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Abstract

Let (7, V;) be a finite dimensional representation of a maximal compact subgroup K of a
connected non-compact semisimple Lie group G, and let I' be a uniform torsion-free lat-
tice in G. We obtain an infinitesimal version of the celebrated Matsushima-Murakami for-
mula, which relates the dimension of the space of automorphic forms associated to ~ and
multiplicities of irreducible 7V-spherical spectra in L?(T'\G). This result gives a promising
tool to study the joint spectra of all central operators on the homogeneous bundle asso-
ciated to the locally symmetric space and hence its infinitesimal 7-isospectrality. Along
with this we prove that the almost equality of 7-spherical spectra of two lattices assures

the equality of their 7-spherical spectra.

Let I'y and I'; be two lattices of finite covolume in a semisimple Lie group G. We prove a
spectral rigidity result for the representation spectra of the right regular representations
L*(T';\G) and L*(T';\G) of G. This can be thought of as an analogue of the strong multi-
plicity one theorem and it generalises |[BR11, Thm 1.1] by Bhagwat and Rajan to the case

of non-uniform lattices.

Let G be the real points of a connected semisimple simply connected algebraic group over
Q such that G has a compact Cartan subgroup and let T be a uniform lattice in G. Let G,
denote the set of equivalence classes of unitary discrete series representations of G. We
prove that for any finite subset of G, satisfying a certain condition, the associated finite
set of discrete series multiplicities in L?(I"\ &) determines all discrete series multiplicities
in L?(T'\G). This allows us to obtain a refinement of the strong multiplicity one result for
discrete series representations. As an application, we deduce that for two given levels, the

equality of the dimensions of the spaces of cusp forms over a suitable finite set of weights
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implies the equality of the dimensions of the spaces of cusp forms for all weights.
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Chapter 1

Introduction

1.1 Isospectrality and Representation Equivalence

The mathematical description of classical spectral theory of light and sound is given by
the spectrum of the Laplacian acting on certain space of smooth function on Riemannian
manifold. An admissible source of such Riemannian manifold is locally symmetric spaces.
These spaces are of the form X = I'\G/K; where, G is a reductive Lie group, K is a
maximal compact subgroup and I is a lattice in G. The symmetric space G/ K, equipped
with G-invariant Riemannian metric, is the universal cover of Xt. In the recent past, one
of the successful approaches to understand the spectrum of Laplace type operator on Xr

is using its intimate relation with representation theory of G.

The question: Can the space Xr (up to isometry) be determined by its spectrum? has been
of great interest over last few decades. The works of Milnor (see [Mil64]) and Vignéras
(see [Vig80]) are in the frontline to answer this negatively. Later, the construction of non-

isometric isospectral manifolds by Sunada brought significant arithmetic flavour in this



context (see |[Sun85]). In |Raj07], C.S.Rajan studied the appropriate arithmetic properties
which are determined by the spectrum.

The arithmetic properties of X1 have many similarities with the spectrum of X. The
first such evidence appears in the work of Maass, who studied the arithmetic properties
of eigenfunctions of Laplace operators on the complex upper half plane H (later well-
known as Maass forms), that are invariant under congruence subgroups of SL(2,7Z) (see
|Gel75]). This provides a relation between the representation theory of G := PSL(2,R) on
L*(T'\G) and the spectrum of Hyperbolic Laplacian acting on I'\ H. Later, Selberg came up
with Trace Formula which happens to be a tremendous achievement linking the spectrum
and arithmetic of X1 (see e.g. |Hej83]).

The purpose of this thesis is studying the representation theory of L?(I'\G) to address
the spectrum of X. More explicitly, for given two lattices I'; and I'; in a Lie group G and
for a fixed maximal compact subgroup K in G, we study a notion called Representation
Equivalence of L?(T';\G) and L?*(I';\G) to obtain some Isospectrality results for Xr, and
Xr,. Before diving into the case for general reductive/semisimple Lie group, let us recall

some classical results for finite group G.

Definition 1.1.1. A triplet (G, H,, H,) consisting of finite group G and two non-conjugate
subgroups H, and H, of G is called a Gassmann-Sunada system if one of the following equiv-
alent condition holds:

(1) The right regular representation of G on C[H;\G| and C[H,\G] are isomorphic.

(2) Any G-conjugacy class intersects H, and H, in the same number of elements.

(3) For any finite dimensional representation V of G, dim V1 = dim V2,

An example can be given as follows. Let H; and H, be two finite groups such that for any

positive integer d, the number of elements of order d in H; and H, are same. In particular,



|H,| = |H5| = k. Then, (S, H;, Hy) becomes a Gassmann-Sunada triplet. Here, S;, is the

symmetric group in k£ symbols. The following is Sunada’s result in [Sun85].

Theorem 1.1.2. Suppose (G, Hy, Hy) is a Gassmann-Sunada system and assume that G acts
freely and isometrically on a compact Riemannian manifold M. Then the quotient spaces

H,\M and H,\ M are isospectral.

We will make a precise definition of Isospectrality in Chap. |4} For now, the reader can take
an ad-hoc definition : Two locally symmetric spaces are isospectral if the spectrum of the

corresponding Laplace operators acting on smooth functions on them coincides.

Sunada’s Thm. for Isospectrality had been extended by DeTurck and Gordon in
[IDG89]. To state their result, we need to define representation equivalence of lattices
in Lie group. Let G be a Lie group. Let I be a cocompact lattice in G. In particular, G is
unimodular. Consider the right regular representation Rr of G on the space L*(T'\G) of

square integrable functions on GG with respect to G-invariant measure on I'\ G, defined by

(Br(g)p)(z) = p(zg)

for all p € L?(I'\G) and z, g € G. Then, we have

—

(Re, Y(I\G)) = P

weém(ﬁ’ ),

where G is the set of isomorphism classes of irreducible representation of G and m(, ")

is the number of 7-isotypic component in L?(T'\G).

Definition 1.1.3. Two co-compact lattices 'y and 'y in G are said to be representation equiv-

alent if the right regular representations (Rr,, L*>(I'1\G)) and (Rr,, L*(T';\G)) are isomorphic



i.e. m(m,T1) = m(m,Ty) forall € G.

Theorem 1.1.4. (DeTurck-Gordon) Let G be a Lie group acting on the left as isometries of a
Riemannian manifold M. Suppose I'y and T'; are discrete, co-compact subgroups of G acting
freely and properly discontinuously on M, such that the quotients T';\ M and I';\ M are com-
pact Riemannian manifolds. If the lattices I'y and 'y are representation equivalent in G, then

['y\M and T';\ M are isospectral for the Laplacian acting on the space of smooth functions.

So, we see that representation equivalent lattices give rise to spectrally indistinguisible
spaces. It is natural to ask if the converse holds. This is quite ambitious inverse spectral
problem. When G = PSL(2,R), the converse holds due to Pesce. Let X be a hyperbolic
compact Riemann surface and I'x be its fundamental group. By uniformization of X, the
fundamental group I'x can be realised as a lattice in PSL(2, R) via an inclusion py : I'x —

PSL(2,R).

Theorem 1.1.5. (Pesce; [Hub98]) Suppose X and Y are compact Riemannian surfaces of
genus atleast 2. Then X and Y are isospectral with respect to the Hyperbolic Laplacian act-
ing on the space of smooth functions if and only if the lattices I'x and I'y are representation

equivalent in PSL(2, R).

Apart from the group PSL(2, R) this converse direction is not well-understood. See [Raj07|
for a possible reformulation in generalities. While understanding the full representation
spectra in L*(T'\G) at once seems difficult, we intend to focus on representation spectra
with prescribed archimedean type. For anirreducible representation 7 of K, an irreducible
representation 7 in G is called r-spherical if Hom (7, 7|x) # 0. Let us denote G, = {r €
G : Hom K (7, m|k) # 0}. Note that G = U, c [A(@T. There is also the notion of T-isospectrality
for Xt defined in Sec. [4.1.1|for certain r-spherical Laplace operator. Therefore, the 7-



equivariant version of inverse spectral problem reads : Given two T-isospectral spaces Xr,
and Xr,, are I'; and T'y TV-representation equivalent?. Let us now define a weaker version

of 7-representation equivalence and r-isospectrality.

Definition 1.1.6. Two lattices I'y and T’y are called almost-T-representation equivalent if

m(rm,T1) = m(x,Ts) for all but finitely many = € G..

Definition 1.1.7. Two locally symmetric spaces Xr, and Xr, with the same universal cover
G/ K are said to be almost-r-isospectral if the dimensions of the \-eigenspaces for the corre-

sponding T-spherical Laplace operators are equal for all but finitely many \ € R.

In the direction of “almost-r-representation equivalence implies isospectrality”, several ap-
proaches have been made. In [LM20], E. Lauret and R. Miatello answered this question for
the case where K is a closed subgroup of a compact group G, i.e., for the case of compact
homogeneous space G/ K for compact group G. They further proved that the multiplic-
ity of an appropriate finite subset of G. determines all multiplicities (see [LM20, Thm.
1.1]). Later, they studied the representation-spectral converse in the context of simply
connected compact Riemannian symmetric space G/ K of rank one and proved there are
infinitely many 7 € K such that almost-r-isospectrality implies r-representation equiv-

alence and hence 7-isospectral (see [LM21}, Thm. 1.1]).

For many non-compact Riemannian symmetric spaces, Pesce proved the validity of repre-
sentation spectral converse where 7 is trivial (see [Hub95]). When 7 is trivial, the 7-spectra
are called spherical spectra. Bhagwat and Rajan answered that almost-spherical represen-
tation equivalence implies spherical representation equivalence (see [BR11, Thm. 1.2]).
In fact, they described that for a spherical irreducible representation = € G, there ex-

ists a character )\, of the algebra of G-invariant differential operators on X such that



Mult()\,;) = m(m,T') and conversely. Later, Kelmer obtained several density results which
relates the isospectrality and representation equivalence via the notion of length equiva-
lence for the case of X with real rank one and of non-compact type (having non-compact

universal cover), in particular for compact hyperbolic manifolds (see [Kel14]).

In the first half of Chap. 4] we give an affirmative answer of the question: Does the almost-
T-representation equivalence implies T-representation equivalence?. The following theorem
can be regarded as 7-spherical spectral analogue of classical strong multiplicity one the-

orem.

Theorem 1.1.8. (Thm. 1.1.2; [BMS25]) Let G be a semisimple, non-compact, connected Lie
group with finite centre. Assume that 7 is an irreducible representation of a maximal com-
pact subgroup K. If two uniform torsion free lattices 'y and Ty are almost-T-representation

equivalent then I'y and T’y are T-representation equivalent.

Remark 1.1.9. Consequently, the above hypothesis implies that X, and Xr, are T¥-isospectral.
When  is trivial, Thm.|1.1.8|reduces to [BR11] Thm. 1.2]. A special case of Thm. is [BS24
Thm. 4.1] for the group PSL(2,R).

Let us briefly outline our methods for obtaining Thm. We employ the well-established
and effective tool, namely the Selberg Trace Formula to study the representation spectra
of L?(I"\G) with respect to a convolution operator. Since our focus is on the 7-spherical
irreducible representations in L?(I'\G&), we need to annihilate the non 7-spherical com-
ponent using appropriate test functions. To achieve this, we instead consider the right
regular representation L*(T'\G, V) (see of G. We also utilize an algebra, denoted by
C>(G, K, V,) consisting of compactly supported smooth End(V;)-valued test functions on

G which are 7-equivariant (see|2.4.3). One can suitably define the convolution operator



on L*(T'\G, V;) for such test functions. It is straightforward to compute both the spectral
and geometric expansions of the trace of these convolution operators, which leads to the
required Selberg Trace Formula for L?(T'\G, V;) (see . The advantage of using such
operator valued T-equivariant test functions is the corresponding convolution operator
annihilates the non 7-spherical representation spectra (see . Moreover, due to our
hypothesis, taking the difference between the trace formula for I'; and I'; yields a finite lin-
ear combination of Harish-Chandra character distribution associated with finitely many
7-spherical irreducible representations. In Prop. we construct a left K-saturated
open set in G that avoids all conjugacy classes [y]s for v € T'; U I'y. For the aforemen-
tioned test functions supported on this K -stable open set, the orbital integrals, and thus
the entire geometric side vanish. Finally, the remainder of the argument relies on the ana-
lyticity of locally integrable character functions and the linear independence of character

distributions for inequivalent irreducible representations.

1.2 Representation Equivalence for Arithmetic Lattices

In the previous section, we were dealing with lattices I" in a Lie group G such that I'\G
is compact. For compact quotient I'\G (equivalently, Xt is compact), one has the advan-
tage that the right regular representation (Rr, L?*(I'\G)) is completely reducible. Now,
we weaken the set up assuming merely T'\G is of finite volume with respect to unique
G-invariant measure. For example, principal congruence lattices in SL(2,R) are of finite

covolume. In this case, Ry is no longer completely reducible. Let L3, .(I'\G) be the maxi-



mal semisimple subrepresentation of L*(T'\G). Then, we have

L¥(I\G) = Lgiee (N\G) @ LEI\G)

where, L2(I'\G) is the orthogonal complement of L3, .(I'\G) in L*(I'\G). In the case of
non co-compact lattice I, the presence of the continuous spectrum in L?(T'\G) always
demands delicate analysis. For instance, for any compactly supported smooth function
f, the convolution operator Rr(f) is not trace class. Consequently, the classical Selberg
trace formula does not work to achieve some result analogous to Thm. The non-
convergence of Trace (Rr(f)) is due to the presence of unipotent elements in the lattice I'.

However, Miiller showed that under some nice conditions (satisfied by arithmetic lattices)

on I', the restriction of Rr(f) on L3,

(I"\G) is trace class (see [Mul89]). The convergence
of the trace of Rr(f)|zz2_(r\c) is due to a control on the growth of the continuous spectrum

by certain intertwining operators on principal series representations (see Sec. ).

To get rid of continuous spectrum one often tries to obtain an ample supply of test func-
tions f such that the convolution operator Rr(f) is supported on discrete spectrum. In
|ILVO7], such a class of compactly supported test functions was constructed so that Rp(f) is
supported on the spherical irreducible representations (having nonzero K -fixed vectors);
it has been refined recently in [Mai24]. In the latest breakthrough by |BLZZ21|, for a pre-
scribed irreducible representation 7 occurring in the discrete spectrum of L?(I'\G) with
congruence lattice I" a source of test functions f (though merely Schwartz class functions)
can be found so that the convolution operator Rr(f) is supported on the nearly w-isotypic
component inside the discrete spectrum. Consequently one can write the corresponding

trace formula with quite simple spectral side. However, the cost against this simplicity of



spectral side is that there is no flexibility on the support of the test functions (as those
are Schwartz class). For example, a key idea in co-compact case is choosing ample supply
of compactly supported test functions supported away from I'-conjugacy classes (see Sec.
[4.3.7). This does not work for Schwartz class functions while comparing the geometric

sides of trace formulas for two lattices.

In this scenario, one can take one of the two possible paths. If the test function f is
moreover K -finite then Osborne-Warner trace formula provides a geometric expression
for Trace (Rr(f))| 2_(r\c) in terms of Hyperbolic terms, scattering terms and unipotent
terms (see Sec.[5.3). We use this to obtain Thm. (cf. Thm. 1.5 in [BM23])) which is
similar to Thm. 1.1 in [BR11], but under very strong assumptions. By those assumptions,
in the comparison of the trace formulas for I'; and I'y, the continuous spectra cancel out.
But on the geometric side the unipotent orbital integral still survives (see Sec. [5.4.3).
Now the set of regular elements in G (denoted by G,.s) is an open and dense subset of
G. Therefore we can take our test functions to be supported in Gy Which guarantees
the vanishing of the unipotent orbital integral. Hence, we get a simple trace formula
consisting of discrete spectral side and regular geometric side (like the cocompact case).
Restricting the support of the test functions inside G.; does not change the trace of 7(f)
for any irreducible representation 7= because of Thm. together with the fact that
G\ Greg is of measure zero. The rest of the argument goes same as in the proof of (|BR11],

Thm. 1.1).

The other path would be the Arthur-Selberg Trace formula. This trace formula rectifies
the non-convergence issue of trace via adelic reformulation. So, it is natural to frame our
question in terms of cuspidal automorphic representations for a linear reductive algebraic

group G whose real points would be our prescribed Lie group G. It is well-known that
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congruence lattices can be obtained from compact open subgroups in finite adeles.

Let us give an example. Let GG be a semisimple simply connected algebaric group over Q.

K C G(A%) be a compact open subgroup. Then we have the strong approximation :
I \G(R) = GQ\G(Ag)/K

where, I'x = G(Q) N K. When G = GL(2) (which is neither semisimple nor simply con-

nected), such isomorphism holds as well and the compact open subgroup K = Ky(N) =

a b ~
{ € GLy(Z) : N|c} gives rise to the congruence lattices I'y(V).

c d

We follow [Dei99] to write a simple trace formula for rank one semisimple Lie groups
using the coarse version of Arthur-Selberg Trace formula (see [Art05] for higher rank case).
Using the theory of Hecke twist, we prove the following representation equivalence result

for cuspidal spectrum in Sec.[5.5.2}

Theorem 1.2.1. Let K, and K, be two compact open subgroups of GL(n, A ). Denote
the congruence subgroup GL(n, F) N K; of GL(n, F.) by T', fori = 1,2. If m(n,T'k,) =

—

m(m, Uk, ) for all but finitely many n € G(FL), then L7,o,(I'x, \G(Fx)) = L, (T, \G (Fxo)).-

cusp

Remark 1.2.2. Indeed, for a co-compact lattice ' we have, L7,,,(I'\G) = L*(T'\G) . Therefore,

Thm. |1.2.1|can be thought as an improvement of Thm. 1.1 in [BR11] for congruence lattices
in GL(n,R).

Remark 1.2.3. C. S. Rajan suggested us to frame a natural analogue of the above result in

terms of character families. In other words, if for two congruent subgroups, the multiplicities

1T thank Prof. A. Raghuram for useful discussion on this result.
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are the same except for finitely many twisted by character families, then one can expect that

the lattices are isospectral.

