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1. Abstract 

Quorum sensing (QS) is a cellular interaction mechanism in bacteria that regulates gene 

expression. The search and binding of the AHL-bound LuxR-type proteins to specific sites on 

DNA in QS cells of Gram-negative bacteria is a complex process and we have theoretically 

investigated it using a simple discrete-state model. We have shown that several factors such as 

the rate of formation of the AHL-bound LuxR protein within the cells and its dissociation to 

freely diffusing autoinducer molecule (AHL), the diffusion of the latter in and out of the cells, 

the presence of a feedback loop and the cell population density is very important in the protein 

target search and can control the gene regulation processes. We also explain these observations 

physically. We have also performed stochastic simulations to validate our theoretical results. 

We have also looked at a different problem where we calculated transit time distributions 

in inertial active particles. Transition path times are defined as the time taken by a particle to 

make a transition between two stable molecular conformers. Typically, active forces cause 

enhanced diffusion, superdiffusion. ATP dependent forces present in a cell disrupt the 

equilibrium in the environment, thereby causing active forces. We have obtained an analytical 

expression of the transit times for such systems and have also performed simulations to validate 

our analytical results. We have also found approximate expressions in the short and the long 

time limits. In addition to this, we have derived approximately the mean transition path time.  
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2. Introduction  

The search of protein for targets on the DNA is very important in many cellular 

processes like DNA transcription, DNA replication, DNA unwinding[1]. This protein-DNA 

search is an extremely complicated phenomenon and it has been intensely investigated both 

experimentally and theoretically. Early experimental studies show that lac repressor finds its 

target much faster than the time predicted by a pure diffusion theory[2]. This has led to a series 

of theoretical and experimental studies for predicting the mechanism of protein-DNA search. 

The most famous of them is the facilitated diffusion theory that predicted that a protein 

searching for a target on the DNA can undergo a random walk motion on the DNA chain (1-D 

diffusion) along with a 3-D diffusion in the bulk[3, 4]. This phenomenon has been supported 

both via several spectroscopic and single-molecule experimental techniques[5, 6]. Kolomeisky 

et. al. have theoretically investigated the important physical features of this protein target 

search process through an analytical discrete state model[7]. Using this discrete state approach, 

several aspects of protein-DNA search in a more realistic cellular environment have been 

explored such as multiple targets on the DNA chain[8], the effect of heterogenous 

sequences[9], presence of multiple DNA conformers[10], and so on. However, despite several 

efforts to study these target search processes some aspects of protein-DNA search are still not 

well understood.  

Bacterial gene expression is regulated by a cellular communication mechanism known 

as quorum sensing(QS). QS[11, 12] is a cellular communication mechanism in which bacteria 

regulate gene expression according to their neighbouring population through the use of small 

chemical signalling proteins known as autoinducers. QS is very importrant in various 

physiological processes like bioluminescence, formation of biofilms, production of antiobiotics 

and secretion of virulence factor[13-15]. The process of QS has been investigated extensively 

both experimentally and theoretically[16-23]. The bacteria produce and release small signaling 

proteins known as autoinducers. At a critical cellular population density, once the autoinducers 

attain a minimum  threshold concentration ~1 − 10𝜇𝑔/𝑚𝑙, they activate transcription and 

translation thereby causing gene expression. This mechanism of QS is true in Gram-negative 

as well as Gram-positive bacteria. In Gram-negative bacteria the most common signalling 

autoinducer is Acyl-Homoserine lactone(AHL) which was first discovered in the bacterium 

Vibrio fischeri[24]. On the other hand, Gram-positive bacteria use processed oligopeptides[11, 

20]. In Gram-negative bacteria the cell walls are permeable to AHL and these signaling 
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molecules diffuse freely through the cell walls and their concentration increases inside the cells 

with an increase in the cellular population. At a minimum threshold concentration ~1 −

10𝜇𝑔/𝑚𝑙[25], the AHL molecule reversibly binds to the transcriptional regulator proteins like 

LuxR inside the cells. This AHL-bound LuxR protein complex then finds and activates the 

specific promoter-target site on the DNA thus causing gene expression which can now generate 

various forms of cellular response like luminescence and also produce a positive feedback loop 

producing more amount of AHL protein[11, 20]. However, in Gram-positive bacteria, the 

processed oligopeptides bind to the receptors present in the cell membrane which can then 

phosphorylate proteins present in the cytoplasm and the phosphorylated proteins can bind to 

the DNA[11, 20]. Thus as evident, an important event in QS is the binding of the target on the 

DNA by a protein to activate gene expression. The protein-DNA target binding phenomenon 

in several QS systems has been explored in many experiments. The molecular mechanism of 

the binding of the complex to the DNA molecule for a QS system in Sinorhizobium meliloti(a 

Gram-negative bacteria) in the presence of different AHL molecules with different side chains 

was studied using dynamic force spectroscopy experiments and it was found that the mean 

lifetime of the bound protein-DNA complexes varied with different AHLs present in the protein 

complex[26]. In Agrobacterium tumefaciens(Gram-negative bacteria), the crystal structure of 

the transcriptional regulator TraR in complex with the autoinducer and its bound DNA were 

determined[27]. It has been also shown that QS antagonists which mimic the autoinducer in 

Pseudomonas aeruginosa (Gram-negative) can prevent autoinducer complex binding to the 

promoter thus inhibiting QS[28] and can act as potential therapeutic agents[29]. In Bacillus 

cereus (a Gram-positive bacteria), the binding of the peptide molecule PapR onto its target 

DNA molecule which activates the quorum-sensing regulator PICR was looked at extensively 

to propose a molecular activation mechanism for this regulator[30]. In bioluminescent marine 

bacterium V. fischeri, upon reaching a threshold concentration of AHL, the LuxR protein forms 

a complex with AHL. This LuxR-AHL complex finds and binds to the promoter on the DNA 

thereby initiating transcription of the luminescence luciferase operon [LuxICDABE]. This 

leads to an increase in autoinducer synthesis and production via the increase in transcription 

and translation of luxICDABE thereby establishing a positive feedback loop[31]. The effect of 

cellular concentrations, QS anatagonists, postive feedback loops and many more can be 

investigated if one can understand the microscopic details of how QS systems influence 

protein-DNA interactions and affect gene expression.                        

Our thesis is organised as follows. We develop a simple theoretical model and solve 

Master Equations and perform some numerical simulations based on this simple theoretical 
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model according to the methodologies described in Chapter 3. We then give the results from 

this model and conclude in Chapter 4.  

In Chapter 5, we then digress to a different problem of Transit Time Distributions. We 

calculate analytically the full form of the transit time distributions and perform some numerical 

simulations to validate this analytical expression. We further investigate transit time 

distributions in the long and short time tails. Next, we calculate approximately the mean of the 

transition path times and finally conclude . 
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3.  Theoretical and Simulational Methodologies for Protein-DNA model in  

Quorum Sensing 
 

3.1 Model                                                                                                 

We here describe a simple theoretical model to study protein-DNA interaction in QS in 

Gram-negative bacteria. To build a minimal model on such a protein-DNA target search 

process,  we consider a system of N cells in the medium (say Cell 1, Cell 2, Cell 3, Cell X,…., 

Cell N) as illustrated in Figure 1a. We assume that there is a sufficient amount of AHL present 

intracellularly and extracellularly such that it can interact with the transcriptional regulator 

protein LuxR in the intracellular medium and form the AHL -bound LuxR protein complex. 

For simplicity, we also assume that all the cells are similar as they are present in the same 

extracellular environment.  An AHL protein (AHLi)  which is initially synthesized in the 

interior of any of the cells (e.g. Cell X), can diffuse into the extracellular medium with rate 

𝑘஺ு௅௜→஺ு௅௘ or can also associate to a LuxR protein thus forming a AHLi-LuxR complex with 

a rate 𝑘஺ு௅௜→஺ு௅௜ି௅௨௫ோ . The AHL protein (AHLe) present in the exterior of the cell can 

reversibly diffuse into any of the cells X (X=1 to N) with a rate 𝑘஺ு௅௘→஺ு௅௜.  The AHLi-LuxR 

complex can dissociate to form a free AHLi molecule with rate 𝑘஺ு௅௜ି௅௨௫ோ→஺ு௅௜  or it can bind 

to a DNA chain present inside the cell with rate 𝑘௢௡ to initiate the target search process of 

finding the specific target. After associating with the DNA, this protein complex can dissociate 

from the chain with a rate 𝑘௢௙௙ and bind to some other site or can slide on the chain to the next 

site with a velocity u as considered in a standard protein-DNA model of target search until it 

identifies the specific target site[7]. The DNA chain is assumed to be a highly intertwined 

structure lying in the bulk solution, and the protein complex usually diffuses very fast near the 

DNA. So once the protein complex (AHLi-LuxR complex)  dissociates from the DNA chain, 

it does not keep track of where on the DNA chain it was previously associated. So, it is equally 

likely for all sites on the DNA to bind to the protein complex[7, 32, 33].  Thus one can ignore 

the memory associated with the location of the protein near the DNA chain when the complex 

dissociates from any non-specific site on the DNA. Such an assumption has been used in 

developing many theoretical models and explaining several experimental results[7]. The 

formation of AHLi from bacterial LuxI type protein is an irreversible event such that the rate 

of formation of the AHLi and the protein-DNA interaction will not affect each other. Since all 

the cells are assumed to be similar, all the above-mentioned rate constants in our model are 

considered to be the same for all the cells.  
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Figure 1: Pictorial representation of a model of protein-DNA interaction in quorum QS cells.  

There are system of N cells in the medium as shown in figure 1a. The AHL molecules can 

diffuse in and out of the cells. An AHL molecule present inside the cells can bind to a LuxR to 

form the AHL-LuxR complex which can then find the target on the DNA.                                                                        

 

We investigate this simple protein-target search model QS systems as illustrated in 

Figure 1b. The DNA molecule consists of L binding sites with m being the target site. In 

general, there are many LuxR and autoinducer molecules within a cell. In this study, we model 

the activity of any one of the autoinducer molecules with one of the many LuxR molecules 

present inside each cell. We assume that the dynamics followed by this AHL molecule is the 

same as the dynamics followed by any other AHL molecule which is present that cell or any 

other cell. We investigate this simple theoretical model using a first passage time approach.  

3.2 Theoretical Methodology: Backward Master Equations and their Solutions 

We consider the simple discrete-state model figure 1 to investigate protein search dynamics in 

QS cells using a method of the first-passage probabilities[7-10, 32-37]. To begin with, we 

introduce a general probability density function (PDF)[7] 𝐺௞
௑(𝑡) to reach the target site m at 

time t in any of the N cells for the first time if the system started initially from the state k 

(k=AHLi, AHLi-LuxR) in the 𝑋௧௛ cell. Similarly,  𝐺௜஽ே஺
௑ (𝑡) denotes the PDF of finding the 

target site at any of the cells at time t if initially, the AHL-bound LuxR complex started from 

the 𝑖௧௛ site on the DNA (i=1 to L) at the 𝑋௧௛ cell.  𝐺஺ு௅௘(𝑡) is the PDF of to reach the target 

site at time t provided the AHL molecule initially started from the extracellular medium.  

