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Abstract

In this thesis, we discuss a variational method that can help us to accurately determine the density
profile of both single-component and multi-component ground states for a Spinor-Bose-Einstein
condensate confined in a harmonic potential. Subsequently, we will apply our variational method
to determine the phase boundary for a spin-1 Bose-Einstein condensate in a quasi-one-dimensional
harmonic confinement. We begin by finding energy and number densities for all possible stationary
states under the Thomas-Fermi approximation. Although the Thomas-Fermi approximation works
better for larger condensates, it can fail even for larger condensates when the difference in energy
between the competing ground states is minimal. Because of these limitations of Thomas-Fermi,
researchers started exploring more accurate methods, such as numerical simulations, to determine
the density profile of ground states for condensates under confinement. However, numerical simu-
lations prove to be computationally expensive in higher dimensions. Thus, there is a growing need
for analytical methods to efficiently and accurately determine the density profile of ground states
for condensate under confinement and subsequently determine the phase boundary. This is where
our variational method proves particularly effective. Furthermore, accurately finding the exact lo-
cation of the phase boundary for a trapped system is crucial for studying critical phenomena like

phase transitions, quench-induced dynamics, etc.



Chapter 1

Introduction

1.1 Bose-Einstein Condensation

In 1924, physicist Satyendra Nath Bose integrated the light quantum hypothesis with statistical
mechanics to obtain Planck’s formula and sent his findings to Einstein. Recognizing the signif-
icance of Bose’s work, Einstein submitted the manuscript on his behalf to Zeitschrift fiir Physik
[4]. Einstein then extended this theory to other particles [7], notably the monoatomic ideal gas,
and the result was the emergence of Bose-Einstein statistics, which dictates the behavior of Bose
gas. In the following year, Einstein predicted that at exceedingly lower temperatures, as the de
Broglie wavelength of atoms becomes comparable to the interatomic separation, the ideal gas of
bosons undergo condensation into the ground state with the lowest energy, leading to the formation
of Bose-Einstein Condensates (BEC) [29].

It was in the year 1938 that Fritz London [21] proposed Bose-Einstein condensation as the un-
derlying mechanism behind of phenomenon super-fluidity in Helium. Later, in 1947, Bogoliubov
[3] introduced his new perturbative approach to show the effects of interaction on BECs in realistic
samples. In 1956, Oliver Penrose and Lars Onsager [24] further generalized the mathematical for-
malism of BEC in the presence of interaction [16]. Four years later, In 1960, Lev Pitaevskii [23]
and Eugene Gross [10] independently developed the mean-field theory, which marked a significant
advancement in the theoretical understanding of this field. Their works demonstrated that, due to
macroscopic occupation of the ground state, a BEC can be represented by a semi-classical wave
function (order parameter), and the resulting governing equation is called the Gross-Pitaevskii
(G-P) equation.

Bose-Einstein Condensates form at extremely low temperatures (about nano-kelvin (nK)).

These days, There exist various cooling techniques used to achieve such temperatures,

* Laser cooling technique [2][11]: This method uses carefully tuned lasers to cool down
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atoms. However, this method can only cool atoms to milli- Kelvin (mK) range.

» Evaporative cooling [22]: This technique is quite similar to how a cup of coffee (for exam-
ple) cools down[16], where the higher energy-carrying molecules leave the cup, and remain-

ing molecules redistribute energy to lower the temperature of the system.

* Further, to enhance this method, a radioactive frequency field is applied, which helps the
high-energy particles to escape. However, one drawback is the significant loss of trapped
particles. But this limitation could be avoided using a dimple trap [28], where the intro-
duction of a tightly focused red-de tuned laser beam creates a localized potential inside the
broader trapping potential. A dimple trap is a highly focused optical potential superimposed

on a larger trap, increases atomic density and improves cooling efficiency [28].

In 1995, Eric Cornell and Carl Wieman[1] observed BEC for the first time by using 3000 atoms of
87Rb and achieved a transition temperature of around 170 nK (In this sample, the constituent atoms
were in a single spin state, making it a scalar BEC) within a magnetic trap [12]. A few months
later, Wolfgang Ketterle successfully produced BEC with >3Na particles [6] and in the same year

7Li was also Bose-condensed [5].

1.2 Spinor Bose-Einstein Condensates

The magnetic trapping enables the formation of Bose-Einstein Condensates only with atoms in
low field-seeking hyperfine projections [8] [19]. Consequently, all constituent atoms in the Bose-
Einstein Condensate remain in a single spin state. However, suppose one traps the condensate that
does not energetically favor a single spin state. In that case, the spin degrees of freedom alongside
varying density can lead to a richer system [16]. This is achieved by using an optical trap [25, 27].
Such BECs with spin internal degrees of freedom are known as Spinor Bose-Einstein Condensate.
In contrast, a Bose-Einstein Condensate lacking spin degrees of freedom is often called a Scalar
Bose-Einstein Condensate. In the year 1998, Spinor Bose-Einstein Condensate was first reported
by using spin-1 2>Na atoms confined in an optical dipole trap [25], paving the way for a new frontier
to research in ultra-cold atomic systems. Note that, for a spin-f BEC, the order parameter(wave
function) will have 2f+ 1 components [25, 26], which can vary spatially and temporally, gives rise
to various spin textures.

In the following, we discuss some known essential theoretical aspects of spin-1 BEC. The
contents of the following section are based mainly on the review article by Yuki Kawaguchi and
Masahito Ueda [18] and the PhD Thesis of Projjwal Kanti Kanjilal [16], which have been the

motivation for the work done and presented in this thesis.
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1.2.1 Hamiltonian for spinor BEC

The second-quantized Hamiltonian, in terms of density field operators, comprises interacting and
non-interacting components.
H = Hy+ Hi (1.1)

Non-interacting components of Hamiltonian include the kinetic energy term, trapping potential

Uirap(r), linear and quadratic Zeeman terms [16, 18] respectively,

v

o + Unrap(r) = P(f)mm + @Dt | B (1.2)

Hy = / dr ‘i’,L
m' m= 0 1,1

In the above expressions, M denotes the boson’s mass undergoing condensation. The confining
potential is denoted by U,y (r), and the field operator corresponding to the m'" sub-component is
given by ¥,,,. The f. represents z-component of the Pauli Spin-1 matrix [18] with matrix elements
(f2)mm = (S )m and (f2),my = (Spmy)m?. The parameter p represents the strength of the linear
Zeeman effect and is given by p = —gupB, where up denotes the Bohr magneton which is defined
by 5= < (where me is the electron mass) where g is the Landé g factor. The Quadratic Zeeman term

is calculated as the sum of contrlbutlons ar1s1ng from microwave field (gpw) and magnetic field

(gp) i.e. ¢ =quw + gp. Here g = & “ »— and AE,; = E,, — E; denotes the hyperfine splitting
energy, calculated as the difference between the intermediate energies(E,,) and initial energy(E;).
Furthermore, the ability to tune the value of gyw independent of gp applying an off-resonant
linearly polarized microwave field [9, 20], allows one to tune the quadratic (¢) and linear (p)

Zeeman terms independently [16].

The interacting component of Hamiltonian is given by

H,; = /dr co: A2 (r) : +cy F:Z(r) ) (1.3)

The notation ’: :” in the above eqn.(1.3) denotes the usual normal ordering, which places creation
operators to the left of annihilation operators. In this context, cy represents the spin-independent

interaction coefficient and c; represents the spin-dependent interaction coefficient [14, 16] as

2 4mh? —
co= ( a2+a0) r and ¢ = (023Mao)47rh2. (1.4)

3 M

The 7 denotes the number density operator and £} represents components of spin density operators
[16, 18]

Z ‘i’jn(r)‘i’m(r) = (r), (1.5)



1

Z (fi)mm"ill;(r)‘i]m’(ﬂ :ﬁ}7 (1.6)
m' ,m=—1
where f;(i=z,x,y) are Pauli Spin-1 matrices given by [18]
| 010 ) 0 -1 O 1 0 O
i
— 1 0 1 , — | 1 1| = and 00 O = (1.7)
NG fx 7 fy E
010 0 0 0 -1

1.2.2 Mean-Field Theory and Gross-Pitaevskii Equation for spinor BEC

Mean field theory is generally derived by substituting the field operators with their expectation

values. To develop it, we begin by expanding the field operators as
P (r) =Y amimi(r) (1.8)
i

where ¢,,;(r) denotes the complete set of orthonormal basis functions that describes the spatial
mode i with magnetic quantum number m [18]. The d,,; which satisfies canonical commutation

relations represent corresponding bosonic annihilating operators

[aAL/ J?

il = 88 and  [dpyjyami) = (@', ,a" ] =0. (1.9)

m' j? " mi

The mean-field approximation assumes all the bosons occupy a single spin state and spatial

mode (i.e., i = 0). Thus, the state vector is expressed as

1 N
|§>=\/%< ) émdfno> [vac) (1.10)

m=-—1

here |vac) represents the particle vacuum and &,, follows the normalization conditioni.e. Y} _ | |En|? =

1. Considering the order parameter W, (r) = v/N&,@po(r), it is easy to show that [16],
(E1Wn(r2) &) = (&|Wh(r2)[6) =0 (1.11)
CE[PT (1) P (r2) [€) = Wi (71) Y (72) (1.12)
(T}, (0 02 12 15118 = (1 ) Vi Vi)W W) 113

Utilizing the mean-field approximation, the Hamiltonian in eqn.(1.1) is replaced with its ex-
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pectation value. Furthermore, ignoring the terms of order 1/N, we get

1 h2v2 5
Z W;z(r) <_W +qgm _pm+Ulrap(r)) ll/m(r)
' =—1

HIE)=Ey|= [dr
(E1f1E) = Elv] = [ L -

+ 50+ S IF()P|

Herein, n(r) denotes particle number density and F(r) signifies spin density expectation value and

are represented by

1
n(r) = (&A1) = Y Wn(r)wm(r), (1.15)

m=—1
. 1
F=EIEMIE) =X Wnlfidmm (1) (1), (1.16)
mm'=—1
where (f;) denotes the mm’ element of the Pauli spin-1 matrices (eqn. 1.7).

