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Abstract

Inflationary correlation functions are fundamental to probing the physics of the
primordial universe. These correlations are the theoretical predictions, that can be
mapped to present-day cosmological observations, such as the Cosmic Microwave
Background (CMB) and Large-Scale Structure, to extract information about the
inflationary era. While the tree-level structure of these correlators has been ex-
tensively analyzed, loop corrections in inflation remain technically challenging, and
fully explicit computations are still lacking. These loop effects, although expected
to be highly suppressed and practically too small to be observable, offer invaluable
“theoretical data” that shed light on the behavior of inflationary dynamics at the
1-loop level. In this thesis, we work on a controlled set of 1-loop diagrams and
explicitly compute them to investigate their analytic structure.

One of the first loop computations in cosmology is that of the scalar power spec-
trum at 1-loop, performed by Weinberg [1]. This correction featured a worrisome
and unphysical log(k/u), where k is the comoving scale and p is the physical renor-
malization scale. It was later pointed out in [2] that due to dimensional dependence
of the modes in de-Sitter, the implementation of dimensional regularization is sub-
tle, and once full d(= 3+ d)-dimensional modes are used, the unphysical logarithms
cancel. Motivated by this, we perform the first explicit computation of the scalar
3-point correlation function at 1-loop with interactions from the Effective Field
Theory (EFT) of Inflation in [3], with the goal of exploring the structure of loop
corrections beyond power spectrum. Interestingly, we found that these correlators
indeed feature unphysical logarithms despite implementing dimensional regulariza-
tion correctly, and the cancellation in the unrenormalized power spectrum was a
happy coincidence. We show that for loops in higher point correlators these un-

physical logarithms are removed only once the correlator is renormalized, a feature
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which was previously unrecognized.

It is important to understand how general physical principles, such as unitarity,
locality and causality, manifest as analytic properties of cosmological observables in
the complex plane of kinematics. In the flat space S-matrix program, a key ingre-
dient to achieving the same was the knowledge of analytic properties of scattering
amplitudes. However for cosmological correlators, the analytic structure beyond
tree level was previously unexplored. To address this gap, we performed the first
systematic study of the singularity structure of 1-loop (2-vertex loops) correlation
functions of massless scalars in [4]. Interestingly, we find poles and branch cuts
only along negative real axis in the complex plane of external energies. We also for-
mulate diagrammatic rules to obtain singularity structure (higher order poles and
logarithms) of any n-point function at 1-loop, based on the energy injection into
specific subgraphs. Our analysis clarified the origin of total energy branch points in
off-shell loop correlators as a feature of the time dependent cosmological background.

Also, almost all results on loop correlations only apply to simple polynomial or
derivative interactions. The effect of non-local interaction terms on the singularity
structure of loop corrections was largely unexplored. This is an important gap,
since realistic inflationary effective actions naturally contain non-local interactions,
for example, when using the ADM formalism to enforce constraints. To address
this gap, we investigate the effects of such interactions on the analytic structure of
loops in [5], which poses considerable computational challenges due to complicated
angular dependencies in the loop integrals. We find that the singularities arising
still follow the diagrammatic rules, providing the first systematic investigation into
non-local interactions in inflationary loops. We also establish for the first time the
flat space limit of 1-loop correlators, where this correspondence was previously only

known at tree level.
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Chapter 1

Introduction

1.1 Overview

The primordial universe is believed to have undergone a phase of accelerated ex-
pansion, known as Inflation [6, |7, |8, [9]. Quantum fluctuations in the field driving
this era are imprinted in cosmological observables [10} [11]. The correlation func-
tions of these fluctuations evaluated at the end of inflation constitute the primary
theoretical predictions of inflationary models. By mapping these cosmological cor-
relations onto observables, such as large scale structures or the Cosmic Microwave
Background (CMB), one can probe the underlying inflationary theory (Fig. [L.1)), in
close analogy with how flat space scattering amplitudes are compared with collider
data and detector signal to test quantum field theories in flat space. As an ex-
ample, the amplitude of the inflationary power spectrum ((;¢_j) has been inferred
from the statistics of the CMB photon temperature fluctuations (§7°97") [12} [13].
While primordial non-Gaussianities such as <<121 CEQCE3> have not yet been detected,
bounds exist for various momentum configurations (ki ks, k3) [14] (Fig. , and

there is growing effort for their measurement because they encode information about



inflationary interactions.

Time

- CMB

-+ Reheating - .

[nflationary Era

Figure 1.1: The statistics of the fluctuations (e.g. 3-pt, 4-pt and so on) in the fields
towards the end of inflation can be mapped to current day cosmological observations,
allowing us to study the underlying inflationary dynamics.

Tree level inflationary correlations have been studied in great detail, with a
lot of formalism developed to study their analytic structure (see for e.g. [15] [16]
17]). These efforts include exploiting symmetries (see for e.g. 19, 20, [21]),

investigating effects of heavy or spinning spectator fields during inflation (see for

e.g. 24]), characterizing the role of the initial state (see for e.g. 27,
, ), and identifying constraints imposed by general physical principles such

as unitarity, causality and locality (see [31} 32} [33] (34, 36]).

Beyond tree level, however, inflationary loop computations are notoriously tricky,
and explicit calculations are still lacking. The reason why these loop corrections re-
mained uncharted territory for a long time is because loop effects are expected to
be highly suppressed and observationally inaccessible. Weinberg was the first

to emphasize that loop effects nevertheless constitute invaluable “theoretical data”.
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Equilateral config Squeezed limit
k, =ky = ks ks < ky ~ ks
—73 < fEM < 21 —6.0 < fqueezed < 49

—

Figure 1.2: Momentum conservation imposes the momenta of the three legs (ki—123)
in the bispectrum to form a triangle. In the figure above, the bounds on the non-
Gaussianity parameter fnp ~ i C<§><<CC>C> corresponding to two such configurations are
shown. The equilateral configuration corresponds to all three modes of the same
order, whereas the squeezed limit corresponds to one of the modes being much

larger than the other two.

Since then, there has a lot of interest towards improving the theoretical under-
standing of inflation at loops. Various subtleties of implementing regularization in
time-dependent backgrounds have been identified [2, 37, 38|, disregarding which
would lead to unphysical features in cosmological correlators. Loops have also been
studied in the context of large non-gaussianities [39, 40, 41), |42} |43 44| 45, 46|,
IR-divergences in de-Sitter [47, 48, 49, 50, 51, 52, 53, [54, [55, [56, [57, [58, |59} |60], and
time independence of correlators (e.g. [37, 38]), particularly in inflationary models
involving transient features in the potential, such as an intermediate Ultra-Slow Roll
phase in the context of Primordial Black Hole (PBH) production [61], 62, 63|, |64}, |65,
66,|67]. Notably, the question of whether loop-level power spectra at CMB scales are
affected by short modes associated with primordial black hole production remains
under active debate.

A further motivation for studying loop correlators parallels the goals of the flat-
space S-matrix program: namely understanding how general physical principles,

such as unitarity, causality and locality, manifest as analytic properties of observ-



ables. In flat space, a key ingredient to achieving this was the knowledge of the
analytic structure of the S-matrix in the complex plane of kinematics. This has
led to the understanding of, for e.g. how S-matrix develops poles and branch cuts
whenever intermediate particles go on-shell and multi-particle thresholds are met re-
spectively [68] 69, 70, |71, 72, |73]. However, an analogous systematic understanding
of the singularity structure of cosmological correlators beyond tree level was missing.

Importantly, inflationary effective actions naturally involve non-local spatial in-
verse laplacian operators, arising due to solutions of constrained degrees of freedom
being plugged back in the action [15, [74, [75]. The effect of such non-local operators
on analytic structure of correlators has not been studied beyond tree level. Com-
putations involving such interactions are technically challenging, since the inverse
laplacian operators produce non-trivial vertex factors. This leaves an important gap
in understanding structure of inflationary correlators at loop level.

Finally, cosmological correlators computed in the Bunch Davies vacuum have
been shown to demonstrate a remarkable correspondence with flat space scattering
amplitude at tree level |76, 77, 78, |18} 79, 20, |33]. This can be understood as a
consequence of the modes being sub-Hubble and essentially experiencing flat space
conditions in the far past, and is obtained in the limit of the total energy (i.e. the
sum of the energies of the external legs) of a correlator being taken to 0. However
this correspondence was only known at tree level, and the flat space limit of the full

loop correlator was previously unknown.

1.2 Inflation

This section follows the lecture notes |80, |81, 82/



1.2.1 Motivation

Our universe, observed to be spatially homogeneous and isotropic on large scales
(2 100 Mpc), is described by the FRW metric,

2

d
ds® = a*(7) ( —dr? + : _TMQ + TQdQQ) , (1.1)

where 7 is the conformal time, k is the spatial curvature, and physical lengthscales
grow linearly with the scale factor a(7).

Inflation is a hypothesized era when the universe underwent accelerated expan-
sion, with @ > 0, and the growth of the physical lengthscales was exponential
a(t) = ', where H = 1% jg the Hubble and t is cosmic time. This epoch in
the early universe was proposed to explain a few observational inconsistencies with
the standard model of cosmology.

As an example, consider the Cosmic Microwave Background (CMB). At the
redshift of z ~ 1100, the universe cooled down enough for electrons to be captured,
forming light atoms in the early universe. As the universe became neutral, the
primordial photons could finally stream freely instead of being scattering around,
forming the CMB we observe today. Now, the comoving separation yse, between an

anti-podal pair of CMB photons is related to the comoving particle horizon x, . at

the surface of last scattering as,

3w+1

se H 1 2
Asep [ WL (—) , (1.2)

Xp.h. HO a

where ~ denotes a O(1) factor, Hy is the current Hubble rate, and a, H are the
scale factor and Hubble rate at the surface of last scattering respectively. xp.n. is the

comoving distance that light has traveled from the very beginning (a = 0). w is given



by the equation of state (P = wp) of the dominant energy density in the universe,
e.g. during radiation domination (RD) and matter domination (MD), w = %,0
respectively, which implies the RHS of Eqn. is much larger than 1. In other
words, at the surface of last scattering, the distance between the CMB photons was
larger than their horizon size. Infact, it can be shown that CMB photons that are
separated by = 2° have never been in causal contact with each other. However, the
CMB sky, mapped by experiments (such as COBE, WMAP and Planck), has been
observed to have an extremely uniform background at a temperature of 7'~ 2.7 K|
with tiny fluctuations (%T ~ 107%). Such uniform temperature of the CMB photons
is then a puzzle, since patches in the CMB sky are causally disconnected, and is
known as the Horizon problem.

At the heart of this puzzle lies the problem that the Hubble radius (H _1) al-
ways grows faster than the lengthscales A (Fig. throughout the evolution of
the universe, hence lengthscales never enter the Hubble horizon in the past. This
is resolved by an era in the early universe, where lengthscales grow faster than
the Hubble radius (Fig. [1.3b)). During this inflationary epoch, causally connected
patches are stretched out to large scales beyond horizon size, effectively resolving
the Horizon problem.

For the modes to enter Hubble radius in the past, the lengthscales must grow

faster than the horizon. Hence the inflationary candidate must satisfy,

dtH-lZd(t)>O:>p+3P<O’ (1.3)

where the second equality follows from the Friedmann equation,

i —AnG
- ;(erBP). (1.4)




H™ 1 x a2 for RD
< a®? for MD
Horizon

log

Lengthscales
Ax<a

log a

(a) The horizon (~ H™') grows as
a? during RD and %2 during MD.
This growth is faster than lengthscales,
which grow as A o a. Hence length-
scales never enter the horizon in the
past.

H 1« a3(1+w)/2

log Horizon
Lengthscales
| AxXa
—
Inflation
log a

(b) In the inflationary epoch, lengthscales
enter the Hubble radius in the past, estab-
lishing causal contact.

Figure 1.3: The growth of physical lengthscales A and Hubble radius ~ H !, during
RD, MD (Fig.|1.3a)) and Inflationary era (Fig.|1.3bj).

In other words, the dominant energy density during inflation must follow an equation

of state P = wp with w < —%.

1.2.2 Single field slow roll inflation

One of the simplest candidates of inflation, satisfying Eqn. (1.3]), involves a single

massless scalar field ¢ in a potential V(¢), minimally coupled to gravity, given by

the action,

S = / d'zy/~g [ - %wa% ~V(9)|. (1.5)



The scalar field is split into a homogeneous time-dependent background field ¢(t)

and inhomogeneous fluctuations ¢(Z,t) as follows,

O(T,t) = ¢(t) + ¢(Z,1) . (1.6)
The equation of motion satisfied by the background is given by,
i - d —_
¢+3Hop+ —=V(p)=0. (1.7)
do
Since the pressure and energy density of this field is given by,

P=SF-VE).  p=5R+VE), (1.9

this field acts as an inflaton with P = —p (i.e., w = —1) if the potential energy of
the field V(¢) dominates the kinetic energy %qu
This slow roll of the field down a flat potential (Fig. is parameterized by the

Hubble slow roll parameters,
- (1.9)

Inflation continues till slow roll condition € << 1 holds true, and ends when the

field is no longer slowly rolling.

The second Friedmann equation gives the Hubble rate H o« a~ 73(12%), where

we ignore the spatial curvature contribution x/a?, which is quickly driven to zero
during inflation. Setting w ~ —1, we find the H = constant, which gives a scale

factor of a(t) = ef* upto slow roll corrections. Hence the inflationary FRW metric



V(o)

y —

Field slowly rolls (€ <« 1)
on a flat potential

Y

fpreheat ¢’

Inflation ends

Figure 1.4: The background scalar field slowly rolls down the flat potential, giving
an inflationary background.

is given by the quasi de-Sitter metric in flat slicing,

ds® = —dt* + *f'dz? . (1.10)

1.2.3 QFT in curved spacetime

The homogeneous background field in Eqn. leads to an inflationary background
spacetime, given by Eqn. . On the other hand, studying the dynamics of the
scalar field fluctuations is more complicated, since ¢(Z,t) would induce metric fluc-
tuations due to the latter being coupled to energy-momentum tensor perturbations
via Einstein’s equations. However it is useful to first study the dynamics of the
scalar field fluctuations in rigid de-Sitter, which approximates upto slow roll correc-

tions the dynamics of the scalar degree of freedom in the theory, as will be discussed

in Sec. [L3l
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Massless scalar in rigid de-Sitter

The action of a free massless scalar in de-Sitter background is given by,

1 1 ’

Quantization by promoting the field ¢ to an operator gives,

o = agpfi+a L ff (1.12)

where the creation and annihilation operators ag, a% must satisfy the following for

the equal time commutation relation [p(Z,t), 7(y,t)] = i6(Z — ) to hold,
lag,ap) =0, lag,al) =6k — k'), (1.13)

while fj solves the equation of motion (EOM),

. . k2
fk+3ka+pfk:O, (1.14)

— (afi)" + (K ~ 5)(afi) =0, (1.15)

and satisfies the normalization condition,

fofi = fufi = a%. (1.16)

Derivatives with respect to ¢ and 7 are denoted with dot and prime respectively.

When modes are sub-Hubble, ie. A = << H7', they oscillate with a time

k
dependent frequency w(t) = k/a. This is apparent from Eqn. (1.14]), where we can

ignore the second term in the sub-Hubble limit. When modes are super-Hubble, i.e.
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A >> H~ ! the second term in Eqn. (1.15)) can be dropped, which implies that once
they exit the horizon, these modes freeze with an amplitude f, ~ H™!.
The most general solution to the second order linear differential equation Eqn. (1.15])

is given by the following linear combination,
fio(7) = ap(1 4+ ik7)e ™ + Br(1 — ikT)e™ (1.17)
where the k—dependent coefficients ay and [, satisfy,
lag]? = 1Be]* = = (1.18)

due to Eqn. ([1.16)). Different choices of ay corresponds to different bases of mode
function gy, related to fi as, g = C1fi + Cafk, for some C, Cy. Since both bases

correspond to the same quantized field,

or = bggk + b_ggi = fr(Cabg + C7b1 ) + fi(Cubg + C5b' L) = agfi +a’ fr.
(1.19)

Thus the choice of a4, directly corresponds to the choice of the creation/annihilation
operator and hence the choice of vacuum. The vacuum of one basis is an excited
state of the other, since the occupation number of b-particles (i.e., excited by b%) in

the vacuum |0); (i.e., the vacuum annihilated by a;) is not zero,
a{01Ebz[0)a =a (0Caa_gC3al L[0)a = |Caf*6°(0) . (1.20)

One is faced with a similar choice when studying a massless scalar in flat space,

where the EOM is again a second order linear differential equation, and the most
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general solution for the modes is again a linear combination,

Jrofas () = ae™ + Bre™™" (1.21)

However, in flat space a unique choice of vacuum exists by demanding that the
vacuum does not evolve into an excited state in the free theory, i.e., that the vacuum

be an eigenstate of the Hamiltonian,

1 - 1
H= 5/ (¢E¢—E + ngbEgb_E) = 5[ {CLEG_EFk + a%aT_EF,;‘ + Q(ITECLEEk +8*(0)E | ,
k k

(1.22)

where Fy = fi.fu+ k2 fife and By = fkf,;“ + k2 fr fi. Clearly, unless the mode satisfies
the (non-linear) equation Fy = 0, the vacuum does not remain invariant under

¥ and f, = e~ but not by a linear

time evolution. This is satisfied by f, = ¢’
combination of both solutions, hence allowing us to select a time-translationally
invariant vacuum as either oy = 0 or 5, = 0.

A unique vacuum in de-Sitter cannot be chosen by similar arguments, since
the analogous condition for the massless scalar in de-Sitter turns out to be the time
dependent equation F(t) = f,?—l—aé“—?t) f# = 0. The time dependent background results
in the instantaneous vacuum to evolve into superposition of Hamiltonian eigenstates,
despite the theory being free. Demanding invariance under de-Sitter isometries
corresponds to a family of vacua with k-independent coefficients o and S, also
known as a-vacua [83| 84]. However, in the following chapters of this thesis, we
work with a choice of the vacuum known as the Bunch Davies vacuum. This choice
follows naturally from the fact that modes in the infinite past were sub-Hubble, and

effectively experienced flat spacetime. This can be seen from Eqn. (1.15)), where

the third term (—T%) can be dropped from the EOM in the sub-Hubble limit, and
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the resulting EOM is that of a massless scalar in Minkowski. Hence matching the
de-Sitter mode function and its time derivative to Minkowski modes in the infinite
past sets Br = 0, and we get the Bunch Davies mode function,

BD H

BD (1) = o (1 + ikT)e ™. (1.23)

3

Using Eqn. (1.12)) with the Bunch Davies vacuum, we find the following 2-pt corre-

lation function for the massless scalar field in rigid de-Sitter at late time 7 — 0,

H? . - -
. ERT * T . 3
lim (Ol 5, 10) = I fo f7, Olag,of ¢ 10) = S50k 4+ Bo), - (124)

where we have 3-momentum conservation as a consequence of spatially homogeneous
background. The 1%3 dependence in the above arises due to dilatation invariance of

the de-Sitter background, i.e. {p(Z)p(Z)) = (p(AT)p(AT")).

1.3 Massless scalar in dynamic de-Sitter : Cos-
mological perturbation theory

This section follows the lecture notes |85, |80/

Fluctuations in the scalar field ¢(Z, t) result in fluctuations of energy-momentum
tensor 67" (&, t), which induces inhomogeneous metric fluctuations h,,, (Z,t) on top

of the de Sitter background g, (t) as,
G (,) = Gunlt) + (7, ). (1.25)

We are interested in the evolution of the fluctuations in this dynamic de Sitter

spacetime.
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1.3.1 SVT Decomposition

To study fluctuations in dynamic de Sitter, we first count the degrees of freedom
(DOF) in the theory. Exploiting the spatial translational and rotational invariance
of the background, we can decompose the components of metric fluctuations into
objects that are scalars, vectors and tensors under spatial rotation. Importantly, the
EOM of the (rotation-)scalars, (rotation-)vectors and (rotation-)tensors are decou-
pled, hence they evolve independent of each other. This SVT (scalar-vector-tensor)
decomposition follows from Hodge decomposition (for h;y) and Helmholtz theorem

(for h;;), and is given by,

hz’j = aQ(t) <513A —+ 8Z]B + 8@6}) + D1]> s

hiO = a(@,F + Gz) s hoo = E, (126)

where A, B, E, F' are rotation scalars, contributing in total 4 DOF. C; and G; are
transverse rotation vectors, i.e. 9;0% = 9;G* = 0, hence contributing 2 DOF each.
D;; is a transverse (0; DY = 0), traceless (D} = 0) rotation tensor, hence contributing
2 DOF. Adding up, we get a total of 10 DOF, which matches with that of the
symmetric 4 x 4 tensor h,. Together with the scalar field fluctuation, which is a

rotation scalar, we have 5 scalar, 4 vector and 2 tensor degrees of freedom.

1.3.2 Identifying non-dynamical DOF in the ADM formal-
ism
However, not all of these degrees of freedom are dynamical. To see this, consider

the Einstein’s equations G, = —87GT),,. Since these are 10 of 2" order differential

equations, the initial conditions are provided in terms of g,, (7, %) and ¢,.(Z, ) at
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some initial time ¢ to specify unique evolution. Also, demanding a diffeomorphism
invariant theory of GR requires the Bianchi identity V,G* = 0 to be satisfied.
Expanding the time and spatial components, we find Bianchi identity to take the

form,

G = —,GM -T2, G% — TP G . (1.27)

Since the Christoffel connection has terms with atmost one time derivative on the
metric, the equation above implies there is no § term in the EOM for G** = 0, hence
4 of Einstein’s equations are non-dynamical constraints.

To identify the dynamical degrees of freedom, ADM (Arnowitt—Deser—Misner)
formalism is considered. The full spacetime, equipped with coordinates z¢, is
sliced into constant-time hypersurfaces ¥;, equipped with coordinates y“, such that
x® = z(t,y*) (Fig. . The ADM parameterized metric, given below, reflects this

slicing,

ds® = —N2dt* + hap(Ndt + dy*)(N*dt + dyP) (1.28)

where hgy, is the spatial part of the metric obtained from restriction of the full
spacetime metric onto X;, and N, N® are the lapse function and the shift vector

respectively. Geometrically they correspond to the perpendicular projection length

_ 0z¢

) onto X, respectively,

and the parallel projection of the time evolution curve ¢*(
ie.,
ox® ox®

:N « a
o n® + N oy

(1.29)

where the time evolution curve connects the same spatial points across different
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equal time hypersurfaces, and n* is the perpendicular vector to >, as shown in

Fig. [[.5]
tEf

Time
X

Space

Figure 1.5: In the ADM parameterization of the metric, the full spacetime is foliated

into spatial slices at constant time ;. The time evolution vector t* = %a at a

spatial slice has a parallel projection of N*, and the length of the perpendicular
(n®) projection is N, called the shift vector and the lapse function respectively.

Importantly, this foliation results in the Gauss-Codazzi decomposition of the

Ricci scalar R of the full spacetime,
R=R® — (K? - K¥K,3) — 2V, (n’Vn® — n®Vn”), (1.30)

where the last term is a total derivative term, corresponding to the Gibbons-Hawking—York
boundary term in the Einstein-Hilbert action. The first term R® is the 3—Ricci
scalar on the hypersurface, entailing information about the geometry intrinsic to the
foliations. The second term carries information about K;; = %(hl] — V(i./\/’j)), the
extrinsic curvature, which captures how the hypersurfaces are embedded in the full

spacetime. Eqn. ((1.30)) leads to the following ADM action,

A42
Sapm = / dtd*zv/hN [R“"') — (K2 = KK )| . (1.31)
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Clearly the extrinsic curvature involves no time derivatives of N, N'. Neither does
R®) since, as previously stated, it is the Ricci scalar intrinsic to ¥;, and hence it
is constructed from spatial derivatives of the metric, without relying on the notion

of time derivative. Thus this parameterization of the metric establishes the EOM

corresponding to the lapse and the shift as non-dynamical, i.e. g—f] = 88/\% = 0.
This implies N, N* are constraints, and from Eqn. , the non-dynamical metric
components are gy = NN, — N? and go; = N;. Solving these equations order by
order in perturbation allows us to express the constraints in terms of the dynamical

degrees of freedom, which we will return to in a moment.

1.3.3 Gauge choice

Once the non-dynamical degrees of freedom have been identified, we get the metric
component g;; = h;; as dynamical. Thus from Eqn. we see that there are 6
dynamical degrees of freedom (A, B, C;, D;;). However since the theory is diffeomor-
phism invariant, we can choose a suitable gauge to remove 4 of these. To see this, we
must first consider how the perturbations (0A,,(Z,t)) and background (A, (Z,t))
transform under a small diffeomorphism a# — z/# = x# 4 €#(x) to leave the full
object A, (Z,t) = A, (Z,t) + 0A,,(Z,t) covariant. In practice, the background is

kept fixed, and all changes to maintain covariance of the full tensor is attributed to

the perturbations. This results in the following change in perturbations at O(e),

- 2
Ap = —€ép, AA=2Heg, AB = —=¢%,

a?

1
AC; = ——¢/ AD;; =0, (1.32)

a?'’

where e = {€°, 0% + ¢i,}, with 9;el, = 0. With suitable choice of gauge, one is left

with a scalar and a tensor degree of freedom. A few convenient gauge choices are
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discussed below,

1. Unitary gauge : Time diffeomorphisms are fixed to set scalar field perturbation

to zero, i.e. p = 0, with all degrees of freedom in the spatial part of the metric.

2. Comoving gauge : In this gauge, we have ¢ = B = C; = 0 and A = 2(, where
( is the gauge invariant curvature perturbation, given by ¢ = é — %gp. In this

gauge, the spatial part of the metric is given by,
a5 = a(0)| (14 2008+ Dy (1.33)

3. Spatially flat gauge : In this gauge, we have A = B = C; = 0, with the scalar
degree of freedom in the scalar field perturbation (7, t), and the spatial part

of the metric as,

gi; = a’(t) {&j + Dij} : (1.34)

1.4 Action in the ADM formalism

1.4.1 Power Spectrum of (

Finally, we go back to the case of a massless scalar in dynamic de-Sitter, whose

action is given by

S = %/@(Mﬁ,}z — (Vo)? — 2v> . (1.35)

We now use the ADM parameterized action Eqn. ([1.28]) and the Gauss-Codazzi
decomposition of the Ricci scalar in Eqn. (1.30). The constraints are solved for

and plugged back into the action. To determine the quadratic and cubic order
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action, it is sufficient to solve for the constraints upto first order [15], while for the
quartic action, we need the constraints solved upto second order 74, |75]. Concretely,

consider the constraint EOM in the comoving gauge (Eqn. ((1.33))),

Vv (B - )] = 0.
2V .
R® - — _ N }E,;F7 - E*+ =) =0. (1.36)
M]fl J Mgl
where E;; = N K;; involves spatial derivatives V;\V;y. Since the constraint equations
in Eqn. ((1.36)) are second order in spatial derivatives, the solutions will involve non-
local inverse spatial laplacian operators (972), given by (to first order in (),

. .
N = 1+%, N; :81-(—621{%—{—%82{). (1.37)

Plugging this back in the action and keeping terms leading in slow roll, we get

the following quadratic action in (,
Sy = E Brdt eM? |a®C? — a(9C)? 1.38
2 2 T € pl |:a' C a’( g) :| ’ ( : )

and we can identify this action with that of the massless scalar in rigid de-Sitter
from Eqn. , by using ¢ = /eM, (. Hence under slow roll approximations,
sub-Hubble modes of ( oscillate, and they freeze once they grow to super-Hubble
scales. From Eqn. ((1.24)), we also obtain the following late time 2-pt correlation

function for ¢,

(e ¢y = = (BN s i (1.39)
70 k1 ks k3 G*Mgl ]{3* 1 2) .

where the 2 pt function is computed with H,, e€,, i.e., the values of the Hubble and
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the slow roll parameter at the time of horizon crossing t, of the pivot scale k., where

H(t,) = aé**). The spectral tilt is given by,

d o’
1= g | o | =20 — de, 1.40
" dlog k Og(d\@l) e (1.40)

where € and 7 are the slow roll parameters, defined in Eqn. (1.9). The factor of k/k,
raised to the spectral tilt ng in Eqn. (1.39)) is the additional momentum dependence
due to the fact that H, e are not exactly constant throughout inflation, and different
modes cross the horizon at different times.

The current Planck measurement of the scalar field amplitude Ay, defined as,

k3 E\™
52 (Gilp) = As (1?) ; (1.41)
and the spectral tilt n, are as follows [12, [13],

A, =2.098 £0.023x 1079,  ny+1=0.965 =+ 0.004. (1.42)

1.4.2 Non-local interactions from constraints

The solution to constraint equations in Eqn. in the comoving gauge involves
second order spatial derivatives. When these solutions are plugged back into the ac-
tion, they naturally give rise to non-local interaction terms involving spatial inverse-
laplacian operators. This is also observed in other gauge choices, for e.g., plugging
back the solutions of these constraints upto first (second) order in ¢ in the spatially

flat gauge of Eqn. (1.34)), gives the following quadratic and cubic (quartic) action
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15, [74, [73)],
So= [ @t - alop)] (1.43)
(Lo a2 oo — o | 2 (0

(1.44)
1 1
S1= [ atds {070, 00000720, (G0y) — 10720,(00,0) (4 + P00
+ 4@19032(@8%0)} ; (1.45)
where we have set Mgz = 1. We see that the cubic and quartic interaction terms
involve inverse laplacian operators 92 acting on ¢, due to the fact that the con-

straint equations are second order in spatial derivatives. Such non local interaction

terms produce complicated vertex factors in the in-in computations, as we shall see

in Chapter [4]

1.5 In-In Formalism

This section follows |87, |88/

1.5.1 In-In correlation functions

In cosmology, we are interested in studying the correlation of field fluctuations at

late times, given by,

im (01(7) = lim () Or(7)ob(r))s (1.46)
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computed at late time 7 — 0, and the subscript I indicates this is evaluated in
the interaction picture, where both the field and the state evolves. In other words,
Eqn. is the expectation value of some operator O on the late-time state |¢)
of the universe, provided |¢)) has evolved from the vacuum state |Q2) at some early
time 7y, where we identify all pictures, see Fig.[1.6] This is done because the vacuum
evolves into superposition of Hamiltonian eigenstates in de Sitter, due to the time
dependence of the background. Modes are effectively free only in the far past, where
they effectively experience a flat spacetime in the sub-Hubble limit. However once
they grow and couple to gravity, it is unphysical to expect this coupling to switch off,
hence there is no “out” vacuum to project onto. As a result, both the bra and the ket
states are evolved from the in-vacuum in the far past, and is thus called the “in-in”
formalism. This is different from the “in-out” formalism used to compute scattering
amplitudes in flat space, where the in-state and the out-state are asymptotically free
in the far past and future respectively.
Evolving the vacuum state to [¢), we get,

lim (O; (7)) = 1(Q(70)|U7(0,70)O1(0)U1(0, 70)[2(70)) 1 = {QIUF (0, 70) Or(0)U1(0,70)12) ,

T—0

(1.47)

where |Q(7)); = |Q2) is the Heisenberg picture ket.
For any general state |z/~1> having non-zero overlap with the interacting vacuum,
we use the ie prescription of flat-space QFT to get,

lim e HT|g) = e TI0)(Q)), (1.48)

T—o00(1—1€)

which is obtained by inserting a complete basis of Hamiltonian eigenstates, and in

the limit of T"— oo(1 — i¢), the contribution from excited states die faster than
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(1(0)|O(0)[:(0))

Reheating

19(0)) ' \V ' '
T w
12(m0))

Figure 1.6: The cosmological correlation functions at late time, obtained from evolu-
tion of bulk interactions in the past. From left to right, the diagrammatic contribu-
tions above correspond to tree level 3-pt and 4-pt from cubic and quartic interactions,
as well as 1-loop corrections to the power spectrum and the bispectrum respectively.
Here we show contributions coming only from time-ordered part of the in-in corre-
lator. There are, however, additional contributions from the anti-time ordered part
of the correlator, which is diagrammatically represented as vertices lying above the
7 = 0 surface.
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the vacuum contribution in Eqn. . In general, we may use the free vacuum
|1;> = |0) in the projector equation above, to relate the interacting vacuum to an
object with which we can compute the in-in expression perturbatively. This also
works in cosmological setup as long as the time 7y is early enough such that the
relevant modes are deep inside the horizon and, because of the equivalence principle,
are effectively in flat space. Therefore, for these early times, the interaction picture

operator has the usual flat space form,
Up(r,7') = etlolrmmo)gmil(r=r!) g=itlo(r'=0) (1.49)
and using the projector, we have,

lim  Uj(r, =T)|0) = e o)1) (Q|0) |

T—o00(1—1€)

lim )<0|U}(TO, —T) = PoT+)(Q)(0|Q) . (1.50)

T—oo(1+1ie

Using this in Eqn. (|1.48]), we get the in-in correlation function at 7 as,

lim (O(7)) = (0]U}(0, —00")O(0)U1 (0, —c0™)|0)

7—0

_ (O|Tei i dT/Hint(T/)O(7—>Te_i ST oo 7 Hing (77) 0), (1.51)

where the superscript + on oo defines the integration contour in the far past as

7' — —oo(1 £ ie).

1.5.2 Feynman Rules to compute in-in correlation functions

Equivalently, the in-in correlation can be obtained by following a simple set of

Feynman rules, developed in [89, [90]. For a given diagram, such as the ones in
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Fig. [L.6], one can have vertices lying above or below the 7 = 0 surface, depending on
whether the interaction is from the (anti-)time ordered part of the correlator. The

Feynman rules state that,

1. Every vertex lying below or above the 7 = 0 surface, contributes iV or —iV/
respectively, alongwith spatial momentum conserved at every vertex. This
vertex factor V' depends on interactions in the theory and is determined by

the action of spatial derivatives acting on the mode functions.

2. Every exchange between interaction vertices at 7 and 79, obtained from the

time ordered part of in-in correlator, gives a Feynman propagator,
Gk(Tl,TQ) = f;(Tl)fk(Tg)G)(Tl — Tg) + (Tl — T2> s (152)
where k is the momenta flowing through the exchange line. If 71 5 are interac-

tion vertices coming from anti-time ordered part, the propagator is Gi(71, 72).

3. Every bulk to boundary exchange, or bulk to bulk exchange between vertices

lying on opposite sides of the 7 = 0 surface, gives a Wightman propagator,

Wi(m1,72) = fi. (1) fu(m2) (1.53)

where 7y is the uppermost vertex, i.e. 71 > 7.

4. fr in Eqns. (1.52) and ((1.53) is the mode function, or time derivatives acted

on them, depending on Hjy.

5. Finally, all bulk points and undetermined momenta must be integrated over,

leading to time and loop momenta integrals.
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As previously stated, a given n-pt function will have contributions from diagrams
with all possible combinations of vertices lying above or below 7 = 0 surface. How-
ever, not all diagrams need to be computed, since half of the cases are mere complex
conjugates of the other half. Hence it suffices to only compute half the cases and

take the Real part of the answer to obtain the full correlator.

1.5.3 Examples of tree-level in-in computations

As a concrete example, let us consider the computation of the contact 3-pt function
of massless scalars ¢, using cubic 93453 interaction. Notice since this derivative
interaction pulls enough factors of 7 in the integrand, the correlators are late-time
finite, and hence we compute them at external time 7p = 0. This correlator has
the diagrammatic contributions in Fig. [1.7, where the contact interaction can lie

above or below 7 = 0 surface. Using Feynman rules, the time ordered and anti-time

T

T

Figure 1.7: The contact contributions to the bispectrum (3—pt. function) from
cubic interaction at 7. k; denote external momenta.

ordered correlators, stripped of momentum conserving delta function (53(151 +E2+l;3),
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are given by,

0

(65 65, 65 Jont, = i3 / dr a(r) Wi, (0, 7) Wiy (0, 7) Wi (0, 7)

—0o0

~ i KO8 050 [

— 00

0 1
dr — = f (D7), (154)

0
(D7, D5, Pr, )anti-ord. = —ig3 / dr a(1) Wiy (1,0) Wi, (1,0) Wi, (7, 0)

—00
0

= —igs fu OO0 [ dr i fLDEA).