1.3 Linear Dependence of Discrete Series Multiplicities

Let us get back to the case for co-compact lattices. So far, we have been concerned with
the cuspidal, discrete and 7-spherical spectra in L?(I"\G). We now shift our attention to
a particular family of irreducible representations, namely the discrete series representa-
tions. Our goal is to study the multiplicities m (7, T") for discrete series representations =
occurring in L?(T'\G). The discrete series representations are analogous to the irreducible
representations of compact Lie groups. For example, they occur in L?(G) by the Harish-
Chandra Plancherel theorem. The precise definition and classification of discrete series

representations are described in Sec.[6.2.1]

The arithmetic and geometric significance of the discrete series multiplicities is well-
known. The appropriate cohomological meaning of these multiplicities can be attributed
to Langlands, who conjectured it to be the dimension of twisted sheaf cohomology of a
certain degree over I'\G/T (see |[Lan65]). This was proved partly by Schmid (see [Sch71]),
and was completed by Williams (see [Wil85]). Williams used the L?-Dolbeault cohomol-
ogy instead of sheaf cohomology, relaxing the compactness assumption on I'\G. The di-
mension of exactly one non-vanishing L?-cohomology turns out to be the multiplicity of a
discrete series representation. In |[BMS25] with Bhagwat and Sachdeva, the author devel-

oped a refinement of the classical Matsushima-Murakami formula and recovered the di-
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mension of the L?-cohomology. To obtain a closed multiplicity formula for discrete series
representation, Williams also proved the Thm. 7.47 of [Wil91] which is the best possible
improvement of the Osborne-Warner formula for integrable discrete series multiplicities
(see |[OW78]). In [HP73], Hotta-Parthasarathy used Atiyah-Singer-Lefschetz fixed point
formula to compute the index of a twisted Dirac operator explicitly. This along with Thm.

of Williams provides the expected geometric expression of discrete series multiplic-

ities (e.g. see Thm.[6.2.7).

The multiplicities m(r, ') of irreducible representations 7 of G occurring in L?(I'\G) have
been of great interest also in the context of spectral geometry of locally symmetric spaces,
arithmeticity of lattices in Lie groups, etc. As mentioned earlier, a spectral rigidity result
of the multiplicities m(x, ') was obtained by Bhagwat and Rajan (see |[BR11]), and was
refined later by Kelmer (see [Kel14]). In [LM20], Lauret and Miatello proved for compact
group G (and therefore for finite I') the existence of a certain finite set of multiplicities
m(7,T") that determines all multiplicities. Since every irreducible representation of a com-
pact semisimple group can be thought of as a discrete series representation (as they occur
in L*(@)), it is tempting to seek some suitable finite set of discrete series multiplicities for
non-compact groups which determines all discrete series multiplicities. The main Thm.
in Chap. @answers this affirmatively. We state a simplest version of it in the context

of representation equivalence of lattices in a rank one semisimple Lie group.

Theorem 1.3.1. (Cor. 1.1 in [MS25]) Let G be a semisimple connected rank one Lie group
whose complexification G¢ is simply connected. Assume that G contains a compact Cartan
subgroup. Consider two co-compact lattices T'y and I'y in G. There exists a finite subset S of
G consisting of discrete series representations such that ifm(m,T'1) = m(m,Iy) forallm € S

then m(m,I'y) = m(mw, 'y) for all discrete series representation = of G.
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Let I"be a uniform lattice in SL(2, R) arising from a maximal order of a division quaternion
algebra over a totally real number field. There are only finitely many conjugacy classes
of elliptic elements in I'. Denote the l.c.m. of their orders by Nr and call it the maximal
order of elliptic elements in T'. Let S;(T") be the space of classical holomorphic cusp forms
on the complex upper half plane of weight £ and level I". It is well-known that S, (I)
provides an analytic realization of a discrete series representation of SL.(2, R). In Sec.
we explicitly prove the equality of the dimension of S;.(I") and the multiplicities of discrete
series representations occurring in L*(I'\SL(2, R)) (see Prop. [6.5.2), and obtain a similar
finite linear generation result on the dimension of Sy (I") (see Cor.[6.5.1). Combining this
with Rem. we have the following consequence of Thm.

Corollary 1.3.1. Assume thatT'; and T’y are two uniform lattices in SL(2,R), also Ny, and Nr,
are the maximal order of elliptic elements in I'; and T's respectively. Let N = l.c.m.(Nr,, Nr,).
Then there exists a finite subset F C N>, of cardinality 2N such that if dim Sy (I'1) = dim
Sp(Ty) for all k € F, then dim S.(T'y) = dim Si(T'3) for all k € N..

Remark 1.3.1. In Cor. the finite set F of size 2N is not unique. See Cor. |6.5.1|for the
sufficient condition on the finite set F for which Cor. holds.

Let us sketch briefly the idea behind the proof of the general version of Thm. Our
method is based on a geometric expression for the multiplicities m(x, I') of discrete series
representations 7 of a semisimple Lie group G. For instance, if G is compact (and there-
fore any lattice I' is finite) then for any irreducible representation = of G, the multiplicity

1 . .
m(m,T") equals — > Trace (7(7)). In the case of non-compact G, the discrete series rep-

|F‘ yel
resentations are parametrized by a set D(G) consisting of regular linear integral forms

A (see6.2.1). Let us denote the discrete series representation by m, that corresponds to
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A € D(G). For any regular integral linear form A\ € D(G), we consider the Lefschetz num-
ber x(\, I') associated with a twisted Dirac operator acting on the space of smooth sections
of a certain homogeneous bundle over /K (see Subsec. [6.2.2). We require that ) to be
sufficiently regular which ensures that the multiplicity m(,, ') of the discrete series rep-
resentation r, equals the Lefschetz number x(\, I") up to a sign (see Thm.. Thanks
to the work of Hotta and Parthasarathy (see Thm. , this Lefschetz number and hence
the multiplicity admits a geometric expression in terms of the elliptic elements in I'. A
key tool in our approach is the formulation of a “string” S(\, \,) of regular integral forms
in D(G), with fixed base \; and direction )\, (see Def.. For such a given string, we de-
fine a generating function F), ,, r as a formal power series in the complex variable z with
coefficients as discrete series multiplicities associated to the string (see Sec. [6.3). Using
the geometric expression of the multiplicities, we prove that F), ,, r is a rational function
with numerator polynomial p(z) = >° b;z* and denominator (1 — 2™)I®"+1 where Ny is
the maximal order of elliptic elemenzts in T, and the degree of p(z) < Np(|®*]| + 1) (see
Prop. . Finally, a technical condition on the finite set S ¢ N U {0} gives rise to a
nonsingular system of |®*|+ 1 many linear equations in the unknowns {b;}, and constant
terms {m(m,,,I') : k € S}. Solving this system uniquely determines the desired linear

expression for each discrete series multiplicity.

1.4 Organization

The rest of the thesis is organized as follows. In Chap. |2| we start with the basic struc-
ture theory of semisimple Lie groups e.g. Iwasawa decomposition of Lie groups and its

Lie algebras, parabolic subgroups, root spaces decompositions etc. We also describe the
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spectral decomposition of L*(I"\G) and L*(G(Q)\G(Ag)) in Sec. [2.2]and Sec.[2.3] respec-
tively. Lastly, we describe a 7-equivariant spectral decomposition i.e. the decomposition

of L*('\G, V;) for a prescribed archimedean type 7 (see[2.4).

In Chap. |3 we describe various trace formulas for the L?(I'\G). We first recall the clas-
sical version of Selberg Trace formula (see . Then, we prove a T-equivariant version
of Selberg trace formula (see . This will be used in proving Thm. We moreover
discuss a simple trace formula for congruence lattices in rank one semisimple Lie groups

following [Dei99] (see[3.3).

The Chap. [4] concerns our results on r-isospectrality (e.g Thm. [1.1.8). The section[4.1
states the main results on 7-isospectrality and infinitesimal 7-isospectrality. In Section
we set up the preliminaries and recall the Harish-Chandra character distributions,
Isospectrality and Representation equivalence. In Section[4.3] we discuss the required
lemmas and propositions to prove Thm. In Section[4.4} we provide some observa-
tions and complete the proof of Thm. In Section we consider the case where the
group G has discrete series representations and using the results from [Wil91] and Thm.
we show that the dimension of y-eigenspace of the automorphic forms of type 7V is
equal to the ¢,-th L?-cohomology of the automorphic line bundle '\ £, associated to the

discrete series representation = with minimal K -type 7 and infinitesimal character .

In Chap.|5, we consider the representation equivalence of congruence lattices in rank one
semisimple Lie groups. Sec. [5.1]describes the main Thm. [5.1.5]of Chap. [5} which can be
regarded as a strong multiplicity one theorem for isocuspidal congruence lattices. In Sec.
we discuss some required lemmas on geometry of conjugacy classes in semisimple
Lie groups. We derive a simple trace formula for arithmetic lattices from Osborne-Warner

Trace formula in Sec. Sec. discusses the proof of the strong multiplicity one
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theorem. Finally, in Sec. we discuss some generalities of Hecke twist of cuspidal

automorphic representations and consequently prove Thm.

The Chap. [6|concerns the discrete series multiplicities. In Subsec. we recall the
Harish-Chandra parametrization of discrete series representations. The relation between
discrete series representations and Lefschetz numbers, as well as the geometric expres-
sion of Lefschetz numbers, is described in Subsec. and Subsec. respectively.
The Subsec.[6.2.4|describes the notion of string of regular linear integral forms. The Sec.
is devoted to introducing the generating function for a string and proving its rational-
ity. The proof of the main results Thm.[6.1.2]and Cor.[6.1.2]are given in Subsec.[6.4.1]and
Subsec. |6.4.2|respectively. In Subsec. we introduce the notion of multi-string and
provide a generalized version of Thm. Subsequently we prove the infinitude of its
remainder part in D*(G). In Sec. as an application of our results, we showcase a finite

linear dependence result for the dimension of cusp forms.
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Chapter 2

General Preliminaries

2.1 Structure Theory of Semisimple Lie Groups

2.1.1 Cartan Decomposition

Let G be a linear connected real semisimple Lie group e.g. SL(n,R), SO(n, 1) etc. Let g
be the real Lie algebra of G. We denote by g its complexification g ® C. Being linear G
always has a Cartan involution ©; namely, the inverse conjugate transpose. ©% = 1. Let
K ={g € G: Og = g}. This is a maximal compact subgroup in G. The derivative of © at 1
gives rise to an automorphism 0 of g. Again, we have §? = 1. Let £ and p be the eigenspaces

corresponding to the eigenvalues +1 and —1. The eigenspace decomposition for §
g=todp

is called the Cartan decomposition of g. It can be seen easily that ¢ is a Lie subalgebra of

g. Moreover, ¢ is the Lie algebra of K.
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2.1.2 Root Space Decomposition

A Cartan subalgebra b of g is a maximal abelian subalgebra consisting of semisimple ele-
ments in g. Such a subalgebra exists because g is finite dimensional. A Cartan subgroup
T of GG is a maximal connected abelian subgroup whose Lie algebra is a Cartan subalgebra
b.

The complexified Cartan subalgebra h¢ acts on the complexified Lie algebra gc¢ via adjoint
action. We can regard { Ad(hc)} to be a commutative family of linear operators on g¢. For
a linear functional o € b, let g, := {v € gc : [h,v] = a(h)v forall b € hc}. The joint
eigenspace g, is called the root space corresponding to the root @ € hi. Moreover, we

have the decomposition of gc as :

dc = @gow

ach
The above decomposition is called root space decomposition. By finite dimensionality,
there are only finitely many a € b such that g, # 0. Also, note that corresponding to the
zero functional the eigenspace g, is a nonzero space as it contains h¢. Therefore, the above
direct sum essentially runs over a finite subset ® C hi. The non-zero linear functionals

in the finite set ® are called the roots for the root system ®(gc, hc).

2.1.3 Iwasawa Decomposition

We have the Cartan decomposition g = ¢ & p of the Lie algebra g. Let a be a maximal
abelian subspace of p (which exists by finite dimensionality). The collection {AdH : H €

a} is a commuting family of linear transformations on g. They can be simultaneously
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diagonalised with real eigenvalues and for each linear functional X on q,
g={Xeg:[H,X]=\NH)X forall H € a}.

The set {\ # 0 : g, # 0} is called the set of restricted roots and denoted by X(g, a).

Then, we have the decomposition

=009 }: g\

AeX(g,a)

Indeed, a C go. (g, a) turns out to be an abstract root system (see Prop. 5.9 in |[KnaOl]).

We choose a positive system X7 in (g, a). Define

n= ng

Aext

Then, by Prop. 5.9 in [Kna01], n is a Lie subalgebra in g. Moreover, we have
Proposition 2.1.4. (Prop. 5.10 of [Kna01]) For a linear connected semisimple Lie group G,
the Lie algebra g has the decomposition (as a vector space sum)

g=tDadn

Here, a is abelian, n is nilpotent and a @ n is solvable.

One can lift this decomposition from Lie algebra to Lie group. Let A and N be the analytic

subgroups with Lie algebra a and n. Then, A, N and AN are simply connected closed
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subgroups of G. Finally, by Thm. 5.12 in [Kna01], we have the multiplication map

KxAxN—=G given by (k,a,n) — kan

is a diffeomorphism.

2.1.5 Parabolic subgroups

Keeping the notation as above, we have the Iwasawa decomposition G = K AN; where,
K is a maximal compact subgroup in . Recall that K acts on A via conjugation. Let
M = Zi(A) be the centralizer of A in K and m be the Lie algebra of . A conjugate of the
closed subgroup M AN is called a minimal parabolic subgroup. A parabolic subgroup is a

closed subgroup which contains a minimal parabolic subgroup.

Recall the restricted roots X(g, a) and choose a positive system ©* C X(g,a). Then, ¥+
determines the nilpotent subalgebra n. There exists a subset IT of > such that no \ € I
can be written as sum of two elements \; and )\, in 7. The set IT is called the set of simple
roots. The positive system X, hence n determines a minimal parabolic subgroup M AN.

The parabolic subgroups containing M AN are classified by the following :

Proposition 2.1.6. (Prop. 5.23in [KnaQ1]) The parabolic subgroups S’ = M'A’ N’ containing
M AN are in one-to-one correspondence with the subsets 11 of II. No two of these parabolic

subgroups are conjugate within G.
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2.1.7 An example : SO(n, 1)

We illustrate an example for the group G = SO(n,1). SO(n,1) = {A € SL(n + 1,R) :

n

TAIL A = 1,,};where, T A is the transpose of Aand I,,; = . There is a bilinear

0 -1
form ¢, 1(z1, -+ 2, Tny1) = D27 — 22, on R A € SO(n,1) if and only if the

columns of A form an orthonormal basis with respect to ¢, ;. SO(n, 1) is not connected
for n > 2. In fact, it has two connected component. We are interested in the connected
component SO(n, 1)°. It is homeomorphic to SO(n) x R™.

The Lie algebra g of G = SO(n, 1) can be expressed as g = so(n,1) = {X € M,.;(R) :
TXI,1+ I,1X = 0;Trace (X) = 0}. Now, if X = (a;;);; € so(n,1), then a; = 0 for
1<i<nja;+a;=0foralll <ij<nanda;,+1 = a1, forl <i < n.Therefore, we

have

Q@ v T
X = such that @ € so(n);" Q + Q = 0.
Ty 0

We have the Cartan involution §(X) = —7 X on so(n, 1). Then, the +1 and —1-eigenspaces
(%
are so(n) and { : v € R"}, respectively. So, we denote ¢ = so(n) and p =
Ty 0

0 w o 0 w
{ : v € R"} and get the Cartan decomposition so(n,1) = so(n) ®

T T

v 0 v 0
v € R"}. In particular, SO(n) is a maximal compact subgroup in SO(n, 1).
For1 <i<j<nandl <k <n,wewrite W;; = ¢;; —e;; and Vj, = e 11 + €,+14; Where,
e;; 1s the elementary matrix with 1 at the ij-th place and 0 everywhere else. Let us choose

a maximal abelian subspace a = C.V; in p. Then, Ada acts on g. One can check that the

0-th joint eigenspace g, equals the C-linear span of (V;, W;; : 2 < i < j < n). The nonzero
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weights are A and — ) such that A(V;) = 1. The corresponding weight spaces are given by
g =C(V;+ Wy, :2<j<n)andg_, = C(-V; + Wy, : 2 < j < n). Therefore, the

restricted root space decomposition is

g=00DgrDg-»x

Regarding {\} as a positive system, we have the Iwasawa decomposition

g=tDadag,.

Let A and N be the closed analytic subgroup for the Lie algebras a and n, respectively.

Then the group A can be written as :

Cosh(t) 0  Sinh(?)
{ 0 I, . 0 t € R}
Sinh(¢) 0  Cosh(?)

A = Exp(tV1)

Similarly, exponentiating the nilpotent subalgebra g,, we have the unipotent group

1—12 Sty by ey 1Zj Lt
—ty 1 0 --- 0 to
—t3 0O 1 --- 0 ts
N:{ 2t2,t3,"',tn€R}.
—t, 0 0 1 tn

D S N SO PR TR M B D
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Finally, by [ER06], we have the Iwasawa decomposition (at the group level) G = K x Ax N;
A0

where, K = = SO(n) and A, N are as above.
0 1

0
Consider a, = {H € a: A(H) # 0forall A € ¥} = { ‘ : ¢ # 0}. Then, a, has two
c 0

components; called Weyl chambers. It is well-known that the number of Weyl chambers
is same as the number of positive systems in restricted root system. In this case, those
are {\} and {—)\}. They determine the nilpotent subalgebras n, n and the corresponding

analytic subgroups N, N, respectively. Indeed, N is the opposite unipotent subgroup

Z] 2 j - _t3 T _tn 5 Z] 2 ]
tg 1 0 0 _t2
_ ts 0 1 0 —ts
N:{ 3t2,t3,"',tn€R}.
—32 il —tr s ety 145300
1 00

Itis easy to checkthat M := Zx(A) =10 A 0| forsome A € SO(n — 1). Moreover, by

0 0 1
Prop. [2.1.6 there are only two proper parabolic subgroups P = M AN and P = M AN in

SO(n,1).
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2.2 Spectral decomposition of L? spaces : Real

Let G be a connected reductive real Lie group. We fix a Haar measure dg on G. Let I
be a discrete subgroup in GG. The Haar measure dg induces a G-invariant measure (again
denoted by) dg on the quotient I'\(G. We moreover assume that the total volume with
respect to dg on I'\G is finite. At first, we consider the space C*°(I"\G) consisting of all
smooth complex-valued functions f on G satisfying f(vg) = f(g) forally e T"'and g € G

and [ |f(g)[*dg < co. We can define the L?-inner product on C=(I'\G) by (fi, fa) =
neG

[ fi(g)f2(g9)dg. We moreover take the Hilbert completion of C*>(I'\G) with respect to
G
this L2-inner product. The following proposition describes the completion.