Observe that the dynamics of mean-field are governed by,

AV OFE
ih Yim _ . (1.17)
dt - Sy (r)
Using eqn.(1.14) in the above relation gives us,
.0 hv?
il (;/;m = <— 507 —|—qm2—pm—|—U,mp(r)) Yn(r,t)
] (1.18)
+ con(r,t)Wp(rt) +cy Z F(r,0). frm W (1,1).
m=—1
This above equation is a multi-component time-dependent GP equation where m = —1,0,4-1.

1.2.3 Stationary States in absence of confinement

We can express the time-dependent wave function as a product of space-dependent and time-
dependent functions,
iut
V(1) = Yin(r) exp(— ) (119)
here, u denotes the chemical potential.
Substituting eqn.(1.19) in eqn.(1.18) would give us three coupled time-independent GP (TIGP)

equations,



Ve
—=F_(r)yo(r) + (_W +q =P+ Uprap(r) + con(r) + 1 F(r) — u> vi(r)=0  (1.20)

2v? C C
W0) (o 4 un0) + g (1)~ ) + + o OFL ) + Sy 0P () =0 (121)
22 c
ll/*l(r) (_%Vﬁ +q+p+Utrap(r) +C0n<7’) —Cle(}") — [J) + 715F_|_(I’)1V()<I’) =0 (1.22)
where Fy1(r) = Fy(r) £ iF,(r) and,
75 WOV ) + W 00w0) + (W) )W) =R (29
\% =i (D wo(r) + w5 (r) (Wi (r) = w1 (n) + wo(r) w2 (r)] = F(r) (1.24)
WP = Y1 (P = E0) (1.25)

From this point onward, solving the above TIGP equations helps us to obtain the feasible
stationary states and their corresponding energies. The most straightforward situation to consider
from this point would be to see when there is the absence of trapping potential, i.e., Usqp(r) =0
(Homogeneous case). In this scenario, the system exhibits a constant number density function,
which allows us to neglect the kinetic energy. This system is solved exclusively in [18], and we
will state the results. For this case, we would observe five different stationary states, namely
Ferromagnetic(F1) or (1,0,0) state where only m = 1 level is filled, Ferromagnetic(F2) or (0,0,1)
state where only m = —1 level is filled, Polar(P) or (0,1,0) state where only m = 0 level is filled,
Antiferromagnetic (AF) or (1,0,1) state where both m = 1 and m = —1 levels are filled and (1,1,1)
state where all the spin projections (m =0, —1,41) are filled.

In the phase diagram (Fig.1.1), different stationary states are F1 or Ferromagnetic or (1,0,0)
state, F2 or Ferromagnetic or (0,0,1) state, Antiferromagnetic state or (1,0,1) state, Polar state or
(0,1,0) state and (1,1,1) state. Observe that, for condensates with the antiferromagnetic type of spin
interaction i.e., c; > 0, Ferromagnetic, Polar, or Antiferromagnetic states act as the ground state
depending on the values of q and p. Similarly, for condensates with the ferromagnetic type of spin
interaction i.e., ¢y < 0, Polar, (1,1,1) state or any of the Ferromagnetic states becomes the ground

state depending on q and p. Furthermore, for condensates with no spin-spin interaction (c¢; = 0),
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Figure 1.1: phase diagram for spin-1 condensate in the absence of any trapping potential
the system ground state can either be Polar state or ferromagnetic depending on q and p.

In Chapter 2, we will focus on realistic situations of the condensate under harmonic confinement.
Unlike the homogeneous case, where the number density is considered a constant function, a
trapped condensate would exhibit a spatially varying number density profile because the trapping
geometry would dictate the condensate’s number density.

Chapter 3 will present a Variational approach that would help us accurately determine the
number density profile for ground states of a Spinor Bose-Einstein Condensate in harmonic con-
finement.

In Chapter 4, we will use the variational method to construct phase boundaries for a confined
condensate and analyze the deviations from the homogeneous case. Furthermore, we will establish

universal (collapsed) phase boundaries independent of the number of condensate particles (N).






Chapter 2
Stationary States in presence of trapping

In the previous chapter, we saw the results for Spinor Bose-Einstein condensate in the absence of
trapping potential. However, in a practical setting, a Bose-Einstein Condensate is confined within a
potential, which is typically harmonic. Consequently, unless this confining potential is turned off,
trapping effects cannot be neglected. As a result, the constant number density assumption, which
was valid for homogeneous cases, no longer holds for trapped condensate. The trapping geometry
directly influences the condensate’s number density. Solving the Gross-Pitaevskii equation in this
scenario is challenging due to its nonlinear nature and the presence of derivatives.

This chapter begins with investigating the condensate in a generic confining potential. We
apply the Thomas-Fermi(T-F) approximation, generally applicable for high-density condensates,
where kinetic energy is omitted due to its minimal contribution compared to interaction energy.
We would use this approximation to determine the energy and number densities associated with
individual stationary states. Our next task would be to look at a previously established Variational
method used in similar contexts. The contents of this section are mostly taken from a PhD Thesis
by Projjwal Kanti Kanjilal [16]

2.1 Stationary States in Presence of a Confining Potential

As we observed earlier, the ansatz to use in the absence of trapping was eqn(1.19), but in the
presence of a trapping potential, the ansatz to follow is [16]
iyt

(1) .exp(—i@m).exp(—F) = Yu(nt). (2.1)

where n,,(r) refers to the number density of the m'™ sub-component. Here, stationary state refers
to the stationarity of n,,(r). Further, the spatial dependence of 6,, is neglected because any such

dependency will cause velocity, which will be against the stationarity of phase [16].
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Substituting the above ansatz in eqn.(1.18) and then equating the imaginary parts separately for
different spin projections(i.e., m = —1,0,+1) would give us the evolution equations for different

sub-component number densities [16]

. 4n0,/n_1n1 clsine
rig(r) = — - - 22)
) 2no0/n_1ny ¢1sin 6,

ng(r) = 5 (2.3)

where 0, refers to the relative phase, and is given by 6_; + 6 —26y) = 0, .

Similarly, equating the real parts separately for different spin projections(i.e., m = —1,0,41)

would result in phase dynamics equations.

: 1 h2v?
W6y = ci(n_1 +n;+2y/nn_ycos6,)+ (— + Usrap(r) — u + c0n> Vvno(r), (24)

no(r) 2M
. 1 hZ V2
ho) = —— (——_ — U+ Usrap(r) +C0n> Vni(r) +q
m(r)\ M 2 (2)
4 o (Mcos9r+ m(r)) —clra—m)=p,
ny(r)
' 1 hZ V2
"o = (——— U+ Urrap(r +“0”) CEIGEY
) M 2 (2.6)
+L°() (Vi () cos 8 +/n 1 (1)) +e1 (g —m) + p.
n_i(r

Using the same ansatz (eqn. (2.1) ) we can also simplify the energy expression(eqn. (1.14)) as

e(r)dr
h2 v2
= /di’ -V nm ——\Vn +Utrap nm )) + nl(q_p)'i'nfl(p_Q)'i_
m=
con (r c1.(np—n_ 1)2
7 + cino(n_1 +n;+2cos6,/n_iny) + f ,

2.7)

here e(r) refers to the energy density. From this point onward, we would solve eqn.(2.4) - eqn.(2.6)

to obtain a complete description of the stationary states under confinement.
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2.1.1 Single-component states

A single component state is a stationary state where two sub-components are empty while the
remaining sub-component is populated. In the context of the spin-1 case, there are three possible
single-component states. The first one is the Polar state denoted by (0,1,0). The remaining 2 being
ferromagnetic states denoted by F1 or (1,0,0) and F2 or(0,0,1)

