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Abstract

Physical reservoir computing is a machine-learning paradigm that aims to harness the natural dy-
namics of a system to perform a variety of tasks. Quantum reservoir computing is an emerging
machine-learning framework that has shown the potential to carry out complex tasks owing to its
inherent quantum properties. A quantum reservoir can not only perform on classical data but also
can accept quantum inputs for performing quantum tasks, which is not possible on a classical sys-
tem. A quantum kicked top is a spin system capable of showing signatures of quantum chaos. The
inherent non-linearity in this system can be studied and utilized for reservoir computing. In this
paper, we have shown the simulation and the encoding scheme for quantum kicked top. A quantum
kicked top can also be readily simulated as a system of qubits, which helps experimentally perform
the physical reservoir computing. We chose the NMR system for this and also showed reservoir
computing in a solid-state adamantane sample using our scheme.
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Chapter 1

Introduction

Reservoir computing is a framework that is part of a larger paradigm of neuromorphic and un-
conventional computing. One of the key motivations behind them is to match the performance
and power efficiency of the brain in performing computational tasks [1]. Reservoir computing
aims to achieve this by using physical dynamical systems for computational purposes. They
are much more power efficient and facilitate fast computation as only the weights at the read-
out layer need to be trained. In this study, we employ a quantum-kicked top system to perform
reservoir computing and note its performance in achieving classical and quantum tasks. All the
Python codes used in this thesis are available on GitHub: https://github.com/AniTrivedi/
QKT-Reservoir-Computing

1.1 Basics of Reservoir Computing

Reservoir computing is derived from several recurrent neural network models [3] and consists of
a non-linear reservoir, which maps input to a higher dimensional space, and a readout, trained
to analyze patterns from the high-dimensional states in the reservoir [2]. Training in reservoir
computing occurs only at readout weights that linearly map the reservoir state to the desired output.
We describe this scheme more formally below:
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1. Input is fed to the reservoir via an appropriate encoding scheme depending on the task.
It can be in the initial state of the reservoir or the evolution parameters. The goal is to
have an encoding that has a sufficient impact on the readout depending on the input.

2. The system is then evolved according to its natural dynamics or evolutionary scheme
provided. The values of one or more of the reservoir nodes are monitored after every
period, which is called time multiplexing. This generates the reservoir state vector
corresponding to the input signal.

3. Training is done by creating a reservoir state matrix R, columns of which are the reser-
voir state vectors corresponding to every input data in the training dataset xtrain. Then,
via linear regression with corresponding outputs ytrain, we obtain a weight matrix W

such that
W = ytrainR−1. (1.1)

4. Having trained the reservoir, we can now get predicted outputs ỹtest corresponding to
unseen testing input data xtest by

ỹtest =Wr(xtest), (1.2)

where r(x) is reservoir state vector for input x.

5. Next step is to compare the predicted output to the original output data ytest and make
changes to the reservoir parameters accordingly to minimize the error.

The reservoir can be an artificial network of nodes or a physical dynamical system, which helps in
reducing effective computing costs. There are some properties of the reservoir that help to exploit
its computational potential:

• Memory of previous states- This enables the reservoir to retain some information about
earlier inputs in the current state of the reservoir. This helps perform tasks like time series
prediction in which the next data point inherently depends on previous data points.

• Separation of inputs in the reservoir state space- This helps the linear regression step
better map the reservoir states to the desired output and helps to distinguish very close inputs
[4].
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• Presence of sufficient non-linearity- The presence of sufficient non-linearity in readouts
helps better capture the dynamics and identify patterns in our data, facilitating better map-
ping to desired outputs [5].

1.2 Comparison between Reservoir Computing and Neural Net-
works

(a) Reservoir Computing

I1

I2

I3

I4

H11

H12

H13

H14

H15

H21

H22

H23

H24

O1

O2

O3

(b) Feedforward Neural Network

Figure 1.1: Schematic diagrams of (a) reservoir computing for time series prediction where the
connections are fixed and (b), a feedforward neural network schematic, showing the input layer
in blue, hidden layers in green, and the output layer in red. The connections are trainable using
backpropagation and gradient descent.

While both neural networks and reservoir computing are machine learning paradigms, they have
different architectures, training methods, and applications. Schematic illustrations of both is shown
in Fig.1.1 We mention below some key differences in both:

1. A neural network is a collection of interconnected artificial neurons (nodes) that process
data using weighted connections. On the other hand, reservoir computing is a computational
framework that uses a fixed, high-dimensional reservoir of randomly connected nodes or a
physical dynamical system where all nodes and connections might not even be identified.

2. In neural networks, the entire network is trained using backpropagation and gradient descent
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to optimize the weights. While in reservoir computing, only the output layer is trained using
linear regression techniques like ridge regression, where the reservoir remains unchanged.

3. In neural networks, as the weights of all layers are learned and updated using backpropaga-
tion, which involves computing gradients and adjusting the network’s parameters iteratively,
this requires computationally expensive training with large datasets. In reservoir computing,
only the output layer is trained, while the connections in the reservoir remain fixed after
initialization. This makes the training much faster and computationally efficient. Hence,
reservoir computing is much more energy-friendly.

4. Standard feedforward neural networks lack memory unless specialized architectures like Re-
current Neural Networks (RNNs) or Long Short-Term Memory (LSTMs) are used. However,
in reservoir computing, the reservoir naturally acts as a memory system, storing past inputs
implicitly without the need for backpropagation through time (BPTT) [6].

5. Reservoir computers can be a good alternative to neural networks where the goal is just to
solve some specific tasks as the hyperparameters need not be updated then. This will keep
the energy and cost to a minimum.

