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Abstract

In this thesis, we are looking a differential equation with
time-varying delays and prove the uniqueness and exis-
tence of weighted pseudo compact almost automorphic
solution of the differential equation with certain assump-
tions and then we have done it’s stability analysis. In
proving the result, we use fixed point theorem and some
of the properties of a weighted pseudo-compact almost
automorphic function. We use some results and obtain
the result for the existence and uniqueness of weighted
pseudo-compact almost automorphic solutions for the
Nicholson model. In this thesis, we have also mentioned
weighted pseudo-compact almost automorphic functions’s
properties. We have also done it’s stability analysis.



Acknowledgement

I would like to express my profound gratitude to Prof. Syed
Abbas, of IIT Mandi - Mandi School of Mathematical and Sta-
tistical Sciences, and Dr. Anisa Chorwadwala, of IISER Pune,
Department of Mathematics, for their contributions and guidance
to the completion of my project >Study of Weighted Pseudo
Compact Almost Automorphic Function and its Stability
Analysis’.

Thanks to both of them for their time and effort that they pro-
vided me throughout the year. Their useful advice and suggestions
were really helpful to me during the completion of the project. In
this regard, I am forever grateful to you.

Priyanshu Chourasiya



Table of Contents

Introduction.................. 7
Preliminaries................. 9

Applications in Abstract Differential Equation
Mathematical Models................. 39

Analysis of Nicholson Model................. 41

Result.................. 50
Examples.............. 62

Reference.............. 69



1 Introduction

In the past fourteen years, questions related to existence, unique-
ness, and properties of the solutions for time-delay differential equa-
tions have been looked by a lot of mathematicians. We can see time
delays in several population models because of several reasons such
as migration, maturity, etc. Large number of time delay population
models are based on delay differential equations. The qualitative
and quantitative analysis of time-delay population models have been
studied by many mathematicians.

In the theory of the dynamics of several biological and ecological
phenomena we can see that dynamics may be periodic with cer-
tain errors. This consideration arrives at the theory of almost peri-
odic (AP), almost automorphic (AA), compact almost automorphic,
weighted pseudo almost automorphic functions.

Weighted pseudo-compact almost automorphic functions are more
generalized than periodic, almost automorphic , pseudo almost au-
tomorphic, compact almost automorphic functions. It is much wider
than all other functions and it covers a larger range of dynamics. In
this thesis, our focus will be on these functions.

The purpose of the work is to validate the uniqueness and existence
of weighted positive pseudo compact almost automorphic solution
for delay differential equations and do it’s stability analysis.

The stability analysis of the solution is done by using Halanay’s in-
equality and the Lyapnov stability.

The explanation of the thesis are as follows: In the second section,
the literature of compact almost automorphic, weighted pseudo com-
pact almost automorphic functions and delay differential equation
is given. In the third section, we have given the application of
pseudo almost automotphic functions to solve abstract differential
equation. Then, we explain some model that is based on delay dif-
ferential equation . And we present the existence and uniqueness
of of pseudo compact almost automorphic solution of the Nicholson
Model and it’s stability analysis. The main result of the thesis is pre-
sented in the sixth section,i.e. the uniqueness and existence of the
weighted pseudo-compact almost automorphic solution of Nicholson
Model under some suitable assumptions. We also provide conditions
for the stability of the weighted pseudo compact almost automor-
phic solution using Lyapnov function. The seventh section contains
examples.



2  Preliminaries

2.1 Delay Differential Equation

Delay differential equation (DDEs) also known as time delay dif-
ferential equation, is differential equation in which the derivative of

the unknown function at a certain time is obtained in terms of the
values of the function at previous times.

Following are the notations for delay differential equations.

For ¢ > 0, we have C' = C([—(, 0], R), that is the Banach space with
the norm
[4llc = sup [¥(9)],
—(<¢<0

where | - | is the absolute value in R. V ¢ € R is identified in C' with
the constant function ¢ (¢) = ¢V ¢ € [—(,0]. A general functional
differential equation is

with the functional g : R x C D B — R and z; corresponds to
the translation of a solution x(t) on the interval [t — (,t] to the in-
terval [—(,0]; i.e., x; € C'is given by z4(¢) = z(t+¢) for ¢ € [—(,0].

A function z is said to be a solution of the above equation on [—(, P)
if 3 P > O such that x € C([-(, P),R), (t,z:) € B, and z(t) satisfies
above equation for ¢ € [0, P).

V€ C, x(t;0,1) is a solution of above equation with initial value
Y at 0if 3 an P > 0 such that x(¢;0, ) is a solution of above equa-
tion on [—(, P) and xy(;0,v) = 9.

We consider that the functional g is regular and continuous to make
sure the uniqueness and existence of the differential equation with
initial value 1 at 0.

2.2 Definitions

2.2.1 Uniformly Persistent[1]: A delay differential equation & =

g(t, z;) is known as uniformly persistent in Cy if V solutions x(t, 0, 1)

with ¢ € Cj are defined on [0, 00) and 3 ¢; > 0 such that
ligiogfx(t,o,w) >4, for o € Cy.



2.2.2 Permanent [1]: The delay differential equation & = g(t, x;)
is said to be permanent in Cy if ¥V solutions z(t,0,v) with ¢ € Cy
are defined on [0,00) and 3 positive constants dy,ds such that, V
w € Co, 3 to = to(lp) for which

(51 S IL‘(t,Oﬂﬁ) S (52 for t Z to.

2.2.3 Relatively Dense: A set P C R is called relatively dense in
R 3 7 > 0 such that Va € R, [a,a+r]N P # 0.

2.2.4 Almost Periodic: A continuous function g : R — Y is called
almost periodic if ¥ § > 0 3 a relatively dense set Q(4, g) such that

§1E1£|g(t+C) —g(t)| <é

V(¢ € Q,9)
We can denote it by AP(Y).

2.2.5 Almost Automorphic [1]: Suppose Y is a Banach space.
A function g(t) € C(R,Y) is known as almost automorphic if ¥V
sequence of R (a,), 3 a subsequence (a,, ) such that

j(t) = lim g(t + an,)
is well defined V ¢ € R and

lim j(t — a5, ) = g(t)

k—o00

ViteR.
We can denote it by AA.

2.2.6 Compact Almost Automorphic Function [1] Suppose
Y is a Banach space. A function g(t) € C(R,Y) is known to be
almost automorphic if V sequence of V (a,), 3 a subsequence (a,, )
such that

(0) = lim gt + a,,)
is well defined for each t € R and

i j(t = a,,) = g0

for each t € R.

If all of the above limits are uniformly maintained in compact sub-
sets of R, then g is known as compact almost automorphic.

We can denote it by KAA.

2.2.7 Bi-Almost Automorphic Function [1]: A function Q(¢, s)
is known to be bi-almost automorphic, if ¥V sequence ¢, there is a



subsequence ¢, and Q*(t,q) such that
Qt+ Gugy g+ qny) — Q*(t,q) > 0 as n — oo,

and .
Q" (t — Gnys @ — qny,) — Q(t,q) = 0 as n — oo.
We denote
PAARY) = {g( ) € BC(R,Y) hin —/ llg(t)]| dt = 0}
s—+oo 28
Define:

PAA(RXY,Y) = {w(t,y) € BCRxY)Y): le 2—15/8 |¥(t, y)||dt =0 }

uniformly for y in any bounded subset of Y.

Now, we define, for n € V,,, define

¢

PAAy(RXY,n) := {g € BCRxY)Y): tli)m ,u(t,n)l/ llg(s)|In(s) ds = O} :
e —t

2.2.8 Pseudo Almost Automorphic [1]: A continuous function
g : R —= Y is known as pseudo almost automorphic if we can decom-
posed it in terms of

g=01+ g2
where g € AA(R,Y)) and g, € PAAR,Y).
We can denote it by PAA(R,Y).

2.2.9 Pseudo Compact Almost Automorphic [1]: A continu-
ous function g : R — Y is known as pseudo compact almost auto-
morphic, if we can decompose it in terms of

g=01+t 9
where g1 € KAA(R,Y) and ¢g; € PAA(R,Y).

We can denote it by PKAA(R,Y).

Suppose V' is the set of all functions n : R — (0,00) which are
locally integrable and positive over R.
VvVt > 0, define

pu(t,m) = /t n(x) dx

—t

VnelV.

10



Define
Ve = {77 eV lim p(t,n) = oo},
t—o0
Vy = {77 € V4 : 1 is bounded and inﬂgn(x) > 0} :
Te
We have, V, C V, C V.
Now, we define, for n € V,, define

PAAR,7) i= {g ¢ BORY): Jim ) [ lg(s)In(s) ds = o} .

2.2.10 Weighted ergodic zero: Let n € V. Aset P C R is
known as weighted ergodic zero set if

. f[—s,s]ﬂP 77(75) dt
lim
sotoo (s, 1)

=0.

2.2.11 Weighted Pseudo Almost Automorphic[1l]: A contin-
uous function g : R — Y is called weighted pseudo almost automor-
phic if we can decompose it in terms of

9g=91+tg2
where g; € AA(R,Y) and go € PAAN(R, n).

We can denote it by WPAA(R,Y).

2.2.12 Weighted Pseudo Compact Almost Automorphic[1]:
A continuous function g : R — Y is known as weighted pseudo
compact almost automorphic if we can write it in terms of

9=91+ 92
where g1 € KAA(R,Y) and ¢go € PAA(R, 7).
We can denote it by WPKAA(R,Y) or PKAA(Y,n).

2.2.13 Weighted Pseudo Almost Periodic [1]: Let n € V. A
function g € BC(R,Y) is known as weighted pseudo almost periodic
if we can write it in terms of g = h + [, where h € AP(Y) and
l € PAAy(Y,n).

We denote it by PAP(Y,n).

2.2.14 Pseudo Almost Automorphic [1]: A continuous function
g:RxY — Y is called pseudo almost automorphic if we can can
write it in terms of

g=ag1+92

11



where g1 € AAR x Y,Y)) and go € PAAR x Y,Y).
We can denote it by PAAR x Y,Y).

2.2.15 Pseudo Compact Almost Automorphic[1l]: A contin-
uous function g : R x Y — Y is called pseudo compact almost
automorphic, if we can decompose it in terms of

g=091+ g2
where g1 € KAAR x YY) and ¢go € PAA)(R x Y, X).