Ferromagnetic or F1 or (1,0,0) state

F1 state corresponds to empty m = —1,0 levels and populated m = 1 level , i.e. np =n_; =0 and
ni(r) = n(r), where n(r) represents the total number density. For this state, the phase equation for
6, is set to 0 (76; = 0).

hn* V2

_ﬂT_P—FcOn(’”)‘FUtmp(”) +ein(r)+q—u=0. (2.8)

Thomas-Fermi(T-F) approximation
The Thomas-Fermi approximation, applicable to condensates with a high density of particles, relies
on the assumption that the interaction energy is significantly greater than the kinetic energy. As a

result, the kinetic energy is ignored, and the number density function we get is

( ): .u+p_q_Utrap(r> :n(r).

ni(r 2.9
1 co el (2.9)

Furthermore the energy density of F1 state is calculated by substituting eqn.(2.9) in eqn.(2.7) which

would give us [16],

2
TF H_Utrap(r)_Q+p> (“_Utrap(r)_Q+p)
er1(r) = (Uprap(r) +qg — + ) (2.10)
() = Wpl0) 4 - p) (220 )
Ferromagnetic or F2 or (0,0,1) state
F2 state corresponds to empty m = 1,0 level and populated m = —1 level , i.e. np =n; =0 and
n(r) = n_1(r). The phase equation for _ is set to O for this state.
n* V2
—M7+P+Con(”)+Utrap(”> +cn(r)+q—p=0. (2.11)

Under the Thomas-Fermi approximation, the number density function becomes

): .u_Utrap(r)_q_p :I’l(}’).

2.12
co+Cq ( )

n_l(r
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Finally, the energy density of F2 state is calculated by substituting eqn.(2.12) in eqn.(2.7), which

would give us [16],

—Usrap(r) —gq — —Uprap(r) —q—p)’
FE) = Wrnp(r) g+ p) (A=l 020 ) WD Z00) - )

Polar state or (0,1,0) state

Polar state corresponds to empty m = 1, —1 level, i.e. n_; = n; = 0 and populated m = 0 level, i.e.
no(r) = n(r). The phase equation for 6 is set to O for this state. The number density function for

the polar state under the T-F approximation becomes

): “_Utrap(r).

n(r) = no(r (2.14)
o
Using eqn.(2.14) in eqn.(2.7) would give us the energy density of Polar state [16],
~U ~U 2
Ll = Unray (1) (“ ”""(”) = Uraplr))] 2.15)
(&) 26‘0

2.1.2 Multi-component states

A multi-component state is a stationary state where two or more sub-components are populated. In
the context of the spin-1 case, there are five possible multi-component states. There are three sta-
tionary states where one sub-component is empty while the remaining two are populated. One state
is the Anti-Ferromagnetic state (AF), denoted by (1,0,1). The other two are mixed-ferromagnetic
states denoted by (1,1,0) and (0,1,1). The remaining two stationary states are Anti-Phase-matched

and Phase-matched states, where all 3 sub-components are populated.

Anti-Ferromagnetic or AF or (1,0,1) state

AF state corresponds to empty m = 0 level, i.e. nyp = 0 and populated m = 1, —1 level. For this
state, the phase equation for 8; and 6_ are set to 0. Setting %6 = 0 and under the Thomas-Fermi

approximation, we would get
Utrap(r) +con —p —ci(n_y—ny)+q—u =0. (2.16)
Setting 76_; = 0 and under the Thomas-Fermi approximation, we would get

(Utrap(r) = +con) +q —ci(ny—n_1)+p=0. (2.17)

13



Adding eqn.(2.16) and eqn.(2.17) would give us the total number density function as,

u - Utrap(r) —q — n(}")
(&)

(2.18)
Subtracting eqn.(2.17) from eqn.(2.16), we can get the magnetization as

m(r)—n_i(r) =2 (2.19)

€1

For AF state n_1(r) +n;(r) = n(r). Using the expressions for magnetization and total number

density function, we can calculate the individual sub-component number densities for the AF state

as
.u'_Utrap(r)_q P
= — 2.20
."L_Utrap(r)_q P
_ = - —. 2.21
" 1(1’) 2C() 2C1 ( )
The corresponding energy density is [16],
TF ) P
ear (r) = 07 (r) +.qn(r) = 5 =+ Urrap(r)n(r)
2.22)
2 (
.u_Utrap(r)_q (_Utrap<r)+.u_Q) 14
- (U S
(Usrap(r) +4) < o + 2co 2cy
Mixed-Ferromagnetic or MF1 or (1,1,0) state
This stationary state corresponds to empty m = —1 level, i.e., n_; = 0 and populated m = 1,0

levels. For this state, the phase equation for 6; and 6 are set to 0. Setting #6; = 0 and under T-F

approximation, we get
Usrap(r) +con—p +cini +q—p +cing =0, (2.23)
and setting %6 = 0 with T-F approximation,
Utrap(r) +con—u +cinp =0. (2.24)
For this stationary state, n;(r) + no(r) = n(r). Plugging it in eqn.(2.23), we get total number
density as,

U —
[.L trap(r>+p q =n(r).
c1+co

(2.25)
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Subtracting eqn.(2.24) from eqn.(2.23) we get,

no(r) = ) (2.26)

C1

Putting the above total number density expression in eqn.(2.24) would give us,

():u+p—UmAﬂ—q_p—q

ni(r 2.27
1 eIt co - (2.27)

Using the above expressions for total number density and individual sub-component densities, we

can now find expression for the energy density of this stationary state [16],

T (F) = Unap (1) (“*1"”"“17“) “1) L <o (H +p = Unnap(r) —q>2

e
MF1 c1+co 2 c1+co
) (2.28)
q<u+p—UmAﬁ—q p—q)
+_ — .

2 c1+co cy
Mixed-Ferromagnetic or MF2 or (0,1,1) state
ME2 state corresponds to empty m = 1 level, i.e., n; = 0 and populated m = —1,0 levels. For this

state, the phase equation for 6y and 6_; are set to 0. Setting #6_; = 0 and under the Thomas-Fermi

approximation, we get
Unrap(r) +con— L +cin_i +q+p +cing =0, (2.29)
and setting 16y = 0 under the Thomas-Fermi approximation gives
Utrap(r) +con— 1 +cin_1 =0. (2.30)

For MF?2 state, n(r) = no(r) +n_;(r). Plugging it in eqn.(2.29), we get total number density as

u—wmﬁﬂ—p—q:nvy

2.31
po—— (2.31)
Then, subtracting eqn.(2.29) from eqn.(2.30) gives
no(r) = L4, (2.32)
1
Substituting the total number density in eqn.(2.30) would give us,
—p—-U, ’ —

ni(r) = =P wrap(r) =4 4+p (233)

c1+co Cq
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Using the above expressions for total number density and individual sub-component densities, we

can find the total energy density as [16]

2
U=p—Uap(r) —q\  co (H—pP—Unap(r) —q
€£,[§:2(I‘) = Utrﬂp(r) ( 1 _:_Zf) ) + E ( ‘1 _}[_Z[:)

¢t (L=p—Unap(r)—q q+p\°
+= + :
2 c1+co cl

(2.34)

Phase-Matched or PM or (1,1,1) state with 6, =0

PM state corresponds to a state where the relative phase 6, is zero, and all three sub-components
are occupied. For this state, the phase equation for 6y, 6; and 6 | are all set to 0. Under the

Thomas-Fermi approximation, setting #6; = 0 will give us

€110

Utrap(r) +con — 0 —p+q + (/n—1 ++/n1) ﬁ =ci(n_1—m). (2.35)
Under the same approximation setting #6_; = 0 gives us
—c1(nm —n—1) +Usap(r) +con — 0 +p+q + (V/n_1 ++/n1) \C/lnn_ol =0 (2.36)
and setting %16y = O gives
Utrap(r) = +con +ci(n_y+n1 +2y/n_n;) =0, (2.37)

where for PM state, ny(r) +n_1(r) +no(r) = n(r).
Further, we can solve eqn.(2.35) - eqn.(2.37) to get our total number density and individual

sub-component number density (For details one can look at [13, 16])

2 2 2 2
q-+p°+2pq P —q
=1 £ =77 - 2.38
2 2 2 2
P +q —2pq P —q
(=22 =71 _ 2.39
n-1(r) 4q° (n YT 2eig ) 259
(4> —p?) q* + p?
_ ) _ 2.40
nO(r) 2q2 n(r) 2C]q bl ( )
and
1+ P~ Unran ()
ra
n(r) = 24 P (2.41)

c1+co
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Finally, using the equations for sub-component number densities and total number density, one

can find the expression for energy density [16]

2
ky — Usrap(r) co (k2 =Urap(N\* c¢1 (k2 =Upap(r) p*—¢*
TF rap p p
epm(r) = Unrap(r) ( 1+ co T3 c1+¢o 2 c1+co 2qc)
(2.42)
2.2
where k, = 1+ pzqq )

Anti-Phase-matched or APM or (1,1,1) state with 6, = 7

APM state corresponds to a state where the relative phase 6, is 7, and all three sub-components
are occupied. The phase dynamics equation for all the sub-components is set to 0. Under the

Thomas-Fermi approximation and setting the phase dynamics equations ( eqn.2.4 - eqn.2.6 ) to 0

gives us
cin
Utrap(r) = +con —p+q — (\/n—1 —/n1) % =ci(n_1 —ny), (2.43)
cin
Usrap(r) — 4 con 4+ p+q — (v/m1 — /n_1) \/ln_ol =—ci(n_1—ny), (2.44)
Utrap(r) +con +ci(n_1+ny —2y/n_in;) —u =0. (2.45)

For APM state, n(r) +n_1(r) +no(r) = n(r).