For simplicity we use the following notations that are denoted as: 𝐴𝐻𝐿𝑖 ≡ 𝐴, 𝐴𝐻𝐿𝑒 ≡

𝐵, 𝐴𝐻𝐿𝑖 − 𝐿𝑢𝑥𝑅 ≡ 𝐶.  All these PDF’s time evolve according to the following backward 

master equations[38] 
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ௗீಲ
೉(௧)

ௗ௧
= 𝑘஺→஻𝐺஻(𝑡) + 𝑘஺→஼𝐺஼

௑(𝑡) − (𝑘஺→஻ + 𝑘஺→஼)𝐺஺
௑(𝑡)   for    1 ≤ 𝑋 ≤ 𝑁         (3.1) 

Here the first term on the RHS of Eq. 3.1 𝑘஺→஻𝐺஻(𝑡) denotes that the AHL protein can freely 

diffuse from the interior of the 𝑋௧௛ cell to the exterior with rate 𝑘஺→஻. The second term 

𝑘஺→஼𝐺஼
௑(𝑡) denotes that the AHL protein in any Xth cell can bind with the LuxR present inside 

the cell with rate  𝑘஺→஼ . The last term −(𝑘஺→஻ + 𝑘஺→஼)𝐺஺
௑(𝑡)  denotes that there is a (1-

−(𝑘஺→஻ + 𝑘஺→஼)𝑑𝑡) probability of the AHL molecule staying in the same state after a small 

interval of time dt.  
ௗீಳ(௧)

ௗ௧
= 𝑘஻→஺(𝐺஺

ଵ(𝑡) + 𝐺஺
ଶ(𝑡) + 𝐺஺

ଷ(𝑡) + ⋯ )  − 𝑁𝑘஻→஺𝐺஻(𝑡)                             (3.2) 

Here 𝑘஻→஺𝐺஺
ଵ(𝑡) denotes that the AHL protein from the exterior of the cell can go into the 

interior of cell 1 with rate 𝑘஻→஺, the term 𝑘஻→஺𝐺஺
ଶ(𝑡)  denotes that the AHL protein state from 

the cell exterior can enter cell 2 with rate 𝑘஻→஺, and so on till the cell N. The last term denotes 

that there is a (1- 𝑁𝑘஻→஺dt) probability of the AHL molecule to stay in the cell exterior after a 

small interval of time dt. 
ௗீ಴

೉(௧)
ௗ௧

= 𝑘஼→஺𝐺஺
௑(𝑡) + ௞೚೙

௅
∑ 𝐺௜஽ே஺

௑ (𝑡)௅
௜ୀଵ − (𝑘஼→஺ + 𝑘௢௡)𝐺஼

௑(𝑡)  (1 ≤ 𝑋 ≤ 𝑁)         (3.3) 

Here the first term 𝑘஼→஺𝐺஺
௑(𝑡) denotes that the AHLi-LuxR bound state in the 𝑋௧௛ cell can 

dissociate to give free AHL and free LuxR in the 𝑋௧௛ cell with rate 𝑘஼→஺ and the second term 
௞೚೙

௅
∑ 𝐺௜஽ே஺

௑ (𝑡)௅
௜ୀଵ  considers that the AHLi-LuxR bound state in the 𝑋௧௛ cell can bind to the L 

sites on the DNA in the 𝑋௧௛ cell with a rate ௞೚೙
௅

. . The last term denotes the probability (1-

(𝑘஼→஺ + 𝑘௢௡)dt) of the AHLi-LuxR complex to stay in the same state after time dt.  

For  sites at the two ends of the DNA chain (i = 1 and i = L)  
ௗீభವಿಲ

೉ (௧)
ௗ௧

= 𝑢𝐺ଶ஽ே஺
௑ (𝑡) + 𝑘௢௙௙𝐺஼

௑(𝑡) − (𝑢 + 𝑘௢௙௙)𝐺ଵ஽ே஺
௑ (𝑡)   (1 ≤ 𝑋 ≤ 𝑁)                (3.4) 

ௗீಽವಿಲ
೉ (௧)

ௗ௧
= 𝑢𝐺(௅ିଵ)஽ே஺

௑ (𝑡) + 𝑘௢௙௙𝐺஼
௑(𝑡) − (𝑢 + 𝑘௢௙௙)𝐺௅஽ே஺

௑ (𝑡) (1 ≤ 𝑋 ≤ 𝑁)            (3.5) 

For all other sites, 

ௗ ೔ீವಿಲ
೉ (௧)

ௗ௧
= 𝑢𝐺(௜ାଵ)஽ே஺

௑ (𝑡) + 𝑢𝐺(௜ିଵ)஽ே஺
௑ (𝑡) + 𝑘௢௙௙𝐺஼

௑(𝑡)(𝑡) − (2𝑢 + 𝑘௢௙௙)𝐺௜஽ே஺
௑ (𝑡)   (2 ≤

𝑖 ≤ 𝑚 − 1, 𝑚 + 1 ≤ 𝑖 ≤ 𝐿 − 1, 1 ≤ 𝑋 ≤ 𝑁).                                                            (3.6)  

 At t = 0, if the AHLi-LuxR complex is already at the target site, the search process ends 

immediately and then 

𝐺௠஽ே஺
௑ (𝑡) = 𝛿(𝑡)   (1 ≤ 𝑋 ≤ 𝑁)                                                                               (3.7) 

Laplace Transforming the first passage PDF’s (Eqn 2.1 to 2.6 ), we get 

(𝑠 + 𝑘஺→஻ + 𝑘஺→஼)𝐺෠஺
௑(𝑠) = 𝑘஺→஻𝐺෠஻(𝑠) + 𝑘஺→஼𝐺෠஼

௑(𝑠) for (1 ≤ 𝑋 ≤ 𝑁)                     (3.8) 
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(𝑠 + 𝑁𝑘஻→஺)𝐺෠஻(𝑠) = 𝑘஻→஺(𝐺෠஺
ଵ(𝑠) + 𝐺෠஺

ଶ(𝑠) + ⋯ . . +𝐺෠஺
ே(𝑠))                                       (3.9)                                                 

 (𝑠 + 𝑘஼→஺ + 𝑘௢௡)𝐺෠஼
௑(𝑠) = 𝑘஼→஺𝐺෠஺

௑(𝑠) + ௞೚೙
௅

∑ 𝐺෠௜஽ே஺
௑ (𝑠)௅

௜ୀଵ  (1 ≤ 𝑋 ≤ 𝑁)                 (3.10) 

൫𝑠 + 𝑢 + 𝑘௢௙௙൯𝐺෠ଵ஽ே஺
௑ (𝑠) = 𝑢𝐺෠ଶ஽ே஺

௑ (𝑠) + 𝑘௢௙௙𝐺෠஼
௑(𝑠)  (1 ≤ 𝑋 ≤ 𝑁)                           (3.11)   

൫𝑠 + 𝑢 + 𝑘௢௙௙൯𝐺෠௅஽ே஺
௑ (𝑠) = 𝑢𝐺෠(௅ିଵ)஽ே஺

௑ (𝑠) + 𝑘௢௙௙𝐺෠஼
௑(𝑠)(1 ≤ 𝑋 ≤ 𝑁)                       (3.12) 

൫𝑠 + 2𝑢 + 𝑘௢௙௙൯𝐺෠௜஽ே஺
௑ (𝑠) = 𝑢𝐺෠(௜ାଵ)஽ே஺

௑ (𝑠) + 𝑢𝐺෠(௜ିଵ)஽ே஺
௑ (𝑠) + 𝑘௢௙௙𝐺෠஼

௑(𝑠)  for  (  2 ≤ 𝑖 ≤

𝑚 − 1, 𝑚 + 1 ≤ 𝑖 ≤ 𝐿 − 1, 1 ≤ 𝑋 ≤ 𝑁)                                                                   (3.13) 

𝐺෠௠஽ே஺
௑ (𝑠) = 1       (1 ≤ 𝑋 ≤ 𝑁)                                                        (3.14) 

We can solve these equations by assuming an ansatz for 𝐺෠௜஽ே஺
௑ (𝑠) = 𝐴𝑦௡ + 𝐵𝑦ି௡ + 𝐶, 𝑦 =

௦ାଶ௨ା௞೚೑೑ି ට(௦ାଶ௨ା௞೚೑೑)మିସ௨మమ

ଶ௨
, 𝐶 = ௞೚೑೑ி෠಴

೉(௦)

௦ା௞೚೑೑
. The two constants can be found by applying the 

appropriate boundary and the initial conditions (3.11 and 3.14 for 1 ≤ 𝑛 ≤ 𝑚) and (3.12 and 

3.14 for 𝑚 ≤ 𝑛 ≤ 𝐿). This problem can further be simplified by exploiting the symmetry of 

the problem which yields 𝐺෠஺
ଵ(𝑠) = 𝐺෠஺

ଶ(𝑠) = ⋯ = 𝐺෠஺
ே(𝑠) = 𝐺෠஺(𝑠) , 𝐺෠஼

ଵ(𝑠) = 𝐺෠஼
ଶ(𝑠) = ⋯ =

𝐺෠஼
ே(𝑠) = 𝐺෠஼(𝑠)                                                                         (3.15)                                                                                   

and  𝐺෠௜஽ே஺
ଵ  (𝑠) = 𝐺෠௜஽ே஺

ଶ (𝑠) = ⋯ = 𝐺෠௜஽ே஺
ே (𝑠) = 𝐺෠௜஽ே஺(𝑠)   (for 1 ≤ 𝑖 ≤ 𝐿  ). This yields the 

final solution 

𝐺෠஼
ଵ(𝑠) = 𝐺෠஼

ଶ(𝑠) = ⋯ = 𝐺෠஼
ே(𝑠) = 𝐺෠஼(𝑠) = ௞೚೙ௌ(௦)஽(௦)(௦ା௞೚೑೑)

௅൫௦ା௞೚೑೑൯஺(௦)ା௞೚೙௞೚೑೑ௌ(௦)஽(௦)ି௞೚೙௞೚೑೑௅஽(௦)
     (3.16) 

where the new auxiliary function 

𝑆(𝑠) = ௬(ଵା௬)(௬షಽି௬ಽ)
(ଵି௬)(௬భష೘ା௬೘)(௬೘షಽା௬భశಽష೘)

                                                                        (3.17) 

𝐴(𝑠) = 𝑠ଷ + 𝑠ଶ(𝑘஺→஻ + 𝑁𝑘஻→஺ + 𝑘஺→஼ + 𝑘௢௡ + 𝑘஼→஺) + 𝑠൫𝑘஺→஼𝑁𝑘஻→஺ + 𝑘௢௡(𝑘஺→஻ +

𝑁𝑘஻→஺ + 𝑘஺→஼) + 𝑘஼→஺(𝑘஺→஻ + 𝑁𝑘஻→஺)൯ + 𝑘௢௡𝑘஺→஼𝑁𝑘஻→஺                                   (3.18) 

𝐷(𝑠) = 𝑠ଶ + 𝑠(𝑘஺→஻ + 𝑁𝑘஻→஺ + 𝑘஺→஼) + 𝑘஺→஼𝑁𝑘஻→஺                                             (3.19) 

𝐺෠஺
ଵ(𝑠) = 𝐺෠஺

ଶ(𝑠) = ⋯ = 𝐺෠஺
ே(𝑠) = 𝐺෠஺(𝑠) = (௦ାே௞ಳ→ಲ)ி෠಴(௦)௞ಲ→ಲಹಽ೔ష಴

஽(௦)
                              (3.20)         

 

Initially, we choose the system to be in the bulk and it corresponds to the state when an AHL 

molecule that is synthesized inside any one of the cells is ready to initiate the search process. 

