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Abstract

The detection of GW150914 signal from a binary black hole merger marked the beginning
of observational gravitational wave astronomy. This has provided us with confidence and
insights towards already well-known theory of general relativity. Though the signals from
mergers are strong enough to be detected, spinning asymmetric neutron stars are predicted
to have quasi monochromatic gravitational waves at very low strain amplitudes. The signals
are also frequency modulated due to motion of the detector along with the Earth’s rotation
and its orbital motion around the Sun. The demodulation requires some correction which
depends on the signal parameters. The location of the stars are not known beforehand for
most of the cases as most of them don’t emit any detectable signals in the electromagnetic
spectrum. For example, astrophysically there should be around ~ 10° neutron stars in our
galaxy while only ~ 3000 of them are detected in the electromagnetic spectrum as pulsars.
Gravitational wave signals are not yet detected. For an all-sky search, the demodulation
is required to be performed over large number of parameter space patches. This makes
the search computationally very expensive. In this project, we have explored a method
which aims to mitigate the doppler modulations to reduce the number of patches in the
parameter space that is required to be searched over. We successfully show that the method
is computationally very inexpensive for many relevant cases when compared to other full-
coherent search methods. We also show that our method is more sensitive than the earlier

methods for low frequency signals given the LIGO detector sensitivity in the O4 run.

x1



xii



Contents

[Abstract]

T T ich ¢ Prefiminarics
[1.1 ~General Relativity and Gravitational wave solutions| . . . . . . . . . .. ...
(1.2 Data Analysis| . . . . . . . . .
(1.3 The Signall . . . . . . . . . . .
(1.4 Data Analysis of gravitational waves from neutron stars|. . . . . . . . . ...

5 Meihod [Simulations
2.1 Multiplying the Signals{ . . . . . . .. ... .. ... ... 0.
2.2  Simulations and calculations . . . . . . ... oo Lo
2.3 Demodulationl . . . . . . . ...
[2.4 Parameter space metric and the number of patches . . . . . ... ... ...
[2.5 Computational Cost| . . . . . . . .. ... ... ... ... ...
[2.6 Sensitivity of the searches| . . . . . . . .. .. ... 00000

B Resulis & i ons

(3.1 Choice of Tgep| . . . . . . . . ..

[3.2  Product signal in simple modell

xi

12

17

19

19

21

23

25

30

30

35



[3.3  Product signal in general model|{ . . . . . . . .. ... ... 0000 40
3.4  Product Noisel . . . . . . . . . 41
B.5 Demodulation Results . . . .. ... ... o oo 42
[3.6  Parameter Space Metric & Number of Patches| . . . . . . .. ... ... ... 45
[3.7  Sensitivity Comparison| . . . . . . . . . ..o 49
4 Conclusion| 53
[A The amplitudes describing the product signal in special case when wg = |
| N xQ (N being odd integer)| 55
(B Comparison of number of patches calculated for barycentric resampling |
[_method and F-statistic method 59

Xiv



List of Figures

|3.1 Plot of Frequency vs Time for T, = 367 x &| ................. 37
3.2 Plot of Frequency vs Time for T, = 5| . . . . . . . 0000000 37
[3.3  Product Signal amplitude spectrum for simple model| . . . . . . ... .. .. 39
[3.4  Product Signal amplitude spectrum for general model . . . . . . . .. .. .. 40

[3.5  Probability Distribution Function for the Product of Two Gaussian Random

Variables| . . . . . . . oo 41

[3.6  Gaussian Fit for the Product Signal in the Fourier Space] . . . . . . . . . .. 43
[3.7  Product Signal amplitude spectrum for general model atter Resamplingl . . . 44
(3.8 Number of Patches comparison (no spin-down case) . . . . . ... ... ... 47
(3.9  Number of Patches for Product Method(one spin-down case)| . . . . . . . .. 48
£3.10 Number of Patches Comparison (one spin-down case)| . . . . . . . ... ... 49
311 LIGO O4 PSDI 50
51

52

[3.14 Relative Depthl . . . . . . . .. ..o o 52
(4.1  Amplitude Threshold Comparison| . . . . . . . . . . .. ... .. ... .... 54
[B.1 Comparison of number of patches in barycentric resampling method and F- |
statistic methodl . . . . . . . oL Lo 60







Chapter 1

Introduction & Preliminaries

1.1 General Relativity and Gravitational wave solu-

tions

In contrast with Newton’s law of gravitation, Einstein’s theory of general relativity does not

see gravity as a force, but as a curvature in the four dimensional manifold of space-time.

Mass and energy are responsible for the curvature and this is governed by the Einstein’s
equation (|1.1))

1

R, — §gw,R = 8nT,, (1.1)

where, R, is the Ricci tensor, R is the Ricci scalar, g,, is the space-time metric, T, is

the stress-energy tensor and we are using natural units (G = 1,¢ = 1). We can clearly see

that curvature described by the terms on the left is determined by mass and energy which

is accounted for by the stress-energy tensor.

In the weak field regime, we can write the space-time metric as a perturbation to the flat

Minkowski metric

Guv = Nuw + h,uu )



where 7 is the Minkowski metric with signature [—1,1, 1, 1] and |h,,| < 1.

We introduce trace reverse of A*"

— v 1
R = hr — S1h (1.2)

h being the trace of h,, i.e. hl. With this definition and an assumption of Lorenz gauge

—uv . . . . . . . .
(b ,,=0), we can write Einstein’s equation (in linear approximation) as

Or* = —167TH. (1.3)

where [ is the d’Alembertian operator (four-dimensional Laplacian). Equation (|1.3) is

called weak field Einstein’s equation.

This equation without the source term on the RHS will give solutions for the propagation

of gravitational waves. Source free weak field equation is given by

Oh*™ =0, (1.4)

whose solutions one can assume to be

R = A exp (ik,a") . (1.5)

This turns out to be solution under condition that k* is a null vector, i.e. k*k, = 0
(using Minkowski metric). Hence, we can say that gravitational waves travel at the speed of
light. Now, exploiting the Lorenz Gauge condition, we can also show that these waves are

transverse, i.e. A"k, = 0.



Transverse Traceless Gauge

It can be shown that we can always choose coordinates in which
AL =0, (1.6)

and,
AU =0, (1.7)

where U is a fixed four-velocity. These conditions define what is called transverse traceless
gauge. Now let’s consider U such that U* = §f and consider a wave traveling in the z
direction, i.e. k ={k,0,0,k}. With this, we can write A as

0 O 0 0
0 A A 0
AT = oo : (1.8)
0 Ay —Ap 0
0 O 0 0
with A;; = Ay and, A1y = Ay, So we can write the wave as a linear combination of two
polarizations
hw = hi(t)ef, +ha(t)ey,, (1.9)
with
00 0 O 0000
01 0 O 0010
el = , er = 1.10
H 00 —10 H 0100 ( )
00 0 O 0000

+

Clearly, e, and e}, are orthogonal, i.e. their scalar product is 0.

Detection from interferometric detectors like LIGO/VIRGO/KAGRA

Current interferometric detectors like LIGO, VIRGO, and KAGRA have two ~ 4 km long
arms with free masses (which are mirrors) suspended at their ends. A monochromatic laser

beam is split into two using a beam splitter, directing the beams along the two arms of the
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detector. On their way, the beams pass through a Fabry-Pérot cavity, which increases the
effective optical path length, thereby enhancing the detector’s sensitivity to small changes
in arm length caused by passing gravitational waves. When gravitational wave passes, the
proper distance between the masses (mirrors) change differently, causing a variation in the
interference pattern of the recombined laser beams. This results in measurable changes in

light intensity. The detector’s response is given by

Ly)—o(L
ity = ) —0) (1.11)
L
where 6(L;) and 0(Ls) are the changes in the length of the first and the second arm

respectively. L is the length of both the arms of the detector.

Now, because the mirrors are free masses suspended at the end of the detectors, the
changes in the proper length between them on the passage of gravitational wave is determined

by the geodesic equation. For a gravitational wave of the form (1.9)), it can be shown that

(1))

h(t) = hy(t) D", (1.12)

where 4,7 € {1,2,3,---} and, D¥ is the detector tensor defined as

. 1 ) ) ) .
7 _ A7 /\] A /\]
D% =35 (%)e(x) - e(y>e<y>> ) (1.13)

with €(,) and €(,) being unit vectors in the direction of two of the arms. We finally get
h(t) = hy(t)Fy 4+ hy(t)Fx (1.14)

where,

F.=e/ DY, F,=eSD". (1.15)
F, and F\ are called the antenna pattern functions and are functions of time. This is
because the vector pointing towards the arms undergoes rotation with the rotation of the
Earth. This is responsible for amplitude modulation of the response signal from continuous

gravitational waves.