1.3 Quantum Reservoir Computing

Quantum reservoir computing exploits the natural quantum dynamics of quantum systems as the
reservoir. The quantum system lets us get real-time signals directly from exponentially large de-
grees of freedom [9]. Instead of using quantum neural networks with qubits as neurons, the basis
states of these quantum systems serve as nodes of the network [9]. This makes quantum reser-
voir computing scalable and experimentally realizable [10, 11, 12]. The readout from the quantum
reservoir is typically performed by measuring specific quantum observables. The connections from
the reservoir to the output layer are trained using classical techniques, similar to classical RC. The
goal is to find the optimal linear combination of quantum observables corresponding to the desired
output.

Employing quantum mechanical systems for reservoir computing can be advantageous for the
following reasons:
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• Leveraging non-trivial quantum correlations to improve computational capacity. The pres-
ence of entanglement has been shown to improve memory [13].

• Quantum systems allow us to explore a much higher-dimensional Hilbert space than possible
classically; this means smaller-sized systems can perform the same tasks as efficiently as
larger classical systems[14].

• Any potential speed-ups or improvements in the performance of quantum reservoir comput-
ing would be interesting to explore.

• It can serve as a general test bed to understand the computational implications of the quantum
properties of the system.

In this study, we investigated the potential of a single quantum system to perform machine learning
tasks. This serves as a proof-of-principle demonstration of the learning capabilities of a single
dynamical system and establishes the quantum kicked top as a system for potential regular use in
unconventional computing. We describe this quantum system in the following section.
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Chapter 2

Quantum Kicked Top

2.1 Introduction to Quantum Kicked Top (QKT)

Quantum kicked top (QKT) is a time-dependent spin system whose square of the angular momen-
tum J is conserved [15]. Its Hilbert space has finite dimensionality (2 j+1) where j( j+1) is the
eigenvalue of the J2 operator. governed by the Hamiltonian

H = h̄
pJy

τ
+ h̄

κJ2
z

2 j

(
n=∞

∑
n=−∞

δ (t −nτ)

)
, (2.1)

where Jz, Jy, and Jx are the components of the angular momentum operator along the respective
axes, obeying the standard angular momentum commutation relations. j is the size of the spin. The
first term describes a constant precession of the top around the y-axis with angular frequency p/τ ,
and the second term corresponds to non-linear impulsive kicks about the z-axis given at intervals
of τ with kick-strength κ , which is also called the chaoticity parameter. The kick-to-kick Unitary
Floquet time evolution operator of QKT for one period is given by

U = exp
(
−i

κ

2 j
J2

z

)
exp(−ipJy) . (2.2)

So, the evolution of state to nth time-period will be given by the unitary operator Un.

The directed angular momentum states |θ ,φ⟩ are of special importance as they are states of min-
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imum uncertainty; hence, they are also called coherent states. One such state is | j, j⟩, and all
other-directed states can be generated by the application of the unitary rotation operator

R(θ ,φ) = exp{iθ(Jx sinφ − Jy cosφ)} (2.3)

on | j, j⟩, as shown below
|θ ,φ⟩= R(θ ,φ) | j, j⟩ . (2.4)

1/ j is the minimum allowed uncertainty in J, which occurs in the case of these coherent states.
The classical behavior of a kicked top can be studied in the limit j → ∞ where this uncertainty
drops to zero [15]. We first rescale the angular momentum operators as Xi = Ji/ j which satisfy
[Xi,Xk] = (1/ j)εiklXl , then compute the Heisenberg equations for them. We then take the limit of
j → ∞ to obtain our classical map of kicked-top

Xn+1

Yn+1

}
=

Re

Im
(Xn cos p+Zn sin p+ iYn)eik(Zn cos p−Xn sin p)

Zn+1 =−Xn sin p+Zn cos p.

(2.5)

By conservation laws
[J2,H] = 0

[J2,U ] = 0,
(2.6)

we have X2 = 1, i.e., they are restricted on a sphere of unit radius, which allows us to rewrite them
in spherical coordinates

X = sinθ cosφ , Y = sinθ sinφ , Z = cosθ . (2.7)

These angles are classical counterparts of the angles θ and φ of the coherent states Eq.2.4. The
coherent states become highly localized at these phase space angles, approximating the classical
angular momentum state (θ , φ ) at the limit j → ∞.

This system shows chaotic dynamics for increasing kick strengths and, hence, is capable of show-
ing sufficient non-linearity to be employed in reservoir computing. The dynamics of the kicked
top is completely chaotic for κ > 4.4 [16]. Phase space dynamics of the kicked top for different κ

values are shown in Fig.2.1.
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(a)

(b)

(c)

Figure 2.1: Phase space of classical kicked top for values p = π/2 and (a) κ = 1, (b) κ = 3, and
(c) κ = 5 using 1800 initial points which are evolved for 200 time-steps. Notice how the regular
regions shrink with increasing kick strength until all that is left is chaotic trajectories for all initial
points.
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2.2 Simulating The Quantum Kicked Top

The simulation of the dynamics of QKT follows several key steps:

1. Constructing Angular Momentum Operators
In quantum mechanics, for a given spin quantum number j, the system has n = 2 j+1 states,
labeled by the eigenvalues m of Jz, where m ∈ {− j,− j + 1, ..., j − 1, j}. The raising and
lowering operators are defined as:

J+| j,m⟩= h̄
√

( j−m)( j+m+1)| j,m+1⟩, (2.8)

J−| j,m⟩= h̄
√
( j+m)( j−m+1)| j,m−1⟩. (2.9)

We can now construct n× n matrices corresponding to operators J+ and J−, in accordance
with Eq.2.8 and Eq.2.9. Using these, the Cartesian components are given by:

Jx =
J++ J−

2
, Jy =

J+− J−
2i

, Jz = diag( j, j−1, ...,− j). (2.10)

2. Constructing the Floquet Unitary Operator
Now, using the angular momentum operators, we can construct the Floquet Unitary in two
parts:

• A rotation about the y -axis by angle p:

U1 = e−ipJy (2.11)

• A non-linear kick along Jz:
U2 = e−i k

2 j J2
z (2.12)

Thus, the full one-step evolution operator is:

U =U1U2 = e−ipJye−i k
2 j J2

z . (2.13)

The matrices U1 and U2 can be easily generated using matrix exponentiation functions.