These analytical expressions for these PDF’s in the Laplace form allow us to obtain a full 

theoretical description of the target search phenomenon. They yield the average search time 

from the required initial states. 
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So, the average target search time on any cell when the initial state is an AHL molecule which 

is synthesized in any of the cells is given by 

𝑇஺ = − ௗ ෠ீಲ(௦)
ௗ௦

ቚ
௦→଴

= 𝑇஼ + ௞ಲ→ಳ
௞ಲ→಴ே௞ಳ→ಲ

+ ଵ
௞ಲ→಴

                                                             (3.21) 

where 𝑇஼ denotes the time required to find the target on the DNA within any cell starting from 

the AHLi-LuxR complex. Before initiating the search process, the AHL molecule which is 

present in the interior of any of the cells can diffuse to the extracellular medium and enter into 

any of the cells repeatedly, and finally bind to a LuxR. The average time involved in this 

process is the second term on the RHS ௞ಲ→ಳ
௞ಲ→಴ே௞ಳ→ಲ

. Also the last term, ଵ
௞ಲ→಴

  is the average time 

taken by the AHL molecule to bind directly to a LuxR to form a AHLi-LuxR complex and start 

its search for the target.  

The average time required to perform the target search on the DNA chain within any cell 

starting from the  AHLi-LuxR complex is 

𝑇஼ = lim
௦→଴

− ௗி෠಴(௦)
ௗ௦

=  ଵ
௞೚೑೑

ቀ ௅
ௌ(଴) − 1ቁ + ቀ ௅

ௌ(଴)ቁ ቀ ଵ
௞೚೙

+ ௞಴→ಲ(௞ಲ→ಳାே௞ಳ→ಲ)
௞೚೙௞ಲ→಴ே௞ಳ→ಲ

ቁ                 (3.22) 

Physically 𝑆(0) denotes the number of sites scanned on the DNA on an average during each 

association. Thus, ௅
ௌ(଴) denotes the number of associations the AHLi-LuxR complex has to 

make to the DNA while trying to find the specific target site. Since the search process gets over 

once the AHLi-LuxR complex finds the target site, the number of associations ( ௅
ௌ(଴)) is one 

more than the number of dissociations( ௅
ௌ(଴)-1) and ଵ

௞೚೑೑
  denotes the time spent in the 1D motion 

on the DNA chain before dissociating from the chain. So the time required for each dissociation 

event times the number of dissociations i.e. ଵ
௞೚೑೑

ቀ ௅
ௌ(଴) − 1ቁ  denotes the overall time spent in a 

1D motion on the DNA chain while searching for its target.  

The AHLi-LuxR complex present in the bulk can directly bind to the DNA or it may dissociate 

before binding to the DNA chain and has to associate again to form the complex and participate 

in the search process. ଵ
௞೚೙

 denotes the average time taken by the AHLi-LuxR complex to 

directly associate to the DNA chain without dissociating into free AHL and LuxR. 

Alternatively, the AHLi-LuxR complex can dissociate into free AHL and LuxR and the free 

AHL molecule may diffuse in and out of the cells repeatedly before it forms the protein 

complex again and binds to the DNA.  The mean time associated with all these possible events 

is given by ௞಴→ಲ(௞ಲ→ಳାே௞ಳ→ಲ)
௞೚೙௞ಲ→಴ே௞ಳ→ಲ

. So, the average time the AHLi-LuxR complex spends in the bulk 
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by doing a 3D search before each association to the DNA chain is the sum of these two times.  

With ௅
ௌ(଴) number of possible associations, the total time spent in the bulk solution (in 3D 

search) in searching for the target site is the product of the number of association events times 

the time required for each association i.e. ቀ ௅
ௌ(଴)ቁ ቀ ଵ

௞೚೙
+ ௞಴→ಲ(௞ಲ→ಳାே௞ಳ→ಲ)

௞೚೙௞ಲ→಴ே௞ಳ→ಲ
ቁ . One can then 

consider an effective binding rate                                                

𝑘௢௡௘௙௙௘௖௧௜௩௘ = ௞೚೙

ଵାೖ಴→ಲ൫ೖಲ→ಳశಿೖಳ→ಲ൯
ೖಲ→಴ಿೖಳ→ಲ

                                                                           (3.23) . 

The protein (complex) in this quorum-sensing system spends a longer time in the bulk before 

associating to the DNA chain as compared to a regular protein-DNA target search process. This 

is because in QS cells the protein complex can dissociate before binding directly to the chain. 

This free AHL protein has to rebind to the LuxR for forming the AHLi-LuxR complex to 

initiate the search process. This will add to the average search time. The effect of the 

formation/dissociation rate of the protein complex and the diffusion rates of the AHL molecule 

in and out of the cells are all incorporated in this effective rate constant 𝑘௢௡௘௙௙௘௖௧௜௩௘ given in 

Eq. 3.23 and Eq. 3.21 and 3.22 can be rewritten in terms of 𝑘௢௡௘௙௙௘௖௧௜௩௘ 

𝑇஼ =  ଵ
௞೚೑೑

ቀ ௅
ௌ(଴) − 1ቁ + ቀ ௅

ௌ(଴)ቁ ൬ ଵ
௞೚೙೐೑೑೐೎೟೔ೡ೐

൰                                                         (3.24a) 

𝑇஺ = ଵ
௞೚೑೑

ቀ ௅
ௌ(଴) − 1ቁ + ቀ ௅

ௌ(଴)ቁ ൬ ଵ
௞೚೙೐೑೑೐೎೟೔ೡ೐

൰ + ௞ಲ→ಳ
௞ಲ→಴ே௞ಳ→ಲ

+ ଵ
௞ಲ→಴

                             (3.24b) 

  3.3 Simulation Methodology 

To validate the analytical results obtained for the search time, Monte-Carlo simulations were 

performed. To perform the simulations, the following general methodology is adopted[39]. 

Firstly, the system is assumed to start from the state of the AHL molecule. Then the system 

evolves with time till the final target state is achieved. To evolve the particle over a particular 

time interval dt, the following general methodology is adopted.  

Suppose the system is currently present at a particular state X. From this particular state, it can 

go to n different states: 𝑌ଵ, 𝑌ଶ, ….𝑌௡ with rates 𝑘௑→௒
ଵ , 𝑘௑→௒

ଶ ,…., 𝑘௑→௒
ே  . So after a small interval 

of time dt, the system currently at X can be in the states 𝑌ଵ, 𝑌ଶ, ….𝑌௡ with probabilities 𝑘௑→௒
ଵ dt, 

𝑘௑→௒
ଶ dt,…., 𝑘௑→௒

ே dt respectively. The system can also remain in state X with probability 1-

(𝑘௑→௒
ଵ + 𝑘௑→௒

ଶ +….+ 𝑘௑→௒
ே )dt. To simulate this step starting from the state X, an uniformly 

distributed random number is generated between [0,1). Next, this [0,1) interval is separated 

into several subintervals each of whose length is equal to the probabilities of the various 

transitions. An example of such a division is ([0,  𝑘௑→௒
ଵ dt), [ 𝑘௑→௒

ଵ 𝑑𝑡, (𝑘௑→௒
ଵ + 
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𝑘௑→௒
ଶ )dt),…..,[ (𝑘௑→௒

ଵ + 𝑘௑→௒
ଶ + ….+ 𝑘௑→௒

ேିଵ) dt,  (𝑘௑→௒
ଵ + 𝑘௑→௒

ଶ + ….+ 𝑘௑→௒
ே ) dt), [ (𝑘௑→௒

ଵ +

𝑘௑→௒
ଶ +….+𝑘௑→௒

ே )dt,1)). In this case, the length of the first sub-interval equals the probability 

of the transition X→ 𝑌ଵ after time dt, the length of the second sub-interval equals the probability 

of the transition X→ 𝑌ଶ after time dt, and so on. Similarly, the length of the second last sub-

interval equals to the probability of the last transition X→ 𝑌௡ after time dt. Finally, the length 

of the last subinterval denotes the probability of staying in the same state after time dt. Next, if 

the particular random number r falls exactly within any of such intervals, the particular 

transition is assumed to happen. The time is updated and the system is evolved until it hits the 

final target state. 

Several realizations of this process are simulated to achieve a good enough average of the 

search time. 

Additionally we also perform simulations to calculate the number of internal AHL molecules 

present in the cell at any time. To perform these simulations, we initially consider N basal 

LuxI(one LuxI per cell) proteins initially in the system. We also fix a time T when we would 

calculate the average number of AHL molecules present in the cells. We also simplify our 

system by taking care of the fact that our entire model of N cells could be effectively reduced 

to only a single cell model. This helps us in the way that we could simply get away without 

considering in which exact cell the AHL molecule is present but oncly considering whether the 

AHL molecule is present in the interior of the cells or the exterior. Then we follow the 

following general methodlogy to simulate the system over time. 

1.First we calculate the times at which each of N basal LuxI’s produce AHL’s. To do so we 

intialise a N× ்
ௗ௧

 matrix consisting of only -1’s. This matrix will be used to store the state of  

AHL molecules. Then we time evolve each of the N LuxI molecules to produce AHL’s till time 

<T by the methodology discussed above. We store the time at which a new AHL is produced 

by the 𝑘௧௛ LuxI in the 𝑘௧௛ row of this matrix. The row number of the matrix tells us which 

LuxI produced the AHL and the column number (if not equal to -1) tells us at what time that 

AHL was produced.   

2. Now as we have obtained this initial structure of the initial starting configuration of the 

AHL’s we time evolve the AHL’s till they hit the final promoter state and form a new LuxI 

protein(in this case we label the matrix element by the time at which the new LuxI was formed), 

or the time T is reached (in this case we label the matrix element by -2 if the AHL was in the 

interior or -3 if the AHL was in the exterior of the cell). From this matrix, we calculate the 

number of elements>0, which gives us the number of new LuxI’s formed. If the number of new 
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LuxI’s formed were>0(suppose k), we proceed to the next step. Otherwise we stop our 

simulations. Also, by calculating the number of -2 elements in this matrix, we can get an  count 

of the number of internal AHL molecules at this time T. 

3. From the number of new LuxI’s formed thorugh a feedback loop, we again create a k× ்
ௗ௧

 

matrix consisting of only -1’s. Then we store the times at which the new AHL’s are produced 

till time<T.   

4. Now if there are no new AHL’s formed(basically no new -1 elements in the above matrix), 

we can stop our simulations. Otherwise we go to step 2. 

5. Finally, we can calculate the total number of internal AHL molecules from step 2 and then 

divide it by the number of cells to get an average. 

6. We can average over this obtained number of average internal AHL molecules over an 

ensemble of systems to obtain our actual average.   
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4. Results, Discussions, and Conclusions from the discrete state Model of QS  

4.1 Search Time Phase Diagram 

 

Our study aims to explore the interaction of the DNA-binding protein (in our case the AHLi-

LuxR complex) and the DNA chain within QS cells. We investigate the protein-DNA target 

search process in QS systems by calculating the mean search times as a function of the 

scanning-length λ( 𝜆 = ට
௨

௞೚೑೑

మ ). We define the scanning length (the protein-DNA interaction 

parameter) that equals the average number of sites that the compex moves on the DNA chain 

before it detaches, i.e., the average distance that the protein molecule travels during each search 

cycle.  

This parameter 𝜆  has been considered in several protein-DNA search problems to 

identify the dynamic search regimes.[7-9, 32, 33, 36]. λ changes with the variation of koff. 𝜆 <

1 denotes the region of 3-D diffusion (the hopping regime) in which the protein complex on 

average occasionally binds to the DNA and dissociates back into the bulk before sliding on the 

DNA chain. When the protein-DNA interaction strength is between  the length of each site on 

the DNA i.e. 1 and the length of the DNA chain i.e. L so that 1 < 𝜆 < 𝐿 (sliding regime), the 

complex dissociates several times before it rebinds and rescans the DNA to find the target. The 

search process in this regime occurs via a combination of 1D and 3D search mechanisms and 

the protein can scan some length on DNA in every search cycle. When the protein-DNA 

interaction strength is greater than the DNA length, 𝐿 < 𝜆, (called a random walk regime) the 

protein on an average finds its target on the DNA by random walking on the DNA chain.  

