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Abstract

In this thesis, we explore the main statements of class field theory from the perspective of

local global principle:

1. The existence of a canonical isomorphism from the Galois group G(L|K) of a local
(resp. number field) extension L|K to K*/NpxL* (resp. Cg/NpxCr where Ck is
the idele class group of the number field K).

2. A bijective correspondence between finite abelian extensions of a local field (resp.
number field) and the finite index subgroups of its multiplicative group (resp. idele

class group).

In the process, we explore various instances of the local global principle, which asks whether
a property that holds in all completions of the number field, holds in the number field itself.
Important among them are the Kronecker-Weber theorem, Hasse norm theorem and the

Grunwald-Wang theorem.
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Introduction

We know that @Q can be endowed with the Euclidean absolute value. Q can also be given
the p-adic absolute values for every prime p. A remarkable theorem due to Ostrowski (1916)
showed that the only non-trivial absolute values on QQ are the p-adic absolute values and
Euclidean absolute value. This can be easily generalised to a number field where the prime
p is replaced by the prime ideals of its ring of integers, and the Euclidean absolute value
is replaced by embeddings of the number field into R or C. This led to the birth of the
idea of local global principle, which says that a theorem or property holds for a number field
if and only if it holds in all (or all but finitely many) of its completions. In other words,
it asks whether given a property holding in all (or almost all) completions, we can ‘stitch
together’ this information to obtain the property for the number field. As can be seen, this
is not a rigorous mathematical statement, but only a guiding principle. The idea has led to

significant advancements in various facets of mathematics, particularly in number theory.

In this thesis, we will explore class field theory, the development of which itself stands as
a testament to the importance of local global principle. We will begin by exploring the main
statements of local class field theory, and then go on to illustrate the striking parallel between
local and global class field theory. In the process, we shall explore various instances of the
local global principle. Particularly, we show that there is a local analogue of the famous
Kronecker-Weber theorem, and use this to obtain the global Kronecker-Weber theorem.
While exploring global class field theory, we will see another instance of the phenomenon,
the so called Hasse norm theorem, which says that given a cyclic extension L| K, an element
in a number field is a norm only if it is a norm at all its completions. Further, we will
present the Grunwald-Wang theorem, which addresses the question of whether an element

in a number field K that is a n'® power in almost all completions of K, is a n' power in K.

Prerequisites: This thesis assumes a strong background in algebraic number theory.



It is also desirable that the reader be acquainted with local fields. However, most of the

important results about local fields that will be used are presented in Chapter 1.

Original contributions: This thesis is purely expository and aimed to be a review of
class field theory. No claims to originality are made. We have only attempted to write the
proofs in a more accessible manner, and present a few clarificatory remarks and examples.

The primary references for this thesis are [7] and [6].



Chapter 1

Preliminaries

We will begin the chapter by learning about the extension of Fundamental theorem of Galois
theory to arbitrary algebraic extensions. We will also explore inverse and direct limits, and
observe that the valuation ring of a local field and the Galois group of an algebraic extension
are important examples of inverse limits. Finally, we will provide a quick review of local
fields.

The contents of this chapter are primarily based on Sections 1 and 2 of chapter 4 and Chapter
2 of [7].

1.1 Infinite (zalois theory

The fundamental theorem of Galois theory for finite extensions fails for infinite extensions.

The below example will illustrate this.

Example 1. The absolute Galois group of Fp, i.e., Gy, = G(F,|F,), contains the Frobenius
automorphism ¢(x) = xP for all x € IETP. The subgroup generated by ¢ has the same fized
field as Gy, but contrary to finite Galois theory, we do not have < ¢ >= G, .

However, by defining a canonical topology called the Krull topology on the Galois group,

we will be able to extend the fundamental theorem to infinite extensions.

Definition 1.1.1 (Krull topology). Let L|K be a Galois extension with Galois group G(L|K).

3



The Krull topology is defined by setting the basis of neighbourhoods about 1 as {G(L|M) | [M :
K] < o0}.

Theorem 1.1.1. This topology endows (G(L|K),o) with the structure of a compact Haus-
dorff (hence normal) topological group.

Remark 1.1.1. If the base field K is countable (Q,F,), then the Galois group of any Galois
extension L|K is first countable, since the basis of neighbourhoods about 1 are in bijection
with the finite Galois extensions of K contained in L. There are only countable many such
distinct fields M, since M = K(«). A Hausdorff topological group that is first countable is
metrisable by the Birkhoff Kakutani theorem.

Definition 1.1.2 (Profinite groups). A topological group that is compact, Hausdorff and has

a basis of neighbourhoods about 1 comprising only of normal subgroups is called a profinite

group.
Example 2. 1. Any finite group with discrete topology

2. The topological group G = G(L|K) with Krull topology. Note that the groups G(L|M)
with M|K Galois are normal subgroups, which are precisely the neighbourhoods about
1in G(L|K).

In the next section, we will provide an important characterisation of profinite groups and
give some examples.
We will now state the Fundamental theorem of Galois theory for arbitrary algebraic exten-

sions.

Theorem 1.1.2 (Fundamental theorem of Galois theory). Let L|K be a Galois extension
with Galois group G = G(L|K). Then the map f : M — G(L|M) is a 1-1 correspondence
between

{Closed subgroups of G} <» {Subextensions M|K of L|K} and

{Open subgroups of G} <» {Finite extensions M|K of L|K}.

Furthermore closed normal subgroups G(L|M) correspond to Galois extensions M|K and

open normal subgroups correspond to finite Galois extensions.

Remark 1.1.2. It can now be shown that the closure of the subgroup generated by the

Frobenius automorphism is equal to Gy, in example .
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1.2 Direct and inverse limits

The notion of inverse (projective) and direct (inductive) limits generalise the operations of
intersection and union. If {X;} is a family of subsets of a topological space X which for any
two sets X;, X; also contain X; N X (resp. X; UXj), then the limit of this family is defined
as <1i_mX,~ = iQIXi (resp. li_m>Xi = z‘LeJIXi)'

iel i€l

If X; € X; (resp. X; € Xj), then write ¢ < j such that the indexing set I is made into
a directed system, i.e., a partially ordered set in which for every pair 7, j, there is a k such
that ¢ < k and j < k. Here, X}, = X; N X (resp. Xy = X; UXj). Fori < j, let i;; denote
the inclusion X; — X; (resp. X; — Xj). We thus obtain a system {X;, f;;} of maps and

sets. We now replace inclusions by arbitrary maps f;;.

Definition 1.2.1 (Projective and inductive system). Let I be a directed system. A projective
(resp. inductive) system over I is a family {X;, fi; | i,j € 1,9 < j} of topological spaces
X, and continuous maps fi; + X; = X; (resp. fi; - Xi = X;) such that f; = idx, and the

following diagrams commute (left diagram for projective system)

Xk Xk
Xi < fi Xj Xz & ? Xj

Definition 1.2.2 (Projective/inverse limit). The projective limit X = l(iLHXi of the projective

system {X;, fi;} is defined to be X = {(x;)icr € [1Xi| fij(z;) = x; for i < j}. It inherits
i€l
the subspace topology from the product topology on [[X;.
i€l

Remark 1.2.1. [t satisfies the following universal property: The inverse limit X of the
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system { X, fi; } is such that all the triangles commute in the following commutative diagram.:

H
el
Pk
p Pi
J Xk-
fik
fik
Xj > Xz
fij

where p; is the projection onto the i™ component. Here i,j < k.

Proposition 1.2.1. The projective limit X = li&Xi of mon-empty compact spaces is non-
el

empty and compact. If all the X; are Hausdorff, then X being the subspace of [[X; is
el
Hausdorff.

Definition 1.2.3 (Inductive/direct limit). The inductive limit X = h_m)Xi of an inductive
iel

system { X, fi;} is the quotient X = ‘I_I]Xl-/ ~ of the disjoint union AI_IIXZ-, where two elements
1€ 1€

are considered equivalent if there is a k > i,j such that fy(z;) = fir(x;).

Remark 1.2.2. The direct limit satisfies the universal property as in Remark with the

direction of all the arrows reversed.

Remark 1.2.3. If {G,, fi;} is a projective (resp. inductive) system of topological groups/

rings, then the inverse limit (resp. direct limit) is also a topological group/ ring.

Definition 1.2.4 (Morphism of a projective/ inductive system). A morphism between two

!
%

projective (resp. inductive systems) {G;, gi;} and {G}, gi;} of topological groups is a family

of continuous homomorphisms f; : G; — G such that the following diagrams commute:

[

G, — G G ————— G
J
i s resp. 9ij 9ij
N )
G; 7 G G 7 G



The following proposition shows that lim preserves exact sequences.
H

Proposition 1.2.2. Let a : {G}, gi;} — {Gi, gi5} and B : {Gi, gi;} — {G7, gi;} be morphisms

between inductive systems of topological groups such that the sequence G Nyes X GY is

exact for every i € I. Then we obtain the evact sequence lim G = lim G 2 lim GY.

i€l el el

The next proposition shows that lim preserves exact sequences for compact topological
H

groups.

Proposition 1.2.3. Let a : {G}, gi;} — {Gi, gi5} and B : {Gi, gi;} — {G7, 9i;} be morphisms

between projective systems of compact topological groups such that the sequence G, yes EX

GY for every i € I. Then limG; < limG; LN lim G is an exact sequence of compact

topological groups.

Remark 1.2.4. Consider the family of exact sequences Z — Z/p"Z — 0 with Z having

discrete topology. Supposing that lim preserves exact sequences in this case, we take the
%

inverse limit to obtain that Z — Z, — 0 is exact, which is absurd.

The next proposition characterises profinite groups defined in Remark as the inverse

limit of finite groups.

Proposition 1.2.4. If G is a profinite group and if N varies over all open normal subgroups
of G, then G = @G/N'

N
Conversely, if {Gi, fi;} is a projective system of finite (even profinite) groups, then G =

li ) ' )
&Gl s a profinite group

iel

Let us now look at some examples of inverse and direct limits.

Example 3 (Inverse limits). 1.

2. Let Z/p'Z be endowed with discrete topology. The system {Z/p'Z, pij}ijen where p;j :
Z]pP7 — ZJp'Z fori < j are the canonical surjections forms an inverse system. The
inverse limit is called the ring of p-adic integers and is denoted Z,. It is in fact a
compact, Hausdorff topological ring.

It can be shown that Z, is a PID with unique mazimal ideal. The fraction field of Z,
is called the field of p-adic numbers Q,. We will see in the next section that Q, and

their finite extensions are the so called p-adic local fields.
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3. Notice that Q, is a field of characteristic 0 since Q — Q,,. There is a characteristic
p analogue of this. Let I, be the finite field with q elements where q is a power of a
prime. Then the system {F,[t]/ < t" >, pmn} where py,, are the canonical projections
forms an inverse system with inverse limit F,[[t]], the ring of formal power series in
F,. Its fraction field F,((t)) is the field of all formal Laurent series expansions in F,.

F,((t)) together with their finite extensions are in fact the characteristic p local fields.

4. The Galois group of a Galois extension L|K is a profinite group with respect to the
Krull topology.

5. The rings {Z/nZ, ppmn} where pp, are the canonical surjections forms an inverse sys-
tem. The inverse limit is denoted Z. It contains Z as a dense subring. The groups
nZ are precisely the open subgroups of Z, and we can easily see that Z/nZ = Z/nZ.

By applying Chinese remainder theorem and passing to the projective limit, we have
7= [1Z,.
p

6. The absolute Galois group of F, is the projective limit of G(Fqn|F,) = Z/nZ which is
Z.

Example 4 (Direct limits). 1. Let {X;, fi;} be a system with X; being topological spaces
(groups/rings) such that for i < j, we have X; C X;, and let f;; be the inclusions.
This 1s a directed system as was shown at the start of the section. This is the most

important example of direct limits that we will encounter throughout the thesis.

2. The system {Z/p'Z, f;;} where fi; : Z/p'Z — Z]P'Z where i < j is given by x — p' 'z
mod p/ forms an inductive system with direct limit Z(p™), which is called the Prufer

group.

1.3 Local fields

In the previous section, we described the ring Z, as the inverse limit of Z/p"Z and called its
fraction field Q,. In this section, let us study about @Q, and its finite extensions, which are
called local fields.

We will only state the important results that will be used throughout the thesis. The proofs
of these results may be found in Chapter 2 of [7]. We will first give an alternate and very

important description of Z, and Q,.



Definition 1.3.1 (Absolute value). Let a,b € K. An absolute value on a field K is a
function | | : K — Ryq such that:

1. Ja|=0 <= a=0.

2. Mutiplicativity: |ab| = |al|b| for all a,b € K.

3. Triangle inequality: |a + 0| < |a| + |b| for all a,b € K.

Definition 1.3.2 (Archimedean and non-Archimedean absolute value). If | | satisfies the
stronger triangle inequality |a+b| = max{|al, |b|}, then | | is called non-Archimedean absolute

value. If not, then | | is called Archimedean absolute value.
Remark 1.3.1. Note that any absolute value induces a metric d by setting d(z,y) = |x —y|.

Example 5. The trivial absolute value |a| =1 for all a € K is a non-Archimedean absolute

value, while the Euclidean absolute value on Q is Archimedean.

Definition 1.3.3 (Equivalent absolute values). Two absolute values on K are said to be

equivalent if they define the same topology on K.

We now state the approximation theorem, which may be regarded as a version of Chinese

remainder theorem.

Theorem 1.3.1 (Approximation theorem). Let | |1, | |2« | |n be pairwise inequivalent ab-
solute values on K, and let ay,---a, be given elements. Then for every e > 0, there is a

x € K such that |x — a;|; < € foralli=1,---n.

We now define the notion of a valuation.

Definition 1.3.4 (Discrete valuation). A discrete valuation is a surjective homomorphism
v: K* — Z such that v,(a+b) = min{v,(a),v,(b)} for all a,b € K*. v may also be regarded
as a map K — Z U {oo} by declaring that v(zx) = co <= x = 0.

Definition 1.3.5 (p-adic absolute value). Fiz a prime p. Let a € Q* be such that a = p"u
where r € Z and (u,p) = 1. Then the p-adic absolute value of a, denoted |a|, is defined to be
-

by vy(a) = 7.

". This is a non-Archimedean absolute value. The p-adic valuation valuation v, is given

Definition 1.3.6. The completion of Q with respect to the p-adic absolute value is called
the field of p-adic numbers Q,, and the completion of 7 with respect to the p-adic absolute

value is called Z,.



Remark 1.3.2. It can be shown that the ring of p-adic integers (also called the valuation
ring) introduced here is in fact the inverse limit of Z/p"Z as introduced in the previous
section, and the topology on Z, induced as the inverse limit of Z/p"Z coincides with the

topology induced from the p-adic absolute value.

Remark 1.3.3. The valuation ring Z, can also be defined as the set of all elements in Q,
with p-adic absolute value less than or equal to 1. Equivalently, it is the set of all elements

in Q, with non-negative p-adic valuation.

Remark 1.3.4. The valuation ring Z, is a PID and a local ring with unique mazimal ideal

DLy,.

The following proposition says that any p-adic integer is a formal power series in p and
any p-adic number is a formal Laurent series in p, thereby giving us a concrete way to

understand elements of Z,, and Q,,.

Proposition 1.3.2. Every p-adic integer a € Z, can be represented uniquely as a formal
power series ag + ap + - - a,p” ' + - - . This power series converges in the p-adic absolute
value. Furthermore, every a € Q, can be written uniquely as a = p"b where n € Z and
beZ,.

The following result due to Ostrowski classifies all the absolute values on Q.

Theorem 1.3.3 (Ostrwoski). The only non-trivial absolute values on Q are the p-adic ab-

solute values for all primes p and the Euclidean absolute value.

As a consequence, we obtain the important product formula.

Theorem 1.3.4 (Product formula). For any a € Q*, we have |a|, = 1 for almost all primes

p and [ |al, =1 where p = oo denotes the Euclidean absolute value.
p<oo

The following theorem due to Ostrowski says that R and C are the only possible com-

pletions with respect to the Archimedean absolute value on any field K.

Theorem 1.3.5 (Ostrowski). Let K be a field which is complete with respect to an Archimedean
absolute value | |. Then, there is an isomorphism o from K onto R or C satisfying |a| =

lo(a)|® for all a € K for some fized s € (0,1].

10



Thus, we will henceforth restrict our attention to absolute values arising from a discrete
valuation, which will in fact be non-Archimedean. Suppose that K is complete with respect
to the non-Archimedean absolute value | |. The valuation ring is defined to be
Ok = {z € K ||z| < 1}. It will have unique maximal ideal which we will denote by Pk.
The quotient Ok /Py is called the residue field of K and is denoted kx. The groups of units
of Ok will be denoted Ug. It is in fact the set Ux = {x € K | |z| = 1}. It has a canonical
filtration of subgroups Ul(?) =1+ P". Note Ugx 2 U}Q) ) UI(?) ---. We also have

Proposition 1.3.6. Let K be a field with a non-Archimedean valuation ||, and let P, Uk
and U[((n) be as defined above. Then Uy UL =~ ki and UI(?/UI(;H) = k. Furthermore, the
maps O — 1<i£10/77" and Ug — lglUK/Ug) are isomorphisms of topological groups.

n n

We will be interested in studying a finite extension L|K of a complete valued field K.
Thus, we must turn to the question of factoring polynomial equations. For this reason,
Hensel’s lemma is of fundamental importance.

We know that if a polynomial p(z) € K|[z] is reducible in K[xz], then it factors in the residue

field kx. Hensel’s lemma tells us that the converse is also true.

Proposition 1.3.7 (Hensel’s lemma). If a primitive polynomial f(x) € Ok|x] (i.e., if | f| =
max{|ag|, - |a|l,} = 1) admits modulo P a factorisation f(x) = g(z)h(z) mod P into
relatively prime polynomials g, h, then f(x) admits a factorisation f(z) = g(x)h(z) into

polynomials g,h € Og[z] such that deg(g) = deg(g) and g(x) = g(x) mod P and h(x) =
h(z) mod P.

Remark 1.3.5. The polynomial 2P~ — 1 € Z,[x] factors into distinct linear factors in the
residue field F,. Thus, from Hensel’s lemma, we obtain the surprising fact that (p — 1)™

roots of unity are contained in Q,.

Let us now address the question of extending a valuation.

Theorem 1.3.8 (Extension of absolute value). Let K be complete with respect to an absolute
value | |. Then || may be extended uniquely to an absolute value || of any finite extension
L|K. The extension is given by |a| = {/|Nyk(a)|, where L|K has finite degree n. In this

case, L is again complete.
Remark 1.3.6. An infinite algebraic extension of a complete field is never complete.

11



We now turn to understanding arbitrary local fields.

Definition 1.3.7 (Local field). A local field is a field complete with respect to a discrete

valuation having finite residue field.

Theorem 1.3.9. A local field K is locally compact. Its valuation ring Ok is compact.

We have the following important characterisation for local fields.
Theorem 1.3.10. The local fields are precisely the finite extensions of Q, or F,((t)).

Definition 1.3.8 (Ramification index and inertial degree). Let L|K be a finite extension of
local fields. Then the inertia degree denoted fr i is defined to be the degree of the residue
field extension ki|kg, i.e., frix = [k : kil

If P is the mazximal ideal of O and Q that of Or, then Q = P° for some natural number
e, which is called the ramification index of L|K. It is denoted er k. In fact, erx can also
be defined as [v(L™) : v(K™)].

We now state the important fundamental identity which relates the ramification index,

inertial degree and degree of the local field extension.

Theorem 1.3.11 (Fundamental identity). For a finite extension of local fields, we have
[L: K] = €L\KfL|K-

Also as a consequence of Theorem [1.3.8] we obtain

Theorem 1.3.12. Let K be complete with respect to a valuation vk and let L|K be a finite

. v (N, . . . .
extension. Then, erK = K(nL'K), where ek is the ramification index and n = [L : K].

We have the following structure theorem for the multiplicative group of a local field K:

Proposition 1.3.13. K* =< g > XUk and Ux = pg—1 X U[((l). Here mg 1s the prime

element, < wg > 1is the cyclic subgroup generated by mx and q = #kx.

Henceforth, we shall restrict our attention to finite extensions of Q,, which we will some-
times refer to as p-adic fields or p-adic number fields.
We now define two important maps, the logarithm and the exponential map which are in-

verses of each other.

