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Abstract

In this thesis, we explore the main statements of class field theory from the perspective of

local global principle:

1. The existence of a canonical isomorphism from the Galois group G(L|K) of a local

(resp. number field) extension L|K to K×/NL|KL
× (resp. CK/NL|KCL where CK is

the idèle class group of the number field K).

2. A bijective correspondence between finite abelian extensions of a local field (resp.

number field) and the finite index subgroups of its multiplicative group (resp. idèle

class group).

In the process, we explore various instances of the local global principle, which asks whether

a property that holds in all completions of the number field, holds in the number field itself.

Important among them are the Kronecker-Weber theorem, Hasse norm theorem and the

Grunwald-Wang theorem.
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Introduction

We know that Q can be endowed with the Euclidean absolute value. Q can also be given

the p-adic absolute values for every prime p. A remarkable theorem due to Ostrowski (1916)

showed that the only non-trivial absolute values on Q are the p-adic absolute values and

Euclidean absolute value. This can be easily generalised to a number field where the prime

p is replaced by the prime ideals of its ring of integers, and the Euclidean absolute value

is replaced by embeddings of the number field into R or C. This led to the birth of the

idea of local global principle, which says that a theorem or property holds for a number field

if and only if it holds in all (or all but finitely many) of its completions. In other words,

it asks whether given a property holding in all (or almost all) completions, we can ‘stitch

together’ this information to obtain the property for the number field. As can be seen, this

is not a rigorous mathematical statement, but only a guiding principle. The idea has led to

significant advancements in various facets of mathematics, particularly in number theory.

In this thesis, we will explore class field theory, the development of which itself stands as

a testament to the importance of local global principle. We will begin by exploring the main

statements of local class field theory, and then go on to illustrate the striking parallel between

local and global class field theory. In the process, we shall explore various instances of the

local global principle. Particularly, we show that there is a local analogue of the famous

Kronecker-Weber theorem, and use this to obtain the global Kronecker-Weber theorem.

While exploring global class field theory, we will see another instance of the phenomenon,

the so called Hasse norm theorem, which says that given a cyclic extension L|K, an element

in a number field is a norm only if it is a norm at all its completions. Further, we will

present the Grunwald-Wang theorem, which addresses the question of whether an element

in a number field K that is a nth power in almost all completions of K, is a nth power in K.

Prerequisites: This thesis assumes a strong background in algebraic number theory.
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It is also desirable that the reader be acquainted with local fields. However, most of the

important results about local fields that will be used are presented in Chapter 1.

Original contributions: This thesis is purely expository and aimed to be a review of

class field theory. No claims to originality are made. We have only attempted to write the

proofs in a more accessible manner, and present a few clarificatory remarks and examples.

The primary references for this thesis are [7] and [6].
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Chapter 1

Preliminaries

We will begin the chapter by learning about the extension of Fundamental theorem of Galois

theory to arbitrary algebraic extensions. We will also explore inverse and direct limits, and

observe that the valuation ring of a local field and the Galois group of an algebraic extension

are important examples of inverse limits. Finally, we will provide a quick review of local

fields.

The contents of this chapter are primarily based on Sections 1 and 2 of chapter 4 and Chapter

2 of [7].

1.1 Infinite Galois theory

The fundamental theorem of Galois theory for finite extensions fails for infinite extensions.

The below example will illustrate this.

Example 1. The absolute Galois group of Fp, i.e., GFp = G(Fp|Fp), contains the Frobenius

automorphism ϕ(x) = xp for all x ∈ Fp. The subgroup generated by ϕ has the same fixed

field as GFp, but contrary to finite Galois theory, we do not have < ϕ >= GFp.

However, by defining a canonical topology called the Krull topology on the Galois group,

we will be able to extend the fundamental theorem to infinite extensions.

Definition 1.1.1 (Krull topology). Let L|K be a Galois extension with Galois group G(L|K).

3



The Krull topology is defined by setting the basis of neighbourhoods about 1 as {G(L|M) | [M :

K] <∞}.

Theorem 1.1.1. This topology endows (G(L|K), ◦) with the structure of a compact Haus-

dorff (hence normal) topological group.

Remark 1.1.1. If the base field K is countable (Q,Fp), then the Galois group of any Galois

extension L|K is first countable, since the basis of neighbourhoods about 1 are in bijection

with the finite Galois extensions of K contained in L. There are only countable many such

distinct fields M, since M = K(α). A Hausdorff topological group that is first countable is

metrisable by the Birkhoff Kakutani theorem.

Definition 1.1.2 (Profinite groups). A topological group that is compact, Hausdorff and has

a basis of neighbourhoods about 1 comprising only of normal subgroups is called a profinite

group.

Example 2. 1. Any finite group with discrete topology

2. The topological group G = G(L|K) with Krull topology. Note that the groups G(L|M)

with M |K Galois are normal subgroups, which are precisely the neighbourhoods about

1 in G(L|K).

In the next section, we will provide an important characterisation of profinite groups and

give some examples.

We will now state the Fundamental theorem of Galois theory for arbitrary algebraic exten-

sions.

Theorem 1.1.2 (Fundamental theorem of Galois theory). Let L|K be a Galois extension

with Galois group G = G(L|K). Then the map f : M 7→ G(L|M) is a 1-1 correspondence

between

{Closed subgroups of G} ↔ {Subextensions M |K of L|K} and
{Open subgroups of G} ↔ {Finite extensions M |K of L|K}.
Furthermore closed normal subgroups G(L|M) correspond to Galois extensions M |K and

open normal subgroups correspond to finite Galois extensions.

Remark 1.1.2. It can now be shown that the closure of the subgroup generated by the

Frobenius automorphism is equal to GFp in example 1.
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1.2 Direct and inverse limits

The notion of inverse (projective) and direct (inductive) limits generalise the operations of

intersection and union. If {Xi} is a family of subsets of a topological space X which for any

two sets Xi, Xj also contain Xi ∩Xj (resp. Xi ∪Xj), then the limit of this family is defined

as lim←−−
i∈I

Xi = ∩
i∈I

Xi (resp. lim−−→
i∈I

Xi = ∪
i∈I

Xi).

If Xj ⊆ Xi (resp. Xi ⊆ Xj), then write i ≤ j such that the indexing set I is made into

a directed system, i.e., a partially ordered set in which for every pair i, j, there is a k such

that i ≤ k and j ≤ k. Here, Xk = Xi ∩Xj (resp. Xk = Xi ∪Xj). For i ≤ j, let iij denote

the inclusion Xj ↪→ Xi (resp. Xi ↪→ Xj). We thus obtain a system {Xi, fij} of maps and

sets. We now replace inclusions by arbitrary maps fij.

Definition 1.2.1 (Projective and inductive system). Let I be a directed system. A projective

(resp. inductive) system over I is a family {Xi, fij | i, j ∈ I, i ≤ j} of topological spaces

Xi and continuous maps fij : Xj → Xi (resp. fij : Xi → Xj) such that fii = idXi
and the

following diagrams commute (left diagram for projective system)

Xk Xk

Xi Xj Xi Xj

fik fjk

fij

fik

fij

fjk

Definition 1.2.2 (Projective/inverse limit). The projective limit X = lim←−
i

Xi of the projective

system {Xi, fij} is defined to be X = {(xi)i∈I ∈
∏
i∈I

Xi | fij(xj) = xi for i ≤ j}. It inherits

the subspace topology from the product topology on
∏
i∈I

Xi.

Remark 1.2.1. It satisfies the following universal property: The inverse limit X of the
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system {Xi, fij} is such that all the triangles commute in the following commutative diagram:

lim←−−
i∈I

Xi

Xk

Xj Xi

pk

pj pi

fjk

fik

fij

where pi is the projection onto the ith component. Here i, j ≤ k.

Proposition 1.2.1. The projective limit X = lim←−−
i∈I

Xi of non-empty compact spaces is non-

empty and compact. If all the Xi are Hausdorff, then X being the subspace of
∏
i∈I

Xi is

Hausdorff.

Definition 1.2.3 (Inductive/direct limit). The inductive limit X = lim−−→
i∈I

Xi of an inductive

system {Xi, fij} is the quotient X := ⊔
i∈I

Xi/ ∼ of the disjoint union ⊔
i∈I

Xi, where two elements

are considered equivalent if there is a k ≥ i, j such that fik(xi) = fjk(xj).

Remark 1.2.2. The direct limit satisfies the universal property as in Remark 1.2.1 with the

direction of all the arrows reversed.

Remark 1.2.3. If {Gi, fij} is a projective (resp. inductive) system of topological groups/

rings, then the inverse limit (resp. direct limit) is also a topological group/ ring.

Definition 1.2.4 (Morphism of a projective/ inductive system). A morphism between two

projective (resp. inductive systems) {Gi, gij} and {G′i, g′ij} of topological groups is a family

of continuous homomorphisms fi : Gi → G′i such that the following diagrams commute:

Gj G′j Gi G′i

resp.

Gi G′i Gj G′j

fj

gij g′ij

fi

gij g′ij

fi fj
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The following proposition shows that lim
→

preserves exact sequences.

Proposition 1.2.2. Let α : {G′i, g′ij} → {Gi, gij} and β : {Gi, gij} → {G′′i , g′′ij} be morphisms

between inductive systems of topological groups such that the sequence G′i
αi−→ Gi

βi−→ G′′i is

exact for every i ∈ I. Then we obtain the exact sequence lim−−→
i∈I

G′i
α−→ lim−−→

i∈I

Gi
β−→ lim−−→

i∈I

G′′i .

The next proposition shows that lim
←

preserves exact sequences for compact topological

groups.

Proposition 1.2.3. Let α : {G′i, g′ij} → {Gi, gij} and β : {Gi, gij} → {G′′i , g′′ij} be morphisms

between projective systems of compact topological groups such that the sequence G′i
αi−→ Gi

βi−→
G′′i for every i ∈ I. Then lim←−−

i∈I

G′i
α−→ lim←−−

i∈I

Gi
β−→ lim←−−

i∈I

G′′i is an exact sequence of compact

topological groups.

Remark 1.2.4. Consider the family of exact sequences Z → Z/pnZ → 0 with Z having

discrete topology. Supposing that lim
←

preserves exact sequences in this case, we take the

inverse limit to obtain that Z→ Zp → 0 is exact, which is absurd.

The next proposition characterises profinite groups defined in Remark 1.1.2 as the inverse

limit of finite groups.

Proposition 1.2.4. If G is a profinite group and if N varies over all open normal subgroups

of G, then G ∼= lim←−
N

G/N .

Conversely, if {Gi, fij} is a projective system of finite (even profinite) groups, then G =

lim←−−
i∈I

Gi is a profinite group.

Let us now look at some examples of inverse and direct limits.

Example 3 (Inverse limits). 1.

2. Let Z/piZ be endowed with discrete topology. The system {Z/piZ, pij}i,j∈N where pij :

Z/pjZ→ Z/piZ for i ≤ j are the canonical surjections forms an inverse system. The

inverse limit is called the ring of p-adic integers and is denoted Zp. It is in fact a

compact, Hausdorff topological ring.

It can be shown that Zp is a PID with unique maximal ideal. The fraction field of Zp

is called the field of p-adic numbers Qp. We will see in the next section that Qp and

their finite extensions are the so called p-adic local fields.
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3. Notice that Qp is a field of characteristic 0 since Q ↪→ Qp. There is a characteristic

p analogue of this. Let Fq be the finite field with q elements where q is a power of a

prime. Then the system {Fq[t]/ < tn >, pmn} where pmn are the canonical projections

forms an inverse system with inverse limit Fq[[t]], the ring of formal power series in

Fq. Its fraction field Fq((t)) is the field of all formal Laurent series expansions in Fq.

Fq((t)) together with their finite extensions are in fact the characteristic p local fields.

4. The Galois group of a Galois extension L|K is a profinite group with respect to the

Krull topology.

5. The rings {Z/nZ, pmn} where pmn are the canonical surjections forms an inverse sys-

tem. The inverse limit is denoted Ẑ. It contains Z as a dense subring. The groups

nẐ are precisely the open subgroups of Ẑ, and we can easily see that Ẑ/nẐ ∼= Z/nZ.
By applying Chinese remainder theorem and passing to the projective limit, we have

Ẑ ∼=
∏
p

Zp.

6. The absolute Galois group of Fq is the projective limit of G(Fqn|Fq) ∼= Z/nZ which is

Ẑ.

Example 4 (Direct limits). 1. Let {Xi, fij} be a system with Xi being topological spaces

(groups/rings) such that for i ≤ j, we have Xi ⊆ Xj, and let fij be the inclusions.

This is a directed system as was shown at the start of the section. This is the most

important example of direct limits that we will encounter throughout the thesis.

2. The system {Z/piZ, fij} where fij : Z/piZ→ Z/pjZ where i ≤ j is given by x 7→ pj−ix

mod pj forms an inductive system with direct limit Z(p∞), which is called the Prufer

group.

1.3 Local fields

In the previous section, we described the ring Zp as the inverse limit of Z/pnZ and called its

fraction field Qp. In this section, let us study about Qp and its finite extensions, which are

called local fields.

We will only state the important results that will be used throughout the thesis. The proofs

of these results may be found in Chapter 2 of [7]. We will first give an alternate and very

important description of Zp and Qp.

8



Definition 1.3.1 (Absolute value). Let a, b ∈ K. An absolute value on a field K is a

function | | : K → R>0 such that:

1. |a| = 0 ⇐⇒ a = 0.

2. Mutiplicativity: |ab| = |a||b| for all a, b ∈ K.

3. Triangle inequality: |a+ b| ≤ |a|+ |b| for all a, b ∈ K.

Definition 1.3.2 (Archimedean and non-Archimedean absolute value). If | | satisfies the

stronger triangle inequality |a+b| = max{|a|, |b|}, then | | is called non-Archimedean absolute

value. If not, then | | is called Archimedean absolute value.

Remark 1.3.1. Note that any absolute value induces a metric d by setting d(x, y) = |x− y|.

Example 5. The trivial absolute value |a| = 1 for all a ∈ K is a non-Archimedean absolute

value, while the Euclidean absolute value on Q is Archimedean.

Definition 1.3.3 (Equivalent absolute values). Two absolute values on K are said to be

equivalent if they define the same topology on K.

We now state the approximation theorem, which may be regarded as a version of Chinese

remainder theorem.

Theorem 1.3.1 (Approximation theorem). Let | |1, | |2 · · · | |n be pairwise inequivalent ab-

solute values on K, and let a1, · · · an be given elements. Then for every ϵ > 0, there is a

x ∈ K such that |x− ai|i < ϵ for all i = 1, · · ·n.

We now define the notion of a valuation.

Definition 1.3.4 (Discrete valuation). A discrete valuation is a surjective homomorphism

v : K× → Z such that vp(a+b) = min{vp(a), vp(b)} for all a, b ∈ K×. v may also be regarded

as a map K → Z ∪ {∞} by declaring that v(x) =∞ ⇐⇒ x = 0.

Definition 1.3.5 (p-adic absolute value). Fix a prime p. Let a ∈ Q× be such that a = pru

where r ∈ Z and (u, p) = 1. Then the p-adic absolute value of a, denoted |a|p is defined to be

p−r. This is a non-Archimedean absolute value. The p-adic valuation valuation vp is given

by vp(a) = r.

Definition 1.3.6. The completion of Q with respect to the p-adic absolute value is called

the field of p-adic numbers Qp, and the completion of Z with respect to the p-adic absolute

value is called Zp.

9



Remark 1.3.2. It can be shown that the ring of p-adic integers (also called the valuation

ring) introduced here is in fact the inverse limit of Z/pnZ as introduced in the previous

section, and the topology on Zp induced as the inverse limit of Z/pnZ coincides with the

topology induced from the p-adic absolute value.

Remark 1.3.3. The valuation ring Zp can also be defined as the set of all elements in Qp

with p-adic absolute value less than or equal to 1. Equivalently, it is the set of all elements

in Qp with non-negative p-adic valuation.

Remark 1.3.4. The valuation ring Zp is a PID and a local ring with unique maximal ideal

pZp.

The following proposition says that any p-adic integer is a formal power series in p and

any p-adic number is a formal Laurent series in p, thereby giving us a concrete way to

understand elements of Zp and Qp.

Proposition 1.3.2. Every p-adic integer a ∈ Zp can be represented uniquely as a formal

power series a0 + a1p+ · · · anpn−1 + · · · . This power series converges in the p-adic absolute

value. Furthermore, every a ∈ Qp can be written uniquely as a = pnb where n ∈ Z and

b ∈ Zp.

The following result due to Ostrowski classifies all the absolute values on Q.

Theorem 1.3.3 (Ostrwoski). The only non-trivial absolute values on Q are the p-adic ab-

solute values for all primes p and the Euclidean absolute value.

As a consequence, we obtain the important product formula.

Theorem 1.3.4 (Product formula). For any a ∈ Q×, we have |a|p = 1 for almost all primes

p and
∏

p≤∞
|a|p = 1 where p =∞ denotes the Euclidean absolute value.

The following theorem due to Ostrowski says that R and C are the only possible com-

pletions with respect to the Archimedean absolute value on any field K.

Theorem 1.3.5 (Ostrowski). Let K be a field which is complete with respect to an Archimedean

absolute value | |. Then, there is an isomorphism σ from K onto R or C satisfying |a| =
|σ(a)|s for all a ∈ K for some fixed s ∈ (0, 1].

10



Thus, we will henceforth restrict our attention to absolute values arising from a discrete

valuation, which will in fact be non-Archimedean. Suppose that K is complete with respect

to the non-Archimedean absolute value | |. The valuation ring is defined to be

OK = {x ∈ K | |x| ≤ 1}. It will have unique maximal ideal which we will denote by PK .

The quotient OK/PK is called the residue field of K and is denoted kK . The groups of units

of OK will be denoted UK . It is in fact the set UK = {x ∈ K | |x| = 1}. It has a canonical

filtration of subgroups U
(n)
K := 1 + Pn. Note UK ⊇ U

(1)
K ⊇ U

(2)
K · · · . We also have

Proposition 1.3.6. Let K be a field with a non-Archimedean valuation | |, and let P, UK

and U
(n)
K be as defined above. Then UK/U

(1)
K
∼= kK and U

(i)
K /U

(i+1)
K

∼= k×K. Furthermore, the

maps O → lim←−
n

O/Pn and UK → lim←−
n

UK/U
(n)
K are isomorphisms of topological groups.

We will be interested in studying a finite extension L|K of a complete valued field K.

Thus, we must turn to the question of factoring polynomial equations. For this reason,

Hensel’s lemma is of fundamental importance.

We know that if a polynomial p(x) ∈ K[x] is reducible in K[x], then it factors in the residue

field kK . Hensel’s lemma tells us that the converse is also true.

Proposition 1.3.7 (Hensel’s lemma). If a primitive polynomial f(x) ∈ OK [x] (i.e., if |f | :=
max{|a0|, · · · |a|n} = 1) admits modulo P a factorisation f(x) ≡ g(x)h(x) mod P into

relatively prime polynomials g, h, then f(x) admits a factorisation f(x) = g(x)h(x) into

polynomials g, h ∈ OK [x] such that deg(g) = deg(g) and g(x) ≡ g(x) mod P and h(x) ≡
h(x) mod P.

Remark 1.3.5. The polynomial xp−1 − 1 ∈ Zp[x] factors into distinct linear factors in the

residue field Fp. Thus, from Hensel’s lemma, we obtain the surprising fact that (p − 1)th

roots of unity are contained in Qp.

Let us now address the question of extending a valuation.

Theorem 1.3.8 (Extension of absolute value). Let K be complete with respect to an absolute

value | |. Then | | may be extended uniquely to an absolute value | |′ of any finite extension

L|K. The extension is given by |α|′ = n
√
|NL|K(α)|, where L|K has finite degree n. In this

case, L is again complete.

Remark 1.3.6. An infinite algebraic extension of a complete field is never complete.
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We now turn to understanding arbitrary local fields.

Definition 1.3.7 (Local field). A local field is a field complete with respect to a discrete

valuation having finite residue field.

Theorem 1.3.9. A local field K is locally compact. Its valuation ring OK is compact.

We have the following important characterisation for local fields.

Theorem 1.3.10. The local fields are precisely the finite extensions of Qp or Fp((t)).

Definition 1.3.8 (Ramification index and inertial degree). Let L|K be a finite extension of

local fields. Then the inertia degree denoted fL|K is defined to be the degree of the residue

field extension kL|kK, i.e., fL|K = [kL : kK ].

If P is the maximal ideal of OK and Q that of OL, then Q = Pe for some natural number

e, which is called the ramification index of L|K. It is denoted eL|K. In fact, eL|K can also

be defined as [v(L×) : v(K×)].

We now state the important fundamental identity which relates the ramification index,

inertial degree and degree of the local field extension.

Theorem 1.3.11 (Fundamental identity). For a finite extension of local fields, we have

[L : K] = eL|KfL|K.

Also as a consequence of Theorem 1.3.8, we obtain

Theorem 1.3.12. Let K be complete with respect to a valuation vK and let L|K be a finite

extension. Then, vL
eL|K

=
vK(NL|K)

n
, where eL|K is the ramification index and n = [L : K].

We have the following structure theorem for the multiplicative group of a local field K:

Proposition 1.3.13. K× ∼=< πK > ×UK and UK
∼= µq−1 × U

(1)
K . Here πK is the prime

element, < πK > is the cyclic subgroup generated by πK and q = #kK.

Henceforth, we shall restrict our attention to finite extensions of Qp, which we will some-

times refer to as p-adic fields or p-adic number fields.

We now define two important maps, the logarithm and the exponential map which are in-

verses of each other.

12



Proposition 1.3.14. For a p-adic number field K, there is a uniquely determined continuous

homomorphism log : K× → K such that logP = 0 which on U (1) is given by the series

log(1 + x) = x− x2/2 + x3/3− · · · = Σ∞n=1(−1)nxn/n

Theorem 1.3.15. Let K be a p-adic number field with valuation ring OK and maximal ideal

P, and let pOK = PeK . Then the power series

exp(x) = Σ∞i=0x
n/n! and log(1 + x) = Σ∞n=1(−1)nxn/n

yield for n > eK := eK/(p− 1) two mutually inverse topological isomorphisms

P(n)
K U

(n)
K

exp

log

Here eK is the ramification index of K|Qp.

The following proposition gives the structure of the group of principal units.

Proposition 1.3.16. Let K be a p-adic field and q = pf = #kK. Then we have the

topological group isomorphism U
(1)
K
∼= µpa

⊕
Zd

p where µpa is the group of roots of unity of p

power order contained in K× and d = [K : Qp].

As a corollary, we obtain the following result which determines the size of K×/K×
n
.

Corollary 1.3.17. [K× : K×
n
] = n[UK : U

(n)
K ].

We now look at types of local field extensions: unramified, tamely ramified, totally and

wildly ramified.

Definition 1.3.9. A finite extension L|K is called unramified if [L : K] = [kL : kK ] = fL|K,

equivalently if the ramification index eL|K = 1. An arbitrary algebraic extension is called

unramified if it is the union of finite unramified subextensions.