We can denote it by PKAA(R x Y)Y) .

2.2.16 Weighted Pseudo Almost Automorphic [1]: A con-
tinuous function g : R x Y — Y is called weighted pseudo almost
automorphic if we can decompose it in terms of

g=91+1g2
where gy € AAR x YY) and g € PAAR x Y, 7).

We can denote it by WPAAR x Y,Y).

2.2.17 Weighted Pseudo Compact Almost Automorphic [1]:

A continuous function ¢ : R x Y — Y is called weighted pseudo

compact almost automorphic if we can decompose it in terms of
g=0g1+ g2

where g € KAAR x Y,Y) and g, € PAAN(R X Y, 7).

We can denote it by WPKAAR x Y,Y) .

2.2.18 Weighted Pseudo Almost Periodic: Let n € V. A
function ¢ € BC(R x Y,Y) is known as weighted pseudo almost
periodic if it is written as ¢ = | + f, where [ € AP(R x Y') and
f € PAA()(R X Kﬁ)

2.3 Properties and theorems of Weighted
Pseudo Compact Almost Automorphic
functions

Lemma 2.3.1 A function g is almost automorphic and uniformly

continuous iff g is compact almost automorphic.[1]

AP(R,)Y) C KAA(R,Y) C AA(R,Y).
PAP(R,Y) C PKAAR,Y) C WPKAA(R,Y).

Lemma 2.3.2 Decomposition of pseudo compact almost automor-
phic function g = g1+ge, where g1 € KAA(R,Y) and go € PAAN(R,Y),

12



1S unique; i.e., g = g1 P gs.

Proof. We know that ¢;(R) C g(R).
Assume that g = f1 + 11 and g = fo + 5.
Then 0 = <f1 - f2) + (ll — lz) c PKAA(R, Y), where (fl - f2) €
KAAR,Y) and (I, — I,) € PAA(R,Y).
fi — fo=0. Consequently, Iy — [, = 0. [J
Lemma 2.3.3 Ifg(-) € PKAAR,R), u(-) € KAA(R,R")NC(R,RT),
and p(t) < p* <1, thent— g(t — p(t)) € PKAA(R,R).
Proof. Since g(-) € PKAA(R,R). So, we can write g(-) = g1(-) +
g2(+), where g1(-) € KAA(R,R) and g¢2(-) € PAA(R,R).
It follows that

g(t = (1)) = g1(t — u(t)) + g2(t — pu(t)).
Claim : g(t — u(t)) € KAAR,R).
Suppose (a,)m is a sequence of R. Then 3 a subsequence (a!,),, C
(@m)m, a function g; : R — R, and a function p : R — R™ such that

gt +a,,) = gi(t), at—a,)— al(t),
p(t +ay,) = p(t),  plt —a,) — p(d),

in which all the above convergences hold uniformly on compact sub-
sets of R.

Suppose P is a compact subset of R. Then 3 a compact subset
Py C P and an integer N such that, V ¢t € Py,

sup |g1(t + ay, — pu(t + a,,)) — g1t — p(t))] = 0 as n — oo.
tep

Using the above argument, we can write

91 (tm — @ — p(tm — a3,)) — g1(ay, — play,))| =0 asm — oo
for each t € P.

We conclude that t — g;(t — u(t)) € AAR,R).
Claim t — g (t — p(t)) is uniformly continuous.

If (b)) and (al,)., are two sequences such that |b, —al | — 0, then
using the uniform continuity of o(-), we have

b3 — 1ty ) =, — gy, )| < by =g, [+ a(by,) —palar, )| = O as m — oo
Now, using uniform continuity of g;(-), we can write that

191(br, = p(b],)) — gu(a, — plar,))] = 0 as m — oc.
Therefore, t — ¢1(t — u(t)) is uniformly continuous.

13



From previous lemma we can say that

t—gi(t—p(t) € KAA(R,R).
Claim : go(t — pu(t)) € PAAR,R).
Since, we have u(-) € KAAR,RT) NCYR,R") and pu(t) < p* < 1.

Then, d a positive constant, denoted as
= sup{u(s)}-

a€R
We consider a =t — u(t) and da = (1 — u(t)) dt, which implies
Y Nt T e
— Go(t — pu(t))| dt = — gola)|———da
2T ) r ’ 2T ) _r_py(-1) ’ 1 — p(a)
1 T+ u* /T-HPL
< da.
Tl 2(T +pt) o l92(a)] da

From above and the fact that go € PAA(R,R), we get
T

o1
Al o » |92(t — p(t))] dt = 0.

O

Lemma 2.3.4 Suppose g and [ is in KAA(R,R). Then the product
g-lis also in KAA(R,R).

Proof. Suppose ()., is a sequence such that 3 functions g : R —
R and [ : R — R satisfying

gt +amn) = g1t), ¢t—an)—g(t),
Lt + am) = 1U'(1t), U'(t—an) —1(t),
as m — 0o, where all the above convergences maintain uniformly
on compact subsets of R.

Suppose P is a compact subset of R. Then, V ¢t € P, we have
l9(t + am)I(t + am) — g' ()1 (1)]
< gt + am)l(t + am) — g (Ot + an)| + 9" (Ot + am) — ' ()I'(1)]
< [1tlloelg(t + am) — g" (O] + lglloolL(t + am) — I'(2)].
It follows that g(t + a,)l(t + a,,) — ¢'(£)I'(t) uniformly on P.

Similarly, we will show that
gt —an)l(t —am) = ¢ @)'(t)
uniformly on any compact interval [z, y].

We conclude that
t— (L-g)(t) =gt)l(t) € KAA(R,R).
O

14



Lemma 2.3.5 Suppose g : R™ — RT is a Lipschitz continuous
function, i.e.,

l9(z) — g(y)| < Lglz —yl, x5 €[0,400).
Then g(u(t)) € PKAAR,R"), provided u(t) = ui(t) + ua(t) €
PKAA(R,R"), where uy(t) € AA(R,R") and us(t) € PAA(R,R™).

Proof. Since u = u; +uy € PKAA(R,R"), the function g(u(t))
can be decomposed as

g(u(t)) = g(ur(t)) + [g(u(t)) — g(us (t))].

Q1(t) = g(ua(t)),
Qa(t) = g(u(t)) = g(ur(t)).
Claim:Q, () € KAA(R,RY).
Since u; € KAA(R,R"), 3 a function u} and a subsequence {s,, }
V sequence {s,,} such that
ur(t + sm,) — ui(t) = 0 and uj(t — sm,) — ur(t) = 0 as n — oo.
Denote Q7(t) = g(ui(t)), then
Qu(t4sm)=Q1(t) = g(ur(t+sm,))=g(ui(t)) < Lyl (t+5m,)—ui (t)]-
Thus

Denote

Q1(t + sm,) — Q7(t) = 0 as i — oc.
Similarly, we can prove that
Q7 (t — sm,) — Q1(t) = 0 as i — oc.
()1 is uniformly continuous, since [s,, — t,,| — 0 as m — oo, then

191 (50~ (t)| = lg(us(5)) =13 ()] < Lolea (1)t ()] = 0

due to the uniform continuity of u;.
Claim: Q(t) € PAA (R, RT).
We can see that
/ Qult) dt = |[g<u<t>> — glun (1)) dt

T

I[U(t) —w(t)]|dt = |U2(t)| dt,

- 2T 2T

and since uy(t) € PAAO(R, R*), the claim follows. This completes
the proof.[J

Lemma 2.3.6 If the functions f : R — R and g : R — R belong to

15



PKAA(R) and L*(R), respectively, then g* f belongs to PK AA(R).

Proof. Since f € PKAA(R,R), we have (g * f)(t) = (g
(g% f2)(t), where f; € KAA(R,R) and f, € PAA(R,R).
Claim g * f; € KAAR,R) .

Since f; € KAA(R,R), 3 f; and a subsequence {s,,} for each se-
quence {s;} such that

filt+sn) = fi(H) = 0 and  fi(t = sn) = f(t) = 0

as n — 0o
Denote v (t) = (g * fi)(t) = [*_g(t — s)fi(s)ds and vi(t) =
SO gt —s)fi(s) ds

We can take the difference between v (¢ +s,,,) and v§(t) and making
the substitution r =t — s, we obtain

ot +ts) — i (1) = / GO — 7 — $0) — fi(E— ) dr.

[e.9]

* fu)(t) +

Since fi(t—r—s,,)— f{(t—r) = 0asn — oo and g € L'(R), DCT
implies vy (t + s,) — v{(t) — 0 as n — oo.

Moreover, v is uniformly continuous. Since |t, —s,| — 0 as n — oo,

we get
[e.e]

01 (t) — v1(50) = / 9P+ ta) — S+ 50)] dr-

Since f1(r+t,) — fi(r +s,) = 0 as n — oo, DCT implies vy (¢,) —
v1(sp) = 0 as n — 0.
g * f2 S PAA()(R,R)

Now, we show that g * fo € PAA(R,R),
T

. 1
Am o - g * f2(t)| dt = 0.

Using Fubini Theorem, we get
1

T
57 | ol |dt_2T// ot — )| | als)| ds di

=/m 6@ (55 [ 1t - 9lar) ae.

Since fo € PAA((R) and using invariance by translation of the
mean, we get

16



1 T
— — T .
5T _T|f2(t &)|dt -0 as — 00

From g € L'(R), we can verify DCT.
Hene, we can say that g * fs belongs to PAA(R,R). O

Corollary 2.3.1 Suppose function f: R - R € PKAA(R) and 3
a bi-almost automorphic function l(s,t) such that:
1(s,t)] < ce P05 >,
then the functiony(s) = [°__1(s,t) f(t) dt belongs to the class PK AA(R).

On V., we use the following equivalence relation ~ introduced :

(1 ~ o) = 2 e,
1

Theorem 2.3.1 Let puy, o € Voo If p11 ~ pio, then WPAAR, py) =
WPAA(R, ).