3. Constructing initial state
We generally take one of the coherent states |θ ,φ⟩ as our system’s initial state ψ0. For this
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we start with | j, j⟩ state which is given by a vector of dimension n = 2 j+1 with last entry 1
and all others 0:

| j, j⟩= [0,0, . . . ,0,1]T . (2.14)

Then we construct our desired coherent state |θ ,φ⟩, using the relation from Eq.2.4. For this,
we generate the rotation operator (Eq.2.3) using again the matrix exponentiation functions.

4. Time Evolution of the System
Starting with an initial state vector ψ0, the evolution follows:

|ψt+1⟩=U |ψt⟩. (2.15)

This iteration is performed for a given number of time steps to evolve our quantum kicked
top.

5. Computing Expectation Values
To analyze the quantum state, we compute expectation values of Jx, Jy, and Jz in the normal-
ized form:

⟨Jx⟩=
⟨ψ|Jx|ψ⟩

j
, ⟨Jy⟩=

⟨ψ|Jy|ψ⟩
j

, ⟨Jz⟩=
⟨ψ|Jz|ψ⟩

j
, (2.16)

where |ψ⟩ is the current state of the system. We store these expectation values at every time
step as they describe the system’s evolution.

This scheme will help simulate and study quantum phenomena like quantum tunneling and help
identify signatures of chaos in quantum systems.

2.3 Simulating The Quantum Kicked Top using a system of in-
teracting qubits

The quantum kicked top can be modeled as a system of interconnected qubits with interaction
strength between any two proportional to the kick strength parameter κ [17]. We are interested in
this because it also paves the way for experimental implementation. In practice, we might not have
a single system of such large spins as required for the quantum kicked top, but creating a network
of qubits to simulate a larger spin system is readily possible.
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A kicked top of spin size j can be written as a system of N = 2 j qubits [18]. The angular momen-
tum operators for the system can be written in terms of Pauli operators:

Jα =
1
2

2 j

∑
i=1

σ
(i)
α , α ∈ {x,y,z}, (2.17)

where σ
(i)
α denote σα acting on ith qubit. Now, we can write QKT Hamiltonian as follows:

H = h̄
p

2τ

2 j

∑
i=1

σ
(i)
y + h̄

κ

8 j

2 j+
2 j

∑
i,k=1
i ̸=k

σ
(i)
z ⊗σ

(k)
z

( ∞

∑
n=−∞

δ (t −nτ)

)
. (2.18)

In this study, we mostly take QKT of spin size j = 3/2, which would need three qubits for simu-
lation. Using this in the above equation and simplifying, we now have

H =
h̄κ

12

{
3I+2(σ (1)

z ⊗σ
(2)
z +σ

(1)
z ⊗σ

(3)
z +σ

(2)
z ⊗σ

(3)
z )
}

∑
n

δ (t −nτ)

+
h̄p
2τ

(σ
(1)
y +σ

(2)
y +σ

(3)
y ).

(2.19)

Deriving now the Floquet unitary from this Hamiltonian expression and simplifying, we have

U = exp
(
−i

κ

6
(σ

(1)
z ⊗σ

(2)
z +σ

(1)
z ⊗σ

(3)
z +σ

(2)
z ⊗σ

(3)
z )
)

exp
(
−i

p
2
(σ

(1)
y +σ

(2)
y +σ

(3)
y )
)

(2.20)

where we took h̄ = 1. In this expression, terms of the form exp(−i p
2 σy) are simple y-axis rotation

operations on the respective qubits by angle p. The other terms of form exp(−iκ

6 σz ⊗σz) are less
obvious. This is actually the form of Rzz gate [19]

Rzz(θ) = exp
(
−i

θ

2
σz ⊗σz

)
. (2.21)

It can be decomposed in terms of two CNOT and one Rz rotation gate as shown in Fig.2.2:

RZ(θ)

Figure 2.2: Decomposition of Rzz gate
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RY (p)

RY (p) RZ(κ/3)

RY (p) RZ(κ/3) RZ(κ/3)

Figure 2.3: Quantum Circuit representation of the Floquet Unitary U for a quantum kicked top
simulated using a system of 3 qubits.

|θ ,φ⟩ ≡ |0⟩⊗3 RY (θ) Rz(φ)

Figure 2.4: Preparation of Initial Coherent State for a quantum kicked top simulated using a system
of 3 qubits.

Hence, the action of the unitary in Eq.2.20 can be summarized with the help of the quantum circuit
given in Fig.2.3.

To prepare the initial state |θ ,φ⟩, we start with all qubits in |0⟩ state and apply a rotation of angle
θ about the y-axis and rotation of angle φ about the z-axis to each qubit (Fig.2.4).

Having prepared the initial state and the Floquet unitary, the evolution of the system would mean
repeated application of the set of gates in Fig.2.3 describing the Floquet operator U . The expecta-
tion values of desired observables can then be monitored in a manner similar to what was described
in the previous section.