Proposition 2.2.1. (Prop. 2.1.6in [Bum97]) Let L>(T\G) = {¢ : G — C : ¢ is measurable function ; ¢(yx) -
¢(z) forally €T,z € G; [ |p(z)]*dx < oo}. Then, C*(T'\G) is dense in L*(I'\G).

NG
G acts on the quotient I'\G from the right. This induces an action of G on the space
L*(T'\G) defined by

forg € G,g.0(x) = ¢p(zg) forall z € G.

This induces a continuous representation Rr : G — GL(L?*(I'\G)), called the right regu-
lar representation Rr (see Prop. 2.1.7 in [Bum97])). Moreover, the action Ry preserves the
L2-inner product; so it is a unitary representation. The decomposition of this represen-
tation Rr into irreducible representations is known as the spectral problem.

The representation (Rr, L?*(I'\G)) is not completely reducible (also known as semisim-
ple) in general. Let us denote the maximal semisimple subrepresentation of L?(T'\G) by

L2

disc

(T'\G) (known as discrete spectrum). The orthogonal complement of L2 (T'\G) in

disc

L*(T\G) is denoted by L?(T'\G) (known as continuous spectrum). The following proposi-
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tion says that if I'\G is compact then L?(T'\G) = 0.

Proposition 2.2.2. Assume that T'\G is compact. The space L*(T'\G) decomposes into Hilbert
direct sum of subspaces that are invariant and irreducible under the right regular representa-

tion Ry.

In other words, we can write

L*(T\G) = @ m(x,T)m;

meG

where, m(r,T') is the number of 7-isotypic component occurring in L?(I'\G). Alterna-
tively, m(r,T') = dim¢ Homg (7, L*(T\G)). A central goal of this thesis is to understand
the behaviour of these multiplicities m(x, ).

Let us now consider the case when I'\ G is non-compact. The continuous spectrum L2 (I'\G)
possesses a Hilbert direct integral decomposition by the abstract decomposition as in

Thm. 14.10.5 in [Wal92|. Explicitly, there exists a Borel measure zi- on G such that
D
LA(T\G) = / 7 dup(m
G

For arbitrary I', the measure pr is not known explicitly. However, in Chap. 5, we will see
that when I' is an arithmetic lattice (e.g. congruence lattice) the principal series represen-
tations of G occur in the Hilbert direct integral decomposition of the continuous spectrum
and the measure ur is quite simple. In Chap. 4 and Chap. 6, we will focus on the lattices

' in G with compact quotient I'\ G and therefore no continuous spectrum would appear.

If I" is an arithmetic lattice in G, the discrete spectrum L3 (I'\G) consists of two parts:
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Cuspidal Spectrum and Residual spectrum. In other words,

LQ(F\G) = Lgusp(F\G) > L?es(F\G) S” LE(F\G)

For instance, the trivial representation of G occurs in the residual spectrum L2(T'\G).

2.3 Spectral decomposition of > spaces : Adelic

Let G be an affine algebraic group over a number field F. Let Ar be the ring of adéles
of F. We consider the locally compact group G(Ar). Let us denote the adelic quotient
G(F)\G(Ar) by [G]. Similar to the real case, there is the right regular action of G(Ar)
on the space of all complex valued smooth functions on [G]. As [G] possesses the G(Ap)-
invariant Haar measure, we consider the Hilbert space L*([G]) with respect to the L?-inner
product defined as in the real case. Therefore, we get the unitary right regular represen-
tation R : G(Ar) — GL(L*(|G])). This representation space decomposes (see Thm. 10.5.1
in [GH24]):
LX([G]) = Leusp(IG]) & Lies(IG]) & Leont ([G])

The explicit description of L2 ([G]) and L2, ([G]) are quite involved and we refer the

cusp

reader to Chap. 10 of |[GH24| for details. However, we restrict ourselves to the cuspidal

spectrum L2, ([G]).

cusp

The cuspidal subspace

is the space of ¢ € L*(|G]) such that for every proper parabolic subgroup P < G with
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unipotent radical N, one has that

¢(ng) dn =0
N(F)\N(&r)

for almost every g € G(Ar) with respect to the fixed Haar measure on G(Ap).

Proposition 2.3.1. (Lem. 9.2.1 and Cor. 9.1.3 in [GH24]) The subspace L?,(|G]) is closed

cusp

and G(Ar)-subrepresentation of L?([G)]). It has a Hilbert direct sum decomposition

L?usp([G])g @ L?usp(H): @ m(1D) IT

o — —

eG(AF) HeG(Ar)

wusp(I1) is the I1-isotypic subspace of L7, ([G]).

where, L cusp

The isomorphism classes of I for which a non-zero isotypic component occurs in the

above decomposition are called cuspidal automorphic representations.

Let K> be a compact open subgroup of finite adéles G(A%). It gives rise to the congruence
subgroup 'k = G(F) N K* inside G(F ). Here, F, is the product of the completion at
the archimedean places of F'. Assume that GG/ F" has class number one. Then by the strong
approximation

L \G(Fl) = GF\G(AR) /K.

Theorem 2.3.2. (see Thm. 6.6.1 in [GH24]) For a cuspidal automorphic representation (11, V')

2
cusp

of G(F,,) and G(A%) respectively, such that

occurring in L, ([G]), there exist unitary irreducible representations (Il,, V) and (II°°, V*°)

(IL, V) = (TI, ® I, Vo, ®V™).
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In particular, (I1°°, VV*°) is an admissible representation. So, (1V>°)%™ is finite dimensional.

Therefore, taking K *>°-fixed vectors in L ([G]) we get

cusp

LT \G(Fx)) = @ m(I)dim(I1°™) I

MeG(Ar)

We will use this decomposition in Chap. 5.

2.4 7-spherical Representation Spectrum

Let G be a connected non-compact semisimple Lie group and let X be a maximal com-
pact subgroup of G with Lie algebras g and ¢, respectively. Then the homogeneous space
G/K is a symmetric space with a G-invariant metric. Let (7, ;) be a finite dimensional

representation of K. Let I" be a uniform torsion-free lattice in G.

We consider the right regular representation p of G on the space

L*(I\G,V;) := {¢: G — V.| ¢ is measurable,

6(19) = é(g) forall y €T, / (g dg < oo}.

G

(2.4.1)

Since I'\G is compact, the right regular representation L?(I'\G) of G is completely
reducible and each irreducible subrepresentation occurs with finite multiplicity. In other

words,

—

L*(T\G) = @ m(r,T) W,

TeG

with m(r,T) < co forall = € G.
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We choose an orthonormal basis for each copy of 7. Taking the union of those we get
an orthonormal basis W of L*(T'\G). Let {v;}"_, be an orthonormal basis of V, . For any
v e W, welet ¢;(z) = ¢(z)v;,. Then {¢); | v € W, 1 <i < n} forms an orthonormal basis
of L*(I'\G, V,). Note that L*(T'\G,V;) = L*(T'\G) ® V,.

Therefore, we get

—

L*T\G,V;) = @ m(x.T) (W, & V;). (2.4.2)

TeG
For each copy of W, ® V., we identify a subspace V. in L*(T'\G, V). The subspace V} is

not an irreducible G-subspace, rather it is a direct sum of dim V, many copies of .

We introduce a space C°(G, K, V;) defined by

{f:G — End(V;) | f is compactly supported and smooth such that
(2.4.3)

f(kz) = f(x)r(k) forallz € G,k € K}.

For f € CX(G,K,V;), let hy(x) = Trace (f(z)) for all z € G. Now for any f €
C>(G, K, V,), we define the convolution operator p(f) : L*(T\G,V,) — L*(T'\G, V;) by

o(F)d(z) = / F)(é(ay)) dy forall € L2(T\G, V). (2.4.4)
G

Proposition 2.4.1. Each V, is a p(f)-stable subspace for all f € C>*(G, K, V,).

Proof. LetU C VW be the subset such that ¢/ is an orthonormal basis of W,.. Then {¢; : ¢ €

U,1 < i< n}isanorthonormal basis of V. Thus, it suffices to show that

(p(f)pi, ;) =0 forany¢ €U, € W\Uandany 1 <i,j <n.
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We compute,

(00 )bss ) = / (0(£)6:(9). (9)) dg

NG

= /(/ o(9y) f(y)vi, v(g)v;) dy dg
NG G

_ / / o(gy) D () (f (w)vi,v;) dy dg (2:4.5)
NG G

- / (F ()i, 0;) / b(gy)9(g) dg dy
G NG

= 0.

The last equality is due to the fact that ¢ is orthogonal to any Rr-translates of ¢ in
L*(T'\G). This completes the proof. O
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Chapter 3

Trace Formula

3.1 Selberg Trace Formula for uniform lattice

Let I" be a uniform lattice in a semisimple Lie group G. We have the right regular repre-
sentation Rr on the space L*(T'\G) defined by (Rr(g)(¢))(z) = p(zg) for all p € L*(T\G)
and z,g € G.In Sec we have seen that the representation space L*(I'\G) possesses a
discrete direct sum decomposition into irreducible representations of G with finite mul-
tiplicity. Let us fix a Haar measure dg on G. This induces a right GG-invariant measure on

the compact quotient T'\G.

Let us denote C2°(G) to be the algebra of compactly supported smooth functions on G.
Here, the algebra structure is with respect to the convolution operation : for any f,g €
Cx(@), (fx9)( f f(xy=Hg(y)dy. For any f € C>(G), we have the convolution oper-
ator Rr(f) on LQ(F\G), defined by

/f ¢(ry)dy forall p € L*(I'\G)and x € G.
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Indeed, for any ¢ € L*(T'\G), Rr(f)(¢) is left I'-invariant and belongs to L?(T'\G).

We can rewrite this as :

Re(f)(¢)(x) = / 3 ey

NG yel

Note that the sum K(x,y) := Y. f(z 'yy) is a finite sum because the test function f is
compactly supported. Therefo;ee,rthe operator Rr(f) is a Hilbert-Schmidt operator with
kernel K;(z,y) := Y. f(z 'yy). Moreover, it is a trace class operator and its trace is given
by yel’

Trace (Re(/)) = [ (3 e~ yo)lds,

ne 7€l
Now the right-hand side of the above equation can be expressed in terms of orbital inte-
grals. To do this, we introduce a few notations. Let [y]¢ and [y]r be the conjugacy classes
of v in G and T', respectively. Let [I'] (resp. [I']) be the set of conjugacy classes in I" (resp.
G-conjugacy classes of elements in I'). We denote by GG, the centralizer of v in G. We write
I, := I' N G,. It can be seen easily that I, is a uniform lattice in G, (see [Wal76]). Also,
since any v € I'is a semisimple element the centralizer subgroups G, are unimodular. So,

we have a G-invariant measure d.z on G,\G.

We write the right-hand side as

3 / (Y faiya)) da.

Mell g 7'eb

Let us select a conjugacy class [y] in [I']. The conjugacy class [y] consists of the elements

v = ~""1y+"; where, " runs over I'. Ranging +” over I, each such 1/ might be obtained
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" n—1

several times. In fact, two elements +/ and ~4 determine the same ~' if and only if v~

belongs to I',.. So we have,

Yo faYa) = Y flaTy ).

v'en] A€\
Consequently,
/ Z flz™ 'y z)dx = / Z flz™ "y z)dx = / f(z yz)d.
nG 7 'el] NG ¥ €lA\T r,\G

Furthermore,

/f(ﬂU v dl”—/ /f 2" 'ya'x)da' du,

N\G G\G T \G~

_ / / e yz)de'da,

GG TH\Gy

=vol (I',\G,) / flatyr)d.

G \G

Therefore, we obtain the trace as

Trace (Re(f) = 3 vol (I;\G) / Fleyw)de.

[v]e[T] G \G

For our purpose, we want the outer sum ranging over the G-conjugacy classes of elements
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of I". So we write,

Trace (Rr(f)) = Z a(y, 1O, (f),

helle

where,

a0 = 3 Vol (G, and O,(f) = / @ yw)dz.

Irchle G- \G

Recall from Sec.[2.2]that Rr possesses a spectral decomposition
Ry = @m(ﬂ, I') .
So, by convoluting with test functions f € C°(G) we have,

Trace (Rr(f)) = Zm(w, ) Trace (7(f)).

req

Hence, the final form of the Selberg Trace formula for compact quotients takes the fol-

lowing form :

> m(m, D) Trace (n(f)) = Y a(y.T)0,(f) forall f € C(G).

TeG Mela

3.2 Selberg trace formula for L*(I'\G, ;)

Recall {¢); : ¥ € W,j € 1,...,n} is an orthonormal basis of L*(T'\G, V;) (recall |2.4.1).
Forany f € C*(G, K, V;) (recall|2.4.3), let [f;;]., be the matrix representation of f with

respect to the basis {v;}! , of V. For f € C°(G, K, V), observe that,



Then, we have

Trace (p Z Z w} %

YeW j

_ZZ/ Z/¢ ) fis (e y )i dy, (x)v;) da

PveW g na 7

- Z Z / /1/’(9) U(z) Z<Z fii(x ™ yy)vi, v;) dy da

veW i merie eb
-y / > Trace (f(a ™ y))(@) e (y) dy de
YEW mexnG e

=2 / > (e ) () (y) dy da.

YEW maxr\a €T

Put K;(z,y) = Y hy(z~*yy). Above equals

yel

S [ KT dydr

YEW p\gxr\@
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(3.2.1)

(3.2.2)

(3.2.3)



Consider the integral operator 7' on L*(T'\&) defined by

r) = / K (e, y)ib(y) dy

Then T is a trace class operator and its trace is given by

Trace (1) =Y [ Kifa.o)0@0(0) dy da.

YEW m\ gxT\G
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(3.2.4)

(3.2.5)

On the other hand the trace of such an operator 7" equals [ Ky(z,z) dz. Therefore,

NG

Trace (p /fom dx—/tha: )

From Prop.|2.4.1} we have

Trace (p(f)) = 3 m(x,T) Trace (p(f)]v,).

Now,

Trace (p(f)|v,) Z Z v, ;)

J YeWwnWs

- >/ / (ey) D) Trace (f()) dy d

PEWNWr e &

= Trace (m(hy)).

Therefore, we have the following Selberg Trace formula:

(3.2.6)
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Zm(w, I') Trace (m(hy)) = / Z hy(z™ ' yz) dx

TeG na vyel

= )  vol (T,\G,) / hy(e™ yx) da (3.2.7)

elle G\G

= Y a(,1) Oy(hy),

hella

where a(v,I') and O, (hy) denote vol (I',\G,) and [ h(z'yz) dz respectively.
G\G

Remark 3.2.1. This trace formula is a generalisation of the well-known Selberg trace formula.

The explicit description of the ‘geometric side’ is given in Subsec

3.3 Simple trace formula for congruence lattices in rank
one groups

In this subsection, we discuss a simple trace formula for congruence lattices derived from
the Arthur-Selberg Trace formula.

Let GG be a semisimple simply connected linear algebraic group over a number field Q. We
keep the example of SI.(2) in mind, for simplicity. Let A be the ring of adeles over Q. Then
A = Ap, x R; where, A, is the ring of finite adeles. Moreover, G(A) = G(Ay:,) ® G(R).
Let I' ¢ G(R) be a congruence subgroup, i.e., there is a compact open subgroup Kr of
G(Ayi,) such that I' = G(Q) N Kp. Using strong approximation we have the following
identification

MGR) — GQ\G(A)/ K,
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given by I'g — G(Q)gKr. We further assume that I is weakly neat i.e. T is torsion free and
for any v € I" the adjoint action Ad(~v) on the Lie algebra g of G(R) has no roots of unity
other than 1 as eigenvalue. For a given congruence subgroup I', it is always possible to

find a weakly neat subgroup I of I'j of finite index.

Recall from Subsec. that we have the right regular representation R of G(A) on the
Hilbert space L*(G(Q)\G(A)). Let C>°(G(A)) denote the algebra consisting of compactly
supported smooth complex functions on G(A). For any f € C°(G(A)), we have the con-

volution operator R(f) on L*(G(Q)\G(A)) defined as:

forany p € L*(G(Q\G(A))  R(f)(¢)(z) = /G(A) fW)e(yz)dy  foralle € GQ\G(A).

When G(Q)\G(A) is noncompact, this convolution operator is not trace class operator.

Therefore, the kernel function K(x) of the operator R(f) defined by

v— 3 flaya);
1€G(Q)

is not absolutely integrable over G(Q)\G(A). The main reason behind this nonconver-
gence is the presence of unipotent elements in G(Q) i.e. nontrivial parabolic subgroups
intersect with conjugacy classes in G(Q). In fact, for a general group G over Q, the quo-
tient G(Q)\G(A) is noncompact if and only if G contains a proper parabolic subgroup
defined over Q. The reader is referred to ((GH24], Sec. 1.9) for the details of the parabolic
subgroups.

Our idea is to put some conditions on our test function f € C°(G(A)) to make the ker-
nel K (z,z) converge. Consider the function f = f. ® 1k, in C°(G(A)); where, f,, €

C*(G(R)) and 1g,. = ml, the characteristic function of the compact open subgroup
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Kr divided by its volume.

Now we assume that for any Q-parabolic subgroup P = M AN # G, f.(z 'qz) = 0 for all
g € MN and x € G. The elements in M N for a parabolic subgroup P are called P-singular.
Therefore, we assume that f,, vanishes on all Q-parabolically singular elements. Recall
that an element is called regular if its centralizer is a torus. Let Gyeq be the set of all regular
elements in G. If an element is regular then it is not P-singular for all P # G. Hence, our

assumption on f, tells that f., is supported in Gieg.

In [Art05], Arthur replaces k;(z) by a modified kernel function to make the geometric
side of the trace formula converge. We do not recall the Trace formula by Arthur in full
generality here and refer the reader to [Art05]. However, from [Dei99] one can see that for
the test functions f € C°(G(A)) satisfying the above assumptions, the geometric side of

Arthur Trace formula reduces to a simpler version.

To state the result in [Dei99], we recall a few notations from sec. For any v € T, the
centralizer of v in I and G(R) are denoted by I', and G(R)., respectively. Also, for any
7, [7] denotes the conjugacy class of v in I'. For any f., € C°(G(R)), we have the orbital
integral

O, (fs) := / foo(z 7 yx)d2.
GR)T\G(R)

Now we state Thm. 1.12 from [De199] as follows.

