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Abstract
Let (ω, Vω ) be a finite dimensional representation of a maximal compact subgroup K of a

connected non-compact semisimple Lie group G, and let ! be a uniform torsion-free lat-

tice inG. We obtain an infinitesimal version of the celebratedMatsushima-Murakami for-

mula, which relates the dimension of the space of automorphic forms associated to ω and

multiplicities of irreducible ω→-spherical spectra inL2(!\G). This result gives a promising

tool to study the joint spectra of all central operators on the homogeneous bundle asso-

ciated to the locally symmetric space and hence its infinitesimal ω-isospectrality. Along

with this we prove that the almost equality of ω-spherical spectra of two lattices assures

the equality of their ω-spherical spectra.

Let !1 and !2 be two lattices of finite covolume in a semisimple Lie group G. We prove a

spectral rigidity result for the representation spectra of the right regular representations

L2(!1\G) and L2(!2\G) of G. This can be thought of as an analogue of the strong multi-

plicity one theorem and it generalises [BR11, Thm 1.1] by Bhagwat and Rajan to the case

of non-uniform lattices.

LetG be the real points of a connected semisimple simply connected algebraic group over

Q such that G has a compact Cartan subgroup and let ! be a uniform lattice in G. Let Ĝd

denote the set of equivalence classes of unitary discrete series representations of G. We

prove that for any finite subset of Ĝd satisfying a certain condition, the associated finite

set of discrete series multiplicities inL2(!\G) determines all discrete series multiplicities

in L2(!\G). This allows us to obtain a refinement of the strong multiplicity one result for

discrete series representations. As an application,we deduce that for two given levels, the

equality of the dimensions of the spaces of cusp forms over a suitable finite set of weights
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implies the equality of the dimensions of the spaces of cusp forms for all weights.
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Chapter 1

Introduction

1.1 Isospectrality and Representation Equivalence

The mathematical description of classical spectral theory of light and sound is given by

the spectrum of the Laplacian acting on certain space of smooth function on Riemannian

manifold. An admissible source of such Riemannianmanifold is locally symmetric spaces.

These spaces are of the form X! = !\G/K; where, G is a reductive Lie group, K is a

maximal compact subgroup and ! is a lattice in G. The symmetric space G/K, equipped

with G-invariant Riemannian metric, is the universal cover ofX!. In the recent past, one

of the successful approaches to understand the spectrum of Laplace type operator onX!

is using its intimate relation with representation theory of G.

The question: Can the space X! (up to isometry) be determined by its spectrum? has been

of great interest over last few decades. The works of Milnor (see [Mil64]) and Vignéras

(see [Vig80]) are in the frontline to answer this negatively. Later, the construction of non-

isometric isospectral manifolds by Sunada brought significant arithmetic flavour in this
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context (see [Sun85]). In [Raj07], C.S.Rajan studied the appropriate arithmetic properties

which are determined by the spectrum.

The arithmetic properties of X! have many similarities with the spectrum of X!. The

first such evidence appears in the work of Maass, who studied the arithmetic properties

of eigenfunctions of Laplace operators on the complex upper half plane H (later well-

known as Maass forms), that are invariant under congruence subgroups of SL(2,Z) (see

[Gel75]). This provides a relation between the representation theory ofG := PSL(2,R) on

L2(!\G) and the spectrum of Hyperbolic Laplacian acting on !\H. Later, Selberg came up

with Trace Formulawhich happens to be a tremendous achievement linking the spectrum

and arithmetic ofX! (see e.g. [Hej83]).

The purpose of this thesis is studying the representation theory of L2(!\G) to address

the spectrum of X!. More explicitly, for given two lattices !1 and !2 in a Lie group G and

for a fixed maximal compact subgroup K in G, we study a notion called Representation

Equivalence of L2(!1\G) and L2(!2\G) to obtain some Isospectrality results for X!1 and

X!2. Before diving into the case for general reductive/semisimple Lie group, let us recall

some classical results for finite group G.

Definition 1.1.1. A triplet (G,H1, H2) consisting of finite group G and two non-conjugate

subgroupsH1 andH2 ofG is called a Gassmann-Sunada system if one of the following equiv-

alent condition holds:

(1) The right regular representation of G on C[H1\G] and C[H2\G] are isomorphic.

(2) Any G-conjugacy class intersectsH1 andH2 in the same number of elements.

(3) For any finite dimensional representation V of G, dim V H1 = dim V H2 .

An example can be given as follows. LetH1 andH2 be two finite groups such that for any

positive integer d, the number of elements of order d inH1 andH2 are same. In particular,
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|H1| = |H2| = k. Then, (Sk, H1, H2) becomes a Gassmann-Sunada triplet. Here, Sk is the

symmetric group in k symbols. The following is Sunada’s result in [Sun85].

Theorem 1.1.2. Suppose (G,H1, H2) is a Gassmann-Sunada system and assume thatG acts

freely and isometrically on a compact Riemannian manifold M . Then the quotient spaces

H1\M andH2\M are isospectral.

Wewill make a precise definition of Isospectrality in Chap. 4. For now, the reader can take

an ad-hoc definition : Two locally symmetric spaces are isospectral if the spectrum of the

corresponding Laplace operators acting on smooth functions on them coincides.

Sunada’s Thm. 1.1.2 for Isospectrality had been extended by DeTurck and Gordon in

[DG89]. To state their result, we need to define representation equivalence of lattices

in Lie group. Let G be a Lie group. Let ! be a cocompact lattice in G. In particular, G is

unimodular. Consider the right regular representation R! of G on the space L2(!\G) of

square integrable functions onGwith respect toG-invariant measure on !\G, defined by

(R!(g)ε)(x) = ε(xg)

for all ε → L2(!\G) and x, g → G. Then, we have

(R!, L
2(!\G)) =

⊕̂
ϑ↑Ĝ

m(ϑ,!) ϑ,

where Ĝ is the set of isomorphism classes of irreducible representation of G andm(ϑ,!)

is the number of ϑ-isotypic component in L2(!\G).

Definition 1.1.3. Two co-compact lattices!1 and!2 inG are said to be representation equiv-

alent if the right regular representations (R!1 , L
2(!1\G)) and (R!2 , L

2(!2\G)) are isomorphic
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i.e.m(ϑ,!1) = m(ϑ,!2) for all ϑ → Ĝ.

Theorem 1.1.4. (DeTurck-Gordon) Let G be a Lie group acting on the left as isometries of a

Riemannian manifoldM . Suppose !1 and !2 are discrete, co-compact subgroups of G acting

freely and properly discontinuously onM , such that the quotients !1\M and !2\M are com-

pact Riemannian manifolds. If the lattices !1 and !2 are representation equivalent in G, then

!1\M and !2\M are isospectral for the Laplacian acting on the space of smooth functions.

So, we see that representation equivalent lattices give rise to spectrally indistinguisible

spaces. It is natural to ask if the converse holds. This is quite ambitious inverse spectral

problem. When G = PSL(2,R), the converse holds due to Pesce. Let X be a hyperbolic

compact Riemann surface and !X be its fundamental group. By uniformization of X, the

fundamental group !X can be realised as a lattice in PSL(2,R) via an inclusion ϖX : !X ↑

PSL(2,R).

Theorem 1.1.5. (Pesce; [Hub98]) Suppose X and Y are compact Riemannian surfaces of

genus atleast 2. Then X and Y are isospectral with respect to the Hyperbolic Laplacian act-

ing on the space of smooth functions if and only if the lattices !X and !Y are representation

equivalent in PSL(2,R).

Apart from the groupPSL(2,R) this converse direction is notwell-understood. See [Raj07]

for a possible reformulation in generalities. While understanding the full representation

spectra in L2(!\G) at once seems difficult, we intend to focus on representation spectra

with prescribed archimedean type. For an irreducible representation ω ofK, an irreducible

representation ϑ in Ĝ is called ω-spherical if HomK(ω, ϑ|K) ↓= 0. Let us denote Ĝω = {ϑ →

Ĝ : HomK(ω, ϑ|K) ↓= 0}. Note that Ĝ = ↔
ω↑K̂Ĝω . There is also the notion of ω-isospectrality

for X! defined in Sec. 4.1.1 for certain ω-spherical Laplace operator. Therefore, the ω-
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equivariant version of inverse spectral problem reads : Given two ω-isospectral spacesX!1

and X!2, are !1 and !2 ω→-representation equivalent?. Let us now define a weaker version

of ω-representation equivalence and ω-isospectrality.

Definition 1.1.6. Two lattices !1 and !2 are called almost-ω-representation equivalent if

m(ϑ,!1) = m(ϑ,!2) for all but finitely many ϑ → Ĝω .

Definition 1.1.7. Two locally symmetric spaces X!1 and X!2 with the same universal cover

G/K are said to be almost-ω-isospectral if the dimensions of the ϱ-eigenspaces for the corre-

sponding ω-spherical Laplace operators are equal for all but finitely many ϱ → R.

In the direction of “almost-ω-representation equivalence implies isospectrality”, several ap-

proaches have beenmade. In [LM20], E. Lauret and R.Miatello answered this question for

the case whereK is a closed subgroup of a compact group G, i.e., for the case of compact

homogeneous space G/K for compact group G. They further proved that the multiplic-

ity of an appropriate finite subset of Ĝω determines all multiplicities (see [LM20, Thm.

1.1]). Later, they studied the representation-spectral converse in the context of simply

connected compact Riemannian symmetric space G/K of rank one and proved there are

infinitely many ω → K̂ such that almost-ω-isospectrality implies ω→-representation equiv-

alence and hence ω-isospectral (see [LM21, Thm. 1.1]).

Formany non-compact Riemannian symmetric spaces, Pesce proved the validity of repre-

sentation spectral conversewhere ω is trivial (see [Hub95]). When ω is trivial, the ω-spectra

are called spherical spectra. Bhagwat andRajan answered that almost-spherical represen-

tation equivalence implies spherical representation equivalence (see [BR11, Thm. 1.2]).

In fact, they described that for a spherical irreducible representation ϑ → Ĝ1, there ex-

ists a character ϱϑ of the algebra of G-invariant differential operators on X! such that
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Mult(ϱϑ) = m(ϑ,!) and conversely. Later, Kelmer obtained several density results which

relates the isospectrality and representation equivalence via the notion of length equiva-

lence for the case ofX! with real rank one and of non-compact type (having non-compact

universal cover), in particular for compact hyperbolic manifolds (see [Kel14]).

In the first half of Chap. 4, we give an affirmative answer of the question: Does the almost-

ω-representation equivalence implies ω-representation equivalence?. The following theorem

can be regarded as ω-spherical spectral analogue of classical strong multiplicity one the-

orem.

Theorem 1.1.8. (Thm. 1.1.2; [BMS25]) Let G be a semisimple, non-compact, connected Lie

group with finite centre. Assume that ω is an irreducible representation of a maximal com-

pact subgroup K. If two uniform torsion free lattices !1 and !2 are almost-ω-representation

equivalent then !1 and !2 are ω-representation equivalent.

Remark 1.1.9. Consequently, the above hypothesis implies thatX!1 andX!2 are ω→-isospectral.

When ω is trivial, Thm.1.1.8 reduces to [BR11,Thm. 1.2]. A special case of Thm.1.1.8 is [BS24,

Thm. 4.1] for the group PSL(2,R).

Let us briefly outline ourmethods for obtainingThm.1.1.8. We employ thewell-established

and effective tool, namely the Selberg Trace Formula to study the representation spectra

of L2(!\G) with respect to a convolution operator. Since our focus is on the ω-spherical

irreducible representations in L2(!\G), we need to annihilate the non ω-spherical com-

ponent using appropriate test functions. To achieve this, we instead consider the right

regular representation L2(!\G, Vω ) (see 2.4.1) ofG. We also utilize an algebra, denoted by

C↓
c
(G,K, Vω ) consisting of compactly supported smoothEnd(Vω )-valued test functions on

G which are ω-equivariant (see 2.4.3). One can suitably define the convolution operator
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on L2(!\G, Vω ) for such test functions. It is straightforward to compute both the spectral

and geometric expansions of the trace of these convolution operators, which leads to the

required Selberg Trace Formula for L2(!\G, Vω ) (see 3.2.7). The advantage of using such

operator valued ω-equivariant test functions is the corresponding convolution operator

annihilates the non ω-spherical representation spectra (see 4.3.4). Moreover, due to our

hypothesis, taking the difference between the trace formula for!1 and!2 yields a finite lin-

ear combination of Harish-Chandra character distribution associated with finitely many

ω-spherical irreducible representations. In Prop. 4.3.6, we construct a left K-saturated

open set in G that avoids all conjugacy classes [ς]G for ς → !1 ↔ !2. For the aforemen-

tioned test functions supported on thisK-stable open set, the orbital integrals, and thus

the entire geometric side vanish. Finally, the remainder of the argument relies on the ana-

lyticity of locally integrable character functions and the linear independence of character

distributions for inequivalent irreducible representations.

1.2 Representation Equivalence for Arithmetic Lattices

In the previous section, we were dealing with lattices ! in a Lie group G such that !\G

is compact. For compact quotient !\G (equivalently,X! is compact), one has the advan-

tage that the right regular representation (R!, L2(!\G)) is completely reducible. Now,

we weaken the set up assuming merely !\G is of finite volume with respect to unique

G-invariant measure. For example, principal congruence lattices in SL(2,R) are of finite

covolume. In this case,R! is no longer completely reducible. Let L2
disc(!\G) be the maxi-
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mal semisimple subrepresentation of L2(!\G). Then, we have

L2(!\G) = L2
disc(!\G)

⊕
L2
c
(!\G)

where, L2
c
(!\G) is the orthogonal complement of L2

disc(!\G) in L2(!\G). In the case of

non co-compact lattice !, the presence of the continuous spectrum in L2(!\G) always

demands delicate analysis. For instance, for any compactly supported smooth function

f , the convolution operator R!(f) is not trace class. Consequently, the classical Selberg

trace formula does not work to achieve some result analogous to Thm. 1.1.8. The non-

convergence ofTrace (R!(f)) is due to the presence of unipotent elements in the lattice !.

However,Müller showed that under some nice conditions (satisfied by arithmetic lattices)

on !, the restriction of R!(f) on L2
disc(!\G) is trace class (see [Mul89]). The convergence

of the trace ofR!(f)|L2
disc(!\G) is due to a control on the growth of the continuous spectrum

by certain intertwining operators on principal series representations (see Sec. 5.3 ).

To get rid of continuous spectrum one often tries to obtain an ample supply of test func-

tions f such that the convolution operator R!(f) is supported on discrete spectrum. In

[LV07], such a class of compactly supported test functionswas constructed so thatR!(f) is

supported on the spherical irreducible representations (having nonzeroK-fixed vectors);

it has been refined recently in [Mai24]. In the latest breakthrough by [BLZZ21], for a pre-

scribed irreducible representation ϑ occurring in the discrete spectrum of L2(!\G) with

congruence lattice ! a source of test functions f (thoughmerely Schwartz class functions)

can be found so that the convolution operatorR!(f) is supported on the nearly ϑ-isotypic

component inside the discrete spectrum. Consequently one can write the corresponding

trace formula with quite simple spectral side. However, the cost against this simplicity of
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spectral side is that there is no flexibility on the support of the test functions (as those

are Schwartz class). For example, a key idea in co-compact case is choosing ample supply

of compactly supported test functions supported away from !-conjugacy classes (see Sec.

4.3.7). This does not work for Schwartz class functions while comparing the geometric

sides of trace formulas for two lattices.

In this scenario, one can take one of the two possible paths. If the test function f is

moreover K-finite then Osborne-Warner trace formula provides a geometric expression

for Trace (R!(f))|L2
disc(!\G) in terms of Hyperbolic terms, scattering terms and unipotent

terms (see Sec. 5.3). We use this to obtain Thm. 5.1.5 (cf. Thm. 1.5 in [BM23]) which is

similar to Thm. 1.1 in [BR11], but under very strong assumptions. By those assumptions,

in the comparison of the trace formulas for !1 and !2, the continuous spectra cancel out.

But on the geometric side the unipotent orbital integral still survives (see Sec. 5.4.3).

Now the set of regular elements in G (denoted by Greg) is an open and dense subset of

G. Therefore we can take our test functions to be supported in Greg which guarantees

the vanishing of the unipotent orbital integral. Hence, we get a simple trace formula

consisting of discrete spectral side and regular geometric side (like the cocompact case).

Restricting the support of the test functions insideGreg does not change the trace of ϑ(f)

for any irreducible representation ϑ because of Thm. 5.2.9 together with the fact that

G \Greg is of measure zero. The rest of the argument goes same as in the proof of ([BR11],

Thm. 1.1).

The other path would be the Arthur-Selberg Trace formula. This trace formula rectifies

the non-convergence issue of trace via adelic reformulation. So, it is natural to frame our

question in terms of cuspidal automorphic representations for a linear reductive algebraic

group G whose real points would be our prescribed Lie group G. It is well-known that
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congruence lattices can be obtained from compact open subgroups in finite adeles.

Let us give an example. Let G be a semisimple simply connected algebaric group over Q.

K ↗ G(A↓
F
) be a compact open subgroup. Then we have the strong approximation :

!K\G(R) ↘= G(Q)\G(AQ)/K

where, !K = G(Q) ≃K. When G = GL(2) (which is neither semisimple nor simply con-

nected), such isomorphism holds as well and the compact open subgroup K = K0(N) =

{




a b

c d



 → GL2(Ẑ) : N |c} gives rise to the congruence lattices !0(N).

We follow [Dei99] to write a simple trace formula for rank one semisimple Lie groups

using the coarse version ofArthur-Selberg Trace formula (see [Art05] for higher rank case).

Using the theory of Hecke twist, we prove the following representation equivalence result

for cuspidal spectrum in Sec. 5.5.2:

Theorem 1.2.1. 1 Let K1 and K2 be two compact open subgroups of GL(n,AF,f ). Denote

the congruence subgroup GL(n, F ) ≃ Ki of GL(n, F↓) by !Ki for i = 1, 2 . If m(ϑ,!K1) =

m(ϑ,!K2) for all but finitely many ϑ → ⊋G(F↓), then L2
cusp(!K1\G(F↓)) ↘= L2

cusp(!K2\G(F↓)).

Remark 1.2.2. Indeed, for a co-compact lattice!wehave,L2
cusp(!\G) = L2(!\G) . Therefore,

Thm. 1.2.1 can be thought as an improvement of Thm. 1.1 in [BR11] for congruence lattices

in GL(n,R).

Remark 1.2.3. C. S. Rajan suggested us to frame a natural analogue of the above result in

terms of character families. In other words, if for two congruent subgroups, the multiplicities
1I thank Prof. A. Raghuram for useful discussion on this result.
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are the same except for finitely many twisted by character families, then one can expect that

the lattices are isospectral.

1.3 Linear Dependence of Discrete Series Multiplicities

Let us get back to the case for co-compact lattices. So far, we have been concerned with

the cuspidal, discrete and ω-spherical spectra in L2(!\G). We now shift our attention to

a particular family of irreducible representations, namely the discrete series representa-

tions. Our goal is to study the multiplicitiesm(ϑ,!) for discrete series representations ϑ

occurring inL2(!\G). The discrete series representations are analogous to the irreducible

representations of compact Lie groups. For example, they occur in L2(G) by the Harish-

Chandra Plancherel theorem. The precise definition and classification of discrete series

representations are described in Sec. 6.2.1.

The arithmetic and geometric significance of the discrete series multiplicities is well-

known. The appropriate cohomological meaning of these multiplicities can be attributed

to Langlands, who conjectured it to be the dimension of twisted sheaf cohomology of a

certain degree over !\G/T (see [Lan65]). This was proved partly by Schmid (see [Sch71]),

and was completed by Williams (see [Wil85]). Williams used the L2-Dolbeault cohomol-

ogy instead of sheaf cohomology, relaxing the compactness assumption on !\G. The di-

mension of exactly one non-vanishingL2-cohomology turns out to be themultiplicity of a

discrete series representation. In [BMS25] with Bhagwat and Sachdeva, the author devel-

oped a refinement of the classical Matsushima-Murakami formula and recovered the di-
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mension of the L2-cohomology. To obtain a closedmultiplicity formula for discrete series

representation, Williams also proved the Thm. 7.47 of [Wil91] which is the best possible

improvement of the Osborne-Warner formula for integrable discrete series multiplicities

(see [OW78]). In [HP73], Hotta-Parthasarathy used Atiyah-Singer-Lefschetz fixed point

formula to compute the index of a twisted Dirac operator explicitly. This along with Thm.

6.2.5 of Williams provides the expected geometric expression of discrete series multiplic-

ities (e.g. see Thm. 6.2.7).

Themultiplicitiesm(ϑ,!) of irreducible representations ϑ ofG occurring inL2(!\G) have

been of great interest also in the context of spectral geometry of locally symmetric spaces,

arithmeticity of lattices in Lie groups, etc. As mentioned earlier, a spectral rigidity result

of the multiplicities m(ϑ,!) was obtained by Bhagwat and Rajan (see [BR11]), and was

refined later by Kelmer (see [Kel14]). In [LM20], Lauret and Miatello proved for compact

group G (and therefore for finite !) the existence of a certain finite set of multiplicities

m(ϑ,!) that determines allmultiplicities. Since every irreducible representation of a com-

pact semisimple group can be thought of as a discrete series representation (as they occur

inL2(G)), it is tempting to seek some suitable finite set of discrete series multiplicities for

non-compact groups which determines all discrete series multiplicities. The main Thm.

6.1.2 in Chap. 6 answers this affirmatively. We state a simplest version of it in the context

of representation equivalence of lattices in a rank one semisimple Lie group.

