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Abstract

Black Holes have an entropy that can be shown to depend on the area of its horizon. In this

context, we look at the possibility of entanglement of quantum field modes across the horizon

being the source of this entropy and look at the entanglement entropies of various quantum

fields. In this thesis, we start by looking at two methods to calculate entanglement entropy for

the scalar quantum field theory and study their various properties. The first method relies

majorly on numerical simulations while the second method (covariance matrix approach)

gives analytical results. The numerical method can help show the area law dependence

of the entropy of a scalar field. Through the covariance matrix approach we see that the

entanglement entropy of a scalar field at leading order behaves differently in different regimes

of a parameter ζ. It is shown that for Neumann boundary conditions, the entanglement

entropy diverges as log log in the regime ζ ≪ 1 and diverges as log in the regime ζ ≫
1. Then, we try to generalize the above results for a fermionic field, with the goals of

seeing area law dependence, the above crossover in behaviour of entanglement entropy and

obtaining Hawking temperature in this theory. Lastly, we also have a look at Black Hole

thermodynamics and study the concept of cosmological particle creation, which leads to

concepts like the Unruh effect and Hawking Radiation.
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“If I have seen further it is by standing on the

shoulders of Giants.”

-Sir Isaac Newton

–





0.1 Elements in this thesis

This thesis will occasionally have blue boxes around equations. These are the

important equations in the relevant chapter or are the important results in this thesis.

An example for this would look like

TH =
1

8πM
. (0.1.1)

This thesis also contains many clickable chapters, equation numbers, references and

URLs. A legend for identifying them is given as

• All clickable links to chapters like [chapter 1], clickable links to sections/subsec-

tions etc like [section 0.1] and clickable links to equations like (0.1.1) have the

color blue.

• All clickable links to the citation of academic papers/books like [1] have the

color red.

• All clickable links to URLs like https://www.iiserpune.ac.in have the color

violet.

https://www.iiserpune.ac.in
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Chapter 1

Entanglement and Black Holes: An

introduction

”Entanglement is not one but rather the characteristic trait of quantum me-

chanics.”

– Erwin Schrödinger

1.1 A brief history of entanglement

Physics before the 20th century was successfully explained by what is occasionally

termed as ”classical physics.” At the center of it lie Newtonian mechanics, which

is rooted in ideas of energy and momentum conservation and concerned itself with

the motion of bodies under the effect of ”forces”. These laws painted a picture of

the world as a system of gears working together in a deterministic way. The 20th

century brought many observations and ideas that fundamentally challenged the then-

accepted physical laws. It started when the German Bureau asked Max Planck about

ways to make light bulbs more efficient such that they would give the maximum

amount of light for the minimum amount of power. This led to Planck looking at the

prevalent theory of radiation, which allowed for the light waves to have any arbitrary

(and continuous) value of their energy.

20
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As a result, the theoretical spectrum of energy radiated at a temperature kept on

disagreeing with the experimental results as the energy radiated at short wavelengths

(ultraviolet range and below) was theoretically tending to infinity. At the same time,

the experiments pointed towards finite values lesser than the theory. This mismatch

led to Plank hypothesizing that light energy came in discrete packets (the quantum

of quantum mechanics) instead of the continuous form assumed in classical mechanics

and thus eliminating this ”Ultraviolet catastrophe”. Although Planck himself hated

this idea, it led to the birth of Quantum Mechanics, a theory that successfully ex-

plained physics at the small scales which the older theory of classical mechanics failed

to do.

This description of reality was probabalistic, rather than deterministic. At the

center of this theory was the postulate of a wavefunction, an abstract quantity that

encoded all the information that can be known about the system. The connection

to the physical world occurs in this theory by the operators that act on the wave

function and give values of the corresponding physical quantity as eigenvalues. These

operators were not necessarily commuting, which implies that precise knowledge of

one variable precluded knowledge of the other. There were many unsettling parts

to this theory, discussions upon which led to what was called ”entanglement”. The

primary line of thought that spurred the idea of entanglement concerned itself with

the description of physical reality in quantum mechanics. Einstein, Podolsky, and

Rosen (henceforth referred to as EPR) in their seminal 1935 paper [1] state that

”If, without in any way disturbing a system, we can predict with certainty (i.e.,

with probability equal to unity) the value of a physical quantity, then there exists an

element of physical reality corresponding to this physical quantity.”

This view renders a quantity in the theory physical only when one can confidently

tell its value without disturbing the system. Looking at the problem of the incom-

patible observables, we can say that when we know the momentum of a particle, its
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co-ordinate does not have a physical reality. This definition implied that either

(a) The wavefunction description has to be incomplete (which meant that every

element of a physical reality did not have a counterpart in the physical theory)

or

(b) The two physical quantities corresponding to the incompatible observers do not

have simultaneous reality.

To look at this more carefully, EPR proposed a thought experiment.

EPR thought experiment

Let us say there are two systems, system 1 and 2 that start interacting with each

other at time t = 0 untill t = T . After t = T the systems are isolated and do not

interact. This composite system is described fully by its wavefunction Ψ. We now

look at the physical quantity represented by an operator A, with eigenvalues a1, a2 · · ·

and corresponding wavefunctions as u1(x1), u2(x1), · · · . Here x1 represents the first

system’s variables and x2 the second system’s variables. We then have

Ψ =
∑
n

ψn(x2)un(x1).

Now upon measurement of A if system 1 is found to have a value of ak, then from the

equation above we interpret it as system 1 being in the state uk(x1), and system 2 be-

ing in the state ψn(x2). The states uk that system 1 would take depends on the choice

of the operator A. If we had chosen a different operator B with eigenvalues b1, b2 · · ·

and corresponding wavefunctions as v1(x1), v2(x1), · · · , the wavefunction would have

taken the form

Ψ =
∑
s

φs(x2)vs(x1).

Now upon measurement of B if system 1 is found to have a value of br, we interpret

it as system 1 being in the state vr(x1) and system 2 being in the state φr(x2). Thus

EPR concluded that by measuring A or B in system 1, the 2nd system had to be in

one of the two possible states. Since the measurement was done after the interaction



23

took place, no real change should have happened in the 2nd system as a consequence

of measurement in the 1st system; hence, it was possible to prescribe two different

wavefunctions to system 2’s reality.

Now, if both ψk and φr happen to be eigenstates of arbitrary operators P (with

eigenvalue pk) and Q (with eigenvalue qk) that act on system 2, we would be able to

confidently predict without disturbing the 2nd system the value of P or Q by measur-

ing system 1. That is, by measuring A on system 1, we know if system 2 has a value

of pk for the physical observable P, or by measuring B on system 1 we know if system

2 has a value of qk for the physical observable Q, all without disturbing system 2. By

the definition of ”physical reality” above, they concluded that P was an element of

physical reality when A was measured on system 1 and Q was an element of physical

reality when B was measured on system 1.

Hence if we assume that the ”wavefunction” is a complete description of physical

reality, we can show that two incompatible operators can have simultaneous reality.

The above meant that negation of the point (a) leads to the negation of the only other

possible choice (b). This led EPR to believe that the quantum mechanical description

of reality using wavefunctions is incomplete.

This was the core idea of entanglement that EPR stumbled upon. This paper

incited much debate amongst the scientific community and quickly became the cen-

terpiece of any discussion about the interpretation of quantum mechanics. Bohr and

Schrödinger (who coined the term ”entanglement”) both published their rebuttals

against Einstein’s arguments in 1935 [2, 3, 4]. Bohr insisted that EPR’s interpreta-

tion of the phrase ”without in any way disturbing the system” was ambiguous and

that disturbance is inevitable in the measuring process. Schrödinger gave his famous

thought experiment with the cat, where the cat was said to be both dead and alive,

analogous to how system 2 in the above example had two physical realities. Majority

of the scientific community seemed to accept Bohr and Schrödinger’s views following
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the great success of quantum mechanics as a theory.

Einstein’s disagreement with Bohr and Schrödinger came from his view on real-

ity, as the EPR paper states. He believed that nature could not be fundamentally

random and refused to believe a probabilistic description of reality. One can see his

discomfort with entanglement in the arguments described above, through particular

definitions of ”physical reality” and quotes like

“Quantum theory yields much, but it hardly brings us close to the Old One’s se-

crets. I, in any case, am convinced he does not play dice with the universe.”

Over the next many years, Einstein stood his ground on these views and solidi-

fied his view on demanding the theory to be local. He believed that if one were to

take a similar composite system that have interacted for some time and take these

particles far from each other, then measurements on particle 1 should not be able to

immediately affect the state of particle 2. Entangled particles seemed to do just that,

and it was this non-local nature he referred to when saying ”spooky action at a dis-

tance”. This non-local nature of quantum mechanics forced him to look for a hidden

variable theory [5], which gave the explanations of quantum mechanical phenomena

using hypothetical variables that are un-observable which completed this incomplete

theory of wavefunctions.

But all qualms were put to the ground in 1964, when John Bell showed that a

local theory with hidden variables can never give all the statistical outcomes pos-

sible if one compares it to the results and observations of quantum mechanics [6].

This meant that quantum mechanics is fully incompatible with local hidden-variables

theory, and the ”spooky action at a distance” or ”entanglement” is not an artifact

of an incomplete description, but rather the characteristic trait of quantum mechanics.

As everyone, Einstein’s views and intuition rooted from physical experiences mak-
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ing it extremely hard to accept such correlations. The fact that quantum mechanics

allows for such wavefunctions/states that have such non trivial correlations (while

being a local theory) was hard to accept from a classical point of view. It was not

that there is some non-locality, but rather that systems could be in a combined state

even when they are not ”interacting” classically, due to which measurement on one

system invariably affects the other one as well.

The topic of quantum mechanics became the bread and butter for physicists look-

ing to explain any phenomena at atomic scales. At the same time (1920-1930s), Paul

Dirac’s attempts at quantizing the electromagnetic field led to the idea of a ”quan-

tum field theory”, which was a fully quantum mechanical theory involving matter and

electromagnetic fields. Quantum mechanics as it was could not account for relativistic

particles. Since photons were relativistic objects, a description of electromagnetism

could hence not be given by a an ordinary theory of quantum mechanics. This led

to the idea of a quantum field theory, which could account for relativistic particles.

Shortly after, almost all forces (leaving gravity) came to be well described by ideas in

this theory, leading to a great understanding of how nature might work (or atleast how

we can model it). We now ask, what does being entangled mean for these quantum

fields?

1.2 What does being entangled mean for fields?

Let us take a bipartite system with individual Hilbert spaces represented by H1 and

H2 respectively. The bipartite system then has the Hilbert space H = H1 ⊗H2. The

states of this bipartite system, which belong to H look like |Ψ1⟩ ⊗ |Ψ2⟩. We write an

arbitrary state as:

|Ψ⟩ =
∑
i

ci|Ψ1i⟩ ⊗ |Ψ2i⟩. (1.2.1)

Here i represents the sum index; it runs over the dimension of H. The density matrix

for the bipartite system is given by
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ρ = |Ψ⟩⟨Ψ| =
∑
i,j

cic
∗
j |Ψ1i⟩⟨Ψ1j| ⊗ |Ψ2i⟩⟨Ψ2j|.

Partial trace: If we want to get to know about the probabilities of a state in

the system 1 (assuming we do not know anything about the state of the system

2), we perform a partial trace of the system 2 in ρ. Partial tracing is similar to

integrating out a variable from a joint probability distribution. This is because ρ

encodes probabilities. For example if you consider a state which is in a superposition,

the diagonal terms of the density matrix represent the probabilities to find the system

in a particular state. The method of partial tracing can be seen as

ρ1 = Tr2ρ =
∑
i,j,k

cic
∗
j |Ψ1i⟩⟨Ψ1j| ⊗ ⟨Ψ2k|Ψ2i⟩⟨Ψ2j|Ψ2k⟩ =

∑
i,j

cic
∗
j |Ψ1i⟩⟨Ψ1j|

⊗
∑
k

⟨Ψ2j |Ψ2k⟩⟨Ψ2k|︸ ︷︷ ︸
=I

Ψ2i⟩ =
∑
i,j

cic
∗
j |Ψ1i⟩⟨Ψ1j| ⊗ ⟨Ψ2j|Ψ2i⟩. (1.2.2)

Separability: A state |Ψ⟩ of the composite system can be written as |Ψ1⟩ ⊗ |Ψ2⟩

when ρ2 = ρ and vice versa. This separability of |Ψ⟩ into |Ψ1⟩ and |Ψ2⟩ leads to ”pure

states”. As said before, ρ encodes probabilities. If ρ1 is independent of the system 2

i.e ρ1 ̸= f(variables of system 2), then that means probabilities about measurement

of things in system 1 don’t have any information about the state of system 2 (or

equivalently are not affected by system 2).

Lastly, note that if |Ψ⟩ in (1.2.1) were to be in a pure state, then there would only

be one term in the summation, and the constant outside would be equal to 1. This

would then also mean the scalar product in (1.2.2) is 1 as it is normalized and we

retrieve ρ1 =
∑

i cic
∗
i |Ψ1i⟩⟨Ψ1j| and all the properties of a pure state.

However if |Ψ⟩ cannot be separated as |Ψ1⟩⊗ |Ψ2⟩, it implies that ρ1 is a function

of state of system 2 as in (1.2.2). Measurements involving system 1 using ρ1 also

depend on the state of the system 2 and hence the states are ”entangled”, and so are

the observables for this state (from ⟨O⟩ = Tr(ρO)!). These states also have ρ2 ̸= ρ.

Entanglement is not a rare feature, it occurs quite often in systems with interactions
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and is ubiquitous. Many systems despite starting with a pure state, evolve into an

entangled state with the slightest of interactions with the environment.

Correlations: We now state this in a slightly different way. For an entangled state,

measurements done on system 1 depend on the state of the system 2. In other words,

there can be correlations between outcomes of measurements. For example, consider

a particular outcome in the system 1 only happens when system 2 is in a particular

state. It is then possible that by measuring system 1, we can confer, or correlate

what state system 2 has to be in after the measurement. Hence there are nontrivial

correlations for entangled states, and we say the observables or operators are

entangled.

In general, when the states are separable, we can write:

⟨Ψ|O1 ⊗O2|Ψ⟩ = (⟨Ψ1| ⊗ ⟨Ψ2|)(O1 ⊗O2)(|Ψ1⟩ ⊗ |Ψ2⟩) = ⟨Ψ1|O1|Ψ1⟩.⟨Ψ2|O2|Ψ2⟩.

This statement is similar to saying E[XY ] = E[X]E[Y ], which tells us that the two

variables are uncorrelated. Similarly in a pure state, the systems and measurements

done upon it are uncorrelated while for entangled states we have the following in-

equality signalling about some correlation:

⟨Ψ|O1 ⊗O2|Ψ⟩ ≠ ⟨Ψ1|O1|Ψ1⟩.⟨Ψ2|O2|Ψ2⟩.

Moving to a quantum field, we take the two systems as two different regions of

space-time where the field exists and ask if the quantum fields (operators) in the two

regions are entangled. Therefore, for two points x1 and x2, we are looking if the

following inequality is true [7]

⟨Ψ|ϕ(x1)⊗ ϕ(x2)|Ψ⟩ ≠ ⟨Ψ1|ϕ(x1)|Ψ1⟩.⟨Ψ2|ϕ(x2)|Ψ2⟩. (1.2.3)

If this inequality is true, then the operators ϕ(x1) and ϕ(x2) are entangled, and their

values depend on each other. To analyze this, we can look at the inequality in the

limit x1, x2 → x. The LHS of (1.2.3) can be shown [8] to behave like:

lim
x1,x2→x

⟨Ψ|ϕ(x1)⊗ ϕ(x2)|Ψ⟩ = lim
x1,x2→x

U(x1, x2)

σ(x1, x2)
→ ∞.
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Here U is a smooth function and σ represents the squared geodesic distance. When

x1, x2 → x, the denominator goes to zero and hence the LHS diverges. For the RHS,

we get:

lim
x1,x2→x

⟨Ψ1|ϕ(x1)|Ψ1⟩.⟨Ψ2|ϕ(x2)|Ψ2⟩ = [⟨Ψ1|ϕ(x)|Ψ1⟩]2.

The above expression is just the expectation value of the field operator, and it does

not necessarily diverge. Therefore in general LHS̸=RHS. The calculation done here

was only for x1, x2 → x, but by plugging the general form of the field operators, it can

be shown to be held in general as well. Hence the field operators in different regions

are entangled! The observables in one region are hence correlated to observables in

another region, as all observables can be constructed from the quantum field.

1.2.1 Entropy of fields: a heuristic argument

Let us look at a free scalar field in ground state. We construct its density matrix and

try to find the reduced density matrix after integrating the degrees of freedom inside

a sphere. If the radius of this sphere is R, we typically would expect the entropy to

scale as R3.

However, when we have a composite system in a pure state, it can be shown that

the reduced density matrix with degrees of freedom inside a region traced out has

the same eigenvalues as the reduced density matrix with degrees of freedom outside

the region traced out, i.e., ρin has the same eigenvalues as ρout. This can be done

by looking at the Schmidt decomposition of the state. This means that these two

density matrices will give the same Von-Neumann Entropy i.e

S = −
∑
n

ρn ln ρn, λout,i = λin,i =⇒ Sout = Sin. (1.2.4)

The above entropy is interesting to look at since it is a measure of entanglement. The

equality above is puzzling because even if one decides to make this sphere bigger,

the entanglement entropy for both regions will still be equal. But as we make this

sphere bigger, the volume inside the sphere increases and outside reduces. The fact

that entropy corresponding to inner degrees of freedom traced out is still equal to the
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entropy corresponding to outer degrees of freedom traced out means that it depends

on the boundary of the two regions. It can only depend on a degrees of freedom

common to both regions, i.e., the boundary separating the two regions which stays

common for both under any scaling of the sphere. Interestingly, this has connections

to Black Holes and their entropy, as it also follows an area law. In the following

section, we will describe Black Holes and their entropy, and motivate the need to

look at entanglement entropy of scalar fields.

1.3 Laws of Black Hole thermodynamics and the

area law

General relativity is a well-tested theory of gravity. In the past few decades, it

has been established that Black Holes are thermodynamic objects, objects having

properties like temperature and entropy [9, 10]. With these advances came a few

crucial results, now often called the law of Black Hole thermodynamics. These are

completely analogous to the laws of thermodynamics.

• Hawking in 1975 showed that a Black Hole radiates. Moreso, this radiation has

a thermal spectrum, which means we can assign a temperature to the Black

Hole. A detailed derivation of this temperature is given in [appendix A, see

(A.4.10)]. The temperature in SI units is given by

TBH =
ℏc3

8πGkbMBH

. (1.3.1)

We can then find the entropy associated with this temperature as:

TBHdSBH = dEBH = dMBHc
2.

=⇒
∫

dSBH = c2
∫

dMBH
8πGkbMBH

ℏc3
=

4πGkbM
2
BH

ℏc

SBH =
ABH

l2p
.
kb
4

(1.3.2)

Where lp is the Planck length and ABH is the area of the Black Hole. This area

is equal to 4πr2c with rc being the Schwarzschild radius.
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• The first law of Black Hole thermodynamics is a statement of energy conserva-

tion, analogous to thermodynamics. It says:

dEBH =
κ

8π
dABH + ΩBH dJBH. (1.3.3)

Here JBH is the angular momentum, and ΩBH is the angular velocity of the

Black Hole. Using (1.3.1) and (1.3.2), we can identify the first term as the TdS

term.

• The force applied by an observer to hold a unit mass at the event horizon (this

force is referred to as surface gravity κ) is the same everywhere on the horizon

for a static Black Hole. This is analogous to the zeroth law of thermodynamics,

which defines what temperature means. Here it defines surface gravity (inter-

estingly, the hawking temperature can also be written as TH = κ/2π).

• Massive objects that fall into the Black Hole end up increasing its mass, and

hence its radius and area. This property of the area of a Black Hole is reminis-

cent of the second law of thermodynamics, which says that the entropy always

increases in a thermodynamic process. Extending the analogy, we now get:

dA

dt
≥ 0. (1.3.4)

This analogy of entropy with area holds in many different situations, for exam-

ple, in Black Hole mergers. If two Black Holes with areas A1 and A2 merge,

forming a Black Hole with area A, it can be shown that:

A ≥ A1 + A2. (1.3.5)

• The third law of Black Hole thermodynamics states that if we start with a Black

Hole with finite surface gravity, it is impossible to reduce its surface gravity

to zero by any sequence of operations. This is analogous to the third law of

thermodynamics, where absolute zero temperature can never be achieved.
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A few questions

We can now ask a few questions based on the laws defined above.

1. A problem arises when we try to look at Black Hole entropy from the perspective

of quantum fields. Imagine a star that is collapsing into a Black Hole. We can

assume that before the collapse, we know everything about the matter fields

in the space-time. Hence we start with a pure state, and the entropy is zero.

But at a later time, after the Black Hole is formed, the Black Hole has non-zero

entropy, i.e. it is in a mixed state, a thermal state. However, we know that

this process of time evolution should be unitary (the time evolution operator

in quantum mechanics is unitary); hence we shouldn’t be able to time evolve

a pure state into a mixed state for an isolated system. This is the Black Hole

information paradox [11]. Unitary time evolution means that information about

the state is always conserved.

2. Why does Black Hole entropy depend on the area? Typically entropy is an

extensive quantity and depends on the volume (can be seen from S = kb lnW ,

with W being the number of microstates). However the Black Hole entropy

depends explicitly on the final area. Moreover, its past history or any initial

condition like what star it was made of, etc., does not matter; only the final

area matters.

3. We can also ask what are the microstates that contribute to the entropy. What

is the source of this entropy? There are many candidates for this question, but

it is not clear which one it is.

All of these questions are still largely open questions. There has been a lot of work

towards answering some of these questions. One approach involves associating SBH’s

microstates to degrees of freedom of a full theory of quantum gravity (for example

strings, D-branes etc [12, 13]). Another approach involves associating SBH to entropy

of matter quantum fields in a space-times with horizons. This can be done by think-

ing of entanglement of quantum field modes inside and outside a region [14,



32

15]. Looking at the last section, we can now connect the two possibly linked ideas

and look at entanglement entropy as a source of Black Hole entropy. In this thesis,

the second approach is taken to produce results like the area law.