—00

(1.55)

respectively. The factor of a(7) arises due to imposing dilatation invariance inter-
action. The Wightman propagators are constructed as Wy, (0,7) = f; (0)f, (7),
where ' denotes derivative with respect to conformal time 7. Clearly, the anti-time
ordered contribution in Eqn. (|1.55)) is obtained from complex conjugating the time
ordered contribution in Eqn. . Using Bunch Davies massless mode functions
of Eqn. , the full correlator is obtained as,

<¢El ¢E2 ¢ES> - <¢El QSEQ ¢E3>ord. + <¢E1 ¢EZ ¢E3>anti—ord.

0
— 2 Religs f£.(0)f,(0) £z, (0) /_ dr _LT fo (1)L (1) fh (7)
H> 1
— _293—4k1k2k3 @ , (156)

where we have stripped a momentum conserving delta function 63(kr). We find the
correlator to feature a third order pole at total energy kr = ki + ko + k3.
Let us also consider the computation of exchange diagram of a 4-pt function.

The contributions are given in Fig. [1.8] and we once again find that it is sufficient to
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compute only half the number of total cases, since the two diagrams in the second

row are complex conjugate of the two diagrams in the first row.

Tz
p
ky Kk ks ky ky Ik
ks ky
P
L1 L3 T,
T, T, T
p
p
kg k4_
ky ks ks k, ky ky
T3

Figure 1.8: The exchange contributions to the trispectrum (4—pt. function) from
cubic interaction vertices at 7. k;,p denote external and internal momentum
respectively.

The diagrams in the first row are given by,

0

(P, D, P, P )ord. = —932,/ dridry a(m1)a(T2) Wi, (0, 71) Wi, (0, 71) Wi, (0, 72)
X Wk4 (O, TQ)Gp(Tl, 7'2)

0

- L OROL050

—00

1
drdmy Eflgl (Tl)fli:Q(Tl)

X [ (72) fry (72) [f;*(Tl)f;(Tz)@(ﬁ — 7o)+ (11— 1) |, (1.57)
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0
(08, 95, Pr, O, Junord. = g§/ dridry a(11)a(T2) Wi, (0, 71) Wi, (0, 71) Wy (72, 71)

—00

X Wiy (72, 0) Wy, (72,0)
0

— 5 ()£ () fra (0 fin(0) [ dmdrs ——f (),
2 I OO0 0) [ dndre g (m)f ()

—0o0

X iy (72) fiy (12) £ (72) f (1) (1.58)

where (gb,;l %, Pk, ¢;;4>ord. is obtained using both cubic interactions coming from time-

ordered part, whereas <gz§,;1 ¢122¢E3¢E4>unord‘ is obtained using one cubic interaction

each from the time-ordered and anti-time ordered part of the in-in correlator.
Evaluating the integrals, we find the full correlator with all four contributions

given in Fig. [1.§ to be,

H® ¥4 1
= —2k1p — 2kop + 10 (k 2
<¢k1¢k2¢k3¢k4> 93 8k1kaksky k? [(k?34 +p)3 { P 2P+ 10 (has )
1
—5(—kiz +p) (kss +p) + K5y +p } + W{%Q (ksa + 3p)
+ Ky (kza + 3p) + 5ky (kg + kg + 3p) + 10kT + 10k3 + 6p2}) , (1.59)

where k34 = k3 + k4 and so on. We find the correlator has a total energy pole 1/k3.,

as well as poles 1/(ky + ko + p)® and 1/(ks + k4 + p)® at energy entering vertices 7

and 719 respectively.

1.6 The analytic structure of cosmological corre-
lation functions

There is extensive literature on the structure of cosmological correlation functions

at tree level (see e.g. [15, /18, |19} 20, 21} |31} 132, 91}, |30} 92, 93, (94} 22, |78, |95] and
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references within). In this section, we discuss a few of these results.

1.6.1 Singularity structure of tree level correlation functions

The singularity structure of correlation functions has been studied in detail at tree
level 96} 20, 78, (97, 79, 33]. Correlation functions involving massless fields in
particular exhibit poles whenever a vertex or a subgraph becomes energy conserving.
A subgraph is defined as a set of (consecutive) vertices, where every vertex in the set

must be connected to atleast one other vertex in the set by a Feynman propagator.

T2

k k k k k P1
< - d t d ko ke ks ks

31 P2

Ty 7, 73 Ty T3

(a) The 5-pt function with all interaction ver- (b) The 5-pt function with interaction ver-
tices lying below 7 = 0 surface. tices lying above and below 7 = 0 surface.

Figure 1.9: Diagrams contributing to the 5-pt function at tree level with cubic
interactions. The interaction vertices are labeled by 7 23. k; and p; denote external
and internal momenta respectively.

As an example, consider a double-exchange contribution to the 5-pt function with
cubic interactions in flat space in Fig.[1.9a] The bulk to bulk exchange propagators
Gp, (11, 72) and G, (71, T2) contribute Heaviside step functions leading to nested time
integrals, which in turn result in energy mixing in the arguments of the exponentials
in the integrand, arising from the mode functions. Consider one such time ordering

O(m — 12)O(m2 — 73), given by the nested time integrals,

0 T T
/ dTl/ 1 d7'2/ 2 g Fithe—p)T Gilks tp1—p2)m2 ilka-thotpa)Ts (1.60)
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The integral structure implies that upon evaluation of the 73 integral, a simple pole
at k4 + ks + po would be produced. This is the pole produced when 73 vertex
becomes energy conserving. Similarly evaluating 75 and 7; integrals produce simple
poles at k3 4+ k4 + ks + p1 and ki + ko + ks + k4 + k5, which is the energy entering
the subgraph consisting of vertices 7, 73 and the full graph respectively. Similarly,
considering the other time orderings yield nested time integrals, that produce poles
at energies entering all possible subgraphs, giving partial energy poles. The same
argument follows for de Sitter correlators, however unlike flat space correlators, the
partial and total energy poles produced are higher order, since mode functions and
measure contribute additional factors of 7 in the integrand.

However, at 5-pt we also have contributions from diagrams such as Fig.[1.9b] In
this diagram, the only subgraphs are trivial, i.e. they either consist of only one vertex
or the full graph. This is because all internal lines are Wightman propagators, which
do not produce nested time integrals. The integral structure of this contribution in

flat space is given by,
0 0 0
/ dr / dTQ/ drs el k1thatp1)T1 o—i(p1t+ka+p2)72 Ji(p2+katks)Ts (1.61)
—00 —00 —0o0

Thus the evaluation of the time integrals produce simple poles at the energies enter-
ing the vertices 1, 7o, 73, i.e. at ki + ko +p1, k3 +p1 +p2 and py + ks + k5 respectively.
Once again, the same argument follows for de Sitter correlators, and we get higher
order poles instead of simple poles whenever the vertices become energy conserving.

However, this systematic understanding only existed at tree level correlators,
and hence for loop integrands. For loop correlators, the analogous structure of poles

and branch cuts was previously unexplored.
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1.6.2 From Wavefunction to Correlations : Total energy

branch cuts

Below, we briefly review the wavefunction of the universe formalism, the map be-
tween wavefunction coefficients and cosmological correlators, and the Cosmological

KLN theorem.

Wavefunction of the Universe

Consider a field (7, 7) and its eigenstates |®(Z, 7)) corresponding to the field con-
figuration eigenvalue of ®(Z, 7). The wavefunction of the universe [15] 98, |99} [100]
in the ground state gives us the propagation amplitude from the zero field eigenstate

in infinite past to some configuration ¢(z) late time 7,
D (#,70)=6() |
U[p] = / DO 51 (1.62)
o

The wavefunction can be expanded as follows for small fluctuations,

W[4] = exp {_% / dskldskmg(fl)ap(/;}w(/;;)+Z% / et oo Pl (R)S(F1) . b(R) |
n=3

(1.63)

where 1), are the wavefunction coefficients. These can be computed diagrammati-
cally using Feynman rules, similar to in-in correlation functions. However there are
a few crucial differences [101}, 102, 103, |104] in the Feynman rules, such as different

bulk-bulk propagator,

Ky(1) = —ﬁ((;)) , (1.64)
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and different bulk-boundary propagator,

Gr(11,72) = i Py (@[7’1 — | K} (1) Kk (12) + O — 7] K} (12) K (1) — Kk(Tl)Kk(TQ)) ,

(1.65)

due to different boundary conditions in the past. Here P, is the momentum con-
serving delta function stripped 2-pt function, i.e. ((13,;155,;2) — P, 83(ky + ky). Also,
due to the difference in the integration domain, unlike correlators the diagrams of
wavefunction coefficients do not involve vertices on both sides of spatial slice at late

time 70-

The Cosmological KLN theorem

The correlators of late time field fluctuations are obtained from wavefunction coef-

ficients via the Born rule,

ooy Do g 0p [V
Ga95) = Do el (1.66)

To compute tree level correlators using the above map, it suffices to compute the tree
level wavefunction coefficients using saddle point approximation W[¢| ~ exp[iS[P]].
However, at loop level, correlators are obtained from wavefunction coefficients at
loops, as well as momentum integrals over tree level wavefunction coefficients. The
latter are often referred to as classical-loops [60].

The various wavefunction contributions from the map in Eqn. can often
lead to cancellations of poles, leading to a cleaner analytic structure of the cor-
relators. The simplicity of the analytic structure of correlation functions over the
corresponding wavefunction counterparts has been discussed in great detail [105]

106]. One such discussion is regarding the absence of total energy branch cut in cor-
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relations of massless scalar field fluctuations, and is known as the Cosmological KLN
theorem [34], since it is reminiscent of the KLN (Kinoshita-Lee-Nauenberg) theo-
rem in flat space, involving cancellation of IR divergences in the inclusive scattering
cross-section.

The cosmological KLN theorem is argued from the various wavefunction contri-
butions to the correlator at loop level, alongwith the Cosmological Tree theorem.
The latter is obtained from the bulk to bulk propagator for the wavefunction coef-

ficient being expressed in terms of the retarded propagator Gi** as,

Gyt (11, 72) = 2P Im[ Ky (1) Ky (12)]O[11 — 7o) = Gi(11, 72) — 2P K, (11)Im[ Ky (72)] -
(1.67)

When applied to diagram involving loops, the cosmological tree theorem provides a
way to cut open loops and express the wavefunction coefficient as a sum of terms
involving momentum integral over tree level wavefunction coefficients, with one or
more bulk-boundary propagators being replaced with Im(K}). In mapping the wave-
function to the correlator, such contributions combine with the classical loops, yield-
ing terms where none of the partial energy poles produced from time integrals ever
mix the loop momenta and total energy. The cosmological KLN theorem follows
from the observation that since the time integral never produces a threshold in total
energy, hence the correlator at loop level can only produce poles in total energy,
never a branch cut.

We discuss in Chapter [3| of this thesis, that while the arguments above hold
for flat space, correlators in de-Sitter indeed feature total energy branch cuts. We
point out the loophole in the arguments of the cosmological KLN theorem, where
important contributions due to the time dependence of the background are missed.

These contributions produce total energy branch cuts from time integrals, rather
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than momentum integrals, in de-Sitter. These total energy branch cuts are a feature

of time-dependent backgrounds.

1.6.3 Flat space limit of correlators

It is well known that for cosmological correlators at tree level, the leading singular
terms in the limit of the total energy taken to zero recovers the flat space scattering
amplitude corresponding to the same process, while the leading partial energy is
given by the product of a lower-point correlator and a lower-point scattering am-
plitude |20, 33, |76} 77, 78} 79, |96} 97]. Such a correspondence is expected, since in
the far past, the Bunch Davies modes were deep inside the Hubble radius and hence
effectively experienced flat space conditions. However, contribution from early times
in the time integral of the in-in correlation is exponentially suppressed due to the
1€ prescription. This suppression goes away in the limit of energy argument in the
exponential (either total energy wr or partial energy w;) goes to zero, hence probing
the early times and recovering the flat space answer.

In particular, for a tree level n-pt diagram D,, with V' vertices, I internal lines
and a total of N spatial and time derivatives acting on all interaction fields, the

leading singular term in the limit of total energy wr — 0 is given by [33],

lim D, = (H“*”)(—l)”*zSVz‘"—(O‘!)(_DaAn( 11 i) : (1.68)

wr (iwr)o* icext. wi

where a = —4V + 21+ N +n, A, is the flat space n-pt scattering amplitude, > Sy
denotes the total number of time derivatives acting on all fields contracting in the
diagram, and the product [], runs over all external legs. This is the flat space limit
for cosmological correlators. Notice this is unrelated to the flat space limit in the

sense of H — 0, and the lim in Eqn. (1.68) is to be understood as extracting the
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leading singular term when wyp — 0.
This relation holds for tree level, and hence for loop integrands. However, such

a flat space limit was not known at the level of loop correlation functions.

1.7 Loops in Cosmological Correlators

Loop corrections to inflationary correlators were not studied for a long time in
the literature, since they are expected to be extremely small due to suppression
by factors of slow roll and H/M,, and hence are practically unobservable. As an
example, consider the power spectrum ((?) at tree versus at 1-loop. The amplitude
of the tree level power spectrum H? /(eMSl) has been measured from the CMB
temperature fluctuations to be ~ 10719 and since € << 1 during inflation, we have
H /M, during inflation to be much smaller than 107°. Now, the cubic action S5(¢) ~
My [ O(¢?). A rough back of the envelope calculation gives us the 1-loop power
spectrum to be ((7)1100p ~ ﬁ—;@(k%), with two interaction insertions contributing
~ €M} and 8 ¢ modes, each contributing ~ H/(\/eMy) (see Fig. [L.10). This
implies that not only is the power spectrum at 1-loop slow roll € suppressed, it also
suffers a (H/M,;)?* suppression, and hence it is atleast 10 orders of magnitude smaller
than the tree level result. This is an incredibly small effect and it is practically
inaccessible from experiments.

However, Weinberg first stressed that despite the loop effects being extremely
tiny, one should still study these corrections to explore and better understand the

inflationary theory. With this motivation, in |1] he computes the 1-loop correction

to the power spectrum in Fig. and obtains,

H* 1 k
(21 100p ~ ——(c—l—log —) , 1.69
< k>1 loop M;ll kg L ( )
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2-pt at tree 2-pt at 1-loop
. H? 1
2 — —
(Cidurce M2 k3
From CMB : _ ~ 10710
(.A?'nlrjf! ) H4 1
(C )]—luop ~ Fg} O(p)

Figure 1.10: The leading contribution to the power spectrum at 1-loop, coming from

two cubic interaction insertions in the bulk, is ~ e% suppressed with respect to
pl

the tree level result.
where ¢ is a scheme-dependent constant and p is the renormalization scale. Subse-
quent studies on loops in inflation also found a similar log (k / u) in their computa-
tions [107, 108|109} (110} 111]. However, it was pointed out in [2] that this logarithm
implies a mistake was made in the computation, since the argument of this loga-
rithm is the ratio of a comoving scale £ and a physical scale u. Apart from the
fact that this logarithm breaks dilatation invariance, there is another problem with
such a 1—loop correction. Importantly, one also obtains logarithms in flat space
loop computations of the type log (s / uQ), where s is the Mandelstam invariant, and
the renormalization scale is chosen close to the external kinematics to avoid the
problem of large logarithms. However the same cannot be done with the logarithm
obtained in Weinberg’s answer, since a physical scale 1 cannot be compared against
a comoving scale k. One can convert the comoving k to a physical scale kpyys = k/a,
but this implies that the power spectrum is sensitive to the scale factor. However,
the scale factor is, by definition, unobservable, corresponding only to a rescaling of
coordinates.

As was shown in [2], the subtlety lies in recognizing that unlike in flat space,

modes in de Sitter have non-trivial dependence on dimension due to the time de-
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pendence of the background. Hence, when implementing dimensional regularization
to regulate loop divergences, using 3-dimensional modes and measure will lead to
unphysical logarithms of k/u, which cancel from O(d) corrections of modes and
measure, and get corrected to log (H / u) once d = 3 + ¢ dimensional modes and
measure are used.

The previous observation naturally leads to the investigation of the analytic
structure of higher point functions at loops. In particular, momentum conservation
imposes both legs of the power spectrum to have the same scale k, but does not limit
the external legs of the bispectrum to have the same scale, and one can in principle
observe a richer structure involving logarithms of ratios of comoving scales. It is also
interesting to investigate whether, similar to the power spectrum, unphysical loga-
rithms cancel out in loop corrections to the bispectrum and higher point functions,
once dimensional regularization is implemented properly.

As discussed in Sec. [I.1] loop correlators are also essential to understand how
unitarity, locality and causality constrain the structure of correlators. However
this requires a systematic understanding of the singularity structure of cosmological
correlators at loop level, which was missing. There has been some progress on under-
standing loop corrections to wavefunction coefficients |[101} (102, [103}, [104], however
the analytic structure of wavefunction coefficients can be significantly different from
that of correlators due to different choice of boundary conditions [105} 106, |112|
113].

1.8 Notation and Convention

In this section, we set the notations and conventions followed in this thesis.

We work in the inflationary background, well approximated by the flat de Sitter



39

metric,

,  —dr?+di?

ds 5
(HT)

, (1.70)

where H is the Hubble parameter. Derivatives with respect to the cosmic time ¢ and
conformal time 7 are denoted by a dot (") and a prime (') respectively, unless stated
otherwise. The external momenta are denoted by {EZ} and exchange momenta by
{pi;} with pi & pa reserved to label the loop arms. For on-shell propagators, the
modulus of momenta are referred to as energies and denoted by momentum label
without the vector sign e.g., k; = ]IZZ| However, we will often treat the energies of
external legs as independent variables (this is the off-shell limit of the correlator)
and in this case the energies are denoted by {w;}. The energy entering the loop site
is denoted by s, given by s = |5] = |py + pPa|. Often, we will denote sum of off-shell
energies in the following manner : w; + ws + w5 = wio5 and so on. Whenever we set
Mp% = 1, this convention is stated explicitly.

The correlation functions are computed via the in-in formalism. To be precise,
we employ in-in Feynman rules to compute the diagrams. In this work, the notation
we follow for the diagrams are as follows : vertices drawn at 7 < 0 come from the
time ordered part of the in-in correlator, and vertices drawn at 7 > 0 come from anti-
time ordered part. These vertices are also called “right” (or ‘+’) and “left” (or ‘—7)
vertices respectively ([1,89]). Of course a n-point correlator will have contributions
from diagrams with all possible combinations of left and right vertices. However
not all of these diagram need to be computed since half of these combinations are

obtained from complex conjugation of the other half.
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Given a mode function fi(7), the propagators are defined as follow:

Gri(k;m,m2) = fi(m) fie(r2)O (1 — 72) + fu(m1) £ (72)O(72 — 1), (1.71)
G (k1) = fi(n) fi (1), (1.72)
G__(k;m,m) =G (ki m), (1.73)
G_ (k7 m) = G _(k;7,72), (1.74)

where + (—) in the subscripts denotes whether 7,7 lie below (above) the 7 = 0

surface.

Dimensional regularization Throughout this thesis we will employ dimensional
regularization (dim reg) to tame the divergences in loop integrals. In flat space this
amounts to computing the loop integral in d-dimensions, then setting d =3 + 4. In
de Sitter this is more subtle: mode functions in de-Sitter depend on the dimension.
Therefore, when we compute correlators with dimensional regularization, we need
to use the appropriate d-dimensional mode functions as well, as they may include
crucial contributions to the structure of the correlator. A famous example would be
the log(k) term mentioned in the introduction: using the incorrect mode function
would lead us to conclude that there is secular divergence in the one loop correction of
the power spectrum [1], and this is tamed by properly regulating the mode functions
as well [2].

For correlators in flat space, since there is no dimensional dependence of modes,

simple 3-dimensional flat space modes, given by,

1 :
Je(T) = NoT exp(ikT), (1.75)

are employed in loop computations.
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In de Sitter, the mode function in d-dimensions for a scalar field with mass m is
given by,
felr) = H 2 (=HT)2HD (—k), (1.76)

2 2 . . . . .
where v = /75 — dz. However it is difficult to compute correlators in arbitrary

d-dimension: in general we would need to compute time integrals and loop mo-
mentum integrals with Hankel functions, and these don’t usually give nice analytic
expressions.

Fortunately for our purposes there are two major simplifications. The first is
that we are mainly interested in massless fields (m? = 0) and conformally coupled
fields (m? = 2H?) in d = 3. For d = 3 these Hankel functions reduces to simple
plane waves multiplying some polynomials. The second simplification comes from
modifying the mass slightly when we perform dimensional regularization: on top of
setting d = 3 + §, we also modify the mass as m? — m? + H> (%5 + %) (361 45].

Under this scheme the mode function simplifies into the following:

H .
fio(T) = (=HT)*?——(1 — ikT)e™*™  (for massless scalar) (1.77)
vV 2k3
_Hr) .
fr(r) = (—HT)‘S/ZMe”” (for conformally coupled scalar). (1.78)

V2k

In practice we would frequently need to expand in ¢ to obtain analytic expres-
sions, and this generally produces logarithmic terms. For example, for the massless

scalar we have:

filr) = (1 " glog(—HT)) \/%(1 — ikr)e + 0(82). (1.79)

!This is different from the scheme used in [2] where the mass is not modified. While the scheme
of modifying the mass simplifies the calculations further, one should be careful when employing this
modified scheme on gauge fields or gravitons, since introducing a mass may break gauge invariance.




42

Since we are mainly concerned with one loop corrections, it suffices to expand the
mode function to O(J), but in principle one would need the higher order terms for
higher loop corrections as well.

Similarly, the time integral measure is also dependent on the dimension d, and

receives correction in dimensional regularization,
a(1) = (=H7)™° = (1 — dlog(—HT) + O(5?)). (1.80)

Off-shell correlators In flat space the mode functions are simply plane waves,
and as a result the correlators always depends on the total energy entering each
vertex (or subgraphs of these vertices), regardless of the number of external legs
attached to it. For example, if in a contact diagram there are N, external legs

attached to a vertex A, then the correlator only depends on the external energy |k;|

Na
Qa=> /|kif> +m2. (1.81)
=1

For de Sitter, if we look at fields with general mass, the correlator will be some

in the combination:

complicated function of the energies of individual external legs k; = |k;|, rather than
depending on simply their sum. However, since we are mainly working with massless
and conformally coupled scalars, the mode functions are plane waves multiplied by
polynomials of conformal time and energies. This implies that the time integral at

each vertex takes the following form:

/

/ dr Poly(k, 7)e™", (1.82)

—00

where Q = ) k; is the energy entering a vertex if 7 is the first vertex to be integrated

over, and the energy entering a subgraph otherwise. Poly(k,7) is simply a polyno-
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mial in energies and conformal time. It is not hard to see that after time integration,
the denominators will depend only on the external energies in the combination 2.

It is useful to define the off-shell correlator as an analytic extension of the phys-
ical correlator, where the energy of the internal legs remains on-shell, i.e. p; = p;,
but the energy of the external legs w; is treated as independent from the momentum
k;. Physical answers are obtained when we put the external energy on-shell, i.e.
take w; = |k;.

Analytic continuation of the off-shell energy has been fruitful in understanding
the structure of wavefunctions and correlators [114 [34, [115]. In particular, it is
possible to keep track of the analytic structure in terms of w, and in the case of the
wavefunction this has led us to rules which determine the possible poles and branch
points. It will be helpful for us to work with these off-shell energies here as well. As
a result we will work with the off-shell external energies w in our dS examples, since

it contains interesting features about the analyticity of the correlators.

Cubic and Quartic order action in the ADM formalism The metric in the

spatially flat gauge is given by,
ds? = —N2dt* + > (dz' + N'dt)(da’ + N’dt), (1.83)

where p(t) is the Hubble parameter (H), considered to be time independent here
to leading order in the slow-roll parameters. The lapse function (V) and the shift
vector (IV;) are the constraints, evaluated to second order, to get the action till
fourth order in perturbationﬂ Since the constraint equations are of second order

in spatial derivatives, the constraint solutions contain inverse laplacian, giving non-

Zhigher order terms in the constraints multiply terms that vanish since they satisfy equation of
motion; see Appendix of [116]
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local terms in cubic and quartic actions. The background and fluctuations of the

scalar field are denoted by,

oz, t) = o(t) + o(z,t). (1.84)

Focusing on the scalar sector, the quadratic and cubic action at leading order in

slow roll in the spatially flat guage are given by [15],

Sy = %/dt Pz [e7p% — e (0)?]
S3 = /dtd3x63p —égogbz — e_ZPégo(ago)Q — $0; B0 (1.85)
4p 4[0 (3 (2 Y

where

0B = [%% (—ggo)] : (1.86)

The quartic action, to leading order in slow-roll, computed in |74} 75| is given by,

1 1
Sa=7 / dt d*z e {5_2@(@5&0)5_2@@@@ - 53_25]'(95@]'90) (¢° + e > 0ipdip)

+ 4‘?31’905_2(95@80)} : (1.87)

Note that in Eqn. and , we set M}?l = 1. Since the interactions con-
tain temporal derivative of fields, one should be careful when evaluating the inter-
action Hamiltonian, since Legendre transforming the Lagrangian will now generate
higher order operators. However, since we work in leading order in slow-roll, the

quartic terms generated from the cubic interaction can be neglected (see Appendix

AS).
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1.9 Organisation of this thesis

This thesis is organized as follows. In Chapter [2| we perform the first explicit com-
putation of scalar bispectrum at 1—loop, with interactions from the Effective Field
Theory of Inflation (EFTol), with the goal of exploring loop corrections beyond
power spectrum. We find that the final results feature analytic structures of the
form log (k;/kr) and log (H/p), where H is the Hubble parameter and p is the renor-
malisation scale. We find that unlike the 1-loop correction to the power-spectrum
computed in [2| the unrenormalised answers always produce unphysical logarithms
of co-moving momenta, which are canceled only after renormalisation.

In Chapter [3| we perform the first systematic study of the singularity structure
of inflationary correlations at 1-loop. We derive diagrammatic rules to extract the
singularities of any two-site 1-loop diagram, by analyzing the general structure of
the time and momentum integrals of the correlators. Using these rules, the poles and
branch cuts produced can be predicted by simply identifying the energies flowing
through certain subgraphs, without having to perform complicated integrals. An
interesting feature of de-Sitter correlators at 1-loop is the presence of an off-shell
total energy branch point, which is present in dimensional regularization as well
as cutoff regularization. We probe the source of this branch cut in detail, while
revisiting the cosmological KLN theorem [34] in this context. Finally, we show that
the branch cuts produced in a renormalised correlator always repackage themselves
in a dilatation invariant form to produce logarithms of ratios of comoving scales.

In Chapter [4] we extend the analysis of Chapter [3] and compute the 1-loop
bispectrum during slow-roll inflation, including the non-local, inverse-Laplacian op-
erators present at cubic and quartic order in the ADM action (in the spatially flat
gauge). These non-local vertices introduce non-trivial angular dependencies that

significantly complicate the evaluation of loop integrals. We find that the diagram-
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matic rules, discussed in Chapter [3] identifying poles and branch cuts in correlators
without explicit integration, remain valid even in the presence of such non-local in-
teractions. Finally, we derive the flat-space limit of the 1-loop inflationary correlator
and verify it with explicit examples, thereby establishing a direct correspondence
between its leading total-energy singularities (wr — 0) and the flat-space scattering
amplitude.

In Chapter [5] we conclude by summarizing the main results of this thesis and

discussing open questions that remain for future investigation.
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Chapter 2

Bispectrum at 1-loop in the

Effective Field Theory of Inflation

This thesis builds on a sequence of works on cosmological loop correlators. In
particular, results from the author’s publication (5], in collaboration with Diptimoy
Ghosh and Farman Ullah, are reviewed and summarized in this Chapter, to
establish notion and provide context. Portions of this material have previously
appeared in the PhD thesis of Farman Ullah. Their inclusion here is intended
solely to ensure a self-contained presentation; the novel contributions of this thesis

arise in the subsequent chapters[3 and [{}

As emphasized in Sec. and [1.7] it is of utmost importance to study cosmo-
logical correlation functions at loop level to understand the underlying inflationary
theory. Loop corrections to cosmological correlation functions were first studied by
Weinberg [1], where he computed the 1-loop correction to the 2-point correlation
function. However, it was pointed out in [2] that there were mistakes in the com-
putation, since the loop correction computed in [1] and subsequent related studies

[107, 108, {109} |110} [111] have a log(k/u) dependence. This logarithm is unphysical,
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since its argument involves the ratio of the co-moving momentum k and the physical
renormalization scale u, and hence is signature of some mistake in the computation.
In [2] it was shown that once the mode functions are properly continued to d di-
mensions in dimensional regularization, the unphysical logarithms cancel and the
log dependence instead is log(H /).

It is essential to move beyond the power spectrum at 1—loop in order to resolve
interaction-driven features encoded in the shapes of cosmological correlators. Im-
portantly, the analytic structure of higher-point correlators at loop level remains
largely uncharted, necessitating a systematic theoretical analysis. In this chapter,
we examine one-loop corrections to the scalar bispectrum in the decoupling limit
of the Effective Field Theory of Inflation (EFTol). To focus solely on the analytic
properties of these correlators, we carry out the computation in a tuned setup (see
Sec. that minimizes the number of contributing Feynman diagrams.

Our main results are summarized as follows,

e The correlation function is not a rational function unlike the parity odd cor-

relators computed in [45].

e Unlike 2], the unphysical logs do not cancel despite using correct d dimensional

mode functions. They are removed only after renormalizing the results.

e Our final renormalized result for the correlation function contains logarithms of

ratios of comoving scale, of the form log ,f—T and log %, where kr = ki + ko + k3.

The rest of this chapter is organised as follows. In Sec. [2.1 we discuss the
decoupling limit of EFTol and consider the tuned action used for our computations.

In Sec. 2.2 we give the computational scheme of the loop computations. In Sec.
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we discuss how renormalisation results in the cancellation of unphysical logarithms.

In Sec. we perform a cross check of our results with cutoff regularisation.

2.1 Decoupling limit of EFTol

The EFTol 117, 118, 119] Lagrangian is constructed in the unitary gauge by fix-
ing time diffeomorphisms, using operators that are invariant under spatial diffeo-
morphisms. Using the Stueckelberg trick, time diffeomorphism invariance can be
restored by performing a time diffeomorphism ¢ — £ = t 4+ £%(z) , @ — Z = & and
then promoting the transformation parameter £° to a field w. This field (7, t)
now corresponds to the Goldstone mode for broken time diffeomorphisms, and must
transform as m(x) — m(x) — £%(z) under time diffeomorphisms. The action for 7(z)

is given by,

1 . .
S = / d'ay/=g[5 MR — MF (3H2 + 1) + MEH 3

Mﬁl ~00 2 M§ ~00 3 Mf 00 4
+T(g +1) +?(9 +1) +T(g +1)" +..] ., (2.1)
where we neglect time dependence in the couplings, ‘...” denotes terms which are

higher order in derivatives and/or field fluctuations, and we also have,

. O(t+m)0(t+m) _ ' L
00 _ wro_ 2 00 01 ij 9. )
g S g I = (1) + 2L+ 1)Oimg™ + gY OO (2.2)

The action simplifies drastically in the limit where the mixing energy F,.;, between
metric and scalar fluctuations is considered to be much smaller than the energy scale
of the modes. This is known as the decoupling limit of EFTol. We further tune the
coupling M, = 0, since our goal is to explore the analytic structure arising in 1-loop

corrections of the bispectrum, rather than obtaining its full analytic structure. The
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tuned action of 7 in the decoupling limit simplifies to,
1 . .
S = / d'z/—g [§M§lR ~ M2 (3H2 + H) + M2H <—(1 )?

3!

1 1 L |
bt (AP + @+ 1) 4 atd (< i
2
:/d‘lx\/—g[—Mng (7%2— (Om) )+g37r + gart ——7r <
a

where we have,

4 2
93=—3 5, ga=—2My+ ng- (2.4)

Note that lifting the M, = 0 restriction produces the following changes,

e The speed of sound is modified to 1/¢2 = 1+2M3/(eH*M?). This produces a
¢s dependent normalization factor in the mode functions, with the comoving

momenta appropriately scaled as k; — ¢ k;.

e It produces additional cubic and quartic interaction vertices, such as 7 (9m)?

and (Or)*.

One can ask how the inclusion of these interactions will affect our final results, and
whether they can lead to additional singularities which are not captured by the
contributions computed with interactions from Eqn. (2.3]). However, we shall see in
Chapter [3|that there is a systematic way to obtain the singularity structure of 1-loop
correlations, computed with interactions involving temporal and spatial derivatives
acted on all the fields. While the exact correlator is dependent on the interactions
participating in the bispectrum, the location of the poles and branch cuts of the

loop correlator depend only on the energy flow through specific subgraphs. Thus
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the interactions in Eqn. (2.3) are a representative set of interactions for the purposes
of probing analytic structure of loop corrections to the bispectrum. The additional
contributions from the untuned (M, # 0) action will not produce additional poles

and branch cuts in the correlator.

2.2 Explicit computation of Bispectrum at 1-loop

In this section, we compute the bispectrum at 1—loop with cubic and quartic inter-

actions from the EFTol in Eqn. (2.3]), using the in-in formalism,

<0|Teif9w(1+ie) Hydr 7T3(O) Tefiffoou,“) H1d7'|0>

7T3 0)) = : :
< ( )> <0|T61f200(1+15) HId’T Te_szooo(lfie) H[dT|0>

(2.5)

The time integrals are performed with the usual ie prescription, with 7 — 7(1 % 7€),
to project the free vacuum onto the interacting vacuum.

At a particular order in the EFT expansion, the 1-loop corrections can have con-
tributions either from one insertion of a cubic and a quartic operator each (Fig. ,
which we refer to as Diagram I, or from diagrams with three cubic insertions, such
as the ones in Fig. 2.2l In Sec. and [2.2.3] we provide computational details
of Diagram I and II respectively. All other contributions from a cubic and a quartic
interaction are different time orderings of Fig. [£.3] obtained by complex conjuga-
tion of the same. Note that among the diagrams involving three cubic interaction
insertions, we only inspect Fig. leaving an explicit computation of all other
diagrams for the future. Finally, there are contributions from diagrams where the
loop closes on itself, including tadpole diagrams, resulting in a scaleless integral,

such as the ones in Fig. Such contributions are scaleless, and vanish in dim-reg,

as shown in Sec. 2.2.4]
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Ty

ky k k3
P1
ky ky
P1 key
P2
T2 T
P2 Tz

(a) (b)

Figure 2.1: Diagram I : Loop contribution to the bispectrum from one insertion of
the cubic and a quartic operator. k; , ks and k3 denote external momenta. p; and
p2 denote loop momenta. 71 and 7, are points in the bulk. Time ordered diagram is
shown in the left panel and the diagram with no specific time ordering is drawn in
the right panel.

2.2.1 Calculational scheme

We will now sketch the computational scheme for the loop diagrams. We use the
well-known Feynman rules [89]. The d = 3 4+ ¢ dimensional mode function and the

measure are given by,

fr(7) —Hr) (1 —ikr) e = (1 + élog (—HT)) 3d(r) 4+ 067,

2

5/2
/_HM2 vV 2k3

a(t)’ =1 — dlog(—Ht) + O(6?). (2.6)

In our computations, the external mode functions (at 7 = 0) and the external
momenta conserving delta function (§%(3", k;)) are taken to be in 3 dimensions, since

the counter terms cancel the O(¢) contribution from these terms. The integrals then
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ky k, ks
Pa kg
ky ko
P1 P,
P3
Ty T3 T3 2 T3
P2 Pz
(a) (b)
Ty T3

Figure 2.2: Diagram II : Loop contribution to the bispectrum from three insertions
of the cubic operator. k; , ko and k3 denote external momenta. p; , po are loop
momenta and p3 = k3 due to momentum conservation. 71 , 7, and 73 are points in
the bulk.

NAO

(a) (b)

Figure 2.3: Diagrams with scaleless loops (left panel) and tadpoles (right panel).
Contributions from scaleless loops vanish in dimensional regularization. Since all
the interactions have derivatives, the tadpole diagram integrand either vanishes,
by virtue of the tadpole leg k& = 0, or is finite and its contribution vanishes from
scaleless loop arguments (see Sec.
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take the following form,
3 . -3 d= jd= 7
D(ky, ko, k3) = 0 (Zkz) [ /d p1d*py P(py, p2, {ki}, {Tz}) (pl + po — k3)

X H —Hr;) (i) ‘sdﬂ] ,

D(ky, ko, k3) = 53(ZEZ) /d P1d*paP(p1, p2, {ki}, {Tz}) (pl + P2 — E?))

