Corollary 2.4.1 ∀ g ∈ PAP (Y, η), ∃ a decomposition g = l0 + h0,
where l0 ∈ AP (Y ) and h0 ∈ PAA0(Y, η), such that ∥l0∥ ≤ ∥g∥.

Proof. This corollary proof works as theorem 2.4.1 proof. We need
to change little bit proof previous theorem, i.e., prove that ∀ ϵ > 0,

∥ln(s+ ζ)− ln(s)∥ < ϵ, s ∈ R, τ ∈ P (ϵ, l).

Fix n ∈ N. ∀ s, s+ ζ /∈ Cn, we can see that
∥ln(s+ ζ)− ln(s)∥ = ∥l(s+ ζ)− l(s)∥ < ϵ.

∀ s, s+ ζ ∈ Cn, we have

∥ln(s+ζ)−ln(s)∥ ≤
∥∥∥∥ l(s+ ζ)

∥l(s)∥
− l(s+ ζ)

∥l(s+ ζ)∥

∥∥∥∥ ≤ 2∥l(s+ζ)−l(s)∥ < 2ϵ.

∀ s /∈ Cn and s+ ζ ∈ Cn, we have

∥l(s)∥ ≤ ∥g∥+ 1

n
< ∥l(s+ ζ)∥,

and

∥ln(s+ ζ)− ln(s)∥ =

∥∥∥∥ ∥g∥+ 1
n

∥l(s+ ζ)∥
l(s+ ζ)− l(s)

∥∥∥∥ ≤ ∥l(s+ ζ)− l(s)∥

+

(
∥g∥+ 1

n
− ∥l(s+ ζ)∥

)
≤ 2∥l(s+ ζ)− l(s)∥ < 2ϵ.

∀ s ∈ Cn and s+ ζ /∈ Cn, the proof is similar. □

Theorem 2.4.2 ∀ η ∈ V∞, PAA(X, η) is a Banach space under
sup norm.

Proof. Suppose {gn} is a Cauchy sequence in PAA(Y, η). Then,
we have subsequence {gik} st

∥gni+1
− gni

∥ ≤ 1

2i
.

We can see that {gn} being a Cauchy sequence, we can say that
lim
n→∞

ln = l

It proves that PAA(Y, η) is a Banach

gni+1 − gni
≤ 1

2i
.

Let fn1 = ln1 + hn1 , where ln1 ∈ AA(Y ) and hn1 ∈ PAA0(Y, η).

Using previous theorem on gn2 − gn1 , there exist l0 ∈ AA(Y ) and
h0 ∈ PAA0(Y, η) such that

gn2 − gn1 = l0 + h0
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and
∥l0∥ ≤ ∥gn2 − gn1∥.

Let ln2 = l0 + ln1 and hn2 = h0 + hn1 . Then ln2 ∈ AA(Y ), hn2 ∈
PAA0(Y, η), gn2 = ln2 + hn2 and

∥ln2 − ln1∥ = ∥l0∥ ≤ ∥gn2 − gn1∥ ≤ 1

2
.

Continuing , we can obtain two sequences {lni
} ⊂ AA(Y ) and

{hnk
} ⊂ PAA0(Y, η) such that for all i ∈ N, gni

= lni
+ hni

and

∥lni+1
− lni

∥ ≤ ∥gni+1
− gni

∥ ≤ 1

2i
.

Hence, {lni
} and {hni

} are Cauchy sequences.

Suppose
lim
i→∞

lni
= l, lim

i→∞
hni

= h,

and g = l + h.

Then, l ∈ AA(Y ), h ∈ PAA0(Y, η), g ∈ PAA(Y, η), and lnk
→ l.

{gn} is a Cauchy sequence, we conclude limn→∞ gn = g.

Hence proof. □

Theorem 2.4.3 For every η ∈ V∞, PKAA(Y, η) is a Banach space
under sup norm.

Proof In theorem 2.4.2, we have proved that for every η ∈ V∞,
PAA(Y, η) is a Banach space under the supremum norm.

Since PKAA(Y, η) is a closed subset of PAA(Y, η).
We know that closed subset of banach space is banach space wrt
sup norm.
Hence, ∀ η ∈ V∞, PKAA(Y, η) is a Banach space under the supre-
mum norm. □
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3 Applications in Abstract
Differential Equation

3.1 Application of Weighted Pseudo Al-
most Automorphic function - Approach1

Consider differential equation
u′(t) = Bu(t) + g(t, u(t)), t ∈ R...........(3.1.1)

with conditions:

• (A1) g(t, u) is almost automorphic.

• (A2) g(t, u) is Lipschitz continuous,i.e., ∃ a Lg ≥ 0
∥g(t, u)− g(t, v)∥ ≤ Lg∥u− v∥, ∀t ∈ R and u, v ∈ U

• (A3) X(t, s), t ≥ s, is an exponentially stable evolution family
on U .

• (A4) ∀ sequence of R {sn}n∈N, ∃ a subsequence {ζn}n∈N and ∀
fixed s ∈ R, δ > 0, ∃ an N ∈ N such that, ∀ n > N , it follows
that

∥X(t+ ζn, s+ ζn)−X(t, s)∥ ≤ δe−
ϵ
2
(t−s),

∀ t ≥ s ∈ R; Moreover,
∥X(t− ζn, s− ζn)−X(t, s)∥ ≤ δe−

ϵ
2
(t−s),

∀ t ≥ s ∈ R.

We define a mapping G by

(Gu)(t) =

∫ t

−∞
X(t, s)g(s, u(s)) ds, t ∈ R.

Lemma 3.1.1 If u(s) is almost automorphic, then the function Gu
is almost automorphic.

Proof. We can see that G is bounded. By assumption (A1) and pre-
vious lemma, g(t, u(t)) is almost automorphic and hence bounded.

Assume ∃ M1 > 0, st
∥g(t, u(t))∥AA(U) ≤M1.

Thus,

∥(Gu)(t)∥ ≤
∫ t

−∞
∥X(t, s)∥∥g(s, u(s))∥ ds ≤∫ t

−∞
Me−ϵ(t−s)M1 ds ≤

M1M

ϵ
<∞.
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Hence, (Gu)(t) is bounded.

To Prove: (Gu)(t) is almost automorphic wrt t ∈ R.
From (A1), g(t, u(t)) is almost automorphic, i.e., g(t, u(t)) ∈ AA(R×
U,U). From (A2) and previous lemma, g(t, u(t)) ∈ AA(U), and we
define g(t, u(t)) = F (t).

Suppose {sn}n∈N be an arbitrary sequence of R. Since F (t) ∈
AA(U), ∃ a subsequence {ζn}n∈N st

(H1) f(t) = limn→∞ F (t+ ζn) is well defined ∀ t ∈ R
(H2) limn→∞ f(t− ζn) = F (t) ∀ t ∈ R.
Now consider,

(Gu)(t+ζn) =

∫ t+ζn

−∞
X(t+ζn, s)F (s) ds =

∫ t

−∞
X(t+ζn, s+ζn)F (s+ζn) ds.

So we have

∥(Gu)(t+ ζn)∥ ≤
∫ t

−∞
∥X(t+ ζn, s+ ζn)∥∥F (s+ ζn)∥ ds ≤∫ t

−∞
Me−ϵ(t−s)∥F (s+ ζn)∥ ds ≤

M1M

ϵ
,

∀ n = 1, 2, . . ..

For (H1), ∀ fixed s ∈ R and ϵ > 0, ∃ an N1 ∈ N such that, ∀ n > N1,
it follows that

∥F (s+ ζn)− f(s)∥ < ϵ.

In addition, by condition (A4), for s and ϵ above, ∃ an N2 ∈ N such
that, ∀ n > N2, it follows that

∥X(t+ ζn, s+ ζn)−X(t, s)∥ < δe−
ϵ
2
(t−s).

Thus, taking N = max{N1, N2}, for all n > N ,

∥X(t+ ζn, s+ ζn)F (s+ ζn)−X(t, s)f(s)∥ ≤ ∥X(t+ ζn, s+ ζn)
−X(t, s)∥∥F (s+ ζn)∥+ ∥X(t, s)∥∥F (s+ ζn)− f(s)∥.

Using the bounds, we get
∥X(t+ζn, s+ζn)F (s+ζn)−X(t, s)f(s)∥ ≤M1δe

− ϵ
2
(t−s)+Mδe−ϵ(t−s).

As n→ ∞, we have
X(t+ ζn, s+ ζn)F (s+ ζn) → X(t, s)f(s)

∀ fixed s ∈ R and any t ≥ s.

Notice that
∥X(t+ ζn, s+ ζn)F (s+ ζn)∥ ≤Me−ϵ(t−s)∥F∥,

for t ≥ s.
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So, by the DCT, we get
(Gu)(t+ ζn) → (Fu)(t) as n→ ∞,

where

(Fu)(t) =

∫ t

−∞
X(t, s)f(s) ds, t ∈ R.

Similarly,
(Fu)(t− ζn) → (Gu)(t) as n→ ∞,

∀ t ∈ R. This proves that Gu ∈ AA(X). Hence proof. □

Theorem 3.1.1 Suppose g(t, u) and X(t, s) satisfy (A1)–(A4).
Then Equation has an unique mild almost automorphic solution
when Lg <

ϵ
M
.