On the basis of our discrete-state model, we provide a comprehensive illustration of 

this target search process in quorum-sensing systems. Figure 2 represents the average target 

search time in the three distinct dynamic regimes depending on the scanning parameter 𝜆.  

For  𝜆 < 𝐿, 𝑆(0) ≈ √1 + 4𝜆ଶమ  and 

  𝑇஺ = ௞೚೙೐೑೑೐೎೟೔ೡ೐ା௞೚೑೑

௞೚೙೐೑೑೐೎೟೔ೡ೐௞೚೑೑

௅
√ଵାସఒమమ + ௞ಲ→ಳ

௞ಲ→಴ே௞ಳ→ಲ
+ ଵ

௞ಲ→಴
                       (4.1)  

Figure 2 shows that when 𝜆 ≪ 1, the protein complex is unable to slide on the DNA because 

of high rate of dissociation koff (essentially a 3D search regime), initially the target search time 

is independent of the interaction strength and then decrease with an increase in 𝜆. When 4𝜆ଶ ≪

1, 

 𝑇஺ ≈ ௅
௞೚೙೐೑೑೐೎೟೔ೡ೐

+ ௞ಲ→ಳ
௞ಲ→಴ே௞ಳ→ಲ

+ ଵ
௞ಲ→಴

                                                                     (4.2) 
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i.e the search time is independent of 𝜆. In this region, the complex after associating to any non-

target site of the DNA from the solution will immediately dissociate from that site without 

hopping to any nearby site. So the mean search time does not vary with 𝜆. As 𝜆 increases such 

that 4𝜆ଶ > 1, 

  𝑇஺ ≈ ௞೚೙೐೑೑೐೎೟೔ೡ೐ା௞೚೑೑

௞೚೙೐೑೑೐೎೟೔ೡ೐௞೚೑೑

௅
ଶఒ

+ ௞ಲ→ಳ
௞ಲ→಴ே௞ಳ→ಲ

+ ଵ
௞ಲ→಴

                                                         (4.3) 

The relative probability that the protein will hop along the chain before it dissociates will 

increase. This will increase the number of sites scanned on the DNA per association event and 

will decrease the number of associations required to perform the target search process thereby 

decreasing the search time. Via the method of derivatives, it can be shown that 𝑇஼  is a 

decreasing function of 𝜆 and reaches a minimum at 𝜆 = ට
௨

௞೚೙೐೑೑೐೎೟೔ೡ೐
. When 𝜆 < ට

௨
௞೚೙೐೑೑೐೎೟೔ೡ೐

, 

from the definition of 𝜆, 𝑘௢௡௘௙௙௘௖௧௜௩௘ < 𝑘௢௙௙  which implies that the search process before 

attaining this minimum will be dominated via bulk diffusion. As 𝑘௢௡௘௙௙௘௖௧௜௩௘ < 𝑢 ,  this 

minimum gets attained beyond  𝜆 = 1   where 𝑇஺ = ௅

ඥ௨௞೚೙೐೑೑೐೎೟೔ೡ೐
మ + ௞ಲ→ಳ

௞ಲ→಴ே௞ಳ→ಲ
+ ଵ

௞ಲ→಴
. In the 

sliding regime (1 < 𝜆 < 𝐿), the AHLi-LuxR complex that assciates to the DNA, performs a 

random walk motion on it, dissociates from it into the solution  repeatedly till it finds the target 

and so, is, therefore, a combination of multiple 1D and 3D search regimes. As 𝜆 increases such 

that 𝜆 > ට
௨

௞೚೙೐೑೑೐೎೟೔ೡ೐
, i.e 𝑘௢௙௙ < 𝑘௢௡௘௙௙௘௖௧௜௩௘, the 1D diffusion starts dominating over the 3D 

diffusion. This causes a redundant random walk behavior and the average search time increases 

with the simultaneous increase in the protein-DNA interaction strength.  

When  𝜆 > 𝐿, (random walk regime), S(0) ≈ 𝐿 + ௅ൣ଺௠(ଵା௅ି௠)ି൫ଵାଷ௅ାଶ௅మ൯൧ఒషమ

଺
+ 𝑂(𝜆ିଷ) and  

𝑇஺ ≈ ௅మ

ଵଶ௨
+ ௞ಲ→ಳ

௞ಲ→಴ே௞ಳ→ಲ
+ ଵ

௞ಲ→಴
                                         (4.4)                           

In this regime, the affinity of DNA to bind to the complex is strong enough and the protein 

finds its target on the DNA by a random walking during one search cycle. There is a larger 

time taken in this regime as the protein complex repeatedly visits the same non-specific DNA 

sites in a given search cycle until the target is found. The mean search time here has a squared 

scaling with the DNA length L. Since 𝜆 is varied by changing 𝑘௢௙௙, the search time in this 

regime is independent of 𝜆. 
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Figure 2: Average search times (in min) versus 𝜆. The solid curve corresponds to our predicted 

analytical result. The symbols represents our stochastic simulation data. The parameters are 

𝑘஺→஻ = 𝑘஻→஺ =  60 𝑚𝑖𝑛ିଵ, 𝑘஺→஼ =  𝑘஼→஺ = 1 𝑚𝑖𝑛ିଵ, 𝑘௢௡ = 10 𝑚𝑖𝑛ିଵ = 𝑢, L = 500, m = 

250, N = 10.  The transition rates were determined from Ref. 23 in genetically modified E. coli. 

 

The AHLi–LuxR complex that binds to the DNA to initiate gene expression can also dissociate 

into free AHL and LuxR. The former in turn can again diffuse across the cell and needs to re-

enter into the cells to activate the LuxR regulators. So, it is conceivable that dissociation rate 

of AHL-LuxR protein complex and the diffusion of AHL molecules in and out of the cells can 

directly affect the interaction of the protein complex with the DNA and influence the target 

search process. As we have identified that there are mainly three dynamic phases involved in 

finding the target by the AHL molecule on the DNA (3D, 1D+3D, 1D), one would like to 

investigate how these factors involved in QS systems affect the target search process or 

equivalently the protein-DNA interaction in each of the three dynamic regimes. As evident 

from the analytical expression of the search times, the target search process and the different 

dynamic search regimes are determined by the entire mechanism of QS like the association of 

the AHL and LuxR to form the complex and vice versa, the reversible rate of diffusion of the 

autoinducer from the inside to the outside of the cell and so on. Also, it has been shown that 

the effect of microfluidic environments like increased amount of encapsulation by biofilms, 

less amount of oxygen levels, distribution of molecules that are limited by diffusion, and larger 

population density can strongly affect rate constants involved in this QS mechanism[23, 40-

42]. This can, in turn, affect the target search process. So, it is important to study the effect of 

these several rate constants on target search phenomenon. Also the presence of a feedback loop 

is common to many bacteria that exhibit gene expression mediated by QS[31]. We would 

monitor the target search time as a function of all these parameters involved in the QS in the 

various dynamic search regimes. 
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 4.2 Role of the dissociation and formation rate of the AHLi-LuxR complex in target 

search kinetics 

 
Figure 3: Average search time (in min) versus λ at various values of the (a) dissociation rates 

of the protein complex to free AHL and LuxR and (b) rates of association of AHL and LuxR 

to form the complex. The solid lines represent the analytic results for different values of 𝑘஼→஺ 

and 𝑘஺→஼(in 𝑚𝑖𝑛ିଵ) respectively whereas symbols represent Monte Carlo simulation data. In 

(a) 𝑘஺→஼ is kept at 1 𝑚𝑖𝑛ିଵ and in (b) 𝑘஼→஺ is kept at 1 𝑚𝑖𝑛ିଵ. The following set of common 

parameters were used for the theory and simulations: 𝑘஺→஻ = 𝑘஻→஺ =  60 𝑚𝑖𝑛ିଵ ,  𝑘௢௡ =

10 𝑚𝑖𝑛ିଵ = 𝑢, L = 500, m = 250, N = 10. 

The transition rates were determined from Ref. 23 in genetically modified E. coli.  

 

The effect of the rate of association of the AHL and LuxR to form the complex and dissociation 

rate of the protein complex on the search dynamics is shown in Figure 3. When the protein 

complex dissociates to form the free AHL and LuxR, the AHL has to associate again with the 

LuxR molecule to participate in the search process. Thus, increasing the rate of dissociation 

𝑘஼→஺ will decelerate the search process and increase the target search time. Also, an increase 

in the rate of association of AHL and LuxR (keeping other parameters fixed) will facilitate the 

complex formation and hence will speed up the target search process as shown in Figure 3b. 

Since such binding-dissociation events happen only in the bulk medium, it will affect search 

time in the 3D regime and to some extent the 3D+1D regime. At a very small value of 𝑘஼→஺, 

the complex dissociates to a very small extent. A very large value of 𝑘஺→஼ implies that as soon 

as the complex dissociates it is immediately formed again. Thus, with a decrease or increase in 

𝑘஼→஺ or 𝑘஺→஼ respectively, ଵ
௞೚೙೐೑೑೐೎೟೔ೡ೐

 in Eq. 3.24 converges to ଵ
௞೚೙

 and the search time in Eq. 

3.24b converges to 
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 𝑇஺ ≈ ଵ
௞೚೑೑

ቀ ௅
ௌ(଴) − 1ቁ + ቀ ௅

ௌ(଴)ቁ ቀ ଵ
௞೚೙

ቁ + ௞ಲ→ಳ
௞ಲ→಴ே௞ಳ→ಲ

+ ଵ
௞ಲ→಴

  at small values of  𝑘஼→஺  ቀ𝑘஼→஺ ≪

௞ಲ→಴ே௞ಳ→ಲ
௞ಲ→ಳାே௞ಳ→ಲ

ቁ and 

 𝑇஺ ≈ ଵ
௞೚೑೑

ቀ ௅
ௌ(଴) − 1ቁ + ቀ ௅

ௌ(଴)ቁ ቀ ଵ
௞೚೙

ቁ at large values of 𝑘஺→஼ ቀ𝑘஺→஼ ≫ ௞಴→ಲ(௞ಲ→ಳାே௞ಳ→ಲ)
ே௞ಳ→ಲ

ቁ.   

Also at high values of 𝑘஼→஺ or very less values of 𝑘஺→஼,   ଵ
௞೚೙೐೑೑೐೎೟೔ೡ೐

  diverges and the search 

time also diverges. A very large value 𝑘஼→஺ implies that the complex dissociates as soon as it 

is formed and a very small value of 𝑘஺→஼ implies that the initial complex formation will be 

difficult or if the complex dissociates it cannot associate again. Both these two cases will hinder 

the complex formation and its subsequent association to the DNA chain which is essential for 

the initiation of the target search process and hence the search time increases. Experimentally 

it has been shown that anti-activator proteins can act as antagonists and inhibit the binding of 

QS receptors such as LasR and RhlR to the autoinducers thereby delaying the expression of 

QS target genes in Pseudomonas aeruginosa cells[43]. Also lack of a functional Las system 

has been shown to decrease virulence in Pseudomonas aerugonisca in several different 

studies[44, 45]. One can provide a qualitative understanding of these phenomena using our 

simple theoretical model. The presence of QS antagonists or an insufficient amount of 

LasR(LuxR type) protein in Pseudomonas aerugonisca will reduce the binding rate of the 

autoinducer to the QS receptor (𝑘஺→஼). As evident from our theory, this will influence the 

search dynamics in the 3D diffusion regions and the onset of the sliding phase and will slow 

down the average search process. This will in turn decrease the rate of virulent gene expression 

which is in qualitative agreement with experiments (at least in the 3D regimes of the target 

search).  

