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Abstract

The calculation of solvent entropy from a molecular dynamics simulation remains to be a

challenge due to the difficulty of sampling the large phase space of even a small system of

1000 water molecules in realistic time scales. This motivates the search for good approxima-

tions for the same, Single Water Entropy (SWE) being the approach adopted in this thesis.

The initial work involved the implementation of the SWE calculator in C++ and further

testing on the system of supercooled water. The insight of an entropy estimate at a single

particle level is used to analyze HDL and LDL phases. From the fluctuations in SWE at

lower temperatures, their relation to structural polymorphism was studied with the help of

structural order parameters. To validate the approach of SWE and to see if the approach

conserves configurational entropy, the same approach was applied to an ideal monoatomic

gas system which showed that the entropy estimate by SWE was able to capture the nature

of the ideal gas entropy trends.
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Chapter 1

Introduction

Water continues to be a system of active research, due to its wide applications in biochemical

sciences. The properties of water as a liquid showing anomalies when compared to other

liquids also spark interest in this field. The density maximum observed at 4°C at 1atm

pressure with a negative thermal expansion coefficient at temperatures lower than 4°C have

critical real life implications [1]. Similar is the anomaly in the isobaric specific heat capacity

(Cp) that increases below 35°C. A more direct topic of study would be the role of water

in protein folding and enzyme binding to substrates. The control and characterization of

hydrophobic and hydrophilic structures continue to be an active topic of research in this

regard.

In the case of a protein binding, the entropic role of water as a solvent could provide

a better insight into the system. While there exist good methods of calculating protein

entropy [2] , the solvent entropy still remains a challenge. Unlike the atoms of a protein,

the solvent molecules diffuse throughout the entire simulation box. This results in the phase

space of the solvent system being very large and sampling by diffusion being a relatively slow

process results in the poor sampling of the phases space. There are approaches to calculating

the entropy from radial distribution functions of solvents, such as the excess entropy [3] based

on the Inhomogeneous Solvation Theory (IST) and from the liquid density of states by the

2PT [4] approach. But neither of these approaches provides an estimate of entropy on a single

particle level.

When using the Single Water Entropy approach, it is possible to associate an entropy
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value for each solvent molecule in the system. This opens the door to studying the entropic

variation along the hydration shell around multiple systems of interest such as hydrophobic

particles [5] and ions [6].

Supercooled Water

Experimentally when cooling water from room temperature at atmospheric pressure, water

turns to ice at 0°C. But it is possible to cool water below 0°C without undergoing a liquid to

solid phase transition and the liquid water thus obtained is called supercooled water. When

trying to simulate the same process it is found to be very difficult to crystallize water in an

unbiased simulation. This is because, even though the crystal ice is the thermodynamically

more stable structure below 0°C, the transition between liquid to solid phase encounters a

potential barrier that is kinetically hindering the transition.

This provides a unique opportunity to probe the supercooled state of water through

molecular dynamics simulation, which has resulted in the hypothesis regarding the second

liquid-liquid critical point(LLCP) of water in the supercooled regime. [7] While this region

hasn’t to date been accessible experimentally, a lot of work through MD simulations have

characterized this phase space region. [8] [9]. Various structure parameters have been proposed

to characterize the 2 liquid phases in this region - High Density Liquid(HDL) and Low Density

Liquid (LDL). [10] [11]. This work attempts to utilize the tool of SWE to obtain an entropic

insight into these two phases of water.