1.2 Data Analysis

The continuous gravitational waves from spinning neutron stars are expected to create a
very weak strain signal on the detectors like LIGO/VIRGO. As a result, they are buried
deep in noise. That is why it would require a very long observation time in order to gain
desired confidence over its detection. We will be working with excess power method in this
analysis which is based on the fact that the power of a monochromatic signal (in the power
spectrum) increases as T2, T being the observation time. while the power of the (white)
noise increases linearly with 7". This can be shown by Parseval’s theorem. Because of this,
for a long observation time, power of the signal can stand out compared to the noise power

(power signal to noise ratio (SNR) will increase linearly with 7).

1.2.1 Discrete Fourier Transform (DFT):

The use of Fourier transform is standard in signal processing. For discrete time series signal,
Discrete Fourier transform is used. We use the following definition for discrete Fourier

transform for a time series data {x;} of length N, j € {0,1,2,--- | N —1}:

N-1
Te=Y ae N (1.16)
§=0
where k € {0,1,2,--- | N — 1} and the inverse transform:
132 i
wijk
= — e N 1.1
zj = Tpe N (1.17)
k=0

This is the inverse operation of the one in equation i.e. taking the DFT of a time

series data and then taking the inverse DFT renders back the same time series.

Numerically, Fast Fourier Transform algorithm is used to calculate the DF'T (or inverse)
for a time (frequency) series signal. The computational cost of the algorithm is of the order
of O(Nlog N) (floating point operations (FLOP)) compared to O(N?) for brute force DFT

calculation.



Power spectrum

The power spectrum of a discrete signal is defined as the magnitude squared of its DF'T, i.e.

(P} = {|24]*} (1.18)

We will refer to P, sometimes as the power in the k™ frequency bin.

Comparison of DFT with Continuous Fourier Transform

Here we see how the quantities like frequency for a continuous Fourier transform are related

to the quantities in DFT. A (finite) continuous Fourier transform is defined by:

i(f) = /0 x(t)e 2™t gt (1.19)

,where [ is the frequency. Comparing equations (1.16) and ((1.19)), we see that the
analogue to frequency in DFT is

k
fi= (1.20)
Thus the resolution of the frequency in DFT is given by:
Af = ! (1.21)
=7 .

Monochromatic signal

We take a look at the properties of DFT of a monochromatic signal. For simplicity, let’s
take the case of a monochromatic signal with frequency % (k €{0,1,2,--- /N — 1} which
is one of the frequencies in ([1.20)), i.e.



2mijkg

r;=Ae N (1.22)

For this, the Discrete Fourier Transform is given by:

N—-1
5 2mijk
T = rje” N
j=0
N—-1
 2mij(k—kq) (1.23)
j=0
= ANk,

where the third equality is also well known as a property of the sum of all the N** roots of

unity.

So it is clear that for a monochromatic signal with frequency one of produces a
single peak at the corresponding frequency bin in the Fourier domain. When the frequency
is not one of (1.20)), the power (magnitude of the DFT) is seen to be ’leaking’ to adjacent
frequency bins. This phenomenon is called spectral leakage. It can be reduced by multiplying

the time series data with a tapering window function.

1.2.2 Noise

Noise in the data can be characterized by a stochastic process which is basically a family of

random variables {ni,ng, ns,-- -} following a cumulative probability distribution:

Fio3..(a1,a2,a3,---) = P(ny <ay,ng <ag,nz <as, ) (1.24)

,where P denotes the probability.
The first order moment of the probability distribution is given by:

pj = (n;) (1.25)
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where ({)) denotes the ensemble average.

The second order moment is also called as auto correlation function of the distribution,
defined as:

K<j17j2) = <nj1nj2> (1'26)
Stationary noise

Noise is called strictly stationary if a constant time shift does not change the cumulative

probability distribution of the stochastic process which defines it, i.e.

F1,2,3,--~(G1, A2, a3, -+ ) = Fk+1,k+2,k+3,-~~(a17 Q2,0a3, - ) vk (1-27)

For stationary noise, the first order moment of the distribution is a constant, i.e.

(nj) = constant ¥ j (1.28)

and the second order moment only depends on the differences in time, i.e. there exists a

function C': Z — R (we deal with real noise in the time domain) such that

K(j,0) = (nm) = € — D). (1.29)

Stochastic processes following ([1.28 & [1.29)) are defined to be wide sense stationary.

Power Spectral Density

The power spectrum was defined in equation (1.18)). For a noisy time series signal, we deal

with the expectation of the power, i.e.

(Ink)?) = (Pxiy) (1.30)



For stationary noise this comes out to be:

(i) = SiO (1.31)

Sk in (1.31)) is called the power spectral density (PSD) of the noise and is related to the

Fourier transform of the auto-correlation function.

Sy =N Z C(j)e "~ (1.32)

So, we can say that for stationary noise, the noise at different frequencies are not cor-
related. In this work, we will always assume that the noise from the detector is wide sense
stationary (i.e. holds). At times, when needed and mentioned, we may also assume
that the noise is white which means that the power spectral density of the noise is same for
all the frequencies. The assumption of white noise is good to consider for a narrow band

signal.

One-Sided PSD and the normalized PSD

The one-sided PSD is defined as

S =2S;, (1.33)
and normalized PSD is defined as
S
Sy, = Nk . (1.34)

The normalized PSD is commonly used in the literature; we will use this while we deal
with the depth of the searches. From now on, when we mention PSD, it would mean one-
sided PSD unless stated otherwise.

11



Monochromatic Signal in the Presence of Noise

The correct way to go to calculate the SNR would be to go through detailed probability
distributions in the presence and the absence of the signal for given false alarm rate and false
dismissal rate but for our purpose of the dependence of the SNR on the time of integration,

for a monochromatic signal with frequency fp = %,

P
Amplitude SNR S—k x VN (1.35)
k

Py, being the power of the k' frequency bin of the DFT (in the presence of signal only)
of the data and S, being the power spectral density of the same k' bin.

1.3 The Signal

1.3.1 Signal Frequency

Gravitational wave signals from spinning neutron stars are intrinsically quasi-monochromatic
in nature. There are various physical mechanisms that can generate gravitational waves
from spinning neutron stars ([11]). As a result there are various possible components of
gravitational waves (at different frequencies). In this study, we only consider one component
of the signal which is emitted at twice the frequency of the rotation of the star. It has been
shown earlier that the problem of detection of each component at different frequency can be
dealt independently ([8]). Disregarding the doppler modulations, the signal can be modeled
by a monochromatic signal and some spindown parameters taking into account the intrinsic
frequency evolution of the signal (an isolated neutron star would slow down as a result of

gravitational radiation).

Due to detector’s motion with the Earth due to its rotational motion about its own axis
and around the sun, we need to take into account the doppler modulations to write the
signal that reaches the detector. Let’s consider the signal that would reach the solar system
barycenter (SSB). The doppler modulations due to constant velocity motion of neutron stars

w.r.t. SSB which just shifts the frequency of a monochromatic signal by a constant amount

12



(considering an observation time of one year) and thus, won’t affect our data analysis which
does not consider any known frequency of the gravitational wave signal. So the frequency
of the gravitational wave signal (at the frequency same as that of neutron star’s rotation)

arriving at SSB can be written as a Taylor series:

0 (k) k
fssp(t) = fo + Z / k|T (1.36)
k=1 '

where 7 is time as measured in the SSB frame and f®*)s are k' derivatives of frequency
measured at 7 = 0. fy can be absorbed with the frequency derivatives and ((1.36)) can be

written conveniently as:

0 k
fosolr) = 1+ 3" )
k=1

(k)
where, f) = f— :

fo

(1.37)

Now, the phase of the signal that reaches the SSB at time 7, reaches the detector at time

7' (we ignore any differences between the proper time at SSB and at the detector):

N
=7 — (1.38)

c
where 77 is the position vector joining the SSB to the detector, n is the unit position
vector in the direction of the star (from SSB) and c is the speed of light (propagation of

gravitational waves).