1+an5log —HT;) HdTZ, (2.7)

where p is the renormalisation scale. Note from Eq. (2.6) that n, = —1,1/2 for
contributions from each vertex (a(7)°) and mode function respectively. Next we

may split the entire correlator as D = Dy + D,, with,

Dy (ky, ke, ks) = 6°( Zk —"”z/ddplddpgp P12, {ki}, {7:})6 d)(ﬁlJrﬁz—E:a)HdTi,
Dg(kil,kg,k:),) :53(21{31 32/d dng pl pg,{]{?} {Tz Zn 510g HTZ)

x 0D (1 + Py — k) I1d. (2.8)

where D is the computation of the correlator with 3-dimensional mode functions
and scale factors, and D, includes the O(9) contribution from them. Computing

the time integrals in D; yields,

Di(ky, ko, ky) = 8 (D ki) w7 / By d"PrQ(py, pa, ki )6 (51 + P — Fs) . (2.9)

Next, the momentum integrals are evaluated using the identity in Appendix [A ] to
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obtain,

-

Dl(l{fl,kg,kg) = (53(21{}1) ,u_%é

S 3 00 k3 d—2
2 [Ty [ ap P00 D).
k3 — 3

ks

(2.10)

The computation is further simplified by factoring out powers of k3 and turning the

integral dimensionless as follows,

1

sy 3 Sa o KN [ a2
Di(ky, ko, k3) = &*( g ki) p 2 B — dg+ dg- 1 ¢ Qq1, q2, {i}),
1 _

(2.11)

where ¢; = £—3 and z; = ,’:—3 are scaled internal and external momenta respectively. A

straightforward evaluation gives the following,

0+N
35 Sq_o k
-3 d—2 g R

D1 (ky, ko, k3) = 53(2 ki) p (d, {z:}) . (2.12)

Finally, we expand the result about ¢ = 0. If the function R(3+04, {x;}) in Eqn. (2.12))

is divergent in the limit § — 0, then R(d, {z;}) will have the form,

R34+ {rh) = "D R )+ 00

where Fj is the coefficient of the O(1/9) divergent term, and F} is a function involv-

ing polynomial or logarithmic dependence on the scaled momenta x;. This gives,

Dy (ky, kg, ks) =8%( Z ) Sd; ks {Fo({éfci}) + Fy({z:)) (log by — ;log M)
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The result of integrals involved in Dy are directly obtained from the equation above,
since the computation of D, is exactly the same as that of D; albeit with an addi-
tional factor of log(H7). The evaluation of time integrals with this extra factor is
equivalent, upto non-log finite terms, to the logs being pulled outside the integrals

as log(H/kr), as shown in Appendix [A.3] Therefore we get the following for Ds,

Do(ky, ko, k3) =6 [/ d*pyd*pa P (py, po, {ki}, {Ti})5(d)(ﬁl + P2 — /g:s) Hdﬂ'
x> milog(H/kr)8* (Y ki)

Dy(ky, ko, ks) =6 Dy Y nilog(H/kr) . (2.14)

Combining D; and Dy gives the full correlator as,

D =D, (1 +6) n log(H/kT)> . (2.15)

Therefore, the final expression for the correlator is given by,

Fo({éxi}) + Fy({z:)) (log k., — glogu + ZZ:m log(H/k‘T))

 Sao Y
n 2

+F ({z:})] 53(21;) . (2.16)

D

If Dy does not have a divergence then D = D;.

For the loop correction to the power spectrum in [2], > . n; = 1. It is clear from
the equation above, that unless the number of internal mode functions (i.e. fi(7) at
7 # 0) and scale factors is such that ) . n; = 1, the unphysical logs in D; will not

cancel with contributions from Ds.
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2.2.2 Loop contribution from Diagram I

Here, we follow the procedure outlined in Sec. to compute the 1—loop contri-
bution in Fig. 2.1 We consider the diagram where k3 contracts with the cubic vertex
71. There will be 2 more contributions coming from contractions of k; and ke with
the cubic vertex, obtained by substituting k3 <— ki and k3 <— ks respectively in
the final expressions.

We first consider the time-ordered diagram Fig. [2.1a, with the quartic interaction

as 4. This gives,

0

D = =72 g394 53(Zgi)fl;(o)fl;(o)f;g,(o)/ dridTy M_%fél(Tz)f&(ﬁ)fég(ﬁ)

x a2 (11)a"? (1) /ddﬁlddﬁz{fél (12) £, (1) f, (T2) f 3, (1) O (11 — 72)
+ fo, (m) 5, (1) £, (11) f 75, (12) O (75 — 7'1)} 5Py + Pa — Ez&) , (2.17)

As outlined in Sec. [2.2.1} we first compute D (k1, ko, k3), i.e. the correlator com-

puted with 3—dimensional contribution to the modes and measure, to obtain,

- H®  kg(ky + ko) (ks — 21 — 2ky) 1 1
Dl =72 9394 (53( Z kz) - , 5 k1k2k7 (5 + 5 IOg (kag)
o () r
— glog 1) + NLf, (2.18)

where NLf (Non-logarithmic functions) are simple rational functions of external
momenta. Next, we compute D,. As discussed in Section. 2.2.1] and explicitly
computed in Appendix , D5 is obtained from D; by bringing the log(H7) term
out of the time integrals as log(H/kr), along with some NLf of k;. We note that

there are 3 internal mode functions and 1 scale factor at 7, 4 internal mode functions
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and 1 scale factor at 75, which gives,

oo (3 () (2) e s

Adding this O(0) correction to Dy, alongwith contribution from the other con-

tractions involving contraction of k; and ky with the cubic vertex, gives :

- H® ks(ky + ko) (ks — 2k1 — 2ks) (1 1 ks
D =72 g3g4 53(21@-) = {——l——log—
, : kikokl o 2 Tk
7 () 1kafor T
1 3. H
— élog k’T + élog ;} + {k’g — k‘1} + {/{33 — ]{?2} + NLf. (2.19)

Next, we compute the unordered diagram in Fig. for quartic interaction 7?.

This gives the following finite expression,

0

D = =72 g394 53(Zgi)fljl(o)f;g(o)fks(())/ dridTy Mf%sf//gl (TZ)flgg(TQ)f/23(Tl>

x a®(11)a" (1) /ddﬁ1ddﬁz £ () £ (T o, (7o) £, (1) 808, + o — kis)

(2.20)

and the final answer, given as follows,

D= Dl =172 gsga 53(ZE1)

H? ks(ky + ko) (k;T+/<:1+k:2)1 <k;T>
. 5
7 ()

kirks (ks — ki — ko) 7 ks

involves neither a 1/ divergence nor any unphysical logarithms. The apparent
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folded pole at k3 — ki — ko is actually spurious, and the correlator is finite when series
expanded about k3 = ki + ko, with crucial cancellations coming from NLf terms,

given by,

H? 1 1
<_HMp2l>5 8]{?1]{?2]{?3 120(]{33 - kflg)’?k‘%«

NLf = 72 gsgs 0°( > _ k) (— 9K5 + 388k12k]

+ 1380k1,kS + 2180k, k5 — 190k ks — 2196k5,k5 — 1388k0, k3 — 180k] ks + 15Kk%,
— 480k1oky log(2) — 2880k7,kS log(2) — 6720k;,k5 log(2) — 7680k, k3 log(2)

— 4320k7,k3 log(2) — 960k,k3 log(2)) + ... (2.22)

where the dots represent finite terms in NLf that do not have folded singularity.
Next, we go back to the contribution in Fig. [2.1a] computed with quartic inter-
action 72(dm)%. There are three types of contractions. First, when both spatial

derivatives act on external k; modes (i.e. fx,), we have,

0
D =18 g3 6*( ) _ ki) fr, (0)£7,0) £, (0){ky - o} / drdry =7 a2 (m)a ()

fk1(72)sz(72)f1;3(71)/ddﬁ1ddﬁz {fp, () £/, (10) [, (72) f/5, (1) O (11 — T2)

L0 () (o) o (1) 12, (12)O (2 — 1) Y4B + B — Kis) (2.23)

where El . ];/:2 = —];:1 . <El + E3> — kg_kj_k%‘

Second, when the spatial derivatives act on a loop mode (i.e. f,) and on an
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external k; mode, we have,

0

D =172 g§ 63(Zﬁi)le(o)f£2(0)f£3(0)/ dridry M_%ad_2(71)ad_3(72)

{ s ) J (2 iy () + S (7)1, (72) iy () } - / d* pid'piy (i + 72 — k)
{ 1 () £, (1)O(m1 — 72) (f5,(72) foo (72) D2 + fp (72) [, (72) 1)

+ f1, (1) f,(10)O (2 — 10) (f5, (12) f, (72) Do+ [ (12) [, (72) 1) }, (2.24)
with
El - p1 = k1p; [cos by cos Oy + sin 0y sin Oy cos 6] | (2.25)
K2 —k2—k2

where cos 0y, is angle between k; and k3, given by cos 6, = . 01,05 are polar

2k1ks

k2+ 2__ 2 .
%lplp"’. However we only need to keep the first term in

angles of pj, with cosf; =
Eq. when evaluating the momentum integrals using the identity in Appendix
since the integrand is odd over 0y € (0,7) due to the cosfy term. Allther dot
products may be expressed in terms of Ky - p1 using the momentum conserving delta

functions.

Finally, when both spatial derivatives act on loop modes, we have,

0

dTldTQ /f%éad”(

d73<

Tl)CL TQ)

D =18 63 (S R)A O, 005,0) [

iy (72) i, (72) fr, (1) /dd Brd* P { fon (7o) 15, (10) fya (72) £, (1) O (11 — 72)

() fr () fo (1) [ (12)O (72 — 7)) B o} 0%(F) + o — ks),  (2.26)

with pj - pa = pi - </€3 — 171) = p1k; cos by — pi.
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The O(0) contribution from the mode functions to this computation is given by
Dy =% 5 log ( > Dy, obtained due to contribution from 3 internal mode functions
and 1 scale factor at 7, as well as 4 mode functions and 1 scale factor at 7. We
explicitly show this in Appendix [A.3] Computing the integrals above, the 1—loop

correlator alongwith contribution from D, is given by,

H® ky K-k
g3 33 ( Z k) - kng 1k7 2 (280ksk? + 55k3k? + 480k3k?
( HMQ) 12 T
+ 21K2K? + 105koksk? + 280k3k, + Tkik, + 42kok2k) + 105k2ksk, + 40k; + 40k]

11 ks 1 3 H
+ ki 4 Thokd + 21k3K3 + 55k§’k3) (5 + 5 log (E) — 5 loghr + = log (;»

11 . .
gg o*( Zk E HM2> gt i (2047 + 140kA] + 140kgk] + 200Kk

— 152k2KS + 840kokskS — 140k3K5 — 264Kk3K5 — 1904kyk2k? + 560k2ksk?

— 440k kT + 260k kT + 56kokik] — 248k2k2ET — 1540k3ksk? — 140k5K3

+ 124k5K3 + 1764koksk? — 2592k3 k3 K3 + 3008kik3k? — 1540kyksk? + 200kSk?

— 128kSk? — 896kokSk? + 3008k3ksk? — 2592kskik? — 248kyk2k? + 560k) ksk?

+ 140k3k; — 896k3k5ky + 1764k3ksk, + 56kykik, — 1904k5k3k, + 840kSksk, + 20k

— 128Kk3KS + 124K3K5 + 260k, ks — 264k5k3 — 152kSk3 + 140k7k3)

1 1 H
(— —log(kg)——10ng+§log(—))+ ~g3 53 Zk‘

—— (K + dkok + Thski 4 6k3k7 + ThIkT + 21koksk? + 4k3ky — 23k§k1
k1 koksk?,

+ 14kok3ky + 21k3ksky + ki — 48k3 — 23kok + Th3k3 + Tkiks)

1 k 1 H
- —log =3 ——long+§log — | ) +{ks <— K1} + {ks <— ko} + NLf.

(2.27)
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We compute one last contribution, i.e. the diagram in Fig. [2.1b| with quartic
interaction 7%(0m)?. We can again have three types of contractions. First, when

both spatial derivatives act on the external £ mode functions, we get,

)

0
D =18 g3 6*( D ki) fr,(0)£7,(0) fuy (0){ ks - o} / drydry =% a2 (1)a (1)

S (72) iy (72) [ 35 (1) /ddﬁlddﬁ2 £ () £ (T o, (7o) £, (1) 0B + P — Ks) -

(2.28)

Secon, when the two spatial derivatives act on an external £ mode and a loop mode,
we get,
0

D =12 g; 53(2Ei)fgl(o)fgz(o)fks(o)/ dridTy Mf%adﬂ(ﬁ)ad%(ﬁ)

—00

{fkl (7'2)f122(7'2)f/23 (Tl)lgl + sz (7'2)f;21(7'2)JNZ3 (7'1)/;2} : /dd ﬁ1ddﬁ2

£ ) (71) (o (7o) foa(72) B2+ i (7o) o, (72) B1) 0950 + o — ks) . (2:29)

Lastly, when both spatial derivatives act on loop modes, we have,

0

D =18 9§ 53(2 Ei)fgl(o)fgg(o)fkg(o)/ drdTy M_%ad_Q(ﬁ)ad_g’(ﬁ)ﬂﬂ (Tz)féz(ﬁ)

—00

f’23<ﬁ)/dd DBy fon (ro) 5 (70) fia (72) £, (1) {BL - B} %P1 + Do — k) -

(2.30)

Once again this diagram does not produce any divergences or unphysical logarithms,

and is given by,
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3, . HY  {ky -k} ks (ng) A
= g2 (> k lo A0k
20" (i )(—HM;Y W Ok 5 gy ) UO8

+ 280kok? — 55ksk? 4 480k3k? + 21k2k? — 105koksk? + 280ksk, — Tkik, + 42kok2k,
— 105k2k3k1 + 40k; + ki — Thok3 + 21k3k3 — 55k3ks)

1 1 Dy
S k) lo ( > 20k} + 140kok]
93 Z (- HM2>5 Fhs U+ s — )7 8 ) 2

+ 200k35k% — 152k3 k0 — 840koksk® — 140k5K> + 264k3k5 — 1904kyk3 kY — 560k3ksk?
— 440ky k] + 260ks kT — 56kokik] — 248k3 k3K + 1540k ksk] — 140k5kT — 124Kk3K?
+ 1764kyk3k? + 2592k3k3k? + 3008k kak? + 1540kyksk? 4 200kSkT — 128k5k?

+ 896k k3 k? + 3008k2kik? + 2592k3k3k? — 248k3k2k? — 560k5ksk? 4+ 140k1k,

+ 896k3kaky + 1764k5ksk, — 56kskiky — 1904k5kik, — 840kSksk, + 20k5 — 128k3kS
— 124k§k§ + 260ky ks + 264k§k§’ — 152kSk3; — 140k ks — 140k3ky)

1 1 ks
+ 53 k; lo ( ) —k* — Ak k3 4+ ThoK3
g3 Z < HM2> kikoks (k1 + ko — k3)7 & kr (=h 2 o

— TK3KS + 21kokski — 4kiky — 23k3ky — 14kok3ky + 21k3ksky — ki + 48k3 — 23kok3

— 6kyk] — Thok3 + Thkiks) + {ks +— K1} + {ks <— ko} + NLf, (2.31)

and the apparent folded poles are canceled from NLf terms.

Eq. and Eq. depend on the logarithm of a dimensionful quantity,
i.e., log kr. This is due to the fact that factors of ,u_% keep mass dimension of cou-
plings unchanged in d-dimensions, however the correlator’s mass dimension changes
and depends on §. Importantly, factors of 1’ are scheme dependent and only affect
the constant finite part of the answer. Hence, we can be insert them at will. In-

serting a factor of =, such that the mass dimension of the correlator is continued
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to d-dimensions, we see that the unrenormalized answer will then feature a log %T
This is precisely the unphysical logarithm that arose in Weinberg’s computation
of the power spectrum at 1—loop in [11§], and canceled due to O() contribution
coming from modes and measure in [2]. However we clearly see from Eqns.
and , that for the bispectrum at 1—loop, such unphysical logarithms persist

despite adding the O(¢) contributions from modes and measure.

2.2.3 Loop contribution from Diagram II

In this section, we will compute one of the contribution to the bispectrum at 1—loop,
in Fig. 2.24) coming from three cubic interaction insertions, and comment on the
analytic structure of the other three-cubic-vertex contributions. The correlator is

given by,

D= 6151 6§ (SR 0500 [ andratry i 1, (s (1L (50
(alra(ma(m)}? [ @ pd'p 86+ 5 - o)

LT ) () iy (F) () (7)1 — )0, — )

() () 3, () 1 ()5, (72) S (7072 — 7072 — 7)

P M)y (2 (), (75) 3 (72) 3 (7)1~ 1) — )

+f/23(71)f1;3 (72)f/;1 (72)f1/)1 (73)f/;2 (72)f;;2 (73)@(71 - 72)9(72 - 73)} )
(2.32)

To compute Dy, we note that the diagram features 3 internal mode functions and

1 scale factor at each of the three time vertices 7, 7 and 73. Following arguments

of Sec. [2.2.1, we have Dy = %5 log (%) D. The final correlator D = D; + D, turns
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out to be,

H® 1
)6 8k kaks 15K%.

D=—648 ¢2 (Y ki kD + Bkok + 11ksk? + 10k2k3
3 1 1 1 2™

+ 58K3k} + ddkoksk? + 10k3kT 4+ 198k5k? 4 1T4kokak] + 66k5ksk? + Skok; — 99ksk,

+ 396kokiky + 1T4k2Kk2 k) + 44k3ksky + k5 + 3k5 — 99kok3 4 198k2k3

1 k 1 3 H
+ 58k3 k3 + 11kyks) {5 + log (ﬁ) — 5 loghkr + - log (;> }

+648 g5 6°() ki) H ! 2k, log (27 (1508
9 O LM ( HM2)68k1k215k§(k3—k1—k2)3 &\ ks 1
i — ol

+ 600kok? — 195ksk? + 900k3kT + 133k3k? — 585koksk? + 600kik, — 25kik,
+ 266kok3k, — 585kaksky + 150k; + ki — 25koki + 133k3k3 — 195k3ks)

+ {ks <— k1} + {k3 «— ko} + NLf, (2.33)

and the apparent folded pole at k3 = ki + ko cancels from the following NLf

contribution,

H? 1 1

k5(801og(2) — 2
)664k1k2k3k§; (1500 — g7 R (80108(2) — 2593)

NLf = 648 g3 53(21%)( —
i —HM
pl

+ 96k12k3 (229 — 1451og(2)) + 24kT,kS(238010g(2) — 4173) + 8k3, k5 (29681 — 13380 log(2))
+ 10k},k5(5520log(2) — 19729) + 16k3,k3(2293 — 84010g(2)) + 8kS,k3(943 — 840 1log(2))

+ 8k, k3 (173 — 24010g(2)) + k5,(173 — 24010g(2))) + .... (2.34)

We once again find that the unphysical logarithms —% log kr in Eq. (2.33]) per-
sist despite using d— dimensional modes and measure, and it cancels only after
renormalization, as discussed later in Sec [2.3]

Let us now consider the three-cubic-vertex contributions in Fig. [2.2) with vertices
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from both, the ordered as well as unordered part of the in-in correlator. The simplest
case is the contribution of Fig. [2.2c, which is UV finite, features a total energy pole,

and has no branch cuts. The diagram in Fig. is also UV finite, given by,

3 kr
o g3 log <k—> J2E
(3°) mces s g 4 s + 50 10

+ <900k§ + 585ksky + 133k§> ki 4+ (600k3 + 585ksks + 266k3ks + 25k3) ki

+ 150k; + k3 + 25koki + 133k5k3 + 195k§k3) } + NLf, (2.35)

and involves no unphysical logarithm. The apparent folded pole at ki + ko = k3
is spurious and the correlator is finite in this folded limit due to crucial cancellations
from NLf terms.

Computing the diagram in Fig. we find D; and D as,

3 9
é -\ m (1 3 (H)>
Dy~ —B s W) — (= loghks + 2log (=) ) + NLf,
1 ]{?1]{?2]63143% <; ) (_HMgl)(; <5 gR3 9 g [

1 1
Dgﬂ—l = —§5D1 lOg kT s D2’7-2 = D277—3 = —§5D1 log ]{?3 . (236)

where Ds .. is obtained from O(9) contribution of modes and measure at vertex ;.
Clearly, the contributions of the unrenormalized correlator add up to cancel log k3,
leaving behind an unphysical —%log kr, which is absorbed by the counter term
contributions as discussed later in Sec [2.3] This gives a renormalized contribution
that does not involve any branch cuts. Unlike ordered diagrams which only produce
log kr in Dy, notice that now Dy also produces a log k3 at vertices 19, 73. The reason
can be intuitively understood by analyzing the two-fold effect of nested integrals.
First, they allow for mixing of energies in the argument of the exponential coming

from the mode functions. Second, the nested time integral produces logarithm of the
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vertex in the integral limit, as well as exponential integral functions. For example,

consider the ©(7, — 73) piece of the time integrals for Fig. [2.2b

0 0 T2
I = 5/ dTl/ dTQ/ dTgeiaTleibTQ€iCT3(T17'27'3)2 10g(-7'3), (237)

where a = —kr, b= ks — p, and ¢ = p, + k3. Evaluation of 73 integral gives,

0 0
I = (5/ dTl / dTQ (7'17'2)26“”1 |:€i(b+c)7—2f1(ki,pj) =+ El[l(b + C)TQ]fQ(TQ, ki,p]’)

+ O™ 100 (—15) £, ki,pj):| 7 (2.38)

where fi, fo, f3 are polynomial functions in k;,p; and 7. Evaluating the rest of
the time integrals over the first two terms gives rise to finite non-log functions, as
well as additional logarithms of the form log (%) The additional logarithm
contribution, however, is finite as p, — 0 and thus vanishes as § — 0. Importantly,
f3 is the result of the 73 integral Eqn. performed without the logarithm. Had
the remaining integral been a nested one, i.e. ffoo dr [7'_dr, the result would
have featured a log kr by virtue of the two-fold effect discussed above, as well as
shown in Appendix. . However, the evaluation of the (non-nested) 7, integral in
Eqn. instead produces a logarithm at b + ¢ = 2k3, leading to Eqn. .

To summarize, we find that the unordered contributions in Fig. and Fig.
are UV finite, and they feature no branch cuts and branch cuts of the form log l]j—;
respectively. The unordered contribution in Fig. [2.2b[ is UV divergent, and we
find unphysical logarithms —% log k7 in the the unrenormalized contribution, which

cancels only after renormalization, as discussed in Sec.
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2.2.4 Contribution from scaleless loops

In this section, we show that the scaleless integral contributions from diagrams in
Fig. vanish [45]. In all these diagrams the loop closes on itself, therefore there
is no injection of external kinematics. The bulk-to-bulk propagator for the loop is

given by,

2
Gy(7,7) = %W (1+p%7%) . (2.39)

There are no exponentials with energy p, which implies that after time integration

we only get scale-less integrals of p of the form,

/ pd’p, (2.40)

with some k dependent coefficients. Substituting p = Ap’ in the above integral in
d dimensions, the limits of the integral ffooo allows us to bring factors of A out the

loop integral as,
\d+a / Sodly (2.41)
which implies,
/paddp _ \d+a /p’o‘ddp'. (2.42)

Since d + o # 0, the only possibility is that the integral is zero. Therefore, all
1-loop diagrams where the loop closes on itself are zero. However, one must be

careful with tadpole diagrams such as the one in Fig. [2.3b] The tadpole leg has
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zero momentum due to translational invariance, which may cause the integrand to
diverge. However, this does not happen in our case since the interaction we use have
derivatives acting on the fields, for which the integrand is either zero or finite. The
former case evaluates to zero due to the scaleless loop argument.

To see this, note that the propagator arises due to contraction of the tadpole
leg coming from the cubic (7®) vertex with a mode function coming from either the
cubic or a quartic (71, 72(97)?) vertex. When mode functions with time derivatives
contract to give the propagator, the integrand is proportional to the tadpole leg
momentum, k and hence vanishes for £ = 0. When modes with a time and a spatial
derivative contract, the propagator is non-vanishing but finite for £ = 0, hence the
integrand is finite and the tadpole contribution vanishes by the scaleless arguments

given in this section.

2.3 Renormalisation: canceling the unphysical log-
arithms

Effective Field theories can be renormalised by including a finite number of higher
dimensional counter-term operators, at a particular order in the EFT expansion.

For example, a loop diagram constructed out of two insertions of a dimension six

: 4 . . . :
operator is of order (%) and therefore, requires an eight-dimensional counter term

operators to absorb loop divergences.

In this chapter, we used interactions from the following EFT,

S:/d‘W—_g g2 Ome)” ( Saps Fina 300 (O 2 (2.43)
¢ a? A2 AT AT a ’ ‘

where Eqn. (2.3)) has been rewritten in terms of dimensionless couplings {g;}, canon-
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ically normalized 7. = \/j My, and inverse powers of some UV cutoff scale A,
assuming all operators are generated by integrating out the same scale in the UV
[120]. It is now clear that our loop results are of order ~ (%)6, therefore we need
ten-dimensional cubic operators as counter terms. In this section, we will not explic-
itly renormalize the theory by writing down all such possible counter terms. Instead,
we will show that, provided the counter-terms, giving the same kinematical struc-
tures as that of terms multiplying the 1/ divergence in the loop, exist, then they
necessarily cancel the unphysical logarithms. To see this, consider the structure of

counter-term operators required to renormalize the bispectrum at 1—loop,

OCT ~ % M—J/Za—3+5a7 (73) 7 (244)

where 07 are seven space/time derivatives. Such an operator will produce a tree
level contribution to the bispectrum, and as mentioned before, we will consider the
external modes in this tree level contribution to be in 3—dimensions, and the internal
modes to be in d— dimensions. The three internal mode functions plus the scale

factors bring the following & dependence in the in-in integrals,

1

S/dm—m(—m)m... , (2.45)

where the dots represent the remaining terms involving factors of external kinemat-

ics. Expanding about § = 0 yields,
dr (£ = Lrog i+ Liog (= Hr) (2.46)
7|5 glogutglog T) ) ... . .

Once again the log (—H7) can be pulled out of the time integrals as log <%> upto

non-log finite terms. This gives a common factor of (% + %log <%) — %log k:T) from
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all the counter term contributions to the tree level bispectrum. We clearly see that
the coefficient of the unphysical logarithm log kr and the 1/§ divergent piece have
a relative factor of —1/2, which is exactly the case for the unrenormalised answer
of each diagram as well. This remarkable observation allows us to conclude that if
the counter-term is set appropriately to absorb the loop divergence, then it must
necessarily cancel the unphysical logarithm.

Concretely, the diagrams computed in Sec. [2.2] which have the following struc-

ture,

Sy okl 11 k 1 3 H
D(k‘l,kg,k;3> = d 22 3 FO({ZEZ}) X (5 + Elog (é) — Elong + §log (E)

+ Fl({xi})) + ks ¢ ki) + {ks <— ks} (2.47)

are renormalized by an appropriate linear combination of dimension-10 cubic counter-

term operators, whose tree level contributions have the form,

Dot — [Sd—gkévﬂ)({xi}) < (% + %log (%) - %log kT) [k s k1)
ks s k;g}} | (2.48)

To see this without explicitly renormalizing the full bispectrum, consider the con-

C1_ 9392

tact contribution of the dimension-10 cubic counter term : = I
~HM?,

7T, where
('} is a dimensionless number, which is determined together with the coefficients of
the other counter terms by imposing cancellation of 1/4 divergence of the unrenor-

malized correlator. The time integrals computed with O(6°) and O(4) contributions
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from modes and measure, denoted by DT and DST respectively, are given by,

1
DT ~ Cg5940° <Z k; ) VeI (k:i’ — 5 (ks + k3) k7 + (— 3K3

11
+ 3dksky — 3k3)ky + (ko + k) (3k3 — 14ksks + 3k3) ) {5 — 5 log u} :

H
DCT —5DCT log (k

) + NLf, (2.49)
T

and we see that these two add up to give an unphysical logarithm of —% log k7 in
DCT = DT+ DST | as in Eqn. . As mentioned previously, we do not explicitly
renormalize the bispectrum in this work, which involves determination of C along
with coefficients of all other allowed dimension 10 cubic counter term operators (such
as (0%1)*wr, 0?70%m7, and others). However we stress that, when considering a dif-
ferent counter term contribution, only the k; dependent polynomial in D$T changes,
while the relation of DST with DS as given by Eqn. remains unchanged. This
is because evaluation of time integrals with an additional factor of log7 is equiv-
alent, up to finite terms, to pulling the factor out of the integrals by substituting
T — 1/kr, as discussed throughout this chapter and shown in Appendix. .

Adding Eq. (2.47) and Eq. (2.48) we get,

N
prenorm :63 ( Z E@) Sd—;kii

(Futtabyion (32 ) + Faltod)tog (4 ) + Fil(o) )

Hence, this results in the cancellation of unphysical logarithms in all the diagrams
computed, leaving us with logarithms of the kind log (k;/kr) and log (H/u).
We emphasize that the crucial takeaway from this section is that the unphysical

logarithms, of the form log ﬁ, obtained in the loop computations of the previous
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sections, are canceled only after renormalisation.

It is important to note that the unrenormalized power spectrum at 1—loop, com-
puted in [2], did not feature any unphysical logarithm, since the O(9) contribution
from modes (6 internal modes) and measure (2 factors of a’) was just right to cancel

the unphysical logs. Schematically, the power spectrum at 1—loop is given by,
IIale / drd*op,d®py(—HT) ..., (2.51)

Again the logarithm can be factored out at scale k& which is the only scale in the
problem and the integral evaluates to the form given in Eq. (2.16) with ) . n;, =1,

and we get,

—4/2 kN [/ F
p_H Sd—2 <o

5 — + Fylogk + Fylog(H/k) + ﬁnite)

)
 SgakN
2

R H
<7° + Fylog — + ﬁnite) . (2.52)
1

So, in this case, the cancellation of unphysical logarithms did not require renormal-
ization. However, this was a happy coincidence, and for general one-loop diagrams
beyond the power spectrum, the unphysical logarithms will cancel only after con-

sidering contribution from counter terms.

2.4 Cutoff Regularisation: a cross check

In this chapter, we work with the modes expanded about § = 0, since working
with the full, unexpanded mode functions results in complicated hypergeometric
functions once the time integrals are performed, and hence the loop integrals become

—HT)

intractable. Now, the expansion in § for (—H7)? = el ( converges for all values

of 6. However, we then commute the summation operator across the integrals, to
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sum over each of the integrals, whereas we should indeed be integrating over the full
(sum) series. This commutation is subtle, and is allowed only if the series converges.
However, for the loop integrals to converge, d must be analytically continued to some
point in the complex plane, and arguing the convergence of the sum of integrals is
not straightforward at this value of . For these reasons, we compute one of the
diagrams previously computed in Sec. in cutoff regularization, as a cross check of
our results, to demonstrate that our implementation of dimensional regularisation
reliably computes the logarithmic running of the correlator, despite the subtlety
mentioned above.

We focus on the time ordered contribution to Diagram I computed with one
insertion each of the cubic and quartic interactions 7% and 7* respectively. Although
there is another contribution when one considers the quartic interaction 7%(9m)?
instead, it cannot alter the log structure we compute below since it has a different
coupling constant. Moreover, since the mode functions used in cutoff regularisation
3—dimensional, the tree level contributions from the counter terms cannot produce
log k terms. Thus the unrenormalised correlator computed in cutoff regularization
should not feature any unphysical logarithms, which we find to be indeed true in
the following.

In cutoff regularisation, the momentum integrals are regulated with a time depen-
dent cutoff Aa(7y), where A is the physical cutoff and 7 is the time being integrated
first, e.g. for the ©(7 — 72) piece, 7y = 7. Due to this time dependence, the loop

integrals now must be integrated first. We use,

3 - 313 - 3/ = — T Aa(Tf) ﬁl+E3 p1p2
/d P1d°paQ(p1, p2, ki)™ (Pr + P2 + k3) = 27T/ dpl/ B dp2k_ (1, P2, ki) -
0 |p1— k3| 3

(2.53)
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Evaluating the 7, > 7 piece of the loop integrals gives the following :

3 1. ° Tl(H%) 1 2_4( i(ki+ketk
D =-36 9394 o (Zk’) /_OO drmy /_OO dro {16k3 (7_1 - 7_2)67—17-2 (ez( 1+k2+k3)T2

(=3 (11— 72)" + Biks (11 — 72) + 8) + /(PRSI 2T (8 (7 — )
— 20ik3 (11 — 72)° + K2 (11 — 1) (=27 + 83 =7)) — ks (1 — ) (— 21

+ 162k (mm)) _qgetiha(nT) 4 g)) 4
1

240k ( )GTfTél(—Qikg (7’1 — 7-2)5 ezik:s(ﬁ—m) _ 10]{7§ (7_1 . 7_2)4 (12 I €2ik3(7-1—7—2))
3\ 71 — T2

+

+ 20ik3 (11 — 72) ¥ (15 4 2e**3( 7)) —15k3 (17 — 1) % (=27 + *#3( 7)) 4 154k,

(7_1 o 7_2) (_21 + 562’i/€3(T1—T2)) + 120 (_1 + e?ik3(7’1—7’2)))e(i(k1+k2)7'2—ik3(27'1—37’2))} 7

(2.54)

1

-T2

where we regulate the - divergence in the time integrals with the same cutoff
A. The first 4 lines correspond to ¢; > ks, the last 3 lines correspond to ¢ < ks.

Similarly, evaluating the 75 > 7y piece gives,

3 7 0 TQ(H%) 1 2 4 i(2k k12—3k

(8k3 (11 — m2) “e®™™ £ 20ik3 (11 — 7o) 3e*™ ™ — k2 (1) — 1) (2762ik3ﬁ — 762”“372)

— ks (11 — ) (21€¥37 — 11*M7) + 8 (e¥F3™ — ¥F372)) 4 .

1 4 1 '

4 POy a—— 37_127_5161(1%(271772)+(k1+k2)72)(_Z'kg (11 — 72) 2 (k3 (271 —72)+ (k1 +k2)72)
3 1= 12
1 . . B 1
+ §k§ (7'1 — 7'2) (1 — Zkg (7'1 — 7'2)) ez(k3(27'1 7o)+ (k1+k2)T2) + §Zk§(k32, (7_1 _ 7_2) 2
1 .
+ 2ik3 (11 — 1) — 2) — ﬁez(2k3ﬂ+(k1+k2—k3)7—2) (k§ (71— )2 + Biks (11 — )
T — T2
1 )
_ 8) + m€z(4k37’1+(k1+k2—3k3)m)(_Skgl (7_1 . 7_2) 4 20Zk}§ (Tl B 7_2) 3
1= 12

+ 27k2 (11 — 1) % + 21iks (1) — 7o) — 8))} : (2.55)
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where the first 3 lines correspond to ¢; > k3 and the last 5 lines correspond to ¢; < ks.

In Eqns. (2.54) and ([2.55)) the dots represent contributions that are proportional to
the term (Exp{% (% —

:; 1) }), where the © function imposes 7, > 7. These terms do
not produce any logarithms, as was noted in 2], and hence we ignore them.

Evaluation of the time integrals gives the following correlator,

- H? ks(ki + ko) (ks — 2k — 2k
D =72 gsg, 53(21%)( P A ZL(I;Qk; =2 10 ]
i — o

1 k
+ §log k—?’} + {ks «— k1} + {k3 <— ko} + power law div in A + NLf. (2.56)
T

Upon renormalisation, the log % is expected to turn into — log % We find that
the logarithm running, as well as the structure of the coefficients multiplying them,
matches with the renormalized correlator computed in dimensional regularization,
which confirms that the procedure of expanding the mode functions in § reliably

computes the log running in the correlator.
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Chapter 3

Singularities in Cosmological Loop

Correlators

The material presented in this chapter is based on the author’s publication [4).

There is an important lesson in Chapter [2} properly understanding loop effects is
essential for understanding the predictions as well as the robustness of inflationary
theories. In many cases secular growth are a genuine feature of the theory and has to
be properly resummed (for instance, through stochastic inflation)[47} |48}, 49, 50, |51}
52, 53, 54, 5d, 56, 57, 58, 59, 60]; loop effects can also appreciably affect predictions
on non-Gaussianities [39} 40, 41}, 42, |43| 44| 45, 46|, or lead to interesting predictions
such as production of primordial black holes [61], 62, |63} 64} 65, 66, [67].