Configurational Entropy

As will be discussed in Chapter 2, the method of single water entropy calculation involves

a permutation reduction step - A relabeling of particles within a trajectory to localize in-

dividual indices to a region in space. This permutation helps increase the sampling of the

phases space. But it also raises the question of whether the permutation results in ”the loss

of configurational entropy of the system”. While a proper mathematical framework must

be developed to answer this question in full, a simple test on Ideal Gas was performed in

Chapter 5.
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Since ideal gas systems have only configurational entropy and are exactly solvable, the

results of the SWE approach could be compared to see if the trends in configurational entropy

are conserved.
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Chapter 2

Theory

2.1 Molecular Dynamics Simulations

AMolecular Dynamics simulation (MD) refers to a computer simulation of atoms or molecules

treated as point particles with their interactions amongst themselves modelled according

to various types of force fields. Unlike the quantum mechanical approach of solving the

Schrödinger wave equation, the systems are treated classically, with the parameters used in

force fields obtained from experimental and quantum calculations. Thus the trajectory is

obtained by integrating the Newton’s equations of motion for the system of particles in the

box. For an n particle system the force equation would have been follows

Fi = −∇iV (X1, ...,Xn) = mi
d2Xi

dt2
= miai(t) (2.1)

where Xi represents the position of the ith atom and V the potential due to the bonding

and non-bonding interactions between atoms parameterized according to the forcefield used.

Since the equation of motion is a second order partial differential equation, the leap frog

integrator of GROMACS was used for solving the trajectories. Further simulation details

are provided in the simulation section.
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2.2 Single Water Entropy

The calculation of Single water entropy from the the MD trajectory is done in 3 steps.

• Trajectory ordering

• Trajectory permutation

• Entropy calculation

Figure 2.1: Figures shows a single frame of a simulation after trjordern was performed
with distance to center of the box

The previous implementation of SWE by Dr.Arnab Mukherjee [5] utilized GROMACS-

4.0.7 trajectory inputs. It was written in C with no parallelization. This section discusses

the theory and some implementation details of the new SWE calculator written in C++ for

GROMACS 2021.2.

2.2.1 Trajectory Ordering

When studying a large system the region of interest for entropy calculation would sometimes

be small. Performing permutation calculation on the entire system would be computationally

6



Figure 2.2: Figure shows the trajectory of a single particle, after it underwent permutation.
The single particle is localized to a region in space

expensive, so there is a need to control the region into which the permutation could be

performed. For this, the GROMACS module trjorder could be utilized to re-index the

molecules in a trajectory based on their distance to a target residue. In the case of the

bulk water system, there is no reference residue to calculate the distance from to reorder,

so trjordern was created by modifying the original trjorder module to accept a vector

representing a point in the simulation box about which reordering could be performed.

2.2.2 Permutation

Due to the large phase space available for even a small system of 1000 water molecules, the

sampling achieved by diffusion of solvent is very poor in realistic timescales of simulations.

To improve the sampling the method of permutation of solvent molecules as suggested by

Grubmüller,et al [12] is utilized.

Theory

In a real world system water molecules could be thought of as indistinguishable particles.

Whereas in the case of molecular dynamics simulations, due to the indexing of molecules

they are distinguishable thus requiring each molecule to sample the entire simulation volume

to sample the entire phase space. By invoking the indistinguishability of water molecules

7



Figure 2.3: The first panel shows the reference frame, while the second a general frame at
time t. The third panel shows the reindexing(re-colouring) of the molecules based on the
distance to molecules in the reference frame.

each water molecule can contribute to the sampling of all other water molecules.

For the case of an N particle system, let the trajectory be represented by the 3N di-

mensional vectors c(t). A reference configuration c0 is chosen. For each c(ti) in trajectory a

permuted configuration is obtained by minimizing the root mean squared deviation between

the reference configuration and the permuted configuration.

|π(c(ti))− c0|
!
= min (2.2)

where π represents the permutation operation. This particular permutation problem can be

rephrased as a Linear Assignment Problem (LAP) for which solutions already exist. After

the permutation is performed the trajectory of a single particle becomes localised to a smaller

region in space.

Implementation

The permutation module g permutemn was written in C++, utilising the libgmx.so library.

The menu driven program asked the user for the reference structure as well as the selection

of particles to permute from and into. The last option enables the program to permute

into a smaller population from a much larger population, reducing the computational cost.