Proof. From previous lemma, we get Gu ∈ AA(U). For u, v ∈
AA(U), we can see that

∥(Gu)(t)−(Gv)(t)∥ =

∥∥∥∥∫ t

−∞
X(t, s)g(s, u(s)) ds−

∫ t

−∞
X(t, s)g(s, v(s)) ds

∥∥∥∥
=

∥∥∥∥∫ t

−∞
X(t, s) (g(s, u(s))− g(s, v(s))) ds

∥∥∥∥ ≤

Lg∥u− v∥AA(U)

∫ t

−∞
Me−ϵ(t−s) ds

=
M

ϵ
Lg∥u− v∥AA(U).

So we have

∥(Gu)(t)− (Gv)(t)∥AA(Y ) ≤
M

ϵ
Lg∥u− v∥AA(U).

For 0 < M
ϵ
Lg < 1 and by the Banach contraction principle, G has a

unique fixed point u ∈ AA(U) such that Gu = u.

Fix s ∈ R, we have

u(t) =

∫ t

−∞
X(t, r)g(r, u(r)) dr.

Since X(t, s) = X(t, r)X(r, s) for t ≥ r ≥ s, let

u(a) =

∫ b

−∞
X(b, s)f(s, x(s)) ds.

So

U(t, b)u(b) =

∫ b

−∞
U(t, s)g(s, u(s)) ds.

For t ≥ a,∫ t

b

X(t, s)g(s, u(s)) ds =

∫ t

−∞
X(t, s)g(s, u(s)) ds−
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∫ b

−∞
X(t, s)g(s, u(s)) ds = u(t)−X(t, b)u(b).

So that

u(t) = X(t, b)u(b) +

∫ t

b

X(t, s)g(s, u(s)) ds.

Hence u(t) is a mild solution of Equation (3.1.1).
Finally, we get u(t) is the unique mild solution Equation (3.1.1). □

Now, we consider conditions (A3), (A4) and:

• (B1) g(t, u) is weighted pseudo almost automorphic.

• (B2) g(t, u) is Lipschitz continuous,i.e., ∃ a positive number
Lg such that

∥g(t, u)− g(t, v)∥ ≤ Lg∥u− v∥,
for all t ∈ R and u, v ∈ WPAA(R, η), η ∈ X∞.

We also define a mapping Y by

(Y u)(t) =

∫ t

−∞
X(t, s)g(s, u(s)) ds, t ∈ R.

Lemma 3.1.2 If u(t) is weighted pseudo almost automorphic, Y u(t)
is weighted pseudo almost automorphic.

Proof. From (B1), g(t, u(t)) is weighted pseudo almost automor-
phic,i.e., g(t, u(t)) ∈ WPAA(R, η). From (B2) and Lemma, g(t, u(t)) ∈
WPAA(R, η). Suppose

g(t, u(t)) = h(t) + ψ(t),
where h ∈ AA(U) and ψ ∈ PAA0(R, η).
Then

(Y u)(t) =

∫ t

−∞
X(t, s)g(s, u(s)) ds =

∫ t

−∞
X(t, s)h(s) ds+∫ t

−∞
X(t, s)ψ(s) ds.

Let

y(t) =

∫ t

−∞
X(t, s)h(s) ds and z(t) =

∫ t

−∞
X(t, s)ψ(s) ds.

Similarly, it gives y ∈ AA(U), so y is almost automorphic.

To show that Y (u)(t) ∈ WPAA(R, η), we need to prove that z(t) ∈
PAA0(R, η), which means we show that
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lim
r→∞

1

µ(r, η)

∫ r

−r

∥z(t)∥η(t) dt = 0.

We have

0 ≤ lim
r→∞

1

µ(r, η)

∫ r

−r

∥z(t)∥η(t) dt

≤ lim
r→∞

1

µ(r, η)

∫ r

−r

∫ t

−∞
Me−ϵ(t−s)∥ψ(s)∥η(s) ds dt.

Now let

P1 = lim
r→∞

1

µ(r, η)

∫ r

−r

∫ −r

−∞
Me−ϵ(t−s)∥ψ(s)∥η(s) ds dt.

By using the Fubini theorem, we have

P1 = lim
r→∞

1

µ(r, η)

∫ −r

−∞
eϵs∥ψ(s)∥ ds

∫ r

−r

Me−ϵtη(t) dt.

This is equivalent to

P1 = lim
r→∞

1

µ(r, η)
sup
t∈R

∥ψ(t)∥∥η∥L1
loc(R)

M

ϵ(
e−ϵr − eϵr

) ∫ −r

−∞
eϵs ds.

Then,

P1 = lim
r→∞

1

µ(r, η)
sup
t∈R

∥ψ(t)∥∥η∥L1
loc(R)

M

ϵ2
(
e−2ϵr − 1

)
.

Since ψ(t) is bounded and limr→∞ µ(r, η) = ∞, then P1 = 0.

Also let

P2 = lim
r→∞

1

µ(r, η)

∫ r

−r

∥ψ(t)∥η(t) dt
∫ t

−r

Me−ϵ(t−s) ds.

Thus,

= lim
r→∞

1

µ(r, η)

M

ϵ
e−ϵ(t−s)

∣∣∣∣s=t

s=−r

∫ r

−r

∥ψ(t)∥η(t) dt

= lim
r→∞

1

µ(r, η)

M

ϵ

(
1− e−ϵ(t+r)

) ∫ r

−r

∥ψ(t)∥η(t) dt.

Since −r ≤ t ≤ r and ϵ > 0, then M
ϵ
(1− e−ϵ(t+r)) is bounded.

Now, ϕ ∈ PAA0(R, η), thus P2 = 0. Hence proof. □

Theorem 3.1.2 Let g(t, u) and X(t, s) satisfy (B1), (B2), (A3),
(A4) and 0 < M

ϵ
Lg < 1. Then Equation (3.1.1) has a unique mild

weighted pseudo almost automorphic solution.
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Proof. From Lemma 3.1.2, we get Y (u(t)) maps WPAA(R, η) into
WPAA(R, η).
Let u, v ∈ WPAA(R, η), and observe

∥(Y u)(t)−(Y v)(t)∥ =

∥∥∥∥∫ t

−∞
X(t, s)g(s, u(s)) ds−

∫ t

−∞
X(t, s)g(s, v(s)) ds

∥∥∥∥
=

∫ t

−∞
∥X(t, s)∥∥g(s, u(s))− g(s, v(s))∥ ds.

We have
Lg∥u− v∥ ∫ t

−∞ Me−ϵ(t−s) ds=M
δ
Lg∥u−v∥WPAA(R,η).

So we have

∥(Y u)(t)− (Y v)(t)∥ ≤ M

ϵ
Lg∥u− v∥WPAA(R,η).

For 0 < M
ϵ
Lg < 1, Y is a contractive mapping.

By Lemma WPAA(R, η) is complete. Therefore, by the Banach
fixed point theorem, Y has a unique fixed point u ∈ WPAA(R, η)
such that Y u(t) = u.
Fixing s ∈ R, we have

u(t) =

∫ t

−∞
X(t, r)g(r, u(r)) dr.

Since X(t, s) = X(t, r)X(r, s), for t ≥ r ≥ s , it gives u(t) satisfies
Equation (3.1.1). Hence u(t) is the unique mild solution of Equation
(3.1.1).
□
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3.2 Application of Weighted Pseudo Al-
most Automorphic function - Approach2

Consider differential equation [10]
u′(t) = Bu(t) + g(t, u(t)), t ∈ R ........ (3.2.1)

with:

• H1. g(t, u) is uniformly continuous ∀ bounded subset L ⊂ U
uniformly in t ∈ R.

• H2. h(t, u) is uniformly continuous ∀ bounded subset L ⊂ U
uniformly in t ∈ R.

• H3 B is the infinitesimal generator of a C0-semigroup {T (t)}t≥0

on a Banach space U st
∥T (t)∥ ≤ Ne−ηt, t ≥ 0.

• H4 g = h+ ψ ∈ WPAA(R, η) where η ∈ X∞.

• H5 ∥g(t, u)− g(t, v)∥ ≤ Lg∥u− v∥, ∀u, v ∈ U .

• H6 ∥h(t, u)− h(t, v)∥ ≤ Lh∥u− v∥, ∀u, v ∈ U .

Theorem 3.2.1 Suppose g = h+ ψ ∈ WPAA(R, η) where η ∈ V∞
and suppose H1 and H2 hold. Then L(·) := g(·, h(·)) ∈ WPAA(R, η)
if g ∈ WPAA(R, η).

Proof. We know that g = h+ ψ where h ∈ AA(R, U) and
ψ ∈ PAA0(R, η), and f = ν + m where ν ∈ AA(R, U) and

m ∈ PAA0(R, η).
Now

L(·) = h(·, ν(·)) + g(·, h(·))− h(·, ν(·)) =
h(·, ν(·)) + g(·, f(·))− g(·, ν(·)) + ψ(·, ν(·)).

By Lemma , h(·, ν(·)) ∈ AA(R, U).
Consider now the function

Ψ(·) := g(·, f(·))− g(·, ν(·)).
Clearly, Ψ(t) ∈ BC(R, U). For Ψ(t) to be in PAA0(R, η), it is suf-
ficient to prove that

lim
r→∞

1

µ(r, η)
mes(Mr,δ(Ψ)) = 0.

By Lemma , m(R) ⊂ f(R), which is a bounded.

Using Assumption H1 with K = f(R), we have ∀ δ > 0, ∃ ϵ > 0
such that
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u, v ∈ K, ∥u− v∥ < ϵ ⇒ ∥g(t, u)− g(t, v)∥ < δ, ∀t ∈ R.
Thus we obtain

1

µ(r, η)
mes(Mr,δ(Ψ(t))) =

1

µ(r, η)
mes(Mr,δ(g(t, f(t))−g(t,m(t)))) ≤

1

µ(r, η)
mes(Mr,ϵ(f(t)−m(t)))

=
1

µ(r, η)
mes(Mr,ϵ(ν(t))).