The entanglement entropy corresponding to scalar fields can be calculated across

a Black Hole horizon on a discretized lattice, and it can be shown to have the behavior

[15]

S = k1

(A
a2

)
+ k2

(A
a2

)ν
. (1.3.6)

Here k1 and k2 are constants, ν is a number between 0 and 1 and a is the lattice

separation. The leading order result will be derived in later sections through two

different methods, through numerical estimation of entropy using harmonic chains

and the covariance matrix approach.

Leading term: Clearly, the leading term is similar to the expression for entropy

for Black Holes. The a2 in the denominator also behaves like the Planck length, as

it is the smallest area scale in the problem, just like l2p is the smallest area scale in

the other problem. Since S ∝ W , it is as if each lattice cell (or Planck cell for the

Black Hole) corresponds to a degree of freedom/micro-state. This similarity is highly

remarkable.

Sub-leading terms: The sub-leading terms is corrections to the area law. The

crucial point to remember is that the derivation of Black Hole entropy is based on

the semi-classical derivation of Hawking temperature. In the limit where quantum

effects and gravitational effects are dominant, (A ≈ l2p) we expect the semi-classical

analysis to break down or have modifications. Hence if entanglement (a purely quan-

tum phenomena) is indeed the source of Black Hole entropy, then sub-leading terms

would give us the corrections one would receive from a theory of quantum gravity.

Finally, we can now ask if there is any logical connection between Black Hole en-

tropy and entanglement entropy or if it is just similarities we have seen in expressions.
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Following [15], imagine a collapsing star and a faraway observer who is observing the

collapse. Let us assume that they can see everything that is happening, and so they

have all the information about the collapsing star and hence S = 0. However, as soon

as the Black Hole is formed, the faraway observer does not know about matter fields

inside the horizon as that part is causally disconnected. The observer has no informa-

tion about the degrees of freedom that are inside the horizon. This separation gives

finite entanglement entropy between two regions in a space-time with horizons. On

the other hand, entanglement entropy is also attributed to the presence of the same

horizon, a boundary. Hence both of the entropies are associated with the presence of

the horizon.

Another way to motivate why to look at entanglement entropies of scalar fields

can be shown by considering the Einstein-Hilbert action and looking how it changes

under small perturbations to the space-time like gµν → gµν +hµν [15]. Using this, the

linearized action (E-H action with a small perturbation to metric) can be shown to

look like the action for a massive scalar field propagating in a background space-time

with metric gµν . Moreover, for spherically symmetric space-times, equation of motion

for these perturbations looks exactly like equation of motion for a test particle prop-

agating in Black Hole space-time. This means that by calculating the entanglement

entropy of scalar fields, we get the entropy of a set of metrics that are perturbations

to a background space-time, and hence might help us in understanding the role en-

tanglement plays in the area law behavior of Black Hole entropy. Lastly, we can also

show that a scalar field in Black Hole space-time for a fixed Lemaitre time reduces

down to scalar field in flat space. This will be shown in full detail in chapter 2 as well.

With these motivations, it is only natural to look at the problem of entanglement

entropy of scalar fields and its behavior. The following chapter 2 will discuss one

method of calculating entropy of scalar fields, building its way up from simple toy

models. This method relies on numerics mostly and does not allow for many analytical

results. Given the importance of entanglement entropies of fields, we try to explore
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the characteristics of entanglement entropy in scalar fields analytically in chapter 3

with the covariance method approach. This approach analyzes the calculation of

entanglement entropy carefully and shows a change in leading order behavior of the

entropy in different regimes of the quantity ζ, leading to different information content

in these regimes.

Chapter 4 describes the current work in progress towards evaluating entanglement

entropy for a fermionic field. It shortly describes the problems faced when one tries to

discretize a fermionic field, and how to overcome these problems. Then, a potential

method of calculating entanglement entropy for fermionic field is discussed.

Apart from these ideas, another goal during this project was to understand Black

Hole thermodynamics and cosmological particle creation in space-times in order to

gain a better background for the physics behind concepts like Hawking radiation

and Black Hole entropy. Appendix A contains most of the relevant work in detail,

where we will look at the topic of time dependent harmonic oscillators, scalar fields in

expanding space-time and finally the Unruh and Hawking radiation. This appendix

chapter demonstrates particle creation in each of these cases and the role played by

the vacuum in these scenarios.



Chapter 2

Entanglement entropy for systems

This section intends to find the entanglement entropy for scalar fields in Minkowski

space without and with a horizon. We show that scalar fields under discretization

reduce down to a chain of harmonic oscillators. We try to approach this complex

problem by looking at a simpler problem before, the simplest case of the harmonic

chain: a coupled harmonic oscillator. Then we tackle the case of the harmonic chain

and finally scalar fields in spacetimes. Throughout this chapter, we follow the methods

used in [16, 15].

2.1 Coupled harmonic oscillator

We start with examining a quantum coupled harmonic oscillator in the ground state

and calculating its entanglement entropy. The procedure is to find the ground state

wavefunction and then calculate its density matrix. Then, using the eigenvalues of

the density matrix, find the Von-Neumann Entanglement entropy.

2.1.1 Finding the ground state and the density matrix

The Hamiltonian of the system is given by:

H =
1

2m

[
p21 + p22 + ko(x

2
1 + x22) + k1(x1 − x2)

2
]
. (2.1.1)

35
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The goal here is to find the entanglement entropy of this system when one of the

oscillators is traced out from the total density matrix. We will start by finding the

ground state wavefunction, and from there construct the density matrix, trace out

one of the oscillators and finally compute the Von-Neumann entropy. Instead of

solving this problem interactions, we go to the normal co-ordinates using experience

from classical problems. We hence diagonalize the Hamiltonian by introducing new

variables in (2.1.1) as

x± =
x2 ± x1√

2
, p± =

p2 ± p1√
2

.

=⇒ H =
1

2m

[
p2+ + p2− + k0x

2
+ + (k0 + 2k1)x

2
−

]
. (2.1.2)

Hence, we have two uncoupled oscillators and we can write the ground state of the

system as the product of the ground state of the individual oscillators by

Ψ0 =

(√
k0
π

) 1
4

exp

{[
−

√
k0x

2
+

2

]}
.

(√
k0 + 2k1
π

) 1
4

exp

{[
−

√
k0 + 2k1x

2
−

2

]}
.

Writing ω+ =
√
k0 and ω− =

√
k0 + 2k1, we get

Ψ0 =

(
ω+ω−

π2

) 1
4

exp

{[
− 1

2

(
ω+x

2
+ + ω−x

2
−
)]}

. (2.1.3)

Now, we can find the density matrix, ρ = |Ψ0⟩⟨Ψ0| and trace out one oscillator, with

x = x1

ρred = Troscρ.

=⇒ ρred(x2, x
′

2) =
∑

e.s of x1

⟨x1|Ψ0⟩⟨Ψ0|x1⟩ =
∫

dx1Ψ0(x1, x2)Ψ
†
0(x1, x

′
2)

=

∫
dx1

(
ω+ω−

π2

) 1
2

exp

{[
− 1

2

(
ω+x

2
+ + ω−x

2
− + ω+x

′2
+ + ω−x

′2
−
)]}

.

Expressing x± in terms of x1, x2, completing the square and evaluating the gaussian

integral we get

=

(
ω+ω−

π2

) 1
2

exp

{[
− 1

4
(ω+ω−)(x

2
2 + x′22 )

}]∫
dx1 exp

{[
− 1

4

(
2x21(ω+ + ω−)

+ 2x1(ω+ω−)(x2 + x′2)
)}]



37

=

(
ω+ω−

π2

) 1
2

exp

{[
− 1

4
(ω+ω−)(x

2
2 + x′22 )

}]
exp

{[
(ω+ − ω−)

2(x2 + x′2)
2
)

8(ω+ + ω−)

}]√
π

ω++ω−
2

=⇒ ρred(x2, x
′

2) =

√
2ω+ω−

(ω+ + ω−)π
exp

{[
− 1

2
γ(x22 + x′22 ) + βx2x

′

2

]}

≡
√
γ − β

π
exp

{[
− 1

2
γ(x22 + x′22 ) + βx2x

′

2

]}
, (2.1.4)

where β = (ω+−ω−)2

4(ω++ω−)
and γ − β = 2ω+ω−

(ω++ω−)
.

2.1.2 Density matrix eigenvalues and entanglement entropy

Now we need to diagonalize the operator ρred(x2, x
′
2) so that we can calculate the

Von-Neumann entropy. All we need are the eigenvalues, so we look at the eigenvalue

equation. Since ρ is an operator, we can think of it as an outer product |a⟩⟨b|. Upon

acting on a vector |c⟩, we obtain is a scalar product. This can be viewed as the

ρred(x2, x
′
2) acting on a function and integrating one of the indices out. Hence the

eigenvalue equation looks like∫
dx′ρred(x2, x

′

2)fn(x
′) = pnfn(x).

The eigenvalues of this operator are given by pn = (1− ξ)ξn and the eigenvectors are

fn(x) = Hn(α
1
2x). exp

{(
− αx2

2

)}
where α =

√
γ2 − β2 and ξ = β

α+γ
and Hn’s are

the nth order Hermite polynomials.

Given the eigenvalues, we can now find the entropy to be

S = −
∑
n

pn ln pn = −(1− ξ)
∑
n

ξn ln[(1− ξ)ξn]

= −(1− ξ)

[∑
n

ξn ln(1− ξ) +
∑
n

ξn ln ξn

]

= −(1− ξ)

[
ln(1− ξ)

1

1− ξ
+ ln ξ

∑
n

nξn

]
. (2.1.5)

Where we used the sum for an infinite GP in the first sum above. The second sum

can be solved by writing it as a derivative and switching the sum and the derivative
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as

ln ξ
∑
n

nξn = ξ ln ξ
∑
n

nξn−1 = ξ ln ξ
∑
n

d

dξ
ξn = ξ ln ξ

d

dξ

∑
n

ξn = ξ ln ξ
d

dξ

1

1− ξ

= ξ ln ξ
1

(1− ξ)2
. (2.1.6)

On putting this back into (2.1.5), we get

S(ξ) = − ln(1− ξ)− ξ

1− ξ
ln ξ. (2.1.7)

Hence we have now fully calculated entanglement entropy for the coupled harmonic

oscillator in terms of the known parameters.

2.2 Harmonic chain

Now that we have solved for the entropy for coupled oscillator, we use that experience

to similarly solve for the harmonic chain system. The procedure remains the same as

before, we try to go to the normal mode basis and find the ground state, and then

the entropy.

2.2.1 Finding the ground state and the density matrix

The general Hamiltonian can be written as

H =
1

2m

[∑
i

p2i +
N∑

i,j=1

xiKijxj

]
. (2.2.1)

K is the coupling matrix, and it contains all the information about the interactions

and the boundary conditions. Note that there is no requirement that i > j, hence

the interaction terms are divided into the off-diagonal terms, implying that K is a

symmetric matrix. We try to match the results from the last subsection. For N = 2

and from (2.1.1) we get

K =

k0 + k1 −k1
−k1 k0 + k1

 .
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Hence
N∑

i,j=1

xiKijxj = (k0+k1)x
2
1+(k0+k1)x

2
2− 2k1x1x2 = ko(x

2
1+x

2
2)+k1(x1−x2)

2.

Then the transformation to variables x±, p± diagonalizes this matrix and is just a

transformation to its eigenbasis. This can be written in matrix language via a unitary

matrix transformation as

xT .K.x = xTUT︸ ︷︷ ︸
xT±

. UKUT︸ ︷︷ ︸
KD

. Ux︸︷︷︸
x±

= xT±.KD.x±.

Where KD = Diag(k0, k0 + 2k1). Each of the diagonal elements then contributes

one exponential in the ground state expression. With this formalism, we can easily

generalize and write down the ground state wavefunction for the harmonic chain as

Ψ0 =

(∏
j ωj

πN

) 1
4 ∏

i

exp

[
−
x′2i
√
(KD)ii
2

]
= det

(
K

1
2

)
.π−N

4 exp

[
−
∑

i x
′2
i

√
(KD)ii

2

]

=⇒ Ψ0 = det
(
K

1
2

)
.π−N

4 exp

[
−

xT±.K
1
2 .x±

2

]
. (2.2.2)

Note that repeated indices do not imply a sum here. Since the determinant is un-

changed in a unitary transformation, we can replace KD with K at places. As before,

we now know ρ = |Ψ0⟩⟨Ψ0| and we now calculate the reduced density matrix by

tracing out n of the N oscillators. Using (2.2.2), we get

ρred(xn+1 · · ·xN , x′n+1 · · ·x′N) =
∫ n∏

i=1

dxiΨ0(x1, · · ·xn, xn+1, · · ·xN)Ψ†
0(x1, · · · xn, x′n+1, · · · x′N)

=⇒ ρred = π−N
2 (detK

1
2 )2
∫ n∏

i=1

dxi exp

[
− xT .K

1
2 .x+ x′T .K

1
2 .x′

2

]
. (2.2.3)

We can see in (2.2.3) that we still have the matrix products. We now aim to separate

these products into sub-matrices to carry out the integration. Since the first n indices

are being integrated, we divide the state vector into two parts of length n and N −n.

We then appropriately also divide the matrix K
1
2
D into sub-matrices A(n× n), B(n×
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N − n), C(N − n× n) and D(N − n×N − n) as

x1

.

.

xn

.

.

xN


→

Xn

XN

 , K
1
2 =

A B

C D

 =

 A B

BT D

 .

Putting this into the terms inside the exponential of (2.2.3) we get

xT .K
1
2 .x+x′T .K

1
2 .x′ =

(
Xn XN−n

) A B

BT D

 Xn

XN−n

+
(
Xn X ′

N−n

) A B

BT D

 Xn

X ′
N−n


= XnAXn +XnBXN−n +XN−nB

TXn +XN−nCXN−n +XnAXn +XnBX
′
N−n

+X ′
N−nB

TXn +X ′
N−nCX

′
N−n. (2.2.4)

The terms containing only N−n are not integrated in expression of ρred . Substituting

(2.2.4) into (2.2.3) and simplifying, we get:

ρred = π−N
2 (detK

1
2 )2 exp

[
−
XN−nCXN−n +X ′

N−nCX
′
N−n

2

]∫ n∏
i=1

dxi exp

[
−XnAXN−n

− (XN−nB
T +X ′

N−nB
T )X ′

n

]
This is the standard gaussian integral for matrices. Performing the integral and

simplifying, we get:

ρred = π−N
2 (detK

1
2 )2
√

(2π)n

detA
exp

[
−
XN−n

(
C − 1

2
BTA−1B

)
XN−n

2

+X ′
N−n(C − 1

2
BTA−1B

)
X ′
N−n − 2Xn

(
1
2
BTA−1B

)
X ′
n

2

]
.

Calling γ = C − 1
2
BTA−1B and β = 1

2
BTA−1B, we get

ρred = π−N
2 (detK

1
2 )2
√

(2π)n

detA
exp

[
−
XN−n.γ.XN−n +X ′

N−n.γ.X
′
N−n − 2Xn.β.X

′
n

2

]
.

(2.2.5)

Hence we have found the reduced density matrix for the harmonic chain.
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2.2.2 Density matrix eigenvalues and entanglement entropy

Now as before, we have the task to find eigenvalues of ρred. We would like to reduce

this complicated problem to a problem we already know, i.e (2.1.4). To do this, we

need to convert the matrix equation above into individual copies of (2.1.4). This

corresponds to diagonalizing the matrices γ and β in the exponential. We do this

by first tackling γ, by choosing an orthogonal matrix V such that γD = V γV T and

choose another basis y such that XN−n = V Tγ
− 1

2
D YN−n. Inserting that in (2.2.5), we

get

ρred = π−N
2 (detK

1
2 )2
√

(2π)n

detA
exp

[
−
YN−n.YN−n + Y ′

N−n.Y
′
N−n

2
+YN−n. γ

− 1
2

D V βV Tγ
− 1

2
D︸ ︷︷ ︸

β′

.Y ′
N−n

]
.

Now we can do another transformation that diagonalizes β′ and leaves the inner

products YN−n.YN−n and Y ′
N−n.Y

′
N−n unchanged. Let YN−n = WzN−n, where W

is a unitary transformation matrix that diagonalizes β′, i.e β′
D‘ = Wβ′W T . Hence

β′
D = Diag(β′

n+1, β
′
n+2, · · · β′

N) where β′
i are the eigenvalues of β′. Finally, since the

matrices are now diagonal, we can write

= π−N
2 (detK

1
2 )2
√

(2π)n

detA
exp

[
− 1

2

N∑
i=n+1

(z2i + z′
2
i + β′

iziz
′
i)

]

=⇒ ρred(z, z
′) = π−N

2 (detK
1
2 )2
√

(2π)n

detA

N∏
i=n+1

exp

[
− 1

2
(z2i + z′

2
i + β′

iziz
′
i)

]
.

(2.2.6)

These are just N − n copies of (2.1.4) with γ ↔ 1 and β ↔ β′
i. Hence the total

operator can be diagonalized in a similar way with the eigenvalue being the product

of all eigenvalues of the N − n copies. The total entropy is hence given with the help
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of (2.1.7) by

S =
N∑

i=n+1

S(ξi), Where S(ξi) = − ln(1− ξi)−
ξi

1− ξi
ln ξi and

ξi =
β′
i

1− (1− β′2
i )
. (2.2.7)

Hence the entropy for a harmonic chain can be calculated numerically by doing

the above summation.

2.3 Free scalar field in 3+1 dimensions

Finally, we have the case of a free scalar field. We try to compute its entropy by

connecting it to the results we have found above. To do so, we start with writing the

Hamiltonian for the field in spherical harmonic basis, where then the connection to

(2.2.1) is more apparent.

2.3.1 Hamiltonian in spherical harmonic basis

We begin by writing the Hamiltonian

H =
1

2

∫
d3x
[
m2ϕ2 + |∇ϕ|2 + π2

]
. (2.3.1)

We now write this Hamiltonian in real spherical harmonic basis, i.e Zm
l (x, ϕ). We

have the transformation equations as:

ϕ(x) =
∑
lm

φlm(r)

r
Zm
l (x, φ) π(x) =

∑
lm

πlm(r)

r
Zm
l (x, φ). (2.3.2)

Using (2.3.2) in (2.3.1) and expressing volume in spherical coordinates we can simplify

H. Lets look at this term by term. Noting that
∫
dΩZm

l Z
m′

l′ = δll′δmm′ . For the φ2

term, we get∫
dΩ
∑
lm

∑
l′m′

φlm(r)

r
Zm
l (x, φ)

φl′m′(r)

r
Zm′

l′ (x, φ)
compl
=

∑
lm

φ2
lm

r2
. (2.3.3)
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Similarly for the π2 term we get∫
dΩ
∑
lm

∑
l′m′

πlm(r)

r
Zm
l (x, φ)

πl′m′(r)

r
Zm′

l′ (x, φ)
compl
=

∑
lm

π2
lm

r2
. (2.3.4)

For the gradient term, we use the expansion for gradient in spherical polar co-ordinates

and then evaluate the squared terms as∫
dΩ

∣∣∣∣∣∑
lm

[
∂

∂r

(
φlm
r

)
Zm
l +

φlm
r2

∂Zm
l

∂x
e⃗x +

φlm
r2 sinx

∂Zm
l

∂φ
e⃗φ

∣∣∣∣∣
2

.

Expanding the square and noting that all 2ab terms vanish because of the dot prod-

ucts, we get:

∫
dΩ

∑
ll′mm′

[
∂

∂r

(
φlm
r

)
∂

∂r

(
φl′m′

r

)
Zm
l Z

m′

l′ +
φlmφl′m′

r4
∂Zm

l

∂x

∂Zm′

l′

∂x

+
φlmφl′m′

r4 sin2 x

∂Zm
l

∂ϕ

∂Zm′

l′

∂ϕ

]
. (2.3.5)

Since the φlm is a function of r only, it can be taken out of the integral, and the first

term is evaluated using the completeness as:

∑
ll′mm′

∂

∂r

(
φlm
r

)
∂

∂r

(
φl′m′

r

)∫
dΩZm

l Z
m′

l′ =
∑
lm

[
∂

∂r

(
φlm
r

)]2
. (2.3.6)

Similarly calculating the other terms, we finally get:

H =
1

2

∫
r2 dr

∑
lm

[(
∂

∂r

(
φlm
r

))2

+
l(l + 1)

r4
φ2
lm +m2φ

2
lm

r2
+
π2
lm

r2

]

=⇒ H =
1

2

∑
lm

∫
dr

[
r2

{
∂

∂r

(
φlm
r

)}2

+

(
l(l + 1)

r2
+m2

)
φ2
lm + π2

lm

]
. (2.3.7)

2.3.2 Discretization and connection with harmonic chain re-

sult

To connect to the results obtained in (1.3.6), we need to have a discrete theory. We

discretize the theory by working in a lattice of spacing a, where now r = j.a =⇒∫
dr → a

∑
i. Since we do not sum overall space but rather over a spherical box of
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radius L = (N + 1)a, we demand the field vanishes at points farther than L = Na.

This is the relevant boundary condition. For the first term in curly brackets, we can

use the midpoint discretization:

r2

{
∂

∂r

(
φlm(r)

r

)}2

→ (j+
1

2
)2

{
φlm(j+1)
j+1

− φlm(j)
j

(j + 1)− (j)

}2

= (j+
1

2
)2

{
φlm(j + 1)

j + 1
−φlm(j)

j

}
.

The j + 1
2
can be thought of being chosen as the midpoint between j and j +1 to

give a better estimate for the area, i.e f(x)∂xg → fj+ 1
2

(gj+1−gj
a

)
.

We can now write the Hamiltonian as:

H =
1

a

∑
lm

1

2

∑
j

[
(j+

1

2
)2

{
φlm(j + 1)

j + 1
− φlm(j)

j

}2

+

(
l(l + 1)

j2
+a2m2

)
φ2
lmj+π

2
lmj

]
.

=
1

a

∑
lm

H̃lm (2.3.8)

Now we can connect this to (2.2.1). The square terms in the curly bracket and terms

in φ2 bracket contribute to the diagonal elements of K, and the 2ab terms will get

split into the off-diagonal terms. Each H̃lm will contribute a term to the ground state

and hence the density matrix. Hence as in the harmonic chain, the total entropy will

be the sum of entropies of H̃lm’s. In particular, since (2.3.8) is independent of m, the

m summation just gives out 2l + 1. With that, the total entropy is given by

S =
∑
lm

Slm(ξi(n,N)) =
∑
l

(2l + 1)Sl(ξi(n,N)). (2.3.9)

As in the harmonic chain, n corresponds to the number of oscillators traced out. With

this, we can numerically find S for a given size of the system N and n. Since the

area of the ”sphere” now depends on the number of oscillators we are tracing out,

we define the radius of the sphere to be R = (n + 1
2
)a. This gives the endpoint of

the radius vector to be between the nth integrated out oscillator and the (n + 1)th

oscillator, which is not integrated.