Proof. Let y; ~ . There exists (p,q) € R? such that

pi1 < o < gl
Thus,

pp(r, pr) < plr, pe) < qu(r, ),

1 T
e [ Il

/_ 1(5) o s,

and
P 1

q pu(r, )

[0 (8) s (s) ds <
1
N(h Ml)

<?
4q

Hence proof. [J

Lemma 2.3.7 Let g € BC(R,Y). Then g € PAA)R,n) where

n € Uy if and only if for every e > 0,
lim mes(M,.(g)) =0
r=o0 u(r, 1) (

M, (g) :=A{t € [=rr] [ lg®)] = €},

where

Proof.Necessity

17



With the help of contradiction, let 3 ¢y > 0 such that

1
lim ———mes(M, . £ 0.
Jim s (M, (1)
Then 3 6 > 0 such that for every n € N,

mes(M,, ,(g)) > ¢ for some r,, > n.

UG
We get .
o) / lo(o)lnts)ds = ——— | G
1
Fulrem /wn]Mrn,EO(f) lg(s)1|
- u(ri,n) /Mwm lg(s)lin(s) ds >

1
—— / n(s) ds > €9,
M(Tmn) Mry,.¢0(9)

where v = inf,cg 7(s). Contradiction of assumption.

Sufficient

Suppose
lim mes(M,(g)) = 0.
Jim - smes(01,(5)

Then V e > 0, 4 79 > 0 such that V r > rg,

1 €

———mes(M,(9)) < —,
(r,m) KM

where M := sup,cp [|g(t)]] < o0

and K := sup,cg7n(t) < oco.

Now we have )
lg(s)lIn(s) ds = / lg(s)l[n(s) ds
,U(T’, 77) /r ﬂ’(ra 77) M. (g)

+ [ lg(s)ln(s) ds
. [—7r]=Mr.c(g) .
<MK mes(Mm(g)) + 6—/ n(s)ds
pu(r,m) M(T, n) [—r7]—My.c(g)

which show that

lim / l9(s)lIn(s)
r u

de., g€ PAAR,n).

18



2.4 Completeness of Weighted Pseudo Com-
pact Almost Automorphic function

Theorem 2.4.1 V g € PAA(Y,n), 3 a decomposition g = jo + ho,
where jo € AA(Y') and hy € PAAy(Y,n), such that

7ol < llgll.

Proof. Suppose g = j + h, where j € AA(Y') and h € PAAy(Y,n).
Set

) 1
ca:&eRﬁMMbwm+;},neN

Note that C,, C {¢t € R: ||h(¢)|| > L}, it can be seen from previous
lemma that every C,, is a p-ergodic zero set.
Define o ¢ C
. j Y ny
Jn(l) = 1 (1)
©) {(HQH ) gion ¢ € On
Now, we prove that j, has the following properties:

vV n €N, j, is continuous on R
Suppose tg € R and t; — to.
Proof of j,(t;) — jn(to) is divided into three cases.

Case (i): Suppose [|7(to)|| > |lgl|+ %, then ||5(t;)|| > [|g]|+ 2 for large
i since j is continuous, and thus ¢; € C,, for large i. Also, ty € C,.

Then, it gives
. . 1 j(ti) j(to)
i) = ool = (ol + ) - |53~ e =
n) A i)l
Case (ii): Suppose [|j(to)|| < [lgll + 5, then [[j(t;)|| < [lg[| + 5 for
large i since j is continuous, and thus t; ¢ C,, for large i.
Also, here, ty ¢ C,,. Then, it follows
17 (t:) — gn(to) | = 15(t:) — j(to)[| — 0.
Case (iii): If ||7(to)|| = |lg]| + %, then ty ¢ C,,. We have ||j(t;)|| —
lgll + =, we have

1 (t:) — jngtO)H = [l5(t:) = 3ol - [ = xc (8)] + (£l

J(t:) :

N — )| - xen(t) =0,
nH )l

where x¢, is the characteristic function on C,, i.e., x¢,(t) = 1V

teC,and x¢,(t) =0Vt ¢C,0

19



Corollary 2.4.1 V g € PAP(Y,n), 3 a decomposition g = lo + ho,
where ly € AP(Y) and hy € PAAy(Y,n), such that ||lp]] < |lg]-

Proof. This corollary proof works as theorem 2.4.1 proof. We need
to change little bit proof previous theorem, i.e., prove that V € > 0,

Iln(s+ () —lu(s)]| <€, seR, 7€ P(el).

Fixn € N. V s,s+ (¢ ¢ C,, we can see that
[n(s 4 ¢) = Lu(s)]| = [lI(s + C) = Us)| <.
vV s,s+ (¢ € C,, we have

L ls+¢)  Us+
ln(s+ =t < | T7r T ~ i+

Vs ¢ C, and s+ ¢ € C,,, we have
1
HE) < llgll + = < [li(s + Ol

= H < 2(54+C)—i(s)] < 2¢.

and

|l (s+C) — 1n(

H gl + %
12(s

(s +¢) = 1(s)|| < lli(s+¢) = Us)l

(ngn FESTTn on) < 2lifs +¢) — 1(s)]] < 2e.
VseC,and s —{—C ¢ C,, the proof is similar. [J

Theorem 2.4.2 V n € V,, PAA(X,n) is a Banach space under
sup norm.

Proof. Suppose {g,} is a Cauchy sequence in PAA(Y,n). Then,
we have subsequence {g;, } st

Gniss — gnill < 9i
We can see that {g,} being a Cauchy sequence, we can say that
lim [, =1
n—oo
It proves that PAA(Y, n) is a Banach
1

Let fn, = l,, + hyn,, where [,,, € AA(Y') and h,, € PAA(Y,n).

Using previous theorem on g,, — g, there exist l[p € AA(Y) and
ho € PAAy(Y,n) such that
gn2 - gn1 = lO + h’O
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and
1ol < [Igns = g I-
Let by, = lo + Ln, and hn, = ho + hn,. Then b, € AA(Y), hn, €
PAAyY,n), gny = ln, + hn, and
1

1ty = Lny |l = [lloll < {gns = gnall < 5

Continuing , we can obtain two sequences {l,.} C AA(Y) and
{hn,} € PAAG(Y,n) such that for all i € N, g,, = l,,, + h,, and
1
||lni+1 - l”z” S ||gni+1 - gm“ S 2_Z

Hence, {l,,} and {h,,} are Cauchy sequences.
Suppose

lim by, =1, lim hy, = h,

1—00 1— 00

and g =1+ h.
Then, [ € AA(Y), h € PAAy(Y,n), g € PAA(Y,n), and [, — L.

{gn} is a Cauchy sequence, we conclude lim,, .. g, = g.

Hence proof. [J

Theorem 2.4.3 For everyn € V., PKAA(Y,n) is a Banach space
under sup norm.

Proof In theorem 2.4.2, we have proved that for every n € V,,
PAA(Y,n) is a Banach space under the supremum norm.

Since PKAA(Y,n) is a closed subset of PAA(Y,n).

We know that closed subset of banach space is banach space wrt
Sup norm.

Hence, V n € V, PKAA(Y,n) is a Banach space under the supre-
mum norm. []
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3 Applications in Abstract
Differential Equation

3.1 Application of Weighted Pseudo Al-
most Automorphic function - Approachl

Consider differential equation
u'(t) = Bu(t) + g(t,u(t)), teR....... (3.1.1)
with conditions:

e (A1) g(t,u) is almost automorphic.

e (A2) g(t,u) is Lipschitz continuous,i.e., 3a L, > 0
lg(t,u) —g(t,v)|| < Lgllu —v||, VteRandu,velU

e (A3) X(t,s),t > s, is an exponentially stable evolution family
on U.

e (A4) V sequence of R {s, }nen, 3 a subsequence {(, }nen and V
fixed s € R, 6 >0, 3 an N € N such that, V n > N, it follows
that

I X (t+ Coy 5+ Co) — X(t,8)] < de 2079,
VvVt > s e R; Moreover,

HX(t - Cna s = Cn) - X(t> S)H < 5€_§(t_5)7
Vt>selR

We define a mapping G by
t
(Gu)(t) = / X(t,s)g(s,u(s))ds, teR.

Lemma 3.1.1 If u(s) is almost automorphic, then the function Gu
15 almost automorphic.

Proof. We can see that G is bounded. By assumption (A1) and pre-
vious lemma, ¢(¢,u(t)) is almost automorphic and hence bounded.

Assume 3 M; > 0, st
g(t, u(t))|[aa@) < M.
Thus,

t

(Gu) (@)l S/ X, 9)[lllg(s, uls))| ds <

t - MM
/ Me =)\ ds < !
o €

< oQ.
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Hence, (Gu)(t) is bounded.
To Prove: (Gu)(t) is almost automorphic wrt t € R.

From (A1), g(¢,u(t)) is almost automorphic, i.e., g(t, u(t)) € AA(Rx
U,U). From (A2) and previous lemma, g(t,u(t)) € AA(U), and we
define g(t, u(t)) = F(t).

Suppose {s,}neny be an arbitrary sequence of R. Since F(t) €
AA(U), 3 a subsequence {(, }nen st

(H1) f(t) = lim, o F(t + () is well defined V t € R
(H2) lim,, oo f(t — () = F(t) VEER.

Now consider,
t+Cn

(Gu)(t+¢,) = : X(t+Cn, s)F(s)ds = / X (t+Cn, 5+Co) F(5+¢y) ds.

So we have ,

1(Gu)(t + Gl S/_ X+ Gy s + G E (s + Gu)ll ds <
M, M
€ Y

t
/‘A@dth@+gm¢g
V=12

For (H1), V fixed s € R and € > 0, 3 an N; € N such that, Vn > Ny,
it follows that

[ F(s+¢u) — f(8) < e

In addition, by condition (A4), for s and € above, 3 an Ny € N such
that, V n > Ns, it follows that

| X (t+ Cay s+ Ca) — X (8, 5)|| < de 29,
Thus, taking N = max{Ny, N2}, for all n > N,
[ X+ Guy s+ G F (s + G) — X(&,8) f(s)| < [ X(E A+ Gy s+ Ca)
—X (& )E (s + )l + 1XE ) EF (s +Ga) = ()]
Using the bounds, we get
| X (t4Cny 5HCa) F(54+Ca) = X (8, 8) f ()| < Mye 2079 Mge<(t=9).