We next write the frequency of the signal in detector frame. We’ll take into consideration
the doppler shift of the frequency due to the motion of the detector relative to SSB within
approximation that the speed |¢] of the detector w.r.t. the SSB is <« ¢. We'll also ignore
the Shapiro delay that arises due to passing of gravitational wave through curved spacetime.

These approximations are standard in the literature ([8]).

13



fdetector(t) = fo<1+ 1767%)(1"‘2]0_]7(754—@)]6) (139)

As we always deal with signal at detector, we omit the sub-script 'detector’ on-wards.

1.3.2 The Phase

The phase of the signal is given by:

O(t) = D + 27 /t f(t)dt (1.40)

where @ is the initial phase. Now, substituting form equation (1.39)) and ignoring all the

doppler terms of order two or higher, we get,

P o= futhtl T e fit?
d(t) =0 2 t+ —— 1.41
*) ot Wfo( * c +;(/€+1)!+ e k! ) ( )

where @ is the initial phase of the signal (constant). We have dealt with a maximum of

one spin down parameter (i.e. k = 1) in this work.

Also, we have dealt with signal which is at twice the frequency of the rotation of the

neutron star, so the phase of the signal is given by:

U(t) = 20(¢) (1.42)

So the double frequency signal phase is finally given by

P o= fthtl T e fit?
U(t) =T wl(t+ — E: 1.43
(t) 0+ wew ( + - +k:1(k+1)!+ o 2 k,!) (1.43)

where, Wgyw = 27 f4, = 47 fo.

14



The Signal

The strain signal is given by:

h(t) = Fy(t)he(t) + Fx(t)h« (1) (1.44)

where,
hy = %ho sin? 0(1 + cos4) cos W(t), (1.45)
hy = hgsin® 0 cosisin ¥(t) (1.46)

with ¢ being the angle between the total angular momentum vector of the star and the
direction from the Earth to the star & 6 is the wobble angle of the star.

F. & F, are the antenna pattern functions:

F.(t) = sin([a(t) cos 2¢) + b(t) sin 2] (1.47)

Fy (t) = sinC[b(t) cos 2¢p — a(t) sin 2¢)] (1.48)

where, a(t) & b(t) were introduced in [8]:

15



a(t) = 1_16 sin 2 (3 — cos 20) (3 — cos 26;) cos [2 (o — ¢ — wgt)]

1

— 4 cos 27ysin6; (3 — cos26)sin [2 (o — ¢ — wgpt)]
1

+7 sin 2+ sin 26, sin 29 cos (. — ¢ — wgt) (1.49)
1

— 5 cos 27 cos 6 sin 20 sin (a — ¢ — wgt)

3
+ 1 sin 27 cos? 6, cos? 6,

b(t) = cos2ysinf;sindcos 2 (o — ¢ — wpt)]

1
+ —sin 27 (3 — cos 26;) sin dsin [2 (o — ¢ — wgt)]

4 (1.50)
+ cos 27y cos 6y cos 0 cos (v — ¢ — wit)

1
+ 5 sin 27y sin 26; cos § sin (a — ¢ — wgt) ;
where the parameters are as follows:

¢ is the angle between the arms of the detector which we always assume to be 7 as it is
correct to a good approximation for most of the current detectors like LIGO and VIRGO,
¢ the phase of the rotation of the Earth, 6, the latitude of the location of the detector, ~
the angle between the angle bisectors of the arms of the detector and the east direction, hg
the amplitude; a, 6 & 9 are the angle relating the wave frame to the detector frame (o &
0 being the right ascension and declination, while v being related to the polarization of the

gravitational wave).

We will be dealing with the frequency of gravitational waves at twice the frequency of

rotation of the neutron stars, i.e. f;, = 2fy always holds in this work.
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1.4 Data Analysis of gravitational waves from neutron

stars

It is clear from that the frequency of the signal at the detector is not constant anymore
and hence the power in the DFT no longer accumulates in one bin in the power spectrum of
the DF'T of the data if the change in the frequency of the signal is greater than the frequency
resolution of the DFT. We can consider two scenarios to illustrate that this is the case. We

won’t consider spindown for simplicity.

First consider data collected over a day for GW signal of 200 Hz at a detector located
at the equator. In this case, from , completely ignoring the Earth’s motion around
the sun, the maximum change in velocity at the equator (w.r.t. SSB) is ~ 0.93 Km/s.
Now, consider the neutron star to be located in the plane of the equator of the Earth (i.e.
declination 0). Then maximum change in frequency would be ~ 6.2 x 10~* Hz while the
resolution of the DFT is ~ 1.1 x 107° Hz which is smaller than the maximum change in

frequency over a day.

Second, consider the orbital motion of the Earth around the SSB for data collected over
a year. For this case, the rotational motion can be ignored. Now, considering the star to be
located in the plane of the orbit of the Earth, the maximum doppler shift in the frequency
is ~ 4 x 1072 Hz while the resolution of the DFT is ~ 3.3 x 1078 Hz which is again much

smaller than the shift in frequency.

Demodulation

This frequency modulation is dealt with using a non linear sampling of the signal in time,
which is called barycentric sampling ([2]). This sampling depends on the location of the
star and other signal parameters like spin-downs. Due to this dependence, one needs to
search extensively in the parameter space of the signal. For a full coherent method of data
analysis, the number of patches in the parameter space that needs to be searched for grows
as a large power of the integration time while the SNR grows only as the square root of the
observation time. This makes the data analysis problem of continuous gravitational waves

computationally formidable. To deal with this, one needs to rely on semi-coherent methods

17



([3]) which sums up the powers in shorter segments of the data.

In this work, we explore a full coherent data analysis method for the detection of con-
tinuous gravitational waves which seeks to reduce the number of patches in the parameter

space that needs to be searched for (|12]) while improving the sensitivity for low-frequency

signals.
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Chapter 2

Methods and Simulations

We extend and analyze the data analysis method for continuous gravitational waves intro-
duced in [12]. The key idea is that multiplying data separated by approximately six months
cancels or reduces the Doppler modulation of the signal. In this chapter, we present the

details of methodology and simulations used in our analysis.

2.1 Multiplying the Signals

It can easily be shown that when two (real) signals of different frequencies f; & fo are
multiplied, the resultant signal can be thought of as a superposition of two signals- one at
frequency f; + fo and the other at frequency f; — fs. Speaking of this in terms of phase,
the two components have phases which are sum and difference of phases of the multiplied
signals. This is illustrated in (2.1)).

cos Uy X cos WUy = (cos(\Ifl + Wy) + cos(¥; — \Ifz)) (2.1)

DO | —

When we multiply the data separated by T, = &, the component of the signal with the
sum of the phases W(t) &W(t + Ts.p) (1.43) gets the major doppler modulation canceled in

case of no spin-downs.
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Ignoring the spin-downs,

\ij(t3 Tsep) = \Ij(t) + \I’(t + Tsep)
(7(t) + 7t + Teep)) - 1 (2.2)

=20y + 2Wgwt + Wew

For Ty, = &, the sum of the vectors in (2.2) is:

oL
7(t) + 7t + Toep) = (Fpp(t) + Tpp(t + Taep)) + (Fes(t) + Tes(t + Tiep))

) ) (2.3)
= TDE(t) + TDE(t + Tsep)

The second equality follows as a result of cancellation of two vectors in the first line.

This holds true for model with Earth revolving the Sun in a circular orbit.

2.1.1 Choice of Ty,

_
Tsep_ﬁ

of rotational doppler

so that orbital doppler is completely canceled while there is a residual

It is evident from that with a choice of Ty, = &, the orbital doppler which is the
dominant component of the doppler modulations over long period of observation times, gets
canceled and we are left with modulations of order that comes only due to the rotational
motion of the Earth.

Unless otherwise stated, we have always considered Ty, = & in this work.

T, such that rotational doppler is completely canceled while the orbital doppler

has a minimal residual

We explored another choice for Ty.,. We chose T, such that the rotational doppler gets

completely canceled while there is a minimal residual of the orbital doppler, i.e.

Tpe(t) + Tpe(t + Tsep) =0 (2.4)
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For this to happen,
T

Typ = (2N + 1) (2.5)

WE

where N is any integer. We choose N such that 7gg(t) + 7rs(t + Tsep) is minimized. We
don’t discuss this further in this chapter for the reasons discussed in Chapter .