Theorem 3.3.1. Let f € C°(G(A)) be of the form f := f., ® —1—1; where, 1 is the charac-

vol Kr

teristic function of Kr and f,, € C°(G(R)) is supported in G(R),.,. Then we have,

/G(Q)\G(A) Ky(w)de = ZVOI(Fw\G(R)W)OA/(fOO);

(7]



42

where, the sum in the right hand side runs over all conjugacy classes [y] inT.

Now we move to the spectral side of the trace formula. To describe it we need to recall
the principal series representations of G(A) and certain intertwining operators acting on
it.

Since G is a rank one group, there is, up to conjugation, only one parabolic subgroup P
over Q in G. The adelic parabolic subgroup P(A) possesses the Langlands decomposition
N(A)L(A)'A(A)°. Moreover, we have the Iwasawa decomposition G(A) = N(A)L(A)'A(A)°K
for a maximal compact open subgroup K in G(A). Let a; ¢ := X*(L) ®z C. Since G is of
rank one, the quotient L(Q)\L(A)! is compact. We have the right regular representation
L*(L(Q)\L(A)") of L(A). Now for any A\ € a, ¢ we consider the induced representation
Indggg (LA(L(Q)\L(A)Y) ® A® 1) of G(A). We denote it by I,. Indeed, the principal series
representation 7, is unitary if and only if }2(\) = 0. Let us denote the Hilbert space for the
representation /, of G(A) by Hp. There exists an intertwining operator M(\) : [, — 1_,

whose precise description is omitted in this thesis; the reader is referred to [Dei99].

Let Pry, : Hp — Hp" be the projection onto the space of Kr-fixed vectors. We denote

by M (A" the composition Prg,. o M(\)" o Prg,.. Let L2

disc

(G(Q)\G(A)) be the maximal

semisimple subrepresentation of L?(G(Q)\G(A)). Then G(R) naturally acts on the sub-

—

space L?(G(Q)\G(A))Er of Kp-fixed vectors in L?(G(Q)\G(A)). For a given 7 € G(R) let
us denote the set {IT € L3 _(G(Q)\G(A)) : I, = 7} by A(x). Then the representation

disc

space L*(G(Q)\G(A))Er of G(R) decomposes as

EB m(m, T)m;

o —

T€G(R)
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where, m(m,T') = 5. m(I)dim(IT15T). Here, I1%T denotes the space of Kr-fixed vectors
e A()
in the representation space of I, which is indeed finite dimensional. If A(7) is empty then

we conventionally set m(x, ') = 0. Now we can state the simple trace formula following

Thm. 1.19 of [Dei99].

Theorem 3.3.2. Let f € C°(G(A)) is of the form [ := [, ® ﬁl; where, 1 is the charac-

teristic function of Ky and f,, € C(G(R)) is supported in G(R),.,. Then we have,

1 r 1 I'y—-1 d r
> m(rI)w— ZTr(M (0) Io(f)) +4—m/m0Tr((M(A) ) ﬁ(M(A) )IA(f)) d\

—

TeG(R)

= Z VOI(PW\G(RM) OW(fOO) ’
[v]

where, the sum in the right-hand side runs over all conjugacy classes [] in T

Remark 3.3.1. We actually need merely the infinity part M (\)" of the adelic intertwining
operator M (\). In Chap. @ we will see how the Warner-Osborn trace formula is reminiscent
of the above simple trace formula. This will be used in proving the main Thm. in Chap.
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Chapter 4

Isospectrality of Locally Symmetric

Spaces

4.1 Statements of Main Results

4.1.1 7-Isospectrality and Representation Equivalence

Let G be a connected non-compact semisimple Lie group with finite center. Let K be
a maximal compact subgroup in GG. Then G/K is a symmetric space which carries a G-
invariant Riemannian metric induced by the Ad(G)-invariant inner product on the Lie
algebra g of G. The subgroup K acts on the universal enveloping algebra £I(g). Let £(g)"
denote the subalgebra of its K -invariants. For any finite dimensional complex represen-
tation (7, V;) of K, one has the homogeneous vector bundle £, on G/K (see Subsection

for the details) whose smooth sections are given by the space

A®(G/K,7) = {¢: G — V, | smooth, ¢(gk) = 7(k™)(é(g)) forall k € K, g € G}.
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This space A>®(G/K, 1) is 4(g)" -stable. In particular, the center 3(g) of the universal
enveloping algebra acts on A>(G/ K, ), and the Casimir element in the center induces a
second order elliptic differential operator A, on A>*(G/K, 7). When 7 is the trivial rep-
resentation of K, A, coincides with the Laplace-Beltrami operator acting on the smooth

functions on G/ K.

Let I" be a uniform lattice in G. Then X := I'\G/K is a compact locally symmetric
space which is a manifold if I" acts freely on G/ K. The space Xr has a Riemannian metric
induced from GG/ K. We denote 1+ to be the space of all I'-invariant smooth sections in
A>(G/K, ). Then Vi, is stable under the action of $/(g)", in particular of the center 3(g).
The Casimir element C' induces the second order self-adjoint elliptic operator A, ron V. ,,
which has non-negative discrete spectrum of eigenvalues with finite multiplicities. The
multiset of eigenvalues with multiplicity is denoted by Spec(A, ). Such spectrum of a
locally symmetric space is closely related to the multiplicity of irreducible representations
occurring in the right regular representation L?(T'\G) of GG. Here we mention the famous

Matsushima-Murakami formula (see [Mat68], see also [LMR15, Prop. 2.4]):

Multa  (A) = > m(m,T) dimHomg(r", 7|x)), (4.1.1)
WEG,W(C):A

where, 7V is the dual representation of 7 and m/(r,T") is the multiplicity of 7 in the right
regular representation L*(T'\G).

Let CAJT ={r € G - Homy (7, 7|x) # 0}. Two uniform lattices I'; and Iy are called 7-
representation equivalent if m(x,T';) = m(x,T;) for all * € G,. From Eq. it is easily
observed that if m(r, ;) = m(w,T';) forall # € G,v, then Spec(A..r,) = Spec(A-.r,) for Xp,

and Xr,, respectively. Therefore, if two lattices I'; and I'; are 7V-representation equiv-
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alent, then the corresponding elliptic operators have the same spectrum for the locally
symmetric spaces X, and Xr,, respectively, i.e. they are T-isospectral (see [LMR15, Prop.

2.5]).

Definition 4.1.2. Two co-compact lattices I, and T’y are called almost-T-representation

equivalent if m(m, 1) is equal to m(m,'s) for all but finitely many 7 € G..

Now we state one of the main results in Chap.

Theorem 4.1.3. Let GG be a non-compact connected semisimple Lie group with finite center.
If for two uniform torsion free lattices I'y and I,

m(m,T1) = m(m,Ty)

for all but finitely many = € G, then T'y and 'y are T-representation equivalent lattices.

Remark 4.1.4. Consequently, the above hypothesis implies that X, and Xr, are T¥-isospectral.

4.1.5 Infinitesimal r-Isospectrality
For aninfinitesimal character x of 3(g),let V, r. = {¢ € Vi, | 2.¢ = x(2)pforall z € 3(g)}.

We define a refinement of the notion of 7-isospectrality as follows:

Definition 4.1.6. Two locally symmetric spaces Xy, and Xr, of non-compact type are in-

finitesimally T-isospectral if

—_

dim Vy r, » = dim V, r, - forall x € 3(g).
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Let [x] be the set of all irreducible representations of G which have infinitesimal char-
acter y. It is known that [x] is a finite subset of G (see |[KnaO1, Cor. 10.37]). We have

obtained the following variant of Matsushima-Murakami formula:

Theorem 4.1.7. Let G be a connected non-compact semisimple Lie group. Assume that " is
a uniform lattice in G. Then for any x € 3/(5) and for any finite dimensional representation T
of K,

dim Vyr, = Y m(x,T) dim(Homg (7", 7[ ).
m€(x]

—_

Remark 4.1.8. For a rank one semisimple Lie group G, an infinitesimal character x € 3(g)
is completely determined by its value on the Casimir element. Therefore, the above result be-

comes the earlier mentioned Matsushima-Murakami formula Eq.

Remark 4.1.9. Let T = 7, be the p-th exterior power of the adjoint representation of K on
pe. The associated homogeneous vector bundle is identified with the p-th exterior product of
the co-tangent bundle on G/ K. In [Mat67] , Matsushima proved the relationship between the
dimension of harmonic p-forms on Xt and the multiplicity of irreducible representations in

L*(P\G) that occur with a non-zero T,-isotypic component. Therefore Thm. can be seen
as an infinitesimal version of Eq.

Corollary 4.1.1. If Ty and 'y are 7¥-representation equivalent then the spaces Xr, and Xr.,

are infinitesimally T-isospectral.
Remark 4.1.10. If 7 is trivial, the above formula in Thm. reduces to [BR11, Thm. 1.3].

Remark 4.1.11. The finite set [x] of all irreducible representations of a real reductive group
(informally a x-packet) is quite close to Langlands L-packet that consists of irreducible ad-

missible representations having the same L-parameter. It is known that the irreducible rep-
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resentations from a fixed L-packet have the same infinitesimal character i.e., they cannot be
distinguished by the spectral data. To our knowledge, the converse of this is not known in
general. It is interesting to formulate a suitable variant of Matsushima-Murakami formula
in terms of L-packet instead, and that might reflect some analogous relationship between the

multiplicities of irreducible representations in a given L-packet and isospectrality.

4.2 Preliminaries

4.2.1 Results on Harish-Chandra characters

We will be using the following two important results on Harish-Chandra characters:

Harish-Chandra character distribution: Let (7, IV,) be an irreducible unitary represen-

tation of G. Let C2°(G) be the space of all compactly supported smooth functions on G. For

any f € C>°(G), the convolution operator 7(f) on W, is defined by (f)v = [ f(g)7(g9)v dg
G

for all v € W,. It is a trace class operator (see [KnaO1l, Thm. 10.2]) and
X=(f) = Trace (w(f)) forall f € CX(G).

Theorem 4.2.2. Let {r;} be a finite collection of mutually inequivalent unitary irreducible
representations of G. Then their characters { x, } are linearly independent distributions on G.

Proof. Reader is referred to [KnaO1, Thm. 10.6]. O

Theorem 4.2.3. Let 7 be an irreducible unitary representation of G. Then the distribution
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character x is given by a locally integrable function ¢, on G i.e. for f € C°(G),
) = [ Ho)6:lg) dy.
G

Moreover, the restriction of ¢, to the regular set of G is a real analytic function that is

invariant under conjugation.

Proof. Reader is referred to [KnaO1, Thm. 10.25]. O

4.2.4 Isospectrality and representation equivalence

There is a natural homogeneous vector bundle E, on G/K that is associated with the
representation (7, V) of K. The space of all smooth global sections of £, can be realized
as A*(G/K,7) = {¢ : G — V. | ¢ is smooth, ¢(zk) = (k') (¢(z)) forallz € G, k € K}.
Note that A®(G/K,7)is a (g)" module. In particular, 3(g) C #(g)" acts on A (G/K, ).

Let g = £ @ p be the Cartan decomposition of the Lie algebra g. We choose a basis
{X.} and {Y;} of £ and p, respectively with respect to a bilinear form B on g induced from
the Killing form such that B(Xy, X;) = —d, and B(Y,,,Y,,) = 0,..- Let C be the Casimir
element given by C' = — ) X7 + > Y. The Casimir element C' induces a second order
symmetric elliptic operator A, on A~ (G/K, ).

Let I' be a uniform torsion-free lattice in GG, and let X = I'\G/K be the associated
compact locally symmetric space of non-compact type. We consider the vector bundle
E.r on Xt defined by the relation [yg,w] ~ [g,w] for all v € T"and [g,w] € E,. The
space of all smooth global sections of E, can be realized as the space V., = {¢ €

A*(G/K, 1) | ¢p(yx) = ¢(x) for all v € T'}. Hence, the center 3(g) acts on V¢ .
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Let A;r = A;|y;, . This is again a second order symmetric elliptic operator on Xr. Its

spectrum Spec(A, r) is a discrete subset of the non-negative real numbers. Let Multa . (\) =

the multiplicity of A € Spec(A. ). Recall Eq.

Multa  (A) = > m(m,T) dimHomg (7", 7|x)),
re@,m(C)=A

where 7(C) is the scalar by which the Casimir element C acts on .

Definition 4.2.5. X, and Xr, are called T-isospectral if the operators A, r, and A, 1, have

the same spectrum (with multiplicity).
We denote G, = {7 € G : Homy (7, 7|x) # 0}.

Definition 4.2.6. ', and I'; are called T-representation equivalent if m(w,T'1) = m(m,Ts)

forall m € @T.

It is clear from Eq. that, if I'; and I'; are 7V-representation equivalent, then Xr,

and X, are T-isospectral.

4.2.7 A further refinement

—_

We have seen that 3(g) acts on Vi, (see Subsection|4.1.1)). For any character x € 3(g), we

have the y-eigenspace defined as

Virr={p€Vr.|2z¢=x(z)pforall z € 3(g)}.

In fact, Vi, decomposesas V. = @ V,r..

—

x€3(9)
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We here introduce a notion of two locally symmetric spaces being infinitesimally 7-

isospectral, defined as follows:

Definition 4.2.8. Two locally symmetric spaces Xr, and Xr, are infinitesimally T-isospectral

if for all characters x € 3(g),

dim VXILT = dim VX:F%T'

Remark 4.2.9. If G is a real rank one Lie group, the center 3(g) is the polynomial algebra over
C in the Casimir element C. Therefore, the x-eigenspace is simply the \-eigenspace, where \
is an eigenvalue of the Laplace-Beltrami operator A, r on E, r. In this case, infinitesimal 7-

isospectrality reduces to T-isospectrality as defined above.

Asin[BR11] and |[BS24]|, we can expect that the dim V, r , is related to the multiplicities

m(m,T)of 7 € G.v occurring in L2(I'\G) with infinitesimal character y. This is the content

of Thm.

4.3 Proof of the first main result Thm.

4.3.1 Some preliminary results
We will describe the lemmas and propositions required to prove Thm.

Lemma 4.3.2. Let Kz be a left coset of K in G for some x € G. Let U be an open set
containing the left coset Kx. Then there exists f € C(G) with Supp (f) C U such that
[ f(kx)x.(k) dk # 0. (Here x, is the character function of 7.)

K

Proof. For any f € C®(G) with Supp(f) C U, we define ¢y € C*(K) by (k) = f(kx).
Conversely, for any ¢ € C**°(K), define f(kx) = ¢(k), and extend f smoothly to U.
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Now, if [ f(kxz)x.(k) dk = 0 for all f € C>°(G) such that Supp(f) C U, then
K

/w(k;) o () dk = 0 for all ¢ € C(K).

But that implies y, is identically zero leading to a contradiction. O

Lemma 4.3.3. Let Kx # Ky be two distinct left cosets of K in G. Then there exists F €
C>(G, K, V;) such that hp(z) # 0 and hg|k, = 0.

Proof. Kx # Ky are disjoint compact sets in G. Choose disjoint open sets Uy, U, with
Kz C U;,Ky C Us, and U; N U, = (. From Lem.[4.3.2] there exists f € C=(G) with
Supp (f) C Uy such that [ f(kx)x, (k) dk # 0.

Let F(g) = ff(kg)r(li:() dk. Then, F' € C*(G, K, V,).

Furthermorlé, hp(g) = [ f(kg)x-(k) dk. Hence hp(z) # 0 and hp(y) = 0 and hence
hp|ky = 0. : O

Proposition 4.3.4. Let 7 be an irreducible representation of G occurring as a subrepresen-
tation of p. Assume that = is not 7-spherical i.e. Homg (V,, V;|x) = 0. Then p(f) is zero on

V.

Proof. 1t is enough to show that p(f) is zero at each element of the orthonormal basis

{¢; ¢ eU,1 < j<n} Here,U =W N W;. Recall that (see Eq.[2.4.4)

o(F)5(g) = / g9) £ () (v;) dy.

For afixed ¢y € U, consider the subspace U, = span{v; : j € {1,...,n}}.Ifv = Zn: a;v;,
=1

n

wewrite ¢, = > 7, a;¢;. Then the subspace U, is same as {1, : v € V;}. There is an action
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of K on U1/1 by T(kﬁ)wv = ¢T(k)v-
Clearly, Uy, is a representation of K isomorphic to 7. Note that @Uw = V.. We show
YEW
that p(f)|v, = 0. In fact, we show that p(f) € Homg (Uy, Vx|x)-

Let ¢, € Uy and ky € K. Then for every g € G, we have

(p(ko)p(f)n)(g) = (p(f)w)(gko)
= / f(y) (W(gkoy)v) dy

G

/&@wﬂ%ww@ 43.1)

/an@w%ww

p(f) 7(ko) 1u(g)-

Therefore, p(f) is zero on U, for all » € W. Consequently, p(f) is zero on V.
]

Lemma 4.3.5. Let I" be a torsion-free uniform lattice in G. For a non-trivial element v € T,

the conjugacy class [y of v in G is disjoint from K.
Proof. Reader is referred to [BR11, Lem. 4.2]. O

Proposition 4.3.6. Let I'y and I'y be two uniform lattices in GG. Then there exists an open set
B in G such that [y]g N B is empty for all v € T'; U T, and B is stable under left K action on
G.

Proof. Let U’ be a relatively compact open set containing the identity element e in G. Let

U = KU'. Then U is relatively compact and therefore it intersects at the most finitely
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many conjugacy classes [y]q. Since, the natural map G — K\G is proper, K[v]¢ is closed
in G. Since U is K -stable, K[y]cNU # @ifand onlyif [y]cNU # 0. Let E = |J (K[y]gNU).
Since F is a finite union of closed sets, it is closed and K -stable subset o?[? . If there is
k€ K,y # ecand x € G such that kx~'vx = e, then 27 'v2 € K; which contradicts the
previous lemma. Therefore e ¢ K[v|s for any v # e and hence e ¢ E. Choose an open set

V containing e such that ENV = (). Now, let B = KV N K*°. Then B is the desired open

setin G. O

4.3.7 Proof of Theorem4.1.3

We have two uniform torsion free lattices I'; and I'; in G. So by Eq.[2.4.2]

—

(pr,, L*(T\G, V7)) = @ m(x, T:)Vs

TeG

for i = 1,2. Let t, = m(m,T1) — m(m,T;). By hypothesis there exists a finite set S ¢ G,
such that ¢, = 0 forallm € G, \ S. For f € C=(G, K, V;), pr,(f) is zeroon V, if 7 ¢ G-
by Prop. Recall that h;(y) = Trace (f(y)). Therefore from the Selberg trace formula

3.2.7, we have
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Y. (a(nTy) —a(y,T2))0,(hy) = Y tx Trace (n(hy))

[€l1]eUl2]a TES

=> tn / hy(y)ox(y) dy

TES G

= [ ntw)o00) ay.