12



Proposition 1.3.14. For a p-adic number field K, there is a uniquely determined continuous
homomorphism log : K* — K such that logP = 0 which on UM is given by the series
log(14+z) =2 —2?/2+23/3 — - =32 (=1)"z"/n

Theorem 1.3.15. Let K be a p-adic number field with valuation ring Ok and maximal ideal

P, and let pOx = P¢5. Then the power series
exp(z) = X2.2"/n! and log(l+z) = X2, (=1)"z"/n
yield for n > ex = ey /(p — 1) two mutually inverse topological isomorphisms

7)[(?) €Xp U[(?)
log

Here e is the ramification index of K|Q,.

The following proposition gives the structure of the group of principal units.

Proposition 1.3.16. Let K be a p-adic field and ¢ = p/ = #kg. Then we have the
topological group isomorphism U I(<1) = e @Zg where iy is the group of roots of unity of p
power order contained in K* and d = [K : Q,].

As a corollary, we obtain the following result which determines the size of K*/K*".

Corollary 1.3.17. [K* : K*"] = n[Ux : UL).

We now look at types of local field extensions: unramified, tamely ramified, totally and

wildly ramified.

Definition 1.3.9. A finite extension L|K is called unramified if [L : K| = [k, : kx] = frix,
equivalently if the ramification index erx = 1. An arbitrary algebraic extension is called

unramified if it is the union of finite unramified subextensions.

Example 6. For any odd prime p, Q,(v/u)|Q, such that (ulp) = —1 where (|) is the
Legendre symbol is the unique degree 2 unramified extension of Q,. This is because the

polynomial x* — u is irreducible mod p, hence F,(y/u)|F, is of degree 2.

Theorem 1.3.18. Unramified extensions form a distinguished class.

13



Remark 1.3.7. By the previous theorem, composite of any two unramified extensions is
again unramified, hence given any local field K, there is a maximal unramified extension
denoted K of K. If L|K is an algebraic extension, then L N K is the mazimal unramified
extension of LK.

Proposition 1.3.19. The residue class field of K is F, where F, is the residue class field of
K. The group of valuations of K equals that of K.

The following theorem tells us that that there is a unique unramified extension of any

arbitrary degree over K.

Theorem 1.3.20. Let K be a local field and n € N. Then there is a unique unramified

extension L|K of degree n.

Definition 1.3.10. Tamely ramified extensions: An algebraic extension L|K is called tamely
ramified if (L : LN K], p) = 1 where p = ch(kx). For finite extensions L|K, this amounts

to saying epjx = 1.
Remark 1.3.8. Note that by definition, an unramified extension is tamely ramified.

Example 7. For any odd prime p, the extension Q,(/p)|Q, has ramification index 2 since
/D is a prime lying above p in Q, because \/]_02 =p.

Theorem 1.3.21. Tamely ramified extensions form a distinguished class.

Definition 1.3.11 (Totally ramified extensions). A finite extension L|K is said to be totally
ramified if [L : K] = ep k.

Example 8. Q,(\/p)|Q, is also an example of a totally ramified extension.
Definition 1.3.12 (Wildly ramified extensions). L|K is wildly ramified if (p,erx) # 1.

Example 9. Q1(v/2)|Q; is a wildly ramified extension since erjx = 2 = ch(Fy).

The following two propositions tell us about the valuation ring, Galois group and rami-

fication of p-adic cyclotomic extensions.

Proposition 1.3.22. Let L = K((,) and suppose that (n, ch(kx)) = 1. Let ¢ = #kx Then
we have:

(i) The extension L|K is unramified of degree f, where f is the smallest integer such that
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¢/ = 1(mod n).

(i) The Galois group G(L|K) is isomorphic to G(kp|kk) and is generated by the automor-
phism ¢ : G, — (1.

(i1i) Or, = Ok|Gy)].

Proposition 1.3.23. Let ¢ be a primitve p"th root of unity. Then we have:
(i) Q,(¢)|Q, is totally ramified of degree p"~'(p — 1).

(i) G(Q,(Q)IQy) = (Z/pZ).

(11i) Z,[C] is the valuation ring of Q,(C).

() 1 — ¢ is a prime element of Z,[¢] with norm p.

Henceforth, let K be a number field and K, its completion with respect to the valuation

v. We turn to the problem of extending valuations to arbitrary algebraic extensions.

Theorem 1.3.24 (Extension theorem). Let L|K be an algebraic field extension and v a
valuation of K. Then we have:

(i) Every extension w of the valuation v arises as the composite w = T o T for some K
embedding T : L — K,.

(i) Two extensions Vo T and Uo ' are equal if and only if T and 7' are conjugate in w.

As a consequence, we obtain the following:

Proposition 1.3.25. Suppose that L|K is a finite extension of number fields, let L = K(«)
and suppose that f(X) = min(a, X). Then there is a 1-1 correspondence

{ Valuations wy, - - - w, extending v to L} <> {Irreducible factors fi,--- f, of f(X) = Hr_lfz(X)m’ in K,}

As a consequence of this, we obtain:

Proposition 1.3.26. For a number field extension L|K, we have L Q) K, = [ L.

wlv
Corollary 1.3.27. If L|K is a number field extension, then [L : K] = E‘J[Lw s K,
Nyg(a) =TINp,k, (), Tryg(a) = X Try, ik, () and E‘Jewfw =I[L: K].

wlv wlv

We now define the decomposition, inertia and ramification groups.
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Definition 1.3.13 (Decomposition group). The decomposition group of an extension w of
v to L is defined by G, (L|K) = {o € G(L|K) | wo o =w}.

Definition 1.3.14 (Inertia group). The inertia group of wlv is defined by I, = L,(L|K) =
{o0 € Gy |ox =2 mod P forall x € Ox} where P is the prime ideal of L corresponding

to the valuation w.

Definition 1.3.15 (Ramification group). The ramification group R, = R, (L|K) = {0 €
Guw| =1 mod P forall x € L*}.

Proposition 1.3.28. For a number field extension L|K, we have:

Gul(L|K) = G(Ly|K,), Io(LIK) = I(Ly|K,) and Ry(L|K) = R(Ly|K,). Here Ly, and K,

are the completions of L and K with respect to w and v respectively.

The decomposition, inertia and ramification groups are only the first few terms in a whole
series of subgroups which will be termed higher ramification groups. We assume now that

L|K is a finite Galois extension of number fields with Galois group G.

Definition 1.3.16 (Higher ramification groups). For every real number s > —1, we define
the s ramification group of L|K by Gy = G4(L|K) = {c € G | v (ca —a) > s+ 1}.

Remark 1.3.9. Clearly G_1 = G, Gq is the inertia group and G the ramification group.
The higher ramification groups form a chain G = G_1 2 Gy 2 Gy 2 - - of normal subgroups
of G. Also since G s finite and because there is no element with infinite valuation apart

from zero, eventually G4 = 1.

Definition 1.3.17 (Ramification break). A real number s > —1 which satisfies G5 # Gsyr

for any real number r is called a ramification break of LK.

We will now determine the absolute values on a number field K. This will be crucial to

our understanding of ‘local global principle’.

Definition 1.3.18 (Place). A prime (or place) P of an algebraic number field K is a class of
equivalent valuations of K. The nonarchimedean equivalence classes are called finite primes

and the archimedean places are called infinite primes.

Remark 1.3.10. The infinite primes P are obtained from the embeddings T : K — C. There
are two types of these: the real primes which are given by embeddings T : K — R, and the
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complez primes which are induced by pairs of complex conjugate embeddings 7 : K — C. Ifr
denotes the number of real embeddings, s the number of complex conjugate embeddings, and

if [K : Q] =n, then r + 2s = n and there are r + s many infinite places.

We will refer to the finite primes as P | oo and the infinite ones by P { co.
For a finite prime, k(P) denotes the residue field of Kp. For an infinite prime, we adopt the
convention k(P) = Kp =R or C.
If P is a finite prime, then vp is the P adic valuation. For a € K*| this is given by considering

the prime ideal decomposition of the fractional ideal generated by a. If P is infinite, then

vp(a) == —log|ra| where 7 : K — C is an embedding defining P.
For an arbitrary prime P lying above p (we denote this by P|p), fp = [kx(P) : kx(p)].
oo , p/P if P| oo
Hence for infinite primes fp =1 or 2. We define N (P) =
elP if P { oo

Here the Euler number e may be regarded as an infinite prime.

We define the absolute value | |p : K — R by |a|p = N(P)"**@ for a # 0 and |0|p = 0. If
P is infinite, then in fact, we have |a|p = |7(a)| for a real prime P and |a|p = |7(a)|* for a
complex prime P.
For finite primes §|P, the definition of ramification index egjp and inertial degree fgp are as
defined for the local field extension Lg|Kp. For P an infinite prime, we define fap = [Lg :
Kp] and egjp = 1.

We conclude this section with the product formula for a number field.

Proposition 1.3.29. Given a € K*, we have |a|p =1 for almost all P, and [] |a|p = 1.
P
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Chapter 2

Kummer theory and Statements of

local class field theory

Class field theory characterises finite abelian extensions of a local/ global field in terms of
some specific information, termed the ‘arithmetic’ of the base field. This information in the
case of local fields are the finite index subgroups of the multiplicative group. This important
result is called the existence theorem, as it talks about the existence of abelian extensions
corresponding to these subgroups. Class field theory also tells us about the existence of a
canonical homomorphism, called the reciprocity homomorphism on the Galois group of a
finite Galois extension, which when restricted to abelian extensions is an isomorphism. This
map has many important applications, such as in the proof of the existence theorem.

In this chapter, we will first look at the main statements of local class field theory, the
proofs of which will be given in chapter 4. We will then define Tate cohomology groups, and
restate the famous Hilbert Theorem 90 in terms of Tate cohomology groups. Finally, we
will delve into Kummer theory, which will not only give us a partial result in the direction
of the existence theorem, but is also important in its own right and will be used repeatedly
throughout this exposition.

Throughout this chapter, L, K will denote local fields, (unless mentioned otherwise) and n
a natural number, and G, G(L|K) and Gal(L|K) are used interchangeably to denote the
Galois group of the Galois extension L|K, and the condition (n,ch(K)) =1 is also taken to
include the case ch(K) = 0, i.e., p-adic local fields.

The primary reference for this chapter is Chapters 4 and 5 of [7].
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2.1 Statements of local class field theory

Theorem 2.1.1 (Reciprocity homomorphism). Let L|K be a finite Galois extension of local

fields. Then there is a canonical homomorphism
LK - Gal(L\K) — KX/NLH(LX

which has the following properties:
1) The induced map 1y : Gal(L|K)® — K* /Ny L*

L

G(L|K) —&—— K> /Ny L*

G(L|K)™

18 an isomorphism.

In particular, when L|K is abelian, vk is an isomorphism.

We will henceforth abuse notation by referring to T/L|K also as rpk.

2) If L|K is an unramified extension, then rix(¢rx) = mx mod NpjxL*, where Tk is a
prime of K*.

3) Functoriality: If L|IK and L'|K’ are finite Galois extensions s.t. L C L', K C K', and if

o € G(L|K), then we have the commutative diagram

G(L'|K") s KNy L G(L|K) Lt » K /Ny L™
ool Ny o* T—ox

o o TLI|KT N X o

G(L|K) - s K*NpgL* G(L°|K?) s K7 /Npoxo L

where ox is the conjugation map T — o ‘T0.

Corollary 2.1.2 (Norm residue symbol). Let L|K be an abelian extension of local fields.

Then the inverse of the isomorphism rix gives a homomorphism
(,L|K): K* = Gal(L|K)

20
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whose kernel is precisely Ny L*.

The following theorem gives a 1-1 correspondence between finite abelian extensions of
a local field K and the finite index subgroups of K*, which is the arithmetic/information

required about the base field.

Theorem 2.1.3 (Existence theorem). Let K be a local field, and let N7, = NpgL*. Then

there is a bijective correspondence
{Finite abelian extensions L of K} <> {Open subgroups of finite index in K™}

Li—>NL

Furthermore, Ly C Ly <= N, C N, Niynr, = Ny N, and Ny, = N, N N,.

Remark 2.1.1. Theorem is referred to as existence theorem, because it guarantees the

existence of an abelian extension of K which corresponds to an open subgroup of finite index
N in K*. Such a field is called the ‘class field” of N

2.2 Tate cohomology groups

In this section, we will define the 0", 1%* and —1* Tate cohomology groups. There is an
infinite family of Tate cohomology groups, and class field theory can be developed in the
language of cohomology, (See for instance, [6].) but it is sufficient for our purposes to focus
our attention on the above groups. We will also state Hilbert’s theorem 90 in the language
of Tate cohomology groups, and a generalisation to arbitrary Galois extensions which is due

to Emmy Noether.

Definition 2.2.1 (0th Tate cohomology group). It is denoted as H°(G, L*) and is defined
to be H°(G,L*) = K* /NpjxL*.

Remark 2.2.1. Note that the reciprocity homomorphism rix is a map from Gal(L|K) —
H(G,L*).

Definition 2.2.2 (-1 Tate cohomology group). Let yL|K = Kernel of Nyjx and let
Ik be the subgroup generated by a®' = oa/a, 0 € G(L|K) and a € L*. Then, the —1%
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Tate cohomology group, denoted by H='(G, L*) is defined to be
H NG, L") = yL|IK /I
Note that if L|K is a cyclic extension with a generator o, then Ik is
L tV={a""a€ L*}.
Remark 2.2.2. Ig k) s contained in the kernel of N(L|K) because

Nyx(a®™") = []r(e(a)/][r(a) = 1.
TEG TEG

Definition 2.2.3 (1 cocycle). A 1 cocycle or crossed homomorphism of G = G(L|K) is a
function f: G — L* satisfying

flor) =7(f(2))f(7)

Remark 2.2.3. The set of all 1 cocycles forms an abelian group under multiplication, the
identity of the group being the function i : G — L*, i(0) =1 for all 0 € G, and the inverse
of f being the function g such that g(o) :=1/f(c) for all o € G. This group will be denoted
ZYNG, LX),

Remark 2.2.4. If a 1 cocycle f is defined such that it takes values only in the base field
K* e, f:G— K*, then f is in fact a group homomorphism from G to K* since the
action of G on K is trivial, i.e., 7(f(0)) = f(o) for allo € G.

Definition 2.2.4 (1 coboundaries). A 1 coboundary is defined to be a map f, : G — L*
satisfying fo(o) = a® ! for all o € G, where a € L*.

Remark 2.2.5. The set of all coboundaries forms a subgroup of Z'(G, L*) and is denoted
BY(G,L%).

Definition 2.2.5 (1st Tate cohomology group). The first Tate cohomology group denoted
HYG, L*) is defined to be H'(G,L*) = ZY(G, L*)/BY(G, L*).
In the following two theorems, L, K may be any fields (not necessarily local fields).

We now state and prove Hilbert theorem 90/ Satz 90.
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Theorem 2.2.1 (Hilbert theorem 90). For a finite cyclic extension L|K, H (G, L*) =
HYG,L*) =1.

Proof. Let o be a generator of G, and #G = [L : K| == n.
1. HY(G,L*) = 1: By linear independence of automorphisms {1,0,---0""'}, Iy € L*
such that

B=v+ac(y)+-(1+o+--0"Hac"(y) #0.

where « is an element of norm 1. By above, we get ao(f) = a, so a = B/ao(5).
2. HY(G,L*) = H 4G, L*): f~ f(o) is a well defined map since

Npx(f(0)) = [[7(f(0)) = [[flem)/f(7) =1, so f(o) € y, L

TEG TEG

and is clearly a homomorphism. For surjectivity, suppose a € NL‘KLX. Set f(o) = a, and

k-1
flo*) = Hai(a). It is easy to show that f € Z1(G, L*).
i=0

k—1

For injectivity, note that f(o*) = o(f(c*1))f(0) = ---Hai(f(a)), so if f(o) = 1, then
i=0

f=1d.

To show the required isomorphism, we have to establish that the preimage of Lx7D g

precisely BY(G,L*) under the map f +~ f(c). This can be seen easily because f €
BY(G,L*) < f(o*)=a""" for some fixed a < f(0)=a""! < f¢c xe= O

We now prove Noether’s generalisation of Hilbert theorem 90.

Theorem 2.2.2. For a finite Galois extension L|K, H'(G,L*) = 1.

Proof. Let f: G — L* be a 1 cocycle. We need to show that f is in fact a coboundary.

For ¢ € L*, set a == )_ f(0)o(c). Since the automorphisms are linearly independent, we
oeqG
can choose ¢ € L™ such that a # 0. For 7 € G,

r(a) =Y 7(f(0))or(c) = (Y flor)or(e)/f(T) = a/ f(7), s0 f(7) = a/7(a)

ceG oTEG

Now set a = 1/f. Then, f(7) = 7(8)/p. O
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Remark 2.2.6. The fact that H (G, L*) = H'(G,L*) for cyclic G shows that the above

theorem is indeed a generalisation of Hilbert theorem 90.

Remark 2.2.7. Even for infinite Galois extensions, we have Noether’s generalisation of
Hilbert theorem 90. i.e, H'(G(L|K),L*) = 1. This is because
HYG(L|K),L*) = lim HYG(M|K), M*) where M|K ranges over finite extensions.

M

2.3 Kummer theory

Definition 2.3.1 (Kummer extension). Let ju, (group of n™ roots of unity) be contained in
K, (n,ch(K)) =1 and K** C A C K*. Then, K(/A)|K is called a Kummer extension.

Example 10. 1. Any quadratic extension of a p-adic field is Kummerian, since s C K.
2. The quadratic extension Fy((v/t))|Fo((t)) is not Kummerian, since (2, ch(Fy((t)))) # 1.
(Note that this extension is not separable, hence not Galois, but we desire the property that

Kummerian extensions be Galois, as the next proposition shows.)

Proposition 2.3.1. Let K(/A)|K be a Kummer extension. Then, it is an abelian extension
of exponent n, i.e., Gal(K(Y/A)|K) is abelian of exponent n.

Proof. Let a € A. Then, f(X) = X" — a is separable because f'(X) = nX""!, which is
coprime to f(X) since f(X) is not the zero polynomial (because (n,ch(K)) = 1), and the
only root of f/(X) is 0, which is not a root of f(X). Also u, C K, so K({/A)|K is normal,

hence Galois. Furthermore, the roots of X™ — a are (,a, so
o10z(a) = ("or(a) = (" (Ma = " ("a = 0y01(a)

Hence, the extension is abelian, and ¢"(a) = ("a = « where o(a) = (,a, so the Galois

group is of exponent n. ]

Theorem 2.3.2. Let (n,ch(K)) =1, u, € K and L|K be an abelian extension of exponent
n. Then L = K(Y/A) where A = L*" N KX, that is L|K is a Kummer extension.
In particular, if L|K is cyclic, then L = K(«) with o" =a € K*.

Proof. (1) K(¥/A) C L*: f A = L' N K*, and if + € K is s.t. 2" = a € A, then
x = (," {/a for some r € N, but since u, € K, r € L.
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(2) L € K(¥/A): Since L|K is an abelian extension, it is the composite of finite cyclic
subextensions of K (It is the composite of finite abelian extensions of K, which are in turn
the composite of finite cyclic extensions by fundamental theorem of finite abelian groups
and fundamental theorem of Galois theory). So it suffices to prove that if M|K is a cyclic
subextension of L|K, then M = K(a) for some oo € /A and M C K(/A).

Now, let G(M|K) =< 0 > and d = [M : K|, d = n/d and ¢ = ¢¥. Since ¢, € K,
My (§) = & = (" = 1, which by Hilbert theorem 90, shows that { = a°~! for some
a € M*. So K C K(a) C M. But ¢'(a) = 'a. Thus, o'(a) = a <= d | i, so the
cardinality of the image 0 = 0 [k (o) from G(M|K) — G(K(a)|K) isd, so K(a) =M. O

Example 11. Qy(v/2+1) is an abelian extension of exponent 2, since Qy(v/241) = Qo(V/2,1)

and hence has Galois group as the Klein four group.

We now state and prove the main theorem of Kummer theory.

Theorem 2.3.3. Let (n, ch(K)) = 1 and p, C K. Then, the map A — L = K(/A) is a

1-1 correspondence between
{ Subgroups of K* containing K*"} <+ { Abelian extensions of K of exponent n}

If A and K correspond to each other, then L*" N K* = /A, and we have a canonical isomor-
phism
A/K*" = Hom(Gal(L|K), jt,,) a mod K*" + x,

where the homomorphism X, : G(LIK) = pin, Xa(0) = a1 where o™ = a for some o € L.