Further, one can solve eqn.(2.35)-eqn.(2.37) to get the number density functions

2 2 2 2
q”+p°+2pq P —q
_ T ePq _ 2.46
2 2 2 2
P +q —2pq P —q
(="t =1 — 2.47
=g (" 7" e > =
(4> —p?) q* + p?
_ D) _ 2.4
no(r) 7 n(r) 2erq ) (2.48)
and .
APt — Ut (1
n(r) = zg__ Yrr(r) (2.49)

c1+co
Finally, using the equations for sub-component number densities and total number density, one can

find the expression for energy density

2

2
kZ_Utrap(r)) +C_O <k2_Utrap(r))2+Cl (kZ_Utrap(r) _p2_q2>
c1+co c1+co c1+co 2qc ’

eFhu(1) = Uimn ) .
(2.50)
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where kp = 1 + ”22—;(12.

2.2 Moving into nondimensional regime

Before introducing the actual Variational method, let’s transform the existing equations into di-
mensionless form. We would consider that the Spin-1 BEC is confined in a quasi-one-dimensional
harmonic potential elongated in the x-direction with a trapping frequency of . Furthermore, we
would assume that the trapping frequency along y and z direction, i.e., @, and @, (@, ; >> @y). Os-
cillator length scale along the transverse direction is defined as /,, = \/E where y, = /0,0,

h
m.y "

and along the x-axis is defined as [, =

To obtain the dimensionless phase equations for a BEC in a quasi 1d harmonic confinement,

the scaling transformations for number densities and other parameters are as follows [16]

X / p / q Hu /
lx C ) p wxh b q (Oxh b a)xh JLL ( )
M 27021 = (2.52)
Co o]
. a4 ) 2.53
27z 170, =Ao  an 2ni2 Lo, (2.53)

where u,, is the number density for m" sub-component in dimensionless form. ¢’ and p’ represent
the nondimensional forms of quadratic and linear Zeeman terms, respectively. Ag and A; repre-
sent the nondimensional forms for spin-independent and spin-dependent interaction coefficients,

respectively. (' denotes the chemical potential in dimensionless form.

Applying the scaling transformations (eqn.(2.51)-eqn.(2.53)) to sub-component evolution equa-

tion (eqn.(2.2), eqn.(2.3) ), we would get

u()(C) = —4Aug/uu_q sin 6, (2.54)
U4 (C) =2 1up\/uiu_1 sin 6,. (2.55)

Applying the Scaling transformations, the phase stationary equation (eqn(2.4)- eqn(2.6) transforms
into

1 a*
\/%( 2dC2+——,u "+ Aou+ Ay (u_q +uy +2cos 0,/ u_ 1u>—0 (2.56)
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1 dZ 2
(—5@4—&;—4‘%”"’(] A (u l—ul)_N/_Pl)\/”_1+7Ll“0(\/m+\/”_—10039r):

(2.57)
and
1 d? ;2 s
< 2dC2 +Aou + A (u_y—uy)—p +q+p)\/u__1+(\/u_1cos9,+\/ﬁ)/llu0:0
(2.58)

The same scaling transformations also transform the expression of energy density in eqn.(2.7)

to

2

1
e() = [ Z ( Vv u ngz +%um(g)) +q’(u_1—|—u1)—p’(u1—u_1)

m=—1

(2.59)
2
+7u (SR (\/_ —7) + Aqug(uy +2co8 Oy /u_jur +u_1)| .

Furthermore, from here on, one can follow the same path in Section 2.1.1 and 2.1.2 and calculate
the energy densities and number density expressions. We have summarized the energy densities

and number density equations for individual stationary states in table 2.1

2.3 Previous Variational Method

There was a number density function that was founded by Arijit Bhattacharyay and Projjwal Kanti
Kanjilal [15, 14], which they utilized to study the Polar-PM phase boundary. The number density

function was as follows:

(atcl+d¢Pexp(—5), it >

Where g(u’,§) is the number density function for different stationary states under the Thomas-
Fermi limit (as discussed in 2.1.1 and 2.1.2). Here, {j is the matching point that helps us to divide
the number density function into two regions. The parameters a,b,c, and d are determined by en-
suring smoothness and continuity at {y. This is achieved by matching the number density, the
first derivative of number density, and up to the third derivative for both regions at {,. Further-
more, energy minimization concerning {y gives us the energy of a particular state. This minimiza-
tion has fixed the value of {, giving the chemical potential (u’). However, we later realized we

could not use this number density function and method in the lower p regime to study the Anti

19



States number density variation Energy density
2 !/ ! liﬁ :
FI(I,0,0) u(C)(A]+M):H/—q,+p/—% (g—p'-i-q')(u’—kp'—q'—g—;)_i_ (/J+P q 2>
Ao+A 2(o+41)
2 AN < :
F2(0,0,1) w(Q) (A +2A9) =’ — % g —p (gﬂ,ﬂ,)(“,_p,_q,_% N (u P—q 2)
Ao+ 2(A0+A1)
2 < 2
POLO. | dou() = § w75
2%
_ &’ 2
AR(LOD) | (&) = —d =5 G S (BE)
and 2 q IJ' q 2 ) + Y 2
o o 2% 2%
upr—u_1 = /1_1 ;
2 2
) 2 ky— & (o5 J*—p?
Ly | D20 =k =S S (5% + 4 (5 + 5%
where +
k2 — ‘u/_'_ p/2_q/2 CZ 2
2 A <’< —2)
2\ M+
and |p'| <|q|
2 2 2
2 CZ kz_L A kz_L qIZ_pIZ
APM(1,1,1) (/lﬁ +o)u(8) =ky — 5 2 (Aﬁf()) + 71 (Aﬁ)i) + 244
where
kz:u/+p/2_q/2 + . )
2d Ao (=
2\ M+
and |p'| > |¢|

Table 2.1: Energy densities and number density expressions for different stationary states of a
spin-1 Bosonic Condensate under harmonic confinement in dimensionless form [16]

Ferromagnetic-Polar phase boundary.
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Chapter 3

New Variational Method for determining
the ground state Profile of a Spinor BEC

under confinement

The previous chapter introduced the number and energy densities for all possible stationary states
of Spinor Bosonic Condensates in the presence of a generic trapping potential, using the Thomas
Fermi approximation. We also looked at a previously established Variational method that was used
to find the phase boundary for trapped Spinor condensates. Furthermore, as we could not find the
AF-Polar phase boundary with the previously established Variational method, there is a growing
need for an analytic method to help us find any Phase boundary between stationary states. This
chapter will examine a new Variational Method we designed to help us accurately estimate the

number density function for a spin-1 condensate under harmonic confinement.

3.1 Determining a Number Density Function

In the next step, we used a single continuous function as our number density function. The varia-

tional wave function that we use for different sub-components is of the general form

2
Yin() = (dm — Bn?)exp (—Z%m) G.1)

As we know, the number density function is given by u,, = ¥, ,,, and since all our parameters are

real, the number density function simplifies to u,, = (). Finally, the number density function
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for individual sub-components becomes

() = (@~ b exp (—%)} } (32)

Here u,, represents the density of m'" sub-component. a,,, b,, and d,, are parameters for different
sub-components. The idea behind choosing this kind of function as our number density function

is the following:

* Note that, for smaller values of { (i.e., close to the trap center), the interaction energy con-
tribution (non-linear terms) is significant compared to the kinetic energy. Thus, we can omit
the kinetic energy term (Thomas-Fermi approximations). Therefore, the individual sub-
component number density functions or the total number density function of any stationary
state should follow the structure of Thomas-Fermi approximated number densities (Table
2.1).

* Observe that, in the number density expression (eqn.3.2), the exponential term upon Taylor
series expansion would generate terms of order {2, {*, and so on. Additionally, due to the
presence of (a —b{?)? term, we can obtain a Thomas-Fermi structure for smaller values of
. On the contrary, choosing only (@ — b{)? would have resulted in terms involving ¢, {2,

which could not match the T-F profile for smaller values of §.

* At large values of {, our number density function should have a Gaussian profile in analogy

with the ground state under harmonic oscillator potential.

3.2 Condensates having A; > 0 under harmonic confinement

This section will introduce the Variational method for different stationary states that can serve
as ground state candidates for a spin-1 BEC in a quasi 1d harmonic confinement with the anti-
ferromagnetic type of spin interaction (A; > 0 in dimensionless form or ¢; > 0 in actual dimen-
sional form). From figure 1.1, we can observe that, for condensates having c; > 0, the Polar state,
AF state, or one of the Ferromagnetic states (F1 and F2) act as the ground state depending on the

values of quadratic and linear Zeeman terms.