Now since ν ∈ PAA0(R, η), by Lemma,

lim
r→∞

1

µ(r, η)
mes(Mr,δ(ν(t))) = 0.

Consequently,

lim
r→∞

1

µ(r, η)
mes(Mr,δ(Ψ(t))) = 0.

Thus, Ψ ∈ PAA0(R, ρ).
Now, we prove ψ(t,m(t)) ∈ PAA0(R, η). We have ψ(t,m(t)) is uni-
formly continuous on [−r, r], and that m([−r, r]) is compact since m
is continuous on R is almost automorphic function. Hence, ∀ δ > 0,
∃ ϵ > 0 such that

µ([−r, r]) ⊂
n⋃

i=1

Ai where

Ai = {u ∈ U | ∥u− ui∥ < ϵ} for some ui ∈ m([−r, r]),

∥ψ(t,m(t))− ψ(t, ui)∥ <
δ

2
, m(t) ∈ Ai, t ∈ [−r, r].

We have Xi := {t ∈ [−r, r] | m(t) ∈ Ai} is open in [−r, r] and that
[−r, r] =

⋃n
i=1Xi. Define Yi

Y1 = X1, Yk = Xk −
i−1⋃
k=1

Xk, 2 ≤ i ≤ n.

Then we can see that Yk ∩ Yl = ∅, if k ̸= l, 1 ≤ k, l ≤ n. So we get

ξ :=

{
t ∈ [−r, r] | ∥ψ(t,m(t))∥ ≥ δ

2

}
⊂

n⋃
i=1

{t ∈ Yi | ∥φ(t,m(t))− ψ(t, ui)∥+ ∥ψ(t, ui)∥ ≥ δ} .

⊂
n⋃

i=1

[{
t ∈ Yi | ∥ψ(t,m(t))− ψ(t, ui)∥ ≥ δ

2

}
∪
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{
t ∈ Yi | ∥ψ(t, ui)∥ ≥ δ

2

}
.

It gives {
t ∈ Yi | ∥φ(t,m(t))− ψ(t, ui)∥ ≥ δ

2

}
= ∅, i = 1, 2, . . . ,m.

Thus, we get

1

µ(r, η)
mes(Mr,δ(ψ(t, β(t)))) ≤

n∑
i=1

1

µ(r, η)
mes(Mr,δ(ψ(t, ui))).

And since ψ(t, u) ∈ PAA0(R× U, η) and

lim
r→∞

1

µ(r, η)
mes(Mr, δ

2
(ψ(t, ui))) = 0,

it follows that

lim
r→∞

1

µ(r, η)
mes(Mr, δ

2
(ψ(t,m(t)))) = 0,

i.e., ψ(t,m(t)) ∈ PAA0(R, η). Hence proof. □

Corollary 3.2.1 Let g = h + ψ ∈ WPAA(R, η) where η ∈ V∞.
Assume both g and h are Lipschitz in u ∈ U uniformly in t ∈ R.
Then L(·) := g(·, f(·)) ∈ WPAA(R, η) if f ∈ WPAA(R, η).

Lemma 3.2.1 Suppose g = h + ψ ∈ WPAA(R, η) where η ∈ X∞
and (Q(t))t≥0 is an exponentially stable semigroup. Then

G(t) :=

∫ t

−∞
Q(t− s)g(s) ds ∈ WPAA(R, η).

Proof. Suppose G(t) = H(t) + Ψ(t) where

H(t) :=

∫ t

−∞
Q(t− s)h(s) ds and Ψ(t) :=

∫ t

−∞
Q(t− s)ψ(s) ds.

Now, H(t) ∈ AA(R, U). We prove that Ψ(t) ∈ PAA0(R, η).
We have

1

µ(r, η)

∫ r

−r

∥Ψ(s)∥η(s) ds =

1

µ(r, η)

∫ r

−r

∫ s

−∞
Q(s− σ)ψ(σ) dσ η(s) ds = P1 + P2,

where

P1 :=
1

µ(r, η)

∫ r

−r

∫ −r

−∞
Q(s− σ)ψ(σ) dσ η(s) ds
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and

P2 :=
1

µ(r, η)

∫ r

−r

∫ s

−r

Q(s− σ)ψ(σ) dσ η(s) ds.

We have

P1 :=
1

µ(r, η)

∫ r

−r

∫ −r

−∞
Q(s− σ)ψ(σ) dσ η(s) ds ≤

1

µ(r, η)

∫ r

−r

(∫ −r

−∞
∥Q(s− σ)∥∥ψ(σ)∥ dσ

)
η(s) ds

≤ N
1

µ(r, η)

∫ r

−r

(∫ −r

−∞
e−ρ(s−σ)∥ψ(σ)∥ dσ

)
η(s) ds

≤ N
1

µ(r, η)

(∫ r

−r

e−ρsη(s) ds

)(∫ −r

−∞
eρσ∥ψ(σ)∥ dσ

)
≤ N

1

µ(r, η)
∥η∥L1

loc(R)

(∫ r

−r

e−ρs ds

)(∫ −r

−∞
eρσ∥ψ(σ)∥ dσ

)
≤ N

1

ρ

1

µ(r, η)
∥η∥L1

loc(R)
(
e−ρr − eρr

)
sup
t∈R

∥ψ(t)∥
(∫ −r

−∞
eρσ dσ

)
≤ N

1

ρ

1

µ(r, η)
∥η∥L1

loc(R)e
−ρr sup

t∈R
∥ψ(t)∥

(∫ −r

−∞
eρσ dσ

)
≤ N

1

ρ2
1

µ(r, η)
∥η∥L1

loc(R)e
−2ρr sup

t∈R
∥ψ(t)∥

≤ N
1

ρ2
1

µ(r, η)
∥η∥L1

loc(R) sup
t∈R

∥ψ(t)∥.

Since supt∈R ∥ψ(t)∥ <∞ and limr→∞ µ(r, η) = ∞, we conclude that
lim
r→∞

P1 = 0.

Now, for P2, we have

P2 :=
1

µ(r, η)

∫ r

−r

∫ −r

s

Q(s− σ)ψ(σ) dσ η(s) ds

≤ 1

µ(r, η)

∫ r

−r

(∫ −r

s

∥Q(s− σ)∥∥ψ(σ)∥ dσ
)
η(s) ds

≤ N
1

µ(r, η)

∫ r

−r

(∫ −r

s

e−ρ(s−σ)∥ψ(σ)∥ dσ
)
η(s) ds

≤ N
1

ρ

1

µ(r, η)

∫ r

−r

(
1− e−ρ(s+r)

)
∥ψ(s)∥η(s) ds

≤ N
1

ρ

1

µ(r, η)

∫ r

−r

∥ψ(s)∥η(s) ds.
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Since ψ ∈ PAA0(R, η), we have

lim
r→∞

1

µ(r, η)

∫ r

−r

∥ψ(s)∥η(s) ds = 0.

Thus, we conclude that
lim
r→∞

P2 = 0.

□

Theorem 3.2.2 Under H3–H6, Equation (3.2.2) has a unique mild
solution in WPAA(R, η) when NLg/ρ < 1.

Proof. Define, ∆ : WPAA(R, η) → WPAA(R, η) st

(∆u)(t) :=

∫ t

−∞
T (t− σ)g(σ, u(σ)) dσ, t ∈ R,

is well-defined.

If u, v ∈ WPAA(R, η), we get

∥(∆u)(t)− (∆v)(t)∥ =

∥∥∥∥∫ t

−∞
T (t− σ) (g(σ, u(σ))− g(σ, v(σ))) dσ

∥∥∥∥
≤ NLg

∫ t

−∞
e−ρ(t−σ)∥u(σ)− v(σ)∥ dσ ≤ NLg

1

ρ
∥u− v∥∞, ∀t ∈ R.

Thus,

∥∆u−∆v∥∞ ≤ NLg

ω
∥u− v∥∞.

Apply principle of contraction to conclude the result.□
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4 Mathematical Models
4.1 Nicholson Blowflies Model
In past few decades [1], we can notice that because of the progress of
population models, the theory related to Nicholson’s blowflies model
has achived a great milestone.

By the develpoment of Nicholson model, researchers gain knowledge
of the factors that effects population dynamics and influences pop-
ulation of blowflies.
Nicholson model is a mathematical model that helps us to under-
stand the population dynamics of blowflies explains the certain pat-
terns, fluctuations and changes in the population of blowflies.

ẋ(s) = −γx(s) + δx(s− η)e−ζx(s−η) .............(4.1.1)

where γ, δ, η, and ζ are positive constants, and x(s) is the size of
the population at time s. The parameter δ stands for maximum
per capita daily egg production rate, γ denotes the per capita daily
adult death rate, 1

ζ
stands for the size at which the population re-

produces at its maximum rate, and η stands for time it takes for the
egg to become an adult blowfly.

This delay differential equation is called Nicholson’s equation.

A. J. Nicholson perform a lot of experiments with the Australian
blowfly and collected some experimental data and form this model.
It is a successful model
Mathematicians further investigated the Nicholson’s model with a
linear harvesting term:

ẋ(s) = −γ(s)x(s)+δ(s)x(s−ζ(s))e−η(s)x(s−ζ(s))−H(s)x(s−σ(s))
............(4.1.2)

where the functions γ, δ, η,H : R → (0,∞) are pseudo almost peri-
odic continuous functions, and ζ, σ : R → [0,∞) are almost periodic
continuous functions.