Theorem 1.3.1. (Cor. 1.1 in [MS25]) Let G be a semisimple connected rank one Lie group

whose complexification GC is simply connected. Assume that G contains a compact Cartan

subgroup. Consider two co-compact lattices !1 and !2 in G. There exists a finite subset S of

Ĝ consisting of discrete series representations such that if m(ϑ,!1) = m(ϑ,!2) for all ϑ → S

thenm(ϑ,!1) = m(ϑ,!2) for all discrete series representation ϑ of G.
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Let! be a uniform lattice in SL(2,R) arising from amaximal order of a division quaternion

algebra over a totally real number field. There are only finitely many conjugacy classes

of elliptic elements in !. Denote the l.c.m. of their orders by N! and call it the maximal

order of elliptic elements in !. Let Sk(!) be the space of classical holomorphic cusp forms

on the complex upper half plane of weight k and level !. It is well-known that Sk(!)

provides an analytic realization of a discrete series representation of SL(2,R). In Sec. 6.5,

we explicitly prove the equality of the dimension ofSk(!) and themultiplicities of discrete

series representations occurring in L2(!\SL(2,R)) (see Prop. 6.5.2), and obtain a similar

finite linear generation result on the dimension of Sk(!) (see Cor. 6.5.1). Combining this

with Rem. 6.1.1, we have the following consequence of Thm. 1.3.1:

Corollary 1.3.1. Assume that!1 and!2 are two uniform lattices in SL(2,R), alsoN!1 andN!2

are the maximal order of elliptic elements in !1 and !2 respectively. LetN = l.c.m.(N!1 , N!2).

Then there exists a finite subset F ↗ N↔2 of cardinality 2N such that if dim Sk(!1) = dim

Sk(!2) for all k → F , then dim Sk(!1) = dim Sk(!2) for all k → N↔2.

Remark 1.3.1. In Cor. 1.3.1, the finite set F of size 2N is not unique. See Cor. 6.5.1 for the

sufficient condition on the finite set F for which Cor. 1.3.1 holds.

Let us sketch briefly the idea behind the proof of the general version of Thm. 1.3.1. Our

method is based on a geometric expression for themultiplicitiesm(ϑ,!) of discrete series

representations ϑ of a semisimple Lie group G. For instance, if G is compact (and there-

fore any lattice ! is finite) then for any irreducible representation ϑ ofG, the multiplicity

m(ϑ,!) equals
1

|!|
∑
ϖ↑!

Trace (ϑ(ς)). In the case of non-compact G, the discrete series rep-

resentations are parametrized by a set D(G) consisting of regular linear integral forms

ϱ (see 6.2.1). Let us denote the discrete series representation by ϑϱ that corresponds to
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ϱ → D(G). For any regular integral linear form ϱ → D(G), we consider the Lefschetz num-

berφ(ϱ,!) associatedwith a twistedDirac operator acting on the space of smooth sections

of a certain homogeneous bundle over G/K (see Subsec. 6.2.2). We require that ϱ to be

sufficiently regular which ensures that the multiplicitym(ϑϱ,!) of the discrete series rep-

resentation ϑϱ equals the Lefschetz number φ(ϱ,!) up to a sign (see Thm. 6.2.5). Thanks

to the work of Hotta and Parthasarathy (see Thm. 6.2.7), this Lefschetz number and hence

the multiplicity admits a geometric expression in terms of the elliptic elements in !. A

key tool in our approach is the formulation of a “string”S(ϱ1,ϱ2) of regular integral forms

inD(G), with fixed base ϱ1 and direction ϱ2 (see Def. 6.2.8). For such a given string,we de-

fine a generating function Fϱ1,ϱ2,! as a formal power series in the complex variable z with

coefficients as discrete series multiplicities associated to the string (see Sec. 6.3). Using

the geometric expression of the multiplicities, we prove that Fϱ1,ϱ2,! is a rational function

with numerator polynomial p(z) =
∑
i

bizi and denominator (1 ⇐ zN!)|”
+|+1, where N! is

the maximal order of elliptic elements in !, and the degree of p(z) < N!(|”+| + 1) (see

Prop. 6.3.1). Finally, a technical condition on the finite set S ↗ N ↔ {0} gives rise to a

nonsingular system of |”+|+1many linear equations in the unknowns {bi}i and constant

terms {m(ϑϱk
,!) : k → S}. Solving this system uniquely determines the desired linear

expression for each discrete series multiplicity.

1.4 Organization

The rest of the thesis is organized as follows. In Chap. 2, we start with the basic struc-

ture theory of semisimple Lie groups e.g. Iwasawa decomposition of Lie groups and its

Lie algebras, parabolic subgroups, root spaces decompositions etc. We also describe the
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spectral decomposition of L2(!\G) and L2(G(Q)\G(AQ)) in Sec. 2.2 and Sec. 2.3, respec-

tively. Lastly, we describe a ω-equivariant spectral decomposition i.e. the decomposition

of L2(!\G, Vω ) for a prescribed archimedean type ω (see 2.4).

In Chap. 3, we describe various trace formulas for the L2(!\G). We first recall the clas-

sical version of Selberg Trace formula (see 3.1). Then, we prove a ω-equivariant version

of Selberg trace formula (see 3.2). This will be used in proving Thm. 1.1.8. We moreover

discuss a simple trace formula for congruence lattices in rank one semisimple Lie groups

following [Dei99] (see 3.3).

The Chap. 4 concerns our results on ω-isospectrality (e.g Thm. 1.1.8). The section 4.1

states the main results on ω-isospectrality and infinitesimal ω-isospectrality. In Section

4.2, we set up the preliminaries and recall the Harish-Chandra character distributions,

Isospectrality and Representation equivalence. In Section 4.3, we discuss the required

lemmas and propositions to prove Thm. 4.1.3. In Section 4.4, we provide some observa-

tions and complete the proof of Thm. 4.1.7. In Section 4.5,we consider the case where the

group G has discrete series representations and using the results from [Wil91] and Thm.

4.1.7, we show that the dimension of φ-eigenspace of the automorphic forms of type ω→ is

equal to the qϱ-th L2-cohomology of the automorphic line bundle !\Lϱ associated to the

discrete series representation ϑ with minimalK-type ω and infinitesimal character φ.

In Chap. 5, we consider the representation equivalence of congruence lattices in rank one

semisimple Lie groups. Sec. 5.1 describes the main Thm. 5.1.5 of Chap. 5, which can be

regarded as a strong multiplicity one theorem for isocuspidal congruence lattices. In Sec.

5.2, we discuss some required lemmas on geometry of conjugacy classes in semisimple

Lie groups. We derive a simple trace formula for arithmetic lattices fromOsborne-Warner

Trace formula in Sec. 5.3. Sec. 5.4 discusses the proof of the strong multiplicity one
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theorem. Finally, in Sec. 5.5, we discuss some generalities of Hecke twist of cuspidal

automorphic representations and consequently prove Thm. 1.2.1.

The Chap. 6 concerns the discrete series multiplicities. In Subsec. 6.2.1, we recall the

Harish-Chandra parametrization of discrete series representations. The relation between

discrete series representations and Lefschetz numbers, as well as the geometric expres-

sion of Lefschetz numbers, is described in Subsec. 6.2.2, and Subsec. 6.2.3 respectively.

The Subsec. 6.2.4 describes the notion of string of regular linear integral forms. The Sec.

6.3 is devoted to introducing the generating function for a string and proving its rational-

ity. The proof of the main results Thm. 6.1.2 and Cor. 6.1.2 are given in Subsec. 6.4.1 and

Subsec. 6.4.2 respectively. In Subsec. 6.4.3, we introduce the notion of multi-string and

provide a generalized version of Thm. 6.1.2. Subsequently we prove the infinitude of its

remainder part inD↗(G). In Sec. 6.5, as an application of our results, we showcase a finite

linear dependence result for the dimension of cusp forms.
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Chapter 2

General Preliminaries

2.1 Structure Theory of Semisimple Lie Groups

2.1.1 Cartan Decomposition

Let G be a linear connected real semisimple Lie group e.g. SL(n,R), SO(n, 1) etc. Let g

be the real Lie algebra of G. We denote by gC its complexification g ⇒R C. Being linear G

always has a Cartan involution #; namely, the inverse conjugate transpose. #2 = 1. Let

K = {g → G : #g = g}. This is a maximal compact subgroup inG. The derivative of# at 1

gives rise to an automorphism ↼ of g. Again, we have ↼2 = 1. Let k and p be the eigenspaces

corresponding to the eigenvalues +1 and ⇐1. The eigenspace decomposition for ↼

g = k⇑ p

is called the Cartan decomposition of g. It can be seen easily that k is a Lie subalgebra of

g. Moreover, k is the Lie algebra ofK.
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2.1.2 Root Space Decomposition

A Cartan subalgebra h of g is a maximal abelian subalgebra consisting of semisimple ele-

ments in g. Such a subalgebra exists because g is finite dimensional. A Cartan subgroup

T ofG is a maximal connected abelian subgroup whose Lie algebra is a Cartan subalgebra

h.

The complexified Cartan subalgebra hC acts on the complexified Lie algebra gC via adjoint

action. We can regard {Ad(hC)} to be a commutative family of linear operators on gC. For

a linear functional ↽ → hε
C
, let gς := {v → gC : [h, v] = ↽(h)v for all h → hC}. The joint

eigenspace gς is called the root space corresponding to the root ↽ → hε
C
. Moreover, we

have the decomposition of gC as :

gC =
⊕

ς↑hωC

gς.

The above decomposition is called root space decomposition. By finite dimensionality,

there are only finitely many ↽ → hε
C
such that gς ↓= 0. Also, note that corresponding to the

zero functional the eigenspace g0 is a nonzero space as it contains hC. Therefore, the above

direct sum essentially runs over a finite subset ” ↗ hε
C
. The non-zero linear functionals

in the finite set ” are called the roots for the root system ”(gC, hC).

2.1.3 Iwasawa Decomposition

We have the Cartan decomposition g = k ⇑ p of the Lie algebra g. Let a be a maximal

abelian subspace of p (which exists by finite dimensionality). The collection {AdH : H →

a} is a commuting family of linear transformations on g. They can be simultaneously
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diagonalised with real eigenvalues and for each linear functional ϱ on a,

gϱ = {X → g : [H,X] = ϱ(H)X for allH → a}.

The set {ϱ ↓= 0 : gϱ ↓= 0} is called the set of restricted roots and denoted by $(g, a).

Then, we have the decomposition

g = g0 ⇑
∑

ϱ↑#(g,a)

gϱ

Indeed, a ↗ g0. $(g, a) turns out to be an abstract root system (see Prop. 5.9 in [Kna01]).

We choose a positive system $+ in $(g, a). Define

n =
∑

ϱ↑#+

gϱ.

Then, by Prop. 5.9 in [Kna01], n is a Lie subalgebra in g. Moreover, we have

Proposition 2.1.4. (Prop. 5.10 of [Kna01]) For a linear connected semisimple Lie group G,

the Lie algebra g has the decomposition (as a vector space sum)

g = k⇑ a⇑ n

Here, a is abelian, n is nilpotent and a⇑ n is solvable.

One can lift this decomposition from Lie algebra to Lie group. LetA andN be the analytic

subgroups with Lie algebra a and n. Then, A, N and AN are simply connected closed
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subgroups of G. Finally, by Thm. 5.12 in [Kna01], we have the multiplication map

K ⇓ A⇓N ↑ G given by (k, a, n) ⇔↑ kan

is a diffeomorphism.

2.1.5 Parabolic subgroups

Keeping the notation as above, we have the Iwasawa decomposition G = KAN ; where,

K is a maximal compact subgroup in G. Recall that K acts on A via conjugation. Let

M = ZK(A) be the centralizer ofA inK andm be the Lie algebra ofM . A conjugate of the

closed subgroupMAN is called a minimal parabolic subgroup. A parabolic subgroup is a

closed subgroup which contains a minimal parabolic subgroup.

Recall the restricted roots $(g, a) and choose a positive system $+ ↗ $(g, a). Then, $+

determines the nilpotent subalgebra n. There exists a subset % of $+ such that no ϱ → %

can be written as sum of two elements ϱ1 and ϱ2 in$+. The set% is called the set of simple

roots. The positive system $+, hence n determines a minimal parabolic subgroupMAN .

The parabolic subgroups containingMAN are classified by the following :

Proposition 2.1.6. (Prop. 5.23 in [Kna01]) The parabolic subgroupsS ↘ = M ↘A↘N ↘ containing

MAN are in one-to-one correspondence with the subsets %↘ of %. No two of these parabolic

subgroups are conjugate within G.
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2.1.7 An example : SO(n, 1)

We illustrate an example for the group G = SO(n, 1). SO(n, 1) = {A → SL(n + 1,R) :

TAIn,1A = In,1}; where, TA is the transpose of A and In,1 =




In 0

0 ⇐1



. There is a bilinear

form εn,1(x1, · · · , xn, xn+1) =
∑

n

i=1 x
2
i
⇐ x2

n+1 on R
n+1. A → SO(n, 1) if and only if the

columns of A form an orthonormal basis with respect to εn,1. SO(n, 1) is not connected

for n ↖ 2. In fact, it has two connected component. We are interested in the connected

component SO(n, 1)≃. It is homeomorphic to SO(n)⇓ R
n.

The Lie algebra g of G = SO(n, 1) can be expressed as g = so(n, 1) = {X → Mn+1(R) :

TXIn,1 + In,1X = 0;Trace (X) = 0}. Now, if X = (aij)i,j → so(n, 1), then aii = 0 for

1 ↙ i ↙ n; aij + aji = 0 for all 1 ↙ i, j ↙ n and ai,n+1 = an+1,i for 1 ↙ i ↙ n. Therefore, we

have

X =




Q v

Tv 0



 such that Q → so(n); TQ+Q = 0.

Wehave the Cartan involution ↼(X) = ⇐TX on so(n, 1). Then, the+1 and⇐1-eigenspaces

are so(n) and {




0 v

Tv 0



 : v → R
n}, respectively. So, we denote k = so(n) and p =

{




0 v

Tv 0



 : v → R
n} and get the Cartan decomposition so(n, 1) = so(n) ⇑




0 v

Tv 0



 :

v → R
n}. In particular, SO(n) is a maximal compact subgroup in SO(n, 1).

For 1 ↙ i < j ↙ n and 1 ↙ k ↙ n, we writeWij = eij ⇐ eji and Vk = ek,n+1 + en+1,k; where,

eij is the elementary matrix with 1 at the ij-th place and 0 everywhere else. Let us choose

a maximal abelian subspace a = C.V1 in p. Then, Ada acts on g. One can check that the

0-th joint eigenspace g0 equals theC-linear span of ∝V1,Wij : 2 ↙ i < j ↙ n′. The nonzero
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weights are ϱ and ⇐ϱ such that ϱ(V1) = 1. The corresponding weight spaces are given by

gϱ = C.∝Vj + W1,j : 2 ↙ j ↙ n′ and g⇐ϱ = C.∝⇐Vj + W1,j : 2 ↙ j ↙ n′. Therefore, the

restricted root space decomposition is

g = g0 ⇑ gϱ ⇑ g⇐ϱ.

Regarding {ϱ} as a positive system, we have the Iwasawa decomposition

g = k⇑ a⇑ gϱ.

Let A and N be the closed analytic subgroup for the Lie algebras a and n, respectively.

Then the group A can be written as :

A = Exp(tV1) = {





Cosh(t) 0 Sinh(t)

0 In⇐1 0

Sinh(t) 0 Cosh(t)




: t → R}.

Similarly, exponentiating the nilpotent subalgebra gϱ, we have the unipotent group

N = {





1⇐ 1
2

∑
n

j=2 t
2
j

t2 t3 · · · tn
1
2

∑
n

j=2 t
2
j

⇐t2 1 0 · · · 0 t2

⇐t3 0 1 · · · 0 t3
... ... ... ... ... ...

⇐tn 0 0 · · · 1 tn

⇐1
2

∑
n

j=2 t
2
j

t2 t3 · · · tn 1 + 1
2

∑
n

j=2 t
2
j





: t2, t3, · · · , tn → R}.
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Finally, by [ER06],we have the Iwasawa decomposition (at the group level)G = K⇓A⇓N ;

where,K =




A 0

0 1



 = SO(n) and A,N are as above.

Consider ar = {H → a : ϱ(H) ↓= 0 for all ϱ → $} = {




0 c

c 0



 : c ↓= 0}. Then, ar has two

components; called Weyl chambers. It is well-known that the number of Weyl chambers

is same as the number of positive systems in restricted root system. In this case, those

are {ϱ} and {⇐ϱ}. They determine the nilpotent subalgebras n, n and the corresponding

analytic subgroups N ,N , respectively. Indeed,N is the opposite unipotent subgroup

N = {





1⇐ 1
2

∑
n

j=2 t
2
j

⇐t2 ⇐t3 · · · ⇐tn
1
2

∑
n

j=2 t
2
j

t2 1 0 · · · 0 ⇐t2

t3 0 1 · · · 0 ⇐t3
... ... ... ... ... ...

tn 0 0 · · · 1 ⇐tn

⇐1
2

∑
n

j=2 t
2
j

⇐t2 ⇐t3 · · · ⇐tn 1 + 1
2

∑
n

j=2 t
2
j





: t2, t3, · · · , tn → R}.

It is easy to check thatM := ZK(A) =





1 0 0

0 A 0

0 0 1




for some A → SO(n⇐ 1). Moreover, by

Prop. 2.1.6, there are only two proper parabolic subgroups P = MAN and P = MAN in

SO(n, 1).
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2.2 Spectral decomposition of L2 spaces : Real

Let G be a connected reductive real Lie group. We fix a Haar measure dg on G. Let !

be a discrete subgroup in G. The Haar measure dg induces a G-invariant measure (again

denoted by) dg on the quotient !\G. We moreover assume that the total volume with

respect to dg on !\G is finite. At first, we consider the space C↓(!\G) consisting of all

smooth complex-valued functions f on G satisfying f(ςg) = f(g) for all ς → ! and g → G

and
∫

!\G
|f(g)|2dg < ∞. We can define the L2-inner product on C↓(!\G) by ∝f1, f2′ =

∫

!\G
f1(g)f2(g)dg. We moreover take the Hilbert completion of C↓(!\G) with respect to

this L2-inner product. The following proposition describes the completion.

Proposition 2.2.1. (Prop. 2.1.6 in [Bum97]) LetL2(!\G) = {⇀ : G ↑ C : ⇀ is measurable function ;⇀(ςx) =

⇀(x) for all ς → !, x → G;
∫

!\G
|⇀(x)|2dx < ∞}. Then,C↓(!\G) is dense in L2(!\G).

G acts on the quotient !\G from the right. This induces an action of G on the space

L2(!\G) defined by

for g → G, g.⇀(x) = ⇀(xg) for all x → G.

This induces a continuous representation R! : G ⇐↑ GL(L2(!\G)), called the right regu-

lar representation R! (see Prop. 2.1.7 in [Bum97]). Moreover, the action R! preserves the

L2-inner product; so it is a unitary representation. The decomposition of this represen-

tation R! into irreducible representations is known as the spectral problem.

The representation (R!, L2(!\G)) is not completely reducible (also known as semisim-

ple) in general. Let us denote the maximal semisimple subrepresentation of L2(!\G) by

L2
disc(!\G) (known as discrete spectrum). The orthogonal complement of L2

disc(!\G) in

L2(!\G) is denoted by L2
c
(!\G) (known as continuous spectrum). The following proposi-
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tion says that if !\G is compact then L2
c
(!\G) = 0.

Proposition 2.2.2. Assume that!\G is compact. The spaceL2(!\G) decomposes intoHilbert

direct sum of subspaces that are invariant and irreducible under the right regular representa-

tion R!.

In other words, we can write

L2(!\G) ↘=
⊕

ϑ↑Ĝ

m(ϑ,!)ϑ;

where, m(ϑ,!) is the number of ϑ-isotypic component occurring in L2(!\G). Alterna-

tively, m(ϑ,!) = dimC HomG(ϑ, L2(!\G)). A central goal of this thesis is to understand

the behaviour of these multiplicitiesm(ϑ,!).

Let us nowconsider the casewhen!\G is non-compact. The continuous spectrumL2
c
(!\G)

possesses a Hilbert direct integral decomposition by the abstract decomposition as in

Thm. 14.10.5 in [Wal92]. Explicitly, there exists a Borel measure µ! on Ĝ such that

L2
c
(!\G) ↘=

⇒∫

Ĝ

ϑ dµ!(ϑ).

For arbitrary !, the measure µ! is not known explicitly. However, in Chap. 5, we will see

that when ! is an arithmetic lattice (e.g. congruence lattice) the principal series represen-

tations ofG occur in theHilbert direct integral decomposition of the continuous spectrum

and the measure µ! is quite simple. In Chap. 4 and Chap. 6, we will focus on the lattices

! in G with compact quotient !\G and therefore no continuous spectrum would appear.

If ! is an arithmetic lattice in G, the discrete spectrum L2
disc(!\G) consists of two parts:
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Cuspidal Spectrum and Residual spectrum. In other words,

L2(!\G) = L2
cusp(!\G)⇑ L2

res(!\G)⇑ L2
c(!\G).

For instance, the trivial representation of G occurs in the residual spectrum L2
res(!\G).

2.3 Spectral decomposition of L2 spaces : Adelic

Let G be an affine algebraic group over a number field F . Let AF be the ring of adéles

of F . We consider the locally compact group G(AF ). Let us denote the adelic quotient

G(F )\G(AF ) by [G]. Similar to the real case, there is the right regular action of G(AF )

on the space of all complex valued smooth functions on [G]. As [G] possesses the G(AF )-

invariant Haarmeasure,we consider theHilbert spaceL2([G])with respect to theL2-inner

product defined as in the real case. Therefore, we get the unitary right regular represen-

tationR : G(AF ) ↑ GL(L2([G])). This representation space decomposes (see Thm. 10.5.1

in [GH24]):

L2([G]) = L2
cusp([G])⇑ L2

res([G])⇑ L2
cont([G])

The explicit description of L2
res([G]) and L2

cusp([G]) are quite involved and we refer the

reader to Chap. 10 of [GH24] for details. However, we restrict ourselves to the cuspidal

spectrum L2
cusp([G]).