3.2.1 Anti-Ferromagnetic or AF or (1,0,1) state

The AF state corresponds to the populated m = —1, 1 level and empty m = 0 level. For this multi-

component state (AF), we will simplify our number density (eqn.3.2) by assuming the parameter
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dy, for both sub-components to be equal, i.e., d| = d_| = d. Thus, the sub-component number

density and the total number density function become

ur(¢) = (ar —blgz)zexp (—%2)

= (a} +b7¢* —2a1b1¢ )exp( C;), >
(€)= (a =1 erp ()
= (a*, +b*¢* —2a_1b_ 1C2)exp( Cz), oY
and
u(8) =ur(8) +u_1(8)
= [(@} +a* )+ (BT + 6% ) E* — (2a1b1 +2a_1b—1){?] exp (—%2). )

Observe that, we have 6 parameters, namely aj,a_1,b1,b_1,d and chemical potential y’ (say).

Matching with Thomas-Fermi

We should note that, for smaller values of { (close to the trap center), the interaction energy con-
tribution is significantly more significant than the kinetic energy. Thus, one can omit the kinetic
energy (Thomas-Fermi approximation). So, in this regime, we can equate our number density
function with the number density function calculated using the Thomas-Fermi approximation.
However, the contributions from kinetic energy cannot be neglected for large values of { (i.e.,
far from the trap center).

Thus, for small values of {, the exponential term can be expanded using the Taylor Series,
which would give us

2 4
i 1_C_+2Cd2

Using eqn.(3.6) in eqn.(3.5) and retaming only up to order 2 of { would give us the total number

CZ
exp(— +0(§6,§8,..). (3.6)

density

u(¢) =

2 2
(a%%—az_l)—g (d +7+2a1b1+2a 1b— 1)] (3.7

Our next step is to equate our number density function (eqn.(3.7)) with the T-F approximated
number density function for small values of {. Here, we choose to equate our total number den-

sity function (eqn.(3.7)) to the total number density function calculated from the Thomas-Fermi
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approximation (number density dimensionless equation of AF from table 2.1)

Equating the {° terms from both the equations gives us,

/ /

u—gq
Ao

(af +a?y) = (3.8)
The above equation fixes the chemical potential (1) of the system by making it a function of a;

and a_q,
! AO 2 2 !
p = Ao(ay+aZ;)+q (3.9)

Equating {? terms from both the equations will fix one of the parameters among ay,a_1,b1,b_
and d

a> a3 1
L ouby 20 b1 | = — (3.10)
d d 2
Let us fix b1 by making it a function of a;,a_1,b_1 and d as
a2 2
(ﬁ -q-=L —2a_1b—l>
by = ) (3.11)

2611

Finding other parameters

After we match our number density functions with the Thomas-Fermi, we are left with four pa-
rameters, namely aj,a_1,b_1 and d. Our next step is to minimize the free energy of our system
concerning these parameters and use the number conservation equation as our constraint to get
these parameters. Note that rather than simply minimizing the total energy to determine the pa-
rameters, we will employ the Lagrange multiplier method in the presence of a constraint. The

following equations will fix the other parameters:

N- ( [ra@a+ | nl(C)dC> ~o0, G.12)

Vo (E-u ( [nr@ag+ [m@az)) o G3.13)
Ve, (E—u’ (/n_1<C)dC+/n1(C>dC)> ~0, (3.14)
Voo, (E-w ( [ra@at+ [mag) ) =o. (3.15)

E represents the system’s energy and is given by eqn.(1.14), and N denotes the total number of

condensate particles. Our final step is to solve these four equations to get these four parameters
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simultaneously fixed, and then we would have the energy of the system determined for a particular
value of ¢/, p’, and N. A case study will be shown in the next chapter by comparing the number
density functions obtained from our variational method with those obtained through numerical

simulation [17].

3.2.2 Polar state

The polar state is marked by populated m = 0 and empty m = 1, —1 level. The number density

function for m = 0 sub-component would be the same as the total number density function

2
u(§) = uo(£) = (a0 —bog?) exp (_fi—o)
o (3.16)
= (ag+b5¢* —2aobo*) exp (—d—o).

Here, we have four parameters, namely ag, by, d and '

Matching with Thomas-Fermi

As discussed earlier, performing a Taylor series expansion of the exponential term (eqn. 3.6),

substituting this expansion in eqn.(3.16), and retaining terms up to order 2 of { would give us,

u(§) = {a%—éz (Z—§+2610b0)] (3.17)

Similarly, our next step is to equate our total number density function (eqn.3.17) with the T-F
approximated total number density (number density dimensionless eqn. of polar from table 2.1)

for smaller values of (.

Equating £° terms from both the equations will fix the chemical potential of the system by

making it a function of only ay,

/

o
asc = (3.18)

* o
u = )Loa% (3.19)

Equating {2 terms from both the equations will fix the parameter b
a—(z) +2apby | = 1L (3.20)
do ) T 220 '
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by=——F"-=— (3.21)

Finding the parameters

After we match our number density functions with the Thomas-Fermi, we are left with two parame-
ters, namely ag and dy. Our next step is to minimize the free energy of our system concerning these
parameters and use the number conservation equation as our constraint to get these parameters (as

discussed, we would use the Lagrange multiplier method),

N— (/no(c)dc) 0, (3.22)

Va, (E ! / no(c)dg) 0. (3.23)

Here, E represents the local Energy density of the system and is given by eqn.(1.14), and N denotes
the number of condensate particles. Finally, solving these two equations simultaneously will give
us the remaining two parameters, and we will have our number density functions and total energy

of the system for a particular value of N.

3.2.3 Ferromagnetic (F1) state

The F1 state is a single component state marked by empty m = 0, —1 level and populated m = 1.
The number density function for m = 1 sub-component would be the same as the total number

density function

2
u(§) = ur(£) = (a1~ 51%) exp (_fl_l)
e (3.24)
= (ai +b1¢* —2a1b1 %) exp (—d—l).

Here, we have four parameters, namely ay,by,d; and u’.

Matching with Thomas-Fermi

As discussed, doing a Taylor series expansion of the exponential term (eqn. (3.6)) and substituting

it in eqn.(3.24) would give us,

u(§) = {a%—éiz (2—?+2a1b1>} (3.25)
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Our next step is to equate our total number density function(eqn. 3.33) with the T-F approximated
total number density function (number density dimensionless eqn. of F1 state from table 2.1) for
small values of (.

Equating £, £? terms from both the equations will fix u’ and b;

Q_H/+p/_q/

W= 3T a (3.26)
p=(Ao+r)ag—p +q, (3.27)
and a% |
D oab = — 3.28
(ﬁ—d—%)
py = M2Ath) 4 (3.29)
2a1

Finding the parameters

We are left with two parameters, namely a; and d;. As discussed, using the Lagrange multiplier
method with free energy minimization and a number constraint equation would help us get these

parameters.

N (/nl(C)dC) —0 (3.30)

Ve, <E—u’/n1(C)dC) —0 (331)

Finally, solving these two equations simultaneously would help us get the remaining two param-
eters, and we will have our number density functions along with the system’s total energy for a

particular value of ¢, p/, and N.

3.2.4 Ferromagnetic (F2) state

The F2 state is a single component state marked by populated m = —1 and empty m = 0, 1 levels.
The number density function for m = —1 sub-component would be the same as the total number

density function

= — C2
M(C) M,I(C) (a,1 b,léz)zexp _ 2
( ‘ 1) (3.32)

2
= (a® | +b* 8 —2a_1b_18%)exp (_ﬂ>
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Here, we have 4 parameters, namely a_1,b_1,d_ and u’.

Matching with Thomas-Fermi

As discussed, for smaller values of {, performing a Taylor series expansion of the exponential term

(eqn. 3.6) and substituting it in eqn.(3.32) would give us

2

u($) = [az_l—Cz (fl;l+2a1b1>] (3.33)

-1

Furthermore, equating £¥ and {? terms from our total number density function(eqn. (3.33) With
the total number density function calculated from T-F approximation(number density dimension-

less eqn. of F2 state from table 2.1) for small values of { would give us,

) ,Lll—p/—q/
Y o . 34
a_q AO"‘)VI ) (3 3 )
= N+Ma*, +p +q, (3.35)
and
< +2a_1b ! (3.36)
—42a_1b_1 | = /55—, .
d_ ) T 20+ )
1@y
2(A0+A1)  d
b | = . (3.37)
2a_

Finding the parameters

Using the Lagrange multiplier method discussed in the earlier sections, we can find the remaining

two parameters, namely a_1 and d_1.
N— (/nl(g)dg> —0 (3.38)

Vo, (B-w [n@ag) o (3:39)

Solving these two equations simultaneously will give us the remaining two parameters, and
we would have our number density functions along with the system’s total energy for a particular

value of ¢/, p’ and N.
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3.3 Condensates with the absence of spin-spin interaction (Neu-

tral condensate) under harmonic confinement

This section will introduce the variational method for different stationary states that can serve as
ground state candidates for a spin-1 BEC in a quasi 1d harmonic confinement with no spin-spin
interaction (A; = 0 in dimensionless form or ¢; = 0 in actual dimensional form). From figure 1.1,
we can observe that a condensate with the absence of spin-spin interaction (Neutral condensate)
favors either the Polar state or one of the Ferromagnetic states (F1 and F2) as the ground state de-
pending on the values of quadratic and linear Zeeman terms. In our previous section, we discussed
the Variational method for the Polar state or any of the Ferromagnetic states (F1 or F2 state). How-
ever, one change compared to the last section is that while employing the variational method, we

must substitute the value of A; to be 0.