Example 6. For any odd prime p, Qp(
√
u)|Qp such that (u|p) = −1 where ( | ) is the

Legendre symbol is the unique degree 2 unramified extension of Qp. This is because the

polynomial x2 − u is irreducible mod p, hence Fp(
√
u)|Fp is of degree 2.

Theorem 1.3.18. Unramified extensions form a distinguished class.

13



Remark 1.3.7. By the previous theorem, composite of any two unramified extensions is

again unramified, hence given any local field K, there is a maximal unramified extension

denoted K̃ of K. If L|K is an algebraic extension, then L ∩ K̃ is the maximal unramified

extension of L|K.

Proposition 1.3.19. The residue class field of K̃ is Fq where Fq is the residue class field of

K. The group of valuations of K̃ equals that of K.

The following theorem tells us that that there is a unique unramified extension of any

arbitrary degree over K.

Theorem 1.3.20. Let K be a local field and n ∈ N. Then there is a unique unramified

extension L|K of degree n.

Definition 1.3.10. Tamely ramified extensions: An algebraic extension L|K is called tamely

ramified if ([L : L ∩ K̃], p) = 1 where p = ch(kK). For finite extensions L|K, this amounts

to saying eL|K = 1.

Remark 1.3.8. Note that by definition, an unramified extension is tamely ramified.

Example 7. For any odd prime p, the extension Qp(
√
p)|Qp has ramification index 2 since

√
p is a prime lying above p in Qp because

√
p2 = p.

Theorem 1.3.21. Tamely ramified extensions form a distinguished class.

Definition 1.3.11 (Totally ramified extensions). A finite extension L|K is said to be totally

ramified if [L : K] = eL|K.

Example 8. Qp(
√
p)|Qp is also an example of a totally ramified extension.

Definition 1.3.12 (Wildly ramified extensions). L|K is wildly ramified if (p, eL|K) ̸= 1.

Example 9. Q2(
√
2)|Q2 is a wildly ramified extension since eL|K = 2 = ch(F2).

The following two propositions tell us about the valuation ring, Galois group and rami-

fication of p-adic cyclotomic extensions.

Proposition 1.3.22. Let L = K(ζn) and suppose that (n, ch(kK)) = 1. Let q = #kK Then

we have:

(i) The extension L|K is unramified of degree f , where f is the smallest integer such that

14



qf ≡ 1( mod n).

(ii) The Galois group G(L|K) is isomorphic to G(kL|kK) and is generated by the automor-

phism ϕ : ζn → ζqn.

(iii) OL = OK [ζn].

Proposition 1.3.23. Let ζ be a primitve prth root of unity. Then we have:

(i) Qp(ζ)|Qp is totally ramified of degree pr−1(p− 1).

(ii) G(Qp(ζ)|Qp) ∼= (Z/pmZ)×.
(iii) Zp[ζ] is the valuation ring of Qp(ζ).

(iv) 1− ζ is a prime element of Zp[ζ] with norm p.

Henceforth, let K be a number field and Kv its completion with respect to the valuation

v. We turn to the problem of extending valuations to arbitrary algebraic extensions.

Theorem 1.3.24 (Extension theorem). Let L|K be an algebraic field extension and v a

valuation of K. Then we have:

(i) Every extension w of the valuation v arises as the composite w = v ◦ τ for some K

embedding τ : L→ Kv.

(ii) Two extensions v ◦ τ and v ◦ τ ′ are equal if and only if τ and τ ′ are conjugate in w.

As a consequence, we obtain the following:

Proposition 1.3.25. Suppose that L|K is a finite extension of number fields, let L = K(α)

and suppose that f(X) = min(α,X). Then there is a 1-1 correspondence

{Valuations w1, · · ·wr extending v to L} ↔ {Irreducible factors f1, · · · fr of f(X) =
∏r

i=1
fi(X)mi in Kv}

As a consequence of this, we obtain:

Proposition 1.3.26. For a number field extension L|K, we have L
⊗

K Kv
∼=

∏
w|v

Lw.

Corollary 1.3.27. If L|K is a number field extension, then [L : K] = Σ
w|v

[Lw : Kv],

NL|K(α) =
∏
w|v

NLw|Kv(α), TrL|K(α) = Σ
w|v

TrLw|Kv(α) and Σ
w|v

ewfw = [L : K].

We now define the decomposition, inertia and ramification groups.
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Definition 1.3.13 (Decomposition group). The decomposition group of an extension w of

v to L is defined by Gw(L|K) = {σ ∈ G(L|K) | w ◦ σ = w}.

Definition 1.3.14 (Inertia group). The inertia group of w|v is defined by Iw = Iw(L|K) =

{σ ∈ Gw | σx ≡ x mod P for all x ∈ OK} where P is the prime ideal of L corresponding

to the valuation w.

Definition 1.3.15 (Ramification group). The ramification group Rw = Rw(L|K) = {σ ∈
Gw | σxx ≡ 1 mod P for all x ∈ L×}.

Proposition 1.3.28. For a number field extension L|K, we have:

Gw(L|K) ∼= G(Lw|Kv), Iw(L|K) ∼= I(Lw|Kv) and Rw(L|K) ∼= R(Lw|Kv). Here Lw and Kv

are the completions of L and K with respect to w and v respectively.

The decomposition, inertia and ramification groups are only the first few terms in a whole

series of subgroups which will be termed higher ramification groups. We assume now that

L|K is a finite Galois extension of number fields with Galois group G.

Definition 1.3.16 (Higher ramification groups). For every real number s ≥ −1, we define

the sth ramification group of L|K by Gs = Gs(L|K) = {σ ∈ G | vL(σa− a) ≥ s+ 1}.

Remark 1.3.9. Clearly G−1 = G, G0 is the inertia group and G1 the ramification group.

The higher ramification groups form a chain G = G−1 ⊇ G0 ⊇ G1 ⊇ · · · of normal subgroups

of G. Also since G is finite and because there is no element with infinite valuation apart

from zero, eventually Gs = 1.

Definition 1.3.17 (Ramification break). A real number s ≥ −1 which satisfies Gs ̸= Gs+r

for any real number r is called a ramification break of L|K.

We will now determine the absolute values on a number field K. This will be crucial to

our understanding of ‘local global principle’.

Definition 1.3.18 (Place). A prime (or place) P of an algebraic number field K is a class of

equivalent valuations of K. The nonarchimedean equivalence classes are called finite primes

and the archimedean places are called infinite primes.

Remark 1.3.10. The infinite primes P are obtained from the embeddings τ : K → C. There
are two types of these: the real primes which are given by embeddings τ : K → R, and the
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complex primes which are induced by pairs of complex conjugate embeddings τ : K → C. If r
denotes the number of real embeddings, s the number of complex conjugate embeddings, and

if [K : Q] = n, then r + 2s = n and there are r + s many infinite places.

We will refer to the finite primes as P | ∞ and the infinite ones by P ∤∞.

For a finite prime, k(P) denotes the residue field of KP . For an infinite prime, we adopt the

convention k(P) = KP = R or C.
If P is a finite prime, then vP is the P adic valuation. For a ∈ K×, this is given by considering

the prime ideal decomposition of the fractional ideal generated by a. If P is infinite, then

vP(a) := −log|τa| where τ : K → C is an embedding defining P .
For an arbitrary prime P lying above p (we denote this by P|p), fP := [kK(P) : kK(p)].

Hence for infinite primes fP = 1 or 2. We define N (P) :=

pfP if P | ∞

efP if P ∤∞
.

Here the Euler number e may be regarded as an infinite prime.

We define the absolute value | |P : K → R by |a|P = N (P)−vP (a) for a ̸= 0 and |0|P = 0. If

P is infinite, then in fact, we have |a|P = |τ(a)| for a real prime P and |a|P = |τ(a)|2 for a

complex prime P .
For finite primes β|P , the definition of ramification index eβ|P and inertial degree fβ|P are as

defined for the local field extension Lβ|KP . For P an infinite prime, we define fβ|P = [Lβ :

KP ] and eβ|P = 1.

We conclude this section with the product formula for a number field.

Proposition 1.3.29. Given a ∈ K×, we have |a|P = 1 for almost all P, and
∏
P
|a|P = 1.
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Chapter 2

Kummer theory and Statements of

local class field theory

Class field theory characterises finite abelian extensions of a local/ global field in terms of

some specific information, termed the ‘arithmetic’ of the base field. This information in the

case of local fields are the finite index subgroups of the multiplicative group. This important

result is called the existence theorem, as it talks about the existence of abelian extensions

corresponding to these subgroups. Class field theory also tells us about the existence of a

canonical homomorphism, called the reciprocity homomorphism on the Galois group of a

finite Galois extension, which when restricted to abelian extensions is an isomorphism. This

map has many important applications, such as in the proof of the existence theorem.

In this chapter, we will first look at the main statements of local class field theory, the

proofs of which will be given in chapter 4. We will then define Tate cohomology groups, and

restate the famous Hilbert Theorem 90 in terms of Tate cohomology groups. Finally, we

will delve into Kummer theory, which will not only give us a partial result in the direction

of the existence theorem, but is also important in its own right and will be used repeatedly

throughout this exposition.

Throughout this chapter, L,K will denote local fields, (unless mentioned otherwise) and n

a natural number, and G, G(L|K) and Gal(L|K) are used interchangeably to denote the

Galois group of the Galois extension L|K, and the condition (n, ch(K)) = 1 is also taken to

include the case ch(K) = 0, i.e., p-adic local fields.

The primary reference for this chapter is Chapters 4 and 5 of [7].
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2.1 Statements of local class field theory

Theorem 2.1.1 (Reciprocity homomorphism). Let L|K be a finite Galois extension of local

fields. Then there is a canonical homomorphism

rL|K : Gal(L|K)→ K×/NL|KL
×

which has the following properties:

1) The induced map r′L|K : Gal(L|K)ab → K×/NL|KL
×

G(L|K) K×/NL|KL
×

G(L|K)ab

rL|K

r′
L|K

is an isomorphism.

In particular, when L|K is abelian, rL|K is an isomorphism.

We will henceforth abuse notation by referring to r′L|K also as rL|K.

2) If L|K is an unramified extension, then rL|K(ϕL|K) = πK mod NL|KL
×, where πK is a

prime of K×.

3) Functoriality: If L|K and L′|K ′ are finite Galois extensions s.t. L ⊆ L′, K ⊆ K ′, and if

σ ∈ G(L|K), then we have the commutative diagram

G(L′|K ′) K ′×/NL′|K′L′× G(L|K) K×/NL|KL
×

G(L|K) K×/NL|KL
× G(Lσ|Kσ) Kσ×

/NLσ |KσLσ×

rL′|K′

σ 7→σ↾L NK′|K

rL|K

σ∗ x7→σx

rL|K

rLσ |Kσ

where σ∗ is the conjugation map τ 7→ σ−1τσ.

Corollary 2.1.2 (Norm residue symbol). Let L|K be an abelian extension of local fields.

Then the inverse of the isomorphism rL|K gives a homomorphism

( , L|K) : K× → Gal(L|K)
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whose kernel is precisely NL|KL
×.

The following theorem gives a 1-1 correspondence between finite abelian extensions of

a local field K and the finite index subgroups of K×, which is the arithmetic/information

required about the base field.

Theorem 2.1.3 (Existence theorem). Let K be a local field, and let NL := NL|KL
×. Then

there is a bijective correspondence

{Finite abelian extensions L of K} ↔ {Open subgroups of finite index in K×}

L 7→ NL

Furthermore, L1 ⊆ L2 ⇐⇒ NL2 ⊆ NL1, NL1∩L2 = NL1NL2 and NL1L2 = NL1 ∩NL2.

Remark 2.1.1. Theorem 2.1.3 is referred to as existence theorem, because it guarantees the

existence of an abelian extension of K which corresponds to an open subgroup of finite index

N in K×. Such a field is called the ‘class field’ of N .

2.2 Tate cohomology groups

In this section, we will define the 0th, 1st and −1th Tate cohomology groups. There is an

infinite family of Tate cohomology groups, and class field theory can be developed in the

language of cohomology, (See for instance, [6].) but it is sufficient for our purposes to focus

our attention on the above groups. We will also state Hilbert’s theorem 90 in the language

of Tate cohomology groups, and a generalisation to arbitrary Galois extensions which is due

to Emmy Noether.

Definition 2.2.1 (0th Tate cohomology group). It is denoted as H0(G,L×) and is defined

to be H0(G,L×) := K×/NL|KL
×.

Remark 2.2.1. Note that the reciprocity homomorphism rL|K is a map from Gal(L|K) →
H0(G,L×).

Definition 2.2.2 (−1th Tate cohomology group). Let NL|K := Kernel of NL|K and let

IG(L|K) be the subgroup generated by aσ−1 := σa/a, σ ∈ G(L|K) and a ∈ L×. Then, the −1th
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Tate cohomology group, denoted by H−1(G,L×) is defined to be

H−1(G,L×) := NL|K/IG(L|K)

Note that if L|K is a cyclic extension with a generator σ, then IG(L|K) is

Lσ−1 := {aσ−1 | a ∈ L×}.

Remark 2.2.2. IG(L|K) is contained in the kernel of N(L|K) because

NL|K(a
σ−1) =

∏
τ∈G

τ(σ(a))/
∏
τ∈G

τ(a) = 1.

Definition 2.2.3 (1 cocycle). A 1 cocycle or crossed homomorphism of G = G(L|K) is a

function f : G→ L× satisfying

f(στ) = τ(f(σ))f(τ)

Remark 2.2.3. The set of all 1 cocycles forms an abelian group under multiplication, the

identity of the group being the function i : G→ L×, i(σ) = 1 for all σ ∈ G, and the inverse

of f being the function g such that g(σ) := 1/f(σ) for all σ ∈ G. This group will be denoted

Z1(G,L×).

Remark 2.2.4. If a 1 cocycle f is defined such that it takes values only in the base field

K×, i.e., f : G → K×, then f is in fact a group homomorphism from G to K× since the

action of G on K is trivial, i.e., τ(f(σ)) = f(σ) for all σ ∈ G.

Definition 2.2.4 (1 coboundaries). A 1 coboundary is defined to be a map fa : G → L×

satisfying fa(σ) = aσ−1 for all σ ∈ G, where a ∈ L×.

Remark 2.2.5. The set of all coboundaries forms a subgroup of Z1(G,L×) and is denoted

B1(G,L×).

Definition 2.2.5 (1st Tate cohomology group). The first Tate cohomology group denoted

H1(G,L×) is defined to be H1(G,L×) := Z1(G,L×)/B1(G,L×).

In the following two theorems, L,K may be any fields (not necessarily local fields).

We now state and prove Hilbert theorem 90/ Satz 90.
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Theorem 2.2.1 (Hilbert theorem 90). For a finite cyclic extension L|K, H−1(G,L×) ∼=
H1(G,L×) = 1.

Proof. Let σ be a generator of G, and #G = [L : K] := n.

1. H−1(G,L×) = 1: By linear independence of automorphisms {1, σ, · · ·σn−1}, ∃γ ∈ L×

such that

β = γ + ασ(γ) + · · · (1 + σ + · · · σn−2)α σn−1(γ) ̸= 0.

where α is an element of norm 1. By above, we get ασ(β) = α, so α = β/σ(β).

2. H1(G,L×) ∼= H−1(G,L×): f 7→ f(σ) is a well defined map since

NL|K(f(σ)) =
∏
τ∈G

τ(f(σ)) =
∏
τ∈G

f(στ)/f(τ) = 1, so f(σ) ∈ NL|K
L×

and is clearly a homomorphism. For surjectivity, suppose a ∈ NL|K
L×. Set f(σ) = a, and

f(σk) =
k−1∏
i=0

σi(a). It is easy to show that f ∈ Z1(G,L×).

For injectivity, note that f(σk) = σ(f(σk−1))f(σ) = · · ·
k−1∏
i=0

σi(f(σ)), so if f(σ) = 1, then

f = Id.

To show the required isomorphism, we have to establish that the preimage of L×
(σ−1)

is

precisely B1(G,L×) under the map f 7→ f(σ). This can be seen easily because f ∈
B1(G,L×) ⇐⇒ f(σk) = aσ

k−1 for some fixed a ⇐⇒ f(σ) = aσ−1 ⇐⇒ f ∈ L×
(σ−1)

.

We now prove Noether’s generalisation of Hilbert theorem 90.

Theorem 2.2.2. For a finite Galois extension L|K, H1(G,L×) = 1.

Proof. Let f : G→ L× be a 1 cocycle. We need to show that f is in fact a coboundary.

For c ∈ L×, set α :=
∑
σ∈G

f(σ)σ(c). Since the automorphisms are linearly independent, we

can choose c ∈ L× such that α ̸= 0. For τ ∈ G,

τ(α) =
∑
σ∈G

τ(f(σ))στ(c) = (
∑
στ∈G

f(στ)στ(c))/f(τ) = α/f(τ), so f(τ) = α/τ(α)

Now set α = 1/β. Then, f(τ) = τ(β)/β.
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Remark 2.2.6. The fact that H−1(G,L×) ∼= H1(G,L×) for cyclic G shows that the above

theorem is indeed a generalisation of Hilbert theorem 90.

Remark 2.2.7. Even for infinite Galois extensions, we have Noether’s generalisation of

Hilbert theorem 90. i.e, H1(G(L|K), L×) = 1. This is because

H1(G(L|K), L×) = lim−→
M

H1(G(M |K),M×) where M |K ranges over finite extensions.

2.3 Kummer theory

Definition 2.3.1 (Kummer extension). Let µn (group of nth roots of unity) be contained in

K, (n, ch(K)) = 1 and K×n ⊆ ∆ ⊆ K×. Then, K( n
√
∆)|K is called a Kummer extension.

Example 10. 1. Any quadratic extension of a p-adic field is Kummerian, since µ2 ⊆ K.

2. The quadratic extension F2((
√
t))|F2((t)) is not Kummerian, since (2, ch(F2((t)))) ̸= 1.

(Note that this extension is not separable, hence not Galois, but we desire the property that

Kummerian extensions be Galois, as the next proposition shows.)

Proposition 2.3.1. Let K( n
√
∆)|K be a Kummer extension. Then, it is an abelian extension

of exponent n, i.e., Gal(K( n
√
∆)|K) is abelian of exponent n.

Proof. Let a ∈ ∆. Then, f(X) = Xn − a is separable because f ′(X) = nXn−1, which is

coprime to f(X) since f(X) is not the zero polynomial (because (n, ch(K)) = 1), and the

only root of f ′(X) is 0, which is not a root of f(X). Also µn ⊆ K, so K( n
√
∆)|K is normal,

hence Galois. Furthermore, the roots of Xn − a are ζnα, so

σ1σ2(α) = ζn2σ1(α) = ζn2ζn1α = ζn1ζn2α = σ2σ1(α)

Hence, the extension is abelian, and σn(α) = ζrnα = α where σ(α) = ζnα, so the Galois

group is of exponent n.

Theorem 2.3.2. Let (n, ch(K)) = 1, µn ⊆ K and L|K be an abelian extension of exponent

n. Then L = K( n
√
∆) where ∆ = L×

n ∩K×, that is L|K is a Kummer extension.

In particular, if L|K is cyclic, then L = K(α) with αn = a ∈ K×.

Proof. (1) K( n
√
∆) ⊆ L×: If ∆ = L×

n ∩ K×, and if x ∈ K is s.t. xn = a ∈ ∆, then

x = ζn
r n
√
a for some r ∈ N, but since µn ∈ K, x ∈ L.
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(2) L ⊆ K( n
√
∆): Since L|K is an abelian extension, it is the composite of finite cyclic

subextensions of K (It is the composite of finite abelian extensions of K, which are in turn

the composite of finite cyclic extensions by fundamental theorem of finite abelian groups

and fundamental theorem of Galois theory). So it suffices to prove that if M |K is a cyclic

subextension of L|K, then M = K(α) for some α ∈ n
√
∆ and M ⊆ K( n

√
∆).

Now, let G(M |K) =< σ > and d = [M : K], d′ = n/d and ξ = ζd
′

n . Since ζn ∈ K,

MM |K(ξ) = ξd = ζn = 1, which by Hilbert theorem 90, shows that ξ = ασ−1 for some

α ∈ M×. So K ⊆ K(α) ⊆ M . But σi(α) = ξiα. Thus, σi(α) = α ⇐⇒ d | i, so the

cardinality of the image σ 7→ σ ↾K(α) from G(M |K)→ G(K(α)|K) is d, so K(α) = M .

Example 11. Q2(
√
2+i) is an abelian extension of exponent 2, since Q2(

√
2+i) = Q2(

√
2, i)

and hence has Galois group as the Klein four group.

We now state and prove the main theorem of Kummer theory.

Theorem 2.3.3. Let (n, ch(K)) = 1 and µn ⊆ K. Then, the map ∆ 7→ L = K( n
√
∆) is a

1-1 correspondence between

{Subgroups of K× containing K×
n} ↔ {Abelian extensions of K of exponent n}

If ∆ and K correspond to each other, then L×
n ∩K× = ∆, and we have a canonical isomor-

phism

∆/K×
n ∼= Hom(Gal(L|K), µn) a mod K×

n 7→ χa

where the homomorphism χa : G(L|K)→ µn, χa(σ) = ασ−1 where αn = a for some α ∈ L.

Proof. (1) The map ∆ 7→ K( n
√
∆) is well defined and surjective: By Proposition 2.3.1, the

map is well defined, that is the map takes ∆ to an abelian extension of K of exponent n.

By Theorem 2.3.2, this map is surjective.

(2) ∆/K×
n ∼= Hom(Gal(L|K), µn): Consider the map a 7→ χa from K× to the dual of

G(L|K). χa is well defined since (σ(α)/α)n = aσ−1 = 1, so ασ−1 ∈ µn, and because any two

nth roots of a differ by some element of µn, and since µn ⊆ K, we have (ζrn)
σ−1 = 1, where

ζrn ∈ µn.

It is a homomorphism since χab(σ) = (αβ)σ−1 = (α)σ−1(β)σ−1 = χa(σ)χb(σ), where αn = a

and βn = b.

K×
n
is contained in the Kernel because α ∈ K×. The kernel is contained in K×

n
because if
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χa = Id, then ασ−1 = 1 for all σ, hence α ∈ K×, so a ∈ K×
n
.

To show surjectivity, let χ ∈ Hom(G(L|K), µn). Since any subgroup of µn is cyclic, χ

defines an isomorphism χ : G(M |K) → Im(χ) where M |K is a finite cyclic extension. Let

G(M |K) =< σ >. SinceNM |K(χ(σ)) = (χ(σ))[M :K] = 1, by Hilbert theorem 90, χ(σ) = ασ−1

for some α ∈ M×. Now, (αn)σ−1 = (ασ−1)n = (χ(σ))n = 1, so a = αn ∈ L×
n ∩ K×. For

τ ∈ G(L|K), χ(τ) = χ(τ ↾M) = ατ−1 = χa(τ), so χ = χa.