This scheme of simulating the quantum kicked top using qubits can be similarly expanded to more
than three qubits as well.
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2.4 Scheme for Reservoir Computing using Quantum Kicked
Top

Once we have a working model of our QKT, we can use it for the purpose of doing reservoir
computing. We need to choose the size of the system appropriate for the given task and the kind of
inputs we need to provide to the reservoir. We have used QKT of spin size j = 3/2 for tasks with
classical inputs and spin size j = 2 for quantum data. The scheme is as follows:

1. First, the input is encoded in our QKT reservoir. We have done input encoding in
the kick-strength parameter κ for most tasks as it provides good non-linearity to the
reservoir. Appropriately scaling the inputs and choosing the range of κ for encoding
is crucial in this step for optimum results.

2. Once the encoding is done, the system is evolved according to Floquet Unitary U . The
expectation value of one of the angular momentum operators is measured after every
time-step. We measure the Jx operator’s expectation for all the tasks in this paper,
which generates the reservoir state corresponding to the input signal.

3. The process of training and testing the QKT reservoir is now the same as any reservoir
described in section 1.1

4. After every input, we reset the reservoir again to the initial state before encoding the
next one.

13



Chapter 3

QKT Reservoir Computing with Classical
Data

In this chapter, we test the performance of our QKT Reservoir Computer in performing various
tasks that demonstrate its ability to handle classical data and its processing. We perform several
non-trivial tasks like polynomial regression, prediction, and extrapolation of Lorenz series data,
which are considered benchmarks for testing the reservoir’s performance [22, 23].

3.1 Regression Task

The purpose of this task is to learn a seven-degree polynomial:

f (x) = (x+3)(x+2)(x+1)(x)(x−1)(x−2)(x−3), (3.1)

such that reservoir can predict f (x) ∀ x ∈ [−3,3]. This task tests how efficiently input is being
processed inside the reservoir, which brings about sufficient non-linear transformation of the input
to predict a high-order polynomial.

We used encoding in the kick strength (κ). We scaled our input data to the range κ ∈ [0,5.5].
Reservoir states are obtained from the expectation value of the Jx operator, time multiplexed by
running the reservoir for 32 time-steps. That means each reservoir state vector has 32 stored

14



Figure 3.1: Seven-degree polynomial regression results from QKT reservoir ran for 32 time-steps
on 450 testing points. It was trained with 150 training data points. This plot has an RMSE of order
10−5.

expectation values generated at subsequent time steps for each input data.

The average root mean square error (RMSE) for the predicted data was obtained in the order of
10−6 from training data of length 500 randomly sampled from x ∈ [−3,3] from the total data length
600. The remaining is used for testing. Reducing the size of the training to only 25% of the total
data (150 points) still keeps the RMSE of the predicted data (450 points) as low as 10−5 Fig.3.1.

Input encoding can also be done in the initial state of the reservoir. But in our case, it required
expectation values of two operators (Jx and Jy) at every step for each input to give RMSE of
comparable order as kick strength encoding, making it more resource-intensive.

We also performed a phase space analysis on the initial state of the kicked top to see how it influ-
ences the accuracy of the regression task Fig.3.2. The visual symmetry in this plot is to be noted,
which traces back to symmetries present in the kicked-top map.
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Figure 3.2: Phase space search on the initial state of the QKT for RMSE analysis. This plot
corresponds to kick strength encoding in κ ∈ [0,5.5] with training on 500 data points. In this plot,
points that correspond to RMSE value > 10−5 (white region) are removed for better readability.
Minimum RMSE was obtained at point (θ ,φ)≡ (2.36,4.89).

To understand how the introduction of chaos can change the performance of our tasks, we also
did phase space analysis on the initial state with different ranges of kick strength parameters.
These ranges corresponds to regular - κ ∈ [1,2] - Fig.3.3a, boundary - κ ∈ [3.5,4.5] - Fig.3.3b and
complete chaotic - κ ∈ [6,7] - Fig.3.3c regime of classical kicked top. These figures tell about the
effect of performance on changing the reservoir dynamics. More analysis is needed to understand
the behavior shown here.
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(a) (b)

(c)

Figure 3.3: Phase space search on the initial state of the QKT for RMSE analysis for varied ranges
of input encoding in kick strength parameter: (a) regular (κ ∈ [1,2]), (b) boundary (κ ∈ [3.5,4.5])
and (c) complete chaotic (κ ∈ [6,7]) regime of the classical kicked top. All of them were trained on
500 randomly sampled data points. In these plots, points that correspond to RMSE value > 10−4

(white region) are removed for better readability.
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3.2 Lorenz Series Prediction

Figure 3.4: Lorenz Series X-Z Prediction task. This plot shows the prediction of the Z component
of the Lorenz series given the X component for testing data. Our QKT reservoir has learned the
relationship between the two variables, X and Z, of the Lorenz series with the help of training data
of length 2500.

The Lorenz attractor is given by the following set of differential equations [20, 21]

dx
dt

= σ(y− x) (3.2)

dy
dt

= x(ρ − z)− y (3.3)

dz
dt

= xy−β z (3.4)

It shows chaotic behavior for some parameter values, meaning a tiny change in the initial conditions
leads to drastically different trajectories. We take σ = 10, ρ = 28 and β = 8/3. This task aims to
predict the z component of the Lorenz series, given the x component consecutively in time.

This task requires memory in the reservoir, i.e., given a reservoir consequently fed an input time-
series and evolved for specific time steps after every input without resetting back, it should be able
to identify past inputs up to a certain time back. The “memory” of a quantum kicked top refers to
the system’s ability to retain and exhibit signatures of its past dynamics. We quantify the memory
based on how far back it can recall the input with some threshold accuracy. Our study found that
the inherent memory of the QKT reservoir is not as much as we require to perform these tasks, so
we used artificial memory.
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Figure 3.5: Dependence of RMSE error on the length of artificial memory for Lorenz series pre-
diction task.