2.2 Simulations and calculations

We conducted simulations to reassure what happens with the signal in the frequency domain

on multiplication in the time domain.

2.2.1 Heterodyning

By Niquist’s theorem, we need to sample a signal at least at twice the signal frequency to
study its properties in the DFT. But because we need a data for several days at least to
study our method and we are limited by computational resources, we used the method of
heterodyning to decrease the required sampling rate. By sampling rate we just mean the

number of times we need to evaluate the value of analytically simulated signal in one second.

To demonstrate the process of heterodyning we have used, let’s assume a simple form of
GW signal

s(t) = Asin U (t) (2.6)

To heterodyne this signal, we multiply this by another monochromatic signal of frequency

frn. This gives us another signal

s(t) = Asin W(t) sin 27 fyt
A (2.7)
= E{COS (W (t) — 2w ft) — cos (W(t) + 27 ft) }

We just analytically remove the last higher frequency component from (2.7) and are left
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with the lower frequency component which is at the difference of frequencies of GW signal

and heterodyning signal.

Heterodyning makes sure that frequency modulation is not affected. Suppose the spread
in frequency due to Doppler modulation was A f around frequency f.. After heterodyning
with a frequency of fj,, and only considering the lower frequency part of the heterodyned
signal, the spread will again be A f, but around the frequency f. — f,. So, now the Niquist’s
frequency is 2 x (f. — fp,) instead of 2 x f.. This reduces the computational cost required to

test our method of data analysis.

2.2.2 Simplified Models

We work with two simplified models so far. We always consider the Earth to have a circular
orbit around the SSB varying the relation between the angular velocities €2 & wg. In the
first model we consider an integral relation between the two while later on we have relaxed
this assumption. We state about these methods ignoring the spin-downs. The spin-downs
and its effects are dealt with later when we calculate number of patches in the parameter
space that is required to be searched for (section .

Simple model (wg = N x Q; N an odd integer; no spin-downs)

We first conducted some simulations and calculations for an idealized model in which the
Earth orbits around the sun in a perfectly circular orbit and the angular velocity of the Earth
(wg) is an odd integral multiple of the angular velocity (€2) of its orbital motion around the
SSB with the choice of N to be 365. This makes sure that when we multiply the data
separated by Ty, = &, the doppler modulation gets completely canceled in no spin-down
case. The full cancellation of the doppler can be seen from & . The vector sum in

(2.3]) will completely get canceled for the given case.

So in the case of no spindown, we don’t need to search for patches in the parameter space

which brings down the computational cost to the same case as that of a directed search.
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General model (no particular relation between the angular velocities; no spin-

downs)

When we relax the assumption of integral relation between €2 & wg we have doppler modu-
lations of the order we would get if the Earth was just rotating about its own axis (no orbital

motion).

2.2.3 Noise

We consider the noise to be Gaussian and white which is a good approximation essentially
because we are looking at a narrow band signal so that the PSD is approximately constant
over the band of a signal. Now, as in our method we multiply two data streams, we can
say that we are multiplying two random variables with Gaussian distribution. This prod-
uct random variable no longer follows a Gaussian distribution ([5]). We investigated the

distribution of such a random variable. In the frequency domain though,
Ne=Y Nje v, (2.8)

because of the central limit theorem, we again have a Gaussian noise ([12]). We have nu-

merically tested the validity of this claim also.

2.3 Demodulation

As mentioned in (1.4)), we need to demodulate the signal so that the power in the DFT
accumulates in one frequency bin only. We use the method of barycentring ([2]) for this.
To implement this, we need to sample the data non uniformly in the time domain. How we

sample depends on the signal parameters {X}

Consider a simple model for the signal

s(t) = hg cos(U(t)) (2.9)
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where U(t) is given by ((1.43). In order to get the power of the signal accumulated in one
frequency bin, we need to resample uniformly in other time coordinates called barycentric

time (]2]). This new coordinate is defined as:

- \I/t;x
() = 2
gwW
) . (2.10)
. N fkthrl r-n fktk
=i +kz(k+1)!+ c ; Kl

In ([2.10)), we can see that the barycentric resampling will depend on the signal parameters
(X) Generally, as evident from , these parameters are the sky location parameters (i.e.
right ascension and declination) and the spin-down parameters (f,). So, {\} = {a, 6, f1,- - }.
We have considered only one spin-down parameter in this work which is sufficient for the
data analysis of slow and old pulsars. Note that the barycentric time does not depend on

the GW frequency. This is also true for the product signal.

Product Signal Barycentric Time

We take a look at the component with the summation of the phases as that is the component
that matters the most to us. Corresponding to signal like ([2.9)), the product signal component
would be given by:

S(t) = %gcos(\lf(t) +U(t + Typ)) (2.11)

so that the barycentric time is given by

Ut N) + Ut + Toep; \)

tprod )_\’ _
() —

(2.12)

Note that now we are dividing by twice the GW (angular) frequency as the signal power

is concentrated around this (angular) frequency.
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Resampling & Patches in the parameter space

Because the sampling rate of LIGO detector is very high compared to the frequency of the
gravitational waves that we want to search for, stroboscopic resampling method can be used
([2]). This means that we can still have data sampled at a frequency lower than actual
sampling rate of LIGO but still at a significantly higher rate compared to the Niquist’s
frequency, i.e. twice the maximum GW frequency one is searching for. Now because we
have many data samples in between any two samples, we can always look for data sample
with a time stamp corresponding to the barycentric time for a particular . Though this
method does introduce some loss in SNR, it is reliable if the actual sampling rate of the
detector is much higher than the Niquist’s frequency we need. For example, the sampling
rate at LIGO is 16 K Hz while the maximum GW signal we search for might be a KHz
frequency only. Various methods and implementations of resampling are listed in ([11]). We
implement heterodyning in our simulations analytically, so it is exact for a given set of signal

parameters.

Now, as the parameters ({\}) are unknown, we need to search over patches in this
parameter space, i.e. discrete set of values of Xs. It is clear that, for a blind search it
is nearly impossible to get the search parameters XS to be exactly the same as the signal
parameter X. This mismatch in the parameter while blindly searching over the patches in
the parameter space introduces a mismatch in the detected SNR (i.e. fractional loss in the
SNR) when compared to the SNR we would have got had we been using Xs = \. As this is
impossible to get away with this, signal parameter being unknown, we decide a maximum
SNR mismatch we are ready to tolerate. This then decides the size and the number of
patches that we need to search over trying to cover the parameter space optimally. For this

we define a metric in the parameter space ([1], [2], [7])-

2.4 Parameter space metric and the number of patches

Metric is defined using the loss in the SNR due to usage of patch parameter that is different
from the signal parameters. Now, this loss should ideally depend on the data analysis
method. For example, we are using barycentric resampling method. But it has been proven

that using metric corresponding to this statistic yields similar results for the number of
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patches as the matched filtering F-statistic leaving the amplitude modulation ([7]). This
makes our calculations comparatively simpler than done in (]2]) which requires integrating
over barycentric time. We have also conducted comparison for the number of patches in ([2])

corresponding to barycentric resampling method with the one in ([7]) for F-statistic method

(see appendix (B))).

Now let’s consider extended parameter space including the frequency of the signal

A} = {w W,X ={A% AT A% ...
(K} = fooan X} = ¢ ) o1
={A% N\ N2 )
Later on, we reduce this parameter space as the FF'T algorithm efficiently searches over

this parameter at once.

The analytical expression for the phase of the product signal (with T, = &) in terms
of the parameters (just using analytical form of the dot product) is given by (ignoring the

constant overall phase)

U, (t; A) ~2wgeut + @rp cos d cos(wpt — a + X)
c
w Wfl 2 ~
+ gT (2152 + 2T gept + Tfep + Erpt cos 0 cos(wpt — a + X) (2.14)
2T 5ep ,
+ (Rg cos 6 cos 6 cos(wgt — a + X) + R, cosd cos(Qt — o+ X))
c

where, x, x and, \’ are constant phases independent of A. R, and R, is the radius of the

Earth’s orbit around the sun and the radius of the Farth respectively and 7, is given by

r, = \/2R2E(1 + coswgT) cos by, (2.15)

we can, for the purpose of our metric calculation, write this as:
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U, (t; A) ~2Wgwt + @rp cos 0 cos(wpt — a + X)
c
(2.16)

- 2T
+ —wg2f 1 (2752 + 2Tyl + T2, + LR, cos  cos(Q — a + X'))
C

This approximation is valid because the rotational doppler term in the second expression

(with spindown) is negligible compared to the orbital doppler term.