(3) The map ∆ 7→ K( n
√
∆) is injective: We need to show that if K×

n ⊆ ∆ ⊆ K×

and L = K( n
√
∆), then ∆ = L×

n ∩ K×. Set ∆′ = L×
n ∩ K×. Then, by step (2),

∆′/K×
n ∼= Hom(G(L|K), µn). The subgroup ∆/K×

n
(∆ ⊆ ∆′ since if a ∈ n

√
∆, then

since L = K( n
√
∆), an ∈ L×

n ∩ K× = ∆′) corresponds under Pontryagin duality (which

can be applied since G(L|K) with Krull topology is compact, so locally compact), to the

subgroup Hom(G(L|K), µn), where H = {σ ∈ G(L|K) | χa(σ) = 1 ∀a ∈ ∆}.
As ασ−1 = χa(σ) for α a nth root of a, H fixes the elements of n

√
∆ and as K( n

√
∆) = L,

we find H = 1, so Hom(G(L|K)/H, µn) = Hom(G(L|K), µn), so ∆/K×
n
= ∆′/K×

n
, so

∆ = ∆′.

Remark 2.3.1. Notice that the above theorem is a generalisation of the existence theorem

for local fields (Theorem 2.1.3) containing a primitive nth roots of unity. Hence, it was stated

in the introduction that the above theorem is a step towards the existence theorem.

Let us conclude the chapter by showing that the maximal Kummer extension of a local

field K is a finite extension of K, so every Kummer extension is a finite extension.

Corollary 2.3.4. Let (n, ch(K)) = 1 and µn ⊆ K. Then L = K( n
√
K×) is a finite abelian

extension of exponent n, K×
n
= NL|KL

× and K×/K×
n ∼= G(L|K).

Proof. By Theorem 2.3.3, we have K×/K×
n ∼= Hom(G(L|K), µn). On the other hand, since

K×/K×
n
is finite by Corollary 1.3.17, L|K is a finite abelian extension of exponent n. By lo-

cal reciprocity isomorphism (Theorem 2.1.1), K×/NL|KL
× ∼= G(L|K) . By the previous the-

orem, K×/K×
n ∼= Hom(G(L|K), µn). Since, G(L|K) is a finite group, it is non-canonically

isomorphic to its dual Hom(G(L|K), µn). So #K×/K×
n
= #G(L|K) = #K×/NL|KL

×.

Furthermore, K×
n ⊆ NL|KL

×, since K×/NL|KL
× ∼= G(L|K) and G(L|K) is abelian of ex-

ponent n. So the canonical surjection K×/K×
n → K×/NL|KL

× is an isomorphism, hence

K×
n
= NL|KL

×.

Remark 2.3.2. The above corollary is not true if K is a number field. Notice for instance

that the field Q({√p | p is prime}) is an infinite extension of Q.
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Chapter 3

Abstract class field theory

We now prove the main theorems of class field theory, i.e., the existence of the reciprocity

homomorphism and the existence theorem, abstractly for a G module A, under certain

assumptions. This approach due to Neukirch, helps us tackle local and global class field

theory within a unified framework. The proofs of the main statements of local and global

class field theory can then be obtained with relative ease, replacing G by the Galois group

of a local/ number field, A by the multiplicative group of a local field in the context of local

class field theory, and by the idèle class group in the context of global class field theory, and

showing that these G modules satisfy the required assumptions.

While this chapter deals with class field theory abstractly for G modules, it helps to have a

concrete situation in mind. Thus, we will illustrate how some of the theory developed below

is in consonance with our prior knowledge of local fields.

The primary reference for this chapter is Chapter 4 of [7].

3.1 G modules

In this section, we will first define a G module A. We will then set up some convention that

will be used throughout the chapter.

Definition 3.1.1 (G module). A G module is an abelian group A together with an action

· : G× A→ A
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such that g · (a1 + a2) = g · a1 + g · a2.

Example 12. 1. If L|K is a Galois extension of fields, then the Galois group acts on K×

as σ · a = σ(a) where σ ∈ G(L|K) and a ∈ K×.

2. We will consider Z as trivial G module, i.e., the G action is trivial, i.e., g · a = a for all

g ∈ G and a ∈ A. This convention makes sense for our purpose since we may consider Z as

a subgroup of Q which is fixed by the action of the Galois group for any Galois extension of

Q or Qp.

Definition 3.1.2 (G module homomorphism). Let A and B be two G modules. Then a G

module homomorphism f : A → B is a group homomorphism such that f(g · a) = g · f(a).
If f is furthermore a bijection, then it is a G module isomorphism.

Definition 3.1.3 (Continuous G module). Let A be a G module, and A and G be topological

groups. If the action of G on A is continuous, then A is said to be a continuous G module.

Example 13. Let A = L× with L a number field or local field, and G be the Galois group

Gal(L|K) with Krull topology. Then, A is a continuous G module.

For our purposes, we restrict our attention to a profinite group G. A is equipped with

discrete topology. The following language will be used throughout the chapter:

1. The closed subgroups of G will be denoted GK where the indices are termed ‘fields’.

2. The index k associated to G is called the ‘base field’ and the index associated to {1} is
denoted k.

3. The field corresponding to the closure of the cyclic subgroup < σ >, i.e., < σ > is called

the ‘fixed field’ of σ.

4. We write K ⊆ L or L|K if GL ⊆ GK , and we denote the pair (L,K) as L|K and call it a

‘field extension’.

5. If GL is open in GK , equivalently of finite index in GK by the fundamental theorem of

Galois theory, then L|K is termed a ‘finite extension’, and the index [GK : GL] is denoted

[L : K] and is called the ‘degree of the field extension L|K’.

6. L|K is said to be ‘normal’ or ‘Galois’ if GL is a normal subgroup of GK . In this case, we

define the ‘Galois group’ of L|K by G(L|K) := GK/GL.

7. The extension L|K is ‘cyclic’, ‘abelian’, ‘solvable’ if G(L|K) is.

8. We put K := ∩
i
Ki (‘intersection’) if GK is topologically generated by the subgroups GKi

,

and K =
∏
i

Ki (‘composite’) if GK = ∩
i
GKi

.
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9. Lastly, AK denotes the submodule of A fixed by GK , i.e., AK = {a ∈ A | σa =

a for all σ ∈ GK}.

It must be noted that in abstract class field theory, we will not consider any fields, but

since the application of this theory is to address questions about local and number fields, we

use the terms ‘fields’, ‘field extensions’ etc.

Remark 3.1.1. The norm map and the Tate cohomology groups are defined as in previous

chapter by replacing K× by AK. Furthermore, the norm map satisfies the tower property,

i.e., for ‘fields’ K ⊆ L ⊆ M , we have NM |KNL|M(AL) = NL|K(AL). The proof of this fact

for a G module A is exactly the same as for actual field extensions.

Remark 3.1.2. If G is a profinite group and A a G module, then A is a continuous G

module if and only if A = ∪
[K:k]<∞

AK where A is endowed with discrete topology.

The following proposition says that if we have an exact sequence of G modules, it induces

an exact sequence of the corresponding submodules fixed by G and the 1st Tate Cohomology

groups.

Proposition 3.1.1. Let 1 → A → B → C → 1 be an exact sequence of G modules. Then,

we have an exact sequence 1→ AG → BG → CG → H1(G,A)→ H1(G,B)→ H1(G,C).

Remark 3.1.3. The isomorphism ∆/K×
n ∼= Hom(G(L|K), µn) in Theorem 2.3.3 can also

be obtained by the above result. Consider the exact sequence 1→ µn → L×
↑n−→ L×

n → 1 and

apply the above proposition and Hilbert theorem 90 to obtain 1→ µn → K× → L×
n ∩K× =

K×
n → H1(G(L|K), µn) = Hom(G(L|K), µn)→ H1(G(L|K), L×) = 1.

3.2 Kummer theory

In this section, we state the main theorems of Kummer theory. We obtain the statements by

simply replacing K× in the previous chapter by AK . However, we state them here for future

reference. The proofs are similar to the proofs in the case of local fields (See for instance

[7]). However, we will require the important assumption

Let L|K be a cyclic extension. (i.e. G(L|K) = GK/GL is cyclic),

and suppose the kernel of x 7→ xn is cyclic. Then H−1(G,AL) = 1.
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Note that this assumption has been shown to hold for the G module A = k
×sep

(ksep is the

separable closure of k) by Hilbert theorem 90, where k is a local field.

Theorem 3.2.1. Let L|K be an abelian extension of exponent n. Then, L = K( n
√
∆), such

that ∆ = An
L ∩ AK, that is L|K is a Kummer extension.

In particular, if L|K is cyclic, then L = K( n
√
α) with αn = a ∈ AK.

This was guaranteed in the context of local fields by the Hilbert theorem 90.

Theorem 3.2.2. The map ∆ 7→ L = K( n
√
∆) is a 1-1 correspondence between

{Subgroups of AK containing An
K} ↔ {Abelian extensions of K of exponent n}

If ∆ and K correspond to each other, then An
L ∩AK = ∆, and we have a canonical isomor-

phism

∆/AK
n ∼= Hom(Gal(L|K), µn) a mod An

K 7→ χa

where the character χa : G(L|K)→ µn, χa(σ) = ασ−1 where αn = a.

3.3 Abstract valuation theory

We will now define a continuous surjective homomorphism d : G→ Ẑ where G is a profinite

group. This homomorphism helps us mimic the ramification theory of local fields. Suppose

for now that k is a p-adic number field, Gk = G(k|k) and Fq is the residue field. Then such

a surjective homomorphism arises via the maximal unramified extension. Recall G(k̃|k) ∼=
G(Fq|Fq) ∼= Ẑ which associates to 1 ∈ Ẑ the Frobenius automorphism ϕ defined by ϕ(a) ≡ aq

mod P for a ∈ O where O and P denote the valuation ring and the maximal ideal of k̃

respectively.

Switching back to the abstract situation, suppose there is a surjective homomorphism d :

G → Ẑ. The kernel of d is denoted I and its fixed field is denoted k̃. d thus induces an

isomorphism d′ : G(k̃|k)→ Ẑ.
For any field K, we denote by IK the kernel of the restriction d : GK → Ẑ and call it the

inertia group over K. Since IK = GK ∩ I = GK ∩ Gk̃ := GKk̃, the fixed field k̃ of IK is

Kk̃. We call K̃|K the maximal unramified extension of K. Put fK := [Ẑ : d(GK)] and

eK := [I : IK ]. When fK is finite, we obtain a homomorphism dK = 1
fK

d : GK → Ẑ which
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is surjective since d(GK) = fKẐ, and the homomorphism has kernel IK , so we obtain an

isomorphism d : G(K̃|K)→ Ẑ.

Remark 3.3.1. The condition that fK be finite is satisfied for K a local field. This can be

seen by observing that d(GK) ∼= G(kk|kK) has finite index in G(kk|kk).

Definition 3.3.1 (Frobenius). The element ϕK ∈ G(K̃|K) such that dK(ϕK) = 1 is called

the Frobenius over K.

For a field extension L|K, the inertia degree fL|K and the ramification index eL|K are

given by fL|K = [d(GK) : d(GL)] and eL|K = [IK : IL]. For a tower of fields K ⊆ L ⊆M , the

definition implies that fM |K = fL|KfM |L and eM |K = eM |KeM |L.

Remark 3.3.2. For an extension of local fields, we have defined the inertia degree fL|K of

L|K. We show that this agrees with the above definition. fL|K = [kL : kK ] as defined in

Chapter 1. Now [d(GK) : d(GL)] = #(G(kk|kK)/G(kk|kL∩K̃) = #G(kL∩k̃|kK) = [kL∩K̃ :

kK ] = [kL : kK ]. The last equality follows because L∩ K̃ is the maximal unramified extension

of L|K.

Proposition 3.3.1. For every finite extension L|K, we have [L : K] = fL|KeL|K.

Proof. We have the exact commutative diagram

1 IL GL d(GL) 1

1 IK GK d(GK) 1

d

d

Now, if GL is normal in GK , then d(GL) is clearly normal in d(GK) and IL. If τ ∈ IL and

σ ∈ IK , then d(στσ−1) = d(σ)+ d(τ)− d(σ) = d(τ) = 0, so στσ−1 ∈ IL, and the rest follows

by commutativity and exactness of the above commutative diagram.

If L|K is not Galois, then we pass to a Galois extension M |K containing L (i.e., normal

closure of GK in GL), and get the result from the transitivity rules for e and f , and the fact

that M |L is Galois.

Remark 3.3.3. This identity together with the previous remark tells us that inertia degree

eL|K for local fields L and K coincides with the already known definition.
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L|K is called unramified if eL|K = 1, i.e., if L ⊆ K̃. L|K is called totally ramified if

eL|K = 1, i.e., if L ⊆ K̃. Observe that a finite unramified extension L|K is cyclic, since it is

a finite quotient of G(K̃|K) ∼= Ẑ (hence is Z/nZ for some n ∈ N).
L|K is called totally ramified if fL|K = 1, i.e., if L ∩ K̃ = K. In the unramified case, we

have the surjective homomorphism G(K̃|K) → G(L|K), and if fK < ∞, the image of the

Frobenius automorphism ϕK is denoted ϕL|K .

For an arbitrary extension L|K, we have L̃ = LK̃ since LK̃ = LKk̃ = Lk̃ = L̃. We also

have the obvious fact

Proposition 3.3.2. If fK and fL are finite, then fL|K = fL/fK and we have the commutative

diagram

GL Ẑ

GK Ẑ

d

x 7→fL|Kx

d

In particular, we have ϕL ↾K̃= ϕ
fL|K
K .

Henceforth we assume fK <∞.

We pass from the Galois extension L|K to the Galois extension L̃|K and consider the semi-

group Frob(L̃|K) = {σ ∈ G(L|K) | dK(σ) ∈ N}.
We have the following proposition about Frob(L̃|K):

Proposition 3.3.3. For a finite Galois extension L|K, the map

Frob(L̃|K)→ Gal(L|K), σ 7→ σ ↾L

is surjective.

Proof. Let σ ∈ G(L|K) and ϕ ∈ G(L̃|K) be a lift of the Frobenius ϕK in G(K̃|K), so that

dK(ϕ) = 1. So, ϕ ↾K̃= ϕK and ϕ ↾L∩K̃= ϕL∩K̃|K . Since L ∩ K̃|K is unramified and hence

cyclic, σ ↾L∩K̃= ϕn
L∩K̃|K for some n ∈ N. As L̃ = LK̃, G(LK̃|K̃) ∼= G(L|L ∩ K̃).

Now if τ ∈ G(L̃|K̃) maps to σϕ−n ↾L under this isomorphism, then setting σ̃ = τϕn, we have

σ̃ ↾L= τϕn ↾L= σϕ−nϕn ↾L= σ and σ̃ ↾K̃= ϕn
K since τ ↾K̃= Id. Hence dK(σ̃) ∈ N.

Proposition 3.3.4. Let σ̃ ∈ Frob(L̃|K), and let Σ be the fixed field of σ̃ (i.e., the fixed field

of < σ̃ >). Then: 1. fΣ|K = dK(σ) 2. [Σ : K] <∞ 3. Σ̃ = L̃ 4. σ̃ = ϕΣ
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Proof. (1) Σ ∩ K̃ is the fixed field of σ̃ ↾K̃= ϕ
dK(σ̃)
K , so fΣ|K = [Σ ∩ K̃ : K] = dK(σ̃).

(2) We have K̃ ⊆ ΣK̃ = Σ̃ ⊆ L̃, so eΣ|K = [IK : IΣ] = #G(Σ̃|K̃) ≤ #G(L̃|K̃) which is finite

since [L : K] <∞. So, fΣ|KeΣ|K = [Σ : K] <∞.

(3) We claim that the canonical surjection Γ = G(L̃|Σ) → G(Σ̃|Σ) ∼= Ẑ is bijective. To see

this, note that since Γ = < σ̃ > is procyclic, we get [Γ : Γn] ≤ n ∼= Ẑ for some n ∈ N. But

Γ/Γn surjects onto Ẑ/nẐ ∼= Z/nZ, so [Γ : Γn] ≥ n, so equality holds and thus Γ/Γn ∼= Ẑ/nẐ
and by taking the inverse limit, Γ ∼= Ẑ.
(4) fΣ|KdΣ(σ̃) = dK(σ̃) = fΣ|K , thus dΣ(σ̃) = 1, so σ̃ = ϕΣ.

Definition 3.3.2 (Henselian valuation). A Henselian valuation of Ak with respect to d :

G→ Ẑ is a homomorphism v : Ak → Ẑ satisfying the following:

(1) v(Ak) = Z ⊇ Z and Z/nZ ∼= Z/nZ for all n ∈ N.
(2) v(NK|kAK) = fKZ for all finite extensions K|k.

Example 14. With k,K being local fields, the unique extension of the valuation of k to K

satisfies (2) in the above definition, since
v(NK|kAK)

n
=

v(NK|kAK)

eKfK
= vK(AK)

eK
. (1) is satisfied

since v(Ak) = Z.

Proposition 3.3.5. For every finite extension K|k of fields, vK = 1
fK

v ◦ NK|k : AK → Z

defines a surjective homomorphism satisfying the following properties:

(1) vK = vKσ ◦ σ, i.e., the following diagram commutes

AK AKσ

AK Ẑ

σ

Id vKσ

vK

(2) For every finite extension L|K, the following diagram commutes

AL Ẑ

AK Ẑ

vL

NL|K
fL|K

vK

Proof. (1) If τ runs through a system of representatives of Gk/GK , then σ−1τσ runs through
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a system of representatives of Gk/σ
−1GKσ = Gk/GKσ . Hence, for a ∈ AK , we have

vKσ(σ(a)) =
1

fKσ

v(
∏
τ

σσ−1τσ)(a) =
1

fK
v(σ(

∏
τ

τ(a))) =
1

fK
v(NK|k(a)) = vK(a).

The second equality follows because fKσ = fK and τ 7→ σ−1τσ is an automorphism.

(2) for a ∈ AL, we have fL|KvL(a) = fL|K
vK(NL|K(a))

fL
= 1

fK
v(NK|k(NL|K(a))) = vK(NL|K(a)).

Definition 3.3.3 (Prime element and unit). A prime element of AK is an element πK ∈ AK

such that vK(πK) = 1. We define UK to be the set of all elements with valuation 0.

Remark 3.3.4. For an unramified extension L|K, vL ↾AK
= vK, since vK(NL|K(AK)) =

[L : K]vK(AK) = fL|KvL(AL), the first equality following from the fact that every element

σ ∈ GK/GL fixes AK, and the second equality from proposition 3.3.5. Thus a prime element

of AK is also a prime element in AL.

Remark 3.3.5. If L|K is totally ramified, i.e., fL|K = 1, and πL is a prime of AL, then

πK = NL|K(πL) is a prime of AK.

3.4 Construction of reciprocity map

We now consider a continuous G module A with the homomorphisms d : G → Ẑ and

v : AK → Ẑ where d and v are as defined in the previous section. In this abstract setting,

we will construct the reciprocity map, demonstrate its functorial property and show that for

a finite unramified extension, the Frobenius automorphism corresponds to a prime element

of AK under the reciprocity map.

Throughout this section, we make the following assumption:

Axiom: For every finite unramified extension L|K, H i(G,UL) = 1 (i = 0,−1).

For an infinite extension L|K, set NL|K(AL) := ∩
{M |M⊆L,[M :K]<∞}

NM |K .

The commutative diagram below provides a road map for the construction of the reciprocity
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homomorphism.

Frob(L̃|K) AK/NL̃|KAL̃

G(L|K) AK/NL|KAL

rL̃|K

rL|K

We have proved in the preceding section that the left most map is surjective. Now, we

will prove that there is a well defined homomorphism rL̃|K from Frob(L̃|K) to AK/NL|KAL.

Composing with the canonical surjection to AK/NL|KAL, we obtain a homomorphism from

Frob(L̃|K) toAK/NL̃|KAL. Finally, we construct an assignment from Gal(L|K) toAK/NL|KAL

using surjectivity of the left most map, and show that this assignment is a well defined func-

tion, by proving that the assignment is independent of the lift.

Definition 3.4.1 (Reciprocity map rL̃|K). The map rL̃|K : Frob(L̃|K) → AK/NL̃|KAL̃ is

defined as

rL̃|K(σ) = NΣ|K(πΣ) mod NL̃|KAL̃

where Σ is the fixed field of < σ > and πΣ ∈ AΣ is a prime element.

Proposition 3.4.1. The reciprocity map is well defined.

Proof. By (2) of Proposition 3.3.4, Σ|K is finite, so NΣ|K can act on πΣ. Now if π1 and

π2 are two prime elements of Σ, then π1 = uπ2 for some u ∈ UΣ. We must show that

NΣ|K(u) ∈ NM |KAM for every finite Galois subextension M |K of L̃|K. Now assume WLOG

that Σ ⊆ M (this assumption can be made because NM |K ⊆ NΣ|K ∀ Σ ⊆ M , and hence

NL̃|K = ∩
M⊇Σ

NM |K). Since M |Σ is finite and unramified (M ⊆ L̃), so u = NM |Σ(a) where

a ∈ UΣ, by applying the axiom H0(G,UL) = 1. So,

NΣ|K(u) = NΣ|KNM |Σ(a) = NM |K(a) ∈ NM |KAM

To show that Frob(L̃|K) is multiplicative, we need a few lemmas. We will use the

following notations:

(i) σ − 1 : AL̃ 7→ AL̃ a 7→ σ(a)/a (ii) σn : AL̃ → AL̃ a 7→ σn(a) =
n−1∏
i=0

σi(a).
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In this formal notation, this gives σn = σn−1
σ−1 , and we find that (σ − 1) ◦ σn = σn ◦ (σ − 1) =

σn − 1.

We now introduce the homomorphism N = NL̃|K̃ : AL̃ → AK̃ and prove two lemmas for it.

Lemma 3.4.2. Let ϕ′, σ ∈ Frob(L̃|K) with dK(ϕ
′) = 1 and dK(σ) = n. If Σ is the fixed field

of σ and a ∈ AΣ, then NΣ|K(a) = (N ◦ ϕn)(a) = ϕn ◦N(a).

Proof. Since dK(σ) = fK(σ) by Proposition 3.3.4, [Σ ∩ K̃ : K] = fK(σ) = dK(σ) = n, and

its Galois group G(Σ0|K) is cyclic and generated by the Frobenius automorphism ϕΣ0|K =

ϕK ↾Σ0= ϕ ↾K̃↾Σ0
= ϕ′ ↾Σ0 , the last equality being because dK(ϕ

′) = 1. Hence, NΣ0|K =
n−1∏
i=0

ϕi ↾Σ0= ϕn ↾AΣ
. Again by Proposition 3.3.4, we have Σ̃ = L̃, and we have Σ0 = Σ ∩ K̃,

and so by the isomorphism G(Σ̃|K̃) ∼= G(Σ|Σ ∩ K̃) = G(Σ|Σ0), so we have NΣ|Σ0 = N ↾AΣ
.

Therefore for a ∈ AΣ, we get

NΣ|K(a) = NΣ0|KNΣ|Σ0(a) = ϕn(N(a)) = N(ϕn(a))

The last equation follows from normality of G(L̃|K̃) in G(L̃|K).