4.2 Lasota Wazeska Model
Lasota and Wazewska [1] proposed a model for the survival of RBCs
in animals with the help of delay differential equations.

Model is :
ẋ(s) = −γu(s) + δe−ζx(s−η)).......(4.2.1)

where x represents the number of red blood cells. γ denotes the rate
of death of the cells. δ and ζ determine the rate of production of
red blood cells η denote time required to produce the cells.
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This delay differential equation is known as Lasota-Wazewska model.
It is also a very important model in population dynamics. But in
this thesis our main focus is on Nicholson Blowflies Model. We have
done analysis of only Nicholson Blowflies Model.
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5 Analysis of Nicholson Model

5.1 Existence and Uniqueness of Solution
We tell the non-autonomous equation of Nicholson Blowflies Model
ẋ(t) = −β(t)x(t) +

∑n
i=1Hk(t, x(t − ηk(t))) + a(t)F (x(t))........

(5.1.1)

Here, x(t) stands for the density of the population.
α(t) stands for the death rate of the population
Fi(t, ψ) stands for the birth rate
a(t)H(x(t)) stands for the harvesting rate or immigration rate.
ηi(·) in the birth rate.

In population models, only non-negative solutions work. Hence, we
consider subsets of C

C+ := C([−η, 0], [0,∞)), C0 := {φ ∈ C+ : ψ(0) > 0}.

Necessary assumptions for our result: [1]

A1. β(t) is positive almost automorphic on R, ηk(t) denote posi-
tive compact almost automorphic on R for k = 1, . . . , n, and
βk(t), λk(t), and a(t) denote positive pseudo compact almost
automorphic functions.

A2. β(·), γk(·), ξk(·) are bounded away from zero.

A3. F : R+
0 → R+

0 is Lipschitz continuous and F (0) = 0, i.e., ∃ a
positive constant LF st:

−LFx < F (x) < LFx, for x ∈ R+
0 .

A4. ∀ 1 ≤ k ≤ n, fk : R+
0 → R+

0 are Lipschitz continuous, non-
negative, and their supremum value over R+

0 , i.e., fk = fk(w
∗
k)

with w∗
k ∈ R+

0 , and fk is a non-increasing function for x > w∗
k.

A5. ∃ two positive constants δ1 and δ2 st:

0 ≤ w∗

ξ
< δ1 <

∑n
k=1 γkfk(ξδ2)− aLF δ2

β
,

∑n
K=1 γkfk + aLF δ2

β
< δ2

where w∗ := max1≤k≤n{w∗
k}.

A6. ∀ 1 ≤ k ≤ n, ∃ positive numbers Lfk which are the Lipschitz
constants of fk on [w∗,∞).
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∀ bounded continuous function f on R, suppose
f = sup

t∈R
{f(t)}, f = inf

t∈R
{f(t)}.

Positive constants:
η := max

1≤k≤n
{ηk}, λ := min

1≤k≤n
{λk}.

Theorem 5.1.1 Assume (A1)–(A3) hold and β > a, then ∀ solu-
tion x(t) of equation with ψ ∈ C0 satisfies:

0 ≤
∑n

k=1 γkfk

β + aLF

≤ lim inf
t→+∞

x(t) ≤ lim sup
t→+∞

x(t) ≤
∑n

k=1 γkfk
β − aLF

.

Proof. [1]Suppose x(t) be a solution, then

ẋ(t) = −β(t)x(t) +
n∑

k=1

γk(t)fk(λi(t)x(t− ηk(t))) + a(t)F (x(t))

≤ −βx(t) +
n∑

k=1

βkfk + aLFx(t) ≤ −(α− aLF )x(t) +
n∑

k=1

γkfk.

It follows by the comparison principle that

x(t) ≤ x(0)e−(β−aLF )t +

∑n
k=1 γkfk

β − aLF

for t ≥ 0.

Using the assumption β − bLF > 0, we obtain

lim sup
t→+∞

x(t) ≤
∑n

k=1 βkfk
α− aLF

.

Other side, we have

ẋ(t) = −β(t)x(t) +
n∑

k=1

βk(t)fk(ξk(t)x(t− ηk(t))) + a(t)F (x(t))

≥ −βx(t) +
n∑

k=1

βifk − bLFx(t) ≥ −(β + bLF )x(t) +
n∑

k=1

γkfk.

From comparison principle,

x(t) ≥ x(0)e−(β+aLF )t +

∑n
k=1 γkfk

β + aLF

(1− e−(β+aLF )t), t ≥ 0.

we obtain

lim inf
t→+∞

x(t) ≥
∑n

k=1 γkfk
β + aLF

.

We get x(t) ≥ 0.
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Now, define Q : C(R) → C(R)

(Qx)(s) =
n∑

k=1

γk(s)fk(ξk(s)x(s− ηk(s))) + a(s)F (x(s)),

Now, we estimate the nonlinear terms for (t, x) ∈ R× [µ, δ2], as:
n∑

k=1

γkfk(ξδ2)− aLF δ2 ≤ (Qx)(t) ≤
n∑

k=1

γkfk + aLF δ2,

where (Qx)(t) is defined.

Lemma 5.1.1 Suppose U0 = {ψ : ψ ∈ C+, δ1 < ψ(t) < δ2, t ∈
[−η, 0]}. Suppose that (A1)-(A5) hold. Then, ∀ ψ ∈ C, the solution
x(t; t0, ψ) of equation(5.1.1) satisfies

δ1 < x(t; t0, ψ) < δ2, t ∈ [t0, ζ(ψ))

and the existence interval ∀ solution of equation (2) can be extended
to [t0,+∞).

Now, we define,

(Px)(t) =

∫ ∞

t

e−
∫ s
t β(y)dy(Qx)(s) ds

Theorem 5.1.2 Assume (A1)–(A6) all assumptions hold. If

ηk ∈ KAA(R,R+)∩C1(R,R+) and η′k(t) ≤ η∗ < 1, for k = 1, . . . , n,
and

aLF +
∑n

k=1 γkξklfk
β

≤ 1

Proof [1] Claim : ∀ x ∈ PKAA(R,R+), we get (Qx)(s) belongs
to PKAA(R,R+).
We can see that, the functions x(t − ηk(t)) ∈ PKAA(R,R+) since
ηk ∈ KAA(R,R+).
Using previous lemma, ξk(t)x(t− ηk(t)) ∈ PKAA(R,R+).

Using composition Theorem of pseudo almost automorphic func-
tions, s 7→ f(ξk(s)x(s− ηk(s))) ∈ PKAA(R,R+)
Now, we obtain s 7→ γk(t)f(δk(s)x(s − ηk(s))) is in PKAA(R,R+),
for k = 1, . . . , n .

Since PKAA(R) is a vector space, (Qx)(s) ∈ PKAA(R,R+).
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Hence (Qx)(s) = (Qx)1(s)+(Qx)2(s), where (Qx)1(s) and (Qx)2(s)
are in KAA(R,R+) and PAA0(R,R+), respectively.

We note that
e−

∫ t
s β(t)dt ≤ e−β(t−s),

next, P maps the space PKAA(R,R) into itself.

With the help of lemma 5.1.1, the closed subset
U0 = {x : x ∈ PKAA(R,R+), δ1 ≤ x(t) ≤ δ2,∀t ∈ R}

is such that Q(U0) ⊂ U0.

Hence, ∀ x, y ∈ Ω, we get

|(Px)(t)− (Py)(t)| =
∣∣∣∣∫ t

−∞
e−

∫ t
s β(ξ)dξ [(Qx)(s)− (Qy)(s)] ds

∣∣∣∣
≤
∫ t

−∞
e−β(t−s) |(Qx)(s)− (Qy)(s)| ds.

With the help of supremum norm, we obtain

||(Px)− (Py)||∞ ≤ aLF +
∑n

k=1 γkξklfk
β

||x− y||∞.

Hence, we get P is a contraction.

After using fixed point theorem, P has a unique fixed point in U0.
□

5.2 Exponential Stability of solution us-
ing Halanaya’s Inequality

Lemma 5.2.1 Let x(s) > 0, t ∈ K, and T ∈ [0,∞), s0 ∈ R.
Suppose

x′(t) ≤ −bx(t) + a supx(t), s > s0.
If b > a > 0, then ∃ constants δ > 0 and λ > 0 such that

x(s) ≤ λe−(s−s0), s > s0.
Hence, x(s) → 0 as s→ ∞.

Theorem 5.2.1 Suppose u(t) is a nonnegative function st
u′(t) ≤ −b(t)u(t) + a(t)( sup

t−T (t)≤s≤t

u(s)), t > t0.

Additionally,
u(s) ≤ |ϕ(s)|, s ∈ [t0 − T ∗, t0].

where T (t) is nonnegative, continuous, and bounded function defined
for t ∈ R and

T ∗ = supT (t).
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The function ϕ(s) is continuous and defined for s ∈ [t0 − T ∗, t0].
b(t) and a(t), for t ∈ R, are nonnegative, continuous, and bounded.
Suppose

b(t)− a(t) ≥ a, t ∈ R,
where

b = inf(b(t)− a(t)) > 0.
Then ∃ a α ≥ 0 st

u(t) ≤

(
sup

s∈[t0−T ∗,t0]

u(s)

)
e−α(t−t0), t > t0.

Proof: [12] We define the function F as follows for t > t0:
F (t,m) = −b(t) +m+ a(t)e−mT ∗

, m ∈ R, t ∈ R
Since b(t) and a(t) are continuous and bounded for t ∈ R, we con-
sider the function G defined by

G(m) = sup
t∈R

F (t,m).