 

 4.3 Role of the interior and exterior diffusion rate of the AHL on the target search 

kinetics  
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Figure 4: Mean search time (in min) versus λ at different values of the (a) diffusion rate of 

AHL from the outside to the inside of the cells and (b) diffusion rate of AHL from the inside 

to the outside of the cells. The solid lines correspond to the analytic results for different values 

of 𝑘஺→஻  and 𝑘஻→஺  respectively (in 𝑚𝑖𝑛ିଵ)  while the symbols correspond to Monte Carlo 

simulations. In (a) 𝑘஻→஺ is fixed at 60 𝑚𝑖𝑛ିଵ and in (b) 𝑘஺→஻  is fixed at 60 𝑚𝑖𝑛ିଵ. The 

following set of common parameters were used for the theory and simulations: 𝑘஺→஼ = 𝑘஼→஺ =

1 𝑚𝑖𝑛ିଵ, 𝑘௢௡ = 10𝑚𝑖𝑛ିଵ = 𝑢, L = 500, m = 250, N = 10. The transition rates 𝑘஺→஻, 𝑘஻→஺, 

𝑘஺→஼, 𝑘஼→஺ , and 𝑘௢௡ were determined from Ref. 23 in genetically modified E. coli. 

 

The AHL molecule initially may diffuse out of the cell, or after binding with LuxR, the AHL-

bound LuxR protein complex in any of the cells may dissociate to free AHL and LuxR and this 

AHL molecule may diffuse to the extracellular enviornment. By increasing the rate of diffusion 

from the inside to the outside of the cells, the search process will slow down as the AHL 

molecule needs to come back to the cell interior to bind to LuxR and form the complex. If the 

rate at which the AHL re-enters any one of the cells increases, the complex formation within 

the cells will happen faster and the search process will be completed in a shorter time.  Such 

diffusion of AHL molecule inside and outside the cells happens only in the bulk surrounding 

the DNA molecule and hence only the bulk search regimes will be affected (3D and the onset 

of the 3D+1D regime) as presented in Figure 4. Physically, a very low 𝑘஺→஻ value corresponds 

to the situation that the complex after dissociating into the free AHL molecule does not leave 

the cell. Similarly, a very high 𝑘஻→஺  value corresponds to the situation that the free AHL 

present in the exterior of the cells immediately re-enters any one of the cells. From Eq. 3.23,  

one can show that with a decrease in 𝑘஺→஻  or increase in 𝑘஻→஺ , ଵ
௞೚೙೐೑೑೐೎೟೔ೡ೐

 converges to 

ଵା ೖ಴→ಲ
ೖಲ→಴

௞೚೙
 and the search time in Eq. 3.25b converge to 

  𝑇஺ ≈ ଵ
௞೚೑೑

ቀ ௅
ௌ(଴) − 1ቁ + ቀ ௅

ௌ(଴)ቁ ൭
ଵା ೖ಴→ಲ

ೖಲ→಴
௞೚೙

൱ + ଵ
௞ಲ→಴

                                                     (4.5)  

This happens when 𝑘஺→஻ ≪ ቀ௞ಲ→಴
௞಴→ಲ

+ 1ቁ 𝑁𝑘஻→஺ or when ௞಴→ಲ௞ಲ→ಳ
ே(௞ಲ→಴ା௞಴→ಲ)

≪ 𝑘஻→஺). This search 

time in Eq. 4.5 corresponds to the time required for the target search process when the AHL 

molecule stays within the cell and does not diffuse out of the cellular medium. ( 𝑘஺→஻= 0 in Eq 

7). 
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On the other hand,  ଵ
௞೚೙೐೑೑೐೎೟೔ೡ೐

  diverges with an increase in 𝑘஺→஻ or decrease in 𝑘஻→஺ and the 

search time also diverges. A very high value of 𝑘஺→஻  implies that the free AHL molecule 

present in the interior of one of the cells will always tend to diffuse out of the cell and a very 

low value of 𝑘஻→஺ implies that the AHL molecule present in the exterior of the cells will face 

difficulty in entering the cells. Both these situations will hinder the formation of the AHLi-

LuxR complex within the cells and this will increase the search time.   

Experimentally it was reported that the length and the amount of substitution of the N-

acyl side chain of the autoinducer molecule in QS systems is important to determining whether 

autoinducers can diffuse freely or diffuses via an active efflux.[46] The transport of two 

different autoinducers, namely  N-(3-oxododecanoyl) homoserine lactone (3OC12-HSL-long 

chain HSL) and N-butyryl homoserine lactone (C4-HSL-short chain HSL) was studied in 

Pseudomonas aeruginosa cells by using tritium labeled signals. These studies indicated that 

cellular concentration of tritium labeled C4-HSL reaches a steady-state quickly and was nearly 

equal to the extracellular concentration whereas the tritium labeled 3OC12-HSL required longer 

to achieve steady-state cellular concentration and in the presence if efflux pumps the cellular 

concentrations of tritium-labeled 3OC12-HSL are 3 times higher than external levels. It was 

proposed that the high cellular level of tritium-labeled OC12-HSL is due to the partitioning of 

cell membranes. Short chain HSLs’ can be easily modelled in our theory by taking the rate of 

the AHL diffusion from the interior to the exterior of the cell to be equal to the rate of the AHL 

diffusion from the exterior to the interior of the cell (𝑘஺→஻ = 𝑘஻→஺). Long chain HSLs’ can be 

modeled considering the rate of diffusion of the AHL molecule from the exterior to the interior 

of the cell to be greater than the diffusion rate from the interior to the exterior of the cell 

(𝑘஻→஺ > 𝑘஺→஻). As predicted from our theory, this would lessen the overall search time mainly 

in the 3D and the onset of the 3D+1D diffusive regimes. However, it has been shown in 

experiments that tritium labelled 3OC12-HSL would have shown even higher concentrations in 

the cell interior than in the extracellular environment when efflux pumps present in the cell 

membrane are deactivated(𝑘஻→஺ ≫ 𝑘஺→஻). Thus from our theory, it can be predicted that the 

efflux pump that drives the long chain HSL’s from the inside to the cell exterior increases the 

search time more than as compared with long chain HSLs' without efflux pumps.  

4.4  Role of positive feedback loop 
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Figure 5: Pictorial representation of a model of protein target search process in QS cells in a 

typical Gram-negative bacteria with a positive-feedback loop. The AHL molecule can diffuse 

in and out of the cells. Inside the cells, the AHL molecule can bind with the LuxR to form the 

AHL-LuxR complex that can find the target on the DNA. After the AHL-LuxR complex finds 

the target on the DNA, it  induces transcription and translation that can further produce LuxI 

protein molecules, which can produce AHL proteins. 

 

This light production by V. fischeri is correlated with cellular population density and 

that is controlled by QS. The LuxR bound autoinducer complex associates to a target site on 

the DNA and activates  transcription of luxICDABE operon that enhances light production in 

V. Fischeri. This results in an exponential increase of both autoinducer production via the 

increase in transcription of LuxI and light emission via the increase in transcription of 

luciferase operons. This regulatory setup generates a positive feedback loop leading to 

bioluminescence. To understand the effect of QS–induced emission of light in Vibrio Fischeri 

via this postive feedback loop on the DNA- protein interactions, we  extend our simple discrete 

state model with a feedback loop as shown in Figure 5. We assume that the target site is the 

LuxICDABE promoter so that when the LuxR- bound AHL complex binds to the target site 

(or the LuxICDABE promoter), it induces gene transcription. After this step, further translation 

of the same results in an increase in transcription of LuxI and produces light. The process of 

transcription and translation into the protein LuxI from the gene LuxICDABE is assumed to 

happen with a rate p. This LuxI can again produce AHL molecules which can then participate 

in the target search process, and the cycle continues. For sake of simplicity and illustration, we 

consider a cycle where one AHL molecule produces one LuxI protein via a postive feedback 

loop.  One can calculate the time required to form a new LuxI protein as a result of this postive 

feedback. This time 𝑇௧௢௧௔௟ is the mean time required to achieve the target state LuxICDABE 
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for the first time from the AHL molecule (𝑇஺) in addition to the  time needed to achieve the 

final state LuxI starting from the  target state LuxICDABE. 

 𝑇௧௢௧௔௟ = 𝑇஺ + ଵ
௣
                                                                                    (4.6) 

where the process of transcription and translation into the protein LuxI from the gene 

LuxICDABE is assumed to occur with a rate p. 

Eq.15 shows that 𝑇௧௢௧௔௟ will have a a similar trend with respect to the scanning length parameter 

which is measure of our protein-DNA interaction strength as depicted by 𝑇஺ (p is independent 

of λ). A shorter target search time would reduce the time for a feedback cycle to take place and 

vice versa. Thus in a given time interval, shorter DNA search time will increase the number of 

feedback cycles which will in turn increase the number of AHL molecules present inside the 

cell (either in the free state or in the bound state with LuxR) which are being produced by the 

LuxI. The overall enhancement in the concentration of the AHL molecules in the cell will also 

increase the probability of the LuxR to binds to the autoinducer which further activates LuxR-

autoinducer complex to bind to a target site on the DNA and triggers the feedback loop hereby 

promoting the target search process. In order to validate our understanding, one can also 

monitor the number of AHL molecules within a cell to understand how the protein search for 

DNA target process is impacted by QS. Our discrete state stochastic model with positive 

feedback cannot provide a analytical solution to this problem but we can numerically evaluate 

the number of internal AHL molecules in a cell and obtain a quantitative trend of the variation 

of the number of AHL molecules with the variation in protein DNA interaction strength.  from 

our theoretical study.As shown in Figure 6, one can conclude that 𝑇௧௢௧௔௟ as well as 𝑇஺ follows 

an inverse relation with the number of AHL molcules  with respect to its reponse to the DNA- 

Protein interaction strength. 

 

4.5 Role of the number of cells in the medium on the search time 
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Figure 6: (a) Mean search time (in min) versus λ at different values of the number of cells 

present in the medium. Analytical results have been represented by solid lines. Monte Carlo 

simulations data are shown by symbols. The following  parameters were chosen for the theory 

and simulations: 𝑘஺→஻ = 𝑘஻→஺ = 60 𝑚𝑖𝑛ିଵ ,  𝑘஺→஼ = 𝑘஼→஺ = 1 𝑚𝑖𝑛ିଵ ,  k୭୬ = u =

 10 𝑚𝑖𝑛ିଵ, L = 500, m = 250. The transition rates  were determined from Ref. 29 in genetically 

modified E. coli. (b) Average number of AHL molecules present in a cell versus the protein-

DNA interaction strength λ at different values of the number of cells present in the medium. 

Monte Carlo simulations data are shown by symbols. The parameters chosen for simulations: 

𝑘஺→஻ = 𝑘஻→஺ = 60 𝑚𝑖𝑛ିଵ, 𝑘஺→஼ = 𝑘஼→஺ = 1 𝑚𝑖𝑛ିଵ, k୭୬ = u =  10 𝑚𝑖𝑛ିଵ, L = 500, m = 

250,rate of transcription of AHL from LuxI=0.03  𝑚𝑖𝑛ିଵ, and rate of translation of LuxI=3.08 

 𝑚𝑖𝑛ିଵ.   

As discussed earlier, QS is a process used by cells regulate gene expression in response 

to cellular population fluctuations. The QS bacteria generate signalling molecules called 

autoinducers that rise in concentration with increasing cellular population density. These 

autoinducers bind with the regulatory protein LuxR and the LuxR-autoinducer complex 

activates target gene transcription. So, a very important question to ask is how changes in the 

number of cells or the cellular population density can affect the positive feedback loop, as well 

as the target search time dynamics. Figure 6 shows that increasing the number of cells will 

decrease the  target search time significantly only in the 3D search regimes. The protein 

complex inside one of the cells has a probability to dissociate into free AHL and LuxR and the 

former can diffuse to the exterior of the cell. The AHL molecule in the exterior of the cell has 

a  probability (1-N𝑘஻→஺dt) to remain in the extracellular environment after some time dt. So 

with an increase in the number of cells, N, this probability decreases, and the AHL molecule 

will then diffuse quickly to one of the cells and complete the search process. Again, all these 

events happen only in the bulk medium surrounding the DNA and hence only the bulk search 

regimes (3D, initial 3D+1D regime) will be affected.  