The cuspidal subspace

L2
cusp([G]) ∈ L2([G])

is the space of ⇀ → L2([G]) such that for every proper parabolic subgroup P < G with
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unipotent radical N , one has that

∫

N(F )\N(AF )

⇀(ng) dn = 0

for almost every g → G(AF ) with respect to the fixed Haar measure on G(AF ).

Proposition 2.3.1. (Lem. 9.2.1 and Cor. 9.1.3 in [GH24]) The subspace L2
cusp([G]) is closed

and G(AF )-subrepresentation of L2([G]). It has a Hilbert direct sum decomposition

L2
cusp([G]) ↘=

⊕

$↑ ⊋G(AF )

L2
cusp(%) =

⊕

$↑ ⊋G(AF )

m(%) %

where, L2
cusp(%) is the %-isotypic subspace of L2

cusp([G]).

The isomorphism classes of % for which a non-zero isotypic component occurs in the

above decomposition are called cuspidal automorphic representations.

LetK↓ be a compact open subgroup of finite adélesG(A↓
F
). It gives rise to the congruence

subgroup !K→ = G(F ) ≃K↓ inside G(F↓). Here, F↓ is the product of the completion at

the archimedean places of F . Assume thatG/F has class number one. Then by the strong

approximation

!K→\G(F↓) ↘= G(F )\G(AF )/K
↓.

Theorem2.3.2. (see Thm. 6.6.1 in [GH24]) For a cuspidal automorphic representation (%, V )

occurring inL2
cusp([G]), there exist unitary irreducible representations (%↓, V↓) and (%↓, V ↓)

of G(F↓) and G(A↓
F
) respectively, such that

(%, V ) ↘= (%↓ ⇒ %↓, V↓⇒̂V ↓).



29

In particular, (%↓, V ↓) is an admissible representation. So, (V ↓)K
→ is finite dimensional.

Therefore, takingK↓-fixed vectors in L2
cusp([G]) we get

L2
cusp(!K→\G(F↓)) ↘=

⊕

$↑ ⊋G(AF )

m(%)dim(%K
→
) %↓.

We will use this decomposition in Chap. 5.

2.4 ω-spherical Representation Spectrum

Let G be a connected non-compact semisimple Lie group and let K be a maximal com-

pact subgroup of G with Lie algebras g and k, respectively. Then the homogeneous space

G/K is a symmetric space with a G-invariant metric. Let (ω, Vω ) be a finite dimensional

representation ofK. Let ! be a uniform torsion-free lattice in G.

We consider the right regular representation ϖ of G on the space

L2(!\G, Vω ) := {⇀ : G ↑ Vω | ⇀ is measurable,

⇀(ςg) = ⇀(g) for all ς → !,

∫

!\G

|⇀(g)|2 dg < ∞}. (2.4.1)

Since !\G is compact, the right regular representation L2(!\G) of G is completely

reducible and each irreducible subrepresentation occurs with finite multiplicity. In other

words,

L2(!\G) ↘=⫅̸
⊕

ϑ↑Ĝ

m(ϑ,!)Wϑ

withm(ϑ,!) < ∞ for all ϑ → Ĝ.
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We choose an orthonormal basis for each copy of ϑ. Taking the union of those we get

an orthonormal basisW of L2(!\G). Let {vi}ni=1 be an orthonormal basis of Vω . For any

⇁ → W, we let ⇁i(x) = ⇁(x)vi. Then {⇁i | ⇁ → W , 1 ↙ i ↙ n} forms an orthonormal basis

of L2(!\G, Vω ). Note that L2(!\G, Vω ) = L2(!\G)⇒ Vω .

Therefore, we get

L2(!\G, Vω ) ↘=
⊕̂

ϑ↑Ĝ

m(ϑ,!) (Wϑ ⇒ Vω ). (2.4.2)

For each copy ofWϑ ⇒Vω , we identify a subspace Vϑ in L2(!\G, Vω ). The subspace Vϑ is

not an irreducible G-subspace, rather it is a direct sum of dim Vω many copies ofWϑ.

We introduce a space C↓
c
(G,K, Vω ) defined by

{f : G ↑ End(Vω ) | f is compactly supported and smooth such that

f(kx) = f(x)ω(k⇐1) for all x → G, k → K}.
(2.4.3)

For f → C↓
c
(G,K, Vω ), let hf (x) = Trace (f(x)) for all x → G. Now for any f →

C↓
c
(G,K, Vω ), we define the convolution operator ϖ(f) : L2(!\G, Vω ) ↑ L2(!\G, Vω ) by

ϖ(f)⇀(x) =

∫

G

f(y)(⇀(xy)) dy for all ⇀ → L2(!\G, Vω ). (2.4.4)

Proposition 2.4.1. Each Vϑ is a ϖ(f)-stable subspace for all f → C↓
c
(G,K, Vω ).

Proof. Let U ↗ W be the subset such that U is an orthonormal basis ofWϑ. Then {⇀i : ⇀ →

U , 1 ↙ i ↙ n} is an orthonormal basis of Vϑ. Thus, it suffices to show that

∝ϖ(f)⇀i,⇁j′ = 0 for any ⇀ → U ,⇁ → W \ U and any 1 ↙ i, j ↙ n.
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We compute,

∝ϖ(f)⇀i,⇁j′ =
∫

!\G

∝ϖ(f)⇀i(g),⇁j(g)′ dg

=

∫

!\G

∝
∫

G

⇀(gy)f(y)vi,⇁(g)vj′ dy dg

=

∫

!\G

∫

G

⇀(gy)⇁(g)∝f(y)vi, vj′ dy dg

=

∫

G

∝f(y)vi, vj′
∫

!\G

⇀(gy)⇁(g) dg dy

= 0.

(2.4.5)

The last equality is due to the fact that ⇁ is orthogonal to any R!-translates of ⇀ in

L2(!\G). This completes the proof.
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Chapter 3

Trace Formula

3.1 Selberg Trace Formula for uniform lattice

Let ! be a uniform lattice in a semisimple Lie group G. We have the right regular repre-

sentation R! on the space L2(!\G) defined by (R!(g)(ε))(x) = ε(xg) for all ε → L2(!\G)

and x, g → G. In Sec 2.2, we have seen that the representation space L2(!\G) possesses a

discrete direct sum decomposition into irreducible representations of G with finite mul-

tiplicity. Let us fix a Haar measure dg on G. This induces a right G-invariant measure on

the compact quotient !\G.

Let us denote C↓
c
(G) to be the algebra of compactly supported smooth functions on G.

Here, the algebra structure is with respect to the convolution operation : for any f, g →

C↓
c
(G), (f , g)(x) =

∫

G

f(xy⇐1)g(y)dy. For any f → C↓
c
(G), we have the convolution oper-

ator R!(f) on L2(!\G), defined by

R!(f)(ε)(x) =

∫

G

f(y)ε(xy)dy for all ε → L2(!\G) and x → G.
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Indeed, for any ε → L2(!\G),R!(f)(ε) is left !-invariant and belongs to L2(!\G).

We can rewrite this as :

R!(f)(ε)(x) =

∫

!\G

[
∑

ϖ↑!

f(x⇐1ςy)]ε(y)dy

Note that the sum Kf (x, y) :=
∑
ϖ↑!

f(x⇐1ςy) is a finite sum because the test function f is

compactly supported. Therefore, the operator R!(f) is a Hilbert-Schmidt operator with

kernelKf (x, y) :=
∑
ϖ↑!

f(x⇐1ςy). Moreover, it is a trace class operator and its trace is given

by

Trace (R!(f)) =

∫

!\G

[
∑

ϖ↑!

f(x⇐1ςx)]dx.

Now the right-hand side of the above equation can be expressed in terms of orbital inte-

grals. To do this, we introduce a few notations. Let [ς]G and [ς]! be the conjugacy classes

of ς in G and !, respectively. Let [!] (resp. [!]G) be the set of conjugacy classes in ! (resp.

G-conjugacy classes of elements in !). We denote byGϖ the centralizer of ς inG. Wewrite

!ϖ := ! ≃ Gϖ. It can be seen easily that !ϖ is a uniform lattice in Gϖ (see [Wal76]). Also,

since any ς → ! is a semisimple element the centralizer subgroupsGϖ are unimodular. So,

we have a G-invariant measure dϖx on Gϖ\G.

We write the right-hand side as

∑

[ϖ]↑[!]

∫

!\G

(
∑

ϖ↑↑[ϖ]

f(x⇐1ς↘x)) dx.

Let us select a conjugacy class [ς] in [!]. The conjugacy class [ς] consists of the elements

ς↘ = ς↘↘⇐1ςς↘↘; where, ς↘↘ runs over !. Ranging ς↘↘ over !, each such ς↘ might be obtained
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several times. In fact, two elements ς↘↘
1 and ς↘↘

2 determine the same ς↘ if and only if ς↘↘
1ς

↘↘⇐1
2

belongs to !ϖ. So we have,

∑

ϖ↑↑[ϖ]

f(x⇐1ς↘x) =
∑

ϖ↑↑↑!ε\!

f(x⇐1ς↘↘⇐1ςς↘↘x).

Consequently,

∫

!\G

∑

ϖ↑↑[ϖ]

f(x⇐1ς↘x)dx =

∫

!\G

∑

ϖ↑↑↑!ε\!

f(x⇐1ς↘↘⇐1ςς↘↘x)dx =

∫

!ε\G

f(x⇐1ςx)dx.

Furthermore,

∫

!ε\G

f(x⇐1ςx)dx =

∫

Gε\G

∫

!ε\Gε

f(x⇐1x↘⇐1ςx↘x)dx↘dx,

=

∫

Gε\G

∫

!ε\Gε

f(x⇐1ςx)dx↘dx,

= vol (!ϖ\Gϖ)

∫

Gε\G

f(x⇐1ςx)dx.

Therefore, we obtain the trace as

Trace (R!(f)) =
∑

[ϖ]↑[!]

vol (!ϖ\Gϖ)

∫

Gε\G

f(x⇐1ςx)dx.

For our purpose,we want the outer sum ranging over theG-conjugacy classes of elements
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of !. So we write,

Trace (R!(f)) =
∑

[ϖ]↑[!]G

a(ς,!)Oϖ(f),

where,

a(ς,!) :=
∑

[ϖ↑]!⇑[ϖ]G

vol (!ϖ↑\Gϖ↑), and Oϖ(f) :=

∫

Gε\G

f(x⇐1ςx)dx.

Recall from Sec. 2.2 that R! possesses a spectral decomposition

R!
↘=

⊕

ϑ↑Ĝ

m(ϑ,!) ϑ.

So, by convoluting with test functions f → C↓
c
(G) we have,

Trace (R!(f)) =
∑

ϑ↑Ĝ

m(ϑ,!)Trace (ϑ(f)).

Hence, the final form of the Selberg Trace formula for compact quotients takes the fol-

lowing form :

∑

ϑ↑Ĝ

m(ϑ,!)Trace (ϑ(f)) =
∑

[ϖ]↑[!]G

a(ς,!)Oϖ(f) for all f → C↓
c
(G).

3.2 Selberg trace formula for L2(!\G, Vω )

Recall {⇁j : ⇁ → W , j → 1, ..., n} is an orthonormal basis of L2(!\G, Vω ) (recall 2.4.1).

For any f → C↓
c
(G,K, Vω ) (recall 2.4.3), let [fij]n⇓n be the matrix representation of f with

respect to the basis {vi}ni=1 of Vω . For f → C↓
c
(G,K, Vω ), observe that,
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ϖ(f)⇁j(x) =

∫

G

f(x⇐1y)(⇁j(y)) dy

=

∫

G

f(x⇐1y)(⇁(y)vj) dy

=
∑

i

∫

G

⇁(y)fij(x
⇐1y)vi dy.

(3.2.1)

Then, we have

Trace (ϖ(f)) =
∑

φ↑W

∑

j

∝ϖ(f)⇁j,⇁j′

=
∑

φ↑W

∑

j

∫

!\G

∝
∑

i

∫

G

⇁(y)fij(x
⇐1y)vi dy,⇁(x)vj′ dx

=
∑

φ↑W

∑

j

∫

!\G

∫

!\G

⇁(y) ⇁(x)
∑

ϖ↑!

∝
∑

i

fij(x
⇐1ςy)vi, vj′ dy dx

=
∑

φ↑W

∫

!\G⇓!\G

∑

ϖ↑!

Trace (f(x⇐1ςy))⇁(x)⇁(y) dy dx

=
∑

φ↑W

∫

!\G⇓!\G

∑

ϖ↑!

hf (x
⇐1ςy)⇁(x)⇁(y) dy dx.

(3.2.2)

PutKf (x, y) =
∑
ϖ↑!

hf (x⇐1ςy). Above equals

∑

φ↑W

∫

!\G⇓!\G

Kf (x, y)⇁(x)⇁(y) dy dx. (3.2.3)
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Consider the integral operator T on L2(!\G) defined by

T⇁(x) =

∫

!\G

Kf (x, y)⇁(y) dy. (3.2.4)

Then T is a trace class operator and its trace is given by

Trace (T ) =
∑

φ↑W

∫

!\G⇓!\G

Kf (x, y)⇁(x)⇁(y) dy dx. (3.2.5)

On the other hand the trace of such an operator T equals
∫

!\G
Kf (x, x) dx. Therefore,

Trace (ϖ(f)) =

∫

!\G

Kf (x, x) dx =

∫

!\G

∑

ϖ↑!

hf (x
⇐1ςx) dx.

From Prop. 2.4.1, we have

Trace (ϖ(f)) =
∑

ϑ↑Ĝ

m(ϑ,!) Trace (ϖ(f)|Vϑ).

Now,

Trace (ϖ(f)|Vϑ) =
∑

j

∑

φ↑W⇔Wϑ

∝ϖ(f)⇁j,⇁j′

=
∑

φ↑W⇔Wϑ

∫

!\G

∫

G

⇁(xy) ⇁(x) Trace (f(y)) dy dx

= Trace (ϑ(hf )).

(3.2.6)

Therefore, we have the following Selberg Trace formula:
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∑

ϑ↑Ĝ

m(ϑ,!) Trace (ϑ(hf )) =

∫

!\G

∑

ϖ↑!

hf (x
⇐1ςx) dx

=
∑

[ϖ]↑[!]G

vol (!ϖ\Gϖ)

∫

Gε\G

hf (x
⇐1ςx) dx

=
∑

[ϖ]↑[!]G

a(ς,!) Oϖ(hf ),

(3.2.7)

where a(ς,!) and Oϖ(hf ) denote vol (!ϖ\Gϖ) and
∫

Gε\G
hf (x⇐1ςx) dx respectively.

Remark 3.2.1. This trace formula is a generalisation of the well-known Selberg trace formula.

The explicit description of the ‘geometric side’ is given in Subsec.3.1.

3.3 Simple trace formula for congruence lattices in rank

one groups

In this subsection, we discuss a simple trace formula for congruence lattices derived from

the Arthur-Selberg Trace formula.

LetG be a semisimple simply connected linear algebraic group over a number fieldQ. We

keep the example of SL(2) in mind, for simplicity. LetA be the ring of adeles overQ. Then

A = Afin ⇓ R; where, Afin is the ring of finite adeles. Moreover,G(A) ↘= G(Afin) ⇒ G(R).

Let ! ↗ G(R) be a congruence subgroup, i.e., there is a compact open subgroup K! of

G(Afin) such that ! = G(Q) ≃ K!. Using strong approximation we have the following

identification

!\G(R) ⇐↑ G(Q)\G(A)/K!,
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given by !g ⇔↑ G(Q)gK!.We further assume that ! is weakly neat i.e. ! is torsion free and

for any ς → ! the adjoint action Ad(ς) on the Lie algebra g of G(R) has no roots of unity

other than 1 as eigenvalue. For a given congruence subgroup !0, it is always possible to

find a weakly neat subgroup ! of !0 of finite index.

Recall from Subsec. 2.3 that we have the right regular representation R of G(A) on the

Hilbert space L2(G(Q)\G(A)). Let C↓
c
(G(A)) denote the algebra consisting of compactly

supported smooth complex functions on G(A). For any f → C↓
c
(G(A)), we have the con-

volution operator R(f) on L2(G(Q)\G(A)) defined as:

for anyε → L2(G(Q)\G(A)) R(f)(ε)(x) =

∫

G(A)

f(y)ε(yx)dy for all x → G(Q)\G(A).

When G(Q)\G(A) is noncompact, this convolution operator is not trace class operator.

Therefore, the kernel functionKf (x) of the operator R(f) defined by

x ⇔⇐↑
∑

ϖ↑G(Q)

f(x⇐1ςx);

is not absolutely integrable over G(Q)\G(A). The main reason behind this nonconver-

gence is the presence of unipotent elements in G(Q) i.e. nontrivial parabolic subgroups

intersect with conjugacy classes in G(Q). In fact, for a general group G over Q, the quo-

tient G(Q)\G(A) is noncompact if and only if G contains a proper parabolic subgroup

defined over Q. The reader is referred to ([GH24], Sec. 1.9) for the details of the parabolic

subgroups.

Our idea is to put some conditions on our test function f → C↓
c
(G(A)) to make the ker-

nel K(x, x) converge. Consider the function f = f↓ ⇒ 1K! in C↓
c
(G(A)); where, f↓ →

C↓
c
(G(R)) and 1K! = 1

vol(K!)
1, the characteristic function of the compact open subgroup
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K! divided by its volume.

Now we assume that for any Q-parabolic subgroup P = MAN ↓= G, f↓(x⇐1qx) = 0 for all

q → MN and x → G. The elements inMN for a parabolic subgroupP are calledP -singular.

Therefore, we assume that f↓ vanishes on all Q-parabolically singular elements. Recall

that an element is called regular if its centralizer is a torus. LetGreg be the set of all regular

elements in G. If an element is regular then it is not P -singular for all P ↓= G. Hence, our

assumption on f↓ tells that f↓ is supported in Greg.

In [Art05], Arthur replaces kf (x) by a modified kernel function to make the geometric

side of the trace formula converge. We do not recall the Trace formula by Arthur in full

generality here and refer the reader to [Art05]. However, from [Dei99] one can see that for

the test functions f → C↓
c
(G(A)) satisfying the above assumptions, the geometric side of

Arthur Trace formula reduces to a simpler version.

To state the result in [Dei99], we recall a few notations from sec. 3.1. For any ς → !, the

centralizer of ς in ! and G(R) are denoted by !ϖ and G(R)ϖ, respectively. Also, for any

ς, [ς] denotes the conjugacy class of ς in !. For any f↓ → C↓
c
(G(R)), we have the orbital

integral

Oϖ(f↓) :=

∫

G(R)ε\G(R)

f↓(x⇐1ςx)dϖx.

Now we state Thm. 1.12 from [Dei99] as follows.

Theorem 3.3.1. Let f → C↓
c
(G(A)) be of the form f := f↓ ⇒ 1

vol K!
1; where, 1 is the charac-

teristic function ofK! and f↓ → C↓
c
(G(R)) is supported in G(R)reg. Then we have,

∫

G(Q)\G(A)

Kf (x)dx =
∑

[ϖ]

vol(!ϖ\G(R)ϖ)Oϖ(f↓);
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where, the sum in the right hand side runs over all conjugacy classes [ς] in !.

Now we move to the spectral side of the trace formula. To describe it we need to recall

the principal series representations ofG(A) and certain intertwining operators acting on

it.

Since G is a rank one group, there is, up to conjugation, only one parabolic subgroup P

overQ inG. The adelic parabolic subgroup P (A) possesses the Langlands decomposition

N(A)L(A)1A(A)0. Moreover,wehave the IwasawadecompositionG(A) = N(A)L(A)1A(A)0K

for a maximal compact open subgroup K in G(A). Let aL,C := X↗(L) ⇒Z C. Since G is of

rank one, the quotient L(Q)\L(A)1 is compact. We have the right regular representation

L2(L(Q)\L(A)1) of L(A). Now for any ϱ → aL,C we consider the induced representation

IndG(A)
P (A)(L

2(L(Q)\L(A)1)⇒ ϱ⇒ 1) of G(A). We denote it by Iϱ. Indeed, the principal series

representation Iϱ is unitary if and only if∋(ϱ) = 0. Let us denote the Hilbert space for the

representation Iϱ of G(A) by HP . There exists an intertwining operatorM(ϱ) : Iϱ ↑ I⇐ϱ

whose precise description is omitted in this thesis; the reader is referred to [Dei99].

Let PrK! : HP ⇐↑ HK!
P
be the projection onto the space of K!-fixed vectors. We denote

by M(ϱ)! the composition PrK! △ M(ϱ)! △ PrK! . Let L2
disc(G(Q)\G(A)) be the maximal

semisimple subrepresentation of L2(G(Q)\G(A)). Then G(R) naturally acts on the sub-

space L2(G(Q)\G(A))K! of K!-fixed vectors in L2(G(Q)\G(A)). For a given ϑ → ⫅̸G(R) let

us denote the set {% → L2
disc(G(Q)\G(A)) : %↓ = ϑ} by A(ϑ). Then the representation

space L2(G(Q)\G(A))K! of G(R) decomposes as

⊕

ϑ↑⊋G(R)

m(ϑ,!)ϑ;
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where,m(ϑ,!) =
∑

$↑A(ϑ)

m(%)dim(%K!). Here, %K! denotes the space of K!-fixed vectors

in the representation space of%, which is indeed finite dimensional. IfA(ϑ) is empty then

we conventionally set m(ϑ,!) = 0. Now we can state the simple trace formula following

Thm. 1.19 of [Dei99].