Proof. (1) The map A + K(/A) is well defined and surjective: By Proposition m the
map is well defined, that is the map takes A to an abelian extension of K of exponent n.
By Theorem [2.3.2] this map is surjective.

(2) A/K*" = Hom(Gal(L|K), u,): Consider the map a — x, from K* to the dual of
G(L|K). X, is well defined since (o(a)/a)” =a’"! =1, so a’~! € p,, and because any two

n™ roots of a differ by some element of p,, and since p, C K, we have ((7)°~! = 1, where

Cn € Hn-
It is a homomorphism since xq(0) = (@f)°F = ()7 1(B)7! = xu(0)xs(0), where a” = a
and " = b.

K*™" is contained in the Kernel because a € K*. The kernel is contained in K*" because if
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Xa = Id, then o~ =1 for all ¢, hence a € K*, s0o a € K*".

To show surjectivity, let y € Hom(G(L|K), p,). Since any subgroup of u, is cyclic, x
defines an isomorphism X : G(M|K) — Im(x) where M|K is a finite cyclic extension. Let
G(M|K) =< o >. Since Ny x(X(0)) = (x(0))M:K] = 1, by Hilbert theorem 90, Y(c) = a”~*
for some a € M*. Now, (o)’ ! = (a1 = (x(0))" = 1,80 a = o™ € L*" N K*. For
7€ G(LIK), x(1) =X(7 [a) = o™ = xa(7), 50 X = Xa-

(3) The map A — K({/A) is injective: We need to show that if K*" C A C K*
and L = K(Y/A), then A = L*" N K*. Set A’ = L*" N K*. Then, by step (2),
A'/K*" = Hom(G(L|K), j1,). The subgroup A/K*" (A C A’ since if a € /A, then
since L = K(V/A), a" € L*" N K* = A’) corresponds under Pontryagin duality (which
can be applied since G(L|K) with Krull topology is compact, so locally compact), to the
subgroup Hom(G(L|K), i), where H = {0 € G(L|K) | xo(0) = 1Va € A}.

As o' = y,(0) for o a n'" root of a, H fixes the elements of /A and as K(V/A) = L,
we find H = 1, so Hom(G(L|K)/H, uu,,) = Hom(G(L|K), u,), so A/K*" = AN/K*" so
A=A O
Remark 2.3.1. Notice that the above theorem is a generalisation of the existence theorem
for local fields (Theorem containing a primitive n'® roots of unity. Hence, it was stated

i the introduction that the above theorem is a step towards the existence theorem.

Let us conclude the chapter by showing that the maximal Kummer extension of a local

field K is a finite extension of K, so every Kummer extension is a finite extension.

Corollary 2.3.4. Let (n,ch(K)) =1 and p, C K. Then L = K(VKX) is a finite abelian
extension of exponent n, K*" = NpjxL* and K*/K*" = G(L|K).

Proof. By Theorem we have K*/K*" =2 Hom(G(L|K), t,). On the other hand, since
K*/K*" is finite by Corollary[1.3.17 L|K is a finite abelian extension of exponent n. By lo-
cal reciprocity isomorphism (Theorem, K*/NpgL* = G(L|K) . By the previous the-
orem, K*/K*" = Hom(G(L|K), it,). Since, G(L|K) is a finite group, it is non-canonically
isomorphic to its dual Hom(G(L|K), un). So #K*/K*" = #G(L|K) = #K* /N xL*.
Furthermore, K*" C NpxL*, since K*/NpxL* = G(L|K) and G(L|K) is abelian of ex-
ponent n. So the canonical surjection K*/K*" — K*/NpxL* is an isomorphism, hence
KX = Ny L*. O
Remark 2.3.2. The above corollary is not true if K is a number field. Notice for instance
that the field Q({\/p | p is prime}) is an infinite extension of Q.
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Chapter 3

Abstract class field theory

We now prove the main theorems of class field theory, i.e., the existence of the reciprocity
homomorphism and the existence theorem, abstractly for a G module A, under certain
assumptions. This approach due to Neukirch, helps us tackle local and global class field
theory within a unified framework. The proofs of the main statements of local and global
class field theory can then be obtained with relative ease, replacing G' by the Galois group
of a local/ number field, A by the multiplicative group of a local field in the context of local
class field theory, and by the idele class group in the context of global class field theory, and
showing that these G modules satisfy the required assumptions.

While this chapter deals with class field theory abstractly for G modules, it helps to have a
concrete situation in mind. Thus, we will illustrate how some of the theory developed below
is in consonance with our prior knowledge of local fields.

The primary reference for this chapter is Chapter 4 of [7].

3.1 G modules

In this section, we will first define a G module A. We will then set up some convention that

will be used throughout the chapter.

Definition 3.1.1 (G module). A G module is an abelian group A together with an action

tGEGx A=A
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such that g - (a1 +az) =¢g-a; + g - as.

Example 12. 1. If L|K is a Galois extension of fields, then the Galois group acts on K*
as 0 -a = o(a) where 0 € G(L|K) and a € K*.

2. We will consider Z as trivial G module, i.e., the G action is trivial, i.e., g - a = a for all
g € G and a € A. This convention makes sense for our purpose since we may consider Z as

a subgroup of Q which is fized by the action of the Galois group for any Galois extension of
Q or Q,.

Definition 3.1.2 (G module homomorphism). Let A and B be two G modules. Then a G
module homomorphism f : A — B is a group homomorphism such that f(g-a) = g- f(a).

If f is furthermore a bijection, then it is a G module isomorphism.

Definition 3.1.3 (Continuous G' module). Let A be a G module, and A and G be topological

groups. If the action of G on A is continuous, then A is said to be a continuous G module.

Example 13. Let A = L* with L a number field or local field, and G be the Galois group
Gal(L|K) with Krull topology. Then, A is a continuous G module.

For our purposes, we restrict our attention to a profinite group G. A is equipped with
discrete topology. The following language will be used throughout the chapter:
1. The closed subgroups of G will be denoted G where the indices are termed ‘fields’.
2. The index k associated to G is called the ‘base field” and the index associated to {1} is
denoted k.
3. The field corresponding to the closure of the cyclic subgroup < o >, i.e., < ¢ > is called
the ‘fixed field’ of o.
4. We write K C L or L|K if G, C Gk, and we denote the pair (L, K) as L|K and call it a
‘field extension’.
5. If G is open in Gk, equivalently of finite index in Gk by the fundamental theorem of
Galois theory, then L|K is termed a ‘finite extension’, and the index [Gf : G| is denoted
[L : K] and is called the ‘degree of the field extension L|K’.
6. L|K is said to be ‘normal’ or ‘Galois’ if G, is a normal subgroup of G . In this case, we
define the ‘Galois group’ of L|K by G(L|K) = Gk /G/.
7. The extension L|K is ‘cyclic’, ‘abelian’, ‘solvable’ if G(L|K) is.
8. We put K = NK; (‘intersection’) if G is topologically generated by the subgroups Gk;,
and K = [[K; (‘éomposite’) if G = QGKi'
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9. Lastly, Ax denotes the submodule of A fixed by G, ie., Ay = {a € A | oa =
a for all o € Gg}.

It must be noted that in abstract class field theory, we will not consider any fields, but
since the application of this theory is to address questions about local and number fields, we

use the terms ‘fields’, ‘field extensions’ etc.

Remark 3.1.1. The norm map and the Tate cohomology groups are defined as in previous
chapter by replacing K* by Ai. Furthermore, the norm map satisfies the tower property,
i.e., for ‘fields” K C L € M, we have Ny Npm(ArL) = Ny (Ar). The proof of this fact

for a G module A is exactly the same as for actual field extensions.

Remark 3.1.2. If G is a profinite group and A a G module, then A is a continuous G
module if and only if A= U A where A is endowed with discrete topology.

[K:k]<oo
The following proposition says that if we have an exact sequence of G modules, it induces

an exact sequence of the corresponding submodules fixed by G and the 1st Tate Cohomology

groups.

Proposition 3.1.1. Let 1 - A — B — C' — 1 be an exact sequence of G modules. Then,
we have an evact sequence 1 — AY — B¢ — 0% — HY(G,A) — H'(G, B) — H'(G,C).

Remark 3.1.3. The isomorphism AJ/K*" = Hom(G(L|K), p,) in Theorem[2.3.3 can also
be obtained by the above result. Consider the exact sequence 1 — i, — L* L™ 51 and

apply the above proposition and Hilbert theorem 90 to obtain 1 — p, — K* — L*" N K* =
K*" — HYG(L|K), pip) = Hom(G(L|K), ) — HY(G(L|K), L*) = 1.

3.2 Kummer theory

In this section, we state the main theorems of Kummer theory. We obtain the statements by
simply replacing K * in the previous chapter by Ax. However, we state them here for future
reference. The proofs are similar to the proofs in the case of local fields (See for instance

[7]). However, we will require the important assumption

Let L|K be a cyclic extension. (i.e. G(L|K) = Gk /Gy is cyclic),
and suppose the kernel of z +— 2™ is cyclic. Then H (G, AL) = 1.
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Note that this assumption has been shown to hold for the G module A = [ (k%P is the
separable closure of k) by Hilbert theorem 90, where k is a local field.

Theorem 3.2.1. Let L|K be an abelian extension of exponent n. Then, L = K(/A), such
that A = A} N Ak, that is L|K is a Kummer extension.
In particular, if L|K is cyclic, then L = K({/«a) with o™ = a € Ak.

This was guaranteed in the context of local fields by the Hilbert theorem 90.

Theorem 3.2.2. The map A — L = K(/A) is a 1-1 correspondence between
{Subgroups of Ay containing Ay} <> {Abelian extensions of K of exponent n}

If A and K correspond to each other, then AT N Ax = A, and we have a canonical isomor-
phism
A/AK"™ = Hom(Gal(L|K), j1,,) a mod A — Xa

where the character x, : G(LIK) = iy, Xa(0) = a1 where o™ = a.

3.3 Abstract valuation theory

We will now define a continuous surjective homomorphism d : G — 7 where G is a profinite
group. This homomorphism helps us mimic the ramification theory of local fields. Suppose
for now that & is a p-adic number field, Gy = G(k|k) and F, is the residue field. Then such
a surjective homomorphism arises via the maximal unramified extension. Recall G(k|k) =
G(F,|F,) = 7, which associates to 1 € Z the Frobenius automorphism ¢ defined by ¢(a) = a?
mod P for ¢ € O where O and P denote the valuation ring and the maximal ideal of k
respectively.

Switching back to the abstract situation, suppose there is a surjective homomorphism d :
G — Z. The kernel of d is denoted I and its fixed field is denoted k. d thus induces an
isomorphism d' : G(k|k) — Z.

For any field K, we denote by I the kernel of the restriction d : Gx — Z and call it the
inertia group over K. Since Ix = Gxg N1 = Gg N G; = Ggj, the fixed field k of I is
Kk. We call K|K the mazimal unramified extension of K. Put fx = [Z : d(Gg)] and
ex = [ : Ix]. When fx is finite, we obtain a homomorphism dx = fLKd . Gy — 7 which
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is surjective since d(Gg) = fKZ, and the homomorphism has kernel Ik, so we obtain an

isomorphism d : G(K|K) — Z.

Remark 3.3.1. The condition that fi be finite is satisfied for K a local field. This can be
seen by observing that d(Gr) = G(ki|kk) has finite index in G (ky|ky).

Definition 3.3.1 (Frobenius). The element ¢ € G(K|K) such that dg(¢x) = 1 is called

the Frobenius over K.

For a field extension L|K, the inertia degree fr)x and the ramification index ey x are
given by frx = [d(Gk) : d(Gr)] and erjx = [Ik : I]. For a tower of fields K C L C M, the

definition implies that fyx = frixfame and enx = emxenm|r-

Remark 3.3.2. For an extension of local fields, we have defined the inertia degree frx of
L|K. We show that this agrees with the above definition. frx = [kr : kx| as defined in
Chapter 1. Now [d(Gu) : d(G1)] = #(G(alkic) |G Ralkng) = #GUkprzlhi) = g
ki] = [kr : kx]. The last equality follows because LN K is the mazimal unramified extension
of L|IK.

Proposition 3.3.1. For every finite extension L|K, we have [L : K| = frxerk-

Proof. We have the exact commutative diagram

1 > I, > G, d > d(Gp) — 1
1 y I > G d » d(Gg) ———— 1

Now, if G is normal in G, then d(Gp) is clearly normal in d(Gk) and Ip. If 7 € I}, and
o € I, then d(oro™!) = d(0) +d(1) —d(o) = d(1) = 0, so oTo~ " € I, and the rest follows
by commutativity and exactness of the above commutative diagram.

If L|K is not Galois, then we pass to a Galois extension M|K containing L (i.e., normal
closure of Gk in G), and get the result from the transitivity rules for e and f, and the fact

that M|L is Galois. O

Remark 3.3.3. This identity together with the previous remark tells us that inertia degree

erx for local fields L and K coincides with the already known definition.
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L|K is called unramified if e x = 1, ie., if L C K. L|K is called totally ramified if
epg = 1,1e.,if L C K. Observe that a finite unramified extension L|K is cyclic, since it is
a finite quotient of G(K|K) = Z (hence is Z/nZ for some n € N).

L|K is called totally ramified if frx = 1, i.e., if LN K = K. In the unramified case, we
have the surjective homomorphism G(K|K) — G(L|K), and if fx < oo, the image of the
Frobenius automorphism ¢ is denoted ¢r k.

For an arbitrary extension L|K, we have L = LK since LK = LKk = Lk = L. We also

have the obvious fact

Proposition 3.3.2. If fx and f1, are finite, then frx = fi/fx and we have the commutative
diagram

d A
G, ———Z
I>—>fL|KIL'

fLix

In particular, we have ¢r, | z= ¢

Henceforth we assume fx < oco.

We pass from the Galois extension L|K to the Galois extension L|K and consider the semi-
group Frob(L|K) = {0 € G(L|K) | dx(o) € N}.
We have the following proposition about Frob(f)]K E

Proposition 3.3.3. For a finite Galois extension L|K, the map
Frob(L|K) — Gal(L|K), oo g

18 surjective.

Proof. Let o € G(L|K) and ¢ € G(L|K) be a lift of the Frobenius ¢x in G(K|K), so that
dr(¢) = 1. So, ¢ [g= ¢x and ¢ [ z= bz Since LN K|K is unramified and hence
cyclic, o erkf Qﬁmf{u{ for some n € N. As L =LK, G(LK|K) = G(L|ILNK).

Now if 7 € G(L|K) maps to o¢~™ [, under this isomorphism, then setting & = 7¢", we have

G lL=T¢" [L=0¢ "¢" [=0 and 7 [ z= ¢} since T [z= Id. Hence dx(5) € N. O

Proposition 3.3.4. Let 5 € Frob(L|K ), and let ¥ be the fized field of & (i.e., the fived field
of <& >). Then: 1. fox =dg(o) 2. [L:K]<oo 3 N=L 4. 6=6¢s
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Proof. (1) SN K is the fixed field of & | z= (bf(K(&), so fex = (2N K : K] = dg(5).

(2) We have K C XK = X C L, s0 exyi = [Ix : Is] = #G(2|K) < #G(L|K) which is finite
since [L : K] < 00. So, fyxesix = [¥: K] < o0.

(3) We claim that the canonical surjection I' = G(L|Z) — G(Z|X) 2 Z is bijective. To see
this, note that since I' = < & > is procyclic, we get [[': '] < n = 7 for some n € N. But
/T surjects onto Z/nZ = Z/nZ, so [ : T > n, so equality holds and thus I'/T" = Z/nZ
and by taking the inverse limit, [' = YA

(4) fyxds(0) = dg(6) = fyk, thus ds(6) =1, s0 7 = ¢x. O

Definition 3.3.2 (Henselian valuation). A Henselian valuation of Ay with respect to d :
G — 7 is a homomorphism v : Ay, — 7Z satisfying the following:

(1) v(Ax) = Z D Z and Z/nZ = Z/nZ for all n € N.

(2) v(NgiAr) = fxZ for all finite extensions K|k.

Example 14. With k, K being local fields, the unique extension of the valuation of k to K
satisfies (2) in the above definition, since U(NKJL’“AK) _ (NkpAK) _ ok (Ak) (1) is satisfied

ex fK ex
since v(Ag) = 7Z.

Proposition 3.3.5. For every finite extension K|k of fields, vg = fiKv o Nk : Ax — Z
defines a surjective homomorphism satisfying the following properties:

(1) vg = vgo 0 0, i.e., the following diagram commutes
A —2—— Ago
Id VKT
A ———— Z
(2) For every finite extension L|K, the following diagram commutes
A, — 7,
N fuix

Proof. (1) If 7 runs through a system of representatives of Gy /G, then c~'70 runs through
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a system of representatives of Gy, /0 'Gxo = G}, /Ggo. Hence, for a € Ag, we have

vge (0(a)) = fK v([Joo 7o) (e(] ] (@) (Nmk( a)) = vk (a).
The second equality follows because fxo = fx and 7+ o~ '70 is an automorphism.
(2) for a € Ay, we have frjvr(a) = fr "2 = LNy (Npjxe () = vie(Nijxe(a)).
O

Definition 3.3.3 (Prime element and unit). A prime element of Ak is an element mr € Ag
such that v (mg) = 1. We define Uk to be the set of all elements with valuation 0.

Remark 3.3.4. For an unramified extension L|K, vy [a,= vk, since vg(Npx(Ak)) =
L : Klog(Ak) = frigvi(AL), the first equality following from the fact that every element
o € Gk /Gy, fizes Ak, and the second equality from proposition . Thus a prime element

of Ak 1s also a prime element in Ay,

Remark 3.3.5. If L|K is totally ramified, i.e., frx = 1, and 7 is a prime of Ar, then

mx = Ny (np) is a prime of Ag.

3.4 Construction of reciprocity map

We now consider a continuous G module A with the homomorphisms d : G — 7 and
v: Ax — 7 where d and v are as defined in the previous section. In this abstract setting,
we will construct the reciprocity map, demonstrate its functorial property and show that for
a finite unramified extension, the Frobenius automorphism corresponds to a prime element

of Ax under the reciprocity map.

Throughout this section, we make the following assumption:
Axiom: For every finite unramified extension L|K, H'(G,UL) =1 (i = 0, —1).

For an infinite extension L|K, set Npjx(AL) == N Ny
{M|MCL,[M:K]<o0}

The commutative diagram below provides a road map for the construction of the reciprocity
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homomorphism.
TLIK

Frob(L|K)

> AK/NMKAI:

G(L|K) ~==mmjmommmmmm » Ak /Ny At

We have proved in the preceding section that the left most map is surjective. Now, we
will prove that there is a well defined homomorphism 7, from Frob(L|K) to Ag /Ny Ar.
Composing with the canonical surjection to Ax/NpjxAr, we obtain a homomorphism from
Frob(Z|K) to AK/NMKAL- Finally, we construct an assignment from Gal(L|K) to Ax /N kAL
using surjectivity of the left most map, and show that this assignment is a well defined func-

tion, by proving that the assignment is independent of the lift.

Definition 3.4.1 (Reciprocity map rg ). The map r Frob(L|K) — A /Ny Ag is
defined as

ik (0) = Ny (7ms)  mod Ny Az
where X is the fixed field of < o > and wx € Ay is a prime element.

Proposition 3.4.1. The reciprocity map is well defined.

Proof. By (2) of Proposition , Y|K is finite, so Nyx can act on my. Now if m; and
Ty are two prime elements of ¥, then m; = wmy for some u € Us. We must show that
Nsjre(u) € Nagje Apr for every finite Galois subextension M|K of L|K. Now assume WLOG
that ¥ C M (this assumption can be made because Nug € Nyjg VX C M, and hence
Nipg = MQENMW). Since M|Y is finite and unramified (M C L), so u = Nyys(a) where
a € Uy, by applying the axiom H°(G,UL) = 1. So,

Nyk(u) = Nyjg Nusi(a) = Na (@) € N Aum

O

To show that Frob(L|K) is multiplicative, we need a few lemmas. We will use the

following notations:

i)o—1:4;—A; aw—o(a)/a (ii) o, : A = Aj aHan(a):HUi(a).
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In this formal notation, this gives o, = 2=!, and we find that (¢ — 1) 00, = 0,0 (0 — 1) =
o" —1.

We now introduce the homomorphism N = Ny i : Aj — Ay and prove two lemmas for it.

Lemma 3.4.2. Let ¢/,0 € Frob(L|K) with dg(¢') = 1 and di(c) = n. If ¥ is the fived field
of 0 and a € Asx, then Ny (a) = (N o ¢)(a) = ¢, 0 N(a).