G

where ¢ = > t .

TES

Let B be the open set from Prop. For any f € C°(G, K, V;) supported in B, the

orbital integrals on the right-hand side are zero. For such functions f, we have
[ wtiystw) dy=o.
B

From Lem.[4.3.3] the functions i separates points in B. Hence ¢ must vanish on the
open subset B of G. Since ¢ is real analytic (see Thm.[4.2.3), it vanishes on all of G. By
the linear independence of functions ¢, (see Thm.[4.2.2), we conclude that m(rx,I'y) =

m(m,T,) forall « € G..

4.4 Proof of the second main result Thm.4.1.7|

4.4.1 Some observations

In this subsection, we make some observations that will be useful in the proof of Thm.|4.1.7|

Recall from Subsection|4.2.4|that A>(G/K, 7) is the space of smooth sections of the
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vector bundle £, and Vr - is the subspace defined by

Vi, ={¢p € A°(G/K,T) | ¢(yz) = ¢(z) forally e ',z € G}.

Let n = dim(V;). Recall the choice of an orthonormal basis {v;}? , of V, from Sub-

section|2.4| For a fixed ¢ € V, ., write ¢(z) = i ¢i(x)v; for all z € G, where each ¢,
=1

is smooth complex-valued function on I'\G. Recall from Subsection[2.4|that V, r, is the
x-eigenspace of - . with respect to the action of 3(g). Forany X € 3(g) and forall z € G,

we can see that

X-p(x) = X-di(x)v;. (4.4.1)
=1

Therefore, we conclude that X - ¢; = x(X)¢; for all ..

Each 7(k) has a matrix representation with respect to the chosen orthonormal basis

of V;. Let the (7, j)-th entry of 7(k) be denoted by a;;(k).

Note that ¢(zk) = 7(k71)(¢(x)) for all z € G and k € K. Thus we have

Z bi(wk) v; = T(k’_l)(z ¢i(z) vy)

(4.4.2)
= Z (Z alj(k1)¢j($)> Uy

! J

Therefore, ¢;(zk) = an a;j(k71) ¢;(z) forallz € G, k € K.
j=1
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4.4.2 Proof of Thm.

We denote [y] = {r € G : the infinitesimal character of r is x}. Recall that

—_—

L*(T\G) = @ m(m,T)W,.

TeG
There are m(r,T") copies of W, inside L?(T'\G) say, {W,, : 1 <t < m(x,T)}. Let P, be
the projection onto W,.

Clearly, ¢; € L*(I'\G) for all ¢ € V, .. We have

m(m,I)

(bi = Z Z Pﬂ'z(bi-

melx] t=1

Forany 1 <t < m(w,T), clearly P,, € Homg(L?*(T'\G), Wy,). Using Eq. we get

(4.4.3)

Let F,, = Span of {P,,¢; : 1 < j < n}. From Eq. it follows that £, is a finite
dimensional representation of K. Let 7 be the dual representation of 7 of K on the dual
space V*. Let {v;}! , be the dual basis of *. Then there is a K -isomorphism between F,

and V* which maps each P,,¢; to v}.

Now we assume that 7 is irreducible (and hence 7" as well). For a fixed 7, let W, (7")
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be the isotypic component of 7V in W,,. Then F,, C W, (7"). We have a decomposition

where, each H, is an irreducible representation of X isomorphic to 7¥. Note that M,v =
dim(Homg (7Y, 7| x))-
For each p, let {¢;, :}"_, be a basis of H, satisfying ¢, (zk) = > aus(k™") ¢ pu(2).
u=1

Note that this is possible because each H,, is isomorphic to F,.

Now, Pr,¢; = > > a5 ¢rps- FOr each p, the matrix (o, 5 ;)5 ;s represents a K -homomorphism
P S
between F;, and H,. Therefore, o, ;; = a,,0,; for some scalar «,, by Schur’s lemma.

Therefore, Py, ¢; = > a, ¢1,.. We define ¢, ,(z) = zn: ¢rpi(z) v; for all t and p. Hence,
p i=1

we get
¢ = Z Piv;
i=1
(m,1)

(ST ro)

=1 \wely] t=1

n m(m,I) M_v
=22 2 D i

i=1 ne[y] t=1 p=1
m(m,I') M_v

T

=22 D o

melx] t=1 p=1

(4.4.4)

We conclude thatdim V, . < > m(m,T') dim(Homg (7Y, 7|x)).

mTE[X]
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Conversely, for every ¢ and for every p, choose a basis {¢; .}, of H, such that

¢tpz Ik Za]z qbtp] )

Let ¢tp Z Qstpl V;. Then ¢tp(xk) = 7'( )(¢tp( )) Since X - ¢t,p,i = X(X) ¢t,p,i for all
X € 3(g),it follows that ¢, ), € Vi ..

We conclude that )" m(n,I') dim(Homg (7, 7|x)) < dim V) r,. Therefore, we have
m€x]
the equality

dim Vyr, = »_ m(m,T) dim(Homy (7", 7|x)) forall 7 € K. (4.4.5)
m€lx]
Now, let us consider the general case that 7 is a finite dimensional representation of

q
K (possibly reducible). Let 7 = @ m; 7; be a decomposition of 7 into irreducible repre-
i=1

q
sentations of K. Hence 7V = @ m; (7;)".
=1

Let V1 - be as in Subsection|4.2.4 The center 3(g) acts on this space. Therefore for any

character y € 3/(\9), we can consider the y-eigenspace V, r, C V.. We observe that
q
dim VXI,T = Z m; dim VX7F7Ti'
=1

We can use the argument culminating into Eq. for each 7; and the additivity

properties of Hom spaces with respect to decomposition of 7 to complete the proof of

Thm.
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4.5 Discrete series representations and cohomology

In this section, we comment about the case when G is non-compact connected semisimple
group that admits a discrete series representation. (This is same as saying rank G=rank
T, where T is a ‘compact’ Cartan subgroup.) It is well-known that for a given y ¢ 3/(\9),
and a K-type 7 there exists at most one (up to infinitesimal equivalence) discrete series
representation ., with the infinitesimal character y and minimal K -type 7 where \ € ;.

such that A\ + p is regular and integral linear form. Also, dim (Homg (7, mx4,|x)) = 1.
Therefore, Thm. implies the dimension of V, r v is equal to the multiplicity of

the above discrete series 7, in L*(I'\G).

For \ € tf, there exists a G-equivariant holomorphic line bundle £, on G/T'. Under a
mild condition on A (see [Wil91} Eq. 7.66]), [Wil91 Thm. 7.65] implies the L?-cohomology

H;(T'\L,) is non-vanishing in exactly one degree ¢, (which depends on \) and
dim HP(T\Ly) = m(ma4,, I).

Hence, the dimension of the y-eigenspace of the automorphic forms of type 7V is equal

to the dimension of ¢,-th L?-cohomology of the automorphic line bundle T'\ L.
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Chapter 5

Representation Equivalence for

Arithmetic Lattices : Rank one Case

5.1 Statement of Main Results

Let G be alinear semisimple Lie group with finite center and of real rank one (e.g. SL(2, R)).
Let T" be a lattice in G such that the covolume vol (I'\G) (with respect to the unique G-

invariant measure on I'\ () is finite. Consider the Hilbert space

L*(T\G) ={¢: G — C: ¢(yz) = ¢(z) forall y € I,z € G; and /|gb(m)|2 dr < oo}.
¢

The group G acts on L?(I'\G) via g.¢(x) = ¢(xg) for all z, g € G. This gives rise to a right
regular representation Rr of G on L?*(I'\G). Let L3

3i.(T\G) be the maximal semisimple
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subrepresentation of L?*(T'\G) (called discrete spectrum). Then

—

L(Qiisc(F\G) = @m(m L),

TeG

where the finite multiplicities m(x, ') can be interpreted as dim¢ Homg (7, L*(T\G)).
The orthogonal complement of L3,..(I'\G) in L*(I'\G) is called continuous spectrum and is

denoted by L?(I"\G). It admits a Hilbert direct integral decomposition with respect to a
certain Radon measure on the unitary dual of G (see Subsec.|5.2.6|).

Definition 5.1.1. Two lattices ', and Ty are called representation equivalent if the right
regular representations (Rr,, L*(T1\G)) and (Rr,, L*(T';\G)) are unitarily equivalent as rep-

resentations of G, i.e. there is a unitary isomorphism (surjective isometry) between them.

The purpose of this chapter is to provide a sufficient condition for the representation
equivalence of two lattices I'; and I's. This can be thought of as an analogue of the classical
strong multiplicity one theorem for the group GL(n). Before we describe our main result,

let us define some notations.

Since G is of real rank one, every proper parabolic subgroup is minimal. A parabolic sub-
group P of G has a Levi decomposition LN, where L is a Levi part of P and N is the
unipotent radical of P. Moreover, P possesses a decomposition (called Langlands de-
composition) as P = M AN, where A is the split torus in L and M is a compact subgroup
contained in a maximal compact subgroup K; in fact, M = Zx(A). Let abe the Lie algebra

of A (see Subsec. for details).

Definition 5.1.2. For a lattice I" in G, a proper parabolic subgroup P is called I'-cuspidal if

N MN
PNI'C MN; NOT and AUNAT are compact.
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The set of all I'-cuspidal parabolic subgroups is denoted by F(G,T). Then I' acts on
E(G,T) by conjugation, and the set of cusps for I" is parametrised by the orbits of this
action. Note that if I is a cocompact lattice then E(G,T") is empty i.e., there is no cusp for

I.

Definition 5.1.3. Two lattices I'; and T’y of finite covolume in G are said to be isocuspidal
if there exists a finite set {P,, P, ..., P,} of cuspidal parabolic subgroups which serves as a

common set of representatives of cusps for both lattices I'; and TI',.

Remark 5.1.4. IfT'; and I'; both have only one cusp then they are isocuspidal.

Let M denote the set of equivalence classes of irreducible representations of M. For every
o € M and v € ia*, we have a representation space Hr(o,v) consisting of finitely many
principal series representations of GG. These representation spaces possess certain unitary

intertwining operators (see Sec.[5.3|for details)

Cro(v) : Hp(o,v) — Hy(o, —v).

The following Spectral Rigidity Theorem is the main result of this chapter.

Theorem 5.1.5. Let I'y and I, be two isocuspidal lattices with finite covolume in G such that

the following holds:

1. There exists a parabolic subgroup P = M AN in the common set of representatives of
cusps for T'y and T'y such that L*((T'y N M)\M) = L*((I'y N M)\ M) as representations
of M and for every o € ]\//7, Cr,o(v) = Cr,,(v) forall v € ia*.
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2. The multiplicities m(mw,T'y) = m(w,T'y) for all but finitely many = € G.

Then the lattices T’y and I'y are representation equivalent in G.

Remark 5.1.6. If two lattices I'y and Iy are isocuspidal, then by the assumption (1) it turns
out that the representation spaces Hr,(o,v) and Hr,(o,v) are equal; (see Subsec. |5.4.1).

Moreover, assumption (1) says that Cr,,(v)(v) = Cr,,(v)(v) forallv € Hr,(o,v) = Hr,(o,v).

Remark 5.1.7. Note that if T'; and T’y are cocompact lattices then the condition (1) in Thm.
is vacuously true and hence it essentially recovers (|[BR11], Thm. 1.1). However, in the

case of non-cocompact lattices, condition (1) assures the equality of the continuous spectra
(see Subsec. for details).

Remark 5.1.8. If G is reductive but not semisimple, then for congruence lattices T'; and T'; in
G, it is expected that only condition (2) as in Thm. is sufficient to conclude L2, (I'|\G) =
L2 (T2\G). This is proved in Sec.|5.5|for GL(n).

5.2 Preliminaries

5.2.1 Associate parabolics in ¢

Let G be a linear semisimple Lie group with finite center and of real rank one and K be
a maximal compact subgroup in G which we fix henceforth. In this situation, any proper
parabolic subgroup P of G is a minimal parabolic. Moreover, any two parabolic subgroups
are pairwise associate, i.e., G-conjugate.

Let P = LN be the Levi decomposition of a given proper parabolic P in G, where L is the
Levi part of P and N is the unipotent radical of P. We also have the Langlands decompo-

sition P = M AN where A is the split torus inside L and M := Zx(A) is the centraliser
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of Ain K. In particular, M is a semisimple (compact) subgroup of K. Let ¥ = (G, A)
be the set of roots for the pair (G, A). If X7 is a positive system relative to the unipo-
tent radical N then ¥ consists of at most two roots {«, 2a'}. The root spaces of o and 2«
are denoted by n,, and n,, respectively and the corresponding Lie groups are denoted by

N,, No, respectively. Son,@n,, is the Lie algebra of N. Let m; = dimn, and my = dim ny,.

5.2.2 TI'-cuspidal parabolics

LetI" be a lattice in G such that vol (I'\G) < oo (i.e. of finite covolume). A proper parabolic
subgroup P = M AN is called a I'-cuspidal parabolic subgroup of G if PN TI" ¢ MN,
N/NNT is compact and M N/MN NT is compact. Let F(G,T") be the set of all I"-cuspidal
parabolic subgroups in G. The set F(G,I") decomposes as a disjoint union of finitely many
orbits under the conjugation action of I'. Let us fix the representatives P, P, ..., P,. of
these orbits. They parametrise the set of all cusps of I'. Let P, = P. Then there exists
k; € K with k; = 1 such that for eachi € {1,2,...,nr} and P, = M; A;N;, M; = k; ' Mk;,
A; = k' Ak; and N; = k; ' Nk;. Note that if " is a co-compact lattice in G, then E(G,T) is

empty; equivalently there is no cusp.

5.2.3 Conjugacy classes of hyperbolic/elliptic elements

In this subsection, we mention some results about the geometry of conjugacy classes of

hyperbolic/elliptic elements in a lattice in a semisimple Lie group.

Lemma 5.2.4. For any hyperbolic or elliptic element ~y € T' the G-conjugacy class [y]q is a

closed set of measure zero.

Proof. Any hyperbolic or elliptic element is semisimple and therefore its conjugacy class
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must be closed. To prove that [y]s is a set of measure zero, it is enough to show that the
conjugacy class [y]¢ endows a submanifold structure in G with lower dimension. Via the
pullback of the projection map, [7]¢ is homeomorphic to G/G, and G, contains a Cartan

subgroup, where G, is a centraliser of v in G. O

Lemma 5.2.5. Let E be the union of all conjugacy classes [v|q of all hyperbolic and elliptic

elements v € T'. Then FE is a closed set of measure zero.

Proof. Let C be a compact subset of GG. Since E is a countable union of closed sets ENC'is
a finite union of closed sets. Therefore £ N C' is closed. This holds for all compact subsets

C. So E is closed. 0

5.2.6 Spectral Decomposition

For the parabolic subgroup P = M AN let 'y, = I' N M. So, I'y, is a finite subgroup of
the compact group M. Let M be the set of irreducible representations of M. Consider the
right regular representation of M in the Hilbert space L?(T"y;\M). We have the Hilbert

space decomposition

L*(Tp\M) = @m o,L'y) o

UE]V[

Let W = Nk (A)/M be the Weyl group. Since G is of real rank one (i.e. dim A = 1) we have
|W| = 2. Let w be the nontrivial element of 1V'. Let a be the Lie algebra of A. Anirreducible

representation o € M is called ramified if wo = o. Otherwise, o is called unramified.

Forany o € M,ve a;, let 7, ,, denote the principal series representation of G. We write,
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m(o,Tar) Mo if o is ramified,
(o, v) =

m(o, L) 7o @ m(wo, I'ar) e, if o is unramified.
Let H(o,v) be the representation space of n(o,v). Let a; be the Lie algebra of A;. Via
conjugation by appropriate k;, each o € M gives rise to a representation o; € M; and each

v € ag gives rise to v; € a; . For each o € M and v € ag we put

nr

mr(o,v) = @ (o, v;).

1=1

We denote the corresponding representation space by Hr(o, v).

The right regular representation L?(I'\G) of G is not semisimple if I" is not co-compact
(See |[OW81], Chapter 1, Page 22). Let L2 (T'\G) be the maximal semisimple subrepresen-

disc

tation of L?(I"\G). The orthogonal complement of L3, .(I'\G) in L*(I"\G) is the continuous

spectrum, denoted by L?(T'\G). Following (J[OW81], Chapter 4, Page 112), the Hilbert di-

rect integral decomposition of L?(I"\G) can be written as

L%F\G)&@i/@w( ) d (5.2.1
- = /\27]_ - T\o,V V. '°)

oceM
5.2.7 Results on Harish-Chandra characters

We will be using the following two important results about Harish-Chandra characters of

irreducible unitary representations of semisimple Lie groups (see [KnaO1]).

Harish-Chandra character distribution: Let (7, V) be an irreducible unitary represen-

tation of G. For f € C°(G), the convolution operator «(f) on W, is trace class and its
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trace is denoted by x(f) := Trace (7(f)).

Theorem 5.2.8. Let {m;} be a finite collection of mutually inequivalent unitary irreducible
representations of G. Then their distribution characters {x.,} are linearly independent distri-

butions on G.
Proof. The reader is referred to (|[Kna0O1], Thm. 10.6) O

Theorem 5.2.9. Let 7 be an irreducible unitary representation of G. Then the distribution

character x is given by a locally integrable function ¢, on G, i.e. for f € C°(G),
) = [ 119) 62(0) do
G

Moreover, the restriction of ¢, to the set G,., of regular elements is a real analytic function

and is invariant under conjugation.

Proof. The reader is referred to (|[Kna0O1|, Thm. 10.25). O

5.3 Simple Trace Formula for Arithmetic Lattices

We describe the simple trace formula for the representation L*(T'\G) following ([SW99];
Sec. 2.1). Let C°(G) be the algebra of all compactly supported smooth functions on G.
Because of the presence of continuous spectrum in the right regular representation R
on L?*(T'\G), the convolution operator Rr(f) for f € C°(G) is not a trace class operator in
general. However, the restriction of Rr(f) on the discrete part L3, .(I'\G) is a trace class

operator. To describe the trace, we need to set up a few notations. For v € I', let I', and

G, denote the centraliser of v in I' and G, respectively. For any o € M and v € ia* there
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exists a unitary intertwining operator

Cry(v) : Hp(o,v) — Hr(o,—v).