45

We can now choose different n, corresponding to choosing a bigger sphere (whose

entropy we are calculating). The graph is shown below in (Fig. 2.1) and fits beauti-

fully by the line S = 0.3R
2

a2
. Note that this result is for m = 0.

Note here that the entropy still diverges in the continuum limit a → 0. This

straight-line behavior shows that the entanglement entropy of a scalar field follows

an area law.

Figure 2.1: Entropy scaling with the variable R. Points here correspond to to a radial

lattice discretization with N=60. Reprinted from [16]

.
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2.4 Massless scalar field in presence of a horizon

With all the examples done in this section, we can now finally move to the problem

of finding the entanglement entropy of a scalar field in the presence of a horizon and

confirm (1.3.6). We follow [15] for this section. Consider a free massless scalar field

propagating in a spherically symmetric Black Hole space-time. We now ask what the

Hamiltonian of such a system would be. The plan is to write the action on a spherical

harmonic basis and then get the Hamiltonian.

2.4.1 The Hamiltonian

We start with the action for a free massive scalar field in a Black Hole space-time.

S = −1

2

∫
d4x

√
−g.gµν(∂µφ)(∂νφ).

The product d4x
√
−g is a quantity that is invariant under any co-ordinate changes.

Now we need to choose a metric to work in. Black Hole space-times can be described

by many metrics like Lemaitre, Kruskal, Painleve-gullstrand, Schwarzschild etc. We

will work here in Lemaitre co-ordinates. The line element for this metric looks like

ds2 = − dτ 2 +
rc
r
dρ2 + r2( dx2 + sin2 x dϕ2). (2.4.1)

And
√
−g =

√
−(−1).(

rc
r
).(r2).(r2 sin2 x) = r2

√
rc
r
sinx.

S = −1

2

∫
d4x.r2

√
rc
r
sinx

[
− (∂τφ)

2 +
rc
r
(∂ρφ)

2 + r2(∂xφ)
2 + r2 sin2 x(∂ϕφ)

2

]
.

As in the previous section, we change to the spherical harmonic basis and integrate out

the angular variables using properties of spherical harmonics. After a little algebra,

we get:

S =

∫
dτ dρ

∑
lm

1

2

[
r2
√
rc
r
(∂τφlm)

2 − r2
√
r

rc
(∂ρφlm)

2 −
√
rc
r
l(l + 1)φ2

lm

]
. (2.4.2)
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We now try to write down the Hamiltonian for this Lagrangian. Note that

Πlm =
∂L

∂(∂τφlm)
= r2

√
rc
r
(∂τφlm).

Using this, we finally get the Hamiltonian as

H =
∑
lm

{∫ ∞

τ

dρ
1

2

[
1

r2

√
r

rc
Π2
lm + r2

√
r

rc
(∂ρφlm)

2 +

√
rc
r
l(l + 1)φ2

lm

]}
=
∑
lm

Hlm.

(2.4.3)

This Hamiltonian is time dependent because of the presence of ρ which is a function of

time. Note that the Lemaitre co-ordinate only takes values from (τ,∞]. Now, for con-

stant angular variables ( dϕ = dx = 0) and a fixed proper time (τ = τ0,wlog set τ0 =

0), we get from (2.4.1)

ds2 =
rc
r
dρ2 = dr2. (2.4.4)

The last equality can be obtained by using the relation between Schwazschild and

Lemaitre co-ordinates. With that, we can replace dρ and ∂ρ in favour of r and ∂r.

We finally write (2.4.3) as

H =
∑
lm

{∫ ∞

0

dr
1

2

[
1

r2
r

rc
Π2
lm + r2(∂rφlm)

2 + l(l + 1)φ2
lm

]}
. (2.4.5)

We can already see the similarities between (2.4.5) and (2.3.8). To connect them, do

a canonical transformation to absorb all factors outside Π. Finally we also divide φ

by r2 to reach the required equation. We hence have the transformation

πlm =
1

r
.

√
r

rc
.Πlm, Φlm = ϕlm.r,

=⇒ H =
∑
lm

{∫
dr

1

2

[
π2
lm + r2

(
∂

∂r

(Φlm

r

))2

+ l(l + 1)
Φ2
lm

r2

]}
. (2.4.6)

Hence, this Hamiltonian takes the same form as for a scalar field that we have already

solved! Therefore the entropy will have the same form as calculated in the last section.

This result is only for one particular time slicing. Again note that in the continuum

limit, the entanglement entropy diverges.
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This method of calculating entropy used in this chapter usually resorts to doing

numerical simulations to sum (2.3.9). This illustrates the general trend of the en-

tanglement entropy well, but we can analytically solve this by using the covariance

method as well. This analytical solution lets us tune the system in a controlled way.

With it, we can also study properties of entanglement entropy that were earlier not

known in full detail, for example, the log to log log crossover of the leading order term

in entanglement entropy under a change in boundary conditions. Next, the analytical

method helps understand this crossover better and explains precisely how the lead-

ing order term depends on the system’s physical parameters in different boundary

conditions.

Hence we will now focus on calculating the entanglement entropy of a scalar field

using the covariance matrix method and understand its properties and divergence

more carefully in the continuum limit.



Chapter 3

Entanglement entropy of a scalar

field: Covariance matrix method

We start with the Hamiltonian for a scalar field in (1+1) dimensions and try to

discretize this theory to connect it to (2.2.1). Unlike last chapter, we will not use

the spherical harmonic basis. After that, we shall look at the covariance matrix is

and how it is connected to the entanglement entropy. Then finally, we can find the

covariance matrix for the scalar field and compute the entanglement entropy. The

main idea of calculating its entanglement entropy using the covariance matrix in this

chapter closely follows [17].

3.1 Discretizing the theory

We start with the Lagrangian of a massive scalar field in 1+1 dimensions

L =

∫
dxL =

1

2

∫
dx
(
∂µφ∂µφ−m2φ2

)
=

1

2

∫
dx
(
φ̇2 − (∇φ)2 −m2φ2

)
.

We can now get the corresponding Hamiltonian density by a Legendre transformation.

First we find the conjugate momentum:

π =
∂L
∂φ̇

= φ̇, H = πφ̇− L.

49
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The Hamiltonian is given by

H =

∫
dxH =

1

2

∫
dx
(
π2 + (∇φ)2 +m2φ2

)
. (3.1.1)

Now we discretize the space by working on a lattice with lattice spacing a and length

L = (N − 1)a. This means that x → xn = an, and hence

∫
dx → a

N−1∑
n=0

. Moreover,

we can write π(x) = pn
a
, as π(x) was the momentum density. Finally, for the derivative

term, we write ∇φ→ φn+1−φn

a
. With all this we write the Hamiltonian in (3.1.1) as:

H =
a

2

N−1∑
n=0

[
p2n
a2

+
(φn+1 − φn

a

)2
+m2φ2

n

]
=

1

2a

N−1∑
n=0

[
p2n+

(
φn+1−φn

)2
+a2m2︸ ︷︷ ︸

Λ

φ2
n

]
=
H̃

a
.

H̃ is the rescaled Hamiltonian. We intend to find the entanglement entropy. It

can be shown that the rescaled Hamiltonian has the same entanglement entropy as

the original Hamiltonian.[18] Keeping that in mind, we work only with the rescaled

Hamiltonian.

H̃ =
1

2

N−1∑
n=0

[
p2n +

(
φn+1 − φn

)2
+ Λφ2

n

]
. (3.1.2)

As before, we write it in the standard form of (2.2.1), where Λ and the φn+1, φn terms

in the parenthesis will contribute to the diagonal elements of K (coupling matrix).

The cross-terms (2ab terms) will contribute to the off-diagonal entries. Note that we

still need to choose the boundary condition, which will determine what values like φN

etc. contribute to K. To understand the workings of the covariance matrix method,

we take a detour to understand the fundamental properties of the covariance matrix.

3.2 Covariance matrix

In this section we look at the covariance matrix and how it helps us in the problem

of calculating the entanglement entropy.
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3.2.1 Whats covariance?

When dealing with a dataset, we can come up with many quantities that help us

characterize the dataset’s properties. For example, we have a few numbers in a plane.

The average of these points would tell us roughly where their ”center of mass” would

lie. Similarly, we can talk about variance, which indicates how much points deviate

from this average. A high variance dataset would look spread out, and a low variance

would look clustered. However, consider the situation where a dataset looks like the

(Fig. 3.1).

Figure 3.1: Dataset

If we were to calculate how they are spread, we would get the same answer.

Nevertheless, they are two different datasets. How can we distinguish them? We look

at how they vary with each other and how y changes when x changes. Clearly, in the

left image, x increases as y increases, but it is the opposite for the right figure. Hence

”covariance” is a valid statistical quantity. Mathematically, we can write it as:

Cov(X, Y ) = ⟨(X − ⟨X⟩)(Y − ⟨Y ⟩)⟩ = ⟨XY ⟩ − ⟨X⟩⟨Y ⟩, (3.2.1)

where ⟨X⟩ denotes the average value of X, or the expectation of X. Clearly, since we

were looking how they ”co-vary”, we multiply the two increments and deduce from

that. For example, consider a 2-D data set. One way to neatly put these statistical
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quantities into a matrix form is as:

γ =

Cov(X,X) Cov(X, Y )

Cov(Y,X) Cov(Y, Y )

 =

 V ar(X) Cov(X, Y )

Cov(Y,X) V ar(Y )

 =

σXX σXY

σY X σY Y

 .

, where Var represents variance. This is called the covariance matrix. We algebraically

write it as

γkl =
1

2
⟨XkXl +XlXk⟩ − ⟨Xk⟩⟨Xl⟩. (3.2.2)

3.2.2 Covariance matrix for a harmonic chain

Lets now try to find the covariance matrix for a harmonic chain. We take the general

Hamiltonian to be like (2.2.1), i.e

H = x̂TKx̂+ p̂T Ip̂. (3.2.3)

Here K is the coupling matrix. We now switch to the symplectic notation, where

instead of working with x and p, we work with a single vector of dimension 2n, with

n of its components as xi and n of them as pi. i.e

R =



x1

.

.

xn

p1

.

.

pn



=

x

p

 , H = R̂T

K 0

0 I

 R̂. (3.2.4)

Following the methods of [19, 20], we now wish to diagonalize H by a transformation.

This procedure is technically the same as in section 2.2, but in symplectic notation.

The variables x and p follow canonical commutation relations, i.e [xk, pl] = iδkl. Under

a transformation, we want the CCR to stay the same. This means the transformation

has to be symplectic. It can be shown that in order to preserve the CCR, the matrices
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S have to follow STΩS = Ω, where R → SR and Ω has the form

Ω =

 0 In×n
−In×n 0

 , CCR: [Rk, Rl] = iΩkl.

The matrices S then belong to the symplectic group Sp(2n,R). We now choose such

a transformation that diagonalizes the Hamiltonian. Since one of the diagonal terms

in the Hamiltonian is identity, it makes the job easy. We postulate a symplectic

transformation as

S =

M 0

0 M

 .

The condition STΩS = Ω can be trivially checked. We put the condition that M is

an orthogonal matrix (MTM = I) and that M diagonalizes K (MTKM = D where

D=Diag(d1 · · · dn), i.e. di are eigenvalues of K). Using this in (3.2.4), we get

H = R̂′TST

K 0

0 I

SR̂′ = R̂′T

MTKM 0

0 MTM

 R̂′ = R̂′T

D 0

0 I

 R̂′.

Hence we have successfully diagonalized the Hamiltonian by going into the R′ basis.

As seen before, this corresponds to uncoupling of all the oscillators. The Hamiltonian

in x and p now has the form

H = x̂′
T
Dx̂′ + p̂′

T Ip̂′ =
∑
i

d2ix
′2
i +

∑
i

p′
2
i =

n∑
i=1

(d2ix
′2
i + p′

2
i ). (3.2.5)

We want to write this in terms of creation and annihilation operators. Consider the

product (a+ ib)(a− ib). Clearly

(a+ ib)(a− ib) = a2 − iab+ iba+ b2 =⇒ a2 + b2 = (a+ ib)(a− ib) + i[a, b]. (3.2.6)

For a = d
1
2
i x

′
i and b = p′i in (3.2.6), and with some rearranging we get

H =
∑
i

[(
d

1
2
i x

′
i+ip

′
i

)(
d

1
2
i x

′
i−ip′i

)
+i[d

1
2
i x

′
i, p

′
i]

]
=
∑
i

[(
d

1
2
i x

′
i+ip

′
i

)(
d

1
2
i x

′
i−ip′i

)
−d

1
2
i

]

=⇒
∑
i

2d
1
2
i

[(id 1
2
i x

′
i − p′i√
2di

)
︸ ︷︷ ︸

a†i

(id 1
2
i x

′
i + p′i√
2di

)
︸ ︷︷ ︸

ai

+
1

2

]
=
∑
i

2d
1
2
i

[
a†iai +

1

2

]
. (3.2.7)
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Hence we have broken the system into harmonic oscillators. This is no different to

what we did before. Diagonalizing the Hamiltonian converts the chain to a set of

uncoupled harmonic oscillators. Now we try to find the covariance matrix for the

ground state, i.e a gaussian state.

Covariance matrix for a single oscillator

Let us take the example of a single oscillator and find its covariance matrix. The

Hamiltonian for a single oscillator is

H =
1

2

[
p2 + ω2x2

]
. (3.2.8)

In the symplectic notation, we have

H = RT

ω2

2
0

0 1
2

R. (3.2.9)

Quantum averages can be calculated with the help of the density matrix by ⟨O⟩ =

Tr(ρO). Using this in (3.2.1), we can get the form of covariance matrix as

γkl = ⟨(Rk − ⟨Rk⟩)(Rl − ⟨Rl⟩)⟩ = Tr
[
ρ(Rk − ⟨Rk⟩)(Rl − ⟨Rl⟩)

]
,

= Tr
[
ρ(Rk − Tr(ρRk))(Rl − Tr(ρRk))

]
.

Now for the ground state of the oscillator, ρ = |0⟩⟨0|. The first moments are zero and

the covariance matrix expression just becomes σkl = Tr
[
ρR̂kR̂l

]
. Now we can write

the x̂ and p̂ in terms of creation and annihilation operators. As an example we can

calculate σXX :

x =
1√
2ω

(
a+ a†

)
=⇒ γXX =

1

2ω
Tr

[
|0⟩⟨0|

(
a2 + a†

2
+ aa† + a†a

)]

=
1

2ω
Tr

[
⟨0|
(
a2 + a†

2
+ aa† + a†a

)
|0⟩

]
=

1

2ω
.

We can calculate other components similarly. The final covariance matrix reads

σ =
1

2

 1
ω

0

0 ω

 . (3.2.10)
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Coming back to harmonic chain

In the new basis R′, we have n uncoupled oscillators. In this basis, the covariance

matrix γ′ would be diagonal as well! Each oscillator will have a covariance matrix

like (3.2.10). In the single oscillator problem we had ω2 as the factor before x2 and

in chain Hamiltonian we had the matrix K. In the diagonal basis each harmonic

oscillator will have frequency ω2 = di. Therefore the covariance matrix of a single

oscillator would look like

σi =
1

2

 1√
di

0

0
√
di

 .

Hence the covariance matrix has γ′ii =
1

2
√
di

for i ≤ n and γ′ii =
√
di
2

for i > n, and

all off diagonal terms zero. Finally, we can switch back to the old basis and get the

desired γ by the transformation

γ = STγ′S =

MT 0

0 MT

 γ′

M 0

0 M

 =
1

2

K− 1
2 0

0 K
1
2

 . (3.2.11)

3.2.3 Covariance matrix and its link to entanglement entropy

Thermal states

A density matrix that represents Gaussian states is the thermal density matrix.

Hence, calculating any quantity in a gaussian state can be done by taking its density

matrix as a thermal density matrix. We now derive a few results for the thermal

density matrix. [21]

Let us take an m-mode thermal state. The thermal density matrix will be the direct

product of all individual density matrices, since they are independent modes. Just

as in last section, the covariance matrix is the direct sum of all individual covariance

matrices:

ρ =
m⊗
k=1

ρth(nk), γth =
m⊕
k=1

γk,

where nk is the occupation number of the kthmode. This clearly means the covariance

matrix is diagonal. We now use virial theorem. Virial theorem states that

If V ∝ ra =⇒ ⟨T ⟩ = a

2
⟨V ⟩.
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For a = 2, ⟨T ⟩ = ⟨V ⟩ = E
2
. Since total energy is just (ℏ = 1): E = ωk(nk +

1
2
), we

have
1

2
ω2
k⟨x2k⟩ =

1

2
ωk
(
nk +

1

2

)
,

1

2
⟨pk2⟩ =

1

2
ωk
(
nk +

1

2

)
,

⟨x2k⟩ =
1

2ωk

(
2nk + 1

)
, ⟨pk2⟩ =

ωk
2

(
2nk + 1

)
. (3.2.12)

These values in (3.2.12) are the variances, which are exactly the diagonal elements

we want. With that we can write the covariance matrix as

γk =

 1
ωk

(
nk +

1
2

)
0

0 ωk
(
nk +

1
2

)
 . (3.2.13)

Finally, we can perform a canonical transformation in (3.2.13) xk → xk
√
ωk and

pk → pk√
ωk

(It leaves the CCR unchanged as products remain unchanged!). The

covariance matrix has the form

γk =

nk + 1
2

0

0 nk +
1
2

 . (3.2.14)

Hence the eigenvalues are

λk = nk +
1

2
=⇒ nk = λk −

1

2
. (3.2.15)

Now with that result, we calculate the total entropy in this thermal state of m modes

by

S =
m∑
k=1

S(ρth(nk)). (3.2.16)

Density matrix for thermal states

We now derive an expression for ρth(nk). In the thermal state, the system can be in

any of the states |0⟩, |1⟩, · · · |n⟩ with probability of being in that state being propor-

tional to exp{−βEn} = exp{−βωn}. We consider this statistical mixture and hence

write down the expression of the density matrix as

ρ =
∞∑
n=0

exp{−βωn}
Z

|n⟩⟨n|. (3.2.17)
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First, we calculate the partition function by simply tracing the operator or summing

all probabilities to 1, i.e

Z =
∞∑
n=0

exp{−βωn} =
1

1− exp{−βω}
. (3.2.18)

Where we have summed the infinite geometric progression. Next we want to write

this in terms of the average number, so we calculate average number of quanta in the

mode by ⟨n⟩ = Tr(ρn), i.e

⟨n⟩ =
∞∑
n=0

n
exp{−βωn}

Z
. (3.2.19)

We use a similar trick we used in (2.1.6) to solve this sum.

⟨n⟩ =
∞∑
n=0

n
exp{−βωn}

Z
=

∞∑
n=0

∂

∂(βω)

(− exp{−βωn}
Z

)
=

−1

Z

∂

∂(βω)

∞∑
n=0

− exp{βωn}

=
−1

Z

∂

∂(βω)

1

1− exp{−βω}
=

1

Z

exp{−βω}
(1− exp{−βω})2

=
exp{−βω}

1− exp{−βω}
. (3.2.20)

Where in the last equality we used (3.2.18). We now invert this relation to find the

exponential in terms of the average as

exp{−βω} =
⟨n⟩

1 + ⟨n⟩
. (3.2.21)

Finally, we put (3.2.18) and (3.2.21) into the expression (3.2.17) to get

ρ =
∞∑
n=0

⟨n⟩n

(⟨n⟩+ 1)n+1
|n⟩⟨n|. (3.2.22)

Entropy for thermal states

Before we can finally go back to (3.2.16), we need to calculate the entropy for a given

thermal state. We do that by computing

S(ρth(⟨nk⟩)) = −
∞∑
j=0

⟨nk⟩j

(1 + ⟨nk⟩)j+1
ln

(
⟨nk⟩j

(1 + ⟨nk⟩)j+1

)

= −
∞∑
j=0

⟨nk⟩j

(1 + ⟨nk⟩)j+1
ln
(
⟨nk⟩j

)
+

∞∑
j=0

⟨nk⟩j

(1 + ⟨nk⟩)j+1
ln
(
(1 + ⟨nk⟩)j+1

)
.
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Taking y = ⟨n⟩
1+⟨n⟩

= − ln⟨nk⟩
1 + ⟨nk⟩

∞∑
j=0

jyj +
ln(1 + ⟨nk⟩)
1 + ⟨nk⟩

∞∑
j=0

(1 + j)yj.

These sums again can be done using (2.1.6). The expression then becomes

= − ln⟨nk⟩
1 + ⟨nk⟩

y

(1− y)2
+

ln(1 + ⟨nk⟩)
1 + ⟨nk⟩

[ 1

1− y
+

y

(1− y)2

]
= −⟨nk⟩ ln⟨nk⟩+ (1 + ⟨nk⟩) ln(1 + ⟨nk⟩).

Finally we put this in (3.2.16) to get the total entropy of a thermal field with m

modes as

S =
m∑
k=1

[
− ⟨nk⟩ ln⟨nk⟩+ (1 + ⟨nk⟩) ln(1 + ⟨nk⟩)

]
. (3.2.23)

Linking covariance matrices to thermal states and entanglement entropy

We now use Williamson’s theorem, which states that every positive semi-definite

2n× 2n matrix can be diagonalized via a symplectic transformation to the form

λ1
. . .

λn

λ1
. . .

λn


. (3.2.24)

We see that the eigenvalues repeat! We had seen a similar expression for the

covariance matrix in (3.2.14). This was to be expected, as the covariance matrix is a

2n× 2n dimensional semi definite matrix, to which Williamson’s theorem applies. In

the symplectic notation, the CCR’s are preserved when the transformation is sym-

plectic. On the other hand, when working in Hilbert spaces and dealing with state

vectors etc, unitary transformations preserve CCR’s. Nothing physical is changing,

only the space in which we work and the kind of vectors change (along with how they

transform). But physically both of these transformations represent the same thing,
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i.e a symplectic transformation in phase space is equivalent to a unitary transforma-

tion in Hilbert space. Every gaussian state is equivalent to a thermal state. Hence

(3.2.15) is justified. Using (3.2.15) in (3.2.23), we finally have for a gaussian state,

the entropy in terms of the eigenvalues of the covariance matrix as

S =
m∑
k=1

[
−

(
λk −

1

2

)
ln

(
λk −

1

2

)
+

(
λk +

1

2

)
ln

(
λk +

1

2

)]
. (3.2.25)

3.3 Calculation of entanglement entropy

We now return to (3.1.2) and calculate the entanglement entropy. The Hamiltonian

had the form

H̃ =
1

2

N−1∑
n=0

[
p2n +

(
φn+1 − φn

)2
+ Λφ2

n

]
.