Taking into account the tilt of the Earth’s axis

With the tilt of the Earth’s axis taken into account, the product signal phase is given by:

W, (t; A) AR 2Wawt + @rp cos 0 cos(wpt — a + X)
c

+ wg%fl (2152 + 2T ept + T2,
2T, (2.17)

R, (cosacosdcos (x' + Q)

+

+ (cosd cosesin a + sin d sin €) sin (X' + Qt) )>

Notice that it will result in equation for e = 0 (as should).

Following the technique in (]6]), we calculate the metric in the parameter space for our
method. For the calculation, we required the expression for the phase of the product signal
in terms of all parameters {K} to . We ignore the tilt of the Earth’s axis w.r.t. its
orbital plane for ease, i.e. we use equation for the phase of the signal in our calculation
of the metric. This should not affect the calculation for the number of patches up to order
of magnitude. We have tested this claim for the number of patches required to search for
in full-coherent searches ([2], |7]) by changing the tilt in the analytical expressions. That
calculation was relatively simpler due to the linearized phase approximation ([7]). For our
method linearization may not work for large spin-downs as some of the terms are quadratic
in the parameters and can not be ignored, unlike the case for full coherent method of ([2])

where such terms can always be ignored.
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Similar to (3.6) of ([6]), we define

—

W(t, A, AX) = Awgy 1+

—_

2R, Tsep cos(AS + 6) cos(Aa + a — t2)
(Afl + fl)wgw (2t2 + ZtTSEP + TS26p + .

2 c
pWaw COS(AJ + &) cos(Aa + a — twg)
; :

+

(2.18)
for a mismatch AA in the template parameters (only up to one spin-down parameter).

Now, the metric elements are defined by

gor = (V¥ ) = (W ) (W) (2.19)

where, a,b € {0,1,2,---},

ov
v, = , 2.20
I(AA®) (2:20)
and, ( ) is the time averaging operator:
1 /7
(X) = —/ it X(1). (2.21)
T Jo
The mismatch is (up to second order in AK) given by
o= gy AA" AN (2.22)

a,b

Now, as the FFT algorithm searches over all the frequencies readily and cost effectively,

what we need is the mismatch minimized over the frequency parameter A°. This results in

mismatch given by
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p="> Ty AN AN (2.23)

1,J
where, i,7 € {1,2,---} and,
Joigoj
Ty =gij — J (2.24)
9oo

is the g metric projected orthogonal to the direction of A° ([6], [2]).
Now that we have the metric, we can calculate the volume of the parameter space

vr:l/}kmavdx (2.25)

where integral is done over desired ranges of the parameter space {X} For an all sky
search, the sky location will need to be integrated for all possible ranges of right ascension

and declination.

Now the number of patches that one need to search for depends on the volume of
each patch which depends on the maximum tolerable mismatch f and the placement of
the patches, i.e. the kind of covering that is used. For this, we straightforwardly use the
equation (5.18) from ([2]). This is to be noted that there has been improvements in the
understanding of optimal placements of the patches ([10]), but we continue to use equation

(5.18) from ([2]) for ease in relative comparison.

Voaten = (2.26)

dim{X}/2
3/3 4 X}/
4\ dim{X} '

We have calculated the volume of the parameter for two cases. First, for searches with no

spin-down, and the second, for searches with one spin-down. We got an analytical expression

for the first case while for the second we have numerical results.
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2.5 Computational Cost

Now, given the number of patches N,, we look for the computational cost required to com-
plete the search. For our case, we need to multiply the data, take its DFT using the FFT
algorithm, and then find the power spectrum by evaluating the absolute values of the complex
numbers in the DFT of the data. We ignore the computational cost required for resampling.
This assumption is also considered in (]2]). For a given maximum search frequency fr.. &
observation time T" we can find the computational cost in terms of floating point operations

that is required to complete all the above calculations.

1
C = 2N, fnaaT + 6 furax TNy (1085 (2faxT) + 5 (2.27)

where the first term in the RHS of is due to the multiplication of N, different time
series signals. The second term corresponds to the computational cost of FFT algorithm and

calculating the power spectrum of the DFT. Here we’ve assumed that the data is sampled
at the Niquist’s rate 2f,,4z-

2.6 Sensitivity of the searches

It is good to state the sensitivity of any search in terms of the depth of the search which is

defined as

Dun(f) VS (2.28)

()

where, Sy is the normalized one-sided PSD of the noise of the detector and hy, is the
minimum amplitude of the signal that is expected to be detected. This is calculated for a
fixed false alarm probability (FAP). For our case, we have chosen the FAP to be 1%.

We can also write the depth of a search in terms of a specified False Alarm Probability

(FAP) and a fixed False Dismissal Probability (FDP).
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Statistics of detection & calculation of depth

The decision of a threshold for detection depends on the probability distribution of the
statistic in the presence and in the absence of the signal. Suppose that the detection statistic
is p; also, suppose that Py(p) is the distribution of the statistic in the absence of the signal
while P;(p) is the distribution in the presence of the signal. Now, for a maximum FAP of «,
the threshold of the statistic is given by

l—a= /Opth Py(p)dp (2.29)

For a real Gaussian noise n;, the Fourier Transform will also be normally distributed, i.e.

both the real and imaginary part of the Fourier transform will be normally distributed.

(ngig) = (Re(ig)?) + (Im(ig)*) = %

where, () is ensemble average and S is the one-sided power spectral density. By symmetry,

(2.30)

- . S
(Re(7i)*) = (Im(7iy)?) = . (2.31)
From ([2.31)), it is clear that
4Re(7+)? 4Im(ng)?
Re(nyg)” o AIm(ny) (2.39)
Sy Sy
follow a standard normal distribution. With this motivation, we consider
4P
p= (/) (2.33)
Sy

to be our statistic, where P(f) is the power in the bin of the power spectrum of data
corresponding to the frequency f (the corresponding bin). p follows a central x? distribution.
This is because sum of squares of two normally distributed random variable with mean zero

follows a central x? distribution. Now we look at the effect of the number of patches on the
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threshold of the statistic. Remember that we make corrections for N, number of patches
in the parameter space by resampling the data according to the search parameter XS. We
assume that due to these corrections, the resampled data are statistically independent in
all the frequency bins. So, for a search over a maximum frequency of f,,.,, the number of

statistically independent realizations is:

No = N, fraaT (2.34)

, where T is the observation time. Speaking of this, we rewrite (2.29) as

l—a= </Opth Po(p)d,o> o (2.35)

Assuming Ny > 1 and using binomial expansion up to first term, we get

a oo
— = Py(p)d
N, / O(P) 4

Pth

where, (2.36)

Py ~ x*(2,0)

is the x? distribution with 2 degrees of freedom and non-centrality parameter 0. This is

same as the exponential distribution

e s, (2.37)

which on substitution in (2.36)), gives

pin = 21In (ﬁ) . (2.38)

«
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Depth of the full coherent search

Now we calculate the minimum amplitude of a monochromatic signal that is expected to
be detected following (]2]). For current purposes, we’ll also ignore the details of amplitude
modulation as that can be dealt with using other methods like F' statistic ([§]). Assume a

monochromatic signal

h(t) = ho cos(27 fyut) (2.39)

in the presence of Gaussian noise with (one-sided) PSD S;. If the signal is present, the
expected power (in the signal) given that the statistic is py, is %(pth —1). This is because the
expected power in the noise is given by twice the one-sided PSD. So, the threshold amplitude
of the signal is given by

h?hTQ Sf Pth
— = (= —=1). 2.4
=Ly (2.40)

So we get the depth of the full-coherent search as

Dalf) = — V51 a (2.41)

Depth of the product signal search

Let’s assume GW signal of form:

h(t) = ho cos(T(t)) (2.42)

The product signal component near double the frequency of the GW signal (let’s consider

that the original signal has frequency near f,,,) is given by:
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hProd(t) = %3 cos(U(t) + W (t + Tiep)) (2.43)

We see that for our method the change is in the amplitude of the signal and the PSD of
the noise. The PSD of the product noise is the square of the PSD of the noise ([5]). So with
these changes, the detection depth is given by

1

D(2f) = pmd\/s_zf -~ (,,t_hT_ )Z (2.44)
hth (f gw — f ) \/§ 2 1

where py, is calculated using and, the first equality can be considered as a definition.