By default, the reference structure was taken to be the first frame of the input trajectory.
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For solving the LAP, the lap module [13] provided by R. Jonker was utilized. The permuted

trajectory along with the optional center of mass trajectory could be outputted into xtc

or trr file formats. The most computationally expensive step of this implementation was

the LAP solver, but the program has been written to be parallelizable across frames of the

trajectory hence speeding up the calculation.

2.2.3 Entropy Calculation

The single water entropy is calculated from the permuted trajectory.

Theory

As described in the subsection 2.2.2 the trajectory of a single particle becomes localized to

a region in space after permutation. The configurational volume available for each particle

will vary from particle to particle. The translational entropies of particles could now be

approximated by the N particle Quasi Harmonic (QH) approximation [2].

Given the QH approximation, the probability density of atoms can be approximated by

a multivariate gaussian distribution given as

p(x) = (2π)−
3N
2 detQ exp

(
− 1

2
(x− ⟨x⟩)TQ(x− ⟨x⟩)

)
(2.3)

where Q is the precision matrix of the particles trajectory calculated as

Q =
[
(x− ⟨x⟩)(x− ⟨x⟩)T

]−1

For each particle , a 3x3 covariance matrix (inverse of the precision matrix) is thus con-

structed, from which 3 eigen values(λi, i ∈ 1, 2, 3) are obtained. They are mapped to their

corresponding frequencies given by

ωi = (kBT/λi)
1/2
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The translational entropy is calculated as

SQH
trans = kB

3∑
i=1

ℏωi

kBT (eℏωi/kBT − 1)
− ln

(
1− e−ℏωi/kBT

)
(2.4)

with T being the temperature of the system, kB the Boltzmann constant and ℏ = h/2π where

h is the Planck’s constant. For the calculation of the non-Gaussian component contribution

to the entropy, the method of kth Nearest Neighbour (kNN) [14] distances as done by Numata,

et al [15] was implemented.

For the rotational entropy of the system about a reference particle, the standard equation

of entropy based on the angular distribution of probabilities can be calculated [16] for each of

the permuted water molecules. The rotational entropy would be given as

SQH
rot = −kB

∫
ρ(θ, χ)cln{ρ(θ, χ)c}sinθdθdχ (2.5)

where θ is the angle between the water oxygen to reference particle vector and the dipole

vector of water. χ is defined as the angle between the vector joining the 2 hydrogens of water

and the normal to the plane defined by the reference particle-oxygen vector and the dipole

vector.

Implementation

The final calculation was implemented as a single module g transent, which calculates

the covariance matrix for each of the selected molecules in the permuted trajectory. Its

eigenvalues are calculated using the eigen library which is then used to calculate the Quasi-

harmonic translational entropy. The kth nearest neighbour calculations were implemented

using the distances package provided by Fredrik Savje [17]. The same module is capable of

calculating the rotation entropy along with the translational entropy in a single read of the

trajectory.
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Chapter 3

Supercooled Water

3.1 Simulation details

The supercooled water simulations were performed using GROMACS-2021.2 [18]. The water

model used for the simulation was TIP5P-E [19] using the OPLS-AA forcefield as it has been

shown to provide accurate density measurements during simulations. An initial box of 1000

water molecules was generated in a cubic box of side length 3.14nm using the solvate

module of GROMACS. The system was then energy minimized using the steepest descent

followed by the conjugate gradient descent algorithm. The energy minimised system was then

brought up to 300K using the Berendsen thermostat [20] with a coupling constant of 0.2ps.

Afterwards, an NPT equilibration at 300K temperature and 1 bar pressure was performed for

2ns utilizing the Nose-Hoover thermostat and the Parrinello-Rahman barostat with coupling

constants of 0.4 and 0.8 ps respectively.