We calculate the coupling matrix for a given boundary condition. We will compute

the covariance matrix using (3.2.11). We will then form the reduced covariance matrix

by tracing out all oscillators but one, calculate its eigenvalues to use them in (3.2.25)

and calculate the entropy.

3.3.1 Form of coupling matrix: Boundary conditions

Dirichlet boundary condition

In this boundary condition, we specify the exact value of the field at the boundary.

Here we set it to zero. Remember that there are N oscillators in the discrete setting

we have. That is φ0 = φN+1 = 0. Hence K has the form

K =



Λ + 2 −1

−1 Λ + 2 −1
. . .

−1 Λ + 2 −1

−1 Λ + 2


. (3.3.1)

All the elements not on the diagonal or the diagonals adjacent to the diagonals are

zero. We now want to diagonalize this matrix in order to calculate G = K
1
2 . The
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eigenvalues and eigenvectors can be found by solving the difference equation Gx = λx

and is done in [appendix B, see (B.1.15), (B.2.4)]. The jth eigenvalue is given by

λj = Λ+ 4 cos2

(
jπ

2(N + 1)

)
. (3.3.2)

Furthermore, the jth component of the kth eigenvector is given by:

(xk)j =

√
2

N + 1
sin

(
jkπ

N + 1

)
. (3.3.3)

We hence create a matrix encapsulating all these eigenvectors. We just stack all the

eigenvectors, with each eigenvector as one separate column. This matrix then has the

elements

Mjm =

√
2

N + 1
sin

(
jmπ

N + 1

)
. (3.3.4)

Now, lets go into the eigenbasis. In the eigenbasis, the covariance matrix is given by

(3.2.11), i.e

γ′ =
1

2

diag
(

1

λj
1
2

)
0

0 diag
(
λj

1
2

)
 . (3.3.5)

As before, we switch back to the original basis by γ =MTγ′M , so we get

γ =
1

2

MTdiag
(

1

λj
1
2

)
M 0

0 MTdiag
(
λj

1
2

)
M

 =

A 0

0 B

 . (3.3.6)

Now we calculate elements of A and B explicitly. For A, the elements take the form

Alm =
1

2

(
MTdiag

( 1

λj
1
2

)
M

)
lm

=
1

2

∑
j

Mjl
1

λj
1
2

Mjm

=
∑
j

1

λj
1
2

1

N + 1
sin

(
jlπ

N + 1

)
sin

(
jmπ

N + 1

)
. (3.3.7)

And similarly for B the elements take the form

Blm =
1

2

(
MTdiag

(
λj

1
2

)
M

)
lm

=
1

2

∑
j

Mjlλj
1
2Mjm

=
∑
j

λj
1
2

1

N + 1
sin

(
jlπ

N + 1

)
sin

(
jmπ

N + 1

)
. (3.3.8)
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Hence we have the covariance matrix. We now trace out all oscillators except one and

look at its entanglement entropy. For ease of calculation and avoid fractions like N
2
,

we instead take a system of 2N oscillators and integrate out every oscillator except

the Nth one. Note that in all the above expressions, N → 2N . The reduced density

matrix can be constructed by manually picking the N,N element of the covariance

matrix, i.e:

γred =

ANN 0

0 BNN

 . (3.3.9)

We now intend to use the determinant to calculate the eigenvalues of this covariance

matrix (which are equal by Williamson’s theorem). For a single-mode, from (3.2.25)

we get

S =

[
−

(√
det γ − 1

2

)
ln

(√
det γ − 1

2

)
+

(√
det γ +

1

2

)
ln

(√
det γ +

1

2

)]
.

(3.3.10)

In the limit that the determinant term dominates, we get

S ≈ 1

2
ln(det γ). (3.3.11)

To find the entropy, we hence calculate the determinant as

det γred = ANN .BNN =

=
2N∑
i=1

1

λi
1
2

1

2N + 1
sin2

(
i2Nπ

2N + 1

)
.

2N∑
j=1

λj
1
2

1

2N + 1
sin2

(
j2Nπ

2N + 1

)
.

Here we can simplify this expression by working in the large N limit where

sin2
(
i.2N.π
2N+1

)
≈ sin2(iπ) = 0 for i even and = 1 for i odd. Hence now‘ only the odd

terms survive. Renaming the summation over odd numbers and putting the values

for the eigenvalues we get

det γred ≈
N∑

k,l=1

1

(2N + 1)

1

λi
1
2

.

N∑
l=1

1

(2N + 1)
λl

1
2

=⇒ det γred ≈
N∑

k,l=1

1

(2N + 1)2

√
Λ + 4 cos2

(
(2l−1)π
2(2N+1)

)
√
Λ + 4 cos2

(
(2k−1)π
2(2N+1)

) . (3.3.12)
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Neumann boundary condition

Before we calculate the entropy using the result derived above, we do the same pro-

cedure done above to a different boundary condition and then compare the results.

In this boundary condition, we set the derivative of the field zero at the boundary.

This implies ∂xφ = 0 =⇒ φ0 = φ1 and φN = φN+1. The resulting form of the K

matrix is

K =



Λ + 1 −1

−1 Λ + 2 −1
. . .

−1 Λ + 2 −1

−1 Λ + 1


. (3.3.13)

The eigenvalues and eigenvectors can again be calculated in a similar way. The

eigenvalues are

λj = Λ+ 4 cos2

(
kπ

2N

)
. (3.3.14)

Note that there is a possibility of λ = 0 above even for finite N , if Λ = 0. This was

not true for Dirichlet for finite N . The jth component of the kth eigenvector is given

by

(xk)j =

√
2

N
sin

(
(2j − 1)kπ

2N

)
for k = 1, 2, 3 · · ·N − 1,

=
(−1)j−1

√
N

for k = N.

Repeating the same procedure, we get γred as

det γred =
1

4N2

[
1

2
√
Λ

+
N−1∑
k=1

1√
Λ + 4 cos2

(
(2k−1)π

4N

)
][√

Λ

2
+

N−1∑
l=1

√
Λ + 4 cos2

((2l − 1)π

4N

)]
. (3.3.15)

With the form of det γred for DBC and NBC, we can compute the entanglement

entropy for these boundary conditions by using (3.3.11). Given these expressions, we
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now show that in this description, entanglement entropy shows different behavior at

leading order in different limits of a variable called ζ.

3.3.2 Relative spacing (ζ)

In the continuum limit of the discretized theory, a → 0 and N → ∞. We now

look for the different behavior of entanglement entropy when a combination of these

parameters is taken in different limits, i.e., we analyze for a crossover in behavior. We

look at the quantity relative spacing, which is the spacing between the two lowest-

lying modes in the system, scaled by the parameter Λ, i.e.

ζ =
∆λ

Λ
. (3.3.16)

This choice of examining the behavior of entanglement entropy in different limits,

specifically in this form of ζ, is unmotivated. Upon computing the entropy, we will

see the change in behavior at leading order. We now calculate ζ for various boundary

conditions and examine the entanglement entropy.

For DBC, we have (eqn (3.3.2))

λj = Λ+ 4 cos2

(
kπ

2(2N + 1)

)
.

We can see that in the cosine argument, we have cos
(
fraction× π

2

)
, and the cosine

function decreases in that range. This means the lowest lying levels are k = N and

k = N − 1. Therefore ζ is given by

ζDBC =
λ2N−1 − λ2N

Λ
. (3.3.17)

We can see that in large N limit we have

λ2N−1 = Λ+4 cos2

(
(2N − 1)π

2(2N + 1)

)
= Λ+4 cos2

(
π

2
− π

2N + 1

)
= Λ+4 sin2

(
π

2N + 1

)

≈ Λ +
π2

N2
.
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Calculating similarly for the other term, and putting together we get

ζDBC =
3π2

4N2Λ
=

3π2

4N2a2m2
. (3.3.18)

We can do the same for NBC as well, and we get the result

ζNBC =
π2

4N2Λ
=

π2

4N2a2m2
. (3.3.19)

Now, in the continuum limit a → 0 and N → ∞. Looking at the denominator of

(3.3.18) and (3.3.19), we can see that we have two clear scenarios:

• Rate of increase of N > Rate of decrease of a or m

=⇒ ζ << 1 as denominator is rapidly increasing. Note that this actually

corresponds to the limit L = Na→ ∞, which is the thermodynamic limit.

• Rate of increase of N < Rate of decrease of a or m

=⇒ ζ >> 1 as denominator is rapidly decreasing.

We consider these two limits now and calculate entanglement entropy in these

limits.

3.3.3 Calculation of entanglement entropy

Small relative spacing

We have shown for both boundary conditions that in small relative separation,

π2

N2Λ
≪ 1. (3.3.20)

• DBC

Since N → ∞, we can replace the sum in (3.3.12) by an integral. We start with

looking at the argument of the cosine

(2k − 1)π

2(2N + 1)
≈ kπ

2N
=

r

N
,

r

N
∈

[
π

2(2N + 1)
,
(2N − 1)π

2(2N + 1)

]
≈

[
π

4N
,
π

2

[
1− 1

2N

]]

≈

[
0,
π

2

]
.
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Equation (3.3.12) then takes the form

det γred ≈ lim
N→∞

π
2∑

r
N
=0

1

N

1√
Λ + 4 cos2( r

N
)
.

π
2∑

r
N
=0

1

N

√
Λ + 4 cos2

( r′
N

)
.

In the limit N → ∞,
∑

1
N

→
∫
dx and r

N
→ x , the determinant then takes

the form ∫ π
2

0

dx√
Λ + 4 cos2 x

.

∫ π
2

0

dx′
√
Λ + 4 cos2 x′

=

∫ π
2

0

dx√
Λ + 4− 4 sin2 x

.

∫ π
2

0

dx′
√

Λ + 4− 4 sin2 x′

=

∫ π
2

0

dx√
1− 4

Λ+4
sin2 x

.

∫ π
2

0

dx′
√

1− 4

Λ + 4
sin2 x′

=

∫ π
2

0

dx√
1− k2 sin2 x

∫ π
2

0

dx′
√

1− k2 sin2 x′. (3.3.21)

The two integrals in (3.3.21) are elliptic integrals with modulus k. Up to leading

order, the determinant takes the form [17]

det γred ∼ log
64

Λ
. (3.3.22)

Hence the entropy given by (3.3.11) is

lim
ζ<<1

SDBC ∼ log log
64

Λ
. (3.3.23)

The entropy diverges in the continuum limit and, most importantly, diverges as

log log.

• NBC

Here are condition is different. NBC has the presence of zero modes, i.e., the

contribution of the first term in the expression (3.3.15). Now looking at these

terms, we see that:

lim
Λ→0
N→∞

√
Λ

N
= 0, lim

Λ→0
N→∞

1

N
√
Λ

= 0. (3.3.24)
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This is true because
√
Λ ∼ a, and a→ 0 slower than N → ∞. We hence have

lim
ζ<<1

det γred =
1

4N2

[
N−1∑
k=1

1√
Λ + 4 cos2

(
(2k−1)π

4N

)
][

N−1∑
l=1

√
Λ + 4 cos2

((2l − 1)π

4N

)]
.

Again, the argument of the cosine has the form

(2k − 1)π

4N
≈ kπ

2N
=

r

N
,

r

N
∈

[
π

4N
,
(2N − 3)π

4N

]
≈

[
π

4N
,
π

2

[
1− 3

2N

]]

≈

[
0,
π

2

]
.

This expression will now have the same form as before, and we can solve it

similarly as we did for DBC. The answer is given by

lim
ζ<<1

SNBC ∼ log log
64

Λ
. (3.3.25)

Large relative spacing

We have shown for both boundary conditions that in large relative separation,

π2

N2Λ
≫ 1 =⇒ Λ ≪ π2

N
. (3.3.26)

• DBC

We go back to equation (3.3.12). In this limit we can assume the same form of

r
N

and expand the terms as

Λ + 4 cos2
r

N
≈ Λ + 4

(
1− r2

2N2

)2
≈ Λ− π2

N2
. (3.3.27)

But given (3.3.26), this means we can ignore the Λ term. Hence (3.3.12) takes

the form

det γred ≈
1

(2N + 1)2

N∑
k=1

1

cos
(

(2k−1)π
2(N+1)

) N∑
l=1

cos
((2l − 1)π

2(N + 1)

)
. (3.3.28)

In order to do this summation, we take the limit N → ∞ (but keeping in mind

that it is slower than the limit Λ → 0). As before we have

(2k − 1)π

2(2N + 1)
≈ kπ

2N
=

r

N
,

r

N
∈

[
π

2(2N + 1)
,
(2N − 1)π

2(2N + 1)

]
≈

[
π

4N
,
π

2

[
1− 1

2N

]]
.
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But here we don’t ignore the last 1
2N

term. In other words we are assuming

that the summation index is continuous enough to approximate the sum by an

integral, but keeping the N dependence in the limits. Noting that
∑

1
N

→
∫
dx

and r
N

→ x, the determinant then takes the form

det γred ∼

π
2
− π

4N∫
0

secx dx

︸ ︷︷ ︸
I

π
2
− π

4N∫
0

cosx′ dx′

︸ ︷︷ ︸
I′

. (3.3.29)

The second integral is simple, and can be evaluated to be

I ′ =

π
2
− π

4N∫
0

cosx′ dx′ = sinx′
∣∣∣π2− π

4N

0
= cos

π

4N
≈ 1. (3.3.30)

The first integral can also be done by a little manipulation as

I =

π
2
− π

4N∫
0

secx dx =

π
2
− π

4N∫
0

cosx

cos2 x
dx =

π
2
− π

4N∫
0

cosx

1− sin2 x
dx. (3.3.31)

Now, taking t = sinx, the integral takes the form

I =

cos π
4N∫

0

dt

1− t2
=

1

2

[ cos π
4N∫

0

dt

1 + t
+

cos π
4N∫

0

dt

1− t

]
=

1

2
log

1 + cos π
4N

1− cos π
4N

. (3.3.32)

We now use the double angle identity 1 + cos 2x = 2 cos2 x and simplify the

above equation to be

I = log cot
π

8N
≈ log

8N

π
. (3.3.33)

Finally, using (3.3.11) we have for DBC

lim
ζ>>1

SDBC ∼ log logN. (3.3.34)

• NBC

We go back to equation (3.3.15). Introducing x we get

(2k − 1)π

4N
≈ kπ

2N
=

r

N
,

r

N
∈

[
π

4N
,
(2N − 3)π

4N

]
≈

[
π

4N
,
π

2

[
1− 3

2N

]]
.
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Following the same prescription as we did for DBC, we get

det γred ∼

[
1

N
√
Λ

+

π
2
− 3π

4N∫
0

secx dx

][√
Λ

N
+

π
2
− 3π

4N∫
0

cosx′ dx′

]
.

These integrals can be calculated in the exact same way as in the last section.

det γred ≈

[
1

N
√
Λ

+ log
8N

π

][√
Λ

N
+ 1

]
≈ 1

N
√
Λ
.

Using (3.3.11), we can finally find the entropy as

lim
ζ>>1

SNBC ∼ − logN
√
Λ. (3.3.35)

From these calculations, we see that in the case of Neumann boundary conditions,

the leading order term of divergent entanglement entropy switches from a log to log log

as we go from large relative spacing to small relative spacing. Since a log log diver-

gence is much slower than a log divergence, the information content in both regimes

is different. This crossover can also be observed using other entanglement measures

like entanglement spectrum and logarithmic negativity.

This crossover of information content can be understood by the presence of zero

modes. Consider large relative spacing. In DBC, the entropy does not diverge even

for Λ = 0, unless N → ∞. So for finite N we have finite entanglement entropy. But

for NBC, the entropy diverges as Λ → 0 even for finite N . This can be traced back

to (3.3.2) and (3.3.14) where for finite N and Λ = 0, the eigenvalues for NBC can

obtain a zero value (and hence called ”zero mode”) but not for eigenvalues for DBC.

This difference essentially comes due to the presence of N in the denominator of the

cosine in eigenvalues of NBC and presence of N + 1 in the denominator of the cosine

in eigenvalues of DBC.
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The occurrence of zero modes implies that the coupling matrix has a zero eigen-

value in the diagonalized basis. This means that the harmonic term would be absent

for one the new co-ordinates, implying the presence of a free particle. Free particles

are non-renormalizable and hence cause the divergence of entropy even at finite N .

Since a free particle can have any energy, there is ignorance about the exact state

of the system which leads to infinite entanglement entropy even at finite N . This

also means that under the presence of an effective free particle, correlations span the

entire system.



Chapter 4

Entanglement Entropy of a

fermionic field

This section will look toward generalizing the scalar entanglement entropy results to a

fermionic field. It is also interesting to see if they would also have the crossover in the

leading term, as mentioned in chapter 3. Moreover, one can also ask if entanglement

for fermionic fields reproduces the area law to the first-order approximation. Most

of the current literature mainly focuses on scalar fields. The majority of literature

on fermions deals with spin chains rather than fermionic fields, i.e., they work on a

lattice where each point represents a fermionic degree of freedom. Fermionic fields

are different from spin chains, and we cannot carry over many results. Moreover, the

methods used in the last two chapters fail and face some difficulties at specific steps,

which we shall now focus on.

The first issue is of discretization of the fermionic fields. Fermionic fields on lat-

tices suffer from the problem of fermion doubling. [22, 23, 24] Following the methods

of the last two chapters, naive discretization of space-time in the fermionic field theory

leads to spurious particles that are unphysical. Since most computations are eventu-

ally done on discrete systems, one would also want a proper physical discrete theory.

Although this might be excusable in a free field theory, when one is to generalize this

method to interacting field theory, it would create problems as the extra fermions
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would impact the physical processes (like pair production). We will look at ways

to remove these unphysical states to fix this issue. Some standard solutions to this

problem, like the Wilson fermion method and the Kogut-Susskind staggered fermions

method (commonly used in lattice QCD), will be explained. [22, 24, 25]

The second issue is of using methods from the last two chapters to solve for the

entanglement entropy of the Dirac field analogously. Earlier, we had discretized the

field and found that it looked like a harmonic chain, which through the knowledge

of Gaussian functions, we could calculate the entanglement entropy for. The Dirac

equation, by definition, is a first-order differential equation. Hence, its dispersion

relation is very different from that of scalar fields. It does not reduce trivially to a set

of harmonic oscillators, which we know how to solve. So we look for methods closer

to the covariance matrix approach. To calculate the entanglement entropy, we look at

Peschel’s method [26] of calculating entanglement entropy from correlation functions

(alternatively, from the covariance matrix as its elements are precisely the correlation

functions). Then, we choose an appropriate Hamiltonian (free from doubling prob-

lems as stated above) and calculate the entanglement entropy explicitly. [27]

In this order, let us start looking at these problems above in detail.

4.1 Fermion doubling

Consider the problem of treating fermions on a lattice. A natural place to start would

be the Dirac equation and proceeding to discretize it by replacing the spatial deriva-

tives with finite differences. However, as we shall see, that leads to the introduction of

unphysical states. It turns out that there is twice the number of fermions in the dis-

crete theory in comparison to the continuum scenario. Here we look at two quantities

that explain this doubling, the dispersion relation and the poles of the propagator.

Methods in this section mostly follow from [22, 24, 23].
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4.1.1 Dispersion relation

Let us try to find the relation between energy and momentum for the continuum and

the discrete case. Consider the Dirac equation in 1+1 dimensions (most features of

3+1 are still captured in this example):

iγ0∂tψ(x, t) + iγ1∂xψ(x, t)−mψ(x, t) = 0, (4.1.1)

where γ are elements that satisfy the Dirac algebra:

{γµ, γν} ≡ γµγν + γνγµ = 2ηµν .

In the case of 1+1 dimensions, we have ηµν = diag(+1,−1). Let us now look at the

Dirac equation in the continuum case.

Continuum case

Solutions of the Dirac equation are positive and negative energy plane waves. To

convert this differential eqution to an algebraic equation we hence take the ansatz

(considering positive frequency)

ψ(x, t) = eiEt−ipxu(p). (4.1.2)

Putting (4.1.2) into (4.1.1) we get the equation

(
−γ0E + γ1p−m

)
u(p) = 0. (4.1.3)

Notice that p takes any real value here. We now look for the dispersion relation,

which we can get by ”squaring” the Dirac equation. To do this we write u(p) as

u(p) =
(
−γ0E + γ1p+m

)
u′(p). (4.1.4)

Putting (4.1.4) in (4.1.3) we get

(
−γ0E + γ1p−m

) (
−γ0E + γ1p+m

)
u′(p) = 0. (4.1.5)

=⇒
((

−γ0E + γ1p
)2 −m2

)
u′(p) = 0
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=⇒
(
γ0

2
E2 + γ1

2
p2 − (γ0γ1 + γ1γ0)Ep−m2

)
u′(p) = 0.

Since we have {γµ, γν} = 2ηµν , putting µ = ν = 0 we get γ0
2
= 1 and similarly putting

µ = ν = 1 we get γ0
2
= −1. Putting µ = 0, ν = 1 we get that γ0γ1 + γ1γ0 = 0.

Putting these in the equation above we get

(
E2 − p2 −m2

)
u′(p) = 0.

=⇒ p = ±
√
E2 −m2. (4.1.6)

Hence we have two solutions for p given its energy and mass. Let us look at the

discretized version now.

Discretized version

In the lattice version of this problem, we replace the spatial derivative in the Dirac

equation by a finite difference. Consider now the field on a lattice with separation

between the lattice points as a. The Dirac equation will then look like

iγ0∂tψ(x, t) + iγ1.
ψ(x+ a, t)− ψ(x− a, t)

2a
ψ(x, t)−mψ(x, t) = 0. (4.1.7)

Now in the lattice, we substitute the same plane wave ansatz (4.1.2) to get(
−iγ0EeiEt−ipx + iγ1.

e−ip(x+a) − e−ip(x−a)

2a
.eiEt −meiEt−ipx

)
u(p) = 0.

=⇒
(
−iγ0E + iγ1.

e−ipa − e+ipa

2a
−m

)
u(p) = 0.

=⇒
(
−iγ0E + iγ1.