As n — 0o, we have

X(E 4 Gy s+ Gu) Fs + Cn) = X(2,5)f(s)
V fixed s € R and any ¢t > s.

Notice that
IX(E+ Gy s+ G)F (s + G| < Mem 2|,
for t > s.
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So, by the DCT, we get
(Gu)(t + ¢n) = (Fu)(t) as n — oo,

:/tX@@ﬂ@@,teR

(Fu)(t — ¢,) — (Gu)(t) as n — oo,
V t € R. This proves that Gu € AA(X). Hence proof. [J

where

Similarly,

Theorem 3.1.1 Suppose g(t,u) and X(t,s) satisfy (A1) (A4).
Then FEquation has an unique maild almost automorphic solution
when Ly < 57

Proof. From previous lemma, we get Gu € AA(U). For u,v €
AA(U), we can see that

1(Gu) (1) (Go)(@)]| = / X(t, 5)gls,u(s ck—/ X(t, 5)g(s, v(s)) ds
~| [ X9 ot st ot as
Ly|lu —v|laaw) /_too Me<t=9) ds

M
= ?LgHu — vl aaw)

So we have M
[(Gu)(t) = (Gv)()[|laay) < ?LgHu — vl aaw)-

For 0 < %Lg < 1 and by the Banach contraction principle, G has a
unique fixed point u € AA(U) such that Gu = u.

Fix s € R, we have

/ X (L, r)g(r, u(r)) dr.

SinceX(t,s):X( ) fort >r>s, let

/ X (b,s)f(s,x(s)) ds.
So

U(t,b)u(b) = / Ult,s)g(s,u(s)) ds.

For t > a,

/lth s, u(s d&—/ X(t,8)g(s,u(s)) ds—
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/:X@@ﬂmm»@:mw—xmw@)

t

u(t) = X (¢,b)u(b) + / X(t,8)g(s,u(s))ds.
b
Hence u(t) is a mild solution of Equation (3.1.1).
Finally, we get u(¢) is the unique mild solution Equation (3.1.1). O
Now, we consider conditions (A3), (A4) and:
e (B1) ¢(t,u) is weighted pseudo almost automorphic.

e (B2) g(t,u) is Lipschitz continuous,i.e., 3 a positive number

L, such that
lg(t,u) = g(t, v)|| < Lylju — o],
foralltéRandquWPAA( )UEX.

We also define a mapping Y by
t

:/_ X(t,s)g(s,u(s))ds, teR.

Lemma 3.1.2 Ifu(t) is weighted pseudo almost automorphic, Y u(t)
15 weighted pseudo almost automorphic.

Proof. From (B1), g(¢,u(t)) is weighted pseudo almost automor-
phici.e., g(t,u(t)) € WPAA(R,n). From (B2) and Lemma, g(t, u(t)) €
WPAA(R,n). Suppose

g(t,u(t)) = h(t) + (1),
where h € AA(U) andwEPAA( n).

Then
/’X g(s, u(s %—/<Xm s) ds+
/_ X(tS0() ds
:/;mmwg@amz@:/;ﬂwW@%

Similarly, it gives y € AA(U), so y is almost automorphic.

To show that Y (u)(t) € WPAA(R,n), we need to prove that z(t) €
PAA(R,n), which means we show that
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1 T
lim —— z(t)|In(t) dt = 0.
tim —— [ [=0) ()
0 < lim /II )In(t)
T’*}OOM

< lim / [ M I ()lln(s) s .

We have

r=vo0 p(r, 1)
Now let o
P, = lim / Me™E )| (s)||n(s) ds dt.
i [ J4()ln(s)

By using the Fubini theorem, we have

1 -r T
P, = lim / e“|l(s ds/ Me™n(t) dt.
o= lim o e s [ ae )

This is equivalent to

1 M
P = lim —— sup @l @—

r=se pi(r,m) e el
(e—er _ 667")/ 665 dS.
Then, .
1 M
P = lim su — (e7% —1).
= lim e sup 00 g, e 5 (¢ )

Since ¥(t) is bounded and lim,_, p(r,n) = oo, then P, = 0.
Also let

1 r t
P, = lim W(t)||n(t dt/ Me™t=9) gs.
= tim s [ ool ar [
Thus,
1 M s=t r
= lim (=) W(t)||n(t)dt
B o 7T|| (@) lIn(t)
i 1 M et
- Jim ) [ ol
r=oe i) €

Since —r <t <r and € > 0, then 2 (1 — e~} is bounded.
Now, ¢ € PAA(R,n), thus P, = 0. Hence proof. [J

Theorem 3.1.2 Let g(t,u) and X(t,s) satisfy (B1), (B2), (A3),

(A4) and 0 < 2L, < 1. Then Equation (3.1.1) has a unique mild
weighted pseudo almost automorphic solution.
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Proof. From Lemma 3.1.2, we get Y (u(t)) maps WPAA(R, n) into
WPAA(R,n).

Let u,v € WPAA(R,n), and observe
(V) ()= (Vo) |y_H/ X(t, 5)g(s,us ds—/ X(t, 5)g(s, v(s)) ds

:/_ X (2 s)l[llg(s, uls)) = g(s, v(s))| ds.

We have
Ly[lu =] J! oo Me=<(=9) ds=2L Ly lu—v|lw paace,n-
So we have

M
IFu)(t) = (Y0) O < ——Lyflu = vlwpaazan):-
For 0 < %Lg < 1, Y is a contractive mapping.

By Lemma WPAA(R,n) is complete. Therefore, by the Banach
fixed point theorem, Y has a unique fixed point u € WPAA(R,n)
such that Yu(t) = u.

Fixing s € R, we have

— / X(t,r)g(r,u(r))dr.

Since X(t,s) = X(t,r)X(Tjs), fort > r > s, it gives u(t) satisfies
Equation (3.1.1). Hence u(t) is the unique mild solution of Equation

(3.1.1).
O
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3.2 Application of Weighted Pseudo Al-

most Automorphic function - Approach2

Consider differential equation [10]
u'(t) = Bu(t) + g(t,u(t)), teR ... (3.2.1)
with:
e H1. ¢(¢,u) is uniformly continuous V bounded subset L C U
uniformly in ¢ € R.

e H2. A(t,u) is uniformly continuous ¥ bounded subset L C U
uniformly in ¢ € R.

e H3 B is the infinitesimal generator of a Cy-semigroup {7T'(¢) }+>o
on a Banach space U st
IT(0)] < Ne ™, ¢ 0.

e H4 g=h+¢ € WPAA(R,n) where n € X.
e H5 [[g(t,u) = g(t,v)[| < Lygllu—vf|, Vu,velU.
e H6 ||h(t,u) — h(t,v)|| < Lp|lu —v|, Yu,v € U.

Theorem 3.2.1 Suppose g = h+ 1 € WPAA(R,n) where n € Vi,
and suppose H1 and H2 hold. Then L(-) := g(-, h(-)) € WPAA(R,n)
if g € WPAA(R, 7).

Proof. We know that g = h + ¢ where h € AA(R,U) and
v € PAAy(R,n), and f = v + m where v € AA(R,U) and
Now

L(-) = h(-,v(-)) + g( h() = h(-,v()) =
h(-,v(4) + 90, f() = g(v() + 9, v().
By Lemma , h(-,v(-)) € AAR,U).
Consider now the function

() =g, f() = g( v ().
Clearly, ¥(t) € BC(R,U). For ¥(t) to be in PAA(R,n), it is suf-
ficient to prove that

lim
r—o0 (7, 1)
By Lemma , m(R) C f(R), which is a bounded.

Using Assumption H1 with K = f(R), we have V.§ > 0, 3¢ > 0
such that

mes(M, 5(V)) = 0.
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uw,ve K, |lu—v||<e = |glt,u)—g(tv)| <o VteR.
Thus we obtain
mes(M,s(V(t))) =
1
ulr,m)
=l nes(M.(v(®)).

p(r,m)
Now since v € PAAy(R,n), by Lemma,

mes(M, s(v(t))) = 0.

oy mes(Mrag(t, () =gt m(1))) <

mes(M, (f(t) —m(t)))

p(r,m)

lim
r—oo f1(7,1)

Consequently,
1
lim ———mes(M,s(V(¢))) = 0.
Jim ——mes(M,5(¥(1))
Thus, ¥ € PAA(R, p).
Now, we prove ¥(t, m(t)) € PAAy(R,n). We have (¢, m(t)) is uni-
formly continuous on [—r, 7], and that m([—r, r]) is compact since m

is continuous on R is almost automorphic function. Hence, V § > 0,
3 € > 0 such that

wu([=r,r]) C UAi where

i=1
Ai={uelU||u—wl| <e} forsomewu; € m([—r,r|),
)
[t m()) =¥t wll <5, mt) €A, tel-rr]
We have X; := {t € [-r,r] | m(t) € A;} is open in [—r,r] and that
[—r,r] = ., X;. Define V]
i—1
Yi=X, Yi=X-{JX, 2<i<n
k=1
Then we can see that Y, NY; =0, if k#1,1 < k,l <n. So we get

¢={relonrl luem@)l =3} o

ULt € Vil llo(t,m(B)) = (¢, ws)|| + (¢, w)|| > 6}

=1

U [{re ot mo) = vt 1 = 5 o
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1)
%enuwwmmZﬁ}

It gives
o
{revillettmo) - vty = 5}
=0, i=1,2,...,m.
Thus, we get
) mes (M, s( ) < Z mes M, s(¥(t,w))).

And since ¥(t,u) € PAA(R x U, 77) and
mes(M, g ((t, us))) =0,

lim
r—oo (17, 1)
it follows that

Tim e smes(M, 3 (1, m(1)))) = 0,

i.e., ¥(t,m(t)) € PAAy(R,n). Hence proof. O

Corollary 3.2.1 Let g = h + ¢ € WPAA(R,n) where n € V.
Assume both g and h are Lipschitz in uw € U uniformly in t € R.
Then L(-) == g(-, f(-)) € WPAA(R,n) if f € WPAA(R,7).

Lemma 3.2.1 Suppose g = h+ 1 € WPAA(R,n) where n € X
and (Q(t))t>0 is an exponentially stable semigroup. Then

/ Q(t —s)g(s)ds € WPAAR,n).