Theorem 3.3.2. Let f → C↓
c
(G(A)) is of the form f := f↓ ⇒ 1

vol K!
1; where, 1 is the charac-

teristic function ofK! and f↓ → C↓
c
(G(R)) is supported in G(R)reg. Then we have,

∑

ϑ↑⊋G(R)

m(ϑ,!) ϑ ⇐ 1

4
Tr

(
M!(0) I0(f)

)
+

1

4ϑi

∫

↖(ϱ)=0

Tr


(M(ϱ)!)⇐1 d

dϱ
(M(ϱ)!) Iϱ(f)


dϱ

=
∑

[ϖ]

vol(!ϖ\G(R)ϖ) Oϖ(f↓) ,

where, the sum in the right-hand side runs over all conjugacy classes [ς] in !.

Remark 3.3.1. We actually need merely the infinity part M(ϱ)! of the adelic intertwining

operatorM(ϱ). In Chap. 5, we will see how the Warner-Osborn trace formula is reminiscent

of the above simple trace formula. This will be used in proving the main Thm. 5.1.5 in Chap.

5.
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Chapter 4

Isospectrality of Locally Symmetric

Spaces

4.1 Statements of Main Results

4.1.1 ω -Isospectrality and Representation Equivalence

Let G be a connected non-compact semisimple Lie group with finite center. Let K be

a maximal compact subgroup in G. Then G/K is a symmetric space which carries a G-

invariant Riemannian metric induced by the Ad(G)-invariant inner product on the Lie

algebra g of G. The subgroup K acts on the universal enveloping algebra U(g). Let U(g)K

denote the subalgebra of itsK-invariants. For any finite dimensional complex represen-

tation (ω, Vω ) of K, one has the homogeneous vector bundle Eω on G/K (see Subsection

4.2.4 for the details) whose smooth sections are given by the space

A↓(G/K, ω) := {⇀ : G ↑ Vω | smooth, ⇀(gk) = ω(k⇐1)(⇀(g)) for all k → K, g → G}.
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This space A↓(G/K, ω) is U(g)K-stable. In particular, the center Z(g) of the universal

enveloping algebra acts on A↓(G/K, ω), and the Casimir element in the center induces a

second order elliptic differential operator &ω on A↓(G/K, ω). When ω is the trivial rep-

resentation ofK,&ω coincides with the Laplace-Beltrami operator acting on the smooth

functions on G/K.

Let ! be a uniform lattice in G. Then X! := !\G/K is a compact locally symmetric

space which is a manifold if ! acts freely onG/K. The spaceX! has a Riemannian metric

induced from G/K. We denote V!,ω to be the space of all !-invariant smooth sections in

A↓(G/K, ω). Then V!,ω is stable under the action of U(g)K , in particular of the center Z(g).

The Casimir elementC induces the second order self-adjoint elliptic operator&ω,! on V!,ω ,

which has non-negative discrete spectrum of eigenvalues with finite multiplicities. The

multiset of eigenvalues with multiplicity is denoted by Spec(&ω,!). Such spectrum of a

locally symmetric space is closely related to themultiplicity of irreducible representations

occurring in the right regular representation L2(!\G) of G. Here we mention the famous

Matsushima-Murakami formula (see [Mat68], see also [LMR15, Prop. 2.4]):

Mult%ϖ,!(ϱ) =
∑

ϑ↑Ĝ,ϑ(C)=ϱ

m(ϑ,!) dim(HomK(ω
→, ϑ|K)), (4.1.1)

where, ω→ is the dual representation of ω and m(ϑ,!) is the multiplicity of ϑ in the right

regular representation L2(!\G).

Let Ĝω = {ϑ → Ĝ : HomK(ω, ϑ|K) ↓= 0}. Two uniform lattices !1 and !2 are called ω-

representation equivalent if m(ϑ,!1) = m(ϑ,!2) for all ϑ → Ĝω . From Eq. 4.1.1, it is easily

observed that ifm(ϑ,!1) = m(ϑ,!2) for all ϑ → Ĝω↓, then Spec(&ω,!1) = Spec(&ω,!2) forX!1

and X!2, respectively. Therefore, if two lattices !1 and !2 are ω→-representation equiv-
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alent, then the corresponding elliptic operators have the same spectrum for the locally

symmetric spacesX!1 andX!2, respectively, i.e. they are ω-isospectral (see [LMR15, Prop.

2.5]).

Definition 4.1.2. Two co-compact lattices !1 and !2 are called almost-ω-representation

equivalent ifm(ϑ,!1) is equal tom(ϑ,!2) for all but finitely many ϑ → Ĝω .

Now we state one of the main results in Chap. 4.

Theorem 4.1.3. Let G be a non-compact connected semisimple Lie group with finite center.

If for two uniform torsion free lattices !1 and !2,

m(ϑ,!1) = m(ϑ,!2)

for all but finitely many ϑ → Ĝω , then !1 and !2 are ω-representation equivalent lattices.

Remark 4.1.4. Consequently, the above hypothesis implies thatX!1 andX!2 are ω→-isospectral.

4.1.5 Infinitesimal ω -Isospectrality

For an infinitesimal characterφ ofZ(g), let V↼,!,ω = {⇀ → V!,ω | z.⇀ = φ(z)⇀ for all z → Z(g)}.

We define a refinement of the notion of ω-isospectrality as follows:

Definition 4.1.6. Two locally symmetric spaces X!1 and X!2 of non-compact type are in-

finitesimally ω-isospectral if

dim V↼,!1,ω = dim V↼,!2,ω for all φ → Ẑ(g).
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Let [φ] be the set of all irreducible representations ofG which have infinitesimal char-

acter φ. It is known that [φ] is a finite subset of Ĝ (see [Kna01, Cor. 10.37]). We have

obtained the following variant of Matsushima-Murakami formula:

Theorem 4.1.7. Let G be a connected non-compact semisimple Lie group. Assume that ! is

a uniform lattice in G. Then for any φ → Ẑ(g) and for any finite dimensional representation ω

ofK,

dim V↼,!,ω =
∑

ϑ↑[↼]

m(ϑ,!) dim(HomK(ω
→, ϑ|K)).

Remark 4.1.8. For a rank one semisimple Lie group G, an infinitesimal character φ → Ẑ(g)

is completely determined by its value on the Casimir element. Therefore, the above result be-

comes the earlier mentioned Matsushima-Murakami formula Eq. 4.1.1.

Remark 4.1.9. Let ω = ωp be the p-th exterior power of the adjoint representation of K on

p↗
C
. The associated homogeneous vector bundle is identified with the p-th exterior product of

the co-tangent bundle onG/K. In [Mat67] , Matsushima proved the relationship between the

dimension of harmonic p-forms on X! and the multiplicity of irreducible representations in

L2(!\G) that occur with a non-zero ωp-isotypic component. Therefore Thm. 4.1.7 can be seen

as an infinitesimal version of Eq. 4.1.1.

Corollary 4.1.1. If !1 and !2 are ω→-representation equivalent then the spacesX!1 andX!2

are infinitesimally ω-isospectral.

Remark 4.1.10. If ω is trivial, the above formula in Thm. 4.1.7 reduces to [BR11, Thm. 1.3].

Remark 4.1.11. The finite set [φ] of all irreducible representations of a real reductive group

(informally a φ-packet) is quite close to Langlands L-packet that consists of irreducible ad-

missible representations having the same L-parameter. It is known that the irreducible rep-
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resentations from a fixed L-packet have the same infinitesimal character i.e., they cannot be

distinguished by the spectral data. To our knowledge, the converse of this is not known in

general. It is interesting to formulate a suitable variant of Matsushima-Murakami formula

in terms of L-packet instead, and that might reflect some analogous relationship between the

multiplicities of irreducible representations in a given L-packet and isospectrality.

4.2 Preliminaries

4.2.1 Results on Harish-Chandra characters

We will be using the following two important results on Harish-Chandra characters:

Harish-Chandra character distribution: Let (ϑ,Wϑ) be an irreducible unitary represen-

tation ofG. LetC↓
c
(G) be the space of all compactly supported smooth functions onG. For

any f → C↓
c
(G), the convolution operator ϑ(f) onWϑ is defined by ϑ(f)v =

∫

G

f(g)ϑ(g)v dg

for all v → Wϑ. It is a trace class operator (see [Kna01, Thm. 10.2]) and

φϑ(f) = Trace (ϑ(f)) for all f → C↓
c
(G).

Theorem 4.2.2. Let {ϑi} be a finite collection of mutually inequivalent unitary irreducible

representations ofG. Then their characters {φϑi} are linearly independent distributions onG.

Proof. Reader is referred to [Kna01, Thm. 10.6].

Theorem 4.2.3. Let ϑ be an irreducible unitary representation of G. Then the distribution
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character φϑ is given by a locally integrable function ⇀ϑ on G i.e. for f → C↓
c
(G),

φϑ(f) =

∫

G

f(g)⇀ϑ(g) dg.

Moreover, the restriction of ⇀ϑ to the regular set of G is a real analytic function that is

invariant under conjugation.

Proof. Reader is referred to [Kna01, Thm. 10.25].

4.2.4 Isospectrality and representation equivalence

There is a natural homogeneous vector bundle Eω on G/K that is associated with the

representation (ω, Vω ) ofK. The space of all smooth global sections of Eω can be realized

as A↓(G/K, ω) = {⇀ : G ↑ Vω | ⇀ is smooth, ⇀(xk) = ω(k⇐1)(⇀(x)) for all x → G, k → K}.

Note thatA↓(G/K, ω) is a U(g)K module. In particular,Z(g) ↗ U(g)K acts onA↓(G/K, ω).

Let g = k ⇑ p be the Cartan decomposition of the Lie algebra g. We choose a basis

{Xi} and {Yj} of k and p, respectively with respect to a bilinear form B on g induced from

the Killing form such that B(Xk, Xl) = ⇐δkl and B(Ym, Yn) = δmn. Let C be the Casimir

element given by C = ⇐
∑

X2
i
+

∑
Y 2
j
. The Casimir element C induces a second order

symmetric elliptic operator&ω on A↓(G/K, ω).

Let ! be a uniform torsion-free lattice in G, and let X! = !\G/K be the associated

compact locally symmetric space of non-compact type. We consider the vector bundle

Eω,! on X! defined by the relation [ςg, w] ↘ [g, w] for all ς → ! and [g, w] → Eω . The

space of all smooth global sections of Eω,! can be realized as the space V!,ω = {⇀ →

A↓(G/K, ω) | ⇀(ςx) = ⇀(x) for all ς → !}. Hence, the center Z(g) acts on V!,ω .
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Let &ω,! = &ω |V!,ϖ . This is again a second order symmetric elliptic operator on X!. Its

spectrumSpec(&ω,!) is a discrete subset of thenon-negative real numbers. LetMult%ϖ,!(ϱ) =

the multiplicity of ϱ → Spec(&ω,!). Recall Eq. 4.1.1

Mult%ϖ,!(ϱ) =
∑

ϑ↑Ĝ,ϑ(C)=ϱ

m(ϑ,!) dim(HomK(ω
→, ϑ|K)),

where ϑ(C) is the scalar by which the Casimir element C acts onWϑ.

Definition 4.2.5. X!1 andX!2 are called ω-isospectral if the operators&ω,!1 and&ω,!2 have

the same spectrum (with multiplicity).

We denote Ĝω = {ϑ → Ĝ : HomK(ω, ϑ|K) ↓= 0}.

Definition 4.2.6. !1 and !2 are called ω-representation equivalent if m(ϑ,!1) = m(ϑ,!2)

for all ϑ → Ĝω .

It is clear from Eq. 4.1.1 that, if !1 and !2 are ω→-representation equivalent, then X!1

andX!2 are ω-isospectral.

4.2.7 A further refinement

We have seen that Z(g) acts on V!,ω (see Subsection 4.1.1). For any character φ → Ẑ(g), we

have the φ-eigenspace defined as

V↼,!,ω = {⇀ → V!,ω | z.⇀ = φ(z)⇀ for all z → Z(g)}.

In fact, V!,ω decomposes as V!,ω =


↼↑Ẑ(g)
V↼,!,ω .
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We here introduce a notion of two locally symmetric spaces being infinitesimally ω-

isospectral, defined as follows:

Definition 4.2.8. Two locally symmetric spacesX!1 andX!2 are infinitesimally ω-isospectral

if for all characters φ → Ẑ(g),

dim V↼,!1,ω = dim V↼,!2,ω .

Remark 4.2.9. IfG is a real rank one Lie group, the center Z(g) is the polynomial algebra over

C in the Casimir element C. Therefore, the φ-eigenspace is simply the ϱ-eigenspace, where ϱ

is an eigenvalue of the Laplace-Beltrami operator &ω,! on Eω,!. In this case, infinitesimal ω-

isospectrality reduces to ω-isospectrality as defined above.

As in [BR11] and [BS24],we can expect that the dim V↼,!,ω is related to themultiplicities

m(ϑ,!) of ϑ → Ĝω↓ occurring inL2(!\G)with infinitesimal characterφ. This is the content

of Thm. 4.1.7.

4.3 Proof of the first main result Thm. 4.1.3

4.3.1 Some preliminary results

We will describe the lemmas and propositions required to prove Thm. 4.1.3.

Lemma 4.3.2. Let Kx be a left coset of K in G for some x → G. Let U be an open set

containing the left coset Kx. Then there exists f → C↓
c
(G) with Supp (f) ↗ U such that

∫

K

f(kx)φω (k) dk ↓= 0. (Here φω is the character function of ω .)

Proof. For any f → C↓
c
(G) with Supp(f) ↗ U , we define ⇁ → C↓(K) by ⇁(k) = f(kx).

Conversely, for any ⇁ → C↓(K), define f(kx) = ⇁(k), and extend f smoothly to U .
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Now, if
∫

K

f(kx)φω (k) dk = 0 for all f → C↓
c
(G) such that Supp(f) ↗ U , then

∫

K

⇁(k) φω (k) dk = 0 for all ⇁ → C↓(K).

But that implies φω is identically zero leading to a contradiction.

Lemma 4.3.3. Let Kx ↓= Ky be two distinct left cosets of K in G. Then there exists F →

C↓
c
(G,K, Vω ) such that hF (x) ↓= 0 and hF |Ky = 0.

Proof. Kx ↓= Ky are disjoint compact sets in G. Choose disjoint open sets U1, U2 with

Kx ↗ U1, Ky ↗ U2, and U1 ≃ U2 = ▽. From Lem. 4.3.2, there exists f → C↓
c
(G) with

Supp (f) ↗ U1 such that
∫

K

f(kx)φω (k) dk ↓= 0.

Let F (g) =
∫

K

f(kg)ω(k) dk. Then, F → C↓
c
(G,K, Vω ).

Furthermore, hF (g) =
∫

K

f(kg)φω (k) dk. Hence hF (x) ↓= 0 and hF (y) = 0 and hence

hF |Ky = 0.

Proposition 4.3.4. Let ϑ be an irreducible representation of G occurring as a subrepresen-

tation of ϖ. Assume that ϑ is not ω-spherical i.e. HomK(Vω , Vϑ|K) = 0. Then ϖ(f) is zero on

Vϑ.

Proof. It is enough to show that ϖ(f) is zero at each element of the orthonormal basis

{⇁j : ⇁ → U , 1 ↙ j ↙ n}. Here, U = W ≃Wϑ. Recall that (see Eq. 2.4.4)

ϖ(f)⇁j(g) =

∫

G

⇁(gy)f(y)(vj) dy.

For a fixed⇁ → U , consider the subspaceUφ = span {⇁j : j → {1, . . . , n}}. If v =
n∑

j=1
ajvj,

wewrite⇁v =
∑

n

j=1 aj⇁j. Then the subspaceUφ is same as {⇁v : v → Vω}. There is an action
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ofK on Uφ by ω(k)⇁v = ⇁ω(k)v.

Clearly, Uφ is a representation of K isomorphic to ω . Note that
̂
φ↑W

Uφ = Vϑ. We show

that ϖ(f)|Uϱ
= 0. In fact, we show that ϖ(f) → HomK(Uφ, Vϑ|K).

Let ⇁v → Uφ and k0 → K. Then for every g → G, we have

(ϖ(k0)ϖ(f)⇁v)(g) = (ϖ(f)⇁v)(gk0)

=

∫

G

f(y) (⇁(gk0y)v) dy

=

∫

G

⇁(gy) f(k⇐1
0 y)v dy

=

∫

G

⇁(gy) f(y)ω(k0)v dy

= ϖ(f) ω(k0) ⇁v(g).

(4.3.1)

Therefore, ϖ(f) is zero on Uφ for all ⇁ → W. Consequently, ϖ(f) is zero on Vϑ.

Lemma 4.3.5. Let ! be a torsion-free uniform lattice in G. For a non-trivial element ς → !,

the conjugacy class [ς]G of ς in G is disjoint fromK.

Proof. Reader is referred to [BR11, Lem. 4.2].

Proposition 4.3.6. Let !1 and !2 be two uniform lattices in G. Then there exists an open set

B in G such that [ς]G ≃ B is empty for all ς → !1 ↔ !2, and B is stable under leftK action on

G.

Proof. Let U ↘ be a relatively compact open set containing the identity element e in G. Let

U = KU ↘. Then U is relatively compact and therefore it intersects at the most finitely
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many conjugacy classes [ς]G. Since, the natural map G ↑ K\G is proper,K[ς]G is closed

inG. SinceU isK-stable,K[ς]G≃U ↓= ▽ if and only if [ς]G≃U ↓= ▽. LetE =

ϖ ↙=e

(K[ς]G≃U).

Since E is a finite union of closed sets, it is closed and K-stable subset of U . If there is

k → K, ς ↓= e and x → G such that kx⇐1ςx = e, then x⇐1ςx → K; which contradicts the

previous lemma. Therefore e /→ K[ς]G for any ς ↓= e and hence e /→ E. Choose an open set

V containing e such that E ≃ V = ▽. Now, let B = KV ≃Kc. Then B is the desired open

set in G.

4.3.7 Proof of Theorem 4.1.3

We have two uniform torsion free lattices !1 and !2 in G. So by Eq. 2.4.2,

(ϖ!i , L
2(!i\G, Vω )) =

⫅̸
⊕

ϑ↑Ĝ

m(ϑ,!i)Vϑ

for i = 1, 2. Let tϑ = m(ϑ,!1) ⇐ m(ϑ,!2). By hypothesis there exists a finite set S ↗ Ĝω

such that tϑ = 0 for all ϑ → Ĝω ⫆̸ S. For f → C↓
c
(G,K, Vω ), ϖ!i(f) is zero on Vϑ if ϑ /→ Ĝω

by Prop. 4.3.4. Recall that hf (y) = Trace (f(y)). Therefore from the Selberg trace formula

3.2.7, we have
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∑

[ϖ]↑[!1]G∝[!2]G

(a(ς,!1)⇐ a(ς,!2))Oϖ(hf ) =
∑

ϑ↑S

tϑ Trace (ϑ(hf ))

=
∑

ϑ↑S

tϑ

∫

G

hf (y)⇀ϑ(y) dy

=

∫

G

hf (y)⇀(y) dy,

where ⇀ =
∑
ϑ↑S

tϑ⇀ϑ.

Let B be the open set from Prop. 4.3.6. For any f → C↓
c
(G,K, Vω ) supported in B, the

orbital integrals on the right-hand side are zero. For such functions f , we have

∫

B

hf (y)⇀(y) dy = 0.

From Lem. 4.3.3, the functions hf separates points in B. Hence ⇀ must vanish on the

open subset B of G. Since ⇀ is real analytic (see Thm. 4.2.3), it vanishes on all of G. By

the linear independence of functions ⇀ϑ (see Thm. 4.2.2), we conclude that m(ϑ,!1) =

m(ϑ,!2) for all ϑ → Ĝω .

4.4 Proof of the second main result Thm. 4.1.7

4.4.1 Some observations

In this subsection,wemake someobservations thatwill be useful in the proof of Thm.4.1.7.

Recall from Subsection 4.2.4 that A↓(G/K, ω) is the space of smooth sections of the
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vector bundle Eω and V!,ω is the subspace defined by

V!,ω = {⇀ → A↓(G/K, ω) | ⇀(ςx) = ⇀(x) for all ς → !, x → G}.

Let n = dim(Vω ). Recall the choice of an orthonormal basis {vi}ni=1 of Vω from Sub-

section 2.4. For a fixed ⇀ → V↼,!,ω , write ⇀(x) =
n∑

i=1
⇀i(x)vi for all x → G, where each ⇀i

is smooth complex-valued function on !\G. Recall from Subsection 2.4 that V↼,!,ω is the

φ-eigenspace of V!,ω with respect to the action of Z(g). For anyX → Z(g) and for all x → G,

we can see that

X · ⇀(x) =
n∑

i=1

X · ⇀i(x) vi. (4.4.1)

Therefore, we conclude thatX · ⇀i = φ(X)⇀i for all i.

Each ω(k) has a matrix representation with respect to the chosen orthonormal basis

of Vω . Let the (i, j)-th entry of ω(k) be denoted by aij(k).

Note that ⇀(xk) = ω(k⇐1)(⇀(x)) for all x → G and k → K. Thus we have

∑

i

⇀i(xk) vi = ω(k⇐1)(
∑

j

⇀j(x) vj)

=
∑

l


∑

j

alj(k
⇐1)⇀j(x)


vl.

(4.4.2)

Therefore, ⇀i(xk) =
n∑

j=1
aij(k⇐1) ⇀j(x) for all x → G, k → K.
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4.4.2 Proof of Thm. 4.1.7

We denote [φ] = {ϑ → Ĝ : the infinitesimal character of ϑ is φ}. Recall that

L2(!\G) =
⊕̂

ϑ↑Ĝ

m(ϑ,!)Wϑ.

There arem(ϑ,!) copies ofWϑ inside L2(!\G) say, {Wϑt : 1 ↙ t ↙ m(ϑ,!)}. Let Pϑt be

the projection ontoWϑt .

Clearly, ⇀i → L2(!\G) for all ⇀ → V↼,!,ω . We have

⇀i =
∑

ϑ↑[↼]

m(ϑ,!)∑

t=1

Pϑt⇀i.