It should be noted that in , the depth is evaluated for amplitude of GW signal of

frequency fg, while the noise PSD is evaluated at frequency 2f,,. This is because we are

concentrating on the component of the product signal that is at (around) twice the frequency

of the original signal (f,.,).
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Chapter 3

Results & Discussions

In this chapter we state the results we obtain for our method of data analysis in the terms
of the number of patches in the parameter space and sensitivity. We also make comparisons
with respect to the earlier full coherent methods of data analysis of continuous gravitational
waves ([2, 8]).

3.1 Choice of T,

We had explored two choices for T, to implement our method in order to cancel the doppler
modulations. Our decision to use Ty, = § is based on the fact that this leads us to lesser
number of patches that we need to search over in the parameter space. Let’s assume a model
in which

wp = 366.25 x 2

and there are no spin-downs for GW signal. For this model, considering the two choices
of Ty

¢ Canceling the orbital doppler (with some residual of the rotational doppler (T, = 3))

In this case (ignoring the overall constant phase),

U+ U = 2wyt + ¢(Wew, t) (3.1)
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where U = U(t) & U = U(t + T,) and,

O 1) = “E (Fpi(t) + Toi(t + Toep)) - (3.2

The final expression for the product signal phase is:

U4 U = Oy + 2wt + L@(Tp cos 6 cos(wgt + o+ X)) (3.3)
c

where,

Ty = \/QR?E(l + coswgTsep) oS O, (3.4)
0, being the latitude location of the detector.

e Canceling the rotational doppler (with some residual of the orbital doppler (Ty., =

183.5days)
In this case,
U+ U = 2wet + ¢ (Wew, t) (3.5)
where
Wow , - .
¢ (Waw, ) = %(rEs(t) + Tes(t + Tsep)) - 10 (3.6)

Here note that the terms with vectors 7pg are absent. This is because they are exactly

canceled. This is what we call cancellation of rotational Doppler terms.

The final expression for product signal phase is:

U+ U = Oy + 2wt + @(W cos ng sin(Qt + ngy + X)) (3.7)
c

where, ns & n, are the ecliptic latitude and longitude respectively, and:

' = \J2R2(1 + cos T,y (3.8)

From Fig. (3.2) & (3.1), it is apparent that the extent of doppler modulation is more
for Tye, = & but the number of patches depends on 7, (1) as > (%) (section and not

directly on the extent of the doppler modulation. In the first case, 7, is of the order 10*
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le—5+4e2 Frequency of Product Signal

(frequency)
o

| =—— product signal frequency
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t le7

Figure 3.1: Plot of Frequency vs Time for T, = 367 X 2. The period of the modulations
is a year.

g = A
g

Figure 3.2: Plot of Frequency vs Time for Ty, = §. The period of the modulation is a
sidereal day.

while in the second case the corresponding distance 7’ is of the order 10° to 10°. So, in the
absence of spin-down terms, the number of patches required to be searched for is less in the
case of Ty, = & compared to the other choice. This is the choice we have moved forward
with.

3.2 Product signal in simple model

We consider the analytical form of the product signal for the model considered in [2.2.2] The
choice of wg = NQ (odd N) makes sure that the doppler modulation completely gets canceled
on multiplication of the signals temporally separated by T, = &. Finally, the product signal
has no Doppler frequency modulations but the amplitude modulations introduce fine side
bands near double the GW frequency. We get the product signal H(¢; 7)) (the components
near double the GW frequency) to be of the form:
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2
H(t; To) = h(t)h(t + Tp) = Z Ap cos(V + W + 2kwpt) + By sin(V + U + 2kwgt),  (3.9)
k=—2

The coefficients in the equation (3.9) are known functions of the location and the orien-
tation of the star and are described in appendix [A] The sum of the signal phases comes out
to be:

U+ U = 2w,,t+ ¥, (3.10)

where,
Wew . .
T = %(rDS(t) + 7ps(t +T)) -1+ 2®g + 29} . (3.11)
The quantity ¥q is a constant because the vector sum inside the brackets results in a
constant vector pointing along the axis of the rotation of the Earth. So this is how we get

rid of the doppler modulation.

From (3.9), we can see that there would be five peaks in the power spectrum of the
product signal. These peaks are very closely spaced, to be specific, at a difference of twice
the frequency of the rotation of the Earth. These are a result of the amplitude modulation

of the signal due to the periodicity of the antenna pattern functions.

Statistic to sum up the power in the peaks

We are also investigating the utility of statistic (3.12)) for summing-up the power in the five

peaks of the power spectrum of the signal.

A (w) = |Hp(w)|? + |Hr(w + 2wg)|? 4 [Hr(w — 2wg) 2 4 |Hr(w 4 4wg) > + |Hr(w — 4wg)|? .
(3.12)
where Hp(w) is the finite time Fourier transform of the product signal h(t) x h(t 4+ T)).
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sampling frequency: 0.5
Parameters:
RA: 90.0, DEC: 0.0, i: 0.0,
Detector latitude: 46.0, Detector orientation (y): 90.0,
freq: [100]

—— prod. signal DFT amplitude

106 4

105 4

10% 4

107 4

102 4

10! 4

o T T T T T T T
0.19980 0.19985 0.19990 0.19995 0.20000 0.20005 0.20010 0.20015 0.20020

f (frequency after heterodyning) (Hz)

Figure 3.3: Amplitude spectrum of the signal for general model. Five peaks can be observed.
The heterodyning frequency is lesser from the signal frequency by 0.1 Hz. So the heterodyned
signal is at ~ 0.2 Hz. The parameters taken for the signal are mentioned as the heading of
the plot; v is the angle made by the angle bisector of the detector arms with the West-East
direction.
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3.3 Product signal in general model

In case when the integral relation between the angular velocities {2 & wg does not hold, we
have two choices for Ty, and as discussed in (3.1]), we choose T}, to be §. This makes sure
that we have lesser number of patches as compared to the other choice of Ti,. If we look at
, the term containing cos(wgt) oscillates many cycles in the period of ~ 6 months. That
is why, the Fourier transform of the signal is given by Jacobi-Anger expansion. Thus many
peaks would appear in the DFT of such a signal. The amplitude of DFT of the product
signal with such a choice of Ty, is illustrated in Fig. (3.4). Note that these peaks appear

without the demodulation of the signal.

sampling trequency: 0.5
Parameters:
RA: 90.0, DEC: 0.0, i: 0.0,
Detector latitude: 46.0, Detector orientation (y): 90.0,
freq: [100]

—— prod. signal DFT amplitude

[%(A)|

107 4 U

10! 4

10° 4

107t T T T T T
0.1996 0.1998 0.2000 0.2002 0.2004

f (frequency after heterodyning) (Hz)

Figure 3.4: Amplitude spectrum of the signal for general model. Multiple peaks correspond-
ing to Jacobi-Anger expansion can be observed .
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02 =4.0001; 02 =15.9903

0.6

—— Product Gaussian Distribution (2)
= Gaussian Distribution (X)
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Figure 3.5: Probability distribution function of two random variables X and Z. X is normally
distributed random variable, while Z is the product of two identical, non-correlated normally
distributed random variables X and Y. This plot was created using 2 x 107 samples of
identical non-correlated Gaussian random variables X and Y, each with variance c% ., y & 4.
The variance of random variable Z comes out to be ~square of the variance of the individual
normally distributed random variables.

3.4 Product Noise

Let’s say that n(t) represents the random variable for noise at time ¢t. As over a narrow
bandwidth, the PSD can be considered to be constant, it is safe to model the noise to

be white. We have modeled the noise to be Gaussian with mean 0 and variance o2

, le.
n(t) ~ N(0,0?). Now, as we are multiplying two data streams, what we want to study is
the distribution of random variable n(t) x n(t + Ts.,) = N(t). The two random variables
n(t) = X and n(t+7Ts,) =Y can be considered to be independent being separated by a long
time. The distribution of random variable Z = XY does not remain Gaussian any longer

([5]). The probability distribution function of the random variable Z is given by

p(z) = %’F) (3.13)

where K is modified Bessel’s function of the second kind. N(¢) = Z has a variance of

o*. See for illustration Fig. (3.5)
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Distribution of the statistic

Even though the pdf of the product noise in time series is not Gaussian, the Fourier transform,

i.e.