 

At a larger cellular population density, the free AHL molecule has a low probability to 

exist in the extracellular medium after time dt. So, in that case, this AHL molecule after 

diffusing to the exterior of the cell will immediately diffuse back into one of the cells. As N 

increases, ଵ
௞೚೙೐೑೑೐೎೟೔ೡ೐

 converges to 
ଵା ೖ಴→ಲ

ೖಲ→಴
௞೚೙

 (when ௞಴→ಲ௞ಲ→ಳ
(௞ಲ→಴ା௞಴→ಲ)௞ಳ→ಲ

≪ 𝑁 ),  the corresponding 

search time converge to Eq. 4.5 and is equal to the time needed by the AHLi-LuxR complex to 
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find the target in a situation in which the AHL molecule does not to diffuse into the extracellular 

medium. Due to the positive feedback loop, the number of internal AHL molecules in a cell 

increase with the cell population density, as shown in figure 6b. But LuxR production rate and 

the rate of production of AHL from an individual LuxR molecule are independent of the 

cellular environment and does not change with the cell population density[23].  

Since the number of AHL molecules present inside all the cells increases 

proportionately with an rise in the cellular density, the overall flux of proteins onto a specific 

target within a specific cell is not likely to change with increasing N. Again, if the time taken 

by an individual AHL molecule to find a target in any of the cells decreases, the time after 

which that particular target will get activated will also decrease. This will lead to an overall 

decrease in the time each target waits before it gets activated. With the rise in the cellular 

density, the overall probability of an individual protein molecule to enter into a cell and thereby 

activate a target after a ceratin amount of  time increases. This decreases the target search time 

of an AHL for a target as well as a decrease in the time each target waits before it gets activated. 

Thus our  theoretical results verify that cell population density is indeed an important parameter 

in determinimg how fast the protein searches for its target on the DNA. It is also noteworthy 

to mention that a model consisting of only a single cell with the rate of diffusion into the cell 

given by an  effective rate constant 𝑘ᇱ = 𝑁𝑘஻→஺ would give us the same results. However, the 

idea of including N cells is to give a more realistic physical picture to the model. Our results 

add a new physical dimension to the problem, which can be probed in experimental biological 

systems, i.e. the effect of the number of cells on the QS.  

In vibrio parahaemolyticus population, it was observed that there is a high level of 

T6SS2 gene expression in a relatively more dense cellular medium and a low level of T6SS2 

gene expression in a relatively less dense cellular medium[47]. This is in qualitative agreement 

with our theoretical predictions, which suggests that there will be an upregulation of gene 

expression with an increase in cell density in the 3D regime. 

The effect of the formation/ dissociation rates, the diffusion rates, and the number of 

cells on the target search process in QS cells can also be explained mathematically. For realistic 

chain lengths and parameter values, ௞ಲ→ಳ
௞ಲ→಴ே௞ಳ→ಲ

+ ଵ
௞ಲ→಴

 term that denotes the initial time taken 

by the AHL molecule to form the AHL-LuxR complex is very less than the average search 

time, and 𝑇஺ is governed by changes in 𝑘௢௡௘௙௙௘௖௧௜௩௘. Using the expression of 𝑘௢௡௘௙௙௘௖௧௜௩௘ in 

Eq. 3.24, one finds that as 𝑘஼→஺  or 𝑘஺→஻  increases, 𝑘௢௡௘௙௙௘௖௧௜௩௘  decreases, and hence the 

search time increases. Also increasing 𝑘஺→஼,  𝑘஻→஺, or N will increase 𝑘௢௡௘௙௙௘௖௧௜௩௘ and will 
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decrease the average search time. As seen from Eq 3.1 and 3.2,  average search time will change 

in the 3D and the sliding regime with changes in the 𝑘௢௡௘௙௙௘௖௧௜௩௘. As shown in Eq. 3.4, in the 

1D random walk regime, the average search time is independent of 𝑘௢௡௘௙௙௘௖௧௜௩௘  and is 

unaffected by the formation and the dissociation rates of AHLi-LuxR complex, the rate of 

diffusion of the AHL molecule from the inside to the outside of the cells and vice versa and 

also the number of cells. To understand better the effect of the various kinetic parameters on 

the different dynamic search regimes, we have shown heat maps for the search times in below. 

4.6 Effect of the Various Kinetic Parameters Visualized Using Heat Maps 

The effect of the various kinetic parameters on the target search process in the process of QS 

can be more clearly understood by studying the heat map of the ratio of the mean search time 

for the target on the DNA chain for different sets of parameter values and the mean search time 

for a standard choice of parameter set (Figure 2).  As discussed earlier, the search time 

increases/decreases only in the 3D and the onset of the 3D and 1D regime. As we have 

explained in our main manuscript with an increase in 𝑘஼→஺ and decrease in 𝑘஺→஼, the mean 

search time increases due to which the color changes from deep blue to orange for lower λ 

values whereas there is no color change for higher ranges of λ (as there is no change in the 

search time). Also, the change in the color is very significant only in the higher ranges of 𝑘஼→஺ 

and smaller values of 𝑘஺→஼  and otherwise remain constant at blue. This highlights the 

convergence effect of the search time at lower values of 𝑘஼→஺ and higher values of 𝑘஺→஼ which 

has been discussed earlier.  Similar heat maps can be constructed to understand the effect of 

𝑘஺→஻,  𝑘஻→஺ , and the cell population density N as shown in Figure 8 and 9 respectively.

 

Figure 7: The heat map for the ratio ்಴

బ்
 is plotted against the scanning length λ and the kinetic 

parameter (a) 𝑘஼→஺ and (b) 𝑘஺→஼ (in 𝑚𝑖𝑛ିଵ). For calculating 𝑇஼ ,  in (a) 𝑘஺→஼ = 1𝑚𝑖𝑛ିଵ and  

(b) 𝑘஼→஺ = 1𝑚𝑖𝑛ିଵ. The following set of parameters was used for the calculation of 𝑇଴ : 

𝑘஺→஻ = 𝑘஻→஺ =  60 𝑚𝑖𝑛ିଵ . The common set of parameters are 

 𝑘௢௡ = 10𝑚𝑖𝑛ିଵ = 𝑢, L=500, m=250, N=10.   
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Figure 8: The heat map for the ratio ்಴

బ்
 is plotted against the scanning length λ and the kinetic 

parameter (a) 𝑘஺→஻ and (b) 𝑘஻→஺ (in 𝑚𝑖𝑛ିଵ). For calculating 𝑇஼ ,  in (a) 𝑘஻→஺ = 60𝑚𝑖𝑛ିଵ and  

(b) 𝑘஺→஻ = 60𝑚𝑖𝑛ିଵ.  The following set of parameters was used for the calculation of 

𝑇଴ ,  𝑘஺→஼ =  𝑘஼→஺ = 1𝑚𝑖𝑛ିଵ . The common set of parameters are  𝑘௢௡ = 10𝑚𝑖𝑛ିଵ = 𝑢 , 

L=500, m=250, N=10.  

  

Figure 9: ்಴

బ்
 is plotted as a color map against the scanning length λ and the kinetic parameter 

N. The set of parameters chosen for 𝑇஼ are 𝑘஺→஻ = 𝑘஻→஺ = 60 𝑚𝑖𝑛ିଵ ,  𝑘஺→஼ = 𝑘஼→஺ =

1𝑚𝑖𝑛ିଵ, 𝑘௢௡ = 10𝑚𝑖𝑛ିଵ = 𝑢, L=500, m=250. The set of parameters used for 𝑇଴ are 𝑘஺→஻ =

𝑘஻→஺ =  60 𝑚𝑖𝑛ିଵ, 𝑘஼→஺ = 𝑘஺→஼ = 1𝑚𝑖𝑛ିଵ, 𝑘௢௡ = 10𝑚𝑖𝑛ିଵ = 𝑢, L=500, m=250. 

 

4.7 Discussions and Conclusions 

We have formulated a theoretical methodology to explicitly investigate role of QS on 

the protein target search process on the DNA using a discrete state model. It sheds some light 

on the complex mechanisms of protein target search in QS cells in Gram-negative bacteria. We 

observed that although the entire mechanism of QS can dictate the target search process, it 

effectively reduces AHLi-LuxR protein complex search for the target on the DNA. We have 

explored the three dynamical search regimes and concluded that the search process is the fastest 
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in the sliding regime. Also, these dynamical search regimes show that several factors involved 

in QS such as the binding rate of the AHL and LuxR to form the complex and its dissociation, 

the diffusion rate of the AHL to and from the cells, and the cell population density can hinder 

or accelerate the search process and can overall affect the search dynamics. Our results show 

that their effects are observed only in the 3D jumping regime and in the initial stages of the 

sliding motion where the 3D diffusion dominates the 1D diffusion. We also identify a saturation 

point beyond which the search process becomes independent of each of these factors. These 

results already prove that this theoretical model can be extended to incorporate more 

complicated biological scenarios. Our minimal model provides a qualitative understanding of 

previously reported experimental results without changing the basic physics underlying such 

search processes. However due to the non- availability of experimental data on the rate 

parameters in Pseudomonas aeruginosa and vibrio parahaemolyticus cells, exact comparisons 

cannot be made directly using our model.  

We also perform stochastic simulations to support our theoretical calculations and 

physical-chemical arguments and can be probed in experiments. 

While the presented theoretical approach provides a satisfactory minimal description of 

the important biophysical features of the protein-DNA search mechanism in QS cells, it is 

important to show its limitations. Our theoretical approach is very oversimplified and several 

factors like the heterogeneity of the cellular medium, the absence of crowders in the cellular 

medium, presence of different conformations of the AHL[48], presence of QS antagonists 

mimicking the autoinducer which can prevent the binding of the autoinducer complex to the 

DNA thus inhibiting QS[28], effects of degradation of  AHL[49]and LuxR[21]are not 

considered at all. In addition, this study is only restricted to protein–DNA dynamics in QS cells 

in Gram-negative bacteria whereas the process is more complicated in Gram-positive 

bacteria[11].  However, despite our theoretical approach being very oversimplified, the 

conclusions that we have drawn from our theoretical model is generally true. The underlying 

physics in a more realistic QS system is the same as that of the simplified system discussed in 

our work. 
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  5.   Theoretical Investigation of the Transitions of Active Inertial Particles 

    5.1  Introduction:  

In the last 3 chapters of our thesis, we investigated the problem of facilitated diffusion in QS. 

In this chapter we attempt to model a different type of problem in Biological Physics, the 

problem of Transit Path Times(TPT). 

 Protein Folding and other conformational rearrangements in biomolecules are often 

modeled by a one-dimensional diffusion in a energy landscape characterized by two minima 

on both sides of a maxima. Transition paths include small parts of  the path followed by a 

particle crossing the potential barrier connecting these two minima. Single-molecule(SM) 

experiments recently have achieved significant capabilities to measure transitions in nucleic 

acids and protein-folding[50, 51]. The mean TPT for these protein-folding and their 

distribution were investigated by SM-FRET (Single-Molecule Forster Resonance Energy 

Transfer) measurements in protein folding[52, 53], DNA hairpin[54] and single-molecule force 

spectroscopy[51, 55, 56]. Such SM experiments allows one to monitor the transition path time 

that involves the duration the molecule spends in crossing the energy barrier between reactants 

and products[57, 58] and provides valuable information about folding-unfolding events of such 

biomolecules. Such experimental studies have led to a flurry of theoretical and computational 

studies on transition path times[59, 60]. The most common theoretical model used for analysing 

the dynamics of such folding events of biomolecules is the diffusion of a reaction coordinate 

over a one-dimensional (1D) energy landscape. Analogous to experiments, this reaction 

coordinate is some experimental observable, such as the mechanical extension of the molecule 

in force spectroscopy.  