For any 1 ↙ t ↙ m(ϑ,!), clearly Pϑt → HomG(L2(!\G),Wϑt). Using Eq. 4.4.2, we get

ϑ(k)Pϑt⇀i = Pϑtϖ(k)⇀i

= Pϑt

n∑

j=1

aij(k
⇐1)⇀j

=
n∑

j=1

aij(k
⇐1)Pϑt⇀j.

(4.4.3)

Let Fϑt = Span of {Pϑt⇀j : 1 ↙ j ↙ n}. From Eq. 4.4.3, it follows that Fϑt is a finite

dimensional representation ofK. Let ω→ be the dual representation of ω ofK on the dual

space V ↗
ω
. Let {v↗

i
}n
i=1 be the dual basis of V ↗

ω
. Then there is aK-isomorphism between Fϑt

and V ↗
ω
which maps each Pϑt⇀i to v↗i .

Now we assume that ω is irreducible (and hence ω→ as well). For a fixed ϑt, letWϑt(ω
→)
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be the isotypic component of ω→ inWϑt . Then Fϑt ↗ Wϑt(ω
→). We have a decomposition

Wϑt(ω
→) =

Mϖ↓⊕

p=1

Hp,

where, each Hp is an irreducible representation of K isomorphic to ω→. Note thatMω↓ =

dim(HomK(ω→, ϑ|K)).

For each p, let {⇀t,p,s}ns=1 be a basis of Hp satisfying ⇀p,t,s(xk) =
n∑

u=1
aus(k⇐1) ⇀t,p,u(x).

Note that this is possible because eachHp is isomorphic to Fϑt .

Now,Pϑt⇀i =
∑
p

∑
s

↽p,s,i ⇀t,p,s. For each p, thematrix (↽p,s,i)s,i represents aK-homomorphism

between Fϑt andHp. Therefore, ↽p,s,i = ↽pδs,i for some scalar ↽p by Schur’s lemma.

Therefore, Pϑt⇀i =
∑
p

↽p ⇀t,p,i. We define ⇀t,p(x) =
n∑

i=1
⇀t,p,i(x) vi for all t and p. Hence,

we get

⇀ =
n∑

i=1

⇀ivi

=
n∑

i=1




∑

ϑ↑[↼]

m(ϑ,!)∑

t=1

Pϑt ⇀i



 vi

=
n∑

i=1

∑

ϑ↑[↼]

m(ϑ,!)∑

t=1

Mϖ↓∑

p=1

↽p ⇀t,p,i vi

=
∑

ϑ↑[↼]

m(ϑ,!)∑

t=1

Mϖ↓∑

p=1

↽p ⇀t,p.

(4.4.4)

We conclude that dim V↼,!,ω ↙
∑

ϑ↑[↼]
m(ϑ,!) dim(HomK(ω→, ϑ|K)).
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Conversely, for every t and for every p, choose a basis {⇀t,p,i}ni=1 ofHp such that

⇀t,p,i(xk) =
n∑

j=1

aji(k
⇐1) ⇀t,p,j(x).

Let ⇀t,p =
n∑

i=1
⇀t,p,i vi. Then ⇀t,p(xk) = ω(k⇐1)(⇀t,p(x)). SinceX · ⇀t,p,i = φ(X) ⇀t,p,i for all

X → Z(g), it follows that ⇀t,p → V↼,!,ω .

We conclude that
∑

ϑ↑[↼]
m(ϑ,!) dim(HomK(ω→, ϑ|K)) ↙ dim V↼,!,ω . Therefore, we have

the equality

dim V↼,!,ω =
∑

ϑ↑[↼]

m(ϑ,!) dim(HomK(ω
→, ϑ|K)) for all ω → K̂. (4.4.5)

Now, let us consider the general case that ω is a finite dimensional representation of

K (possibly reducible). Let ω ↘=
q

i=1
mi ωi be a decomposition of ω into irreducible repre-

sentations ofK. Hence ω→ ↘=
q

i=1
mi (ωi)→.

Let V!,ω be as in Subsection 4.2.4. The center Z(g) acts on this space. Therefore for any

character φ → Ẑ(g), we can consider the φ-eigenspace V↼,!,ω ↗ V!,ω . We observe that

dim V↼,!,ω =
q∑

i=1

mi dim V↼,!,ωi .

We can use the argument culminating into Eq. 4.4.5 for each ωi and the additivity

properties of Hom spaces with respect to decomposition of ω to complete the proof of

Thm. 4.1.7.
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4.5 Discrete series representations and cohomology

In this section,we comment about the casewhenG is non-compact connected semisimple

group that admits a discrete series representation. (This is same as saying rank G= rank

T , where T is a ‘compact’ Cartan subgroup.) It is well-known that for a given φ → Ẑ(g),

and a K-type ω there exists at most one (up to infinitesimal equivalence) discrete series

representation ϑϱ+↽ with the infinitesimal character φ andminimalK-type ω where ϱ → t↗
C

such that ϱ+ ϖ is regular and integral linear form. Also, dim (HomK(ω, ϑϱ+↽|K)) = 1.

Therefore, Thm. 4.1.7 implies the dimension of V↼,!,ω↓ is equal to the multiplicity of

the above discrete series ϑϱ+↽ in L2(!\G).

For ϱ → t↗
C
, there exists a G-equivariant holomorphic line bundle Lϱ on G/T . Under a

mild condition on ϱ (see [Wil91, Eq. 7.66]), [Wil91, Thm. 7.65] implies the L2-cohomology

H↗
2 (!\Lϱ) is non-vanishing in exactly one degree qϱ (which depends on ϱ) and

dim Hqς
2 (!\Lϱ) = m(ϑϱ+↽,!).

Hence, the dimension of theφ-eigenspace of the automorphic forms of type ω→ is equal

to the dimension of qϱ-th L2-cohomology of the automorphic line bundle !\Lϱ.
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Chapter 5

Representation Equivalence for

Arithmetic Lattices : Rank one Case

5.1 Statement of Main Results

LetGbe a linear semisimple Lie groupwithfinite center andof real rank one (e.g. SL(2,R)).

Let ! be a lattice in G such that the covolume vol (!\G) (with respect to the unique G-

invariant measure on !\G) is finite. Consider the Hilbert space

L2(!\G) = {⇀ : G ⇐↑ C : ⇀(ςx) = ⇀(x) for all ς → !, x → G; and
∫

G

|⇀(x)|2 dx < ∞}.

The group G acts on L2(!\G) via g.⇀(x) = ⇀(xg) for all x, g → G. This gives rise to a right

regular representation R! of G on L2(!\G). Let L2
disc(!\G) be the maximal semisimple
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subrepresentation of L2(!\G) (called discrete spectrum). Then

L2
disc(!\G) ↘=⫅̸

⊕

ϑ↑Ĝ

m(ϑ,!) ϑ,

where the finite multiplicitiesm(ϑ,!) can be interpreted as dimC HomG(ϑ, L2(!\G)).

The orthogonal complement of L2
disc(!\G) in L2(!\G) is called continuous spectrum and is

denoted by L2
c
(!\G). It admits a Hilbert direct integral decomposition with respect to a

certain Radon measure on the unitary dual of G (see Subsec. 5.2.6 ).

Definition 5.1.1. Two lattices !1 and !2 are called representation equivalent if the right

regular representations (R!1 , L
2(!1\G)) and (R!2 , L

2(!2\G)) are unitarily equivalent as rep-

resentations of G, i.e. there is a unitary isomorphism (surjective isometry) between them.

The purpose of this chapter is to provide a sufficient condition for the representation

equivalence of two lattices!1 and!2. This can be thought of as an analogue of the classical

strong multiplicity one theorem for the groupGL(n). Before we describe our main result,

let us define some notations.

Since G is of real rank one, every proper parabolic subgroup is minimal. A parabolic sub-

group P of G has a Levi decomposition LN , where L is a Levi part of P and N is the

unipotent radical of P . Moreover, P possesses a decomposition (called Langlands de-

composition) as P = MAN , where A is the split torus in L andM is a compact subgroup

contained in amaximal compact subgroupK; in fact,M = ZK(A). Let a be the Lie algebra

of A (see Subsec. 5.2.1 for details).

Definition 5.1.2. For a lattice ! in G, a proper parabolic subgroup P is called !-cuspidal if

P ≃ ! ↗ MN ;
N

N ≃ !
and

MN

MN ≃ !
are compact.



65

The set of all !-cuspidal parabolic subgroups is denoted by E(G,!). Then ! acts on

E(G,!) by conjugation, and the set of cusps for ! is parametrised by the orbits of this

action. Note that if ! is a cocompact lattice thenE(G,!) is empty i.e., there is no cusp for

!.

Definition 5.1.3. Two lattices !1 and !2 of finite covolume in G are said to be isocuspidal

if there exists a finite set {P1, P2, . . . , Pn} of cuspidal parabolic subgroups which serves as a

common set of representatives of cusps for both lattices !1 and !2.

Remark 5.1.4. If !1 and !2 both have only one cusp then they are isocuspidal.

Let M denote the set of equivalence classes of irreducible representations ofM . For every

▷ → M and ◁ → ia↗, we have a representation space H!(▷, ◁) consisting of finitely many

principal series representations ofG. These representation spaces possess certain unitary

intertwining operators (see Sec. 5.3 for details)

C!⇀(◁) : H!(▷, ◁) ⇐↑ H!(▷,⇐◁).

The following Spectral Rigidity Theorem is the main result of this chapter.

Theorem 5.1.5. Let !1 and !2 be two isocuspidal lattices with finite covolume inG such that

the following holds:

1. There exists a parabolic subgroup P = MAN in the common set of representatives of

cusps for !1 and !2 such that L2((!1 ≃M)\M) ↘= L2((!2 ≃M)\M) as representations

ofM and for every ▷ → M ,C!1⇀(◁) = C!2⇀(◁) for all ◁ → ia↗.
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2. The multiplicitiesm(ϑ,!1) = m(ϑ,!2) for all but finitely many ϑ → Ĝ.

Then the lattices !1 and !2 are representation equivalent in G.

Remark 5.1.6. If two lattices !1 and !2 are isocuspidal, then by the assumption (1) it turns

out that the representation spaces H!1(▷, ◁) and H!2(▷, ◁) are equal; (see Subsec. 5.4.1).

Moreover, assumption (1) says thatC!1⇀(◁)(v) = C!2⇀(◁)(v) for all v → H!1(▷, ◁) = H!2(▷, ◁).

Remark 5.1.7. Note that if !1 and !2 are cocompact lattices then the condition (1) in Thm.

5.1.5 is vacuously true and hence it essentially recovers ([BR11], Thm. 1.1). However, in the

case of non-cocompact lattices, condition (1) assures the equality of the continuous spectra

(see Subsec. 5.4.1 for details).

Remark 5.1.8. IfG is reductive but not semisimple, then for congruence lattices !1 and !2 in

G, it is expected that only condition (2) as in Thm. 5.1.5 is sufficient to conclude L2
disc(!1\G) ↘=

L2
disc(!2\G). This is proved in Sec. 5.5 for GL(n).

5.2 Preliminaries

5.2.1 Associate parabolics in G

Let G be a linear semisimple Lie group with finite center and of real rank one and K be

a maximal compact subgroup in G which we fix henceforth. In this situation, any proper

parabolic subgroup P ofG is a minimal parabolic. Moreover, any two parabolic subgroups

are pairwise associate, i.e.,G-conjugate.

Let P = LN be the Levi decomposition of a given proper parabolic P in G, where L is the

Levi part of P and N is the unipotent radical of P . We also have the Langlands decompo-

sition P = MAN where A is the split torus inside L and M := ZK(A) is the centraliser
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of A in K. In particular,M is a semisimple (compact) subgroup of K. Let $ = $(G,A)

be the set of roots for the pair (G,A). If $+ is a positive system relative to the unipo-

tent radical N then $+ consists of at most two roots {↽, 2↽}. The root spaces of ↽ and 2↽

are denoted by nς and n2ς respectively and the corresponding Lie groups are denoted by

Nς, N2ς respectively. So nς⇑n2ς is the Lie algebra ofN . Letm1 = dim nς andm2 = dim n2ς.

5.2.2 !-cuspidal parabolics

Let ! be a lattice inG such that vol (!\G) < ∞ (i.e. of finite covolume). A proper parabolic

subgroup P = MAN is called a !-cuspidal parabolic subgroup of G if P ≃ ! ↗ MN ;

N/N ≃! is compact andMN/MN ≃! is compact. Let E(G,!) be the set of all !-cuspidal

parabolic subgroups inG. The setE(G,!) decomposes as a disjoint union of finitelymany

orbits under the conjugation action of !. Let us fix the representatives P1, P2, . . . , Pn! of

these orbits. They parametrise the set of all cusps of !. Let P1 = P . Then there exists

ki → K with k1 = 1 such that for each i → {1, 2, . . . , n!} and Pi = MiAiNi,Mi = k⇐1
i
Mki,

Ai = k⇐1
i
Aki and Ni = k⇐1

i
Nki. Note that if ! is a co-compact lattice in G, then E(G,!) is

empty; equivalently there is no cusp.

5.2.3 Conjugacy classes of hyperbolic/elliptic elements

In this subsection, we mention some results about the geometry of conjugacy classes of

hyperbolic/elliptic elements in a lattice in a semisimple Lie group.

Lemma 5.2.4. For any hyperbolic or elliptic element ς → ! the G-conjugacy class [ς]G is a

closed set of measure zero.

Proof. Any hyperbolic or elliptic element is semisimple and therefore its conjugacy class
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must be closed. To prove that [ς]G is a set of measure zero, it is enough to show that the

conjugacy class [ς]G endows a submanifold structure in G with lower dimension. Via the

pullback of the projection map, [ς]G is homeomorphic to G/Gϖ and Gϖ contains a Cartan

subgroup, where Gϖ is a centraliser of ς in G.

Lemma 5.2.5. Let E be the union of all conjugacy classes [ς]G of all hyperbolic and elliptic

elements ς → !. Then E is a closed set of measure zero.

Proof. LetC be a compact subset ofG. SinceE is a countable union of closed setsE≃C is

a finite union of closed sets. Therefore E ≃C is closed. This holds for all compact subsets

C. So E is closed.

5.2.6 Spectral Decomposition

For the parabolic subgroup P = MAN let !M = ! ≃ M . So, !M is a finite subgroup of

the compact groupM . Let M be the set of irreducible representations ofM . Consider the

right regular representation of M in the Hilbert space L2(!M\M). We have the Hilbert

space decomposition

L2(!M\M) ↘=⫅̸
⊕

⇀↑M̂

m(▷,!M) ▷.

LetW = NK(A)/M be theWeyl group. SinceG is of real rank one (i.e. dimA = 1) we have

|W | = 2. Letw be the nontrivial element ofW . Let a be the Lie algebra ofA. An irreducible

representation ▷ → M is called ramified if w▷ = ▷. Otherwise, ▷ is called unramified.

For any ▷ → M , ◁ → a↗
C
, let ϑ⇀,⇁ denote the principal series representation of G. We write,
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ϑ(▷, ◁) =






m(▷,!M) ϑ⇀,⇁ if ▷ is ramified,

m(▷,!M) ϑ⇀,⇁ ⇑m(w▷,!M) ϑw⇀,⇁ if ▷ is unramified.

Let H(▷, ◁) be the representation space of ϑ(▷, ◁). Let ai be the Lie algebra of Ai. Via

conjugation by appropriate ki, each ▷ → M gives rise to a representation ▷i → Mi and each

◁ → a↗
C
gives rise to ◁i → a↗

i,C
. For each ▷ → M and ◁ → a↗

C
we put

ϑ!(▷, ◁) =
n!⊕

i=1

ϑ(▷i, ◁i).

We denote the corresponding representation space byH!(▷, ◁).

The right regular representation L2(!\G) of G is not semisimple if ! is not co-compact

(See [OW81], Chapter 1, Page 22). LetL2
disc(!\G) be themaximal semisimple subrepresen-

tation ofL2(!\G). The orthogonal complement ofL2
disc(!\G) inL2(!\G) is the continuous

spectrum, denoted by L2
c
(!\G). Following ([OW81], Chapter 4, Page 112), the Hilbert di-

rect integral decomposition of L2
c
(!\G) can be written as

L2
c
(!\G) ↘=

⊕

⇀↑M̂

1

2ϑ

∫ ⇒

iR+

ϑ!(▷, ◁) d◁. (5.2.1)

5.2.7 Results on Harish-Chandra characters

We will be using the following two important results about Harish-Chandra characters of

irreducible unitary representations of semisimple Lie groups (see [Kna01]).

Harish-Chandra character distribution: Let (ϑ,Wϑ) be an irreducible unitary represen-

tation of G. For f → C↓
c
(G), the convolution operator ϑ(f) on Wϑ is trace class and its



70

trace is denoted by φϑ(f) := Trace (ϑ(f)).

Theorem 5.2.8. Let {ϑi} be a finite collection of mutually inequivalent unitary irreducible

representations ofG. Then their distribution characters {φϑi} are linearly independent distri-

butions on G.

Proof. The reader is referred to ([Kna01], Thm. 10.6)

Theorem 5.2.9. Let ϑ be an irreducible unitary representation of G. Then the distribution

character φϑ is given by a locally integrable function ⇀ϑ on G, i.e. for f → C↓
c
(G),

φϑ(f) =

∫

G

f(g) ⇀ϑ(g) dg.

Moreover, the restriction of ⇀ϑ to the set Greg of regular elements is a real analytic function

and is invariant under conjugation.

Proof. The reader is referred to ([Kna01], Thm. 10.25).

5.3 Simple Trace Formula for Arithmetic Lattices

We describe the simple trace formula for the representation L2(!\G) following ([SW99];

Sec. 2.1). Let C↓
c
(G) be the algebra of all compactly supported smooth functions on G.

Because of the presence of continuous spectrum in the right regular representation R!

on L2(!\G), the convolution operatorR!(f) for f → C↓
c
(G) is not a trace class operator in

general. However, the restriction of R!(f) on the discrete part L2
disc(!\G) is a trace class

operator. To describe the trace, we need to set up a few notations. For ς → !, let !ϖ and

Gϖ denote the centraliser of ς in ! and G, respectively. For any ▷ → M and ◁ → ia↗ there
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exists a unitary intertwining operator

C!⇀(◁) : H!(▷, ◁) ⇐↑ H!(▷,⇐◁).

Moreover, for anyK-finite compactly supported smooth function f onG one can use the

functional equation of Eisenstein series (see [HC68], [Lan76]) to derive

C!⇀(◁) ϑ!(▷, ◁)(f) = ϑ!(▷,⇐◁)(f) C!⇀(◁).

Let us mention that there is an ample supply of non-zero K-finite compactly supported

smooth functions. For instance, such test functions are primary setup in ([Art83]; Page

1). In literatureC!⇀(◁) is known as scatteringmatrix for ! associated with holonomy class

▷ → M.

Now we are ready to display the required trace formula following ([SW99]; Sec. 2.1).

Trace R!(f)|L2
disc(!\G) = I!(f) +H!(f) + S!(f) + T!(f) + U!(f); (5.3.1)

where the terms in the sum are given, respectively, by
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(identity) I!(f) = Vol(!\G) f(1),

(regular) H!(f) =
∑

{ϖ}: hyperbolic or elliptic

Vol(!ϖ\Gϖ)

∫

Gε\G
f(x⇐1ςx) d(Gϖx),

(scattering) S!(f) =
1

4ϑ

∑

⇀↑M̂

∫

Re(⇁)=0

tr


C!⇀(◁)

⇐1 d

d◁
C!⇀(◁) ϑ!(▷, ◁)(f)


|d◁|,

(threshold) T!(f) = ⇐1

4

∑

⇀↑M̂

tr (C!⇀(0) ϑ!(▷, 0)(f)) ,

(unipotent) U!(f) =
1

|↽1|
(C1(!)T1(f) + C2(!)T2(f) + C ↘

1(!)T
↘
1(f)) .

Here, the definition of Ti(f), T ↘
1(f) can be recalled from ([SW99]; Sec. 3, Page 21) as fol-

lows:

T1(f) =
1

A(nς)

∫

K

∫

N

f(k⇐1nk) dn dk,

T2(f) =
|↽1|
2






∫

G/Gn0

f(xn0x
⇐1) d(G/Gn0)(x) +

∫

G/G
n↔1
0

f(xn⇐1
0 x⇐1) d(G/G

n
↔1
0
)(x)





,

T ↘
1(f) =

(m1 + 2m2)

A(nς)

∫

A(n1)

∫

N1

∫

N2

f(k⇐1n1n2k) · log | log(n1)| dk dn1 dn2,

where n0 is a representative of the nontrivial unipotent orbit in n2ς, A(nς) denotes the

area of the unit sphere in nς, and Gn represents the centraliser of an element n in G.

Remark 5.3.1. If ! is torsion free, then there is no contribution of elliptic orbital integral in

the regular term. The constants Ci(!), C ↘
1(!) that appear in the unipotent contribution were
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explicitly computed by DeGeorge (see [DG89]).

For our purpose, we put a certain condition on the K-finite function f → C↓
c
(G) which

make the trace formulamuch simpler. An element x → G is called regular if the centraliser

CG(x) of x in G is a torus. Consider the set Greg to be the set of all regular elements in G.

ThenGreg is an open and dense subset ofG. Let f be aK-finite function inC↓
c
(Greg). Since

any elementn of a unipotent radicalN is not regular, the identity termandunipotent term

in the above trace formula vanish for f → C↓
c
(Greg). Consequently, we have,

Trace R!(f)|L2
disc(!\G) = H!(f) + S!(f) + T!(f).

Moreover, if,

L2
d
(!\G) ↘=

⊕

ϑ↑Ĝ

m(ϑ,!) ϑ,

then we have the simple trace formula

∑

ϑ↑Ĝ

m(ϑ,!)Trace (ϑ(f)) = H!(f) + S!(f) + T!(f).