−2i sin pa

2a
−m

)
u(p) = 0.

=⇒
(
−iγ0E + γ1.

sin pa

a
−m

)
u(p) = 0. (4.1.8)

Note here that p ∈ [−π
a
, π
a
]. The reason for this can be seen from the fact that

this equation is periodic, and we can identify points p → p + 2π
a
. This restricts the

momentum to the expression shown, and is frequently called the Brillouin zone. Now

to get rid of the matrices we square this equation by replacing u(p) as

u(p) =

(
−γ0E + γ1.

sin pa

a
+m

)
u′(p). (4.1.9)
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Putting (4.1.9) in (4.1.8) and analogously expanding the squares as for the continuous

case we get (
E2 − sin2 pa

a2
−m2

)
u′(p) = 0.

=⇒ sin pa

a
= ±

√
E2 −m2 (4.1.10)

This equation has twice as many solutions as (4.1.6). Adding more spatial dimensions

duplicates all the states even further. Now to see this explicitly, we go back to how

we identify particles in a quantum field theory. Formally, we look at the poles of the

propagator of the theory.

4.1.2 Propagator of the lattice field theory

Let us find the propagator in the discretized theory and see the different particles

present in the theory. Note that the fermion field operators have canonical anticom-

mutation relations. Note that repeated indices imply summations. We also redefine

γmu → iγmu and ψ̄ = −iγ0ψ† for simpler notation. We have the Dirac action as

S =

∫
d4x

[
ψ̄γµ−∂µψ −mψ̄ψ

]
(4.1.11)

We can use integration by parts on the derivative term and let the resultant surface

term vanish at the boundary. This gives us the expression

S =

∫
d4x

[
+∂µψ̄γ

µψ −mψ̄ψ
]

Adding both of these and simplifying we get

S = −
∫

d4x

[
1

2
(ψ̄γµ∂µψ − ∂µψ̄γ

µψ) +mψ̄ψ

]
. (4.1.12)

We now discretize the fermion field. The standard prescription has to be generalized

now, and it looks like

∂µψ(x) →
ψ(x+ aµµ̂)− ψ(x)

aµ
. (4.1.13)

This represents a derivative in the direction denoted by µ̂ direction. Making the space

dependence explicit in the equations now, we look at the discretized action as

S = −
∑
x

[
1

2aµ
(ψ̄(x)γµψ(x+ aµµ̂)− ψ̄(x+ aµµ̂)γ

µψ(x)) +mψ̄(x)ψ(x)

]
. (4.1.14)
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To find the propagator, we look at the path integral. The path integral for fermionic

fields reads as

Z =

∫
Dψ̄Dψei[S+

∑
x(η̄ψ+ψ̄η)]. (4.1.15)

Note that η are grassman valued numbers. Now we use the convention x0 = n̂0a0 and

x = n̂a. Going to imaginary time (a0 → −ia4), the path integral looks like

Z =

∫
Dψ̄Dψe[S+

∑
x(η̄ψ+ψ̄η)], (4.1.16)

where the action looks like (with the definition γ4 = iγ0, γ
k redefined as iγk and

ψx = a
3
2ψ(x))

S = −
∑
n

[
4∑

µ=1

a4
2aµ

(ψ̄nγµψn+µ̂ − ψ̄n+µ̂γµψn) + a4mψ̄nψn

]
. (4.1.17)

Note that we have lower indices here as we are in euclidean space. To bring the

path integral to a solvable form, one typically writes it as a gaussian integral which

can be readily solved, i.e

Z =

∫
Dψ̄Dψe−ψ̄Aψ+η̄ψ+ψ̄η. (4.1.18)

The form of A can be deduced by comparing (4.1.18) and (4.1.17). We see it has the

form

Axy =
∑
zµ

γµ
a4
2aµ

(δx,zδy,z+µ − δx,z+µδy,z) + a4m
∑
z

δx,zδy,z. (4.1.19)

The evaluation of this gaussian integral (4.1.18) is straightforward and a similar to

what we did in chapter 2 while solving for the reduced density matrix.

Z = detAeη̄A
−1η.

where A−1 is the propagator in question. For the action in (4.1.17), we see that the

propagator has the form

S(k) =
m−

∑
µ iγµ sin(akµ)/a

m2 +
∑

µ sin
2(akµ)/a2

. (4.1.20)
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In the continuum limit a→ 0, we obtain the usual continuum propagator as

S(k) =
m− iγk

m2 + k2
. (4.1.21)

Comparing the two expressions we can now see how (4.1.20) has more poles than its

continuum counterpart. The continuum propagator can be seen to have a pole at

k4 = i
√

k2 +m2. For the discretized propagator, this corresponds to the region near

zeros of the sine function at akµ = 0. But the sine function also vanishes for other

points like kA = πA
a

where πA can have the from (π, 0, 0, 0), (π, π, 0, 0), (0, π, 0, 0) · · ·

and so on. The continuum propagator here corresponds to πA = (0, 0, 0, 0). These

are the different corners of the Brilloiun zone. The poles of the propagator repre-

sent particles. Hence, in the discrete theory the vanishing of sine function at these

various πA contribute extra particles, often called fermion doublers. Note that for d

dimensions there are 2d doubler particles. In the case we have 16 total poles and 15

additional poles.

Hence the naive discretization leads to many problems in the resultant quantum

field theory and is inconsistent. The fermion doubling problem originates from the

chiral symmetry of the theory and can be related to the axial anomaly as well. Due

to a theorem by Nielson-Ninomiya [28], one can show that all free fermion theories

with chiral symmetry and having an action that is real, local, and translation invari-

ant, necessarily has fermion doubling. The proof is topological and uses the fact that

the Brillouin zone for the lattice theory is a torus. Due to this, the denominator of

the propagator has to go to zero to satisfy periodicity. We will now look at ways to

avoid fermion doubling in lattice systems.

4.1.3 Lattice constructions without fermion doubling

In this subsection, we very briefly look at two constructions of a discrete fermionic

field theory that do not have the problem of fermion doubling. The first is the

Wilson fermion field theory, and the second is the Kogut-Susskind staggered fermion

field theory.
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4.1.3.1 Wilson’s fermion method

In this method, we remove the fermion doublers by introducing ”mass terms” (i.e ϕ2

terms), which increase the fermion doublers’s masses to the order of the cutoff. Hence

in the continuum limit, the doublers get eliminated from the spectrum of the fermion

theory. To see how this happens, we replace the mass term as [22]∑
x

mψ̄xψx → mψ̄xψx +
a

2

∑
xµ

∂µψ̄x∂µψx. (4.1.22)

=

(
m+

4

a

)∑
x

mψ̄xψx −
1

2a

∑
xµ

(ψ̄x+aµ̂ψx + ψ̄xψx+aµ̂). (4.1.23)

Doing an analogous calculation, we see that the mass term in the denominator of

(4.1.20) gets replaced by

M(k) ≡ m+
1

a

∑
µ

(1− cos kµa).

=⇒ M(k) = m+
2

a

∑
µ

sin2 kµa

2
. (4.1.24)

The discrete propagator is hence given by

S(k) =
M(k)−

∑
µ iγµ sin(akµ)/a

M(k)2 +
∑

µ sin
2(akµ)/a2

. (4.1.25)

Since the additional term added is proportional to a, in the continuum limit, it ap-

propriately goes to 0, and the dispersion relation stays the same. The extra Wilson

term provides doublers (in the discrete limit) a mass that is proportional to 1
a
. To

explicitly see this, let us look at (4.1.24). The roots of
∑

µ sin akµ/a in the denom-

inator of the propagator correspond to the doublers. Since the mass correction is

a function of the half-angle, each doubler that vanishes in the propagator due to

kA = (π, 0, 0, 0), (π, π, 0, 0) etc, would also contribute to
∑

µ sin akµ/2 as sin π
2
= 1.

This means that mA takes the value

mA = m+
2nA
a
, (4.1.26)

where nA represents the number of π’s in the vector kA. This approach works well

as it gives the correct number of fermions in the continuum limit and can be shown
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to give the correct spectra (i.e., particle energies have corrections of order O(a)) for

the low energy dynamics one is typically interested in. The doublers with nA ̸= 0

become infinitely heavy in the continuum limit, and hence the only state with finite

energy becomes the zero corner of the Brillouin zone. The drawback of this method

is that it explicitly breaks chiral symmetry (this is also why the Nielson-Ninomiya

theorem does not apply here), which can lead to problems such as renormalization

of the mass of the resultant fermions. Computations using this method also require

heavy computational power, which is why the staggered fermions method is typically

used more often.

4.1.3.2 Kogut-Susskind staggered fermions

This method involves eliminating the gamma matrices from the discrete action, which

simplifies the action hugely. We start with the discretized action [25, 22] and do the

transformations

ψx = γxχx, ψ̄x = χ̄x(γ
x)† (4.1.27)

with γx ≡ (γ1)
x1(γ2)

x2(γ3)
x3(γ4)

x4 . Note that

[(γx)†γµγ
x+µ]αβ = [γxγµ(γ

x+µ)†]αβ = ηµxδαβ (4.1.28)

where

η1x = 1, η2x = (−1)x1 , η3x = (−1)x1+x2 , η4x = (−1)x1+x2+x3 .

This transformation completely removes the gamma matrices from the action,

which now looks like

S = −
4∑

α=1

[∑
xµ

ηµx
1

2
(χ̄αxχ

α
x+µ̂ − χ̄αx+µ̂χ

α
x) +

∑
x

mχ̄αxχ
α
x

]
. (4.1.29)

The labels α are just the spinor labels. They represent internal symmetries, and

hence we have four exactly same terms that are being summed. A single one of them

is enough to describe a fermion, i.e we take χ and χ̄ as one component fields now.

This reduces the particles in the continuum limit from 16 to 4 (as we only take one



79

component fields instead of four component fields). The overall action does not have

the sum over α now. These 4 components are often called ”tastes” when these fields

are considered in QCD.

We can further reduce the number of particles from 4 to 2 by working on a lattice

where we only assign χ̄x to even sites and χx to the odd ones. A site on the lattice is

denoted by the co-ordinates (x1, x2, x3, x4). The criteria for it to be even or odd is as

ϵx = (−1)x1+x2+x3+x4 =

+1, even

−1, odd.

(4.1.30)

Now we can remove the bar on χ̄x. This is because sites are classified based on odd

and even a function of x (already in the subscript). Looking at the action now, we

get

S = −

[∑
xµ

ηµx
1

2
(χxχx+µ̂ − χx+µ̂χx) +

∑
x

mχxχx

]
. (4.1.31)

Note that χx is an anticommuting field, which means we can switch the order of the

first term in the above equation and add them. This gives

S = −

[∑
xµ

ηµxχxχx+µ̂ +
∑
x

mχxχx

]
. (4.1.32)

For massless fermions, this gives us four ”majorana fermions”. This method does not

break chiral symmetry and is much easier to use in computations, which is why it is

typically preferred. Hence we have seen two ways to deal with the ”fermion doubling

problem”.
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4.2 Calculation of reduced density matrices from

correlation functions

In this section, we review the works of Ingo Peschel in [26] and H. Casini, C. D. Fosco

and M. Huerta in [27]. We start with a lattice Hamiltonian of the form

H =
∑
ij

Mijc
†
icj. (4.2.1)

We intend to calculate the entanglement entropy for this system with the idea that it

will help us deal with the Dirac field. We wish to take an appropriate discretization

of the Dirac field (according to the last section) and reduce it to the form above.

The Hamiltonian in (4.2.1)’s eigenstates are are Slater determinants. All averages

calculated ahead will be with respect to such eigenfunctions. Then, the correlation

matrix (or the covariance matrix) Cn,m = ⟨c†ncm⟩ is Hermitian. To calculate the

entanglement entropy of (4.2.1), we intend to find a form of the density matrix. We

know that by Wick’s theorem, any high order correlation function can be written as

⟨c†nc†mckcl⟩ = ⟨c†ncl⟩⟨c†mck⟩ − ⟨c†nck⟩⟨c†mcl⟩. (4.2.2)

Let us consider subsystem A (degrees of freedom inside S will have the indices i,j).

Since averages can be calculated with the help of the density matrix too, we have for

the subsystem the restricted correlator matrix as

CA
i,j = tr

(
ρc†icj

)
. (4.2.3)

Since these averages must also factor in a similar way as shown in (4.2.2), the density

operator must have the form

ρ = K exp(−H), (4.2.4)

where

H =
∑
ij

Hi,jc
†
icj. (4.2.5)

Here H is often called the entanglement Hamiltonian. Going back to chapter 2,

we saw the same in the coupled harmonic oscillator and harmonic chain. Since those
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Hamiltonians can be brought into a similar form as (4.2.1), we see the same expression

for the density operator. To move ahead, as before we diagonalize the density operator

by diagonalizing Hi,j. Suppose the eigenvectors of Hi,j are ϕk(i) with eigenvalues ϵ.

Then we can perform a transformation to the fermionic diagonal basis as ak as

ci =
∑
k

ϕk(i)ak. (4.2.6)

Finally, we have diagonalized the entanglement Hamiltonian and hence the density

operator. The entanglement Hamiltonian hence has the form

H =
∑
k

ϵka
†
kak (4.2.7)

while the density operator looks like

ρ = K exp

(
−
∑
k

ϵka
†
kak

)
. (4.2.8)

Since the density matrix is traceless, we can use this property to calculate K. Now,

the reduced density matrix is given by ρA and it looks like

ρA =
∏
k

ρk =
∏
k

e−ϵla
†
kak

1 + e−ϵk
. (4.2.9)

The eigenvalues νk of CA and ϵl are related by (4.2.2) and (4.2.3). Their relation is

as

e−ϵk =
νk

1− νk
. (4.2.10)

Now the total entropy is given by

SA =
∑
k

Sk. (4.2.11)

The expression for Sk in terms of the eigenvalue νk of the operator CA is given by

Sk = −(1− νk) log(1− νk)− νk log(νk). (4.2.12)

Since we are interested in the vacuum state, in the Dirac picture it means that all

negative energy states are filled and all positive energy states are empty. We write

this as

C = θ(−M). (4.2.13)
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Clearly this means that Ci,j = 1 whenMi,j < 0 and Ci,j = 0 whenMi,j > 0. With this

set up, we now look at a discrete lattice Hamiltonian from [27] for the Dirac fermion.

This is similar to the Majorana staggered fermion expression we saw in (4.1.32). Here

we take N lattice sites, with spacing equal to unity. The Hamiltonian reads

H =
−i
2

N−1∑
n=0

(Ψ1
nΨ

1
n+1 +Ψ2

nΨ
2
n+1) + im

N−1∑
n=0

Ψ1
nΨ

2
n. (4.2.14)

The operators Ψ are fermionic Majorana operators, which means they are real i.e

Ψi
n = Ψi

n
†
and satisfy anti-commutation relations. Moreover we work with periodic

boundary conditions, i.e Ψi
N = Ψi

0. We now try to look for a transformation that

links this discretized Dirac field Hamiltonian to (4.2.1). We now redefine the new

fermionic operators as

c2k =
1

2
(Ψ1

2k + iΨ2
2k), c2k+1 =

1

2
(Ψ1

2k+1 − iΨ2
2k+1). (4.2.15)

These new operators also satisfy canonical anti-commutation relations. The final

Hamiltonian takes the form

H =
−i
2

N−1∑
n=0

(c†n+1cn − c†nc
†
n+1) +m

N−1∑
n=0

(−1)nc†ncn. (4.2.16)

Comparing with (4.2.1), we find the form of Mij as

Mij =
−i
2

(
(δ(i, j − 1)− δ(i, j + 1)) +mδ(i, j)(−1)n

)
. (4.2.17)

Hence we can now use expressions (4.2.12) and (4.2.11) to numerically find the entropy

of the fermionic field.



Chapter 5

Conclusions and further work

This chapter will give a brief description of all the topics discussed till now and cov-

ered in this master’s project and give a idea for the further work going to be done.

Conclusions

• The role of entanglement in quantum field theory was understood, particularly

what it meant for quantum fields to be entangled.

• A possible connection between entropy due to entanglement and Black Hole

entropy was discussed. Both were seen to be dependent on area.

• With the goal of calculating the entanglement entropy for the scalar field, we

started with toy systems like the coupled harmonic oscillator and the harmonic

chain and calculating their entropy. With the help of these results, we calcu-

lated the entanglement entropy for scalar fields numerically. Moreover, we also

extended the above calculation to space-time with a horizon. Area law was

seen to hold in both these examples. One big drawback here was the lack of

any analytical results.

• To obtain entanglement entropy for the scalar fields analytically, we used an-

other approach involving the covariance matrix. We established the covariance

83



84

matrix’s link to entanglement entropy through thermal states(for the ground

state of the field), and then we used the covariance matrix method to calculate

the entanglement entropy of the scalar field.

• Upon careful analysis of the analytical expression for the entanglement entropy,

we found that the entanglement entropy at leading order behaved differently for

different boundary conditions. For the case of Neumann boundary conditions,

we found that the entanglement entropy diverged as log log when ζ ≪ 1. In

contrast, it diverged as log when ζ ≫ 1, whereas for the Dirichlet boundary

condition, the entanglement entropy diverged as log log in both the regimes.

• Hence the information content of the field theory in the two regimes of ζ is

different. Signatures of this crossover were also seen in other measures of en-

tanglement.

• Finally, we started with the main goal of the project: generalizing the en-

tanglement entropy calculation for a fermion field. The reasons to do

this were three-fold. First, to see if it is possible to prove the area law us-

ing fermionic fields (has not been done in literature). Secondly, try to see if

the crossover in the leading term of entanglement entropy is even present for

fermionic theories. (try to extend work done by [17]) And lastly, to formulate

the Hawking effect for fermions and finding a corresponding temperature.

• Upon starting to do this calculation, it was evident that Dirac equation being

first order is a worrying issue. All the calculations done in [chapter 2] used the

idea that scalar fields under discretization behave like coupled harmonic oscil-

lators. Since Dirac equation was first order, the structure after discretization

was different, and older results from [chapter 2] could not be directly used.

• Moreover, when trying to discretize the Dirac field, we encountered the problem

of ”fermion doubling”, where the discretized version of the Dirac field theory

was giving double the number of particles it should (2 per each space-time

dimension). This was seen through the extra solutions of the lattice dispersion
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relation for p that arise due to the corners of the Brillouin zone (which goes off

to infinity in the continuum limit). The same could be seen from the poles of

the propagator of the lattice field theory, whose number multiplies by two for

each space-time dimension.

• We saw that one of the solutions to this problem was adding certain terms

to the action that raised the mass of the extra fermion particles. The extra

particles become infinitely heavy in the continuum limit, making the correct

fermion state the only one with finite energy.

• Another way to deal with the doubling was to perform a particular transfor-

mation that removed gamma matrices from the Dirac action (3+1 dimensional

theory) and led to the simplification of the action as it became a sum of 4

identical terms that did not intermix in any way (since the gamma matrices

go away). Furthermore, this allowed us to work with only a single component

fermion, which greatly reduced the extra solutions. Finally, by breaking the

lattice into odd and even sites, we could further reduce the number of these ex-

tra solutions and have a lattice theory for fermions that is free of the doubling

problem.

• With this out of the way, we looked towards methods similar to those in [chapter

3] for trying to calculate the entanglement entropy for fermions. It was not

clear how to generalize the covariance matrix formalism to a system with a

Dirac spinors as they have 4 degrees of freedom at each point. Moreover, the

gaussianity of the ground state and its thermal nature was what led us to derive

(3.2.25), was for the ground state of a scalar field.

• One method of calculating the density matrix using correlation functions in

fermionic condensed matter systems was hence studied.

• Construction of the density matrix was done by comparing averages calculated

using the density matrices and averages calculated by Wick’s theorem (correla-

tion functions). Hence given a matrix with all the different correlation functions
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Ci,j = ⟨c†icj⟩, we could construct the density matrix ρ and then calculate the

entanglement entropy by tracing out degrees corresponding to a subsystem.

• Hence, we could use the correlation functions to calculate the entanglement

entropy with the correct choice of a Hamiltonian that leads to the Dirac Hamil-

tonian in the continuum limit and does not suffer from any fermion doubling

problems of the system.

• However, it is not fully clear as of now how the tracing out process in this

method corresponds to real space entanglement. Work is currently being done

on this.

• Lastly, we also saw in detail topics such as cosmological particle creation. This

involved studying the time varying harmonic oscillator, quantum fields in ex-

panding space-times, the Unruh effect, and the Hawking radiation.

Further work

Through this masters project, many methods of calculating entanglement entropy

were understood. Since a trivial generalization for the entanglement entropy for

fermions could not be made from the methods used before, one had to look for

other methods. Currently, the correlation function approach is the one that is being

worked upon to calculate the entropy. After this calculation, further work on three

goals should be possible:

• Showing that entanglement entropy for fermionic fields also follows an area law.

• Investigate the crossover seen in [chapter 3] for a fermionic field and see if it

also occurs here.

• Try to formulate the Hawking effect in the same formalism for the fermion field.
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Appendix A

Cosmological particle creation

In this chapter we look at the phenomena of particle creation in gravitational back-

grounds.[29, 8] We start with looking at the simple example of time-dependent har-

monic oscillator. It will be that that it has a vacuum state that keeps changing with

time, leading to the changing of annihilation operators. The operators at different

times are related through the Bogolyubov transformation. This change in the vacuum

causes a change in the particle description of the theory. Hence a system in vacuum

at some time would begin to have particles at another instant of time.

This will be followed by the example of expanding space-time, where now a scalar

field is considered in this space-time. It will be shown that this theory also fails to

have a vacuum that does not change with time, leading to an inconsistent particle

description. Hence a prepared vacuum state at some time fails to be the vacuum state

at later times, leading to appearance of particles in a supposedly vacuum state. The

operators at each time instance are again linked to each other through Bogolyubov

transformations.

This will then be followed by the exploration of the Unruh effect, where an accel-

erated observer starts to see a thermal spectrum of particles as it starts to accelerate.

Using the ideas from the previous sections, one can show that a scalar field in this

space-time of an accelerated observer (Rindler space) also fails to have a consistent
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vacuum, leading to an appearance of particles that were not there before the accelera-

tion. The particles are observed to have a thermal spectrum, which will be explained

in detail.

Finally, we look at the problem of particle creation near Black Holes. It will

be shown that most ideas from the Unruh effect can be analogously applied to the

Schwarzschild Black Hole. This leads to a observer very far from the Black Hole to see

a flux of particles, whose spectrum is thermal. In all of these cases, the Bogolyubov

transformation links the annihilation operator in different co-ordinate systems/ at

different times, and plays an essential role in the idea of particle creation in their

relevant systems.