N-1
Ni=Y N % (3.14)
=0

is still Gaussian by the central limit theorem ([12]). We have checked the validity of
this claim numerically. Fig. shows a Gaussian fit to the density histogram (labeled by
‘data’) of \]/V—% where the DFT is divided by v/N for scaling it corresponding to the time series
data. Here note that the original time series noise had a variance (¢2) of 4. So the product

noise would have a variance of 16. This is also (approximately) the sum of the variances of
the two distributions in Fig. (3.6a) & Fig. (3.6b)) (i.e. the imaginary and the real parts).

Now because the real and imaginary parts are both Gaussian, and the statistic we use is
the power of the DFT, we can use the y2-statistic for the purpose of calculation of SNR and

amplitude threshold calculations.

3.5 Demodulation Results

We can see (Fig. (3.7)) that demodulating reduces the number of peaks in the amplitude
spectrum of the signal (compare Fig. & Fig. ) There are 11 peaks all separated
by the frequency of the rotation of the Earth. This is more than the number of peaks in the
simple model case (section [3.2)). To deal with this we can use a statistic similar to ,

A (w) =|Hp(w) > + |Hr(w + wp)|? + |Hr(w — wg) > + |Hr(w 4 2we) > + |Hr(w — 2wg) >+
’HT(CU -+ 3&)]3)‘2 -+ |HT(U.) — 3(JJE‘)‘2 -+ ’HT(O.) + 40)]3)‘2 + |HT(W — 4WE)‘2+

|ﬁT(w + 5LUE)|2 + |[:IT(w - 5(UE)|2 .
(3.15)

We need to investigate this further.
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(b) Gaussian fit for the imaginary part of %

Figure 3.6
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sampling trequency: 0.5
Parameters:
RA: 90.0, DEC: 0.0, i: 0.0,
Detector latitude: 46.0, Detector orientation (y): 90.0,
freq: [100]

—— prod. signal DFT amplitude

10° 4 \
100 ",/—\/

107! y T y T T T T
0.19980 0.19985 0.19990 0.19995 0.20000 0.20005 0.20010 0.20015 0.20020

f (frequency after heterodyning) (Hz)

Figure 3.7: Amplitude spectrum of the signal for general model after resampling. Eleven
peaks can be observed. All the consecutive peaks are separated by a frequency of the rotation

of the Earth (i.e. $2).
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3.6 Parameter Space Metric & Number of Patches

We have explored two cases:

e Signal with no spin-down

e Signal with one spin-down

The metric formalism and the methodology for our calculation is given in (2.4). We state
the results for the number of patches in the parameter space required to be searched for,

given a maximum mismatch.

3.6.1 Signals with no spin-downs

For signals with no spin-downs, the product signal phase is given by

U, (t; A) = 2wewt + @rp cos 0 cos(wpt — a + X), (3.16)
c

where 7, is given by (3.4). The quantity wgwr,/c is actually 27r,/Agy, where gy is the
wavelength of the GW - it is essentially 27 times the the number of GW wavelengths that
fit in r,. We will denote it by n, and write,

The inverse of n, is in fact analogous to the resolution of the aperture or the ”telescope”.

Because of the simple form of the phase, it is easy to calculate the analytical forms of
the metric (g and the projected metric I') elements. The elements of the metric g (2.23)) are
given by (T being the observation time)

T2 1 1
150 9= —n3 cos®d, Goy = 571%\ sin? 6 . (3.18)

Jgoo = 5
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We do not consider the non diagonal elements as they don’t scale with T and won’t

contribute to the projected metric for a long period of time (7' 2 100 days).

So, the elements of the projected metric I' (for 7" 2 100 days) are given by

1 1
FH = §n§\ COS2 5, Flg ~ O, FQQ = én?\ sin2 5, (319)

From this we obtain .
det(T") = Zn‘f\ cos® dsin® 6, (3.20)

and integrating the square root of this over o and § we obtain the parameter space area as:

A=mn;3. (3.21)

This turns out to be about ~ 1400 for f,, = 100 Hz and r, = 10000Km, and it scales
as square of f,,. So, the number of patches corresponding to patch volume (2.26) and a
maximum mismatch (/1) of 0.3 is ~ 1800. This is very less compared to the other full coherent

methods that have been used earlier ([2], [7]) and hence our method is computationally more

efficient. See for a comparison Fig. (3.§)).

Fig. is plotted using numerical implementation without ignoring any non diagonal
metric elements; so it also shows that our approximations are correct; in fact the number
of patches becomes nearly constant for ' 2 2 day. We can say that the correlations (non-
diagonal metric elements) matter only till an oscillation or two is completed. Here, the term

cos(wpt —a+x) in (3.16]) oscillates with the same period as the Earth’s rotation (1 sidereal
day).

3.6.2 Signals with one spin-down

We consider another case of signals with one spin-down. This is good for certain kinds of
low frequency continuous GW signals where one spin-down is sufficient to take into account
the frequency evolution of the signal.([2]). The product signal phase is given by (2.16]). For

accessibility, we rewrite it here again
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10
10 —— Product Method

—— Full Coherent Method

108
106

104

T T
10° 10t 102
Observation Time (days)

Mumber of Patches

Figure 3.8: Comparison for the number of patches (as a function on observation time)
required to be searched over in the sky for two methods. The ”Product Method” is our
method and the "Full Coherent” method is the method discussed in ([2] & [7]). We have
assumed a maximum mismatch (/1) of 0.3 and a maximum frequency of 100H z for both the
methods for the purpose of calculation and comparison.

W, (t; K) A 2Wgwt + wﬁ'r’p cos 0 cos(wpt — a + X)
c
i (3.22)

A

o7,
(2t2 + 2Tt + T2, + "L R, cos 6 cos(Qt — o+ X'>) + o
C

As the analytical calculations are tedious, we simply state the numerical results as Fig.
(3.9) in terms of the number of patches required to be searched for, given a maximum spin-
down and a fixed observation time of ~ 6 months. The dependence of the number of patches

on the observation time is very weak.

Note that the nature of the plot changes above spin-down magnitude of ~ 1071 Hz
below which the curve follows a linear behavior, but later it turns to cubic with the spin-
down parameter f;. This nature can be explained by the second and the sixth term in
. These terms are comparable in terms of their nature even though they oscillate at a
completely different period, one with period of a sidereal day and the other with the period
of a year. Ignoring the frequency differences, we see that the expressions that should be

compared are (|3.23)
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rp & RTsepfi- (3.23)

When we equate the two terms, for r, = 10000 Km, we get f; ~ 107" Hz. This explains
the behavior as the number of patches oc r2, but from (3.23), it should be oc ff above
fi ~ 107" Hz, and the linear dependence was already there from the integration. So finally
we have the cubic dependence we observe in Fig. .

1012 4

10 5

1010 4

1_09 .

Number of Patches

1_03 4

1_0? 4

T T T T T
10-13 10-12 10-11 10-10 10-%
fi (Hz)

Figure 3.9: Plot for the number of patches as a function of maximum spin-down to be
searched for. This is for a fixed observation time of ~ 6 months and a maximum GW
frequency of 100 Hz (i.e. product signal frequency of 200 Hz).

Comparison with the earlier full-coherent methods

Fig. shows a comparison for the number of patches for the two methods- our method,
and the full-coherent method of ([2] & [7]) for a fixed observation time of ~ 6 months. We
see that the number of patches for the other method is significantly higher; in fact this many
patches makes the search computationally difficult for an observation time of ~ 6 months.
More discussion on this is provided in the next section in the context of sensitivity of the

searches.
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Figure 3.10: Plot for the comparison of the number of patches as a function of maximum
spin-down to be searched for. This is for a fixed observation time of ~ 6 months and a
maximum GW frequency of 100 Hz (i.e. product signal frequency of 200 Hz).

3.7 Sensitivity Comparison

We compare the sensitivity of our method (product method) with the coherent methods ([2],

[7]) using the depth of the searches (2.41| & [2.44). Due to quadratic noise, the depth for the
product method (D7°(f)) is significantly less than the depth for the full coherent method

(Din(f)) at a given frequency f and a fixed observation time.