3.4 Condensates having A; < 0 under harmonic confinement

This section will introduce the variational method for different stationary states that can serve as
ground state candidates for a spin-1 BEC in a quasi 1-D harmonic trapping with the ferromagnetic
type of spin interaction (A; < 0 in dimensionless form or ¢; < 0 in actual dimensional form). From
figure 1.1, we can observe that a condensate having c¢; < 0, Polar, (1,1,1) state (PM/APM state)
or one of the Ferromagnetic states (F1 and F2) act as the ground state depending on the values of
quadratic and linear Zeeman terms.

In the earlier section, we discussed the Variational method for the Polar state or any of the
Ferromagnetic states (F1 or F2 state). However, compared to the earlier section, one change is
that we must substitute a negative value of A; while employing the variational method. From here

onward, we will learn about using the Variational method for the Phase-matched (PM) state.

3.4.1 Phase-matched state(PM state)

The PM state is marked by all three sub-components (m = 1,—1,0) being populated. For this
multi-component state (PM), we would simplify our number density ( eqn.3.2) by assuming the
parameter d,,, and by, for all three sub-components to be equal i.e., df =d_| =dy =d and b| =

b_1 = by = b. Thus, the number density function for different sub-components becomes

CZ
um(8) = (am—bCZ)zexp -2
( d ) (3.40)

= @+ 2D ewp (-2,
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where m=1,-1,0 corresponds to different sub-components.

Our total number density function now becomes

w(€) =ui (&) +u_1(8) +uo(f)
CZ

= [(aj +a | +a§) +3b*¢* — (2a1b+2a_1b+2aob) §*] exp < 2>

(3.41)
)

We have 6 parameters, namely a1,a_1,ag,b,d, and u’.

Matching with Thomas-Fermi

As discussed, for smaller values of {, doing a Taylor series expansion of the exponential term

(eqn.3.6) and substituting it in eqn.(3.41) would give us

u(§) = Tt T

2., .2 2 2 a% agl a(z)
(ai+a>+a5)— & | = +—+2+2a1b+2a_1b+2apb (3.42)

Furthermore, equating the {° and ¢? terms from our total number density function (eqn. 3.42)
with the T-F approximated total number density function(number density dimensionless equation

of PM state from table 2.1) for small values of { would fix g’ and b, respectively,

(r)*—(d)?
I T
(Cl% +612_1 +Cl(2)) = Tﬁ, (343)
N2 ()2
W= (Ao+ M) (ar+a +ap) - (%) , (3.44)
and )
2 2
aj a~, aj 1
L4+ —+ 24 2ab+2a_1b+2aph | = ——+— 3.45
<d+d+d+a1+a1—|—ao) 1+ 2 ( )
(é_ﬁ_“_l_“_O)
M2k d d — d
b= . (3.46)

Finding parameters

After we match the number density function with Thomas-Fermi, we are left with four parameters,

namely ay, a_,ap, and d. As discussed, using the Lagrange multiplier method with free energy
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minimization and number constraint equation will help us get these parameters

v ([ra@ag s [m@ac+ [mi)ag) <o 347
Vo (- ([nr@ags [m@ags [m@ag)) =0, cay
Vo (B ([ra@at+ [m@az+ [m@ag)) =0, a9
Voo (£ ( [ra@at s [m@ag+ [mig)at) ) =o (3.50)

Our final step is to solve these four equations simultaneously to get the remaining four parame-
ters, and we would have our number density functions along with the system’s total energy for a

particular value of ¢, p/, and N.
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Chapter 4
Results and Discussion

The previous chapter discussed the variational method for different stationary states. This chapter
will begin with a case study for the Antiferromagnetic state by comparing the number of density
functions obtained from our variational method with those obtained through numerical simulation
[17]. Then, we would determine the phase boundary between different stationary states for varying

values of spin-dependent interaction coefficient.

4.1 Case Study for Antiferromagnetic (AF) state

As discussed, the AF state corresponds to empty m = 0 level and populated m = 1, —1 level. After
understanding the Variational method(in section 3.2), we will consider a case study in this section.
We are considering spin-1 >*Na condensate( that possesses antiferromagnetic type of spin inter-
action) in a quasi 1-D, i.e., cigar-shaped harmonic trap. Oscillator lengths along the transverse
direction [y, = 0.59um, while along the direction of elongation [, = 2.97um. The spin-dependent
and spin-independent parameter values correspond to A; = 7.43 x 107* and A9 = 46.16 x 1073
respectively. We have also fixed the quadratic and linear Zeeman terms at ¢’ = —0.5 and p’ = 0.2,
respectively, and the number of condensate particles N is taken to be 5000. AF state is energetically
favorable for these parameter values as the ground state.

With these specific choices for p’,q’, A9, A1 and N,we find a; = 24.9450 ,a_1 = 16.5228 , b =
—0.56995,b_1 = —0.3709 ,d = 17.3755 and u’ = 40.8252. Therefore, our sub-component num-

ber densities can be expressed analytically as

2 <

ui($) = (24.9450+0.56995¢%) " exp (—17'3755) (4.1)
2\2 -

u_1(§) = (16.522840.3709£*) " exp (—17_3755) (4.2)
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Figure 4.1: Comparison between Variational method and numerical simulation [17] plots

The results for number densities (u1,u_1,Usyq In the dimensionless form or

ny,N—1,Motal

in dimensional form) are compared in the fig 4.1. We can see that the results of our variational

method match quite well with numerical simulations [17] results.
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4.2 Phase boundary for Condensates having A, > 0 under har-

monic confinement

In this part, we will use the variational method for a Spin-1 BEC in a quasi 1-D harmonic trapping
with the antiferromagnetic type of spin interaction (A4; > 0 in dimensionless form or ¢; > 0 in
actual dimensional form) and determine the phase boundary between different stationary states.
We are considering spin-1 2*Na condensate (which has A; > 0) in a quasi 1-D harmonic potential.
Oscillator lengths in the transverse direction [y, = 0.59um, while along the direction of elongation
Iy =2.97um. The spin-independent parameter value corresponds to Ay = 46.16 x 1073 and the
spin-dependent parameter values corresponds to A; = 7.43 x 10~* . We will begin by looking
at the Polar-AF phase boundary and then map out the complete phase boundary for condensates

having ¢ > 0.

>0

2 (1,0,0) p=q+cin/2

1 (0,1,0)

~.pl=
ol (L0.1) p?=2¢1nq

plcin

5 (0.0.1)  p=-g-anp

T T T T T
-3 -2 -1 0 1 2
gicin

Figure 4.2: Homogenous phase boundary for ¢; > 0

The phase boundary for a homogeneous system with the antiferromagnetic type of spin interac-
tion is shown in fig(4.2), which predicts the AF-Polar phase boundary to be Parabolic, Ferromagnetic-
Polar phase boundary to be linear in nature and AF-Ferromagnetic phase boundary to be a constant

curve.
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4.2.1 Antiferromagnetic(AF)-Polar phase boundary

Using Section 3.2, we can estimate the total energy of the AF state for different values of ¢’ and
p’. We also learned how to find the total energy of the polar state using the variational method.
Furthermore, we can compare the energies between the two competing states, which would reveal

the phase boundary.

0.0 0.5 1.0 1.5 ‘
o
N=60000 — N=40000 — N=30000 — N=20000 N=10000 N=5000

Figure 4.3: AF-polar phase boundary for a spin-1 condensate in a quasi 1-D harmonic confinement
for different values of N

These plots (in the figure 4.3) fit well to the parabola equation of p’> = Ag’ (where A is the
coefficient of Parabola). Furthermore, it would be interesting to see whether a scaling factor exists
for trapped condensates that can collapse the phase boundaries for varying values of N to the same
plot. The dependency of scaling factor A on N is determined by plotting logA vs logN for all N
values (fig4.4).

y == -5.64347 + 0.666396 x

0.5

00 . v v 0
8.5 9.0 9.5 10.0 10.5 11.0

Log(N)

Figure 4.4: Variation of scaling factor A with number of condensate particles N

Assuming a power law dependence (i.e., A o< N"), we find from the fig 4.4 that the scaling
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factor depends on N as A o< N 2/3 (0.6663 ~ %) Next, looking at the AF-Polar phase boundary for
different values of A; would be interesting.