A.1 Oscillator with variable frequency

We look at the classical oscillator with a twist. We look at at the time independent

oscillator with the equation of motion as

q̈ + ω2(t)q = 0. (A.1.1)

Why are we interested in such a system? When dealing with typical scalar fields

in quantum field theory, the Klein-Gordan equation in momentum space looks like

a simple harmonic oscillator equation. We will see later that gravitational effects

influence quantum fields such that the frequency (ω) in the equation of motions

becomes times dependent. We now start looking at the time-dependent harmonic

oscillator and establish some results.

An example for ω(t) would be as in (Fig. A.1) (on next page). Finding an exact

solution for the differential equation (A.1.1) can be hard for an arbitrary ω(t). Instead

we look at ”in” and ”out” regimes, i.e

ω = ω0 ∀t < t0

ω1 ∀t > t1
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Figure A.1: ω(t)

In these regimes, we already know the solution to the oscillator. It takes the form:

q(t) = Aeiω0t +Be−iω0t ∀t < t0

q(t) = Ceiω1t +De−iω1t ∀t > t1.

Given the equation of motion (A.1.1), we can write the Lagrangian for it as

L =
q̇2

2
− 1

2
ω2(t)q2.

The conjugate momentum is then

p =
∂L
∂q̇

= q̇.

The Hamiltonian corresponding to this Lagrangian is

H =
p2

2
+

1

2
ω2(t)q2. (A.1.2)

The Hamilton’s equations for the above Hamiltonian then reads

ṗ = −∂H
∂q

= −ω2q, q̇ =
∂H
∂p

= p. (A.1.3)

Typically these systems do not conserve energy, and physically it stems from the

fact that this simple harmonic oscillator has to have variable frequency because of
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some form of external driving. Upon quantization of this oscillator, we promote the

dynamical variables q and p to operator valued variables and postulate the canonical

commutation relations

[q(t), p(t)] = i, [q(t), q(t)] = [p(t), p(t)] = 0. (A.1.4)

We then introduce the operators a and a† as in (3.2.6) as

a(t) =

√
ω

2

(
q(t) +

i

ω
p(t)

)
, a†(t) =

√
ω

2

(
q(t)− i

ω
p(t)

)
. (A.1.5)

As we go from the (q, p) basis to (a, a†) basis, the Hamilton’s equations also change

form. To find them, we take time derivatives of the new basis variables, a, a† as

ȧ(t) =

√
ω

2

(
q̇ +

i

ω
ṗ
)
, ȧ†(t) =

√
ω

2

(
q̇ − i

ω
ṗ
)
. (A.1.6)

Using (A.1.3) in the above equation we get

ȧ(t) =

√
ω

2

(
p− iωq

)
= −iω

[√
ω

2

(
q +

i

ω
p
)]

= −iωa(t). (A.1.7)

and similarly for the other operator. Hence the Hamilton’s equations in this new

basis take the form

ȧ(t) = −iωa(t), ȧ†(t) = +iωa†(t). (A.1.8)

Let us solve these equations in the case that ω is constant in time.

ω constant

In this case, the differential equation has an easily computable solution as

a(t) = a0e
−iωt ≡ ae−iωt. (A.1.9)

Now we ask what the commutation relations look in the new variables. To do so, we

invert equations (A.1.5) as

q(t) =

√
1

2ω

(
ae−iωt + a†e+iωt

)
, p(t) =

1

i

√
ω

2

(
ae−iωt − a†e+iωt

)
. (A.1.10)
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Putting it into the (A.1.4) we get

1

i

√
ω

2

√
1

2ω

[
ae−iωt + a†e+iωt, ae−iωt − a†e+iωt

]
= i

=⇒
[
a, a†

]
= 1. (A.1.11)

We now wish to rewrite (A.1.10) in a form that will be helpful when generalizing to

the general ω case. Looking at q(t) first we get

q(t) =
1√
2

(
a
e−iωt√
ω

+ a†
eiωt√
ω

)
≡ 1√

2

(
av∗(t) + a†v(t)

)
,

where we have defined v(t) = eiωt
√
ω
. Using Hamilton’s equation in (A.1.8), we can

substitute a and a† in (A.1.10) to get

p(t) =
1√
2

(
av̇∗(t) + a†v̇(t)

)
.

Hence we have the expressions

q(t) =
1√
2

(
av∗(t) + a†v(t)

)
, p(t) =

√
1

2

(
av̇∗(t) + a†v̇(t)

)
. (A.1.12)

General ω

Now moving to the case of a general time dependent frequency, the differential equa-

tion (A.1.8) will not have a simple solution. It will take the form

da†(t)

dt
= +iω(t)a† =⇒ log a†(t) =

∫
iω(t) dt

=⇒ a†(t) = a†0 exp
(
i

∫
ω(t) dt

)
≡ a†f. (A.1.13)

As before, this would mean that

q(t) =
1√
2

(
a
f †
√
ω
+ a†

f√
ω

)
≡ 1√

2

(
av∗(t) + a†v(t)

)
, p(t) =

1√
2

(
av̇∗(t) + a†v̇(t)

)
(A.1.14)

where we have defined v(t) = f√
ω
. It is for this reason v(t) is often called the ”mode

function”. We can now ask what (A.1.1) would imply for the mode function. By

plugging the expression of q(t) above into (A.1.1) we get

1√
2

(
av̈∗(t) + a†v̈(t)

)
+ ω2(t).

1√
2

(
av∗(t) + a†v(t)

)
= 0



93

=⇒ a√
2

(
v̈∗(t) + ω2(t)v∗(t)

)
+

a†√
2

(
v̈(t) + ω2(t)v(t)

)
= 0.

Note that the latter half of this equation is the conjugate of the former. This equation

holds for any choice of v(t), meaning the terms in the parenthesis must be zero

themselves. This gives us

v̈ + ω2(t)v = 0. (A.1.15)

As before, we now evaluate the commutation relations for the general ω case. Starting

from (A.1.4) we get [
q(t), p(t)

]
= i

=⇒
[ 1√

2

(
av∗(t) + a†v(t)

)
,
1√
2

(
ȧv∗(t) + ȧ†v(t)

)]
= i

=⇒ 1

2

[(
av∗(t) + a†v(t)

)
,
(
ȧv∗(t) + ȧ†v(t)

)]
= i

=⇒
(
v̇v∗ − vv̇∗

)
[a, a†] = 2i

=⇒ [a, a†] =
2i

v̇v∗ − vv̇∗
. (A.1.16)

The denominator on the right-hand side is the Wronskian of the solutions v(t) and

v∗(t). We now take a slight detour to prove a significant result related to it.

Wronskian

Given a second order differential equation y′′ = a(x)y′ + b(x)y and the two solutions

y1 and y2, we define the Wronskian as

W = y1y
′
2 − y′1y2. (A.1.17)

We now calculate the derivative of the Wronskian and substitute the second-order

derivatives using the original differential equation as

W ′ = y′1y
′
2 + y1y

′′
2 − y′1y

′
2 − y′′1y2 = y1y

′′
2 − y′′1y2

= y1
[
ay′2 + by2

]
− y2

[
ay′1 + by1

]
= a
(
y1y

′
2 − y2y

′
1

)
= aW.

This differential equation can be solved easily and gives the Wronskian of the form

W = C.e
∫
a dx. (A.1.18)
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For the differential equation we have in (A.1.15), a(x)=0 so the Wronskian becomes

a constant. Since all these solutions are solutions to linear differential equations, any

solution upto a multiplicative constant is also a solution. Hence we can normalize the

mode functions as we wish and put (A.1.16) as

v̇v∗ − vv̇∗ = 2i, [a, a†] = 1. (A.1.19)

We have hence canonically quantized the time varying oscillator. We can now pos-

tulate the existence of states |0⟩, |1⟩ · · · and specially a|0⟩ = 0. The vacuum state is

defined by a|0⟩ = 0, so we invert (A.1.14) to get

a =
v̇(t)q(t)− v(t)p(t)

i
√
2

. (A.1.20)

The choice of the vacuum hence depends on the choice of the mode function v(t).

But physically we expect the ground state to be unique and not depend on the choice

of v. Therefore we try to find such a ground state by imposing a physical condition

on it. Since the ground state is a state where the system is at least energy, we can

try to find v such that ⟨0|H|0⟩ is minimized. Looking back at (A.1.2), we substitute

(A.1.14) as

H =
p2

2
+

1

2
ω2(t)q2,

=⇒ H =
1

4

[
av̇∗(t) + a†v̇(t)

]2
︸ ︷︷ ︸

I1

+
1

4
ω2(t)

[
av∗(t) + a†v(t)

]2
︸ ︷︷ ︸

I2

.

Looking first at I1 and using (A.1.19) we get

I1 =
[
v̇v̇a†a† + v̇v̇∗a†a+ v̇∗v̇aa† + v̇∗v̇∗aa

]
=
[
v̇2a†a† + v̇v̇∗(2a†a+ 1) + v̇∗2aa

]
.

I2 =
[
vva†a† + vv∗a†a+ v∗vaa† + v∗v∗aa

]
=
[
v2a†a† + vv∗(2a†a+ 1) + v∗2aa

]
.

When we take the expectation value in the ground state, all the a†a†, aa and a†a

terms will go to zero because of orthogonality of states. Hence we have

E = ⟨0|H|0⟩ = |v̇2|+ ω2|v|2

4
. (A.1.21)

The energy clearly a function of time. We first minimize energy at one instance of

time t = t0. One possible choice of the mode function that also satisfies (A.1.15) is
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v = q and v̇ = p. We also have the normalization condition pq∗− qp∗ = 2i. Therefore

we have to minimize

E = ⟨0|H|0⟩ = |p2|+ ω2|q|2

4
.

Note that there are two independent parameters in the quantity we wish to minimize.

However, we also have the normalization condition, which we can use to eliminate

one of the independent variables. However, the form of the normalization condition

makes it hard to separate one variable in favor of the other. To use it, we need to

change its form to make it usable. We observe that the normalization and energy

equation are invariant under the transformation p → eiλp and q → eiλq. We can use

the fact that λ is unconstrained to simplify the form of the normalization equation.If

q = q1 + q2 and p = p1 + p2 we can see that

eiλq = (cosλ+ i sinλ)(q1 + iq2)

= (q1 cosλ− q2 sinλ) + i(q1 sinλ+ q2 cosλ).

We can now demand for the imaginary part to vanish, choosing λ appropriately as

λ = arctan
−q2
q1

.

This is useful since now that q is real, q = q∗ and we can separate the variables in

the normalization condition as

(p− p∗)q = 2i =⇒ q =
1

p2
.

The Energy takes the form

H =
1

4

(
p21 + p22 +

ω2(t0)

p22

)
.

Differentiating with respect to p1 and p2 we can now minimize the function. We have

p1 = 0, 2p2 −
2ω2

p32
= 0 =⇒ p2 = ±

√
ω(t0).

Hence we have

v̇(t0) = i
√
ω(t0), v(t0) =

1√
ω(t0)

. (A.1.22)

Hence the pair v and v̇ will define a, a† such that Emin = 1
2
ω(t0), and we have the

instantaneous ground state |0t0⟩ (because its at time t = t0). Note that if w
2 < 0, the

minimum does not exist and the energy would be unbounded from below.
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A.1.1 In and out states

Let us look back at (Fig. A.1). When t < t0, vin(t) = eiω0t and t > t1, vout(t) = eiω1t.

We now ask how the in and the out modes are related.

e±iω1t are a set of plane waves that form a complete basis to the solutions of the

equation (A.1.15), any solution to it can be expressed in this basis, i.e any solution

can be expressed as a linear superposition of the plane waves. We hence write

vin(t) = αeiω1t + βe−iω1t

=⇒ vin(t) = αvout + βv∗out. (A.1.23)

This relation is an example of a Bogolyubov transformation. But these parameters

α, β are not fully free parameters. Again, the normalization condition will impose a

constraint on them. We start with (A.1.16) and use the Bogolyubov relation as

v̇inv
∗
in − vinv̇

∗
in = 2i

=⇒ (αiω1vout−βiω1v
∗
out)(α

∗v∗out+β
∗vout)+(α∗iω1v

∗
out−β∗iω1vout)(αvout+βv

∗
out) = 2i

=⇒ |α|2iω1+������
αβ∗iω1v

2
out−�������

βα∗iω1v
∗
out

2−|β|2iω1+|α|2iω1+�������
α∗βiω1v

∗
out

2−������
β∗αiω1v

2
out−|β|2iω1 = 2i

=⇒ |α|2 − |β|2 = 1

ω1

By rescaling α, β → √
ω1α,

√
ω1β we hence get a simple condition on the Bogolyubov

coefficients as

|α|2 − |β|2 = 1. (A.1.24)

Since the operators a and a† are composed of vin, we can use (A.1.23) in (A.1.20) for

ain as

ain =
v̇inq − vinp

i
√
2

=
(αv̇out + βv̇∗out)q − (αvout + βv∗out)p

i
√
2

=⇒ ain = αaout − βa†out, a†in = α∗a†out − β∗aout. (A.1.25)
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To obtain the a similar relation for aout, we need to eliminate a†out. To do so, we just

multiply ain by α∗ and a†in by β and add them to cancel the cross terms. We have

α∗ain + βa†in = |α|2aout −�����
βα∗a†out +�����

α∗βa†out − |β|2aout = (|α|2 − |β|2)aout
(A.1.24)
= aout

=⇒ aout = α∗ain + βa†in, a†out = αa†in + β∗ain. (A.1.26)

This means that when β ̸= 0, aout differs from ain and defines different vacuum states

through a|0⟩ = 0. Hence the vacuum changes in time. To look at this more clearly,

this means that if we prepare the system in state |ψ⟩ = |0in⟩ at t≪ t0, and evolve it

till time t1. The quantum state still remains |0in⟩, but after time t = t1 we compare

the state to the ground state of the system at that particular time, i.e |0out⟩. The

ground states are different, so the out system will no longer be in the ground state.

The system will hence be in a superposition of the new |nout⟩. Therefore one will

see the system in an excited state. Physically it makes sense as well since a change

in frequency of the oscillator corresponds to driving the oscillator. It corresponds

to work done on the system leading to the injection or omission of energy and the

system’s changing energies of states. As before, since the Hamiltonian energy function

is time-dependent, so energy is not conserved.

A.2 Scalar field in expanding background

A.2.1 Metric and the action

We now show how gravitational backgrounds influence the equations of motions. We

work in the the FRW metric. The metric looks like:

ds2 = gαβ dx
α dxβ = dt2 − a2(t)( dx2 + dy2 + dz2). (A.2.1)

This metric looks similar to the Minkowski metric, but with a scale factor in front of

the spatial metric part. This metric is an exact solution of the Einstein’s equation.

We look at a real valued scalar field ϕ, which is minimally coupled to the metric, i.e

all contractions that involve the metric are done with the FRW metric defined above
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and there is no other term involving the scalar field ϕ and the metric gαβ. Moreover,

we work with a free field (i.e no interactions) which has m ̸= 0. The action for theory

is given by

S =

∫ √
−g d3xdt

[1
2
gαβ(∂αϕ)(∂βϕ)−

1

2
m2ϕ2

]
. (A.2.2)

Here the
√
−g is the determinant of the metric gαβ and ensures that the action is

invariant under co-ordinate transformations. Note that standard summation conven-

tions apply here. The corresponding equations of motion corresponding to this action

are

gαβ∇α∇βϕ+m2ϕ = 0. (A.2.3)

In the flat Minkowski space-time case, this equation had gαβ = ηαβ and this reduced

to the well known Klein-Gordan equation we then quantized canonically. But here we

would have the a(t) factor complicating the differential equation and finding a mode

expansion non-trivial. To have a closer look, we do the following transformation

η(t) =

∫ t

t0

dt

a(t)
. (A.2.4)

the metric then looks like

ds2 = a2(η)(dη2 − dx2 + dy2 + dz2). (A.2.5)

This metric is similar to the Minkowski metric but up to the factor a2(t). Metrics like

these are called conformally flat because they differ from the flat metric by the factor

a2(t), the conformal factor. We now apply this to the action we have. Conformally

equivalent metrics are interesting because they leave the causal structure of the theory

invariant. We first calculate the determinant term as

√
−g =

√
−(a2(t))(−a2(t))(−a2(t))(−a2(t)) = a4(t). (A.2.6)

Moreover, we can now write the FRW metric in terms of the Minkowski as

gαβ =
1

a2
ηαβ. (A.2.7)

The action hence looks like

S =
1

2

∫
d3xdη

[
a2
[
ϕ′2 − (∇ϕ)2

]
− a4(t)m2ϕ2

]
.
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Finally, performing the transformation aϕ = χ we see that (and noting that prime

represents differentiation w.r.t η)

S =
1

2

∫
d3xdη

[
a2
[(χ
a

)′2
−
(∇χ
a

)2]
− a4m2

(χ
a

)2]
.

=
1

2

∫
d3xdη

[
a2
[(χ
a

)′2]
︸ ︷︷ ︸

A

−(∇χ)2 − a2m2χ2
]
.

We look separately at A. We can see that

a2
(χ
a

)′2
= a2

(aχ′ − χa′

a2

)2
= χ′2 + χ2a

′′

a
−
[
χ2.

a′

a

]′
.

The last term in the equation above is a total derivative and will vanish in the

expression for action. Hence we finally get the expression

S =
1

2

∫
d3xdη

[
χ′2 − (∇χ)2 −

(
a2m2 − a′′

a

)
︸ ︷︷ ︸

meff

χ2
]

=⇒ S =
1

2

∫
d3xdη

[
χ′2 − (∇χ)2 −meffχ

2
]
. (A.2.8)

Where we have called renamed the terms inside the parenthesis as meff(η). There-

fore the dynamics of a scalar field ψ in flat FRW space-time are equivalent to the

dynamics of a field χ in Minkowski space-time with an effective mass that depends

on the time variable.

A.2.2 Mode expansion and quantization

Let us have a look at the equation of motion

χ′′ +∇2χ+meff(η)χ = 0. (A.2.9)

We begin with going to the Fourier basis, i.e we substitute

χ(x, η) =

∫
d3k

(2π)
3
2

χk(η)e
ik.x.

We can substitute this in the equation of motion to get

χ′′
k +

(
k2 +meff(η)

)︸ ︷︷ ︸
ω2
k(η)

χk = 0.
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=⇒ χ′′
k + ω2

k(η)χk = 0. (A.2.10)

Hence in momentum space, we see that at each point there is a harmonic oscillator

whose frequency varies with time i.e a time dependent harmonic oscillator ( in com-

parison to fields in Minkowski space-time where we have time independent harmonic

oscillators at each point in momentum space). Hence we can now use the results

calculated for the time varying harmonic oscillator in last subsection. We can choose

a mode function vk(η) and do the mode expansion as shown before as

χk(η) =
1√
2
(akv

∗
k(η) + a†kvk(η)),

=⇒ χ(x, η) =

∫
d3k

(2π)
3
2

.
1√
2
(akv

∗
ke
ik.x + a†kvke

−ik.x). (A.2.11)

Until now, the fields were classical. We can now impose equal time canonical

commutation relations for the field operators as

[χ(x1, η), π(x2, η)] = [χ(x1, η), χ
′(x2, η)] = iδ(x1 − x2). (A.2.12)

The first equality here can be seen by noting that π = ∂L
∂χ′ = χ′. Moreover,

here we also demand that the creation and annihilation operators satisfy canonical

commutation relations

[ak, a
†
k′ ] = δ(k − k′), [ak, ak′ ] = [a†k, a

†
k′ ] = 0. (A.2.13)

We can ask what (A.2.11) and (A.2.12) mean for the mode functions. We see that

[χ(x1), χ
′(x2)] =

∫
d3kd3k′

(2π)3
eikx1eik

′·x2 .
1

2

[
akv

∗
k + a†−kvk, ak′v

′∗
k + a†−k′v

′
k′

]

=

∫
d3kd3k′

(2π)3
eik.x1eik

′.x2

2
.

v∗kv′k [ak, a†−k]︸ ︷︷ ︸
δ(k+k′)

−vkv′∗k′
[
a†−k, ak′

]
︸ ︷︷ ︸
δ(k′+k)


=

∫
d3k

(2π)
3
2

eik.(x1−x2)

2
.
(
v∗kv

′
k − vkv

′∗
k′

) (A.2.11)
= iδ(x1 − x2)

=⇒ v∗kv
′
k − vkv

′∗
k′ = 2i ⇐⇒ W [vk, v

∗
k] = 2i or Im(v∗kv

′
k) = 1. (A.2.14)

This means that we can quantize the scalar field χ describing quantum fields in an

expanding background by promoting a and a† to operators that satisfy (A.2.13) and
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making sure that the mode functions satisfy (A.2.14) and (A.1.15). Here all the focus

goes into the choice of the mode functions.

Looking at (A.1.15), we see that the second order equation for vk(η) will give us

two independent complex valued solutions. Since we also have the normalization con-

straint due to quantization in (A.2.14), which is a linear equation relating the complex

components of these solutions to each other, we end up with one one independent

complex degree of freedom governing the mode functions. Finally, we can observe

that multiplying vk(η) by e
iα introduces an extra phase, which can be absorbed into

the creation and annihilation operators. This then means that the vacuum state

changes by a phase. This can be represented by

vk → vke
iα (A.2.11)

=⇒ a→ ae−iα =⇒ |0⟩ → e−iα |0⟩ .

All states that differ up to a phase are physically equivalent, so we are only left with

one real degree of freedom that governs the freedom in choosing the mode function.

Hence we have successfully used all the constraints and conditions, but only to find

freedom in choosing the mode function. The corresponding real degree of freedom

can distinguish between these mode functions. However, since all of these functions

satisfy (A.1.15) and (A.2.14), they are all physically equivalent as they give rise to

physically equivalent states.

A.2.3 The vacuum

Now that we have the operator a, we can define the vacuum state as a |0⟩ = 0. With

repeated usage of a†, one can construct the multiparticle states. An excited state

|mk1 , nk2 · · ·⟩ with occupation numbers m,n · · · of the field χ is given by

|mk1 , nk2 · · ·⟩ =
1√

m!n! · · ·

[
(a†k1)

m(a†k2)
n · · ·

]
|0k1 , 0k2 · · ·⟩ .