We now define H0(G(L̃|K̃, UL̃) := UL̃/IG(L̃|K̃)UL̃. Notice that the homomorphism N =

NL̃|K̃ : UL̃ → UK̃ maps IG(L̃|K̃)UL̃ which is generated by all elements of the form uτ−1, u ∈ UL̃,

τ ∈ G(L̃|K̃) to 1, so we have an induced homomorphism N : H0(G(L̃|K̃), UL̃) → UK̃ . The

following lemma describes the behaviour of the norm map N in relation with this group.

Lemma 3.4.3. If x ∈ H0(G(L̃|K̃), UL̃) is fixed by an element ϕ ∈ G(L̃|K) s.t. dK(ϕ) = 1,

then N(x) ∈ NL̃|KUL̃.

Proof. Let x = u mod IG(L̃|K̃)UL̃ with xϕ−1 = 1, so

uϕ−1 =
r∏

i=1

uτi−1
i , ui ∈ UL̃, τi ∈ G(L̃|K̃). (3.1)

Let M |K be a finite Galois subextension of L̃|K. To prove that N(u) ∈ NM |KUM , we may

assume u, ui ∈ UM and L ⊆ M (u, ui are in some finite Galois subextensions of L̃, take M

to be their compositum). Let n = [M : K], σ = ϕn and let M ⊆ Σ be the fixed field of
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σ. Also, let Σn|Σ be the maximal unramified extension of degree n, i.e., the fixed field of

σn = ϕn
Σ. By H0(G(Σn|Σ), UΣn|Σ) = 1, we find ũ, ũi ∈ UΣn such that

u = NΣn|Σ(ũ) = σn(ũ) and ui = NΣn|Σ(ũi) = σn(ũi) (3.2)

By (3.1) above, the elements ũϕ−1 and
∏
i

uτi−1
i only differ by some norm 1 element x̃ ∈ UΣn .

So, by H−1(G(Σn|Σ), UΣn) = 1, they differ by an element ỹσ−1, with ỹ ∈ UΣn . Thus,

ũϕ−1 = ỹϕ
n−1

∏
i

ũi
τi−1 = (ỹϕn)ϕ−1

∏
i

ũi
τi−1

Applying N, we have N(ũ)ϕ−1 = (N(ỹ)ϕn)ϕ−1, so N(ũ) = N(ỹϕn)z, for some z ∈ UK̃ s.t.

zϕ−1 = 1, so zϕ = z and hence z ∈ UK . Finally, setting y := ỹσn and noting that ỹσn =

NΣn|Σ(ỹ) ∈ UΣ, and using (3.2), we get

N(u) = N(ũσn) = N(ỹϕn)σnzσn = N(y)ϕnzn = NΣ|K(y)MM |K(z) ∈ NM |KUM

where the last equality follows from the previous lemma.

We now show that rL̃|K is multiplicative.

Theorem 3.4.4. The reciprocity map rL̃|K : Frob(L̃|K)→ AK/NL|KAL is multiplicative.

Proof. Let σ1σ2 = σ3, σ1, σ2, σ3 ∈ Frob(L̃|K), ni = dK(σi), i = 1, 2, 3. We must show that

NΣ1|K(π1)NΣ2|K(π2) = NΣ3|K(π3) mod NL̃|KAL̃.

Choose a fixed ϕ ∈ G(L̃|K) such that dK(ϕ) = 1 and set τi = σ−1i ϕni ∈ G(L̃|K̃) (τi ↾K̃=

Id, because σi ↾K̃= ϕni
K ). Noting that n1 + n2 = n3, we can infer τ3 = σ−12 σ−11 ϕn2+n1 =

σ−12 ϕn2(ϕ−n2σ1ϕ
n2)−1ϕn1 . Putting σ4 = ϕ−n2σ1ϕ

n2 , we get n4 = dK(σ4) = n1, Σ4 = ϕn2(Σ1),

π4 = ϕn2(π1) ∈ AΣ4 and τ4 = σ−14 ϕn4 , we find τ3 = τ2τ4 and NΣ|K(π4) = NΣ1|K(π1).

We now show NΣ3|K(π3) ≡ NΣ2|K(π2)NΣ4|K(π4) mod NL̃|KAL̃.

From Lemma 3.4.2, we have NΣi|K(πi) = N(π
ϕni
i ). Now if we put u = π

ϕn3
3 π

−ϕn4
4 π

−ϕn2
2 , the

required congruence boils down to N(u) ∈ NL̃|KAL̃. Since ϕni
◦ (ϕ − 1) = ϕni − 1, and

πϕni−1 = π
σ−1
i ϕni−1

i = πτi−1
i (the second last equality follows because πi is in the fixed field

of σ.) Now, we have uϕ−1 = πτ3−1
3 π1−τ4

4 π1−τ2
2 . From the identity τ3 = τ2τ4, it follows that

(τ3 − 1) + (1 − τ2) + (1 − τ4) = (1 − τ2)(1 − τ4). Now setting π3 = u3π4, π2 = u−12 π4 and
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πτ2
4 = u4π4, ui ∈ UL̃, we obtain uϕ−1 =

4∏
i=2

uτi−1
i .

For x = u mod IG(L̃|K̃)UL̃ ∈ H0(G(L̃|K̃), UL̃), this means xϕ−1 = 1, so xϕ = x. Then by the

previous lemma, we get N(u) = N(x) ∈ NL̃|KAL̃.

We finally use the surjectivity of the map Frob(L̃|K)→ G(L|K) to construct an assign-

ment from G(L|K) → AK/NL|KAL, and show that the assignment is independent of the

choice of preimage, thereby giving us the reciprocity map.

Theorem 3.4.5. For every finite Galois extension L|K, there is a canonical homomorphism

rL|K : G(L|K) → AK/NL|KAL where Σ is the fixed field of a preimage σ̃ ∈ Frob(L̃|K) of

σ ∈ G(L|K) and πΣ ∈ AΣ is a prime element.

Proof. Let σ̃, σ̃′ ∈ Frob(L̃|K) be two preimages of σ, Σ,Σ′ the respective fixed fields and

πΣ, πΣ′ be prime elements in AΣ and AΣ′ respectively. If dK(σ̃) = dK(σ̃′), then σ̃ ↾K̃=

σ̃′ ↾K̃ and σ̃ ↾L= σ̃′ ↾L= σ, so σ̃ = σ̃′. However, if we have (WLOG) dK(σ) < dK(σ
′),

then σ̃′ = σ̃τ̃ for τ̃ ∈ Frob(L̃|K), and τ̃ ↾L= 1. The fixed field Σ′′ of τ̃ contains L, so

rL̃|K(τ̃) ≡ NΣ′′|K(πΣ′′) = NL|KNΣ′′|L(πΣ′′) ≡ 1 mod NL|KAL. So, rL̃|K(σ̃
′) = rL̃|K(σ̃)rL̃|K(τ̃)

by Theorem 3.4.4, and combining this with rL̃|K(τ̃) ≡ 1 mod NL|KAL, rL̃|K(σ) = rL̃|K(σ̃
′).

To see that the map is a homomorphism, consider σ1 and σ2 in G(L|K) and suppose that

σ̃1 and σ̃2 are preimages of σ1 and σ2. Then apply Theorem 3.4.4.

Remark 3.4.1. It is interesting to note that although the reciprocity isomorphism is a state-

ment about finite Galois extensions L|K, we required the use of infinite extensions (in par-

ticular L̃, K̃) to construct the reciprocity map.

We now prove that for unramified extensions L|K, the Frobenius automorphism corre-

sponds to a prime element of AK under the reciprocity isomorphism.

Theorem 3.4.6. For every finite unramified extension L|K, we have

rL|K : G(L|K)→ AK/NL|KAL rL|K(ϕL|K) = πK mod NL|KAL

and this map is an isomorphism.

Proof. Since L|K is unramified, L ⊆ K̃, so L̃ = K̃ and ϕK ∈ G(K̃|K) is a preimage of ϕL|K

with fixed field K, i.e., rL|K(ϕL|K) = πK mod NL|KAL. Let n = [L : K] and consider the

38



composite

G(L|K)
rL|K−−→ AK/NL|KAL

ṽ−→ Z/nZ ∼= Z/nZ

where the map ṽ is induced by vK : AK → Z because vK(NL|KAL) ⊆ fKZ = nZ. It

is injective because if vK(a) ≡ 0 mod nZ, then a = uπdn
K , and since u = NL|K(ϵ) for

some ϵ ∈ UL by the axiom H0(G(L|K), UL) = 1 assumed for this section, we find a =

NL|K(ϵπ
d
K) ≡ 1 mod NL|KAL. It is an isomorphism because we know #AK/NL|KAL ≥ n

since #G(L|K) = n and the image of rL|K is contained in AK/NL|KAL. Since we already

know that G(L|K) ∼= Z/nZ since G(L|K) is cyclic of order n, rL|K is an isomorphism.

We will now show that rL|K exhibits functoriality.

Theorem 3.4.7. Let L|K and L′|K ′ be finite Galois extensions and L ⊆ L′, K ⊆ K ′ and

let σ ∈ G, then we have the commutative diagram

G(L′|K ′) AK′/NL′|K′AL′ G(L|K) AK/NL|KAL

G(L|K) AK/NL|KAL G(Lσ|Kσ) Aσ
K/NLσ |KσAσ

L

rL′|K′

σ 7→σ↾L NK′|K

rL|K

σ∗ σ

rL|K rLσ |Kσ

where σ∗ is the conjugation map τ 7→ σ−1τσ.

Proof. 1. Left diagram: Let σ′ ∈ G(L′|K ′) and σ = σ′ ↾L∈ G(L|K). If σ̃′ ∈ Frob(L̃′|K ′)
is a preimage of σ′, then σ̃ = σ̃′ ↾L̃∈ Frob(L̃|K) is a preimage of σ such that dK(σ̃) =

fK′|KdK′(σ̃′) ∈ N (The last equality is by Proposition 4.3). Let Σ′ be the fixed field of σ′.

Then Σ = Σ′ ∩ L̃ = Σ′ ∩ Σ̃ (last equality by proposition 3.3.4) is the fixed field of σ̃ and

fΣ′|Σ = 1. Now if πΣ′ ∈ AΣ′ is a prime of Σ′, then πΣ = NΣ′|Σ(πΣ) ∈ AΣ is a prime of Σ.

Now, the commutativity is obtained by observing

NΣ|K(πΣ) = NΣ|K(NΣ′|Σ(πΣ′)) = NΣ′|K(πΣ′) = NK′|K(Nσ′|K′(πσ′)).

2. Right diagram: Let τ ∈ G(L|K) and let τ̃ be a preimage in Frob(L̃|K) with fixed field

Σ, and τ̂ a lift of τ̃ to k. Then Σσ is the fixed field of σ−1τ̂σ ↾L̃σ , and if π ∈ AΣ is a prime

element of Σ, then σ(π) ∈ AΣ is a prime element of Σ. The commutativity of the diagram

now follows by NΣσ |Kσ(σ(π)) = σ(NΣ|K(π)).
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3.5 Abstract reciprocity isomorphism

Class field axiom: For every finite cyclic extension L|K,

#H i(G(L|K), AL) =

[L : K] i = 0

1 i = −1

We now prove that given the class field axiom, we can obtain the axiom of the previous

section.

Proposition 3.5.1. For every finite unramified extension L|K, H i(G(L|K), UL) = 1.

(i = 0, 1,−1).

Proof. 1. H−1(G(L|K), UL) = 1: Let u ∈ UL be in the kernel of NL|K . Since any unramified

extension is cyclic, apply the class field axiom (in particular H−1(G(L|K), AL) = 1 to obtain

u = aσ−1, a ∈ AL. Since L|K is unramified, a prime πK of AK is also a prime element of

AL, so a = ϵπm
K , ϵ ∈ UK , so u = ϵσ−1.

2. H0(G(L|K), UL) = 1: Let n = [L : K]. Now vK : AK → Ẑ maps NL|KAL to nẐ by

definition. So, we have an induced homomorphism ṽ : AK/NL|KAL → Z/nZ ∼= Z/nZ, but
this is an isomorphism because by class field axiom, #AK/NL|KAL = n. Now, vK(u) = 0,

so u mod NL|KAL is in kernel of ṽ, hence u ∈ NL|KAL. Now, if u = NL|K(a), then a must

be a unit (vK(u) = vK(NL|K(a)) = nvL(a) = 0), so a ∈ UL.

Definition 3.5.1 (Class field theory). Class field theory is a pair of homomorphisms (d :

G → Ẑ, v : A → Ẑ) (d and v as in previous section) where A is a G module satisfying the

class field axiom.

We now prove that a G module A admitting a class field theory has a canonical homo-

morphism - the reciprocity homomorphism, which induces an isomorphism.

Theorem 3.5.2. Abstract reciprocity isomorphism: For every finite Galois extension L|K,

the induced homomorphism

rL|K : G(L|K)ab → AK/NL|KAL

is an isomorphism.
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Proof. If M |K is a Galois subextension of L|K, we get from functoriality of the reciprocity

map the commutative exact diagram

1 G(L|M) G(L|K) G(M |K) 1

AL/NL|MAM AK/NL|KAL AK/NM |KAM 1

rL|M rL|K rM|K

NM|K

First reduction: We show that it is enough to assume L|K is abelian: Put M = Lab the

maximal abelian subextension of L|K, we find G(L|K)ab = G(M |K) and the commutator

G(M |K) of G(L|K) is in fact the kernel of rL|K , i.e, G(L|K)ab → AK/NL|KAL is injective.

We show surjectivity by induction on degree. In the case when L|K is solvable, we have

M = L or [L : M ] < [L : K], and if rL|M and rM |K are surjective, (by strong induction

and the fact that subgroup and quotient of a solvable group is solvable) then so is rL|K from

the diagram. In general, let M be the fixed field of a p-Sylow subgroup. M |K need not be

Galois, but rL|K is still surjective (by induction and the fact that L|M is always Galois). It

then suffices to show that the image of NM |K is the p-Sylow subgroup Hp of AK/NL|KAL.

Clearly this holds true for all p if and only if rL|K is surjective. The inclusion AK ⊆ AM

induces a homomorphism i : AK/NL|KAL → AM/NL|MAL such that NM |K ◦ i = [M : K]

where [M : K] is just a 7→ a[M :K]. Since ([M : K], p) = 1, Hp
[M :K]−−−→ Hp is an isomorphism,

hence surjective, so Hp lies in image of NM |K , hence is rL|K .

Second reduction: We claim that it is enough to show the theorem for L|K cyclic. Sup-

pose L|K is abelian. Then the diagram shows that the kernel of rL|K is contained in kernel

of G(L|K) →
∏
M

G(M |K) where M |K vary over the cyclic subextensions. Since G(L|K) is

abelian, this map is injective (fundamental theorem of finite abelian groups), so the same is

true of rL|K . Surjectivity follows by induction on degree.

Third reduction: It is enough to show the theorem when L|K is cyclic and fL|K = 1.

Let M = L ∩ K̃. Then fL|M = 1 and rM |K is an isomorphism by Theorem 3.4.6. The

below sequence in the theorem is left exact, since the groups in the sequence have orders

[L : M ], [L : K] and [M : K]. Hence rL|K is an isomorphism if rL|M is.

Proof of third reduction: Assume L|K is cyclic and totally ramified. Let G(L|K) =<

σ >. σ may be identified as an element of G(L̃|K̃) by the isomorphism G(L̃|K̃) ∼= G(L|K),

and obtain σ̃ = σϕL ∈ Frob(L̃|K), which is a preimage of σ under the surjection Frob(L̃|K) ↠

G(L|K) such that dK(σ̃) = dK(ϕL) = fL|K = 1. So we find that fΣ|K = 1 where Σ is the
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fixed field of σ̃, so Σ ∩ K̃ = K. Let M |K be a finite Galois subextension of L̃|K containing

σ and L, let M0 = M ∩ K̃ and N = NM |M0 . As fΣ|K = fL|K = 1, we find that N ↾AΣ
= NΣ|K

and N ↾AL
= NL|K .

For the injectivity of rL|K , we must show that if rL|K(σ
k) = 1 where 0 ≤ k < n = [L : K],

then k = 0. Let πΣ ∈ AΣ, πL ∈ AL be prime elements. Since Σ, L ⊆M , πΣ and πL are both

prime in L. Putting πk
Σ = uπk

L, u ∈ UM , we obtain

rL|K(σ
k) ≡ N(πk

Σ) ≡ N(u)N(πk
L) ≡ N(u) mod NL|KAL

From rL|K(σ
k) = 1, it follows that N(u) = N(v) for some v ∈ UL, so N(u−1v) = 1. By the

class field axiom, we may write u−1v = aσ−1, and find

(πk
Lv)

σ−1 = (πk
Lv)

σ̃−1 = (πk
Σu
−1v)σ̃−1 = (aσ−1)σ̃−1 = (aσ̃−1)σ−1

so x = πk
Lva

1−σ̃ ∈ AM0 . Now vM0(x) ∈ Ẑ and nvM0(x) = vM(x) = k, which implies k ≡ 0

mod n, hence k = 0.

The surjectivity then follows by the class field axiom.

Remark 3.5.1. The below sequence can now be shown to be left exact for abelian groups.

Suppose now that G(L|M) = A3 and G(L|K) = S3. Then G(M |K) is isomorphic to Z/2Z,
so upto isomorphism, we get the sequence A3 → Z/2Z → Z/2Z which cannot be left exact

by Lagrange.

For number fields, the extension G(Q( 3
√
2, ω)|Q) = S3 and G(Q( 3

√
2, ω)|Q(ω)) = A3. For

local fields, G(Q3(
3
√
3, ω)|Q3) = S3 and G(Q3(

3
√
3, ω)|Q3(ω)) = A3.

3.6 Abstract existence theorem

Definition 3.6.1 (Norm topology). The norm topology on AK is the topology generated by

declaring the basic open sets about a ∈ AK to be the cosets aNL|KAL, where L|K varies over

all finite Galois extensions of K.

Remark 3.6.1. This forms a basis because aNL|K ∩aNM |K ⊇ aNLM |K LM is in fact a finite

Galois extension of K.

Remark 3.6.2. AK forms a topological group with this topology. Let f and g be the multi-

plication and inverse maps respectively. First note that it is enough to show that preimage
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of any basic neighbourhood about 1 is open. Then, observe that f−1(NL|KAL) contains the

open subgroup NL|KAL × NL|KAL, hence is open, and g−1(NL|KAL) = NL|KAL, where L|K
is a finite extension.

Theorem 3.6.1 (Abstract existence theorem). The map L 7→ NL|KAL sets up a 1-1 corre-

spondence between

{Finite abelian extensions of K} ↔ {Open subgroups of AK (in norm topology)}

Furthermore, L1 ⊆ L2 ⇐⇒ NL2 ⊆ NL1, NL1L2 = NL1 ∩ NL2 and NL1∩L2 = NL1NL2, where

NL := NL|K.

Proof. 1. NL1L2 = NL1 ∩ NL2 : Since L1, L2 ⊆ L1L2, NL1 ,NL2 ⊇ NL1L2 by transitivity of

norm, so NL1L2 ⊆ NL1 ∩ NL2 . Now if a ∈ NL1 ∩ NL2 , then (a, L1|K) = (a, L2|K) = 1, so

(a, L1L2|K) = 1 (since an automorphism of L1L2|K is determined by its action on L1 and

L2), so a ∈ NL1NL2 .

2. L1 ⊆ L2 ⇐⇒ NL2 ⊆ NL1 : L1 ⊆ L2 ⇐⇒ L1L2 = L2 ⇐⇒ NL1L2 = NL2 but by (1),

NL1L2 = NL1 ∩NL2 , so L1 ⊆ L2 ⇐⇒ NL2 = NL1 ∩NL2 ⇐⇒ NL2 ⊆ NL1 . This also shows

injectivity of L 7→ NL

3. Surjectivity of NL: If N is any open subgroup, then 1 ∈ N , hence N contains a basic

open set about 1, which is of the form NL|KAL for some finite Galois extension L|K. By

the abstract reciprocity isomorphism, NL = NLab , so we may assume L|K to be abelian.

But (N , L|K) = G(L|L′) for some intermediate field L′ of L|K. Since NL ⊆ N , N is the

full preimage of G(L|L′) under the map ( , L|K) : AK → G(L|K), so it is the full kernel of

( , L′|K) : AK → G(L′|K). So N = NL′ .

4. NL1NL2 = NL1∩L2 : By transitivity of norms, NL1∩L2 ⊇ NL1 and NL2 , hence their product.

Now since NL1NL2 is open (NL1NL2 = ∪
a∈NL1

aNL2), we have shown in (3) that NL1NL2 = NL

for some finite abelian extension L|K. So NL1 ,NL2 ⊆ NL and hence by (2), this implies

L ⊆ L1 ∩ L2, so that NL1NL2 = NL ⊇ NL1∩L2 .

3.7 Herbrand quotients

We now develop an important tool called the Herbrand quotients. This will be essential to

prove the class field axiom in the context of local and global class field theory, so that we
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may apply the theory developed above in these concrete situations.

Throughout this section, we assume G is a cyclic group.

Theorem 3.7.1. Let G be a cyclic group and 1 → A
f−→ B

g−→ C → 1 be an exact sequence

of G modules. Then we have an exact hexagon

H−1(G,A) H−1(G,B)

H0(G,C) H−1(G,C)

H0(G,B) H0(G,A)

f1

f2f6

f3f5
f4

Proof. See [7] for details.

Remark 3.7.1. Note that the cyclicity of G is only required for exactness at H−1(G,A). So,

if G is any arbitrary finite group, we have the exact sequence H−1(G,A) → H−1(G,B) →
H−1(G,C)→ H0(G,A)→ H0(G,B)→ H0(G,C).

Definition 3.7.1 (Herbrand quotient). The Herbrand quotient h(G,A) of a G module A is

defined as

h(G,A) := #H0(G,A)/#H−1(G,A)

whenever the above quantity exists.

Theorem 3.7.2. If G is a cyclic group and 1
f−→ A

g−→ B
h−→ C → 1 is an exact sequence of

G modules. Then

h(G,B) = h(G,A)h(G,C)

that is, whenever any two of the quotients exist, the third exists and the above identity holds.

For a finite G module A, h(G,A) = 1.

Proof. 1. h(G,B) = h(G,A)h(G,C): By the exact hexagon in Theorem 3.7.1, calling ni the

order of the image fi, we have

#H−1(G,A) = n6n1 #H−1(G,B) = n1n2 #H−1(G,C) = n2n3

#H0(G,A) = n3n4 #H0(G,B) = n4n5 #H0(G,C) = n5n6
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so #H−1(G,A)#H−1(G,C)#H0(G,B) = #H0(G,A)#H0(G,C)#H−1(G,B), and if any

two of the quotients are well defined, the third is and the identity in the theorem holds.

2. If A is finite, h(G,A) = 1. Consider the exact sequences

1→ AG → A
σ−1−−→ Aσ−1 → 1

1→ NG
A→ A

N−→ NGA→ 1

which gives #A = #AG#Aσ−1 = #NGA#NG
A, so we obtain the required result.