Clearly, G is a continuous function of m ∈ R. Using assumption, we
obtain from that

G(0) = sup
t∈R

F (t, 0) = sup
t∈R

(−b(t)+a(t)) = − inf
t∈R

(b(t)−a(t)) = −b < 0.

Moreover, due to the boundedness of b(t) and a(t), we have
G′(m) = −b′+m+a′e−mT ∗

, m ∈ R ≤ G(m) ≤ G′′(m) = −b′′+m+a′′e−mT ∗
, m ∈ R

where
b′ = inf

t∈R
b(t), b′′ = sup

t∈R
b(t),

a′ = inf
t∈R

a(t), b′′ = sup
t∈R

a(t).

We can see that G′(m) → ∞ and G′′(m) → ∞ monotonically as
m→ ∞, and hence we get

G(m) = sup
t∈R

F (t,m) → ∞ monotonically as µ→ ∞.

Now let 0 < α < δ, from continuity of G(m) that ∃ α > 0 such that
G(α) = sup

t∈R
F (t, ) < 0, where 0 < α < δ.

Now we define
Define

ϕ∗(t) = sup
t0−T ∗≤s≤t0

|ϕ(s)|.

We obtain
u′(t) ≤ [−b(t) + α]u(t) + a(t)e−αT ∗

sup
t−T ∗≤s≤t

u(s), t > t0.

Since ψ(t) is continuous and defined for t ∈ [t0 − T ∗, t0], we let
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sup
t0−T ∗≤t≤t0

|ψ(t)| =M, M > 0.

Let ϵ > 1 be arbitrary. We have
x(t) ≤ ϵM, for t ∈ [t0 − T ∗, t0].

We claim that
u(t) ≤ ϵM, for t > t0

Suppose above equation does not hold. Let t1 > t0 be the first time
for which

u(t) ≤ ϵM, t0 − T ∗ ≤ t < t1.

Then we have
u(t1) = ϵM, and u′(t1) ≥ 0.

From previous equation, we have
u′(t1) ≤ [−b(t1) +m]u(t1) + a(t1)e

−mT ∗
sup

t1−T ∗≤s≤t1

u(s).

Since u(t1) = ϵM , we obtain
u′(t1) ≤ −aϵM < 0,

Since u(t1) = ϵM , we obtain
u′(t1) ≤ −aϵM < 0,

This leads to a contradiction. Hence, the claim holds. Since ϵ > 1
is arbitrary, by allowing ϵ→ 1+, we get

u(t) ≤M, t > t0.
It then follows and from u we have

u(t) ≤Me−α(t−t0), t > t0.
Thus, the assertion is satisfied, completing the proof. □

Lemma 5.2.2 Let s0 ∈ R and η be a non-negative number. If
u : [s0 − η,∞) → R+ satisfies [1]

d

ds
u(s) ≤ −βu(s) + γ sup

t∈[s−η,s]

u(t); s ≥ s0,

where β and γ are constants with β > γ > 0, then

u(s) ≤ ∥u(s0)∥e−ζ(s−s0) for s ≥ s0,
where ζ is the unique positive solution of

ζ = β − γeζη.

Theorem 5.2.2 Suppose assumptions (A1)–(A6) hold, and above
results hold, then the unique pseudo compact almost automorphic
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solution of the system in U0 is globally exponentially stable.

Proof.[1] The uniqueness and existence pseudo compact almost au-
tomorphic solution has been done.

Now, suppose x(t) be a solution of equation st δ1 ≤ x(t) ≤ δ2 ∀
t ≥ 0.

x∗(t) is the pseudo compact almost automorphic solution of the
equation.

We consider
u(t) := x(t)− x∗(t),

clearly
u̇(t) = −α(t)u(t) + (Qx)(t)− (Qx∗)(t),

Consequently, ∀ t ≥ 0 we get

u(t) = u(0)e−
∫ t
0 β(α)dα +

∫ t

0

e−
∫ t
s β(α)dα [(Qx)(s)− (Qx∗)(s)] ds.

It follows that
We have:

|u(t)| ≤ |u(0)e−
∫ t
0 β(α) dα|+

∫ t

0

|e−
∫ t
s β(α) dα||(Qx)(s)− (Qx∗)(s)| ds,

since x(t) and x∗(t) belong to U0, and by A6, we obtain

|u(t)| ≤ ∥u∥ζe−βt +

∫ t

0

e−β(t−s)

n∑
k=1

γkξkfk + aLF sup
σ∈[s−ζ,s]

|u(σ)| ds.

It implies that if

β >
n∑

k=1

γkξkfk + aLF > 0,

then by Halanay’s inequality, we get ∃ positive constants η andM st:
|u(t)| ≤M∥u∥ηe−ζt,

where ζ is the real solution of the characteristic equation

ζ = −β + (
k∑

k=1

γkξkfk + bLF )e
ζη.

Therefore, we have

|x(t)− x∗(t)| ≤M∥x− x∗∥ζe−ζt, t ≥ 0.
Thus, x∗ is asymptotically exponentially stable. □
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6 Result
6.1 Solving Nicholson Blowflies Model us-

ingWeighted Pseudo Compact Almost
Automorphic function

First, we give some results that helps us in proving our result.

Lemma 6.1.1 If l(·) ∈ WPKAA(R,R), ζ(·) ∈ KAA(R,R+) ∩
C1(R,R+), and ζ(t) ≤ ζ∗ < 1, then we have t 7→ l(t − ζ(t)) ∈
PKAA(R,R).

Proof. Since, we have l(·) ∈ PKAA(R,R) , we get l(·) = l1(·) +
l2(·), where l1(·) ∈ KAA(R,R) and l2(·) ∈ PAA0(R,R).
Now,we get that

l(t− ζ(t)) = l1(t− ζ(t)) + l2(t− ζ(t)).
We get l1(t− ζ(t)) ∈ KAA(R,R).
Claim: l2(t − ζ(t)) ∈ PAA0(R, η). Using Assumption ζ(t), we have
∃ζ+ ≥ 0 such that

ζ+ := sup
t∈R

{ζ(t)}.

We consider t = s− ζ(s) and dt = (1− ζ ′(s))ds, that gives

lim
b→∞

1

µ(b, η)

∫ b

−b

|l2(s− η(s))|(η(s)) ds =

lim
b→∞

1

µ(b, η)

∫ b−ζ(T )

−b−ζ(−T )

|l2(t)|(η(s))
1

1− ζ ′(t)
dt

≤ 1

1− ζ∗
lim
b→∞

µ(b, η)

µ(b, η + ζ+)

1

µ(a, η + ζ+)

∫ b+ζ+

−b−ζ+

|l2(t)| dt.

Since the above estimation, l2 ∈ PAA0(R, η), and µ(b,η)
µ(b,η+ζ+)

is

finite, we obtain that

lim
b→∞

1

µ(b, η)

∫ T

−T

|l2(s− ζ(s))|(η(s)) ds = 0.

Lemma 6.1.2 Suppose l and g in WPKAA(R,R). Then product
f · g is also in WPKAA(R,R).
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Proof Since, l and g ∈ (WPKAA(R,R). We have l = l1 + l2 and
g = g1 + g2 where l1, g1 ∈ KAA(R,R) and l2, g2 ∈ PAA0(R, η).
We get l1.g1 ∈ KAA(R,R)). Now, we claim that l2.g2 ∈ PAA0(R, η).
Since g2(.) ∈ PAA0(R, η) ∈ BC(R,R). So, we have supremum of
g2(.), let we denote it by g∗ ≤ ∞.

lim
b→∞

1

µ(b, η)

∫ b

−b

|l2(t).g2(t)|(η(t)) dt ≤ lim
b→∞

1

µ(b, η)
|g∗|

∫ b

−b

|l2(s)|(η(t))ds

Since, l2(.) ∈ PAA0(R, η).

limb→∞
1

µ(b,η)
|g∗|

∫ b

−b
|l2(t)|(η(s))dt= |g∗| lima→∞

1
m(b,η)

∫ b

−b
|l2(t)|(η(s))dt

= |g∗|.0 = 0.
Hence prove.□

Theorem 6.1.1 Let l : [0,+∞) → [0,+∞) be a Lipschitz continu-
ous function, i.e.,

|l(m)− l(n)|
|m− n|

≤ Ll, m, n ∈ [0,+∞).

Then l(x(t)) ∈ WPKAA(R,R+), provided x(t) = x1(t) + x2(t) ∈
WPKAA(R,R+), where x1(t) ∈ KAA(R,R+) and x2(t) ∈ PAA0(R,R+).

Proof. Since x = x1 + x2 ∈ WPKAA(R,R+), we can decompose
l(x(t))

l(x(t)) = l(x1(t)) + (l(x(t))− l(x1(t))) .
Suppose we denote:

Q1(t) = l(x1(t)), Q2(t) = l(x(t))− l(x1(t)).
Claim: Q1(t) ∈ KAA(R,R+). (done in theorem 2.3.4)
Claim:Q2(t) ∈ PAA0(R, , η).
We can see that

1

µ(b, η)

∫ b

−b

Q2(s) ds =
1

µ(b, η)

∫ b

−b

(l(x(s))− l(x1(s))) ds

≤ Ll
1

µ(b, η)

∫ b

−b

|x(s)− x1(s)| ds = Ll
1

µ(b, η)

∫ b

−b

|x2(s)| ds,

and since x2(s) ∈ PAA0((R,R+), η) the claim follows. □

Lemma 6.1.3 Suppose g : R → R and x : R → R belong to
WPKAA(R,R) and L1(R), respectively, then g∗x belongs toWPKAA(R).
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Proof. We have g ∈ PKAA(R,R), it follows that (x ∗ g)(s) =
(x∗g1)(s)+(x∗g2)(s), where g1 ∈ KAA(R,R) and g2 ∈ PAA0(R, η).
We need to prove that: (a) x ∗ g1 ∈ KAA(R,R). (b) x ∗ g2 ∈
PAA0(R,R).
a) has been done in lemma 2.3.6.
b) Finally, we prove that x ∗ g2 ∈ PAA0(R,R), i.e.

lim
b→+∞

1

µ(b, η)

∫ b

−b

|k ∗ g2(t)| dt = 0.