To keep notation simple, we call this |0⟩. Given a mode function, we have the mode

expansion and, therefore, the operators a and a†. The operator a defines the vacuum

state. Hence the mode function’s choice invariably changes the vacuum state. The

vacuum state is important because it is what the description of the particle is based
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on, and a change in it would reflect a change in the type and number of particles

present in a particular configuration of the field. We ask, ”which mode function will

give us the correct physical vacuum?”

Instantaneous energy eigenstates

To find an expression for the mode function, we need to constrain it further, and we

do this by demanding that the ground state is a state which minimizes the energy.

We do this at a particular time η = η0. Therefore the statement then becomes ”find

v(η) such that ⟨0η0|H(η0) |0η0⟩ is minimized”. This is a question almost identical to

what we did in the last subsection with the time-dependent harmonic oscillator in

(A.1.22). The results for the appropriate mode function when ω2
k > 0 are

vk(η0) =
1√
ωk(η0)

, v′k(η0) = i
√
ωk(η0) = iωk(η0)vk(η0). (A.2.15)

Now, when ωk(η) = constant (for example Minkowski space-time), we get the familiar

Minkowski result as

vk(η) =
1

√
ωk
eiωkη.

However, in gravitational/expanding backgrounds, ω is a function of time. That

means that for each time instance, we have a different vk. Changing mode functions

imply that the creation and annihilation operators also keep changing. This leads to a

change in the description of the vacuum and hence the particles. One can now ask how

two different creation and annihilation operators coming from these mode functions

are related. The relations between the operators are what are called Bogolyubov

transformations.

A.2.4 Bogolyubov transformations

Consider two mode functions vk(η) and uk(η). We now wish to write the operator vk

in terms of uk. Since uk and u
∗
k also form a complete basis, we can use them to write

v∗k as

vk(η) = αkuk(η) + βku
∗
k(η). (A.2.16)
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Since v should be normalized by (A.2.14), we have

v∗v′ − vv′∗ = 2i,

=⇒ (α∗
ku

∗
k + β∗

kuk)
(
αku

′
k + βku

′∗
k

)
− (αkuk + βku

∗
k)
(
α∗
ku

′∗
k + β∗

ku
′
k

)
= 2i

=⇒ |αk|2u∗ku′k +������
αkβ

∗
ku

′
kuk +������

βkα
∗
ku

′∗
ku

∗
k + |βk|2uku′∗k − |αk|2uku′∗k −������

αkβ
∗
ku

′
kuk

−������
βkα

∗
ku

′∗
ku

∗
k − |βk|2u∗ku′k = 2i

=⇒ |αk|2 (u∗ku′k − uku
′∗
k )− |βk|2 (u∗ku′k − uku

′∗
k ) = 2i.

But we know that u must also be normalized in the same way. Using this in the above

equation, we get

|αk|2 − |βk|2 = 1. (A.2.17)

These relations are analogous to what we obtained in the last subsection. This relation

constraints the coefficients α and β. Looking at the mode expansion (A.2.11) for both

the mode functions v and u we find

χ(x, η) =

∫
d3k

(2π)
3
2

.
1√
2
(akv

∗
k + a†−kvk)e

ik.x,

χ(x, η) =

∫
d3k

(2π)
3
2

.
1√
2
(bku

∗
k + b†−kuk)e

ik.x.

Since they are just different expressions for the same quantity, we can equate them.

Since they will be equal for any arbitrary x, we can equate the terms in front of the

exponential as (
bku

∗
k + b†−kuk

)
eik.x =

(
akv

∗
k + a†−kvk

)
eik.x. (A.2.18)

Using (A.2.16) we look at the RHS as

akv
∗
k + a†−kvk =

(
α∗
ku

∗
k + β∗

kuk

)
ak +

(
αkuk + βku

∗
k

)
a†−k

=
(
α∗
kak + βka

†
−k

)
u∗k +

(
αka

†
−k + β∗

kak

)
uk.

Comparing the LHS in (A.2.18) to the equation above, we get

bk = α∗
kak + βka

†
−k, b†−k = αka

†
−k + β∗

kak. (A.2.19)
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These are the Bogolyubov transformations and the operators a and b here define the

two different vacuums, |0a⟩ and |0b⟩. As said before, a change in vacuum represents

a change in particles. One way to see this explicitly is to look at an average value of

the number operator.

A.2.5 Mean particle number

The two vacua define two different particles. We can now ask on average how many

”b-particles” (of the field mode χk) exist in the ”a-vacuum”. This would look like

⟨Nb⟩0a = ⟨0a|Nb |0a⟩ = ⟨0a| b†kbk |0a⟩ .

Here we can use (A.2.19) to write this in terms of a operators as

= ⟨0a|
(
αka

†
k + β∗

ka−k

)(
α∗
kak + βka

†
−k

)
|0a⟩ = ⟨0a|

(
|βk|2a−ka†−k

)
|0a⟩ ,

=⇒ ⟨Nb⟩0a = |βk|2δ3(0).

The appearance of the delta function stems from the commutation relations. It is

attributed to the fact that we consider the integral over full space, which has an

infinite volume. In a case where we have a finite size of the system, we can then talk

about the number density of particles in this quantized field mode χk as

⟨nb⟩0a = |βk|2. (A.2.20)

If we prepare the field in the state |0a⟩ and look for the number of ”b-particles,”

we will see a finite number of these particles in the vacuum. However, how is this

relevant? In the last subsection, we saw that the mode function changes with time for

an expanding space-time, which implied that the vacuum state changes with time. If

one were to prepare the instantaneous vacuum at a time η0, then after an infinitesimal

amount of time η0+δη, the original state would not be the vacuum state of the system

anymore. As a result, we will see particles with density for a system in that state.

This can be attributed to the time-dependent harmonic oscillator (which is what the

system boils down to) does not conserve energy, and the energy function is time-

dependent. We do not have any faithful time-independent eigenstates that can work

as the vacuum state because the Hamiltonian is time-dependent.
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A.3 Unruh effect

In this section, we will look at the phenomenon of the Unruh effect and try to explain

it using the ideas developed in the past subsections of this appendix. The core idea

of the effect is that an accelerated observer in Minkowski space-time observes the

ground state of a scalar field to have particles. The particles can be seen to follow

a thermal distribution. We start with looking at a co-ordinate system adapted for

accelerating observers.

A.3.1 Accelerating observers and the Rindler co-ordinates

Let us go back to special relativity and try to look at the problem of accelerating

observers. We would like to see what the world-lines of accelerating observers look

like and develop a suitable co-ordinate system for it.

Consider an observer with constant acceleration in x direction. We know that

4-velocity Uµ = (u0, u1, u2, u3) has norm -1 for massive particles. This means that

− u20 + u21 = −1 =⇒ u20 − u21 = 1. (A.3.1)

We now parametrize u1 and u0 as

u0 = cosh f(τ), u1 = sinh f(τ). (A.3.2)

This gives us the four-acceleration

aα = ( ˙f(τ) sinh f(τ), ˙f(τ) cosh f(τ), 0, 0). (A.3.3)

Now we demand that the norm of this 4-acceleration be constant, i.e

a2 = ˙f(τ)
2
(cosh2 f(τ)− sinh2 f(τ)) = ˙f(τ)

2
. (A.3.4)

This gives us a form for f , i.e f = kτ . Given f , we can now find the corresponding

world-lines by integrating the 4-velocity as

xµ = (
1

a
sinh aτ ,

1

a
cosh aτ , 0, 0). (A.3.5)
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The world-lines of the accelerated observers are hyperbolae. To clearly see this,compute

the line element as

− t2 + x2 = − 1

a2
sinh2 aτ +

1

a2
cosh2 aτ =

1

a2
. (A.3.6)

The world-lines correspond to hyperbolae confined in the first and fourth quadrant

by x = y and x = −y ((Fig. A.2), on next page) since a2 is always positive. Higher

the acceleration, the smaller would be 1
a2
, and the graph would come closer to the

lines y = ±x.

Now, we want a convenient co-ordinate system for this accelerating object. For

example, Minkowski co-ordinates are suitable for objects at rest. An object at rest

can be denoted by x, y, z = constant and t which can change. A moving object, in its

frame since its is always at rest will always have a fixed position (x, y, z = constant)

and the corresponding time co-ordinate will represent proper time, i.e xµ = (τ, a, b, c)

for arbitrary constants a,b,c. Hence x, y, z = constant represent static objects. We

wish to find a co-ordinate system (η, ρ) such that ρ = constant represents a constantly

accelerating object. To do so, we go into the accelerating frame of reference (the proper

frame) and use co-ordinates (η, ρ) which represent the proper time and proper length.

The transformation is much alike to what we saw above and looks like

t =
1 + aρ

a
sinh aη, x =

1 + aρ

a
cosh aη (A.3.7)

=⇒ dt2 = (dρ sinh aη+(1 + aρ) dη cosh aη)2, dx2 = (dρ cosh aη+(1 + aρ) dη sinh aη)2.

We can now compute the line element in this co-ordinate system as

ds2 = dt2−dx2 = (dρ sinh aη+(1 + aρ) dη cosh aη)2−(dρ cosh aη+(1 + aρ) dη sinh aη)2

=⇒ ds2 = (1 + aρ)2 dη2 − dρ2. (A.3.8)

This is called the Rindler metric and the co-ordinates (ρ, η) are called Rindler co-

ordinates. A few features of this metric and corresponding space-time are written

below.
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Figure A.2: Rindler co-ordinates

• One can show by substitution that x2 − t2 =
(
1
a
+ ρ
)2
. This means that ρ =

constant trajectories trace hyperbolae in the original Minkowski co-ordinates.

Connecting this to (A.3.6), ρ = constant trajectories represent accelerating

observers with ρ = 1
k
. Hence this is a convenient co-ordinate.

• One can show that t
x
= tanh aη, which means that aη =constant trajectories

are straight lines in original Minkowski co-ordinates. When ρ = constant, the

metric in terms of proper time can be read as:

ds2 = dτ 2 = (1 + aρ0)
2 dη2.

Hence η also acts as a proper time co-ordinate. This is exactly as we wanted in

corollary to static observers and Minkowski co-ordinates.

• As shown in (Fig. A.2), all accelerated observers lie in quadrant 1, often called

the Rindler wedge. Since light travels along 45-degree lines (shown in yellow),
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and the hyperbolas asymptote to y = ±x, the light coming from quadrants 2

and 3 can never reach an observer in region 1. Hence an accelerating observer

is causally disconnected to regions 2 and 3. This is an example of an event

horizon (this one is called the Rindler horizon), which is a surface (highlighted

in red) through which information cannot reach someone outside it. Note that

this horizon disappears whenever the object stops accelerating.

A.3.2 Scalar quantum field in Rindler space

Now we put (A.3.8) in a more convenient form. We make the transformation ξ =

ln (1 + aρ), and the metric then looks like

ds2 = e2aξ
(
dη2 − dξ2

)
. (A.3.9)

It is evident that the Rindler metric in these co-ordinates is equal to the Minkowski

metric multiplied by a space-time function and is therefore conformally flat. We can

now ask what a quantum field looks like in this form of the metric in 1+1 dimen-

sions. We look at a massless scalar field that is minimally coupled, i.e., effects of the

metric only show up in the co-ordinate invariant measure and the contractions in the

Lagrangian. The general action takes the form

S[ϕ] =
1

2

∫
d2x

√
−ggαβ∂αϕ∂βϕ. (A.3.10)

In Minkowski coordinates, the action looks like

S[ϕ] =
1

2

∫
dx dt

[
(∂tϕ)

2 − (∂xϕ)
2] . (A.3.11)

We now look at the action in Rindler co-ordinates. One feature which will be of great

use is the conformal flatness of the Rindler metric. We observe that if

gαβ → g′αβ = Ω2(x)gαβ,
√
−g → Ω2(x)

√
−g and gαβ → Ω−2gαβ. (A.3.12)

This means that the action is invariant under conformal transformations as it involves

the product of
√
−g and gαβ. This property of conformal invariance is highly useful
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in general. the action in the Rindler metric takes the same form as (A.3.11), but as

a function of the Rindler variables:

S[ϕ] =
1

2

∫
dξ dη

[
(∂ηϕ)

2 − (∂ξϕ)
2] . (A.3.13)

Looking at the equations of motions for both these actions, we get

∂2ϕ

∂t2
=
∂2ϕ

∂x2
,

∂2ϕ

∂η2
=
∂2ϕ

∂ξ2
. (A.3.14)

These have the same form as wave equations. The solutions can be written as super-

position of waves that go in both spatial directions. The solutions look like

ϕ(x, t) = A(t− x) +B(t+ x), ϕ(ξ, η) = C(η − ξ) +D(η + ξ). (A.3.15)

Proceeding with the mode expansions, we find in the Minkowski metric

ϕ(x, t) =

∫ ∞

−∞

dk√
2π

1√
2|k|

(
e−i|k|t+ikxak + ei|k|t−ikxa†k

)
, (A.3.16)

and in the Rindler metric

ϕ(ξ, η) =

∫ ∞

−∞

dk√
2π

1√
2|k|

(
e−i|k|η+ikξbk + ei|k|η−ikξb†k

)
. (A.3.17)

Since the exponentials in these expansions are functions of different variables, their

corresponding coefficients (that become operators when quantized) in the general so-

lution of the field will be different. Hence in general, the operators ak and bk are

different. Consequently the vacua they define would also be different, i.e we have the

Minkowski vacuum ak |0M⟩ = 0 and the Rindler vacuum bk |0R⟩ (both of them for all

values of k) being different states.

As in the last subsections, we can ask, ”Which of these corresponds to the correct/-

physical vacuum?”. If one were to hop onto an accelerating spaceship and observe

the field to be in the Minkowski vacuum, then they would see the Minkowski vacuum

|0M⟩ having particles, i.e., not being the lowest energy state. For observers moving

with the accelerated spaceship, the correct vacuum for the fields (the configuration

that minimizes the energy) is the Rindler vacuum, |0R⟩. Hence, the Minkowski vac-

uum will appear as an excited state. Similarly, if stationary observers observe the
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field in a Rindler vacuum, it would be filled with particles.

Hence there is no ”correct” vacuum. Its choice is dependent on the situation. This

detection of particles in a previously empty (up to quantum fluctuations) space-time

upon acceleration is called the Unruh effect. The next step is to find the relation

between the different vacuum states defined and the spectrum of the particles ob-

served by the accelerated observer. These relations are precisely the Bogolyubov

transformations that were described earlier.

A.3.3 Bogolyubov transformations

To arrive on the relation between the operators ak and bk, we need to compare the

mode expansions as before. To make this easier, we begin by writing the mode

expansion in the light-cone co-ordinates which will decouple x, t or ξ, η and allow for

comparison with (A.3.14). For both the co-ordinate systems, we define light-cone

co-ordinates as

ū, v̄ = t∓ x, u, v = η ∓ ξ. (A.3.18)

The unbarred co-ordinates will henceforth represent the accelerated frame light-cone

co-ordinates and the barred represent the co-ordinates in the unaccelerated frame

where the observer is freely falling. Both u and v take take values from (−∞,∞).

With this transformation, (A.3.7) looks like

ū = −1

a
e−au, v̄ =

1

a
eav. (A.3.19)

With these, the field solutions (A.3.15) look like

ϕ(ū, v̄) = A(ū) +B(v̄), ϕ(u, v) = C(u) +D(v). (A.3.20)

Using these co-ordinates in the mode expansion, we can decouple the exponentials

that were earlier a function of both x, t(or η, ξ for the Rindler case) into exponentials

that only depend on these light-cone co-ordinates. The light-cone mode expansion in

the unaccelerated frame take the form

ϕ(ū, v̄) =

∫ ∞

0

dω√
2π

1√
2ω

(
e−iωūaω + eiωūa†ω + e−iωv̄a−ω + eiωv̄a†−ω

)
, (A.3.21)
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and in the Rindler metric

ϕ(u, v) =

∫ ∞

0

dω′
√
2π

1√
2ω′

(
e−iω

′ubω′ + eiω
′ub†ω′ + e−iω

′vb−ω′ + eiω
′vb†−ω′

)
. (A.3.22)

Here ω and ω′ are the corresponding momentum variables in the Minkowski frame

mode expansion and the Rindler frame mode expansion. We can now compare these

expansions to (A.3.20) and see explicit expressions for A,B,C,D as

A(ū) =

∫ ∞

0

dω√
2π

1√
2ω

(
e−iωūaω+e

iωūa†ω

)
, B(v̄) =

∫ ∞

0

dω√
2π

1√
2ω

(
e−iωv̄a−ω + eiωv̄a†−ω

)
,

C(u) =

∫ ∞

0

dω′
√
2π

1√
2ω′

(
e−iω

′ubω′ + eiω
′ub†ω′

)
, D(v) =

∫ ∞

0

dω′
√
2π

1√
2ω′

(
e−iω

′vb−ω′ + eiω
′vb†−ω′

)
.

To find a relation between the operators ak and bk, we compare the mode functions.

Since the Rindler mode expansion is only valid in the Rindler wedge, we can only

compare the mode functions in that region. Hence for a point in that region, we

should have the physical field giving the same value in any co-ordinate system. By

equating these expressions for a given mode we would be able to see exactly how

these operators are related. To do this, we start with

ϕ(ū, v̄) = ϕ(ū, v̄),

=⇒ A(ū) +B(v̄) = C(u) +D(v)

=⇒ A(ū(u)) +B(v̄(v)) = C(u) +D(v)

Since the transition from light-cone co-ordinates in Minkowski to Rindler frame does

not intermix different momentum modes, we can equate the individual terms. By

doing this, we get

A(ū(u)) = C(u), B(v̄(v)) = D(v).

To look at the first part of this equation, we do a fourier transform of both sides of

the equation A(ū(u)) = C(u). This looks like∫ ∞

−∞

du√
2π
eiΩuA(ū(u)) =

∫ ∞

−∞

du√
2π
eiΩuC(u). (A.3.23)
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Looking at the RHS, we see that∫ ∞

−∞

du√
2π
eiΩuC(u) =

∫ ∞

−∞

du√
2π
eiΩu

∫ ∞

0

dω′
√
2π

1√
2ω′

(
e−iω

′ubω′ + eiω
′ub†ω′

)
=

∫ ∞

0

dω′
√
2ω′

∫ ∞

−∞

du

2π

(
e−i(ω

′−Ω)ubω′ + ei(ω
′+Ω)ub†ω′

)

=
1√
2Ω

bΩ, if Ω > 0

b†−Ω, if Ω < 0

(A.3.24)

On the other hand, the LHS can be written as∫ ∞

−∞

du√
2π
eiΩuA(ū(u)) =

∫ ∞

−∞

du√
2π
eiΩu

∫ ∞

0

dω√
2π

1√
2ω

(
e−iωūaω + eiωūa†ω

)
(A.3.25)

=

∫ ∞

0

dω√
2ω

∫ ∞

−∞

du

2π

(
eiΩu−iωūaω + eiΩu+iωūa†ω

)
=

∫ ∞

0

dω√
2ω

(
F (ω,Ω)aω + F (−ω,Ω)a†ω

)
. (A.3.26)

Where F is defined as

F (ω,Ω) ≡
∫ ∞

−∞

du

2π
exp [iΩu− iωū] =

∫ ∞

−∞

du

2π
exp [iΩu− iωū]

(A.3.19)
=

∫ ∞

−∞

du

2π
exp

[
iΩu+ i

ω

a
e−au

]
. (A.3.27)

Now, restricting to positive Ω (which means we are only talking about positive mo-

mentum modes, as thats the conjugate variable fourier transform brings), we can

write bΩ from (A.3.23),(A.3.24) and (A.3.26) as

bΩ√
2Ω

=

∫ ∞

0

dω√
2ω

(
F (ω,Ω)aω + F (−ω,Ω)a†ω

)
=⇒ bΩ =

∫ ∞

0

dω

[√
Ω

ω
F (ω,Ω)︸ ︷︷ ︸
αωΩ

aω +

√
Ω

ω
F (−ω,Ω)︸ ︷︷ ︸
βωΩ

a†ω

]

=⇒ bΩ =

∫ ∞

0

dω
[
αωΩaω + βωΩa

†
ω

]
(A.3.28)

This is the Bogolyubov transformation for the creation and annihilation operators in

the case. One difference we can see in comparison to the transformation we’ve seen
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in is that there is an integral over ω. One can think of the transformations we did in

the previous subsection as cases where αωΩ, βωΩ ∝ δ(ω−Ω). We can find expressions

for other operators in a similar way. We now look for a constraint equation for the

Bogolyubov coefficients similar to (A.2.17). To do so, we start with the commutation

relation for bω as

[bΩ, b
†
Ω′ ] = δ(Ω− Ω′), (A.3.29)

LHS:

=⇒
∫ ∞

0

∫ ∞

0

dω dω′
[(
αωΩaω + βωΩa

†
ω

)(
α∗
ω′Ω′a

†
ω′ + β∗

ω′Ω′aω′

)
−
(
α∗
ω′Ω′a

†
ω′ + β∗

ω′Ω′aω′

)(
αωΩaω + βωΩa

†
ω

)]
=⇒

∫ ∞

0

∫ ∞

0

dω dω′
[(
αωΩα

∗
ω′Ω′aωa

†
ω′+βωΩβ

∗
ω′Ω′a†ωaω′+αωΩβ

∗
ω′Ω′aωaω′+βωΩα

∗
ω′Ω′a†ωa

†
ω′

)
−
(
αωΩα

∗
ω′Ω′a

†
ω′aω + βωΩβ

∗
ω′Ω′aω′a†ω + αωΩβ

∗
ω′Ω′aω′aω + βωΩα

∗
ω′Ω′a

†
ω′a

†
ω

)]
=⇒

∫ ∞

0

∫ ∞

0

dω dω′
[
αωΩα

∗
ω′Ω′ [aω, a

†
ω′ ]︸ ︷︷ ︸

δ(ω−ω′)

+βωΩβ
∗
ω′Ω′ [a†ω, aω′ ]︸ ︷︷ ︸

−δ(ω−ω′)

+ αωΩβ
∗
ω′Ω′ [aω, aω′ ]︸ ︷︷ ︸

0

+βωΩα
∗
ω′Ω′ [a†ω, a

†
ω′ ]︸ ︷︷ ︸

0

]

=⇒
∫ ∞

0

dω
[
αωΩα

∗
ωΩ′ − βωΩβ

∗
ωΩ′

]
Hence, from (A.3.29), we finally get∫ ∞

0

dω
[
αωΩα

∗
ωΩ′ − βωΩβ

∗
ωΩ′

]
= δ(Ω− Ω′) (A.3.30)

This is similar to the constraint equation we got in (A.2.17). Again, if αωΩ, βωΩ ∝

δ(ω − Ω), we would obtain a result similar to (A.2.17).