Remark 5.3.2. 1. The scattering and threshold terms are essentially coming from the spec-

tral side (more specifically given by the continuous spectrum).

2. If G has square-integrable representations then one can take its matrix coefficient of

some square-integrable representation as the test function. In this case the scattering

and threshold terms vanish. But then the sum in the spectral side is supported only at

a finite set of square-integrable irreducible representations (for example, discrete series

representations) and so the information about the multiplicity of principal series repre-

sentations is lost.
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5.4 Proof of the Thm. 5.1.5

In this section, we compare the representation spectra for two lattices !1 and !2 inG and

prove Thm. 5.1.5.

5.4.1 Equality of Continuous Spectrum

Let us recall the Def. 5.1.3.

Definition 5.4.2. Two lattices !1 and !2 of finite covolume in G are said to be isocuspidal

if there exists a finite set {P1, P2, . . . , Pn} of cuspidal parabolic subgroups which serves as a

common set of representatives of cusps for both lattices !1 and !2.

Note that this is automatic if both lattices are co-compact. Moreover, it also holds if the

lattices !1 and !2 have only one cusp.

Let us denote P := P1. Then P admits a decomposition say,MAN . Let us denote !i,M =

!i ≃ M for i = 1, 2. Then !i,M are finite subgroups of M . Consider the representation

spaces L2(!i,M\M) ofM . We further assume that they are isomorphic as representations

of M i.e., L2(!1,M\M) ↘= L2(!2,M\M). Note that if the lattices !i are torsion-free, then

both of !1,M and !2,M are trivial; so this assumption holds automatically. Furthermore, if

L2(!i,M\M) ↘=
⊕

⇀↑M̂

m(▷,!i,M)▷ for i = 1, 2

and m(▷,!1,M) = m(▷,!2,M) for all but finitely many ▷ → M then by ([LM20], Thm. 1.1),

m(▷,!1,M) = m(▷,!2,M) for all ▷ → M i.e. L2(!1,M\M) ↘= L2(!2,M\M).

By the definition of H!(▷, ◁) given in Sec. 5.2.6, it is clear that if two lattices !1 and !2

are isocuspidal andm(▷,!1,M) = m(▷,!2,M) for all ▷ → M then the representation spaces
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H!1(▷, ◁) and H!2(▷, ◁) are equal for all ▷ → M, ◁ → iaε. Hence, by Eq. 5.2.1, L2
c
(!1\G) ↘=

L2
c
(!2\G).

5.4.3 Equality of Discrete Spectrum

For all ▷ → M and ◁ → ia↗, we have that H!1(▷, ◁) = H!2(▷, ◁) and by assumption (1)

the intertwining operators C!1 ⇀(◁) and C!2 ⇀(◁) are equal on it. Now the scattering term

S!(f) in the trace formula Eq. 5.3.1 depends on the representation spacesH!(▷, ◁) and the

intertwining operators C!⇀(◁). For two lattices !1 and !2, they are equal for all ▷ → M and

◁ → ia↗. Therefore, S!1(f) = S!2(f) for allK-finite f in C↓
c
(G). Similarly, T!1(f) = T!2(f)

for allK-finite f in C↓
c
(G).

We argue that the unipotent terms U!1(f) and U!2(f) of the trace formula Eq. 5.3.1 vanish

for all f → C↓
c
(Greg). The integrands in T1(f), T2(f) and T ↘

1(f) involve f evaluated at the

unipotent elements which are not regular in G. Since f is supported in the set of regular

elements in G, all the integrals T1(f), T2(f) and T ↘
1(f)must be zero.

Now by the assumption on the lattices !1 and !2, comparison of the trace formulas for the

lattices !1 and !2 gives

Trace R!1(f)|L2
disc(!1\G) ⇐ Trace R!2(f)|L2

disc(!2\G) = H!1(f)⇐H!2(f) for all f → C↓
c
(Greg).

Let us denote the set of all G-conjugacy classes of hyperbolic and elliptic elements of !1

and !2 by [!1]G and [!2]G, respectively. For a G-conjugacy class [ς]G of a hyperbolic or

elliptic element ς → !1 ↔ !2 we denote vol (!ϖ\Gϖ) by a(ς,!). So we have,
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∑

ϑ↑S

tϑφϑ(f) =
∑

[ϖ]↑[!1]G∝[!2]G

(a(ς,!1)⇐ a(ς,!2))

∫

Gε\G

f(x⇐1ςx) d(Gϖx),

where tϑ = m(ϑ,!1) ⇐ m(ϑ,!2), S is a finite set such that tϑ = 0 for all ϑ → Ĝ \ S and

φϑ(f) = Trace (ϑ(f)) for all f → C↓
c
(Greg).

Since S is a finite set, by Thm. 5.2.9 there exists ⇀ → L1
loc
(G) such that

∫

G

f(g) ⇀(g) dg =
∑

[ϖ]↑[!1]G∝[!2]G

(a(ς,!1)⇐ a(ς,!2))

∫

Gε\G

f(x⇐1ςx) d(Gϖx).

Let E be the union of all conjugacy classes of hyperbolic and elliptic elements in !1 ↔ !2.

Then by Lem. 5.2.5,E is a closed subset ofGwithmeasure zero. Let g /→ E. There exists an

open set U ∈ Greg in containing g such that U ≃E is empty. Therefore, for any f → Cc(U),

we have ∫

G

f(g) ⇀(g) dg = 0.

This means that ⇀ is essentially 0 on U . Note that U is a neighbourhood of an arbitrary

point g away from E and E is a closed set of measure zero. Therefore, ⇀ is essentially 0

on Greg. Finally, ⇀ is essentially 0 on G because the set G \Greg of non-regular points is a

measure zero set. Hence,

∑

ϑ↑S

tϑφϑ(f) = 0, for all f → C↓
c
(G).

From Thm. 5.2.8 on the linear independence of characters we have tϑ = 0 for all ϑ → S.

Hence, L2
disc(!1\G) ↘= L2

disc(!2\G).
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5.5 Representation Equivalence for Congruence Lattices

in GL(n).

5.5.1 Unramified Hecke Character

Let us introduce the following notation :

• F : a number field i.e. a finite extension of Q

• OF : the ring of integers of F

• Fv : the completion of F at a place v of F and OFv is the ring of integers of Fv.

• S↓ : the set of all archimedean places of F

• S↓ = Sr ↔ Sc the real and complex places, respectively

• AF be the adele ring of F and AF,f be the ring of finite adeles of F

• IF : the group of ideles of F i.e. IF = GL(1,AF ).

• F↓ := F ⇒ R =


v↑Sr
Fv ⇓


w↑Sc

Fw =


v↑Sr
R⇓


w↑Sc

C

In the proof of Thm. 5.5.3, we need to consider the twist of a cuspidal automorphic rep-

resentation with an unramified Hecke character. So, we discuss some basics on Hecke

character. Reader is referred to [Rag22] for more detailed exposition.

Definition 5.5.1. A Hecke character is a continuous character φ : IF/F⇓ ↑ S
1. It is unitary

if the image lands in S
1. It is called unramified if φ(k) = 1 for all k →


v
O⇓

Fv
(Here, the

product runs over all places v of F ).
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If ||a|| :=


v
||av||v; the product of normalized valuations over all places, then any Hecke

character φ can be written as product φ = φ0 ⇒ ||(.)||⇀, for a unitary Hecke character φ0

and a real number ▷.

We now describe the character at infinity of an unramified Hecke character.

1) An unramified unitary character φ of R⇓ is of the form φ(x) = (
x

|x|)
n|x|⇀; for some

n → {0, 1} and ▷ → iR.

2) An unramified unitary character φ of C⇓ is of the form φ(z) = (
z

|z|)
n|z|2⇀ for n → Z

and ▷ → iR; where |z| is the absolute value of z → C.

For a unitary Hecke character φ, let φ↓ := φ|
F

↗
→
; where, F⇓

↓ 0↑ IF . We write ϱ → S↓

for any infinite place; v → Sr and w → Sc for real and complex places respectively. Note

that, Fv
↘= R canonically and Fw

↘= C non-canonically. Finally, for any x↓ → F↓, let

|x↓| :=


ϱ↑S→
|xϱ|ϱ.

Now we can describe φ↓ as follows:

φ↓(x↓) =


ϱ↑S→

(
xϱ

|xϱ|
)nς |xϱ|iϕς

ϱ

where, nv → {0, 1}; nw → Z and εϱ → R.

5.5.2 Proof of Thm. 1.2.1

In this subsection,we describe a representation equivalence of cuspidal spectrum for con-

gruence lattices inGL(n). The idea is twisting by unramified Hecke character while keep-

ing the infinity part of a cuspidal automorphic representation of GL(n,AF ).



79

LetG be a connected reductive group over F . ThenG(F↓) is a reductive Lie group. Let

K be a compact open subgroup ofG(AF,f ). We have the congruence lattice!K := G(F )≃K

inside G(F↓). By strong approximation we have

!K\G(F↓) ↘= G(F )\G(AF )/K.

Recall the spectral decomposition

L2(G(F )\G(AF )) = L2
cusp(G(F )\G(AF ))

⊕
L2
res(G(F )\G(AF ))

⊕
L2
cont(G(F )\G(AF ))

We are interested in the discrete decomposition : L2
cusp(G(F )\G(AF )) ↘=


$↑Acusp

m(%)%;

where Acusp denote the set of all cuspidal automorphic representations of G(AF ).

As representation of G(F↓), we have the following isomorphism

L2(!K\G(F↓)) ↘= L2(G(F )\G(AF )/K).

Therefore, taking theK-fixed vectors of the cuspidal subspace we have

L2
cusp(!K\G(F↓)) ↘=

⊕

ϑ↑ ⊋G(F→)

m(ϑ,!K)ϑ,

wherem(ϑ,!K) equals
∑

$↑Acusp:$→=ϑ

m(%) dim(%K).

Recall that an unramified Hecke character φ is a continuous character φ : IF/F⇓ ⇐↑

S1 such that φ(k) = 1 for all k → O⇓
F
:=


p

O⇓
p
.

Let us now restrict to G = GL(n). We state the main result of this section.

Theorem 5.5.3. Let K1 and K2 be two compact open subgroups of GL(n,AF,f ). Denote
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the congruence subgroup GL(n, F ) ≃ Ki of GL(n, F↓) by !Ki for i = 1, 2 . If m(ϑ,!K1) =

m(ϑ,!K2) for all but finitely many ϑ → ⊋G(F↓), then L2
cusp(!K1\G(F↓)) ↘= L2

cusp(!K2\G(F↓)).

Proof. For any x → GL(n,AF,f ) and a compact open subgroup K of GL(n,AF,f ), we have

the compact open subgroup Kx := xKx⇐1 of GL(n,AF,f ). For a given cuspidal automor-

phic representation % → Acusp, it is easy to see that the space of K-fixed vectors in % is

isomorphic to the space ofKx-fixed vectors in %. In particular,m(ϑ,!K) = m(ϑ,!Kx) for

all ϑ → ⊋G(F↓). Therefore, without loss of generality, we assume that both of the com-

pact open subgroups K1 and K2 in the above theorem are contained in GL(n, OF ). Here,

OF :=

v

OFv . If % is a cuspidal automorphic representation and K is a compact open

subgroup, then for any unramified Hecke character φ, we have (%⇒ φ)K = %K .

Note that the set {% ⇒ φ : φ is an unramified Hecke character} is an infinite set. Indeed,

by the description of φ↓ for a Hecke character φ in Sec. 5.5.1, there are infinitely many

Hecke characters φ with distinct and nontrivial infinity part.

Let us denote S to be {ϑ → ⊋GLn(F↓) : m(ϑ,!K1) ↓= m(ϑ,!K2)}. We fix a ϑ → S. Denote the

finite set {% : %↓ = ϑ} byA(ϑ). We can choose an unramifiedHecke character φ such that

φ↓ is nontrivial and ϑ ⇒ φ↓ /→ S. Now the set A(ϑ ⇒ φ↓) = {% ⇒ φ : % → A(ϑ)}. Indeed,

the association % ⇔↑ %⇒ φ defines a bijection between the sets A(ϑ) and A(ϑ ⇒ φ↓).

By hypothesis,
∑

$↑A(ϑ′↼→)

m(%)(dim(%K1)⇐ dim(%K2)) = 0.

In other words,

∑

$↑A(ϑ)

m(%⇒ φ)(dim((%⇒ φ)K1)⇐ dim((%⇒ φ)K2)) = 0.
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Now φ is unramified, so dim (% ⇒ φ)Ki = dim (%)Ki for i = 1, 2. Moreover, by the multi-

plicity one theorem for GL(n), we havem(%) = 1 for all % → Acusp. So we have,

∑

$↑A(ϑ)

(dim(%)K1 ⇐ dim(%)K2) = 0.

Therefore,m(ϑ,!K1) = m(ϑ,!K2). Now this holds for every ϑ → S. Hence,

L2
cusp(!K1\GL(n, F↓)) ↘= L2

cusp(!K2\GL(n, F↓)).





83

Chapter 6

Discrete Series Multiplicities

6.1 Statements of Main Results

Let G be a semisimple connected Lie group whose complexification GC is simply con-

nected. We assume that G contains a compact Cartan subgroup, i.e. rank(G) = rank(K),

where K is a maximal compact subgroup in G. Consider ! to be a lattice in G such that

vol(!\G) < ∞with respect to the uniqueG-invariant Haar measure on !\G. We have the

right regular representation R! of G on

L2(!\G) := {⇀ : G ↑ C | ⇀(ςx) = ⇀(x) for all ς → !, x → G and
∫

!\G

|⇀(x)|2dx < ∞}.

(6.1.1)

Let L2
disc(!\G) be the maximal semisimple subrepresentation of L2(!\G). Then

L2
disc(!\G) ↘=

⊕̂

ϑ↑Ĝ

m(ϑ,!)ϑ,
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where Ĝ is the set of equivalence classes of unitary irreducible representations of G, and

m(ϑ,!) = dim HomG(ϑ, L
2
disc(!\G)).

SinceG has compact Cartan subgroups, it possesses the discrete series representations. It

iswell-known that discrete series representations are parametrized by theHarish-Chandra

parameters ϱ, and denoted by ϑϱ (see Subsec. 6.2.1). The purpose of this chapter is to

present a linear dependence among the multiplicitiesm(ϑϱ,!) of the discrete series rep-

resentations ϑϱ of G. The multiplicitym(ϑϱ,!) depends on vol(!\G). For example, if ! is

a uniform torsion-free lattice in G then the multiplicitym(ϑϱ,!) is equal to dϑς
vol(!\G),

where dϑς
is the formal degree of ϑϱ (see [Kna01] for the definition). Moreover, if ! con-

tains nontrivial elliptic elements (i.e. torsion elements) then the !-conjugacy classes of

these elliptic elements also contribute tom(ϑϱ,!).

Let us fix a maximal compact subgroupK inG. By the assumption onG, there exists a

compact Cartan subgroup T ↗ K. Let g0, k0, t0 be the Lie algebras of G,K, T respectively,

and g, k, t be their complexifications respectively. Let ” = ”(g, t) and ”c = ”(k, t) be the

root systems of (G, T ) and (K,T ) respectively such that ”c ↗ ”. Let ”+ be a fixed but

arbitrary choice of a positive system of roots in ”. A Harish-Chandra parameter ϱ is an

integral regular linear form in the complex dual space t↗ of t. Let D(G) denote the set

of all Harish-Chandra parameters in G (see Subsec. 6.2.1 for detailed definition). Every

element ϱ → D(G) determines a unique positive system of roots {↽ → ” : ∝ϱ,↽′ > 0}

which is denoted byP ϱ. Any discrete series representation is uniquely determined by such

a Harish-Chandra parameter ϱ up toWc-conjugate (see Thm. 6.2.1 for details). Here,Wc

denotes the Weyl group of the root system ”c.
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Definition 6.1.1. Assume ϱ1,ϱ2 → D(G) are given such that P ϱ1 = P ϱ2 . The infinite set

S(ϱ1,ϱ2) := {ϱ1 + kϱ2 → t↗ : k → N↔ {0}} of integral linear forms is called a string with base

ϱ1 and direction ϱ2. For each k → N ↔ {0}, we denote ϱ1 + kϱ2 by ϱk.

Note that every linear form ϱk → S(ϱ1,ϱ2) is regular and therefore belongs to D(G). The

discrete series representation determined by ϱk → D(G) is denoted by ϑϱk
. Each ϱk deter-

mines the same positive system of roots i.e. P ϱk = P ϱ1 = P ϱ2.

We need to impose a mild condition on ϱ → D(G). We denote

Dε(G) := {ϱ → D(G) : ∝ϱ⇐ δϱ,↽′ > 0 for all ↽ → P ϱ ≃ ”n},

where ”n = ” \ ”c and δϱ := 1
2

∑
ς↑Pς

↽. From Lem. 6.2.10, it can be seen that if the base or

the direction of a string belongs to Dε(G) then every linear form in the string belongs to

Dε(G).

LetGe denote the set

g↑G

gKg⇐1 of elliptic elements inG. Note thatGe does not depend

on the choice of maximal compact subgroup K. The set ! ≃ Ge of elliptic elements in !

is a union of finitely many !-conjugacy classes i.e. ! ≃ Ge =

i

[yi] for some choice of

representatives yi → ! ≃ Ge. Finally, we define the maximal order of elliptic elements in

! to be the least common multiple of the orders of the elements {yi}i. Let us denote it by

N!. It is an invariant of !.

Now, we are ready to display our first main result.

Theorem 6.1.2. Let G be a semisimple connected Lie group whose complexification GC is

simply connected. Assume that G contains a compact Cartan subgroup. Let ! be a uniform
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lattice in G, and N! be the maximal order of elliptic elements in !. For two Harish-Chandra

parameters ϱ1 and ϱ2 with P ϱ1 = P ϱ2, consider the string S(ϱ1,ϱ2) such that the base or the

direction belongs to Dε(G). If a finite set A ↗ N ↔ {0} satisfies |A ≃ (j + N!Z)| ↖ |”+| + 1

for all 0 ↙ j ↙ N! ⇐ 1, then for any ϱ- → S(ϱ1,ϱ2), the discrete series multiplicitym(ϑϱφ
,!) =

∑
k↑A

n(1, k)m(ϑϱk
,!) where n(1, k) are integers and independent of !.

Since the integers n(1, k) in the above linear expression do not depend on !, we have the

following corollary:

Corollary 6.1.1. Assume the hypothesis onG as in Thm. 6.1.2. Let !1 and !2 be two uniform

lattices in G, and N = l.c.m. (N!1 , N!2). For two Harish-Chandra parameters ϱ1 and ϱ2 with

P ϱ1 = P ϱ2, consider the string S(ϱ1,ϱ2) such that the base or the direction belongs to Dε(G).

Let us choose a finite set A ↗ N ↔ {0} which satisfies |A ≃ (j + NZ)| ↖ |”+| + 1 for all

0 ↙ j ↙ N ⇐ 1. Ifm(ϑϱk
,!1) = m(ϑϱk

,!2) for all k → A, thenm(ϑϱk
,!1) = m(ϑϱk

,!2) for all

ϱk → S(ϱ1,ϱ2).

In Subsec. 6.4.3, we obtain a generalised version of Thm. 6.1.2 for a multi-directed string

(see Def. 6.4.1) of discrete series multiplicities. Even in this general case, it is sufficient

to assume that only one direction belongs to Dε(G).

Remark 6.1.1. IfG has one dimensional Cartan subgroupT i.e. dim t = 1 (e.g.G = SL(2,R)),

then for any Harish-Chandra parameter ϱ → Dε(G) the set {kϱ : k → Z\{0}} exhausts all but

finitely many Harish-Chandra parameters in Dε(G). Therefore, Thm. 6.1.2 concludes that if

G has a one-dimensional Cartan subgroup, then there exists a finite subset F ↗ Dε(G) such

that for any µ → Dε(G), the discrete series multiplicity m(ϑµ,!) is determined by (a linear

expression of) the multiplicities {m(ϑϱ,!) : ϱ → F}.
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As an application of Thm. 6.1.2, we obtain the following strong multiplicity one result for

a string of discrete series representations. In fact, it holds for any infinite set of exceptions

in the string with sufficiently small density.

Corollary 6.1.2. Assume the hypothesis on G and K as in Thm. 6.1.2. Let !1 and !2 be two

uniform lattices inG, andN = l.c.m. (N!1 , N!2). For two Harish-Chandra parameters ϱ1 and

ϱ2 with P ϱ1 = P ϱ2, consider the string S(ϱ1,ϱ2) such that the base or the direction belongs to

Dε(G). If the following condition holds:

lim sup
t∞↓

| {0 ↙ k ↙ t : m(ϑϱk
,!1) ↓= m(ϑϱk

,!2)} |
t

<
1

N
,

thenm(ϑϱk
,!1) = m(ϑϱk

,!2) for all ϱk → S(ϱ1,ϱ2).

In particular, from Cor. 6.1.2 we can recover the following analogue of ([BR11]; Thm. 1.1)

for a large class of discrete series representations:

Corollary 6.1.3. Assume the hypothesis on G and K as in Thm. 6.1.2. Let !1 and !2 be two

uniform lattices in G. Assume that m(ϑϱ,!1) = m(ϑϱ,!2) for all but finitely many discrete

series representations ϑϱ with ϱ → Dε(G). Then m(ϑϱ,!1) = m(ϑϱ,!2) for all discrete series

representations ϑϱ with ϱ → Dε(G).