Using Fubini’s Theorem, we get

1

µ(b, η)

∫ b

−b

|x ∗ g2(s)| dt ≤
1

µ(b, η)

∫ b

−b

∫ ∞

−∞
|x(s− t)||g2(t)| dt ds =

∫ ∞

−∞
|x(ξ)|

(
1

µ(b, η)

∫ b

−b

|g2(t− ξ)| dt
)
dξ.

Since g2 ∈ PAA0(R) and using the property of invariance by trans-
lation of the mean, it follows.
From x ∈ L1(R), we can verify DCT. Thus, we conclude that x ∗ g2
belongs to PAA0(R).

Theorem 6.1.2 If the function x : R → R ∈ WPKAA(R,R) and
∃ a almost automorphic function g(s, t) wrt t such that:

|g(s, t)| ≤ ce−β(s−t), s ≥ t,

then ψ(t) =
∫ s

−∞ g(s, t)x(t)dt belongs to the class WPKAA(R,R).

Proof Since,we have x ∈ WPKAA(R,R). So, we can decompose x
as x = x1 + x2 where x1 ∈ KAA(R,R) and x2 ∈ PAA0(R, η).
Claim : ψ(s) =

∫ s

−∞ g(s, t)x(t)dt ∈ WPKAA(R,R).
We can write, ψ(s) =

∫ s

−∞ g(s, t)x1(t) +
∫ s

−∞ g(s, t)x2(t). We have
x1(t) ∈ KAA(R).
So, ∀ sequence of R (tn), ∃ a subsequence (tnk

) st

x1(t) := lim
k→∞

x′1(t+ tnk
)

lim
k→∞

x′1(t− tnk
) = x1(t)
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g(s, t) := lim
k→∞

g′(s, t+ tnk
)

lim
k→∞

g′(s, t− tnk
) = g(s)

lim
k→∞

ψ(s+ tnk
) = lim

k→∞

∫ s

−∞
g(s, t+ tnk

)u1(s+ tnk
)

Since g ∈ L1(R). Using DCT, we have∫ s

−∞ limk→∞ g(s, t + tnk
)x1(s + tnk

) =
∫ s

−∞ g′(s, t)x′1(t). Let ψ′(s −
tnk

) =
∫ s

−∞ g′(s, t− tnk
)x′1(s− tnk

)

Similarly, limk→∞ ψ′(s−tnk
) = limk→∞

∫ s

−∞ g′(s, t−tnk
)x′1(s−tnk

) =∫ s

−∞ limk→∞ g′(s, t− tnk
)x′1(s− tnk

) =
∫ s

−∞ g(s, t)x1(t).

lim
k→∞

x(s− tnk
) = l(s)

And ψ(s) is uniformly continuous.
We have x2 ∈ PAA0(R, η). So,
limb→+∞

1
µ(b,η)

∫ b

−b
∥ψ(s)∥ η(s) ds =

lim
b→+∞

1

µ(b, η)

∫ b

−b

∥
∫ s

−∞
g(s, t)x(t)dt(s)∥ η(s) ds = 0

Hence proof. □

Model and Assumptions
Since we are looking for result of Nicholson model, we first modify
our equation (5.1.1) with mixed delay.

x′(t) = β(t)x(t)+
∑m

k=1 γk(t)x(t−ζk)e−ξkx(t−ζk)−F (t)x(t)+p(t)
∫ 0

−ζ
K(t, s)x(t+

s)e−x(t+s) ds ........(6.1.1)

In this equation (6.1.1) we consider type of birth term and generalize
our equation, birth term is

Hk(t, x(t−ζk(t))) := γk(t)gk(ξk(t)x(t−ζk(t))) = βk(t)x(t−ζk)e−ξkx(t−ζk).

Now, we introduce the following scalar delay differential equation:
x′(t) = β(t)x(t)+

∑m
k=1 γk(t)x(t−ζk)e−ξkx(t−ζk)−F (t)x(t)+p(t)

∫ 0

−ζ
K(t, s)x(t+

s)e−x(t+s) ds .........(6.1.2)
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Assumptions require to get our result.

• A1. β(t) is positive almost automorphic on R, ζk(t) are positive
compact almost automorphic on R for k = 1, . . . , n, while γk(t),
ξk(t), and a(t) , p(t) are positive weighted pseudo compact
almost automorphic functions.

• A2. β(·), γk(·), and ξk(·) are bounded away from zero.

• A3. F : R+
0 → R+

0 is Lipschitz continuous and H(0) = 0, i.e.,
∃ a positive constant LF such that:

−LHx < H(x) < LHx, for x ∈ R+
0 .

Notation: ∀ bounded continuous function g defined on R.
Let

g = sup
t∈R

{g(t)}, g = inf
t∈R

{g(t)},

we have positive constants:

ζ = sup
1≤k≤n

{ζk}, ζ = inf
1≤k≤n

{ξk}.

• A4. ∀ 1 ≤ k ≤ n, the functions gk : R+
0 → R+

0 are Lipschitz
continuous, non-negative, their maximum value over R+

0 , i.e.,
gk = gi(m

∗
i ) with m

∗
i ∈ R+

0 and giis a non-increasing function
for x > m∗

i .

• A5. ∃ two positive constants δ1 and δ2 st:

(
∑n

k=1 γkgk+aLF δ2+pζM)
β

≤ δ2.

(
∑n

i=1 αigi−aLFλ1)
β

≥ λ1

• A6. ∀ 1 ≤ k ≤ n, ∃ positive numbers lgk which are the Lips-
chitz constants of gk on [m∗,∞).

• A7. The kernel K(t, s) satisfies following conditions:

(i) ∀ t ∈ R+ and s ∈ [t− s, t], K(t, s) ≥ 0.

46



(ii) ∃ constants k > 0 and c > 0 st for all t ∈ R+ and s ∈
[t− s, t],

K(t, s) ≤ kex(t−s).

(iii) The function t 7→ K(t, s) is almost automorphic ∀s.

Define Q : C(R) → C(R) by

(Qx)(s) =
n∑

k=1

βi(s)gk(λk(s)x(s− ζk(s))) + a(s)H(x(s))+

p(t)

∫ 0

−ζ

K(t, s)x(t+ s)e−x(t+s) ds

(Px)(t) =

∫ t

−∞
e−

∫ t
s β(α) dα(Qx)(s) ds,

where x ∈ WPKAA(R,R) and (Qx) is defined .

Theorem 6.1.3 Assume (A1)–(A7) hold. If

ζk ∈ KAA(R,R+)∩C1(R,R+) and ζk(t) ≤ ζ∗ < 1, for k = 1, . . . , n,

and
aLF+

∑n
k=1 γkξklgk+pMζ

β
< 1

are satisfied, then equation has unique weighted pseudo compact al-
most automorphic solution in

U = {x : x ∈ WPKAA(R,R+), δ1 ≤ x(t) ≤ δ2, ∀t ∈ R}.

Proof. Claim: ∀ x ∈ WPKAA(R,R+) it gives (Qx)(s) ∈WPKAA(R,R+).

x(t−ζk(t)) ∈ WPKAA(R,R+) since ζk ∈ KAA(R,R+) from lemma
6.1.1.
It gives δk(t)x(t − ζk(t)) ∈ WPKAA(R,R+) from lemma 6.1.2.
From the property of weighted pseudo almost automorphic func-
tions, s 7→ gk(ξk(s)x(s − ζk(s))) belongs to PKAA(R,R+) and we
obtain that s 7→ γk(t)gk(ξk(s)x(s − ζk(s))) is in WPKAA(R,R+),
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for k = 1, . . . , n from theorem 6.1.1.