Active forces have been found to cause out-of-equilibrium randomness in  cellular 

enviornments. Folding of biopolymers occurs in a non-equilibrium environment due to the 

presence of ATP dependent forces present in the cell[61]. Similar non-equilibrium processes 

have also been observed in cytoskeletons inside cells driven by motor proteins and cell 

membranes because of events like ATP hydrolysis[62]. Crystallization of active particles have 

also been investigated in the overdamped and the inertial limits. Several of these studies like 

the folding of biopolymers, and the phenomenon of crystallization involve the involve the 

transitions of particles from one particular stable state to the next. All these studies together 

point out the importance of TPT’s by including active forces. Indeed, the influence of active 

forces on TPT’s have been studied by Orland et al[60]. However, this study has been done in 

the overdamped regime, a limit where  inertial effect are negligible compared to frictional 
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effects. As pointed by Orland et al, for shorter transition events, inertia may play a vital role 

and they have calculated the full TPT distribution along with the mean TPT[59]. These studies 

suggest us that it would be interesting to consider the effect of inertia along with active forces 

on TPT’s. Recent studies have also shown that macroscopic active particles that self-propel by 

converting energy into mechanical motion, particles in the high Reynold’s number regime, 

microparticles moving through a dusty plasm, colloidal particles in air, and so on are often 

inadequately described by overdamped  Langein dynamics. Thus inertial dynamics are very 

much necessary to study these types of particles. Indeed, inertia coupled with active Langevin 

dynamics have been found to generate very interesting physics. Inertial effects in such particles 

have been found to cause delay in translational and orientational dynamics by bringing in 

memory. In addition to this, inertial effects have been found to hinder crystallization of active 

particles. [63, 64] Motivated by all these processes we proceed to calculate transit time 

distributions in the presence of active forces and inertia. 

    5.2 Theoretical and Simulation Methodology:  

 
Figure 10: (a) We consider a double-well potential as shown above.The top of the double well 

potential is modelled as an inverted parabola. 𝑥௔ and 𝑥௕  denote the most stable conformers 

involved in the transition. The particle is assumed to make a transit from −𝑥଴ to 𝑥଴.(b)  Time 

taken for a particle to transit from −𝑥଴ to 𝑥଴ giving us the transit path time.   

We consider a particle performing random motion in an inverted parabola of the form 

𝑉 = − ௞௫మ

ଶ
 as shown in figure 11. At time t=0, the particle starts its motion from the point −𝑥଴. 

Transit paths are those that reach the point 𝑥଴ without ever recrossing the points −𝑥଴ and  𝑥଴. 

To compute the transition times for these paths, we need to invoke absorbing boundary 

conditions at the end points. However, absorbing boundaries are very difficult to implement 

mathematically, as an exact analytical solution has been found in very rare cases.  Instead, we 
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can invoke free boundary conditions at −𝑥଴ and  𝑥଴ and we should expect that the solution 

with these free boundaries will very well approximate the solution with absorbing boundaries 

when the barrier height is high, i.e. 𝛽𝐸 ≫ 1 i.e. 𝛽 = ଵ
௞ಳ்

, 𝐸 = ௞௫బ
మ

ଶ
. 

Now we start from the Generalized Langevin Equation of Motion[60]: 

𝑚𝑥(𝑡)̈ = −𝛾𝑥(𝑡)̇ + 𝑘𝑥(𝑡) + 𝜉(𝑡) + 𝜂(𝑡) (5.1)                                                                                           

where 𝜉(𝑡) and 𝜂(𝑡)  are independent Gaussian Processes with mean 0 and correlation <

𝜉(𝑡)𝜉൫𝑡/൯ >= 2𝛾𝑘஻𝑇𝛿(𝑡 − 𝑡/) and< 𝜂(𝑡)𝜂൫𝑡/൯ >= 𝐶𝑒𝑥𝑝(− ቚ௧ି௧/

ఛಲ
ቚ)). Now, 𝜉(𝑡) + 𝜂(𝑡) can 

be replaced by a overall Gaussian Random process R(t) with mean 0 and correlation <

𝑅(𝑡)𝑅൫𝑡/൯ >= 2𝛾𝑘஻𝑇𝛿(𝑡 − 𝑡/)  +  𝐶𝑒𝑥𝑝(− ቚ௧ି௧/

ఛಲ
ቚ) . Now, following this equation we can 

proceed with calculations as has been given in Reference 10. 

We Laplace transform Eqn 5.1 to obtain an expression of the average and the variance of 𝑥(𝑡) 

given the particle started from −𝑥଴ with an initial velocity 𝑥̇(0) = 𝑣଴. They are given by the 

following expressions 

< 𝑥(𝑡) >= ௠
ඥఊమାସ௠௄

(𝑒ఒశ௧(𝜆ି𝑥଴ + 𝑣଴) − 𝑒ఒష௧(𝜆ା𝑥଴ + 𝑣଴))   (5.2) where 𝜆ା = ିఊାඥఊమାସ௠௄
ଶ௠

 

and 𝜆ି = ିఊିඥఊమାସ௠௄
ଶ௠

 

and  

< 𝑥(𝑡) −< 𝑥(𝑡) >ଶ>= 𝜙ଶ(𝑡) = ଶ௞ಳ்ఊ
ඥఊమାସ௠௄

൭௘మഊశ೟ିଵ
ଶఒశ

− 2 ௘(ഊశశഊష)೟ିଵ
ఒశାఒష

+ ௘మഊష೟ିଵ
ଶఒష

+

஼௘
ష ೟

ഓಲఛಲ
ఛಲ(ିଵାఒశఛಲ)(ିଵାఒషఛಲ)ଶ௞ಳ்ఊ

൭௘
ష ೟

ഓಲ

ఒశ
(1 − 𝜆ି𝜏஺) + ௘

೟൬మഊశశ భ
ഓಲ

൰
(ିଵାఒషఛಲ)

ఒశ
+ ௘

೟
ഓಲ

ఒష
(1 − 𝜆ା𝜏஺) +

௘
೟൬మഊషశ భ

ഓಲ
൰

(ିଵାఒశఛಲ)
ఒష

− 2 ௘
೟൬ഊశశഊషశ భ

ഓಲ
൰

(ିଶା(ఒశାఒష)ఛಲ)
ఒశାఒష

+ 2 ௘
೟

ഓಲ

ఒశାఒష
(−2 + (𝜆ା + 𝜆ି)𝜏஺൱ + 2(−𝜆ା +

𝜆ି) ఛಲ
మ(௘೟(ഊష)(ଵିఒశఛಲ)ା௘೟(ഊశ)(ିଵାఒషఛಲ)

(ଵାఒషఛಲ)(ଵାఒశఛಲ) +

2𝑒
೟

ഓಲ𝜏஺
(ି௘೟(ഊష)(ଵିఒశఛಲ)ା௘೟(ഊశ)(ଵିఒషఛಲ)(ି௘೟(ഊష)(ଵିఒశఛಲ)ା௘೟(ഊశ)(ଵିఒషఛಲ))

(ଵାఒషఛಲ)(ଵାఒశఛಲ) ൱                                                                                             

(5.3) 

Now due to the linear structure of eqn 5.1 and since R(t) is a gaussian random process we can 

say that the distribution of x(t) at any particular time will be gaussian too with an average <

𝑥(𝑡) >  and variance 𝜙ଶ(𝑡) . This gives us the functional form of the Probability Density 
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Function 𝑃(𝑥, 𝑡/−𝑥଴, 𝑣଴, 0) which is the PDF of being at position x at time t given that the 

particle initially started from −𝑥଴ with velocity 𝑣଴. The functional form of 𝑃(𝑥, 𝑡/−𝑥଴, 𝑣଴, 0) 

can be given by  

𝑃(𝑥, 𝑡/−𝑥଴, 𝑣଴, 0) = ଵ
ඥଶగథమ(௧)

exp (− (௫ିழ௫(௧)வ)మ

ଶథమ(௧) )                                                       (5.4) 

From this distribution, assuming that the initial velocities follow an equilibrium distribution, 

we can incorporate the equilibrium distribution and integrate over the initial velocities 𝑣଴. This 

gives us  

𝑃(𝑥, 𝑡/−𝑥଴, 0) = ଵ
ඥଶగఙమ(௧)

exp (− (௫ିழ௬బ(௧)வ)మ

ଶఙమ(௧)
)                                                           (5.5) 

Where  

< 𝑦଴(𝑡) >= ௠
ඥఊమାସ௠௄

(𝑒ఒశ௧(𝜆ି𝑥଴) − 𝑒ఒష௧(𝜆ା𝑥଴))                                                    (5.6) 

And 

𝜎ଶ(𝑡) = 𝜙ଶ(𝑡) + ௠௞ಳ்
ఊమାସ௠௄

(𝑒ఒశ௧ − 𝑒ఒష௧)ଶ                                                                   (5.7) 

From this function, we can obtain the absorption function 𝑄஺(𝑡) , which gives the total 

probability that a particle is present beyond the region 𝑥 > 𝑥଴. So, mathematically 

𝑄஺(𝑡) = ∫ 𝑃(𝑥, 𝑡/−𝑥଴, 0)𝑑𝑥ஶ
௫బ

                                                                                   (5.8) 

All these trajectories have a transit time smaller than t, and so 𝑄஺(𝑡) is proportional to the 

probability that the transition time is small than t. Thus, the difference 𝑄஺(𝑡 + 𝑑𝑡)-𝑄஺(𝑡) is 

thus equal to the fraction to trajectories that cross the region >𝑥଴ within the small time interval 

dt. Then we have our transit time distribution function 𝑝(𝑡) 

𝑝(𝑡) ∝ ௗொಲ(௧)
ௗ௧

 𝑜𝑟 𝑝(𝑡) = 𝐶 ௗொಲ(௧)
ௗ௧

                                                                              (5.9) 

We note that this expression of transit time is only approximate, as we are also counting 

trajectories that may recross the boundaries at −𝑥଴  and 𝑥଴ . However, with steeper barrier 

heights, we expect that these recrossing will become rare and our obtained analytical 

expression will become exact at high barriers. 

The constant C can be found by appropriate normalization condition over 𝑝(𝑡) . This yields the 

final expression of   

𝑝(𝑡) = − ଶ
√గ

ீᇲ(௧)௘షಸమ(೟)

ଵିୣ୰୤ (ఉ∗ா)
                                                                                          (5.10) 

where     

𝐺(𝑡) = ௫బିழ௬బ(௧)வ
ඥଶఙమ(௧)మ                                                                                                  (5.11) 

and     
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𝛽∗𝐸 =
೘మೣబమഊష

మ

ംమశర೘಼

మ
ംమశర೘಼

(ି ಴ഓಲ
మഓಲ൫షభశഊశഓಲ൯൫షభశഊషഓಲ൯

൬షభశഊషഓಲ
ഊశ

ାమഓಲ൫భశഊషഓಲ൯൫భషഊషഓಲ൯
൫భశഊశഓಲ൯൫భశഊషഓಲ൯

൰ା
಴ഓಲ൬ భ

ഊశ
శ

ഊషഓಲ
ഊశ

൰

మ൫భశഊశഓಲ൯൫భశഊషഓಲ൯
ା రೖಳ೅ം

(ംమశర೘಼)మഊశ
ା మ೘ ೖಳ೅

ംమశర೘ೖ

     

is the effective barrier height.            (5.12)  

It can be mathematically shown that this expression reduces to the expression given in 

Reference 60 when m=0(overdamped case) and to the expression given in Reference 59 when 

C=0. 