The equilibrated system thus obtained was subject to heating/cooling to reach its target

temperatures using the Nose-Hoover thermostat with 0.4ps temperature coupling. In the

current study 190K, 200K, 210K, 220K, 230K, 240K, 250K, 260K, 273K, 285K, 300K, 315K

and 330K were the temperatures under consideration. Next, an NPT equilibration was

performed for each of the 13 systems for 30ns at 1 bar pressure and respective temperature

using the Nose-Hoover thermostat and the Parrinello-Rahman barostat with 0.4ps and 0.8ps

coupling respectively.
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The final production run was an NPT simulation 1µs long using the above mentioned

thermostat and barostat using the same coupling constant with an integrator timestep of 2fs.

The trajectory coordinates were outputted every 0.4ps. The electrostatics were calculated

using Particle Mesh Ewald(PME) electrostatics with a 10 Å cutoff for both van der Walls

and electrostatics interactions.

3.2 Trajectory validation

To validate the trajectories generated few characteristic properties of the system were cal-

culated

3.2.1 Density

Figure 3.1: Figure shows the variation of density with temperature

The density plot was calculated using the energy module of GROMACS. A density

maximum at 285K can be observed along with the decreasing density with temperature. A

12



density minima can be observed for 230K beyond which a decrease in temperature results

in a slight increase in density.

3.2.2 Specific heat capacity

Figure 3.2: Figure shows the variation of isobaric specific heat capacity with temperature

The specific heat capacity was calculated by initially obtaining the enthalpy fluctuations

of the simulation using the energy module from which σH was calculated. Isobaric specific

heat capacity was calculated as

Cp =
σ2
H

kBT 2
(3.1)

From the figure a peak at 200K can be observed. This corresponds to the crossing of the

widom line.
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Chapter 4

Supercooled Water : Results

4.1 Single Water Entropy Analysis

Table 4.1: Average and standard deviation of SWE of the 1st 100 water molecules for various
temperatures

Temperature
Translational Entropy Rotational Entropy
Mean Std dev Mean Std dev

190 3.182 0.287 -0.482 0.171
200 3.384 0.276 -0.373 0.153
210 3.847 0.170 -0.291 0.085
220 4.112 0.156 -0.214 0.073
230 4.434 0.048 -0.052 0.031
240 4.663 0.029 -0.034 0.032
250 4.882 0.023 -0.031 0.024
260 5.092 0.022 -0.030 0.015
273 5.376 0.025 -0.031 0.014
285 5.646 0.026 -0.032 0.011
300 5.987 0.025 -0.033 0.009
315 6.341 0.024 -0.034 0.009
330 6.708 0.030 -0.035 0.008

15



(a)

(b)

Figure 4.1: Figure a shows the variation of STr of the 1st hundred water molecules while
Figure b shows the variation of SRot
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The Translational single water entropy for the 1st 90 water molecules in the system is

shown in Figure 4.1a for various temperatures from which a general trend of decrease in

translational entropy with decrease in temperature can be observed. Similarly, in figure

4.1b Rotational entropy is found to be less negative at higher temperatures. The mean and

standard deviation of the entropy values are provided in Table 4.1.

Another observation made is the larger fluctuations in translational and rotational en-

tropy values at the lower temperatures captured by the larger standard deviation values.

This opens up the possibility of categorising water the water molecules into high entropy

and low entropy water molecules and to observe of any correlation between these entropy

values and HDL/LDL states.

4.2 Structure Parameters

To characterize the 2 different phases, structure parameters have to be utilized. Two such

structure parameters are used to analyze the trajectory.

4.2.1 Zeta Parameter

Theory and implementation

Consider the case of 4 water molecules hydrogen bonded with water indexed 0. The ζ

parameter [10] for water 0 is defined as the difference between the closest non-hydrogen bonded

water molecule and the farthest hydrogen bonded water molecule. A larger value of ζ suggests

a region of low local density whereas a smaller value points to regions of high density.

g zeta was a C++ program utilizing the GROMACS library libgmx.so written to calcu-

late the ζ parameter of the water molecules provided as a selection for the entire trajectory.

It would also calculate the number of hydrogen bonds of the water molecules under consid-

eration and print to files.