We see that this is not a good comparison for the depths as the product signal is at twice

the actual GW frequency fg.,.
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Relative Depth
We define the relative depth of two methods as

rel _ Dfi:Od(Qf) /i
hth(fgw = f)

T (f = f)

— LIGO L1 PsD (04)
10-18 4

10-19 4

10-20 ]

10-21 4

10-22 4

VS (1/VHz)

10-23 4

10—24 4

10-25 4

10726 T
10t 10?
Frequency (Hz)

Figure 3.11: LIGO O4 noise PSD. This PSD was made from actual LIGO strain data! using
Welch’s method?. Note that the data might not be reliable below 10 Hz so we don’t make
comments below this frequency.

We see that what matters is  / :Tff for a given detector. For LIGO, PSD has a large slope

at lower frequency (Fig. |3.11, Fig. [3.12). This means we can have comparatively better

sensitivity for low frequency signals. We have tested this claim for LIGO O4 run sensitivity

curve.

We state the results for a fixed computational power of 1 Peta-FLOPs (10' floating point
operations per second). The full coherent method is computationally bounded so we calculate

its sensitivity for an observation time corresponding to the bound on the computational

Ihttps://gwosc.org/eventapi/html/04_Discovery_Papers/GW230529_181500/v1/
“19]
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102 4
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Frequency (Hz)

Figure 3.12: LIGO O4 noise PSD ratios. This plot was made using a smoothed out PSD
curve corresponding to Fig. 3.11

power. A plot for the maximum observation time as a function of maximum GW frequency
to be searched for is given in Fig. corresponding to the full-coherent method. For our
method, we have considered a fixed observation time of ~ 6 months as computational cost
is not a problem for this case, given a computational power of 1 Peta-FLOPs. The results
for relative depth is given in Fig.. We can see that we are at an advantage compared

to the full-coherent method for signals with frequencies below 17 Hz.

Comments on detection probability

Including the detection probability does not change the result by much. Without con-
sidering the detection probability, we are in advantage for signals with frequencies below
~ 16.5 Hz. We need to be careful about including the detection probability to our results
because when numerically implemented, the results vary significantly from the theoretical

calculations ([13]).
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Figure 3.13: Limit on the observation time (for full-coherent method), given the maximum

computational power of 1 Peta-FLOPs. The maximum spin-down was considered to be
8 x 1071 Hz (i.e. a spin-down time of 40 years).
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10 11 12 13 14 15 16 17 18
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Figure 3.14: Relative depth for the two searches as a function of the GW signal frequency
given a false alarm probability of 1%. Here we have also assumed a detection probability of
95% using non-central x? -statistic.
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Chapter 4

Conclusion

We see that our method performs significantly better in the low frequency band (10—17 Hz)
for LIGO detectors while also being computationally inexpensive compared to the earlier
methods. At the best, for a 10 Hz signal, the sensitivity of our method is ~ 4.5 times the
earlier full-coherent methods (given a minimum spin-down time of 40 years), and this remains
higher till the frequency of ~ 17H z. We present the comparison for the amplitude threshold
corresponding to the mentioned frequency band in Fig. for a false alarm probability of
1% and a detection probability of 95%.

Note that in these calculations we have ignored the effects of amplitude modulations
which separates the single peak of the monochromatic signal into various. To deal with this
we can use the statistics introduced in (3.15)). With this, the only change that we will need
to make in the sensitivity calculation would be the degrees of freedom of the y2-distribution

and this won’t change our results by much.

Remarks on actual orbit

It is well known that the Earth’s orbit around the SSB is not perfectly circular but is nearly
elliptical. In the case of elliptical orbits, there always exists a choice of T, that cancels the
orbital Doppler modulation. If the orbit deviates from a perfect ellipse—for example, due to
the Earth’s motion around the Earth-Moon barycenter—the resulting Doppler modulation

is small and has a negligible impact on the number of patches required to be searched over.
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Threshold comparison

—— Product Method
—— Full Coherent Method

10—23 4

Ben(Fgu)

10-24 4
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fow(Hz)

Figure 4.1: Amplitude threshold comparison for the two methods (given false alarm proba-
bility of 1% and detection probability of 95%).

We plan to extend our method to explicitly test the case of an elliptical orbit in future work.
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Appendix A

The amplitudes describing the
product signal in special case when
wg =N x (N being odd integer)

The amplitudes of the various terms in 7?7 are given in terms of the coefficients, which we

present in four steps. First we define the functions:

C1(i,8,0;,7) = 12(1 + cos® i) cos? § cos® 6, sin 27,
Ca(1, 0,0, (cos 20, — 3) sin 27y(cos 28 — 3)(1 + cos? 1),
Cs(1, 46, 0;, —4 sin 26 sin 27 sin 26;(1 + cos® 1),

7)
7)
( 7)
Ca(i,0,6,,7)
5(@ 9,01, ’V)
1(i757 Qlﬁ)
( 7)
( 7)
( 7)

O

= —8sin 26 cos 27y cos B (1 + cos? 1),
= —4 cos 27y(cos 20 — 3) sin (1 + cos® i), (A1)

%)

—32 cos? i cos 2y cos d cos b,
So(1, 6,6,
Ss(1, 9,6,
Su(2, 0,60,

= 32 cos? i cos 2y sin § sin 6;,
= 16 cos® i sin 2y(2 cos & sin 26;),
= 8 cos?i(cos 20; — 3) sin  sin 2.
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The next set of functions is:

1
Geo(i,0,00,7) = Cf + 5{C5 + C5 + 87 + 85— C; = €1 = §; = S,
Ge1(4,0,0;,7) = 2C1Co + = {52 +C2 S§ — Cg},
Gea (i, 6,61, 7) = 6304 — 885 — 2C:Cs, (A.-2)
Ge3(i,0,0;,7) = (C§ +Sf — 822 - Cg),
gc4( 57 0l7 ) 8284 C2C57
Gs1(%,0,0;,7) = 2C1 S5 — C3851 + CySs,
Gs2(i,9,0,,7v) = C4S1 + C3S3 — 2C1 Sy,
Gs3(1,0,01,7) = C2Sy — C5S4,
gs4(7' 5 ela ) _6584 - 62847
Further, we define set of functions:
AO - 2Kchv
By=0
Alci - (gcl + ng);
Als:l: = K(QCQ + gsl)a
B ct — K gs gc ;
let ( 1+ 2) (A.3)
Blsi = K(gs2 + gcl)a
Asger = K(Ges £ Gya),
A2s:|: - K<gc4 + gs3)7
B2c = K<gs3 + gc4);
Bosi = K(Gsa £ Ges),
where,
h
p— A.-4
4096 (A-4)
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Finally, we define the coefficients in the equation 7?7 as:

Ag = 2K Gy

BO — 0

Ay = {Ajex cos2a + Ajsy sin 2a} (A5)
Biy = {Bjet €08 2a + By sin 2ar}

Agg = {Ageq cosda + Agey sinda}

Bio = {Bget cos da + Bogy sinda}

The coefficient By is zero because of the choice of the coordinates and initial phases of the
rotation of the Earth.
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Appendix B

Comparison of number of patches

calculated for barycentric resampling
method and F-statistic method

Here we compare the results of number of patches (filters) required be searched for for two

methods- barycentric resampling method as in ([2]) and the F-statistic method as in ([§]).

We will only consider one spindown case as this is also the maximum spindown we have
considered in this work. We assume that the analytical results given in Eqgs. (6.3) to (6.7)
of (|2]) are true till observation time of 20 to 30 days as it is mentioned there that the
results were derived by numerically fitting analytical function to plot they have given for a
maximum observation time of ~ 20 days. For the F-statistic method, the calculations are
much simpler due to linearized phase as in ([7]). So we have recalculated the metric and
number of patches are scaled according to the volume of patch as given in ([2]). This lets us
compare the number of patches for the two methods. The results for mentioned maximum

spindown and maximum frequency can be seen in Fig. (B.1]).
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max spindown time = 40 yrs, max freq=10Hz

10% 4 —— F-statistic
—— Barycentric Resampling
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Figure B.1: Plot for Comparison of number of patches in barycentric resampling method
and F-statistic method

We can see that there’s a very good match of number of patch for the two cases for ~ 20

days. This is what we expect for the reasons mentioned above.
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