Let us discuss the subsetDε(G) ofD(G). The condition on ϱ in the definition ofDε(G)

can be seen as a sufficiently regularity condition. If ϑϱ is an integrable discrete series

representation i.e. all the K-finite matrix coefficients of ϑϱ are in L1(G), then ϱ satisfies

the Trombi-Varadarajan estimate (see [TV72]):

|∝ϱ, 2′| > 1

2

∑

ς↑Pς

|∝↽, 2′| for every 2 → P ϱ

n
.
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But if ϱ satisfies the above estimate, then ϱ belongs toDε(G). Therefore, Thm. 6.1.2 holds

for all integrable discrete series representations. Moreover, our results hold for infinitely

many non-integrable discrete series as well. For instance, in the case of SL(2,R), the set

D(G) \ Dε(G) is finite. In this sense, in the definition of Dε(G) the imposed condition on

Harish-Chandra parameters is indeed a mild condition.

6.2 Preliminaries

6.2.1 Basic Setup

Let G be a connected semisimple non-compact Lie group with finite center. We fix once

and for all a maximal compact subgroup K in G. Assume that G has a compact Cartan

subgroup T ↗ K; equivalently, rank(G) = rank(K). Let g0, k0, t0 be the Lie algebras of

G,K, T respectively, and g, k, t be their complexifications respectively. Let ” = ”(g, t) and

”c = ”(k, t) be the root systems of (G, T ) and (K,T ) respectively such that ”c ↗ ”, and

letWc ↗ W be their corresponding Weyl groups respectively. The set ”c is called the set

of compact roots, and its complement ”n in ” is called the set of non-compact roots. Let

p0 be the orthogonal complement of k0 in g0 with respect to the killing form. Denote by

gς the root space of the root ↽ → ”. Then ↽ → ”c if and only if gς ↗ k, and ↽ → ”n if and

only if gς ↗ p. Moreover, dim p is even. We fix an arbitrary positive system ”+ in ” with

”+
c
= ”+ ≃ ”c,”+

n
= ”n ≃ ”+, δ =

1

2

∑
ς↑”+

↽, δc =
1

2

∑

ς↑”+
c

↽, and δn =
1

2

∑

ς↑”+
n

↽ = δ ⇐ δc.

Let F be the set of all linear forms ϱ → t↗ such that
2∝ϱ⇐ δ,↽′

∝↽,↽′ is an integer. Such a

linear form is called an integral linear form.



89

We define the setD(G) := {ϱ → F : ∝ϱ,↽′ ↓= 0 for all ↽ → ”; and ∝ϱ,↽′ > 0 for all ↽ → ”+
c
}.

An integral linear form ϱ satisfying ∝ϱ,↽′ ↓= 0 for all↽ → ” is called a regular integral linear

form. Note that in the definition of D(G), the condition ∝ϱ,↽′ > 0 for all ↽ → ”+
c
ensures

that no two ϱ1,ϱ2 → D(G) are Wc-conjugates of each other. The following celebrated

theorem of Harish-Chandra says that the set D(G) completely parameterizes the set of

all equivalence classes of discrete series representations.

Theorem 6.2.1. ([HC68]) Let ϱ → D(G). Then there is a discrete series representation ϑϱ of

G whose global character #ϑς
, as a locally L1-function on G, is given on T by

#ϑς
(eX) =

(⇐1)m


ς↑”+

∝ϱ,↽′
∑

w↑Wc

det (w) ewϱ(X)


ς↑”+

(e
↼(X)

2 ⇐ e⇐
↼(X)

2 )

for X → t, and dim G/K = 2m. Every discrete series representation is unitarily equivalent to

ϑϱ for some ϱ → D(G).

Remark 6.2.1. Since no two linear forms in D(G) are Wc-conjugates to each other, the set

D(G) completely parametrizes the set of equivalence classes of discrete series representations

of G.

If an integral linear form ϱ is regular, then it gives rise to a positive system P ϱ = {↽ → ” :

∝ϱ,↽′ > 0}. We denote δϱ = 1
2

∑
ς↑Pς

↽.

Lemma 6.2.2. For a given positive chamber (i.e. a given positive system)$+ in”, there exists

a basis {ϱ1,ϱ2, . . . ,ϱn} of t↗ consisting of elements in D(G) such that P ϱi = $+.

Proof. We know that {ϱ → t↗ : ∝ϱ,↽′ > 0 for all ↽ → ”+} = {ϱ → t↗ : P ϱ = ”+} is an

open subset of t↗. Translating by a suitableWeyl group element we have the open set {ϱ →
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t↗ : P ϱ = $+}. Now it is straightforward to see that any open set in a finite-dimensional

vector space (with respect to standard Euclidean topology) contains a basis of the vector

space. Therefore, we can choose a Z-basis {ϱ1, . . . ,ϱn} with ϱi → {ϱ → t↗ : P ϱ = $+}.

Consider ! to be a uniform lattice inG. We have a right regular representationR! ofG

on L2(!\G). It decomposes as a Hilbert direct sum of unitary irreducible representations

ϑ of G with finite multiplicity;

L2(!\G) ↘=⫅̸
⊕

ϑ↑Ĝ

m(ϑ,!)ϑ.

Herem(ϑ,!) is themultiplicity ofϑ in (R!, L2(!\G)); in otherwords,m(ϑ,!) = dimHomG(ϑ, R!).

Themultiplicity of a discrete series representation ϑϱ with theHarish-Chandra parameter

ϱ is denoted bym(ϑϱ,!).

6.2.2 Lefschetz number and discrete series multiplicities

In this subsection,we define the Lefschetz number; and describe the relation between the

Lefschetz number and the discrete series multiplicities. We need to introduce the notion

of an invariant Dirac operator on G/K. The reader is referred to Chap. 6 of [Wil91] for

detailed description.

We have p =
∑

ς↑”n

gς. We choose a basis {Xi} and {Yj} of k and p respectively, such that

with respect to a bilinear formB on g induced from the Killing form,we haveB(Xk, Xl) =

⇐δkl and B(Ym, Yn) = δmn. Let C(p) be the Clifford algebra of p with respect to the non-

degenerate bilinear formB. Since dim p is even, there is an algebra isomorphism 3between

C(p) and the matrix algebra End(S) for some vector space S with dimension 2(
dim p

2 ). The
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restriction of 3 to the spin group Spin(p0) ↗ C(p) gives a spin representation ▷ := 3|Spin(p0)

on S. The spin representation ▷ turns out to be the direct sum of two (12 spin) irreducible

representations ▷± on S±, and S = S+


S⇐. Let us denote the Casimir element by ’,

which is given by ’ = ⇐
∑
i

X2
i
+
∑
j

Y 2
j
, in the center of the universal enveloping algebra

U(g) of g.

Nowfix aϱ → D(G). It can be easily seen thatϱ⇐δc is”+
c
-dominant. Therefore, there exists

a finite dimensional irreducible representation ωϱ⇐▷c of k on a finite-dimensional vector

space Vϱ⇐▷c with highestweight ϱ⇐δc. Let us denoteφ±
ϱ
:= ▷±⇒ωϱ⇐▷c to be a representation

of k (note that k is also the complexified Lie algebra of the spin group Spin p0). This may

not integrate to a representation of K in general. However under the assumption that

ϱ+ δ(ϱ)n exponentiates to a character of T , φ±
ϱ
does integrate to a representation ofK. We

consider the smooth homogeneous vector bundle E±
ϱ
:= G⇓K φ±

ϱ
on G/K. Let !↓E±

ϱ
be

the space of smooth sections of a homogeneous vector bundle E±
ϱ
. Then there exist 1st

order G-invariant elliptic differential operators D±
ϱ
: !↓E±

ϱ
⇐↑ !↓E∈

ϱ
. These are Dirac

operators twisted by ωϱ⇐▷c. With respect to appropriate metric,D+
ϱ
andD⇐

ϱ
are adjoints of

each other, and their composition D±
ϱ
D∈

ϱ
has the following simple description due to R.

Parthasarathy:

Theorem 6.2.3. ([Par72]) For all ϱ → D(G), we have D±
ϱ
D∈

ϱ
= ⇐’ + ∝ϱ ⇐ δc,ϱ + δ + δn′,

where ’ is the Casimir element.

Finally, we define H±(Eϱ,!) to be the space of all !-invariant sections s → !↓E±
ϱ
such

that D±
ϱ
s = 0. Now we are ready to define the Lefschetz number and state the theorem

that relates it with the discrete series multiplicities.

Definition 6.2.4. For anyϱ → D(G) and a uniform lattice! inG, the difference dimH+(Eϱ,!)⇐
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dimH⇐(Eϱ,!) is called the Lefschetz number, and is denoted by φ(ϱ,!).

Remark 6.2.2. If! is a uniform torsion-free lattice inG, then the elliptic operatorD+
ϱ
projects

to a first order elliptic differential operatorD+
!,ϱ on the locally symmetric space !\G/K. In this

case, the above Lefschetz number φ(ϱ,!) is called the index of the differential operatorD+
!,ϱ.

Theorem 6.2.5. (Thm. 3.3; [Wil84]) Suppose that ϱ → Dε(G), and ϑϱ → Ĝ is the associated

discrete series representation of G. Let w0 → W be the unique Weyl group element such that

w0”+ = P ϱ, and let l(w0) = |w0(⇐”+)≃”+| be the length of w0. Then for any uniform lattice

! in G, the multiplicitym(ϑϱ,!) of ϑϱ in L2(!\G) is given by

m(ϑϱ,!) = (⇐1)l(w0){dimH+(Eϱ,!)⇐ dimH⇐(Eϱ,!)} = (⇐1)l(w0)φ(ϱ,!).

6.2.3 The results of Hotta-Parthasarathy on Lefschetz number

In this subsection, we review a couple of results of Hotta and Parthasarathy on the Lef-

schetz number φ(ϱ,!) from section 2 of [HP73]. For any y → T , let G0
y
be the identity

component of the centraliser Gy of y in G. LetWy be the Weyl group for the root system

”(G0
y
, T ). Let Ky be the centraliser of y in K and d = dim G/K, dy = dim Gy/Ky. We

use the convention that eς is the character of T corresponding to an element ↽ → t↗. Let

”y = {↽ → ” : eς(y) = 1}. Then ”+
y
= ”+ ≃ ”y is a positive system of ”(G0

y
, T ).

For any ϱ → D(G), we define the function (0
ϱ
on T as follows:

(0
ϱ
(y) =

∑
w↑Wc/Wy

(⇐1)l(w)ewϱ⇐▷(y)


ς↑”+
y

∝wϱ,↽′


ς↑”+\”+
y

(1⇐ e⇐ς(y))
.
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Here δ = 1
2

∑
ς↑”+

↽, and Wy is considered as a subgroup of Wc. The function (0
ϱ
is Wc-

invariant in ϱ, and it extends to an Ad(G)-invariant function on the set Ge of elliptic

elements of G i.e. the set of elements of G conjugate to some element ofK.

Remark 6.2.3. If y is a regular element in G, then ”y = ▽. So we take


ς↑”+
y

∝wϱ,↽′ = 1.

Finally, for any ϱ → D(G) we define the function (ϱ(y) in y as follows:

(ϱ(y) =

(⇐1)
d+dy

2


ς↑”+
y

(∝δy,↽′)⇐1 (0
ϱ
(y)

|Wy|[Gy : G0
y
]

,

For any element y → !, we denote !y as the centralizer of y in !. Then we have the follow-

ing result of Hotta and Parthasarathy:

Theorem 6.2.6. (Thm. 3; [HP73]) Let ! be a uniform lattice inG. For an arbitrary ϱ → D(G)

we have

φ(ϱ,!) = (⇐1)-(wo)
∑

[y]

vol(!y\Gy)(ϱ(y),

where the sum runs over the (finite) set of !-conjugacy classes of elliptic elements in ! and w0

be the unique element inW such that w0”+ = P ϱ.

Remark 6.2.4. Note that the above theorem does not require ϱ → Dε(G).

Combining Thm. 6.2.5 and Thm. 6.2.6, we deduce the following:

Theorem 6.2.7. Let ϱ → Dε(G) and w0 → W such that w0”+ = P (ϱ). Then

m(ϑϱ,!) =
∑

[y]

vol(!y\Gy)(ϱ(y),

where the sum runs over the set of !-conjugacy classes of elliptic elements in !.
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Corollary 6.2.1. Assume the hypothesis on ϱ → Dε(G) as in Thm. 6.2.7. If ! is uniform

torsion-free lattice in G, thenm(ϑϱ,!) = vol(!\G)dϑς
.

Proof. The proof follows from the identity: (ϱ(1) =


ς↑”+

∝ϱ,↽′


ς↑”+

∝δ,↽′|W | = dϑς
.

Remark 6.2.5. The Thm. 7.47 of [Wil91] is an extension of Thm. 6.2.5 for the lattices ! which

are torsion-free, of finite vol(!\G) and satisfy some Langlands assumptions. These latter

assumptions on ! are automatic either when ! is an arithmetic lattice andG/K is a rank one

symmetric space or when G has no compact simple factor. Since the multiplicity of discrete

series representation for torsion free lattices ! is very explicit by Cor. 6.2.1, the only interesting

cases in our context are for ! having nontrivial elliptic elements.

6.2.4 String of regular integral linear forms

In this subsection we introduce the notion of a string of regular integral linear forms in

D(G) and Dε(G).

Definition 6.2.8. Given two integral regular linear forms ϱ1,ϱ2 → D(G), the countably infi-

nite set S(ϱ1,ϱ2) := {ϱ1+kϱ2 : k → N↔{0}} is called a string of integral regular linear forms

with base ϱ1 and direction ϱ2.

For ϱ1,ϱ2 → D(G), let P ϱ1 and P ϱ2 be the corresponding positive root systems for the

regular linear forms ϱ1 and ϱ2 respectively. If P ϱ1 ↓= P ϱ2, then there exists ▷ → W such

that ▷P ϱ1 = P ϱ2. On the other hand, ▷P ϱ1 = P ⇀ϱ1. Therefore without loss of generality,

we can consider ϱ1,ϱ2 → D(G) such that P ϱ1 = P ϱ2.

Lemma 6.2.9. If ϱ → Dε(G), then kϱ belongs to Dε(G) for every k → N.
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Proof. For any k → N, it is easy to see that kϱ → D(G) andP ϱ = P kϱ i.e. ϱ and kϱ determine

the same positive chamber. We have

∝kϱ⇐ δkϱ,↽′ = ∝(k ⇐ 1)ϱ,↽′+ ∝ϱ⇐ δϱ,↽′

= (k ⇐ 1)∝ϱ,↽′+ ∝ϱ⇐ δϱ,↽′.
(6.2.1)

Now for any ↽ → P ϱ ≃ ”n, ∝ϱ,↽′ > 0 and by the hypothesis, ∝ϱ ⇐ δϱ,↽′ > 0. Hence

kϱ → Dε(G).

Before describing the next lemma, we record a useful observation. If ϱ1,ϱ2 → D(G),

then one can easily check that P (ϱ1) ≃ P (ϱ2) ↗ P (ϱ1+ϱ2) ↗ P (ϱ1) ↔ P (ϱ2).

Lemma 6.2.10. Consider two linear forms ϱ1,ϱ2 → D(G) with P ϱ1 = P ϱ2 . If ϱ1 or ϱ2 belongs

to Dε(G), then every linear form in the string S(ϱ1,ϱ2) belongs to Dε(G).

Proof. Indeed,ϱ1+kϱ2 → D(G) for any k → N and P (ϱ1)≃P (kϱ2) ↗ P (ϱ1+kϱ2) ↗ P (ϱ1)↔P (kϱ2).

Therefore all integral linear forms of the string determine the same positive system as the

one determined by the base and the direction of the string. Without loss of generality, we

assume that ϱ2 → Dε(G). Let us write P ϱ

n
= P ϱ≃”n. Then for any ↽ → P (ϱ1+kϱ2)

n = P (kϱ2)
n =

P (ϱ1)
n ↗ P (ϱ1), we have

∝ϱ1 + kϱ2 ⇐ δ(ϱ1+kϱ2),↽′ = ∝ϱ1,↽′+ ∝kϱ2 ⇐ δ(kϱ2),↽′ > 0.

Therefore, every member of the string S(ϱ1,ϱ2) belongs to Dε(G).

Proposition 6.2.11. Let ϑϱ be the discrete series representation with Harish-Chandra pa-

rameter ϱ → D(G). Assume that ϱ1,ϱ2 → D(G) with P ϱ1 = P ϱ2 . Then {ϑϱ1+kϱ2 : k → N} is an

infinite family of inequivalent discrete series representations of G.
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Proof. We know that two discrete series representations ϑϱ1 and ϑϱ2 are equivalent if and

only if ϱ1 and ϱ2 areWc-conjugate. We need to show that for two distinct positive integers

k1 and k2, the linear forms ϱ1 + k1ϱ2 and ϱ1 + k2ϱ2 are notWc-conjugate.

If w → Wc and µ → D(G) such that ∝µ,↽′ > 0 for all ↽ → ”+
c
, then by the definition of the

length of w there exists ↽ → ”+
c
(which depends on w) such that ∝wµ,↽′ < 0. In other

words, if µ1, µ2 → D(G) with ∝µ1,↽′ > 0 and ∝µ2,↽′ > 0 for all ↽ → ”+
c
then µ1 and µ2 are

notWc-conjugate.

Thus it is enough to show that ∝ϱ1 + kϱ2,↽′ > 0 for all ↽ → ”+
c
. For any ↽ → ”+

c
, we have

∝ϱ1 + kϱ2,↽′ = ∝ϱ1,↽′ + k∝ϱ2,↽′. Now ϱ1,ϱ2 → D(G) implies that ”+
c
↗ P (ϱ2) = P (kϱ2) =

P (ϱ1). Therefore, ∝ϱ1,↽′ > 0 and ∝ϱ2,↽′ > 0 for all ↽ → ”+
c
. Hence the proof follows.

Remark 6.2.6. In fact the above proposition shows that no two linear forms in a string give

rise to equivalent discrete series representations. In other words, each member of a string

determines a discrete series representation which is inequivalent to the rest.

6.3 Generating Function for a String

For two Harish-Chandra parameters ϱ1,ϱ2, let S(ϱ1,ϱ2) be a string such that the base ϱ1

or the direction ϱ2 belongs to Dε(G). For this string, we formally define the generating

function in complex variable z as

Fϱ1,ϱ2,!(z) :=
∑

k↑N

m(ϑk,!)z
k⇐1,

where ϑk = ϑϱ1+kϱ2 with k → N. Let ϱk = ϱ1 + kϱ2 and w0 → W such that w0”+ = P ϱk =
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P ϱ1 = P ϱ2. Then by Thm. 6.2.5, the generating function Fϱ1,ϱ2,!(z) can be rewritten as

Fϱ1,ϱ2,!(z) =
∑

k↑N

(⇐1)l(w0)φ(ϱk,!)z
k⇐1 = (⇐1)l(w0)

∑

k↑N

φ(ϱk,!)z
k⇐1.

The number of !-conjugacy classes in the set !≃Ge of elliptic elements in ! is finite. We

fix a (finite) set of representatives {yi} of these classes. The least commonmultiple of the

order of the elements {yi}i is called the maximal order of the elliptic elements in !, and

it is denoted by N!.

Proposition 6.3.1. Let N! be the maximal order of elliptic elements in !. Let S(ϱ1,ϱ2) be

a string with P ϱ1 = P ϱ2, and Fϱ1,ϱ2,! be its associated generating function in the complex

variable z. Then there exists a complex polynomial pϱ1,ϱ2,! with degree less thanN!(|”+|+1)

such that

Fϱ1,ϱ2,!(z) =
pϱ1,ϱ2,!(z)

(1⇐ zN!)|”+|+1
.

In particular, Fϱ1,ϱ2,!(z) is a complex rational function whose poles are the N!-th roots of

unity, each of order |”+|+ 1.

Proof. By Thm. 6.2.7, we have

Fϱ1,ϱ2,!(z) =
∑

k↑N

∑

[y]

vol(!y\Gy)(ϱk
(y)zk⇐1

=
∑

[y]

vol(!y\Gy)
∑

k↑N

(ϱk
(y)zk⇐1,

(6.3.1)

where [y] runs over the !-conjugacy classes of elliptic elements in !. Now by definition of
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(ϱk
(y), we get

Fϱ1,ϱ2,!(z) =
∑

[y]

vol(!y\Gy)
∑

k↑N

(⇐1)
d+dy

2


ς↑”+
y

(∝δy,↽′)⇐1 (0
ϱk
(y)

|Wy|[Gy : G0
y
]

zk⇐1

=
∑

[y]

vol(!y\Gy)(⇐1)
d+dy

2

|Wy|[Gy : G0
y
]

∑

k↑N



ς↑”+
y

(∝δy,↽′)⇐1 (0
ϱk
(y)zk⇐1.

(6.3.2)

Let us denote
vol(!y\Gy)(⇐1)

d+dy
2

|Wy|[Gy : G0
y
]

by Cy. Finally, from the definition of(0
ϱk
(y), the gener-

ating function Fϱ1,ϱ2,!(z) equals

∑

[y]

Cy

∑

k↑N



ς↑”+
y

(∝δy,↽′)⇐1

∑
w↑Wc/Wy

(⇐1)l(w)ewϱk⇐▷(y)


ς↑”+
y

∝wϱk,↽′


ς↑”+\”+
y

(1⇐ e⇐ς(y))
zk⇐1.

We write this expression as

Fϱ1,ϱ2,!(z) =
∑

[y]

Cy



ς↑”+\”+
y

(1⇐ e⇐ς(y))⇐1
∑

w↑Wc/Wy

(⇐1)l(w)ay,w(z),

where ay,w(z) =
∑
k↑N

ewϱk⇐▷(y)


ς↑”+
y

∝wϱk,↽′
∝δy,↽′

zk⇐1. Therefore, it is enough to show that

ay,w(z) is a rational function in z.
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We observe that



ς↑”+
y

∝wϱk,↽′
∝δy,↽′

=


ς↑”+
y

1

∝δy,↽′


ς↑”+
y

∝w(ϱ1 + kϱ2),↽′

=


ς↑”+
y

1

∝δy,↽′


ς↑”+
y

(∝wϱ1,↽′+ ∝kwϱ2,↽′)

=


ς↑”+
y

1

∝δy,↽′


ς↑”+
y

(∝wϱ1,↽′+ k∝wϱ2,↽′).