Proof. Since dk (o) = fr (o) by Proposition XNK: K] = fx(o) = dg(o) = n, and
its Galois group G(X°|K) is cyclic and generated by the Frobenius automorphism ¢sox =
oK [so= ¢ [mzoz @' Iso, the last equality being because di(¢') = 1. Hence, Nyojx =

n—1
H & Is0= dn [ 4. Again by Proposition [3.3.4] we have Y = L, and we have X0 = ¥ N K,
i=0

and so by the isomorphism G(X|K) = G(X|X N K) = G(Z[X°), so we have Nsjso = N [ 4.
Therefore for a € Ay, we get

Nyyk(a) = Nxojxg Nyjso(a) = ¢n(N(a)) = N(¢n(a))
The last equation follows from normality of G(L|K) in G(L|K). O
We now define Hy(G(L|K,U;) = i/1k)Uz- Notice that the homomorphism N =
Nii Uy = Ui maps I U which is generated by all elements of the form u ue U;,

T € G(L|K) to 1, so we have an induced homomorphism N : Hy(G(L|K),U;) = Uz. The

following lemma describes the behaviour of the norm map N in relation with this group.

Lemma 3.4.3. If x € Hy(G(L|K),U;) is fized by an element ¢ € G(L|K) s.t. dg(¢) = 1,
then N(z) € Ny U.

Proof. Let x =u mod I Uz with 27! =1, so
w1l = Huf_l,ui € UL,TZ' € G(fz|f<) (31)
i=1

Let M|K be a finite Galois subextension of L|K. To prove that N(u) € NuygUnr, we may
assume u,u; € Uy and L C M (u, u; are in some finite Galois subextensions of L, take M
to be their compositum). Let n = [M : K|, 0 = ¢" and let M C ¥ be the fixed field of
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o. Also, let ¥,|¥ be the maximal unramified extension of degree n, i.e., the fixed field of

o™ = ¢%. By HY(G(S,|%), Us,z) = 1, we find 4, @%; € Us,, such that
u = NZn\E(ﬂ) = O'n(fb) &Ild U; = Nz;”z(d,) = O'n(dz) (32)

By (3.1) above, the elements 4%~ and [Ju] "' only differ by some norm 1 element & € Us,,.
So, by H™YG(X,|X), Us,) = 1, they differ by an element ¢°~!, with § € Us,. Thus,

_ ~¢>” 1]‘_[“Z <g¢n>¢>71HU~/infl
%

Applying N, we have N(@)?~t = (N(§)?)?"!, so N(a) = N(g°")z, for some z € Uy s.t.
2971 =1, 50 22 = z and hence z € Ug. Finally, setting y := §°» and noting that j°" =
Ny, »(7) € Us, and using (3.2), we get

N(u) = N(@7") = N(§*)7z" = N(y)?z" = Ny (y) Mk (2) € Nauig U

where the last equality follows from the previous lemma. O

We now show that 7z, is multiplicative.

Theorem 3.4.4. The reciprocity map 1y : Frob(L|K) — Ak /Ny Ay is multiplicative.

Proof. Let o109 = 03, 01,094,053 € Frob(L|K), n; = dg(0;), i = 1,2,3. We must show that
Ny i (1) Ny i (m2) = Ny e (m3) mod N e Af.

Choose a fixed ¢ € G(L|K) such that dg(¢) = 1 and set 7, = 0, '¢™ € G(LIK) (1; | =
Id, because o; [z= ¢%). Noting that n; + ny = n3, we can infer 73 = oy to et =
oy "2 (pT"2019™2) g™, Putting oy = ¢7"019"™, we get ng = d(04) = n1, By = "2 (51),
T4 = ¢"2(m) € Ay, and 74 = oy '¢"™, we find 73 = 7574 and Nyyx(m4) = Ny, (m1).

We now show Ny, ik (73) = N,k (72) Nuy i (ma) mod Ny Aj.

From Lemma [3.4.2] we have Ny, x(m;) = N(ﬂ'fﬂi). Now if we put u = 7r¢"57r4 ¢"47T2_¢"2, the
required congruence boils down to N(u) € Ny Af. Since ¢, 0 (¢ — 1) = ¢" — 1, and
B

)

=7, =1 (the second last equality follows because m; is in the fixed field
of 0.) Now, we have u?~! = 73 'm; ™75 ™. From the identity 73 = 7574, it follows that

(Tg — 1) + (1 - ’7'2) —+ (1 — 7'4) = (1 — 7'2)(1 — T4). Now Setting T3 = U3TTy, TTg = U51W4 and
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4

. _ 1

T = uamy, w; € Uz, we obtain ub1l = l_IulTZ )
=2

For x = u mod I 1)Uz € Ho(G(L|K),U;), this means 29! = 1, so ® = z. Then by the
previous lemma, we get N(u) = N(x) € N Az O

We finally use the surjectivity of the map Frob(L|K) — G(L|K) to construct an assign-
ment from G(L|K) — Ag/NpxAr, and show that the assignment is independent of the

choice of preimage, thereby giving us the reciprocity map.

Theorem 3.4.5. For every finite Galois extension L|K, there is a canonical homomorphism
ror © G(L|K) — Ag /Ny Ar where S is the fized field of a preimage & € Frob(L|K) of
o € G(L|K) and s, € Ay, is a prime element.

Proof. Let &,6 € Frob(L|K) be two preimages of o, ¥,%’ the respective fixed fields and
7y, sy be prime elements in Ay, and Ay respectively. If di(6) = dg(o'), then & e=
o' |z and & [;= o' [p= 0, so & = o’. However, if we have (WLOG) dg (o) < dx(o"),
then o' = &7 for 7 € Frob(L|K), and 7 [,= 1. The fixed field ¥” of 7 contains L, so
rmK(%) = Nywi(msr) = NpjgNyyp(nsy) =1 mod NpxAr. So, TElK(UN/) = rmK(&)rmK(%)
by Theorem and combining this with rz (7)) =1 mod NpxAp, 75 k(o) = TE|K(O-/)'
To see that the map is a homomorphism, consider o1 and o9 in G(L|K) and suppose that

o1 and gy are preimages of oy and g5. Then apply Theorem |3.4.4] O]

Remark 3.4.1. [t is interesting to note that although the reciprocity isomorphism is a state-
ment about finite Galois extensions L|K, we required the use of infinite extensions (in par-

ticular L, K ) to construct the reciprocity map.

We now prove that for unramified extensions L|K, the Frobenius automorphism corre-

sponds to a prime element of Ax under the reciprocity isomorphism.

Theorem 3.4.6. For every finite unramified extension L|K, we have
rL|K . G(L‘K) _>AK/NL|KAL 71L|K(¢L\K) = TK mod NL|KAL

and this map 1s an isomorphism.

Proof. Since L|K is unramified, L C K, so L = K and ¢x € G(K|K) is a preimage of ¢rx
with fixed field K, i.e., ryx(¢rx) = 7k mod NpgAr. Let n = [L : K] and consider the
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composite
G(LIK) 2% Ax/NyxAL S Z/nZ = 7/n.

where the map ¢ is induced by vg : Ax — Z because vg(NpxAr) C fxZ = nZ. It
is injective because if vg(a) = 0 mod nZ, then a = urf, and since u = Ny k(e) for
some ¢ € Up by the axiom H°(G(L|K),U;) = 1 assumed for this section, we find a =
NL|K(67T}1() =1 mod NpxApg. It is an isomorphism because we know #Ax/NyxAL > n
since #G(L|K) = n and the image of rpx is contained in Ax/NpxAr. Since we already

know that G(L|K) = Z/nZ since G(L|K) is cyclic of order n, rpx is an isomorphism. [

We will now show that 7k exhibits functoriality.

Theorem 3.4.7. Let L|K and L'|K’ be finite Galois extensions and L C L', K C K’ and

let 0 € G, then we have the commutative diagram

G(L'|K") s A /Ny Ay G(L|K) K » A [Nk AL
ool Ny g o* o
G(L’K) LK > AK/NL\KAL G(L(T’KG) Lo Ko > A}'{/NLUU(UA%

where o* is the conjugation map T+ o 10,

Proof. 1. Left diagram: Let o’ € G(I'|K') and ¢ = o' [p€ G(L|K). If ¢/ € Frob(L'|K")
is a preimage of ¢, then & = o' [;¢€ Frob(L|K) is a preimage of o such that dx(5) =
fridrr(0’) € N (The last equality is by Proposition 4.3). Let ¥’ be the fixed field of o
Then ¥ =¥ NL=YNY (last equality by proposition is the fixed field of ¢ and
fvm = 1. Now if sy € Asy is a prime of ¥/, then 7y, = Ny n(7y) € Ay is a prime of 3.

Now, the commutativity is obtained by observing
NE|K(7TE) = NE|K(NE’|E<7TZ’)) = NE’|K(7TE’) = NK/|K(N0"\K’(7TU’))°

2. Right diagram: Let 7 € G(L|K) and let 7 be a preimage in Frob(L|K) with fixed field
Y, and 7 a lift of 7 to k. Then %7 is the fixed field of 0~'70 |;,, and if 7 € Ay, is a prime
element of 3, then o(m) € Ay is a prime element of ¥. The commutativity of the diagram
now follows by Nyo ko (o (7)) = o(Nyx(m)). O
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3.5 Abstract reciprocity isomorphism

Class field axiom: For every finite cyclic extension L|K,
L : K] i=0
i=—1

#H'(G(L|K), AL) =

We now prove that given the class field axiom, we can obtain the axiom of the previous

section.

Proposition 3.5.1. For every finite unramified extension L|K, H'(G(L|K),U;) = 1.
(i=0,1,-1).

Proof. 1. H"Y(G(L|K),UL) = 1: Let u € Uy, be in the kernel of Ny k. Since any unramified
extension is cyclic, apply the class field axiom (in particular H*(G(L|K), Az) = 1 to obtain
w=a’"1 a € Ap. Since L|K is unramified, a prime 7y of A is also a prime element of
Ap,soa=erp e € Uk, s0 u=e"1

2. HYG(L|K),Up) = 1: Let n = [L : K]. Now vg : Ax — Z maps NpxAy to nZ by
definition. So, we have an induced homomorphism v : Ax /Ny xAL = Z/nZ = Z/nZ, but
this is an isomorphism because by class field axiom, #Ax /Npjx AL = n. Now, vk (u) = 0,
so v mod NpxAy is in kernel of 0, hence v € NpjxAr. Now, if w = Nk (a), then a must

be a unit (vg(u) = v (Nik(a)) = nvg(a) = 0), so a € Up. O

Definition 3.5.1 (Class field theory). Class field theory is a pair of homomorphisms (d :
G—Zv:A— Z) (d and v as in previous section) where A is a G module satisfying the

class field axiom.

We now prove that a G module A admitting a class field theory has a canonical homo-

morphism - the reciprocity homomorphism, which induces an isomorphism.

Theorem 3.5.2. Abstract reciprocity isomorphism: For every finite Galois extension L|K,

the induced homomorphism
TL|K : G(L|K>ab — AK/NL|KAL
18 an isomorphism.
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Proof. It M|K is a Galois subextension of L|K, we get from functoriality of the reciprocity

map the commutative exact diagram

1 — G(L|M) » G(L|K) >y GIMIK) ———

TLIM TLIK T™M|K
N
AL/NomAum — Ag/NyxgAp, ——— Ag/NyjgAy —

First reduction: We show that it is enough to assume L|K is abelian: Put M = L the
maximal abelian subextension of L|K, we find G(L|K)* = G(M|K) and the commutator
G(M|K) of G(L|K) is in fact the kernel of rpx, i.e, G(L|K)*™ — Ay /Ny AL is injective.
We show surjectivity by induction on degree. In the case when L|K is solvable, we have
M = Lor [L:M]<|[L: K] and if 77y and ry i are surjective, (by strong induction
and the fact that subgroup and quotient of a solvable group is solvable) then so is rpx from
the diagram. In general, let M be the fixed field of a p-Sylow subgroup. M|K need not be
Galois, but 77k is still surjective (by induction and the fact that L|M is always Galois). It
then suffices to show that the image of Ny x is the p-Sylow subgroup H), of AK/NL|KAL.
Clearly this holds true for all p if and only if rpx is surjective. The inclusion Ax C Ay
induces a homomorphism 4 : Ag/NpxAr — Ay /NymAr such that Nyjg oi = [M : K]
where [M : K] is just a = a1, Since ([M : K],p) =1, H, e, H, is an isomorphism,
hence surjective, so H), lies in image of Ny, hence is rp k.

Second reduction: We claim that it is enough to show the theorem for L|K cyclic. Sup-
pose L|K is abelian. Then the diagram shows that the kernel of rz|x is contained in kernel
of G(LIK) — [[G(M|K) where M|K vary over the cyclic subextensions. Since G(L|K) is

M

abelian, this map is injective (fundamental theorem of finite abelian groups), so the same is
true of rp k. Surjectivity follows by induction on degree.

Third reduction: It is enough to show the theorem when L|K is cyclic and frx = 1.
Let M = LN K. Then Jfry = 1 and 71k is an isomorphism by Theorem The
below sequence in the theorem is left exact, since the groups in the sequence have orders
[L: M],[L: K]and [M : K|. Hence rpk is an isomorphism if 7y is.

Proof of third reduction: Assume L|K is cyclic and totally ramified. Let G(L|K) =<
o >. o may be identified as an element of G(L|K) by the isomorphism G(L|K) = G(L|K),
and obtain & = o¢;, € Frob(L|K), which is a preimage of & under the surjection Frob(L|K) —
G(L|K) such that dg(6) = dx(¢r) = frxk = 1. So we find that fyx = 1 where X is the
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fixed field of &, so N K = K. Let M|K be a finite Galois subextension of L|K containing
oand L, let M° = MNK and N = Ny As fejx = frix = 1, we find that N [4,= Nyg
and N [4,= Npk.

For the injectivity of rpx, we must show that if 77 (c%) = 1 where 0 < k <n = [L: K],
then kK = 0. Let my, € Ay, m;, € Ap, be prime elements. Since X, L C M, wy, and 7y, are both

prime in L. Putting 7% = unk u € Uy, we obtain
rpx(0") = N(7&) = N(u)N(75) = N(u) mod NpxAr

From rpx(c*) = 1, it follows that N(u) = N(v) for some v € Uy, so N(u"'v) = 1. By the

class field axiom, we may write u~'v = a°~!, and find

(WEU)J_I — ( EU>&_1 — ( gu—lv)&—l — (aa—l)&—l — (a0—1>0—1
so 2 = mhva'=7 € Aypo. Now vyp(z) € Z and nvyo(z) = vy(z) = k, which implies k = 0
mod n, hence k = 0.

The surjectivity then follows by the class field axiom. m

Remark 3.5.1. The below sequence can now be shown to be left exact for abelian groups.
Suppose now that G(L|IM) = As and G(L|K) = Ss5. Then G(M|K) is isomorphic to Z/27Z,
so upto isomorphism, we get the sequence As — Z/27 — 7./27 which cannot be left exact
by Lagrange.

For number fields, the extension G(Q(v/2,w)|Q) = Sz and G(Q(v/2,w)|Q(w)) = As. For
local fields, G(Qs(V/3,w)|Qs) = S5 and G(Qs3(V/3,w)|Qs(w)) = As.

3.6 Abstract existence theorem

Definition 3.6.1 (Norm topology). The norm topology on Ak is the topology generated by
declaring the basic open sets about a € Ak to be the cosets aNp kAL, where L|K varies over

all finite Galois extensions of K.

Remark 3.6.1. This forms a basis because aNp g NaNy g 2 aNpyx LM is in fact a finite

Galois extension of K.

Remark 3.6.2. Ax forms a topological group with this topology. Let f and g be the multi-

plication and inverse maps respectively. First note that it is enough to show that preimage
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of any basic neighbourhood about 1 is open. Then, observe that f~'(NpxAL) contains the
open subgroup NpjxAr X NpjxApr, hence is open, and g (N AL) = NpykAyr, where LIK

s a finite extension.

Theorem 3.6.1 (Abstract existence theorem). The map L — Npjx Ay sets up a 1-1 corre-

spondence between
{Finite abelian extensions of K} <> { Open subgroups of Ak (in norm topology)}

Furthermore, Ly C Ly <= N, CNp,, Ny, = Np, "N, and Ni,nr, = N, Ni,, where
NL = NL|K

Proof. 1. Ny,1, = Ny, " Ny,: Since Ly, Ly C LyLy, Ni,, N1, 2 Np,1, by transitivity of
norm, so Nz,z, € N, N Np,. Now if a € N, NN, then (a, L1|K) = (a, Ly|K) = 1, so
(a, L1Ls|K) = 1 (since an automorphism of L;Ls|K is determined by its action on L; and
L), so a € Np,Np,.

2. L1 C Ly <= N, CN.,: L CLy < LLy =Ly < Np,1, =N, but by (1),
Nip, =N, O N, 80 Ly C Ly <= N, =N, "N, <= N, CN,. This also shows
injectivity of L — N7,

3. Surjectivity of N: If N is any open subgroup, then 1 € A/, hence N contains a basic
open set about 1, which is of the form NpxAp for some finite Galois extension L|K. By
the abstract reciprocity isomorphism, N7 = ANja, so we may assume L|K to be abelian.
But (N, L|K) = G(L|L') for some intermediate field L’ of L|K. Since N, C N, N is the
full preimage of G(L|L’) under the map (,L|K) : Ax — G(L|K), so it is the full kernel of
(,L'|K): Ax — G(L'|K). So N = Np.

4. Ny, N1, = Np,nL,: By transitivity of norms, N7z, 2 Nz, and N7, hence their product.
Now since Ny, N7, is open (N, Ny, = ae%leaNLQ)’ we have shown in (3) that N7, N, = N}

for some finite abelian extension L|K. So Ni,,N7, C N and hence by (2), this implies
L C LiNLsy, so thatNLlNLZZNL QNleLZ. Il

3.7 Herbrand quotients

We now develop an important tool called the Herbrand quotients. This will be essential to

prove the class field axiom in the context of local and global class field theory, so that we
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may apply the theory developed above in these concrete situations.

Throughout this section, we assume G is a cyclic group.

Theorem 3.7.1. Let G be a cyclic group and 1 — A 5 B4 0 =1 be an exact sequence

of G modules. Then we have an exact hexagon

HYG,A) — I H-YG, B)

HY(G,C) H7Y(G,C)
T —
HY(G,B) «—* H(G, A)
Proof. See [7] for details. O

Remark 3.7.1. Note that the cyclicity of G is only required for exactness at H*(G, A). So,
if G is any arbitrary finite group, we have the exact sequence H (G, A) — H (G, B) —
HYG,C)— H°(G,A) - H(G,B) — H°(G,C).

Definition 3.7.1 (Herbrand quotient). The Herbrand quotient h(G, A) of a G module A is
defined as
h(G,A) = #H(G,A)/#H (G, A)
whenever the above quantity exists.
Theorem 3.7.2. If G is a cyclic group and 1 5 A% B 01 s an exact sequence of
G modules. Then
h(G, B) = h(G,A)h(G,C)

that is, whenever any two of the quotients exist, the third exists and the above identity holds.

For a finite G module A, h(G,A) = 1.

Proof. 1. h(G, B) = h(G, A)h(G, C): By the exact hexagon in Theorem calling n; the

order of the image f;, we have

#H NG, A) =ngny #H (G, B) =niny #H 'G,C) = ngns
#H()(G, A) = nNngny #HO(G, B) = NiyNs5 #HO(G7 C) = N5Ng
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so #HYG, A)#H (G, C)#H (G, B) = #H°(G,A)#H'(G,C)#H (G, B), and if any
two of the quotients are well defined, the third is and the identity in the theorem holds.
2. If A is finite, h(G, A) = 1. Consider the exact sequences

1= AS 5 A2 4ot 4

1—>NGA—>A£>NGA—>1

which gives #A = #ACH A = 4N, A# Ne A, 80 we obtain the required result. O

Remark 3.7.2. Consider the action of G = G(F,,|F,,) on a finite field Fy . Since any
finite field extension is cyclic, by Theorem h(G,FY) = 1, and by Hilbert theorem
90, HY(G, Fx) =1, so HO(G,]F;) = 1, which gives a proof of the fact that norm map is
surjective for finite fields.