Remark 3.7.2. Consider the action of G = G(Fq1|Fq2) on a finite field F×q1. Since any

finite field extension is cyclic, by Theorem 3.7.2, h(G,F×q1) = 1, and by Hilbert theorem

90, H−1(G,F×q1) = 1, so H0(G,F×q1) = 1, which gives a proof of the fact that norm map is

surjective for finite fields.

Definition 3.7.2 (Induced G modules). Let H be a subgroup of G, A a G module and B a H

module. Then the induced G module denoted A = IndHG (B), is the set {f : G→ B | f(στ) =
τ(f(σ)) for all τ in H}. The G module operation is given by (σ ·f)(τ) = f(στ). This is a G

module operation because (1 · f)(τ) = f(1 · τ) = f(τ) and (σγ · f)(τ) = f(σγτ) = σ · f(γτ) =
σ · γ · f(τ) for all τ ∈ G.

If H = {1}, then IndHG (B) is simply denoted IndG(B).

We have a canonical H homomorphism π : IndH
G (B) → B, f 7→ f(1), which maps the

H submodule B′ = {f ∈ IndH
G (B) | f(σ) = 1 for σ /∈ G}. Identifying B′ with B, if [G :

H] < ∞, then IndH
G (B) =

∏
σ∈G/H

σ(B) where σ varies over a set of left coset representatives

of G/H.

Conversely if A is a G module with a H submodule B such that A is the direct product

A =
∏

σ∈G/H

σ(B). Then A ∼= IndH
G (B) via B ∼= B′.

Example 15. If L|K is a finite Galois extension of fields, then L is an induced G module.

This follows from the normal basis theorem, since L =
⊕
σ∈G

Kσa, hence L is a G(L|K) induced

module.

The following proposition describes the cohomology groups of induced G modules.

Proposition 3.7.3. Let G be a finite cyclic group, H a subgroup of G and B a H module.

Then we have H i(G, IndHG (B)) ∼= H i(H,B) for all i = 0,−1. In particular, H i(G, IndG(B))

is trivial.
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Proof. See [7] for details.

The following corollary is an analogue of Hilbert theorem 90 for the additive group of a

field.

Corollary 3.7.4. Let L|K be a finite cyclic extension of fields. Then, H i(G(L|K), L) = 1

for i = 0,−1. Thus, the trace map TrL|K is always surjective.

Proof. Follows from the explanation in Example 15.
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Chapter 4

Local class field theory: Proofs

In this chapter, we apply abstract class field theory to local fields to obtain the local reci-

procity map and the local existence theorem. We will also see an important instance of

‘local global principle’: we will first prove the local Kronecker Weber theorem and use this

to prove the global Kronecker Weber theorem.

Throughout this chapter, L and K will denote local fields unless mentioned otherwise.

The primary reference for this chapter is Chapter 5 of [7].

4.1 Local class field axiom

In this section, we prove the local class field axiom, thereby proving the existence of the local

reciprocity map. Furthermore, we will prove the local existence theorem by showing that

the open subgroups of finite index in K× in the valuation topology are precisely the open

subgroups of K× in the norm topology.

Theorem 4.1.1 (Local class field axiom). Let L|K be a cyclic extension of local fields. Then

#H i(G(L|K), L×) =

[L : K] i = 0

1 i = −1

Proof. 1. H−1(G(L|K), L×) = 1: This is by Hilbert theorem 90.

2. We prove now that it is enough to show h(G,UL) = 1:
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To prove the theorem, note that it suffices to show h(G(L|K), L×) = [L : K]. Consider the

exact sequence

1→ UL → L×
vL−→ Z→ 1

Since G is cyclic, h(G,L×) = h(G,UL)h(G,Z) by Theorem 3.7.2, Since, the action of G on

Z is trivial, H−1(G,Z) = 1 and #H0(G,Z) = [L : K].

3. h(G,UL) = 1: Choose a normal basis {σ(α) | σ ∈ G}, where α is a fixed element in OL.

Set M = Σ
σ∈G

OKσ(α) and V n = 1+ πn
KM . Now, OK is compact, and the map f : OK → OL

given by f(β) = βσ(α) is continuous, and the image is M , hence M is compact in the

Hausdorff space OL, so closed. M is open because it is the preimage of
n∏

i=1

Ai (Ai := OK

for all i) under the projection map from L× →
n∏

i=1

K×i where K×i = K× for all i. Now, V n

forms a basis of neighbourhoods of 1 in UL. Since M is open, we have N large enough such

that πn
KOL ⊆M for all n ≥ N . Now:

(a) V n is an even subgroup (i.e., V nV n ⊆ V n for all n ≥ N):

(i) V n is closed under multiplication:

(πn
KM)(πn

KM) = π2n
K MM ⊆ π2n

K OL ⊆ π2n−N
K M ⊆ πn

KM . Hence V nV n ⊆ V n.

(ii) Inverse: For 1− πn
Kµ, µ ∈M , we have (1− πn

Kµ)
−1 = 1 + πn

K(Σ
∞
i=1µiπ

n(i−1)
K )

We now have

V n/V n+1 ∼= M/πKM =
⊕
σ∈G

(OK/πOK)α
σ = IndG(OK/πOK)

Thus H i(G, V n/V n+1) = 1 for all n ≥ N . Now, by the exact sequence of G modules

1→ V n → UL → UL/V
n → 1

and since UL/V
n is finite, we obtain h(G,UL/V

n) = 1 by Theorem 3.7.2. Thus we only have

to show h(G, V n) = 1 for large enough n.

(b) To show that H i(G, V n) = 1 (i = 0,−1): We show that H0(G, V n) = 1. The proof for

H−1(G, V n) = 1 follows similarly.

From H0(G, V n/V n+1) = 1 if a ∈ (V n)G, we get a = NG(b0)a1 with a1 ∈ (V n+1)G. Now,

using H0(G, V n+1/V n+2) = 1, we get a1 = NG(b1)a2, a2 ∈ (V n+2)G. In general, ai =

NG(bi)ai+1 where bi ∈ V n+i, ai+1 ∈ (V n+i)G.
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This gives a = NG(b) with b =
∞∏
i=0

bi, where the product converges (since vK(bi − 1) =

n+ i), so that H0(G, V n) = 1. We have illustrated through various remarks in the previous

chapter that the pair of homomorphisms d and v as described in the previous chapter exist

for local fields, and now we have shown that K× satisfies class field axiom. Thus, we have

obtained a class field theory, and consequently we have

Corollary 4.1.2. For every finite Galois extension L|K of local fields, we have a canonical

isomorphism rL|K : G(L|K)ab → K×/NL|KL
×.

Remark 4.1.1. In global class field theory, we will have to account for the infinite places as

well. We have a reciprocity law at the complex places as follows:

( .C|R) : R× → G(C|R)

(a,C|R)
√
−1 =

√
−1sgn(a)

where sgn(a) = 1 for a > 0 and sgn(a) = −1 for a < 0, i.e, (a,C|R) is the identity map only

if a > 0.

Theorem 4.1.3. For every finite unramified extension L|K, H i(G(L|K), U
(n)
L ) = 1

(i = 0, 1,−1) for all n ≥ 0. (U
(0)
L = UL)

In particular, NL|KUL = UK and NL|K(U
(n)
L ) = U

(n)
K .

Proof. Since we have proved the local class field axiom, by Theorem 3.5.1, we haveH i(G(L|K), UL) =

1, (i = 0, 1,−1). To prove H i(G(L|K), U
(n)
L ) = 1, we consider the exact sequences

1→ U
(1)
L → UL → kL → 1 1→ U

(n)
L → U

(n−1)
L → kL → 1 for n ≥ 2

We know from Theorem 3.7.2 that h(G, kL) = h(G, k×L ) = 1. (Note here that G(L|K) ∼=
G(kL|kK) and G acts via this isomorphism on kL.) So we obtain h(G,UL) = h(G,U

(n)
L ) for

all n ≥ 1, but h(G,UL) = 1 from the first statement in the proof. Now H−1(G, kL) = 1 by

Corollary 3.7.4, since any finite field extension is cyclic. Hence, applying the exact hexagon

in Theorem 3.7.1, 1 = H−1(G,UL) = H−1(G,U
(n)
L ), and combining this with h(G,U

(n)
L ) = 1,

we get H0(G,U
(n)
L ) = 1 for all n ≥ 0.

Remark 4.1.2. The above statement is not true for ramified extensions. Consider L =

Q2(
√
−2) and K = Q2. This is a cyclic extension, hence from the proof of Theorem 4.1.1,
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we have h(G(L|K), UL) = 1. Thus to show that H i(G,UL) is non-trivial, it is enough to show

that H0(G(L|K), UL) is non-trivial. It can be shown that −1 is not a norm in Q2(
√
−2). By

the fact that H i(G,UL) = H i(G,U
(n)
L ) for n ≥ 1, we have H i(G,U

(n)
L ) is non-trivial.

We will now prove an important lemma that characterises unramified radical extensions

K( n
√
α) of local fields where (n, ch(kK)) = 1. The case when n = ch(kK) is dealt with in the

last chapter.

Theorem 4.1.4. The extension K( n
√
α)|K is unramified if and only if α ∈ UKK

×n.

Proof. If K( n
√
α)|K is unramified, then n

√
α = uπr

K where u ∈ UK and hence vK( n√α)(
n
√
α) =

vK(NK( n√α)|K( n√α))
n

=
vK(πr

K)

n
= r

n
, so r = kn, where k ∈ Z.

If α ∈ UKK
×n, i.e., α = uxn where u ∈ UK and x ∈ K×, then K( n

√
α) = K( n

√
u). Let k′

be the splitting field of Xn − u mod P over the residue class field kK , and let K ′|K be the

unramified extension with residue class field k′. By Hensel’s lemma, Xn−u splits into linear

factors in K ′, so K( n
√
u) ⊆ K ′ is unramified.

Example 16. By this, we can clearly see Qp(
√
u)|Qp is unramified degree 2 extension for

all odd primes p given (u/p) = −1, where () is the Legendre symbol.

Finally let us prove the local existence theorem.

Proof of local existence theorem (Theorem 2.1.3). By the abstract existence theorem, we only

have to show that the subgroups N that are open in the norm topology are precisely the

open subgroups of finite index in the valuation topology.

(1) N is open in norm topology: If a subgroup N is open in norm topology, it contains by

definition NL|KL
×. The reciprocity isomorphism provides the information that NL|KL

× is

of finite index in K×, so N has finite index in K×. It is open because it contains NL|KUL

(which is open, because it is compact, being the continuous image of UL, hence closed, and

has finite index in UK).

(2) Converse: We will only consider the case char(K) ∤ n. Let N be a subgroup of finite

index n = [K× : N ]. Then K×
n ⊆ N , and it is enough to show that K×

n
contains NL|K for

some finite abelian extension L of K.

We may assume that K× contains µn: If not, then set K1 = K(µn). If K×1
n
contains
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NL1|K1L
×
1 , and L|K is a Galois extension containing L1, then

NL|KL
× = NK1|KNL|K1L

× ⊆ NK1|K(NL1|K1(L
×
1 )) ⊆ NK1|K(K

×
1
n
) ⊆ K×

n
.

Suppose now µn ⊆ K. Then by Corollary 2.3.4, we have K×
n
= NL|KL

×.

4.2 Kronecker Weber theorem

We will first introduce the notion of a conductor of an extension, which detects the ramifi-

cation of the extension.

Definition 4.2.1 (Conductor). Let L|K be a finite abelian extension, and n the smallest

non-negative integer such that U
(n)
K ⊆ NL|KL

×. Then the ideal f = Pn
K is called the conductor

of L|K.

Remark 4.2.1. Every open subgroup of K× contains U
(n)
K for some large enough n, since

U
(n)
K forms a basis of neighbourhoods of 1. Hence, conductor of an extension is well defined.

Theorem 4.2.1. A finite abelian extension L|K is unramified if and only if its conductor

f = 1, (i.e., n = 0).

Proof. If L|K is unramified, then by Theorem 4.1.3 UK = NL|KUL, so n = 0. Conversely,

if f = 1, then UK ⊆ NL|KUL and πn
K ∈ NL|KL

× for n = [K× : NL|KL
×]. If M |K is the

unique unramified extension of degree n over K, then NM |KM
× =< πn

K > ×UK ⊆ NL|KL
×,

so L ⊆M by local existence theorem, so L|K is unramified.

Every open subgroup N of finite index in K× contains a group of the form < πf > ×U (n)
K .

Since U
(n)
K is open, this group is open, and since K× ∼=< π > ×UK and U

(n)
K has finite index

in UK , < πf > ×U (n)
K is open of finite index. Therefore the class fields of < πf > ×U (n)

K are

important. Now setting K = Qp, we determine the class field of < p > ×U (n)
K .

Theorem 4.2.2. The group of norms of the extension Qp(µpn)|Qp is < p > ×U (n)
Qp

.

Proof. Let K = Qp and L = Qp(µpn). The extension L|K is totally wildly ramified of degree

pn−1(p − 1). Now, we note that the exponential map exp : P ν
K → U

(ν)
K is an isomorphism

51



for ν ≥ 1 if p ̸= 2 (since ν > eK|Qp/(p − 1) = 1/(p − 1) < 1), and for ν ≥ 2 when

p = 2 (since eK|Q2/(2 − 1) = 1). This map transforms the isomorphism P ν
K → P ν+s−1

K by

a 7→ ps−1(p−1)a into the isomorphism U
(ν)
K → U

(ν+s−1)
K by x→ xps−1(p−1). This is illustrated

in the commutative diagram below.

P ν
K U

(ν)
K

P ν+s−1
K Uν+s−1

K

∼=
exp

a7→ps−1(p−1)a ∼=

exp

∼=

So (U
(1)
K )p

n−1(p−1) = U
(n)
K if p ̸= 2, and (U

(2)
K )2

(n−2)
= U

(n)
K if p = 2 and n > 1 (the case p = 2

and n = 1 is trivial). Therefore we obtain U
(n)
K = NL|K(U

(1)
K ) ⊆ NL|KL

× if p ̸= 2. For p = 2,

we note that U
(2)
K = U

(3)
K ∪5U

(3)
K = (U

(2)
K )2∪5(U (2)

K )
2
, because if u ≡ 1 mod 4, (i.e., u ∈ U

(2)
K ),

then u ≡ 1 or 5 mod 8. Since Q2(i) ⊆ Q2(ζ2n), 5
2n−2

= NL|K(2 + i), so U
(n)
K ⊆ NL|KL

×.

Since p = NL|K(1 − ζ), we get < p > ×U (n)
K ⊆ NL|KL

×, and since both groups have index

pn−1(p − 1) (NL|KL
× has index pn−1(p − 1) since G(Qp(µpn)|Qp) ∼= K×/NL|KL

×), we have

equality of the groups.

As an immediate consequence, we obtain the local analogue of the famous Kronecker

Weber theorem.

Theorem 4.2.3 (Local Kronecker Weber theorem). Every finite abelian extension L|Qp is

contained in a field Qp(ζ), where ζ is a primitive nth root of unity for some n ∈ N.
Thus, the maximal abelian extension Qab

p |Qp is generated by adjoining all the roots of unity.

Proof. For some large enough f and n, < pf > ×U (n)
Qp
⊆ NL|KL

×. Therefore L is contained

in the class field M of the group < pf > ×U (n)
Qp

= (< p > ×U (n)
Qp

) ∩ (< pf > ×UQp). By

the existence theorem, M is the composite of the class field for < pf > ×UQp , this being the

unramified extension of degree f , and the class field for < p > ×U (n)
Qp

, which by the previous

theorem is Qp(ζpn)|Qp. M is therefore generated by the (pf − 1)pn th roots of unity.

Example 17 (Local Kronecker Weber for quadratic extensions). The quadratic extension

Qp(
√
p)|Qp is contained in Qp(ζp) for odd primes p ≡ 1 mod 4, and Qp(

√
−p)|Qp is con-
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tained in Qp(ζp) for p ≡ 3 mod 4. This can be seen as follows:

p =

p−1∏
i=1

(1− ζ ip) =

(p−1)/2∏
i=1

(1− ζ ip)

(p−1)/2∏
i=1

(1− ζp−ip ) = (−1)(p−1)/2
∏(p−1)/2

i=1 (1− ζ ip)
2

ζ
p2−1

4
p

Note first that ζ
p2−1

4
p is a square in Zp[ζp] since 2r ≡ p2−1

4
mod p has a solution. Hence

√
p ∈ Qp(ζp) if p ≡ 1 mod 4 and

√
−p ∈ Qp(ζp) if p ≡ 3 mod 4. The first equality above

can be obtained by noting that the minimal polynomial for 1− ζp is obtained by replacing x

by x+ 1 in 1 + x+ · · ·xp−1, and thus the norm of 1− ζp is p by observing the constant term

of the minimal polynomial of 1 − ζp, which is the required product. If p ≡ 3 mod 4, then

Qp(
√
p) ⊆ Qp(ζ4p) = Qp(ζp, i). Furthermore (−1/p) = −1, so the unique degree 2 unramified

extension of Qp is Qp(i)|Qp which is itself cyclotomic.

The extension Q2(
√
2)|Q2 and Q2(

√
−2)|Q2 are contained in the biquadratic extension

Q2(
√
2, i) = Q2(ζ8). Q2(i)|Q2 is itself cyclotomic, since i = ζ4.

Remark 4.2.2. We cannot replace Qp in the local Kronecker Weber theorem by an arbitrary

local field. Let p be an odd prime and consider the extension Qp( 4
√
p)|Qp(

√
p). Suppose

that Qp( 4
√
p) ⊆ Qp(

√
p)(ζn). Then since Qp(

√
p) ⊆ Qp(ζp) by the above example, we have

Qp( 4
√
p) ⊆ Qp(ζp, ζn) which is an abelian extension of Qp. Since every subgroup of an abelian

group is normal, we have G(Qp(ζp, ζn)|Qp( 4
√
p)) is normal in G(Qp(ζp, ζn)|Qp), which implies

that Qp( 4
√
p)|Qp is a normal extension which is absurd.

We will now obtain the Kronecker Weber theorem from its local analogue, which will

serve as a testament to the beautiful idea of local global principle.

Theorem 4.2.4 (Global Kronecker Weber theorem). Every finite abelian extension L|Q is

contained in a cyclotomic extension Q(ζ) of Q.

Proof. Let S be the set of all primes that ramify in L, and let LP be the completion of p with

respect to a prime P lying above p. Then, LP |Qp is abelian (since the Galois group of LP |Qp

is the decomposition group D(P|p), which being the subgroup of the abelian group L|Q is

abelian). Therefore, by the local Kronecker Weber theorem LP ⊆ Qp(µnp) for a suitable np.

Let pep be the maximum power of p dividing np, and let n =
∏
p∈S

pep .

We now claim that L is contained in Q(ζn). To see this, put M := L(µn). Then, M |Q is

abelian (compositum of L and Q(µn), both of which are abelian), and if p is ramified in
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M |Q, then p ∈ S. If the restriction of Mβ to L is LP where β is a prime above P , then
Mβ = LP(µn) = Qp(µpepn′) = Qp(µ

ep
p )Qp(µn′) with (n′, p) = 1. Qp(µn′)|Qp is the maximal

unramified subextension of Qp(µn)|Qp, so the inertia group IP of MP |Qp is isomorphic to

G(Qp(µ
ep
p )|Qp), and has order ϕ(pep) where ϕ is the Euler totient function. Let I be the

subgroup of G(M |Q) generated by all Ip, p ∈ S. Then the fixed field of I is unramified at

all finite primes over Q, hence must be Q (By Minkowski theorem, dK > 1 for all number

fields K ̸= Q), i.e., I = G(M |Q). Meanwhile we have

#I ≤
∏
p∈S

Ip =
∏
p∈S

ϕ(pep) = ϕ(n) = [Q(µn) : Q]

Hence [M : Q] = [Q(µn) : Q], so that M = Q(µn), and hence M = LQ(µn) = Q(µn), so

L ⊆ Q(µn).

Example 18 (Global Kronecker Weber theorem for quadratic extensions). The quadratic ex-

tension Q(
√
p)|Q is contained in Q(ζp) for all odd primes p ≡ 1 mod 4 and Q(

√
p) ⊆ Q(ζ4p)

by following a similar argument as in Example 17. Thus, if n = p1p2 · · · pr, then Q(
√
n) ⊆

Q(ζ4rn). The extension Q(
√
2)|Q is contained in the biquadratic extension Q(

√
2, i) = Q(ζ8).

Remark 4.2.3. We cannot replace Q in the global Kronecker Weber theorem by an arbitrary

global field. Let p be an odd prime and consider the extension Q( 4
√
p)|Q(

√
p). Proceed

similarly as in Example 4.2.2 to obtain a contradiction.
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Chapter 5

Global class field theory

The role of the multiplicative group of the base field is taken up in global class field theory

by the idèle class group. The notion of idèle was introduced by the French mathematician

Claude Chevalley to provide a suitable framework for local global principle, since it holds

information about all places of the number field.

In this chapter, we first define the idèle group and the idèle class group of a number field.

Next, we show that the idèle group and the idèle class group are canonically G modules of

the Galois group G. We then show that the idèle class group satisfies the class field axiom.

As a consequence, we obtain the Hasse norm theorem, which states that an element is a

norm globally if and only if it is a norm locally everywhere, thereby showing that the norm

map satisfies local global principle.

We then construct a surjective homomorphism d from the absolute Galois group to Ẑ and

a Henselian valuation v, to finally obtain the global reciprocity law. We use the local norm

residue symbol at all places of a number field to construct the Henselian valuation, and

ultimately obtain the global norm residue symbol as a product of the local norm residue

symbols, thereby demonstrating the importance of local global principle in the development

of class field theory.

Finally, we define the global conductor which detects ramification in number field extensions

and the Hilbert class field, which is the maximal everywhere unramified abelian extension.

Throughout this chapter, L and K will denote number fields, P a prime ideal in K, β|P
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a prime β of L lying above a prime P ∈ K, KP the completion of K w.r.t P and OP its

valuation ring. P | ∞ will denote the infinite places, while P ∤ ∞ will denote the finite

places, and S will denote a finite set of primes.

The primary reference for this chapter is Chapter 6 of [7].

5.1 Preliminaries

Definition 5.1.1 (Adèles). An adèle is a tuple (αP) where αP ∈ KP and αP ∈ OP for all

but finitely many places P.
The set of adèles forms a ring under component-wise addition and multiplication.

We endow adèles with a topology where the basic neighbourhoods about 0 are given by
∏
P∈S

WP×∏
P /∈S

OP such that WP ⊆ KP is an open neighbourhood of 0. This topology makes the ring of

adèles a topological ring.

Definition 5.1.2 (Idèles). An idèle is a a tuple (αP) ∈ K×P and in fact αP ∈ UP for all but

finitely many places P.
The idèles form a group under component-wise multiplication. In fact the group of idèles is

the multiplicative group of the ring of adèles.

We endow idèles with a topology where the basic neighbourhoods about 1 are given by
∏
P∈S

WP×∏
P /∈S

UP such that WP ⊆ K×P is an open neighbourhood of 1. This topology makes the idèles a

topological group.