Proof. Suppose G(t) = H(t) + V(t) where

/Qt—s s)ds and U(t /Qt—s

Now, H(t) € AA(R, U) We prove that U(t) € PAAy(R, n).
We have
[ 1

: /_/_ Q(s —o)b(o)don(s)ds = Py + P,

pu(r,m)

where

-

(o)don(s)ds

—r —
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and

Mrn/:/le_a 7) don(s) ds.
We have

P = ! /_T/_TQS—O' o)don(s)ds <

uﬁn)

([ 1ae = ool ) o) ds
SNM:,n) [ ([ ereuoan) o) as
o (L) ([ emweas)
vl ([ e as) ([ e lutona)

s ¢ =g (| eman)

P
<N1 Ll e ||¢<t>||(/_r pad)
~ — 'I’} e Sup (& g
puqu Lio .
1

—2pr

< N————|In e sup |[Y(t

S n)u lug. e sup V(1))
1 1

% pu(r,m

Since supyep |[¥(t)]| < oo and lim, o p(r, ) = 0o, we conclude that

T—00

=
—~
vﬂ
\_/

ﬂﬂh r) Sup [ ()]
teR

Now, for P,, we have

P / /ST% — 0)(0) do(s) ds
/S_r 1Q(s — a)[llv (o)l da) n(s) ds

sv [ ([ e an) nis s

! / <1— Po+) ap(s)n(s) ds

s)[In(s)
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Since ¢ € PAAy(R, n), We have
lin —=— [ o)l
r—00 u T, 77

Thus, we conclude that

=00

O
Theorem 3.2.2 Under H3-HG, Equation (3.2.2) has a unique mild
solution in WPAA(R,n) when NL,/p < 1.
Proof. Define, A : WPAA(R,n) - WPAA(R,n) st
¢

mm@y:[>T@—@¢@m@y@ tER,

is well-defined.
If u,v € WPAA(R, 1), we get

I(2u)(0) ~ (B0) H—H/ T(t = o) g(o: ) ~ g(0:0(0) do
gN%/ =29 [u(o) — (nma<NL4m—ww VteR
Thus, -

JAw = Avllas < 2220 — o]l

Apply principle of contraction to conclude the result.[]
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4 Mathematical Models
4.1 Nicholson Blowflies Model

In past few decades [1], we can notice that because of the progress of
population models, the theory related to Nicholson’s blowflies model
has achived a great milestone.

By the develpoment of Nicholson model, researchers gain knowledge
of the factors that effects population dynamics and influences pop-
ulation of blowflies.

Nicholson model is a mathematical model that helps us to under-
stand the population dynamics of blowflies explains the certain pat-
terns, fluctuations and changes in the population of blowflies.

i(s) = —yx(s) + dx(s —n)e = . (4.1.1)

where v, 0, , and ( are positive constants, and x(s) is the size of
the population at time s. The parameter § stands for maximum
per capita daily egg production rate, v denotes the per capita daily

adult death rate, % stands for the size at which the population re-

produces at its maximum rate, and 7 stands for time it takes for the
egg to become an adult blowfly.

This delay differential equation is called Nicholson’s equation.

A. J. Nicholson perform a lot of experiments with the Australian
blowfly and collected some experimental data and form this model.
It is a successful model

Mathematicians further investigated the Nicholson’s model with a
linear harvesting term:

i(s) = —y(s)a(s) +(s)(s—((s))e ") — H(s)z(s—o(s))
............ (4.1.2)

where the functions ~,d,n, H : R — (0, 00) are pseudo almost peri-
odic continuous functions, and ¢, : R — [0, 00) are almost periodic
continuous functions.

4.2 Lasota Wazeska Model

Lasota and Wazewska [1] proposed a model for the survival of RBCs
in animals with the help of delay differential equations.
Model is :
i(s) = —yu(s) + e~ . (4.2.1)
where x represents the number of red blood cells. « denotes the rate

of death of the cells. ¢ and ( determine the rate of production of
red blood cells 7 denote time required to produce the cells.
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This delay differential equation is known as Lasota-Wazewska model.
It is also a very important model in population dynamics. But in

this thesis our main focus is on Nicholson Blowflies Model. We have
done analysis of only Nicholson Blowflies Model.
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5 Analysis of Nicholson Model

5.1 Existence and Uniqueness of Solution

We tell the non-autonomous equation of Nicholson Blowflies Model

(t) = —B)x(t) + iy Hi(t, z(t — ng(t))) + a(t)F(x(t))-.......
(5.1.1)

Here, z(t) stands for the density of the population.
a(t) stands for the death rate of the population
F;(t,v) stands for the birth rate
a(t)H (z(t)) stands for the harvesting rate or immigration rate.
n;(+) in the birth rate.

In population models, only non-negative solutions work. Hence, we

consider subsets of C
C+ = C([_nao]a [07 OO)), CO = {(10 S C+ : ?ﬁ(o) > O}

Necessary assumptions for our result: [1]

A1l. B(t) is positive almost automorphic on R, 7,(¢) denote posi-
tive compact almost automorphic on R for £ = 1,...,n, and
Br(t), Ak(t), and a(t) denote positive pseudo compact almost
automorphic functions.

A2. B(-), v(+), &(+) are bounded away from zero.

A3. F : Rf — R{ is Lipschitz continuous and F'(0) = 0, i.e., 3 a
positive constant Lp st:
—Lpx < F(z) < Lpz, for z€R].

A4. V1< k<n, fr : Rf = R} are Lipschitz continuous, non-
negative, and their supremum value over R{, i.e., fr = fr(w})
with w; € RY, and f} is a non-increasing function for z > wj.

Ab5. d two positive constants §; and s st:

o< << 2o %fk@;z) —alrby zzzm—gmmz <

where w* := max; <<, {w;}.

A6. V1 <k <n, d positive numbers Ly, which are the Lipschitz
constants of fi on [w*, 00).
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V bounded continuous function f on R, suppose
f=sup{f()}, [=if{f{)}.
teR teR

Positive constants:

1= Uk A= i e

Theorem 5.1.1 Assume (A1)-(A3) hold and 3 > @, then ¥V solu-
tion x(t) of equation with ¢ € Cy satisfies:

< M < liminfz(t) <limsupz(t) < Zk 17kfk;
b8+ alp t—+o00 t—+oo B — alp
Proof. [1]Suppose x(t ) be a solution, then
(1) = +Z% )itz (t = ni(t))) + a(t)F(2(t))

n

< —Ba(t) + Zﬁkfk +aLpx(t) < —(a—alp)(t) + Y Tifr-

k=1
It follows by the comparlson principle that

z(t) < xz(0)e —(B-aLp)t Zk 1%]0’6 fort > 0.

- _ B — CLLF
Using the assumption 5 — bLp > 0, we obtain
limsup z(t) < Zk 1 ﬁkfk

t—+4o00 a— aLF

Other side, we have

() = =BE)a(t) + ) Belt) fil&(t)a(t — mi(t)) + a(t) F(a(t)

k=1
> —Ba(t)+ Y Bife — bLpa(t) > —(B+bLp)x(t) + > wfi.
k=1

From comparison principle,

.T(t) Z x(o)e—(é+aLF)t Zk? 1 ’ykfk( 6—(§+6Lp)t)’ t 2 O

5 + CLLF
we obtain > /
. . Lak=1 IkJE Vi k:
e 2

We get z(t) > 0.
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Now, define @ : C(R) — C(R)
=5 ls) fulén(s)x(s — m())) + als)F(x(s)),

Now, we. estimate the nonlinear terms for (t x) € R X [u, 8], &

Z%fk §d2) —aLlpdy < (Q)(t) < Z%fk + aLpds,
where (Qx)( ) is defined.

Lemma 5.1.1 Suppose Uy = {¢ : p € CT,6; < (t) < 0q,t €
[—n,0]}. Suppose that (A1)-(A5) hold. Then, ¥ ip € C, the solution
x(t;to, V) of equation(5.1.1) satisfies

01 < x(t;to, ) < b2, tE [ty C())

and the existence interval ¥ solution of equation (2) can be extended
to [to, +00).

Now, we define,

(Pa)(t) = / " o 1P (Qu)(s) ds

Theorem 5.1.2 Assume (A1)-(A6) all assumptions hold. If
e € KAAR,RHNCH(R,RY) and nj,(t) <n* <1, fork=1,...,n,
and

aLp + 3 Wkl _ 4
5 <

Proof [1] Claim : V z € PKAA(R,R"), we get (Qx)(s) belongs
to PKAA(R,R™).

We can see that, the functions z(t — n,(t)) € PKAA(R,R™) since
e € KAA(R, RY).

Using previous lemma, & (t)z(t — n,(t)) € PKAA(R,RT).

Using composition Theorem of pseudo almost automorphic func-
tions, s — f(&k(s)x(s — m(s))) € PKAA(R,RT)

Now, we obtain s — Y,(t) f(0r(s)z(s — nk(s))) is in PKAA(R,R™),
fork=1,...,n

Since PKAA(R) is a vector space, (Qx)(s) € PKAA(R,R™).
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Hence (Qz)(s) = (Qx)1(s)+(Qx)2(s), where (Qx)l(s) and (Qx)2(s)
are in KAA(R,R") and PAA(R,R"), respectively.

We note that
o~ JL Bt)dt < B9,
next, P maps the space PKAA(R, R) into itself.

With the help of lemma 5.1.1, the closed subset
Uy = {x: 2 € PKAA(R,R"),§; < z(t) < 5y, Vt € R}
is such that Q(Uy) C Uy.

Hence, V x,y € €2, we get
(Pa)e) = (P)0)] = | [ PO [(Qa)(s) — (Qu(s)] ds

< / e 509 |(Qz) (s) — (Qu)(s)] ds.

—0o0

With the help of supremum norm, we obtain

aLp + > il
|(Pz) = (Py)||o < g L

Hence, we get P is a contraction.
After using fixed point theorem, P has a unique fixed point in U.

5.2 Exponential Stability of solution us-
ing Halanaya’s Inequality

Lemma 5.2.1 Let z(s) > 0, t € K, and T € [0,00), s9 € R.
Suppose
Z'(t) < —bx(t) + asupxz(t), s> so.
If b > a > 0, then 3 constants 6 > 0 and A > 0 such that
z(s) < Ae”G70) 5> 0
Hence, x(s) — 0 as s — 0.