Definition 3.7.2 (Induced G modules). Let H be a subgroup of G, A a G module and B a H
module. Then the induced G module denoted A = Ind5 (B), is the set {f : G — B | f(o1) =
7(f(0)) for all T in H}. The G module operation is given by (o - f)(7) = f(o7). This is a G
module operation because (1- f)(1) = f(1-7) = f(7) and (oy- f)(7) = floyr) =0 f(y7) =
o-v- f(r) forall T € G.

If H = {1}, then Ind2(B) is simply denoted Indg(B).

We have a canonical H homomorphism 7 : Ind3(B) — B, f + f(1), which maps the
H submodule B’ = {f € Ind4(B) | f(o) =1 for o ¢ G}. Identifying B’ with B, if [G :

H] < oo, then Indg(B) = [] o(B) where o varies over a set of left coset representatives

ceG/H
of G/H.
Conversely if A is a G module with a H submodule B such that A is the direct product

A= T[] o(B). Then A= IndZ(B) via B = B'.
oceG/H

Example 15. If L|K is a finite Galois extension of fields, then L is an induced G module.

This follows from the normal basis theorem, since L = @ Koa, hence L is a G(L|K) induced
oeG

module.
The following proposition describes the cohomology groups of induced G modules.

Proposition 3.7.3. Let G be a finite cyclic group, H a subgroup of G and B a H module.
Then we have H (G, Ind3 (B)) = H'(H, B) for all i = 0,—1. In particular, H (G, Indg(B))

18 trivial.
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Proof. See [7] for details. O

The following corollary is an analogue of Hilbert theorem 90 for the additive group of a
field.

Corollary 3.7.4. Let L|K be a finite cyclic extension of fields. Then, H(G(L|K),L) =1

fori=0,—1. Thus, the trace map Trp i is always surjective.

Proof. Follows from the explanation in Example [15] ]
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Chapter 4

Local class field theory: Proofs

In this chapter, we apply abstract class field theory to local fields to obtain the local reci-
procity map and the local existence theorem. We will also see an important instance of
‘local global principle’: we will first prove the local Kronecker Weber theorem and use this
to prove the global Kronecker Weber theorem.

Throughout this chapter, L and K will denote local fields unless mentioned otherwise.

The primary reference for this chapter is Chapter 5 of [7].

4.1 Local class field axiom

In this section, we prove the local class field axiom, thereby proving the existence of the local
reciprocity map. Furthermore, we will prove the local existence theorem by showing that
the open subgroups of finite index in K* in the valuation topology are precisely the open

subgroups of K* in the norm topology.

Theorem 4.1.1 (Local class field axiom). Let L|K be a cyclic extension of local fields. Then
L : K] i=0
1 1= —1

#H'(G(L|K), L") =

Proof. 1. H™'(G(L|K), L*) = 1: This is by Hilbert theorem 90.
2. We prove now that it is enough to show h(G,Up) = 1:
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To prove the theorem, note that it suffices to show h(G(L|K), L*) = [L : K]. Consider the
exact sequence
15U, L5751

Since G is cyclic, h(G, L*) = h(G,UL)h(G,Z) by Theorem [3.7.2] Since, the action of G on

Z is trivial, HY(G,Z) =1 and #H°(G,Z) = [L : K].

3. h(G,UL) = 1: Choose a normal basis {o(«) | 0 € G}, where « is a fixed element in Op,.

Set M = UEGOKO'(&) and V" =1+ 7M. Now, Ok is compact, and the map f: Ox — O

given by f(8) = Po(«) is continuous, and the image is M, hence M is compact in the

Hausdorft space Oy, so closed. M is open because it is the preimage of HAi (A; = Og
i=1

for all 7) under the projection map from L* — H K where K = K* for all i. Now, V"
i=1
forms a basis of neighbourhoods of 1 in Uy,. Since M is open, we have N large enough such

that 70Or C M for all n > N. Now:

(a) V™ is an even subgroup (i.e., V*V™ C V™ for all n > N):

(i) V™ is closed under multiplication:

(TR M) (TR M) = m22MM C 7220p, C 72N M C 7% M. Hence V"V™ C V™.

(i) Inverse: For 1 — w%-pu, u € M, we have (1 — 7lpu)~t =1+ W%(Zfﬁluﬂ%i_l))

We now have

Vvt = MmeM = @Ok /70k)a” = Indg(Ok /7O0k)

oeG

Thus HY(G,V"/V™) =1 for all n > N. Now, by the exact sequence of G modules
1> V"= U,—-U,/V" =1

and since Up,/V™ is finite, we obtain h(G, U, /V™) = 1 by Theorem [.7.2] Thus we only have
to show h(G, V™) =1 for large enough n.

(b) To show that H'(G,V") =1 (i = 0,—1): We show that H°(G, V") = 1. The proof for
HYG,V") =1 follows similarly.

From HO(G,V"/V"Hl) = 1if a € (V)Y we get a = Ng(by)a; with a; € (V*1)E. Now,
using H°(G, V"L /Vn+2) = 1, we get a; = Ng(by)ag, as € (V™). In general, a; =
Ng(bi)ai., where b; € VFi q; . € (VH)C, O
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This gives a = Ng(b) with b = H b;, where the product converges (since vy (b; — 1) =
i=0
n+1), so that HY(G, V™) = 1. We have illustrated through various remarks in the previous

chapter that the pair of homomorphisms d and v as described in the previous chapter exist
for local fields, and now we have shown that K* satisfies class field axiom. Thus, we have

obtained a class field theory, and consequently we have

Corollary 4.1.2. For every finite Galois extension L|K of local fields, we have a canonical
isomorphism rjk : G(L|K)® — K* /NpxL*.

Remark 4.1.1. In global class field theory, we will have to account for the infinite places as

well. We have a reciprocity law at the complex places as follows:

(a, CJR)V/=T = v=T*"

where sgn(a) = 1 for a > 0 and sgn(a) = —1 for a <0, i.e, (a, C|R) is the identity map only
if a > 0.

Theorem 4.1.3. For every finite unramified extension LIK, H{(G(L|K),U™) =1
(1=0,1,-1) for alln > 0. (Uéo) =Ug)
In particular, N jgUp, = Uk and NL‘K(U?)) = Ul((n).

Proof. Since we have proved the local class field axiom, by Theorem we have H(G(L|K),U;) =
1, (i=0,1,—1). To prove H'(G(L|K),U™) = 1, we consider the exact sequences

1= UY - Uy =k — 1 15 U™ U™ Sk 1 forn>2

We know from Theorem that h(G, kL) = h(G,k;) = 1. (Note here that G(L|K) =
G(kr|kk) and G acts via this isomorphism on kr.) So we obtain h(G,U;) = h(G, Uén)) for
all n > 1, but h(G,Ur) = 1 from the first statement in the proof. Now H~*(G, kz) = 1 by
Corollary since any finite field extension is cyclic. Hence, applying the exact hexagon
in Theorem m, 1=HYG,U,) =H G, Uén)), and combining this with A(G, Ué")) =1,
we get H(G,U™) =1 for all n > 0. O

Remark 4.1.2. The above statement is not true for ramified extensions. Consider L =

Q2(v—=2) and K = Qq. This is a cyclic extension, hence from the proof of Theorem
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we have h(G(L|K),Uy) = 1. Thus to show that H'(G,Uy) is non-trivial, it is enough to show
that H*(G(L|K),Uyz) is non-trivial. It can be shown that —1 is not a norm in Qq(v/—2). By
the fact that H'(G,UL) = H'(G,U™) for n > 1, we have H (G, U™) is non-trivial.

We will now prove an important lemma that characterises unramified radical extensions
K ({/a) of local fields where (n, ch(kg)) = 1. The case when n = ch(kg) is dealt with in the
last chapter.

Theorem 4.1.4. The extension K(/a)|K is unramified if and only if o« € U K*".

Proof. If K(3/a)|K is unramified, then {/o = unf where u € Ux and hence vg(wa) (/) =
v Wi %)‘K(%)) = UK(:%) =L sor = kn, where k € Z.

If « € UgK*", ie.,, a = uz™ where u € Ug and z € K*, then K(/a) = K({/u). Let ¥
be the splitting field of X™ —u mod P over the residue class field kx, and let K'|K be the
unramified extension with residue class field &’. By Hensel’s lemma, X™ — u splits into linear

factors in K, so K({/u) C K’ is unramified. O

Example 16. By this, we can clearly see Q,(v/u)|Q, is unramified degree 2 extension for
all odd primes p given (u/p) = —1, where () is the Legendre symbol.

Finally let us prove the local existence theorem.

Proof of local existence theorem (Theorem m By the abstract existence theorem, we only
have to show that the subgroups A that are open in the norm topology are precisely the
open subgroups of finite index in the valuation topology.

(1) NV is open in norm topology: If a subgroup N is open in norm topology, it contains by
definition NpjxL*. The reciprocity isomorphism provides the information that Ny xL* is
of finite index in K*, so N has finite index in K*. It is open because it contains N kUL
(which is open, because it is compact, being the continuous image of Uy, hence closed, and
has finite index in Ug).

(2) Converse: We will only consider the case char(K) { n. Let A be a subgroup of finite
index n = [K* : N]. Then K*" C N, and it is enough to show that K *" contains Ny for
some finite abelian extension L of K.

We may assume that K* contains p,: If not, then set K; = K(u,). If K" contains
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Ny, L7, and L|K is a Galois extension containing Ly, then
NpgL* = Ni ik Npjg, L € Nicyjie (Niy gy (L5)) € Niey e (K7°) € KX

Suppose now j, € K. Then by Corollary [2.3.4] we have K*" = NpjxL*. O

4.2 Kronecker Weber theorem

We will first introduce the notion of a conductor of an extension, which detects the ramifi-

cation of the extension.

Definition 4.2.1 (Conductor). Let L|K be a finite abelian extension, and n the smallest

non-negative integer such that U,((n) C NpgL*. Then the ideal f = Py is called the conductor
of LIK.

Remark 4.2.1. Every open subgroup of K* contains Ugl) for some large enough n, since

UI(?) forms a basis of neighbourhoods of 1. Hence, conductor of an extension is well defined.

Theorem 4.2.1. A finite abelian extension L|K is unramified if and only if its conductor
f=1, (i.e, n=0).

Proof. If L|K is unramified, then by Theorem Uk = NpjkUr, so n = 0. Conversely,
if f =1, then Ux C NpxUp and 7 € NpgL* for n = [K* : Ny L*]. If M|K is the
unique unramified extension of degree n over K, then Ny xM* =< 7 > xUx C NpjgL™,

so L € M by local existence theorem, so L|K is unramified. O

Every open subgroup N of finite index in K contains a group of the form < 7/ > xU I(? ),
Since UI(?) is open, this group is open, and since K* =< 7 > xUgk and Ul((n) has finite index
in Ug, <mf > XUI(?) is open of finite index. Therefore the class fields of < 7/ > XU[(?) are
important. Now setting K = Q,, we determine the class field of < p > xU [(? ),

Theorem 4.2.2. The group of norms of the extension Q,(um)|Q, is < p > XU(éZ).
Proof. Let K = Q, and L = Q,(p,n). The extension L|K is totally wildly ramified of degree
p"Y(p —1). Now, we note that the exponential map exp : P¥ — U [(é' ) is an isomorphism
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for v > 1if p # 2 (since v > ek, /(p — 1) = 1/(p —1) < 1), and for v > 2 when
p = 2 (since ef|g,/(2 — 1) = 1). This map transforms the isomorphism Py — Py~ by
a+— p*~'(p—1)a into the isomorphism U[(g) — Ul(é’“*l) by # — 27" =Y This is illustrated

in the commutative diagram below.

Py >U§é’)

R

a—p*~H(p—1)a|=

o

P[z;—&—s—l y U[l/{-l—s—l

oxp
So (U Q) N =) = U(n if p # 2, and (U(Q))wkz) U(n) if p=2andn > 1 (the case p =2
and n = 1 is trivial). Therefore we obtain UK = NL‘K(U( ) € NpyL* if p # 2. For p =2,

we note that U(Q) U(3 U5U(3 (U( )) U5(U ) because if u =1 mod 4, (i.e., u € U )
then w = 1 or 5 mod 8. Since Qy(i) C QQ(CQ’H) 5277 = = Ny (2 + 1), so U( Y C NpgL*.
Since p = Npjx(1 — (), we get < p > ><UK C NpjxL*, and since both groups have index
p"Hp —1) (NpxL* has index p"'(p — 1) since G(Qp(ppn)|Qp) = K* /Ny L), we have
equality of the groups. O

As an immediate consequence, we obtain the local analogue of the famous Kronecker
Weber theorem.

Theorem 4.2.3 (Local Kronecker Weber theorem). Every finite abelian extension L|Q, is
contained in a field Q,(C), where ¢ is a primitive n™ root of unity for some n € N.

Thus, the mazimal abelian extension ng@p 1s generated by adjoining all the roots of unity.

Proof. For some large enough f and n, < p/ > xUéZ) C NpgL*. Therefore L is contained
in the class field M of the group < p/ > ><U(g:) =(<p> XU(g;)) N (< p/ > xUy,). By
the existence theorem, M is the composite of the class field for < p/ > xUg,, this being the
unramified extension of degree f, and the class field for < p > xU, (Z) , which by the previous
theorem is Q,((yn)|Q,. M is therefore generated by the (p/ — 1)p™ th roots of unity. O

Example 17 (Local Kronecker Weber for quadratic extensions). The quadratic extension

Q,(/p)|Qy is contained in Q,((y) for odd primes p = 1 mod 4, and Q,(/—p)|Q, is con-
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tained in Q,(¢,) for p =3 mod 4. This can be seen as follows:

p—1 ‘ (r—1)/2 (p)/2 ‘ H(p—l)ﬂ(l_ci)z
r=1[0-¢)= I a-¢) I a-¢H=(nrra=t =
i=1 i=1 i=1 Cp 4

p’-1
Note first that ¢, *  is a square in Z,[(,] since 2r = I% mod p has a solution. Hence

VP € Qp(¢) if p =1 mod 4 and \/—p € Qu((p) if p =3 mod 4. The first equality above
can be obtained by noting that the minimal polynomial for 1 — (, is obtained by replacing x
byx+1inl4+z+---2P~t and thus the norm of 1 — (, is p by observing the constant term
of the minimal polynomial of 1 — (,, which is the required product. If p = 3 mod 4, then
Qu(/P) € Qp(Cap) = Qp(Cp,2). Furthermore (—1/p) = —1, so the unique degree 2 unramified
extension of Q, is Q,(7)|Q, which is itself cyclotomic.

The extension Qo(v/2)|Qq and Qo(v/—2)|Qy are contained in the biquadratic extension
Q2(v2,4) = Qo(Cs). Qo()|Qy is dtself cyclotomic, since i = (4.

Remark 4.2.2. We cannot replace Q, in the local Kronecker Weber theorem by an arbitrary
local field. Let p be an odd prime and consider the extension Q,(/p)|Qu(\/p). Suppose
that Qu(v/p) € Qup(\/P)(Cn). Then since Q,(\/p) € Qp(¢p) by the above exzample, we have
Qu(/p) € Qp(Cp, Cn) which is an abelian extension of Q,. Since every subgroup of an abelian

group is normal, we have G(Q,(y, ()| Qp(/p)) is normal in G(Qp(¢y, Cn)|Qyp), which implies
that Q,(/p)|Q, is a normal extension which is absurd.

We will now obtain the Kronecker Weber theorem from its local analogue, which will

serve as a testament to the beautiful idea of local global principle.

Theorem 4.2.4 (Global Kronecker Weber theorem). Every finite abelian extension L|Q is

contained in a cyclotomic extension Q(() of Q.

Proof. Let S be the set of all primes that ramify in L, and let Lp be the completion of p with
respect to a prime P lying above p. Then, Lp|Q, is abelian (since the Galois group of Lp|Q,
is the decomposition group D(P|p), which being the subgroup of the abelian group L|Q is
abelian). Therefore, by the local Kronecker Weber theorem Lp C Qp(j1n,) for a suitable n,,.

Let p® be the maximum power of p dividing n,, and let n = [] p®.
peS

We now claim that L is contained in Q((,). To see this, put M := L(u,). Then, M|Q is

abelian (compositum of L and Q(u,), both of which are abelian), and if p is ramified in
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M|Q, then p € S. If the restriction of Mg to L is Lp where [ is a prime above P, then
Mg = Lp(pn) = Qp(ppern) = Qp(pp")Qp(ptw) with (n',p) = 1. Qy(ptw)|Q, is the maximal
unramified subextension of Q,(u,)|Q,, so the inertia group Ip of Mp|Q, is isomorphic to
G(Qu(1")|Qp), and has order ¢(p®) where ¢ is the Euler totient function. Let I be the
subgroup of G(M|Q) generated by all I,, p € S. Then the fixed field of I is unramified at
all finite primes over Q, hence must be Q (By Minkowski theorem, dx > 1 for all number
fields K # Q), i.e., I = G(M|Q). Meanwhile we have

#1 < |[1, = [[o0™) = ¢(n) = [Q(ua) : Q]
peS peS

Hence [M : Q] = [Q(uy,) : QJ, so that M = Q(u,), and hence M = LQ(u,) = Q(un), so
L < Q(pn)- O

Example 18 (Global Kronecker Weber theorem for quadratic extensions). The quadratic ex-
tension Q(/p)|Q is contained in Q((,) for all odd primes p =1 mod 4 and Q(\/p) € Q((yp)
by following a similar argument as in Example . Thus, if n = pips - - - pr, then Q(yv/n) C
Q(Cyrn). The extension Q(\/2)|Q is contained in the biquadratic extension Q(v/2,1) = Q((s).

Remark 4.2.3. We cannot replace Q in the global Kronecker Weber theorem by an arbitrary
global field. Let p be an odd prime and consider the estension Q(y/p)|Q(y/p). Proceed
similarly as in Example to obtain a contradiction.
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Chapter 5

Global class field theory

The role of the multiplicative group of the base field is taken up in global class field theory
by the idele class group. The notion of idele was introduced by the French mathematician
Claude Chevalley to provide a suitable framework for local global principle, since it holds

information about all places of the number field.

In this chapter, we first define the idele group and the idele class group of a number field.
Next, we show that the idele group and the idele class group are canonically G modules of
the Galois group GG. We then show that the idele class group satisfies the class field axiom.
As a consequence, we obtain the Hasse norm theorem, which states that an element is a
norm globally if and only if it is a norm locally everywhere, thereby showing that the norm
map satisfies local global principle.

We then construct a surjective homomorphism d from the absolute Galois group to 7 and
a Henselian valuation v, to finally obtain the global reciprocity law. We use the local norm
residue symbol at all places of a number field to construct the Henselian valuation, and
ultimately obtain the global norm residue symbol as a product of the local norm residue
symbols, thereby demonstrating the importance of local global principle in the development
of class field theory.

Finally, we define the global conductor which detects ramification in number field extensions

and the Hilbert class field, which is the maximal everywhere unramified abelian extension.

Throughout this chapter, L and K will denote number fields, P a prime ideal in K, 3|P
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a prime 3 of L lying above a prime P € K, Kp the completion of K w.r.t P and Op its
valuation ring. P | oo will denote the infinite places, while P { oo will denote the finite

places, and S will denote a finite set of primes.

The primary reference for this chapter is Chapter 6 of [7].

5.1 Preliminaries

Definition 5.1.1 (Adeles). An adéle is a tuple (ap) where ap € Kp and ap € Op for all
but finitely many places P.
The set of adeles forms a ring under component-wise addition and multiplication.

We endow adéles with a topology where the basic neighbourhoods about 0 are given by [] Wp X
Pes

[] Op such that Wp C Kp is an open neighbourhood of 0. This topology makes the ring of

P¢S

adeles a topological ring.

Definition 5.1.2 (Ideles). An idéle is a a tuple (ap) € K55 and in fact ap € Up for all but
finitely many places P.

The idéles form a group under component-wise multiplication. In fact the group of idéles is
the multiplicative group of the ring of adéles.

We endow idéles with a topology where the basic neighbourhoods about 1 are given by [ Wp x
PeS

[1 Up such that Wp C K is an open neighbourhood of 1. This topology makes the idéles a
P¢ES
topological group.

Example 19. Idéle group of Q: The map (a,b, (u,)) = (ab, aug, aug, -+ ) : Q* xRy X Z) —

I is an isomorphism of topological groups. See [6] for details.

Remark 5.1.1. It can be easily observed that the adéle ring and idele group are Hausdorff.
Furthermore, noting that Op and Up are compact, we obtain the fact that the adeéles and

wdeles are locally compact w.r.t. to their respective topologies.