Aside from secular divergences, there are many other reasons to care about loop
effects in dS and inflation. One of the important lessons from the S-matrix commu-
nity is that physical constraints are often manifest as analyticity properties in the
observable: unitarity, locality and causality all leave imprints in the complex plane
of the kinematics of the amplitude |68, (69, 70, 71, 72, 73]. Since loop effects may

introduce branch cuts (through transcendental functions such as polylogarithms),
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understanding loop corrections can lead us to a better understanding of the ana-
lytic structure of inflationary correlators, and may bring us a step closer towards
bootstrapping cosmological observables.

While in-in correlators are the observable of choice for many cosmologists, the
analytic properties of the wavefunction is better understood [79, 121} {114} 101].
In cases where IR divergences are absent (for instance the effective field theory of
inflation [117]), the wavefunction or correlator calculations in dS or inflation can
be related to those in flat space by taking derivatives [122, 45]. We know that the
singularities of the flat space wavefunction are given by the energy conservation
condition: poles and branch cuts occur when energies entering a subgraph of a
Feynman diagram vanishes [96, 20, 78,97, 79, 33|. In addition, in-in correlators can
be computed from wavefunction coefficients, so their singularities should be related
to each other. This give us an easy way to study the analyticity properties of in-in
correlators in some phenomenologically relevant inflationary theories. An effort in
this direction was made in [34].

In this chapter we will re-examine the analytic structure of in-in correlators
carefully, by studying the features of the time and momentum integrals for the in-
in correlators and regularizing the integrals properly. This chapter is organized as
follow: we compute a few examples of correlation functions at 1-loop with 2 sites
in Sec. 3.1} Motivated by the trend in the results, we deduce diagrammatic rules to
extract the singularity structure of loop corrections in Sec. [3.2.1] These rules may be
used to bypass explicit computations and obtain all possible poles and branch cuts
simply based on the energy injection into the loop sites and various subgraphs. This
is similar to how Feynman rules can be followed to write down integral expressions
for a given diagram without evaluating the full in-in expression. In Sec. [3.2.2)we con-

sider the structure of a general n-point function at 1-loop with 2-sites and study the
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expected log structure arising once the loop integrals are performed, demonstrating
how the previously mentioned diagrammatic rules follow. In Sec. [3.3] we revisit the
cosmological KLN theorem [34], which forbids the presence of total energy branch
points in off-shell cosmological correlators of massless fields. We discuss a loophole
which allows us to bypass the cosmological KLN theorem: namely, de Sitter regu-
larization schemes (including dimensional regularization with d-dimensional mode
function as well as time dependent cutoff regularization) can give rise to terms which
generates total energy branch points. We also show that all branch cuts produced
will always repackage themselves in a renormalised correlator to produce logarithms

of ratios of comoving scales, thereby not producing any scale-breaking terms.

The main results of this chapter are as follows,

e The singularity structure of any off-shell correlation function at 1-loop with
2-sites can be extracted without explicit computation, using diagrammatic
rules (see Sec. . To proceed, one must identify certain subgraphs in the
diagram, which we call the “loop”-, the “left”- and the “right”- subgraphs,
defined in Sec. [3.2.11

— If the energy flowing into the loop-subgraph through the left and right
loop site is §;, and Sy respectively, then the loop correction will feature

a logarithm of &y, + s and Sg + s.

— If the energy flowing through the left- (right-) subgraph through all ver-
tices except the right (left) loop site is Sz, (Sg; ), then the loop correction

will feature a logarithm of Sg, + s (Sg, + ).

These results hold for correlation functions in flat space as well as de-Sitter.

In de Sitter, for the case involving only massless scalars, the rules hold for
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interactions with derivative(s) acting on each field insertion. For correlators
in flat space and de Sitter correlators where the fields running in the loop
are conformally coupled scalars, our rules work with polynomial as well as

derivative interactions.

e Additionally, correlation functions in de-Sitter feature logarithm of total en-

ergy from time integrals due to O(d) contributions from modes and measure.

e In a renormalised correlator, all branch cuts will combine to produce loga-

rithms of ratios of comoving scales, such that final answer is scale invariant.

3.1 Explicit Computations

In an effort to better understand the analytic structure of correlators at the loop
level, we explicitly compute some correlations in flat space and de-Sitter. We will
use dimensional regularisation to regulate loop divergences. Later on we discuss that
our results are not just artifacts of the regularisation scheme, and hold true even
in cutoff regularisation (See Sec. . In this section, we only compute correlator
contributions with vertices on the same side of 7 = 0. Later on in Sec. [3.2.3] we
consider all possible contributions where vertices can be 7 > 0 or 7 < 0, and show
that the results of our work follow through.

For flat space computations, we will consider a theory with polynomial quartic
(920*) and cubic (g3¢*) interactions of a massless scalar ¢. For correlators in de
Sitter, we will work with interactions involving time derivatives acting on massless
scalars and polynomials of conformal scalars (o), such as $3, ¢02 and so on. Also,
we will choose to drop overall factors of normalization (][;; wip;) coming from modes

as well as numerical constants when stating the results of computations.
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3.1.1 Correlators in Flat Space

Bispectrum at 1-loop with cubic and quartic interaction: Consider the (++)
contribution to the bispectrum in the diagram of Fig. |3.1]

Let us denote the magnitude of the momentum exchanged between the two sites

w71 Wy w3
P1
7, Ty
P2

Figure 3.1: Bispectrum at 1-loop with interactions g3¢* and g,¢*.

as s = |p) + pa|, and the energy flowing through the loop sites as follows,

Ep=wi +wy+pi+p, Er=w3+p+p2. (3.1)

Evaluation of the time integrals leads to partial and total energy poles,

o ho AL 1—100pr\jg3g4/ddﬁ.ddH 1 1 o 2 3.9
<¢k1¢k2¢k3> W_T p1ap p—1p2 ELER( T er) ( )

where wyr = w; + we + w3 and p; + po = py. Both the partial energies E, Fg
depend on loop momenta, and these simple poles turn into branch cuts once the

loop integrals are carried out, resulting in the following,

o o Ho \1-loop % 1 1 (WS + 5) (W12 + 8)
(0%, 9%, 0k, o ( 5+ 5log " +NLE,  (3.3)
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where 1 is the renormalization scale and NLf denotes Non-Logarithmic finite terms.

Trispectrum at 1-loop with quartic interactions : Consider the (++) contri-

bution to the trispectrum in the diagram of Fig. |3.2

(OF) ws W3 [OF}

P1

T T3
|27}

Figure 3.2: Trispectrum at 1-loop with interaction g,¢*.

Once again let us denote the magnitude of the momentum exchanged between the
two sites as s = |y + pa| = |k1 + ka| = |ks 4 k4|, and the energies flowing through

the vertices as,

Ep=wi+wy+pi+p2, Erp=ws+ws+p +p. (3.4)

Evaluation of time integrals gives partial and total energy poles as follows,

2
b b b Vloop 94 [ gds gd 11 2 3.5
<¢k1¢k2¢k3¢k4> UJT/ p1d-p2 ips ELER (WT + p—i—) . ( . )

Upon performing the loop integrals both partial energy poles once again evaluate to
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branch cuts as follows,

2
_loo gy (1 1 (w12 + 5) (w34 + 5)
onoatnsn) ™~ I (5 glon (0 FNLE - (36)

where wip = wy + we and wsy = w3 + wy.
Note that in both diagrams of Fig. and [3.2] there are no non-trivial subgraphs
and only involve the loop. Let us now consider diagrams which have non-trivial

subgraphs.

Bispectrum at 1-loop with three cubic interactions : Consider the (+ + +)
contribution to the bispectrum in the diagram of Fig. [3.3] Notice there are three
subgraphs to this diagram, one of which is trivial. Two of the subgraphs involve
the loop, including the trivial one, and are shaded in blue and red. The magnitude
of the momentum flowing between loop sites is s = |p] + pa|. The energy flowing
through the vertices 71, 75 and 73 are Ey, F5 and E3 respectively. The partial energies

flowing through subgraphs of this diagram are given by,

Fi=wi+wy+p3, FEoy=p3s+p+p, LE3=p+ps+ws,

Er=wi+wy+pi+p2, FEr=ws3+ps. (3.7)

Evaluation of the time integrals leads to poles in total energy and partial energies

as follows,
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Figure 3.3: Bispectrum at 1-loop correction with interaction gs¢®. The blue-shaded
subgraph is trivial. The red-shaded part denotes the subgraph of this diagram only
involving the loop.

3
oo g Lo 1 1
(05, O, ) 0P ~ —— / d'pd’py —

—— | 2p% (wr + 2
psE Erwr pip2 Er 3B [ Ps (wr +2p+)

+ (w12 + P4 ) (w3 + 2p)wr + p3 (w1 (2wo + 3ws + 5p) + bwspr + pa (bws + 8py)

+ wa (3ws + Bpy ) + wi + wi + 2w3 + 4p? + 4p§)] : (3.8)

The poles in total energy wr and partial energies F;, Er are independent of loop
momenta and hence are pulled out of the integrals. After performing the loop
integrals the partial energy poles in Fy, F3 and Ey, once again evaluate to logarithms

as follows,

3
o o Ao \1—loop g3 ) 1 11 (w3 + S) (p3 + S)
<¢k1¢k2¢k3> P—3E1ERWT (wT + pg) {5 + 2 og 2
3
g3 w3 + Pp3 (wlz + s)
+ lo +NL, 3.9
wrEy Erwia — p3 ps+ s (3.9)

where in the second line there is no folded pole at wyo = ps.

Of course the on-shell correlator can be found from Eqn. (3.9) by putting the
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external legs onshell, i.e. w; = k; and using s = p3 = |E3] = wsy, which simplifies the

previous expression to,

e 3 1 1. kE
o )™~ gt (o 20 [+ 510
22 kr
——1 — NLf. 3.10
s Og(ER>>+ (3.10)

Notice that the off-shell correlator does not have a total energy branch point
(logwr), and it is only after imposing external legs onshell that we find a total
energy logarithm (logkr). This result goes by the name of Cosmological KLN
Theorem [34]. However, we will see that de Sitter examples will feature total energy
logarithms in the off-shell correlators. We discuss this in Sec. [3.3]
5-point function at 1-loop with cubic and quartic interactions : Finally
let us consider the (+ 4 ++) contribution to the 5-point function in the diagram
of Fig. [3.4 Notice there are six subgraphs for this diagram, one of which is trivial.
Four of these involve the loop, including the trivial one, and the non-trivial ones are
shaded in red, blue and green in Fig. [3.4, The red-shaded subgraph involves only
the loop.

Here the partial energies entering vertices and subgraphs of the diagram are,

Fi=wi +ws+p3, FEo=ws+ps+p+p, FEz=0p +pr+pa,
Ey=ps+wi+ws, FEp, =w +wy+ws+ps, FEp=w +ws+ws+p+p,

Ev=ps+ws+ps, Er=p+prtwstws, FEr =p3+ws+ws+ws.
(3.11)
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Figure 3.4: 5-point function at 1-loop with interactions gs¢® and gs¢*. The red,
green and blue shaded parts denote non-trivial subgraphs of this diagram involving
the loop. The red shaded subgraph involves only the loop.

The time integrals produce poles in total energy and partial energies. Once again
the partial energies depending on loop momenta (i.e. Fs, E5, E; and Eg) turn into

logarithms once loop integrals are evaluated, giving us the following,

e 2 1 -1 2B +E E E\+E
<¢El¢]25>1 1 pNg4gg{_ ( B 1 M_2 1 _9 1 R1)
) wrE1py EL1 EL1 En EMER1 ER1 E,
4y Lt Er log (was +5) /u] , Ex+ By log|(pa+35)/n]
WTElERl Ey W4 — P4 paFn EL1 En Wap — P4
FE E, 1 FE E 1
_ o Pt P Og[(w3+p3+8)/ﬂ]+4p3 L, + Ly Og[(W123+3)/M]}+NLf’
p4ER1 EyEyv Wi2 — P3 WTP4E1EL1 Ey Wi2 — P3

(3.12)

where the correlator above is finite in the limit wis — p3 and wgs — p4, and hence

there are no folded poles.

3.1.2 Correlators in de-Sitter

When the internal and external fields are either massless or conformally coupled
scalars, we can write the correlator as a derivative of flat space expressions [122]
45|, with one important caveat: since the de-Sitter mode function are d-dimension,

they contribute additional logarithmic terms. We will expand on this point in Sec-
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tion B.3.11

Bispectrum at 1-loop with cubic interactions: As a simple example let us
consider the 1-loop corrections to the 3-pt function in Fig. |3.3| with the vertices
ordered as (4 + +), along with the contributions (— + +),(— — +),(+ — +). The
left vertex is mediated by a Algz33 interaction while the middle and right vertex is
mediated by the interaction A2$02. Hence the internal line with momentum p3 as
well as the external lines are all massless scalars, and conformally coupled scalars
run in the loop.

The correlator is given by:

-3 2
1—loop Z 1°aLarap A A;
<¢E1 ¢l€2 ¢E3>ds b= Sk%kgkg

ar, M,rR==%

0 346

></ dry, dry dtg /d pk2k27_4+5k,27_2+%eiaLwLTLeiaLwRTR

1R K3
445 4+6 L4+6 (27T)3 R

—oo T, Ty TR
. o . o .
X TLTMaTLaTMGiLaM (p37 TLaTM)GaMaR<p17 TM7TR)GaMaR(p27 ™, TR)'

(3.13)

where G is the propagator defined in Eqn. (4.5)), wy = wis and wr = ws.
From the time integral representation (3.13)), it is straightforward to see that the

off-shell correlator is given by:

3

01085 )2, (65,05, 00 s on,m) -

(3.14)

(05, 0,08, a5 (WL, wR) = — (1 _

Here (¢ o7, qb,;g)}{;?()p(w,;, wr) refers to the same diagram computed in flat space.
In this example, the unrenormalized correlator gets an additional logarithmic

correction. These logarithmic terms come from expanding the mode function as



90

well as the integration measure in the dim reg parameter § (see ([1.79) and (1.80)).

There are 3 time integrals (each contributing —dlog(—H7)) and 9 mode function
(3 from external mode functions and 6 from internal propagators, each contributing

glog(—H 7)), and so upon time integration this gives a contribution of —32—5 log(wr).

This will be expanded further in section |3.2.2

A straightforward calculation leads us to the following expression:

2 9 9 5 5
—loop __ p (WR+3WL)~|»p3 (BWRWL+(A) + 3w )+p +w
<¢E1¢52¢E3>¢1i$1 b= /\1)\3{ 3 R I 5+ Wi

E%ERW%
1 3 wr ) wr (W + 3p2wr)

X | = — =log(— lo + s

(6 5 los( ) ErE} (ps — wr) (ps — wi) 5 )
_ nps (P (kg + 3w) — P (9w, — Ky) — Okgwy, + 3kgwp +1000)

E}wi (wp — wr)® (ps —wr)
Pswr, (3(4&)12_2 + w%)

B log (wp + ) | . 3.15

wiER (p3 — wr) (Wr —wr)® slon ) o

Just like the flat space example, the folded singularities are spurious.

We would like to renormalize this divergent loop contribution. The contribution
from the counterterm comes in the form of a 3-point exchange diagram (where the
loop in Fig. collapses into a vertex). In this diagram the left vertex is mediated
by a \¢? interaction while the right is mediated by a —%%(/52 interactio.

The exchange diagram reads:

-2 2 0
—araRrt )\1)\ . d’TL dTR 248
<¢E1¢E2¢E3>gg = Z 8k§’k§k§’5 22/ 1+6 T4+5k%k§Té+5k§TR ?

T
ar,R= oo 'L R

X TLTRaTLaTRGaLaR(p?); TL, TR) . (316)

1Since we are considering an off-shell diagram, it makes sense to talk about an exchange diagram
where one of the vertex has a quadratic vertex. The on-shell counterpart of the story is that figure
[3:3]is a contact diagram where an external leg receives loop correction, and this exchange diagram

with a quadratic vertex is now a contact diagram removing the divergence from this corrected
propagator.
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Evaluating this diagram after expanding the mode function and time integration

measure in ¢ gives:

ps+ Wi + p2(3wr, + wr) + p3(3w? + 3wrwgr + W)
64k1 k2k3w%p3E%ER

(0, O5, 05,58 = — M {

1 1 wr

X (g - élog(ﬁ)> . (3.17)

The renormalized correlator reads:

2 2
ey e pswr (Bws + w7) 1 WR+ s
(b5, OF, Ok, ) as 172 [ WEER (ps —wr) Wr —w1)® C\ wr

 waps (3 (Wh + 3w}) — pi (Owi — wiy) — Iwhw] + 3wipwi +10w7) o <wL + s)
Ewd (wr —wr) 3 (ps —wr)® 8
wr (W} + 3piwr) o (pg + s) }
ErE} (ps — wr) (ps —wr)? wr '

wr

+

(3.18)

Notice that the arguments of the logarithmic terms are scale invariant, i.e. if we

scale the energies by A as w — Aw, p3 — Ap3, the argument remains unchanged.

4-point function at 1-loop with cubic interactions: Once again considering
interactions Algb'i" and )\2@72 with the conformally coupled scalars running in the loop
and massless scalar running in all other legs, we consider the (++ ++) contribution
in Fig. to the 4-point function at 1-loop.

Similar to the previous example, it is simple to see that the off-shell correlator

in dS is related to the same diagram computed in flat space as the following,

(07, .08, 97 )as " = (1 — 20 log (%) )Q%L@f,R (407,05, 95,05 )™ (3.19)

where w;, = w; + we and wr = w3 + wy are the external energies flowing into the

left and right vertices 7 and 74 respectively. The unrenormalized correlator gets an
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Figure 3.5: 1-loop correction to the 4-point function with cubic interactions )\1¢'3
and M\a¢0?. The shaded subgraphs involve the loop.

additional logarithmic correction of —24 log (%T) from 4 vertices (each contributing
—dlog (— HT)) and 12 modes (each contributes £ log ( — HT)).

Again, similar to the previous example, renormalizing this loop diagram would
give contributions from 4-point exchange diagram, with the loop collapsing to a
vertex mediated by a dimension-4 quadratic counter term, e.g. %%éz'

After a straightforward computation, the final renormalized 4-point correlator

reads,

(0, b, 6. 05 ) 551 ~ NEAZ [ ~2log (%) Qilen,wr,ps 1)
R ke ks Thald P2 wB (3 — wi) 3 (wr +p3) 3 (wr +pa)3 (pa + wr) 3
log <P4+S>
(217% (3w, + pa) + 2ps3 (3p4wL + 3w? + pi)
p3a (wr, + p3) 2 (wr, + pa)® (p4 — wR) 3

210g (S“’R)
Q w ,Cd 7p 7p

log (’”’*S) ( 1 2, ) } (320

(p3 —p4) (p3 —wr)? \(pa+wgr)®  (p3+psa) (p3s +wr) >

_|_

+ (wr +pa)? +2p§) —
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where (1 and () are polynomials of external and exchange energies, given by,

Q1= ((2p4wT (ps ( 3WL) + C‘JL (8P4WL + 6WL + 3p4) + pg) (p4 + WR)

+ 2pywi (p3 (P — 3w}) + wi (8pawr, + 6w} + 3p3) + p3) (pa + wr)
+ 2pywr (wr, + pa) (p5 — wi) (P — wir (Bwr + 2pa)) (2p4 (wr, + dwg)
+ dwrwr + wi + 3p] + 6wh) + 2ps (wr + pa) ? (P — wi) > (3pa (wr + Swr)

+ Swrwr + wi + 6p] + 10wg) + wr(p3 (P — 3wi) + wi (8pawy, + 6wi + 3p})

#0) @i +r) )

Q2 = P4 (6p§wT (P} (—4wrwr + wj — 17Tw}) + 3wk (dwrwr + wi + Swh) + 6p))
+ jung(lSpj‘1 (4wLwR +wi + w?{) + 3 (4w%w3 — 84wiwy — 212wrwd +wi — 53w}§)
+ 3wk (20win + 70w wh + 84wrw + wi + 21w;§) ) + 2p5 (pi( — dwrwr + W
— 17w},) + 3w}, (dwrwr + w7 + 5w) + 6p;) + 2p3 (p (F0wrwg + 19w] + 19w3) + 3p;
X (wr, + 2wg) (wr, + 3wr) (—6wrwg + wi — 3wg) + 3wh (21wiwr + Hdwiwh,
+ 5Twrwh, + 3wy + 17wg)) + 2p3 (3p] (Bwiwr + 10wiwy, + bwrwy + wi + wp)
— 3pjwh (17wLwR + 30wi W + 15wrws + 3w] + 3wR) + 2wR(19wLwR + 56w? w3

+ T0wjw}, + 35wiwh + 2w) + Twy)) + wh (—3pijwy + pi + 6wpy) > (3.21)

Once again notice that the logarithmic terms are scale invariant, and like the

flat space examples all apparent folded poles are spurious.
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3.2 Singularity Structure of Loop Corrections

The singularity structure for tree level correlators has been well studied in the lit-
erature |96, 20} 78, 97, [79]. It is well known that correlation functions of massless
fields at tree level have singularities of total and partial (energy flowing into any
subgraph) energy pole. The residue at a partial energy pole is given by the product
of a lower-point correlator and a lower-point scattering amplitude |20, |78] |97, |79,
33|, whereas the residue at the total energy singularity is related to the scattering
amplitude for the same process (76|, 77].

The singularity structure of correlators at loops is comparatively much more com-
plicated. Some recent progress has been made in studying the types of singularities
arising in wavefunction coefficients (see [101},|102} |103} [104]). However, the singular-
ity structure of correlators can be very different [105, 106, 112, 113] due to different
boundary conditions in the past, and as a result different bulk-bulk propagators.
Thus correlators at loop level might have additional singularities or some singulari-
ties might cancel.

Now, in dimensional regularisation it is convenient to perform the time integrals
first, which produces total and partial energy poles. Some of these partial energy
poles will involve loop momenta. It is interesting to investigate what kind of singu-
larities such poles produce once momentum integrals are performed. Importantly,
there is a way to know the singularity structure of these diagrams without any ex-
plicit calculation. We will discuss the diagrammatic rules to extract singularities
(the poles and branch cuts) in a correlator at 1-loop in Sec. and in Sec.
we will demonstrate how these rules follow from the general structure of the integrals

in these correlators.
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3.2.1 Rules to extract Singularity Structure at 1-loop

There are a few lessons to be learnt from the results of Sec. B.Il We notice that
the singularity structure of the correlators at 1-loop feature poles and logarithms.
These poles in total and partial energies (ofcourse, independent of loop momenta)
entering vertices and subgraphs of the diagram are produced from time integrals,
and also arise in tree level correlations of massless scalars. The branch cuts however
are produced from momentum integrals (in dS one also gets logarithms of total en-
ergy from time integrals, see Sec. . Regarding the branch cuts produced, we see

a trend emerging, as follows,

e First, we notice the obvious fact that all diagrams have at least one subgraph,
trivial or otherwise, which involves only the loop. We call these subgraphs as
Loop-subgraphs. While the loop subgraph is trivial for Figs. and [3.2] it
has been shaded in red in Figs. [3.3] and These subgraphs have two
vertices of external energy injection, through which the energy flows into the
subgraph. These vertices are of course the loop sites. For example the energy
flowing into the loop-subgraph through the left loop site in the diagrams of
Figs. B.1] B.2]is Sp = w; + we, in Figs. is S, = ps and in Fig. is
81 = p3+ws. The energy flowing in through the right loop site in Figs. [3.1]
is Sgp = ws, in Fig. is Sp = w3 + wy, and in Figs. [3.4] is Sg = p4.

Importantly, note that all these diagrams have a branch cut at S + s and

SR—|—8.

e Apart from loop-subgraphs, we considered diagrams in Figs. [3.3] and
which have additional subgraphs involving the full loop. For Fig. this
subgraph is a trivial one and shaded in blue. For Figs. and there
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are 3 such subgraphs and the non-trivial ones are shaded in green and blue.
Notice that atleast one of the endpoints of these subgraphs is a loop site, which
means that atleast one of the loop sites is not connected to any other vertex
of the subgraph, except the other loop site (via, ofcourse the loop arms). Any
subgraph which does not involve the full loop, or which does not have a loop
site as an endpoint will not be considered for determining the logarithmic
contributions to the singularity structure of loop diagrams. Note that the
trivial subgraph in Figs. and are such examples, and as mentioned we

will not be considering this subgraph.

Now, the loop divides the entire diagram into two parts, one to the right of
the loop and the other to the left. We call the subgraphs to the left and to
the right of the loop, with one loop site as an endpoint, as left-subgraphs
and right-subgraphs respectively. Fig. has one left-subgraph (shaded in
blue). Let us call the external energy injection into this subgraph through all
the vertices except the right loop site as S, = wy +wq. Figs. and have
one left-subgraph (shaded in blue) and one right-subgraph (shaded in green).
The external energy injection into the left- (right-) subgraph through all the
vertices except the right (left) loop site is given by Sp, = wi + ws + w3 and

Sp, = w1 +woy (SR1 = wy + w5 and Sg, = w3 + W4) for Figs. and

respectively.

Once again, note that Fig. has a branch cut at Sy, + s and Figs. and
have branch cuts at Sg, + s and Sg, + s.

This leads us to one of the main results of this work : Rules to extract the

singularity structure of any 1-loop diagram at 2-sites, given below,
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e The correlator will feature poles in total and partial energies, entering vertices
and subgraphs of the diagram, which are independent of loop momenta p;, ps.

These poles are produced from time integrals.

e Consider the energy flowing into the loop-subgraphs through the left and right
loop sites. We call this energy as Sy and Sg respectively. The loop correction

coming from the diagram will feature a logarithm of Sy + s and Sg + s.

e For every left- and right- subgraph consider the energy flowing into the sub-
graph through all vertices except the right and the left loop site respectively.
Let us call these energies as Sy, and Sg; respectively. The loop correction

coming from the diagram will feature a logarithm of Sz, + s and Sg, + s.

The number of logarithms hence produced matches with the number of partial en-
ergies depending on loop momenta produced after time integrals, which should turn
into branch cuts once loop integrals are performed. As we shall see in the following,
these rules will apply for derivative as well as polynomial interactions in flat space.
In de Sitter one requires derivative interactions if only massless scalars are involved,
however, if conformally coupled scalars run in the loop then the rules are valid for
both derivative as well as polynomial interactions.

Note that in all the diagrams considered above, the vertices lie on the same side of
7 = 0. However, a correlator will have contributions coming from diagrams where
the vertices will come from the time ordered as well as the anti-time ordered parts
of the in-in expression. We discuss in Sec. that the rules mentioned above
still apply on such diagrams, with an additional constraint on the left- and right-

subgraphs.
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3.2.2 Working Principle

In the following sections, we will study the general structure of correlators and the
singularities arising from these integrals, and we will see how the diagrammatic rules

follow.

n-point functions in Flat Space

Consider a general 1-loop diagram with quartic and cubic polynomial interactions
in Fig. 3.6, Loop momenta p; and ps flow between loop sites 7 and 77,. Each loop
site contracts with multiple legs (ps, ..., ps), which may lead to further tree level
sub-diagrams denoted by the blobs. The blobs to the left of the loop are labelled
as Ly and L, and the blobs to the right of the loop are labelled as R, and Ry;. We
refer to the energies flowing through the left blobs into the vertices 7, and 7 as
wr,; and wr,  respectively, where i, j run over partial energies flowing through all
possible subgraphs of the blob, including the total energy flowing through the blob.
Similarly the energies flowing through the right blobs into the vertices 73 and 7, are

Wr,, and wg,, respectively, with k,[ running over all possible partial energies.

Figure 3.6: A general 1-loop correction diagram. The blobs denote tree-level sub-
diagrams with ps, ps, ps and pg as momentum exchanges with the loop sites. The
different color gradients of the blobs represent the fact that these subdiagrams may
in general be different from each other.
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Evaluation of time integrals in this diagram will lead to simple poles in partial

energies, and the ones involving p; and ps are given by,

Er,, =wr, +ps+py, EL,, =wr,, +p3+py, Er, =wr, +w,, +py,
Ele = WRy,, + Pe + P+, ERQL = WRy, + ps + P+, ERM = WRy,, _'_szl + Py,

Ey=ps+pi+ps, FEa=pi+ps—+Dpe, (3.22)

where py = p; + ps. After performing the time integrals, the loop correction has the

following explicit dependence on loop momenta p; and po,

R Q(pz W‘) d/ = o
d'p1d*ps — 0%(p1 + P — )
/ pip2Er By Hijkl (ELMEL% ELijEleERzzERkl)
S _ 00 s d—2 : '
2 s —s S p1p2E1E2 Hijk‘l (ELliELZjELijEleERZlERkl)

(3.23)

where sinf; = \/1 — (%)2 and p_ = p; — pe. s is the magnitude of the
momentum exchanged between the loop sites, and S;_» is surface area of a (d — 2)-
unit sphere. () is a function of exchange momenta p; (excluding the loop arms) and
w; (energy of the external legs). The equality in Eqn. follows from an identity
(discussed in the Appendix of [3]). Note that () may have simple poles in partial
energies of subgraphs that do not depend on loop momenta (e.g. wr,, +P3, WRy, +Ds
and so on).

Now, for the computation to be tractable, the integrand is scaled by s. With

a slight abuse of notation by suppressing the product over 4, j, k,[, we have the
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following dependence on p_ and p,,

oo 1 N (0.
= gyl / dp, / dp. — Q)
1 -1 Er Er,ELER ER, ErEr1Es

< ((L=92) (P2 — 1)), (3.24)

where m is an integer. The hat denotes scaled energies, i.e. @; = w;/s and so on.
Since the only p_ dependence in the integrand is the factor of (1 — p?)%/2, using

fjl dp_(1 —p?)9/? = %, the above expression evaluates to the following,

5 o ..
_ Sm+52—5—154d_2 \/7_TF (5 + 1) / dﬁ-i— Q(p“wj) (]52 _ 1) 6/2 )
r ((HT?) 1 Er Er,ELER Er, ERE, Ey N
(3.25)

Recall that the poles in the integrand are all simple, hence using partial fraction

decomposition of the integrand in p, gives the following structure,

00 A2 1)\6/2
5 . (p+ 1) 1
S dpy——— = —= —log(1 + z) — log(s), 3.26
/1 P+ Pe + 5 g( ) g(s) ( )

where the p, + x in the denominator represents the various partial energies in
Eqn. [3.22] scaled by s. For example, upon partial fraction decomposition for the
term with F L,,; in the denominator we have x = wr,, 4+ p; and the RHS of Eqn. @
gives —% —log(s +wr,, +p3). Similarly for the term with E; in the denominator we
have x = p3 + ps and the RHS of Eqn. gives —3 — log(s + p3 + p4), and so on.
From Eqn. |3.26| we see that every partial energy pole turns into a logarithm, and the

argument of the logarithm is precisely the partial energy pole at p, — s. The loga-
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rithms arising from the energies flowing through the loop sites F; and F5 correspond
to contributions from what we refer to as loop-subgraphs. The logarithms arising
from integrating the pole at partial energies flowing through blobs to the left (right)
of the loop, i.e. Er,,Er, and E;, (FEg,, Er, and Eg) correspond to contributions

from left- (right-) subgraphs. To be precise,

E1|p+—>s - SL +s, E2|p+—>s = SR + s,

Ey

(14, 25, ij) IP+—>s — SL(li, 24, i) +s, ER(lk, 21, ki) |p+—>8 = SR(lk, 21, ki) + s, (327)

where Sy, Sg are the energies flowing into the loop-subgraph through the left and
right loop sites respectively. Sp, ., . s the energy flowing into the left-subgraphs
(involving the blob L;, Ly and both respectively) through all vertices except the
right loop site, and so on. This demonstrates that the rules mentioned in Sec. [3.2.2]
are indeed the correct diagrammatic way of extracting the singularities.

To demonstrate how powerful this analysis is in extracting the singularity structure,
we consider an explicit example of the previous arguments in the following. Consider
the diagram in Fig. 3.7 Comparing with Fig. [3.6] we see that there is only one left
and right blob attached to the loop site. The energy flowing out of the left blob
through the vertex 7 is wy, = w;+wsq. There are four partial energies (corresponding
to the subgraphs in the grey-shaded regions in Fig. flowing out of the right blob
through the vertex 7, given by wgr, = we+w7 +ps, Wr, = Wi+ Wws+Ps, Wry = Ps5 + Dé
and wrp = wy + w5 + wg + wr.

Now to evaluate this diagram explicitly would require extremely lengthy time inte-
grals (i.e. 6! = 720 time orderings) and complicated loop integrals. Evaluation of

time integrals will lead to partial and total energy poles. The partial energy poles
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Figure 3.7: A 1-loop correction diagram with cubic and quartic vertices. The grey
blobs denotes various subgraphs.

involving loop momenta are,

Er=wr+ws+py, Ei=p3stws+pyr, FEy=pi+ps

ERr, = wr, + D+, Er, = wg, +p+, Er, = wry + 4, Ep =wr+ps+. (328)

L Right-subgraph 3

s o _7 \ Right-subgraph 1
7 a \‘ Right-subgraph 2
Left-subgraph 1 w g /

Right-subgraph 4

Loop subgraph

Figure 3.8: The 1-loop correction diagram of Fig. m with the loop-subgraph shaded
in red, left- and right- subgraphs shaded in blue and green respectively. The mo-
mentum labels on the arms as well as vertices have been removed for the diagram
to remain legible. The reader is requested to refer to Fig. for these labels.

Following the rules mentioned in Sec. we will immediately know the singu-

larity structure without any computations, as follows,
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e For the loop-subgraph (shaded in red in Fig. [3.8]), we have log(S; + s) =
log(ps + w3 + s) from the left loop site and log(Sg + s) = log(ps + s) from the

right loop site.

Note that this is precisely what we get from Eqn. [3.26] considering the E; and

E5 pole respectively in the partial fraction decomposition.

e From the left-subgraph (shaded in blue in Fig. |3.8)), we have log(Sz, + s) =

log(wy + wa + w3 + 8).

Again note this is precisely what we get from Eqn. [3.26] considering the Ej,

pole in the partial fraction decomposition.

e From the four right-subgraphs (shaded in green in Fig. |3.8)), we have log(Sg, +
s) = log(wy+ws+we+wr+s), log(Sp,+5) = log(ws+wr+ps+s), log(Sk,+5) =

log(wy + ws + ps + s) and log(Sg, + s) = log(ps + pe + s)E|

Once again note this is precisely what we get from Eqn. [3.26] considering the

Eg, Eg,, Er, and ER, poles respectively in the partial fraction decomposition.

To conclude, this shows how the diagrammatic rules follow from the general
structure of a correlator in flat space with polynomial interactions. Notice that with
interactions where derivative acts on the fields, such as q33 or (8i¢)2¢2 the general
structure of the integral is still going to be as in Eqn , except now the factor
of p1ps will feature in the numerator. In that case our arguments still go through
and the integral looks like Eqn. (3.33)) with o = 1 (The value of y obviously depends
on the number of derivatives).

In the following we consider a general n—point function in de-Sitter and show

how the diagrammatic rules apply to de-Sitter.

2To avoid confusion one should note that here the subscript R; on S refers to i*® right-subgraph
of Fig. This does not correspond to the subscripts of energies in Eqn. (3.28)).
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n-point functions in de-Sitter

Unlike flat space, evaluation of time integrals in de-Sitter can produce higher order
poles. Additionally the mode functions and measure are dependent on dimensions
(Eqns. (L.77), (L.80)), but can be written as a sum of contribution from a three
dimensional part, and a O(9) part. Thus the entire correlator may be expressed as
a sum of contribution coming from the former and the latter, which we refer to as
Dy and D, respectively. In this section, we compute the general structure of D; to
see what kind of singularities may arise. We will see why the rules to extract the
singularities in flat space very much apply to de-Sitter as well.

Also, note that the integral of D, is the same as that of D; with an extra factor of
log(—HT;). Consequently, the result of performing the time integrals in D, is the
same as that of Dy, with an extra factor of log(H /wr), with some rational functions

of momenta [3], i.e.,

Dy(w;) = & Dy(w;) Y nilog(H Jwr) + NLf, (3.29)

where n; = —1,1/2 for contribution from measure and modes respectively. This
is a finite, non- vanishing contribution when D; has a 1/§ divergence, thus giving
a logarithm of total energy. This logarithm is an interesting feature of de-Sitter,
which we discuss in greater detail in Sec. [3.3]

Consider the D; contribution to the 1-loop diagram in Fig. [3.6] with quartic (7*)
and cubic (73) derivative interactions in de-Sitter. Similar to Sec. , we have
loop momenta p; and ps flowing between the loop sites 7 and 77, and each loop site
contracts with multiple legs (ps, ..., ps) leading to further tree level sub-diagrams.