Moreover, for any K -finite compactly supported smooth function f on G one can use the

functional equation of Eisenstein series (see [HC68|, [Lan76]) to derive

Cro(v) mr(o,v)(f) = mr (o, =v)(f) Cre(v).

Let us mention that there is an ample supply of non-zero K -finite compactly supported
smooth functions. For instance, such test functions are primary setup in (JArt83]; Page
1). In literature Ct, (v) is known as scattering matrix for I' associated with holonomy class
(S ]\/4\ .

Now we are ready to display the required trace formula following (J]SW99]; Sec. 2.1).

Trace Rr(f)|;2

disc

o) = Ie(f) + He(f) + Se(f) + Te(f) + Ur(f); (5.3.1)

where the terms in the sum are given, respectively, by
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(identity) Ir(f) = Vol(I\G) f(1),

Gegulan He(f)= > VOlLAG) [ fla e)d(Goo)

{fy}' hyperbolic or elliptic G\G

1 d
i S C o _O o 9 d )
(scattering) Sp( Z/Rey tr( o (V)™ - Cr (v)mr(o V)(f)) |dv|
(threshold) 7Tr(f) =—- Ztr (Cro(0) 7r(0, 0)(f))
UEM
1

(unipotent) Ur(f) = |1,(01() 1(f) + (D (f) + CLITI(S)) -

Here, the definition of T;(f), T{(f) can be recalled from (J[SW99]; Sec. 3, Page 21) as fol-

lows:

_ A(L)//f(k—lnk) dn dk,

K N

n0) =S8 [ e dG/G) @ + [ seng (GG, @)

G /G, G/G, 1

2
T(f) = —F—— m1+ m2 ///fk "ningk) - log | log(ny)| dk dny dns,

) N1 N2

where n, is a representative of the nontrivial unipotent orbit in n,,, A(n,) denotes the

area of the unit sphere in n,, and G,, represents the centraliser of an element » in G.

Remark 5.3.1. If T is torsion free, then there is no contribution of elliptic orbital integral in

the regular term. The constants C;(I"), C{(I") that appear in the unipotent contribution were
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explicitly computed by DeGeorge (see [DG89)).

For our purpose, we put a certain condition on the K-finite function f € C°(G) which
make the trace formula much simpler. An element 2 € G is called regular if the centraliser
Ce(z) of z in G is a torus. Consider the set G, to be the set of all regular elements in G.
Then G,., is an open and dense subset of G. Let f be a K -finite function in C2°(G,.). Since
any element n of a unipotent radical N is not regular, the identity term and unipotent term

in the above trace formula vanish for f € C2°(G,e,). Consequently, we have,

Trace Rr(f)|rz_ma) = Hr(f) +Sc(f) + Tr(f).

Moreover, if,

LAT\G) = @m(r.T)

WE@

then we have the simple trace formula

> m(m,I)Trace (w(f)) = He(f) + Sr(f) + Tr(f)-
red
Remark 5.3.2. 1. Thescattering and threshold terms are essentially coming from the spec-

tral side (more specifically given by the continuous spectrum).

2. If G has square-integrable representations then one can take its matrix coefficient of
some square-integrable representation as the test function. In this case the scattering
and threshold terms vanish. But then the sum in the spectral side is supported only at
a finite set of square-integrable irreducible representations (for example, discrete series
representations) and so the information about the multiplicity of principal series repre-

sentations is lost.
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5.4 Proof of the Thm.|5.1.5

In this section, we compare the representation spectra for two lattices I'; and I'; in G and

prove Thm.

5.4.1 Equality of Continuous Spectrum

Let us recall the Def.

Definition 5.4.2. Two lattices I'; and T’y of finite covolume in G are said to be isocuspidal
if there exists a finite set {P,, P, ..., P,} of cuspidal parabolic subgroups which serves as a

common set of representatives of cusps for both lattices I'; and TI',.

Note that this is automatic if both lattices are co-compact. Moreover, it also holds if the
lattices I'y and I'; have only one cusp.

Let us denote P := P,. Then P admits a decomposition say, M AN. Let us denote I'; 5, =
I'; N M for i = 1,2. Then I'; , are finite subgroups of M. Consider the representation
spaces L?(T'; ,/\ M) of M. We further assume that they are isomorphic as representations
of M i.e., L*(T'y ,/\M) = L*(T'y/\M). Note that if the lattices T'; are torsion-free, then

both of I'; 5, and I'y 5, are trivial; so this assumption holds automatically. Furthermore, if

LT \M) = P m(o.Tyu)o fori=1,2

UEZ/\/[\
and m(o,I'; pr) = m(o,I'9) for all but finitely many o € M then by ([LM20], Thm. 1.1),
m(o,Ty1) = m(o,Tayy) forall o € M ie. L2(T'y 5 \M) = L*(T'y./\M).

By the definition of Hr (s, v) given in Sec. it is clear that if two lattices I'; and I';

are isocuspidal and m(c, 'y ps) = m(o, ' 5s) forall o € M then the representation spaces
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Hr,(o,v) and Hr,(o,v) are equal for all o € M,v € ia*. Hence, by Eq. [5.2.1} L}(T)\G) =
L2(T\G).

5.4.3 Equality of Discrete Spectrum

Forallo € Mand v € ia*, we have that Hr,(o,v) = Hr,(o,v) and by assumption (1)
the intertwining operators Cr, ,(v) and Cr, ,(v) are equal on it. Now the scattering term
Sr(f) in the trace formula Eq. depends on the representation spaces Hr (o, ) and the
intertwining operators Cr, (v). For two lattices I'; and I'y, they are equal for all o € M and
v € ia*. Therefore, Sr, (f) = Sr,(f) for all K-finite f in C°(G). Similarly, Tr, (f) = 11, (f)
for all K-finite f in C°(G).

We argue that the unipotent terms Ur, (f) and Ur, (f) of the trace formula Eq.[5.3.1vanish
for all f € C°(Greg). The integrands in 73 (f), 72(f) and 77 (f) involve f evaluated at the
unipotent elements which are not regular in G. Since f is supported in the set of regular

elements in G, all the integrals 7' (f), 7>(f) and 7] (f) must be zero.

Now by the assumption on the lattices I'; and I';, comparison of the trace formulas for the

lattices I'; and I', gives

Trace Rr, (f)|r2

disc

rna) — Trace R, (f)l2 e = Hr, (f) — Hr,(f) forall f € C2°(Gheg).

disc

Let us denote the set of all G-conjugacy classes of hyperbolic and elliptic elements of I';
and T'; by [I'1]¢ and [I'3]g, respectively. For a G-conjugacy class [v]s of a hyperbolic or

elliptic element v € I'y UT'; we denote vol (I',\G,) by a(v,I"). So we have,



76

Stoelh= 3 () -atnt) [ fa ) Gy,

€S [Y]el1]eUl]a G, \G

where ¢, = m(r,T;) — m(x,T), S is a finite set such that ¢, = 0 forall * € G\ S and
X=(f) = Trace (n(f)) forall f € C°(Gieg)-

Since S is a finite set, by Thm. there exists ¢ € Lj,.(G) such that

loc

/ f@) o) dg= 3 (alnT) —a(y.T2)) / f(a ) d(Gyz).
G

Melilaulala G\G

Let F be the union of all conjugacy classes of hyperbolic and elliptic elements in I"; U T's.
Then by Lem. [5.2.5} £ is a closed subset of G with measure zero. Let g ¢ E. There exists an
open set U C G, in containing ¢ such that U N E is empty. Therefore, for any f € C.(U),

we have

/ f(9) 6(g) dg = 0.

This means that ¢ is essentially 0 on U. Note that U is a neighbourhood of an arbitrary
point g away from F and E is a closed set of measure zero. Therefore, ¢ is essentially 0
on Gieg. Finally, ¢ is essentially 0 on G because the set G \ G 0f non-regular points is a

measure zero set. Hence,

D tax«(f) =0, forall f € CZ(G).
TeS

From Thm. [5.2.8|on the linear independence of characters we have ¢, = 0 forall = € S.

Hence, L2 (T1\G) = L2 _(T1\G).

disc disc
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5.5 Representation Equivalence for Congruence Lattices
in GL(n).

5.5.1 Unramified Hecke Character

Let us introduce the following notation :

F : anumber field i.e. a finite extension of Q

Or : the ring of integers of F'

F, : the completion of F' at a place v of F' and O, is the ring of integers of F,.

S : the set of all archimedean places of F

Se = S, U S. the real and complex places, respectively

A be the adele ring of F' and Ay ; be the ring of finite adeles of F

I : the group of ideles of F'i.e. Ir = GL(1, Ap).

Fo =F® R = HveST F, x HweSC Iy = HUGST R x HWGSC C

In the proof of Thm. we need to consider the twist of a cuspidal automorphic rep-
resentation with an unramified Hecke character. So, we discuss some basics on Hecke

character. Reader is referred to |[Rag22] for more detailed exposition.

Definition 5.5.1. A Hecke character is a continuous character x : 1/ F>* — S. It is unitary
if the image lands in S'. It is called unramified if x(k) = 1 for all k € ], OF. (Here, the

product runs over all places v of F).
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If ||a|| := [1, ||as||v; the product of normalized valuations over all places, then any Hecke
character y can be written as product y = x° @ ||(.)||?, for a unitary Hecke character y°

and a real number o.

We now describe the character at infinity of an unramified Hecke character.
1) An unramified unitary character x of R* is of the form y(z) = (%)”|x|"; for some
T
n € {0,1} and o € iR.

2) An unramified unitary character y of C* is of the form x(z) = (i)”|z|2" forn € Z

Z|

and o € iR; where |z| is the absolute value of z € C.

For a unitary Hecke character y, let xo, := x|px; where, F — Ir. We write A € S
for any infinite place; v € S, and w € S, for real and complex places respectively. Note
that, F, = R canonically and F,, = C non-canonically. Finally, for any z,, € F, let
|Zoo| = HAGSOO £

Now we can describe ., as follows:

T ny (2N
XOO(IOO) = H (|5F_|) |(E>\ A
A8 A

where, n, € {0,1}; n,, € Z and ¢, € R.

5.5.2 Proof of Thm.

In this subsection, we describe a representation equivalence of cuspidal spectrum for con-
gruence lattices in GL(n). The idea is twisting by unramified Hecke character while keep-

ing the infinity part of a cuspidal automorphic representation of GL(n, Arp).
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Let G be a connected reductive group over F. Then G(F,,) is a reductive Lie group. Let
K be a compact open subgroup of G(Ar r). We have the congruence lattice I'x := G(F)NK

inside G(F.,). By strong approximation we have

Pr\G(Fo) = GIFN\G(Ap) /K

Recall the spectral decomposition

L2(G(F>\G(AF)) - Cusp( ( \G AF @Lres \G AF @Lcont \G(AF)>

We are interested in the discrete decomposition : L2,(G(F)\G(Ar)) = @ m(IDII;
II€ Acusp
where A, denote the set of all cuspidal automorphic representations of G(Ar).

As representation of G(F,,), we have the following isomorphism
L*(T\G(Fx)) = L*(G(F)\G(Ar)/K).

Therefore, taking the K -fixed vectors of the cuspidal subspace we have

Lgusp(FK\G(FOO)) = @ m(ﬂ-arK)ﬂ-7

—

WGG(FOO)

where m(w, ') equals 3 m(IT) dim(I15).
HEAcuspinoo:W
Recall that an unramified Hecke character y is a continuous character x : Ip/F* —
S' such that y(k) = 1 forall k € O} := [[ OF.

p
Let us now restrict to G = GL(n). We state the main result of this section.

Theorem 5.5.3. Let K, and K, be two compact open subgroups of GL(n,Ars). Denote
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the congruence subgroup GL(n,F) N K; of GL(n, F) by Tk, fori = 1,2. If m(m,Tk,) =

m(m,Tk,) for all but finitely many © € G(Fy), then L7, (T, \G(Fx)) = L2, (T, \G (Fio))-

Proof. For any z € GL(n,Ars) and a compact open subgroup K of GL(n,Ar ), we have
the compact open subgroup K := xKx~! of GL(n,Ar ). For a given cuspidal automor-
phic representation IT € Ay, it is easy to see that the space of K-fixed vectors in II is
isomorphic to the space of K*-fixed vectors in II. In particular, m(m, I'x) = m(7, k) for
all m € @). Therefore, without loss of generality, we assume that both of the com-
pact open subgroups K; and K in the above theorem are contained in GL(n, (7);). Here,
(’)AF := [] OF,. If 11 is a cuspidal automorphic representation and K is a compact open
subgrou;, then for any unramified Hecke character y, we have (Il @ x)¥ = II%.
Note that the set {II ® x : x is an unramified Hecke character} is an infinite set. Indeed,
by the description of y, for a Hecke character y in Sec. there are infinitely many
Hecke characters y with distinct and nontrivial infinity part.
Let us denote S to be {7 € GL/H(?OO) :m(m,Tk,) # m(m,T'k,)}. We fixar € S. Denote the
finite set {II : II., = 7} by A(7). We can choose an unramified Hecke character x such that
Xoo 1S NONtrivial and 7 ® y» ¢ S. Now the set A(7m ® xo) = {II® x : IT € A(7)}. Indeed,
the association IT — II ® y defines a bijection between the sets A(7) and A(7m ® xoo)-
By hypothesis,

> m(I)(dim(I1"") — dim(IT"?)) = 0.

HEA(”@XOO)

In other words,

> mle ) (dim((TTe x)*) - dim((IT @ x)**)) = 0.
Ile A(m)



81

Now y is unramified, so dim (IT ® x)%: = dim (II)%: for i = 1,2. Moreover, by the multi-

plicity one theorem for GL(n), we have m(1I) = 1 for all I € Asp. So we have,

> (dim(I)* — dim(IT)"*) = 0.
e A(r)

Therefore, m(w,I'x,) = m(m, T'k,). Now this holds for every = € S. Hence,

L2, T \GL(n, Fy)) = L2,,(Tk, \GL(n, Fy)).

cusp cusp
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Chapter 6

Discrete Series Multiplicities

6.1 Statements of Main Results

Let G be a semisimple connected Lie group whose complexification G¢ is simply con-
nected. We assume that G contains a compact Cartan subgroup, i.e. rank(G) = rank(K),
where K is a maximal compact subgroup in . Consider I" to be a lattice in G such that
vol(I'\G) < oo with respect to the unique G-invariant Haar measure on I'\G. We have the

right regular representation Ry of G on

L*(T\G) :={¢: G — C| ¢(yz) = ¢(z) forall y e ',z € G and / |p(z)[Pdx < oo},

G
(6.1.1)

Let L2

disc

(I'\G@) be the maximal semisimple subrepresentation of L?(T'\G). Then

—

L?lisc(r\G) = @m(ﬂ-> F)?T,

TeG
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where G is the set of equivalence classes of unitary irreducible representations of G, and
m(m, ') = dim Homg (7, L3 (D\G)).

Since GG has compact Cartan subgroups, it possesses the discrete series representations. It
is well-known that discrete series representations are parametrized by the Harish-Chandra
parameters \, and denoted by , (see Subsec. [6.2.1). The purpose of this chapter is to
present a linear dependence among the multiplicities m(my, ") of the discrete series rep-
resentations m, of G. The multiplicity m(m,,I") depends on vol(I'\G). For example, if I" is
a uniform torsion-free lattice in G then the multiplicity m(x,,I") is equal to d., vol(I'\G),
where d,, is the formal degree of 7, (see [Kna0O1] for the definition). Moreover, if I' con-
tains nontrivial elliptic elements (i.e. torsion elements) then the I'-conjugacy classes of

these elliptic elements also contribute to m(x,,I).

Let us fix a maximal compact subgroup K in GG. By the assumption on G, there exists a
compact Cartan subgroup 7' C K. Let gy, £, t; be the Lie algebras of G, K, T respectively,
and g, ¢, t be their complexifications respectively. Let & = ®(g,t) and ®. = ®(¢,t) be the
root systems of (G,T) and (K, T) respectively such that ®. C ®. Let & be a fixed but
arbitrary choice of a positive system of roots in ®. A Harish-Chandra parameter )\ is an
integral regular linear form in the complex dual space t* of t. Let D(G) denote the set
of all Harish-Chandra parameters in G (see Subsec. [6.2.1]for detailed definition). Every
element A € D(G) determines a unique positive system of roots {aw € ¢ : (\,a) > 0}
which is denoted by P*. Any discrete series representation is uniquely determined by such
a Harish-Chandra parameter \ up to W,.-conjugate (see Thm. for details). Here, W,

denotes the Weyl group of the root system ®..
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Definition 6.1.1. Assume )\, )\, € D(G) are given such that P** = P*2. The infinite set
S(A1, A2) :={ M+ kX €t : k € NU{0}} of integral linear forms is called a string with base

A1 and direction \y. For each k € N U {0}, we denote A\, + kXy by .

Note that every linear form )\, € S(\, \y) is regular and therefore belongs to D(G). The
discrete series representation determined by A\, € D(G) is denoted by 7,,. Each ), deter-

mines the same positive system of roots i.e. P} = PM = p’z,

We need to impose a mild condition on A € D(G). We denote

D*(G) :={\eD(G): (\— 6", a)>0foralla € PN a,},

where ¢, = ¢ \ ®.and §* := % >~ «.From Lem.|6.2.10} it can be seen that if the base or
acP?
the direction of a string belongs to D*((G) then every linear form in the string belongs to

D*(G).

Let G, denote the set | J gK ¢! of elliptic elements in G. Note that G. does not depend
geG
on the choice of maximal compact subgroup K. The set I' N G, of elliptic elements in I"

is a union of finitely many I'-conjugacy classes i.e. I' N G. = |J [y;] for some choice of

2

representatives y; € I' N G.. Finally, we define the maximal order of elliptic elements in
I" to be the least common multiple of the orders of the elements {y;},. Let us denote it by

Nr. Itis an invariant of T.
Now, we are ready to display our first main result.