Artificial memory: For each reservoir state Sn corresponding to the nth input of the given data,
previous states corresponding to earlier inputs are also added according to the value of the artificial
memory given by d. These previous inputs are reduced by a factor wi ∈ [0,1] linearly proportional
to their distance from the current input, which gives us the reservoir state for nth input as rn =

[wdSn−d,wd−1Sn−d−1, . . . ,w1Sn−1,w0Sn]
T . This scheme of adding memory by hand is described

in [24].

For this task, we used an artificial memory of 78 units, and the initial state was (θ ,φ)≡ (2.22,4.73).
The encoding was performed using the kick strength parameter in the range κ ∈ [3.00,3.33], and
the reservoir was run for 10 time-steps, recording the Jx expectation values. RMSE value of the
order of 10−2 is obtained from the predicted data where the training data had a length of 2500
Fig.3.4. An interesting thing is that the RMSE order here is independent of the testing data length
once the reservoir is adequately trained.

Fig.3.5 shows the performance of the reservoir with increasing memory. The accuracy of prediction
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Figure 3.6: RMSE trend for increasing reservoir state dimension corresponding to each input for
Lorenz series prediction task

quickly improves with memory, and after about 70 units of memory, the trend is flat-lined on
average. Note that the memory requirement also depends on the encoding type, the reservoir
states’ length, and other variables, so this curve is not general and only represents the dependence.

In Fig.3.6, we see how the RMSE changes with a change in the dimension of the reservoir state.
We noticed that after time-multiplexing of 5 units, the prediction accuracy does not show any fixed
trend and is about the other of 10−2 on average.

Successful implementation of this task shows the capability of our QKT Reservoir to under-
stand the complex relationship between two interdependent variables of differential equations and,
hence, predict one given other.

20



3.3 Lorenz Series Extrapolation

(a)

(b)

Figure 3.7: Lorenz series extrapolation task where (a) shows the extrapolation of the Z component
and (b) shows the extrapolation of the X component by the QKT reservoir.

In this task, we put our reservoir’s learnability and predictive power to the ultimate test by trying
to extrapolate the evolution of the Lorenz series with time. This means that for input data x(t), the
target output is x(t +1). We demonstrate it with the extrapolation of the x and z components.

An artificial memory of 64 units was provided for this task, and the encoding was done in kick-
strength in the range κ ∈ [3.6,3.8]. We started with initial state (θ ,φ)≡ (2.36,4.89). The reservoir
was run for 137 time-steps, making each reservoir state 137 units long, which consists of JX expec-
tation values at all the time-steps. Training data of length 5000 was used to train the reservoir with
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Figure 3.8: Dependence of performance of the QKT Reservoir on the amount of artificial memory
provided for extrapolation task of X-component of the Lorenz series. Performance is quantified on
RMSE of the first 500 testing data points. Minima is reached at the memory of 64 units.

testing data of length 1000. The reservoir could predict well for length ≈ 800, slowly diverging
from the trajectory afterward. Fig.3.7 shows the final result for both the X and Z components.

In Fig.3.8, we plot the relationship between the performance of the reservoir for this task and the
amount of artificial memory. We can see that it’s not a monotonically decreasing trend; instead,
we obtain minima in the middle at 64 units. This suggests that in the Lorenz system, previous data
points of only up to a certain number influence the current data point; memory greater than this
number would hinder the prediction and thus negatively influence the performance.

The relationship of performance of the QKT reservoir with the dimension of reservoir states for
this task Fig.3.9 follows a similar trend as the memory length. There is a sharp minima at 137
units, having RMSE of order 10−2, while all the nearby points have RMSE values of order 10−1
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Figure 3.9: Impact of the reservoir state dimension (multiplexing length) on the performance of the
Lorenz series extrapolation task. This plot is created for X-component extrapolation, and RMSE
is calculated for the first 500 testing data points to quantify the performance. We obtain a minima
at length of 137 units.

or much more.

With this task, we have shown the capability of the QKT reservoir computer to learn complex
dynamics and identify patterns and relationships of the data points using previous data. It suc-
cessfully takes advantage of the inherent non-linear transformations of the current input as well as
previous ones to predict the next data point of the given series.
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Chapter 4

Quantum Tasks with QKT Reservoir
Computing

In this chapter, we will study one of the most apparent advantages of Quantum Reservoir Com-
puting in carrying out quantum tasks. A classical reservoir can handle the input data in classical
form, implying that to perform any quantum task, we would first need to convert our quantum data
in the form of quantum states to classical data. This process is both resource-intensive and time-
consuming. But unlike the classical reservoir, a quantum reservoir, like a quantum kicked top, has
no such limitation. We can, in principle, encode any of our quantum states in it by simulating the
quantum kicked top in a required number of qubits and encoding our quantum state in those qubits.

We have performed two quantum tasks using our QKT Reservoir - Entanglement classification
and prediction of Logarithmic-Negativity of a given entangled state. We intend to perform ex-
perimental simulations of these tasks using the NMR system. Hence, we generate the quantum
states needed for this task using the scheme typically used in NMR experiments to generate them,
making it more feasible and easier to carry out the experimental implementation.
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4.1 Generating the Quantum State Inputs

In order to perform both tasks, we take the input states to be bipartite mixed quantum states ρ ,
which are generated by a unitary transformation Uc on the thermal state ρ0 as shown below,

ρ =Ucρ0 U†
c (4.1)

where
ρ0 =

1
4

exp(−βHz), (4.2)

Hz =−ω

2 (σ
(1)
z +σ

(2)
z ) and we took inverse temperature β = 1.3 in units of h̄ = 1. ω is the Larmor

frequency, which we take as unity for the purpose of generating our states. The unitary operator
Uc represents a CNOT-like operation that includes single-qubit rotations and an interaction-driven
evolution. In NMR quantum computing, such operations are implemented using radio-frequency
(RF) pulses and the intrinsic spin-spin coupling interactions [25].