We refer to the energies flowing through the left blobs into the vertices 7, and 7, as
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wr,; and wr, , respectively, and the energies flowing through the right blobs into the
vertices 73 and 74 as wg,, and wg,, respectively.

The partial energies involving the loop momenta are the same as in Eqn. (3.22)).
Evaluation of time integrals in this diagram will lead to all simple poles in partial
energies as in Eqn , as well as higher order poles due to additional factors
of 7 in the numerator coming from modes and measure. The correlator thus gets

contributions from terms such as,

o oo p1p2Q(pi;W') = =
/ dprd Py R R : R 5d(p1 + Py — 5)
BTN E, Hijkl <EL1Z'EL2]'EL:]'EleERQZERkl)

S, ) s d—2 ‘ oy
_ (12 2 / ip. / i PP Gasg p1p2Q(pi, w)) |
e By B i (B2, Br B2 B, B3 3, )

(3.30)

where «;’s are integers denoting the order of the poles. The factor of pipy is
now in the numerator due to the derivative acting on the modes, i.e. fk(T) ~
VkT exp(ikt). Note that the limits of the final time integral <ff)oo dT) ensures that
any additional polynomials in p; and ps are not produced, and the only dependence
on loop energies are of the form in the previous equation.

Once again () is a function of exchange momenta p; (excluding p; and ps) and w;
(energy of the external legs). Scaling the integrand by s and suppressing the labels

1,7, k,l, we get the following dependence on p_ and p.,

o 1 AoA A2 a2 2
=i, [Tap [Cap BB P gy gz o,
L BB By By B B B

(3.31)

where m is an integer and the hat denotes scaled momenta.

Comparing the equation above with the flat space result (Eqn. (3.24])) we see
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that in de-Sitter we have higher order poles (the «;’s), as well as an extra factor
of (p> — p2)?, due to pips being in the numerator as opposed to the denominator.

Computing p_ integral, we get,

' 70 (241) ((6+5)p% ((6+3)p% — 2) +3
R (R R e

(3.32)

Crucially, the p_ integral above evaluates to polynomials in p, because of the
fact that the loop propagator does not decay faster than 1/p, where p is the energy
running in the loop. The loop propagator will have this behaviour as long as we
are working with interactions featuring derivatives on massless scalars. For confor-
mally coupled scalars running in the loop, polynomial interactions are fine as well.
However, if a massless scalar runs in the loop leg without a derivative acting on the
field, then certain terms in the loop propagator go as ~ 1/p?, and the p_ integral
evaluates to hypergeometric functions of p,, which results in the final integral in p,
turning intractable. Also, the equality in Eqn can get messed up by compli-
cated interactions, such as inverse laplacians acting on spatial deriatives of the fields
(ie. ¢ 720, (q'b@gzﬁ)), which will pull out complicated trigonometric functions. It
will be worthwhile to investigate the correlator structure for such interactions, which
we leave out for future work.

Using the result of p_ integral and performing partial fraction decomposition, we

see that the final integral in p, will be a sum of terms having the following structure,

o] ~Y
5 S(a2 s/2_ Py
s d S DU/C T 3.33

where the py 4+ z in the denominator represents the various partial energies in

Eqn. and « is an integer denoting the order of the pole. The values a can
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take depends on the interacting theory as well as the diagram we are computing,
whereas y only depends on the interactions in the theory, e.g. for the derivative
interactions we considered in this section y takes values 0,2 and 4. Similarly for
interactions other than polynomials in flat space, the poles in Eqn, would
still be simple, however one would get additional powers of p, in the numerator, i.e.
the loop integral gets the structure of Eqn. (3.33]) with a = 1.

Notice that Eq. is finite (and hence no logarithms) unless y > o — 1, and
for y, o satisfying this inequality with integer o > 1, Eq. (3.33) evaluates to the

following,

1
= (=1)vt* YO, avot! 5 +log(1 + z) + log s| + NLf. (3.34)

Once again we see that every partial energy pole turns into a logarithm, with
the argument of the logarithm being precisely the partial energy pole at py — s,
exactly as in Eqn. . When p, + 2 = El, EQ, the contributions correspond to
loop-subgraphs, when p, + x = ELl, ELQ, E; the contributions correspond to left-
subgraphs, and finally when p, + 2z = E Ry E Ry Ep the contributions correspond to
right-subgraphs.

To conclude this section, we have shown that the rules of Sec. work for
flat-space as well as de-Sitter. Correlators in de-Sitter also have a contribution D,
coming from O(§) contribution of modes and measure. This produces branch cuts

of total energy logwy, which we discuss in greater detail in Sec. [3.3]
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3.2.3 Diagrams with vertices above and below 7 =0

Until now we have been discussing the singularity structure of diagrams with all
vertices on the same side of 7 = 0. However, the correlator will also receive contri-
butions from diagrams in which vertices lie on both sides of 7 = 0. In this section,
we discuss why the rules to extract singularity structure will continue to hold in
these diagrams, with an additional constraint on the subgraphs considered.

In diagrams where all vertices are above or below 7 = 0, every vertex is con-
nected to its adjacent ones by a bulk-bulk propagator. The Heaviside step function
in the propagator causes mixing of energies entering adjacent vertices in the expo-
nential functions, which in turn result in partial energy poles once time integrals
are evaluated. To see this, consider the tree diagram in Fig. and let us study
the time integral corresponding to one of the time orderings ©(1 — 73)0O (72 — 73).

Considering flat space for simplicity, we have :

0 0 0
/ dﬁ/ dTg/ drs e'@rtw=pn e’(w3+p1_p2)”e’(w4+w5+p2)73@(Tl — 72)O (12 — 73)
— 00 —0oQ — 00

0 T T
:/ dTl/ ' d7—2/2 drs elwitwz—p1)m1 i(wa+p1—p2)72 i(watws+p2)Ts (3.35)

where the Heaviside functions in the first line translate to the changed limits of
integration in the second line. From here it is easy to see that the evaluation of
the integral on 73 pulls a factor of 1/ (ws + w5 + p2) (which is a pole at the energy
entering the vertex 73), modifying the integrand to e!witw2—pPUmgilwstpitwitws)r,
Further evaluation of the 7 integral pulls a factor of 1/ (w3 + wy + ws + p1) (which
is a partial energy pole), modifying the integrand to ¢*7™. Finally, the 7, integral
produces a total energy pole. Clearly, other time orderings will generate other partial
energy poles.

However, as pointed out earlier, a n-point correlator will also have contributions
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T T2 T3
P1 | P2 Ps

T1 T2 T3 Ts Te

(a) A 5 pt function at tree level. wj;
denote external energies, p; denote ex- (b) A 8 pt function at tree level. w; are external
change legs. legs, p; denote exchange momenta.

Figure 3.9: Tree level correlator diagrams with a) All vertices below, and b) Vertices
both above and below the 7 = 0 line.

from diagrams where not all vertices lie on the same side of the line 7 = 0. Before
we study such a diagram at 1-loop diagram, consider the tree level 8-pt function in
Fig. in flat space.

Evaluation of time integrals will of course give poles at energies entering the
vertices 11, ..., 7s. However, we will not get partial energy poles entering all possible
subgraphs. This is simply because 73, 74 and 75 are connected by Wightman propa-
gators, and hence there are no Heaviside step functions mixing the energies entering
these vertices. This implies we will only get partial energy poles for subgraphs with
all vertices above or below 7 = 0, i.e. subgraphs where all the vertices are connected
by bulk-bulk propagators.

For example in Fig. for the time ordering ©(my — 71)O (12 — 73)O(75 — 76),

we get the following pole structure upon computing time integrals,

1 1 1 1

(w1 + w2 +p1) (ws + p2 + p3) (ws + p3 + pa) (W7 +ws + ps)
1 1

X )
(wl +CU2+LU3+CU4+p3) (w6+w7—|—wg +p4)

~Y

where the factors in the first line are poles in energies entering the vertices 71, 73, 74

and 74 respectively, and the factors in the second line are energies entering subgraphs
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where all vertices are connected by bulk-bulk propagators.

Similarly, for 1-loop diagrams with vertices on both sides of 7 = 0, evaluation of
time integrals will produce poles at the energies entering only those subgraphs where
all vertices are connected by bulk-bulk propagators. Furthurmore, following the

arguments in Sec. (3.2.2{and |3.2.2] the partial energy poles involving loop momentum

will turn into branch cuts. Consider Fig. as an example. These diagrams,
alongwith the one in Fig. |3.4, will contribute to the 5-pt function at 1-loop with

cubic and quartic interactions.

T2 T3

P1 P2
P3 P4
wq Wy Wy wWs
w1 w2 w3 T T

w3

T T, L51 Ty

(a) A 5 pt function at 1-loop. The loop (b) A 5 pt function at 1-loop. The loop sites lie
sites are on opposite sides of 7 = 0. on the same side of 7 = 0.

Figure 3.10: Contributions to 5-point functions at 1-loop with cubic and quartic
interactions.

Upon performing time integrals, poles are produced at energies Ei, F», E3 and
Ey4, i.e. the energies entering the vertices 71,79, 73 and 74 respectively, given in
Eqn. [3.11] Evaluation of loop integrals will turn two of these into branch cuts, i.e.
log Es 3p, —s. Following the rules mentioned in Sec. , these are the contributions
from loop-subgraphs. Time integrals also produce poles at partial energies entering
those subgraphs in which vertices lie on the same side, i.e. at £, = wj +ws+ws+p
and Ep = py+ws+ws in Fig.[3.10aland at Ey; = ps+w;s+ps in Fig. Evaluating
the loop integrals will turn the poles at £, and Eg into branch cuts log Ep g|, )

whereas Fig. does not get any additional branch cuts. The exact same results
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also follow from the diagrammatic rules, except now while determining the left-
and right- subgraphs there is an additional constraint that all vertices, except the
right and the left loop site respectively, should lie on the same side of 7 = 0. A
straightforward but lengthy computation of the diagrams in Fig. [3.10| verifies this.

To summarize, the diagrammatic rules of extracting singularity structure are also
applicable to diagrams with vertices above and below 7 = 0, with the additional
constraint on left- and right-subgraphs that all vertices are required to lie on the same
side of 7 = 0, with the constraint relaxed for the right and left loop site respectively.
Also note that these loop diagrams may become finite in de-Sitter if the loop sites
are connected by Wightman propagators. If these diagrams are divergent in de-
Sitter, then log wr will also be produced from time integrals, as will be discussed in
Sec. 3311

The evaluation of 1-loop diagrams beyond 2-sites becomes significantly compli-
cated. It is worthwhile discussing the case of the next simplest contribution beyond
the simple bubble (2-site) topology, which is the triangle diagram. To our knowledge,
the 1-loop contribution to the 3-pt correlation function at 3-loop sites has not been
computed yet. Progress has been made in [123] towards the computation of the tri-
angle diagram in flat space, using a range of mathematical tools including graphical
tubing rules, cosmological Baikov representation, singularity analysis using Landau
equations, and finally the explicit evaluation of loop integrals using Whittaker’s
representation with the integrand containing logarithms and dilogarithms, which
requires carefully tracking the branch cuts, their orientations, and the relevant an-
alytic continuations. However, there are several non-trivial challenges in extending
this treatment to de-Sitter. Importantly, the flat-space triangle contribution does
not have the irreducible genus-one (or higher) obstruction characteristic of a generic

elliptic integral arising in de Sitter loop correlators. Additionally, loop computations
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in de Sitter are accompanied by corrections from time dependent background (i.e.,
O(0) corrections in dimensional regularization, time-dependent regulators in cutoff
regularization, and so on) which are substantially more complicated to handle than
their 3-dimensional counterpart. Extending the flat-space triangle diagram calcu-
lation to de-Sitter space requires an appropriate integral representation that makes
the underlying (hyper-)elliptic structure of the loop integrals manifest, potentially
at the cost of introducing additional auxiliary parameter integrals. However, iden-
tifying a suitable representation for the de Sitter case remains a non-trivial open
direction. Hence the singularity structure of correlators beyond 2-site diagrams is
yet to be studied.

However, in Appendix we compute this triangle in the soft limit (Fig. [A.T)),
to gain insight on how our results would generalize beyond 2-site diagrams. We
find that the singularities produced from explicit computation matches with the
predictions of the diagrammatic rules in this work. We believe this is an important

non-trivial check of our results.

3.3 Regularization and analytic structure

Almost everything we have derived so far is in line with expectations from the
wavefunction perspective: singularities arise when energy entering a subgraph of the
Feynman diagram vanishes. However there is one feature in our example presented
in Section [3.1.2] which is not accounted for: in Eqns. and the logarithmic
terms have total energies in their argument, implying the existence of a total energy
branch point. This goes against the prediction of the cosmological KLN theorem
[34], which states: “There can be no total energy branch points for a cosmological

in-in correlator of massless fields, assuming all interactions are IR finite.”
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Here the “total energy branch point” refers to the off-shell total energy branch
point, which means that given the sum of off-shell energies wr = wi +ws + -+ - + Wy,
we cannot have terms like log(wy) without assuming any dispersion relations (such

as w; = |k;|). For flat space this is not hard to see:

e Only simple poles can arise from doing time integration. This is a direct

consequence of the integrand being a product of et

e For a loop diagram, one can write the correlator as a sum of (momentum
integrals over) tree level and loop level wavefunction coefficients. The latter
can be further decomposed into momentum integrals over discontinuities of

tree level wavefunction coefficients by using the Cosmological Tree theorem.

e By adding these discontinuities to the tree level wavefunction coefficients, one
finds that it is impossible to obtain denominators of the form wr + ). a;p;
in the resulting momentum integrand (see Section 3 in [34] for more details).
Since logarithmic terms are generated by these denominators on performing
the loop integrals, this implies that no total energy logs can appear in the final

expression.

For general cosmological spacetime with IR finite interactions, the usual expectation
is that the correlator (or the wavefunction coefficients) can be found by taking
derivatives of the flat space wavefunction with respect to the off-shell energies[122]
45]. Since no total energy branch point can arise from either time or momentum
integration, the correlators can only have poles in wy, and taking derivatives of
poles only give rise to higher order poles. Therefore, the expectation is that the

cosmological KLN theorem holds assuming there are no IR divergent interactions.
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3.3.1 Loophole

An assumption in extending the KLN theorem from flat space to general cosmolog-
ical spacetime is that branch points in energies arise only from momentum integra-
tion. However, as we will discuss below, there is a crucial difference between general

FLRW spacetimes and flat space.

In de Sitter, total energy branch points in regularized correlators can

be generated from time integrals, rather than momentum integrals.

For this reason, the arguments of the cosmological KLN theorem are evaded in de

Sitter.

Dim Reg To see how this happens in dim reg, consider a simple n-point contact
diagram for massless scalars in d-dimensional dS, with X'¢™ interaction. For 2n—d >

0 this interaction is IR convergent, and usually we write:

‘ , NT(2n —d X
<¢n> — )\// dr 7_andflesz‘r ~ (QZ,d ) — (_Z'aWT)2n7d71_' (336)
—0 W wr

However there is one important caveat: here we must assume the dimension d is an
integer, otherwise we are taking fractional number of derivatives. If instead we work

in d 4 ¢ dimensions, then we have (substituting the d dimensional mode function):

0
(@") = (=iup )N / dr (27 0erT, (3.37)

—00

The main difference from flat space is the following: in the expression of Eqn. (|3.30)
the power of wy is not an integer, therefore wy = 0 is not a pole (or a higher order

pole as one would naively expect), rather it is a branch point (in the same way that
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vz has a branch point at © = 0). Usually we do not concern ourselves with this
issue: since 6 — 0, any corrections are proportional to § and it vanishes. However,
if there are any divergences, and we work in dim reg, then these correction may give
a finite contribution. For example, let d = 3 4+ 9, and let \' = —’\TQ (i.e. this object

is a counterterm to some divergent loop integral), then the integral becomes:

2 —4—
Ict:_)\F(2n 4 5)(1+<ﬁ_1

w%”% 5 2

> log(wr) + analytic) : (3.38)

and so we get a log(wr) contribution.

At this point it is worth asking what the corresponding divergent loop integral
is. In the case where n is an even number, the divergence can arise from a two site
loop diagram mediated by the interaction A¢™/202, where ¢ is a conformally coupled

scalar. The loop integral is quite straightforward to calculate, and it gives:

1,1 1
I :)\23;1;d71+28£;d71+2 (5 + 5 log(wr + s) + 5 log(wr + S))

w;+(n/272)6

1 1
w%”_f) 3 5~ 2) log(wr) + 5 log(wy, + s) + 5 log(wg + $)

NT(2n—4—90) (1
_ AT (2n ) ( N (n
+ analytic) : (3.39)

Therefore, the renormalized answer is:

Lien = 5F — log( ) + = log( (3.40)

NT(2n—4-96) (1. wr+s. 1 wR—i-s)
W 2 wT 2 wr ’

Notice how the argument of the log conspire to form a scale invariant combi-
nation: the argument of the log remains unchanged under the scaling wr g7 —

wrrr/a and s — s/a. Similar cancellations also occur in more complicated dia-
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grams, such as the examples provided in Section [3.1.2] Later we discuss in Section
that this is a general feature, and for any n-point function, the branch cuts
always combine to form scale invariant arguments.

The appearance of log(wr) term is a generic feature of dim reg in dS: the measure

for the time integration at each vertex depends on dimension d. In addition, since:

/

/ dr7" e = (—is) ' OD(1 4 n+ 6, —isT), (3.41)

—0o0

by expanding the incomplete gamma function as [124]:

[(a,z)=2"""e™? Z <_1)'(Z+a)k, (3.42)

k=0

one can see that no partial energy branch points can arise from intermediate time

1=n=0 in Eqn. (3.41)) cancels the factor of s’ coming from

integration (the prefactor s~
the 27! term in Eqn. , so partial energies always have integer power). As a
result only branch points in wr can arise from time integration, and the power of the
singularity wr depends on the number of dimension. Since the number of dimension
is no longer an integer in dim reg, naturally this means we get total energy branch
points?|

Alternatively, one could argue by expanding the mode functions in ¢ before

integrating [2]. As an example consider the Dj integral which appears in a two site

loop diagram :

0 TL ) ) )
/ dTL/ drp TP TR log(— Hrg) et ¢! P 4P (TR=TL) (iR TR (3.43)

3This argument relies on the commutation of summation (in Eqn. and integration oper-
ations, however this is tricky. To regularize the loop integrals, 6 must be continued analytically
to some point in the complex plane, and it is not immediately obvious that the sum of integrals
converges at this value of §. We will comment on this later.
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It was shown in |3] that for the bispectrum at 1-loop, evaluation of time integrals
with the extra factor of log ( —H T) results in a contribution which is equivalent to
the logs being pulled outside the integrals as log(H /wr), plus some rational functions

of momenta, as follows,
H 0 TL , , ,
= log <—) / dTL/ drp T)ETRE T PP (TRETL) giwrTR . | NTE. (3.44)
wr —00 —0o0

It is straightforward to verify this for higher-point diagrams and conclude that
the logarithmic terms generated from expanding the d—dimension mode function

must have total energy wr as its argumemﬂ

Cutoff From the argument above, it may seem like these log(wr) are simply ar-
tifacts of working in dim reg, however we they appear in cutoff regularization as
well.

Let us again consider the two site bubble example studied previously, and spe-
cialize to n = 4, i.e. we compute a four point correlator for a massless scalar field
¢, with the interaction q5202 (where ¢ is a conformally coupled field). The one loop

bubble diagram is proportional to the following integral:

- 0 L (1+4) ‘ ‘ a(tr)A s i+ (TL—=TR)
I, =0;,0,, / dry, / dTReLTLTIWRTR / dp / dp_T.
(3.45)
Crucially, this is not a derivative of the flat space counterpart of the correlator, due

to the additional time dependence of the cutoff. This time dependence is needed,

as it is the physical momentum on which the cutoff is imposed. If we evaluate the

4Similar to the previous footnote, this relies on an asymptotic expansion of the mode function
before performing the integrals, and it is not immediately obvious that the two actions should
commute.
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momentum integral first, we get:

I, =92 & /0 dry, /TL(HIK) dTRei“’”LH“’RTR—l [ei%(%*n — eiS(TL_TR)]
wrtwr | e 4s(tp, — TR)
(3.46)
The first term does not give rise to any logarithmic corrections, and for the purposes
of studying divergences and logarithmic corrections we may ignore it [2, 3]. To
convince ourselves that this is indeed the case, we can look at the special case
wr — 0, where the 75 integral can be evaluated analytically to give:

(1+5) 1 AT 1 - A\ —iA
’L*( L*l) —iA . 7 . 1
drp————e 1'7 = — Ei(———+) — Ei(—+—+) | -
/ TR4S(TL—TR)6 " 4s (6 : 1<H2—|—HA) 1(H—I—A>>

(3.47)

—00

Further integration in time will not give rise to any additional logarithmic terms in
wr, so it cannot possibly generate any total energy logarithms (which in this limit
would have the form log(wy)).

The second term integrates tof}

WL TWR A

0 ) i
I, =09> & / drp, e“"TTLEi(—Z iAGhs wR))

—0o0

6 A Wgr + 8
== (2 log(—) + log(

5 7 o )+ (analytic)) : (3.48)

Upon symmetrizing with w;, <+ wr and renormalizing we obtain the same answer as
(3.40]) (in the special case n = 4), with the total energy logarithm log(wr) present.

One may argue that the appearance of logarithmic terms here is an artifact of
reversing the order of integration: even if the cutoff does not depend on time, we

could still do the momentum integral before the time integral. However, there is a

5The answer from doing the time integration is an exponential integral, which can be expanded
in terms of logarithmic terms and a series. By studying the behavior of the exponential integrals
at 7, — 0 and 7, — —o0 one can obtain the answer here.
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subtle cancellation which occurs when the cutoff does not depend on time:

! LT ! Ao —ra) _ gis(ri )
d7_ / dT elUJL TLTWRTR e'L TL—TR) __ 67/5 TL—TR
/oo _ R 4S(TL — TR) [ }

/ dTL elwLFwr)Te (Ei(z’H(s + OLJR)TL) B Ei(iH(A + WR)TL))

A A

z(wLerR)
— /_Oo dr, o <log(i:t:1;) + analytic) .

Clearly, evaluation of the 7, integration will no longer give any total energy log-

arithms. Hence, we have shown that the total energy logarithm arises from time
integrals in de Sitter correlators, irrespective of the regularization method.

As it is cumbersome to work with cutoff regularisation in higher loops (or more
complicated diagrams) we will not try to generalize this result to general loop dia-

grams.

3.3.2 Does the presence of total energy logarithm break

scaling

So far we have shown that logarithmic corrections can appear either as log (%)
or log(“F), where w,, is some linear functional of energy, and we have restored the
factors of H and p to ensure that the arguments in the logarithm are dimension-
less. In the on-shell limit of the correlators, these logarithms are log ( ) or log( ).
However, as mentioned in the Introduction, the argument of these logarithmic terms
are ratios of comoving and physical scales, and when written in terms of physical
scales, they turn into log (f) log (a kphys). This introduces an explicit depen-
dence on the scale factor for observables, even though the scale factor, by definition,

is unobservable.
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However, it is not the unrenormalized correlators with all its divergences that
are relevant to observations. It is the full, renormalised correlator that corresponds
to physical observables. In the examples we have seen so far (examples computed
in Sec. B.1.2] as well as in the computations for the Bispectrum presented in [3]),

the arguments of the logarithmic terms are always ratios of comoving scales, i.e.

log(:—Z), (3.49)
where k,, k), are linear functionals of energy (for example, it can be wy, + s, wr + s,
where s denotes the magnitude of the exchange momentum. It can also be the total
energy kr), which is perfectly fine from physical argumentﬂ Here we will present
a heuristic argument showing why this should always be the case.

First let us note that in a generic loop diagram with massless or conformally

coupled scalars, the divergent terms should have this form:

D) (k)™ 1 (k)™
=3 2 () T (B

( Di H

_ DY) (@ R 11 (kH )M (3.50)

oli H k:T,u

pi

where £k, is some linear functional of external energies labelled by p;, Dgi) is some
scale invariant function in external energies, [; is an integer which denotes how

quickly the term diverges. This form is written with the following consideration:

e Since branch cuts at partial energies only arise from momentum integration,
5 : d :
factors of k) come from the momentum integral measure [ d’p. >y, My 18

equal to the dimension of the momentum integrals that produced the branch

50ne way to say this is that the argument of the logarithmic terms are scale invariant, but
there are some subtleties about this: see appendixlEl for more details.
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cuts.

e Since branch cuts in total energies are produced only from time integration,
thus factors of k;‘s come from either the time integration measure ( ~ [ aldr,
hence giving a contribution of 77%) or the mode function (which gives 79/2

thanks to our regularization scheme)ﬂ n; is the sum of these contributions.

We would like to cancel the divergences by counterterms, which generically has

the following form:

D%J)(k‘) ko —(nj—ij mp, )8 kij mp,; 6
Ier =) - 5\ 77 11 : (3.51)
p;

2 ko

Note that beyond one loop, we also need to take into account lower order loops
as counterterms (for example, at two loops we need to consider one loop diagrams
with the one loop counterterms at one of the vertices), which is why generically the
counterterms should also depend on partial energies as well.

Properly renormalizing the correlator implies the following:
> Iy + Ier = Finite. (3.52)

Now consider the case where n; — >, m, =n; — 3 my = N for all 7,j. Then

Pi

this implies,

Jo\ N
Z lyiv + IcT = Finite and scale invariant x (ﬁT) , (3.53)

) . . . . —-Ns§
since the terms in the remaining brackets are scale invariant. Now expand (%T)

"It is possible to relax this assumption: if we get k‘g instead we can simply rewrite this as

(ZJ)‘Sk%7 and continue with the analysis. Since (’;—p)‘s is scale invariant this does not affect the
T lt T
result.
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as a series in §. Since it is multiplying a finite and scale invariant function, this
implies there can be no log (%T) contribution on its own as these are all proportional
to 0 and vanishes as 6 — 0, and so the finite part of the renormalized correlator is
scale invariant. It remains to show that n; —>_  m,, =n; — ij my, for all 4, j. By
dimensional analysis, momentum and time integration measure both contribute k?,
while internal propagators contribute k7. By Euler’s formula it is straightforward

to see that:

ni—me:n;ﬂ—L—l—]—V:n;ﬂ—1, (3.54)

pi
where ney, L, I and V' denote external lines, loops, internal propagators and vertices
respectively. This completes the proof.
For clarity let us provide some examples: consider the two site one loop bubble

diagram in Fig. [3.11al Counting the number of log(kz), we get

Next

1
n; = §(next +4)—2= 5 (3.55)

where n.,; denotes the number of external legs. This is because we have 2 internal

8/2x2 o k7%) and two time integrals (each time

propagators (each contributing 7
integral measure contributes 77 o< k3. from the measure).

The momentum integral measure is [ d%p, and by dimensional analysis after
doing the momentum integral the measure contributes a factor of k2, where k, is

the partial energy of one of the vertex. Therefore for the two site one loop bubble

diagram, m; = 1, and

Negt

2

—1 (3.56)

n, —m; =

Now let us renormalise the bubble diagram by adding a counterterm. Here the
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counter term is just a contact term, which obviously implies m; = 0. Since we need

to do exactly one time integration, we have:

m—nyz(%—l)—O:ni—mi, (357)
and from the discussion above, this result implies the one loop bubble is indeed scale
invariant.

Starting from this, it is easy to see why we always have n; — Zpi My, = Nj —

o If we add external legs, i.e. we change n, this changes both n; and n; in the

same way, so this identity still holds.

e Adding a new site in the diagram while remaining at 1-loop does not change n;,
since in doing so the new site must be connected with a new propagator (See
Fig. . While every propagator contributes k;‘s, every new site introduces
a new time integral, and its dimension dependent measure contributes an

additional 77 o k%, and so these contributions cancel.

e To move to higher loops as in Fig. 3.11d connecting two existing sites in a
diagram with an additional propagator increases n; by one (since propagator
contributes k;(s). However since we have one more loop, there is another
loop momentum integration measure [ d’p. By dimensional analysis, after
integration this contributes an additional k‘g, which increases ) m,, by one,

and so n; — > m,, remains unchanged.
T

e The same arguments carry over to the counterterms, so the number n; —

>_p, Mp; remains unchanged and is equal to n; — 3° m,,.
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So order by order in perturbation, for any arbitrary correlator, scale invariance

should be preserved in dim reg.

(b) Addition of a new vertex to the diagram
(a) n- point diagram at 1-loop with 2- in Fig. results in an additional time inte-
sites. Changing the number of exter- gral which contributes k%, however this cancels
nal legs in this diagram would change with the contribution coming from the additional

n; and n; in the same way. propagator.

(c) Connecting two sites in Fig. in-
creases number of propagators by one, con-
tributing k;‘s. However this cancels from the
contribution arising from the additional mo-
mentum integration measure, since this dia-
gram is now a 2-loop diagram.

Figure 3.11: Various n point diagrams at 1- and 2-loops.
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Chapter 4

Singularities in Cosmological Loop
Correlators II : Non Local

Interactions and Flat Space limits

The material presented in this chapter is based on the author’s publication [5].

In Chapter |3| we presented a set of diagrammatic rules to efficiently extract the
singularity structure of 1-loop inflationary correlators. These rules make it possible
to identify poles and branch cuts in a correlator by examining sub-diagrams and
energy flows, without evaluating the full loop integrals. However, those results —
and indeed all known results on loop correlator analytic structures so far — were
derived for local interactions, i.e. polynomial or derivative couplings of the form
(09)" or ¢". Extending beyond simple local interactions is challenging. General-
izing the diagrammatic rules beyond 1-loop diagrams with two interaction vertices
(the “bubble” topologies) leads to significantly more complex analytic structures. In
fact, the only analytic result for the next-nontrivial one-loop topology (the triangle

diagram) has been obtained in the context of the cosmological wavefunction [101].
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No intuition or results existed for how more general, non-local interaction terms
affect the singularity structure of loop corrections. This is an important gap, be-
cause realistic inflationary effective actions naturally contain non-local interactions.
For example, when using the ADM formalism to enforce the Hamiltonian and mo-
mentum constraints, one finds inverse-Laplacian operators appearing in the cubic
[15] and quartic |74, |75] Lagrangians. An illustrative term is a cubic interaction of
the form Sz ~ [¢2072¢ (involving an inverse spatial Laplacian). Such non-local
vertices introduce non-trivial angular dependencies in loop integrals and can sig-
nificantly complicate their evaluation. It is therefore both technically interesting
and phenomenologically important to understand how these non-local interactions
influence the analytic structure of cosmological loop correlators.

In this chapter, we address this question by extending the analysis of Ref. [4] to
include non-local inflationary interactions and studying their impact on the 1-loop
bispectrum. We focus on a representative set of non-local terms from the cubic and
quartic action in the spatially flat gauge (arising from solving the ADM constraints)
and compute the corresponding 1-loop corrections to the scalar bispectrum. Our
calculation is performed using two complementary regularization schemes — dimen-
sional regularization and a physical momentum cutoff — to cross-check results and
handle the various divergences. The inverse-Laplacian factors in the interaction
vertices lead to highly non-trivial momentum dependence (for instance, momentum
dot products in the numerator of interaction factors), which renders some loop inte-
grals analytically intractable in general d dimensions. In those cases we evaluate the
problematic contributions using the cutoff regulator. To our knowledge, this work
provides the first analysis of the analytic structure of loop-level cosmological cor-
relators including interactions with inverse-Laplacian (non-local) operators. Rather

than attempt an exhaustive computation of all possible interaction terms, our goal is
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to isolate and explore the singularity signatures produced by a few salient non-local
interactions from the ADM action. This approach allows us to clearly identify which
features in the 1-loop bispectrum arise from the non-local nature of the vertices.
Another key aspect of our study is the investigation of the flat-space limit for
the 1-loop bispectrum. It is well-known that for tree-level cosmological correlators,
taking the total energy wr of the external fields to zero relates the leading sin-
gularity of the correlator to a flat-space scattering amplitude describing the same
process [76|, 77, (78, |18, |79, 20]. In particular, the flat-space scattering amplitude
can be recovered from the highest-order pole (as wr — 0) of the tree-level infla-
tionary correlator 33|, and this correspondence extends to the integrands of loop
diagrams. However, the flat-space limit of the full loop-corrected correlator (after
performing the loop integration) has not been derived before. We fill this gap by
explicitly deriving the flat-space limit of the complete 1-loop bispectrum (with non-
local interactions included) and verifying it in concrete examples. We find that,
as expected, the leading singular part of the 1-loop correlator reproduces the cor-
responding flat-space scattering amplitude. At the same time, the expanding de
Sitter background introduces additional features in the loop correlator — notably
total-energy branch cuts — which have no direct analogue in flat space. We show
that in the renormalized 1-loop bispectrum, all such branch-cut contributions orga-
nize into dilatation-invariant logarithms of momentum ratios, similar to what was
observed in Ref. [4] for loops with local interactions. Interestingly, we also find that
these extra de Sitter features manifest differently depending on the regularization
scheme. In both dimensional and cutoff regularization, the same on-shell scatter-
ing amplitude is obtained in the wy — 0 limit, but the two schemes yield slightly
different residual logarithmic terms coming from the total-energy branch cuts. We

discuss these scheme-dependent differences and their interpretation in Section [£.4]
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We summarize the main results of this chapter as follows:

e Singularities with non-local interactions: The diagrammatic rules from
Ref. [4] for predicting singularity structure at one-loop remain valid even in
the presence of non-local (inverse-Laplacian) interaction vertices. We explicitly
verify that the pole and branch cut positions inferred by these rules match the

results of our direct 1-loop calculations with non-local terms.

e Branch cuts and logarithmic terms: Loop corrections involving non-local
interactions exhibit branch cuts in the total-energy variable. In the renor-
malized correlator, all such branch cuts repackage into logarithmic terms that
respect dilatation (scale) invariance. This behavior is analogous to what was
found in the simpler case of local interactions [4], indicating a degree of uni-

versality in how de Sitter symmetry constrains loop correlators.

e Flat-space limit at 1-loop: In the limit wr — 0, the leading singular part of
the 1-loop bispectrum with non-local interactions reduces to the corresponding
flat-space scattering amplitude, in both dimensional and cutoff regularization
schemes. However, due to the time-dependent de Sitter background, the 1-
loop correlator also contains features with no flat-space analogue (arising from
total-energy branch cuts). These extra contributions manifest differently in
the two regularization schemes, resulting in slight scheme-dependent differ-
ences in the exact flat-space limit for the branch-cut pieces. Importantly, the
physical scattering amplitude itself is consistent between schemes — the scheme

differences only affect the additional dS-specific terms (See Sec. [4.4)).

Throughout this chapter, we set M;[?l = 1. The rest of the chapter is organized as
follows. In Section we outline our computational approach for evaluating 1-loop

bispectra with both cutoff and dimensional regularization. Section [4.2] presents the
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explicit 1-loop bispectrum results obtained from various non-local interactions, and
Section discusses additional contributions and cross-checks (including interac-
tions omitted from the main text). In Section , we examine the flat-space limit of
the 1-loop correlator in detail and derive the relationship between the singularities

of the de Sitter correlators and the flat-space scattering amplitude.

4.1 Details of Computational Scheme

Unlike collider experiments, where initial and final states are well-defined, cosmo-
logical observations involve measurements at a single final time slice. To compute
expectation values in this context, we employ the in-in formalism. The expectation
value of an operator O(7) at time 79 is given by,

0

(O(m)) = (0] Te I treio M7 O 7y e et io M

o> . (4.1)

Here, T and T denote time and anti-time ordering respectively, H; is the interac-
tion Hamiltonian and |0) is the free vacuum state. We will compute the correlators
at future boundary of dS, i.e. 79 — 0. The structure of this expression gives rise
to diagrams, often called Feynman-Witten diagrams [89], with vertices drawn below
(called “right” or “47) or above (called “left” or “”) 7 = 0 line, depending on
whether they come from the time ordered or the anti-time ordered part of the cor-
relator respectively (following notation of [1,89]). Not all of these diagrams need to
be computed since half of these contractions are obtained from complex conjugation

of the other half (provided the Hamiltonian is hermitian). The propagators joining
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two bulk points are given by,

Giy(k;mi,m2) = fr(1) fe(72)O(m1 — 12) + fu(m) £ (12)O (12 — 71), (4.2)

Gy (k;7,72) = fulm) fr (72), (4.3)
G__(k;m, 1) = G (k; 11, T2), (4.4)
G_i(k;mi, ) = G _(k; 11, T2), (4.5)

where + and — in the subscripts denote whether the interaction vertices 7,7 lie
below or above 7 = 0 line respectively. Depending on the interactions of the the-
ory, the modes in the propagators will be acted upon by operators (spatial/time
derivatives or inverse laplacians).