Remark 5.1.2. The topology on idéles inherited as a subspace of adéles is strictly coarser
than the topology endowed on the idéle class group. In fact, the topology on the idéle class

group is the coarsest topology which makes the inverse map continuous.

o6



Definition 5.1.3 (S-ideles). For a finite set of places S, an S idéle is an idéle such that
ap € Op for all P ¢ S. The set of S-ideéles forms a subgroup of If.
We clearly have I = Lg[;% where S ranges over all finite set of places, thus Ik is the direct

limit of 1%

Definition 5.1.4 (Principal ideles). The inclusions K — Kp induces an injective homo-
morphism from K* — Ik given by o — (ap). We thus view K* as a subgroup of Ir.

Now, K is defined to be the subgroup I3- N K> which consists of all a € K> which are units
at all finite places.

Definition 5.1.5 (Idéle class group). The ideéle class group C is defined to be the quotient
CK = IK/KX .

The idéle class group is endowed with the quotient topology from the topology on the group
of idéles.

Example 20. The idele class group of Q is Ry X HZ; which can be seen from FExample
P
79

Definition 5.1.6 (Ideal class group). Let Jx denote the group of all fractional ideals of K
and Px the group of all principal fractional ideals. Then, the ideal class group is defined to
be the quotient Clk = Jx /Pk.

Remark 5.1.3. It can be shown that the ideal class group is finite. The cardinality of the

1deal class group is called the ‘class number’ of K.

Example 21. The ideal class group of Q, Q(i) and Q(v/—2) are trivial since the ring of
integers for these number fields are PIDs. The ideal class group of Q(v/—5) is isomorphic
to 7./27.

Proposition 5.1.1. K* is a discrete, hence closed subgroup of Ik .

Proof. 1. We first show that K> is discrete by showing that there is a neighbourhood of
1 € Ik which has no other principal ideles. We claim that U = {«a € Ik | |ap| =1 for P ¢
oo and |ap —1|p < 1 for P | oo} is such a neighbourhood. Suppose x € K* N U, then we

get the contradiction

L=[Jle=1p=][]lz - tp]]lz - 1lr < [[max(|z|p, 1) =1

P Ptoo Ploo Ptoo
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2. Since the map (z,y) — xy~! is continuous, there is a neighbourhood V of 1 such that
VV~-1 C U. For every y € I, the neighbourhood V contains at most one element of K>,
because if x1 = yv; and xy = yv, such that z; # x5, then clearly v; # vy but xlxg_l =
v1vy+ € U, which is a contradiction. Hence choosing a neighbourhood W of y contained in

yV which does not contain any element of K*, we have yW C K xC, [

Remark 5.1.4. From the above proposition, we can deduce that the idele class group is a

locally compact Hausdorff topological group.

The following theorem is a generalisation of Dirichlet’s unit theorem, which gives the

structure of the unit group of the ring of integers of an algebraic number field.

Theorem 5.1.2. If S contains all the infinite places, then the homomorphism

VRS TR @) = (logl(a)p)pes
PeS

has as its kernel the roots of unity contained in K denoted u(K), and its image is a complete

lattice in the s — 1 dimensional space H = {(zp) € [[R| > xp = 0}., where s = #5S.
Pes  PeS

Proof. For the set S = Sy, = {P | oo}, this is the Dirichlet unit theorem. Now, let
Sr =5\ S, and let J(Sf) be the subgroup of Jx generated by the prime ideals P € S;.
We assign to every a € K* the principal ideal < a > and obtain the below commutative

diagram where the rows are exact.

1 > OF & >y K L J(S))
N A A\

60— [[R—" L [[R—= & IR
PES PeS PESf

The map on the right is given by \’( [[ P"?) = — [] vplog(N(P)) and N (a) = (log|alp)pes., -
PGSf PESf

The right square commutes because |alp = N(P)~*?(@). It maps J(S;) onto the complete
lattice spanned by the vectors ep = (0, - - 0,logN (P),0---0) for P € S;.
1. Ker(\) = pu(K) and Im(\) is a lattice: By commutativity of both the squares and exact-

ness of the first row, we have Ker(\) = Ker(\') = u(K), and we obtain the exact sequence
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0 — Im(\) 2, Im(\) SEN Im()\”), where the groups on the left and right are lattices. This
implies that the group in the middle is also a lattice, because if x € Im()\) and U is a
neighbourhood of i(x) which contains no other point of Im()\”), then :~*(U) only contains
the coset © + Im(\'). It is discrete since Im(\') is discrete.

2. Rank(Im()\)) = s — 1: For every P € S}, if h is the class number of K, then P" € i,(K*¥),
so J(Sp)" Ci(K®) C J(S;). The groups on the left and right have rank #5S;, so i(K®) has
the same rank (note that all of them are Z modules and Z is a PID). In the exact sequence
0 — Im(X\) 2, Im(\) 22, Im(\”), the image of ¢ has rank #S;, and the kernel has rank
#Se — 1. Hence Im(\) = #S, — 1+ #S5; = #S5 — 1. It lies in the #5 — 1 dimensional trace

zero space H, since [] |alp = [J|alp = 1 for a € K* by product formula. O
Pes P

The following proposition will used throughout the chapter. It says that the group of

ideles is a group of S-ideles upto an element of K* for a sufficiently large set of primes.

Proposition 5.1.3. I = [7K*, i.e., C = [ K*/K* = I7. /K" where S is a sufficiently
large finite set of places of K, which will be described in the proof.

Proof. Let Iy,--- I, be ideals representing the h classes of the ideal class group. Choose a
prime ideal P; from each class. We claim that if S is a set of places containing the infinite
places and the prime ideals above, then Ix = I3 K*.

If @ € Ig, then the corresponding ideal < a >= [[ P"?(®?) belongs to some class I; Pk,
Ptoo

ie, < a >=I; < a > for some a € K*. The idele o/ = aa™!

is mapped to the ideal

L =11 Pv?(@%) ynder the canonical map from Ix to Jg. Since the prime ideals occurring
Ptoo
in [; are in S, vp(ap) =0 for all P not in S, so o/ =aa™! € I, s0 a € [7K*. O

Definition 5.1.7. The absolute norm of an idéle o is defined to be
N(a) =IN(P)7?) =T]lap| .
P P

If z € K* is a principal idele, then N(z) = []|z|»' = 1. So we have a continuous
P

homomorphism N : Ckx — RZ. The kernel of this map is denoted Cy. We have the
following important result about C%-, the proof of which may be found in Chapter 6 of [7].

Theorem 5.1.4. The group C = {[a] € Ckx |N(a) = 1} is compact, and the exact
sequence 1 — C% — C N, RY splits, i.e., Cx = C) x RY.

29



5.2 Herbrand quotient of the Idele class group

In this section, we show that the idele group I, and the idele class group C, are G = G(L|K)
modules satisfying Galois descent (i.e., if L|K is a Galois extension with Galois group G,
then I¢ = Iy and C¢¥ = Ck). We then compute the Herbrand quotient of the S-ideles I5
and the principal S-ideles L°, which gives us the Herbrand quotient of the idele class group
(', for a finite cyclic extension L|K and for a sufficiently large set of places as described in
proof of Proposition We conclude with two important consequences of the value of
the Herbrand quotient of the idele class group.

We first show that the idele group I, is a G(L|K) module.

Proposition 5.2.1. For a finite Galois extension L|K, there is a canonical injection I —
Iy, and Iy, is a G(L|K) module.

Proof. 1. Ix < I,: We map a = (ap) € I to o/ = (o/ﬁ) € I, where ajy = ap € K} C LE
for p|P.

2. I, isa G(L|K) module: For each place 3 of L, o induces an isomorphism o : Lg — (0L),3.
This can be seen as follows: If o; € L converge in | [g to «, then oa; converges w.r.t | |,5
in (0L)yp, and the isomorphism is given by a =  — lima; — ¢ — limoa. Thus we define

o«) € I;, by the components (oa),5 = oag. O
(o) y p 8 8

We now show that the idele class group satisfies Galois descent.

Proposition 5.2.2. If L|K is a Galois extension with Galois group G, then I¢ = I

Proof. 1. Ix C Ig: Let « € Ix C I. For 0 € G, the map o : Lg — L,3 is a Kp
isomorphism, where 3|P. Hence (ca),3 = 0ag = ag = ayp, the second equality following
from the fact that o fixes K.

2. I€ CIg: If a € I€) then (0a),5 = 0ap = ayp for all 0 € G. In particular, if o belongs
to the decomposition group Gz = G(Lg|Kp), then o =  and ocag = ag, so ag € K.
If o € G is arbitrary, then o : Lg — L,3 induces the identity map on Kp, and we get
ag = oag = a,p for any two places 8 and o above P. This shows o € Ik. O

Define Lj = HL; and Upp = [[ULp.
BIP BIP
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Proposition 5.2.3. If L|K is a finite extension and o = (ag) € I, the components of the

idele NL\K(a> = HNLB|K7>(045).
BIP

Proof. Setting ap = (ag)sp € Lp, the Kp automorphism ap : Lp — Lp given by z — apx
is the direct product of the Kp automorphisms ag : Lg — Lg. Hence

Np,iip (ap) = det(ap) = [ [det(as) = [ [Negin, (ap)
8P 8P

The following proposition lists some properties of the norm map.

Proposition 5.2.4. (1) For a tower of number fields K C L C M, we have Nyjx =
NL|K e} NM\L
(2) If L|K is embedded into the Galois extension M|K and if G = G(M|K) and H =

G(M|L), then for o € I, we have Npjx(a) = [] oo.
ceG/H

(3) Npjx(a) = olBE] for o € I.
(4) The norm of the principal idéle x € L* is the principal idéle of K defined by the usual

norm Np g (z).

Proof. The proofs of (1)-(3) are same as for the norm in a field extension. (4) follows from
the isomorphism Lp = L ® Kp. The Kp automorphism x’ : Lp — Lp, y +— xy is induced
K

from the K automorphism = : L — L by tensoring with Kp. Hence det(z") =det(z). O

Proposition 5.2.5. If L|K is a finite extension, then the canonical embedding Ix — I,

induces an injection Cx — Cp, aK* — al*.

Proof. The injection Ix to I clearly maps K* to L*, so it is enough to show that the
pre-image of L* under the injection is precisely K*, i.e., [x N L* = K*. Let M|K be the
Galois closure of L|K with Galois group G. Then I C I, C Iy, and IxNL* C IxNM* C
(Ig N M*)E = Ix N M*Y = I N K>, where the second containment follows from the fact
that G(L|K) fixes I and hence Ix N M*. O

Proposition 5.2.6. If L|K is a Galois extension with Galois group G = G(L|K), then Cy,

1s a G module and C’f =Ck
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Proof. The G module I}, contains L* as a G submodule. Hence every ¢ € G induces an
automorphism Cp, %= Cr, aL* + (ca)L*, so Oy, is a G module.

Thus we obtain an exact sequence of G modules 1 — L* — I;, — (' — 1 and consequently
we obtain the exact sequence 1 — LX% = K* — I¢ = I — C¢ - HYG,L*) —
HY (G, I) — HY(G,CL). Noting that H'(G, L*) = 1 by Noether’s generalisation of Hilbert’s

theorem 90, we have C¢ = Cj. O

Having proved that the idele class group Cf, is a G(L|K) module, we tuen our attention
to computing its Herbrand quotient.
Recall Ly == [[L; and Upp = [[ULp.
BIP BIP
Proposition 5.2.7. LS and Upp are the induced G modules Ly, = Inng(Lgx) and Uy p =
Indg/ (U,)

Proof. Lp= [[ L;z= 1Tl o(Lz) and a similar deduction is made for Uy p. O
UGG/GB UGG/GB

Let S be a finite set of places of K containing the infinite places. We define I7 = ]L§
where S is the set of places of L lying above S. In the next proposition, we will determine

the cohomology groups of the S ideles I7 and consequently that of the ideles.

Proposition 5.2.8. If L|K is a cyclic extension, and if S contains all the places ramified
in L, then fori=0,-1, H(G,I}) = & H'(Gs,L}) and H(G,I) = @H' (G, L}), where
Pes P

B is a chosen place above P in K.

Proof. By definition, I7 = @ Ly @V where V = [[U p which gives us the isomorphisms
Pes P
HY(G,I?) = @ HY(G,Ly) and H(G,V) = [[ H(G, U p). Since Ly and Uy, p are induced
Pes PES
G modules, we have H'(G, Ly) = H'(Gs, Ly) and H (G, U p) = H'(Gg,Uy,). For P ¢ S,

Lg|Kp is unramified, hence H'(G,Uy,) by Theorem m This shows the first claim. For

the second, notice that I, is a direct limit of 77 and hence

) 1 7 S\ ~v 1; 7 X\ __ ) X
H (GalL) _I%HH (G7[L) _l%n%[{ (GﬁaLﬁ) - @H (G5>L5)
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Remark 5.2.1. The proposition says that H~'(G,I1) = 1 since H ' (Gg, L) =1 for all

by Hilbert’s theorem 90, since if G is cyclic, then Gg being a subgroup of G is cyclic for all

finite places. #Gg =1 or 2 if B is an infinite place, hence Gg is cyclic in this case too.

Further the proposition says that I /Nyl = @SK; /NLMKPLE, hence an idéle is a norm
Pe

if and only if each of its components is a norm. This is clearly another instance of local

global principle.

Proposition 5.2.9. Let L|K be a cyclic extension and S a finite set of places of K containing

the infinite places and all the primes that ramify in L. Then h(G,I) = T[] np where
PeS
np = [Lg : Kp| and B is a chosen place above P.

Proof. We know H™'(G,I}) = @ H (G, Ly) =1 and H(G,I}) = @ H(Gg, Lj). By
PeS PeS
the local reciprocity map, we have #H°(Gg, Lj) = np for each finite place P in S.

Hence, h(G, I?) = % [ np. O
Pes

We now determine the Herbrand quotient of I, for the cyclic extension L|K. But first

we need the following lemma.

Lemma 5.2.10. Let V' be an s dimensional R vector space, and let G be a finite group of
automorphism of V' acting on a basis vy, - --vs as a permutation group on the basis elements,
i.e., 0(v;) = Vo). If I is a G invariant complete sublattice, i.e., o' C T for all o € G, then
there is a complete sublattice I" C T" such that I = Zw; + - - - Zw, such that cw; = W) for
all 0 € G.

Proof. Let | | be the sup norm on V' with respect to the coordinates of the basis vy - - - v,
e., |x1 — x| = max ¢ where ¢; are the coordinates of 7 — x5 with respect to the basis
<i<n

vy, -+ - vs. Since ' is a lattice, b € R such that for every z € V, there is a v € I satisfying
|z — | < b. Choose a large enough positive ¢ and v € I' such that |tv; — | < b and define
w; = (Z)] ov,1=1,---s. For every 7 € GG, we have

o(l)=t

TW; = X TOyYy= X = Wy
ot=i T e O

Hence it is enough to check that the w; are R linearly independent. Suppose ¥} _,c;w; = 0,
¢; € R. If not all of the ¢; are zero, then by dividing throughout by the largest c¢;, we may
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assume ¢; = 1 for some j and |¢;| < 1 for all other i. Let y = tv; — y for some y such that
ly| < b. Then

w;, = X oy=t X ov)—y; =t X vy — Y = tnv; — y;
o(l)=1 i o(l)=¢ ( 1) 4 o(1)=1 ) 4 4

where y; = (X)) oy, hence |y;| < nb for n = #G and n; = {0 € G | (1) = i}. Therefore
o(l)=:
0 =% qw; = t3;_ emu; — z with |z| < sgb, but this is contradicted by choosing t large

enough in the expression z = tn;v; + igjtnivi. O

Proposition 5.2.11. The Herbrand quotient of the G module L° satisfies h(G,L°) =

%H np where S contains all the infinite places of L and all the places of L lying above
Pes
places of K that ramify in L.

Proof. Let {eg | B € S} be the standard basis of the R vector space V = [[R. By the
Bes

generalisation of Dirichlet unit theorem, the homomorphism A : L — V', A(a) = 5Eslog]a\ 5€8
S

has kernel p(L) and its image is the s — 1 dimensional lattice, s = #S. The action of G on

V is given via oeg = e,3. Then A is a G module homomorphism because for o € G,
Moa) = %10g|0’a|565 = %log]a\g—lﬁeg = %log]a|o._1ﬁaea_15 = a(%log|a|a_1ﬁeg_16) = o\ a)

Note that eg = ,steﬁ and A\(L®) are R linearly independent since if A(a) = cep, then log|a|s =
€

c for all 3, and since BEslog\ahg = 0, we have sc = 0, hence ¢ = 0. Therefore ey and A\(L®)
€

generate a G- invariant complete lattice I in V. Since Zeg is isomorphic to Z as G modules,

the exact sequence 0 — Zeg — I' — I'/Zey — 0 together with T'/Zey = \(L®) gives

h(G, L%) = h(G,\N(L%)) = h(G,T)/h(G,Z) = %h(G, I)

Now we choose in I' a sublattice I'' as in the previous lemma. Then,

F, = @ng = @@ng = @F%
B

PeS B|P Pes

and owg = w,p. Thus, I}, is the induced G module

G
I = Pzws = @ o(Zwgs,) = Ind’ (Zwg,)
B|P oeG/Gp
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where fj is a chosen place above P, and G its decomposition group. The lattice I' has the
same rank as I', hence is of finite index in I'. (by Fundamental theorem of finitely generated

abelian groups). Hence we obtain

1 1 1
h’<G7 LS) = ﬁh(Gvr) = ﬁHh’<Gﬁvzw50) = ﬁh(G57Z>
Pes

where np = [Lg : Kp| O

Now choosing a finite set of places S such that I, = I7L* and such that S contains all

the ramified primes and all the infinite primes, we obtain the exact sequence

1= L5 =17 = I} /LS =1L /L = I, /]L* = Cp, — 1,
I np

we obtain the identity h(G, I7) = h(G,CL)h(G, L?), so h(G,CL) = ﬁeip/n = n. Therefore,

PesS

Theorem 5.2.12. [f L|K is a cyclic extension of degree n and G = G(L|K), then h(G,Cp) =

% =n. In particular, #H°(G,Cy) = [Cx : Ny gCr] > n

Corollary 5.2.13. Let L|K be a cyclic extension of degree p". Then there are infinitely

many primes that do not split in L.

Proof. Suppose there are only finitely many primes that do not split. Let M|K be the
unique degree p subextension of L|K. For every P ¢ S, the decomposition group Gp of
L|K is strictly contained in G(L|K). Hence, #Gp < p"~! so by cyclicity of G(L|K), we
have Gp C G(L|M), so every P ¢ S splits completely in M. We will show now that
NaxCy = C, contradicting the fact that #H°(G(L|K),CL) > n.

Let o € Ix. By approximation theorem, 3a € K* such that apa=!
subgroup NMB|K7,M5X forall P € S. If P ¢ S, then apa™ € NMB\KPME because Mg = Kp.

Since Ix/NyxIv = @K;;/NMMKPM/;’ the idele ca™! is a norm of some idele v of Iy,
PeS
ie., o« = Ny (v)a € Ny Iy K, which shows that the class of av is in Ny xChy. O

is contained in the open

Remark 5.2.2. If L|K is a non-cyclic Galois extension then there are only finitely many
primes that do not split in L. This can be seen as follows: Suppose to the contrary that
there are infinitely many primes that do not split. Since there are only finitely many ramified
primes, the remaining primes are unramified. Choose such an unramified non-split prime P.
Since efr = #G(L|K) where r = #G/Gp, hence r = 1 and e being the ramification index

is 1. Thus, f = #G, so G = Gp which is cyclic, which contradicts our assumption about G.
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Proposition 5.2.14. Let L|K be a finite extension of number fields such that almost all the
places of K split completely in L. Then L = K.

Proof. 1. We may assume WLOG that L|K is Galois:

Let M be the Galois closure of L|K, and let G = G(M|K), H = G(M|L), B a place of M
above a place P of K, and G its decomposition group. Then, the number of places of L
above P equals the number of double cosets #H\G/Gps. This can be seen by considering the
map HoGpg +— o8N L. This map is well defined since if Ho1Gg = HoyGg, then o1 = hoag
where h € H and g € Gg, so 01NL = hoagBNL = hoySNL = h(o2fNL) = 035N L since h
fixes L. Since there is a unique prime ideal in L lying below any prime ideal in K, we obtain
the bijectivity of the map. Now we have that P splitting completely in L is equivalent to
#H\G/Gp = [L : K] = #H\G. This is equivalent to Gz = 1, hence P splits completely in
M.