Theorem 5.2.1 Suppose u(t) is a nonnegative function st
u'(t) < =b(t)u(t) +alt)( sup u(s)), t>to.
t—T(t)<s<t
Additionally,
u(s) < |o(s)], s €[to— 1", to].
where T'(t) is nonnegative, continuous, and bounded function defined
fort e R and
T =supT(t).
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The function ¢(s) is continuous and defined for s € [to — T*,to].
b(t) and a(t), fort € R, are nonnegative, continuous, and bounded.
Suppose

b(t) —a(t) >a, teR,

b =inf(b(t) — a(t)) > 0.

where

Then 3 a o> 0 st

u(t) < ( sup u(s)) emol=t0) - f > ¢,

SE[to—T*,to]

Proof: [12] We define the function F' as follows for ¢ > ty:
F(t,m) = —b(t) +m+at)e™, meR, teR

Since b(t) and a(t) are continuous and bounded for ¢t € R, we con-
sider the function G defined by

G(m) = sup F(t,m).
teR
Clearly, G is a continuous function of m € R. Using assumption, we

obtain from that
G(0) = sup F(t,0) = sup(—b(t)+a(t)) = —inf(b(t)—a(t)) = —b < 0.
teR teR teR

Moreover, due to the boundedness of b(t) and a(t), we have
G'(m) = =V+m+de™, meR<G(m) <G"(m)=—-b"+m+ad"e™, meR
where v =infb(t), 0" b(t
= infb(t), b7 =supb(?),
'—infa(t), V' = ).
a' = infa(t), stléga( )
We can see that G'(m) — oo and G”(m) — oo monotonically as
m — oo, and hence we get
G(m) = sup F'(t,m) — oo monotonically as y — oo.
teR
Now let 0 < a < 0, from continuity of G(m) that 3 a > 0 such that
G(a) =sup F(t,) <0, where 0 <a <.
teR

Now we define

Define §
¢*(t) = sup [o(s)].
to—T*<s<tg
We obtain )
W (t) < [=b(t) + aJu(t) + a(t)e™ ™" sup wu(s), t>t,.
t—T*<s<t

Since 1(t) is continuous and defined for t € [tg — T™, o], we let
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sup  |[v(t)|=M, M >0.

to—T*<t<tg

Let € > 1 be arbitrary. We have

z(t) < eM, fort € [ty — Tty
We claim that

u(t) < eM, fort >t

Suppose above equation does not hold. Let t; > ty be the first time
for which

u(t) < eM, to—T"<t<t.

Then we have

u(ty) =eM, and u'(t;) > 0.

From previous equation, we have
T (t) < [=b(ty) +mlu(ty) +alt)e ™ sup  wu(s).
t1—T*<s<ty

Since u(t;) = eM, we obtain
E’(tl) < —aeM < O,

Since u(t;) = eM, we obtain

ﬂ/(tl) < —aeM < 0,
This leads to a contradiction. Hence, the claim holds. Since € > 1
is arbitrary, by allowing e — 17, we get

u(t) < M, t >t
It then follows and from v we have
u(t) < Me@t=00) ¢ > ¢,

Thus, the assertion is satisfied, completing the proof. [J

Lemma 5.2.2 Let sy € R and n be a non-negative number. If
w: [sg—n,00) = RT satisfies [1]

d

—u(s) < —pu(s)+~ sup u(t); s> sp,

ds te[s—n,s]
where B and v are constants with 5 > v > 0, then

u(s) < flu(so)le™C7) for s > so,
where C is the unique positive solution of
(= — e

Theorem 5.2.2 Suppose assumptions (A1)-(A6) hold, and above
results hold, then the unique pseudo compact almost automorphic
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solution of the system in Uy is globally exponentially stable.

Proof.[1] The uniqueness and existence pseudo compact almost au-
tomorphic solution has been done.

Now, suppose z(t) be a solution of equation st §; < z(t) < d§y V
t>0.

x*(t) is the pseudo compact almost automorphic solution of the
equation.

We consider

u(t) == z(t) — z*(t),
u(t) = —a(t)u(t) + (Qr)(t) — (Qz7)(),

Consequently, V ¢ > 0 we get
t

ult) = u(0)e S g [ B A ((Qa)(s) — (Qa)(5)) s
0

It follows that
We have:

[u(t)] < [u(0)efo da\+/ e 122 |(Qa) () — (Qa*)(s)] ds,

since z(t) and z*(t) belong to UO, and by A6, we obtain
t
o) < e + [ 24N TE R aLe s fu(o)lds.
0

—1 o€[s—(,s]

clearly

It implies that if
B> wéefe+alp >0,
k=1

then by Halanay’s inequality, we get 3 positive constants n and M st:
u(t)] < Mjull,e™,

where ( is the real solution of the characteristic equation
k

¢==B+ 0 Wwfi +bLp)e
k=1
Therefore, we have

ja(t) —a* ()] < M|z — a*[lce™", ¢ >0.
Thus, x* is asymptotically exponentially stable. [
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6 Result

6.1 Solving Nicholson Blowflies Model us-
ing Weighted Pseudo Compact Almost
Automorphic function

First, we give some results that helps us in proving our result.

Lemma 6.1.1 If I(-) € WPKAAR,R), ¢(-) € KAAR,R*) N
CHR,R"), and ((t) < ¢* < 1, then we have t — I(t — ((t)) €
PKAA(R,R).

Proof. Since, we have I(-) € PKAA(R,R) , we get I(-) = [;(-) +
lo(-), where [;(-) € KAA(R,R) and l5(-) € PAA(R,R).

Now,we get that

It = (1) = Lt — (1) + Lt — (1))
We get I1(t — ((t)) € KAA(R,R).

Claim: lo(t — ((t)) € PAAo(R,n). Using Assumption ((¢), we have
3¢+ > 0 such that

G+ = sup{¢(t)}.

teR
We consider t = s — ((s) and dt = (1 - C’( ))ds, that gives

blglolo e / |l2(s (n(s))ds =

‘ b—C(T) 1
gguwmkzmwﬂﬂxﬂ((ij?@df

b+Cr
<1 im (b, ) ! / Il (t)| dt.
1 — % booo p(b,n + ) pla,n + Gy ) Jopee,

Since the above estimation, [, € PAA((R,n), and b:&)” is
finite, we obtain that

1 T
i [ (s = C(an(s)) ds =

b—oo U

Lemma 6.1.2 Suppose | and g in WPKAA(R,R). Then product
f-gisalsoin WPKAA(R,R).
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Proof Since, 1 and g € (WPKAA(R,R). We have | = [; + 5 and
g = g1+ g2 where [, 91 € KAA(R,R) and Iy, g2 € PAA((R, n).

We get [1.g1 € KAA(R,R)). Now, we claim that l5.go € PAAO(R, n).
Since go(.) € PAA)(R,n) € BC(R,R). So, we have supremum of
g2(.), let we denote it by ¢g* < 0.

<
fim s )/ o(0) (0] (1)) dt < Jim — |gr/ a(s)
Since, l5(.) € PAAO(R, 7).

. «l (b
im0 25197 | 7 12(8)[(0(5))dt = g Tima oo b J7 (8] (n(s))dt
= |g*|.0 = 0.

Hence prove.[]

Theorem 6.1.1 Let [ : [0,4+00) — [0,4+00) be a Lipschitz continu-
ous function, i.e.,

i) 1),
jm —n|

Then l(xz(t)) € WPKAA(R,RT), provided x(t) = x1(t) + z2(t) €

WPKAA(R,RY), where z1(t) € KAA(R,RT) and xo(t) € PAA (R, RY).

m,n € [0, +00).

Proof. Since z = 21 + 2o € WPKAA(R,R"), we can decompose

[(x(1))
Wz(t) = l(z1(t)) + ((z(t) — Uza(2))) -
Suppose we denote:
Qu(t) = U(z1(t)),  Qa(t) = U(x(t)) — U(z1(2)).
Claim: Q(t) € KAA(R,R"). (done in theorem 2.3.4)
Claim:Q(t) € PAA((R,, 7).
We can see that

1 b 1 b
u(o7) / Qals)ds = 7= | ) = (o)) ds

b,n) / 2(s) = ma{s)] ds = u(bl, n) /_Z [z2(s)] ds,

and since 332( ) € PAAG((R,R™), n) the claim follows. [J

Lemma 6.1.3 Suppose g : R — R and x : R — R belong to
WPKAA(R,R) and L*(R), respectively, then gxx belongs to W PK AA(R).
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Proof. We have ¢ € PKAA(R,R), it follows that (z x g)(s) =
(zxg1)(s)+(z%g)(s), where g; € KAA(R,R) and go € PAA((R, 7).
We need to prove that: (a) z x g1 € KAAR,R). (b) x % gy €
PAA(R,R).

a) has been done in lemma 2.3.6.

b) Finally, we prove that = * go € PAA((R, R), i.e

1 b
lim —/ k* go(t)|dt = 0.
b _bl 2(1)]

b—+o00 fu(

Using Fubini’s Theorem, we get

1 b
(b n)/blx*m( Jldt <

ot -

Since g2 € PAA((R) and using the property of invariance by trans-
lation of the mean, it follows.

From = € L'(R), we can verify DCT. Thus, we conclude that z * go
belongs to PAAy(R).

2(s —1)l]ga(t)] dt ds =

Theorem 6.1.2 If the function x : R - R € WPKAAR,R) and

3 a almost automorphic function g(s, t) wrt t such that:

lg(s. )] S ce P70, s>t

then (t) = [°__ g(s,t)x(t)dt belongs to the class WPKAA(R,R).

Proof Since,we have x € WPKAA(R,R). So, we can decompose x
as X = x1 + x9 where 1 € KAA(R,R) and 2, € PAA(R, 7).
Claim : ¢(s) = [°_ g(s,t)x ( )dt € WPKAA(R R).