We will compute 1-loop diagrams with two regularization schemes (dimensional
regularization and cutoff regularization) wherever possible. For certain contractions,
the integral in dim reg becomes intractable due to complicated vertex factors in d-
dimensions coming from the non local interactions; for such cases we give the answer

from cutoff regularization only.

Dimensional Regularization : Mode functions in de-Sitter are dimension-
dependent unlike in flat space. This requires considering full d = 3 + ¢ dimensional
modes when computing loop integrals in dim reg, with O(J) and higher order cor-
rections from the modes contributing crucially to the structure of the correlator.
This is well known from previous 1-loop computations [1, 125, 108, 107, 110], where
the unphysical logarithms were tamed by properly regulating the mode functions [2)]
and renormalising the correlator [3].

In de Sitter, the mode function in d-dimensions for a scalar field with mass m is
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given by:
fu(r) = H 2(=H)"?H® (—k7), (4.6)

where v = @/E—; — ‘1—2. However in arbitrary d-dimension, integrals involving these
Hankel functions are complicated. Therefore, we analytically continue the mass as

36, [45, [126],

m? d? 9
AN (. 4.
H2—>(4 4), (47)

which gives back simple massless modes with v = 3/2. The time integral measure
also receives correction in dimensional regularization. Thus the d-dimensional modes

and measure simplify as,

) = (CHAR e (1 = k) = (),

a’(r) = (=Hr)™", (4.8)

where f2?(7) are 3-dimensional dS modes. In practice, the above is expanded about

6 = 0 till O(9) (since 1-loop corrections are at most 3 divergent). This gives,

fr(r) = <1 + glog(—HT)) 3d(r) + O(6%)

a’(t) =1 —§log(—HT) + O(6%). (4.9)

We will now sketch the calculational scheme in dim reg. In our calculations, we
treat the external mode functions at 7 = 0 and the momentum-conserving delta
function ¢ <Zz /%) as three-dimensional, since the counterterms precisely cancel
the O(9) corrections arising from these terms [2].

The general expression for one loop correction to the off-shell bispectrum (Fig. |[4.1))
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D(k;,w;) has the general form,

D(k;, w;) =0° (Z Ez) /1_35/2/65(1]71 P> Q(py, p. {wi}, Lk i} {m})

x 04py + o — &) [ [(—Hm)™dn] (4.10)

where the factor of the renormalisation scale p has been introduced to account for
the § dependence in the mass dimensions of the couplings in d-dimensions. §(= Eg =
—ky — Eg) is the momentum exchanged between the loop sites. 7; are bulk vertices
which are integrated over, pi, po are loop momenta, and () is a rational function of
7;’s, external and loop momenta. Contributions from vertex factors involving dot
products (arising from spatial derivatives in the interaction) or inverse square norms
(from non local operators) of momenta have been absorbed in ). Also note that @
consists only of the 3-d contribution from modes and measure in Eqn. (4.8). The
O(9) contribution from modes and measure has been extracted in the second line in
the above equation, with n; = %, —1 when considering contribution from modes and
measure respectively. Note ), n; equals the power of y for any diagrams, this is by
construction due to how powers of p are introduced in the correlator, and hence we
get terms like log (%) at 1-loop.
Expanding the last term using Eqn. till O(J) terms, we get,

D(k;, w;) =0° (Z kr) 0 / d*py d*Ps Q(pr, pa, {wi}t, {k; - 11}, {m})
x 0%(py 4 P — 9) (1 + an5log(—HTl)) [an. (4.11)
l l

where the first term in the second line can be identified as D;- the d-dimensional
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loop integrals with 3-dimensional modes, given by

Dy ( kzawz = <Zk> 35/2/ddﬁ1ddﬁ2 Q(plapm{wz'},{]%"171};{7'1})

0P+ 72— 5) [ [ dn. (4.12)
l

and the second term, which we call Ds, is the contribution to the loop diagram
coming from O(6) corrections from modes and measure. Clearly the only difference
in the computations of Dy and D, is that the former has additional factors of
log(—Hm) in time integrals. For local interactions, it was shown that this factor can
be simply pulled out of the time integrals by substituting log(—7) — log(1/wr) [2,
3] (upto some non-logarithmic finite functions of w;). In Appendix. [A.6] we show

that the same relation,
Dg(lgi,wi) =6 D;log(H/wr) an + finite non-log, (4.13)
!

also holds for the computations in this work involving inverse laplacian interactions.

To evaluate Dy, it is convenient to compute the time integrals first. With in-
creasing number of interaction vertices, one needs to compute more and more time
orderings, hence this calculation is long but straightforward. Next, the loop integrals
must be evaluated. In the presence of non-local operators, this can be tricky. These
loop integrals are evaluated using an identity which convert f dp dtpy, — f dpydps
(see Appendix. for loop diagrams involving local interactions). To briefly sketch
the idea- the d-dimensional integral over ps is carried out using the momentum con-

serving delta function 6%(j; + p» — 5). Next, the d-dimensional integral over p; is
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split into norm and angular variables as,
/ ddﬁl — /pcll—l Sil’ld_2 91 sind_3 62 sin Qd_Q dpldﬁldegdﬁd_Qc&b s (414)

where ¢ is the azimuthal angle and 6;’s denote polar angles. With § chosen along

the axis with respect to which 6; is measured, we have,

RPN e e

Now the rest of the derivation proceeds by performing a variable change from 6, to
po and integrating the chain of sin factors sin?3 0,...sin 0,;_, over dbs...d0g_odo as
J d2—1. This variable change and integral is trivial if the interactions involve only

spatial derivatives, where the vertex contribution involves factors such as,
K, - P1 = kip1 [cos 0 cos Oy, + sin 0, sin 6, cos 6] | (4.16)

where k; is chosen to lie in the plane of § and the axis with respect to which 65 is

2 12 .2
kphizs® Importantly, we

measured, 0 is angle between k; and s, given by cos;, = s

only need to keep the first term, since the second term in the integrand is odd over
6, € (0,7) due to cos 6.

In this chapter, however, we also have inverse laplacian operators alongwith
spatial derivatives in the interactions. This produces, for example in Diagram 31

(see Section. a vertex contribution of,

Py - (EQ + }71) off-shell WoP1 ( cos 01 cos 0, + sin 0, sin ), cos 92) + p?

> = 19 2 2 2 0 0 0 sin b 0 y (417)
|]€2 +p1] wy +p1 + prl(cos 1 cos 0y, + sin 04 sin 0}, cos 2)

where k;’s are replaced with w; in the offshell limit. 6 is angle between /;2 and 3.
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Now the integral over angular variables is no longer tractable due to terms such as
sin?=? #,. Fortunately, this calculation can still be carried out, atleast partially, in
d = 3, thus such contractions are to be handled in cutoff regularization only. We
discuss the computation in cutoff regularization in the following sub-section.

In Section. 4.2 we notice that the angular dependence can be trivialized in the
contractions where both the fields, on which inverse laplacian operator acts, contract
to form internal legs, or both contract to form external legs. For e.g. in Diagram
12, the vertex contribution is given by,

P (]31 +172) pr1-S  s*+pi—ps

— — = = , 4.18
D1 + pal? s s ( )

which introduces no dependence on 0; (i = 1,...,d — 2) or ¢. For such contractions,
we compute the diagram in both- dim reg as well as cutoff regularization. In such

cases, using the loop integral identity we find Eqn. (4.12)) gives,

. 0 s d—2
Dy (i, wi) = 53(2’%) /f%é 52—2/ dp+/ dp—pl Sp2P(pi:{Wi}>5) sin’ 0; .

(4.19)

where S;_» is surface area of a (d — 2) - unit sphere, P is a rational function of
p+, s and external energies, and we have defined p1 = p; & ps. Note that although
the factor of sin’@; does not contribute to the (9(%) divergent terms [36] in the
correlator, it does give finite contributions and hence is important in determining

the structure of the correlator.

Cutoff Regularization: As previously explained, in the presence of non-local
interactions, the vertex factors for some contractions become too complicated to

be handled in d-dimensions. In such a scenario, we compute the integral in cutoff
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regularisation only. In d = 3, all #;’s drop out of Eqn. for ¢+ > 1, and
the integrand simplifies enormously, making the calculation tractable even in the
presence of complicated vertex factors such as Eqn. .

There is another reason for performing computations in cutoff, even for cases
when calculation in dim reg is possible. Note that the computations performed in
dimensional regularization involved commutation of a summation operator (coming
from the Taylor series expansion of the modes about 6 = 0) across the loop integrals.
This commutation is subtle - for the integral to converge,  must be analytically
continued to some point in the complex plane, and arguing the convergence of the
sum of integrals is not straightforward at this value of 6. Thus, a cross check from
cutoff regularization demonstrates that answers from dimensional regularization still
reliably compute the logarithmic terms, which are the relevant branch cuts we aim
to explore in these correlators.

In cutoff regularization, we regulate the momentum integrals by placing a cutoff
at Aa(ty), where A is the physical cutoff and 7y is the time being integrated first,
e.g. for the ©(1 — 73) part of the integrand 7 = 7. We integrate the loop integrals
first, since the cutoff is now time dependent. The loop momentum identity now

becomes :

/ R HQr, pa. i} AT DE (1 + B + o) Qo {oihs (s - 1)

Aa(Ty)
= /0 f dpl p%Q(plap% {wi}v {Tl}) / d9d¢ sin ¢ Q(pla {wi}v 97 ¢) ’ (4'20)

where we have now separated the vertex factor Q from the rest of the integrand
Q. For inverse laplacian operators acting on fields (901, @2), the ¢ dependence of Q
remains trivial as long as both the modes of @1, 5 contract in external or internal

legs (see Eqn. (4.18))). In this case changing variables from 6 to ps is straightforward.
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However the structure of Q gets significantly more complicated when one of ¢; or
9 contracts in the loop leg while the other contracts in an external leg. The angular
integrals are no longer trivial in this case, and this computation becomes intractable
in dim reg.

Let us consider Q for such cases. For e.g., Eqn. (4.17)) in cutoff becomes,

wap1 ( cos O cos Oy, + sin 0 sin O, cos @) + p?

= - - . (4.21)
w3 + pi + 2wapy ( cos 6 cos 0y, + sin 0 sin 6y, cos gb)

Importantly, one can always express other vertex factors in this form by considering
the vector Ez in the & — § plane, where Z is the axis with respect to which ¢ is

measured. This leads us to the following integral over ¢,

2(y — ak) tanh™! (M) } o

r a4 fBeos(¢)  [Be K2y
dp————~- = | —/— + , 4.22
/0 ¢7+’1COS(¢) K K/ K2 — 2 0 (4.22)
where we have o = pf + wopy cosBcosby, Kk = 2waprsinfsinf, = 25 and v =

w3 +pi+2wap; cos b cos B Now, the second term on the RHS in Eqn. (4.22)) vanishes
on the boundary of the integral. However it is discontinuous across ¢ = 7, and the

integral picks up this jump, yielding,

/2” gpltBeos(o) o im(2a—7) (4.23)
0

v + K cos(o) /437 — 2

where the first and second terms on the RHS of Eqn. corresponds to the
first and second terms on the RHS of Eqn. respectively. The second term
introduces extremely complicated dependence on momenta p;, k; as well as 0. Infact,
the 0 integral becomes intractable with this contribution. In the rest of this chapter,
we will focus solely on the first term in Eqn. , and leave any comments on the

structure of the correlators coming from the second piece for future work. We will see
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in Sec. that our results for four of the diagrams (referred to as Diagram 11, 12,
21, 22) are complete, while for the other four case (referred to as Diagram 31, 32, 41,
42) will receive additional contributions from the second term of Eqn. (4.23]) which

we ignore in this work. Evaluating ¢ integral with the first term in Eqn. (4.23)), we
get from Eqn. (4.20)),

Aa(7y)
:/ dp p?Q(Pl,pz,{wi},{n})/dQ sinf x
0

Aa(Ty) D1+S$
ZW/ dpl/ dpf% (Pl,p27{wi}7{71})> (4-24)
0

and we see that the complicated looking ¢ integral in Eqn. (4.22)) does not produce

any 6 dependence. The equality in second line follows from changing variables

p1+s
p1—s

6 — ps. Now, some of the terms produced in the integral regime fSAa(Tf ) dp, are

proportional to exp (2% (:—f — 1)) (where 74 > 7;). These terms are dropped when
computing the time integrals, since these are exponentially suppressed throughout
the integration regime and hence will only produce non-log finite terms [2]|. Finally,

evaluation of the momentum integrals produces factors of 7, — 7 in the denominator.

Hence the time integrals are also regulated with the same regulator A as,

0 1 0 i (14+4)
/ dTl/ d7—2 —>/ dTl/ dTg. (425)

4.2 Results at 1-loop

In this section, we follow the scheme outlined in Sec. to compute the bispec-

trum at 1-loop (Fig. 4.1) with cubic and quartic interactions given by igz ¢*¢ and

igs 920720; (90;p), taken from the cubic and quartic action Eqns. (1.85]) and (1.87))

respectively.
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4.2.1 List of all contractions

Let us refer to the fields in the interactions as ¢;, where ¢ = 1,...,7. Hence, the
interactions are igy ©1920720; (930;04) and ig3 P5P6p7. The possible contractions

for the quartic coupling are given as follows,

1. When both the fields being acted upon by the inverse laplacian operator, i.e.
3 and ¢y, contract in the loop legs, with ¢, and ¢y contracts in the external

legs.

2. When the fields not being acted upon by the inverse laplacian operator, i.e.

1 and g, contract in the loop legs.
3. When ¢3 contracts in an external leg, and ¢, contracts in a loop leg.
4. When ¢, contracts in an external leg, and ¢3 contracts in a loop leg.

For each of the contractions mentioned above, we can have the following two cases

with the cubic interaction,
1. The field with no time derivative, i.e. @7, contracts in the external leg.
2. @7 contracts in one of the internal legs.

We will refer to a diagram with Contraction (i) of quartic coupling with Con-
traction (j) of cubic coupling as Diagram ij. For example, Diagram 12 refers to the
diagram in Fig. where fields being acted upon by inverse laplacian operator in
the quartic interaction contract in the loop legs (thus we have ¢4 (wy, El), o (w2, ];;2),
©3(p1) and @4(p2)), while the field without a time derivative in the cubic interaction

contracts in one of the loop legs (hence, we have p5(ws, /23), we(p1) and @7(p1)).
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w1 o)) w3
P1
T2 71
P2

Figure 4.1: Bispectrum at 1-loop computed with one insertion of a cubic and a
quartic vertex each.

4.2.2 Results of explicit computations

Below we give the renormalised bispectrum for the Diagrams listed above. We
denote the magnitude of the momentum exchanged between the loop sites as s =
|p1 + pa|, which is equal to k3 for this diagram once onshell condition is imposed.
Note that we ignore some overall factors of Hubble and external momenta, as well
as numerical constants, since we are interested in probing the analytic structure of

these correlators.

Diagram 11 : The vertex factor produced by inverse laplacian operators for this
contraction is given by,
Pr- (Pr+p2)  po-5 82— pi+pd

— = = , 4.26
D1 + Pal? s? s? ( )

which has trivial angular dependencies, and hence can be computed both in cutoff

as well as dimensional regularization.
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In dimensional regularization, considering 3-d modes and measure, we get,

—8w2 (82 + 52 25 2 _ g2 5?2 2_ g2 1 3
Dy~ (s + 5w3) + W12W35(W3 57) 4wy (w5 — s )<— — Zlogp
Wl b 2
1
+ 5 log [(s +ws) (s + ww)}) ; (4.27)

And using Eqn. (4.13)), the O(4) correction from modes and measure is,

H
Dy = §5Dl log (—) + NLf, (4.28)
2 wr

since there are 7 internal modes and 2 vertex factors, hence Y, n; = I —2 = 3.
Adding D; and Ds, we find “unphysical” logarithm of wr/u, which is taken care of
once the contact-contribution from counter term is added. This can be seen without
explicitly renormalizing the theory. Generally, the counter-terms are local operators

of dimension 8 (since [g3] = —1 and [g4] = —3), having the following structure,
1
O°T = /u‘5/2a_3+585 (%) . (4.29)

where 0° are 5 space/time derivatives respecting rotational invarianceﬂ The contact
3-pt diagram computed with d-dimensional modes, renormalizing the divergence
in the 1-loop correlator, has 3 internal modes and 1 vertex. Thus counter term

contribution D. . is given by,

1 1 1 H
Dot = Doy + Dyer o —[ = —=1 Zlog (), 1.
t. Let. T Doct. X (5 5 og 1+ 9 0og (WT)> (4.30)

where D(;2) . denote contact diagram contributions coming from 3-d and O(9)

1Since the kinematic dependence in the coefficient of the divergent term of the loop correlator
comes from inverse laplacian operators, it is interesting to ask whether the counter terms might
require some non local operators to produce the correct kinematics.
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parts of the modes/measure. The first two terms in Eqn. (4.30) are from D; ¢,
while the last term is from Dy (D, n = % —1= % coming from 3 internal modes

and 1 vertex). Adding D, to Dy + Dy, we get Dienorm. = Det. + D1 + Do as,

Dienorm. ~ wif’ ( — 8w; (32 + 5w§) + 25wi2ws (w§ - 32) + 5w?, (wg — 32) )
T

+ —log

(s+w3)] 1 [(s—i-wu)}
wT 2 wr

H 1
(log— + §log I > + NLf, (4.31)
v

As a cross check, we calculate this diagram in cutoff regularisation to find that the
unrenormalise correlator features log (A /H ) divergence, whose coefficient matches
the coefficient of log (,u /H ) term in dim reg. The other logarithms involving ratios

of comoving momenta also match with the above equation.

Diagram 12 The vertex factor produced by inverse laplacian operators in this
contraction is the same as Eqn. (4.26). Thus we can once again compute this
contraction both in cutoff as well as dimensional regularization. Considering 3-d

modes and measure, we get,

1 1 1 3
Dy ~ 5 (8w122 + 5w§ + 3lwiaws + 652> <5 4 3 log [(5 +ws) (s + CL)12):| —3 log u)
T

(4.32)

Following the arguments outlined for Diagram 11, the renormalized answer D, enorm. =

D.:. + Dy + D, turns out to be,

1 H
Dienorm. ~ = (8w122 + 502 + Blwiaws + 682> <2log (—) tlog (”” - S)
“ fu

T

+log (“’3 i S> ) + NLE. (4.33)

wr

2The counter term contributions in cutoff regularization are tree level diagrams computed with
3-d massless mode functions, hence no branch cuts are produced.

)
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Performing this computation in cutoff regularisation, the unrenormalised cor-
relator features log (A /H ) divergence, whose coefficient matches the coefficient of
log (u /H ) in dim reg. The other logarithms, involving comoving momenta, produced

in cutoff regularisation match with the above equation.

Diagram 21 The vertex factor produced by inverse laplacian operators for this

contraction is given by,

b (fot R FoF
|/§+ /’;:’2|2 s?

(4.34)

which has trivial angular dependencies, and hence is computable both in cutoff as
well as dimensional regularization. Computing Dyenorm., We get,
ko - ks

H
2w, { — log (Z) (83%;3 (5wa + w3) (332 _ 5w§) + 8wowrs (10820)% 434

Drenorm, -

— 45w3) + wi (w5 (450w, — 20s%) + 10w; (25°wiz + 45wi,) + 15ws (25* + 15wi,) + 6s*wis

— 4505 + 135wipwl + 45w§2)) +log (8 i ”3) (wg (45% (5w + ws) (5wl — 357)
wr
2 2 4 4 2 2 4 4 S+ Wiz
+ 5w (23 w; — 35" + 9w3) ) + (w1 + 4ws) wio (—108 w; — 35" + 45w3) ) + log ( - )
T

( — wi (10w3 (s + 135w3) + 3 (s* + 75wy ) + 180ws + 900wsw; 4+ 900wsws)
— dwy (—ng (82 — 45w§) + 10w2w§ (82 + 9w§) + 3ws (34 + 15w§) + 3wy (34 + Swg))
+4 (—3s4w§ + 55%ws + 5sPwows (5w§ — 382) + w3 (—1032w§ —3s* + 45w§)) — 45w

— 225 (wy + w3) wi — 450 (wy + ws) 2w] — 450 (wy + ws) 3wi’) } + NLf, (4.35)

Performing the same computation in cutoff regularisation, we find that the co-

efficients of log ("Jf;—;rs) and log (“1;—;5) match. The same is also true for coefficient

of log (A/H) (in cutoff) and that of log (1/H) term (in dim reg).
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In cutoff, we further find power law divergences in A. Some of these terms involve

late time log divergences as follows,

3A (3H?A + 2H® 4+ 2HA? + A®) log (Towr) (4.36)
128 H4wwiws ' '

It is interesting to ask whether this divergence is a true secular divergence of the
theory, by which we mean whether this divergence persists once one renormalizes the
correlator and all power law divergences cancel. Naively it does not seem to be true,
since the log(my) term does not arise in the dimensional regularization scheme, and
in the cutoff regularization it arises only as a coefficient in the power law divergence
in A. A true secular divergence in the theory should show up regardless of the UV-
regularization scheme. Nevertheless it is important to explicitly demonstrate the
existence of the counter terms absorbing the divergence in Eqn. . We leave

the explicit renormalization of the theory for a future work.

Diagram 22 The vertex factor produced by inverse laplacian operators in this
contraction is the same as Eqn. (4.34]) and remains computable in cutoff as well as

dimensional regularization. Computing D,enorm., We get,

EQ . Eg 1 1 (S + OJ12) (S + CU3)
Drenorm. szw% <5 5 log [ w% } Wg( -2 (5(4)2 + (A)g) (282 + 3W§)
—wy (532 + 21w§) ) — (w1 + 4ws) wiy (32 + 15w§) ) + NLf. (4.37)

Performing this computation in cutoff regularisation gives the same logarithms
of comoving momenta, and the coefficient of log (A/ H ) matches the coefficient of

log (1/H) in the previous equation.
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Diagram 31 The phase space integral becomes too complicated to be evaluated
in d—dimensions, with the vertex factor given by Eqn. (4.17). Hence we evaluate
this diagram in cutoff regularization only. The vertex factor in cutoff regularization

is given by Eqn. (4.21]). Computing the integrals we get,

1 A wig + 8 w3 + 8 2 2 2
Dunrenorm. ~ —421 — -1 —1 - 3 2
w%{ og <H> og ( o > og < o w3 ( Wiy 1+ 28 )

+ Bwipws 82 + wis® + 15ws — 6wy wg’} + NLf. (4.38)

Diagram 32 Once again we will compute this diagram in cutoff regularization
only due to the phase space integral being too complicated in d— dimensions. There
are two cases for this diagram : when ¢; contracts with ¢4, and when (7 contracts
with @1 (or p2).

We find that in the former case, the loop integral is divergent both in UV as well
as IR. For diagrams that are divergent only in the UV, it was noticed that without
proper regularization, one finds unphysical features in the loop answer [2, 3, |4]. In
dS, the correct way to implement UV-cutoff regularization is to consider a fixed
physical cutoff A, which turns into a time dependent comoving cutoff a(7.)A (7. is
the time being integrated earliest) in the loop integrals. However, it is not very clear
what the analogous appropriate regularization is in the IR (for related discussions,
see [127, 128} 129, 60, |37, |49] and references therein). A detailed analysis involving
regularization of IR divergences, such as the one arising in the above case of Diagram
32, is left for a future work.

For the second case, i.e. when @7 contracts with ¢ or @9, the integrals evaluate

to,
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1 A 1 w3+ s 1 wig + 8
Dunrenorm. ~—91 — | —=1 —=1
w;}{ og (H) 5 og < o ) 5 og ( o ) }(3w12 (w12 + 3ws3)

+ 2s%) + NLI. (4.39)

Diagram 41 The vertex factor produced by inverse laplacian operators in this

contraction is given by,

Ky - (EQ + 1) oftshent  wa2pi(cosfcos Oy + sinfsin by, cos @) + w3
ks + 12 " w2+ P2+ 2wp (cos 0 cos By, + sin 0 sin Oy, cos @) -

(4.40)

This involves non-trivial angular dependencies, hence is only computed in cutoff

regularization. This dependence is handled exactly as in Eqn. (4.21)), and evaluating

the integrals we get,

1 H
Dunrenorm. ~ w_%{ lOg <(/<x9—:;‘13)> (Wg (452 (5W2 + w:),) (382 — 5(4.)32)) =+ 50.}1( — 282(4]?2)

H
+3st — 9w§)) + (w1 + 4ws) wio (1Os2w§ +3st — 45w§) ) + log (M) (wf
wr

(10w3 (8% + 135w3) + 3 (s* + 75wj) + 180ws + 900wsw? + 900wiws) + Suw; (— 2ws
(52 — 45@«)3) + 10wows3 (52 + 9w§) + 3ws (54 + 15w§) + 3ws (34 + Swg) ) + 4(354w§
— 55*wjy + bws (3s'ws — 5s’w;) 4+ wj (10sw; + 3s* — 45w3) ) + 45w + 225wswy

+ 450w2,wi + 450w§3w§> } + NLf. (4.41)

Diagram 42 : The vertex factor for this contraction is the same as in Eqn. (4.40)).

Computing the diagram in cutoff regularization, we get,
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1 A wi2 + S w3 + 8
Dnrenorm. ~ w_%{210g <E> - lOg ( . > - 10g < wor W§(15 W12(w1 + 4&)2)

+ 432) + 5wy + 4wy) w3 8% + wip(wy + 4ws) 82 + 6wz + 3(Tw; + 10ws) wg) + NLf.

(4.42)

As previously stated, the contributions from Diagram 31 in Eqn. , from
Diagram 32 in Eqn. , from Diagram 41 in Eqn. , and from Diagram 42
in Eqn. are missing contribution from the second term in Eqn. , which
are analytically intractable. We postpone the analysis of the singularity structure

from such contributions to a future work.

Singularities of the bispectrum with non-local interactions : The bispec-
trum in Fig. [4.1 has no left-, right-subgraphs (as defined and discussed in Chapter 3)).
The loop-subgraph of this diagram has external energy injection of Sy = wio and
Sr = w3 through the left and right loop site respectively. The diagrammatic rules
tell us that evaluation of this diagram should yield log(s 4+ wy2) and log(s + ws).

In all the previously computed results we find,

e Logarithms of s + w3 and s + wis. This was precisely expected from the
diagrammatric rules. This verifies that the diagrammatic rules hold for the

bispectrum computed with the non local interactions in this work.

e Dilatation invariant logarithms, where the denominator of the log argument
is the total energy wr. It has been previously discussed that this total energy
branch cut is a feature of dS correlators (computed with polynomial or deriva-
tive interactions), and we find this remains true for non-local interactions as

well.
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The underlying theory considered in this work is local, and only after eliminating
the constraints do these non-local terms appear. It may seem that there is a connec-
tion between locality of the theory and the diagrammatic rules. The true signature
of locality is reflected when every interaction term is included (i.e. locality= ) ‘non-
local terms), however we find the diagrammatic rules hold in every single contraction
for a given interaction term. If additional branch cuts were generated as a conse-
quence of non-locality, their cancellation would require contributions from the other
interaction terms. However, no such additional branch cut is observed in any of the
computations. Consequently, we find no conclusive evidence for connection between
the diagrammatic rules and locality of the theory.

Comments on choice of non-local operators considered : In this chapter,
we demonstrate the validity of the diagrammatic rules for identifying the poles
and branch cuts of cosmological loop correlators for a representative set of non-
local interactions involving inverse Laplacian operators. Unlike the analysis of local
interactions in Chapter |3 we do not explicitly derive the diagrammatic rules for
general theories with non-local interactions. Such a derivation is more involved
because inverse Laplacian operators introduce additional angular dependence into
the loop phase-space integrals, which renders part of the loop integral analytically
intractable for some of the contractions (see Eqn. (4.23)).

However, we emphasize that the operator combinations considered here have
been chosen deliberately to probe a broad range of complicated contributions. In
particular, we consider cubic and quartic interactions containing the maximum num-
ber of inverse-Laplacian operators in the spatially flat ADM action. This choice
allows us to investigate the analytic structure in cases with more intricate vertex
factors and phase-space integrals, while the effects of purely local interactions have

already been studied extensively in the previous chapters. Although this analysis
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does not establish the diagrammatic rules for arbitrary non-local operators, the ex-
amples provide non-trivial tests of their validity in the presence of mixed local - non
local interactions, and multiple inverse Laplacian operators.

To be precise, the cubic action contains local interaction terms (S5 joca1), as well as
operators involving a single inverse Laplacian (S39-2). The quartic action contains
interactions involving one and two inverse-Laplacian operators (S s—2 and Sy g-29-2
respectively). Every inverse Laplacian operator produces angular dependence into
the vertex factors, through terms such as k; - p; and p; - pj, further complicating the
phase space integral. In this chapter, we have considered the quartic-cubic inter-
action combinations given by (Syg-2,5510ca1) and (Syp-29-2,539-2) (see Sec.
for the diagram in Fig. 4.1l These examples probe both the mixed local - non local
interactions and contributions in which the quartic and cubic vertices contain two
and one inverse-Laplacian operators, respectively. Additionally, for the three vertex
contributions of Fig. computed in the next section, we consider the interactions
(S3.9-2,539-2,539-2), thereby examining contributions in which all three vertices
involve inverse-Laplacian operators.

Taken together, these examples probe several nontrivial configurations: mixed
local-non-local vertices, vertices containing multiple inverse-Laplacian operators,
and loop diagrams in which every interaction vertex is non-local. The resulting cal-
culations therefore test the diagrammatic rules across a range of complicated vertex
structures and associated phase-space integrals, and we find that the analytic struc-
ture agrees with the rules established for local interactions. We thus emphasize that
these results constitute a systematic set of illustrative checks of the diagrammatic

rules for arbitrary non-local interactions.
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4.3 Other contributions to the Bispectrum with
non-local interactions

In Sec.[4.2] we computed the bispectrum with interactions igs ¢%p and igy $20720; (p0;p).
In this section, we inspect the effect of a few other interaction terms, taken from
the cubic (Eqn. (1.85)) and quartic action (Eqn. (1.87)), on the structure of the

bispectrum.

4.3.1 Additional inverse laplacian operators in quartic and

cubic interactions

Let us consider 9720;(00;¢)0720;(¢0;p) from Eqn. and ©d;pd~20;p from
Eqn. as the quartic and cubic interaction respectively, for the bispectrum
in Fig. We will only compute one contraction, since the purpose of this com-
putation is not to express the full bispectrum with all interactions at quartic and
cubic order, but rather to investigate what happens to the analytic structure in the
presence of inverse laplacian operators, which is also why we choose to work with
the interactions having the largest number of such operators acting on the fields.

The contraction we compute is described by the following :

1. Let us denote the fields in the quartic vertex as,
o0, (e(Eaie( )o~oy (0007 )
. . EQ'(’;1+E2)
The first inverse laplacian operator generates a vertex factor of m, and
14k ) |2

. P2\ P1+D2 24p2—p?
the second gives a factor of (i) _ L
(142 ) 2

2. We denote the fields in the cubic vertex as @(f2)d;0(ks)020;p(p1). This
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. . . . . fon 5 $24+p2—p2
inverse laplacian gives a vertex contribution of k; 2L — 2’;12 P2
1 1

We evaluate this diagram in dimensional regularization following the scheme
outlined in Sec. .1l As usual, we find that the unrenormalized correlator D =
Dy + D, features unphysical log(“E), which are removed once contribution from
counter terms are added, provided the counter terms absorb the 1/ divergence of
the correlator. The full renormalized correlator Di,eporm. = D1 + Do + D¢ is then

obtained as,

Drenorm.

[ < ){w3 wl 183 —w2+w3)+363 wQ+9sw3—5w1

— 8wow; + 2ws) — wiaws (4 (w1 (w3 — 35%) — 65°wa + W} + 2wow;) + (W1 — Swa) w3)
— w% (w1 (wg — 332) — 652wy + wf + 2w2w%) } + %log (S ‘l(;ww) {wg (wl (1832 — 7w§)
T

+ 365°wa + 957w — 11w} — 5 (4ws + ws) wi + 2wh + Swiws) + dwiows (wr (3s® — 2w3)

+ 652w, — 2w? — 4w2wf) + w?, (wl (382 — 2w§) + 65%w, — 2w? — 4w2wf) }

1
+ 3 log <S : w3) {wg (9% (4ws + w3) + 2wy (95% + w3)) + wisws (125% (wy + 2ws)
T
+ (Bwi + Bwa) w3) + (wi + 2wa) wiy (35 + wj3) H + NLf. (4.43)

Interestingly, the singularity structure of the bispectrum computed with non-
local interactions once again follows the diagrammatic rules. The arguments in the
logarithms are (s+wi2) and (s+ ws3), which are exactly what one expects from loop-
subgraph contributions, with the total energy branch cut combining to give scale

invariant, dimensionless logarithms. No additional logarithms are produced.
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4.3.2 3 vertex contribution with inverse laplacian operators

There is yet another contribution to the 1-loop bispectrum, obtained by three in-
sertions of cubic operator. This contribution has one left- and one loop-subgraph,
shaded in blue and red in Fig. [4.2] respectively. According to the diagrammatic
rules, the contribution expected from this subgraph is log(Sy, + s) = log(ps + s) and
log(Sg+s) = log(ws + s), where S, = p3 and Sg = w3 are the external energy injec-
tion into the loop subgraph through the left and right loop sites. The left-subgraph
should contribute a log(Sr, + s) = log(wiz + s), where Sg, is the external energy
injection into the left-subgraph through all vertices except the right loop site. This
diagram provides a good premise to investigate what happens to the branch cuts

beyond simple graphs such as Fig. when non-local interactions are involved.

w,

W, W3
/ P1 /
P3
P2

Figure 4.2: The bispectrum at 1-loop computed with three insertions of cubic vertex.

We consider all three interaction vertices of this diagram to be the cubic inter-
action $0;pd 20, taken from Eqn. (1.85). With this, we compute the following

contraction :

1. At 71, the cubic vertex is ¢(ka)0;0(3)020;p(k1), which generates a vertex

P3-k1

factor of 2.
|k1]?

2. At 7, the cubic vertex is ¢(p2)d;p(p3)0~20;0(p1), which generates a vertex

s?—pi+p}
Zp%

factor of &Ll =
|71
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3. At 73, the cubic vertex is @(f1)d;p(ks)020;p(f2), which generates a vertex

ks-py _ s>+p3—pt
[p2]2 2p3

factor of

Upon evaluating the integrals, we once again find the unphysical log( %) leftover
from Dy + D, are removed once contribution from counter terms D. ;. is added (if
the counter terms cancel the 1/§ divergence of the loop), and the final renormalized

correlator is given by,

s ky.ks K (H) 1 (s+ws>){ 2 (1.2
Drenorm, (g 10 I + - 10 - 188 w:s
wr (ps + ws) 3 (p3 + wia) 2 & Iz 2 % wr pa( ’

+ W12 (352 + wg) )w% — 3p3s°ws (2ws + 3wia) wr + 2p8 (Cdlg (352 + wg) — 2ws (w32, — 652))

+ 2p5 (3ws + 2w1) ((.Ulg (332 + wg) — 2ws (w§ — 652)) — 6pisws (2ws + 3wia)

(—552w3 — 25%wig + wg) — 2p3 (352w§ + wiaws (7w§ — 352) + 6w?yw3 (252 + wg)

S + wlg) 1
wr (p3 - UJ12) 2

+ dwiyws (38> + w3) + wiy (35° +wi) +wi) — 332w§w12wé‘;} + log <

{p§ (p3 +ws)® (= 2wg (p3 + 35%) + wiawi (p3 — 3 (85° + wiy)) + 1257wy (p3 — 3w,)

+ s 1
342 2 _ g2 -1 b3 4 _9 2
+ 95 w12 (pg le) )} 0g ( o7 2 (s — ona) 2 wy (w12 — 2ps) (p3 + wi2)
(9pss’ws + p3 (3s” + w;) + 3s5°ws) H + NLf, (4.44)

Once again, the logarithms are correctly predicted by the diagrammatic rules, which
combines with the total energy branch cuts to give a scale invariant correlator. The

apparent folded poles at p3 = wo cancels from the non-log finite terms (NLf).