(6.3.3)

Therefore,


ς↑”+
y

∝wϱk,↽′
∝δy,↽′

is a polynomial in k of degree at most |”+
y
|, and let us write it as

|”+
y |∑

j=0
bjkj for some complex numbers bj.

Then

ay,w(z) =
∑

k↑N

ewϱ1⇐▷(y)ekwϱ2(y)

|”+
y |∑

j=0

bjk
jzk⇐1.

For the sake of simplicity, we show that z.ay,w(z) = ewϱ1⇐▷(y)
|”+

y |∑
j=0

bj
∑
k↑N

kj(ewϱ2(y)z)k is a

rational function in z.

We first claim that for any 0 ↙ j ↙ |”+
y
|,

∑

k↑N

kj(ewϱ2(y)z)k =
pj(z)

(1⇐ ewϱ2(y)z)|”
+
y |+1 (6.3.4)

for some polynomial pj(z) of degree at most |”+
y
|.

We will show claim 6.3.4 by induction on j. Clearly, it is true for j = 0. Assume that it is

true for {1, 2, . . . , j⇐ 1}. Observe that j!
(
k+j

k

)
= kj +

j⇐1∑
l=0

c-kj for some c- → Z. Using this we

have,
∑

k↑N

kjxk =
j!

(1⇐ x)j+1
⇐

j⇐1∑

l=0

c-
∑

k↑N

k-xk.
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Since (1⇐ x)⇐(j+1) =
(1⇐ x)|”

+
y |⇐j

(1⇐ x)|”
+
y |+1

, the claim 6.3.4 follows by substituting x = ewϱ2(y)z.

We write

py,w(z) = ewϱ1⇐▷(y)

|”+
y |∑

j=0

bjpj(z).

Then by the claim 6.3.4, we have

z.ay,w(z) =
py,w(z)

(1⇐ ewϱ2(y)z)|”
+
y |+1

.

By the definition ofN!, ewϱ2(y) is aN!-th root of unity (not necessarily primitive). There-

fore, we can write

py,w(z)

(1⇐ ewϱ2(y)z)|”
+
y |+1

=

py,w(z)(1⇐ zN!)|”
+|⇐|”+

y | 

◁
N!=1,◁ ↙=ewς2 (y)

(1⇐ 4z)|”
+
y |+1

(1⇐ zN!)|”+|+1
.

Now |”+| ↖ |”+
y
|. Hence, the degree of the numerator of the above expression is less than

or equal to |”+
y
|+N!(|”+|⇐ |”+

y
|) + (N! ⇐ 1)(|”+

y
|+ 1) < N!(|”+|+ 1).

Remark 6.3.1. The Prop. 6.3.1 also implies that for a given string S(ϱ1,ϱ2) with P ϱ1 = P ϱ2,

and ϱ1 or ϱ2 belonging to Dε(G), there are infinitely many discrete series representations ϑϱ

with Harish-Chandra parameters ϱ → S(ϱ1,ϱ2) such that ϑϱ occurs as a subrepresentation in

L2(!\G) with non-zero multiplicity.

Remark 6.3.2. Note that for a given string, the generating function can be defined by simply

taking the coefficient to be the Lefschetz number instead of the multiplicity of the discrete

series. In that case, the proposition holds without assuming that the base or the direction of the

string belongs toDε(G). Since we are concerned with only the multiplicity of discrete series, we
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need the Harish-Chandra parameters in Dε(G) which is sufficient to relate the multiplicities

and Lefschetz numbers up to sign (e.g. Thm. 6.2.5).

6.4 Proof of the Main Results

6.4.1 Proof of Thm. 6.1.2

For simplicity, we write N := N!. We have the string S(ϱ1,ϱ2) with base ϱ1, direction ϱ2

and P ϱ1 = P ϱ2; and by Prop. 6.3.1 its generating function Fϱ1,ϱ2,! is of the form

Fϱ1,ϱ2,!(z) =
p(z)

(1⇐ zN)|”+|+1
,

with deg p(z) < N(|”+|+1). Let us write p(z) =
N(|”+|+1)⇐1∑

k=0
bkzk for some bk → C. We claim

that for any 0 ↙ j ↙ N ⇐ 1 andm ↖ 0,

m(ϑϱmN+j ,!) =
|”+|∑

h=0

bhN+j




m⇐ h+ |”+|

|”+|



 ,

where




m⇐ h+ |”+|

|”+|



 = 0 when m < h. Therefore, the sum essentially runs over 0 ↙

h ↙ min(|”+|,m). We use the following binomial expansion:

1

(1⇐ y)j+1
=

∑

k↔0




k + j

k



 yk for any j → N.
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Then, we have

Fϱ1,ϱ2,!(z) = p(z)(1⇐ zN)⇐(|”+|+1)

=




N⇐1∑

j=0

|”+|∑

h=0

bhN+jz
hN+j








∑

k↔0




k + |”+|

|”+|



 zkN





=
N⇐1∑

j=0

∑

k↔0

|”+|∑

h=0

bhN+j




k + |”+|

|”+|



 z(k+h)N+j

=
N⇐1∑

j=0

∑

m↔0




|”+|∑

h=0

bhN+j




m⇐ h+ |”+|

|”+|







 zmN+j.

Let us fix a j with 0 ↙ j ↙ N⇐1. Since |A≃(j+NZ)| ↖ |”+|+1, there arem0, . . . ,m|”+| → Z
+

such thatmiN + j → A for all 0 ↙ i ↙ |”+|.

Therefore,

m(ϑϱmiN+j ,!) =
|”+|∑

h=0

bhN+j




mi ⇐ h+ |”+|

|”+|



 with 0 ↙ i ↙ |”+|

is a system of |”+|+ 1many linear equations in |”+|+ 1many variables {bhN+j}|”
+|

h=0 . It is

not difficult to check that the square matrix


mi ⇐ h+ |”+|

|”+|



0 ∋ h, i ∋ |”+|

of order |”+|+1 is non-singular. Hence, it has a unique solution. Consequently, for any 0 ↙

h ↙ |”+|, bhN+j =
∑
i

n(hN+j,miN+j)m(ϑϱmiN+j ,!) for some integers n(hN+j,miN+j)

independent of !. In other words, the solution {bhN+j}|”
+|

h=0 can be expressed linearly in
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terms of {m(ϑϱmiN+j ,!):miN + j → A}.

Since thefinite setA satisfies the condition |A≃(j+NZ)| ↖ |”+|+1 for all j → {0, 1, . . . , N ⇐ 1},

we have b- =
∑
k↑A

n(1, k)m(ϑϱk
,!) for all 0 ↙ 1 ↙ N(|”+|+1). This implies that the polyno-

mial p(z) and hence the generating function Fϱ1,ϱ2,! is determined by the same. Therefore

for any 1 ↖ 0, the discrete series multiplicity m(ϑϱφ
,!) =

∑
k↑A

n(1, k) m(ϑϱk
,!) for some

integers n(1, k) independent of !.

Remark 6.4.1. Thm. 6.1.2 implies the set of multiplicities of infinitely many discrete series

representations parametrized by the string S(ϱ1,ϱ2) is determined by a finite subset of multi-

plicities with cardinality N(|”+|+ 1).

6.4.2 Proof of Cor. 6.1.2

Let A = {k → N ↔ {0} : m(ϑϱk
,!1) = m(ϑϱk

,!2)}. We need to show that A satisfies

|A ≃ (NZ+ j)| ↖ |”+|+ 1 for all 0 ↙ j ↙ N ⇐ 1.

By the hypothesis, we have

lim inf
t∞↓

| {0 ↙ k ↙ t : k → A} |
t

>
N ⇐ 1

N
.

This means, for every 3 > 0 there is r0 > 0 such that

| {k → A : k < rN(|”+|+ 1)} |
rN(|”+|+ 1)

>
N ⇐ 1 + 3

N
for all r ↖ r0.
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Equivalently,

|

k → A : k < rN(|”+|+ 1)


| > r(N ⇐ 1 + 3)(|”+|+ 1).

Let r ↖ r0. Fix a j0 such that 0 ↙ j0 ↙ N ⇐ 1. Then the cardinality

|

k → A : k < rN(|”+|+ 1)


| =

N⇐1∑

j=0

|

k → A : k < rN(|”+|+ 1)


≃ (j +NZ)|

↙ |A ≃ (j0 +NZ)|+ (N ⇐ 1)r(|”+|+ 1).

In other words,

|A ≃ (j0 +NZ)| > r3(|”+|+ 1).

This holds for all r ↖ r0. In particular for r ↖ 1
0
, we have A ≃ (j0 +NZ) ↖ (|”+|+ 1). This

holds for all j0 → {0, 1, . . . , N ⇐ 1}.

6.4.3 Exhaustion of Harish-Chandra parameters in Dω(G)

In this subsection, we describe the notion of a multi-directed string of Harish-Chandra

parameters and prove analogous result to Thm. 6.1.2 in this generality. Let us denote the

cartesian product N⇓ N⇓ · · ·⇓ N of n copies of N by Nn.

Definition 6.4.1. Given a finite set of linear forms ϱ1,ϱ2, . . . ,ϱn → D(G), the infinite set

S(ϱ1,ϱ2, . . . ,ϱn) := {k1ϱ1 + k2ϱ2 + · · · + knϱn : (k1, k2, . . . , kn) → N
n \ {(0, 0, . . . , 0)}} is

called a multi-directed string with directions ϱ1,ϱ2, . . . ,ϱn. For every k := (k1, k2, . . . , kn) →

N
n \ {(0, 0, . . . , 0)}, the linear form

n∑
i=1

kiϱi is denoted by ϱk.

It is not difficult to see the following generalisation of Lem. 6.2.10:
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Lemma 6.4.2. Assume ϱ1,ϱ2, . . . ,ϱn → D(G) such that P ϱr = P ϱs for all 1 ↙ r, s ↙ n, and

ϱ1 → Dε(G). Then every linear form in the multi-directed string S(ϱ1,ϱ2, . . . ,ϱn) belongs to

Dε(G).

Now we can generalise the Thm. 6.1.2 for a multi-directed string. First, we need a

few notations: Let pi : Nn ⇐↑ N be the projection onto i-th component of an n-tuple of

natural numbers. For a subsetA ofNn, letAi denote the image ofA under pi for 1 ↙ i ↙ n.

Theorem 6.4.3. Assume the hypothesis onG andK as in Thm. 6.1.2. LetN! be the maximal

order of elliptic elements in !. For given ϱ1,ϱ2, . . . ,ϱn → D(G) such that P ϱr = P ϱs for all

1 ↙ r, s ↙ n and at least one of the ϱr’s belongs to Dε(G), consider the multi-directed string

S(ϱ1,ϱ2, . . . ,ϱn). IfA is a finite subset of Nn such that each Ai satisfies |Ai ≃ (j + N!Z)| ↖

|”+| + 1 for all 0 ↙ j ↙ N! ⇐ 1, then for any ϱk → S(ϱ1,ϱ2, . . . ,ϱn) the discrete series

multiplicity m(ϑϱk
,!) can be expressed linearly in terms of the finitely many discrete series

multiplicities {m(ϑϱk
,!) : k → A}.

Proof. By Lem. 6.4.2, we have ϱk → Dε(G) for every k → N
n \ {(0, 0, . . . , 0)}. By induction

on n, we are reduced to the case for n = 2. Let us fix (t1, t2) → N
2. We need to show that

m(ϑt1ϱ1+t2ϱ2 ,!) can be linearly expressed in terms of the finite set {m(ϑϱk
,!) : k → A}.

We have the string S(t1ϱ1,ϱ2) with base t1ϱ1 and direction ϱ2. SinceA2 satisfies |A2≃ (j+

N!Z)| ↖ |”+|+1 for all 0 ↙ j ↙ N! ⇐ 1, by Thm. 6.1.2 the multiplicitym(ϑt1ϱ1+t2ϱ2 ,!) can

be expressed linearly in terms of the finite set {m(ϑϱk
,!) : p1(k) = t1, p2(k) → A2}.

For any 1 → A2, we have the string S(1ϱ2,ϱ1) with base 1ϱ2 and direction ϱ1. Since A1

satisfies |A1 ≃ (j + N!Z)| ↖ |”+| + 1, again by Thm. 6.1.2 the multiplicity m(ϑ-ϱ2+t1ϱ1 ,!)

can be expressed linearly in terms of the finite set {m(ϑϱk
,!) : p1(k) → A1, p2(k) = 1}.

This holds for every 1 → A2. Therefore,m(ϑt1ϱ1+t2ϱ2 ,!) can be expressed linearly in terms

of the finite set {m(ϑϱk
,!) : p1(k) → A1, p2(k) → A2}.
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It is tempting to ask whether there exists a finite set {ϱ1,ϱ2, . . . ,ϱn} ↗ D(G), with the

property P ϱr = P ϱs for all 1 ↙ r, s ↙ n and at least one of the ϱr’s belongs to Dε(G), so

that the set equality {µ → Dε(G) : P µ = P ϱr} = S(ϱ1,ϱ2, . . . ,ϱn) holds. The inclusion

S(ϱ1,ϱ2, . . . ,ϱn) ↗ {µ → Dε(G) : P µ = P ϱr} is obvious, whereas the reverse containment

is not true by the following proposition:

Proposition 6.4.4. Let {ϱ1,ϱ2, . . . ,ϱn} be a Z-linearly independent subset of D(G) with at

least one of the ϱr’s belonging to Dε(G) and P ϱr = P ϱs for all 1 ↙ r, s ↙ n. Then there exist

infinitely many µ → Dε(G) with P µ = P ϱr such that µ /→ S(ϱ1,ϱ2, . . . ,ϱn).

Proof. Without loss of generality, let us assume that ϱ1 → D↗(G). We show thatmϱ1⇐ϱ2 →

D↗(G) for sufficiently large positive integerm. Clearly ” = P ϱ1 ↔ P⇐ϱ1 = P ϱ2 ↔ P⇐ϱ2. For

any ↽ → P ϱ1 = P ϱ2, we have ∝ϱ1,↽′ > 0 and ∝ϱ2,↽′ > 0. So, there exists k → N such

that for each ↽ → P ϱ1 = P ϱ2, m∝ϱ1,↽′ > ∝ϱ2,↽′ for all m ↖ k. Equivalently, for every

↽ → P⇐ϱ1 = P⇐ϱ2,m∝ϱ1,↽′ < ∝ϱ2,↽′. In other words, if ↽ → ” then for every m ↖ k, we

get ∝mϱ1 ⇐ ϱ2,↽′ > 0 if and only if ↽ → P ϱ1 = P ϱ2. Therefore, Pmϱ1⇐ϱ2 = P ϱ1 = P ϱ2. For

a fixed m > k, let us choose ↽ → Pmϱ1⇐ϱ2 ≃ ”n. Then we have ∝mϱ1 ⇐ ϱ2 ⇐ δmϱ1⇐ϱ2 ,↽′ =

∝mϱ1 ⇐ δϱ1 ,↽′ ⇐ ∝ϱ2,↽′ = ∝ϱ1 ⇐ δϱ1 ,↽′ + ∝(m ⇐ 1)ϱ1 ⇐ ϱ2,↽′. Now the first summand

is positive because ϱ1 → D↗(G), and the second summand is positive by the choice of m.

Therefore,mϱ1 ⇐ ϱ2 → D↗(G) for allm > k. Finally, by the Z-linear independence of ϱi’s,

the linear form µ := mϱ1 ⇐ ϱ2 /→ S(ϱ1,ϱ2, . . . ,ϱn). Hence, the proposition follows.

Remark 6.4.2. From the above proof it can be seen easily that for any 1 < i ↙ n, the linear

form mϱ1 ⇐ ϱi with sufficiently large m provides an infinite collection of such µ which deter-

mines the same positive system but does not belong to the multi-string. The Prop. 6.4.4 also

holds for any arbitrary finite set of n linear forms in which any subset of n⇐ 1 linear forms is

Z-linearly independent.
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6.5 Dimensions of the space of cusp forms

In this section, we showcase an application of Thm. 6.1.2 to the dimension of the space of

cusp forms. We need to write the explicit dictionary between the dimension of the space

of cusp forms and discrete series multiplicities.

Let B be a division quaternion algebra over a totally real number field F of degree n.

Assume that B splits at exactly one real place v of F i.e. Bv
↘= M(2,R). Let |.| be the

standard norm onB. LetB1 = {x → B : |x| = 1}. ThenB1
v
↘= SL(2,R). Consider a maximal

order O in B. Let O1 = {x → O : |x| = 1}. Let H denote the Hamiltonian algebra over R.

We have the map

5 : B1 ⇐↑ B1
R
↘= (SL(2,R)⇒Hn⇐1) ⇐↑ SL(2,R),

where the first map is the usual inclusion and the second map is the projection onto the

first component. Let ! be the image ofO1 under themap 5 in SL(2,R). Then ! is a uniform

lattice in SL(2,R). In fact, every uniform lattice in SL(2,R) arises in this way (see [Wei60]).

Let us recall the definition of cusp forms.

Definition 6.5.1. Let ! ↗ SL(2,R) be a uniform lattice and fix an integer k. A holomorphic

function f : H ⇐↑ C is called a cusp form of weight k and level ! if

1. f

az + b

cz + d


= (cz + d)kf(z) for all




a b

c d



 → !, z → H;

2.
∫

!\H
|f(z)|2yk dxdy

y2
< ∞.

The space of cusp forms of weight k for a uniform lattice ! ↗ SL(2,R) is denoted by Sk(!).
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For each f → Sk(!), we define ⇀f : SL(2,R) ⇐↑ C by

⇀f (g) = (ci+ d)⇐kf


ai+ b

ci+ d


for all g =




a b

c d



 → SL(2,R),

where i =
̸
⇐1. It can be seen easily that ⇀f (ςg) = ⇀f (g) for all ς → ! and g → SL(2,R).

Also, for any s1 :=




cos ↼ ⇐ sin ↼

sin ↼ cos ↼



 → SO(2) and g → SL(2,R), ⇀f (gs1) = e⇐ik1⇀f (g).

Moreover, ⇀f → L2(!\SL(2,R)). Therefore, we have the following linear map:

T : Sk(!) ⇐↑ L2(!\SL(2,R)) defined by T (f) = ⇀f .

Let g = sl(2,C) be the complexified Lie algebra of SL(2,R). The Cartan subalgebra

t equals CX, where X =




0 ⇐1

1 0



. The set ” of roots is {±↽}, where ↽ is defined by

↽(X) = 2i. We fix the positive system ”+ = {↽}.

Any ϱ → D(SL(2,R)) is of the form ϱ = k⇐1
2 ↽ for some k → Z with |k| ↖ 2. Let ϑk be the

discrete series representation associated to the Harish-Chandra parameter ϱ = k⇐1
2 . If

k ↖ ⇐2, then ϑk is called a holomorphic discrete series representation of SL(2,R).

Proposition 6.5.2. Let! be a uniform lattice inSL(2,R). ThenSk(!) ↘= HomG(ϑ⇐k, L2(!\SL(2,R)))

for all k ↖ 2.

Proof. For any k → Z, let ωk be the character of SO(2) defined by ωk(s1) = sk
1
. It is well

known that for every f → Sk(!), the image T (f) = ⇀f in L2(!\SL(2,R)) generates an ir-

reducible subrepresentation of L2(!\SL(2,R)), which is isomorphic to the holomorphic

discrete series ϑ⇐k of SL(2,R). Under the action of SO(2), ⇀f transforms via the character
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ω⇐k. Since ω⇐k is theminimal SO(2)-type of the holomorphic discrete series representation

ϑ⇐k of SL(2,R), ⇀f belongs to the one-dimensional ω⇐k-isotypic component of this copy

of ϑ⇐k in L2(!\SL(2,R)). Therefore, if f1 and f2 are two linearly independent cusp forms

in Sk(!) then the irreducible subrepresentations ∝⇀f1′ and ∝⇀f2′ in L2(!\SL(2,R)) gener-

ated by ⇀f1 and ⇀f2 respectively, are linearly independent; in fact, those are orthogonal to

each other. In other words, the linear map T is injective and it induces the isomorphism

between Sk(!) and HomG(ϑ⇐k, L2(!\SL(2,R))).

Remark 6.5.1. The reader is referred to Thm. 2.10 of [Gel75] for a more detailed proof.

In particular, from Prop. 6.5.2 we have dim Sk(!) = m(ϑ⇐k,!), where m(ϑ⇐k,!) is the

multiplicity of ϑ⇐k in L2(!\SL(2,R)). Using this, we deduce the following consequence of

Thm. 6.1.2.

Corollary 6.5.1. Let ! be a uniform lattice in SL(2,R), and let N! be the maximal order of

elliptic elements in !. LetA be a finite subset of N, which satisfies |A ≃ (j +N!Z)| ↖ 2 for all

0 ↙ j ↙ N! ⇐ 1. Then for any 1 ↖ 2, dim S-(!) =
∑
k

n(1, k) dim Sk(!), where the summation

runs over the set {k ↖ 2 : k

2 → A or k+1
2 → A} and n(1, k) are integers which are independent

of !.

Proof. By Prop. 6.5.2, the set {dim Sk(!) : k ↖ 2} equals to the set {m(ϑ⇐k,!) : k ↖ 2}.

The corresponding set of Harish-Chandra parameters is {⇐k+1
2 ↽ : k ↖ 2}. Note that

{⇐k+1
2 ↽ : k ↖ 2} = {⇐ς

2 +m(⇐↽) : m ↖ 1}↔{n(⇐↽) : n ↖ 2}. Moreover, it is easy to check

that ⇐↽ → Dε(SL(2,R)). Therefore, the corollary follows from Thm. 6.1.2.
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