To validate the analytical expression obtained in the high barrier limit, we can perform 

numerical simulations. To perform the numerical simulations, we numerically integrate the 

Generalised Langevin Equation given in Equation 5.1. To perform these numerical integration, 

we discretise the time i.e. take a small time step h and assume that the random forces are 

constant over each such time interval. The Langevin equation (1) has been numerically 

integrated in Reference 65.[65] We quote the result directly.  

𝑥(𝑡 + ℎ)(1 + 𝛾 ௛
ଶ
) = 2𝑥(𝑡) − 𝑥(𝑡 − ℎ) ቀ1 − 𝛾 ௛

ଶ
ቁ + ℎଶ(𝐹(𝑡) + ோశାோష

ଶ
).                    (5.13) 

Here 𝑅ାdenotes the total random noise in the time interval [t,t+h] and 𝑅ି  denotes the toal 

random noise in the time interval [t-h,t]. F(t) is the deterministic force which equals kx(t) in 

our case.  

To implement this equation we must calculate the random forces at each time interval. The 

total random noise is a sum of two random noises, one of them being the Gaussian white noise  

𝜉(𝑡) and the other one being the active noise 𝜂(𝑡). To produce the Gaussian white noise 𝜉(𝑡) 

within any interval of time [t,t+h], we generate a Gaussian N(0, ଶఊ௞ಳ்
௛

) random variable. To 

produce the active noise, we follow the procedure given in Reference 66[66]. 

(1) We choose 𝐸 = 𝑒ି ೓
ഓಲ 

(2) We choose a starting value  𝜂(0) = 𝑁(0, 𝐶) 

(3) For every 𝑖௧௛ time step, we choose 

𝜂(𝑖) = 𝐸𝜂(𝑖 − 1) + 𝑁(0, (1 − 𝐸ଶ)𝐶).  

Now that we have produced both our random forces, we are now ready with our final algorithm.  

(1) We initialise our particle at timer t=0 at −𝑥଴. We initialise the velocity 𝑣଴ from a Gaussian 

N(0, ௞ಳ்
௠

) distribution. We also calculate the random forces produced at the time interval 

[t,t+h]( 𝑅଴) and the deterministic force 𝐹଴=-k𝑥଴.    

(2) We then  apply the velocity-velet algorithm 𝑥௛ = 𝑥଴ + 𝑣଴ℎ + (ோబାிబ)௛మ

ଶ௠
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(3)Then we calculate the total random forces 𝑅௛  within the time interval [h,2h], and apply 

Equation 5.13 to calculate 𝑥ଶ௛. 

(4)Now we reiterate step 3 to calculate the positions  𝑥ଷ௛, 𝑥ସ௛,….., and so on. 

Now using this algorithm we calculate our transit time distributions. We compute the transit 

time distributions from the simulations with absorbing boundary conditions at 𝑥଴ and  −𝑥଴. 

We initialize the position of the particle at - 𝑥଴. We initialize the velocity from an equilibrium 

distribution of velocities. Then we evolve the particle till it reaches the final postion 𝑥଴. To 

ensure absorbing boundaries, we resimulate the particle if it enters the region ≤ −𝑥଴. We repeat 

this process until we evolve the particle to the region 𝑥 ≥ 𝑥଴ without entering into the region 

𝑥 ≤ −𝑥଴ and we record the TPT. By repeating this methodology for an ensemble, we get our 

entire TTD. 

    5.3 Results: 

(a) Theory-simulation comparison: 

 

 Figure 11: Plot of ௣(௧)
ஐ

 vs Ωt (Ω = ௄
ఊ
): Theory is given by the solid lines and the histograms 

denotes the data generated by performing simulations. Black Plot denotes the transit time 

distribution with 𝛾=1.0, m=1, k=1, C=100, 𝜏஺ = 5 , 𝑥଴=10, 𝛽∗𝐸 =0.65318, Green Plot denotes 

the transit time distribution with 𝛾 =1.0, m=1, k=1, C=5, 𝜏஺ = 5 , 𝑥଴=10, 𝛽∗𝐸 =10.4656. 

From this graph, we can see that the agreement between the theoretical plots and the simulation 

plots are excellent at high barrier(green plot). However there is a disagreement at a lower 

barrier(black plot). 

(b) Effect of the strength of  active force on the transit time:  
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Figure 12: Plot of ௣(௧)
ஐ

 vs Ωt (Ω = ௄
ఊ
): Red Plot denotes the distribution with 𝛾 =1, m=1, k=1, 

kbT=1, C=5, 𝜏஺ = 5,𝑥଴=10, 𝛽∗𝐸  =10.4656. Green Plot denotes the distribution with 𝛾 =1, 

m=1, k=1, kbT=1, C=2,𝜏஺ = 5,𝑥଴=10, 𝛽∗𝐸 =19.9122, Blue Plot denotes the distribution with 

𝛾 =1, m=1, k=1, kbT=1, C=0,𝜏஺ = 5,𝑥଴=10. 

From the above graph, we can see that the active forces shorten the TPT. This is because if the 

strength of the active forces are strong, then all the active forces will be more positively 

correlated. All these positively correlated forces will  tend to push the particle forward and 

shorten it’s TPT’s.   

(c) Effect of Inertia: 

 

Figure 13: Plot of ௣(௧)
ஐ

 vs Ωt (Ω = ௄
ఊ
): Red Plot denotes the overdamped distribution(m=0) with 

𝛾 =1, k=1, kbT=1, C=5, 𝜏஺ = 5,𝑥଴=10 𝛽∗𝐸 =9.667. Green Plot denotes the distribution with 𝛾 

=1, m=1, k=1, kbT=1, C=5,𝜏஺ = 5, 𝑥଴=10, 𝛽∗𝐸 =10.4656. 
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Figure 14: Plot of ௣(௧)
ஐ

 vs Ωt (Ω = ௄
ఊ
): Red Plot denotes the transit time distribution with 𝛾 =0.5, 

m=1, k=1, C=5, 𝜏஺ = 5  , 𝑥଴ =10, 𝛽∗𝐸  =10.0394, Green Plot denotes the transit time 

distribution with 𝛾 =1.0, m=1, k=1, C=5, 𝜏஺ = 5 , 𝑥଴=10, 𝛽∗𝐸 =10.4656, Blue Plot denotes the 

transit time distribution for the overdamped case with 𝛾 =5.0, m=1,k=1,C=5, 𝜏஺ = 5 , 𝑥଴=10, 

𝛽∗𝐸 =14.4812.  

From these plots we can conclude that the effect of inertia is to increase the TPT’s. This is 

because inertial effects will tend to cause the particle to feel heavy. This will make it difficult 

for the particle to move forward, that will increase the transition path time. 

(d) Asymptotic results and Average Time: 

We first get an approximate analytical expression of the short time tail of the TPT Distribution. 

For 𝑡 → 0, we note that 𝐺ଶ(𝑡) diverges at short times. So, the Transit time Distribution(TTD) 

is dominated at short times by 𝑒ିீమ(௧) . To find an expression, we taylor expand 𝐺ଶ(𝑡) in 

mathematica by Taylor-Expanding each of the numerator and the denominator in Eqn 4.11 and 

retain the lowest powers of t. This yields us a short-time asymptote of TTD as 

lim
௧→଴

𝑝(𝑡) ≈ exp (− ଶ௠௫బ
మ

௞௕்
𝑡ିଶ) (5.14). We note that this result reduces exactly to the overdamped 

limit result in case of 𝑚 → 0  and the inertial case of 𝐶 → 0. In the below plot we compare this 

asymptotic expression of TTD with the actual expression and we find that the agreement is 

good at shorter times. 
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Figure 15: Plot of -Log(௣(௧)
ஐ

) (y axis) vs Ω t (Ω = ௄
ఊ

): Red Plot denotes the  actual full 

distribution with 𝛾  =1, m=1, k=1, kbT=1, C=5, 𝜏஺ = 5 ,𝑥଴ =10 𝛽∗𝐸  =10.4656. Green Plot 

denotes the approximate short time distribution with 𝛾  =1, m=1, k=1, kbT=1, C=5, 𝜏஺ =

5, 𝑥଴=8, 𝛽∗𝐸 =10.4656 

 

To find an expression of the average Transit Time, we need to evaluate a analytical form of the 

expression ∫ 𝑡𝑝(𝑡)𝑑𝑡ஶ
଴ . 

Now, ∫ 𝑡𝑝(𝑡)𝑑𝑡ஶ
଴ =

∫ ௧(ீ)௘షಸమ
ௗீಮ

ඥഁ∗ಶ

∫ ௘షಸమௗீಮ
ඥഁ∗ಶ

   (5.15) (by substitution of Equation 5.10 and then a 

change of variables 𝐺ᇱ(𝑡)𝑑𝑡 = 𝑑𝐺). Now, it is difficult to invert the full expression of G(t) to 

get t(G). However, it is possible to do so with the long time asymptotic of G(t). So, We first 

obtain a long time asymptotic of  𝐺ଶ(𝑡) at long times. This can be obtained by the procedure 

mentioned in Reference 59 to get lim
௧→ஶ

𝐺ଶ(𝑡) = 𝛽∗𝐸(1 + ସඥఊమାସ௠௄
ఊାඥఊమାସ௠௄

𝑒ିఒశ௧)  (14) . Next we 

invert this equation and follow the same procedure as mentioned in Reference 59 to get our 

expression of the average Transit Time Distribution in the high barrier limit (𝛽∗𝐸 ≫ 1)   

 < 𝑡்்஽ >= ଵ
ఒశ

𝐿𝑜𝑔(𝛽∗𝐸 ସ௘಴ ඥఊమାସ௠௄మ

ఊା ඥఊమାସ௠௄మ ) (C being the Euler-Mascheroni constant).                     

(5.16) 

We note that this analytical expression of the transit time reduces to the expression derived in 

Reference 60 in the overdamped case(m=0), and Reference 59 in the inertial case( C=0). 
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 Figure 16: Plot of Ω<t> vs 𝛽∗𝐸 : Red Plot denotes the actual average from the numerical 

integration of the full distribution from Equation 5.15 with 𝛾 =1, m=1, k=1, kbT=1, C=5, 𝜏஺ =

2. Green Plot denotes the value from the approximate average time expression (5.16) with 𝛾 

=1, m=1, k=1, kbT=1, C=5,𝜏஺ = 2. 𝑥଴ is varied to vary our effective barrier height 𝛽∗𝐸. 

From the above plot we can see that our high barrier approximation works very well in the 

limit when 𝛽∗𝐸>>1. Our analytical expression from equation 5.16 matches very well with the 

numerical integration of our full distribution from Equation 5.15 at high barriers (𝛽∗𝐸>>1). 

   

5.4 Conclusion: 

We have calculated an approximate analytical expression of Transit Time Distribution in the 

presence of active forces. We have also derived an approximate expression of the short-time 

tail, as well as a approximate expression of the average transit time. We validate our 

approximate theoretical results with exact numerical simulations. We observe that the 

agreement between the theory and the simulation is excellent at higher barriers. However, the 

agreement expectedly becomes less at lower barriers. Also, we have shown that the presence 

of inertia increases the average transition time in the presence of active forces. These qualitative 

results are in agreement with the observations made in Reference 64. Studies on crystallization 

made in this reference suggests us that the crystallization of active particles is more hindered 

in the presence of inertia as compared to the overdamped limit. Presence of inertia suppresses 

the effect of the self propulsion force and also widens the transition regime from the liquid to 

the solid, thus hindering the transitions of the particles from liquid to solid state. 
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