Since, F(x(s)) is lipschitz and x(s) ∈ WPKAA and a(s) ∈ WPKAA.
So, from previous theorems, a(s).F(x(s)) ∈ WPKAA.
In consequence, since WPKAA(R) is a vector space, the func-
tion (Qx)(s) is in WPKAA(R,R+), hence (Qx)(s) = (Qx)1(s) +
(Qx)2(s), where (Qx)1(s) and (Qx)2(s) are in KAA(R,R+) and
PAA0((R,R+), η), respectively.

e−
∫ s
t β(α) dα ≤ e−

∫ s
t β dα = e−β(t−s),

then it maps Q maps the space WPKAA(R,R) into itself.
The closed subset

U = {x : x ∈ WPKAA(R,R+), δ1 ≤ x(t) ≤ δ2, ∀t ∈ R}

Claim: P (U) ⊂ P .
Proof.
P (x(t) =

∫ t

−∞ e−
∫ t
s β(α) dα(

∑n
k=1 γk(s)fi(ξk(s)x(s−ζk(s)))+a(s)F (x(s))+

p(t)
∫ 0

−ζ
K(t, s)x(t+ s)e−x(t+s)) ds ≤ (

∑n
k=1 γkfk+aLF δ2+pζM)

α
≤ γ2

P (x(t) =
∫ t

−∞ e−
∫ t
s β(α) dα(

∑n
k=1 γk(s)fi(ξk(s)x(s−ζk(s)))+a(s)F (x(s))+

p(t)
∫ 0

−ζ
K(t, s)x(t+ s)e−x(t+s)) ds ≥ (

∑n
i=1 αigi−aLFλ1)

β
≥ λ1

Now, ∀ u, v ∈ U , we get

|(Pu)(t)− (Pv)(t)| =
∣∣∣∣∫ t

−∞
e−

∫ t
s β(α) dα((Qu)(s)− (Qv)(s)) ds

∣∣∣∣
≤
∫ t

−∞
e−β(t− s) |(Qu)(s)− (Qv)(s)| ds ≤

∫ t

−∞
e−β(t−s) ds

(
n∑

k=1

γkgk + aLF + pζM

)
∥u− v∥

Using the supremum norm, we have

∥(Pu)− (Pv)∥∞ ≤ (
∑n

k=1 γkgk+aLF+pζM)
β

∥u− v∥∞
Thus, by using assumption and fixed point theorem, P has a unique
fixed point in U .
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Theorem 6.1.4 If all assumptions (A1) to (A7) are satisfied, and
also assumption of previous theorem holds, then weighted pseudo
compact almost automorphic solution in U is globally exponentially
stable.

Proof. We have done the uniqueness and existence of weighted
pseudo compact almost automorphic solution of equation.

Suppose x(t) is a solution of equation and x∗(t) is the weighted
pseudo compact almost automorphic solution of equation. Consider

g(t) := x(t)− x∗(t),

and clearly

ġ(t) = −β(t)g(t) + (Nx)(t)− (Nx∗)(t),

where it holds. ∀ t ≥ 0, we have

g(t) = g(0)e−
∫ t
0 β(α) dα +

∫ t

0

e−
∫ t
s β(α) dα ((Qx)(s)− (Qx∗)(s)) ds.

It gives

|g(t)| ≤ |g(0)e−
∫ t
0 β(α) dα|+

∫ t

0

|e−
∫ t
s β(α) dα| |(Nx)(s)− (Nx∗)(s)| ds.

Since x(t) and x∗(t) in Ω, and using assumption (A6), we obtain

|v(t)| ≤ ∥v∥ζe−βt +
∫ t

0
e−β(t−s)

(∑n
k=1 γkξkfi

+aLF + pMζ sup
σ∈[s−ζ,s]

|v(σ)| ds

We have

aLF+
∑n

k=1 γkξkfk+pMζ

β
< 1

Then, by using Halanay’s inequality, we get ∃ positive constants ω
and C st

|g(t)| ≤ C∥g∥ζe−ωt,

where ω is the real solution of the characteristic equation 6.1.1.
ω = −β + (

∑n
k=1 γkξkfk + aLF + pMζ)eωζ
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Therefore, we have

|x(t)− x∗(t)| ≤ C∥x− x∗∥τe−ωt, t ≥ 0.

This concludes the result.

6.2 Stability Analysis using Lyapnov Sta-

bility

[6] Suppose g : R× C → Rn is continuous function.
Consider

u′(t) = g(t, ut).

g is continuous here and the solution u(x, ψ)(t) through (x, ψ) is
continuous in (x, ψ, t) within the domain of the function.

g : (b,∞)× U → Rn,

where U is an open set in C.

Definition 6.2.1 Suppose g(t, 0) = 0 ∀ t ∈ R. Solution u = 0 of
equation is stable if, ∀ x ∈ R and δ > 0, ∃ ϵ = ϵ(δ, x) st ψ ∈ B(0, ϵ)
gives

ut(x, ψ) ∈ B(0, δ) for t ≥ x.

Definition 6.2.2 Suppose g(t, 0) = 0 ∀ t ∈ R. Solution u = 0 of
equation is asymptotically stable if it is stable and ∃ ϵ0 = ϵ0(u) > 0
st ψ ∈ B(0, ϵ0) implies

u(x, ψ)(t) → 0 as t→ ∞.

Definition 6.2.3 Suppose g(t, 0) = 0 ∀ t ∈ R. Solution u = 0 of
equation is uniformly stable if, ∀ x ∈ R and δ > 0, ∃ ϵ = ϵ(δ) st
ψ ∈ B(0, ϵ) gives

ut(x, ψ) ∈ B(0, δ) for t ≥ x.

Definition 6.2.4 Suppose g(t, 0) = 0 ∀ t ∈ R. Solution u = 0 of
equation is uniformly asymptotically stable if it is uniformly stable
and ∃ ϵ0 > 0 such that for every ζ > 0, ∃ t0(ζ) such that

ψ ∈ B(0, ϵ0) =⇒ ut(x, ψ) ∈ B(0, η) for t ≥ x+t0(ζ), for every x ∈ R.
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Lyapnov Function: A Lyapunov function for an autonomous dy-
namical system {

g : Rn → Rn,

ẋ = g(x)

with an equilibrium point at x = 0 is a scalar function

U : Rn → R

that is continuous, has continuous first derivatives, is strictly posi-
tive for x ̸= 0, and for which the time derivative

U̇ = ∇U · g

is non-positive.

Theorem 6.2.1 Suppose g : R×C → Rn maps R× (bounded sets of
C) into bounded sets of Rn, and let x, y, z : R+ → R+ be continuous,
nondecreasing functions such that x(t) and y(t) are positive for t >
0, with x(0) = y(0) = 0.
If ∃ a continuous function U : R× C → R such that

x(|ψ(0)|) ≤ U(t, ψ) ≤ y(|ψ|)

U(t, ψ) ≤ −z(|ψ(0)|),
then u = 0 of Equation is uniformly stable.

Lyapnov Stability of equation

Here, we first give some notations for this section.
• refers to differentiation wrt t, for eg. is du/dt.

K ′ = inf(K(t)), K ′′ = sup(K(t))

M = sup(x(t)),m = inf(x(t))

p′ = inf(p(t)), p′′ = sup(p(t))

λ′ = inf(λ(t)), λ” = sup(λ(t))

β′ = infβ(t), β” = supβ(t)

α′ = infα(t), α” = supα(t)
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b′ = inf(b(t)), b” = sup(b(t))

˙u(t) = α(t)u(t) +
n∑

i=1

βi(t)u(t− τi)e
−λiu(t−τi) −H(t)u(t)+

p(t)

∫ 0

−τ

K(t, s)u(t+ s)e−u(t+s) ds

Let u(t0) is the solution of the above differential equation.
We can translate t as t0 − t.

˙u(t+ t0) = α(t+t0)u(t+t0)+
∑m

i=1 βi(t0+t)u(t+t0−τi)e−λiu(t+t0−τi)−
H(t+t0)u(t+t0)+p(t+t0)

∫ 0

−τ
K(t0+t+θ)u(t+t0+s)e

−u(t+t0+s) ds
Put

u(t+ t0) = x(t).

Lyapnov function is

V (x, t) = x2(t)−µ
∫ T

−∞

n∑
i=1

βi(θ)x(θ)d(θ)+

∫ T

−T

n∑
i=1

K(t0+t+θ)x
2(θ)e−x(θ) dθ

• Assumption 1
MK ′(2T )

e
≤ µmβ′′

• Assumption 2

β2µ2 ≤ 4K ′(T )(µ)

en

• Assumption 3
d(K(t)/d(t) = −η

where
η ≥ 0

Claim :

−µ
∫ T

−∞

n∑
i=1

βi(θ)x(θ)d(θ) +

∫ T

−T

n∑
i=1

K(t0 + t+ θ)x2(θ)e−x(θ) dθ ≤ 0

Using properties of sup and inf, we get

nMK ′(2T )

e
− µmnβ′′ ≤ 0
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MK ′(2T )

e
≤ µmβ′′.

This is Assumption 1.

Hence,
V (x, t) ≤ x2(t)

Claim :

x2

2
≤ x2(t)−µ

∫ T

−∞

n∑
i=1

βi(θ)x(θ)d(θ)+

∫ T

−T

n∑
i=1

K(t0+t+θ)x
2(θ)e−x(θ) dθ

x2

2
≥ µ

∫ T

−∞

n∑
i=1

βi(θ)x(θ)d(θ)−
∫ T

−T

n∑
i=1

K(t0 + θ + t)x2(θ)e−x(θ) dθ

m2

2
− µβ′′nm+

2nK ′TM

e
≥ 0

β2µ2 ≤ 4K ′(T )(µ)

en

This is assumption 2.

Hence, V (x, t) ≥ x2

2

V (x, t) = x2(t)−µ
∫ T

−∞

n∑
i=1

βi(θ)x(θ)d(θ)+

∫ T

−T

n∑
i=1

K(t0+θ)x
2(θ)e−x(θ) dθ

To Prove: ˙V (t, x(t)) ≤ 0
Assumption 3 :

d(K(t)/d(t) = −η
where

η ≥ 0
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˙V (t, x(t)) = x2(t) (−2α(t+ t0)− lib(t))+

∫ T

−T

n∑
i=1

K̇(t0+t+θ)x
2(θ)−ex(θ)dθ

2

∑n
i=1 βi(t+ t0)

eλi
+

2p(t+ t0)
∫ 0

−τ
K(t0 + t+ θ)

e
)x(t)

Since the coefficient of x2(t) is negative, to prove our desired result,
we use the quadratic discriminant condition b2 − 4ac ≤ 0:

(
2

n∑
i=1

βie
λi(t0 + t) + 2p(t+ t0)

∫ 0

−τ

Ke(t0 + t+ θ)

)2

−4 (−2α(t+ t0)− lib(t))

(∫ T

−T

n∑
i=1

ẋ(t0 + t+ θ)x2(θ)e−x(θ)

)
≤ 0

Finally using properties of sup and inf:
We will get desired result.
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7 Examples
Example 1: Suppose g : R → R is define as

g(t) = cos

(
1

1 + sin(t) + sin(
√
3t)

)
Then g is almost automorphic.