— A4=0.000743+16 — A4=0.000743+4 — A,=0.000743 — A4=0.000743/4
Figure 4.5: AF-polar phase boundary for different values of A; with N=30000
The phase boundary in figure 4.5 is drawn by keeping N fixed at 30000 and varying the values

of A;. Our next step will be to find a scaling factor that can bring all the phase boundaries for
different values of A; to the same plot.

y == 8.42829 + 0.999677 x

Log(A1)

Figure 4.6: Variation of scaling factor A with A4,

The dependence of scaling factor A upon the spin-dependent interaction coefficient(A,) is ob-

tained by plotting logA vs logA; for all values of A;. Assuming a power law dependence (i.e.,
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A o< A™), we find from the figure 4.6 that the scaling factor depends on the spin-dependent param-
eter values roughly as A o 7L]].
Finally, through our variational method, we can find the universal AF-Polar phase boundary

for a spin-1 BEC in a quasi 1d harmonic confinement, where the scaling factor A «< N 2/3 2,11.

3 1 T T T T T T T T T T T T T T T T ™
2t :
1L _
< ”
od S 4
= L
« 0
g [ ':\“
ey L
= ]
2 _ ]
-3 L . . . . I . . . . I . . . . I . E
0.0 0.5 1.0 1.5

qr‘;()w * N2ar3}

Figure 4.7: Universal AF-Polar phase boundary for Spin-1 Bosonic Condensate in a 1-D harmonic
trap

As predicted by the homogeneous result, the parabolic nature of the AF-Polar phase boundary

remains even in the case of Spin-1 Condensate in a quasi 1-D harmonic confinement.

4.2.2 Ferromagnetic(F1)-Polar phase boundary

As discussed, we can use the sec (3.2) to estimate the total energy of the Ferromagnetic (F1) state
and Polar state. Furthermore, we can compare the energies between the two competing states,

which would reveal the phase boundary.
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Figure 4.8: Ferromagnetic(F1)-polar phase boundary for different N values for a trapped spin-1
condensate

These plots (figure 4.8) fit well to a linear model i.e., p’ = ¢’ + B , where B is the coefficient
that varies with N.

From here onward, we would follow the same path we followed to find the AF-polar phase
boundary, i.e., we would check what kind of dependence B has on N and A, and finally proceed

to find the universal F1-polar phase boundary.

1 2 3 4 5 6
ql(Agx NZ3)

Figure 4.9: universal Ferromagnetic(F1)-Polar phase boundary

From the figure 4.9, one can see that the dependence of B on several condensate particles and
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spin-dependent interaction coefficient is B o< N 2/ 3111. Similarly, we can draw the F2-Polar phase

boundary as it would be symmetrical to the F1-Polar phase boundary about the x-axis.

Note that the linear nature of the Ferromagnetic-Polar phase boundary as predicted by the

Homogenous result persists in harmonically trapped case.
It would also be interesting to look at the AF-polar, F1-polar, and F2-polar phase boundary for

different N values and the universal phase boundary.

N=60000 — N=40000 — N=30000 — N=20000 —— N=10000 —— N=5000

Figure 4.10: AF-Polar,F1-Polar and F2-Polar phase boundary for different values of N

qU(Ax N2

Figure 4.11: Universal AF-Polar,F1-Polar and F2-Polar phase boundary
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4.2.3 Antiferromagnetic-Ferromagnetic (F1) phase boundary

Using sec (3.2), we can estimate the total energy of the Antiferromagnetic (AF) and Ferromag-
netic(F1) state for different values of ¢’ and p’. Furthermore, we can compare the energy of the

two competing states, which would reveal the phase boundary.

O\

N=5000 N=10000 — N=20000 —— N=30000 — N=40000 N=60000

Figure 4.12: Anti-ferromagnetic(AF)-Ferromagnetic(F1) phase boundary for different N values

These plots (in the fig 4.12) fit well to linear fit, i.e., p’ = 0.2¢' +C (where C is the coefficient
that varies with N). From here onward, we would follow the same path we followed to find the
phase boundary in the previous sections, i.e., we would check what kind of dependence C has on
N and Ay, then proceed to find the universal AF-F1 phase boundary.

ql(Ag= N2

Figure 4.13: Universal Anti-ferromagnetic(AF)-Ferromagnetic(F1) phase boundary

From the figure (4.13), we can see that the dependence of C on several condensate particles
and spin-dependent interaction coefficient is C o< N 32,11. Similarly, we can also draw the AF-F2

phase boundary as it would be symmetrical to the AF-F1 phase boundary about the x-axis.
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An interesting observation to note here is that the Anti Ferromagnetic - Ferromagnetic phase
boundary for a Spin-1 BEC in a quasi 1-D harmonic confinement is a linear curve, which is differ-
ent from what was predicted by the Homogenous result (Homogenous results as shown in figure
4.2 predicts the AF-Ferromagnetic phase boundary to be a constant line).

Finally, we have achieved the complete phase boundary for the case of Spin-1 Bose-Einstein
Condensate with A; > 0 (or ¢; > 0) in a quasi 1d harmonic trap for different values of N, and we

have also obtained the complete universal phase boundary.

————

—1‘0 I | | | -5
.
N=60000 — N=40000 — N=30000 — N=20000 N=10000 N=5000

Figure 4.14: Complete phase boundary with ¢; > 0 or A; > 0 for trapped condensates with varying
values of N in (¢, p’) parameter space

An important observation to note by looking at the AF-Ferromagnetic phase boundary is that
the AF state ceases to act as the ground state beyond a particular value of (¢’, p’), which forces
us to calculate the F1-F2 phase boundary. The F1-F2 phase boundary, as observed through our
Variational method, is a p’ = 0 curve, which remains the same irrespective of the values of N.
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Figure 4.15: Universal phase boundary for Spin-1 Condensate with A; > 0 in a quasi 1-D harmonic
trap

/!

We can see from figure 4.15 that, contrary to homogeneous results, if q—2/3 < —12 (approx),

MN
the Antiferromagnetic state will not act as the ground state for a trapped Spin-1 Bosonic Conden-

sate (with A; > 0).

4.3 Phase boundary for condensates in absence of spin spin
interaction(Neutral Condensates) under harmonic confine-

ment

In this part, we will use the Variational method for a Spin-1 condensate under quasi 1d harmonic
confinement with no spin-dependent interactions (4; = 0 in dimensionless form or ¢; = 0 in actual
dimensional form) and estimate the phase boundary between the competing ground states. Addi-
tionally, the spin-independent parameter corresponds to Ag = 46.16 x 10~3.We can refer to section
(3.3) regarding the Variational method for F1, F2, and polar state. Furthermore, an energy compar-
ison between the competing ground states would reveal the phase boundary. The phase boundary
(shown in figure 4.16) remains constant irrespective of different N values and matches precisely to

the phase boundary as predicted by homogeneous results (see fig 1.1)
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ql
Figure 4.16: Universal phase boundary for Condensates with no spin-spin interaction( A; = 0) in
a quasi 1-D harmonic confinement

4.4 Phase boundary for Condensates having A; < 0 under har-

monic confinement

In this part, we will use the variational method for a Spin-1 BEC in a quasi 1-D harmonic trapping
having A; < 0 (or ¢; < 0) and determine the phase boundary between different stationary states. We
are considering spin-1 83’Rb condensate (which has A; < 0) in a quasi 1-D harmonic confinement.
Oscillator lengths in the transverse direction /y; = 0.30m, while along the direction of elongation
I, = 1.53um. The spin-independent parameter value corresponds to Ay = 17.66 x 1072, and the
spin-dependent parameter value corresponds to A; = —6.22 x 10~*. We will begin by looking at
the Polar-PM phase boundary and then map out the complete boundary.

The phase boundary for a homogeneous system with ¢; < 0 is shown in fig(1.1), which predicts
the Polar-PM phase boundary to be hyperbolic, Ferromagnetic-PM phase boundary to be linear and
the phase boundary between the two ferromagnetic states to be a constant curve with p=0.

4.4.1 Polar-PM phase boundary

Using Section 3.4, we can estimate the Polar state’s and PM state’s total energy. Furthermore,
we can compare energy levels between the two competing states, which would reveal the phase
boundary.

These plots (in the figure 4.17) fit well to the hyperbola equation of p'> = 6.48¢'> — B( where
B is the term that varies with N). As the term B has an N dependence, finding the depen-
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Figure 4.17: Polar-PM phase boundary for a spin-1 condensate in a quasi 1-D harmonic confine-
ment for different values of N

dence(assuming a power law dependence, i.e., B o< N¥) and subsequently finding the universal

Polar-PM phase boundary would be fascinating.