17



Figure 4.2: Figure shows the ζ parameter among 5 water molecules. Molecules 1 to 4 are
hydrogen bonded to water 0 with 4 being the farthest from 0. Molecule 5 is the closest non-
hydrogen bonded water.

Results

From 4.3 it is seen that the distribution of zeta isn’t much varied upon the choice of water

molecule. So with a random reference molecule Figure 4.4 was constructed. At a lower

temperature, a peak is observed the ζ parameter peaks at 1 Å. While as the temperature

is increased a secondary peak at a negative ζ value is observed with a corresponding fall

in probability for the 1 Å peak. This indicates that at higher temperatures water tends to

remain in the HDL state while at lower temperatures there is a shift in preference to the

LDL state. Interestingly even with the broader distribution of ζ at higher temperatures,

the entropy doesn’t fluctuate as much. Whereas in the case of lower temperature where

we observe primarily an LDL region water molecules show different entropic behaviour. To

check for the existence of a correlation between the fluctuations in entropy and structural

polymorphism, 100 water molecules were classified into either High entropy or Low entropy

waters and their distribution of zeta was calculated. This procedure was performed for 2

different temperatures - 190K and 240K.

A secondary peak around 2.7 Å is observed which increases in height with an increase in

temperature. To explain the reason for this secondary peak the number of hydrogen bonds

18



(a) (b) (c)

(d) (e) (f)

for molecules when ζ was greater than 2.7 Å was checked and found to be 0. If a water

molecule doesn’t form hydrogen bonds, the largest hydrogen bond distance collapses to 0.

So the ζ parameter becomes just the distance to the closest non-hydrogen bonded water

which is essentially the closest water molecule in this case. At higher temperatures, the

water molecules have higher kinetic energy, enabling them to form non-hydrogen bonded

structures more frequently, which is captured by the secondary peak.
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(g) (h) (i)

(j) (k) (l)

(m)

Figure 4.3: The distribution of ζ parameters for molecules 50 , 100 and 150 showing similar
distribution regardless of molecules chosen for different temperatures
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Figure 4.4: Figure shows the variation of the ζ parameter with temperature for a molecule
chosen at random

4.2.2 Local Structure Index

.

Theory and Implementation

Local structure index (LSI) [11] is a structure factor that measures the extent of the gap

between the second and first hydration shell of a water molecule. Consider the case of a

water molecule indexed k with n water molecules at an oxygen-oxygen distance lesser than

3.7 Å from it. Let rj represent the distance of the jth water molecule from the central

21



Figure 4.5: Figure shows the arrangement of molecules according to distance from the refer-
ence molecule coloured red for LSI calculation

molecule. If the distances are ordered as

r1 < r2 < r3 < ..rj < ..rn < 3.7 Å < rn+1

the LSI is defined as

LSI =
1

n

n∑
i=1

(∆(i)−∆)2 (4.1)

where

∆(i) = ri+1 − ri (4.2)

and

∆ =
1

n

n∑
i=1

∆(i) (4.3)

A lower value of LSI corresponds to a more tightly packed structure much like the HDL

water, whereas a larger LSI will correspond to the existence of LDL water. g LSI was

implemented in C++ to calculate the LSI for a user provided selection of water molecules

utilizing the libgmx.so library.
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Results

Figure 4.6: Figure shows the variation of LSI with temperature for a single particle

From Figure 4.6 it is observed that at higher temperatures there is a sharp peak close to 0

that decays, complementing the results obtained from the zeta parameter analysis that water

mostly exists in the HDL form at high temperatures. With the lowering of temperatures

the sharpness of this peak decreases with a shift to a new peak at 0.0015 nm2 having an

almost bimodal distribution. A similar analysis to that of the zeta parameter, involving

the calculation of the zeta parameter for the high and low entropy populations of water

separately are being performed.
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Chapter 5

Ideal Gas Entropy

5.1 Simulation Details

The ideal gas simulation was performed using LAMMPS [21], in real units. The atoms were

modelled to have no interactions between themselves. Two sets of simulations were per-

formed, first varying the volume but keeping the number of particles a constant and the

other varying the number of particles at constant volume. The details of choices of volume

and number of particles are provided in table 5.1a. All simulations were performed at 300K

temperature with the help of Nose-Hoover thermostat for 500ps with a timestep of 1fs.