4.3.3 Diagrams with vertices above and below 7 =0

The diagrammatic rules to extract singularity structure also apply to contributions
with interaction vertices lying both above and below 7 = 0. Hence, let us now

consider the bispectrum in Fig. [£.3| with cubic and quartic interactions coming from
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the anti-time ordered and time-ordered part of the in-in correlator respectively.
T2

P1

P2

T1

Figure 4.3: Diagram I : The unordered loop contribution to the bispectrum from
one insertion of the cubic and a quartic operator. w;, p; denote external and loop
momenta respectively.

This diagram was computed in [3] with simple 7% and 7% interactions from the
EFT of Inflation, and the answer was found to be UV finite. In particular, one gets

the following answer in the off-shell limit of the correlator,

1 s+ wr +ws 2 (.2 2 2
Dy~ — 1 -2 — Yws) — 4wy (4
! 2(wp +wy —ws) 7 og( s+ w3 > ( “ (S w3) M( v

+ wo (32 — 9w§) — 6w§’) — 2w3 (32 — 9w§) — 8wy (2820)3 — 3w§’) + 3( — 45%w3

+3s* + wg)) + NLf, (4.45)

and the apparent folded poles cancel from NLf. Clearly, the log structure of the com-
putation agrees with the diagrammatic rules. Importantly, no unphysical logarithms
(log arguments involving ratios of comoving by physical scales) are found. This is
expected from UV-finiteness of the answer : unphysical logarithms require renormal-
ization to get cancelled, hence the unrenormalized UV-finite unordered correlator
must feature no unphysical logarithm.

The loop integrands of the unordered pieces have a lower scaling with p, as com-
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pared to their ordered counterparts, owing to the nested time integrals in the latter,
and hence are less divergent. However the unordered pieces can be UV-divergent, as
we will soon see. This is because, with non-derivative interactions or inverse lapla-
cian operators, scale invariance implies lower powers of 7 in the integrand, which
leads to lower powers of p, in the denominator of the loop integrand, and hence less
regulation in the limit p, — oo when time integrals are performed. Moreover, with
the type of non-local interactions we work with in this manuscript, one can have
additional powers of p, from vertex factors, which will contribute to UV divergence
of the loop integral.

As a concrete example, let us now compute Fig. [4.3| with non local interactions
from Eqns. and (1.87). Consider the contraction igs ¢(p1)(p2)0~29; <¢(/Z1)ai¢(122))
and igs o(F1)@(p1)e(ks). Modulo the vertex factor contribution dependent on ex-
ternal momenta, we find the following UV-divergent, unrenormalized correlator

Dunrenorm. = Dl + D27

D 3 1 1 log(wr) ) + 1 1 S+ w3
unrenorm. ~ T To5 3 3| T — 5 108w O
128wiw3 \ 6 2 sler 1920w w3 (w12 — w3) Sw3 & wr

(wf (1052w§ + 35t — 45w§) + Swy (252w§’ — 3s'ws + wy (1032w§ + 3s* — 45w§) + 9w§)

+4 (334w§ — 5s%w; — Buwy (334w3 — 552w§’) + w2 (1082w§ + 35t — 45w§)) )

—log (3 i “’12) (wf(los%g + 225w3 + 180wi — 900w,ws + 1350w3w? — 900wsws
wr

+ 384) + dwy (WQ (1082w§ + 384) + 25%ws — 3stws + 9wl — 45wswy + Y0wiws — 90w§w§)
+4 (3s4w§ — 5sws — buwy (334w3 — 532w§) + w3 (1082w§ + 3s* — 45w§)) + 45w

+ 225 (wy — w3) w? + 450 (wy — w3) *w] + 450 (wy — ws) 3w?) } + NLf. (4.46)

The folded pole in the expressions above cancel from the non-log finite part of the

answer (NLf). We make two observations. First, in this computation the diagram-
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matic rules are verified for UV-divergent unordered correlators with non-local in-
teractions. Second, the unrenormalized correlator features an unphysical logarithm.
This is consistent with the fact that this correlator requires renormalization, and
the tree level contributions from the counter terms computed with d-dimensional
modes must be proportional to o (% — %log wr), and since renormalization absorbs

the UV-divergence, it must cancel the unphysical log.

4.4 Polology

In this section, we study the connection between the flat space scattering amplitudes
and the cosmological correlators corresponding to the same process ﬂ It was pre-
viously noticed that the leading singularity of cosmological correlators in the limit
kr — 0 is related to the flat space scattering amplitude corresponding to the same
process [76], 77, 78, |18, 79, 20, 33]. The intuitive way of understanding why such
a relation should exist is to note that the exponential ie suppression in the Bunch
Davies modes at early time goes away when kp — 0, hence this limit probes the
early time era when the modes are well approximated by the flat space limit. This
was proved at tree level (and for loop integrands) for massless scalars in [33], where
the authors developed Feynman rules analogous to those of cosmological correlators,
equipped with different propagators for bulk-bulk (internal lines) and bulk-boundary
(external legs), as well as vertex factors coming from general (non-Lorentz invariant)

interactions involving fields with time and/or spatial derivatives.

3We will often refer to this correspondence as the flat space limit of the dS correlators. However,
we remark for readers who may not be familiar with this topic, that the flat space limit here simply
refers to the leading singular terms of the correlator when total energy is taken to 0, and has nothing
to do with the limit H — 0.
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4.4.1 Polology at 1-loop

Below we establish the connection between total energy pole of cosmological cor-
relators at 1-loop and the corresponding flat space scattering amplitude. We then
demonstrate this with explicit examples, computed with derivative as well as non-
local interactions.

Consider interactions of the type 0;'0'¢;...0;" 02" ¢,,. Here, every field ¢y is
being acted upon by 7, spatial derivatives/inverse laplacians (ry = 1 for 9;, r, = —2
for 972) and s; time derivatives (9;). An important thing to note here is that since
the same interactions are being used to compute scattering amplitudes as well as the
dS correlators, the spatial derivatives will generate the same factors of dot products,
since they act on 7 in both cases. As we argue later, this allows us to extend
our arguments to interactions involving inverse laplacian operators. Thus the spatial
derivatives will cause no trouble; we will plug back their contribution when explicitly
evaluating the correlators and scattering amplitudes, however we can ignore these
factors for now.

The time derivatives, on the other hand, need to be considered carefully. They

act on the flat space modes fi(t) = \/szke"kt and the (3-dimensional) dS modes

gr(7) = \/12%(1 — k7)™ as,

H
vV 2k3

O fu(t) = Fo(k) [ (1), 07g1(T) = Fi(k) (1—s—ikr)e™", (4.47)

where Fy(k) is a factor of k raised to a power depending on s.

With this, the Feynman rules (re)formulated in [33] are summarized below,

1. For every external particle connected to an interaction vertex at ¢ (7), in the
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scattering amplitudes we have,
GB,ﬂat(kp t) — Fs(k>eikt ; (448)

and external legs in the dS correlator are given by,

2

H ,
Gpi(k,7) = %(—HT)SFS(k)(l — 5 — ikT)e™T (4.49)

where the + in the subscript of the propagator denotes the interaction is
inserted below the 7 = 0 line, coming from the time ordered part of the
in-in correlator. Complex conjugation of this gives G _ : the propagator
corresponding to the interaction insertion above 7 = 0. The factor of (—HT)*

comes from demanding scale invariance in the interactions.

. For every exchange between two interaction vertices at ¢, (1) and t5 (72), with
s1 and s number of time derivatives acting on the exchange fields at the two

vertices respectively, for the flat space scattering amplitudes we have,

eip(tl —t2)

—0(752 — tl) + (tQ 1,81 & 82> , (450)

Gat(p, 751,752) = FS1(p)F:2(p) %

and for the dS correlators we have,

* H2 s s .
Giy(p,m1,72) = Fy (p)Fy, (p)z—pg(—Hﬁ) W=HTy)™(1 — 51 —ipmy)

(1 — S9 + Z'pTg)eip(Tlim)e(TQ — 7'1) + (T2 < T1,S1 <& 82> s (451)

where the + in the subscript again has the same implication as stated previ-
ously. One can similarly obtain G, _,G_, and G__, although we will never

use the first two. This is because diagrams which have vertices in both upper
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and lower region of 7 = 0 will never produce a total energy pole, and hence

we will only look at totally (un-)ordered diagrams.

3. Every interaction vertex and undetermined (3-) momenta is integrated over.
Ofcourse the time integrals for scattering amplitude computations are evalu-
ated all the way from —oo to oo, whereas for correlators they are evaluated

till 7o : the time at which these correlators are being computed.

We will only consider interactions which are finite at late-time and plug in 75 = 0.
It can be shown [33] that the tree level scattering amplitude obtained from the rules

(with s; = s9 = 0) is just a restructured version of the familiar form,

vertices int legs
A~ ] (gva(ic’)> 11 (%) (4.52)

\4 J
where gy Fy (k) is the vertex factor for V, K i is the exchange (4—) momentum of
the 7' internal leg.

max

Considering terms with the highest power of conformal time 7% we see that

the dS propagators satisfy,

max . 1H2+S 1 ik
Gp(k,7) — iGpga(k, 7)(—1)"" WTSJF e
Giy(p, 11, 72) - Giaat(p, T1, 7o) (— 1)1 52 [2Hsrtszpsitl st (4.53)

For diagrams involving loops, we must use d-dimensional modes in Eqn. (4.9 and
split the computation of the full correlator D into D; and Ds, as outlined in Sec. [4.1}
At 1-loop, D, is immediately obtained from divergent part of D; multiplied to
log (H / wT) (see Appendix . Hence, we will first focus on the flat space limit of
Dy, and comments on relation to Dy will follow later.

Importantly, the exchange propagators G, and Gpg,; are related by factors inde-
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pendent of the exchange momenta p. Crucially, since the propagators in Dy are given
by Eqns. (4.49)), (4.51), the terms in the loop integrand of dS correlators involving

max
T

, and the corresponding flat space amplitude are related by factors which are
independent of loop momenta. Hence these factors do not affect the loop integral in
Dy, and a connection at the level of loop integrand leads us directly to a connection
at the level of the full loop.

There is a crucial ingredient in realizing the relationship between flat space scat-

tering amplitude and the leading singular terms of the dS correlator. Consider the

form of a nested time integral arising in the correlator,

0 T1 Tn—2 Tn—1 )
/ dﬁ/ dT2..../ dTnl/ dr, e e Q(wi, Py, T) (4.54)

where ay, ..., a,, are functions of external (w;) and exchange (p,;) momenta, adding up
to the total energy wr. @ is some function of external energies, exchange momenta,
and it is analytic in 7’s, i.e. all time arguments appear in the numerator, since we
work with IR finite interactions. All intermediate integrals would mix arguments
of the exponential, leading to 7™ in the final time integral, which would produce
total energy pole. If we are interested in the most singular term in the limit wy — 0,
then we must only bother with the highest power of 77 - the vertex to be integrated
last. This highest power is produced from integrating (over dry) the term which
has the largest power of 75, which in turn comes from integrating (over dr3) the
term having the largest power of 73 and so on. This implies, to extract the leading
singularity, we only have to keep track of the term with the largest power of 7 every
step of the way.

Note that we are interested in establishing the relation between the off-shell dS

correlator and the off-shell scattering amplitude. An off-shell correlator, as well as
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an off-shell amplitude is obtained when the energy of the external legs wy, is treated
as being independent of the momenta k. An off-shell correlator has internal legs
on-shell (w,, = p; = |Pi|) and the loop integrand develops poles when one or more
vertices become energy conserving, while an off-shell scattering amplitude has energy
conserved and loop integrand develops poles when one or more internal particles goes
on-shell.

Let us now consider a 1-loop correlator having 2 loop sites 7, and 7, with all
ordered vertices, i.e. all interactions below 7 = 0 in the Feynman diagram. We will
compute the dS correlator and the flat space scattering amplitude corresponding to
the process in Fig. [4.4] using dimensional regularization, hence the time integrals
will be computed first. We denote external energy by w; and exchange as p;, with
pi, and p;, as the loop momenta. In Fig. the nodes denote interaction vertices,
labeled by 7 (t for scattering amplitude), exchanges are marked by lines. The
interaction vertices can have any number of external lines, which are not drawn in
this representation. Since this diagram allows only one closed loop at 7, — 7g, it is
possible to find atleast 1 endpoint, i.e. a vertex which is connected to only one other
vertex. We denote this vertex by 7.nq, and we label its neighbor as 7,4;. To solve
the time integrals, we integrate over 7.,q, and move on to the next endpoint vertex
in the graph.

First let us consider the case where neither loop site is an endpoint. Considering

the flat space scattering amplitude, integrating the endpoint vertex V' (i.e. tenq)
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Figure 4.4: A correlator (or scattering amplitude) at 1-loop and 2 loop sites 77, and
Tr. The nodes denote interaction vertices, labeled by 7;, the exchange/internal legs

are marked by lines, and the external lines connected to the interaction vertices are
not drawn.

gives,

An . fV(Eaﬁj / dtend ( H GB,ﬂat (wia tend)) Gﬂat (pa tend> 75adj)

1€V
, . F, .(0F; (p)
= Fv(k,p) / dtena | [ Feo(wi)e e - 2o Pllad~end) (¢, 45 — tona)
1€V Z 2p

+ (tadj > tendﬂ , (4.55)

where v denotes external legs attached to V', and p is exchange of teng With t.q5. Send
and sy, are the number of time derivatives acting on the exchange field at fenq and
taqj respectively. Although we keep track of the vertex factors Fy coming from the
action of 9; and 972 on the modes, these operators produce the same vertex factors
in flat space scattering amplitudes and dS correlators, and hence we need not worry
about them for the purpose of this exercise.

Evaluation of the integral gives 33|,

An s Fo(Fy ) ( [1~. <wi>)g<p>ei<2w>ta« , (4.56)

1€V
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where,

Stema PV, (D) Fy,  (D)ES (P)

S .
tadJ Stend

- 2p(p + Ziev wi) 2p(p - Ziey wi) ‘

end

G(p) (4.57)

Similarly, integrating end point vertex V' (i.e. Tenq) in the Dy contribution to the

dS correlator gives,

Dln . «F‘V(Eap’)(_H)izldFRV /dTendTe;zll—i_Rv (H GB,Jr(wia 7-end)) (G++ (p7 Tend» Tadj>> )

i€V

(4.58)

where Ry = (Ziev n) + 7p.r,q 1S the total number of spatial derivatives/inverse
laplacians acting on the fields at V. Note r; = 1, —2 for a spatial derivative and
an inverse laplacian operator respectively, acting on the i*® field. The factors of 7
involving powers of Ry, arise due to demanding scale invariant interactions in the
presence of (inverse) spatial derivatives. As previously discussed, we will focus on

keeping only the terms involving maximum power of 7. Using Eqn. (4.53)), we find,

— _ _ZHQ S: s s SP,‘I’a +1
Dln : fv(k?,ﬁ)(]—]) 4+Ry <H (—H) ZFSi(wi)) (—H) P Tend T p,Tadj+27_ dj

2w Y
1€V !
/ dTendTe;§+RV+v+(Zi€v S¢)+SP,Tend+16i7'end(Ziev wi) X
FST <p>F:T (p) 1
|: end 2p adj eZp(Tend_Tadj)e(Tadj - Tend) + (Tend < Tadj):| + ceey (459)

4 )

where denotes terms with smaller powers of 7.,q and hence their contribu-
tions are subleading in the limit wr — 0, as previously discussed. We have set
(—1)(=*+8v) = 1 since the total number of spatial derivatives in any interaction ver-

tex must be even due to rotational invariance. This integral has the same structure

as the flat space case in Eqn. (4.55) modulo some factors, such as extra powers of
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Tend, and the upper limit of the time integral in the §(7eng — Taq;) piece. The differ-
ence in the upper limit is irrelevant here since this limit produces terms subleading
in powers of 7,q;. Hence, keeping only the highest power of 7,4, evaluation of 7,q;
gives,

Dy

n

: (H) *4+RV+2U+SV+2<_H)SP,Tadj (Z')v(_l)Serv ( H L) 7__"1+2+Sp,‘radj+RV+SV+U

2 adj
i€v g

x flat space expression Eqn. (4.50) , (4.60)

where Sy = (D¢, Si) + Sprna 18 the total number of temporal derivatives acting
on all the fields at V' (i.e. Tenq). Importantly, note that the flat space answer is
recovered due to Eqn. (4.53) only when keeping highest power of 7. If one keeps
subleading terms as well, then the factors in Eqn. become dependent on
the exchange p, and evaluation of loop integrals no longer recovers the flat space
scattering amplitude.

Going back to the flat space scattering amplitude computation, we see from

Eqn. (4.56) that every endpoint vertex integrated out contributes a factor of,

*FVU;?ﬁ) ( H Iy, (wz)) g<p)@itadj(zz‘ev wi) , (461)

icv
where the exponential modifies the integral structure of the neighboring vertex ,q;.
Now, t,qj may not be an endpoint. For example, in Fig. , there are multiple
choices for endpoint. If we start with te,q = 73, then t,q; = 7 becomes the next
endpoint when Z.,q is integrated over. However, with tenq = 7o, taq; = 71 does
not become an endpoint when 7 is integrated. Importantly, considering different
endpoints will only affect the order of integration, however the end result remains

the same. This is because the integral structure of ¢,q; is simply additive : it does
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not matter in which order you consider 75,75 and 77 as endpoints, finally one ends

up with the same factor for integral over t,q; = 74,

( [[ FEpE, wl)(]"[g )t -l (4.62)

1EV5,V6,U7

Let us next consider the case when we hit the loop site as the endpoint. Suppose
we have tenq = 77. The neighboring vertex is t,q; = 7 with which it exchanges p;,

and p;,. So for the integral over 7, we have,

An : TL m /dTL< H GB Sflat wlaTL)) Gﬂat(plUTL)TR)Gﬂat(plQaTL7TR)

ZE’U

i T i W) i(p1y +piy ) (TL—TR)
:fL(k’ﬁ)( H Fsb(wz)){/ drpe (Zievm g€ T T

4
icvr, —00 P, Pis

i(p1y +p1,)(TR—TL)

> 7 . w; )T, €
FSTL (ph )FsT (ph )FSTL (pl2)FsT (plQ) + / dTLe (ZzemL )TL
R R R 4pl1pl2

L )y ()F, (1) (1)}

(k. P) ( I 7. w)) H(pry, pry)e i 0™ (4.63)

iEUTL

where,
Hipr.pa) Fo, (p)F;, (p) P, (02)FS (p2)  FL (p0)Fs (0 F (p2) Fs. (D2)
b1, p2) = ’
v Ap1ps (p1 T2+ Diew,, W z) Ap1p2(p1 + p2 — Eievm w;)
(4.64)

which is exactly what one finds as the integrand when performing integral over
the loop (3-)momenta in usual flat space scattering amplitude computations with
Sr, = 57, = 0 (See Appendix. [A.7).

Using Eqn. we see that the contribution from a loop site endpoint is the

same as that of Eqn. (4.61]), except instead of G(p), loop site end points will con-
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tribute H(p1, p2). The remaining time integrals are solved with the same algorithm
until one is left with the final time integral, which is just a contact diagram giv-
ing energy conservation. Hence, the (energy-momentum conserving delta function

stripped) flat space correlator is given by the following integral over loop momentum

b,

A= [en( T 7En)( T ) T1 oo )Honm).

aEvertices i€ext legs [B€exchange

(4.65)

where 3 runs over non-loop internal lines. Finally, to see how Eqn. (4.60) modifies
when considering a loop site in a correlator as an endpoint, we have, considering
71, as the endpoint and only retaining terms with highest powers of 7, (and 75) as

before,

L1 9.2
1€V

Di, Fie, () () ( [T G (H) i) ) s

X (TR)Spll,TR+5pl2,TR+2/dTL(TL)_4+RV+(Zi€v5i)+’U+Spll,TL+Sp12,TL+2e’i(zieUwi)’T‘L X

ei(p1,+p1,)(TL—7R)

Fo., (0)Fe, (pn)Fs,, (D) FY (01)0(TR — 71) + (TR < TL)} :

(4.66)

4pl1pl2

SU_bStltU_tng SV = <Zi61} Si) + SplyTL + SplszL and Spﬂ'adj = Spl1v7'R + Spl277R7 we see by

comparing with Eqn. (4.63)) that the above equation is,

Dy

n

= (| )T R 2R SV ()P ()0 (—1) SV ( H L) —AF 24 p gy H Ry +Sv

1€V

x flat space expression Eqn. (4.63)) . (4.67)

and once again the flat space integral is recovered due to Eqn. (4.53). This is a
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crucial step to recover the flat space amplitude from the correlator, since it leads to
these factors being pulled out of the loop integrals.

Similarly, the remaining time integrals in the correlator are integrated until the

final (contact) time integral remains. Inspecting Equs. (4.56)), (4.60]), (4.63) and

(4.67)), we see that the integrand of the final time integral will involve,

1. Factors of H: Every vertex contributes H~*, every exchange contributes
H?, thus we have H—4#V+N+2n+2l  where the total number of vertices is V,
N = >y, (Ry,+Sy;) is the total number of (inverse) spatial and time derivatives
acting on the fields at all interaction vertices, and [ is the number of internal

lines.

2. Factors of 75, : where 7, is the final time. Once again, every vertex con-

tributes 7-4 and every exchange contributes 72, so we have 7 *V T2tV

Integrating over the final power of 7, with e=®77n and keeping the leading singular

term in the limit wy — 0, we find,

lim D, = (Ha+")(—1)”+25v@'"( 1T L )W)(_l)a A (4.68)

wr—0 20.}2 ia+1 wé,’i“ ’

i€ext. ?

where « = —4V + 21 + N + n. This is the flat space limit of the D; part of the
correlator, and it is straightforward to obtain the flat space limit of D, from above.
Since log wy terms are produced from time integrals involving log(7), Dy or A, can
never have a total energy branch cut |4]. Regardless, due to Equs. and ,

the leading singular terms in the limit of wy — 0 of the (unrenormalized) correlator
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are obtained from the flat space scattering amplitude as,

lim D, = (Ha+“)(—1)"+2Sw"—(o‘!)(_l)a< 11 %) (An + (Z n;) log (%)Aiﬁ’) :

wr—0 (in)a+1 icext. i

(4.69)

where ,45;) denotes the coefficient of the divergent term in the O(1/4) piece of the
flat space scattering amplitude. n; = %, —1 for internal modes and measure respec-
tively. Eqn. is the flat space limit of the dS correlator at 1-loop computed
in dimensional regularization. Note that as far as finite non-log terms (NLf) are
concerned, this limit only retrieves the leading singular terms in D;. As pointed
out in Appendix. [A.6], the contribution from Dj also produces NLf, which does not
have any flat space counterpart, since this comes from the O(¢) correction to modes
and measure, which has no analogue in flat space. Also note that in the discussion
above, we have suppressed the ‘+’ notation on this correlator : which refers to the
fact that D, (D, in Eqn. ([£.69)) is a completely time-ordered correlator and has

all vertices below 7 = 0. There is one more diagram (D,

) at n-point having the
same interactions and with the same order of pole at wr, which is completely anti-
time ordered, with all vertices lying above 7 = 0. D, does not require a separate
computation, since it is obtained from D;" by a complex conjugation. Thus the flat
space limit of the full correlator (D" + D;’) is obtained by taking the Real part of
the right hand side in Eqn. (4.69).

It is also worthwhile noting that naively Eqn. (4.53) suggests that an analo-
gous flat space limit should exist for higher loop/loop sites, since the exchange
propagators for the dS correlators and scattering amplitudes are related by factors
independent of loop momenta. However one should be careful since the discussion

above relies heavily on solving the loop integrals by expanding the d-dimensional
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modes about § = 0, and commuting this summation operator with the integral. We
have demonstrated that this method computes logarithms reliably by performing
a cross check with cutoff regularization. It is not immediately obvious that this
method works at higher loop orders, when it would become necessary to consider
O(6?) and higher corrections from modes. Hence it is not clear whether the argu-
ments presented above generalise straightforwardly at higher loops/loop sites. We
keep this investigation for a future work.

Also, the flat space limit above is obtained from dimensional regularization. Of-
course physical answers should not be regularization scheme dependent, however as
previously mentioned, the total energy branch cut is unique to dS : there is no ana-
logue of this branch cut in scattering amplitudes. This branch cut is a consequence
of the time dependence in the background, however it has different origins in the
two schemes: in cutoff regularization, it arises due to time dependence of the cutoff
while in dimensional regularisation it arises from O(9) correction of modes and mea-
sure. Hence the flat space limit of this branch cut is recovered in slightly different
ways for the two schemes. Hence we discuss the flat space limit for correlators being
computed in cutoff regularization below. In particular, the power law divergences
in A arising in cutoff regularized correlators are expected to be absorbed by counter
terms, while the log A is expected to turn into log u after renormalization. The latter
tells us that the coefficient of log(H/A) term in cutoff should match the coefficient
of the 1/6 divergent term in dim reg, which agrees with our calculations of Sec. .
Also, since the contribution of counter terms renormalizing the 1-loop diagrams are
tree level correlators computed with 3-d modes, thus they never produce a log wr,
i.e. all total energy branch cuts are produced in the unrenormalized correlator.
Hence, instead of the term ) ; 1y in Eqn. ([4.69), the flat space limit in cutoff will

take care of all branch cuts, with log(H/wr) now multiplying the coefficient of term
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logarithmically divergent in A : A% Thus for (unrenormalized) dS correlators
and flat space scattering amplitudes computed in cutoff regularization, we have,
N(—=1)~ 1 H
lim D, = (H“*”)(—l)’”*zsﬁn (Oz )( ) ( H 2_2) (-An _ log (—)ASOgA)> .
w

wp—0 e 4 w
( T) i€ext. g T

(4.70)

Note that the flat space limit in cutoff regularization does not recover the finite
non-log parts since a finite piece was dropped from the dS calculation in cutoff (See
discussion below Eqn. (4.24])).

Before we demonstrate the flat space limit with explicit examples computed
with interactions from Eqns. and , we discuss the arguments sketched
above with a simple bispectrum (Fig. computation using derivative interactions

H:

int

= ¢t and H}

int

= ¢3. In dimensional regularization, the loop integrand for the

correlator is given by the time integrals,

0 1 ) )
Ds I/ / Tngem(“”2_p+)+”2(p++w3)d7'2d7'1, (4.71)

—00 —00

while for the scattering amplitude, the loop integrand is given by,
00 Eal
Asz / / eI Wi2mP ) Fim2 (P 4w3) g (4.72)

where overall momentum factors/ integrals, as well as a © (7, —7) piece, are omitted.
We also drop the O(d) contributions involving log(—H7;) term in the correlator,
since it has no flat-space analogue, as discussed in Sec. [4.4.1]

Thus the dS correlator and the corresponding flat-space amplitude differ only by

time-dependent prefactors and by the limit of the final time integral. Performing
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the 75 integral gives,

0 iTwr
D : / <T{5.(6— + (lower powers of 7'1)> dry,
?

—o0 Wws +p+)
0 eiﬁwT
As : —dn. 4.73
’ /—oo i(ws +py) " (4.73)

Computing the final time integral gives,

7! 1
Dy: ——— + .. , A3 = ——6(wr). 4.74
il (ws + py) P i(ws +py) (wr) (4.74)
where ‘..." denotes terms in the correlator subleading in the limit of wy — 0.

The flat space correspondence follows from two observations. First, only the
highest power of 7 controls the most singular energy behavior; for that term fgg ~

T faat- Second, the exponential integral preserves its structure:

T , Tme(l’r

/ 7™M dr’ = (= 7™ x corresponding flat result) + subleading terms in 7,

a
—o0

(4.75)

so at each time integration step, the dS and flat-space results match up to factors
which are time-dependent, but importantly, independent of loop-momenta. After
the final time integral, the dS result yields a total-energy pole, while the flat result
gives a energy conserving delta function, keeping the correspondence intact.

In the following section, we check these relations explicitly with a few example

correlators that have been previously computed in Sections. and [4.3]
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4.4.2 Examples of flat space limit of dS correlators

Below we consider the leading singular terms of the dS correlator in the wyr — 0
limit, and compute the scattering amplitude corresponding to the same diagram to
verify the flat space limit at 1-loop. We will keep explicit all numerical factors, as

well as factors of H and external energies w;.

Diagram 21 The interaction insertions in this contribution are given by ig, ¢*9729; (0;p)
and igs %, hence the total number of spatial and temporal derivatives are given
by N =5. With V =2 I =2 and n = 3, we have a = 4, and for this diagram

3

involving 7 internal modes and 2 interaction vertices, we have ) iny = % —2=3.

Thus, the flat space limit in Eqn. (4.69)) gives

) 4] 1 3 H. &

wr =0 Yr\icias T

To verify this, we compute the corresponding off-shell scattering amplitude in flat
space using dimensional regularization, to get (stripping the momentum conserving
delta function),
wyp |1
A, = 9394/[35/2ﬁ {3 (5 (2520032, + 25%wl, — 3ws — 3wf2) — 684)

+ <1052w§ — 35t — 15w§) log (s + w3) + <1032w%2 — 35t — 15wf2> log (s + w12)]

+ finite, (4.77)
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while the terms of the unrenormalized dS correlator leading in the limit wy — 0,
including O(0) corrections coming from modes and measure, is computed to be,
w HT 1 3 H
D, w20, 02T 104 Slog— b 5( — 25%w? — 252w, + 3w
Jagalt 160w wiwiws | |6 2 & wr ( 3 12 3

+ 3wiy) + 684) + ( — 105%w3 + 3s* + 15w§‘> log (s + ws) + ( — 10s%w?, + 3s*

+ 15w112) log (s + w12)} + NLf, (4.78)

where NLf denotes non log finite functions from D, and Ds, and the finite contri-

bution from Dy, given by,

7

D —35/2 H 4 2 2 3 2 3
NLf = —gsgapt / 4800w1w§w§w% (2765 + 50( — 85°w3 — 35°ws + wlg( — 8s%wig — 38

"
+ w?, <3$ (3 + A) + (9 — 9im)w; + (9 — 9m)wg) ) + 9swi + (9 — 9im)ws) ),

Wi — W3

(4.79)

is related to the finite piece in the scattering amplitude of Eqn. (4.77) via the
flat space limit. Note that the unrenormalized dS correlator features unphysical
logarithms, which will only be corrected once contribution from counter terms are
taken into account, after which the branch cuts are arranged to give log(£f42),

wr

log(%) and log(%), as in Eqn. (4.35)) (which includes the subleading pieces).

Clearly, comparing Eqns. (4.77)) and (4.78]), we see that the flat space limit in
Eqn. (4.76]) is satisfied.

Diagram 31 This diagram could only be computed in cutoff regularization since
the angular dependence coming from the vertex factors becomes intractable in d-

dimensions. The values of N, V., I n,«a remain the same as in the previous case
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(Diagram 21). Thus the flat space limit in Eqn. (4.70]) gives,

!
lim D, = —H74—5< 11 %) <An — log (E)AQOW) . (4.80)

wr W\ ié1ag < wr

To verify this relation, we compute the flat space scattering amplitude corre-
sponding to this contraction in cutoff regularization. Since the cutoff A is now time
independent, it is possible to perform the time integrals before the momentum in-
tegrals. This is done to avoid taking fourier transforms of complicated functions

arising from the loop integrals. The calculation is then straightforward and gives,

W12

96

A, = 9394 [ —log(A) (52w3 — 2wy — 3w§ + 3wi’2) + w3 (32 — 3w§) log (s + w3)

+ wiz (Bwl, — 52) log (s + wio) ] + finite, (4.81)

while the unrenormalized dS correlator leading in the limit wr — 0 computed in the

cutoff regularization is given by,

w H’ H
D, 220 325?5.12w2w5 [log (A_wT) ( — s2ws + sfwip + 3w — 3wf2>
3Wp

+ wia (5% — 3wiy) log (s + wia) — ws (s* — 3w3) log (s + wg)} + NLf. (4.82)

Once again, comparing Eqns. and , we see that the flat space limit
in Eqn. is indeed satisfied. Note that the NLf part of the correlator we
compute does not contain all finite non log terms of the correlator (since we drop
a few terms in the integrals which are not expected to produce logs; see comments
below Eqn. (4.24])). However, even with the full NLf explicitly computed, we do not
expect any flat space limits for these non-log finite terms to exist. This is because, as

previously discussed, there is additional time dependence of the cutoff in dS, which
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has no flat space analogue. We leave this explicit check for a future work.

3-vertex Bispectrum at 1-loop We now check the flat space limit of the con-
tribution to the bispectrum in Fig. [.2] obtained by three interaction insertions of
g390;p0~20;¢p. This interaction has 2 temporal and spatial derivatives alongwith 1
inverse laplacian operator, thus N = 6 including all three vertices. With V' = 3,
I =3, n =3, we have « = 3, and with 3 vertices and 9 internal modes, we have
> Ny = g -3 = % We will compute this dS correlator (and the corresponding flat

space scattering amplitude) in dimensional regularization, thus the flat space limit

of Eqn. (4.69)) gives,

| 1
lim D, = —¢H63—;1( 11 i) (An + §1og (E)Aﬁf)> : (4.83)

2
wr—0 Wy 123 2w; 2 wr

The 3-vertex flat space scattering amplitude computed with these interactions is

computed to be (stripped of momentum conserving delta function),

)
3s* —p3) (ps +
+ (632 _ wg) WT> i (( s° —p3) (ps wlz)wT) log (ps + 8) — ((352 _ W?Q))
P3 — Wiz
2p3 (ps + ws) (Wi, — 3s%)
P3 — Wiz

3
_36/2, $5wy cos O, {1 (2 9 9
= | 2p3 (657 + w3 (w12 — w3)) + pswr
48ps (ps + ws) (ps + wi2) ( ( )) 3

(2p3 + wr) ) log (s + ws) + log (5 + wi2) } + finite,

(4.84)
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where cosfy = ki - k3, while the leading singular terms of the unrenormalized dS

correlator, including O(J) corrections from modes and measure, is computed to be,

D wr—0 g3 lu—35/2 HGSSC&]C |:(WT (p2 —+ 682 — w2)
" 3 64pswiwsws (ps + ws) (p3 + wiz) Wi ’ ’

+ +w 1.3 f (p3 — 35°) (ps + wi2)
2p3 (657 - 4+ 2] 3
" ( ’ s (2 wg)) ) (5 2 o8 WT) b3 — W12
2ps3 (p3 + ws) (Wi, — 3s?) log (s + wi2)

W12 — P3

wr log (ps + $)

- (w§ — 332) (2ps + wr) log (s + w3) +

+ NLf, (4.85)

where NLf denotes non-log finite terms, and the piece coming from Dy, given by,

H®s cby < (4p2 + 1857 — 3 402)
wr (4p 5% — 3swz — 4w
192psw?waw? (p3 + ws) (p3 + wia) wh s ’ ’

+ D3 (3682 — 33w12 + w3 (—38 + 80)1 + 8&)2 — 8(,03)) ) s (486)

is related to the finite piece in the scattering amplitude of Eqn. (4.84]) via the flat
space limit. Also, the unrenormalized correlator features unphysical logarithms,
which are corrected once the correlator is renormalized, and the branch cuts re-
wr “wr wr
Finally, Eqns. and can be compared to see that the flat space limit
of Eqn. (4.83)) is satisfied.

arrange to give log (m), log (S+p3), log (M) and log (%), as in Eqn. (4.44]).
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Chapter 5

Conclusion

In this thesis, we explored the analytic structure of cosmological correlators at
1—loop. We explicitly computed the bispectrum at one loop in the decoupling limit
of EFTol, highlighting the significance of renormalizing loops to observe cancella-
tion of unphysical logarithms. We then derived diagrammatic rules to obtain the
singularity structure of cosmological correlation function at 1-loop. These rules by-
pass computation of beastly integrals to obtain the poles and branch cuts produced
in a loop diagram, by simple identification of certain subgraphs and the external
energy flowing through them. These rules are valid for any n-point correlator at
1-loop with bubble topology (2-loop sites), which is late-time (7p — 0) and IR fi-
nite. Additionally, we identified the logarithm of total energy is a feature of off-shell
correlators in de-Sitter, stressing that this branch cut is present regardless of the
regularization scheme. Importantly, we find that in a renormalized correlator, the
produced branch cuts always repackage themselves into dilatation invariant forms
of logarithms at ratios of comoving scales.