20F
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Log(B)

L L L L L L L L L L L L Il L L L L =
8.5 9.0 9.5 10.0 10.5 11.0
Log(N)

Figure 4.18: Variation of scaling factor B with N

From figure 4.18, we can interpret that B o< N!-332% Subsequently, the scaling factor becomes
NO-66649 With this scaling factor, our Polar-PM boundary collapse is shown in figure 4.19.

With this scaling factor, we can observe that the collapse of the Polar-PM phase boundary
for different N values is not perfect. This situation demands an improvement to our previously
found scaling factor, i.e., kye, = 0.66649 + 6. Interestingly, fixing 6 around 0.0003 improves the
universal Polar-PM phase boundary (Fig.4.20).

As predicted by the homogeneous results, the hyperbolic nature of the Polar-PM phase bound-

ary persists for trapped condensates.
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Figure 4.19: Universal Polar-PM phase boundary with scaling of 0.66649
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Figure 4.20: Universal Polar-PM phase boundary with scaling of 0.66678

4.4.2 Ferromagnetic-PM phase boundary

Using the Variational method, we can find the energies of both Ferromagnetic and PM states, and
a comparison of energy between the two would reveal the phase boundary. These plots (fig 4.21)
fit well to the linear fit, i.e., p’ = 0.38¢' — C ( where C has an N dependence). From here onward,
we will find the N dependency in C and proceed to find the universal Ferromagnetic-PM phase
boundary.

Note that the Ferromagnetic-PM phase boundary is a linear curve with a different functional
form than the homogeneous predictions (which predicts the Ferromagnetic-PM phase boundary
to be p = g curve). An important observation is that the polar-PM and ferromagnetic-PM phase

boundaries will intersect at a particular value of (¢, p’). Beyond this intersection point, we have
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Figure 4.21: Ferromagnetic-PM phase boundary for different values of N
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Figure 4.22: Universal Ferromagnetic-PM phase boundary for trapped condensates

to calculate the Polar-Ferromagnetic phase boundary, which was missing from the homogeneous

results.

4.4.3 Polar-Ferromagnetic phase boundary

Following the path we followed in our previous sub-sections, we can find the Ferromagnetic-Polar
phase boundary for different N values and the universal phase boundary. These plots (figure 4.23)
fit well to the linear fit, i.e., p’ = ¢’ — D (where D has a N dependence). It would be interesting to
look at the complete phase boundary for different N values and the universal phase boundary for

c1 < 0. Furthermore, the F1-F2 phase boundary is a constant curve with p’ = 0.
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Figure 4.23: Ferromagnetic-Polar phase boundary for different values of N
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Figure 4.24: Universal Ferromagnetic-Polar phase boundary for trapped condensates
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Figure 4.25: Complete phase boundary with ¢; < 0 or A; < 0 for trapped condensates with varying
values of N
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Figure 4.26: Universal phase boundary for trapped condensates with ¢; <0 or A; <0

The universal Polar-PM phase boundary(green curve in the fig.4.26) is hyperbolic, with func-
tional form of p'? = 6.48¢"> — bN'33330(b is a constant of the order of 1079).
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4.5 Comparison between homogeneous results and trapped sys-

tems

This section will compare the homogeneous results and trapped condensate results
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Figure 4.27: phase diagram for spin-1 condensate in the absence of any trapping potential
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Figure 4.28: Phase diagram for trapped spin-1 condensates
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4.6 Energy density plots

In this section, we will use our Variational method to estimate the energy density plots as a function
of distance from the trap center({) for condensates with different types of spin interaction.(Note

that we will show the energy density plots only for { > 0; however,they would be symmetrical for

£<0)

4.6.1 Energy density plot for condensate having A; > 0

In this part, we will look at the energy density plots for the ground state candidates (F1, F2, AF, and

Polar) of a spinor BEC in a harmonic confinement having A; > 0. Our system is already described

in Section 4.2. Additionally, we fix p’ = 0.15, ¢’ = 0.2 and N = 5000.
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(a) energy density plots for different stationary states in a condensate( having A; > 0),
plotted against {, where { = 0 is the 1-D trap center
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(b) energy density plots between { =5.9to { =6, to
show the crossing of energy density plots between dif-
ferent stationary states

Figure 4.29: Energy density plots for A; > 0
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4.6.2 Energy density plot for condensate having A; =0

In this part, we will look at the energy density plots for the ground state candidates (F1, F2, and
Polar) of a spinor BEC in a harmonic confinement having A; = 0. Our system is already described
in Section 4.3. Additionally, we fix p’ = 0.4, ¢ = 0.5 and N = 5000.

40000 ]
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20000 \ 1

energy density

10000 - ]

—— Polar energy density —— F1 energy density F2 energy density

Figure 4.30: energy density plots for different stationary states in a condensate( having A; = 0),
plotted against §

4.6.3 Energy density plot for condensate having A; < 0

In this part, we will look at the energy density plots for the ground state candidates (F1, F2, PM,
and Polar) of a spinor BEC in a harmonic confinement having A; < 0. Our system is already
described in Section 4.4. Additionally, we fix p’ = 0.03, ¢ = 0.2 and N = 5000.
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(a) energy density plots for different stationary states in a condensate (b) energy density plots between { =0 to
(having A; < 0), plotted against §, where { = 0 is the 1-D trap center € = 3, to clearly differentiate the energy
densities of different stationary states

Figure 4.31: Energy density plots for A; <0
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4.7 Discussion

This thesis introduces a variational method that helps us estimate the density functions for ground
states of a trapped Spin-1 Bose-Einstein Condensate with fixed p(or p’), q(or ¢’), and N. Next,
we saw that the number density profile found from our variational method matches quite well
with numerical simulations [17] results. Subsequently, we looked at the phase boundaries for
trapped systems. For condensates with ¢; > 0, we found a scaling factor dependent on N, which
helps us move beyond the Thomas-Fermi approximations (which shows it to be independent of
N). Furthermore, an interesting observation was that the Antiferromagnetic (AF)-Ferromagnetic
phase boundary was a linear curve and is different from what was predicted by the homogeneous
results(predicts it to be a constant curve). We also noticed that maintaining the same scaling factor
could collapse all the phase boundaries to get a universal phase diagram irrespective of N. We
also looked at condensates having ¢; = 0. Finally, we looked at condensates having ¢y < 0, where
we realized the need to find the Ferromagnetic-Polar phase boundary, which was absent from
Homogeneous results. We also saw a scaling factor to get a universal phase boundary for trapped
condensates. Additionally, we examined the energy density plots for the ground state candidates

of trapped condensates with different types of spin interactions.
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Chapter 5

Conclusion and Outlook

5.1 Major Achievements

In this section, all the major findings are summarized.

* As we discussed, the T-F approximation omits the contribution from kinetic energy com-
pletely. Although this situation works perfectly well for large condensates, even for large
condensates, there could arise a situation when the difference of energy between competing
ground states would be so minimal that the Thomas-Fermi approximation will fail. Even for
smaller condensates, the Thomas-Fermi approximation is known to be unreliable. Chapter
3 examined a variational method that considered kinetic energy contribution and achieved

accurate results. This Variational method will even work irrespective of the values of N.

» This Variational method plays a crucial role in analytically obtaining the phase diagram of a
condensate present in a generic trapping potential that wasn’t possible previously. We also
saw how the phase boundaries looked for Condensates having ¢y > 0,c; =0 and ¢; <0

present in a quasi 1-D harmonic confinement.

* For ¢y > 0, while finding the phase boundary, we realized that the Antiferromagnetic(AF)-
Ferromagnetic phase boundary is linear, different from what was shown in the homogeneous
results. We also learned that by applying the same scaling factor to the p’,q’ axis, we could
achieve a universal phase boundary irrespective of the values of N. Furthermore, the scaling

factor depends on N, highlighting the need to move beyond Thomas-Fermi approximations.

* For c¢1 <0, while finding the phase boundary, we realized the need to find the Polar-Ferromagnetic
phase boundary, which was absent in the homogeneous results. We also learned that by ap-
plying the same scaling factor to the p’, ¢’ axis, we could achieve a universal phase boundary

irrespective of the values of V.
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5.2 Future Prospects

* As we discussed, our Variational method would be crucial in determining the phase bound-
ary of a condensate in a generic trapping potential. So, from here on, one can analyze phase
transitions for a trapped condensate as we now know the exact location of the phase bound-

ary.

* In this thesis, we applied our Variational method for a condensate present in a 1-D trap. One
can extend this variational method to higher dimensional space(In higher dimensional space,
as we know, numerical analysis is computationally costly) and higher spin systems to find

the phase boundaries.

* The variational method assumes that the phase part of the condensate wave function for
individual spin components is either constant over space or slowly changing over space,
effectively rejecting the spatial derivatives of the phase terms. We can generalize this method
even further than the space-dependence of the phases to make it even more accurate. If
successful, We can expect that this generalization would also make the method capable of

getting to the vortex solutions, which was impossible with the previous scheme.

* An interesting direction would be investigating the transition to an excited state as we now
have an idea about the ground state, e.g., we can look into the macroscopic tunneling phe-

nomenon
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