Example 19. Idèle group of Q: The map (a, b, (up)) 7→ (ab, au2, au3, · · · ) : Q××R>0×Z×p →
IQ is an isomorphism of topological groups. See [6] for details.

Remark 5.1.1. It can be easily observed that the adèle ring and idèle group are Hausdorff.

Furthermore, noting that OP and UP are compact, we obtain the fact that the adèles and

idèles are locally compact w.r.t. to their respective topologies.

Remark 5.1.2. The topology on idèles inherited as a subspace of adèles is strictly coarser

than the topology endowed on the idèle class group. In fact, the topology on the idèle class

group is the coarsest topology which makes the inverse map continuous.
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Definition 5.1.3 (S-idèles). For a finite set of places S, an S idéle is an idèle such that

αP ∈ O×P for all P /∈ S. The set of S-idèles forms a subgroup of IK.

We clearly have IK = ∪
S
ISK where S ranges over all finite set of places, thus IK is the direct

limit of ISK.

Definition 5.1.4 (Principal idèles). The inclusions K ↪→ KP induces an injective homo-

morphism from K× → IK given by α 7→ (αP). We thus view K× as a subgroup of IK.

Now, KS is defined to be the subgroup ISK ∩K× which consists of all a ∈ K× which are units

at all finite places.

Definition 5.1.5 (Idéle class group). The idèle class group CK is defined to be the quotient

CK := IK/K
×.

The idèle class group is endowed with the quotient topology from the topology on the group

of idèles.

Example 20. The idèle class group of Q is R>0 ×
∏
p

Z×p which can be seen from Example

19.

Definition 5.1.6 (Ideal class group). Let JK denote the group of all fractional ideals of K

and PK the group of all principal fractional ideals. Then, the ideal class group is defined to

be the quotient ClK := JK/PK.

Remark 5.1.3. It can be shown that the ideal class group is finite. The cardinality of the

ideal class group is called the ‘class number’ of K.

Example 21. The ideal class group of Q, Q(i) and Q(
√
−2) are trivial since the ring of

integers for these number fields are PIDs. The ideal class group of Q(
√
−5) is isomorphic

to Z/2Z.

Proposition 5.1.1. K× is a discrete, hence closed subgroup of IK.

Proof. 1. We first show that K× is discrete by showing that there is a neighbourhood of

1 ∈ IK which has no other principal idèles. We claim that U = {α ∈ IK | |αP | = 1 for P ∤
∞ and |αP − 1|P < 1 for P | ∞} is such a neighbourhood. Suppose x ∈ K× ∩ U , then we

get the contradiction

1 =
∏
P

|x− 1|P =
∏
P∤∞

|x− 1|P
∏
P|∞

|x− 1|P <
∏
P∤∞

max(|x|P , 1) = 1
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2. Since the map (x, y) 7→ xy−1 is continuous, there is a neighbourhood V of 1 such that

V V −1 ⊆ U . For every y ∈ IK , the neighbourhood V contains at most one element of K×,

because if x1 = yv1 and x2 = yv2 such that x1 ̸= x2, then clearly v1 ̸= v2 but x1x
−1
2 =

v1v
−1
2 ∈ U , which is a contradiction. Hence choosing a neighbourhood yW of y contained in

yV which does not contain any element of K×, we have yW ⊆ K×
∁
.

Remark 5.1.4. From the above proposition, we can deduce that the idèle class group is a

locally compact Hausdorff topological group.

The following theorem is a generalisation of Dirichlet’s unit theorem, which gives the

structure of the unit group of the ring of integers of an algebraic number field.

Theorem 5.1.2. If S contains all the infinite places, then the homomorphism

λ : KS →
∏
P∈S

R λ(a) = (log|(a)|P)P∈S

has as its kernel the roots of unity contained in K denoted µ(K), and its image is a complete

lattice in the s− 1 dimensional space H = {(xP) ∈
∏
P∈S

R |
∑
P∈S

xP = 0}., where s = #S.

Proof. For the set S = S∞ = {P | ∞}, this is the Dirichlet unit theorem. Now, let

Sf = S \ S∞, and let J(Sf ) be the subgroup of JK generated by the prime ideals P ∈ Sf .

We assign to every a ∈ KS the principal ideal < a > and obtain the below commutative

diagram where the rows are exact.

1 O×K KS J(Sf )

0
∏
P∈S∞

R
∏
P∈S

R
∏
P∈Sf

R

j1

λ′

i1

λ λ′′

j2 i2

The map on the right is given by λ′′(
∏
P∈Sf

PvP ) = −
∏
P∈Sf

vP log(N (P)) and λ′(a) = (log|a|P)P∈S∞ .

The right square commutes because |a|P = N (P )−vP (a). It maps J(Sf ) onto the complete

lattice spanned by the vectors eP = (0, · · · 0, logN (P), 0 · · · 0) for P ∈ Sf .

1. Ker(λ′) = µ(K) and Im(λ) is a lattice: By commutativity of both the squares and exact-

ness of the first row, we have Ker(λ) = Ker(λ′) = µ(K), and we obtain the exact sequence
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0 → Im(λ′)
j2−→ Im(λ)

i2−→ Im(λ′′), where the groups on the left and right are lattices. This

implies that the group in the middle is also a lattice, because if x ∈ Im(λ) and U is a

neighbourhood of i(x) which contains no other point of Im(λ′′), then i−1(U) only contains

the coset x+ Im(λ′). It is discrete since Im(λ′) is discrete.

2. Rank(Im(λ)) = s− 1: For every P ∈ Sf , if h is the class number of K, then P h ∈ i1(K
S),

so J(Sf )
h ⊆ i(KS) ⊆ J(Sf ). The groups on the left and right have rank #Sf , so i(KS) has

the same rank (note that all of them are Z modules and Z is a PID). In the exact sequence

0 → Im(λ′)
j2−→ Im(λ)

i2−→ Im(λ′′), the image of i has rank #Sf , and the kernel has rank

#S∞− 1. Hence Im(λ) = #S∞− 1+#Sf = #S− 1. It lies in the #S− 1 dimensional trace

zero space H, since
∏
P∈S
|a|P =

∏
P
|a|P = 1 for a ∈ KS by product formula.

The following proposition will used throughout the chapter. It says that the group of

idèles is a group of S-idèles upto an element of K× for a sufficiently large set of primes.

Proposition 5.1.3. IK = ISKK
×, i.e., CK = ISKK

×/K× ∼= ISK/K
S where S is a sufficiently

large finite set of places of K, which will be described in the proof.

Proof. Let I1, · · · Ih be ideals representing the h classes of the ideal class group. Choose a

prime ideal Pi from each class. We claim that if S is a set of places containing the infinite

places and the prime ideals above, then IK = ISKK
×.

If α ∈ IK , then the corresponding ideal < α >=
∏
P∤∞
PvP (αP ) belongs to some class IiPK ,

i.e., < α >= Ii < a > for some a ∈ K×. The idèle α′ = αa−1 is mapped to the ideal

Ii =
∏
P∤∞

P vP (α′
P ) under the canonical map from IK to JK . Since the prime ideals occurring

in Ii are in S, vP(α
′
P) = 0 for all P not in S, so α′ = αa−1 ∈ ISK , so α ∈ ISKK

×.

Definition 5.1.7. The absolute norm of an idèle α is defined to be

N (α) =
∏
P
N (P)vP (αP ) =

∏
P
|αP |−1.

If x ∈ K× is a principal idèle, then N (x) =
∏
P
|x|−1P = 1. So we have a continuous

homomorphism N : CK → R×+. The kernel of this map is denoted C0
K . We have the

following important result about C0
K , the proof of which may be found in Chapter 6 of [7].

Theorem 5.1.4. The group C0
K = {[α] ∈ CK | N (α) = 1 } is compact, and the exact

sequence 1→ C0
K → CK

N−→ R×+ splits, i.e., CK
∼= C0

K × R×+.
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5.2 Herbrand quotient of the Idèle class group

In this section, we show that the idèle group IL and the idèle class group CL are G = G(L|K)

modules satisfying Galois descent (i.e., if L|K is a Galois extension with Galois group G,

then IGL = IK and CG
L = CK). We then compute the Herbrand quotient of the S-idèles ISL

and the principal S-idèles LS, which gives us the Herbrand quotient of the idèle class group

CL for a finite cyclic extension L|K and for a sufficiently large set of places as described in

proof of Proposition 5.1.3. We conclude with two important consequences of the value of

the Herbrand quotient of the idèle class group.

We first show that the idèle group IL is a G(L|K) module.

Proposition 5.2.1. For a finite Galois extension L|K, there is a canonical injection IK ↪→
IL and IL is a G(L|K) module.

Proof. 1. IK ↪→ IL: We map α = (αP) ∈ IK to α′ = (α′β) ∈ IL where α′β = αP ∈ K×P ⊆ L×β
for β|P .
2. IL is a G(L|K) module: For each place β of L, σ induces an isomorphism σ : Lβ → (σL)σβ.

This can be seen as follows: If αi ∈ L converge in | |β to α, then σαi converges w.r.t | |σβ
in (σL)σβ, and the isomorphism is given by α = β − limαi 7→ σβ − limσα. Thus we define

(σα) ∈ IL by the components (σα)σβ := σαβ.

We now show that the idèle class group satisfies Galois descent.

Proposition 5.2.2. If L|K is a Galois extension with Galois group G, then IGL = IK

Proof. 1. IK ⊆ IGL : Let α ∈ IK ⊆ IL. For σ ∈ G, the map σ : Lβ → Lσβ is a KP

isomorphism, where β|P . Hence (σα)σβ = σαβ = αβ = ασβ, the second equality following

from the fact that σ fixes K.

2. IGL ⊆ IK : If α ∈ IGL , then (σα)σβ = σαβ = ασβ for all σ ∈ G. In particular, if σ belongs

to the decomposition group Gβ = G(Lβ|KP), then σβ = β and σαβ = αβ, so αβ ∈ K×P .

If σ ∈ G is arbitrary, then σ : Lβ → Lσβ induces the identity map on KP , and we get

αβ = σαβ = ασβ for any two places β and σβ above P . This shows α ∈ IK .

Define L×P :=
∏
β|P

L×β and UL,P :=
∏
β|P

UL,P .
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Proposition 5.2.3. If L|K is a finite extension and α = (αβ) ∈ IL, the components of the

idèle NL|K(α) =
∏
β|P

NLβ
|KP(αβ).

Proof. Setting αP = (αβ)β|P ∈ LP , the KP automorphism αP : LP → LP given by x 7→ αPx

is the direct product of the KP automorphisms αβ : Lβ → Lβ. Hence

NLβ |KP (αP) = det(αP) =
∏
β|P

det(αβ) =
∏
β|P

NLβ |KP (αβ)

The following proposition lists some properties of the norm map.

Proposition 5.2.4. (1) For a tower of number fields K ⊆ L ⊆ M , we have NM |K =

NL|K ◦NM |L.

(2) If L|K is embedded into the Galois extension M |K and if G = G(M |K) and H =

G(M |L), then for α ∈ IL, we have NL|K(α) =
∏

σ∈G/H

σα.

(3) NL|K(α) = α[L:K] for α ∈ IK.

(4) The norm of the principal idèle x ∈ L× is the principal idèle of K defined by the usual

norm NL|K(x).

Proof. The proofs of (1)-(3) are same as for the norm in a field extension. (4) follows from

the isomorphism LP ∼= L ⊗
K
KP . The KP automorphism x′ : LP → LP , y 7→ xy is induced

from the K automorphism x : L→ L by tensoring with KP . Hence det(x′) =det(x).

Proposition 5.2.5. If L|K is a finite extension, then the canonical embedding IK → IL

induces an injection CK → CL, αK
× 7→ αL×.

Proof. The injection IK to IL clearly maps K× to L×, so it is enough to show that the

pre-image of L× under the injection is precisely K×, i.e., IK ∩ L× = K×. Let M |K be the

Galois closure of L|K with Galois group G. Then IK ⊆ IL ⊆ IM , and IK ∩L× ⊆ IK ∩M× ⊆
(IK ∩M×)G = IK ∩M×G = IK ∩K×, where the second containment follows from the fact

that G(L|K) fixes IK and hence IK ∩M×.

Proposition 5.2.6. If L|K is a Galois extension with Galois group G = G(L|K), then CL

is a G module and CG
L = CK
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Proof. The G module IL contains L× as a G submodule. Hence every σ ∈ G induces an

automorphism CL
σ−→ CL, αL

× 7→ (σα)L×, so CL is a G module.

Thus we obtain an exact sequence of G modules 1→ L× → IL → CL → 1 and consequently

we obtain the exact sequence 1 → L×
G

= K× → IGL = IK → CG
L → H1(G,L×) →

H1(G, IL)→ H1(G,CL). Noting thatH
1(G,L×) = 1 by Noether’s generalisation of Hilbert’s

theorem 90, we have CG
L = CK .

Having proved that the idèle class group CL is a G(L|K) module, we tuen our attention

to computing its Herbrand quotient.

Recall L×P :=
∏
β|P

L×β and UL,P :=
∏
β|P

UL,P .

Proposition 5.2.7. L×P and UL,P are the induced G modules L×P = Ind
Gβ

G (Lβ×) and UL,P =

Ind
Gβ

G (ULβ
)

Proof. L×P =
∏

σ∈G/Gβ

L×σβ =
∏

σ∈G/Gβ

σ(L×β ) and a similar deduction is made for UL,P .

Let S be a finite set of places of K containing the infinite places. We define ISL = ISL
where S is the set of places of L lying above S. In the next proposition, we will determine

the cohomology groups of the S idèles ISL and consequently that of the idèles.

Proposition 5.2.8. If L|K is a cyclic extension, and if S contains all the places ramified

in L, then for i = 0,−1, H i(G, ISL)
∼= ⊕
P∈S

H i(Gβ, L
×
β ) and H i(G, IL) ∼=

⊕
P
H i(Gβ, L

×
β ), where

β is a chosen place above P in K.

Proof. By definition, ISL =
⊕
P∈S

L×P
⊕

V where V =
∏
P
UL,P which gives us the isomorphisms

H i(G, ISL)
∼=

⊕
P∈S

H i(G,L×P) and H i(G, V ) ∼=
∏
P /∈S

H i(G,UL,P). Since L
×
P and UL,P are induced

G modules, we have H i(G,L×P)
∼= H i(Gβ, L

×
β ) and H i(G,UL,P) ∼= H i(Gβ, ULβ

). For P /∈ S,

Lβ|KP is unramified, hence H i(Gβ, ULβ
) by Theorem 4.1.3. This shows the first claim. For

the second, notice that IL is a direct limit of ISL and hence

H i(G, IL) = lim−→
S

H i(G, ISL)
∼= lim−→

S

⊕
P∈S

H i(Gβ, L
×
β ) =

⊕
P

H i(Gβ, L
×
β )
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Remark 5.2.1. The proposition says that H−1(G, IL) = 1 since H−1(Gβ, L
×
β ) = 1 for all β

by Hilbert’s theorem 90, since if G is cyclic, then Gβ being a subgroup of G is cyclic for all

finite places. #Gβ = 1 or 2 if β is an infinite place, hence Gβ is cyclic in this case too.

Further the proposition says that IK/NL|KIL =
⊕
P∈S

K×P /NLβ |KPL
×
β , hence an idèle is a norm

if and only if each of its components is a norm. This is clearly another instance of local

global principle.

Proposition 5.2.9. Let L|K be a cyclic extension and S a finite set of places of K containing

the infinite places and all the primes that ramify in L. Then h(G, ISL) =
∏
P∈S

nP where

nP = [Lβ : KP ] and β is a chosen place above P.

Proof. We know H−1(G, ISL) =
⊕
P∈S

H−1(Gβ, L
×
β ) = 1 and H0(G, ISL) =

⊕
P∈S

H0(Gβ, L
×
β ). By

the local reciprocity map, we have #H0(Gβ, L
×
β ) = nP for each finite place P in S.

Hence, h(G, ISL) =
#H0(G,ISL)

#H−1(G,ISL)
=

∏
P∈S

nP .

We now determine the Herbrand quotient of IL for the cyclic extension L|K. But first

we need the following lemma.

Lemma 5.2.10. Let V be an s dimensional R vector space, and let G be a finite group of

automorphism of V acting on a basis v1, · · · vs as a permutation group on the basis elements,

i.e., σ(vi) = vσ(i). If Γ is a G invariant complete sublattice, i.e., σΓ ⊆ Γ for all σ ∈ G, then

there is a complete sublattice Γ′ ⊆ Γ such that Γ′ = Zw1 + · · ·Zws such that σwi = wσ(i) for

all σ ∈ G.

Proof. Let | | be the sup norm on V with respect to the coordinates of the basis v1 · · · vs,
i.e., |x1 − x2| = max

1≤i≤n
ci where ci are the coordinates of x1 − x2 with respect to the basis

v1, · · · vs. Since Γ is a lattice, ∃b ∈ R such that for every x ∈ V , there is a γ ∈ Γ satisfying

|x − γ| < b. Choose a large enough positive t and γ ∈ Γ such that |tv1 − γ| < b and define

wi = Σ
σ(1)=i

σγ, i = 1, · · · s. For every τ ∈ G, we have

τwi = Σ
σ(1)=i

τσγ = Σ
ρ(1)=τ(i)

ργ = wτ(i)

Hence it is enough to check that the wi are R linearly independent. Suppose Σs
i=1ciwi = 0,

ci ∈ R. If not all of the ci are zero, then by dividing throughout by the largest ci, we may
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assume cj = 1 for some j and |ci| ≤ 1 for all other i. Let y = tv1 − γ for some y such that

|y| < b. Then

wi = Σ
σ(1)=i

σγ = t Σ
σ(1)=i

σ(v1)− yi = t Σ
σ(1)=i

vσ(1) − yi = tnivi − yi

where yi = Σ
σ(1)=i

σy, hence |yi| ≤ nb for n = #G and ni = {σ ∈ G | σ(1) = i}. Therefore

0 = Σs
i=1ciwi = tΣs

i=1cinivi − z with |z| ≤ sgb, but this is contradicted by choosing t large

enough in the expression z = tnjvj + Σ
i ̸=j

tnivi.

Proposition 5.2.11. The Herbrand quotient of the G module LS satisfies h(G,LS) =
1
n

∏
P∈S

nP where S contains all the infinite places of L and all the places of L lying above

places of K that ramify in L.

Proof. Let {eβ | β ∈ S} be the standard basis of the R vector space V =
∏
β∈S

R. By the

generalisation of Dirichlet unit theorem, the homomorphism λ : LS → V , λ(a) = Σ
β∈S

log|a|βeβ
has kernel µ(L) and its image is the s− 1 dimensional lattice, s = #S. The action of G on

V is given via σeβ = eσβ. Then λ is a G module homomorphism because for σ ∈ G,

λ(σa) = Σ
β
log|σa|βeβ = Σ

β
log|a|σ−1βeβ = Σ

β
log|a|σ−1βσeσ−1β = σ(Σ

β
log|a|σ−1βeσ−1β) = σλ(a)

Note that e0 = Σ
β∈S

eβ and λ(LS) are R linearly independent since if λ(a) = ce0, then log|a|β =

c for all β, and since Σ
β∈S

log|a|β = 0, we have sc = 0, hence c = 0. Therefore e0 and λ(LS)

generate a G- invariant complete lattice Γ in V . Since Ze0 is isomorphic to Z as G modules,

the exact sequence 0→ Ze0 → Γ→ Γ/Ze0 → 0 together with Γ/Ze0 = λ(LS) gives

h(G,LS) = h(G, λ(LS)) = h(G,Γ)/h(G,Z) =
1

n
h(G,Γ)

Now we choose in Γ a sublattice Γ′ as in the previous lemma. Then,

Γ′ =
⊕
β

Zwβ =
⊕
P∈S

⊕
β|P

Zwβ =
⊕
P∈S

Γ′P

and σwβ = wσβ. Thus, Γ
′
P is the induced G module

Γ′P =
⊕
β|P

Zwβ =
⊕

σ∈G/Gβ

σ(Zwβ0) = Ind
Gβ

G (Zwβ0)
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where β0 is a chosen place above P , and Gβ its decomposition group. The lattice Γ′ has the

same rank as Γ, hence is of finite index in Γ. (by Fundamental theorem of finitely generated

abelian groups). Hence we obtain

h(G,LS) =
1

n
h(G,Γ′) =

1

n

∏
P∈S

h(Gβ,Zwβ0) =
1

n
h(Gβ,Z)

where nP = [Lβ : KP ]

Now choosing a finite set of places S such that IL = ISLL
× and such that S contains all

the ramified primes and all the infinite primes, we obtain the exact sequence

1→ LS → ISL → ISL/L
S = ISLL

×/L× = IL/L
× = CL → 1,

we obtain the identity h(G, ISL) = h(G,CL)h(G,LS), so h(G,CL) =

∏
P∈S

nP∏
P∈S

nP/n
= n. Therefore,

Theorem 5.2.12. If L|K is a cyclic extension of degree n and G = G(L|K), then h(G,CL) =
#H0(G,CL)
#H−1(G,CL)

= n. In particular, #H0(G,CL) = [CK : NL|KCL] ≥ n

Corollary 5.2.13. Let L|K be a cyclic extension of degree pr. Then there are infinitely

many primes that do not split in L.

Proof. Suppose there are only finitely many primes that do not split. Let M |K be the

unique degree p subextension of L|K. For every P /∈ S, the decomposition group GP of

L|K is strictly contained in G(L|K). Hence, #GP ≤ pr−1, so by cyclicity of G(L|K), we

have GP ⊆ G(L|M), so every P /∈ S splits completely in M . We will show now that

NM |KCM = CK , contradicting the fact that #H0(G(L|K), CL) ≥ n.

Let α ∈ IK . By approximation theorem, ∃a ∈ K× such that αPa
−1 is contained in the open

subgroup NMβ |KPM
×
β for all P ∈ S. If P /∈ S, then αPa

−1 ∈ NMβ |KPM
×
β because Mβ = KP .

Since IK/NM |KIM =
⊕
P∈S

K×P /NMβ |KPM
×
β , the idèle αa−1 is a norm of some idèle γ of IM ,

i.e., α = NM |K(γ)a ∈ NM |KIMK×, which shows that the class of α is in NM |KCM .

Remark 5.2.2. If L|K is a non-cyclic Galois extension then there are only finitely many

primes that do not split in L. This can be seen as follows: Suppose to the contrary that

there are infinitely many primes that do not split. Since there are only finitely many ramified

primes, the remaining primes are unramified. Choose such an unramified non-split prime P.
Since efr = #G(L|K) where r = #G/GP , hence r = 1 and e being the ramification index

is 1. Thus, f = #G, so G ∼= GP which is cyclic, which contradicts our assumption about G.
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Proposition 5.2.14. Let L|K be a finite extension of number fields such that almost all the

places of K split completely in L. Then L = K.