2. Suppose L|K is Galois: Let K’ be the fixed field of an element o of prime order in G(L|K).
If almost all primes v of K split completely in L, then so is the case for primes P of K’ lying

above v in L. This contradicts the previous corollary. O]

5.3 Global class field axiom

Let K be a number field such that u, € K and n = p". Let L|K be a Galois extension
with Galois group G(L|K) = (Z/nZ)". Let S be a finite set of primes containing the infinite
primes, ramified primes, those that divide n and such that Ix = I3 K>, and let K° =
IR NK* and s = #8S.

The following proposition gives a set of primes 7" disjoint from S. SUT gives a large enough

set of primes such that

Proposition 5.3.1. Let r € N be such that G(L|K) = (Z/nZ)". Then, s > r and there is
a set of s —1r primes T of K that do not belong to S such that L = K((/Z), where A is the

kernel of the map K° — [ Kj/Kp".
PeT

Proof. 1. L = K(/A) with A = L*" N K*. pu, C L and L is an abelian extension of
exponent n, hence L = K({l/ﬁ) with D = L*"N K>, hence A C D and K*" C L*"NK* C
D. Now if € D, then Kp({/x)|Kp is unramified for all P ¢ S, because S contains all the
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ramified places. Since S also contains primes dividing n, < n > +P = Ok for all P ¢ S, so
(n,ch(kk,)) = 1 for all P ¢ S. Thus, we may write = upy}p, with up € Up, yp € K.
Setting yp = 1 for P € S, we obtain the idele y = (yp). Now y = az with a € I3 and
z€ K*. Soxz " =upyh € Up forall P ¢ S ie, 2z "€ [ZNK* =K% soxz™™ € A, and
hence D = AK*".

2. Choice of set of primes T: The field N = K (/K?) contains L because A = L*" N K5 C
K*. By Kummer theory, we have G(N|K) = Hom(K*/(K®)",Z/nZ). By Theorem [5.1.2]
K¥ is the product of a free group of rank s— 1 and the cyclic group p(K) of n'® roots of unity
contained in K, whose order is divisible by n. K*°/(K®)" is non-canonically isomorphic to
Hom(K®/(K®)" Z/nZ) and thus K* /(K®)" is isomorphic to G(N|K). Hence K°/(K®)" is
a free module of rank s, and so is G(N|K). Also, G(N|K)/G(N|L) = G(L|K) = (Z/nZ)"
is a free Z/nZ module of rank r, so r < s, and G(N|L) is a Z/nZ module of rank s —r. Let
01,05 be a Z/nZ basis of G(L|N), and let N; be a fixed field of 0;, i = 1,---s —r. Then

//N\

Nl N2 """""""""""""""" stTfl NS*T

ANy

L

K

For i =1, ---s —r, choose a prime (3; of N; which does not split in N such that the primes
Py, Ps_, lying below Sy, -- 8, are all distinct, and do not belong to S, and this can be
done because of Corollary [5.2.13]

3. Ais the kernel of K% — [] Kp*/K3": We claim that N; is the decomposition field of
PET
N|K at the unique prime f} lying above §;, for i =1,---s —r.

The decomposition field Z; is contained in N; because 3; does not split in N. Now observe
that P; is unramified in N because it is unramified in the extension K ({/u), u € K¥, and N
is the composite of these extensions by (1). The decomposition group G(N|Z;) € G(N|N;)
is thus cyclic. It is of order n since each element of G(NN|K) has order dividing n, and atleast
one element with order n. (since G(N|K) = (Z/nZ)?) This shows that NV; = Z.

Since L = N;_{ N;, it follows that L|K is the maximal subextension of N|K in which primes
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split completely. For z € K, we thus have
reN < K({r)CL < Kp,(Vx)=Kp, < vz K"

which concludes the result. The fact that K(/z) C L <= Kp,({/x) = Kp, follows from
the fact that Py, --- Ps_, splits completely in L. O

Now define Ix(S,T) == [[ K5" x [] Kp x [I Upand Cx(S,T) = Ix(S,T)K*/K*
PeS Pes PESUT
where S and T are a finite set of places as in the above theorem.

Lemma 5.3.2. [x(S,T)N K* = (K5T)»

Proof. See [7] for the detailed proof. O

Theorem 5.3.3. With I (S,T) and Ck(S,T) defined as above, one has NpjxCr, 2 Cg(S,T)
and [Cg : Cx(S,T)| = [L : K]. In particular, if L|K is cyclic, then Ny jxCp = Cg(S,T).

Proof. See [7] for the detailed proof. O
Theorem 5.3.4 (Global class field axiom). Let L|K be a cyclic extension of number fields.
. [L: K] i=0
Then, #H'(G(LIK), Cy) =
i=—1

Proof. Since [Cx : NpjxCr] > [L : K], it is enough to show [Cx : NpxCyp] | [L : K] (so
that [Cx : NxCr] < [L : K]). Let [L : K] = n. We will prove that [Cx : Ny xCr] | n
by induction on n. Let M|K be a subextension of prime degree p. We consider the exact
sequence Cy/NpjuCr, —— M‘K Cx/NpxCr = Cx /NyuigCu — 1.

If p < n, then #CL/NuCr, | [L : M) and #Cx/NyxCuy | [M : K] by the induction
hypothesis, hence #Cx /N jxCyr | [L: M|[M : K| = [L : M].

Let p=n. Put K’ = K(u,) and L' = L(p,).

ﬂn)
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\/



G(L'|K') = G(L|K), o — o [ is injective because if ¢ — 1, then ¢ [r= 1 but since p,, C K’
which is fixed by o, ¢ = 1 and isomorphism follows from the fact that [L : K] is prime.
Therefore L'| K’ is a cyclic Kummer extension, so by Theorem #Cx' [Ny Crr = [L'
K'] = p. Hence it suffices to show that #Ck/NpxCr — Cg'/NpxCr induced by the
injection C'p, — C'p/ is injective.

Ck /N kCy has exponent p, because for x € Ck, 2P = Ny xCp. Note that d = [K' : K] |
(p — 1) since [Q(¢p) : Q] = p — 1. Note also that (d,p — 1) = 1. Now since Cx /N xCy, has
exponent p, Cp, — Cp, x — x¢ is an isomorphism. Let Z = ¢ mod Nk Cr belong to the
kernel of Cx /N jkCr, = Cg' /Ny g:Crr. Writing T = y? for some y € Ck/NpkCr, 7 is also

in the kernel of the aforementioned map, i.e., y = Ny (2'), 2/ € Cr. Thus, we get
yd = NK’|K(y) = NK’\KNL’\K’(Z/) = NL/|K(Z/) = NL|KNL’\L(Z/) € NL\KCL

Hence 7 = 3¢ = 1. O

We now see the Hasse norm theorem, which is an instance of local global principle for

norms of cyclic extensions:

Theorem 5.3.5 (Hasse norm theorem). Let L|K be a cyclic extension of number fields.

Then, o € K* is a norm if and only if it is a norm everywhere locally, i.e., a norm in
Lg|Kp for all places |P.

Proof. Consider the exact sequence 1 — L* — I, — C;, — 1 and apply Theorem to

obtain the sequence H'(G,Cr) — H°(G,L*) — H°(G, I) — H°(G,C}) and by the global

class field axiom (Theorem [5.3.4), H~'(G, Cr) = 1, hence H°(G, L*) injects into H°(G, I,).

Now, H*(G,I) = @H(Gs, L) by Theorem [5.2.9, Thus, we have the required result. []
P

Remark 5.3.1. The above theorem does not apply to non-cyclic extensions. An example is
the degree four biquadratic extension Q(v/—3,v13)|Q. Cf. [5] for the details.

5.4 Global Reciprocity law

In the previous section, we have shown that the idele class group satisfies the class field ax-

iom. We now have to determine the appropriate surjective homomorphism d and a Henselian
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valuation v satisfying the rules of class field theory. This is the endeavour we turn to in this

section.

Proposition 5.4.1. Let Q|Q be the field obtained by adjoining all roots of unity, and let T
be the torsion subgroup of G(QUK). Then the fized field @|@ of T is a 7. extension.

Proof. Since ) = ng(,un), we have

G(91Q) = ImG(Qp,)|Q) = lim(Z/nZ)"

n

But Z = []Z, and 7y = 7y x Z[(p— 1)Z for p # 2 and Zy = Zy x Z/27 which is by the
p

structure theorem for the unit group (Proposition [1.3.16). Thus, G(Q|Q) = Z* =~ Z x T
where T = [[Z/(p — 1)Z x Z/2Z. Since Z is torsion free, the torsion subgroup T’ of

pF2
G(9|Q) is isomorphic to the torsion subgroup of 7. If Q is the fixed field of T this implies
G(QIQ) =G(QQ)/T=Z. O

We fix an isomorphism G(Q|Q) 2 Z. There is no canonical choice as in the case of local
fields, but the reciprocity law does not depend on the choice of isomorphism. By G(Q|Q) = Z,
we obtain a continuous surjective homomorphism Gg = G(Q|Q). We set k = Q as our base
field, and proceed as in chapter 3. If K|Q is a finite extension, then set fx = [K NQ : Q] which
is finite, and thus we obtain the homomorphism dx = fLKd : Gxg — 7, where Q = nng(un).

This defines the Z extension K = KQ of K. K |K is called the cyclotomic 7. extension
of K. We now choose as the Gg = G(Q|Q) module A the union of the idele class groups
Cf of all finite extensions K|Q. The Henselian valuation v : Cg — 7 will be defined as the

composite

Co 129 G(QIY) 4 2

The symbol [, Q|Q] will turn out to be the global norm residue symbol. For now however,

we define it as follows: For a finite abelian extension L|K, we define the homomorphism

[,L|K] : Ix — G(L|K) by [a, LIK] = [[(ap, Lg|Kp) where [ is a chosen place above P,
P

where the product means composition and (, Lg|Kp) is the local norm residue symbol of
Lg|Kp.
Recall that if L|K is abelian, then Lg|Kp is Galois with Galois group being isomorphic to
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the decomposition group Dgp € G(L|K), hence abelian. The product above makes sense
because almost all factors are 1. This follows from Theorem Lg|Kp are unramified for
almost all primes P and almost all ap are units. Lastly, we may choose a place S|P because
if 8 and ~ are two places lying above P, then Lg = L,, = o(L,) but note that o fixes ap,
so (ap, Lg|Kp) = (ap, L, |Kp).

We now show that v is indeed Henselian.
Proposition 5.4.2. The map vk : Gx — Z is surjective and a Henselian valuation with
respect to d.

Proof. See [7] for details. O

Now applying abstract class field theory, we obtain the global reciprocity law.

Theorem 5.4.3 (Global reciprocity law). Let L|K be a finite Galois extension of number
fields. Then we have an isomorphism rx : G(L|K)® — Cx /N Cly.

Corollary 5.4.4. The inverse map of rx yields a surjective homomorphism (,L|K) :
Cx — G(LIK)™ with kernel NpxCy,.

Finally we show the global existence theorem.

Theorem 5.4.5 (Global existence theorem). Let K be a number field and let N, == Ny xCl.

Then there is a 1-1 correspondence
{Finite abelian extensions L of K} <> {Open subgroups of finite index in Ck}

Ll—>NL

Furthermore, Ly C Ly <= N, CNL,, Np,an, = N, Np, and Ny, 1, = N, NN,
The field L|K corresponding to the subgroup N of Ck is called the class field of N'. It
satisfies G(L|K) = Ck /N

Proof. 1. N is open in the norm topology: It contains NpxCp for some finite Galois
extension L|K, hence is of finite index in Ck. If we show that NpxCp is closed, then
it is open since it is of finite index in Ck, so N is open, hence closed. To show that

Nk Cr, is closed, we choose an infinite place P of K and denote by I'x the image of the
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subgroup of positive real numbers in Kp under the canonical injection <>: K — Ck,

ap (1,1,--- ,ap, ) Then Cx = C% x RY = CY x 'k, by Theorem m Therefore

NL|KCL = NL|KC2 X NL|KFK = NL‘KC? X FnK = NL‘KCQ X FK

Here I'}, = 'k since 'y = RY and x +— 2™ is an isomorphism of RY. The norm map is
continuous and C? is compact, so N L xC? is compact in Ck which is Hausdorff, hence is
closed. Since ' is also closed in C, we get Ny, xC? is closed.

2. N is a closed subgroup of finite index: We have to show that N contains N rxkCr, for
some finite Galois extension L. We may assume that n is a prime power, for if n = pi* - - - pi*
and N; C Ck is the group containing A of index p;’, then N’ = NI_, N, and if N; are open
in the norm topology, then so is NV.

So now let J = p~}(N') where p is the canonical surjection I — C. Then J is open in
I because N is open in C. Therefore J contains a group (also a neighbourhood of 1),

Uz = [I11{1} x T] Up where S is a sufficiently large set of places of K containing the infinite
Pes P¢S
primes, primes dividing n and such that Ix = I K*. Since [Ix : J] = n, J also contains

the group [] K" x [T {1}, hence the group I3 = [[ K3" x [ Up.
PeS PES PeS PES
So it is enough to show that Ck(S) = Ix(S)K*/K* C N contains a norm group. If u,, C K,

then C (S) = NpxCy with L = K(¥/K9). If they do not belong to K, then adjoin them and
obtain an extension K'|K. Let S’ be the set of primes of K’ lying above primes in S. If S is
chosen sufficiently large, then ;o = I3, K™ and Cx/(S') = NpxCps with L' = K'(VEKY).
On the other hand, we get N/ x(Ix/(S")) C Ik (S), so that Ny xC} = Ngrx(NpgCrr) =
N (Cir(8)) € Cie(9).

U

Let us now attempt to understand the finite index subgroups of the idele class group

in more detail. Let M = [[P"®. We may write it as M = [[P" with np = 0 for the
Ptoo P

archimedean places P. We will henceforth call M a module of K. Further, we set U7(30) =Up

and

1+ Ppre if P4oo
U;;np) =q R} if P is real
Cx if P is complex

Definition 5.4.1 (Ray class groups). The group C}} = Ig(m)KX/KX formed from the idéle
group I} = HU}DM’) is called the congruence subgroup mod m and the quotient group Cx /CP
P
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1s called the ray class group mod m.

The following proposition gives us examples of ray class groups.

Proposition 5.4.6. For any module m =< m > of the field Q, one has Co/Cg = (Z/mZ)*

The congruence subgroups in fact provide us with all the finite index closed subgroups

of the idele class group. More precisely, we have

Theorem 5.4.7. The closed subgroups of finite index of C'x are precisely those subgroups

that contain C}.

Definition 5.4.2 (Ray class field). The class field corresponding to the congruence subgroup

CPis called the ray class group mod m and is denoted K™.

Corollary 5.4.8. The reciprocity map yields the isomorphism G(K™|K) = Ck/C?.

Combining the global existence theorem with Theorem [5.4.7] we obtain the following

result:

Corollary 5.4.9. Every finite abelian extension L|K is contained in a ray class field K™|K.

The above result is a generalisation of the Kronecker Weber theorem for the following

reasoin.

Theorem 5.4.10. Let m € N and m =< m >. Then the ray class field mod Q is the field
Q™ = Q(ptm) of m™ roots of unity.

Definition 5.4.3. Let L|K be a finite abelian extension, and let Ny = NpxkCr. The con-
ductor [ of L|K is the ged of all modules m such that L C K™ (i.e., C* C Np).

The following proposition illustrates the relation between global and local conductors.

Proposition 5.4.11. If f is the conductor of the abelian extension L|K, and fp is the
conductor of the local extension Lp|Kp, then f =1]fp.
P

Corollary 5.4.12. Let L|K be a finite abelian extension and f its conductor. Then,
P is ramified in L <= P | f.
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Definition 5.4.4 (Big Hilbert class field). The big Hilbert class field H is the mazimal

everywhere unramified abelian extension of a number field K, i.e., fryx = 1.
Example 22. The big Hilbert class field of Q s itself by Minkowski’s theorem.

Definition 5.4.5 (Hilbert class field (Small Hilbert class field)). The Hilbert class field H is
the maximal everywhere unramified abelian extension of a number field K, including at the

infinite places (i.e., the real places of K stay real in H).

Proposition 5.4.13 (Galois group of Hilbert class field). : The Galois group of the small
Hilbert class field H|K is isomorphic to the ideal class group Cly, i.e., G(H|K) = Clk.
Hence the degree [H : K| is the class number hy of K.

Example 23. The Hilbert class field of any number field with class number 1 (such as Q
and Q(7)) is itself. Notice now that the big Hilbert class field of Q(i) is also itself, since its
Hilbert class field is Q(i) and both the infinite places are complex. The Hilbert class field of

Q(V~15) is Q(v=3,V5).

Remark 5.4.1. The Hilbert class field H of K has some special properties:
1. The prime ideals of K that split completely in H are precisely the principal prime ideals
of K. 2. Fvery ideal I of K becomes a principal ideal in H.
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Chapter 6

Grunwald Wang theorem

The Grunwald Wang theorem is another important instance of local global principle. It
states that, except for some exceptional cases which will be described below, an element of
a number field K is a global n' power if and only if it is a local n'" power in almost all
completions K.

This theorem has an interesting tale associated with it. It was first proven by Wilhelm
Grunwald, a student of Helmut Hasse, in 1933. However, he erroneously stated that a is an
n'™® power in K if and only if a is an n'® power in K, for almost all v. George Whaples gave
a second proof of the incorrect statement in 1942. (See remark to understand Whaples’
mistake.) However, Shianghaw Wang discovered a counterexample (see remark see
also |10]), and in his doctoral thesis written under Emil Artin, he stated and proved the
correct statement (Theorem [6.1.4)). He also expanded upon this in his paper [11].

In this chapter, n will denote a natural number, L, K will denote number fields, K, a
completion of K at a place v and the phrase ‘almost all places” will refer to ‘all but finitely
many places’.

The primary reference for this chapter is Chapter 8 of [6].

6.1 Local Global principle for nth powers

Proposition 6.1.1. Let a € Q* be an n'™ power in Q, for all primes p and R. Then
ae€ Q.
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Proof. 1f a is an n'™ power in Q*, then a is an n'" power in Q, for all primes p and R, since

Q—=Q, and Q — R.

Now, let a € Q*. Then, a = 4 [[ p*®), where v,(a) € Z and v,(a) = 0 for almost all p.
p

Since a is an n'® power in Q, for all primes p, v,(a) is divisible by n. Now, if a = [] p(®,
p
or if n is odd and @ = —[] p*»(@ then a is an n'™ power in Q, since in the latter case,
p

—1 = (=1)". If n is even, then @ > 0 since a is an n'™ power in R, hence a = [] p*»® with
P

n dividing v,(a), hence a € Q*". O
Remark 6.1.1. In the above theorem, the phrase ‘all primes’ cannot be replaced by ‘almost
all primes’. For instance, 16 is an 8" power in R ((v/2)® = 16), and is an eighth power in
Q, for all odd primes p, because X® — 16 = (X? — 2)(X? + 2)(X? +2X +2)(X? — 2X + 2)
and 2, -2 or -1 1is a square in F, (since (2/p)(—1/p) = (=2/p), where (a/b) is the Legendre
symbol), hence in Q, by Hensel’s lemma. However, none of V2,v/=2 and 1 41 (which are
roots of X? —2, X% +2 and X%+ 2X + 2 resp.) are in Q.

However, ‘all primes’ can be replaced by ‘almost all primes’ except when 8 | n, as will be

llustrated in Theorem [6.1.4)

Remark 6.1.2. The above theorem can be easily extended to the case of imaginary quadratic
field with class number 1 and U = {£1} (there are 7 such fields) with the same proof, when

n is odd.

Remark 6.1.3. The above theorem cannot be generalised to an arbitrary number field. Let
K = Q(\/7). 16 is an 8th power in Q,(\/7) for all places lying above odd primes p, since it is
an 8™ power in Q,, for all odd primes p. Furthermore, it is an 8" power in the infinite places,
which is R. 16 is also an 8™ power in K, . = Qa(v/7) = Qa(i) since (1 +i)® = 16.
(Qa(V7) = Qq(4) since —7 is a square in Qy (because —7 =1 mod 8), and /—Ti = —/7).
However, 16 is not an 8" power in Q(v/7), since none of /2, V=2 or 1 +1i are in Q(v/7).