We can write, 1(s) = ff g(s,t)x(t) + f (s,t)xo(t). We have
So, V sequence of R (t,,), 3 a subsequence (t,,) st

x1(t) := lim z(t + tny)

k—o0

lim z{(t — t,,) = z1(t)

k—o0
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g(s,t) := lim ¢'(s,t +t,,)

k—o0

lim (s, t —tn,) = g(s)

k—o00

Jim (s 4) = Jim [ gl b+ (s 1)

Since g € L'(R). Using DCT, we have
L2 im0 g(s,t + ty)wi(s + t,) = [°_g'(s,t)a)(t). Let ¢/(s —
tnk) = fjoo g’(s,t - tnk)*m',l(s - tnk)
Similarly, limy_o0 ¥/ (s—tn,) = limyoo [°_ g/ (s, t =1y, )21 (s—tn,) =
[ iy (5, — (5 — tay) = "o (5, 0 ().

lim z(s —t,,) = (s)

k—o0

And 9(s) is uniformly continuous.
We have 25 € PAAN(R,n). So,

. b
limy s oo 20 f,b 1)l n(s) ds =

Jim o L[ gt te0ar(s) o) s

Hence proof. [J

Model and Assumptions
Since we are looking for result of Nicholson model, we first modify
our equation (5.1.1) with mixed delay.

2'(t) = Bt)x(t)+X e, () (t—C)e == — F(t)x(t)+p(t) fEC K(t,s)x(t+
s)e ) ds ... (6.1.1)

In this equation (6.1.1) we consider type of birth term and generalize
our equation, birth term is

Hi(t, 2(t=G(1))) = 1(Dgn @ (Dalt=G(t)) = BulB)a(t—Ge -6,

Now, we introduce the following scalar delay differential equatlon

2/(1) = B () + 2, (D (t—C)e =08 —F(r)a(t)+ (8) J° K (1, s)(t+
s)e ) ds ... (6.1.2)
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Assumptions require to get our result.

e Al. ((t)is positive almost automorphic on R, (;(¢) are positive
compact almost automorphic on R for k = 1,. .. n, while v4(t),
&k(t), and a(t) , p(t) are positive weighted pseudo compact
almost automorphic functions.

o A2. B(+), vk(+), and &(-) are bounded away from zero.

e A3. F: R — Ry is Lipschitz continuous and H(0) = 0, i.e.,
1 a positive constant Lg such that:

—Lyr < H(x) < Lgz, forx e RY.

Notation: V bounded continuous function g defined on R.
Let

g =sup{g(t)},g = inf{g(1)},
teR teR
we have positive constants:

= sup {(},¢ = inf {&}.

1<k<n 1<k<n

e A4. V1 < k < n, the functions g : Rj — R{ are Lipschitz
continuous, non-negative, their maximum value over R(J{, i.e.,

gr = gi(m}) with m! € RS and g;is a non-increasing function
for x > m;.

e A5. 1 two positive constants d; and dy st:

(Sh_y Frgr+aLpda+pCM)
8

< ds.

(0% cugi—aLri)
B

e A6. V1 < k <mn, d positive numbers [, which are the Lips-
chitz constants of g, on [m*, 00).

>\

e A7. The kernel K(t,s) satisfies following conditions:

(i) Vit € RT and s € [t — s,t], K(t,s) > 0.

46



(i) 3 constants £ > 0 and ¢ > 0 st for all t € RT and s €
[t —s,t],
K(t,s) < ke®).

(iii) The function ¢t — K(t,s) is almost automorphic Vs.

Define @ : C(R) — C(R) by
(Qx)(s) =D _ Bils)ge(Me()x(s — (u(s))) + als) H (x(s))+
i s)x s)e ) dg
plt) [ Kt s)e(r 4 5)e 0

(Pr)(t) = / e B Qu) (s) d,

—0o0

where x € WPKAA(R,R) and (Qx) is defined .

Theorem 6.1.3 Assume (A1)-(A7) hold. If
(r € KAAR,ROHNCHR,RT) and (u(t) < <1, fork=1,...,n,

and aLF+Z:Z=1 Flgk+ﬁM< < ]
are satisfied, then equation has unique weighted pseudo compact al-

most automorphic solution in

U={z:2€ WPKAAR,R"), ; < x(t) <y, Vt € R}

Proof. Claim: Vz € WPKAA(R,R") it gives (Qz)(s) € WPKAA(R,R").

z(t—(i(t)) € WPKAA(R,R") since ¢, € KAA(R,R*) from lemma
6.1.1.

It gives Ox(t)z(t — (k(t)) € WPKAA(R,RT) from lemma 6.1.2.
From the property of weighted pseudo almost automorphic func-
tions, s — gr(&e(s)x(s — (x(s))) belongs to PKAA(R,RT) and we
obtain that s — v, (t)gr(&(s)x(s — (i(s))) is in WPKAA(R,R"),
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for k=1,...,n from theorem 6.1.1.

Since, F(x(s)) is lipschitz and x(s) € WPKAA and a(s) € WPKAA.
So, from previous theorems, a(s).F(x(s)) € WPKAA.
In consequence, since WPKAA(R) is a vector space, the func-
tion (Qx)(s) is in WPKAA(R,R™), hence (Qx)(s) = (Qx)1(s) +
(Qx)2(s), where (Qz)1(s) and (Qx)s(s) are in KAA(R,RT) and
PAA((R,RT), n), respectively.

effts B(a) de <e ftséda _ efﬁ(tfs)

Y

then it maps ) maps the space WPKAA(R,R) into itself.
The closed subset

U={r:2€ WPKAAR,R"), §; < z(t) < &, Vt € R}

Claim: P(U) C P.
Proof.
Pla(t) = [ e o@D (TR yi(s) fil€r(s)n(s—Cu(s)))+als) F(x(s))+

p(t) ffc K(t,s)z(t + s)e =) ds < (Zk:”kfﬁjLFéﬁmM) <7

Pla(t) = [ em @b (00 5 (s) fi(€r(s)n(s—Culs)))+als) F(x(s))+
p(0) [° Kt s)a(t + s)e ) ds > ER2aon) 5 ),
Now, V u,v € U, we get

\u%ou>—<vawr=\/i e~ 150 ((Qu)(s) — (Qu)(s)) ds

< [ eP-9)|Qu)s) - Qo) ds <

—00

t n
[ s (o vt o) oo

o k=1

Using the supremum norm, we have

> k=1 Tkgk+aLr+pCM
[(Pu) — (Po) < EEREA 2] gy

Thus, by using assumption and fixed point theorem, P has a unique
fixed point in U.
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Theorem 6.1.4 If all assumptions (A1) to (A7) are satisfied, and
also assumption of previous theorem holds, then weighted pseudo
compact almost automorphic solution in U s globally exponentially
stable.

Proof. We have done the uniqueness and existence of weighted
pseudo compact almost automorphic solution of equation.

Suppose z(t) is a solution of equation and z*(¢) is the weighted
pseudo compact almost automorphic solution of equation. Consider

g(t) = x(t) — x*(1),
and clearly
9(t) = =p()g(t) + (Nx)(t) — (Nz*)(t),
where it holds. V ¢t > 0, we have

g(t) = g(0)e o H@)da / e L8 (Q)(s) = (Qa)(s)) ds.

0

It gives
t
lg()] < |g(0)e™ Jo A +/ je™ I PO [(Nir)(s) — (N2™)(s)| ds.
0

Since z(t) and x*(t) in €2, and using assumption (A6), we obtain

_ t _B(t—s n T
()] < llvllee™ + f3 e P (320, énfi

+aLlrp +pM(¢ sup |v(o)|ds
o€[s—C,s]

We have

aLlp+Y g1 Yk frtPM¢ <1

B
Then, by using Halanay’s inequality, we get 3 positive constants w
and C' st

lg(®)] < Cllgllce™",
where w is the real solution of the characteristic equation 6.1.1.
w=—f+ (ZL Yl fr +aLlp —|-]_9]\/[C)ewc
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Therefore, we have
lz(t) —z*(t)| < Cllz — 2*||.e™", t>0.

This concludes the result.

6.2 Stability Analysis using Lyapnov Sta-
bility

[6] Suppose g : R x C' — R" is continuous function.

Consider

u'(t) = g(t, ).
g is continuous here and the solution u(z,)(t) through (x,1) is
continuous in (x,,t) within the domain of the function.

g:(bjoo) x U — R",

where U is an open set in C.

Definition 6.2.1 Suppose g(¢,0) = 0V ¢ € R. Solution u = 0 of
equation is stable if, V. x € R and § > 0, 3 € = €(d,z) st ¢ € B(0,¢)
gives

u(z,v) € B(0,0) fort > x.
Definition 6.2.2 Suppose ¢g(¢,0) = 0 V ¢ € R. Solution u = 0 of
equation is asymptotically stable if it is stable and 3 ¢y = ¢y(u) > 0
st ¢ € B(0,¢) implies

u(z,)(t) -0 ast— oo.

Definition 6.2.3 Suppose ¢(t,0) = 0V ¢ € R. Solution v = 0 of
equation is uniformly stable if, V. 2 € R and 6 > 0, 3 € = €(0) st
Y € B(0,¢€) gives

ui(z, ) € B(0,9) fort > x.

Definition 6.2.4 Suppose ¢(t,0) = 0V ¢t € R. Solution u = 0 of
equation is uniformly asymptotically stable if it is uniformly stable
and 3 ¢y > 0 such that for every ¢ > 0, 3 to(¢) such that

Y € B(0,6g) = wuy(x,v) € B(0,n) fort > x+ty(¢), for every x € R.
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Lyapnov Function: A Lyapunov function for an autonomous dy-
namical system

g:R" — R",
&= g(x)
with an equilibrium point at x = 0 is a scalar function

U:R" =R

that is continuous, has continuous first derivatives, is strictly posi-
tive for  # 0, and for which the time derivative

U=VU-g
is non-positive.

Theorem 6.2.1 Suppose g : RxC — R"™ maps Rx (bounded sets of
C') into bounded sets of R™, and let x,y, z : RT™ — R be continuous,

nondecreasing functions such that x(t) and y(t) are positive for t >
0, with (0) = y(0) = 0.
If 3 a continuous function U : R x C' — R such that

z([90)]) U, ) < y([¢])

U(t, ) < —2([¢(0)]),

then uw = 0 of Equation is uniformly stable.
Lyapnov Stability of equation

Here, we first give some notations for this section.
e refers to differentiation wrt t, for eg. is du/dt.