The unitary operator U is constructed step by step using the following operations:

1. Single-Qubit Rotation Around Y-axis (P1)

P1 = exp
(
−iθ

σy ⊗ I
2

)
(4.3)

This is a local rotation applied to the first qubit. In NMR, this corresponds to an RF pulse
along the Y-axis of the Bloch sphere, which rotates the nuclear spin by the angle θ .

2. CNOT-like Operation (P2)

P2 = exp
(
−i

π

2
I ⊗σx

2

)
(4.4)

This is a single-qubit Pauli-X rotation on the second qubit. In NMR, this corresponds to an
RF pulse along the X-axis for the second nuclear spin.

3. Interaction Evolution for CNOT (Uint)

Uint = exp
(
−i

H
2J

α

(π/2)

)
(4.5)
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where the Hamiltonian governing the interaction is given by:

H = 2πJ
σz ⊗σz

4
. (4.6)

The system evolves under the Ising-type spin-spin interaction through coupling strength J.
In NMR, this corresponds to natural evolution under the J-coupling interaction, which is
usually controlled by adjusting the delay time between the pulses.

4. Rotation Around Y-axis of Second Qubit (P3)

P3 = exp
(
−i

π

2
I ⊗σy

2

)
(4.7)

This is another single-qubit Y rotation applied to the second qubit.

5. Final Unitary Uc

The complete unitary is constructed as follows:

Uc = (P3 ·Uint ·P2) ·P1 (4.8)

U ′(α) = (P3 ·Uint ·P2) is effectively a controlled operation resembling a CNOT-like gate and
P1 is an additional single-qubit rotation gate.

The unitary Uc has the form as shown in Fig.4.1.

qA Ry(θ)

U ′(α)

qB

Figure 4.1: Unitary Uc parameterized by θ and α

4.2 Reservoir Computing using Quantum Inputs

Now, encoding these quantum states in the reservoir is where the advantage of using a quantum
reservoir becomes obvious. We encode the states to be used as input directly in the initial state of
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our quantum kicked top without the need to know the state beforehand. The scheme for performing
the quantum tasks using the QKT reservoir is as follows:

1. Use a system of 4 qubits to simulate our quantum kicked top of spin j = 2 as described
in Section 2.3.

2. The qubits are then initialized in the thermal state ρ0 ⊗ρ0 Eqs.4.2.

3. Now, by performing the given unitary operation (Eq.4.8) on the two qubits at a time,
we obtain our initial state to be ρ ⊗ρ , where ρ is a quantum state of two qubits that
needs to be worked with, as given in Eq.4.1.

4. To achieve the task at hand, we evolve this state under the Floquet Unitary of the
quantum kicked top (Eq.2.20) and follow the same scheme of reservoir computing of
Section 2.4, that we have been using throughout the previous chapter.

4.3 Entanglement Classification Task

In this task, we classify whether or not the given state ρ of Eq.4.1 is entangled. The entanglement
is determined using Logarithmic-Negativity [26], given by

EN(ρ) = log2(2N +1), (4.9)

where N is Negativity with respect to one of the subsystem of ρ , say qubit A, and it is defined as,

N = ∑
λi<0

λi (4.10)

where λi are the eigenvalues of the matrix ρΓA , which is the partial transpose of ρ with respect
to the subsystem A. If EN(ρ) > 0, the state is labeled as entangled. Otherwise, it is labeled as a
non-entangled state.

This task of classifying states as entangled or not is a non-trivial problem as determined in [27].
This problem is also tackled in [28] using the quantum kernel method. Here, we show it using
QKT reservoir computing.
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Figure 4.2: Results of entanglement classification task where (a) shows the points used for training
data and (b) shows the predicted entanglement values. The red and blue regions in the background
correspond to actual labels of entangled and non-entangled states, respectively.

We first initialize the quantum states using the scheme of Section 4.2. We then monitor the Jx ex-
pectation for nine time-steps to generate our reservoir state. In training, we then map the reservoir
states corresponding to entangled states to 1 and those corresponding to non-entangled states to
0, known from calculating Logarithmic Negativity for each. Now, we check the performance of
the reservoir using the unseen testing quantum states. If the output labels corresponding to these
states are greater than 0.42 (obtained via optimization), we label those states 1, implying predicted
entangled states; otherwise, the states are labeled as 0, meaning predicted non-entangled states.
We then compare it with the actual labels of entanglement obtained from Logarithmic Negativity
and calculate the accuracy of the classification.

The states ρ are actually generated at a very low temperature (we took β = 1.3 in Eq.4.2), which is
not attainable in a standard NMR lab. It is possible to still classify these states by just performing
the same unitaries on the thermal state at room temperature. The reservoir still learns the features
from the training data and uses it to determine if the test states would have been entangled or not
if they were generated at those lower temperatures. So, in a way, we are classifying the entangling
capabilities of the unitary transformation of Eq.4.8 at a different temperature (corresponding to
β = 1.3) rather than the entanglement of a quantum state at the current temperature.
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Figure 4.3: Accuracy of prediction of entanglement labels (0 or 1) with the size of the reservoir
state.

The set of states to be classified is generated by changing the parameters θ ∈ [0,π] and α ∈ [0,2π]

of the unitary of Eq.4.8. We generate these states at room temperature (β = 1.6/1013) but use the
entanglement labels from a much lower temperature described by the β = 1.3 value, as explained
in the above paragraph. We also use the value of ω = 500Mhz, which corresponds to the more
realistic value of the Zeeman magnetic field in the NMR lab. We used a simple training set of 50
states, as shown in Fig.4.2. As evident from the figure, even though we have provided the training
data only from the lower part of the plot, still the reservoir is able to extrapolate this information to
the upper half as well and classify the entangled state, which is similar to quantum kernel method
[28]. We obtained an average classifying accuracy of 97% on test data of size 400, where half
of them were randomly sampled from the set of entangled states and the other half from the non-
entangled set.