Proposition 6.1.2. Let a primitive n'* root of unity ¢, € K. Then, a is an n™ power in K

if and only if a is an n'™ power in K, for almost all places v.

Proof. Let B be an n'" root of a in Q. Notice the proposition is tantamount to showing
K(B) = K. If a is an n'" power in K,, then the polynomial X" — a splits into linear factors
in K,[X] since ¢, € K,. By hypothesis, a is an n'® power in K, for almost all v, so X" —a
splits completely in K,[X]|. By Proposition almost all v split completely in L. By

Proposition 5.2.14 K[f] = K. O
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Combining this with the fact that ps, C Q, we obtain

Corollary 6.1.3. a is a p-adic square for almost all primes p if and only if a is a square in

Q.

b root of

The following theorem relaxes the hypothesis of the existence of a primitive n'
unity in K in the above theorem. However, as illustrated in Remark [6.1.3, the case when

2 | n must be tackled carefully.

Theorem 6.1.4. Let K be a number field, n € N and t = vy(n) (mazimum power of 2
dividing n). Furthermore, suppose that K ((ot)|K is cyclic. Then, a is an n' power in K if

and only if a is an n'™ power in K, for almost all v.

Proof. Step 1: It is enough to show the theorem is true when n = p".

Proof: We proceed by induction on number of prime divisors of n. Suppose n = pj'ps*.
Since (pi', py?) = 1, by Bezout’s lemma, Je¢, d € Z such that ¢p}* +dpy? = 1. Now, if a € K*
th th

. . . T . . T .
is a n'™ power in K, so a is a p;' power in K, for almost all v, hence a is a p;' power in

th
K> by hypothesis, and similarly is a p,> power in K*. So for some e, f € K*, we have
a=el' = 7 = a= qePL Hdp? freend = (feet)m.

Step 2: Claim: Suppose n = p" (p any prime) and K((,)|K is cyclic of prime power degree.
Then, a is an n'* power in K* if and only if @ is an n** power in K, for almost all v.

Proof: Let K' = K((y), and let a be an n'" power in K, for almost all v, then a = 3"
(8 € K') by Proposition [6.1.2, So f(X) = [[(X — 8¢%) in K'[X]. Let X" —a = [[f:(X)

7

where f;(X) are irreducible over K[X]. For each i, choose a root B of fi(X). Then,
K(B;) C K', so K(;)|K is cyclic, so in particular K (3;)| K is Galois, so is the splitting field
of f;(X). If a is an n*™® power in K,, then at least one of the f;(X) splits completely in K,

so v splits completely in K (3;) for that i. So almost all v split completely in some subfield
of K', but we need to show that almost all v split completely in a single K(;), and then
applying proposition K(B;) = K, which will conclude the proof.

Since K'|K is cyclic of prime power degree, the sub-fields of K’ are totally ordered:

KCK CKy,C...K
Let ip be the integer such that K (3;,) is the smallest field among K(/3;). If v splits completely

7



in K (5;) for some 7, then v splits completely in K(f;,). So, almost all v split completely in
K(B;,), concluding the proof.

Step 3: Suppose now that n = p” (p an odd prime). Then K ((,)|K((,) is cyclic of de-
gree a divisor of p”, so by step 2, if a is a n'" power in Kp((,) for almost all P (P|v), a is an
n'™ power in K((,). Let d = [K((,) : K]. N(a) =a®= N(b") = N(b)"", and since d | p — 1
and (p—1,p) =1, aisap™" power in K*.

Finally, since K ((s) is cyclic of order a divisor of 2"~! the theorem is proved by combining
the above 3 steps. O

Remark 6.1.4 (Whaples’ mistake). The key step in the proof is Step 2. G.Whaples, who
gave a second ‘proof’ of Grunwald’s ‘theorem’ committed an error here, by denoting a root
of X™ —a by a'/™. However, different roots may have different properties, such as the degree

of the minimal polynomial.

Remark 6.1.5. Notice that the example in Remark[6.1.3 does not contradict Theorem[0.1.
since Q) = Q(i,/2) is not cyclic (its Galois group is Klein four group). It also does not

contradict Proposition[6.1.3 since (s ¢ Q.

Remark 6.1.6. Notice that in the above theorem, it is not necessary to check whether a is

an n'* power in K, for the infinite places v, since there are only finitely many infinite places.

Corollary 6.1.5. If 84 n (i.e., va(n) = 0,1 or 2), then a is an n'® power in a number field
K if and only if a is an n'* power in K, for almost all places v of K. In particular, the above

statement holds when n is odd.

Proof. If va(n) =t =0 or 1, then K((yt) = K. If t = 2, then K({y2) = K (i) is of degree 1

or 2 over K, hence cyclic. O
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Chapter 7

Primary units

In this chapter, we will see some instances where information at a particular completion of
a global field is sufficient to provide information about the global field, in contrast to the
local global principle, where information at all or all but finitely many places is required.
The reference for the first section, especially the behaviour of norm map and n'® power maps
is |4]. The second section is primarily based on [8]. The main reference for the third section
is [3].

7.1 p-primary units and behaviour of norm map

In this section, we will first define the notion of a p-primary unit and provide an important
characterisation of the same. We then describe the behaviour of the norm map and the n'"

power maps, which will be used in the rest of the chapter.

Definition 7.1.1 (p-primary units). Let K be a p-adic field and (, € K. A unit o € Uk is
said to be p-primary if K({/a)|K is unramified.

Example 24. Note that py C Qa, and Qy(\/5)|Qy is unramified, hence 5 is a p-primary
unit. On the other hand, —1 € Q9 is not a p-primary unit since Qq(i)|Qq is totally ramified.
Since ¢, ¢ Q, for any odd prime p, Q, has no non-trivial p-primary units (i.e., not a p™

power).
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Remark 7.1.1. The condition ¢, € K is required for the extension K(J/a)|K to be Galois.

The polynomial XP — « has one root in K (¢/«), hence must have all its roots.

Remark 7.1.2. If K is a p-adic field, then K(/«)|K is unramified by Lemma if q
is any other prime. Thus, the notion of a ‘¢-primary unit” would be redundant. This is an

important observation which will be used in Section 3.

We will state without proof an important characterisation of p-primary units.

Theorem 7.1.1. Let K be a p-adic field containing a primitive p™* root of unity. A unit o €
Uk is p-primary if and only if the image of a € K* /K> belongs to Uyerr = Upere/ Upere N UP

where ex = ex/(p— 1).
Proof. For the proof of this, see [2]. O

We will now state some results about the behaviour of norm map.
For unramified extensions, we already know from Theorem that the norm map is
surjective at each step of the unit group filtration. The following proposition describes the

behaviour of norm map for totally tamely ramified extensions.

Proposition 7.1.2. Let L|K be a totally tamely ramified cyclic extension of degree n with
residue fields kp, and kr. Let N\o, : Up — kJ be the map v — u mod Pr and \; 1, : Uéi) — kr,
be the map 1+ wta — a mod Pr, where a € Or, and Py, is the mazimal ideal of Or. Then

the following diagrams commute:

Ao, L i Ani,L
U, —22 5 k] Ui i kL
Npix 1n Nk X7
U —— kX v g
K Ao, K K K Ai K K

where 1 p is the p* power map and xm is the multiplication map. Moreover NL|KUS) =

We now look at the behaviour of norm map for wildly ramified extensions.
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Proposition 7.1.3. Let s be the unique ramification break of the totally ramified cyclic
extension L|K of degree p where ch(ky) = p and let \; 1, and \; i be as described in previous

proposition. Then the following diagrams commute:

i Ad,
Ul 2 gy
Nk 1p if 1<1<s
w%—j;—+@

(s)
U A g
Nijx 98" —77—13

UQ——ET%kK

(s+pi) As+pi,L
glete) Aot g

Npk N if 1 >0

(s+1)
UK Asti, K ki
(s+i)y (s+i+1) . . .
Moreover Npjx(U; ™) = Ny (Up ) for i > O,p t i. Here § € Uk is such that
o(mp)/mr = be with € € Ué ) and n € Uy, is such that o(mp)/mL =1+ n7s.

We can capture the behaviour of norm map for any finite Galois extension of local fields

by an integer valued function called the Hasse Herbrand function.

Proposition 7.1.4 (Hasse Herbrand function). Let L|K be a finite Galois extension of local
fields and set N := Npjx. Then there erists a unique function hrjx : N — N such that
h(0) =0 and

NUPD c @ NUtD ¢ gt NpPOrD ¢ gty
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1. For LIK an unramified extension, h(i) =i.
2. For L|K a totally tamely ramified extension, h(i) = [L : K]i.
3. If L|K s a totally ramified extension of degree p = ch(kg), then
W) — i ifi <s
s(1 —p) + pi ifi>s
3. Tower property: If we have a tower of field extensions K C M C L, then

hL|K = hL\M © hM\F'

Finally, let us look at some important results regarding the n'" power map.

Proposition 7.1.5. Let K be a local field, ki its residue field and (n, ch(kx)) = 1. Then

™Tn: UI(? — U[((i), x +— " 15 an somorphism.

We now look at the p*™® power map where p = ch(kg).

Proposition 7.1.6. The homomorphism T p maps U; to Uy fori <ex =-ex/(p—1), and

U; to Uy, fori>ex. Fori>eg, the p™ power map is in fact an isomorphism.

7.2 Local analogue of Martinet’s theorem

We now state a theorem due to J. Martinet which is a generalisation of the well known

Stickelberger’s criterion concerning the discriminant of a number field.

Theorem 7.2.1 (Martinet). Let L|K be a quadratic extension of number fields such that the
absolute norm of the relative discriminant ideal o 1s odd. If pom € K for some m > 2,
then Ngio(0r) = (1 mod 2m+1).

We will state and prove a local analogue of Martinet’s theorem, and then show that in
the case when L|K has an integral basis, i.e., O is a free O module, Martinet’s theorem

can be obtained as a consequence of the local analogue at the prime 2.

Theorem 7.2.2 (Local analogue of Martinet’s theorem). Let K be a finite extension of Q,
containing a primitive p™th root of unity where m > 1. Let o be a p-primary unit of Uk.
Then Ng|g,(c) =1 mod p™*!.
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We will first obtain Martinet’s theorem as a consequence of the local analogue. The
following result shows that the discriminant of an integral basis of an unramified extension

L|K is a 2-primary unit. We use this to prove Martinet’s result.

Corollary 7.2.3. Let K|Qy be a finite extension such that pom C K for some m > 1. Let
LIK be a finite unramified extension and {aq,---«,} be an integral basis of L|K. Then,
VAo, - oy) is 2-primary and Ngg,(v/drik(oq, - - @) = 1( mod 2™+,

Proof. K(y\/dpjk(oa,---ay)) is a subextension of L|K since dpjx = [[(e — «;), and thus

i<j
an unramified extension of K. Hence dpjk(ai,---ay) is a 2 primary unit of K, and the
congruence follows by Theorem n

Corollary 7.2.4. Let K be a number field such that pom C K where m > 1. Let L|K be
a finite extension, and let Orx be the relative discriminant of L|K , and suppose No(drx)
is odd. Assume A = {ay,---«a,} is an integral basis of L|K such that A forms a S™'Of
basis of ST1OL, where S =7\ < 2 >. If dyx(A) denotes the discriminant, then Njg = 1(

mod 2T1).

Proof. Since the norm of the discriminant ideal is odd, all primes of Ok lying above < 2 >

are unramified in L. Let PP be a prime lying above 2. Let {Q;}7_; be the prime ideals of O,

lying above P. Choose an integral basis B; = {3;,, ), --} of Lg,|Kp and let L; := Lg,,

and M = LQKp. Since A = P L;, C = U,_B; forms an integral basis for the Kp

algebra A. Helr(e an integral basis of M means an O basis of Oy;. Let dyx,(C) denote
j

the discriminant of M with respect to the basis C'. A is also an integral basis of M, since
it is given that A is an integral basis of L|K. Hence, dpjkx(ap) = dur,(C)u® for some
u € Ug,. Since dyr,(C) = H;Zl dLqu(p, by the above corollary and by the fact that
A forms an S7'Og basis of S7'Op where S = Z\ < 2 >, we have Ny, 0,dmix,(B) =
[T)—s Nicoion (drg 16 (B;)) = 1( mod 27+1). As Qy(Gan) C Kop, we have Ni, g, (u) € UG
by Theorem {4.2.2, Thus Ngg,(u)* € U&Hl). Hence, Ngpg,(drx(A))p = 1 mod 2™,
Thus, we obtain Ngjg(drix(A)) = [T Nkpi.(drix(A)) = 1( mod 2™*1). O
P2

Now, we will turn our attention towards proving Theorem But first we need the

following lemma which says that the norm of a p-primary unit is again a p-primary unit.
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Lemma 7.2.5. Let L|K be an extension of p-adic fields containing (,. Then, Ny : L* —
K> takes a p-primary unit of L to a p-primary unit of K.

Proof. By theorem |7.1.1} a = ua? where u € U}Jpﬁ), so Nk (o) = Ny (u) (N (2))?. Now
Npg(u) = Npyg(1+ 755) = [T(1 + o(r)P°L) = 1+ Tr(7}) + terms with valuation vy,

(e

greater than per 4+ 1. Noting that er, = epjxex, we obtain N(u) € Upez.

For an alternative proof, cf. [8]. O

Proof of theorem[7.2.9. By hypothesis, p,» C K, so Q,(({,=) C K. By the previous lemma,
Nk|@,(¢,m) of a p-primary unit in K is a p-primary unit in Qp(¢ym). Thus, it is enough to
prove the result in the case K = Q,((ym).

Suppose K = Q,(¢ym). If @ € K is p-primary, then o = ww?, u € Uf(fa) = U](fm). By
theorem {4.2.2, we have NK|QP(UI(§’M)) = U(S:), hence Ngjg,(u) and Ng|g,(w) € U(g:), hence

m—1

Ngjg,(w)? € U&?H). So it remains to show that hgg,(m) = p ]
property of Hasse Herbrand function, we obtain NK|QP(U[(?(W)+1)) = NK|Qp(UI(? N C U&LH).
Consider the tower of extensions K = K,, 2 K,,_1 2 ---K; where K; = Qp((,). For

each 2 < i < m, K;|K;_; is a wildly ramified cyclic extension of degree p, and K;|Q,
i1

. Then, by using the

is tamely ramified of degree p — 1. Observe the ramification breaks sk, x, , = p'~" since

Ui, (0(Gp) = Gpi) = vk (G — 1) = p' ™

We now proceed by induction on m. For m = 1, we want to show hg, k(1) = p — 1, which
follows by the property of Herbrand function for tamely ramified extensions. For m > 2, we
need to show that hg,,ig,(m) = p™~!, which can be shown using the transitivity of Hasse
Herbrand function through the tower of field extensions K;.

For the detailed calculation, see [§]. O

7.3 Kummer’s lemma

In this section, we will see that Kummer’s lemma which is a statement about the units of

the ring of integers of Q((,), p a prime, is essentially a statement about p-primary units.

Theorem 7.3.1 (Kummer’s lemma). Let p be a reqular prime, i.e., (p, Clg) = 1. Let a € Z,
u € Uk andu=a mod p. Then, u is a p™* power, i.e., w = 2P, v € Ug. Here, Clx denotes

the class number of K.
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Remark 7.3.1. 2 and 3 are regular primes since Cly = Clgwy = 1. It can be shown in
fact that the first irreqular prime is 37. It is known that there are infinitely many irreqular
primes, but it is not known whether there are infinitely many reqular primes, though they

seem far more numerous compared to irreqular primes.

To see that Kummer’s lemma is indeed a local statement, we first define the notion of a

primaire unit.

Definition 7.3.1 (Primaire unit). Let L = Q,((,). Then, u € Uy, is said to be a primaire

unit if u = a mod p.

Example 25. All p-primary units are primaire units by Theorem [7.1.1. It is easy to see
that 1 4 p is primaire but not p-primary.

Remark 7.3.2. Observe that Kummer’s lemma is a statement about a global primaire unit.

First we provide a characterisation of primaire units.

Proposition 7.3.2. Let L = Q,(¢,) and u € U,. Thenu=a mod p <= uP™! € Uép_l),

Proof. ( =) Follows by Fermat’s little theorem.

(<= ) Since L|Q, is totally ramified, U, = F x US), i.e, u=auy,a€F;andu € Uép_l).
So uP~! = Pl = b € Uépil), and since 1 (p — 1) is an automorphism of Ug) for all
1> 1, we have u; EUI(f_l). O

Proposition 7.3.3. Let L = Q,((,). If norm of a primaire unit is = 1( mod pmy) where

L 1S a prime of L, then « is p-primary.

Proof. First note that « is p-primary if and only if a?™! is, since K(¥/a) = K(Var~1),

so we may replace a by a?~!. We may thus assume that o € U;ffl). Nijg,(a) = 1(

mod pm) but since Ng|g,(a) € Q,, we must have Ngq,(a) € U&). By Proposition |7.1.2]
Mg, (Nijg, (@) = 0= A\,_1.. (o) which implies that a € U O

In the following proposition, we show that any primaire global unit is primary and in

fact a local p" power.
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Proposition 7.3.4. Let K = Q((,) and L = Q,(¢,). If a global unit u € Z[(]* is such that

the p-adic image u, of u in Q,((,) is primaire, then it is a p™ power in Uy,.

Proof. 1. Primaire global unit is p-primary: First we recall a few facts about global units.
Every unit u € Z[¢]* can be written uniquely as u = (,w for some primitive p™ root of unity
¢ and w € Z[, + ¢, ']. Tf furthermore u, = a( mod 77) for some a € Z, then u = w since
G € US) but not in Uf) (because v (¢, — 1) = vg, (N, (( — 1)) = vg,(p) = 1). Therefore
Nko(u) = N@(Cp+<51)|<@(u)2 — 1, because the norm of a unit is a unit and Z** = {1}. Also,
N, (up) = No,)o(w) = 1. Since u is primaire, u, = a( mod 77 ), so applying the previous
proposition and noting that Ny g, (u,) =1 € U ép ), we obtain the fact that u is p-primary.

2. p-primary global unit is a p™ power: We now wish to show that wu, is in fact a p*™ power.
Upto replacing v by u?~!, we may assume v € U S). fueU él) is p-primary, then v € U ép )
by Theorem . By the above discussion, u € Q,((, + ¢, "). If a unit of Q,(¢, + ¢, ") is in
U én) for some odd n, then it is in U énﬂ), because the ramification index of Q,(¢, 4 ¢, ') is
two. But UPY) = (U@ so u € L*P. O

Remark 7.3.3. The above proof shows that the local analogue of Martinet’s theorem (The-
orem can be strengthened for a global unit u, since Ngq,(up) = 1 for any local field

K containing a primitive p™ root of unity.
Finally, we prove Kummer’s lemma.

Proof of Kummer’s lemma. Since a global primaire unit is p-primary, Q,(,, ¢/U)|Qp(Gp) is
unramified. By combining this observation with Remark and noting that all infinite
places of Q(() are complex, we obtain the fact that the extension Q((,, v)|Q(() is unramified
everywhere and cyclic of degree 1 or p. Since (p,Clge)) = 1, Q(¢,) has no everywhere
unramified degree p extensions, Q(¢,, ¥/u) = Q((,), so u is a global p'™ power. ]
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Chapter 8

Conclusion

The primary aim of this thesis was to present the main theorems of class field theory, and in
the process illustrate the phenomenon of local global principle at play. We began by looking
at the existence of a canonical homomorphism from the Galois group G(L|K) of a local field
extension L|K to K* /Ny L*, which is in fact an isomorphism for abelian extensions. We
then showed that for every finite index subgroup of the multiplicative group K>, there is a
finite abelian extension of K corresponding to it. We then studied the groups of norms of
cyclotomic extensions, and as a result obtained the Local Kronecker Weber theorem, and
consequently the Global Kronecker Weber theorem, which demonstrated to us the power of

local global principle.

In a beautiful parallel to the local theory, the main statements of global class field theory
stay the same when the multiplicative group of the local field is replaced by the idele class
group Ck of a number field K. We again saw here various occurrences of the local global
principle. We in fact used the local norm residue symbols at all the completions of the
number field to construct the global norm residue symbol and the reciprocity map. In the
process, we obtained the important Hasse norm theorem, which is essentially a local global
principle for norms of a cyclic extension. We also explored the local global principle for n'®

powers, the so called Grunwald Wang theorem.

We concluded the thesis with two instances which were seemingly global statements, but
in fact turned out to be statements at a particular completion, hence not instances of local

global principle.
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