Theorem 6.1.2. Let G be a semisimple connected Lie group whose complexification G¢ is

simply connected. Assume that G contains a compact Cartan subgroup. Let T be a uniform
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lattice in G, and Nr be the maximal order of elliptic elements in T". For two Harish-Chandra
parameters \; and \, with P* = P*2, consider the string S(\1, \;) such that the base or the
direction belongs to D*(G). If a finite set A C N U {0} satisfies |[AN (j + NrZ)| > |[®F] + 1
forall 0 < j < Np — 1, then for any \, € S(\1, \2), the discrete series multiplicity m(x,,,I") =

> n(l, k) m(my,, ') where n(¢, k) are integers and independent of T.
keA

Since the integers n(¢, k) in the above linear expression do not depend on I', we have the

following corollary:

Corollary 6.1.1. Assume the hypothesis on G as in Thm. Let 'y and T'; be two uniform
lattices in G, and N = l.c.m. (Nr,, Nr,). For two Harish-Chandra parameters \, and X\, with
PM = P2, consider the string S(\1, \2) such that the base or the direction belongs to D*(G).
Let us choose a finite set A C N U {0} which satisfies |[AN (j + NZ)| > |®*| + 1 for all
0<j<N-—LIfm(ny,,I'1)=m(m\,,2) forall k € A, then m(r,,,I'1) = m(my,,[2) forall
Ak € S(A1, A2).

In Subsec. |6.4.3 we obtain a generalised version of Thm. for a multi-directed string
(see Def. [6.4.1) of discrete series multiplicities. Even in this general case, it is sufficient

to assume that only one direction belongs to D*(G).

Remark 6.1.1. If G has one dimensional Cartan subgroup T i.e. dimt = 1 (e.g. G = SL(2,R)),
then for any Harish-Chandra parameter A € D*(G) the set {k\ : k € Z\ {0}} exhausts all but
finitely many Harish-Chandra parameters in D*(G). Therefore, Thm. concludes that if
G has a one-dimensional Cartan subgroup, then there exists a finite subset F C D*(G) such
that for any u € D*(G), the discrete series multiplicity m(n,,I') is determined by (a linear

expression of) the multiplicities {m(m,T") : A\ € F}.
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As an application of Thm. we obtain the following strong multiplicity one result for
a string of discrete series representations. In fact, it holds for any infinite set of exceptions

in the string with sufficiently small density.

Corollary 6.1.2. Assume the hypothesis on G and K as in Thm. Let Ty and 'y be two
uniform lattices in G,and N = l.c.m. (Nr,, Nr, ). For two Harish-Chandra parameters A\, and
Ao With PA = P2, consider the string S(\1, \2) such that the base or the direction belongs to

D*(G). If the following condition holds:

<k <t: r T 1
oy LS £ 2 mlma 1) # m(my T} 1
t—o0 t N

then m(7r)\k, Fl) = m(7r>\k, FQ) for all )\k’ < S()\l, )\2)

In particular, from Cor. we can recover the following analogue of ([BR11]; Thm. 1.1)

for a large class of discrete series representations:

Corollary 6.1.3. Assume the hypothesis on G and K as in Thm. Let Ty and T’y be two
uniform lattices in G. Assume that m(my,T'1) = m(my, ) for all but finitely many discrete
series representations w, with A € D*(G). Then m(wy, 1) = m(my, '2) for all discrete series

representations w, with A\ € D*(G).

Let us discuss the subset D*(G) of D(G). The condition on A in the definition of D*(G)
can be seen as a sufficiently regularity condition. If 7, is an integrable discrete series
representation i.e. all the K -finite matrix coefficients of m, are in L!(G), then ) satisfies

the Trombi-Varadarajan estimate (see [TV72]):

B> 5 3 [{, )] for every f € P,

acP?
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But if ) satisfies the above estimate, then A belongs to D*(G). Therefore, Thm.[6.1.2]holds
for all integrable discrete series representations. Moreover, our results hold for infinitely
many non-integrable discrete series as well. For instance, in the case of SL(2,R), the set
D(G) \ D*(G) is finite. In this sense, in the definition of D*(G) the imposed condition on

Harish-Chandra parameters is indeed a mild condition.

6.2 Preliminaries

6.2.1 Basic Setup

Let G be a connected semisimple non-compact Lie group with finite center. We fix once
and for all a maximal compact subgroup K in G. Assume that G has a compact Cartan
subgroup 7' C K; equivalently, rank(G) = rank(K). Let g, &, to be the Lie algebras of
G, K, T respectively, and g, £, t be their complexifications respectively. Let ® = ®(g, t) and
d. = d(, t) be the root systems of (G,T) and (K, T') respectively such that &. C &, and
let W, C W be their corresponding Weyl groups respectively. The set ®. is called the set
of compact roots, and its complement ®,, in ® is called the set of non-compact roots. Let
po be the orthogonal complement of £, in g, with respect to the killing form. Denote by
g, the root space of the root o € ®. Then a € . if and only if g, C ¢ and o € ®,, if and
only if g, C p. Moreover, dim p is even. We fix an arbitrary positive system ®* in ® with

1 1 1
Bt — B A D, B — D N D=~ Y a == 3 a,anddi— = Y a=d— .
2 acdt 2 acdt 2 aEd;}
2(\ =6, q)
(a, @)

Let F be the set of all linear forms A € t* such that is an integer. Such a

linear form is called an integral linear form.
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We define the set D(G) :={A € F: (\,a) #0forall « € ®; and (\,«) > O forall o« € D }.
Anintegral linear form A satisfying (), o) # Oforall &« € ® is called a regular integral linear
form. Note that in the definition of D(G), the condition (\, «) > 0 for all & € &7 ensures
that no two A\, Ay € D(G) are W, -conjugates of each other. The following celebrated
theorem of Harish-Chandra says that the set D(G) completely parameterizes the set of

all equivalence classes of discrete series representations.

Theorem 6.2.1. (JHC68]) Let A € D(G). Then there is a discrete series representation T, of

G whose global character ©.,, as a locally L'-function on G, is given on T by

(=)™ I (A o) 32 det (w) e )

X\ acdt weW,
Or, () = 0 <€a<2x> _;_a(;c))
acdt

for X € t, and dim G/K = 2m. Every discrete series representation is unitarily equivalent to

m for some X € D(G).

Remark 6.2.1. Since no two linear forms in D(G) are W.-conjugates to each other, the set

D(G) completely parametrizes the set of equivalence classes of discrete series representations

of G.

If an integral linear form ) is regular, then it gives rise to a positive system P* = {a € & :

(A, a) > 0}. Wedenote * =1 3~ a.

aEPA
Lemma 6.2.2. For a given positive chamber (i.e. a given positive system) ¥ in ®, there exists

a basis {\1, \a, ..., \,} of t* consisting of elements in D(G) such that P* = X,

Proof. We know that {\ € t* : (\,a) > 0foralla € &t} = {\ € t* : P} = d*}isan

open subset of t*. Translating by a suitable Weyl group element we have the open set {\ €
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t*: P = ¥t} Now it is straightforward to see that any open set in a finite-dimensional
vector space (with respect to standard Euclidean topology) contains a basis of the vector

space. Therefore, we can choose a Z-basis {\;,...,\,Jwith\,; e {A et : PA=%+}. O

Consider I' to be a uniform lattice in G. We have a right regular representation R of G
on L*(T'\G). It decomposes as a Hilbert direct sum of unitary irreducible representations

7 of G with finite multiplicity;

—_—

L*(T\G) = m(x, ).

meG

Here m(m, T') is the multiplicity of 7 in (Ry, L*(T'\G)); in other words, m(r, T') = dim Homg (7, Rr).
The multiplicity of a discrete series representation 7, with the Harish-Chandra parameter

A is denoted by m(7,, T).

6.2.2 Lefschetz number and discrete series multiplicities

In this subsection, we define the Lefschetz number; and describe the relation between the
Lefschetz number and the discrete series multiplicities. We need to introduce the notion
of an invariant Dirac operator on GG/ K. The reader is referred to Chap. 6 of [Wil91] for

detailed description.

We havep = > g,. We choose a basis {X;} and {Y}} of ¢ and p respectively, such that
with respect tges f)ilinear form B on g induced from the Killing form, we have B(X,, X)) =
—or and B(Y,,,Y,) = ... Let C(p) be the Clifford algebra of p with respect to the non-
degenerate bilinear form B. Since dim p is even, there is an algebra isomorphism ¢ between

C(p) and the matrix algebra End(S) for some vector space S with dimension 2(%3%), The
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restriction of e to the spin group Spin(p,) C C(p) gives a spin representation o := €|spin(p,)
on S. The spin representation o turns out to be the direct sum of two (3 spin) irreducible
representations o+ on S*, and S = ST S~. Let us denote the Casimir element by (2,
which is given by @ = — 37 X? + 3" V7, in the center of the universal enveloping algebra
i(g) of g. ’

Now fixa A € D(G). It can be easily seen that A\—¢. is ®-dominant. Therefore, there exists
a finite dimensional irreducible representation 7,_s, of £ on a finite-dimensional vector
space V), _s, with highest weight A—¢... Let us denote Xf = 0t ®71\_s, tobe arepresentation
of ¢ (note that ¢ is also the complexified Lie algebra of the spin group Spin py). This may
not integrate to a representation of K in general. However under the assumption that
A+ 0% exponentiates to a character of T, x> does integrate to a representation of K. We
consider the smooth homogeneous vector bundle £ := G xx xi on G/K. Let I°E; be
the space of smooth sections of a homogeneous vector bundle E5. Then there exist 1°
order G-invariant elliptic differential operators Dy : T°E{ — I'°E}. These are Dirac
operators twisted by 7,_s.. With respect to appropriate metric, D} and Dy are adjoints of
each other, and their composition D; DT has the following simple description due to R.

Parthasarathy:

Theorem 6.2.3. ([Par72]) For all X\ € D(G), we have DY Di = —Q + (A — 6, A + 6 + 6,),

where () is the Casimir element.

Finally, we define H*(E),T) to be the space of all T'-invariant sections s € I'*E} such
that Dis = 0. Now we are ready to define the Lefschetz number and state the theorem

that relates it with the discrete series multiplicities.

Definition 6.2.4. Forany A € D(G) and auniform latticeI"in G, the difference dimH™* (E,,T")—
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dimH~(E,,T) is called the Lefschetz number, and is denoted by x (A, T').

Remark 6.2.2. IfT is a uniform torsion-free lattice in G, then the elliptic operator D} projects
to a first order elliptic differential operator D;j , onthe locally symmetric space I'\G/ K. In this

case, the above Lefschetz number x (), T') is called the index of the differential operator Df,.

Theorem 6.2.5. (Thm. 3.3; [Wil84]) Suppose that A\ € D*(G), and wy, € G is the associated
discrete series representation of GG. Let wy € W be the unique Weyl group element such that
wo® T = P, and let [(wg) = |wo(—®T) N ®T| be the length of w,. Then for any uniform lattice

[ in G, the multiplicity m(ry,T) of my in L*(T\G) is given by

m(my,T) = (=1)@ N dimH* (E\,T) — dimH~ (E\,T)} = (=1)"“0)x(\, T).

6.2.3 The results of Hotta-Parthasarathy on Lefschetz number

In this subsection, we review a couple of results of Hotta and Parthasarathy on the Lef-
schetz number x(A,T') from section 2 of [HP73]. For any y € T, let G} be the identity
component of the centraliser G, of y in G. Let IV, be the Weyl group for the root system
®(G),T). Let K, be the centraliser of y in K and d = dim G/K,d, = dim G,/K,. We
use the convention that ¢“ is the character of 7" corresponding to an element « € t*. Let

®, ={a € ®:e*(y) = 1}. Then &} = &+ N &, is a positive system of &(GY), T').

For any A € D(G), we define the function ¥ on T as follows:

> (=Dferr 0 y) T (wA,a)

weW. /Wy ae@?f

[T (I-e(y)

acd+\oF

U (y) =
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Here § = 1 > «, and W, is considered as a subgroup of .. The function ¥§ is W.-
aedt

invariant in )\, and it extends to an Ad(G)-invariant function on the set G, of elliptic

elements of G i.e. the set of elements of G conjugate to some element of K.

Remark 6.2.3. If y is a regular element in G, then ®, = (). So we take [] (wA, ) = 1.

ae@j

Finally, for any A € D(G) we define the function ¥,(y) in y as follows:

I (8,0 0)) 7t W)

ae@j

W, |Gy GB] ’

For any element y € I', we denote I',, as the centralizer of y in I". Then we have the follow-

ing result of Hotta and Parthasarathy:

Theorem 6.2.6. (Thm. 3; [HP73]) Let I be a uniform lattice in G. For an arbitrary A € D(G)

we have

XA T) = (_1>£(wo) ZVOI(Fy\Gy)‘I'A(y>7
[v]

where the sum runs over the (finite) set of I'-conjugacy classes of elliptic elements in I" and wy

be the unique element in W such that w,®*+ = P>.
Remark 6.2.4. Note that the above theorem does not require A\ € D*(G).
Combining Thm. and Thm.|6.2.6] we deduce the following:

Theorem 6.2.7. Let A € D*(G) and wy € W such that w,®* = PW. Then

m(my, ') = Z vol(I,\Gy) W, (y),
[y]

where the sum runs over the set of I'-conjugacy classes of elliptic elements in T
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Corollary 6.2.1. Assume the hypothesis on A € D*(G) as in Thm. If T is uniform
torsion-free lattice in G, then m(m,I") = vol(I'\G)d., .

. e
Proof. The proof follows from the identity: ¥,(1) = T .o =d,,. O

aedt
Remark 6.2.5. The Thm. 7.47 of [Wil91] is an extension of Thm. for the lattices I" which
are torsion-free, of finite vol(I'\G) and satisfy some Langlands assumptions. These latter
assumptions on I" are automatic either when I is an arithmetic lattice and G/ K is a rank one
symmetric space or when G has no compact simple factor. Since the multiplicity of discrete
series representation for torsion free lattices I is very explicit by Cor. the only interesting

cases in our context are for I' having nontrivial elliptic elements.

6.2.4 String of regular integral linear forms

In this subsection we introduce the notion of a string of regular integral linear forms in

D(G) and D*(G).

Definition 6.2.8. Given two integral regular linear forms \, \s € D(G), the countably infi-
nite set S(A\1, Aa) := {\1 +kXy : k € NU{0}} is called a string of integral regular linear forms

with base )\, and direction \s.

For A, \s € D(G), let P* and P be the corresponding positive root systems for the
regular linear forms )\; and )\, respectively. If PM £ P2 then there exists o € W such
that 0 P = P*, On the other hand, 0 P** = P*. Therefore without loss of generality,

we can consider \;, A\, € D(G) such that PM = P2,

Lemma 6.2.9. If A € D*(G), then kX belongs to D*(G) for every k € N.
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Proof. Foranyk € N, itis easy to see that kA € D(G) and P* = P**i.e. A and k) determine

the same positive chamber. We have

(kX — 0" a) = (k= DX a) + (A = 6, a) 6.2.1)
= (k—1)(\a) + (A= a). -

Now for any a« € P*n &, (\,a) > 0 and by the hypothesis, (A — §* a) > 0. Hence
k\ € DH(G). O

Before describing the next lemma, we record a useful observation. If A\;, A, € D(G),

then one can easily check that P*) n pA2) ¢ ptatdz) ¢ pta) y pQe),

Lemma 6.2.10. Consider two linear forms \;, \y € D(G) with P* = P*2, If \; or )\, belongs

to D*(G), then every linear form in the string S(\1, \2) belongs to D*(G).

Proof. Indeed, \, +k)\, € D(G) forany k € Nand P*) 0 pkiz2) ¢ plathkde) o pa)y plkr2),

Therefore all integral linear forms of the string determine the same positive system as the

one determined by the base and the direction of the string. Without loss of generality, we
ko)

assume that \, € D*(G). Let us write P> = P*N®,,. Then forany a € P2 = p{k*2) —

P c P we have
(A1 + EXg — 01T 0) = (X a) + (EXy — 6% ) > 0.

Therefore, every member of the string S(\;, \2) belongs to D*(G). O

Proposition 6.2.11. Let m, be the discrete series representation with Harish-Chandra pa-
rameter \ € D(G). Assume that \;, \, € D(G) with PM = P*2. Then {my, 1, : k € N} is an

infinite family of inequivalent discrete series representations of G.
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Proof. We know that two discrete series representations 7, and r,, are equivalent if and
onlyif \; and ), are W,.-conjugate. We need to show that for two distinct positive integers
ki and ks, the linear forms \; + k; )\, and \; + k3 )\, are not W, -conjugate.

If w e W, and u € D(G) such that (u,«) > 0 for all « € @, then by the definition of the
length of w there exists « € &I (which depends on w) such that (wu,a) < 0. In other
words, if y1, pe € D(G) with (1, @) > 0and (g, ) > 0 for all « € @ then p; and p, are
not W.-conjugate.

Thus it is enough to show that (\; + kXg,a) > 0 forall & € ®. For any o € &/, we have
(AL + kX, @) = (A, ) + k(Ng, a). Now A\, Ay € D(G) implies that @ ¢ PA2) = pkiz) —

PX), Therefore, (A, a) > 0and (), a) > 0 for all « € ®}. Hence the proof follows. [

Remark 6.2.6. In fact the above proposition shows that no two linear forms in a string give
rise to equivalent discrete series representations. In other words, each member of a string

determines a discrete series representation which is inequivalent to the rest.

6.3 Generating Function for a String

For two Harish-Chandra parameters A\, Ao, let S(\;, \2) be a string such that the base \;
or the direction \, belongs to D*(G). For this string, we formally define the generating

function in complex variable z as

F)\l,)\%F(Z) = Z m(ﬂ'k, F)Zkil,
keN

where Tl = T +k\y with £ € N. Let )\k =M + kX and wy € W such that U}O(I)+ = PM =
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PM = P*2_ Then by Thm.|6.2.5| the generating function F}, ,, r(z) can be rewritten as

Fypar(2) = ) (=10 (A, D)2 = (1)) x (4, D)2

keN keN

The number of I'-conjugacy classes in the set I' N G, of elliptic elements in I is finite. We
fix a (finite) set of representatives {y; } of these classes. The least common multiple of the
order of the elements {y;}; is called the maximal order of the elliptic elements in T, and

it is denoted by Nr.

Proposition 6.3.1. Let Nr be the maximal order of elliptic elements in I". Let S(\1, \2) be
a string with P* = P, and F), ,,r be its associated generating function in the complex
variable z. Then there exists a complex polynomial p,, », r with degree less than Nr(|®*|+ 1)

such that

pxl,Az,F(Z)

FAl,Ag,F(Z) = (1 _ ZNF)\¢+|+1'

In particular, F\, \,r(%) is a complex rational function whose poles are the Nr-th roots of

unity, each of order |®*| + 1.