We also plotted the dependency of classification accuracy on the size of the reservoir state taken
Fig.4.3. We obtain a maxima at nine units as accuracy falls on either side of this. Because there
are only two possible outputs, 0 or 1, the accuracy of 50 percent would mean that the reservoir is
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Figure 4.4: Performance of Logarithmic-Negativity prediction task with increasing reservoir state
size.

not able to classify at all and is most likely making random guesses.

4.4 Logarithmic-Negativity Prediction

We can use our QKT reservoir computer to help predict various quantities describing a quantum
state like Entropy, Purity, Logarithmic-Negativity, etc. We can achieve this in principle without ex-
plicitly knowing the quantum state beforehand; only the procedure to generate them would suffice
to use them as our quantum inputs in the reservoir, described in Section 4.2.

In this section, we predict the Logarithmic-Negativity values of the entangled quantum states using
QKT reservoir computing and check their performance by comparing them with the actual value.
Once again, we initialize the quantum state at higher temperatures (β = 1.6/1013) and take the
realistic value of Larmor frequency ω . But still, we take the Logarithmic-Negativity values from
the corresponding states generated at lower temperatures (β = 1.3) and ω equal to unity and use
them for training the reservoir. We then evolve the state using QKT Floquet Unitary (Eq.2.20)
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for 40 time-steps for optimal results. We keep the kick-strength value κ at 2.8 and the p value
of the Floquet Unitary at 3.0. We obtain the average RMSE of order 10−2. This might seem
low enough, but values of Logarithmic-Negativity are typically of order 10−1 or less. Therefore,
the QKT reservoir is only performing decently well. Hopefully, RMSE could be brought down
more from further optimization using more sophisticated techniques like Bayesian optimisation of
hyperparameters [29]. The relationship between RMSE and the size of the reservoir state is given
in Fig.4.4. We obtain a minima somewhere in the middle, so projecting input to an arbitrarily
higher dimension is again not beneficial; proper optimization is needed.
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Chapter 5

Experimental Scope and Implementation

We intend to simulate our results from Chapters 3 and 4 on a physical NMR system. NMR has
proved to be an excellent test-bed to carry out quantum information processing tasks and study
quantum correlations [30, 31, 32]. Implementation of Quantum Reservoir Computing using NMR
system has already been demonstrated in [12]. The quantum kicked the top of spin j = 1 has also
been successfully simulated in NMR using a pair of qubits by V. R. Krithika et al. [33] and using
three qubits in [34]. We will mostly follow their scheme of simulating the kicked top in NMR and
perform reservoir computing on it.

5.1 Simulating QKT in NMR for Reservoir Computing

Simulating QKT in NMR would require us to write its Hamiltonian in the following form

H =
κJ2

z

2 jτ
+ pJy

∞

∑
n=−∞

δ (t −nτ), (5.1)

where we took h̄ as unity. This form is a bit different from what we have been using. Here, the
second term of rotation by angle p about the y-axis involves instantaneous kicks, and the first
term describes non-linear evolution between the kicks of interval τ characterized by the chaoticity
parameter κ , giving us a non-linear torsion about the z-axis. This Hamiltonian essentially generates
the same dynamics as our original Hamiltonian of Eq.2.1 [35], and the corresponding Floquet
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unitary is also the same as Eq.2.20.

To perform all the tasks with classical data from Chapter 3, we simulate the QKT of spin-3/2 us-
ing a three-qubit NMR system. The suitable molecule for this is dibromofluoromethane which
has qubits 13C, 1H and 19F. The sample is dissolved in deuterated acetone. We entirely follow
the method described in [34]. The manipulation of the spins can be achieved by using radio fre-
quency (RF) pulses, which are resonant with the corresponding characteristic Larmor frequencies
described by the Hamiltonian

HRF = ∑
i

π

2∆i
Iyi, (5.2)

where ∆i is the pulse duration given to the ith qubit and Iyi is the nuclear spin operator along y-
axis. There is also interaction between the qubits and in the weak-coupling limit for three or more
qubits, interaction Hamiltonian is given by [36, 37]

Hint = J ∑
i, j>i

2πIziIz j, (5.3)

where J is a single effective scalar coupling constant. We hence arrive at the effective NMR
Hamiltonian of QKT in the weak-coupling limit as follows:

Heff
NMR =HRF +Hint

=∑
i

π

2∆i
Iyi +J ∑

i, j>i
2πIziIz j.

(5.4)

Comparing with Eq.2.1, the first term of it can be mapped to HRF with the angle p = π/2 , and the
second term can be mapped to Hint where the kick parameter can be written as [34]

κ = 2 jπJ τ. (5.5)

From this relation, we can vary the kick parameter κ by varying the interaction time τ between the
qubits. Since ∆i ≪ τ , we can ignore the Hint during the RF pulses and hence obtain the Floquet
unitary as

UNMR =UintURF

=exp(−iHintτ)exp(−iHRF∆)
(5.6)

To prepare the initial QKT state, we follow the scheme from [34, 33]. From the thermal state, we
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Figure 5.1: Schematic diagram of the RF pulses and non-linear evolution for simulating QKT in
NMR using a system of three qubits initialized in coherent state |θ0φ0⟩. Each kick RF pulse has a
width ∆ ≪ τ .

first prepare a pseudo-pure state ρPPS and then transform it via unitary

Uθφ = exp(−iφ ∑
i

Izi)exp(−iθ ∑
i

Iyi) (5.7)

to the coherent state as follows
ρθφ =Uθφ ρppsU

†
θφ

(5.8)

Having prepared the initial state and developed the Floquet operator Eq.5.6, we now apply this uni-
tary evolution operator n-times to study the evolution of our Quantum Kicked Top. The schematic
diagram is shown in Fig.5.1. We can now monitor the Ix expectation values at all the time steps,
which can be done very easily in the NMR system. Hence, we can perform all of our tasks using
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Figure 5.2: Chemical structure of adamantane (CH)4(CH2)6 [38]. Each corner of the diagram
represents a carbon atom, and hydrogen atom attached to it according to its valency.

this scheme.