Example 2: F : Z → R defined as

F (n) = cos(2πnϕ),

with ϕ is an irrational number, is almost automorphic sequence but
not almost periodic.

Example 3 : Suppose F : R → R be a function st

F (t) = cos

(
1

2
+ cos(t) + cos(

√
3t)

)
+

1

1 + t2
.

This function is pseudo almost automorphic.

Example 4: (A mixed blowflies model ) [1]
This example is about a model for Lucilia cuprina, with a harvesting
function and two non linear functions: one of Nicholson type and
one Lasota–Wazewska type.
In hypothesis , we change Nicholson model by adding eggs and har-
vesting adult flies every day. The rate of addition of the eggs corre-
sponds to the term

γ2(t)g2(ξ2(t)x(t− ζ2(t)))

which is a Lasota–Wazewska type term, while the harvest rate is
represented by a(t)F (u).
Thus, the model is:

ẋ(t) = −β(t)x(t) + γ1(t)g1(ξ1(t)x(t− ζ1(t)))

+γ2(t)g2(ξ2(t)x(t− ζ2(t)))− a(t)F (x).
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Blowflies Model with Linear Harvesting
We consider the following blowflies model with linear harvesting:

ẋ(t) = −β(t)x(t) +
2∑

k=1

γk(t)gk(ξk(t)x(t− ζk(t)))− a(t)F (x)

where
ζ1(t) = ζ2(t) = 2, β(t) = 15 + 21| sin(

√
2t)|,

γ1(t) = 12e1.1, g1(x) = −xex, ξ1(t) = 1.2,

γ2(t) = e, g2(x) = −ex, a(t) = 5001e0.5 cos
2(t)+0.5 cos2(

√
5t)+1+ 1

t2 ,

and
ξ2(t) = 1.2, F (x) = x.

After Computation:

ζ = 2, β = 15.5, β = 15, γ1 = 12e1.1, γ2 = e,

ξ1 = 1.2, ξ2 = 1.2, a = 250e, a = 0, LF = 1.

∀ 1 ≤ k ≤ 2, the non-negative functions gk : R+
0 → R+

0 are Lipschitz
continuous with Lgk = 1. The functions gk attain their maximum
values for µ1 = 1 and µ2 = 0, where g1 = e−1 and g2 = 1, i.e.,

µ∗ = 1, g
1
= e−2, g

2
= e−1.

We have a population model with harvesting, we get

2∑
k=1

γkgk = 12e0.1+e15 ≈ 1.065355, µ∗ξ = 1 ·1.2 = 1.2 ≈ 0.833333.

Now, we fix δ2 = 1.07, so

δ2 ≈ 0.875461 > µ∗ξ.

We set δ1 = 0.84 ∈ (ξ, δ2), and it follows that condition (A5) holds.
Finally, we obtain:

aLF +
2∑

k=1

αkξkgkβ ≈ 0.4552306 < 1.
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All the conditions of the theorem given in ’Solving and Stability
Analysis of Nicholson Blowflies Model’ section hold, and hence,
model has a unique positive pseudo almost automorphic solution

u∗(t) ∈ Ω =
{
u(t) ∈ PKAA(R,R+) : 0.84 ≤ u(t) ≤ 1.07, ∀t ∈ R

}
.

Example 5: A Mixed Circulating Blood Cells Model [1]

Model is :

ẋ(t) = −β(t)x(t) +
2∑

k=1

γk(t)gk(ξk(t)x(t− ζk(t))) + a(t)F (x(t)).

The parameters are defined as follows:

ζ1(t) = ζ2(t) = 9, β(t) = 20,

γ1(t) = 25.5, g1(x) =
1 + x4

x
, ξ1(t) = 0.9 +

40 sin(
√
3t) + 40

1 + t2
,

γ2(t) = e2, g2(x) = e−x, F (x) = x100
(
cos2(t) + 1

)
,

ξ2(t) = 0.9, a(t) = 100e0.5 cos
2(
√
7t)+1+ 1

t2 .

After computation, we get:

ζ = 9, β = 20, γ1 = 25.5, γ2 = e2,

ξ1 = 0.95, ξ1 = 0.9, ξ2 = 0.92, ξ2 = 0.9,

a = 100, a = 0, LF = 1.

∀ 1 ≤ k ≤ 2, the non-negative functions gk : R+
0 → R+

0 are Lipschitz
continuous with Lgk = 1. The functions gk attain their maximum
values respectively for:

µ1 = 3−1/4 ≈ 0.75983, µ2 = 0.

The function values at these points are:

g1 =
33/4

4
< 0.57, g2 = 1.

Thus, µ∗ ∈ R+
0 and gk are non-increasing functions for x > µk. It

follows that:

µ∗ = 3−1/4, g
1
= 169, g

2
= e−(3−1/4).
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We have:

2∑
k=1

γkgk = 25.5×169+e2e−(3−1/4) ≈ 4300.5+7.389×0.721 = 4306.7.

Stability Conditions
It follows that:

n∑
k=1

γkgk + aLF δ2 < δ2.

Since aLF < β, we obtain the lower bound for δ1 and δ2:

µ∗ξ =
3−1/4

0.9
≈ 0.8442618 < δ1,

2∑
k=1

γkgk
β

− a∗ ≈ 1.0445 < δ2.

Next, setting δ2 = 1.0445, we find:

δ̂2 ≈ 0.74224172 < µ∗ξ.

Thus, assumption A5 is not satisfied. Furthermore, we estimate the
lower bound for δ2 as follows:

n∑
k=1

γkgk(µ
∗)

β
+ aLF δ2 ≈ 0.90000907 < δ2.

Now, after fixing δ∗2 = 0.91, we obtain:

δ̂∗2 :=
2∑

k=1

γkgk(ξδ2)

β
≈ 0.862857533 > µ∗ξ.

We choose δ1 = 0.845, with δ1 ≥ 0 and δ2 ≥ 0. Finally:

aLF +
m∑
k=1

γkξkgk
β

≈ 0.8459967 < 1.

Then, it follows that the model has a unique positive pseudo-compact
almost automorphic solution:

x∗(t) ∈ U =
{
x(t) ∈ PKAA(R,R+) : 0.845 ≤ x(t) ≤ 0.91, ∀t ∈ R

}
.

Immigration Function
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For immigration, we choose:

a(t)F (x(t)) =
0.5 cos2(

√
7t) + 1 + 1

t2

100
sin2(x),

and

a(t)F (x(t)) =
0.5 cos2(

√
7t) + 1 + 1

t2

100
|x|,

which are always positive and the solution is pseudo-compact almost
automorphic.
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Example 6: Mixed Mackey-Glass and Nicholson Model [1]

System is:

ẋ(t) = −β(t)x(t) +
2∑

k=1

γk(t)gk(ξk(t)x(t− ζk(t)))− a(t)F (x(t)).

The differential equation under consideration is:

ẋ(t) = −β(t)x(t) +
2∑

k=1

γk(t)gk(ξk(t)x(t− ζk(t)))− a(t)F (x),

where

β(t) = 15 + 21| sin(
√
2t)|, ζ1(t) = 0.4 + 0.4 sin(

√
5t),

ζ2(t) = 1 + t2, γ1(t) = 15e1.1, γ2(t) = e,

g1(x) = xe−x, g2(x) = 1 + x3,

ξ1(t) = 2 + 150(sin2(t) + cos(
√
3t) + 1 + t2),

ξ2(t) = 2 + 40 cos2(t),

a(t) = 500e−0.5 cos2(t)−0.5 cos2(
√
5t)+1+t2 .
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After computation, we obtain the following bounds:

F (x) = x, ζ = 1.8, β = 15.5, β = 15, γ1 = 15e1.1, γ2 = e.

ξ1 = 2.02, ξ1 = 2, ξ2 = 2.05, ξ2 = 2, a = 250e, a = 0, LF = 1.

∀ 1 ≤ k ≤ 2, the non-negative functions gk : R+
0 → R+

0 are Lipschitz
continuous with Lgk = 1. The functions gk attain their maximum
values at µ1 = 1 and µ2 = 2−1/3, with

g1(µ1) = e−1, g2(µ2) = 0.4424.

Since gk are non-increasing for x > µk, it follows that

µ∗ = 1, sup g1 = e−2, sup g2 =
4

9
.

We have
2∑

i=1

βγkgk
ξk

≈ 1.185, µ∗ξ ≈ 0.5.

Now, fixing δ2 = 1.185, we obtain

δ̂2 ≈ 1.146 > µ∗ξ,

where δ̂2 is defined. Finally, we have

aLF +
m∑
k=1

γkξkgk
β

≈ 0.95466 < 1.

Harvesting Function
The graph corresponding to negative a(t)F (x). From the graph, we
can see that the solution remains positive.

The figures illustrate two different cases of harvesting:

• (a) corresponds to:

a(t)F (x) = −5001e0.5 cos
2(t)+0.5 cos2(

√
5t)+1+ 1

t2 sin2(u).

• (b) corresponds to:

a(t)F (x) = −5001e0.5 cos
2(t)+0.5 cos2(

√
5t)+1+ 1

t2 |u|.
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