Proof. 1. We may assume WLOG that L|K is Galois:

Let M be the Galois closure of L|K, and let G = G(M |K), H = G(M |L), β a place of M

above a place P of K, and Gβ its decomposition group. Then, the number of places of L

above P equals the number of double cosets #H\G/Gβ. This can be seen by considering the

map HσGβ 7→ σβ ∩ L. This map is well defined since if Hσ1Gβ = Hσ2Gβ, then σ1 = hσ2g

where h ∈ H and g ∈ Gβ, so σ1β∩L = hσ2gβ∩L = hσ2β∩L = h(σ2β∩L) = σ2β∩L since h

fixes L. Since there is a unique prime ideal in L lying below any prime ideal in K, we obtain

the bijectivity of the map. Now we have that P splitting completely in L is equivalent to

#H\G/Gβ = [L : K] = #H\G. This is equivalent to Gβ = 1, hence P splits completely in

M .

2. Suppose L|K is Galois: LetK ′ be the fixed field of an element σ of prime order in G(L|K).

If almost all primes v of K split completely in L, then so is the case for primes P of K ′ lying

above v in L. This contradicts the previous corollary.

5.3 Global class field axiom

Let K be a number field such that µn ⊆ K and n = pr. Let L|K be a Galois extension

with Galois group G(L|K) ∼= (Z/nZ)r. Let S be a finite set of primes containing the infinite

primes, ramified primes, those that divide n and such that IK = ISKK
×, and let KS :=

ISK ∩K× and s = #S.

The following proposition gives a set of primes T disjoint from S. S∪T gives a large enough

set of primes such that

Proposition 5.3.1. Let r ∈ N be such that G(L|K) ∼= (Z/nZ)r. Then, s ≥ r and there is

a set of s− r primes T of K that do not belong to S such that L = K( n
√
∆), where ∆ is the

kernel of the map KS →
∏
P∈T

K×P /K
×
P
n
.

Proof. 1. L = K( n
√
∆) with ∆ = L×

n ∩ K×. µn ⊆ L and L is an abelian extension of

exponent n, hence L = K( n
√
D) with D = L×

n∩K×, hence ∆ ⊆ D and K×
n ⊆ L×

n∩K× ⊆
D. Now if x ∈ D, then KP( n

√
x)|KP is unramified for all P /∈ S, because S contains all the

66



ramified places. Since S also contains primes dividing n, < n > +P = OK for all P /∈ S, so

(n, ch(kKP )) = 1 for all P /∈ S. Thus, we may write x = uPy
n
P , with uP ∈ UP , yP ∈ K×P .

Setting yP = 1 for P ∈ S, we obtain the idèle y = (yP). Now y = αz with α ∈ ISK and

z ∈ K×. So xz−n = uPy
n
P ∈ UP for all P /∈ S, i.e., xz−n ∈ ISK ∩K× = KS, so xz−n ∈ ∆, and

hence D = ∆K×
n
.

2. Choice of set of primes T : The field N = K(
n
√
KS) contains L because ∆ = L×

n ∩KS ⊆
KS. By Kummer theory, we have G(N |K) ∼= Hom(KS/(KS)n,Z/nZ). By Theorem 5.1.2,

KS is the product of a free group of rank s−1 and the cyclic group µ(K) of nth roots of unity

contained in K, whose order is divisible by n. KS/(KS)n is non-canonically isomorphic to

Hom(KS/(KS)n,Z/nZ) and thus KS/(KS)n is isomorphic to G(N |K). Hence KS/(KS)n is

a free module of rank s, and so is G(N |K). Also, G(N |K)/G(N |L) ∼= G(L|K) ∼= (Z/nZ)r

is a free Z/nZ module of rank r, so r ≤ s, and G(N |L) is a Z/nZ module of rank s− r. Let

σ1, · · ·σs be a Z/nZ basis of G(L|N), and let Ni be a fixed field of σi, i = 1, · · · s− r. Then

L = ∩s−ri=1Ni.

N

N1 N2 Ns−r−1 Ns−r

L

K

For i = 1, · · · s− r, choose a prime βi of Ni which does not split in N such that the primes

P1, · · · Ps−r lying below β1, · · · βs−r are all distinct, and do not belong to S, and this can be

done because of Corollary 5.2.13.

3. ∆ is the kernel of KS →
∏
P∈T

KP
×/K×P

n
: We claim that Ni is the decomposition field of

N |K at the unique prime β′i lying above βi, for i = 1, · · · s− r.

The decomposition field Zi is contained in Ni because βi does not split in N . Now observe

that Pi is unramified in N because it is unramified in the extension K( n
√
u), u ∈ KS, and N

is the composite of these extensions by (1). The decomposition group G(N |Zi) ⊆ G(N |Ni)

is thus cyclic. It is of order n since each element of G(N |K) has order dividing n, and atleast

one element with order n. (since G(N |K) ∼= (Z/nZ)s) This shows that Ni = Z.

Since L = ∩s−ri=1Ni, it follows that L|K is the maximal subextension of N |K in which primes
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split completely. For x ∈ KS, we thus have

x ∈ ∆ ⇐⇒ K( n
√
x) ⊆ L ⇐⇒ KPi

( n
√
x) = KPi

⇐⇒ x ∈ K×Pi

n

which concludes the result. The fact that K( n
√
x) ⊆ L ⇐⇒ KPi

( n
√
x) = KPi

follows from

the fact that P1, · · · Ps−r splits completely in L.

Now define IK(S, T ) :=
∏
P∈S

K×P
n ×

∏
P∈S

K×P ×
∏

P /∈S∪T
UP and CK(S, T ) := IK(S, T )K

×/K×

where S and T are a finite set of places as in the above theorem.

Lemma 5.3.2. IK(S, T ) ∩K× = (KS∪T )n

Proof. See [7] for the detailed proof.

Theorem 5.3.3. With IK(S, T ) and CK(S, T ) defined as above, one has NL|KCL ⊇ CK(S, T )

and [CK : CK(S, T )] = [L : K]. In particular, if L|K is cyclic, then NL|KCL = CK(S, T ).

Proof. See [7] for the detailed proof.

Theorem 5.3.4 (Global class field axiom). Let L|K be a cyclic extension of number fields.

Then, #H i(G(L|K), CL) =

[L : K] i = 0

1 i = −1

Proof. Since [CK : NL|KCL] ≥ [L : K], it is enough to show [CK : NL|KCL] | [L : K] (so

that [CK : NL|KCL] ≤ [L : K]). Let [L : K] = n. We will prove that [CK : NL|KCL] | n
by induction on n. Let M |K be a subextension of prime degree p. We consider the exact

sequence CM/NL|MCL

NM|K−−−→ CK/NL|KCL → CK/NM |KCM → 1.

If p < n, then #CL/NL|MCL | [L : M ] and #CK/NM |KCM | [M : K] by the induction

hypothesis, hence #CK/NL|KCL | [L : M ][M : K] = [L : M ].

Let p = n. Put K ′ = K(µn) and L′ = L(µn).

L′ = L(µn)

L K ′ = K(µn)

K
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G(L′|K ′)→ G(L|K), σ 7→ σ ↾L is injective because if σ 7→ 1, then σ ↾L= 1 but since µn ⊆ K ′

which is fixed by σ, σ = 1 and isomorphism follows from the fact that [L : K] is prime.

Therefore L′|K ′ is a cyclic Kummer extension, so by Theorem 5.3.3, #CK′/NL′|K′CL′ = [L′ :

K ′] = p. Hence it suffices to show that #CK/NL|KCL → CK′/NL′|K′CL′ induced by the

injection CL → CL′ is injective.

CK/NL|KCL has exponent p, because for x ∈ CK , x
p = NL|KCL. Note that d = [K ′ : K] |

(p− 1) since [Q(ζp) : Q] = p− 1. Note also that (d, p− 1) = 1. Now since CK/NL|KCL has

exponent p, CL 7→ CL, x 7→ xd is an isomorphism. Let x ≡ x mod NL|KCL belong to the

kernel of CK/NL|KCL → CK′/NL′|K′CL′ . Writing x = yd for some y ∈ CK/NL|KCL, y is also

in the kernel of the aforementioned map, i.e., y = NL′|K′(z′), z′ ∈ CL. Thus, we get

yd = NK′|K(y) = NK′|KNL′|K′(z′) = NL′|K(z
′) = NL|KNL′|L(z

′) ∈ NL|KCL

Hence x = yd = 1.

We now see the Hasse norm theorem, which is an instance of local global principle for

norms of cyclic extensions:

Theorem 5.3.5 (Hasse norm theorem). Let L|K be a cyclic extension of number fields.

Then, α ∈ K× is a norm if and only if it is a norm everywhere locally, i.e., a norm in

Lβ|KP for all places β|P.

Proof. Consider the exact sequence 1 → L× → IL → CL → 1 and apply Theorem 3.7.1 to

obtain the sequence H−1(G,CL)→ H0(G,L×)→ H0(G, IL)→ H0(G,CL) and by the global

class field axiom (Theorem 5.3.4), H−1(G,CL) = 1, hence H0(G,L×) injects into H0(G, IL).

Now, H0(G, IL) =
⊕
P
H0(Gβ, L

×
β ) by Theorem 5.2.9. Thus, we have the required result.

Remark 5.3.1. The above theorem does not apply to non-cyclic extensions. An example is

the degree four biquadratic extension Q(
√
−3,
√
13)|Q. Cf. [5] for the details.

5.4 Global Reciprocity law

In the previous section, we have shown that the idèle class group satisfies the class field ax-

iom. We now have to determine the appropriate surjective homomorphism d and a Henselian

69



valuation v satisfying the rules of class field theory. This is the endeavour we turn to in this

section.

Proposition 5.4.1. Let Ω|Q be the field obtained by adjoining all roots of unity, and let T

be the torsion subgroup of G(Ω|K). Then the fixed field Q̃|Q of T is a Ẑ extension.

Proof. Since Ω = ∪
n≥1

Q(µn), we have

G(Ω|Q) = lim←−
n

G(Q(µn)|Q) = lim←−
n

(Z/nZ)×

But Ẑ =
∏
p

Zp and Z×p ∼= Zp × Z/(p − 1)Z for p ̸= 2 and Z×2 ∼= Z2 × Z/2Z which is by the

structure theorem for the unit group (Proposition 1.3.16). Thus, G(Ω|Q) ∼= Ẑ× ∼= Ẑ × T̂

where T̂ ∼=
∏
p̸=2

Z/(p − 1)Z × Z/2Z. Since Ẑ is torsion free, the torsion subgroup T of

G(Ω|Q) is isomorphic to the torsion subgroup of T̂ . If Q̃ is the fixed field of T , this implies

G(Q̃|Q) = G(Ω|Q)/T ∼= Ẑ.

We fix an isomorphism G(Q̃|Q) ∼= Ẑ. There is no canonical choice as in the case of local

fields, but the reciprocity law does not depend on the choice of isomorphism. ByG(Ω|Q) ∼= Ẑ,
we obtain a continuous surjective homomorphism GQ = G(Q|Q). We set k = Q as our base

field, and proceed as in chapter 3. IfK|Q is a finite extension, then set fK = [K∩Q̃ : Q] which

is finite, and thus we obtain the homomorphism dK = 1
fK

d : GK → Ẑ, where Q̃ = ∪
n≥1

Q(µn).

This defines the Ẑ extension K̃ = KQ̃ of K. K̃|K is called the cyclotomic Ẑ extension

of K. We now choose as the GQ = G(Q|Q) module A the union of the idèle class groups

CK of all finite extensions K|Q. The Henselian valuation v : CQ → Ẑ will be defined as the

composite

CQ
[ ,Q̃|Q]−−−→ G(Q̃|Q)

d−→ Ẑ

The symbol [ , Q̃|Q] will turn out to be the global norm residue symbol. For now however,

we define it as follows: For a finite abelian extension L|K, we define the homomorphism

[ , L|K] : IK → G(L|K) by [α,L|K] =
∏
P
(αP , Lβ|KP) where β is a chosen place above P ,

where the product means composition and ( , Lβ|KP) is the local norm residue symbol of

Lβ|KP .
Recall that if L|K is abelian, then Lβ|KP is Galois with Galois group being isomorphic to
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the decomposition group Dβ|P ⊆ G(L|K), hence abelian. The product above makes sense

because almost all factors are 1. This follows from Theorem 4.1.3 Lβ|KP are unramified for

almost all primes P and almost all αP are units. Lastly, we may choose a place β|P because

if β and γ are two places lying above P , then Lβ = Lσγ = σ(Lγ) but note that σ fixes αP ,

so (αP , Lβ|KP) = (αP , Lγ|KP).
We now show that v is indeed Henselian.

Proposition 5.4.2. The map vK : GK → Ẑ is surjective and a Henselian valuation with

respect to dK.

Proof. See [7] for details.

Now applying abstract class field theory, we obtain the global reciprocity law.

Theorem 5.4.3 (Global reciprocity law). Let L|K be a finite Galois extension of number

fields. Then we have an isomorphism rL|K : G(L|K)ab → CK/NL|KCL.

Corollary 5.4.4. The inverse map of rL|K yields a surjective homomorphism ( , L|K) :

CK → G(L|K)ab with kernel NL|KCL.

Finally we show the global existence theorem.

Theorem 5.4.5 (Global existence theorem). Let K be a number field and let NL := NL|KCL.

Then there is a 1-1 correspondence

{Finite abelian extensions L of K} ↔ {Open subgroups of finite index in CK}

L 7→ NL

Furthermore, L1 ⊆ L2 ⇐⇒ NL2 ⊆ NL1, NL1∩L2 = NL1NL2 and NL1L2 = NL1 ∩NL2

The field L|K corresponding to the subgroup N of CK is called the class field of N . It

satisfies G(L|K) ∼= CK/N .

Proof. 1. N is open in the norm topology: It contains NL|KCL for some finite Galois

extension L|K, hence is of finite index in CK . If we show that NL|KCL is closed, then

it is open since it is of finite index in CK , so N is open, hence closed. To show that

NL|KCL is closed, we choose an infinite place P of K and denote by ΓK the image of the
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subgroup of positive real numbers in KP under the canonical injection <>: K×P → CK ,

αP 7→ (1, 1, · · · , αP , · · · ) Then CK = C0
K × R×+ = C0

K × ΓK , by Theorem 5.1.4. Therefore

NL|KCL = NL|KC
0
L ×NL|KΓK = NL|KC

0
L × Γn

K = NL|KC
0
L × ΓK

Here Γn
K = ΓK since ΓK

∼= R×+ and x 7→ xn is an isomorphism of R×+. The norm map is

continuous and C0
L is compact, so NL|KC

0
L is compact in CK which is Hausdorff, hence is

closed. Since ΓK is also closed in CK , we get NL|KC
0
L is closed.

2. N is a closed subgroup of finite index: We have to show that N contains NL|KCL for

some finite Galois extension L. We may assume that n is a prime power, for if n = pr11 · · · p
rk
k

and Ni ⊆ CK is the group containing N of index prii , then N = ∩ri=1Ni, and if Ni are open

in the norm topology, then so is N .

So now let J = p−1(N ) where p is the canonical surjection IK → CK . Then J is open in

IK because N is open in CK . Therefore J contains a group (also a neighbourhood of 1),

US
K =

∏
P∈S
{1}×

∏
P /∈S

UP where S is a sufficiently large set of places of K containing the infinite

primes, primes dividing n and such that IK = ISKK
×. Since [IK : J ] = n, J also contains

the group
∏
P∈S

K×P
n ×

∏
P /∈S
{1}, hence the group ISK =

∏
P∈S

K×P
n ×

∏
P /∈S

UP .

So it is enough to show that CK(S) = IK(S)K
×/K× ⊆ N contains a norm group. If µn ⊆ K,

then CK(S) = NL|KCL with L = K(
n
√
KS). If they do not belong toK, then adjoin them and

obtain an extension K ′|K. Let S ′ be the set of primes of K ′ lying above primes in S. If S is

chosen sufficiently large, then IK′ = IS
′

K′K ′× and CK′(S ′) = NL′|K′CL′ with L′ = K ′(
n
√
KS′).

On the other hand, we get NK′|K(IK′(S ′)) ⊆ IK(S), so that NL′|KC
′
L = NK′|K(NL′|K′CL′) =

NK′|K(CK′(S ′)) ⊆ CK(S).

Let us now attempt to understand the finite index subgroups of the idèle class group

in more detail. Let M =
∏
P∤∞
PnP . We may write it as M =

∏
P
PnP with nP = 0 for the

archimedean places P . We will henceforth callM a module of K. Further, we set U
(0)
P = UP

and

U
(nP )
P :=


1 + PnP if P ∤∞

R×+ if P is real

C× if P is complex

Definition 5.4.1 (Ray class groups). The group Cm
K := I

(m)
K K×/K× formed from the idèle

group ImK =
∏
P
U

(nP )
P is called the congruence subgroup mod m and the quotient group CK/C

m
K
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is called the ray class group mod m.

The following proposition gives us examples of ray class groups.

Proposition 5.4.6. For any module m =< m > of the field Q, one has CQ/C
m
Q
∼= (Z/mZ)×

The congruence subgroups in fact provide us with all the finite index closed subgroups

of the idèle class group. More precisely, we have

Theorem 5.4.7. The closed subgroups of finite index of CK are precisely those subgroups

that contain Cm
K .

Definition 5.4.2 (Ray class field). The class field corresponding to the congruence subgroup

Cm
K is called the ray class group mod m and is denoted Km.

Corollary 5.4.8. The reciprocity map yields the isomorphism G(Km|K) ∼= CK/C
m
K .

Combining the global existence theorem with Theorem 5.4.7, we obtain the following

result:

Corollary 5.4.9. Every finite abelian extension L|K is contained in a ray class field Km|K.

The above result is a generalisation of the Kronecker Weber theorem for the following

reason.

Theorem 5.4.10. Let m ∈ N and m =< m >. Then the ray class field mod Q is the field

Qm = Q(µm) of m
th roots of unity.

Definition 5.4.3. Let L|K be a finite abelian extension, and let NL = NL|KCL. The con-

ductor f of L|K is the gcd of all modules m such that L ⊆ Km (i.e., Cm
K ⊆ NL).

The following proposition illustrates the relation between global and local conductors.

Proposition 5.4.11. If f is the conductor of the abelian extension L|K, and fP is the

conductor of the local extension LP |KP , then f =
∏
P
fP .

Corollary 5.4.12. Let L|K be a finite abelian extension and f its conductor. Then,

P is ramified in L ⇐⇒ P | f .
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Definition 5.4.4 (Big Hilbert class field). The big Hilbert class field H is the maximal

everywhere unramified abelian extension of a number field K, i.e., fH|K = 1.

Example 22. The big Hilbert class field of Q is itself by Minkowski’s theorem.

Definition 5.4.5 (Hilbert class field (Small Hilbert class field)). The Hilbert class field H is

the maximal everywhere unramified abelian extension of a number field K, including at the

infinite places (i.e., the real places of K stay real in H).

Proposition 5.4.13 (Galois group of Hilbert class field). : The Galois group of the small

Hilbert class field H|K is isomorphic to the ideal class group ClK, i.e., G(H|K) ∼= ClK.

Hence the degree [H : K] is the class number hK of K.

Example 23. The Hilbert class field of any number field with class number 1 (such as Q
and Q(i)) is itself. Notice now that the big Hilbert class field of Q(i) is also itself, since its

Hilbert class field is Q(i) and both the infinite places are complex. The Hilbert class field of

Q(
√
−15) is Q(

√
−3,
√
5).

Remark 5.4.1. The Hilbert class field H of K has some special properties:

1. The prime ideals of K that split completely in H are precisely the principal prime ideals

of K. 2. Every ideal I of K becomes a principal ideal in H.
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Chapter 6

Grunwald Wang theorem

The Grunwald Wang theorem is another important instance of local global principle. It

states that, except for some exceptional cases which will be described below, an element of

a number field K is a global nth power if and only if it is a local nth power in almost all

completions Kv.

This theorem has an interesting tale associated with it. It was first proven by Wilhelm

Grunwald, a student of Helmut Hasse, in 1933. However, he erroneously stated that a is an

nth power in K if and only if a is an nth power in Kv for almost all v. George Whaples gave

a second proof of the incorrect statement in 1942. (See remark 6.1.4 to understand Whaples’

mistake.) However, Shianghaw Wang discovered a counterexample (see remark 6.1.3, see

also [10]), and in his doctoral thesis written under Emil Artin, he stated and proved the

correct statement (Theorem 6.1.4). He also expanded upon this in his paper [11].

In this chapter, n will denote a natural number, L,K will denote number fields, Kv a

completion of K at a place v and the phrase ‘almost all places’ will refer to ‘all but finitely

many places’.

The primary reference for this chapter is Chapter 8 of [6].

6.1 Local Global principle for nth powers

Proposition 6.1.1. Let a ∈ Q× be an nth power in Qp for all primes p and R. Then

a ∈ Q×n
.
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Proof. If a is an nth power in Q×, then a is an nth power in Qp for all primes p and R, since
Q ↪→ Qp and Q ↪→ R.
Now, let a ∈ Q×. Then, a = ±

∏
p

pvp(a), where vp(a) ∈ Z and vp(a) = 0 for almost all p.

Since a is an nth power in Qp for all primes p, vp(a) is divisible by n. Now, if a =
∏
p

pvp(a),

or if n is odd and a = −
∏
p

pvp(a), then a is an nth power in Q, since in the latter case,

−1 = (−1)n. If n is even, then a > 0 since a is an nth power in R, hence a =
∏
p

pvp(a) with

n dividing vp(a), hence a ∈ Q×n
.

Remark 6.1.1. In the above theorem, the phrase ‘all primes’ cannot be replaced by ‘almost

all primes’. For instance, 16 is an 8th power in R ((
√
2)8 = 16), and is an eighth power in

Qp for all odd primes p, because X8 − 16 = (X2 − 2)(X2 + 2)(X2 + 2X + 2)(X2 − 2X + 2)

and 2, -2 or -1 is a square in Fp (since (2/p)(−1/p) = (−2/p), where (a/b) is the Legendre

symbol), hence in Qp by Hensel’s lemma. However, none of
√
2,
√
−2 and 1 + i (which are

roots of X2 − 2, X2 + 2 and X2 + 2X + 2 resp.) are in Q2.

However, ‘all primes’ can be replaced by ‘almost all primes’ except when 8 | n, as will be

illustrated in Theorem 6.1.4.

Remark 6.1.2. The above theorem can be easily extended to the case of imaginary quadratic

field with class number 1 and UK = {±1} (there are 7 such fields) with the same proof, when

n is odd.

Remark 6.1.3. The above theorem cannot be generalised to an arbitrary number field. Let

K = Q(
√
7). 16 is an 8th power in Qv(

√
7) for all places lying above odd primes p, since it is

an 8th power in Qp for all odd primes p. Furthermore, it is an 8th power in the infinite places,

which is R. 16 is also an 8th power in K<1+
√
−7> = Q2(

√
7) = Q2(i) since (1 + i)8 = 16.

(Q2(
√
7) = Q2(i) since −7 is a square in Q2 (because −7 ≡ 1 mod 8), and

√
−7i = −

√
7).