The entire scheme can also be very easily used for simulating QKT with four qubits in NMR
to perform both the quantum tasks of Chapter 4. We need to find a suitable molecule with four
controllable qubits for that.

5.2 Reservoir Computing with Adamantane Sample on NMR
System

Adamantane is a polycrystalline organic compound composed of three cyclohexane rings Fig.5.2.
It consists of dipolar interactions of nuclear spins of 1H atoms, which corresponds to a 3D spin-
coupling network. It is frequently used in solid-state NMR spectroscopy. We got the opportunity
to work with this sample, so we used it to perform reservoir computing using the same scheme we
used for QKT.

The Hamiltonian of the adamantane system in the interaction picture is the spin-spin interaction
[39]

Ĥdd = ∑
i< j

di j
[
2Îi

zÎ
j

z −
(
Îi
xÎ j

x + Îi
yÎ j

y
)]

(5.9)

where di j are the coupling constants. We use the NMR system to control the spins and perform our
scheme of reservoir computing on this sample. The initial state of the system is the thermal state
consisting of uncorrelated spins. Between the periods τ −∆ of non-linear evolution according to
the Hamiltonian Ĥdd , we gave periodic x-kicks of width ∆ corresponding to rotations about x-axis
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Figure 5.3: Results of Regression task for experimental implementation of adamantane reservoir
computing

in the range [0,π/2]. Input encoding is done in ∆, and ⟨Îx⟩ is measured 42 times after every period
τ to generate the reservoir state.

We performed the earlier simulated regression task using this scheme with a total of 41 data points;
32 points were used for training the reservoir and the remaining for testing. Training data points
were fed back to the reservoir to know how well this reservoir learned the training data and how
it compares to the new data Fig.5.3. We obtained an RMSE of 0.49 on training data and 1.63 on
testing data.

Successful experimental implementation of reservoir computing on NMR shows proof of concept
in a real setting for our scheme. Also, it opens the possibility of studying the performance of
reservoir computing with an increasing number of interacting qubits present in the adamantane
sample owing to the growing cluster size of the correlated spins with interaction time [39].
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Chapter 6

Conclusion and Discussion

In this thesis, we have studied the dynamics and properties of quantum kicked top. We took ad-
vantage of those to establish QKT as an efficient and practically realizable reservoir for quantum
reservoir computing. We showed several ways to simulate the kicked-top dynamics and explored
the nuances of each. We devised a straightforward scheme of reservoir computing using QKT and
showed good performance in a variety of classical and quantum tasks. We also showed experi-
mental procedures to perform these tasks on a physical NMR system. We used the adamantane
sample for experimental implementation and performed the regression task satisfactorily. We are
currently working on experimental implementation on the QKT reservoir as well. We intend to
show practically at least one task from the classical input tasks and one from the quantum input
tasks.

A possible future area of research is to figure out why different hyperparameters of the reservoir
can give rise to drastically different performance for a particular task. In Fig.6.1, we have plotted
the dynamics of the readouts for different inputs in regression tasks. The plots with κ ∈ [0,5.5] ((a)
and (c)) correspond to RMSE of order 10−6 and plots with κ ∈ [0,0.5] ((b) and (d)), corresponds
to RMSE of order 10−2. We kept all the other parameters constant. There is clearly a drastic
change in performance across the two ranges of the chaoticity parameter. We explain this difference
qualitatively using the plots of Fig.6.1. Notice that the readouts corresponding to different inputs
in plot (a) are much more separated and consist of different features than plot (b). Plots (c) and (d)
show different frequency components in each readout dynamics.
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(a) (b)

(c) (d)

Figure 6.1: Plots (a) and (b) shows QKT reservoir readouts (⟨Jx⟩) for 32 time-steps, for four
randomly sampled input (shown in different colors) from the training data for the regression task.
(a) corresponds to input encoding in κ ∈ [0,5.5] and (b) in κ ∈ [0,0.5]. Plots (c) and (d) are Fourier
transformations of dynamics in plots (a) and (b), respectively.

Plot (c) has noticeably larger contributions from different frequencies for each input reservoir state
than plot (d). More frequencies (meaning more features) and more separability in the dynamics
make it easier for linear regression to separate them and map them to the desired output, leading
to increased performance.

While this does seem like a conclusive way to find better hyperparameters, it does not always hold.
As reservoir dynamics with lesser features and little separability are most likely not to perform
the task well, it does not guarantee that dynamics with better separability and contribution from a
larger number of frequencies will surely perform satisfactorily. A proper study is needed to find
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the best possible way to do hyperparameter optimization, as it is one of the most time-consuming
aspects of reservoir computing [40].

Many areas of research need to be explored in the context of reservoir computing, like how to
efficiently scale the reservoir to handle more complex data, devising a robust quantitative way
to compare different reservoirs as well as other machine learning architectures, and developing
a readily available and versatile experimental setup to perform physical reservoir computing. We
hope this study will serve as a motivation to consider quantum systems as potential reservoirs and a
guide for performing quantum reservoir computing with dynamical spin systems in both simulation
and experimental implementation.
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