K' = inf(K(t), K" = sup(K(t))
M = sup(x(t)), m = inf(x(t))

p'=inf(p(t),p" = sup(p(t))

N =inf(A(t)), A" = sup(A(t))
B =infB(t), 87 = supB(t)
o =infa(t),a” = supa(t)



b =inf(b(t)),b" = sup(b(t))

u(t) = )+ Z Bi(tyu(t — 7)e = 0= — H(tyu(t)+

0
t)/ K(t,s)u(t + s)e "+ ds

Let u(ty) is the solution of the above differential equation.
We can translate t as ¢y — ¢.

u(t +to) = alt+to)u(t+to)+> 1, Bilto+t)u(t+to—r;)e Aultrto=m)
H(t+t0)U(t+t0)+p(t+t0) fi)T K(t0+t+9)’u<t—|—t0+$)e_“(t+t0+5) ds
Put

u(t +to) = x(t).

Lyapnov function is

T n
V(x,t) / Zﬁz )d(6)+ / > K(tg+t+0)z*(0)e " db
T =1
e Assumption 1
MK/(2T) /"
< ump
e
e Assumption 2
B2 < AK'(T)(n)

e Assumption 3

where

Claim :

— /_T iﬁiw)x(e)d(e) + /_ZiK(to +t+0)z*(0)e " dh <0

Using properties of sup and inf, we get

nMK'(2T)
e

— pmnf3" <0
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MEK'(2T)

e

S Nmﬁﬂ‘

This is Assumption 1.

Hence,
Vi, t) < 2%(t)

%2 <@ (t)—p / iﬁi((?)fv(@)d(eﬂ /_ . Xn; K (to+t+60)z2(0)e*® do

%2 =y / > Bi0)x(6)d(9) — /_ T;K (to + 0 + 1)2*(0)e~@ db

m: . K'TM
o pB nm + — >

s o AK'(T)(p)
B s — =

0

This is assumption 2.

Hence, V (z,t) > %2

To Prove: V(t,z(t)) <0

Assumption 3 :
d(K(t)/d(t) = —n

where
n >0
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V() = 22(1) (=2a(t + 1) — bt / ZK(t0+t+9)x2(9)—e“’(9)d«9

Zz Bilt + o) 2p(t +to) ff, K(to+t+0)
eN; + e )

Since the coefficient of z2(t) is negative, to prove our desired result,
we use the quadratic discriminant condition b? — 4ac < 0:

x(t

2
(22@ t0+t)—|—2pt+t0/K6to+t+9)>

—4 (—2a(t + to) — lib(t) </ Z (to +t+0)z*(0)e ‘”)go

Finally using properties of sup and inf:
We will get desired result.
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7  Examples

Example 1: Suppose g : R — R is define as

g(t) = cos (1 + sin(t) iu sin(\/§t))

Then ¢ is almost automorphic.

Example 2: F' : Z — R defined as

F(n) = cos(2mn¢),

with ¢ is an irrational number, is almost automorphic sequence but
not almost periodic.

Example 3 : Suppose F': R — R be a function st

F(t) = cos (% + cos(t) + COS(\/gt)) + ;

14 t2

This function is pseudo almost automorphic.

Example 4: (A mixed blowflies model ) [1]

This example is about a model for Lucilia cuprina, with a harvesting
function and two non linear functions: one of Nicholson type and
one Lasota—Wazewska type.

In hypothesis , we change Nicholson model by adding eggs and har-
vesting adult flies every day. The rate of addition of the eggs corre-
sponds to the term

72()g2(E2(t)(t — (1))

which is a Lasota—Wazewska type term, while the harvest rate is
represented by a(t)F(u).
Thus, the model is:

i(t) = =)z (t) + n(Hg (&)t — Gi(1)))

+72(t)g2(E(t)2(t — G(1))) — alt) F(z).
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Blowflies Model with Linear Harvesting
We consider the following blowflies model with linear harvesting:

2

—BOz(E) + > w)ge(G)a(t — G(t) — a(t) F(x)

k=1

=-
—~

~+
~—

I

G(t) =G(t) =2, B(t) =15+ 21| sin(v/2t)],
Wl(t) = 1261.1) gl<$> = _:Uexa €1<t) = 127
'72(t) —e, 92(1,) = —¢®, a(t) _ 500160.5cos2(t)+0.5cos2(\/5t)+1+ti2’

and
&) =12, F(x) ==,

After Computation:
(=2 pB=155 p=15 v =12"" ~y=e¢,

6 =12 &=12, a=250e, a=0, Lp=1.

V1 < k <2, the non-negative functions g, : Ri — R{ are Lipschitz
continuous with L, = 1. The functions g, attain their maximum
values for pu; = 1 and py = 0, where g; = ¢! and go = 1, i.e.,

w =1, 9, = e 2, g, = et
We have a population model with harvesting, we get

2
Z%gk = 12" +¢'® ~ 1.065355, p'¢=1-1.2 =12~ 0.833333.
k=1

Now, we fix d5 = 1.07, so
8y ~ 0.875461 > 1€,
We set 97 = 0.84 € (&, 0,), and it follows that condition (A5) holds.

Finally, we obtain:

2
aLp+ Y onég, B~ 0.4552306 < 1.
k=1
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All the conditions of the theorem given in ’Solving and Stability
Analysis of Nicholson Blowflies Model” section hold, and hence,
model has a unique positive pseudo almost automorphic solution

u*(t) € Q= {u(t) € PKAA(R,R"):0.84 <wu(t) <1.07, Vt € R}.
Example 5: A Mixed Circulating Blood Cells Model [1]

Model is :
2

(1) = =BO)x(t) + D ()gr(E )t — G(t))) + alt)F(x(t)).

k=1

The parameters are defined as follows:
G(t) = G(t) =9, B(t) = 20,

1+ 2 40sin(v/3t) + 40
W) =255 o) = T ) =0y DVIHL

Va(t) =€ gfz)=e" F(z)=2""(cos’(t) + 1),

&(t) = 0.9, a(t) = 100e%55 VIO+1+5

After computation, we get:

(=9, B=20, v =255, -~ =¢,

£ =095 &=09, &=092, &=0.9,
a=100, a=0, Lp=1.

V1 < k < 2, the non-negative functions g, : Ri — R{ are Lipschitz
continuous with L, = 1. The functions g; attain their maximum
values respectively for:

=374~ 0.75983, s = 0.

The function values at these points are:
3/4

g1 = T <0.57, gy=1.

Thus, u* € Ry and g, are non-increasing functions for x > py,. It
follows that:

% __ o—1/4 _ (374
we=3 ; g, =169, g,=e .
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We have:

2
> kg, = 25.5x169+e%e ™) & 4300.5+7.389 % 0.721 = 4306.7.
k=1

Stability Conditions
It follows that:

Z Yk + aLpdy < ds.
k=1
Since aLp < [, we obtain the lower bound for §; and ds:

—1/4 2
~ 0.8442618 < 0, Ik _ 0% 2 1.0445 < 6,

k=1 p
Next, setting 6o = 1.0445, we find:

pré =

by & 0.74224172 < p*€.

Thus, assumption A5 is not satisfied. Furthermore, we estimate the
lower bound for §y as follows:

3 %(N) + aLpdy ~ 0.90000007 < .
k=1

Now, after fixing d; = 0.91, we obtain:

e gr(E02)
=" 7’“9’“72 ~ 0.862857533 > *€.
k=1

We choose §; = 0.845, with 6; > 0 and d9 > 0. Finally:

alr+ Y 7’“%’“9’? ~ 0.8459967 < 1.
k=1

Then, it follows that the model has a unique positive pseudo-compact
almost automorphic solution:

*(t) e U ={z(t) e PKAAR,R") : 0.845 < z(t) < 0.91,Vt € R}.

Immigration Function
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For immigration, we choose:

a(t)F(z(t)) = 0.5 0052(\/%) 1 t%

100 sin?(z),
and

a(t)F(z(t)) = 0.5 cos2(VTt) + 1+ %

x )

100 =1

which are always positive and the solution is pseudo-compact almost
automorphic.
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0.95¢

0.93f

0.91f

0.89¢

u(t)

0.87

0.85

0.83

0.81

Example 6: Mixed Mackey-Glass and Nicholson Model [1]

System is:

2

i(t) = =Bz(t) + Y (g (t)z(t — G(1))) — alt)F(x(t)).

k=1
The differential equation under consideration is:

2

(1) = =B)a(t) + D w(B)ge(& )zt — G(1) — alt)F(x),

k=1
where
B(t) = 15 + 21| sin(v/2t)], () = 0.4 + 0.4sin(V/5t),
Gt) =14+t y(t) =15e"t,  1(t) =e,
g(z) =ze™®, go(x) =1+ 2%
&1(t) = 2+ 150(sin?(t) 4 cos(V/3t) + 1 + %),

&(t) = 2 + 40 cos?(t),
(I,(t) — 5006—0.56052(t)—0.5 Cos2(\/5t)+1+t2‘
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After computation, we obtain the following bounds:
Fx)=z, (=18, B=155 p=15 v =15"", yp=e.

§=202, &=2 &=205 &=2, a=250e, a=0, Lp=1.

V 1 < k < 2, the non-negative functions g; : Ry — R{ are Lipschitz
continuous with L, = 1. The functions g, attain their maximum
values at py = 1 and o = 271/3, with

gi(m) =€, ga(ps) = 0.4424.
Since gy are non-increasing for x > uy, it follows that

\ ) 4
=1, supg =e?, sup gz = 5.

We have

&k
Now, fixing d, = 1.185, we obtain

2N
3Pk 21185, ptEm 05,
=1

by &~ 1.146 > p*¢,

where 8, is defined. Finally, we have

aLp+Y Vk%g’“ ~ 0.95466 < 1.
k=1

Harvesting Function

The graph corresponding to negative a(t)F(z). From the graph, we
can see that the solution remains positive.

The figures illustrate two different cases of harvesting:

e (a) corresponds to:
a(t)F(z) = — 500100 05" (D +05co* (VBN +1+ 35 sin®(u).
e (b) corresponds to:

CL(t)F(x) = _500160'5COSQ(t)+O'5C052(\/5t)+1+tL2‘u|.
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