However, 16 is not an 8th power in Q(
√
7), since none of

√
2,
√
−2 or 1 + i are in Q(

√
7).

Proposition 6.1.2. Let a primitive nth root of unity ζn ∈ K. Then, a is an nth power in K

if and only if a is an nth power in Kv for almost all places v.

Proof. Let β be an nth root of a in Q. Notice the proposition is tantamount to showing

K(β) = K. If a is an nth power in Kv, then the polynomial Xn − a splits into linear factors

in Kv[X] since ζn ∈ Kv. By hypothesis, a is an nth power in Kv for almost all v, so Xn − a

splits completely in Kv[X]. By Proposition 1.3.25, almost all v split completely in L. By

Proposition 5.2.14, K[β] = K.
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Combining this with the fact that µ2 ⊆ Q, we obtain

Corollary 6.1.3. a is a p-adic square for almost all primes p if and only if a is a square in

Q.

The following theorem relaxes the hypothesis of the existence of a primitive nth root of

unity in K in the above theorem. However, as illustrated in Remark 6.1.3, the case when

2 | n must be tackled carefully.

Theorem 6.1.4. Let K be a number field, n ∈ N and t := v2(n) (maximum power of 2

dividing n). Furthermore, suppose that K(ζ2t)|K is cyclic. Then, a is an nth power in K if

and only if a is an nth power in Kv for almost all v.

Proof. Step 1 : It is enough to show the theorem is true when n = pr.

Proof : We proceed by induction on number of prime divisors of n. Suppose n = pr11 pr22 .

Since (pr11 , pr22 ) = 1, by Bezout’s lemma, ∃c, d ∈ Z such that cpr11 + dpr22 = 1. Now, if a ∈ K×

is a nth power in Kv, so a is a p
rth1
1 power in Kv for almost all v, hence a is a p

rth1
1 power in

K× by hypothesis, and similarly is a p
rth2
2 power in K×. So for some e, f ∈ K×, we have

a = ep
r1
1 = fpr2 =⇒ a = acp

r1
1 +dp

r2
2 = fncend = (f ced)n.

Step 2 : Claim: Suppose n = pr (p any prime) and K(ζn)|K is cyclic of prime power degree.

Then, a is an nth power in K× if and only if a is an nth power in Kv for almost all v.

Proof : Let K ′ = K(ζpr), and let a be an nth power in Kv for almost all v, then a = βn

(β ∈ K ′) by Proposition 6.1.2. So f(X) =
∏
i

(X − βζ i) in K ′[X]. Let Xn − a =
∏
i

fi(X)

where fi(X) are irreducible over K[X]. For each i, choose a root βζ
j(i)
n of fi(X). Then,

K(βi) ⊆ K ′, so K(βi)|K is cyclic, so in particular K(βi)|K is Galois, so is the splitting field

of fi(X). If a is an nth power in Kv, then at least one of the fi(X) splits completely in Kv,

so v splits completely in K(βi) for that i. So almost all v split completely in some subfield

of K ′, but we need to show that almost all v split completely in a single K(βi), and then

applying proposition 5.2.14, K(βi) = K, which will conclude the proof.

Since K ′|K is cyclic of prime power degree, the sub-fields of K ′ are totally ordered:

K ⊆ K1 ⊆ K2 ⊆ . . . K ′

Let i0 be the integer such thatK(βi0) is the smallest field amongK(βi). If v splits completely
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in K(βi) for some i, then v splits completely in K(βi0). So, almost all v split completely in

K(βi0), concluding the proof.

Step 3 : Suppose now that n = pr (p an odd prime). Then K(ζpr)|K(ζp) is cyclic of de-

gree a divisor of pr, so by step 2, if a is a nth power in KP(ζp) for almost all P (P|v), a is an

nth power in K(ζp). Let d = [K(ζp) : K]. N(a) = ad = N(bp
r
) = N(b)p

r
, and since d | p− 1

and (p− 1, p) = 1, a is a pr
th
power in K×.

Finally, since K(ζ2t) is cyclic of order a divisor of 2r−1, the theorem is proved by combining

the above 3 steps.

Remark 6.1.4 (Whaples’ mistake). The key step in the proof is Step 2. G.Whaples, who

gave a second ‘proof ’ of Grunwald’s ‘theorem’ committed an error here, by denoting a root

of Xn− a by a1/n. However, different roots may have different properties, such as the degree

of the minimal polynomial.

Remark 6.1.5. Notice that the example in Remark 6.1.3 does not contradict Theorem 6.1.4

since Q(ζ8) = Q(i,
√
2) is not cyclic (its Galois group is Klein four group). It also does not

contradict Proposition 6.1.2 since ζ8 /∈ Q.

Remark 6.1.6. Notice that in the above theorem, it is not necessary to check whether a is

an nth power in Kv for the infinite places v, since there are only finitely many infinite places.

Corollary 6.1.5. If 8 ∤ n (i.e., v2(n) = 0, 1 or 2), then a is an nth power in a number field

K if and only if a is an nth power in Kv for almost all places v of K. In particular, the above

statement holds when n is odd.

Proof. If v2(n) = t = 0 or 1, then K(ζ2t) = K. If t = 2, then K(ζ22) = K(i) is of degree 1

or 2 over K, hence cyclic.
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Chapter 7

Primary units

In this chapter, we will see some instances where information at a particular completion of

a global field is sufficient to provide information about the global field, in contrast to the

local global principle, where information at all or all but finitely many places is required.

The reference for the first section, especially the behaviour of norm map and nth power maps

is [4]. The second section is primarily based on [8]. The main reference for the third section

is [3].

7.1 p-primary units and behaviour of norm map

In this section, we will first define the notion of a p-primary unit and provide an important

characterisation of the same. We then describe the behaviour of the norm map and the nth

power maps, which will be used in the rest of the chapter.

Definition 7.1.1 (p-primary units). Let K be a p-adic field and ζp ∈ K. A unit α ∈ UK is

said to be p-primary if K( p
√
α)|K is unramified.

Example 24. Note that µ2 ⊆ Q2, and Q2(
√
5)|Q2 is unramified, hence 5 is a p-primary

unit. On the other hand, −1 ∈ Q2 is not a p-primary unit since Q2(i)|Q2 is totally ramified.

Since ζp /∈ Qp for any odd prime p, Qp has no non-trivial p-primary units (i.e., not a pth

power).
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Remark 7.1.1. The condition ζp ∈ K is required for the extension K( p
√
α)|K to be Galois.

The polynomial Xp − α has one root in K( p
√
α), hence must have all its roots.

Remark 7.1.2. If K is a p-adic field, then K( q
√
α)|K is unramified by Lemma 4.1.4 if q

is any other prime. Thus, the notion of a ‘q-primary unit’ would be redundant. This is an

important observation which will be used in Section 3.

We will state without proof an important characterisation of p-primary units.

Theorem 7.1.1. Let K be a p-adic field containing a primitive pth root of unity. A unit α ∈
UK is p-primary if and only if the image of α ∈ K×/K×

p
belongs to UpeK := UpeK/UpeK ∩Up

where eK = eK/(p− 1).

Proof. For the proof of this, see [2].

We will now state some results about the behaviour of norm map.

For unramified extensions, we already know from Theorem 4.1.3 that the norm map is

surjective at each step of the unit group filtration. The following proposition describes the

behaviour of norm map for totally tamely ramified extensions.

Proposition 7.1.2. Let L|K be a totally tamely ramified cyclic extension of degree n with

residue fields kL and kK. Let λ0,L : UL → k×L be the map u 7→ u mod PL and λi,L : U
(i)
L → kL

be the map 1 + πi
La 7→ a mod PL where a ∈ OL and PL is the maximal ideal of OL. Then

the following diagrams commute:

UL k×L U
(ni)
L kL

UK k×K U
(i)
K kK

λ0,L

NL|K ↑n

λni,L

NL|K ×n

λ0,K λi,K

where ↑ p is the pth power map and ×n is the multiplication map. Moreover NL|KU
(i)
L =

NL|KU
(i+1)
L if n ∤ i.

We now look at the behaviour of norm map for wildly ramified extensions.
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Proposition 7.1.3. Let s be the unique ramification break of the totally ramified cyclic

extension L|K of degree p where ch(kL) = p and let λi,L and λi,K be as described in previous

proposition. Then the following diagrams commute:

U
(i)
L kL

if 1 ≤ i ≤ s

U
(i)
K kK

U
(s)
L kL

U
(i)
K kK

U
(s+pi)
L kL

if i > 0

U
(s+i)
K kK

λi,L

NL|K ↑p

λi,K

λs,L

NL|K θ 7→θ
p−ηp−1θ

λs,K

λs+pi,L

NL|K ×ηp−1

λs+i,K

Moreover NL|K(U
(s+i)
L ) = NL|K(U

(s+i+1)
L ) for i > 0, p ∤ i. Here θ ∈ UK is such that

σ(πL)/πL = θϵ with ϵ ∈ U
(1)
L , and η ∈ UL is such that σ(πL)/πL = 1 + ηπs

L.

We can capture the behaviour of norm map for any finite Galois extension of local fields

by an integer valued function called the Hasse Herbrand function.

Proposition 7.1.4 (Hasse Herbrand function). Let L|K be a finite Galois extension of local

fields and set N := NL|K. Then there exists a unique function hL|K : N → N such that

h(0) = 0 and

NU
(h(i))
L ⊆ U

(i)
K , NU

h(i)
L ̸⊂ U

(i+1)
K , NU

(h(i)+1)
L ⊆ U

(i+1)
K

81



1. For L|K an unramified extension, h(i) = i.

2. For L|K a totally tamely ramified extension, h(i) = [L : K]i.

3. If L|K is a totally ramified extension of degree p = ch(kK), then

h(i) =

i if i < s

s(1− p) + pi if i ≥ s

3. Tower property: If we have a tower of field extensions K ⊆M ⊆ L, then

hL|K = hL|M ◦ hM |F .

Finally, let us look at some important results regarding the nth power map.

Proposition 7.1.5. Let K be a local field, kK its residue field and (n, ch(kK)) = 1. Then

↑ n : U
(i)
K → U

(i)
K , x 7→ xn is an isomorphism.

We now look at the pth power map where p = ch(kK).

Proposition 7.1.6. The homomorphism ↑ p maps Ui to Upi for i ≤ eK := eK/(p− 1), and

Ui to Ui+eK for i > eK. For i > eK, the pth power map is in fact an isomorphism.

7.2 Local analogue of Martinet’s theorem

We now state a theorem due to J. Martinet which is a generalisation of the well known

Stickelberger’s criterion concerning the discriminant of a number field.

Theorem 7.2.1 (Martinet). Let L|K be a quadratic extension of number fields such that the

absolute norm of the relative discriminant ideal δL|K is odd. If µ2m ⊆ K for some m ≥ 2,

then NK|Q(δL|K) ≡ (1 mod 2m+1).

We will state and prove a local analogue of Martinet’s theorem, and then show that in

the case when L|K has an integral basis, i.e., OL is a free OK module, Martinet’s theorem

can be obtained as a consequence of the local analogue at the prime 2.

Theorem 7.2.2 (Local analogue of Martinet’s theorem). Let K be a finite extension of Qp

containing a primitive pmth root of unity where m ≥ 1. Let α be a p-primary unit of UK.

Then NK|Qp(α) ≡ 1 mod pm+1.
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We will first obtain Martinet’s theorem as a consequence of the local analogue. The

following result shows that the discriminant of an integral basis of an unramified extension

L|K is a 2-primary unit. We use this to prove Martinet’s result.

Corollary 7.2.3. Let K|Q2 be a finite extension such that µ2m ⊆ K for some m ≥ 1. Let

L|K be a finite unramified extension and {α1, · · ·αn} be an integral basis of L|K. Then,√
dL|K(α1, · · ·αn) is 2-primary and NK|Q2(

√
dL|K(α1, · · ·αn)) ≡ 1( mod 2m+1).

Proof. K(
√

dL|K(α1, · · ·αn)) is a subextension of L|K since dL|K =
∏
i<j

(αi − αj), and thus

an unramified extension of K. Hence dL|K(α1, · · ·αn) is a 2 primary unit of K, and the

congruence follows by Theorem 7.2.2.

Corollary 7.2.4. Let K be a number field such that µ2m ⊆ K where m ≥ 1. Let L|K be

a finite extension, and let δL|K be the relative discriminant of L|K, and suppose NK|Q(δL|K)

is odd. Assume A = {α1, · · ·αn} is an integral basis of L|K such that A forms a S−1OK

basis of S−1OL where S = Z\ < 2 >. If dL|K(A) denotes the discriminant, then NK|Q ≡ 1(

mod 2m+1).

Proof. Since the norm of the discriminant ideal is odd, all primes of OK lying above < 2 >

are unramified in L. Let P be a prime lying above 2. Let {Qj}rj=1 be the prime ideals of OL

lying above P . Choose an integral basis Bj = {βj1 , βj2 · · · } of LQj
|KP and let Lj := LQj

,

and M := L
⊗
K

KP . Since A =
⊕

Lj, C := ∪rj=1Bj forms an integral basis for the KP

algebra A. Here an integral basis of M means an OK basis of
⊕
j

OLj
. Let dM |KP (C) denote

the discriminant of M with respect to the basis C. A is also an integral basis of M , since

it is given that A is an integral basis of L|K. Hence, dL|K(αP) = dM |KP (C)u2 for some

u ∈ UKP . Since dM |KP (C) =
∏r

j=1 dLQj
|KP , by the above corollary and by the fact that

A forms an S−1OK basis of S−1OL where S = Z\ < 2 >, we have NKP |Q2dM |KP (B) =∏r
j=1NKP |Q2(dLQj

|KP (Bj)) ≡ 1( mod 2m+1). As Q2(ζ2m) ⊆ KP , we have NKP |Q2(u) ∈ U
(m)
Q2

by Theorem 4.2.2. Thus NK|Q2(u)
2 ∈ U

(m+1)
Q2

. Hence, NKP |Q2(dL|K(A))P ≡ 1 mod 2m+1.

Thus, we obtain NK|Q(dL|K(A)) =
∏
P|2

NKP |Q2(dL|K(A)) ≡ 1( mod 2m+1).

Now, we will turn our attention towards proving Theorem 7.2.2. But first we need the

following lemma which says that the norm of a p-primary unit is again a p-primary unit.
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Lemma 7.2.5. Let L|K be an extension of p-adic fields containing ζp. Then, NL|K : L× →
K× takes a p-primary unit of L to a p-primary unit of K.

Proof. By theorem 7.1.1, α = uxp where u ∈ U
(peL)
L , so NL|K(α) = NL|K(u)(NL|K(x))

p. Now

NL|K(u) = NL|K(1 + πpeK
L ) =

∏
σ

(1 + σ(πL)
peL) = 1 + Tr(πpeL

L ) + terms with valuation vL

greater than peL + 1. Noting that eL = eL|KeK , we obtain N(u) ∈ UpeK .

For an alternative proof, cf. [8].

Proof of theorem 7.2.2. By hypothesis, µpm ⊆ K, so Qp(ζpm) ⊆ K. By the previous lemma,

NK|Qp(ζpm ) of a p-primary unit in K is a p-primary unit in Qp(ζpm). Thus, it is enough to

prove the result in the case K = Qp(ζpm).

Suppose K = Qp(ζpm). If α ∈ K is p-primary, then α = uwp, u ∈ U
(peK)
K = U

(pm)
K . By

theorem 4.2.2, we have NK|Qp(U
(pm)
K ) = U

(m)
Qp

, hence NK|Qp(u) and NK|Qp(w) ∈ U
(m)
Qp

, hence

NK|Qp(w)
p ∈ U

(m+1)
Qp

. So it remains to show that hK|Qp(m) = pm−1. Then, by using the

property of Hasse Herbrand function, we obtain NK|Qp(U
(h(m)+1)
K ) = NK|Qp(U

(pm)
K ) ⊆ U

(m+1)
Qp

.

Consider the tower of extensions K = Km ⊇ Km−1 ⊇ · · ·K1 where Ki = Qp(ζpi). For

each 2 ≤ i ≤ m, Ki|Ki−1 is a wildly ramified cyclic extension of degree p, and K1|Qp

is tamely ramified of degree p − 1. Observe the ramification breaks sKi|Ki−1
= pi−1 since

vKi
(σ(ζpi)− ζpi) = vKi

(ζp − 1) = pi−1.

We now proceed by induction on m. For m = 1, we want to show hK1|K(1) = p − 1, which

follows by the property of Herbrand function for tamely ramified extensions. For m ≥ 2, we

need to show that hKm|Qp(m) = pm−1, which can be shown using the transitivity of Hasse

Herbrand function through the tower of field extensions Ki.

For the detailed calculation, see [8].

7.3 Kummer’s lemma

In this section, we will see that Kummer’s lemma which is a statement about the units of

the ring of integers of Q(ζp), p a prime, is essentially a statement about p-primary units.

Theorem 7.3.1 (Kummer’s lemma). Let p be a regular prime, i.e., (p,ClK) = 1. Let a ∈ Z,
u ∈ UK and u ≡ a mod p. Then, u is a pth power, i.e., u = xp, x ∈ UK. Here, ClK denotes

the class number of K.
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Remark 7.3.1. 2 and 3 are regular primes since ClQ = ClQ(ω) = 1. It can be shown in

fact that the first irregular prime is 37. It is known that there are infinitely many irregular

primes, but it is not known whether there are infinitely many regular primes, though they

seem far more numerous compared to irregular primes.

To see that Kummer’s lemma is indeed a local statement, we first define the notion of a

primaire unit.

Definition 7.3.1 (Primaire unit). Let L = Qp(ζp). Then, u ∈ UL is said to be a primaire

unit if u ≡ a mod p.

Example 25. All p-primary units are primaire units by Theorem 7.1.1. It is easy to see

that 1 + p is primaire but not p-primary.

Remark 7.3.2. Observe that Kummer’s lemma is a statement about a global primaire unit.

First we provide a characterisation of primaire units.

Proposition 7.3.2. Let L = Qp(ζp) and u ∈ UL. Then u ≡ a mod p ⇐⇒ up−1 ∈ U
(p−1)
L .

Proof. ( =⇒ ) Follows by Fermat’s little theorem.

(⇐= ) Since L|Qp is totally ramified, UL = F×p ×U
(1)
L , i.e., u = au1, a ∈ F×p and u1 ∈ U

(p−1)
L .

So up−1 = ap−1up−1 = up−1
1 ∈ U

(p−1)
L , and since ↑ (p − 1) is an automorphism of U

(i)
L for all

i ≥ 1, we have u1 ∈ U
(p−1)
K .

Proposition 7.3.3. Let L = Qp(ζp). If norm of a primaire unit is ≡ 1( mod pπL) where

πL is a prime of L, then α is p-primary.

Proof. First note that α is p-primary if and only if αp−1 is, since K( p
√
α) = K(

p
√
αp−1),

so we may replace α by αp−1. We may thus assume that α ∈ U
(p−1)
K . NK|Qp(α) ≡ 1(

mod pπ) but since NK|Qp(α) ∈ Qp, we must have NK|Qp(α) ∈ U
(2)
Qp

. By Proposition 7.1.2,

λ1,Qp(NL|Qp(α)) = 0 = λp−1,L(α) which implies that α ∈ U
(p)
L .

In the following proposition, we show that any primaire global unit is primary and in

fact a local pth power.
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Proposition 7.3.4. Let K = Q(ζp) and L = Qp(ζp). If a global unit u ∈ Z[ζ]× is such that

the p-adic image up of u in Qp(ζp) is primaire, then it is a pth power in UL.

Proof. 1. Primaire global unit is p-primary: First we recall a few facts about global units.

Every unit u ∈ Z[ζ]× can be written uniquely as u = ζpw for some primitive pth root of unity

ζp and w ∈ Z[ζp + ζ−1p ]. If furthermore up ≡ a( mod π2
L) for some a ∈ Z, then u = w since

ζp ∈ U
(1)
L but not in U

(2)
L (because vL(ζp − 1) = vQp(NL|Qp(ζp − 1)) = vQp(p) = 1). Therefore

NK|Q(u) = NQ(ζp+ζ−1
p )|Q(u)

2 = 1, because the norm of a unit is a unit and Z×2 = {1}. Also,
NL|Qp(up) = NQ(ζp)|Q(u) = 1. Since u is primaire, up ≡ a( mod π2

L), so applying the previous

proposition and noting that NL|Qp(up) = 1 ∈ U
(p)
L , we obtain the fact that u is p-primary.

2. p-primary global unit is a pth power: We now wish to show that up is in fact a pth power.

Upto replacing u by up−1, we may assume u ∈ U
(1)
L . If u ∈ U

(1)
L is p-primary, then u ∈ U

(p)
L

by Theorem 7.1.1. By the above discussion, u ∈ Qp(ζp + ζ−1p ). If a unit of Qp(ζp + ζ−1p ) is in

U
(n)
L for some odd n, then it is in U

(n+1)
L , because the ramification index of Qp(ζp + ζ−1p ) is

two. But U (p+1) = (U (2))p, so u ∈ L×
p
.

Remark 7.3.3. The above proof shows that the local analogue of Martinet’s theorem (The-

orem 7.2.2) can be strengthened for a global unit u, since NK|Qp(up) = 1 for any local field

K containing a primitive pth root of unity.

Finally, we prove Kummer’s lemma.

Proof of Kummer’s lemma. Since a global primaire unit is p-primary, Qp(ζp, p
√
up)|Qp(ζp) is

unramified. By combining this observation with Remark 7.1.2 and noting that all infinite

places of Q(ζ) are complex, we obtain the fact that the extension Q(ζp, u)|Q(ζ) is unramified

everywhere and cyclic of degree 1 or p. Since (p,ClQ(ζ)) = 1, Q(ζp) has no everywhere

unramified degree p extensions, Q(ζp, p
√
u) = Q(ζp), so u is a global pth power.
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Chapter 8

Conclusion

The primary aim of this thesis was to present the main theorems of class field theory, and in

the process illustrate the phenomenon of local global principle at play. We began by looking

at the existence of a canonical homomorphism from the Galois group G(L|K) of a local field

extension L|K to K×/NL|KL
×, which is in fact an isomorphism for abelian extensions. We

then showed that for every finite index subgroup of the multiplicative group K×, there is a

finite abelian extension of K corresponding to it. We then studied the groups of norms of

cyclotomic extensions, and as a result obtained the Local Kronecker Weber theorem, and

consequently the Global Kronecker Weber theorem, which demonstrated to us the power of

local global principle.

In a beautiful parallel to the local theory, the main statements of global class field theory

stay the same when the multiplicative group of the local field is replaced by the idèle class

group CK of a number field K. We again saw here various occurrences of the local global

principle. We in fact used the local norm residue symbols at all the completions of the

number field to construct the global norm residue symbol and the reciprocity map. In the

process, we obtained the important Hasse norm theorem, which is essentially a local global

principle for norms of a cyclic extension. We also explored the local global principle for nth

powers, the so called Grunwald Wang theorem.

We concluded the thesis with two instances which were seemingly global statements, but

in fact turned out to be statements at a particular completion, hence not instances of local

global principle.
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