5.1.1 The choice of boundary conditions

Unlike the case of the water simulations, Periodic boundary conditions were not applied to

the system, but rather walls were applied. Since the ideal gas particles do not interact with

each other, they will continue to move with the initial velocity throughout the simulation

without walls. This results in repeating vacancies inside the simulation box that aren’t

visited as can be seen in Figure 5.1a. To avoid this walls were used as boundaries to reflect

the particles at the same speed. The resulting trajectory of a single particle in time is shown

in Figure 5.1b
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Table 5.1: Table of simulation parameters for the 2 set of ideal gas simulations performed

(a) SET 1

Temperature (K) Volume(nm3) Number of particles
300 27 1000
300 27 2000
300 27 3000
300 27 5000
300 27 7000
300 27 10000

(b) SET 2

Temperature (K) Volume(nm3) Number of particles
300 27 1000
300 27 2000
300 27 3000
300 27 5000
300 27 7000
300 27 10000

5.1.2 Trajectory post-processing

Since the simulations were performed in LAMMPS, the resulting trajectory was obtained

as a LAMMPS dump file. It is an ASCII file of tabular position and velocity data of all

particles for all times. Since SWE module was implemented to read GROMACS 2021.2

trajectory, the LAMMPS dump had to be converted to an xtc file. For this a new module

dumpconverter was written in C++, which took the dump file as input and outputted the

trajectory in either xtc or trr format along with the first frame of the trajectory in a gro/pdb

format according to user preference.

5.2 Results

From the simulation the ideal gas entropy values calculated showed that for a single system

there is very little fluctuation in translational entropy from particle to particle. The next

clear observation was the trend of increasing entropy with the volume of the simulation box.

This can be more easily observed from the Figure5.2b. The mean values are valid due to the
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(a) (b)

Figure 5.1: Ideal gas single particle trajectory with different boundary conditions

small fluctuations in entropy values. The results obtained correlate with the expected ln(V )

trend from the Sackur-Tetrode equation. The analysis of the second set of simulations is

being performed, but the computationally intensive permutation on the entire system makes

the progress slow.
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(a) (b)

Figure 5.2: The Single Particle Entropy calculated for ideal gas. Figure 5.2a shows the Single
particle entropy for 1000 particles for different box sizes. Figure 5.2b shows the variation of
the average single particle entropy with volume
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Chapter 6

Conclusion

The thesis work involved the implementation of an automated pipeline for the calculation of

Single Water Entropy, after a GROMACS simulation from start to finish. Small parts of the

implementations were CPU parallelized using OpenMP. Further tools were developed for the

conversion of trajectories from LAMMPS to GROMACS and vice versa. From the simulation

of the supercooled liquid, the populations of high and low entropy water were observed at

very low temperatures, which could be mapped to their spacial heterogeneity using structure

parameters. Further statistical analysis based on these order parameters are being studied.

The next steps would involve determining the solvent entropy in the hydration shell of ions

in supercooled water.

From the simulations of the ideal gas system, the SWE approach was observed to capture

the logarithmic increase of entropy with the volume of the system. While a single system

is insufficient to validate the general statement that ”configurational entropy is conserved

during the single water entropy calculation”, it could be used as a starting point to test

out more complicated systems with exact solutions of entropy known for the conservation

of configurational entropy. Testing on newer, exactly solvable systems could also provide an

opportunity to introduce a correction factor to the current system to better calculate more

numerically accurate values.

Finally, with the current implementation of the entropy pipeline, calculations of water

entropy along model surfaces of varying curvature and surface charge densities could be

tested. Extending this as a template for single water entropy along protein surface patches
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is an avenue warranting further studies.
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