A.3.4 Mean particle number

We can now ask the number of particles/particle density (with momentum Ω) an

accelerated observer sees in the Minkowski vacuum. To do so, we calculate the ex-

pectation value

⟨NΩ⟩0 = ⟨0M |NΩ |0M⟩ = ⟨0M | b†ΩbΩ |0M⟩ .
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= ⟨0M |
∫ ∞

0

dω
(
α∗
ωΩa

†
ω + β∗

ωΩaω

)∫ ∞

0

dω′
(
αω′Ωaω′ + βω′Ωa

†
ω′

)
|0M⟩

= ⟨0M |
∫ ∞

0

dω

∫ ∞

0

dω′β∗
ωΩβω′Ωaωa

†
ω′ |0M⟩ = ⟨0M |

∫ ∞

0

dω

∫ ∞

0

dω′β∗
ωΩβω′Ωδ(ω−ω′) |0M⟩

=⇒ ⟨NΩ⟩0 =
∫ ∞

0

dω|βωΩ|2. (A.3.31)

Now, to calculate this expression, we use (A.3.30). We can see that upon putting

Ω = Ω′ in the RHS, we generate a |βωΩ|2 term, but we still don’t know about the

|αωΩ|2 term. To calculate this, we will try to look at the expression for |αωΩ|2 and link

it to the value of |βωΩ|2. Equivalently, this means we need a relation between F (ω,Ω)

and F (−ω,Ω). With that in mind, we start with (A.3.30) in terms of F (ω,Ω) and

put Ω = Ω′ to get∫ ∞

0

dω.

√
ΩΩ′

ω

[
F (ω,Ω)F ∗(ω,Ω′)− F (−ω,Ω)F ∗(−ω,Ω′)

]
= δ(Ω− Ω′).

=⇒
∫ ∞

0

dω.
Ω

ω

[
|F (ω,Ω)|2 − |F (−ω,Ω)|2

]
= δ(0). (A.3.32)

Now, we have a look at (A.3.27) and analyze it carefully. It says

F (ω,Ω) =

∫ ∞

−∞

du

2π
exp

[
iΩu+ i

ω

a
e−au

]
. (A.3.33)

As said before, we wish to find a relation between F (ω,Ω) and F (−ω,Ω). To retrieve

F (−ω,Ω) from the equation above, we need

iωe−au

a
→ −iωe−au

a
.

One way to do that is to let u → u − iπ
a
. This can be done looking at this integral

in the complex plane. We extend the domain of the variable u to the complex plane

as shown in [Fig. A.3]. The original real integral can be thought of as going over the

line u = x, x ∈ R (denoted by green in the figure). Let us take a rectangular contour

Γ with its top edge (T.E in figure) as u = x, x ∈ R, bottom edge (B.E in figure) as

u = x− iπ
a
, x ∈ R and the left and right edges (L.E and R.E in figure) as u = x− iπy

a
,

where x→ ±∞ and y ∈ [0, 1].



115

Figure A.3: Contour Γ in the complex u plane.

Then by Cauchy’s Integral theorem, the complexified integral in (A.3.33) along Γ

is 0 as there are no singularities inside, and the integrand is analytic over this domain.

Moreover, one can show that the integrand fully vanishes as the left and right sides of

the rectangle go towards infinity (i.e., x→ ±∞). Hence the integral has equal values

on the upper and lower edge of the contour. Hence the real integral in (A.3.33) will

have the same value as u→ u− iπ
a
. Evaluating the integral now gives

F (ω,Ω) =

∫ ∞

−∞

du

2π
exp

[
iΩ(u− iπ

a
) + i

ω

a
e−a(u−

iπ
a
)

]

=⇒ F (ω,Ω) =

∫ ∞

−∞

du

2π
exp

[
iΩu+

πΩ

a
− i

ω

a
e−au

]

=⇒ F (ω,Ω) = F (−ω,Ω) exp
(
πΩ

a

)
. (A.3.34)

Using (A.3.34) in (A.3.32), we hence get∫ ∞

0

dω.
Ω

ω
|F (−ω,Ω)|2

[
exp

(
2πΩ

a

)
− 1
]
= δ(0).

=⇒
∫ ∞

0

dω.
Ω

ω
|F (−ω,Ω)|2 = δ(0)

[
exp

(
2πΩ

a

)
− 1
]−1

.
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But the LHS in this expression is exactly (A.3.31)! Since βωΩ =
√

Ω
ω
F (−ω,Ω), we

have

=⇒
∫ ∞

0

dω|βωΩ|2 =
∫ ∞

0

dω.
Ω

ω
|F (−ω,Ω)|2 = δ(0)

[
exp

(
2πΩ

a

)
− 1
]−1

.

(A.3.31)
=⇒ ⟨NΩ⟩0 =

[
exp

(
2πΩ

a

)
− 1
]−1

δ(0) = nΩδ(0). (A.3.35)

Here δ(0) represents the infinite volume of space which we work with. Working in a

box with a fixed length (called an infrared cutoff) will change this infinity to the finite

volume V of the box. Hence nΩ represents the mean particle density of the mode with

momentum Ω. A similar expression can be derived for negative momentum particles.

A.3.5 Unruh temperature

The particle density expression can be seen to be resembling the Bose-Einstein dis-

tribution, which is given as

n(E) =
[
exp

(
E

T

)
− 1
]−1

.

Comparing with the expression in (A.3.35), we see that the accelerated observer

particles with energy E = Ω in the Minkowski vacuum seem to follow a Bose-Einstein

distribution. The spectrum of particles with temperature

T =
a

2π
or T =

ℏa
2πckb

(A.3.36)

in SI units. This is the Unruh effect. Using the Bogolyubov transformations above,

one can also conclude that the density matrix corresponding to the Rindler vacuum

has a thermal form.

A.4 Hawking radiation

This section explores what happens if we repeat the analysis of the last subsection for

Schwarzschild space-time. The Schwarzschild space-time’s core feature is the presence



117

of a Black Hole, and the analogous calculation leads us to conclude that observers

far away from the Black Hole see particles emanating from it. The spectrum of

these particles is similarly thermal as in the Unruh effect, allowing us to assign a

temperature to the Black Hole for a faraway observer.

A.4.1 Scalar field in Schwarzschild space-time

As in the last subsection, we will try to find a set of two co-ordinate frames where

both the metrics are conformally flat. Hence in the light-cone co-ordinates, we can

equate the decoupled mode function terms and find how operators in these frames are

related. Then with the correct physical interpretation, we can conclude that a faraway

observer sees particles with a thermal spectrum. We start with the Schwarzschild

space-time in 1+1 dimensions, with the metric given as

ds2 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2.

Here M is the mass of the Black Hole. Although usually the metric is written in

3+1 dimensions, we omit the isotropic angular directions. We hope that the simpler

calculations in 1+1 dimensions capture the critical features of Black Hole space-time,

and these features are preserved in the full 3+1 dimensional case. Given this metric,

we look at the minimally coupled scalar field. As before, we try to use the power of

conformal invariance and get this metric to be conformally invariant to the Minkowski

metric.

Tortoise co-ordinates

We go to the tortoise co-ordinates, a set of co-ordinates commonly used while ana-

lyzing the Black Hole in this space-time. In these co-ordinates r∗, a relatively slower

The tortoise co-ordinates are defined by (t, r∗) where

r∗ = r − 2M + 2M ln
( r

2M
− 1
)
.

In these co-ordinates, the metric is conformally flat and looks like

ds2 =

(
1− 2M

r

)(
dt2 − dr∗2

)
.
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We can clearly see the conformal invariance. Using results from (A.3.12) we can write

the action for a scalar field in the tortoise co-ordinates as

S[ϕ] =
1

2

∫
dr∗ dt

[
(∂tϕ)

2 − (∂r∗ϕ)
2] .

As before, we can write its solutions as

ϕ(r∗, t) = A(t− r∗) +B(t+ r∗). (A.4.1)

Moving on to the lightcone co-ordinates u, v = t∓ r∗, the metric looks like

ds2 =

(
1− 2M

r

)
du dv. (A.4.2)

Note that the metric is not singular at r = 2M here, as it was in Schwarzschild metric

in (t, r) co-ordinates. Finally, in the lightcone co-ordinates the real space solutions to

the equations of motion of the scalar field in Schwarzschild spacetime look like

ϕ(r∗, t) = A(u) +B(v). (A.4.3)

Note that the tortoise co-ordinates do not work for r < 2M i.e and they do not cover

the entire space-time. We now look for the mode expansion in these co-ordinates. As

before, the mode expansion looks like

ϕ(u, v) =

∫ ∞

0

dω′
√
2π

1√
2ω′

(
e−iω

′ubω′ + eiω
′ub†ω′ + e−iω

′vb−ω′ + eiω
′vb†−ω′

)
. (A.4.4)

Note the variables convention (like u, v and ω′ as the conjuagate variable) is chosen

conveniently to illustrate the similarity to the Unruh effect later. In the Rindler co-

ordinates, constant ρ physically corresponded to a constantly accelerating observer.

Here, constant value of r∗ (or equivalently r) also corresponds to an observer accel-

erating, as to hover a constant distance from the Black Hole, the observer has to

accelerate. Physically, this can be seen by the presence of the Black Hole exerting

gravitational force on the observer, pulling it inwards. Then to stay at a constant

distance from the gravitating object, one has to accelerate against it. Hence b†ω′ acting

on an appropriate vacuum |0T ⟩ would correspond to the state of a particle that is

observed by an observer at a constant distance from the Black Hole. Moreover, since
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this observer is accelerating, this is similar to the accelerated frame case in the Unruh

effect case. This is first of the two frames we look at. Taking inspiration from the

last subsection, we now look for an inertial/freely falling reference frame. The second

frame we look at will be the Kruskal frame.

Kruskal co-ordinates

Tortoise co-ordinates are ridden with the problem of co-ordinate singularities. They

only cover the region of space-time r ∈ (2M,∞). However, if we consider a freely

falling observer, one can show that it crosses the horizon in finite proper time (the

time that the observer measures). This is expected, as we think of space-time as

being locally flat at all points (in other words, we think of space-time as a manifold),

and the event horizon should be no different. Thus, an observer at this point should

be able to move along this flat plane. This means that the region of space-time with

r < 2M is physically accessible, and co-ordinates adapted for an inertial observer

should cover this region as well. Since the tortoise co-ordinates fail to do so, we

choose a set of co-ordinates that do.

Let us say we try to walk around the Earth with a map. Suppose, while traversing,

we come across a trench not shown on the map. We naturally conclude that the map

is wrong, because the physical reality in front of us has to be right. It is the same for

co-ordinates. The Schwarzschild and Tortoise co-ordinates are just faulty maps that

fail at the horizon since, physically, we expect observers to be able to cross it. The

solution is to use a better map that tells us about the trench. One such co-ordinates

for the Schwarzschild spacetime are the Kruskal co-ordinates. The co-ordinates will

be barred in analogy with the inertial co-ordinates in the last subsection. We start

with the light-cone co-ordinates in (A.3.18). In these coordinates, the horizon is at

u = ∞ or v = −∞. We bring this to a finite co-ordinate value by the transformation

ū = −4M exp

(
−u
4M

)
, v̄ = 4M exp

( v

4M

)
. (A.4.5)

This forces ū ∈ (−∞, 0) and v̄ ∈ (0,+∞) and the horizon to be at ū = 0 and v̄ = 0.
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If we now rewrite these compactified co-ordinates as ū, v̄ = t̄∓ r̄, then t̄, r̄ represent

the proper time and proper distance measured by a freely falling observer. Writing

the metric in these ū, v̄ co-ordinates we get

ds2 =
2M

r
exp

(
1− r

2M

)
dūdv̄. (A.4.6)

Clearly this metric does not show problems at r = 2M . To explore r < 2M , we now

extend ū ∈ (−∞,∞) and v̄ ∈ (−∞,+∞). Hence in these co-ordinates we can explore

the entire space-time and is well adapted for inertial observers. Moreover, comparing

(A.4.5) and (A.3.19) we see that the analogy is exact if we set a = 1
4M

. This completes

the analogy with the Unruh effect. Finally, from (A.4.6) we can see that the metric

is conformally flat. This can be seen more explicitly by going to t̄, r̄ co-ordinates and

seeing the Minkowski nature. Hence the scalar field in this space-time will have the

solutions

ϕ(ū, v̄) = A(ū) +B(v̄). (A.4.7)

With this expression, we can finally write the mode expansion for this conformally

flat metric as

ϕ(ū, v̄) =

∫ ∞

0

dω√
2π

1√
2ω

(
e−iωūaω + eiωūa†ω + e−iωv̄a−ω + eiωv̄a†−ω

)
. (A.4.8)

We can finally compare the two-mode expansions, define the different vacuums and

look at the relevant Bogolyubov transformations.

A.4.2 Hawking temperature

The two frames define two different vacuums. The Tortoise co-ordinates vacuum is

given by bω′ |0T ⟩ = 0 and the Kruskal vacuum is given by aω |0K⟩ = 0. As in the

previous subsection, we can relate these annihilation and creation operators in differ-

ent frames using Bogolyubov transformations. We now ask, what does an observer

far away from the horizon see? To answer that, we need to know what frame the

observer is in and what state the field ϕ is in.
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From the analogy drawn with Unruh effect, we can immediately see that |0M⟩ ↔

|0K⟩ and |0R⟩ ↔ |0T ⟩, and so a faraway observer at constant distance would see a

thermal spectrum of particles with temperature T = a
2π

= 1
8πM

. But we can also

formally arrive at this result. Looking back at (A.4.2) we had

ds2 =

(
1− 2M

r

)
du dv.

Note that in the limit r ≫ 2M , we get back the Minkowski vacuum. Therefore to an

observer far away from the Black Hole, the correct vacuum would be |0T ⟩. However,

what state is the quantum field in for the faraway observer? It can be shown that

for a collapsing star starting in the Minkowski vacuum, the final quantum state of

the fields is the |0K⟩.[8] Moreover, |0T ⟩ can be shown to have infinite energy density

at the horizon (even after subtracting the infinite zero-point energies). This means

that the quantum fluctuations of the field at the horizon are large and lead to infinite

energies, and this vacuum cannot give a good physical picture of the field near the

Black Hole. On the other hand, the Kruskal vacuum |0K⟩ has finite energy density

(after subtraction of the zero point energies) and does not suffer from these problems.

With this, we formally conclude that a faraway observer will see the Kruskal vacuum

full of particles. The average number of particles seen would be given by

⟨NΩ⟩0 = ⟨0K |NΩ |0K⟩ = ⟨0K | b†ΩbΩ |0K⟩ . (A.4.9)

This integral was precisely calculated in the last section, and the result now can be

formally written down with the replacement a↔ 1
4M

. The corresponding temperature

here is the Hawking temperature and is given by

T =
1

8πM
. (A.4.10)



Appendix B

Toeplitz matrix eigenspectrum and

eigenvalues

B.1 The eigenvalue equation

In this appendix, we will look at the eigenvectors and eigenvalues of the Toeplitz

matrix in (3.3.1). A general Toeplitz matrix is given by

K =



b a

c b a
. . . . . . . . .

c b a

c b


. (B.1.1)

Following [30], we look at its eigenvalue equation (K − λI)x = 0. In its full glory,

this looks like 

b− λ a

c b− λ a
. . . . . . . . .

c b− λ a

c b− λ





x1

x2
...
...

xn


= 0. (B.1.2)
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Hence we have n equations. We can see that if each b − λ term is multiplied by

some xt, then xt+1 is multiplied by a and xt−1 is multiplied by c. This can be written

as

cxt1 + (b− λ)xt + axt+1 = 0 ∀t such that 1 ≤ t ≤ n. (B.1.3)

But the 2 equations that correspond to the uppermost and lowermost rows are not

the same. The uppermost one has no c term and the lowest one has no a term.

This means that x0, xn+1 = 0 for (B.1.3) above to fully represent the set of matrix

equations given by (B.1.2). We now define k = t − 1 and divide throughout with a

to get

xk+2 +

(
b− λ

a

)
xk+1 +

c

a
xk = 0, ∀k such that 1 ≤ k ≤ n., (B.1.4)

where x0, xn+1 = 0. This equation is a difference equation and is the discrete analogue

of a second order homogeneous differential equation y′′ + my′ + ny = 0. While

solving the differential equation, we take an exponential ansatz y = erx to change

this differential equation into an algebraic equation. This was only possible because

the exponential when differentiated gives itself back. We try to use the same logic for

this difference equation and write an ansatz xk = Crk. The equation then becomes

Crk+2 +

(
b− λ

a

)
.Crk+1 +

c

a
.Crk = 0. (B.1.5)

Taking Crk common and rejecting the r = 0 root (trivial solution) we get

r2 +

(
b− λ

a

)
r +

c

a
= 0. (B.1.6)

This quadratic equation can be solved to give the roots

r1,2 = −
(
b− λ

2a

)
± 1

2

√(
b− λ

a

)2

− 4c

a
. (B.1.7)

The sum and product of the roots is given by

r1r2 =
c

a
, r1 + r2 = −

(
b− λ

a

)
. (B.1.8)

Hence an arbitrary solution (if the roots are distinct) takes the form

xk = αrk1 + βrk2 . (B.1.9)
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We now demand that x0 = xn+1 = 0 from (B.1.9) which gives us

α + β = 0, αrn+1
1 + βrn+1

2 = 0. (B.1.10)

Looking at the second equation we get(
r1
r2

)n+1

= −β
α

(B.1.10)
= 1, (B.1.11)

=⇒ r1
r2

= exp

(
i(2πj)

n+ 1

)
, ∀j such that 1 ≤ j ≤ n. (B.1.12)

Using the product relation in (B.1.8) and multiplying it with (B.1.12) we get

r21 =
c

a
exp

(
i(2πj)

n+ 1

)
, (B.1.13)

=⇒ r1 =

√
c

a
exp

(
iπj

n+ 1

)
,

(B.1.8)
=⇒ r2 =

√
c

a
exp

(
−iπj
n+ 1

)
. (B.1.14)

Now using the sum relation in (B.1.8) and the expression for r1 and r2 from (B.1.14)

we get

λ = b+ a(r1 + r2),

=⇒ λj = b+ a

√
c

a

[
exp

(
iπj

n+ 1

)
+ exp

(
−iπj
n+ 1

)]
,

=⇒ λj = b+ 2
√
ac cos

(
πj

n+ 1

)
.

And hence we have the eigenvalues. For our problem in (3.3.1), we have a = c = −1

and b = Λ+ 2. This gives us the form

λj = (Λ + 2) + 2 cos

(
πj

n+ 1

)
= Λ+ 2

(
1 + cos

(
πj

n+ 1

))
,

λj = Λ+ 4 cos2
(

πj

2(n+ 1)

)
. (B.1.15)

Note that there are j of them. We now try to calculate the corresponding eigenvectors.
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B.2 Calculating the eigenvectors and normaliza-

tion

Let us look at the eigenvectors. From (B.1.10) we have

xk = α
(
rk1 − rk2

)
,

(B.1.14)
=⇒ α

( c
a

) k
2

[
exp

(
iπjk

n+ 1

)
− exp

(
−iπjk
n+ 1

)]
,

=⇒ xk = 2iα
( c
a

) k
2
sin

(
jkπ

n+ 1

)
.

We now need to be careful with the j and k indices. There are j eigenvalues for the

Toeplitz matrix. To each of this eigenvalue, corresponding eigenvector x⃗ exists. The

elements of this eigenvector are denoted by the index k, so the kth component of the

jth eigenvector is given by (xk)j. This is hence given by

(xk)j = 2iα
( c
a

) k
2
sin

(
jkπ

n+ 1

)
.

Since α is just a constant, we can set it to whatever we want, and demand the entire

eigenvector to be normalized. For simplicity, we set it to α = 1
2i

and then write the

normalized eigenvector as

(xk)j =
sin
(
jkπ
n+1

)√∑
k sin

2
(
jkπ
n+1

) . (B.2.1)

Let us calculate the sum in the denominator above. Consider the sum

S =
n∑
x=1

sin2(ax),

=⇒
n∑
x=1

1− cos(2ax)

2
=
n

2
− 1

2

n∑
x=1

cos(2ax) =
n

2
− 1

2

n∑
x=1

Re
(
e2iax

)
. (B.2.2)

To calculate this sum, we switch the summation and real sign, and evaluate the

resultant geometric progression. This looks like

n∑
x=1

Re
(
e2iax

)
= Re

n∑
x=1

(
e2iax

)
= Re

(
e2ia.

(1− e2ian)

(1− e2ia)

)
,
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= Re

(
e2ia.

eian(e−ian − eian)

eia(e−ia − eia)

)
,

= Re

(
eia(n+1).

sin(an)

sin a

)
=

cos(a(n+ 1)) sin(an)

sin a
.

Now going back to (B.2.2) and substituting the expressions obtained above, we get

S =
n

2
− 1

2

cos(a(n+ 1)) sin(an)

sin a
.

From (B.2.1), we substitute a = jπ
n+1

and get the value for S as

S =
n

2
− 1

2

cos(jπ) sin
(
jπn
n+1

)
sin jπ

n+1

.

Now cos(jπ) = (−1)j. For the sine term in the numerator, we do the following to get

rid of the n

sin

(
jπn

n+ 1

)
= sin

(
jπ − jπ

n+ 1

)
= (−1)j+1 sin

(
jπ

n+ 1

)
.

With this identity, the sines should cancel. Putting this together, we get

S =
n

2
− 1

2

(−1)j.(−1)j+1

����sin jπ
n+1

��
��sin jπ
n+1

=
n

2
− (−1)2j+1

2
,

=⇒ S =
n+ 1

2
. (B.2.3)

With (B.2.3) and (B.2.1), we finally write the fully normalized eigenvector for the

Toeplitz matrix as

(xk)j =

√
2

N + 1
sin

(
jkπ

n+ 1

)
, or xj =



√
2

N+1
sin
(
jπ
n+1

)√
2

N+1
sin
(

2jπ
n+1

)
...
...√

2
N+1

sin
(
nkπ
n+1

)


, (B.2.4)

where xj is the jth eigenvector. Hence we have found the eigenvalues (B.1.15) and

the eigenvectors (B.2.4) for the Toeplitz matrix.
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