We then studied the 1-loop correction to the bispectrum in slow-roll inflation in-

volving non-local interaction terms arising from the ADM formalism. We find that
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the analytic structure of the 1-loop inflationary correlator obeys the diagrammatic
rules previously derived in [4], exhibiting poles and branch cuts along the negative
real axis in the complex external-energy plane. Finally, we examined how flat-space
scattering amplitudes are encoded in the total-energy singularities of loop-level de-
Sitter (dS) correlators, clarifying several subtle aspects of this correspondence. In
particular, we observed that each branch cut of the dS correlator arising from the
leading wr — 0 singularity has a counterpart in the flat-space scattering ampli-
tude—except for the total-energy branch cut, which has no flat-space analog, since
this branch cut is a consequence of the time-dependent cosmological background.

The following questions remain open for future investigation:

e This thesis only considers one loop bubble diagrams. The natural generaliza-
tion of this work is to investigate how the rules presented in Sec. and the
arguments of Sec. generalize to diagrams at higher loop or larger num-
ber of loop-sites. The main difficulty in going beyond such 1—loop, 2—site
diagrams is that the integral measure for evaluating this type of functional
is significantly more complicated than the ones found in Feynman diagrams
(see for instance [130]E[). While some progress has been made for the triangle
diagram (the simplest extension beyond bubble topology) in flat space [123],
the analogous computation in de Sitter is substantially more challenging and
no results have been obtained so far. The technical challenges of generalizing
beyond bubble topology arises due to a significantly more complicated space of
functions involving (integrals of) hyper-elliptic integrals, as well as corrections
from time dependent background, such as O(0) corrections in dimensional reg-
ularization and time dependent regulators in cutoff regularization. However,

as a non-trivial check, we test our rules on the triangle diagram in the soft

'For progress on the triangle wavefunction, see [101} [131].
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limit (See Appendix |A.5]) and find that our results hold.

It would be interesting to see if correlators of fields with arbitrary mass and
spins obey the same rules presented in our work. The obvious difficulty with
computing correlations in these cases is obtaining analytic expressions with
Hankel functions, although some progress has been made in this direction

[132] [133] [134] 94 93, [135), [136] [137].

Our computations for the in-in correlators with dim reg relies heavily on ex-
panding the integrand with an asymptotic series before doing the integrals,
computing the integral over each term of the series, and then summing it all
up. However, it is not immediately obvious that the series expansion commutes
with the integrals. Nevertheless, obtaining analytic expressions for correlators
under dimensional regularization without resorting to these asymptotic ex-
pansions is very difficult, which is the main reason why this technique is often
employed in the first place. It would be nice to understand the subtleties of
this procedure: for instance, whether we always get log(wr) corrections as
anticipated from our arguments in section [3.3.1} However it is worthwhile to
note that these logarithms arise in cut-off regularisation as well, hence pro-
viding a robust cross-check to our results. It is also crucial to investigate the
implications of the modifications to the analytic structure introduced by the
loop corrections on unitarity and causality, or whether some of these branch

cuts are secretly spurious.

There exists another dimensional regularization scheme where d-dimensional
mode functions are used without analytic continuation of the mass (so for
345

instance, the mode function for a massless scalar would be 772 H?% Ls(kT)).

Expanding this mode function in § gives additional contributions (see Eqn. (46)
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in [2] for instance). At one loop, these do not contribute to the logarithmic
running and hence the results from this regularization scheme agrees with ours.
It would be nice to check what happens at higher loops in this scheme, and

whether results from the two schemes agree at higher loops as well.

Finally, it will be interesting to see if these rules imply a simple way to boot-
strap the kinematic dependence of one loop correlators of ¢ (curvature pertur-
bation) for full inflationary theory. Using the one loop bubble diagram as an
example, we know the type of transcendental functions which can arise from
the momentum integration[114, 101]. From our work we understand the loca-
tion of possible branch points, which in turn fixes the possible arguments of
the transcendental functions. It would be interesting to see if we could apply
physical constraints such as unitarity [33] 35|, 36, 138, [139] and locality [32]
to fix all possible forms of one loop correlators in the same way as tree level

wavefunction 31} 92].

In Chapter [4 when regulating loop divergences with cutoff regularization
scheme, we encountered late-time logarithmic divergences multiplied by power-
law divergences in the cutoff scale A. These divergences should cancel upon
renormalization—consistent with the fact that the corresponding contractions
produce no such divergences in dimensional regularization. It would be inter-
esting to explicitly demonstrate the renormalization that removes these terms.
Also, a detailed analysis of handling IR loop divergence in correlators in the

context of non-local interactions is left for a future work.

It would be interesting to determine whether flat-space limits exist for corre-
lators beyond the 1-loop level. Our derivation of the flat-space limit at 1-loop

relied on expanding the dS mode functions, which allowed us to relate the
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leading terms of the dS propagators to flat-space propagators via factors inde-
pendent of the loop momentum. However, interchanging this series expansion
with the loop integrals in our dimensional regularization scheme is subtle, so
a cross-check with a cutoff regularization is needed to verify that this method
accurately captures the branch cuts. It also remains an open question whether
our dimensional-regularization approach can reliably compute branch cuts at
higher loop orders, which would pave the way for a straightforward general-

ization of flat-space limits to multi-loop correlators.

In [33], a flat-space limit was formulated at tree level in which a partial energy
(external energy injected into a subdiagram) is taken to zero. The resulting
correspondence involves more complicated factors than in the wy — 0 case
and depends on the exchange momenta. It would be worthwhile to investigate

whether a similar partial-energy flat-space limit exists at loop level.

The analytic structure of correlator graphs are slowly emerging as simpler than
their wavefunction counterparts [105, 137} [140], due to the difference in their
integration regimes and boundary conditions. This warrants an investigation
into the explicit map between wavefunction coefficients and cosmological cor-
relators, in the theory with derivative and non-local interactions of massless
scalars considered in this work. Such a map would make explicit which branch
cuts in the correlators arise from classical / quantum loops of the wavefunction
coefficient, as well as shed light on the simplifications in the correlator due to

cancellations when summing up wavefunction contributions.

The canonical differential equation (DE) framework provides a powerful ap-
proach to studying loop corrections to flat-space scattering amplitudes. It

is then interesting to investigate whether a similar framework could stream-
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line the evaluation of cosmological loop correlators. While such an approach
may offer conceptual insight into the analytic structure of cosmological loop
diagrams, we expect several obstacles to a direct implementation of this frame-
work in the context of cosmological loops. First, the identification of a family
of cosmological in-in integrals, that closes under integration-by-parts identi-
ties, has not yet been explored, and it is not clear apriori whether such a
closed system should exist. Moreover, in flat space loops, Lorentz invariance
restricts amplitudes to depend on only a few kinematic variables (the Mandel-
stam invariants) resulting in a compact DE system. Cosmological loop inte-
grals, by contrast, depend on multiple independent external momenta as well
as the structure of the time integrals, so any associated differential-equation
system would be considerably larger than in flat space. Furthermore, beyond
the simplest “two-site” topology at one-loop, the integrals already cease to
be poly-logarithmic, even with simple local (¢" or (J¢)™) interactions. With
higher loop sites, and at higher loop orders, the complexity of cosmological
integral quickly worsens with iterated integral of hyper-elliptic curves. These
features are expected to make a systematic construction of a closed DE sys-
tem, and hence a canonical form, substantially more involved than in flat-space

quantum field theory.

Our analysis is performed in the single-field slow-roll setup, involving mass-
less de Sitter mode functions and late-time finite interactions. In this regime,
the diagrammatic rules tested in our work reliably identify the singularity
structure of loop correlators, without requiring explicit computations. These
rules follow directly from the integral structure of the in-in correlators in a
model-independent way. However, in scenarios that significantly depart from

slow roll, such as models with a transient ultra slow roll (USR) phase relevant
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for primordial black-hole production, the mode functions can be qualitatively
more complicated, with interactions that lead to secular growth in these cor-
relators. This makes the question of perturbative control substantially more
delicate. Our present work does not address these complications directly, and
it remains to be understood how to tame such late time divergences in beyond-
slow roll inflationary scenarios. We leave the generalization of the diagram-
matic rules framework to such non-attractor or PBH-motivated scenarios for

a future work.
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Appendix A

Appendix Title

A.1 Loop Momentum Identity
Here, we compute momentum integrals given by
Dy (ki) = /ddﬁlddﬁz Q(p1, pa, {k:})0" (71 + pa — Ks) (A1)

To evaluate this, we note that Eq. (A.l) can be rewritten, by carrying out the

integral over py using the delta function, as follows

= /ddﬁl Q(Pb ’/;3 —171’, {kz}) = /pclllQ(Pb ’/;3 —171’, {kz}) dp,d§2g,

= /pill Q(pl; ’/;3 — ﬁ1’7 {kl}) dpl Sil’ld72 61 SiIldi3 92 sin Gd,Q d01d92d9d,2d¢,

(A.2)

where ¢ is the azimuthal angle and 6,’s denote polar angles. If /%3 is chosen along
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axis with respect to which #; is measured, then

ks — pi| = \/kg + p? — 2k3p; cos by = ps

k
or, “PLgin 0,dfy = dp,
D2

Thus, a variable change from 6 to ps in Eq. (A.2)) gives us

P 2D,
= / lk Q(p1, pa, {ki}) sin™3 0, dp1dpadQy_y
3

P py
= Sd—Q/ lk Q(p1, 2, {k:i}) sin® 0 dpidps (A.3)
3

2,2 2\2
where S;_, is surface area of a (d—2) - unit sphere, and sin 6; = \/1 — (%)

. Defining p, = p; + p2 and p_ = p; — po, we get

/ &5 ds Qpr, pa, (k1) By + s — F)

S_ 00 ks d—2 o
2 [Cap [ ap w0 Qo (kD). (A)
k3 —ks3 3

The factor of sin® 26, was dropped in [36]. While it does not contribute to the
O(%) divergent terms in the correlator, it does give finite contributions and hence is
important in determining the shape and pole structure of the correlator away from

the equilateral limit.

A.2 Computation of D, for Diagram I

Here we explicitly compute the O(J) contribution from mode functions and scale

factors for the diagram with time ordered vertices in Fig. [1.3] The integral is given
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1 . = p1p2
Dy = k;) dpydipy —=6(1, + I A5
2= 00 () - HM2> s | 4 (h+h).  (AD)

where [; and I5 are the integrals with time orderings 7, > 75 and 75 > 7y respectively,

0 T
1 ) ) 1
[1(/%,]9]') :/ dTl/ drs eik12+p )72 i(kz—p1)T1 (ilOg(—Hﬁ) +10g(—HT2))
= ]Tl (kivpj) + 172(]%,]3]')
(ki,pj) / dTQ/ dr, etFrz=pr)m2gilkatpi)r ( log(— H71)+log(—HTg)>

= 13" (ki,pj) + 13% (i, pj) (A.6)

where we refer to the terms having log dependence on the time integrated from
—oo to 0 as I{'(k;,p;) and I3*(ks,p;), ie., log(—Hm) in I[; and log(—H™) in I
respectively. Next, we consider terms having log dependence on the time being
integrated from —oo to 7y(9), and call them I7*(k;, p;) and 15" (k;, p;), i.e., log(—H,)

in I; and log(—Hm) in I5 respectively.

e From I{' and I5?, we get functions of py, k12 and ks, plus terms dependent on
log k7 . The former gives a % divergent term after the loop integrals, inde-
pendent of logarithms, hence giving a finite contribution to Dy. The log term

gives the following finite contribution to D, after performing loop integrals,

9394 Z k‘ - kg(kl + kQ)(kg - 2]€1 — 2k2) 3 1 H ‘ (A?)
. <—HM2> klek ]{fT

e From I and IJ', we once again get functions of ¢, k2 and ks, and a log kr

term. Additionally, one also gets terms dependent on log(p; + ki2) and
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log(py + k3) for I7? and IJ' respectively. However, upon p_ integration, the
p+ dependence of the result
ph (% — k) 21og (p + 22)

~ , (A.8)
(P4 — k12) <p+ + %;) °

vanishes in the limit p, — oco. Thus the contributions from such terms to Ds

are of O(6), and vanish when d — 3.

The remaining log independent terms give a finite, log-free contribution to D,

and the contribution from log k1 terms after performing loop integrals is the

same as Eq. (A.7)

Hence, summing the contributions, we have

- 0 ky(ky + ko) (ks — 2k — 2k») H _
Dy = gsga (Y _ ki) ( HM2>5 F kol 3log ( 7 | + finite.
7 — ol

Adding this to Dy gives Eq. (2.19)

A.3 Computation of O()) terms containing log (—H7)

In Appendix [A.2] we showed explicitly that Dy can be computed by pulling the log
term out of the integrals and substituting 7 — 1/k7, along with some finite terms.
In this appendix, we show that this is also true for the D, contributions for all
diagrams computed in Sec.

Note that Dy is given by the same integral as D; with an additional factor
of log7. To compute this contribution, one would need to evaluate up to three

time integrals, with logarithms dependent on any of the time vertices. The explicit
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computation of Dy will be lengthy since each such integral can have various time
orderings. Instead, let us take a look at the general structure of these integrals.
For diagrams with a cubic and a quartic interaction, the time integrals have the

form,

0 T
/ dﬁ/ dry T Jog (-HTl(g)) , (A.10)

where a + b = kr. In the integrals we compute, (m,n) take the values (2,2), (2, 3)

in Equs. (2.24), £.23), [2.26), and (2,4) in Equs. (2.17), (2-24), [-23), [2-26). The

log acts on 11 or 75 . For three cubic diagrams, the time integrals are of the type

0 it T2
/ dﬁ/ dTg/ drs 'y T5e" " ™€ log (—HTi(23)) (A.11)

where a + b+ ¢ = kp and m,n,l = 2 for our computations. The log acts on 7,7 or

T3.
e Integrals with log (—Hr;) : Performing the integral over m, for Eq. (A.10))

(and over 73 for Eq. (A.11])), we are left with

0
/ dm Tf”‘eikT“g(ki,pj,ﬁ)log(—Hﬁ) , (A.12)

— 00

where ¢ is a polynomial of 71, with coefficients depending on k; and p;. Such

integrals evaluate to the following,

f1(ki, pj) + log (g) fa(kips), (A.13)

where f1(k;,p;) is a finite term and fo(k;, p;) is the result of the time integrals
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evaluated without any logs.

Integrals with log (—Hrs) : Evaluation of 75 integral in Eq. (A.10) (and 73
integral in Eq. (A.11])) gives the following sum of exponential integral functions

(Ei) and polynomials in 7y,

0
/ dry T "Ei[i(b+ c) 1] g1 (ki py) + €O Mgy (ki pj, )

—0o0

+ €i(b+c) m 10g T gg(k}i,pj, T1>} s (A14)

where g, and g3 are polynomials in 7, and g; is a function of k; and p;. Upon
evaluation of this integral, the first and second terms give some finite functions
of k; and p;. The first term also gives a log term of the form log (ﬁ)
There are however no additional log contributions from this piece since it
converges as p; — o0, which implies this contribution dies at 6 — 0. This was

the case for e.g. in Fig where the functional form of the extra log term

in Eqn. was such that the loop integrals were convergent.

It turns out that the function g3 is the result of 7,75 time integrals performed
without logarithms. Thus the third term in Eq. (A.14) has the same structure
as Eq. (A.12), and hence the result will have the structure of Eq. (A.13]).

Integrals with log (—Hrs) : Evaluation of 73 in Eq. (A.11) once again gives

a sum of exponential integral functions and polynomials of 75,

0 T1 )
/ dTl / dTQ T{nT;{El [iCTQ] hl(kiapj) —I— GZCTI hg(k)i,pj, 7'2)

+ 61'072 log T2 hg(l{?i7pj, ’7'2)} s (A15)

where hy and hsz are polynomials of 75 and A, is a function of k; and p;.
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The second term gives some finite non-log contribution when the remaining
time integrals are carried out. The 7, integral on the first term having exponen-
tial integral yields some finite answer along with more exponential integral(s),

both of which give non-log finite contributions upon performing 7, integral.

kr
p++ki12

The latter however also gives a log ( ), which goes to zero as 0 — 0 and

does not contribute any additional logs, since this term is finite at p, — oo.

The third term in Eq. (A.15) has the same structure as Eq. (A.14)), as the

function hg is the result 73 integral performed without the log. Hence this

evaluation will once again give the same structure as Eq. (A.13)).

Hence we conclude that in all our computations of O(d) correction terms, Dy is

given by

H
~ §log (k_) D, + finite. (A.16)

T

A.4 Scale Invariance

In flat space one of the main features of dim reg is that it preserves the symmetry of
the theory (namely Lorentz invariance and gauge invariance for gauge fields). This
is one of the main advantages of using dim reg in flat space over other regularization
schemes such as cutoff regularization. However from the examples in [3] as well as in
section |3.1.2 we noticed the unrenormalised correlator features logarithms of ratios
of comoving momenta and physical renormalization scale p. Aside from issues with
secular divergences mentioned in the introduction, this raises another problem: we
expect scale invariance to be a symmetry of the theory, and one may worry if dim
reg in de Sitter will violate this. In this Appendix we provide clarification on this

1ssue.
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“Scale invariance” may refer to a number of things. The first one is the following:

(A1, A1) (A2, AT2) ... p(Axpy, ATy)) = (@p(21, T1)D(22, T2) . .. d(Xp, Tn)).  (ALLT)

This one always holds as long as the spacetime is well-approximated by de Sitter,
and we will not discuss this further.
Cosmologists commonly use scale invariance for a stronger condition: for late

time correlators, i.e. 79 — 0, we have

(0A21)d(A22) .. d(Awn)) = (D(21)@(2) - - D)) (A.18)

This is a special case of the usual notion of scale invariance in CFT. In cosmology
we focus on correlators for massless scalars in d = 3 at late time, and in this regime

massless scalars can usually be decomposed into the following:
d(x, 70 — 0) ~ Op—o(r) + 700a—3(7). (A.19)

Since only A = 0 survives in the late time limit, demanding scale invariance in the

usual CFT notion yields (A.18).

However, these notions do not always coincide, especially if we work in dim reg.
In our version of the regularization scheme we modified the mass such that the order

of Hankel function is always a half integelﬂ. For massless scalars this implies:

(x, 70 = 0;0) ~ 70205 _s (2) + 7 P Op Ly 5 (). (A.20)

In our text we are implicitly computing correlators of O,_s, since we have always
2

f we follow the regularization scheme presented in [2] the CFT notion of scale invariance
always coincides with the cosmology one: assuming the mode functions are normalized properly,
we always have A = 0 in their scheme, and (A.18]) always holds.
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stripped off factors of 7§ in our computation. This means for our expressions, the

correlator scales like the following if we consider the CF'T notion of scale invariance:

(p(Ax1)p(Ax2) ... p(Axn)) = N2 (p(x1)p(z2) . . . D). (A.21)

The correlators scales as (A.21)) instead of (A.18]), and this is what people usually
mean when they say scale invariance is broken. We refer to the condition (A.21]) as

“CFT scale invariance”.

Fourier transforming (A.21)) gives,

(d(AkD)D(Aky) . . G(ARn)) = A DF 26k ) b(ks) - .. d(Kn)), (A.22)

where the prime indicates the momentum conserving delta function have been
stripped off.

As an example let us consider the bispectrum from a contact diagram mediated
by g¢? interaction, and we take d = 3 4+ 8. A straightforward calculation leads to

the following:

29T (3 + 2)

Bs(ki, ka, k3) = (d(k1)d(k2)d(ks))" = W (A.23)
Under scaling, we have the following:
Bs(Mk;) = A% By (k). (A.24)

which indeed scales as (A.21]) and therefore is CFT scale invariant. Importantly this
is true regardless of the value of § as well as A: there is no requirement that 6 — 0,

and A can be as large as we want.
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Should we choose to expand everything as an asymptotic series in § things become
much harder to keep track of. If we expand (A.23)) as an asymptotic series in 9, we

obtain the following:

g 1 ‘
Bs(k;)) = ———= |1 — 0= log(—1k U I A.25
3( ) 4k1k2k3k% 2 Og( ? T) + ( )
Under scaling transformation we have:
1

The additional log(\) term, despite appearances, cannot be used as indication of
CFT scale invariance being broken, and the reason is as follow: expanding as
an asymptotic series in 0 yields exactly at O(9), therefore expression (|A.25))
is still consistent with scale invariance for d = 3 + §. Checking full scale invariance
requires keeping every single term in the expansion in ¢ and properly resumming

them, and this is not practical in loop calculations.

A.5 Soft limit of the Triangle

The correlator becomes significantly more challenging to compute once we go beyond
2-site case. To probe how our rules would generalize, we inspect the structure of
the triangle diagram (Fig7 with one of the legs soft, using ¢? interactions.
Naively, the computation looks very similar to the ones performed throughout this
work, however the additional time vertex produces significant complications. To
start with, handling the d- dimensional phase space integrals is significantly more
difficult. Hence we compute this diagram in cutoff regularization. In cutoff, the

limits of the loop integrals are time dependent, and there are 6 cases to be computed,
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corresponding to the 3! time orderings in this diagram. Since these computations
are lengthy and tedious, we only compute a few of these cases, and we find that
the singularities arising agree precisely with what our diagrammatic rules give, as is
shown below. We defer a more rigorous study of the triangle diagram, and 1-loop

diagrams involving 3 and more sites, for a later work.

w4 w3

T
P1 z P

T1 T3

P2

Figure A.1: The triangle diagram with one leg soft (denoted by the squiggly line)
and gs¢® interaction.

Without loss of generality, we consider the soft leg to contract with 7. Consider

the time ordering 71 > 75 > 73, which corresponds to the following integral,

0 m(1+4) 1+ —HLT3 s+p1
~ / dn / dry / drs / dp / dps , (A.27)
o —o0 —o0 0 ls—pu]

evaluated over the integrand (M) em(wi=p1—p2)gims(w2p14p2) - and there is no
exponential in 75 due to being sandwiched between the other two time vertices. The
loop integrals will be performed first since the cutoff is time dependent.

Consider the regime of p; < s. Evaluation of p, integral, due to the exponential

terms, would pull out factors of 7 — 73 in the denominator,

s+
/ ’ dpz ~ —— F1(8,p1, Ty wy ) e @179 gimalsten)
s (7'1 — ’7'3)3 J

—Dp1

+ f2(s’p1’ Ti, wj)ein(w1—s—2p1)6i73(s+w2+2p1)) ’ (A.28)
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where f; and f; are polynomials in their arguments, the exponentials in the first and
second lines arise from the lower and upper limits of the integral respectively. The
former does not have p; dependence, however the latter would pull out additional

factors of 7y — 73 in the denominator, i.e.,

s 1 ) . . )
/ dpl ~ - (fg(S, T, wj)ezn (w173s)€z7'3(35+w2) + f4(8, T wj)e'rrl (w18)61T3(8+w2))
0 (11— 73)

(A.29)

where f3 and fy are again polynomials, and the exponential in the first (second) term
is produced from the lower (upper) limit of the integral. However the exponential
in the first term would cancel from the contribution in p; > s regime, since in this
regime this same exponential would be produced from the lower limit of the integral,

hence leaving us with,

-~ /dTldTQd’Tg f5(57 T’i:wj)ei’rl(wl—s)eim(s—l—wg) ) (A30)

(11— 73)°

Now, since integrals of the type

1 : .
/dm—e’(by”x) = — YR —ja(y — )], (A.31)
y—x

produce Exponential Integral functions, it is straightforward to see using integration

by parts, that evaluating 73 integral in Eqn. would produce three kinds of terms

e Polynomials in 7; and w; multiplied to 7™ Ei [z (wo+s) (2 (E+1)—m7) } :

e Polynomials in 7;, w; and 1+ £, multiplied to exp {i(TQ(HJrA)(“’QZSHATl (“’15))] .
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e Polynomials in 7;, w; and 1 + %, multiplied to,

i(mo(H + A) (wg + 8) + A1y (w1 — 8))

A }(7_2%_7_1)5‘

exp

The second term is a simple exponential, hence upon evaluation of the rest of the
time integrals, it produces finite terms alongwith power law divergences in A, and
no logs. The 7, integral on the first term evaluates to exponential and exponential
integral functions in 77, however this does not produce any logarithms since the
coefficient scales as 1/A for large A. Finally, since the coefficient of the last term

scales as A%, using Eqn. (A.31)) and the following identity,

0 .
/ dre”" Eiliar | = w, (A.32)

—00

we see that evaluation of the remaining time integrals will produce,

Io wo(H + A)? + Hs(H + 2A) + w A?
& H(H + 2A) (wy + s) ’

alongwith other non-log finite terms and power law divergences in A. In the limit

of A — oo, the final answer corresponding to this time ordering is given by,

_ (2wis® + 2w3s® — Bwiwas® + bwiws — 15wiws 4 Swiws — s) | (w1 + wa) A
B 8 H (wg + s)

(A.33)

Since this diagram is identical under switching of 7, and 73, the computation corre-
sponding to the time ordering 73 > 79 > 77 is exactly same as the integral described

above, under w; <> wsy, hence producing log (A/H) , log (wl + wg) and log (wl + 3).
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The argument for the computation of the time ordering 7 > 73 > 7 is similar,
however it is more involved due to the presence of exponentials in 75, which lead
to additional poles (i.e. ~ 1/(7 — 72) and 1/(7y — 73)). We skip the details of the

evaluation, and state the final result,

 (wis® 4 wi (7s® — 18w3) — 3wy (dwes® 4 wh) + 15wiw, — 6s?) log {(wl + wy) A}
B 8wS, '

Once again we find the answer for the case 73 > 71 > 7, under 7 <> 73 and w; < wo
in Eqn. , to produce log (A/H),log (w1 + wg) and log (w1 + S).

Thus in the cases we compute, we find logwyr, log(w; + s) and log(ws + s). The
first is, as we discuss in detail in Sec. a feature of de-Sitter correlators. The
second and third logarithms are precisely what loop-subgraphs produce from the
diagrammatic rules. No other logs are produced, which agrees with the fact that
the triangle diagram of Fig. does not have any left- or right-subgraphs. Hence we
find the triangle contribution in the soft limit to produce branch cuts which agree

with our diagrammatic rules.

A.6 Evaluation of integrals involving log(—H7)

It was shown in [3], for interactions taken from the Goldstone action of the EFT of
inflation, that Dy, which is the integral involving O(6) corrections from the modes

and measure, is simply evaluated by pulling the log(—H7)’s out of the time integrals

1
kr’

by substituting 7 — while the rest of the integral is simply D;, yielding the
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relation in Eqn. (4.13). In particular, integrals of the type,

0 1
/ dﬁ/ dry 775" € ™ "™ log (—HTi(2)) (A.35)

with a 4+ b = wr, involve two cases. The first is when considering log(—Hy) in the
integral; this case is straightforward since the integral over 7, is evaluated as in Dy,
and evaluation of 7 integral simply gives (—d logwy) multiplied to Dy, alongwith
non-log finite (NLf) polynomial functions. The second case considering log(—H»)
is slightly more involved. The evaluation of 75 integral now yields Exponential
integral (Ei) functions of 71, alongwith a log7; term. The latter is evaluated quite
easily following the logic of the previous case, once again producing (—dlogwy)

multiplied to D; and NLf. The Ei functions, however, produce terms of the type

log <pfim) (where = depends on external energies). However in [3] it was found

that these terms are finite for large p,, thus they do not contribute to additional
branch cuts since they vanish when ¢ is taken to 0. This was a consequence of the
simple structure of the interactions, resulting in the lowest power of 7 to be ~ 4
(i.e. m,n = 2). Larger powers of 7;’s in the integrand pull out more factors of p,
in the denominator when the time integrals are computed. It turns out that ~ 74
suffices to produce a finite integrand for large p., despite having an overall ~ p?
dependence coming from modes, and another ~ p% coming from the phase space
integrals. In particular, it can be shown that a ~ 72 or larger power is required for
the extra logs to vanish. However, in our case we see that the time integrals fail
to pull out enough powers of p; in the denominator to counter the factors of p,
coming from vertex contribution, modes and phase space integrals. This means that

the extra logs can produce non vanishing contributions and must be handled with

care.
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Let us study a concrete example to demonstrate the above. We compute the con-
tribution from Dy to Diagram 21, whose D; contribution was computed in Sec. [4.2]

The loop integrand has the structure,

~ (p+ =) (p- +pe)* (02 — %) (5" = p})) /%
0 1
|:/ d7'1 / dT2 f((,di, 71, 7'2) el(wLip'F)Tl €l(wR+p+)72 10g<—H7'1(2))

0 T2
+ |:/ dTQ/ dT1 f(wi,ﬁ,rg) ei(wL+p+)7'1€i(wap+)72 log(—Hﬁ(g)) s (A36)

where f is a function of external energies and 7;, and the dependence on py,p_
in the first line arises from modes (~ p1ps) and phase space integral. wy and wg
is the external energy entering the left and right vertices (7; and 7, respectively).
Notice that the vertex factor does not contribute additional factors of p, in Diagram
21. The terms in f = Y, fO7" 7} are dependent on time as (m = 2,n = 0),
(m=2mn=1), (m=3n=0), (m=23n=1). We will only focus on the first
term, since the others are finite in the large p, limit, hence vanishing when 6 — 0.

For the 71 > 7 piece with log(— H 1), as well as the 75 > 71 piece with log(—Hs),
the integral is straightforward, resulting in (—dlogwy) multiplied to D; alongwith
NLf. The 7, > 7 piece with log(—H7s) and the 75 > 71 piece with log(—Hy),
however, also produce Exponential integrals (Ei) when the first time integral is

carried out,

T1 ) ) 2 —iTl(p+—wL)
/ dr WL =p)T1 i (wRr+P4)T2 7'12 lOg(T2> = e Ei [iTl (p+ + wR)] + ..,
—00 D+ +Wr

P e irtp I ien P 2] 2i€_i7'2(p+_wR)E
T e"WLTPHTUWRTPHIT 2 |0o( 1) = —————FiliT +wr) |+ ..,
/_oo 1 1 log(m1) CETBE [im2 (P4 + wi) |

(A.37)

where ... represents terms involving log(7) multiplied to a polynomial which is
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exactly equal to the result of the first time integral performed without the log, thus
the result of the final time integral follows the case of 71 > 7 with log(—H).
Evaluation of the final time integral over the Ei function gives logarithms with

p4 in the arguments,

0 2 it (py—wr) 2log (“LJF—“’R)
1T e T P+twR
dr — EiliT +w = + ...,
/oo ' D+ + WR [ 1P R” (wp —py) 3 (P4 +wr)
0 . _ 21 wrtwp
_2Z€ ZTQ(er wR) Og(wL_;’_er)
T Eilirs (py +wp) | = , A.38
/—oo ? (wr, +p4)? [ 2 (P L)] (wr +p+) 3 (wr —py) ( )

where ... represents polynomial functions, which contribute to NLf when loop inte-
grals are carried over. The logs, when multiplied to the prefactors involving p, in
the first line of Eqn. and integrated over p_, yield a loop integrand which is
not finite for p, — oco. This integral must now be computed explicitly since this
can give non-vanishing contribution to the singularity structure of the correlator.
However, due to the particular pole structure of Eqn. , these contributions
cancel out between the 7 > 7 and 7 > 7y piece, as we will see below.

Adding the two cases up, the evaluation of p_ integral gives,

2
(wr +py)3 (wr —py)

~ (=521 p2)} g(5,6,p) [mgw{

} 2log (wr + py) n 2log (p+ + wr)
(p+ —wr)?® (py +wr) (wr +p4)3(p+ —wr)  (p+ —wr)? (p+ +wr)

(A.39)

where ¢ is a function of s,0 and p,. To be more precise, g has terms dependent on
p%,p2 and p%. We only focus on the pt dependence since this is the term that blows
up for large p,. Also, we can simplify the above integral by writing,(—s* + p%

P (1— sz/pi)g. Expanding (1 — 82/]73_)% about § = 0, we can discard all O(¢') and
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higher terms since the integrand vanishes for p, — 0.
Now naively, Eqn. (A.39) seems like bad news. Integrating over p, can produce
non-vanishing and “unphysical” pieces of log(wr /) from the first line. However

notice that,

4
P 3a—b
dp.p° + = + O(8Y),
/ e (p+ +a)*(py —b) 0 )
4
P —3a+b
dp, 5 + - O(8° A 40
/ b (p+ —a)*(ps +b) 5 @, ( )

where we keep terms till O(1/4) since there is an overall § multiplying Eqn. (A.39).
Hence the log(wr) terms cancel from the 77 > 75 and 75 > 7y pieces. Similarly,
log(py + ...) pieces will generate dilogs once the integral over p, is carried out
(however these dilogs vanish since they multiply O(d°) coefficients, and hence are
overall of O(5)). They can also generate 55 terms, which will contribute to the

overall 1/6 divergence of the correlator. Interestingly, these terms also cancel since,

log(ps + a) —3a+b a
446 + _ _a 0
/dp”)* brtabe b o 8 O0)
log(py + b) 3a—b b
5 +
/dp+pi+ (p+ —a)*(p+ +b) T2 s +0(9), (A.41)

which ultimately contributes to NLf. Thus the contribution froms the 7 > 7 and
To > 71 pieces once again add up to cancel the additional logarithm contributions,

resulting in Eqn. (4.13)) to hold in our case.

A.7 2 — 2 scalar scattering at 1-loop in flat space

Here we express the flat space scattering process in Fig. as an integral over

the loop 3-momentum. Consider massless ¢* theory. The external particles have
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(4-)momenta p; = (pi, E;), ¢ = (1,2,3,4), and the loop momenta are labeled by

q1, 2. Due to conservation of momenta, we have, qnet = ¢1 + q2 = p1 + P2 = pP3 + Pa-

qq P3

P2 Pq

Figure A.2: 2 — 2 scattering of massless scalars with ¢* interaction.

The flat space rules are framed as integral over 4-momentum and the Feynman
rules of 33| specify loops as integrals over 3-momentum. We must integrate the
former over dqg to check whether the Feynman rules used in this work reproduce
the correct flat space amplitude. Following the usual flat space Feynman rules, we

get the scattering process to be,

1 1
Iz/d4ql 3 - D) -
qy t1€q5 + 1€
1 1

— | &q,dE , A .42
| daar, TGPA B v "GPt B BBt Y

where ¢3 = py + po — ¢1. The integrand has simple poles in the upper half plane

at By, = —\/¢} —ie=E4, E;, = E1+ Ey— \/|(2|?> — ie = E and in the lower half
plane at E,, = +\/¢} —ie = Ec , E,, = E1+Ey++/|@|*> — ie = Ep. The integrand is
finite at large E,,, so we can close the contour in the upper half plane. The residue

at these two poles are,

1 1
Resig, —p )l = —== = 727
(Eqy=Ea) 2|Gi| (By + B+ |G)? — |3
1 1

RGS(quzEB)I = (A43)

2AG] —|@P + (B B — [@])?
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Hence, we have,

; /dgﬁ [ 1 1 1 1
- q - — — — - — — —
20 (B + By + @) — @2 23] (B + B — |6))? — |@f?

1 1 1
_ dgq( o ) - A4
|+ R A I g ey o VY FA R S

which is exactly what we get in Eqn. (4.64)).

A.8 Hamiltonian for f(y) interactions

Let us consider the Lagrangian for an interacting scalar field theory involving time
derivatives,

1 .
£ =300+ %m;. (A.45)

Comparing with the ADM action Eqn. (1.85)) at cubic order, we have gz ~ \/e.

The canonical conjugate is obtained by,

™= p(1 + gzpp) . (A.46)

To obtain the interaction Hamiltonian, we must invert the above equation to trade
¢ for m, and clearly this inversion will generate the interaction (%, as well as
additional higher dimensional operators suppressed by the coupling. We want to
investigate whether a quartic coupling will contribute to leading order. However,
the quartic action in the spatially flat gauge is O(e") suppressed, and clearly at

O(g3) there are no quartic operators generated from the cubic interactions. To see
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this, the Hamiltonian at O(g3),

H=—+ — Sgsmip + Sgimie” (A.47)

2 2 2

m? (01-@)2 1 1599
2

Now to extract the interaction Hamiltonian, we separate this into a quadratic

Ho and an interaction part Hiy, and set % = ¢. This gives, at O(gs),

90?2 1 .
( ;p) — g3, (A.48)

22
_7
H="

DO

hence generating no additional quartic terms at leading order in slow roll, and we
recover Hint = —Lint
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