Proof. By Thm.|6.2.7, we have

F>\1>\2F Z ZVO] y\G qj)\k( )

keN [yl

—ZVOI r,\G,) Z\IJM Y

keN

(6.3.1)

where [y] runs over the I'-conjugacy classes of elliptic elements in I". Now by definition of
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\I]Ak (y)) we gEt
d+d, s
(—1) 2 H+<<5y,a>) 3, (v)
F)\1>\2p ZVOI y\G Z e 0 Zk_l
2 WG, - CY]
(6.3.2)
vol(I",\G,) _
X KR S R
[v] keN acof
vol(I,\Gy)(—1) 7

Let us denote

WG, GO by C,. Finally, from the definition of ¥ (y), the gener-
Yy y Yy

ating function F}, \, r(z) equals

LT i) T ko)
wEWc Wy agq); h1
ZCZH I (_ca) o

keN qead
as®y acd+\ o}

We write this expression as

F>\1 A2, F Z C H 1 - e_a(y))_l Z <_1)l(w)ay,w(z)7

[yl a€dt\ o weWe /Wy,

where a,u(z) = 3 evhi(y) [ WY
keN aeq); <6y7a>

a,.(2) is a rational function in z.

. Therefore, it is enough to show that
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We observe that

H 7>H w4 kAg), @)
1 5

— > [T (wr, ) + (kwhs, o)) (6.3.3)
aeqﬁ acdy

— > H (w1, @) + k(wAg, a)).
oz€<1>+ v o¢€<I>+

A . L o
Therefore, [] % is a polynomial in £ of degree at most |®;|, and let us write it as
acdy yr &

251
>~ bk’ for some complex numbers b;.
=0
Then
|
CL%w(Z) _ Z ew)\1—5 kw)\z Zb k,] k— 1
keN
|
For the sake of simplicity, we show that z.a,,(2) = e (y) 3. b; Y ki (e**2(y)2)* is a
7=0 keN
rational function in z.
We first claim that for any 0 < j < |®]],
Cw pi(z
ij(e 22 () 2)F = () (6.3.4)

P (1 — w2 (y)z)|<1>;|+1

for some polynomial p;(z) of degree at most [®F|.
We will show claim[6.3.4]by induction on j. Clearly, 1t is true for j = 0. Assume that it is
true for {1,2, ..., — 1}. Observe that j!(*/7) = k7 + Z cok’ for some ¢, € Z. Using this we

have,

DI S 2 N o

keN =0 keN



100

(1—z)l®1=i

Since (1 — 2)~U+) = , the claim|6.3.4{follows by substituting z = e**2(y)z.

(1— J;)|¢’;;|+1

We write
@ |

Puan(2) = €M) S b (o).

Then by the claim|6.3.4] we have

Pyw(2) '
(1 evh(y)e)ite

2.0y (2) =

By the definition of Nr, ¢**2(y) is a Np-th root of unity (not necessarily primitive). There-

fore, we can write

et +
Pual2)(1 = 2NN T (1 gy
Pyw(?) _ ENT =1,6#£ew 2 (y)
(1 — ewr (y)z)'q’&”“ B (1 — zNr)let]+1

Now |[®F[ > |®/|. Hence, the degree of the numerator of the above expression is less than

or equal to || + Np(|OF] — |®F]) + (Np — 1)(|D) ] +1) < Np(|¢F] 4 1). O

Remark 6.3.1. The Prop. also implies that for a given string S(\i, \y) with P = P2,
and )\, or )\, belonging to D*(G), there are infinitely many discrete series representations
with Harish-Chandra parameters A\ € S(\1, A\2) such that 7, occurs as a subrepresentation in

L*(T'\G) with non-zero multiplicity.

Remark 6.3.2. Note that for a given string, the generating function can be defined by simply
taking the coefficient to be the Lefschetz number instead of the multiplicity of the discrete
series. In that case, the proposition holds without assuming that the base or the direction of the

string belongs to D*(G). Since we are concerned with only the multiplicity of discrete series, we
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need the Harish-Chandra parameters in D*(G) which is sufficient to relate the multiplicities

and Lefschetz numbers up to sign (e.g. Thm.[6.2.5).

6.4 Proof of the Main Results

6.4.1 Proof of Thm.|6.1.2

For simplicity, we write N := Nr. We have the string S(\;, \y) with base \;, direction \,
and P = P*2; and by Prop. its generating function Fj, », r is of the form

p(z)
Fyper(?) = (1= 2Ny

N(j®+|+1)—1

with deg p(z) < N(|®*|+1). Let us write p(z) = S>> byz* for some by, € C. We claim
k=0
thatforany0 < j < N —1landm >0,
|2 m— h+ |0+
(T, 1) = Z ban+; )
h=0 ||
m—h+ |®7F| )
where = 0 when m < h. Therefore, the sum essentially runs over 0 <
|

h < min(|®*|, m). We use the following binomial expansion:

1 k+7) .
—_:Z y" foranyj e N.
(1 —y)itt >0 k
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Then, we have

Fyxoar(z) =p(2)(1 - ZN)*(I<I>+\+1)

N-1|®F| k +
A + |
— bin+ ShIN+] | ‘ kN
j=0 h=0 k>0 ||
A U k+ 0%
- Z DN+, S (k+h)N+j
§=0 k>0 h=0 ||
N-1 || +
m — h+ |07 :
= Z th+J ZmN+‘7.
j=0 m>0 \ h=0 ||

Letusfixajwith0 < j < N—1. Since |AN(j+NZ)| > |®*|+1,therearemy, ..., mjp+| € Z*
such that m; N + j € Aforall 0 <i < |DF|.

Therefore,

o+ .
m; —h+ |®
m(mmiwﬂ-a I) = E buN+j 7 with 0 < < [®7|
h=0 |DF|

is a system of |®*| + 1 many linear equations in |®*| 4+ 1 many variables {th+j}|,f:0|. Itis

not difficult to check that the square matrix

||
0< h,i<|Pt|

of order |®*|+1is non-singular. Hence, it has a unique solution. Consequently, forany 0 <

h <|@F|,bpnyy = d_n(AN+j,miN+j) m(my,, ., ') for some integers n(hN +j,m; N + j)

(2

independent of I'. In other words, the solution {thﬂ}'hq:O‘ can be expressed linearly in
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terms of {m(m, L):m;N+j € A}

m; N+37

Since the finite set A satisfies the condition | AN(j+NZ)| > |®*|+1forallj € {0,1,...,N —

we haveb, = >~ n(l, k) m(m,,,I') forall0 < ¢ < N(|®*|+1). This implies that the polyno-
mial p(z) andkﬁ:nce the generating function F), ,, r is determined by the same. Therefore
for any ¢ > 0, the discrete series multiplicity m(x,,,I') = >_ n(¢, k) m(n,,,I") for some
integers n(/, k) independent of T. !

Remark 6.4.1. Thm. implies the set of multiplicities of infinitely many discrete series
representations parametrized by the string S(\1, \2) is determined by a finite subset of multi-

plicities with cardinality N (|®*| + 1).

6.4.2 Proof of Cor.|6.1.2

Let A= {k e NU{0} : m(m,,,I'1) = m(my,, 2)}. We need to show that A satisfies
AN (NZ+ )| > |®t|+1 forall 0 <j < N —1.

By the hypothesis, we have

<k<t: —
hminf]{o_k_t keA}]>N 1‘
t—o00 t N

This means, for every ¢ > 0 there is 7, > 0 such that

[{ke Atk <rN(*|+1}|  N-1+e

> ro.
PN (& 1 1) N forallr > r

1})
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Equivalently,
{ke A:k<rN(|®Y| + 1)} | >r(N —1+e)(|0F|+1).

Let r > ry. Fix a jo such that 0 < j, < N — 1. Then the cardinality

|{keA:k<rN(y<I>+\+1)}|:Z_\{keA:k<rN(]q>+\+1)}m(j+NZ)|

J=0

< |AN (o + NZ)| + (N — Dr(|®F| + 1).

In other words,

AN (o + NZ)| > re(|]®T| +1).

This holds for all » > r. In particular for » > £, we have AN (jo + NZ) > (|®T| + 1). This
holds for all j, € {0,1,..., N —1}.

6.4.3 Exhaustion of Harish-Chandra parameters in D*(G)

In this subsection, we describe the notion of a multi-directed string of Harish-Chandra
parameters and prove analogous result to Thm.|6.1.2|in this generality. Let us denote the

cartesian product N x N x --- x N of n copies of N by N".

Definition 6.4.1. Given a finite set of linear forms A1, \a, ..., A\, € D(G), the infinite set
8()\1,)\2,...,)\n) = {kl)\l +k2)\2—|——|—kn)\n : (k’l,k'z,...,kn) € N”\{(0,0,,O)}} is
called a multi-directed string with directions \i, Ay, ..., \,. Forevery k := (ky, ko, ..., k,) €

N"\ {(0,0,...,0)}, the linear form Zn: k;\; is denoted by \y.
=1

It is not difficult to see the following generalisation of Lem.|6.2.10
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Lemma 6.4.2. Assume \;, )y, ..., \, € D(G) such that P>~ = P*s forall 1 < r,s < n, and
A1 € D*(G). Then every linear form in the multi-directed string S(\1, Az, . . ., A,) belongs to
D*(G).

Now we can generalise the Thm. for a multi-directed string. First, we need a
few notations: Let p; : N — N be the projection onto i-th component of an n-tuple of

natural numbers. For a subset .A of N”, let A; denote the image of .A under p; for1 < i < n.

Theorem 6.4.3. Assume the hypothesis on G and K as in Thm.[6.1.2] Let Ny be the maximal
order of elliptic elements in . For given \, \s, ..., \, € D(G) such that P’ = P*: for all
1 < r,s < nand at least one of the \,.’s belongs to D*(G), consider the multi-directed string
S(A1, Aoy ..., An). If A is a finite subset of N such that each A; satisfies | A; N (j + NrZ)| >
|| + 1 forall 0 < j < Np — 1, then for any A\, € S(A1, A, ..., \,) the discrete series
multiplicity m(my,,I") can be expressed linearly in terms of the finitely many discrete series

multiplicities {m(m,,,T') : k € A}.

Proof. By Lem. we have )\, € D*(G) for every k € N*\ {(0,0,...,0)}. By induction
on n, we are reduced to the case for n = 2. Let us fix (¢;,%,) € N?. We need to show that
m (T, 04100, 1) €an be linearly expressed in terms of the finite set {m(m,,,I") : k& € A}.
We have the string S(#;\1, A\2) with base ¢;\; and direction \,. Since A, satisfies | A, N (j +
NrZ)| > |®F|+1forall 0 < j < Nr — 1, by Thm.[6.1.2|the multiplicity m(m, 5, +4,1,, ') can
be expressed linearly in terms of the finite set {m(my,,I') : p1(k) = t1, p2(k) € As}.

For any ¢/ € A,, we have the string S(¢)s, \;) with base ¢\, and direction )\;. Since A4,
satisfies |A; N (j + NrZ)| > [®F| + 1, again by Thm. [6.1.2]the multiplicity m(mo,+4,7,, )
can be expressed linearly in terms of the finite set {m(n,,,I') : p1(k) € Ay, p2(k) = (}.
This holds for every ¢ € A,. Therefore, m(m, »,+1,1,, ') can be expressed linearly in terms

of the finite set {m(m,,,T") : p1(k) € A1, p2(k) € As}. O
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It is tempting to ask whether there exists a finite set {\;, \s,...,\,} € D(G), with the
property P*» = P* forall 1 < r,s < n and at least one of the ),’s belongs to D*(G), so
that the set equality {u € D*(G) : P* = PM} = S()\1, Ay, ..., \,) holds. The inclusion
S\, A2, ..., ) C {u € D*(Q) : P* = P} is obvious, whereas the reverse containment

is not true by the following proposition:

Proposition 6.4.4. Let {\, \s, ..., \,} be a Z-linearly independent subset of D(G) with at
least one of the \,’s belonging to D*(G) and P* = P*s for all 1 < r, s < n. Then there exist

infinitely many . € D*(G) with P* = P> such that ;1 ¢ S(A1, A2, ..., \y).

Proof. Without loss of generality, let us assume that A\, € D*(G). We show that mA; — A, €
D*(G) for sufficiently large positive integer m. Clearly & = P U P~ = P*2 U P~*2, For
any a € PM = P* we have (\;,a) > 0and (\y,a) > 0. So, there exists k¥ € N such
that for each o € PM = P m(\,a) > (\y,a) for all m > k. Equivalently, for every
a € P = P2 m()\,a) < (Mg, ). In other words, if « € ® then for every m > k, we
get (mA\; — Ay, ) > 0 if and only if « € P = P*2. Therefore, P"1—*2 = pM = pP*_ For
a fixed m > k, let us choose a € P™1=*2 N ®,. Then we have (m)\; — Ay — 6™~ *2 q) =
(mA1 — 6, a) — (Mg, ) = (M — 6, ) + ((m — 1)A\; — Ag, ). Now the first summand
is positive because \; € D*(G), and the second summand is positive by the choice of m.
Therefore, mA; — Ay € D*(G) for all m > k. Finally, by the Z-linear independence of \;’s,

the linear form p := mA; — A2 ¢ S(A\1, Ag, ..., A\n). Hence, the proposition follows. O

Remark 6.4.2. From the above proof it can be seen easily that for any 1 < i < n, the linear
form mA; — \; with sufficiently large m provides an infinite collection of such . which deter-
mines the same positive system but does not belong to the multi-string. The Prop. also
holds for any arbitrary finite set of n linear forms in which any subset of n — 1 linear forms is

Z-linearly independent.
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6.5 Dimensions of the space of cusp forms

In this section, we showcase an application of Thm. [6.1.2]to the dimension of the space of
cusp forms. We need to write the explicit dictionary between the dimension of the space
of cusp forms and discrete series multiplicities.

Let B be a division quaternion algebra over a totally real number field /' of degree n.
Assume that B splits at exactly one real place v of F i.e. B, = M(2,R). Let |.| be the
standard normon B. Let B! = {z € B : |x| = 1}. Then B} = SL,(2, R). Consider a maximal
order O in B. Let 0! = {x € O : |z| = 1}. Let H denote the Hamiltonian algebra over R.

We have the map
1 B' — Bp = (SL(2,R) ® H" ') — SL(2,R),

where the first map is the usual inclusion and the second map is the projection onto the
first component. Let I be the image of O' under the map + in SL(2, R). Then T is a uniform
lattice in SL(2, R). In fact, every uniform lattice in SL(2, R) arises in this way (see [Wei60]).

Let us recall the definition of cusp forms.

Definition 6.5.1. Let " C SL(2,R) be a uniform lattice and fix an integer k. A holomorphic

function f : H — C is called a cusp form of weight k and level T if

a b
1 f (az—i—b) = (cz+d)kf(z) forall el, z e H;
cz+d ¢ d

dxd
2. [ 1f(2)y" y2y<oo.

I\H

The space of cusp forms of weight % for a uniform lattice I' C SL(2, R) is denoted by S, (T).
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For each f € Si(T'), we define ¢, : SL(2,R) — C by

~ b
m+2> forallg— | © | e SL(2.R),

c d

— (i —k
orta) = i+ d) 4 (2
where i = y/—1. It can be seen easily that ¢;(yvg) = ¢,(g) forall v € I"and g € SL(2,R).

cosf) —sinéd

Also, for any sy = € SO(2) and g € SL(2,R), ¢r(gse) = e *¢,(g).

sinff cos®

Moreover, ¢; € L*(T'\SL(2,R)). Therefore, we have the following linear map:
T : 8,(I') — L*(T'\SL(2,R)) defined by T'(f) = ¢;.

Let g = sl(2,C) be the complexified Lie algebra of SL(2,R). The Cartan subalgebra

0
t equals CX, where X = . The set ¢ of roots is {£a}, where « is defined by
1 0

a(X) = 2i. We fix the positive system &+ = {a}.

Any X\ € D(SL(2,R)) is of the form A = £1q for some k € Z with |k| > 2. Let m; be the

discrete series representation associated to the Harish-Chandra parameter A = 1. If

k > —2, then 7 is called a holomorphic discrete series representation of SL(2, R).

Proposition 6.5.2. Let " be a uniform lattice in SL(2, R). Then S;(T') = Homg (7, L*(T\SL(2,R)))
forall k > 2.

Proof. For any k € Z, let 7, be the character of SO(2) defined by 7;(ss) = sh. It is well
known that for every f € S;(T'), the image T'(f) = ¢, in L?(I'\SL(2,R)) generates an ir-
reducible subrepresentation of L?(I"\SL(2,R)), which is isomorphic to the holomorphic

discrete series m_; of SL(2, R). Under the action of SO(2), ¢, transforms via the character
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T_i. Since 7_, is the minimal SO(2)-type of the holomorphic discrete series representation
m_ of SL(2,R), ¢, belongs to the one-dimensional 7_;-isotypic component of this copy
of m_j in L?(T'\SL(2, R)). Therefore, if f; and f, are two linearly independent cusp forms
in S (T) then the irreducible subrepresentations (¢, ) and (¢,) in L*(T'\SL(2,R)) gener-
ated by ¢, and ¢, respectively, are linearly independent; in fact, those are orthogonal to
each other. In other words, the linear map 7' is injective and it induces the isomorphism

between S (") and Homg(m_g, L*(T'\SL(2, R))). O
Remark 6.5.1. The reader is referred to Thm. 2.10 of [Gel75] for a more detailed proof.

In particular, from Prop. |6.5.2|we have dim S;(I') = m(n_y,I'), where m(n_,T') is the
multiplicity of m_ in L?(T'\SL(2, R)). Using this, we deduce the following consequence of
Thm.[6.1.2)

Corollary 6.5.1. Let I" be a uniform lattice in SL(2,R), and let Ny be the maximal order of

elliptic elements in T'. Let A be a finite subset of N, which satisfies | AN (j + NrZ)| > 2 for all

0 <j < Np — 1. Then for any { > 2, dim S,(I') = >_ n(¢, k) dim S;(I"), where the summation
k

runs over the set {k > 2: % € Aor ¥ € A} and n((, k) are integers which are independent

of T

Proof. By Prop. the set {dim Si(T") : £ > 2} equals to the set {m(r_;,T') : k > 2}.
The corresponding set of Harish-Chandra parameters is {—%a : & > 2}. Note that
{(—EHla: k> 2} = {—2+m(—a) : m > 1}U{n(—a) : n > 2}. Moreover, it is easy to check

that —a € D*(SL(2,R)). Therefore, the corollary follows from Thm. O
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